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PREFACE

The rapidly increasing number of students beginning graduate
work are handieapped by the lack of books in English which
provide readable introductions to important parts of mathematies: £
Nor is the difficulty met adequately by the slow method of lecture
courses, 2
Purpose of This book is based on the author’s lectures of recent
this book  years, It presupposes caleulus and elementaty theory
of algebraic equations. Its aim is to provide a simpledntroduction
to the essentials of each of the branches of modern algebra,
with the exception of the advanced part treated)in the author’s
Algebras and Their Arithmetics. The book déyelops the theories
which center around matrices, invariants; and groups, which
are among the most important coﬁé‘éﬁt‘é’ﬁf’ﬂfﬂﬁéﬁrﬁﬁfééﬂ
Itisa text for The book provides adeqiiate introductory courses
several cowrses jn (i) higher algebBa, (1) the Galois theory of
algebraic equations, (ili) finitellnear groups, including Klein’s
“igosahedron” and ’oheory of ‘equations of the fifth degree, and
(iv) algebraie invariants, ¢ o)

Higher The subject ‘k@rown In America as higher algebra is
algebra  treated fully“in Chapters II1-VI; it includes matrices,
linear transformations, elementary dlvlsors and invariant factors,
and quadra.t:c, bilinear, and Hermitian forms, whether taken singly
or in pairs. (While the results are classic, the presenta,tion is new
and partwh rly elementary. Due attention i3 given to ques-
tions of “pationality, which are oo often ignored. The unified
treatment of Hermitian and quadratic forms requires but little
mdre’ space than would be needed for quadratic forms alone.
Elementary divisors anrd invariant factors are Introduced in
Chapter V in a simple, natural way in connection with the classic
and a new rational canonical form of linear transformations; this
ur
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treatment it not only more elementary than the usual one, but
develops these topics in close connection with their most frequent
applications. It is then a simple matter to deduce in Chapter VI
the theory of the equivalence of pairs of bilinear, quadratic, or
Hermitian forms. We thereby avoid the extraneous topic o
matrices whose elements are polynomials in a variable and the
“glementary transformations” of them. O\
Algebraic s every equation solvable by radicals? This question
equations jg one of absorbing interest in the history. bf mathe-
matics. It was finally answered in the negative/hy means of
groups of substitutions or permutations of letft»érs The usual
presentation of group theory makes the subjeet quite abstruse,
This impression is avoided in the expositionin"Chapters VII-XI.
Substitutions are introduced in a very{deliberate and natural
way In connection with the solution ef\éubic and quartic equa-
tions, The reader will therefore appréciate from the start some
of the reasons why substitutiohs and groups are employed.
Fortunatehi-dpe 2By @F &ﬂférnate theory and application in the
further exposition of groups. The theory gives very simple
answers to the following guestions: Can every angle be trisected
with ruler snd com s? What regular polygons can be con-
structed by elemenﬁry geometry?
Icosahedron, Klein’s book on the icosabedron and equations of
linear groups he’ fifth degree is a classic, but causes real diffi-
culties to/Beginners on account of the inclusion of ideas from
many ‘kqacnches of higher mathematics, Chapter XTIl gives a
Bunpha exposition of the essentials of this interesting theory,
which is a prerequisite to the subjects of elliptic modular func-
tions and awtomorphie functions. The preliminary Chapter X11
discusses the removal of several terms from any equation by
means of a rational (Tschirnhaus) transformation, and the reduc-
tion of the general equation of the fifth degree to Brioschi’s normal
form, which is well adapted to solution by elliptic functions. The
final Chapter XIV is a sequel to Klein’s theory. It establishes
remarksble results on the representation of a given group a8 &
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Hnear group, and gives an introduction to Frobenius’s theory of
group charaecters. The latter i3 an effective tool for finite groups
and has led to important new results.

Algepraic Chapters I and II provide an easy introduction to the
mvariants jmportant subject of invariants. Hessians and Jaco-
bians are shown to be covariants and applied to the determina-<
tion of canonical forms of binary cubic and quartic forms,as
well as to the solution of cubie and quartic equations. Ewery
seminvariant is proved to be the leading coefficient of gne’and
only one covariant. It is shown that all covariants of any
system of binary forms are expressible in terms of a firfite number
of the covariants., Such a fundamentsl system’of vovariants is
actually found for one form of each of the ordersyl, 2, 3, 4. Valu-
able supplementary work on invariants is\?lﬁvided by Chapter
XIII, which presupposes the concept of\groups of substitutions
explained in the elementary Chapter YIL'

There are numerous sets of simplvmtﬁm i#d sy ferg historical
notes. Orn pages 38, 133, 176, 203and 249 there are lists of topies
for further reading, with referendss to writings in English, These
topics are suitable for assignment to students for full reports at the
end of the particular course.

LAY L. E. DicksoN
University of Chicago
March 16, 1926\ ¢/
“§;\..
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MODERN ALGEBRAIC THEORIES

Caarrar 1

INTRODUCTION TO ALGEBRAIC INVARIANTS

Invariants and covariants play an important rfle in the va.riolg
parts of modern algebra as well as in geometry. The elementary
theory presented in this chapter will meet the ordinary needs in
other parts of mathematies. It covers rather fully the‘subject of
invariants and covariants of a homogeneous polynotnial in z and
y of degree < 5, with application to the solutighof cubic and
quartic equations. When the degree exceeds 4, iost of the cova-
riants are oo long to be of real use, uMesKﬂl\eir symbolic repre-
sentation is employed. O

w\.\g\-.:f..d]araulibrary,org,jn

1. Linear transformations. When\two pairs of variables x, y
and £ » are connected by relatjqﬁs ‘of the form

o b

cd?EO,

& = af + bn, y“§%£+dn, D=

these relations define a\inear transformation T of determinant D,
Consider anotherdinear transformation U defined by

f=oXsY, a=gx+h¥, A=°Tlxo
& !
Thepg‘u"iitions obtained by eliminating £ and ¢ are of the form

"0 z=kX+17, y=mX+nY,

and define a linear transformation P which is called the product
of T and U, taken in that order, and is denoted by TU. The
values of the coefficients are

1
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=ac+bg, l=af+bh, m=ce+dg n=cf+dh

The determinant of P is found to be equal to DA, and hence is
not zero. If we solve the equations of T and in the result replace
zby X and y by ¥, we get

t = D1dX — DbY, p=—D1 X 4 Dla¥.
These equations define s transformation called the inversé Bf\T
and denoted by T-L. Since the variables of 7" are the jame as
those of U, the produet T'T! is found by ehmmattng £ and 5
and hence is £ = X, y = Y. The latter is called-the identity
transformation. 1t ia readily verified that also T'<)\Z is the identity
transformation. RN

We shall next prove the associative lav( O

TU .V = TUV

www. dbraulibrary.org.in N A}

which allows us to write TUV for either product. Let
X-—pu:{-qv, Y=ru+ s

be the equations of :..>I‘he product TU - V is found by elim-
inating first £, » and'then X, ¥ between the equations of T, U, V,
while the product. T - UV is obtained by eliminating first X, ¥
and then &, s\between those equations. In each case we must

ewdently dbtain the same equations expressing  and y as linear
functlong of % and v,

: ~2;.' 'Forms and their classification. A polynomial like

\V ax® + bz? y 4+ cxyz + dx?,

N

every term of which is of the same fotal order (here 3) in the vari-

ables x, y, 2, is called homogeneous in =z, y, z. A homogeneous
polynomisl is called a form. According as the number of variables
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1,2 8, 4,..., or g the form is called unary, bingry, lernary,
guaternary, . . ., or g-ary, respectively. According as the order of
the form is 1, 2, 3, 4, ..., p, it i8 called linear, quadratic, cubic,
cuartic, . . ., p-ic, respectively.

For example, the polynomial displayed above is a ternary cubic
form, while az? + bxy + cy? is a binary quadratie form.

3. Hessians, The Hessian (named after Otto Hesse) of afum))

tion f(z, ¥} of two variables is the determinant O
2r S >
~\
(1) dzt dxdy |, 'S
&r 27
O N

#%7
W

whose elements are second partial derivatives. For example, the
Hessian of f = az® + 2bxy + oy is X {at" dbyaylibrary.org.in

The Hessian & of f{zy, ..., £). xsathe determinant of order ¢ in

which the elements of the zth row are
2 2 a
- TN S
oz; 63\\ B:r; 6:1:2 oz dx,

Let f become F{yg, ..., %) under the linear transformation

(3) Ty =¢ \y1+"‘+ciqu (?::11'":9):
>

whoze deﬁ grmingnt is

P~ :\ ) (611 g

O A=

The product hA is & determinant of order ¢ whose element in
the sth row and jth column is the sum of the products of the
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elements (2) of the ¢th row of & by the corresponding elements

€14s Caiy - - - 5 Cos Of the jth column of A and hence is equal to the
partial denvatlve with respect to z; of
3{'01:"{" a—fcz;‘+"' +—6ch5
az dxs T,
@ = _élj; .@ﬂ.{. .. 6f ax, = iff. .\\\
emdy; degdy;  dyi AN

g W

Let A’ denote the determinant obtained from & by.,fﬁhérchang—
ing its rows and columps, whenee A’ = A. In the pn:g'(liict AT - R A,
the element in the rth row and jth column is therefore

8 OF 8 BF 6 aF

Ciy

i de
dn dy; ¥ amq ayz ayr ay,

gince qﬁwi@g&gpagﬁﬁ@ydgpmtwe of. x; 1n (3) with respect to ..
Hence

eF | N _

A*h = - = Hessian of F.
Oy OYGlyy dutr e -«

)

TeroreM 1. If ,F\f\ss the function obfained from § by applying

any linear transformation of determingnt A, the Hessian of F is

equal to the p{o:cltwt of the Hessian of f by AZ.

4. I}Bﬁn\[ﬁon of invariants and covariants. Yet a transforma-
tion T of determinant A, expressing z and y linearly in terms of
£abd 7, replace f = ax® + 2bzy + oy by A 1+ 2Bgy + C?. We

\'”Qaw in §3 that the Hessian of f is the product of the discriminant
ac — b of f by 4. By Theorem 1,

AC — B* = A(ac — B*),

We therefore call the discriminant ae — b® an invariant of mdex 2
of f. We shall generalize this definition.
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Consider the general binary form of order p,

f=aoxp+alxp*ly+ ...-!..a’y?.

Let a transformation T replace f by
F=Agtr+ A g+ -+ 4,97

A volynomial I(aq, .. ., a5) is called an invariant of index 1 ?f*f‘

if, for every transformation T of determinant A 5 0, \
I(A{],.-.,Ap)=AII(GU,.--’GP), ( 3
&L
identically in @y, - - . , @p, after the A’s have been véplaced by their
values in terms of the a's. PN

Covariants K are defined similarly. If, foffév"ery transformation
T of determinant A > 0, a polynomial Zin the coefficients and
variables of f has the property that WA dbraulibrary org.in

KA .. Ay 1) = AVK (a0, - ., 8535, ),
identically in @, .. ., G, £ 0, after the 4’s have been replaced
by their values in te ©f the a's, and after z and y have been
replaced by their va;:lglgin terms of £ and # from T, then K is
called a covariant pfvindex 1 of §. _

By Theorem 1)the Hessian of f is & covariant of index 2 of f.
Note that f 11-@'SEF is a covariant of index zero of f since F = A%f,

By a covariant of index I of a system of forms fi, ..., [« i8
meant g function of their coefficients and varables z, ..., %,
whosesproduct by A is equal to the same function of the corre-
Sp@mﬁng coefficients and variables #,...,%, in the forms
F,Y .., F; derived from fi,...,f+ by applying the general
linear transformation (3) whose determinant A is not zero. An
example is given by Theorem 2 below.

A covariant which does not involve any of the variables is an
invariant.
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5. Jacobians. The functional determinant or Jacobian (named
after C. G. J. Jacobi) of ¢ functions fi(z1, ..., Ze)s .-, falm,
%,) with respect to the variables i, . . . , %, Is defined to be

the determinant

onoow A a
321 s axq N o
G) e & \J)
s 9, 94 \
8, 9T 8z, A
@
TreoreM 2. The Jacobian of fi,. .., fq is acovariant of indexr
unity of the system of forms fi, .. ., fo AN

Under a transformation (3) of determinant A, let f; become
F.0n,...,%,). Then (4) holds if we pﬁt ‘the subscript < on each
fand F. Hence the Jacobian of Fg, . , I, with respect to the

variables 31, - - - ,Jf?é}éc‘iﬁﬁ"%o O
o s N i
a_xll_'l_l' +amcq1"'allq+ '{__ng
o Ky of af
ajc“"' '}+_qc?1 aqclﬂ+ ‘+b?:cﬂq
\.'

This detqrxiﬁ}iant is the product of the determinant (5) by the
detemliiﬁntzl = lc.-,—].

AN v
\/ ExXERCISES
\ 1 If i, ..., f are dependent functions, their Jacobian is identically zero.
[Usefq - g(fh . 1IQ—1)-]
2. Two functions f and ¢ of = and ¥ are dependent if their Jacobian J is
identically zero.
{Unless g is a constant function of f, we may take dg/8z not identically
zero and hence employ ¢ and ¥ as new variables in place of = and 3. Then
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ag aF
f = Fig, ¥}, and J reduees to — R
dx ay

3. If £z, y) iz & binary form of order p, then {Euler}

o o
> ty ay of.
4. The Hessian of (az 4 by)? is identically zero.
I1t is sufficient to prove this for z2. Why?] O\
e
5. Conversely, if the Hessian of a binary form f (=, y) of order p is identjeally
zero, f is the pth power of a linear function. A
[The Hessiaa of f is the Jacobian of af/8x, af/3y. The latter are dapend-

ent by Fx. 2. Thus ¢* O
N\
a, P2 < )
b 5]: -0 6—5 =0, p
T
where o and b are constants. Solve this with Euler’s l{htlon in Ex. 3, fird the
derivatives of log f, and integrate.] )

A

8. If the Jacobian of a guadratic form f \3,nd :B'd ‘nearl fg{m lin z and y 18
identically zero, f is the product of by a ;;o% agpraulbrary.org.1n

7. Tiaform f in ¢ variables is expressiibi:: a8 a form in fewer than ¢ variables,
the Hessian of f is identically zero.t  «~§°

8. The Jacoblan of any binaryform f and its Hessian /4 is a covariant of
index 3 of f, N\

9. f = ag? + Way + cys\}d' g = p2? + 2qxy + r3® bhave the invariant
5 =qr — 2bg 4+ cp ofigdéx‘ 2. .

[The discriminant gfd - ig is an invariant for every constant £.]

10, A binary qﬁbﬂrétic form f and & linear form [ have a linear covariant
J, their Jacohiafh ) Show that the Jacobian of J and [ is an invariant of index 2
of the systg&\ﬁld L

11. Eui}, I, J in Ex. 10, prove that the points represented by f = 0 are
Sﬂpﬁr\a-tqﬂ harmonically by the points represented hy { = 0 and J = (.

4

6. The discriminant of a binary cubic form. Write
©) F(2,y) = az® + 3bzty + Bexy? + dyf.

I'The converse is trize when g is less than 5, but not when g exceeds 4 (as believed
erronecusly by Hesse). Soe Gordan and Néther, Math. Annalen, 10, 1876, 564.
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Its Hessian is 36h, where

h=re* + 2y + &, r=ac—8, 2s=ad— be,
@ t=bd— e

Under any linear transformation of determinant A, let f becoms,

\
8) F = A+ 3B 9+ 3Ct7? + D,

N

RGN
Dencte the Hessian of F by 36H. Since & Is a covariant of Sndex 2
of f, RS
9) H=Rg+ 288+ Tot = &%k, (U
( R=AC— B, 28 = AD — BC, T =BP - C°.

~NY;

{D . .
Hence A?r, 2A%s, A% are the coeflicients(of a binary quadratic

form which our transformation replacés’hy one having the coeffi-

c.aients \%%S AV i&ge ts(hgr%i%grimmﬁa}t of a binary quadratic form
18 an invariant o mﬁléx 2, we hp;ye.

N

RT — 8 = M{atr- A%h— (A%s)2) = &9 (1t — &),

Hence! 7t — s?is an inyat;ﬁmt of index 6 of f. We shall eall
(10)  — 40t ~ &)= (ad — be) — 4(ac — B) (bd — 2)

the discriminang éf the binary cubic form (6).
To just"ify\t:his definition, we shall prove

TrgoRsie 3. The invarian (10) és zero if and only if f(x/y, 1)

= Ovhgs a multiple rool, .., if {(x, y) s divisible by the square of a
JLinear function of x and y.

S\ For, if the Iatter be the case, we can transform finto a form (8)

having the factor £; then ' = D = 0 and the function (10) written

In capital letters is zero, so that the invariant (10} itself is zero.

. §5 illustrate the theorem that any
invartant (or covariant) of one or more covariants of a system of forms is an in-
wariant {or covariant} of the formg,
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Corversely, let (10) be zero, so that the discriminant of (7) is
zere. Then A is the square of a linear function & Apply a linear
transformation which expresses x and y in terms of £ and any
function % independent of it. We now have (9) with & = £~
Flence § =0, 7T =0. If D =0,then C =0 (by T = 0) and (8)
has the factor 2. If D = 0, we have /

¢ ¢ O\
' A= Er F = D(ﬁ+5€)3 2N

N

Bm

w1

In either case, f = F is divisible by 2 square of a linqa;.i'uﬁétion.
N\
7. Canonical form of a binary cubic formj\solution of cubic
equations. o\

4

TueoreM 4. Any binary cubic fom}:'c}nhbe transformed inio
X* 4 Y2 if its discriminant is not zeroh and into X* ¥ or X? ¢f s
diseriminant is zero. ~yywwdbraulibrary.org.in

Singe the last statement ha‘sgﬁe’én proved, let the discriminant
(10) of the form (6) be vt werc. Then, if we digeard the factor
36 from all Hessians, the Qessia.n (7) is the product of two linearly
independent factors £, 4. }lence f ean be transformed into a form
F of type (8) whose Hessian (9) reduces to 25¢n, whence R = 0,
T=080 If{()=0,then B=0(by R=0)and F = AF
+ Dy, where AP/ 0 (by S # 0). Taking

I
\Vv =A4"1X, g=D17Y,
.f% -
we gdtMF = X3 + Y®, as desired. The remaining case C' 7 0 is
yegdily excluded; for, then B = 0 (by T = 0) and
\ ’ B2 C2

== D=- AD=DBC, 8 =0
4 C B

Hence to solve a cubic equation ¢(w) = 0 without 2 multiple
root, reduce the eubic form f(z,y) = y*c(z/y) to the form
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At? + Dy by employing the factors £ and 5 of the Hessian of [,

EXERCISES

1. The Hessian of § = £ 4 Gu2y + 12232 + dy? is 36(d — 8)(zy + 24}

When its factors § = 2 + 2y and » = y are taken as new variables, f becomss,
g4+ (@ -8k

2 Ford=9nEx 1,z/fyg= —3, —2 — o, 0or — 2 — o, Wheregms,isyan
imaginary cube root of unity. ¢ N
3. What are the roots when d = 77 N\

4. The discriminant of 2% — 2773 + 5447 is zero. .\1*

8. Homogeneity of covariants of 2 systenko,f forms.

TeECREM 5. A covariant which is nq;\’{iémogeneous in the vari-
ables 18 o sum of covariants each homogeneous in the variables.

Let the sydinrutifermshaie the\coéfficients a, b, . . . , arranged
in any order. If K ig a covariant of the forms,

E(A,B,...;¢ . -’:)'= AtK(a,b,... HE A R .

When z,%,... are .tég?laced by their linear expressions in
7,...,the terms‘owl‘der m on the right {and only terms of order
n) give rise to.ferms of order nyin £, 5, . .. on the left. Hence, if
K, is the sum 6 all the terms of order », of K, we have

(N
Q(}i‘,’B,--- ihm...)=A'KEi(g,b,...;%,94...)
O\

so.jt’ha,t K, is a covariant of the system of forms. Similarly, the
m\s’gﬂi K, of all the terms of order ns of K is a covariant. Hence K
s a sum of covariants each homogeneous in the variables.

THEOREM 6. When o covariant of two or more forms is not
homogeneous in the cogfficients of each form separately, it is ¢ sum of

covarionts each homogeneous in the cogfficients of each form sepa-
rafely.
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The proof is entirely similar to that used in the following case.
Fmploy the notations of Ex. @ of §6 and write d = ac — b*
Ther. s + 3d is an invariant of index 2 of the forms f and g. Let a
linear transformation of determinant A replace f and ¢ by

F=Ag4 2Btm+ Cpt, G= PP +2Q8+ By,

so that A, B, C are linear functions of ¢, &, ¢, while P, @, E. a,r‘t',r
linear functions of p, ¢, . By hypothesis, \,

"
N
<

AR — 2BQ + CP + 3(AC - B*) = #(s + @’:

The terms 3dA? of maximum degree 2 in g, b, ¢ oh, the right arise
only from the part 3(AC — B?) on the left. Hence d is itself an
invariant of index 2; likewise s is itself an m%nant

In view of Theorems 5 and 6, we may’ ‘and shall henceforth
restriet attention to covariants wh.}c}lwmdbhe;ddgmmomgm the
variables (of constant order n) a.nd Rdmogeneous in the coefficients
of each form separately. N

Treorem 7. Let K b . %vamcmt of order n and index 1 of the
formsfy, . . ., f+0f orders'pi, . . ., prin the same vartables g, . . ., Ty
Let K be of degree i the coefficients of fi. Then Ypidi—mn
= gl K

Let f; h ve“‘the coefficients ¢;;(7 = 1, 2, ...). Apply the trans-
formation{"\ 3

,..\\' xl=mylr--'1£q=myﬂ

\ s
4

of determinant me. Then f, becomes a form having the coefficients
Ci; = mPig¢;;. Thus

K(meicyj ..., mP Coj; M0 -« - ,mlxy)
= (m?)‘K(ol,-,...,c”-;xl,...,;t:q),
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identically in m, @1, ...,%q €1 ..., Cr; Where each j has ifs
range of values. We may remove the factor m~ and place the
factor m~ in front of the left member, Since K is of degree d, in
thee;;(j = 1,2,...),

m medL - - 1Py = mﬂl’

O\

which proves the theorem. NS ©
If, when r = 1, we do not assume that K is of constant degree

dy, but eongider one term of degree d;, we see that the» proof gives

pdy — n = ¢l. Henee d is the same for all terms\ "This proves

TurEOREM 8. A covariant of constant order TQQ_f o single form f is
of constant degree in the coefficients of j‘ \

9, mgh%pgﬁm%%qgts of.a covanant of a binary form.

It is now necessary o employ the aubscnpt notation for the coeffi-
cients of the form

a1 J=towr £piamriy + -
\\ "+ ( )a.xi’-‘y‘+ oty

the binomial cueﬂiments P, ete., being prefixed to avoid fractions
in the later w}rk The weight of a, is defined to be % and that of &
product offactors a, to be the sum of the weights of the factors.
To r@ke (6) conform with our present notation (11) for p = 3,
replace a, b, ¢, d by au, @1, @3, az. Then the Hessian (7) becomes
¢ \
\ (‘:12) 36 (ra® + 252y + ),
r=aok— 6 25=@otz— a1, I=aaq —a
The terms of 7 are of constant weight 2, those of s of weight 3, and

those of ¢ of weight 4, Since the Hessian is of index 2, this illus-
frates
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Turosem 9. In a covariant of order n and index I,

{13) K= "Z S, (@)ar—"y7,

¥ ual}

of a single form (11), all ferms of the coefficient S.(a) are of the ~
same weight 1 + 7. In particular, the weight of the leader Sola) of "\
the covariant 15 equal to the index L. L\
The transformation x = £, y = mn replaces f by a form wl{g)\se
literal eoofficients are 4; = m® a;. By the definition of & E:Q'zra;ﬁaut

Kofindex ], we h
of index I, we have .M:\\.
a4) > 8 (A)pr = mt 2 8, (a)e XY
=0 ¢4
g

Let { = capoo @yt -+ - @y°p be any term of:{S;:(a); the weight of ¢
isw, = e + 2e 4+ -+ Dép. The‘lgftvmamhﬂnﬁﬂa@ﬁ%p@ﬁ%the
term N

{331 e Alcl . Apep E”T,nr = fgn—T yr m"r—",

It

which must be equal to axberm of the right member of (14).
Hence w, — = [, Thisproves Theorem 9.

Each 3, (a) is isobafic, being of constant weight. 1i we attribute
the weight 1 to afd the weight 0 to y, we see that every term of
(13) is of totalyweight I + a.

{COROLLA &) A homogeneous polynomial is @ covariant of f with
respect to\euery transformation & = £ ¥ = MM if and only f it 8
tsobargeys N

’\\ -
3
N EXERCISES

1. Verify Theorem 9 for the covariant f of f.

2. For an invariant of index { and degree d of one binary form of order p,
pd = 21. Here 1 is also the weight of the invariant.

3. Hence no hinary form of odd order has an invariant of odd degree.
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10, Seminvariants. A homogeneous, isobarie polynomial in
the coefficients of a binary form f is called a seminvariant of f if 1t s
an invariant of f with respect to all transformations of the type

Te: x=¢f+kn, y=n
N\
Let Aq, Ay, ... be the literal eoefficients of the form obtained
from (11) by applying transformation 75 Although not'eg'sén}ial
to our discussion, note that \

o
X

(15)  Asg=o0e Arv =0 +kay A=+ 2&";"" k* ao.

The first equation shows that aois a seminvanant of f. Elimina-
tion of k between the last two equations’gi%s
R
Apdy — Al = ﬂgu’@z — af,
www . dbraulihrary. i AN 3 .
whenee a: az “I—ag:% lgaaysg%ﬁ]{arjiaﬁt of f. Tt is the leader of the
Hessian of f for p = 3, as ng:ted"before Theorem 9. Evidently 4o
is the leader of the covariatd f of f. These two cases illustrate

Treorey 10, Thgi"léader of every covariant K of any binary
form fis o seminva@aﬁc of f.

The leader S§(&) of any covariant (13) is isobarie by Theorem 9

and is hombgéileous by Theorem 8. Since K is a covariant of f

with respget”to every transformation T'x of determinant unity,
we h\ﬁ@ ’

VK =TS, e = 18, @ by

. A comparison of the coefficients of z* with that in (£3) gives Sy fa)
= So{4). Hence So(a) is an invariant of f with respect to every
transformation Tz This completes the proof of Theorem 10.

By T,z = ry = &~ (r — k)3. Hence each root r;of f{x/y, 1)

= 0 is diminished by k. Thus the difference of any two roots is
unaltered.
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Since 4; = 0 in (15) if we take k = — a;/ao, we see that the
resulting transformation T replaces f by the reduced form

g=agt? + (Db P+ (s 7P 4 .. .,
where

be = @3 — @.%/ag, by = @z — 3 dnfae + 2a/ao’

The roots of g = 0 are N

ritoaa = {ri—n)+ oo+ @ — p)1/P K9
G ).
Hence each root of g = 0 is a linear function pf the differences of
the roots of f = 0 and thus is unaltered hy. &very transformation
T+ The latter is true also of bz/@o, bs/@en . , which are equal to
numerieal multiples of the elementary gsairastria fmetions 9f the
roots of g = 0. Hence the homogegigous isobarie polynomials

Sz = ap bz = Iy (I _~a'1\2';"
(16) Sz = a® by = ay? %Q— 3ap ar a2 + 2a:3,

84 = a03 b.; = K(}a\iﬂq}— 41102 {1 ag =+ 630 a12 2 — 33147

efe., to S, are invariaﬁts of f with respect to all transformations
T and hence ar@ séminvariants of f.

Since ¢ Wa.s\’cie\"{ved from f by a linear transformation of deter-
minant uzzi{s’(;'évery seminvariant S of f has the property

S(am>. ., @) = Sao, ®, by, -+ -, by)
\"z = S(ao, 0, Se/tc, . . -  Sp/ae?).

TuroreM 11. Every seminvariant of f s the quotient of a poly-
nomiol in the seminvariants ao, Se, . « ., Sp by @ power of do.

We shall presently apply this theorem to obtain all semin-
variants when p < 5. Among them occur the leaders of all
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covariants by Theorem 10. Our next problem will then be to find
all covariants K having a given leader 8. As an aid to its solution,
Wwe Now prove

Tarorem 12. If S 45 a seminvariant of degree d and weight w of
a binary form f of order p, any covariant K of f having the leader Shis
of known order n = pd — 2w, and at most one such K exists.t

By Theorem 9, the weight w of 8 is the index [ of K. By~Tﬁé(\)rem
Twithr =1, ¢ =2, we have pd — n = 2I. Hence thﬁbrder n of
K is uniquely determined by §. A

If there exist two distinet covariants § a» -+ \\of f, they have
the same index I = w, whence their differenteN\is a covariant of f
having the factor y. It iz of the form yg@,, v 8%, %), Let
# be any chosen linear function of # and §'and select another such
function ¢ which is independent of B {In view of the transforma-

tion of dﬁm{}ﬁﬁ,ﬁ}y@ gerjcrpresses % and y linearly in terms of
£ and 5, we have

10 (Ao, ...y Ap; E,jfi) = Alyg(as,. .. + @p; T, ).
Hence yq is of order #(and has as a factor every ». This contra-
diction completes @e proof of Theorem 12,

CorovLary. XThe weight of an invariant of degree d of o binary
form of m'der ’p 3¢ dpd.

orem 13. Every binary linear transformation is a product
of t(&bsformatwns of the three types

oN® T.: =t ny =

y
\
\ 3

) Sat z =14 ¥ = myim = 0);
Vi = —gq y==&
From these we obtain 72 = V-1: y = 7, % = — E and

Y That one such K always exists is proved in 516,
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Rn = T-—ﬂ V: T = X} y= Y + n‘X;
P = ¥V18,V: z=mX, y=Y (m=0).

Then x = & + by, y = e§ + dg, D = ad — be = 0, is equal to
Sdfl}"'# e Rc/d (d;‘vé()), SGP_:, T_c/bV (d=0),

Applyiug the corollary to Theorem 9, and noting the eﬁec‘soi\
transformation V' of determinant unity, we obtain the X O

CoroLrary. A polynomial in aq,...,ap 2,y Whlﬁl}sis ‘homo-
geneous in x =nd ¥ is & covariant of the p-ie {11) l.f'\&ud only if
it is isobaric, is covariant with respect to every T, and is un-
altered when = is replaced by y, ¥ by — =2, and 2, by (— 1)% e,_¢
fori=0,1, , p. Hence a seminvariant whieh is unaltered by
the last replac\ ments is an invariant. \ ,\

N \wran vy, :

12. Fundamental system of covanants ol}bl Elu['b aaﬁfoffﬁd“for
P < 5. We shall exhibit a finite, uniber of polynomial covariants
Ky ..., K, of the binary p-ic .f such that every polynomial
covanant of F is expresmble\as a polynormal in Ky, ..., K, with
numerieal coeflicients., Jhen Ki, ..., K, are said to form & fun-
damentol syatem of cov%\mts of f.

We shall first exhibit certain seminvariants of f such that every
seminvariant is g\golynomial in them. FEach of them will be seen
to be the Iea,def\of a known covariant of f. Qur problem is thereby
solved, “mBQ 1o seminvariant is the leader of two covariants by
Theorem i

Fopap= 1, Theorem 11 shows that every seminvariant of

""“% T - 0, y is a polynomial in @o. Sinee @, is the leader of the
covetiant, f of f, we have

Tusores 14. Every polynomial covariant of f = ao % + Gy 48
@ polynomial in f. Thus f itself constitutes the fundamental system of
covariants of f.
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For p = 2, Theorem 11 shows that every seminvariant is the
quotient of & polynomial P (as, Sz} by a0’ But 8; is not divisible
by ao. Hence P is divisible by @, coly when all of ite terms have
the explicit factor aq. Cancelling the factor ao from both P and
aof, we reduce the problem to a like one having ¢ — 1 in place of
e, and fipally to the case ¢ = 0. Hence every seminvariant is s
polynomial in ¢ and S Bince ¢ is the leader of the covarianb
f of f, while S, is an invariant of f by §4, we have R \)

TaporzM 15. Every polynomial covariant of the binqw:y’;‘g:uadratéc
form § is @ polynomial in f and dis discriminant Sp. e \

A different treatment is necessary when p >'2;.\.3i\nce there are

seminvariants which are not polynomials in ag¥ind the S;. Write
%, for the terms of S; free of ao; by (18) 77
Nt

(17) www.clBg‘amlih’ﬁ@g.or%giFF 2@13,:'2; = — 3a
Forp = 3,427 + 3¢ = 0..We find that

(18) 48+ 82 =ai D,

where, in accord With (10) and (12),
ey D f\!ﬂf‘ﬂg — 680 @1 Gz 2 + 400 a® + 408 @z — 3al o

&
is th%disbriminant of the eubic form f. By means of (18) we may
e]jI;}ina.te 82 and higher powers of S; from any polynomial in
ol '@.’n; Sz, S; and conclude from Theorem 11 that every seminvariant
\$) s of the form P/a.®, where P is a polynomial in g, 8¢, Ss, D of
degree O or 1 in 8. If e = 0, P is a seminvariant. Heneeforth
let e = 1. In easc every term of P has the explicit factor ao, we
cancel it from P and a¢¢ and hence reduce the problem fo a like
one having ¢ — 1 in place of e. I{ remains only to treat the case in
which not every term of P has the explicit factor a,. Then the
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expression for P in terms of ao, @1, G, @3 is not divigible by a¢
(i.e., P does not have the implicit factor a.). For, if so, then

P'=P{0,2 2, d) =0, d = 4a® az — 30:° a’.

Since a; cceurs in d, but in neither Zs nor Z;, we conclude that P’ ,
is free of d. The first power of Zs = 2a,®is not cancelled by a poly—
nornial in Ty = — 6.2 Hence P’ is free also of Z; and theref&r&
of T O

Hence every seminvariant of the cubic form fis a pelync):{mal in
o, Sz, 85, D. They are eonnected by the syzygy (18)/] ber, & rela-
#ion not serving to express any one of the four aga pblynomla] in
the remaining three.

~NY;

Tawporem 16. A fundamental system of \éélynmm'al covariants
of the binary cubic form f is given by f, its dideptminant 1D, is Hessian
361, and the Jacobian 3G of [ and H wﬂ&%ﬁr@m@c% by the

syaUgYy N

LN

(20} 4H® d—’éé'z D

This follows since ag,}%, Sa are leaders of the covariants f, H, G.

For p = 4, we rom {17) that the simplest relation is
3222 + 24 = (}, ) We ﬁnd th&t

~t\“
S\%\SSJ = a1, I = a0y — 40 a3 + 3054

We emp[oy this identity to eliminate S, Consider polynomials
P{a@, Sg, &;, I) having a, as an implieit, but not explicit, factor.
Steh a polynomial is given by (18). For ac =0, D = —a?[
= Fy I; we find that

SQI‘*D ECLQJ,
J = o0 as — € @a° + 261 G2 0z — GF ay — @&
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Elimination of D between this identity and (18) gives
(21) atd — alt S I+ 482 1+ 82 = 0.

The latter enables us to eliminate 83 and higher powers of ;
from P to obtain a polynomia! § in a,, Sz, Ss, I, J of degree O or 1
in 8. If possible, let @ have @y as an implicit, but not exph’ci},
factor. Then O\

QE, — oy 2ad, 30 — dma;, J) =0, O
In view of the term — a,* a4 of J, Q cannot involveg'Jy and similarty
not I. Nor can € be of degree 1in S; in view of“‘l'}le odd power a®.
Hence € is free also of S; and therefore of Sp

Hence every seminvariant of the quz;;ﬁb;f is a polynomial in
ao, 8z, 8y I, J. They are connected by the syzygy (21).

Denote the Hessian of f by 144 and the Jacobian of f and H
by ¥ Ay ARG S are the leaders of the covariants f, #
and @ of f. By the corollary in§11, the seminvariants I and J are
invariants of J, since they are tnaltered when we replace ao by 4,
aa by ao, &1 by — @, and a'by — a1

TaEOREM 17. A.’ﬁa;damental system of polynomial covariants
of the binary quqﬁi}form I is given by f, its invariants T and J, its
Hessian 1441, ‘and the Jacobian 8G of f and H. They are connecied
by the syzygy/

70\ :
(22)\""\“ fI=PHI AR 4 G2 =0,
O\

o313, Canonical form of o binary quartic form f; solution of

N
%
\ )

~quartic equations. We shall exclude the uninteresting ease in

w.hir.:h f(z/y,1) = 0 has a multiple root. Since there are four
dlsi_;mct roots, f(x, ¥) is a product of four linear forms, no two of
which have proportional coefficients. Taking any two of them as

new variables £ and 7, we may reduce f by a linear transformation
to the form #v¢, where
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g = g8 + 2hin + kP

Then gk # 0 since neither ¢ nor % is a factor of g Chooser, s, ¢
g0 that
t=kfg, r+s=g9 r—s=h/t
Then A
tn = HOL(E+ ) — G — )],
g = (5 + ta): + s ~ )" Q

IF

Introducing the new variables
— — AN\

4 4 _ ':.\ v

x=erm v 5w,
Yo+ m, Fol—

we see that f = &Ing takes the canolj{i’cﬁ’ togbraulibrary org.in

(23) Xt 4+ YA 6m X* Y2
" i"\\

The presence of the\@liiﬁrary constant m is explained by the
existence of a rationghabsolute invariant I3/J% ie., one of index
zero, which therefgeé has the same value for f as for any form, like
(23), derived f;r&:mf by linear transformation, For, the invariants
Fand J are@ ‘ﬁ‘eights (and hence indices) 4 and 6, so that I 3/J% s
of index zre:

In thé\preceding proof of the existence of 2 canonical form (23),
Weoﬂlia:ae use of the roots of f(z/y,1) = 0. We shali now show how
to'ebtain the canonical form without assuming that the roots are
known, We have proved the existence of a number m and a linear
transformation T' of determinant A 3% 0 which expresses X and ¥
linearly in terms of # and y, such that (23) becomes the given
quartic f under this transformation 7. To compute the values of
I and J for (23), take 4o =1, 04 =0, @2 =m, 63 =0, as = 1;
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then 7 and J have the values 1 -+ 3m? and m ~— m? respectively.
Since I and J have the indices 4 and 6, we get

f=Xt+ Y4+ 6mX2Y
T = a1+ 3m2), J=4a%m—m?),

Q.
where I and J refer to . The Hessian of (23) is- (8,
NS ©
144X +m¥?  2mXY | >
omXY 7+ mXx2| LY

Hence if the Hessian of fis denoted by 144H "é.}\covariant of index
2, we have

A\
9.\
H = am (X + 7% + KL 3m) X2 7).

We first, compyte a root Atm of the’cubic equation

W d rau rary.org.in

(24) 1@, —'~;?(’A2 m) - J =0,

Then A* = [ — 3(A® m)2 Choose either square root as A%. From
the value of A*m iwé get the value of m. Eliminating X* -+ Y*
between the exp@esions for f and H, we get

Q) Mmf — H = 4@Om* — 1)X? 7~

This g{vés"X Y by exfracting the square root of a form which is a
perfeet/square. For, if 9m? = 1, J would be the square of X2 £ Y7,

p{)‘n}rary to the hypothesis that there ig no multiple root. From
XY and f, we get X* + ¥* and then X + ¥ and hence X and Y.

TreorEM 18. Every binary guartic form f(x, y) not divisible by
the square of a linear form ean be reduced to a canowical form (23).
We can find m and the linear functions X and ¥ of z and y by finding
a root ¥ of @ cubic equation (24), whose coeffictents are the tnvariants

Land J of f, and by extracting the square root of 7f — H, where 144H
is the Hessian of f.
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We can express (23) as a produet of linear factors by solving
2+ 14 6mz = 0, where z = X2/¥2

TuuoreM 19. To solve any quartic equation ¢ (w) = 0 nof having
a multiple root, reduce the quartic form flx, y) = yrq{a/y) to ils
canonical form (23) and express it as ¢ product of linear factors by
employing square roots of known numbers. To solve the auxiliary

cubic zquation (24), reduce the corresponding cubic form to ones \

tnvolving only the cubes of the linear factors of the Hession of thirt
cubic form (§7). Henee we can solve any quartic equation byg:ctmc&-
tng a cube root and certain sguare roots of numbers determz’n@d by the
tnvariants I and J and the Hessian of the corresparding quartic
form f.

For tables of invariants and covariants, @: Faé, di Bruno,
Theorie der Bindren Formen, Leipzig, 1881

;gqfww dbraulibrary .org.in
EXERCISES vOrE:
1M T =0 a0, then 3m® = —I% \show that I = 0 for the quartic
— Syt — $Tw — 1557 = 0 {whichearises in the theory of inflexion points
on & plane cubic curve). Find it.s &‘mdratic factors.

2. Find the three canomca?\qz{art:.cs when J = 0. Apply to solve wt + cuf
tow—-1=0.

N



CrarTER II

FURTHER THEORY OF COVARIANTS OF BINARY FORMS

We shall here prove some fundamental theorems on invarisats
and covariants which were merely verified in the introdudtery
chapter for binary forms of orders £ 4. For example,'w*\bhaﬂ
prove that all covariants are expressitle as polynomialg Y a finite

number of covariants. Suggestions for Supplementa.ry reading are
made at the end of the chapter.

'~.\
14. Annihilators of covariants. Considers binary form
KN
W f= Z( )am\' :

ib
Haoth n%bﬁ%lé Red bing mlfﬂ Coefﬁments, as in §9. Under the trans-
formation N

T :ck.;'s -+ na, ¥y =mn,
let { become L

..,\
2} \\ f z (p)A grigi,

=0

where the A ‘are polynomials in n, G, ..., &, whose actual ex-
pressxoné\wﬂl not be needed. Dlﬂ'erentlatlng (2) with respect to

n, W\gst
oY -0

since # = y is free of n, while £ = z — an. The total coefficient of

§~iqgiig
(?) % - (7'31)(13 —J+D4.=0,

24
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in which the second torm is to be suppressed when j = 0. Since

() - (7242

we evidently get

aAr} 6:‘1,-
co Rl g Aok Y S p=1,... . \
i.'—') an 0: an F =1 (.? H :p) '.\”\.
'S )\
Censider the polynomials \

S,
A

E=Ko. . 0i5y), K=Kdy..., 4%,
By (3),

SN
8K 20K 0A; @K et & . (0K oK
® T A Tt Zddm a1

T e 04 00 £ on uf\?ﬁkgpféul?ﬁrél‘y,orgﬁﬁ

The polynomial & is said to be a géﬁariant of {1) with respect
to every transformation T, (of detéfminant unity) if and only if
K =  becomes an identity in 738y, au, - - . , @y after ¥ is replaced
by 2 — ny, 7 by v, and eagh ¥, is replaced by its expression in
terms of n, @, .. ., Gp., El"ﬁ& k is free of n, K = k implies that

oK _
2o~ an

Conversely ‘ghé:hmtter implies that K is independent of # and hence
is equal to ilte value & to which it redueces when n = 0, since
T.is thél} the identity transformation z = £, y = », which re-
plages (I} by a form (2) with the same coeflicients 4; = . The
edndition is therefore that the final expression in (4) be zero
identically in n, x, ¥, ¢, ..., 0. In particular, it must be zero
when n = §, whence

ok L d
5) Qk —y xEO, Q=ZJC€,‘+1 —t;-’
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identically in 2, ¥, &, . .., ;. From this identity we evidently
obtain an identity when we replace z, . .., a, by any quantities
such as £, 9, Ao, ..., 45, Thus the final cxpression (4) is zero
identically in the latter quantities. Hence % is a covariant of (1)
with respect to every transformation T, if and only if (5) holds.
We shall then say that & is annihilaied by the differential operatgr ™
d a a ¢\

® o=y (magd o Hreag)d

The form (1) is unaltered if we interchange a.nd~g§', ahd inter-
change @, and a,_;for¢ = 0, 1,..., p. Hence k.ls\a‘ covariant of
(1) with respect to every transformation \4

R =4 y:nt;&;
if and only if & i8 annihilated by the 'ap'éra,tor

www.dbraulibrary org.in i
N
(7) a s'.’ . ’ a a
0= po> + - (o= s+ - .
( e o - Do gt o g, aa,,_)

N\
By the corollary § §9, % is a covariant of (1) with respect to
every transformation S.: 2= ¢ y = my, if and only if & is
isobaric. Since (R T =V, viz, 2= — ¥,y = X, it follows

f;om §181 tJ{aj;\every binary transformation is generated by the
m By Sl

'I:I-?E('ﬁ%EM 1. A polynomial K(a, ..., a,; 2, y) is a covariant
of. thebinary form (1) if and only if 1t is isobaric and is annihilated®
\*by the two operators (6) and (7).
C9R0LLARY l: A polynomial in gy, ..., q, is an invariant of
(1) if and only if it is isobaric and is annihilated by 2 and 0.

'In eomputations, it is simpler o ampl i iha
: » 1 ple ploy the single annihil .
tl}e‘ corollary in §11 with condition concerning T, replaced by iﬁ?e(ﬁl):ivzlv . 1? phad
dition that the polynomial be annihilated by (8). . @ ek eon-
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For example, the weight of an invariant I of degree 2 of 4 z*
+ 2a, vy + az 42 is 2 by the corollary at the end of §10. Hence
I =raya: + sa?. Then QF = 2(r + s)aoa, = 0, OF = 2(r+ s)-
@ 9, = 0. Either conditiongivess = — r, I = riay @z — ai?).

By the definition of seminvariant in §10, we have

CoroLLARY 2. A homogeneous, isobaric polynomial in @, . ju .,
&, is 8 seminvariant of (1} if and only if it is annihilated by SB' \J)

13, Commutators. Express each of the anmhzlator& ﬂ( a,nd 0
of invariants in the following two forms:

.\\
sszJa,_l wZ)(!’hLl)ﬂwc\*gCL
3=l i E=D kil
2N .3
0= E('P -7+ l)a:r a1 ,\wz:&;(ﬁbrat#])b%ﬁﬁy&&g in
Then ’3:':’“

ad
any

20 =3 josaf (o~ 3+\*1)

7=1 \\ ai
09 = Z(p—?ﬂ«)am[(k 1)

32
+E(p = Bava g |

+30 ja, -5

2

O k41 i=1 a:’:l
N
The terms¢itvolving second derivatives are identical. Thus
Q0 — O&volves only first derivatives and js called the com-
mudatgr(alternant) of © with 0. In the first terms of Q0, write
§,=@H 1; in those of 09, write k = ¢ — 1. Hence
AV .
Q0 — 00= Y (i + Lya:(p — 1)—— —*E(p =i+ Dad

i=0

iml

. o a
-3 - ey,
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If S is a homogeneous function of as, . . ., ap of (fotal) degree d
and hence i3 a sum of terms of type

t=cumo g o atr (et e -t -t =d)

we readily verify Euler’s theovem (cf. Ex. 3, §5): N\
£ a8 N
— = dSs. (M
E oa; N

I{ S is isobarie, it is 2 sum of terms ¢ in which &
~ “5'\'\'
¢ -+ 26 + -+ + pe, = w = gonstant.
Then \'

]
E T:Gi a&,'

W W dbrau]1b1 ary.or g in ™
HEOREM 2. If 8 is both Mmageneous {(of degree d4) and isoboric

{of wetght w) in ay, . . aw then
(8) (QO ‘nm)s = ?IS, n = pd — 2w,

O
This result is ‘the ¢ase 7 = I of

‘r’ a8
—-Zzet__ wa,—f—-—wS
oa;

‘,o

9) "':(ffO’ -0 8 =r(n—r 4 )OS,

To pro\v:e\tﬁe latter by induction on 7, assume that it holds when
r =\b,.and note that OS is of degree d and weight w - 1, so that

whe\l (9) is employed with S replaced by 08, n must be replacod
\by n — 2. Hence

\/ (0% — 01 2)S = (0% — OF Q)08 + 0* (90 — o8
=kin ~2~-Fk+ 10208 +n0* 8
=k+1)n - k)OS,

and (9} holds for r = & + 1. The induction is therefore completo.
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Bimilarly, since Q5 is of degree d and weight w — 1,
(153 Oar — @O0} =r(—n—r+1)Qr18.

16. Existence of a covariant with a given seminvariant leader,
In §12 we verified for p £ 4 that every seminvariant of the binary
form [ of order p 1s the leader of a covariant of §. We shall now
prove that a like result holds for any p. O\’

Lamua. If S is o seminvariant, not identically zero, of deg?{e;é oA
and weight w of o binary p-ie, then pd — 2w =0 .~~f;

HBuppoze on the contrary that S is a seminvariant for which
# = pd — Zw is negative. Since Q5 =0, (9) givesy "\

(11 a8 =¢{n—r4 )08 (r—1\2,....)
and no one of the coefficients on the r{g\ht ]ﬁ \er We recall that
'S makin

the weight of OF exceeds that of P bsr ug{t%lrl bﬁm mgXkimnum
weight of a polynomial of degree d it . . ., ¢, is pd, which is
the weight of a,?. Singe 0P+ § ie»of degree d and weight pd
=+ 1, it is zero identically. Thusy (Ll) for r = pd — w + 1 gives
Ori—w § = (. Then (11} forls = pd — w gives O™ =18 =0
Proceeding similarly, we gt BS == Q and then § = 0, contrary to
hypothesis, %\

By Theorem 12 of (810, any covariant with the leader S is of

order n = pd — 2wk Give it the notation
= .Ss(:t*\—l- Sierty 4+ Sty 4 -+ Syt
The result' t;?‘a,pplying the operator {7) to K is

(O’b\ .S] )x“ "— (OSI — 282)3}“_-1
N L (08us — n8. )2y + 08, 3,

which is zero identically in x and ¥ if and only if

1
(12) K =822+ 08z y + 3 0*Se 2y + --- + . 0" Sy=,
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and O+ 8 = 0. To show that the last condition is satisfied, note
that (11) for r = n + 1 gives 90" S = 0. Since 0" S 1s of
degree d and weight W=w+n+1=pd—-w+ 1 and is
annihilated by €, it is & seminvariant by corollary 2 of §14. 1t1is
zero identically by the lemma sinee pd — 2W = — (pd —2w)
— 2is negative. Hence (12) is annihilated by the operator (% 3,
In the result of applying operator (8) to (12}, the e&c&cient
of z*— ¢y is O
logrg— L (m—ry 1)0*"‘1:;;"
rl r — 1)1 vV

which is identically zero by {11). Henci {12) iz a ecovariant by
Theorem 1. K2,
"
TugoreM 3. There exists a unghie covariont of @ binary p-ic
whas lepdani iy greemsemingariont of the p-ic.

*

17. Hilbert’s theorem 43" Any set Sof formsin o, ..., T, con-
tatns a finite number of.forms Py, . ., , Fy such that every form of the
set can be expressedigs a linear combination of Fy, ..., F, with

coefficients whz’cf\cq‘e.j‘orms i T, .0y 2y DUL e nol necessarily in
the set S. \
For n =/, is composed of certain forms ¢ 201, ¢ 2°2, . . .
Let e, })e:@ne of the minimum exponents and take F, = ¢, z¢m.
Evely\f(ﬁ'm of the set § is the product of F; by a factor of type ke,
wh@c«é 2 0. Hence the theorem holds with & = 1 when nn = 1.
«\T6 proceed by induetion on «, let the theorem hold for every set
of forms in » — 1 variables, To prove it for the set S, we may
~ assume that S contains & form Fo of (total) order r in which the
coefticient of z,.” is not zero. For, let f(zy, .. ., 2,) be a form in 8

which actually involves z,. Then there cxist numbers €y,
{en % 0) for which ¢ = (e, .
formation

S

«+.Cn) i3 Dot zero. The trans-

$i=ys+0£yn (?:E]_,‘..,n—l)’ Ty = Cp Y
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is of determinant ¢, ¢ O and replaces f by a form Folyy, . . -, )
i which the coefficient of y,7 is evidently ¢.

Lot F be any form of the set S. Dividing F by Fo, we get
F=F, P+ R, where £ is a form whose order in x, is <. In
R we sogregate the terms whose order in z, is exactly r — 1 and
have

F=F,P+ Mz, '+ N,
where M is aform in zy, . . ., Zn_1, while N is a form in zy, . . ;%3
whose order in z,, 18 £ r — 2. Each F uniquely determ.inqsiﬁl M.

Sinee the theorem is true by hypothesis for the set off fc;’gms M,
there exist a finite number M), . .., M, of them (odiijesponding
to certain forms Fy, ..., F; of §), such that everﬁ’}! ean be ex-
pressed as \

Mo=fi M+ o+ f M
where the f; are formsin 2y, .. ., xﬂ_r\ft’i‘ggﬁamlbral yorgan

N/

: N
F = F(}P + 2\"7 + xnr_lzfiM,',.,}:’yg = FOP£+ M:’xﬂr_l +N|':|

5=l
e

whernce

F=F,P +\§:}‘>Fi+ R, P =P-2fiP,
P -f:N—Zf';N".

Each exponent of@, in R’ is < r — 2; we segregate its terms for
which that Q{@&fient is exactly r — 2 and have
A )
":‘, F=F0Pr+2fipi+M’$ﬂf_2+N’!
) =t

’"\\ w4
where M’ is a form in @y, ..., @eey, and N isaformin @, ..., 2,
whose order in z, is £ 7 — 3.

Since the theorem holds for the set of forms M, each is a linear
combination of M", ..., M’,, corresponding to certain forms
Foay.o., Frim of 8. As before, F differs from a linear combina-
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tion of Fo, ..., Fiym by M 2,72 + N/, where M’ is a form in
%, ..., %, and N'' is a form whose order in =z, 18 =7 — 4
Proceeding similarly, we see that F differs from a linear combiria-
tion of certain forms Fy, ..., F; of S by a form lacking z,. One
more step leads to the theorem, Q)

18. Finiteness of a fundamental system of covaﬁaél'fs.\ For
simplicity, we first consider only invariants of a single binary
form j with the coefficients a4, ..., ap. By Thgéi'é}n 8 of $8,
every invariant of f is homogeneous in the a’s. {(By the preceding
theorem, there is a finite number of these iNyariants 7 Le-asdm
in terms of which every invariant I of F is Q{pressible linearly:

I

(13) I=EL+ dEn I

Let I and I; be of degrees d and &, respectively. By the corollar
afEHE é’cpcf%il‘l%ﬁf,ytﬁ%ﬁ‘"}weigh‘tﬁ: are 1pd and D;pd :f Hence E; ii
of degree D; = d — d; and weight 3pD i

We shall next obtain a~differential operator D such that DFE;
is an invariant, Apglx the operator 072 to (10); we get

07 278 K073 908 = r(— n—r + 1)072 @1 §,

In the secQ{:td'”berm replace Q08 by its value 098 + a8 from
(8). Thie)

N0 s = 0t 200 — (1) (n 4.
Binte 028 has the same degree and weight as S, we may employ

N\

~ the formula derived from this by replacing r by r — 1 to eliminate
N/ 0729, and by repetitions of this process evidently obtain

O @ 8= Q0% — (n+ 2)]{02 - 2(n + 3)]
02— - D+ )8,

which we may also establish by

induction. Let S b
and weight w = ¢ of degree 9

309, so that its nin (8) is zero. Taker = w + 1,
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apply -1 8 =0, and divide by (—2){(—2-3)...; we get
0 = GDS, where

0
o o= 1= - 1 [1- )

Since DS is annihilated by Q and ig of constant degree 9 and
constant weight w = $pd, it is & seminvariant by Coro]]ary 2 of
§14. Being the leader of a covariant of order n = 0, it Q; ‘wn
invariant, Since the invariants I and I; are annihilated by both
¢ and O, they are unaltered by the operator D. Thege \results
held alse if we annex faetors g = 1 — ¢OQ at the igbt of (14),
since ¢S has the same degree and weight as S.. Tedde if we take
w to be the maximum of the weights of the Q,, and operate on

{18} by D, we get \
I i + - -+ Jnla, Jw;ﬁ;ﬂl@faﬁhiﬂ%%i%&m

Binee sach J; is of the form (13}, ""

"

J -—ZS,J,;I;;, ‘.:' EE@;&I,‘I&.
Fo k=

k=1

Applying to the last an Qp’eﬁtor D with w sufficiently large, we get
o
\f EELfkf;rfm

where the L, gre:i'ﬁvariants of f. Since there is a reduction of
degree at eachesbep of the process, we ultimately obtain an expres-
sion for I s.i"ﬁjolynomlal infy, ..., I,with numerical coefficients.
Hence I 1 ,(\ , I form a fundamental system of invariants of f.

4 ¢\' 3

m

Yy EXERCISE

Extend the finiteness proof to invariants of a system of binary forms
Gorh 4 ..., bpzPr ..., 02" + ..., ... First prove as in §i4 that
an invariant is annihilated by

9

@ ]
Y e g — - R
A o ) -+ + by ) + - +P2bp3-l b + o

QY
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and by £ 0. Next, if § is a polynomial in the ai, by, . . . which is of constant
degree d; in the a’s, of constant degree dp in the b's, . . ., and of total weight w
in the @3, b's, . . . taken collectively, show that (8) and (10} hold if we replace
Oby 20, 2" by (Z ), andn by Zpids — 2w. Make the like replace-
ments in (14).

The finiteness proof is extended to covariants by means, of\the

Levma. The set of all homogencous covarianis of t}w benary
forms fi, ..., fr 15 tdentical with the sef of forms dem}ed ﬁ*om the
tnvariants I (homogencous in X, ¥) of fi,..., fb a’mﬁi L=Yx
~ Xy by replacing X by z and Y by y in each 1.,

To simplify the notations, let a, b, . denote\f}he coefficients of
Sy ..., fearranged in any chosen order It B, .. . dencte the

corresponding coefficients of the forms ({bt,amed by t.he iransfor-
m&tmn \\

i dbna’ﬁ'l‘iﬁi:aggﬁorg ¥ = m + av, D= ps—~gr=0.
This replaces L by Vu — Qg,an whlch
U=3sX,9Y, V=—7mX-<+p¥.
Bolving these two etﬁatmns, we get,
DX-—pU+qV DY-—*rU+sV
Let I _.‘_r(a, ,««.3X,Y) be of index . Then
{((3 B,...;U,V)=D!I = D= I{a,b, ...; DX, DY),

\.fgé’sme I 15 of constarit order nin X, ¥. Hence

I{A,B,.. ; U, W)
=D"I(ab,...;pU+ gV, rU + sV),
identically in U, V. We may replace the latter by u, v and get

I(4,B,...;u,v) = D\ I(a,b, ... ;z,y)
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This proves that T{a, b,... ;2 ¥} is a covariant of fi,. .., fi of
order #» and index I — n. The argument may be reversed.

Sinee every covariant is a sum of covariants each homogeneous
in the variables { §8), we have completed the proof of

Tunorem 5. There exists a fundamental system of covariants of .
every sel of binary forms.

The first proof of this classic theorem was made by Gordan by
use of the symbolic notation. Cayley had eariier come to thgbon'—
trary conelusion that the fundamental system for a binag)t’fgu.intic
is infirite, due to an error relating to the independénce of the
svzygies between the covariants. Tor a binary formbf\ order <35,

a finite fundamental system of covariants was condtfucted in §12.

AN

19, Hiniteness of syzygies. Let Iy, ..., “Obe a fundamental
system of invariants of the binarysdorms fi, ...,/ Let
8z, ..., 2m) be a polynomial with HihslhEal thesr¥iehedsuch
that S{I;, . . ., I,) is zero identicallyih the coefficients of the f’s.
Then 8(I;, ..., I.) = 0 is a syaygy between the invariants (sce
the examples in §12}. N

By means of a new varialile 2.1, we may convert S(z;, . . ., 2m)
into a homogeneous forpi ¥ by multiplying a suitable power of
Zmyz into all terms I}c}bs\)f the maximum degree. By Hilbert’s
theorem, the forms /P are all expressible linearly in terms of a
finite number HgN ., H; of them. Take 2z, = 1. Thus

. 5
(13) O\Y S=P8&+ -+ P8,
where EIZ‘:\. ., Py are polynomials in 21, . . ., Zm. In this identity
in 21,:.\::!; Zm; We may take zi = I, ..., 2m = I

Q‘ﬁEDREM 8. There i3 @ finite number of syzygies S = 0,...,
8 = 0, such that every syzygy S = 0 implies a relation (15) in
which Pi, ..., P, are now invarianls.

In particular, every syzygy is a consequence of S;1 = 0,...,
S = 0. By the Lemma in §18, the proof holds also for syzygies
between eovariants.



36 COVARIANTS OF BINARY FORMS fOnh 11

20. Canonical form of a binary form of odd order. In &7V we
saw that any binary cubic whose diseriminant is not zero is the suwn
of the cubes of two linear forms which are the factors of the Hes-
gian. We shall prove an analogous theorem for a form f of uny odd
order 2n — 1. Let f have the notation (1) with p = 2n — 1.

We seck constants p,, r; such that N\
{16) fEptny®t+ -+ pale+ )L O

7'\
identically in 2, y. The conditions are evidently | >

A7) si=mrid -t part (G =0, 1§\ 5, 2n — 1)
We can determine solutions q,, . . . , g of'€h&n linear equations

)
(18) @4 Gn + Gost s + ---+aa+n{g}+ Gogn = O
NN (s=0,1,...,2—1)

if the qd bR YOt coeﬁments is ot zero. Letry, ..., 7.

be the roots of N
(19) z"+q:z"*‘-&-"53—+qnﬁlz+gu=0
Ifry, ..., rare dlstmht conditions (17) with¢ = 0,1,...,n — 1

uniquely determix@,\p;, - -« P Weshall prove tha,t the remaining
n conditions azeythen satisfied. To proceed by induction on s, we
agsume that\the conditions (17) hold when ¢ < s -+ n and prove
that the@ndmon with ¢ = s 4 # is then satisfied. Multiply the
cc:il tbn W-th t = s by gn, that withi = s 4+ 1 by g, . . ., that
w1 = 8-+ n - 1by ¢, that with 1 =

: The coefficient, of . i_: ¢ with ¢ = 5 + n by unity, and add.

Te* gn + PR G e 41
Gn k Tna + + Ty el -+ ;.-ka+n’

Q
which is the product of ri* by the zero value of the polynomial
(19} for z = r4. The new left member is evidently (18).
The equation having the roots ry, . . . ; Tr 18 evidentiy obtained
by eliminating ¢,,..., ¢, from (18) and (19). We prefer the
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honogeneous equation in x and y whose linear factors are x + r.
(i =1,...,n). It is found by taking the determinant of the
coeficients of ¢y, ..., i, 11D

(19) Y gu — Y o + Y Gr
— o F ()t ()=

and {18}, and hence is A o
2 A
.‘_?;'z'. — xyﬂ-"l x? yn—2 T oeaw (_ w)ﬂ—l y (_ a)ﬂ :"\ ¢
ity 23] a2 e @n & A "
<M
E.gi 27 s “nw (479 G’H_! ',':.. = 0_
| P, s e Caatsssnanr s amsanmenn O\ &
i NS
l n_g (429 [+ P e [ 2 7S

This determinant is called the canonizant G b\f 7.

TeroreM 7. Every sufficiently general, bzmry Jorm of odd order
2%~ 1is a sum of 2n — 1}k powers,‘?ﬁf”}’f PEarbrRaTy org.in

X
v.,

EXEB;UfLsias

1. Forn = 3, the coefficicnt of 47 in the canonizant €' of the quintic f is the
invariant J of the quartic g —"a\a:* + 4m 2*y + . ... In particular, J is a
seminvariant of g and hengel - anmhllated by the operator @ in {6) with
P = 4. Since J lacks a ihjs therefore annihilated by @ with p = 5 and hence
is a seminvariant of §. .\

2. Show that J is:si.g{ii:ninvaris.nt of every f with p = 4 since it is a rational
fanction of the seinvariants ao, Sy, Sy S See (21) of §12, and §10.

3. There existe’s covariant of order 3 of the quintic f with the leader J. Tt
eoincides yith € since the canonizant of the form derived from f by any linear

ransfo; afion T has as linear factors the functions derived from the linear
factens\of C by T

4Mor n = 3, the cancnizant C of f is the minor of 3* in A:

¥ 0 0 0 1200
Ac|® wmztay actaey ertay|  0yz0
a4 ML+ dayY  mr Ty aT +ay|’ 00y =
@  @rtaoy @ty  artay 000y

For, the product of ¢ by D = % rows by columns, is A.
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5. Tf & seminvarisnt S of the quintic f lacks gy, it is a seminvariant of the
quartic ¢. Tf the weight of S is double its degree, S is an invariant of .

6. Tind the determinant whose vanishing is & necessary and sullicient con-
dition that a binary form f of order 2n be a sum of the 2nth powers of n Linear
forms.

Hint: Employ (18) alzo for s = n. ~

21. Further topics on covariants. Reference will be aiade to
elementary introductions in English to the following suhjects:

Seminvariants and covariants as functions of the ,x’pﬁts.‘

Symbolic notation; geometrical applications.? /5 3

Canonical form of the binary sextic and ogfa¥ic:?

Funetionally complete system of covaripits’of a binary form,
found from & complete system of three Jinéar partial differential
equations,t RS

Theory of eovariants under finege transformations with integral
copthicicite dhlbenrmadaler p, a pzifnéﬁ

The eoefficients of a unjqungpa;ﬁonical form are invariants.®

Interesting applicationg(of invariants of a quintic form are
given in the elementary ‘papers cited in §112.

! Tiickson, Algebraic Q{ﬁv\aurianta, Wiley and Sons, 1914, pp. 55-58.

2 Iid., pp. 63-97. Algebra of Invariants by Grace and Young is very difficult
for students, excépt possibly the chapters on geometry. To readers {amiliar with
German are recommended Gordan, Vorlesungen iiber Invariantentheorie, 1887
Clebach-Lindémisnn, V‘orlesuugeu iber Geometrie, I, 1876; II, 1591; and the up-
t,?ﬁa:e l_mdk" c:lnxinvanantentheoﬁo by Weitsenbsek, Groningen, 1923, The spe-
cialist wilPnétd Meyer's report on invariants in Jahresbericht fach : -
RN & R A sbericht der Deutschen Math

iott, Alzebra of Quantics, 1895, 204-9; ed. 2, 1913, 28500,
«\*Dickaon, Aunals of Math., 35, 1924, 389-76, We ma. i D 37
Ny ' . 25, ) ., ¥ atart with (18), p. 373,
aoting that e f, of, and wfaxe OF, 0 f, and (20 — O Q}f of our text. 4.2
S Dickson, On Invariants and the Theo i i
' ry of Numbers, the Madison Colloquinm
of the Amer. Math. Boo,, 1914. Cf. Glenn, Treatise on the Theory of Inv:qriants,
1915, .175——208’. Dickson, History of the Theory of Numbers, I11, 1923, 293~301.
*Wilezynski, Proc. National Acad. Seiences, 4, 1018, 300-5,
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Chapters ITI-VI, which are indeperdent of I-11, give @ uew
exposition of the subject usually called higher algebra.( We first
develop Cayley’s caleulus of matrices, and the essenmaily equivan
lent gubject of bilinear forms. The main theorems on’ the solu-
ticn of systems of linear equations are not prem\)posed but are
deduced as corollaries.

PN\

22. Linear forms, matrices, linear traﬁsformatmns Any homo-
gencoys linear function, such as 725 3y, is called a lLinear form.
Censider m linear forms . .’~'.. www.dbraulibrary.org.in

~

.”1 = an t + G ?{2‘4:“ *+ A1 Yny
(1) 4 A N
In = Gm1 21 ANDa e e + Gmn Yo

in the n variables bb\ v+ Y Write the coefficients of these sue-
cessive linear formy in the suecessive rows of a tuble
N/

\

M‘%ubh a rectangular table composed of mn numbers a; arranged in
N\ rows with n numbers in each row is called a matriz with m rows
and n columng, or briefly an m X n matrix. The mn numbers a;
are called the elements of the matrix. We shall speak of A as the

matrix of (the coefficients of ) the linear forms (1).
Examples of one-rowed matrices are the notations (z, ) and
(z, y, z) for points in a plane and in space, the elements of these
matrices being the coordinates of the points.

39
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Matrix {2) is said to be egual to the m X n matrix

dn die [/
Goi dm2 mn A
if and only if corresponding elements are equal; O\
au = duy, an = dy, ..., Gy = dz'l'm:}

We shall also write (1) and (2) in the con;p“g;gt;ﬁotations

(1") Ii = Z C&‘f‘y,- ('i == 1 . 'M),
i=1 {
' \
(2}) (aif) (1' = 1 3‘m'J = 1 .. ,n)’
W W dbrauhbl ary.org.in A

in which we exhibit the elementit X ; which lies in the 7th row and the
jth column of the matrix (2)

Suppose that the n variables Yy ; are expreasible linearty in terms
of s new variables zl&\ .y Fad

(3) \ Zb:kzk G=1,...,n)

s ,,. k=1

Insertmg\theae values into (1), we get

\ %4
(4\)\\]“_22“\-: :kzk"zpwzi (‘l:=1,...,m),
I=1 kel R,
:~'whera

(5) P =2 @b G=1L...,mk=1,...,s).

=l

Let B = (b;,) and P = (p;) denote the matrices of the linear
forms (3) and {(4) respectively:
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©  B=

me.l "t pma

We shall eall P the produet of A and B, taken in that order, and |
shall write P = AB. In view of (5), we therefore have thé
following \‘\

Rule of multiplication of matrices: The element in the <th'row
and %th column of the product of a matrix A with n col‘ium}s by a
matrix B with » rows is the sum of the products of the)suecessive
elements of the 7th row of 4 by the corresponding eleh)ents of the
kth soluran of B.

\/

For example, AN

&
DG D = (o F oty orgon

By a linear transformation we shall mean & system of n linear
homogeneous equations N\

[ i ”‘g . .
(“) ¥; = éﬂt’zk (.7 =1,... ,ﬂ),

-2

which express tl:ge\”{rariab!es i, . - . ; Yn linearly in terms of the
same number of\variables z, . . . , z,. This transformation is said
to have thesmatrix (b;:). Taking s = » in (3)-(6), we shall
say that th%transformatmn (7) replaces the system of linear forms
(1) by the system of linear forms (4). This proves

HEOREM 1. A linear transformation with the mairiz B replaces
§ystem of linear forms with the matriz A by a system of linear forms
with the mairiz AB,

When m = , equations {(1’) define a linear fransformation

(8) 3.-=Za,v,-y,- (‘?:-:1,...,?1:),
F=l
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which expresses the vasiables L, ..., I, linearly in terms of the
variables 41, . . . , Yo We saw that the elimination of ¥, ..., ¥
between equations {1’) and (3) gave (4) and (8), which, in our
special case m = n = §, hecome

n n .\
o= D Pin 5 Pie = 2 Qi b @GE=1,...,00
Bl §=i e\
7'\
The resulting linear transformation, which exprgsgeé’ I, .-y ln

linearly in terms of #, ..., z, and hag the matrx AB, is called
the product of the linear transformation (8) with the matrix 4 by
the linear transformation (7) with the matix’B.

The one-to-one correspondence between Hnear transformations
and square magtrices is therefore pregéf?ed under multiplication.
For this reason 2 linear transformation is often denoted by its
m%&ix! ‘XE‘F%%Y}EWGFIEW choige of the letters used to denote the
variables 18 immaterial. oW

The determinant {«;; | having the same n2 elements as the matrix
of a linear transfomlatigli'(g ) is called the deferminant of the trans-
formation. Since theiabove rule of multiplication of square ma~
trices is one of the,fules of multiplication of determinants, we con-
clude that the d’ekﬂ}mnmt of the product of two linear transformations
is equal o the\product of their determinants.

A linegin¥ransformation is called singular if its determinant is
gero, gl;hkrwise non~stngular.

. 23 Inverse, identity, scalar, adjoint. Tet g denote the deter-

:.gﬂix_m,nt of transformation (8). If 4 > 0, equations (8) have the
<\; “unigue solution

5 A .
©) yi=X =L (=1,

b !n);
Al

wh_ere Ay denotes t‘he cofactor of az; in a. Equations (9) define
& linear transformation which expresses the y’s linearly in terms of
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the ¥'s: it is oalied the inverse of transformation (8). Since it is
immaterial what letters are used to denote variables, let us replace
each [, by s;. Then the product of (8) by its inverse

L. I . ’
@) yi=2 s (G=1...,m)

Kl A

AN
is evidently the {dentity transformaiion I defined by O
{10) L=58, .00, b0 = 2 "\ 3
A\
The inverse of (9) is evidently the initial trangiormation (8).
Note that I = 8, if 8§, denotes t.\\;
RY

(1]) U = 31’1, ey Wy =y t’!}n.:

z\.{rw‘w.dbl'aulibral'y.org_in
The produet of (8) by S, in eithertq’;‘ciér is
L—:Zm”y”, - G=1,...,8)
=l AN
whose matrix will be H‘enoted by either {4 or Ai, being obtained
hy multiplying every Jelement of A by t. The matrix of (11) will
be denoted by Spand called a scalar matrix; its diagonal elements
are ¢ and all remﬁmmg elements are zero. In particular, the matrix

of (10) is \Le&otecl by I and is called the identity matrix. Thus
8, = I Gur results give

‘..\’,
(Q‘); S, A =48, =34, Id=AI=A,

Henee in products we may replace a scalar matrix factor S¢ by the
number ¢, In particular, we may suppress a factor I.

A matrix all of whose elements are zero is called a zero matrix
and designated by 0. By (12) with £ = 0, we have 04 = A0
= 0 for every matrix 4.
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The matrix of (9’) is designated by

Awmfa - Ay /a

and called the inverse of 4. By the above results,

(13) A =

(14) AA= =1, A4A =1 A

1f we suppress the denominators ¢ in (13), we &?t”}‘:
R
A o dom)

which is called the adjeint of matrix A'\Henee the element A ;;in
the 4th row and jth columnn of the ad;omt of 4 is the cofactor of
thesternBRE % HRR e 5 Eh T Tow atid 7th column of A.

In case the determinant @ of A is not zero, we have Adj. A
= g A by definition; theﬁ‘ (14) implies

(16) A(Adj-4)=al, (Adj.A)A = ol.

This result (lﬁ)ﬁxolds true also when e = 0, as shown by con-
sideration of con‘t.multy or by direet multmphcatmn

(15) Adj. A =

24..49\&3}00;&':1% and distributive laws for matrices. Let A
= {ag), B=(b:;), €= {c;;) be any mXn, nXs sXi
matrices, respectively. By (5), the element; k] in the sth row

~2nd kth column of the product AB is 3°; a:;b,. By the same

\“rule, the element, i) of (AB)C is

an) > (S auba)ee.

kel " j=l

The element [jl} of BC is 2 184 ¢5;. Hence the element [il] of
A(BC) is
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E au(Z bir GM)

i=l

Since this is equal to the sum (17}, we have

Trrvorsy 2. Multiplication of matrices is associative,' i.e.,

(18) (AB)C = A (BC). O
’\
Either of these products may therefore be denoted, b:y ABC
without ambiguity. It follows that ABC- D, AB CD and
A BCD are equal and may be denoted by ABQD Similarly
for the product of any number of matrices tak#dNt a prescribed
order. The case of equal factors shows that 448is'uniquely defined
when {he exponent e is any positive mteger\
The sum {or difference) of two m X m%tggpm
the = X n matrix each of whose elemerits is the sum or
ence) of the corresponding elemen’(sﬁ ‘of the given matrices. For

example,
WE: (M) (poEh)

It follows at once tha}‘

A+BSB+ 4, A4B)+C=A+ B+O),

(19) iA—J('t}B'=i(A+B); t4 + ud = (t+u)A.

N\~
The elémtent ik} of A(B 4 C) {8 2. @:;(bsx + c;s), Which is
the sum'of the elements [ik] of AB and AC. In this manner, we

abtain

Tusorem 3. Multiplication of matrices 1s distributive, i.e.,
(20) A(B+ ¢) = AB+ AC, (B+C)A=BAL CA

! Another proof follows from §1.
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In view of the associative law, the tnverse of any product of ma-
trices is the product of their fnverses faken in reverse order. For
example,

ABC-CB1A-'=A.-BB' - A1 = A4 =], ~
If 4 is nonsingular, AX = B has the unigue  §okiiion
X = A~ B, while YA = B has the solution ¥ = BAS" "Since
matrix multiplication is not commutative in general, X and ¥ are
usually distinct, so that there are two kinds of dlwslon of B by 4.
o\

Exercises O

. (N
1. Sealar matrices are the only ones commu@.ﬁve with every n X n matrix.

2. Bhow that 4-1is the only matrix Whose ‘products with A in both orders
givgs,the ddsniiyrattidorg.in A\

3. By multiplication of the matrmesr

. V=1 _
I=(n:1){i}"=( Oi x )J_(u)) - (= Vol)'

. O ,
verify that # = =\Eﬁ‘= — I, 4 = k. By the associative law,

E=0i3—J, K=4=—1i ki=k(—k)=j
N f=kii=—k k= g(- i) =4

Ve

Any hnear combination of I, ¢, §, k with numerical coeficients is called a
qUua ., The two quaternions

AN g=ol +bito+dh, ¢ =al —bi—cj—dk
"N .
\ ; are called conjugates. Verify that
‘I=( fg), q’=(5 —'y) z=a+bv -1,
-y % ¥ &/ y=cHdyV—1,
and that gg’ =

‘ =¢'s = nl, where n = 2% + 47 is called the norm of g and
written nig).
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4. The eonjugate of the product of two quaternions is equal to the product
of their conjugates taken in reverse order. For,

_ ) v) _( T s) ,'_(? —s)_( y
p“'_aar qp—_;;; pQ“E r—qps

where 7 = qu — yv, 8 = z¢ + yi. To find the norm of gp, note that

w2 =q-e@)] ¢ =qg' np) =algnlp)l. O\

Hence the norm of a produet is the product of the norms of the factors, \.

5. In matrices (2) and (8), let the aj, bejs, Pes be themselves mattices, such
that those appesring in any row have the same number of rows, gvhile those
appearing in any column have the same number of columns }%ve that (5)
holds also here. If each b;; = 0 when ¢ » 4, find the two\prdducts of (a:;)
snd (b,’f). x'\\:

O\

25. Characteristic equation. Tet A bev/an n-rowed square
matrix whose elements are independent, J*the WARHBIAX. Tk T
be the n-rowed identity matrix. Theimatrix A ~ A is called the
characteristic mairiz of A; it may\be obtained by subtracting A
from each diagonal element of A? The characteristic determinant
of 4 is the determinant of A~ A and is a polynomial in X of

. +8 3
degree n: &
(21) ‘t’(A) Ean)\”,-J-:a,._l R““‘+"'+G1h+a|}, g = (_1)"-

A X .
The equation @4A) = 0 is called the characteristic equation of A.

For exam{le“,\ “
O
A a=(7 4y
@2\
% _le—x b 2
d{d) = c d-1 =X—-(a+d)x+ad— b

If in any polynomial (A} =D ¢s A we substitute the matrix
A for ) and multiply the constant term ¢, by I, we obtain a matrix
denoted by f(4). In the special case (22), we get
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¢(4) = A* — (@ +d)A + (ad — be)],

which ig readily verified to be equal fo matrix 0. This resuli is
the case n = 2 of the important

TueEoREM 4. Any sguare malriz salisfies s chamctenstz{:
equakion.

1et (21) be the characteristic determinant of A, We \&1\:= to
prove that ¢(4)} = 0. Since the elements of 4 — }J are linear
funections of A, and the elements of its ad]mnt C are (zz <"1 )-rowed

determinants, they are polynomials in X of degre® <'n—1 1If
the element in the 7th row and jth ¢olumn of ¢ aﬁ& & Ciix AF, then

n—l1

w\/
C=2Cudy  Cr= (cisa) <®j=L“”m.

E=0
}{pﬁﬁﬁga'éiﬁ))‘wli’?ﬁﬁplaced,by: A — M, we have

(4 — NE = $(MI.
Hence Ny

n—1 n—1 n
AZC&‘ — A Cede =g, At ]
k-\\ k=l k=0

Equating the.ferms free of A and the coefficients of ), A2,
AL AR, e get

27 A% -ar
O AC, -G =al
OO AC =0 =al,
:”\,: \ R T T
N/ ACn-—I_ - Cn-g = an._], I,

‘_C—l

Multiply these equations on the left by I, 4, A% Ar An
respeetively and add; we get ’ ’

O=alt+tmdtad®t . g Ar14 g A= ¢(4).
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26. Raunk of 2 matrix, Every matrix M having more than one
elernent gontains other matrices obtained from M by deleting cer-
tain rows or columns or both. In particular, it contains certain
syuare matrices. The determinants of these square matrices are
called the deferminanis of M,

A matrix is said to be of rank r if it contains at least one r-rowed
determinant which is not zero, while all its determinants of order
higher than r are zero. The zero matrix all of whose elements are

zero is said to be of rank Q. O
For example, the rank of the matrix A "
LY
a b e d e \¥;
p g r s i \
o bocdel
P g s Hl N

www dbraulibrary org.in

is 2 or less since every three-rowed determmazlb Has two rows alike and is zero.
The rank is 2 if 2, b, ¢, d, ¢ are not pmportloﬁa.l to p, ¢, 1, 8, i, 80 that a two-
rowed determmanf is not rero. The rank Jds 1 if they are pmportlonal and not,
all zera. Qe

By the rank of a determinbnt is meant the rank of its matrix.
+8 3

TuecruEm 5. If 4 z\,_\\my mairiz with n columns and B is any
matris with n rows, dny t-rowed determinant D of matriz AB is equal
to @ sum of termdgath a product of a t-rowed determinant of A by e
trowed d&ermzmt af B.

Let 4 A\(’C"’w) B=(by), P=AB = (pix) be given by (2),
(5), (B)\For the case n = 3, t = 2, the theorem is illustrated by
the fﬁmmla

\

P i3 G11 bz 4+ e bae + 013 bse Gy bz & @2 Bas + @iz Das

Dz Poy Aoy big - g bos + g Bar @21 Bis - Gap Das + G2z b
= | % Q) by bya ay G| b b e di3| by bus .

On dg by b a1 (a3 by Das dap Oag| | bas bas

Q.



50 MATRICES, BILINEAR FORMS {Ch, IIT

Any trowed determinant D of P is of the form

" n

Eaﬁi;b-ﬁkl @4, bft’”‘s
{ o =

Par o Pigk, it Tt

Digky ' Pigs, L) bl N

S Uik @i, bl
i Yk igfy Uk

i=i :'“"1 "

whered; <4 < -« <Py b < ke < -+ <k, Since each element
of the first column is & sum of n terms, D is efual to the sum of #
determinants of which the j;th has as elemen}s of the first column
the jith terms of those sums and has ag €lémients of the remaining
columns the elements of D, In othen'v}ords, we may remove the
summabicksigh frovy the fivst colufoh ‘and place it in front of the
symbol of the resulting determinant. The common factor b nk Oof
the elements of the first column may be taken out as a factor of

the determinant. Treating'the other columns similarly, we get

S5 .3
i{\= : Abﬁkl "'bft"":!
A\ 11“1 i,=1
o A=

\M
’§.. a‘efl "'a;‘;‘

N UILIGSS jl; P ,jg are dlst]_‘ﬂc‘t, A =0, Select 1, .

¢ -,9’: fl'{)m
\\:"1,....,?1 50 that 91$92< e g I j1=9’1,...,js=9¢)
A 18 a frowed determinant o of A, Next, let ji,...,7; be an

arrangement of g1, ..., ¢ which is derived from gy ..., g: byl
successive interchanges of two terms. Hence A may be derived
from « by I successive interchanges of two columns, so that
4 = (= 1) a. The sum of the ! products (— 1)3 bie, - b

igky



§27] BILINEAR FORMS 51

correspending to all such arrangements 7, . . . , j, is, by definition,
the expansion of the determinant

bﬂ'lh bﬂ'lkt
g= - --ein- ,
bl?:’u bﬂ:f‘c
O\
which is » determinant of B, Hence D = E e 3, where the sum—
mation estends over all the selections gi,..., ¢ from 1, c.a
such that g; < g2 < +-- <gy.

Y
Corotrary. The rank of the product of twgagtrices cannot
exceed the rank of either factor. )

For, if all f-rowed determinants of 4 (ow; of B) are zero, the
same i3 true of all f-rowed determinantghgf, 4fraulibrary org.in

TueorsM 6. If A is any mairiz wzth m rows end n columns and
B is any non-singular, n-rowed, sgua’re matrix, then A and AB have
the same rank. If C {s any non—smgular, merowed, square matriz,
then 4 and CA have the sam\e Fank.

For, if r is the ran ~Qf A and p is the rank of P = AB, the
Corollary gives p Sy and, when applied to 4 = PB7, gives
r £ p, whence r =7p." Next, if r’ is the rank of C4, the Corolla,ry
gives ' < r and) >when applied to 4 = ¢-1 - CA, gives r < 7/,
whenee r’ =.¢{

N\

27, Ethnear forms. A polynomial in the m - n variables
T s Ty Y1, -+« ., Y 15 called a Bilinear form if each of its terms
l‘s\oi'7 the first degree in the x’s and also of the first degree in the
¥'s. An example with m =1, n = 2, is 72191 — bzi3p. The
general bilinear form is

m "

(23) 2 '=E EGH il

i=l y=l
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We may write

a=Ex;Z,-, I¢=Zaefy,- i=1...,m).
iml =1
‘The matrix A = {g:;) of these m linear forms I; is called. the
matrix of the bilinear form (23). The coefficient a,; of x; ys 1n o
ig therefore the element in the #th row and jth columr{ fthe
matrix A of a. N/
By Theorem 1, the linear transformation (7) with‘ matrix B

replaces I; by Ek Pik 3k, where {p:z) = AB. He{me that trans-
formation replaces a by

p ¥
" T

Z Z Pir s zk)\‘

iwl =l
www dbraulibrary.org.in
whose matrix is

If we do not alter the o' s, buf’ apply the transformation

(24) Zs = E"j"k Ek E=1...,m)

of matrix ¢ to « ﬁES), we get

2 Z Cok @iy En Yy = Z Z dri Ex 4,

»\;, iy k=l jeal k=1 jut

wher'&w =2 ¢ a:; Hence dy;is the sum of the produets of
the elements of the kth row of matrix
m\ \

QY

by the corresponding elements of the jth column of 4 = (ay), s0
that the new bilinear form has the matrix ¢’ 4. Maftrix €’ is
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called the transpose of matrix C, being derived from € by employ-
ing the successive rows of C as the successive columns of €7,

Turoru 7. If in o bilinear form with the matriz A we wbject
the &'s to & Unear transformation (24) with the matriz C, and the y's
{0 a lineor fransformation with the matriz B, we obtain a new bilinear . £\
SJorm with the matriz C'AB, where C' is the transpose of C, a
' A\
We may write the bilinear form (23) as follows: O\

PN
4

@ =2 Ny M= G U=1;---:’?’I\-ﬂ
d=t =l ~

The matrix of the linear forms Ay, ..., A, is the frinspose 47 of
matrix 4. Transformation (24) with matrix Cxeplaces Ay, ..., A,
by liness functions of &, .. ., En the matmx of %11_ Se cboleaflﬁclgpﬁ 18
A'C (Theorem 1). Hence this tra.nsformatlon replaces « by a
bilinear form with the matrix (4'C)’. By the result preceding the
theorem, this matrix must be equal o 0’A. Since the transpose of

A'is 4, this process proves N\

Turorzm B, The tmnsg)ose}sg’ a product of matrices <3 equal to the
product of their: tmnspasen\iqken in reverse order.

\X /" Exercises
1. Prove Theoram\s by direct multiplication.
2. Prove tha\{\(;%i )= = (A1)’ by means of the transpose of 447 = T,
3. IfAA’ =1, then A'A = 1.

-o&nm X n matrix (a‘,} is of rank O or 1 if and only if there exist m -+ =
nu’ﬁ{ke? Clyorey Cyns d:, . d,‘ Buch tha-t- 2i; =€ ﬁf (“ = 1) L3 m’j ]
Rt

28. Fields. Two forms (each linear, bilinear, or quadratic)
may be equivalent under a transformation with complex coeffi-
Clents, but not equivalent under one with real coefficients. Again,
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two forms may be equivalent under a transformation with real
coefficients, but not under one with rational coefficients. Here,
ag elsewhere in modern algebra, it is necessary to specify cazefully
the nature of the constants employed. To do this briefiy and
clearly, as well as to give full generality to our theorems, we ma@
use of the concept “field” (or domain of rationality).

A set of complex numbers a + bi is called a field if $E3)gum,
difference, produet, and quotient (the divisor not beigg 2efo) of
any two equal or distinet numbers of the set are themselvcs num-
bers belonging to the set.! O

The following are examples of sets of numbers each forming a
field: all complex numbers; all real numbers} ‘all rationsi num-
bers; all numbers of the form ¢ + br with.@ and b rationat oum-
bers and r = { or r = 3%, "\

Bt fhesabol p%jpgggers is not/a field; nor do all positive real

(or rational) numbers form a field:

_29. Linear independqué;?' The quantities (numbers or func-
tions) 'll, «vvsln are called linearly dependent with respect to a
field F' if there exist nithbers ey, . . . , ¢,, not all zero, of F suck: that

&
(25) ...\ ab+ -+l =0

If no such)fiumbers c; exist, b, ..., 1, are called knearly inde-
pendent ith respect to F.

Iﬁs ‘convenient in proofs by induction on » to employ these

'tf;g'ms also in case n = 1. Thus J is linearly dependent or inde-
o ~\Pendent according a8 & = 0 or ,; » 0, respectively.

L

LFurther fiekds satisfy the definition b i
g - Y T lon by postulates in the authot’s Algebras and
Their Arithmeties, University of Chieago Press, Ch. XI, An example is the feld of

the residu B of 1142) ulop & DPrime For
L] integera mod .
3 lt, our t.heorems become 1mp0[h

?*We shall not presuppose the thea i

. ] ty of eyeterns of linear equations with coeffi-
:l}[o;its l15‘1:1 a::ix. field 7, but deduce that theory in §§31, 32 fmmqtll:e (i)r:s‘;;t discus~
thet;ry. ot this reason we avoid the shorter proof of Theorem 9 by means of that
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Taroszs 8. If 4, . . ., ¥a are Unearly independent with respect
to a fieid F, the n linear functions

(26) Eizzaa‘:’y:‘ t=1...,n)

Tl N
enfe in F, are linearly independent or dependent wztf;\
respect in ¥ according as the delerminant A = ] a.-,-l i8 not zero Gr is
zerp, &N

First et & = 0 and assume, contrary to the theo@n'i, that a
relation {25) holds. Then

n . ” n x.\\J
EC¢55=XC£agfy3r=O, Eaifci=9'\(j=lr-"!n)'

i=l i, j=sl i=1 X }

K«}w‘\;r_dbraulibrary.org.‘m

Hence & ¢; = 0, and every ¢; = 0, contrary to hypothesis.

Conversely, if 1, . .., I, are lineazly*independent, then A # 0.
We shall give a proof by induction'on #, noting that it is evidently
true when n = 1. If I, = 0, I- I, = O would be a relation (25).
Hence sfter permuting thelys, we may assume that .. = 0.
Since our converse will olfové if proved for Ly, . . . , b1, @un~' I, we
may assume that ., = It Thea

X
Bi=1{; ~ f&,-,?l.i.;:‘ E(ai;‘ ~Gmt)y; E=L...,m—1)
') =1
are linearly mdependent linear functions of g, . .., ¥ay, since
O ’ = =
\‘;"' Ec.-z.-=zcs(ls—amln)=0
Pt il

implies that each ¢; = 0 in view of the linear independence of

by ..., 1. Hence by the hypothesis for the induction, the deter-
minant

D=|ﬂa‘:‘—asnau,-] Gi=1,...,n—-1)



56 MATRICES, BILINEAR FORMS [Ch, TIT

is not zero. If in A we add to the first, second, . .., {n — 1}th
columns the produets of the elements of the last colump by
= Out; ™ @2y ..., — Guay, Tespectively, we get a doterminant

whose last row is 0,0, ...,0, 1 and having D as the cofactor of 1.
Hence A = D =< 0,

O\
THEOREM 10. If 1, ..., y, are linearly independe-nt.‘ w26 ‘Fespect
to Fyand b, ..., 1, are any Linear Jorms in 3, . . LAY “iith coeffi-
cients in F, we can select certain of the U, say e \ e
\\

7: = Lg. (1, - 1,.-.’?‘).:}

L3

which are linearly independent with respec’t\}o'F and are such that the

m — r remaining U's are expressible Ii‘ng\z}ly nterms of m, ..., %
with coefficients in F., )

Wy s bwasr g ria ke Gaity I, w’hi’ch is not zero identicaliy in the
y's. If every I; is a product-gf by a number of F, the theorer_n
holds with r = 1. In the ‘ephtrary case, take as n2 any {, which 8
not such & product, whence »; and 72 are linearly independent. If
every I; is a linear ¢omibination of #; and 12 with eoefficients in F,

the theorem holﬁg\ﬁrith r = 2. In the contrary case, take as m
any I, which #8\not such » combination, ete.

The valuéof 7 is given by Theorem 13.

Tagd®en 11 If r < n in Theorem 10, there exist Linear forms

ﬂfu}\r- s M IR YL L, Y with coefficiends in F such that My owaslin
qr:g linearly independent with respect (o F.

~ ‘ " First, ¢, . . . » Y= aTe not all linear functions of By - -« 5y With
N\ coefficientsin F. F

or, if s, we have in particular

(27) y.-=2mm, (a'=1,...,r).
k

=]

Hence b3'r Theorem 9, |#:.| < 0. We may therefore solve (27)
and obtain 7, as a linear function of y,, , . ., ¥« with coefficients
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in F. By hypothesis, ¥, { > r) is a linear funection of the »’s and
hence of 41, . . .., ¥~ with coefficients in F. Thie contradicts the
linear independence of 4, - . ., ¢, With respect to F,

Hence not all linear funetions of #, . .., y, with coefficients in _
F are linear functions of ..., », with coeflicients in F. Thus
there exists  linear funetion n,1 of the y's such that », ... d%
7.4 are lineexly independent with respect to F. If r + 1 = m,the
theorem is proved. I r + 1 < n, we repeat the argument i the
first part with r replaced by » -+ 1 and conclude that. 3)1, Geoy Yn
are not all linear functions of 1, ..., 7.1 with coefﬁments in F.
Thus there exists a linear function 4., of the ¢’s€uch/that v, . . .,
7r42 82€ Jinearly independent with respect to K, »This proves the
theorem if r -2 = n. Ifr-+ 2 < n, we reﬁe&t the argument.

30. Equivalence of two matrices ot W&’lﬁﬁi’éﬂi‘bféﬂzﬁ‘ &Myo
bilinear forms « and ey in oy, . . ., Tin W -+ . - » Yn, With eoefficients
in F, are called equivalent in F if a,nd ‘only if & becomes o; when we
subject the z's in « to a linear $ransformation with non-singular
matrix C' and the y’s to a lifiear transformation with non-singular
matrix B, the elements of’and B being in 7. Then also the ma-
trices 4 and A; of « apsa\m are called equivalent in . By Theorem
7, A; = C"AB. In.pther words, two m X n matrices A and 4,
with elements in"#are called equivalent in F if and only if there
exist, two nopédingular square matrices' D and B with elements
inFand ha\ﬁ"ﬁg m and » rows, respectively, such that DAB = A,.

THEOREM 12, Thwo matrices (or bilinear forms) in F are equive~
Eent\m F if and only if they have the same rank.

the matrices (or bilinear forms) are equivalent, they have the
same rank by Theorem 6.
Conversely, if & and «; are any bilinear forms in F with the same
rank, they are equivalent in . This is evident if the rank is zero,
whence « = 0, @, = 0. Consider therefore a bilinear form o,

1 We hava written D for the earlier ¢'- Conversely, given D, weget C = IV,
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m %
a=2$.‘1", I{=Eai:‘yj (3.:1}-'-}??1)}

te=] =1

in which the a;; are numbers of F not all zero. By Theorem 10, we

may select certain of the U's, say ni =l G =1,...,7), whigh,
are linearly independent with respect to F and such that the m ~\r

remaining {'s are linear functions of #s, ..., 7, with coefficietadls in

F. Since ki, ..., k&, are distinet, we may select m — € further

k’s so that ki, ..., kw form a permutation of 1, . ,(m. Also for

i > 7, denote I;; by #;- Introduce the new varlables

Xi=2s, (G=1,... .00
Gt g0

W

Then

LA dbra uljbrary org.in P\

a“'zxk Ik —Extﬂv 7?1 fzé;f"?:’ (1:=7'+1:°--;m'):

irl 7=l

N

where the d;; belong to R‘. Hence

\

o= Zif‘n, + X Y = 3 &
—1‘ o=yl =l =1
if we wrlte\
\v :
N x4 G
K¢ Er=X;+2,dis X5 G=1,...,7).
"“s; =)
"

\/The latter and £: = X;(i = 7+ 1,...,m) give m linearly inde-
pendent linear functions &,..., £, of Xy,..., X, with eoeffi-
clents in ¥, Hence the §'s are ]mearly independent linear func-
tions of a1, . . . , @ with coefficients in F. The determinant of the
matrix M of the coefficients of i, . . . , £,, in the £'s is not zero by
Theorem 9. If r < n, there exist, by Theorem 11, linear functions
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Crrty oo oo fnof 3, o ., 9 with coefficients in F such that »y, .. .,
ey ety oo, §n are linearly independent with respect to F. If
r = n, we guppress the ¢; and employ #, ..., 9. In either case,
the determinant of the matrix- N of the coefficients of yy, .. ., ¥n
in these » linear funetions is not zere by Theorem 9.

We have now proved that a can be reduced to the canonical
form O\

7'\

(28) PIRIY A
qut K

&

by & linear transformation expressing the z’s as lirrég functions
of the £'s with the matrix M-t and a linear transfc{rmation express-
ing the s us linear functions of the »'s and 4§ with the matrix
N, The matrix of (28) is evidently of ramh . By the first part
of our theorem, also o is of rank r. W W.dbraulibrary.org.in

Since « and a; are both equivalent 16Y(28), they are equivalent
to each other. N

We have also proved the first past of

TauoreM 13. The r of Théarem 10 is the rank of the malriz of the
cogfficients of I, . . ., L. ﬁé’m"emr, the rank of the matriz T of the
coefficients of gy, . . ., n,.?,'s T,

Let o be the ranl{df 7. Apply the first part of the theorem to
LIPS B o} plae@éf I, ...,ln. Henceifr > p,r — p of the 4's
are gxpressiblg"Hnearly in terms of p of them with coefficients in
F, contrary"td the linear independence of m, . . . , 7» With respect
to ™

OBOLLARY 1. If m > n, any m linear forms in » independent
:aria,bles with coefficients in F are linearly dependent with respect
o,

Yor, the rank r is evidently < » and hence <m. Then by
Theorem 10, m — r of the forms are expressible in terms of r of
them, so that the m forms are linearly dependent.
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Note that, conversely, if the m forms are linearly dependent,
then the rank r is less than m. Hence we have

CoroLLARY 2. Any m linear forms in # independent variables
with coefficients in F are linearly dependent with respect to E.if
and only if every m-rowed determinant of the matrix of\the
coefficients is zero. 2\

NS ¢
ExErcises A

o

1. Find linear transformations which reduce “.?
&
2oy — 3 + At — 20y — BTl +%yz"b§!\51 m 4+ & e

2, 5z+3y—6,8 + 15z 62 +2y + 52— 4 are hnearly dependent.

3. When F is the field of all real numbe s{ié»tate Theorem 12 without
using expliciily the noticn of a field. N

4. Anﬁgﬁ;’rif of rank r isjﬁqw'valenf. ta.8ne whose elerrient in the ith Tow
and e NTE TR TEY while &b further elements are zero.

5. Any matrix of rank r can hgfne,iipreased as the sum of r matrices of rank

unity, Hence any bilinear foxfadof rank r ean he written as the sum of 7
products each of a linear fq?m ina, ..., x, by a linear form in 4, . . . , ¥

6. When a bilinear form, 15 the sum of 7 products each of g lincar form in
L1y ... %m bya ﬁncﬂ’i’mm in g, ..., ¥a the matrix of the farm is of rank r
if and only if they Iihear forms in the 2’s are linearly independent and the v
linear forms in _the¥y’s are linearly independent.

7. .If r istherank of an n-rowed square matrix and if R is the rank of the
matrix cofipbSed of the first ¢ rows of the former, then R 2 r 4+t — n.

"\ W
8. NIz and r3 are the ranks of twe n-rowed sGuare matrices, and if B is the
rank e their product, show that g >

\ =7 +n—n Hint: First prove this
when the left factor is of the form in Ex, 4. P

31. Homogeneous linear equations.
equatlf)ns l% =0,...,l.=01in the unknowns Yy v o, Yu With
coefficients in a field F and of rank r. After rearranging the equa-

!;ions, We may assume by Theorem 13 that L,
independent and have a m

are linear combinations of

Consider a system of

. -+, 1. are linearly
atrix M of rank », while bty o ooy m

by ..., 1, with coefficients in F. Some
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r-rowed determinant of M is not zero. After relabeling the ¥'s, we
may therefore assume that the determinant D of the coefficients of
Yy eo.s e it h =0,...,l, =0 is not zero. Transpose to the
second menibers the terms involving y;(f > r) and apply the
ordinary method of solution by determinants. We obtain

N
2\

(29) ¥i = E Cei Yy (z = 11 ey r): : ’\:\

jemr+l AN :,‘
where the ¢;; are in F. When these values of y;“,‘:\.a‘.’, Yy are
inserted in I, . . ., I,, we therefore obtain expressionsgh ., . . - ,
¥» which are zero for-all values of the latter. The'same follows for

lesty ..., I, since they are linear combinatio@}bf Tyeerylm

Turorem 14. Given m homogencous lz‘%t\ig} d%qr%“ﬁ%ﬁrgﬁo?}gﬁl‘
knowns whose coefficients belong to any g‘ie%l F and have o matriz of
rank 1, we may select v of the equations so that their matric has a
non-vanishing r-rowed detemninqﬂt."These r eguafions defermine
uniguely r of the unknowns gs\homogeneous linear functions, with
coeffictents in F, of the remaingng n — r unknowns. For all values of
the latter, the ea:pressian@”of the r unknowns salisfy the given m
eguaiions,

CoroLLary. There exist solutions not all zero if and only if
* < nand celjt@f;ﬁif if m < n. In particular, n homogeneous linear
equations in\p-inknowns have solutions not all zero if and only if
the deterniinant of the coefficients is zero.

If, the homogeneous linear equations &, = 0, ..., = 0 have
the, two solutions (uy, ..., %.) and (o, ..., 2s), they evidently
have the solution (gur -+ oy v . ., Qo + hva), in which g and
fi are any numbers. We call the two solutions linearly dependent
If there exist constants g and k, not both zero, such that gu: + Av;
=0 ({=1,...,n); but linearly independent if no such constants
g and & exist. Analogous definitions apply to more than two
solutions,
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For example, the single equation 2y + 3y: — 5y = & s the
linearly independent solutions

(uls e, us) = (_" 3/2! 1: 0): (ﬂl, iy, TJ3) = (5/21 O: 1);

while every solution {y1, ¥2, ¥s) is linearly dependent on {hends, ™

O\
n=nwtnpn Yo=Yt 1+ aty Yz = s ua~<§—\y3 T3
This example illustrates the following O3
z? 0\ 7

TueoreM 15. Any system of m hmageneous"lf;}war equotions i
Uiy - -+ Yo Of Tak v < n has n — 1 lineariyNntependent solutions,
while every solution is linearly dependent G them.

With the notations (29), we ma,y t‘alé as the n — 7 sclutions

www.dbraulibrary.org.in

(30) (61,,.. y Crjy Ox 0 I ’0 ,0) (j = ?‘+1,...,?),

where 1 is :.'m the jth place‘.: Multlply the numbers in (30} by ¥»
sum as to j, and applyA29); we get the solution

)
(E ¥; Clzﬁ\yl, ey Ey,- Cri = Yrs Yrily oo s yn);

in which tl;c{'éﬂmmations extend fromj = » + 1 to § = n. Since

these ny abers are all zero if and only if 4,4,

the splytions (30) are linearly independent.
A

132. Non-homogeneons linear equations. Consider a system of

. s Yn are all zero,

= kn, where the &’s are constants and
» b, aze linear forms in yy, . . . | 5, whose matrix A is of rank
7. After rearranging the equations, we may assume that Iy, . . ., br
are linearly independent, while ,

L, .

B L =Zciilj

i=l

G=r4+1,..,,m).
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Hence cur # equations I; = %; are inconsistent unless
(32) Ei=2,cik; G=r+1,...,m).
i=L

Write %; = I; — &, Yaq1, where ¢y = 1. Since I;,..., 1, arel\
linearly independent, the same is true of Ary ..., A Next, . .

A5=205315 (’r‘:=?‘+1,...,ﬂ3) ,‘,'}‘
=1 \ ?

it and only if conditions (32) hold, and then the-af@hrix of Ay . . .,
Ax 18 also of rank r by Theorem 13. O

TueorEy 16. Let r be the rank of the matn.grﬁ of the homogeneous
linear functions by ..., L. of i, ..., yswded hBablthe porminted
mairiz derived from A by annexing & column having the elements
ki .o\, ku, so that the rank p of Bw ‘2 7. The equations I = k,

coy b = ky are {nconsistent 1.f ,c:-‘> r. If p = r, cerinin r of the
equations determine uniquelyr of the unknowns as lnear funclions
of the remaining n — r unknowns; for oll values of the laiter, the
expressions for these ¢ z{hfmowns satisfy also the remaining m — r
equations, \
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Casprer IV

QUADRATIC AND HERMITIAN FORMS, SYMMETRIC
AND HEBMITIAN BILINEAR FORMS

QOur discussion of these four types of forms requires but liﬁig
more space and effort than are necessary for a treatniend of
quadratic forms alone. There has been a steady increfia® in the
importance of the forms named after Hermite, (Jur results on

quadratic forms suffice both for their metric and/pleir projoctive
classification. o

33. Symmetric bilinear forms and quadratic forms. The jorm
' RS
ibr JOUE.L0 n X )
(v dbrauibrary SHETG aui,s-‘yf
i :‘-s‘»

is called a symmetric bilinear. furm if it remains unaltered by the
interchange of z,; and Y feft = 1,...,n, and hence if

(2) an?\au @i=1,...,n).

The matrix 4 f\(b”) of « then remains unaltered by the inter-
change of rows and corresponding columns, and is called a sym-

metric matris J1n other words, 4 is symmetric if and only if it 15
equal fo7its’ transpose 4’

Bg(?heorem 7 of Ch. I11, the transformation

<O B=bo X, =1,

2 cee ),

with the matrix B = (b:1), and the cogredient transformation

1) Yi= 3 bi; ¥y {£ =1,

i --~:n);

64
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with the same matrix B, replace (1) by a bilinear form oy, whose
matrix is 4, = BAB. If A" = A, then 4, = B’A’'B = A, by
Theorem 8 of Ch. I1I, whence also matrix 4, is symmaetrie.

Any two nrrowed square matrices A and A, with elements in a
field F ave called congruent in F if there exists a non-singular »-
rowed squsre matrix B with elements in F such that 4, = B’AB.
By Theorem § of Ch. TII, congruent. matrices have the same rank.

Reealling the definition of equivalence in §30, we have .\\\

£\

TaporeM 1. Two symmeiric bilinear forms with coefficients'in a
Jield F are equivalent under non-singular cogredient tmnsfomiatwns
(3) and (4) with coefficients in F if and only if the@r\(natrwes are
congrusnt in £,

If we identify y; with x;fori =1,...,n, g.%y’fnmetric bilinear

form {1} tecomes a quadratic form )
vy Jdbraulibrary org.in

hid N
4) ¢ =202 N = G
8, i=1 R

™

having the same symmetric matiix A = 4’ Forn = 2,
g = ay «\3in 2002 71 T2 + G 2

The rank and deterniiwant of 4 are called the rank and determi-
rant of ¢. P,

Ifalsoin (4 Ywe identify y; with z;, and Y, and X, so that (4}
becomes (&{ “weé conclude that transformation (3) with the matriz
B reploced o quadratic Jorm (5) with the symmetric matriz A by a
guadratzr“;form with the symmetric motriz B’AB.

Hel;;ce we have

HEOREM 2. Two gquadratic forms with coefficients in a field F
are equivalent under non-singular transformation with eoefficients in
F if and only if their matrices are congruent in F.

A comparison of Theorems 1 and 2 yields

Q"
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Corotrary 1. Two symmetric bilinear forms with rmotrices 4
and A, are equivalent under cogredient transformatici: if and
only if the quadratic forms with matrices A and A; arc cquivalent,
where the forms and equivalence relate to the same field 7

Hence these two problems of equivalence are not sssentially
different and each may be treated by a study of the congrucnce Qf\
symmetric matrices.

¢(\D

34. Hermitian forms and Hermitian bilinear forms, Inh S be
any field containing a number » which is not the sgliz‘zfé of any
number of S, Then all {the numbers z = a 4 bv*; in’ which @
and b belong to S, form a larger field . Call-Z = ¢ — &t the
conjugaie of x. ¢

An important example is that in which .8\# the field of all real
numbers,and» = — 1. Then F is the fighd of all complex numbers,
and-eart mabboonjeest imaginariss\/

The bilinear form, with coefﬁcigpis"in F,

(6) 20wy, 8= 8,
T ,f*].' ’“
. AN
is ealled an Hermgtign Yilinear form in F.
If we replacercach element of 2 matrix A by its conjugate, we

obtain a I.natlj\ix:dénoted by A and called the conjugate of A. Hence
the matng{ A6f (6) has the property

\M , -
(7.)\'§" A= A’

:gnﬂ is called an Hermitian matrix, It is seen at once that

]

@®) M=M, MN=MN @) ="

By Theoren} 7 of Ch. II, transiormation (3) with the matrix
B and the conjugate transformation
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9) yitzgﬁyf (3-=1;-":n)}
7=l

with the conjugate matrix B, replace (6) by a form whose matrix
is Ay = B°AE. Then (7) implies

Al = B'A'B = A,

Tarorew 3. A linear transformation with matriz B and the coﬁ»
Jugate trassformaiion replace an Hermitian bilinear form with/the
Hermitian matriz A by an Hermitian bilinear form_ :wrth the
Hermiiian wiairiz B'AB. \\

Any two n-rowed square matrices A and A4, wlth alements in a
field F shall be called conjunctive in F if there exists a non-singular
nrowed sguare matrix B with elements “in F such that
Ay = B’A5. By Theorem 6 of Ch. I vedbfamisbive ymutries
have the zame rank. Theorem 3 implies )

Tueorzy 4. Two Hermitian be}méar forms with coefficients in
the field F are equivalent under o non-singular transformation and its
corjugate with coefficients in Q 2f and only if their matrices are con-
Junelive in P, i )

Ifin (6) we zdentu‘g, % with z;, we get the Hermitian form

N
(10) '\~Z aii i X4 Aji = Gif
“\l £, §=1

This form‘ls\ equal to its conjugate. If we also identify ¥; with
X, we seé that (9) become equations which follow from (3) by
tﬁ.{mg conjugates. Hence Theorem 3 implies

TurorEM 5. A Enear transformation witk the matriz B replaces
an Hermition Jorm with the Hermitian matriz 4 by an Hermitian
Jorm with the Hermitian motriz B'AB.

This implies the following analog of Theorem 4;
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TueoOREM 6. Two Hermilian forms with coefficients tn the field F
are equivalent under o non-singular tronsformation with coefficients
in F if and only if their matrices are conjunctive in F.

A comparison of Theorems 4 and 6 yields

Cororrary 2. Two Hermitian bilinear forms with matrices 4\
and A, are equivalent under a non-gingular transformation and ifs
conjugate if and ouly if the Hermitian forms with matricgs\'ﬁ"a}nd
As are equivalent, where the forms and equivalence relabo’to the
same field F. CN

<

Hence these two problems of equivalence aralrot essentially
different. From this and the corresponding regult’ in Coroliary 1,
we see that the conclusions in our further s@dy of two quadratic
or two Hermitian forms imply corresponding conclusions concern-
ing two symmetrie or two,Hermitiaqbﬂ'i’nea.r forms.

N6y ey B e e two problems been reduced to the
former two, buf the former tngﬁiﬁ;y be treated together by the
simple device next explained, ¢\°

35. Rational reduction df quadratic and Hermitian forms. 'To

each element ¢ of thesﬁa“d F we make correspond an element @ of
F such that L\

s ~ e I~
(11) HEae =g, etg=aty
e
Hence 6 5 ‘matrix 4 with elements a.;in F corresponds a matrix

A wH ‘element in the sth row and jth column is a;;. Hence, asin
(Ei) s we have

Na2) A-4, L0=3p A = 4.

) IfFig obtained 45 in §34 from a subfeld 8 by adjoining »*, and
if we take a to be o for every a in F, we see that relations (11)
hold. They evidently hold also if we take @ to be o itself. These
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two cases are the ones needed in Hermitian and quadratie forms
respectively, a¢ we shall next explain in detail.
Consider ths form, with coefficients in F,

(13) 208 E, ey =y

i, F=~1
whose matrix A therefore has the property O\
(14) A’ =4 O

Ifd = a@forevery ¢in F, and if #; = T,, (13) becomes fﬁe Hermi-
tian form (10) whose matrix A is Hermitian and hence has the
property A = A. But if & = a for every « in Eyand if #; = z;,
(13) becomes the quadratic form (5) whose matHix 4 is symmetrie
and hence has the property 4’ = 4. H%n\% form (13} fur-
nishes a generalization of Hermitian and\quadra ic forms, which
will be seen *a effeet a unification of tl}e,igwb theories of those forms.

Tueorer 7. By a mn-singulq?}’gfénsformat’ioni with coefficients
ina field F, any form (13) of rank r with coefficients in F can be re-
duced o one of type RA

O _
(15) gumi + - gy 2, E- (each g: = 0, §: = g:).

We shall first p{d,ﬁéi"orm (13) into a like form IX, X, + -
having I = ¢, I{ail = 0 and as 7 0, the transformation

2N\
xl&"Xk, Typ = Xl, Ty = Xi (@ = 1; k)

repla'cP\S:(’l:%) by Trp X1 Xl + ..., If BvVery @i = 0 and ap & 0,
tl{“‘i}i‘aﬂfusfinrxnf;ltion

xl:XI; 1'1=gX1+X2, I;=X.' (’II:>2)

-~ lﬁansfog_mation (3), of matriz B, together with the_induced transformation
%t = Zbi; ¥, Tho matrix of the resulting form is 5'AE and has the same rank
38 4 by Theorem & of Ch. ITI.
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replaces (13) by X1 % 4..., wherel = an§ + ang. Taking
g = 1/an, we have }l = 2.

It remains to consider a form « of type (13) having @y # 0.
Then

a=_(€111x1 “{‘Za.ﬂ)(anxl +Za1: i) O
feE N\
! O\
A o(we, oy 2y By s Ea) O

.\’

Denoting the quantity in the first parenthesis by, au Y., we see
that that in the second parenthesis is equal to a;pX 1, and hence
that the transformation

A\
1 ¢ D
=X1_""'Eai1Xi, E,s:‘\=”\Xk (k>1)

n i

MWWH bravy.org.in '
an X X+ ¢(X2;(}-’ ‘ » Xy fa, . ~n)-

Sinee the matrices of a and au X, X, have the property (14), the
matrix of ¢ has that pmperty We may therefore proceed with ¢

as we did with (183, Ultimately we obtain (15). The muraber of

its terms is evidently its rank and hence is the rank of (13) by the
preceding footnote

Coaomhm‘z 3. Within any field any quadratic form of rank 7
is ecm{mlent to

"(‘16) it 4+ -4 gox? {(each g; = 0).

36. Cam:m.ical forms. When F is the field of all complex num-
bers, (16) is reduced to £ + .. + {2 by the transformation

=g E G=1,...,m.

THEOREM 8. Within the field of all complex numbers, every quad-
ratic form of rank v can be reduced to £ 4 --- - £2 by a now-

n
|
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singular linear iramsformation. Hence fwe gquadratic forms are
equivalert & and only if they are of the same rank.

From this theorem and Corollary 1 we have

CoroLLary 4. Two symmetric bilinear forms are equivalent
under non-singular cogredient transformations with complex. £\
coefficients i and only if they have the same rank r. Each can be
reduced to & 5 + o r o Er e N

"\

Tumorm 8. Let F be the field of all real numbers or the field of all
complex numbers. In the respective cases, take @ = o or/B,for every
atn F. By s nonesingular transformation with coeﬁcjeﬁ}@ n F, any
form (13) of rank r with coefficients in F can be rediseed to
A
- - - i -
(1 Wit o Yo ¥y — Ypr Yot _..‘\‘:-' — Yr¥n
where the index p is uniquely determined. ¢ 2] :n\ged wo ?t}lr?:}zgreig Yoire
equivalent in ¥ {f and only if they have the'same rank r and the same
tndex p. :~

Since §; = g;in (15), each g,i9real. After applying to (15} the
transformation which permuytes certain of the #’s, we may assume
that g\, ..., ¢, are pgsi{iye and ¢;(5 > p) is negative. Write
gi= —d;{j > pl. 'I:hén the transformation

w5ty G=1,...,p),
,';8\,‘“=d1-"'5y:; (j=‘P+1,-—-:‘-"):
RYe

with real \e}ei’ﬁcients, replaces (15} by (17). Hence any form
(_13) of watk r with coefficients in F can be reduced by a non-

singuldr fransformation with coefficients in # to one of type (17).
“Suppose that it can be reduced also to

(18) 31§1+---+z,§q—-zq+1zq+1— cee =2y B

We shall prove that p = ¢q. Assume that p > ¢. By hypothesis,
(17) and (18) are each equal to the given form (13) when the y’s
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and #'s are certain Lnear functions of my, . . . , . With cocfiiclents
in F. Hence (17) and (18) are equal for all values of the x's.
The system of ¢ + n — p < n homogeneous linear ejuations

(19) 2 =0,...,2=0, Ypu=0,...,4. =0

in the n unknowng 2y, ..., ¥» hassolutions 2, = Xy, ..., . < },‘
in F, not all zero, by the Corollary to Theorem 14 of Ch, ZBL" Let
Y; and Z; be the corresponding values of y; and z; respectively.
Equating the resulting values of (17) and (18), we get-

Y1?1+ IR o Yp? = —Z.n thl'\—"s"-'- - Z,Zr.

The terms on the left are zero or positive, whilé those on the right
are zero or negative. Hence every te;rrjx\i's zero. In particular,
Yy, ..., ¥Ypare zero. In view also of(\}Q ), we see that the system
Ofw%g\mlyﬂra:i'ybrgin ¥n = 01 ElaS the solutions X, ..., Xn
not all zero. Hence the deter{g’iﬁrant of the coefficient of the z's in
Y« .« s Ya 18 zero by the Oexollary cited. In other words, the
transformation which reduged (13) to (17) is singular, contrary
to hypothesis, ~

Separating the t;mgeases of Theorern 9, we have

CoROLLARY, S\Xny real quadratic form of rank r can be re-

duced by af,gdn-singular real transformation to
N

@0) o ¥t -t — - — g2

:n\ @
ty\k%:e' the index p i§ uniquely* determined. Hence two real quad-
«fatic forms are equivalent under non-singular real transformation

S ”\ If and only if they have the same rank and the same index.

\ )

For r = 2, the types are 42 4 32, y? — 42, — y — g

! Discovered independently by Jaeohi, J i
. Jour. filr Math,, 53, 1857, 275, 281
‘;‘2‘5:& ;1, t1188f4 583, and Sylvester (who called the uniqueness of £ the lew of inertin
s eatie & Olrv?i)ﬁ Pfal- Mag., (4), 4, 1852, 140; Phil. Trans., London, 143, 1853,
i1 Jour. &th., 100, 1887, 465; Coll. Math. Papers, I, 1904, 376-7, 511; 1V,
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CoroLLaRY 6. Within the field of complex numbers, any
Hermitian form of rank r can be reduced to

(21) idh o Yol — Yen e — = Yl

where the index p is uniquely determined. Hence two Hermltlan
forms are equivalent if and only if they have the same rank r apd )
the same index p. K b

The rank » of a quadratie or Hermitian form f is the m‘a’ici"mum
order of a non-vanighing determinant of the matrix of j\and hence
may be found from f without resort to the canptiical form. A
corresponding direet method of finding the 111.@\; p is given in
Theorem 22. <!

N\

Corollaries 1, 2, 5, 6 imply G

{-.f\fvrw dbraulibrary.org.in

CoroLLary 7. There is a umque, &etermlnatlon of p in the
canonies! form o

SN g

y -+ "'+$p?};i‘“" TpslYogr — " T T Yy

to which a real aymmm}}c bllmear form can be reduced by non-
singular real vogredient transformations, or to which a Hermitian
hilinear form w1th éomplex coefficients can be reduced by a non-
singular transfditnation on the z's and the conjugate transforma~
ticn on the%b,

A realtquiadratic form is called positive if its index and rank are
e‘anJ; ﬁnd negative if its index is zero. Both are called definite
fotms. A positive form of rank r is equivalent under real trans-
formation to yl + --- + u2 while a negative one is equivalent
to ~ n— =

¥
Positive and negative Hermitian forms are defined similarty.

'tl;hey are equivalent to (21) with p =r and p = 0, respec-
vely,
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37. Reduction of a real guadratic form by real crthogonal
transformation. We shall prove simultanecusly the two compan-
ion theorems:

TraeoreM 10. If f and h are real n-ory quadraiic forms and if b
is positive and of rank n, the pair f, h can be reduced by o rea
singular linear transformation to O

F=MEA o ME, k=gt 400

774

where Ny, . . ., N, ave the roofs of [f — M | = Q@E’are ail real,

Tusorem 11. If f and h are n-ary Hermitinh forms and if h is

positive and of rank n, the pair f, k can be:?'éiiwed by a now~singulor
linear transformation to AV

PR R, Ly h= 6B+ o+ 5 G

where N, . . ., Ny are the roots. of [f — M| = 0 and are oll real.

Let 4 = (a:;) and B.="(b;;) be the matrices of f and k. Let
M be any root of |;‘l‘¢ MB| = 0. Then the system of n linear
equations \\ \/

LI ’.. "
Z:'Gi}xf = M by Z; t=1,...,n)
0

\“ .
become-after transposition of terms g system of n homogeneous

lipear equations in the %; whose determinant is |4 - nBl=0
-4nd hence have solutions ..., %, not all zero. Then

f=Rausndi =T o byg = ab b= 5 by s
i i i i i
First, let f and & be Hermitian, Then A # 0 by the agsump-

tion that % is positive and of rank i
also ), is real. f. Bince f and % are real,
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Next, Iot % be a real positive quadratic form. Consider the
Hermifian form ¥ = . b,, 2, T, having the same coefficients as
h. Write z, = &, -+ ¢n,, where £ and n are real. Then H is the
sum of 3_ &,: &, £, which by hypothesis is positive unless the £'s
are all zero, snd 2, b, 7, n;, which is positive unless the 7's are
all zero. ¥enece H is positive unless the «’s are all zero. Thus
A is real by the first case. O\

Thus § — X % is a real quadratic form or a Hermitian form i
the respeciive cases. Since its determinant is zero, it cap “be
reduced by Theorem 7 to a real quadratic or Herrmt.mn form
F(y, ..., ¥} lacking one variable 1 by a non—mngular linear
transformatmn which is real in the quadratic case: Det the same
transformation replace £ by H. Hence 1t repla,ces\\ 7

f—)th—)\ih‘i'()\l‘

X)h
by www dbraulibrary. org.in

R

(22) F— M =F(p ..., 0) + (7\1“" }\)H(ylr N

In the positive form H of ra:nk n, the coefficient of 3 #: is not
zero, since otherwise H would\ramsh wheng = 1,y = 0k > 1).

Hence by the last park6f the proof of Theorem 7, there exists &
non-singular linear tzamsformation which leaves each y:(k > 1)
unaltered and replg.ces T by a form esqnfn + ¥ - .- Yn)s
where ¢; is positivé. This transformation, which is real in the
quadratie casg;ﬁ’eplaces the second member of (22) by

F(yz, »';“\,y,.) + n=Neagh+ Qo= Nl ... ¥
W«Qe ¢» for F + M . Henee
F= M= )+ (n— Nagd— Wy, .. - ¥)
ECI‘Jating the terms free of A and those containing ), we have

= 7\10191§1+¢(y2;---;yn), k§6191§1+’#(y2)---:yn)-
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By the hypothesis on h, evidently ¢ is positive and of rank
n — 1. Hence the discussion made for f, 2, and A is applicable to
&, ¥, and M and leads to the segregation of terms M:c: g fa and
2 0x §2. Repetitions of this argument show that f and & are re-
dueible, by a non-singular transformation which is real in the
quadratic case, to forms oS
Ko

F=2Nicigids h=3¢ig:Fs ’L:\
in which the ¢, are all positive. The transf ormatiﬂfl R
A\
Ei=edys @ =i, m)

is real and non-singular, and yields the:b‘a\ﬁl)nieal forms given in
Theorems 10, 11. N\

As a special case of Theorem 10,:ﬁ;e' rxnay take Ato he o + -
¥ ‘fA”.‘d‘I’ﬁ’éﬂ'lﬁﬁaerﬁjféﬁl%ransﬁgprhafion leaves k unaltered and is
called orthogonal. Bimilarlyvif In Theorem 11 we take £ to be
BT+ ... 4 T s, the fransformation leaves k unaltered and 18

called unstary. Theoreps 10 and 11 therefore imply (and are really
no more general thah)" the following two:

TrEorEM 12. \(}f 18 @ real quadratic form of matriz A, the rodts
. AT pf 'jijs characteristic equation [ A~ }\II = Q qre all real
and f caf‘\:bﬁ\""'d"“d to 37 Nk by arel orthogonal iransformation.

’%@é}’nmx 13. If [ is any Hermitian form of matriz A, the ro0is
Mg, N of dts characteristic equation | A=A I = O are all real,

@nd f can be reduced to 37 N £, £, by a unitary transformation.

ExErcises

_1. A li:{ea.r t;ansfo_rmation with matrix B is orthogona! if and only if B’ B
§—é31;a§;1 Is unitary if and only if B'F = J. Hint.: Take A = A, = [ in

2. The determinsut of an orthogo

: nal transformation i : that of & uni-
tary transformation has the absolute valye i, stions & 15 that e
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3. The product of two orthogonal transformations and the inverse of one
are orthogonal. Likewise for unitary.

4. If a linear transformation has two of the properties (i) is real, (i) is
orthogonal, {iii} iz unitary, then it has the third property.

5. Every reai orthogonal transformation on x and y is of the form

' = ze0s e — Y sin ey y = tizsina 4 yoosa)
. .23 \\

6. The metrlx of every unitary transformation of determinant unity} oft.

two variables is of the form g

7. The transformation from one system of rectangular coordinstes to
another having the aame origin is orthogonal. Then bysbléans of Theorem 12
show that the equation of any real quadric surface €anvbe reduced to a form
in which the terms of the second degree are et A 331; * Cz.xb?x’ + byt or
ex®, where a, b, ¢ arve positive. O raulibrary.org.in

S

8, In the canonical form (20), there areppositive and N =7 — P negative
coefficicnts. The number p — N is ca.]l,e&' the signature. Two teal quadratic
forms are cquivalent under Teal transformation if and only if they have the
same rank and ssme signature. J

I\
38. Rank of a smﬁ&ﬁ{c or Hermitian matrix.

THEOREM 14. Mfoa certain r-rowed determinant d of a matriz 18
not zero and {fyal (r + 1)-rowed delerminants having d as a first
minor are ge{oy then the matriz is of rank 1.

Note, fgh}c this theorem shortens the work of finding the rank 7,
since-4e need not prove that all (r 4+ 1)-rowed determinants are
@‘E, But mercly those having d as a first minor. _

Kiter interchanges of rows or columns or both, we obtain a
matrix



!
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in which

The theorem will evidently follow if proved for muutrix Aand

determinant A, Write <O
2N\ ¥
Li=aamm+ - + @t A\ ™~
@ = Jo S3,m)
A= aqn -+ o Yry '\‘

For s > r, £ > r, the determinant of ordeRr -i— 1 of the forms
N+ @iy {‘é\=1 a7y 8)

it B AR ERS &R e these # + 1 linear forms are linearly
dependent by Theorern 9 of Ch, 111, so that

™3

(23) Xy +ﬂr=ey¢ —ZC;(M"?-G:‘:ZU:)-
M\ fml

Bince A # 0, v?&\may solve equations A, = @y + --- and
express ',.'..5 »Y» Lnearly in terms of Ay, ..., A, Substltlﬂ?iﬂn
in A, gives O

»\\ 4 A=bN+ 4 b,
Inz?\x«tmg this into (23) and noting that Ay, ..., A, . are linearly
independent since Yoo .., Y ¥ ave, we see that

’5

NS

o

”\ r
\. ey = b; (i=1,...,r), a,,=Zb;a“.
Then -
=N+ gy, Eb(m+2a.,y=)~2u

F=r+41 i=] Pmertl
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Sinee I,41, ..., arc therefore linear functions of §,..., 1,
which are Jinsarly independent, matrix A of the I’s is of rank r by
Theorem 13 of Ch. II,

We ghall next prove theorems which enable us to find the rank
of 2 matrix 4 having the property A’ = A by an examination of
ite principal minors only. A principal menoer of any square matrix
A isthe detertainant of the matrix obtained from 4 by deleting the

game rows as columng; in other words, its diagonal elements all ,]{1‘;‘“.

in the diagonal of 4. « M

TrEOREM 15. The rank of a symmetric or Hermitian moiriz A
8 7 if an rereiwed principal minor p, is not zero and if zem?&s\the value
of every principal minor oblained by annexing to p.oieTow and the
same column of A, and alse of every prineipal munor oblained by

annexing wo rows and the same two columns. &
wwm.dbraulib]iary_or A

Without loss of generality we may assutiie that the elenienty o
#- lie in the first 7 rows and first 7 colymnps of A = (ai;). Let gy;
denote the determinant obtained from’ p. by annexing the ith
row and jth column of 4. Our theerem will follow from Theorem
14 if we prove that g;; = 0 forall distinet values of ¢ and §. Let
¢ denote the determinant obtained from p, by annexing the ¢th
and jth rows and the sth@hd*7th columns of A. Let 4:; denote the
cofactor of a;; in c. Byha standard theorem on determinants,

PN
(24) CQ"\’% j" j” =gyifi— iifie
e i A

\’\ - - "

By hypoﬂiggis, Gis; 015 and ¢ are zero. Since 47 = A, if we inter-
Charl,gf% thid rows and columns of g;;, we get §:5 Hence

\ )

0=gig5=giifin g5 =0

Tarorew 16. If all (r 4 1)-rowed principal minors and all
(r + 2)-rowed principal minors of a symmetric or Hermahian matris
A are zero, the rank of A isr or less.

N

Q!
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\ \ wif of odd order. Extend Theorerns 15- 17 to skew-
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This 18 true when # = 0, since a;; = a;; = 0 and @07 — 44
a;; = 0 imply that a.; #;; = 0 and hence that every clement a;;
is zero, whence A is of rank zero.

Proceeding by induction on r, we assume that the theorem is
true when r = [, that is, if all (¢ + 1)-rowed principal minors afid,
all (¢ -+ 2)-rowed principal minors are zero, the rank of 4 8 =%,
To prove the theorem when r =k + 1, Jet all (F +.2 rpwed
principal minors and all (% 4 3)-rowed prineipal minor/be zero,
Then if all (k + 1)-rowed principal minors arc zerp, the rank i
< k by the assumption just made. But if somélfk -+ 1 )-rowed
prineipal minor is not zero, the rank is k + 135y Theorem 15. In
either case, the rank is < & + 1, and the ix{duction is complete.

9\

TrrEoREM 17. Any symmeiric or {{g}}ﬁm@n makriz of ronk T
(Q\?w(,} pSoins l%ﬂoﬁ‘gﬁﬁed pﬂm?:pﬂ}.mmor which is not zero.
By the definition of rank r, glk¥r + 1)-rowed principal minors

are zero. If all r-rowed princigigl niinors were zero, the rank would
be £ r — 1 by Theorem WS

o

N\

8 J
A\ Exercises

1. By weans of*"Theorem 18 prove that 2 is the rank of

O\ -8 —-5 1 —2)
\\ -5 5 4 11|
\ \ 1 4 0 i
£ -2 1 1 2
2. Call & matrix A skew-symmetric ¥ 4' = — A. Tts determinant is 2670

symmetric matrices. USiDg

Theorem 17, prove that the rank of o skew-symmetric matrix is always eved

3. If 4 is & real skew-symmetric matrix, P = ¢4 is Hermitian. Tlence give
a maore direct procf .of Ex.2. The charseteristic equation lA — A i = 0 of a0y
real skew-symmetric matrix has only purely imaginary roots,

! For elementary, direct

proofs, Di i f
Math,, (2), 15, 1913, 27, 29; 16,5 13(;3, 4];_1‘30!1, Wedderburn, and Bliss, Annals 0
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4, By an olieraste bilinear form is mesnt
n

= X Gkj Tk Yiy Gie = — Qi
by =1

Show tha-t, if v 7% 3,

Ty ot - 2o X5, z = X; i=1,3%4...,n)

. N
i=s KQ

and tho cogredient trensformation on the ysreplaceaby X, ¥o — ¥, X3:5|~ ¢;,
where ¢ is v alternate bilinear form in X;, ¥i( = 2,...,n). Treating ¢ ns
we did o, prove that any alternate bilinear form « with coefficidntsiin any
field F is eguivalent under cogredient non-singular transfc(:&dtions with
eoefficients in F 1o O

by —bn+t Gu—bGbnt o+ Ens-uzs{\—;&a Mot
5. By an aiternate Hermitisn bilinear form is mbant a form « in Ex. 4 in
which now a;; = — Gg;. If its matrix is 4, show;}e}é:/ Ebf 44.1s 5 Hermitian
bilinear form. What is therefore the canonical form of & mﬁibl ary-orgn

Turorey 18. If M ds o symmative or Hermition matriz of rank
* (r > 0), we may derive g regular symmetric or Hermitian matrix
4 = (a;;} by a permutation Af\he rows of M and the same permuia-
ton of the com'espomﬁﬂggf}ibmm such that 1o consecutive two of the
numbers \\"
O ary cc Qe
(25) po = 1, ppnlam, po = u 212 yearyPr=
.'\."’ o = LS R/
O
are zero, yﬁ%ﬁe the p; are principal minors ond p, < 0.

Postfioning the case in which all the elements of the diagonal of
Mﬂi'e\mro, let the 7th element be not zero. After interchanging the

tand ith rows and first and ¢th columns of M, we cbtain 2 sym-
metric or Hermitian matrix M, having au # 0.

Postponing the case in which zero is the value of every two-
rowed principa,] mineor, containing ey, of Ay, let § be such that the
two-rowed minor obtained by deleting all rows and columns
exeept those numbered 1 and j is not zero. After interchanging the
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second and jth rows and second and jth columns of 27, we obiain
a symmetric or Hermitian matrix M: having «n #0, ;=
an s — e 8a % 0.

Consider those three-rowed principal minors of ii; which have
P2 88 a first minor and proceed as before.

In this manner we will ultimately obtain a symomauric or Hex
mitian matrix M, in which no one of the numbers [25 )’ iy Zero
unless we meet one of the postponed cases. The general Siteldease
is as follows. Let each of the numbers p, = @, i, %e -, Pr B8
not zero, where & < 7, while zero is the value of &vmry (b + 1)
rowed principal minor having p as a first minor ' By Theorem 15,
not every (k + 2)-rowed principal minor hd<ing p. as a second
minor is zero, since otherwise the rank of\M would be b <7
After a permutation of the rows numbéred & + 1, & + 2,...,7%
?ﬁ\(}\&éﬁ%@% perptation of the cp;rgs})onding columns, we have
Pra , Prax = O, O

To prove the theorem by imduiction, assume that we bave
reached s matrix B in whichho consecutive two of the numbers
Py - -, Po ave zero, while'py 7 0, 5 < r. If not all (s + 1)-rowed
principal minors (of BY having p, as a first minor are zere, we

permute rows -ar:dnxklso columps numbered s+ 1,...,n and
obtain a matnx@:h also p,45 7 0. In the contrary case, we pro-

ee.ed a8 in thepreceding paragraph with & = s and obtain a matrix
WJ.th a«\lsﬁ p{;s = 0, Perl = 0.

39:. .,K}éne&er’s ! method of reduction.

) .;’l‘mv.onnu 18. Consider a quadratic or Hermitian form

)

(26) Q=Q =ia.‘,-x;&':’,-,

) @ = Aij
£, i=l

of rank v (0 <1 < n) with coeficients in the fild F. After a per
mutation of the x's we may assume from Theorem 17 that facs| =0
Y Werke, I, 168, 357. Cf.

%, 1, | Dickson, Trans. , wha
gave applications to modalay invari:amtin:a v Ames. Math, Boe., 10, 1908, 129
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G,j=1,...,7). Then we may express the 2's in terms of new
variables s by a linear transformation with coefficients in F of
determinant unity such that x5 =y G =7+ 1,...,n) and such

that Q@ becomes
”
Q=2 a:,y:Tn
i, i=l N
whose terms have the same coefficients as the corresponding terms of (i}‘\’
According as ¥ denotes  or %, write { = 2 or 1; then O

"
NN
< D

izaeffj (‘5= 1,...,?1\);:'

ﬁ;"\

Bx,

Since the determinant of these n linear forms is of xaak 7, "Thecrems
10 and 12 of Ch. ITI show that (the first ) r of tHen are linearly inde-

pendent, while the remaining n — r are linearly endony thoger:
A
(27) _'—Z kt Q ,f('“=r+1r--°}n)9
1=l 5 ~’~: -

where the ¢;; are numbers of F. ’éonsider the transformation

= 1 r 0
o) ;,_.z;;,f"\w‘ (* a7)
,\ ge=ys G=r+L...,n)

of determjnanrﬁ\umty and the implied relations

\ n
(‘39) x‘;y; E'Ehﬁk G=1,...,7)

k=rtl
(k =ll'+1,...,'n)-

<

\EE Exv=1Us

ence

8Q o 0Q dz. _ 9Q )f)c aQ_O
i =

dyy 1= 974 33}:: 8Tr 4 i
(k =‘J'+1:°”’n)!
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and, since Q=0

0 0§ b oz a0 . a0

= =—= =2, u— =10
dir 8%

e 9 8 9Fr DL % ;
(b =r+1,..,%)

} “\
by (27) and the relation obtained from it by placing the s;::nhol -
over every number of it. Thus @ is transformed by (28)%and (29)

L=

into a form @, lacking y¢ and §r (b = r 4+ 1, ..., »{.) Hence ¢

is derived from @ by writing z; = 3, &: = F: /0= 1, e )
Te =% =0 (k =r+1,...,n), so that Q; is/Fhe form given
the theorem. AN

In the following two theorems, A,; denotes:the cofactor of i
in the determinant o of the form (26).:\\'

NN\
TP e it O, we maopress the @’s in terms of new

variables yu, . . ., Yo by @ Hinear iransformation with coefficients inF
of determinant unity such that@, = y, and such that (26) becomes
7—1 ‘: ::: ) a
(30) 2004y F + o Yn G
i na

In proof, coﬁsfd‘éi' the form

O™ kid /)
NS ¢=ZG;,’$;§;— Tp Ene
7.\ i =l nn

4 ”\.s v .
Ij;%determmant is derived from a by replacing &n, by Gun — a/ A
an

W& hence is equal to the sum of ¢ and a determinant obtained from
(y'» by replacing the last row by 0,...,0, — a/A,, Hence the

\‘;

determinant of ¢ is
Q= App +0/4,, = 0.

Thus ¢ is of rank # ~ 1, Theorem 19 therefore shows the existence

of a transformation of the type specified in Theorem 20 which
replaces ¢ by
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1

2o ai Y Py

iy Feul
and ¥, ¥, by ¥ ¥., and hence replaces (26) by (30).

TusoreM 21, If A =0, Auct na =0, Apay 720, we may
express the 2's in terms of new variables 1, . . ., ¥ by a lineor trans- XN
formation with coefficients tn F of delerminani unity such thai -
Tl = Ya_i, Xn = Yn, and such that (26) becomes N \

U
N

n—2 74
B X auyiGit gynalo+ Pabor 0= 6/40nid)
£, fi -~ N
Let & denote the determinant obtained by deletitig*the last two
rows and last two columns of @. Then, as in (24);
\.\iw\:wf&braulibrary.org.in

I PN
(32) ah = | An—-‘L vl An_l == A;m;l Eﬂﬂ—l #= 0-

i Ann—l A—’m

Consider the form o\ )

’1£' = E aij xi:ﬁg_ [1p 5&1 - ﬁxn zﬂ—l'

P 1

4, =1 \\ N\

I3 matrix is >
€11 ‘1 na n
;”\’ P A R B AL L I
% s\ M 11 L 2 G R | . Gnn — §
A\ (2] e llp el — Qnn

The“i&t\érminant obtained by deleting the last two rows and last
twheblumns is b, which is not zero by (32) and is the p, of The-
orem 15, Next, the principal minor of M obtained by deleting the
last row and last column is A, = 0, while that obtained by delet-
Ing the (» — 1)th row and (» — 1)th column is Anyns =0
[they are the only (n - 1)-rowed principal minors having b as a
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first minor]. Finally, if d is the determinant of M, the theorem
which gave (32) implies

Anyns Anxn+ b 7
=} = - 4
b An n-1 + gb Ann [ )
N\
where ¢ = A, ._1 + gb, since b = b. Replacing g by its, value in
(31) and using (32), we get 8 \)

Appat=b{gh,,a—a) =0, =,

Hence db=0. Thus d = 0. Hence M_id\0f rauk n—21y
Theorem 15. Hence there exists by Thespem 19 a transformation
of the type specified in Theorem 21 which replaces ¢ by

n—% "\ )
www.dhraulibrary.org.in Z\N\J..
E Gii¥iYi
i, if;:-

and therefore replaces ’(Zfi"}“b‘y (31).
If we apply to (31)-the transformation

¥y = :r;'(:i«% L. ,n—2), Yo = Lo — 55%m
\\ - Un = (1/6 )$,,_1 + %xm
of deten;ni:g&ht unity, we obtain
A\ S
ot
Q@i\t 8:;%iZTi+ 2Ty Fpq — 307, ES g = a/g’”‘_b

T i, el
&

:"\'.:"‘; Let @ be a form (26) of rank r with coefficients in a field F

\M\ W We can ﬁ?fld by means of Theorems 19-21 a linear transformatio
of determinant unity with coefficients in # which replaces @ by
(34) g;:tlil+ "'+9’r$rﬁ,-

(g: = §: # 0),

in which the ¢'s are obtained explicitly in terms of the coefficient
®:; of Q by formulas which differ in the various subcases neo
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sary to consider. We first pass at once to the equivalent form @,
of Theorem 19.

(i) Ifnot all {# — 1)-rowed prinecipal minors of the determinant
a of ) are zero, we may permube the #'s and assume that the eo-
factor A,, of ., in @ is not zero. We obtain the equivalent form
(30) of Theorem: 20 with n = r, having the segregated term
(/A )2, &, O\

(i) But if all {r — 1)-rowed principal minors of & are zefo,
the cofactor 4 ;; of at least one element a;;(f # j) is not zero,
since the rauk is r. Permuting the z’s, we may assume that
4,,17# 0. We obtain the equivalent form (33), Wxth n=r
baving the last two terms segregated.

Treating the unreduced part (under the sumyrﬁbion sign) as in
(i) or (i), we finally obtain (34) in which the ebefficients g; are ex-
pressed in terms of determinants of the matnx of 1[:11}13 ﬁz 1 JP”S in

For example, if the first of the two, &1ternat1ves % (ﬁ)
holds true at sach stage of the reduct;o):l we obtain the equivalent
form (34) with the coefficients %

ny

(35) i, pr PN, Pen Pr

H

Do Py Ag}f Prt  Pr
N

where po = 1 and the) remazrung p's are the special principal
minors (25) and each is not zero in the present casge.

4. Numbibf positive coefficients in the canonical form. By
Theorem 187the variables of Q may be so permuted that no con~
secutivefive of the numbers po, Py, . . - , D- aTe zero, while p, = 0;
Ca.ll.s,uch a form regular.

Bepthe field F be real when @ is a quadratic form. When § is an
Hermitian form, let F be a field obtained from a real field S by the
adjunction of 4, where » is in S and is negatlve Then if z = a
+ B, where 4 and b are in 8, 2% = a* — vb* is positive unless
¥ = 0. In either case, p: = 7 is real, while the coefficients of the
last two segregated terms of (33) are of opposite signs.
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Let P be the number of permanences of sign and V the number
of variations of sign in the sequence mo, 71, . . - , 7, With the agree
ment that a vanishing p. is counted as positive or negative at
pleasure, but must be counted. )

Let p be the number of positive eoefficients and » the xgiber
of negative coefficients in the equivalent form (34). (%,

If each p; # 0, these coefficients are given by (3ay» For each
permanence (variation} of sign, two comsecutive\p’s are of like

(opposite) signs and their quotient iz a positive (uégative) coeff-
cient (35), and conversely, Hence p = P, ud=>1".

This result holds true also when any wyi# zero. Tor, pi and
P are then each # 0 (since Q i r,e\gular) and have opposite
signs by (32) withn = {4+ 1, ¢ =944, b = piy, Ame = ps BY
t%le final two terms of (33), we na¥ have two coefficicnts of oppe

¢ Sigps dnstead of gha two fradtibns (35) which involve pi. We
ave P =V ="1 for thec8tuence p;, p; = 0, p.y Whos
signs are + + ~ or — &\F by the agreement concerning zero.
I_n other words, by igng¥ing the permancnces and variations of
sign in this sequenge(gf three terms, we reduce P, V, p, and n each
by 1. After all sifelt deletions due to vanishing p;'s, we saw thal
p=FPn =‘V\\Hence the latter hold also before the deletions.

. THE_OFE}&“QQ. Within any real field, any quadratic form of rank s
w8 equigalent to one of type qrad 4 --- -+ g, @2 Within o fied
"b?“{‘”_}d Jrom any real field S by the adjunction of the squore root 6f ¢

ative wumber of S, any Hermitian form of vank r is equivalent ¥

W\ of type g L f - g, 0, &y, with cach g;in S. Then B
'S

7k Ly L] - R .
tmber of positive g's is the number of permanences of sign in the

.;eguence P, Py« oo Pry M0 Conseculive bwo of which are zero, 08 MAY
e assumed after o suitable permutalion of the x's,

For example, let @ = 2,2
=2+ 2 2 — = =1
Pr=-lp=—-1LP =37V 1%+ 2l Then po=1p=1 M=)

T 20, wohave p 2 8, 5 o 1 = L. BineaQ is equivalent tox,® + 2 (8 — )



CaaPTER V

THEORY OF LINEAR TRANSFORMATIONS,
INVARIANT FACTORS AND ELEMENTARY DIVISORS

Weierstrass’s clementary divisors and the related invariant
factors are here introduced in a natural manner in connectiongvith
the classic and a new rational eanonical form of linear transforma-
tions, respectively, N

9 '\ ?
41. Rational canonical form of a linear transfo‘rg}xation.l Let
Wy ..., W, be Independent variables. Let S belany linear trans-

formation 8"
ww«’{.dbl‘&lulibral‘y_org,jn
n X
S We=3aiw; G=1...,n)
=1 »," N

, > 3

with coeffieients in any field E:.':We do not exclude the case in
which the determinant of 8 ig 2er0, 80 that the matrix of the coefli-
clents of § is perfectly geréral.

Let 2, be any homaogefigbus linear funetion of w,, . . . , w, whose
coeflicients belong to K and are not all zero. Let X, denote the
corresponding funckidn of Wy, ..., Wa If X: = czy, where ¢ is
i F, we have (1J%6r ¢ = 1, with the understanding that the final
equation alow@his retained. But if X, = czi, we write 2, for X
Let X, dengte the same function of the W; that 2 is of the w..
Then if X5 a linear function of 2z, and a3, we have (1} fora = 2;
in th.e\' Eljhi;ra.ry case we write z; for X and have three linearly inde-
@deht functions x, @, 5. Proceeding in this manner, we obtain

. *For the case in which the determinant is not gero, 5. Lattls, Annales Fue. Se.
]i_l‘u].nuse, (3), 6, 1014, 1-84. Also W, Krall, ﬁb&l’ Begleit.mntrizen und Elementar-
teilercheorie, Freiburg thesis, 1921. In Leipuig. Berichtc, 09, 1917, 325-35, G.

owalewski employed points, instead of linear functions, and obtained a canonical
form whoge matrix is the trunspose of that in the text. The text presents the theory
a3 found independently by the suthor several years ago.

89
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(Opendent of 2, . . ., 2, Let U, de te i tion
of the W,. If U, 1 denote the corresponding fune

50 TRANSFORMATIONS, INVARIANT FACTORS (Ch.V

a choin of linearly independent functions =z, 2., . ., z, with
coefficients in F such that S implies

(1) X1=372,X2—_—-$3,..-,1Yﬂ_]=$m Xazlxl,---,xa]:
where the bracket denofes a homogeneous lincar function/ef
X1, . -.,%; with coefficients in F. We call @ the tength of ‘the
chain, and z; its leader, \ \)

Tueoreym 1. By the introduction of new varéa@&e’.} which are
linearly independent howmogeneous linear functioidyof the initial
variables w; with coefficients in the field F, any Ime\m\" transformation
S with coefficients in F may be reduced to a canopical form defined by

(1) and \\
(29 vk dbupgliBraeyiprain ., Yo =gy, Yo = lyy, ..., 0l;

B) Zi=2z, Zo=12, .., ,Z;;:'i:zc, Ze=12,...,2:58

ER Y

efc., where a is the mawim@Nength of oli possible chains, b is the
mazimal lenglh of o chegig whose leader is linearly independent of

Ty o5 Tay and c {si.t.@e maximal length of a chain whose leader 8
linearly mdepend@of ey Ty Yy e, Y

Wa=188W:=ayw: (=1,...,n), and is in canonicsl
form withyrichains. Henceforth let a > 1 and select a function
n thcht\'@..the leader of g, chain of maximal length a, so that we
have (1Y If n = q, the theorem is proved.

B n > 6, let w l?e any homogeneous linear function of the
Jnitiel variables w, with coefficients in F which is linearty inde-

th = 121, ..., 24, w), we have 4)forb=1 In
@ contrary case, write u, for Uy. Then jf Us= {21, ..., 201, %

we have (4) for b = 2. In the o ase, wri
;S A . ontrary c te us for Us
Proceeding in this manner, we get y » Us

(4) U::‘ua, Un=us,— .,Ub—1=ub, Ub=l+[u1,...,ﬁrb]!
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where I = [%1, ..., Ta), and Z1,...,%a %, ..., U 8re linearly
independent. If I = 0, (4) is the desired result (2) with g = u.

Next, let i # 0. Then ! + [, ..., us] is linearly independent
of uy, ..., uy, 50 that wu is the leader of a chain whose length ex-
ceeds . Hence b < @. Introduce the new variables

yiﬂ'ﬁi'i'“f, y2=u2+f1’--')yb=ub+fb—1s .\:\

where j is a homogeneous linear function of @,...,% (with
coefficients in F, and 8 replaces f by fi, fi by fa, ete. We canthoose!
{80 that () follows. O

To obtain the third chain, let »; be any homogeneoﬁh\inear fune-
tion of the initial variables w; with coefficients\ii ¥ such that
Ty .oy Zaythy -« - - Yn, 1 are linearly independent. Let Vy denote
the corresponding function of the WarsH Vi=[oy..., %
Yy« s ¥p, v1], We have (5) for ¢ = 1. THYHeURRmHiEy Easeraiite
% for V. Then if Vo= [z, ..., 28 - - » Y& 0, 2], We have
(5) for ¢ = 2; in the contrary casepwrite v; for Va. Proceeding in
this manner, we get N\

B) Vi=mn, Va=gdh,Vea=v, Ve=itm
where X\

£=[mlr"-y‘(c;}:“yb---:yb]: m=st+ rt Se Ve

Here a, . . -‘,\‘:;;},“ Wi, - ., Yby b1, - - 5 U ar€ linearly independent,
and the saye’ numbers of 7. If I = 0, we have the desired result
@) with'e: = v,

Negtylet I 5 0. Then! + m is linearly independent of #1, . . , v,
Q;%lat #1 is the leader of a chain whose length exceeds ¢. Since
1$'inearly independent of 21, . . . , z, and since b is the maximum
length of a chain whose leader is linearly independent of 2, . . , Za,
we have ¢ < b. Introduce the new variables

_1The proof is like that concerning (6) with the : suppressed and zi rep!afced by
¥, ¢ by b, and, beginning with (8), also 4 by 4. We prefor to omit the details here
2nd treat the more typical derivation of the third chain.
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(6) Z1=t‘1-’r*f, o=+, 2= F Ty

where f = o 18 a homogeneous linear function of i, ..., 2q
Wi .+« Yo with coefficients in F, while 8 replaces £ by f1, /i by fo

ete. Let Z;denote the same function of the W ; that z, s of the s
Hence

3 A '\".\.
(7) lezﬂp Z'Z:z:i;---}zc-l:zc; Zc =11+Z'8:€"’%‘£;
=Ly
where \\ ’
Bo= T4 e =3 sifimny
i=1 \\“

We ean choose f so that I becomes@s\homogeneous linear fune-
tion whrbipxHbrary . O'8 IR The prdof is simpler by successive
steps. First, if £ is the cocfficient of z, in I, take f = — kZa-o
whence f, = — kx4, and I lack8 z,. Since (7) is of the form (5),
we may therefore assumestitat 7 itself lacks z,. Then if ¢ is the
coefficient of 2,1 in ldake f = — &z, ., whence f, = — 2o,
and & lacks beth z£%‘and z,. The last of these steps employs

J = — gz to delete zoy1 from & Similarly, we can choose the
coefficients fWyes Yooty - .-, % of J to delete yo, Yoou o+ - -
Yo from '31.-’\..3

If the sesulting function L is identically zero, (7) is the desired
result((3). In the contrary case, write

&

"\,j‘:"ls =hxit - Fleromtmy+ -+ m, Hepiol
“J E=1,...,b—c¢+ 1)

Since we proved that 1, is given by this formula with ¢ = 1, the
t's and m’s are not all zero. Let L; denote

: the eorresponding func-
tion of the X's and ¥’s. Hence

@®) Li=lin G=1,...,b—¢)
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Lvidently {;i¢ =13,...,b — ¢4 1) are linearly independent
linear funetions of z; 4;(j =1,...,8}). By (7) and (8), the
chain with the leader 2z has the suceessive terms

Blyenay By Zpg; ™= If—i—Zs;ng*l (J= 1,...,5"‘”0"‘1),

i=l

and possibly further terms. By (6), the b + 1 terms z are linedarly)
independent. Since the leader # is lincarly independent of wl,,\. -
24, this result contradiets the definition of &. K "«:
¢
42. Theoreir 2. In a canonical transformation thE\}Laractsriszic
determinant of the partiel transformation on tmy {“am 18 divisible by
that of the next chain,

For definiteness let the chains be the sé‘é'&’ﬁddgﬁﬂ“ﬁm Phirdl &Y
let the partial transformations on them be

(9) Y1=y2; Y2='y3,...,,]’;,1—yb,Yb—zbyu
i=1
( £ -
10)  Zi=z, Zo 4% .., 2o =26 Ze=2,Ci%
1 2 205\&2, 1 [ part i
Then ¢ < p, Cori‘siﬁ“er also the linear functions
\
{1 \}'c 1= Zg Zopn = L1y - - Bt = Ze,

which may be computed in terms of #, ..., 2. by the recursion
fOI'Inlﬂa,
\ 3
(12) zc+i=ZG“z‘f+,'__1 (j = 1,,b"'c+1)

w=]

The chain with the leader w, = 41 + & has the successive terms
Wi=y;+2;(j = 1,...,b), which are linearly independent since
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Y, -+ s Ypy .., 2 are independent. For, if D k;(y; + 2;)

=0, then Y k;y;+Z =0, where Z is a linear function of

21, ..., %o, Whence each k; = 0, Z = 0. Since b is the maximal

length of a chain whose leader islinearly independent of %, . . ., %a

the chain led by w, is of length < b, and hence is of length b.

Write W;=Y;4+ Z; Then N\
b L\

W5=Zbiyi+zb+1=[W1,...,wb] a\

i=l o W/

\
¥ 4 e :
S

» )
=3 bowi =2 by + 2,8
iml i=t \
hence ?
when \\
LI g
(139rww dbraulibrary orgdp,; = E bz

imh)

Ifc = b, then 234 = o cieaby (10) or (12), whence ¢; = by, 0
that (9) and {10) have tlgv:{’ﬁ:ﬁ.me characteristic determinant.

Next, let ¢ < b. If from the difference of the two members of
(13) we eliminate 2.3, 25, . . . , 2,41 in turn by means of (12), we
obtain a linear f r@%n of , ..., 2., whose coefficients must all

be': zeTo. By symere change of notation, we conclude that, if we
eliminate X3¢, , .. A in turn from
N

AN b

(14) O APH E b N

& i
¥ means of
N c
a\Y% . o
\3 (15) Xc+3-_=zc‘.)\n+x-—1 U=1...,b—c+ 1),
i=1
we obtain a linear function of A, ..., A* whose coefficients are all

zero, These eliminations are evidently the successive steps in the
ordinary process of division of (14) by
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(18) ASH 3 e N
=1
Henee {14) is exactly divisible by (16). Removing the factor X
from each, we obtain the characteristic determinants of (9) and
(10) respectively, signs apart. For, if N is the matrix of (9), its(\
»matrix N — Al is

O\
l“—)\ I 0 0 0 O
an 1; ooTar R
L b B b b Bo= X"

whose determinant, called the characteris]&igx\déterminant of N, is
(18) (— 1P = b —bh—bs ?\2\t«7‘:‘ffw,dbraLﬂbb}¢%f‘l)).org.in

Examprz 1. Let 8 be Wi = alwi~|:—"bfwg, Wy = w, Wi =—buw: 1 as
Employing the new variables o) = amy s = wy, ¥ = W — 0y, X1 = W, ete.,
we pet N\,

C: X, =gNX:=br +an, Y =ay

Apparently we have s eamﬂ'ﬁkal form composed of a chain 7, %; and & chain
¥ But the cmracteristik\‘d.éiérminant A — ah — b of the partial transforma-
tion on # and z, i\divisible by the characteristic determipsnt a — X of
Y = ay only wheg ™<= 0. if b = 0, C is the true canonical form of §, since
every linear funéhion of =i, 22, ¥, in which the coefficient of 21 is not zero, is the
leader of a chlity of length 2; while, if that coefficient is zero, it ia the leader of
& chain Q"ghg;’th 1. If b 0, take

ashYy Z=Xi+Y-ntu=z
NS Zy = Xo+a¥ =bn +an +d'y =2

\\Eﬁé determinant of the cocfficients of T, Zy, ¥ i — b. A true canonical form
when b > 0 is therefore

Zy =g, Zy = 2, Zy = —aba + (b - a?)e; + 202

Examrre 2. There is single chain, say with the leader z = wy, in the
canonical form of

Wi = 1w + ws, We = -+ 0 Wi = wy + w: + W
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43, Theorem 3. If dy, ..., d; are the characleristic determinants
of the partial iransformations on the variables of the first, ..., kth
chains of a eanonical linear transformation whose M-mauiriz M has

n rows, and if §: denotes the greatest common divisor of all (n — i)
rowed determinants of M, then

gr=d -ty e=ds - diy... gz =di, ;= I{jg\kl'

7'\
We employ the condensed notation Lo
4,0 0.0 0] (O
M=l 40---00 V

Where A1y %o she rmatrices of the partial transformations
on the variables of the first, . . ., ktheehains of lengths @, b, ...,
For example, A, is given by17). Their determinants are
dy, ...y dy Let agj dyy, . . bedthe elements of Ay, As, .. . in the
#th row and jth column, o

The minor M’ of an-€lefnent in one of the 0 matrices of M is
zero, For example,$et M’ be obtained by deleting a columnn eon-
taining elements of 4 and a row not containing elements of A
Evidently everg-fowed minor formed from the first a rows of M’
has a coluru{l“of zero elements. Hence Laplace’s development of
M’ according to the first a rows gives M’ = 0.

Th?,@'.inbr of biin (17) is 1. Bimilarly, the minor of @a in A1 8
1. ane t}le minor of e in Misg =y - - d, while the minor
of\any a:; is evidently a multiple of g.. The minor of any b;;i8 @

{ multiple of dids dy - - d;, and hence of g1, since d, is a multiple of
ds by Theorem 2. The minor of any c; is a multiple of dy dads
*+ - dr and hence of g;. In this manner we conclude that g1 is the
greatest common divisor of all (n — 1)-rowed minors of M.

Any (n — 2)-rowed minor is zero if it is obtained from M by

deleting two rows and two columns crossing in elements of & zero
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matrix; the proof is the same as for M’ above. The minor obtained
by deleting from M the row and column erossing in aq as well as
those crossing in bs is evidently ge = ds - -+ ds, while the minor
obtained by deleting the row and column erossing in any a;; as
well a3 those crossing in any by; is clearly a multiple of g.. The
minor ohtzined by deleting from M the row and column erossing
in any @; as well as those erossing in any ¢;; is evidently a multiple
of dhdy -+ 1 and hence of gs. \ )

Proceeding in this manner, we have Theorem 3. & M

44. Invariant factors of a canonical transformatioQ.(' By (18},
we have G
di= (~1)01, do= (=12,

dr = (— 1) In_;ﬂ_},.’\}\f}-fw,dbrauljbrary.org.in

(19)

where I, ..., I, .., are polynomialgin A in which the eoefficient
of the highest power of A is unitys “ Write

(19) Toe=190., I =1

It is customary to call ijhe jth invarient factor of the h-mabrix
F'f the canonical transformation C. Henee, apart from sign, the
mvariant factors dighinct from unity are the characteristic deter-
minants of the pa’iﬁzﬂ transformations, one for each chain of €.

THEOREM«B} If 1, 4s the jth imvariant joctor of the m-rowed
Nmaz.rix,\\m(ﬂf a canonical transformation, then I'; divides I If
G is ihz? grendest common divisor of all j~rowed determinanis of M
?ﬁoﬁeﬁf So that the coeficient of the highest power of N in G ;s unity,

\C&'mj UGy =1, then

@ =N -1 G=1,...,n)
(21) I;‘ = G._,'f(;,',_1 (j = 1, e ?1),

80 that the (s uniquely determine the I's, and conversely.
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The first statement follows from Theorem 2. Next, if we write
d; =1 when j >k, we see by Theorem 3 that Ga._i= tdw
coody for 0S4 <n By (19) and (19'), d; = & Taju for
1 £ j < n. Hence we have (20) and therefore also {21).

N\

43, Theorem 5. If in a linear transformation with the malris'd,
we indroduce new variables defined by a non-singular listenw Yrans
Jormation with the matriz B, we obtain one with the m;a-'&-r?x BAB-

Using the same notation for a linear transfefiaation and i

matrix, let RS
N )
A X.' =2Gu$f iv;l,...,n),
F=i o’«\
‘..x\“
w dbraulibrary.org.in® O\
w) %: Yy = 2 bu‘ el - (f, = 1, ee vy n),
k=i &N
(,23) B Yi =”'2'6"k X;: (1; = 1, ey n).
...\k=!'

Since | b | 5'5\0\, we may solve equations (22), and obtain

.\'Blt 2;=3 i (GG=1,...,0)

,~\':. A=l

) ]%l[t}lfnation of the X ; and the z; hetween (23), 4, and B~ gives

3

N®

mn L,..,n
\ 3 BARB: Y, = Zbu‘ CriCiglfu (?. =1,... ,ﬂ)-

ky iy x

46. Rotations and orthogonal transformations. We shall illus
trate the introduction of new variables by an important example
If w1, wa,.105 are the coordinates of an arbitrary point W referre
to given rectangular axzes Ow,, Ows, Ows, we seek the coordinate
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By, Pa, Pa OF $he point P derived from W by the rotation about ON
through angle « counterclockwise when viewed from N toward 0.
Let n1, mg, 7z be the direction cosines of ON. Choose new rectan-
gular axes O, Oy, Oz, whose direction cosines with respeet fo
Ow,, Own, Otz ave L, b, ls; ma, M, M3 B, B2,y Moy respectively. Re-
ferred to the naw axes, let W and P have the coordinates =, y, z and
X, Y, Z, respectively. Since the axis of rotation ON is now Oz, we

have ¢\
P\

(24) X = zvose — ysine, ¥ =2zsina+ycosa Z=x

)

by plane apalvtics. By solid analytics, we have i \\

$=£;w1+22w2+hw39 W1=llx+’m1'y+ﬂ12;
(25) y = mg w4+ Mg We + My Wy w2=32=§§\~1‘my+mz,
Z = npw: T Mg We T N W Ws ;—g\}:lg\\ﬁdbpgm%ﬂ;rfygfgm

Let D be the determinant of the transformation T' defined by the
fisst triple of equations. The secend triple defines the inverse
transformation 71, whose detemﬁ,ﬁant ia derived from D by inter-
changing rows and columngs Hence DD =1, D = + 1. After
reversing if necessary the pasitive direction of one of the new axes,
we have D = 4 1. S@%\uﬂg the second triple of equations for 2
and comparing the résult with z = niwr + ..., We Be¢ that

(26) L my — L‘,’:;QQ:.\x‘nl, Limg — Lo = — Nay Lm, — bm = ns
We mqs{é@;press transformation (24) in the new variables

W, Wy, :w;&e ned by (25) and

OB =LX A m¥ +n:Z G=123)

ﬁ the latter insert the expressions (24} and then the values of
%, ¥, 2z from (25). We get

£
Pe=3 [(ll; + mam;)eosa + (Iyms — Limy) sin e + nin ks
=
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By the properties of direction eosines of perperdicular lines, the
coefficient of cos o is equal to ~ nin; or 1 — n®, according a
j # torj = 1. The coefficient of sin o is one of the values (26) o
zero In the corresponding cases. Write

(27) d = cos ta, g; = n¢8in ta (i =1.2,38) .\
Then cos o = 2d2 — 1. Thus the coefficient of w; in ,)gls\
(L—neosa+ nd =28 — 1+ 2(n;sin lsﬂ“’*

. : R\ 4
Next, for j # 1, the coefficient of w; is \V

W

%

nin(l —cos ) + e;;ny,8in e = 2?1“-;5}; sin” Lo

in & .1
www.dbraulibrary.org.in K821y Sin o 008 30

where & denotes that one

of 1,98} 3 which is distinet from ¢ andj
while o

€ = &3 = epn =\} 1, €13 = 33 = €3z = L

. Q
Inserting the valugg}rom 27), weo get
p \§,l

N\ 1.2‘,3
B —T—\{?’dz -1+ 2a) wy —f-E 2a; a; + 2ejidg d] Wi
£ > EF
wriiten ot fength
or, at le y
Nt ong

o\
™«
“~
N

AN 1= (202 22 — 1 )ap, -2 (102 — agd Ywo+2 (a1t il )5y
\»\ W (28) pe=2 (st asdyun+ (20,2422 — 1 Jwe 2 (atrs — il )5,
Ps =200~ o Y1+ 2 (G-t 0 Yoy - (2a2+24° — 1 )ws

TasosEM 6. Formula (28) re . s
3 : resents th - hout the aat
ON with the direction cosi presents the rofation abou

. . nes i, na, n5 through angle o counterclock”
wise when viewed from N towan% 0, ! e
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The values of d, @, a2, @z are given by (27}, whence m? 4 @
4+ g = 1.

Consider a real ternary orthogonal transformation
T: gi=buzi+bare+dbum (z=1,2,3),

whose matrix B iz of determinant + 1. Thus B'B = I. If D ig
the determinant of & — I and hence of B’ — I, then ' \ N
B(B-I)=— (B'—1), |B|D=-D, gDi'—«.\b.
The point ¥ = (m, 7z, 7) will be unaltered by TH<
ni=byn + bate + bian (#5=1,2,3),

wlllich may be written as homogeneous q%@qﬁ&%ﬁ%&%@e@ﬁ
minant > = 0. Hence there exist real golutions 1, fa, N, no% gll
zero. Let T seplace the point X = {m, 2, 2s) by ¥ = (@, 2 %s)-
Then

¥i — ni = balm — n%}—{:' balzs — na) + baslas — m).

2\Y

Hence 3 (y: — ni)?2 X 30(xs — na)t, for the same reason that
Yy2 =Yz for the orthogonal 7. Hence if 0 is the origin,
0Y = 0X, NY.=>NX. Thus the triangles OXN and OYN are
congruent, He,n(;e\ % and Y lie on a circle whose plane is perpendic-
ular to ON, 's‘\’a}hat T represents a rotation about ON.

Any opthogonal transformation of determinant — 1is evidently
the DI‘O(‘:}J:Jct of one of determinant + 1by X = 2,V = 9,42 = — 2
’E{l‘? lafter represents s reflexion in the zy-plane.

\ Tacoren 7. Every real ternary orthogonal transformation repre-
sents a rotation or o rotation followed by a reflexion, according as s
determinant is + 1 or — 1.

CoroLrary., Every real ternary orthogonal transformation of
deferminant + 1 is represented by formula (28).

Q!
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Cayley! expressed the n* coefficients of the n-ury orthogonal
transformation in terms of in{rn — 1) parameters; but his for
mulag do not include all orthogonal transformatizns, except as
limiting cases. See Exs. 3-6 of §54.

This subject is only a special topic of the theory® of linear trans-
formations which leave unaltered a quadratic or bilinear fomb.

O\

47. Theorem 8. Let A and B be n-rowed square #dipices such
that the elements of A are polynomials in N, while thoseXf B arveinde-
pendent of \,and | B| 5 0. Then the greatest compim» dizisor D:(A),

with leading coefficient unity, of oll t-rowed determinands of AB s
equal o that of A. '

Let d, be the greatest common di,viégf of all t-rowed deter-
minants of A. By Theorem 5 of G111, D, is divisible by d-
&ﬁm-ﬁbl@@ﬁﬁﬂ%df'AB by BtMthe same theorem shows that
d . is divisible by D,. The twovésults imply D, = d..

Since a like theorem holdsifor BA, we deduce the

Coroirany, Let 4, P, be n-rowed square matrices such that
the elements of 4 are polynomials in A, while those of > and ¢ are

independent of \,4nd P and Q are non-singular. Then ihe greatest

C?ﬂ:imﬂﬂ divisp \&‘all t-rowed determinants of PAQ is equal to that
0 - /N

¢

ti 483-:1}1 p&l‘tlculfn, let A be the A-matrix of any linear transforma
'}]%050 1:;;}1: inatrlx of whose coefficients may also be denoted by
\ .'aetﬁned ; ]i= T — M. By t?le infroduetion of new variablf}s
~O BT y & lnear traﬂﬁﬁl‘]:f:latmn with the non-singular matrx
\ s £ becomes a transformation C, the matrix of whose coefficients

1 Seott’ .
Dete:ml;°°§r§4?£5%mﬁ“n“?tﬁ- revised by Mathews, 1004, 107-202; Paseal®
tions. ’ » which cites twenty writers on orthogonal transforma”

“Eneyclopédie de .
1899, 160-179. Fo: ]51‘3‘;11;:_!;]:; t. I, v. 1T, 478-520. CIf. Mnuth, Tilementartheilet

4 forms, L LT
1898, 379--416; extract in Math, Anna.le:? ‘;g,' leggaS%gEafﬁL eop. Carol. Akad
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may also be designated by €. By Theorera 5, € = BTB-. Write
D=C—n. Then D = BAB-'. In view of the Corollary, the
greatest common divisor of all -rowed determinants of D is equal
to that of 4. This result may be stated as follows:

TrroreM §. Lel any linear transformation T become C by the ,
wdroduction of any new independent variables. Then the greatgst
common dizisor (1 of all t-rowed determinanis of the A-maolriz of B

"\

15 equal {o that of C. \

ad

49. Canonical form determined by invariant facters) Let the
new variables be chosen so that € is a canonieal-fartn’ of T. Since
the A-matrices of these transformations have the'same G, they
have the sarme I; = G,;/G;; which, by (19)Pufiquely determine
the characteristic determinants of the pm\;hidtﬂamﬂinmqtmxg ian
the variables of the various chains of €))dnd hence, by (17) and
(18), uniquely determine the matriz'of C.

Trvoram 10. For any lLingan, transformation T, the quotient
Iy = G;/G; 1 4s a polynomialan \ called the jth invariant factor of
the »-matriz of T. The malrek of the canonical form of T ts uniquely
determined by these im{d(‘-r'aﬁt factors.

In other words, any linear transformation has a single canonieal

form apart from. the notation for the variables.
AN

50. Consider the transformation T' defined by (1), (2), (3),
ete., sueh that the characteristic determinant of (1) is divisible by
that.ofl(2), while the latter is divisible by that of (3), etc. Then
M its own canonical form, so that a, b, ¢, . . . have the properties
Stated at the end of Theorem 1. Hence we have

. THEOREM 11. There exists a linear transformation with coeffi-
Clenls in any filld F whose A-matriz has any prescribed invariant
Tactors I, with, coefficients in F such that ¥ ; divides I jia for every j.



N

N\

" determinant, may be expanded ac

Y & T
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51. Similer transformations. Two lin(‘:t.r 11‘:t:}faf0rmatlon; 1%;;
matrices) 8 and T in F (e, with {:0(3fii(=.n'~mﬁ\m.F)_&TGB g
simzlar in F if there exists a non-singular LI‘LLIL:J'\H‘.‘M“LI!.UOI; Y
such that BSB~-* = T, In other words, 8 beconwe: 7 by "the "
duction of new variables defined by transformation 5. Theo

. oo han
states that the M-mafrices of two similar transformations have$
same (7,

N
7

O\
; Satie Gy
Conversely, i the \-matrices of S and 'jr* hlzue t'?;,iaﬁeTR“l _
then 8 and T are similar in F. Let U_ = Q5Q" H'”'d"a‘ lﬁmatriees
be the canonical forms of 8 and T, Since the canbniea

. - 2o 10.
U and V have the same G, they are 1dent1f:azf\i}y U'heorem
Hence ¢

N\ -
WQ =V, RVE=T, BIYSRQ™ =T
8 MhathBaatid e Eilar.

o\
: AN ; i in I ore
TrEOREM 12. Tuwe linear transformations (or mairices) in

N\ . e tnsariant
similar in F if and only ifxdhetr h-matrices have the same TG
Saclors. ~

S

52. Invariantg{gqiztdrs, Let M and N be any two n—row;e(;i S%}fz
matrices of which ¥ is non-singular, Write 4 = MN ™. .
M — \N =< AN has the same @ ;jas A— Al by Thearemlo-
For the later, I, = G,/G,,isa polynomial in A by Theorem)‘Na
and h&ﬁ&"may be defined ag the Jth invariant factor of 4 — MY

EMOVing the restriction that N be non-singular, let 75 denote
JSbe ‘greatest common divisor of

all j-rowed determinants of pM
A\+F 0N, where p and ¢ are indepe

ndent variables. Since each guch

cording to the elements Of a 10w
{or column) and hence is 2 linear combination of certain (,7 - 1)(1
rowed determinants of oM + oN, G ;118 a factor of every j-TOWe
determinant and henee of @;. The quotient G,/G,_, is t-herefo_re a
hornogeneous polynomial in p and a, and is called the jth invariant
factor of oM + 4N,
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Exercises

1. X, = 2, X = o, X; = ar; has the invariant factors A{} — o) and
h— 4.

2. The invariant factors of

[0 0 2-x
. 0 14+x  2a N\
[2—x 0 0 L
2\ AN
sre (A —2)(L + ) and » — 2. AN

\/

53. Classic canonical form.! For certain purposes a qaﬁ&iﬁ‘ical
form involving irrationalities is preferable to that in Theorem 1.

TuEoREM 13, Start with the canonical form in Thedbrem 1, with

cogfiicients in o field F, composed of partial transfqréfh‘lims of the type
wiwwdbraulibrary . .org.in
(29) Xl = Tz, .Xz = Xz, .- . ,Xg_l = ;’I:p;“‘.Xa = Eaé &y,

i=1
<N
|

Let the characteristic equation A(N) = 0 of (29) have the rools
R8T, ..., of multiplicities 18, t,...,respectively. By the intro-
duction of new variables w;, vty . . . , which are linearly independ-
ent homogeneous linear fuqké{z‘o’ﬁs of 21y 0+« , Ty (29) can be reduced
o the classic canonical form
Ul:Rulji‘;\Uj = Ru5+’h‘:,'_1 (j = 2,...,?‘),
B0)< ¥, = Sui;,\" Vi=8p;+ vz (G=2...,8),
W1=.\\Qwi, W;sz,-—!—w,-_l (j=2,...,t),...

Here ﬁ.l@\'{*ﬁ; (or v;, w;) are homogeneous linear functions of the x's
whose\bogfficients are polynomials in B {(or 8, T) with coefficients in

' R and S are roots of the same equation irreducible tn F, v; may
be derived from u; by replacing B by S.

1 R . i
0 gso rdan, Traité deg Substitutions, 1870, 114-26, for transformations with 1§1t0£1'>11
Wecients taken modulo  of determinant prime to . For any field, Dickson,
T, Joug, Math,, 24, 1802, 101-8.
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Before giving a proof leading to explicit forinulas for the u;,u-._%j
, which imply (30) and their further properiies, we shall verls,

a fortiori that (29) is similar to (30), when F is the field of al]z

complex numbers, and hence can be reduced to {30) by the intru-t-

duction of new variables uy, v, .. .., formulas for which ar;

however, not found by this methed. N
The »matrix of the transformation in the first line of\(30) is |

R~2 0 0---0 0 0

4o=| L BE-20 -0 0O
...................... O
Lo 0 001 B -2

Let A; and A4; be the M-matrices ofthe transformations in the
second and third lines of (30). This the A-matrix of (30) I

www.dbraulibrary.org.in

A1,:.0'“' g o -
N4, 0 0 .-
M='D:l. 2
0 0 A 0

.................

The determingniof 4,isd = (R — A)", while the minor of &
last element ‘of\the first row of 4, is unity. The determinant®
Ao A, .. Cwre dy = (8 — \)o,dy = (T — A)Y,.... Then fh
determifiant of M is A = dydads . .. , while the first miners of J
includetly dsd. .., dydady..., dydpds. .., ete. Their grea
comymon divisor is 1, since it has none of the factors B -
LB~ M ... Again, the greatest common divisor of the first mind
.,\f N mf the M-matrix of (29) is 1, since the minor of b in (17) ¥
~O .Smce'the Mmatrices of (20) and (30) therefore have the sal
\/ mvariant factors 1,...,1, TA, they are similar by Theorem 1

In other words, there exist new variables ws, vy, . . . Whose it
duetion reduces (29) to {30). Y

The propertics of the u;, vs, . . . stated at the end of Theorem
are Important in various applications, but are not used in b
present, text. Some readers may prefer therefore to omit the f
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lowing proof of those properties in connection with a direct deduc-
tion of (30).

We again start with (29), in which the a; belong to the field F.
Asin (18), the characteristic determinant of (29) is the product of
(- 1)2 by Cu{n}, where

a— k-1 &

B1) CosN) = M~ =~ auen V¥ =01, a1} .
=l { N\
o\

Write Co(») = 1 s the definition of (31) whenk = a. Then (29)
replaces the function A\ 3
. AV
FO) =2, 7 Cai(A)

k=1 \

A\
by ‘O
. . ‘\-Cf‘ww.dbraulibrary,org,jn
Q(\) =2, 2;Q; - aim,

ju2 o

3
*

where ANY

W
@i=Cojud) +a;= AN ~ A N kA= ACani(R).

) i=0
\

Hence \\ i

(32) Q(R) - }\f(J\’Q’; I;,[al - }Ca_.l(h)] = - Ca(k)a

\_vhere the ]as't-'\:;i;d”uction follows from the preceding result for
I=L Bysikkiffcrentiations with respect to A, we geb

(331:”\1@?’(’0 — P (a) = MAQ) =~ 2 COG)

LR be & root of (A} = 0 of multiplicity 7, and write w for
J(R), and u, 4 for the quotient! of {9 (R) by % Since the trans-

“The division is exact for cach coefficiens. The entire proof is valid also when
'8 & so-called modular feld in. which the result of adding eny slement to itself »

:;:L‘ilfilia the eloment zero, An example is the ficld of the 2 residues of integers
o p.
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formation (29) replaces f(A) by Q (1) and hence replaces £
by Q'{X) for every A, it replaces u,.x by Q@ (R} + 1!, which we
therefore denote by Uy, Taking A = R in (32) and (33), we got

Ur=Ru, U= Rusn+ u t=1...,r~— 1’)<

Writing j for ¢ 4 1, we obtain the first line of (30). By their origin,
the u; are linear functions of 2, . . . » To wWhose coge@ﬁie\rlts are
polynomials in R with coefficients in F. .

It remains only to prove that the pew variables are linearly

independent. If RY

r % ! 4
(34) 295+ hivs + Dkpw; =0,
=L = =
www.dbraulibrary.org.in v \
identically In x;, ..., %z, we ag)to prove that the constants
g b, k are all zero. From the eerresponding identity in the U, V,

W, we insert the values (3093 subtract the product of (34) by &,
and get ™

o N

% Ny

¢

nguf-l -i':z\hl(s - R)T}:’ +Z h,‘ via
35) L\ =2
’ L ¢
‘\ 'i‘Zk;(T"*R)’w;—f-Ekij_lEO'
\“ i=1 =2

~C
If we.gan prove that the coefficients of u;, vy, w; in (35) are all
2€%0; we shall have %, = 0 by w, then &, ; = 0 by w1, .-

\k]_ = 0 by w,, and similarly every #; = 0 by »; and every g; =0
“ (§ > 1), whence (34) becomes gy u; =~ 0. But the coeffcient of

T in 1 =f(R) is Co(R) = 1. Hence also ¢, = 0, so that all
coefficients in {34) would he zero.

Since (35) is of the form (34), but lacks %, it suffices to prove
that a relation of type (34) which lacks %, has every coefficient
zero. The new identity (35) now lacks both u, and #,_;. Taking
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fin place of (34), wi see hy re petitions of this argument that the
problem reduces to ome involving only the »; and ws In the
corresponding identity in ¥y and Wy, we insert the values (30), and
subtract the product of the former identity by 8. Then as before
we eventually obtain a relation involving only the w;. This time
we subtract the product by T

54. Elementary divisors. Inthe classic canonical form (SQ)\'ci‘fq\
(29), we saw thut the characteristic determinants of the ’p.artml
transformations, given by the successive lines of (30), arg, gpart

from Bign, ,~~j\.\ .
(36) (=~ R), (v= 8 (v T
whose product, apart from sign, is the chgﬂi"ﬁ%:‘ﬁé‘:ilﬁﬁe'wm'm@m

AN} of (20), ie., its unique invariant. factor distinct from 1.
Theso divisors (36) are called the clefpentary divisors of A(X) or
of the \-matrix of (29). Recallig® the definition (19) of .the
ivariant factors of the A-matrixof any canonical trapsformation,
of which our (20) is only ongfpa,rtial transformation, we obtain

Tueorem 14. The e%eérié?;tary divisors of the smalriz of any
linear transformationare obtained from s invariant factors other
i'kcm 1 by taking the highest power of each linear factor of each such
Wrariant fﬂﬁtot"@h%’ch is a divisor of the latter. Conversely, from @
Ust of the eleriontary divisors written in any order, we may delermine
uniquely thegnvariant factors I ; other than 1 by using the fact that I;
dirides ..

\®
"Fér“éxample, let the invariant factors be

N\

L=1, I = 1, 7, = AN(x — D)% I, = M(a— 1.

Then the elementary divisors are

X2: R} )\; (X - 1)8: (R - 1)2
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Conversely, given the latter, we deduce I, as the product of the
highest powers of the distinet linear functions, then I, as the
produet of the next highest powers, ete.

The classic canonical form shows that there exists a linear
transformation on n variables whose Mmatrix has any preassigned
elementary divisors the sum of whose degrees is n. .

Our definition of elementary divisors applies only to Hsmatrices
M — M. In §52 we defined the invariant factors 7 {of'P = ol
+ oN, where M and N are any n-rowed square raafyices. All the
I; distinet from 1 may be expressed as product§ef powers of the
same linear functions of p and ¢, no two of“ﬁ\ﬁich have propor-
tional coefficients. Then those powers whieh have exponents > 0
are called the elementary divisors of Py

www.dbraulibrary org.in ’...\"
Exm;tclf,sﬁ:é
1. The three {ypes of canonical. ji:l;lGE.I' transformations on three variables
are R
U = Ru, “V:= Se, W = Tw;
Uv=Rug\, U.=Ru+tw, V=35
U ?zﬂbi: Ui=BRw 4w, Us=Ru+u

Ex2'1 tud the elie]}g}tary divisors of the A-matrix of each transformation in

3. Yerifrﬁ]m%, formula (28) for any rotation in space is equivalent to ihe
equation p’= gwq’ in real quaternions
.”\‘~
\\" q=d;+a"£+a"j+a'3k! =wli+w!.?+1v!k!
P=pit+p:itpk,

#
&
o\

"\ Where g is of norm unity. See Fx. 6.

N
%
\ )

4. The squation £ = 2y in matrices

= (5 &), = (T, Y W
: (&E‘ ‘ (z"’* v= 'ysyu)

defines & homogeneous linesr transformation on 1, ..., = which evidentl

leaves invariant the quadric surface § defined by |x| = 0 verify that it
leaves invariant each of the lines ’
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L Iroe= ki, Ty = kg
@, Similarly, t = yr loiven invariant each line
L. o=k, xy = kzy,
€000 8. Then! 3 = =y leaves 8 invariant, and permutes the lines Ly

amongst themselves pril Ukiwise the .. N

hat
5 InBx 4 introduce mew varigbles X « and new parameters ¥, such tha' "
S becomes EX 2 ~ g - \, QO
=X fX;, ryo= X, — ‘LY{, Zp= - X + 0Ky 21 = X 4 f.Xa,’}' \o/
ys = — Vaafilh

h=Yo- ¥y, e = ¥y - iYy, p =Yy + iYs, YN
Then to £=uay corresponds 2 = XY in qu%terniins XX}\&sti v}:::;
PREL XL This if £ and ¥ are real quaternions, = I‘Zh I gires i
el Lnear transformating  of positive  determinant xyﬂyy o8

AR Up 40 & constant factor.? wildbraulibrar o "
& Deduce from Ex. 5 the real orthogonal trapszft);%.t’ions on tihri%f ‘\Ehg-
s Tako X, = 0, 7%, = 0. In other words taee - X =0, 2 4 2 = 0.

Hence sha)) ZXY = Y'XZ'. Write p for Z'9%% Then p' X = Xh?’-
=X = { shows that the coefficient of ¢ in m§ zero. By symmetry, & B};ﬂ:::
‘.‘if X = k show that the coefficioats of Zg"and ;‘i Pt e
P=rl, where » i & real number. “Thus =T = =Las TN
, 208 normg vy see th:i:: the conditibn that X2 4 X7 + Xi* be invariant

: ternion
B} = 4 s “positive. Write ¢ for the real qua
)= %7 which is therefore positiv The sign it In fact -+ 07—,

203 ¥} of . % o’
norm unity, T == + ¢Xg'. s in or
Stording as the determinanpiof the orthogoral transformation is + 1 o
BI¥es B new proof of Exx 3.
\/
2 ich i hanges the
"These transformatié},a"gnd their products by {(z: =), ngf!h 11::3:;:. ng:kson,
tw?l%;s of linos, arc, thenly linear transformations leaving S inva
on Amor MathNSoe., 22, 1915, 5361 ‘
. of s : i theorie der
or an aicgam\grouf uging only quatermions, see Hurwits, Zahlen

quatemiuﬂel’{.“]éerlin, 1919, 62-66.

e
" \¥/

N
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CrapreEr VI

PAIRS OF BILINFAR, QUADRATIC, AND HERMITIAN
FORMS ~

53. Historical note. For a pair of bilinear ov qua}qrt{tif‘r forms
{the second being non-singular), the theory was fipsh obtained b‘
Welerstrass® by developments in series, which_introduce cefrtaﬂl
square roots. There was a serious gap in higsprosf. For pair o
bilinear forms, all irrationalities are avoided’by the method ¥
Frobenius.? However, the resulting ¥alional cviterion for thra3
equivalence of pairs of bilinear forms inMany ficld may be pro@d
by simple modifications of Wejerstréss's method. We sshf:tll.gl‘f'B
ww kg4 hfaé-iﬁi%ﬁgi'n}ational meitodl based on the theory of Tinear
transformations, \J

R
R

56. Equivalence of twa pairs of matrices. Two pairs of n X4
matrices M, N and T\V, with elements in any fietd F, are cal
equivalent tn F if<and only if there exist non-singular 7-TO%
matrices P ang{(} with elements in F such that

n O PMQ =U, PNQ=V.
Weshall first treat the case in which ¥ and V are nDﬁ‘S‘ng}l Ia
(€5 "§57). Suppose that two such pairs are cquivalent. The
COOMN = Jissimilarto UV = W since

N,

'\
m

\ W
3

PIPl = PMQ-Q NP1 = UV = W,

1Berlin. Betichte, 1868, 310; Werke, II, 18,

* Jour. fir Math., 86, 1870, 146-208 (see p. 202), For a report on this and rolod
papers, see the suther’s History of the ‘Theory of Numbers, 111, 1923, 23!"8‘_

* Dickson, Trans. Amer. Math, Sac,, 10, 1909, 347-80. With the sarae modi

tions, the method woe extended to Hermiti . Logsdon, A1
Jour. Math., 44, 1622, 254-50, evmitian forms by M. I. Loz

112
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g0 that the A-matrices of J and W have the same invariant factors.
By §52, the »-matrix J — A of J has the same invariant factors
as

(J — AN = (MN-t — A)N = M — \N.

Likewise, the M-matrix W — A of W has the same invariant
factors as I/ — AV. Hence M — AN and U — AV have the same
invariant faetors. ‘O

Conversely, the Inst result implies that the M-matrices of £ ahd
W have the game invariant factors, whence J and W are siﬁgilﬁr in
F. In other words, there exists a non-singular matrix}’,in F such
that PJP-* == W. Then N

P = MNP =W = A\

www . dbvaulibrary.org.in
P(MN- — \)P— = U<t — ],
P(M — \N)N- P —:(U- AV
Writing @ for N-1 P~ V, we géb
P(ﬂ{.\eﬁm@ =T — V.
By the terms free of 3 and those containing A, #e get (1).

THEORREM 1. T@Zo pairs of n X n matrices M, N and U, V, with
elements in, gnyy field F, such that N and V are non-stngular, are
equivalentap F if and only of M — AN and U — AV have the same
invarianifuctors, or, if we prefer, the same elemeniary devisors.

'W‘e;\e‘fidently have the same criterion for the equivalenee in F
oo pairs of bilinear forms with the matrices M,Nand U, V.

?7- Next, we omit the assumption that the determinanf, ] NI _of
N is not zero, but assume that [ M 4+ zN | is not zero identically in
%. Thus we can select a number v % 0 of F such that B = M
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4 yN is not singular. Then if the pairs M, ¥ and {7, ¥ are equive-
lent in F, also the pairs M, Band U, ¢ = U + »V are equivalens
in F, and C is not singular, and conversely. Hence 1y Theorem 1,
the paire M, N and U, V are equivalent in F if and only if M — B
and U — M have the same invariant facfors or the same ele-
mentary divisors. The latter property holds if and only if the_
matrices pM + oN and o0/ 4 sV have the same clemenfary
divisors, as will be proved by means of the following KA.
N\

Levva. IfA = pM + gN, B = uM 4 N, where’p;t}‘l qu #= 0
so that pd + B = pM + oN for ) ‘ 2

N
@ p=petur, o= qu-kNw

NY;
then the elementary divisors of pA + rl(q,}e derived from those of
pidv BNEYEE W oRnation (2) 00

Let mp + no be a factor of all. ¥rowed determinants of oM
+ oN and let ¢ be the exponept el the highest power of mp -+ 7
which divides all those detérminants. The transformation (2)
replaces any element of plh -+ ¢N by the corresponding element
of pd + 7B, and hetiee replaces any j-rowed determinant of
pM - oN by one of i + 7B, Hence if (2) replaces mp + no bY
ap + br, (an + Br)* is a factor of all j-rowed determinants of
£ + =B. It igpmoreover, the highest power of ap + br which
divides thosgdeterminants. For if they were all divisible by
(au + bi)? where g > ¢, we see by applying the inverse of trans-
fUW@H {2} that (mp 4+ ne)* would be a factor of all j~r0wed
degéruiinants of pM - oN, contrary to hypothesis. The Lemma

50w follows from the definition of clementary divisors in §54.

N
%
\ }

. We may employ the Lemma when p=u=1qg¢=07v# 0.
Then 4 = M, B = M + uN. Hence the elementary divisors of
p:M + 7B are derived from those of oM + o by the transforma~
ton p= u+ 7,06 =vr. Thus, f C = U 4 oV, then pM + B
and aU + C have the same elementary divisors if and only if
pPM + oN and pU + 6V have the same elementary divisors.
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Taking z = 1, r = — X, we have the notations employed in the
discussion preeeding the Lemma. This proves

TreormM 2. Fei M, N, U, V be any n-rowed square matrices
with elements in any fielld F such that netther of the determinants
[PM + chl and | ol + cV| is zero identically in p and o. Then the '
pair M, N is equicalent in F to the pair U, V if and only if oM + ol
and aU + oV hove the same invariant factors (or the same elementary
divisors), A

For brevity we shall speak of the invariant factors of.foM' + eN
as the invarians factors of the pair of bilinear forms having the
matrices 3 and N, and speak of the case in which\Vsd + oN |is
not zero identically in p and o a8 the nons jular case. Then
Theorem 2 may be stated in the following lriefer form:

wigwh dbraulibrary.org.in
Tororey 3. In the non-singular casel fwo pairs of bt 3%%7%* OrIns

WMTL oo, By U, . .., Yo with coefficient’ in any field F are equiva-
lent under non-singular transformations in F if and only if they have
the same invariant factors. \\

58, Canonical forms pit*'a,\pair of bilinear forms. Let their ma-
trices be M and N, where N is assumed for the present to be non-
singular. The pair(M, N is equivalent to the pair J = MN-,
NN—I =TI If P,}_«md Q are non_singula,r and such that PJQ = WJ
PIQ = I, then = P-'. Hence the pair J, I'is equivalent to the
bair W, Caeid only it PIP-4 = W, i, it J and W are similar
matricegd ™\

WhenW is the matrix of the caponical form of thel
f'm%'la}niun of matrix J = MN-Y, we shall call W, Ith
bair of M, N

When all the elements of M and N belong o a field F, we may
cheose W to be the matrix of the canonical form with coefficients

in 7 of Theorem 1 of Ch. V. This proves

_THEOREM 4. Any pair of bilinear forms A& e vy T Yo e e Yn
with cogfficients in any fild F, such that the second form is non-

inear trans-
e canonical
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singular, can be reduced by a non-singular linear transformation on
the z's and one on the y's, each with coefficients in F, to a unigque
canonical pair

a=1 a b=1 b £\
f=(2msy.-+1+xa2afy.-)+( z.-wm+zaZb-'ws T N5y
sl et im] dml N ¢
2 AN
7\S “

d b \J
g=2 Tt > it .., N

il i=t W\ 3
O
wherea + b+ . = . Iftkei*ea-rekofthenu%}wsa,b,---sm
envariant factors of f — Ngare 1,...,1, I_my - . .,
N

[ "~ [
www.db!ﬁib?’a};,ﬁ';'llbi AL {wt=~': AT — z a; AL
=] i=1

No/

R

Since the aq, by, .. . are acqy;ﬁiﬁnbers of F such that T; divides
Iiaforeveryj < n, we hayethe

C'}QROLLA@T. Thergwé\%ists a pair of bilinear forms f, gin n + %
variables with coeffiéients in  such that f — Ag has any preag-

signed invariang Wtors 1; with coefficients in F such that I;
divides I;,,. ()

Next, if w}g?c’ftnoose W to be the matrix of the classic canonical
form of flﬁ rem 13 of Ch. V, we cbtain

_Tiﬁ%REM 5. _Within the field of all complez numbers, any pair of
Jliear forms in n + n variables, of which the second form is non-

}smguhzr, can be reduced to the classic canonseal pair

6= (RE; £z +é Ei$€—1)+(’sé??ﬁyi +?::2 mys‘—a)"' R

#’=-Zléllmi+zn§yi+t-o’

=l
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where v -+ 84 - = n. The elemenlary divisors of ¢ — Ny are
(A — Ry, (A — She L

Cororrary. Theyve exists a pair of bilinear forms ¢ and ¢ in
n+ n varisbles, of which ¢ is non-singular, such that ¢ — Ay has
any preassigned clegientary divisors the sum of whose degrees ,
B,
We now omit the assumption that } N | # 0, but assume thap
|02 + oN | is not zera identically in p, ¢. Choose » and g inF so
that B = uAf 4 oV is non-singular. Then choose p andvg in F
%0 that po — qu = 1, and write 4 = oM + gN. T}i@l"

(3) M=v4d —gB, N=-—ud + 9B

D
The pair of bilincar forms with the mayrpesibtankited?ycary be
reduced rationally to a pair f and g of Théorém 4. The same trans-
formations reduce the pair with the matrices M and & to the pair
:*vf- 97 and d = — yf + pg:,:Wé have pc+ od = uf + 1¢
or o™

4 B = up ——iué; T = —gp + po,

vhich give the Solved\\orm of (2). The invariant factors of
4 + rg reduce to.\’thbse of f ~ Ag by writing p =1, r = =~
ConV&fSﬁlY; it wemdake the invariant factors of f — A7 homogene-
ous in A, g, &Hd‘%hen replace A by — 1, we get the invariant fac-
fors of K %ﬂ”g'. The transformation (4) replaces the Iatter by
those of g¢™ od. This proves

AN
. T'H;EOREM 8. In the non-singular case, any pair of bilinear forms
o, variables @, . . ., Za, Y, - - - , Yuo With cogfficients in any field

» Can be reduced by a non-singular linear transformation on the zf s
o one on the ¥'s, each with coefficients in F, o a canonical pair
=~ —ygandd = — uf + pg, where v, g, 1, p 6re nwmbers in F
Uch that po ~ qu = 1, while J and g are the forms in Theorem 4.
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The invariant faclors of pc 4+ od are obtained by applying trans
formation (4) to those of uf + =g, viz.,

1,...,1,I"_k+1,-..,
™\
b1 N\
; - 2 N
Liy=1b =3 by 1i(— p)-i, A\
§=0 O

ol
2NN
4 %

-1 "
L= =T aga o (= wyvld
jw "’\

I (A= R)" is an elementary divisgrJof A — AB, then (r
+ uR)" is one of ud + +B, and contersely. By the Lemma in
N7, the-JoRErSe (4} oitransformaide’ (2) replaces an elementaty
dwvisor (r + uR)" of pd + 7B\by’ an elementary divisor (map
+ me)of pM + oN. Sinceva‘plz)'f' the ratio of m, and n, is material,
we may take myu -+ nyv =W Then if B = my p + ni g, we have
"™ p+ e =7 uR. By Theorem 5 we can reduce the pair of
bilinear forms with the'matrices 4 and B to the canonical pair
¢ and . Then that With the matrices (3} is reduced to the pay
o =v$ — gf anl ' = — ygp p¥, whose expressions reduce to
those given if Theorem 7. For, pp — qu = 1, myu+me =1
mp + ?hq;*R imply my = vR — g, = p — ulk; and, when
we employ-S instead of R, we replace the subscripts 1 by 2 and
hen%?‘&"’e% =08 —¢m = p— uS,

A

3 \FHEOREM 7. In the non-singular case, any pair of bilinear forms
WO 1+ nvariables can be reduced to.the classic cononical patr

'S ™ , ,
a = (mlnz-l Eizi 4 UZ £ x.'-l)

+(Wimys+vimys_1)+---’

t=l i=2
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g = (?hzr: Eixy — uz" E\'zi—-l)

=1 F=2

-+ (mZ‘: neys*uéniyi~1)+----

i=l

The elementary divisors of pa + 8 are ¢\
\S ©

mp+ moa), (e p+n2a)sy.... A

7N
< R

ComoLrary. There exists & pair of bilinear form.-{q"and fin .
% + % variables such that pe 4+ o8 has a determind@it which is not
zero identically in oy o, and has any preas{igned elementary
divisors the sum of whose degrees is n. D

yﬁ{@w.dbraulibrary,org\in
EXERCISE§~. D

_ 1 Two quadratic forms with the matriéés 4 snd B have as iumr:ia.nta of

Edex 2 the coefficients of the various“powers of A in the determinant of

- AB. Ny .

2‘. By mesns of Theorsm 5, w(;te down the three types of canonical pairs
of bilinear forms when n = 3.0 )

~

5. Pencils of bitifear forms. Insteadofa pairof bilinear forms x
3d v, with coeffieiénts in F, consider the pencil [4, 7] composed
of all bilinear foims pu + v, where p and ¢ range over F. This
penci] coine'{zﬁ?}fw&h the pencil [, 8], where

"\

#

®) .j5>== Du -+ g, £ = up + v, pv — qu # G.
A\

'\'ﬁﬁpencil is called non-singular if the determinant of pp -+ ov
18 10t zero identically in o, o. )
A second sach peneil, [, »1], is equivalent in F to the pencil
I, #] if ana only if the pair p, v i equivalent to some pair (5)
of the pencil [, ).
In view of the Lemma and Theorem 2, we have
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TaroreEM 8, Let M, N, My, N, be the matrices of the bilinear
forms , v, p, v with coeffictents in any field F. The non-singular
pencils [, ] and [, vi] are equivalent in F if and only if oll the
inwariant factors (or elementary divisors) of pr Mi+ o1 N1 cgn be
derived from those of pM + oN by the same non-singular \neer
transformation expressing p and o linearly in ferms of m anﬂ\m with
coefficients in F. O

PN
< <

60. The nth roots of a matrix. We shall neeqf tho

LemMa. Ifa, b, e, ... aredistinct and ngb zero and
RN
vley={&—a)y (z < b*}c‘(rc — o)t

thore ebists P TpBYABRIR] x(x) such that [x (x)]* — = 4s ezacily
divisible by (). N

«y

For example, if n = Zand Y = {z — a)? then

x = da (?&-i- @), x-2=1}iat(=-ae)’

To prove $he Lemma, consider the expansion (by the binomial
theorem) ﬁ \F_ z In 8 series of ascending powers of z — a:

\V=:’ v 1+ (z—a)/a

:"\ [1 + ;a (1 —n){r — a)"‘+ __]?

2nt gt

and write F(x) for the sum of the first r terms, so that Vo
— F(z) is termwise divisible by (x ~ @), Similarly, let G(z) be
the sum of the first s terms of the expansion of V% in o series of

powers of x — b, g0 that Vz - G(z) is divisible by (z — )%
efic.
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By decomposition: into partial fractions (or by expansion in a
series of ascending poviers of z — @), let

F@) 4, A
v@)  (w —a)’+ kg TE®
_ A | G-a) PG A
ooy ¥ (@) A

Whez‘-e the A, are constants and R(z) is the quotient}\o? a poly-
nomial P(5) by v (2)/(x — a)r. Multiplication by ¥ (z) shows
Fh“'t the first r terms in the expansion of \Ia,(srt}A {(}/{x — a)*
I 8 series of ascending powers of # — a ha@ze&tfe sum F(z) and

bence are the same ag the first r terms jﬁ“ﬂ?ﬁ’é"k‘i‘ﬁ&ﬁml‘ﬂforﬁﬁ_h

h.l?ther words, the difference between: this fraction and Vais
dWJSlblB by (x — a)r. ) :
Determine B(z) from G(z) justiés we determined 4 (z) from

F{z). Then the difference betieen ¥V z and the second term of

(ﬁ( ) ¢(=z)B(x) I
) A (x B
x(®) \(:c —aj)r ! {r — b)*

B 3o . N s
5 divisible by (3% by:. The first, third, . .. terms are divisible
Wy (¢ - b)E since ¢(z) is. Hence x — vz is divisible b-y
(&~ b)‘.@.ﬁd gimilarly by (z — @)’, ..., and hence by ther
Pfod{ﬂtgw(x).

Tarorey g, If X is a non-singular square matriz, a:he.re extsts
‘f‘i‘)’;@nﬂmial X(X) such that the nth power of the matriz x(X)
18 L]

B o(\) is the characteristic determinant of X, then ¢(X ) =0
Y §25. Since X is non-singular, the constant term of ¢ (A} 1s not
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zero. Hence we may employ ¢ (A) as the ¢ (\) of the Lemma and
conclude the existence of polynomials x (1) and ¢{A) such that

XM — 2 = o (Mg (N), Q)

identically in A. Sinee the coefficients of like pmve::g\ofg*&in each
member are equal, and since X! X7 = Xi+/ we g@uclude that

x(X)f*~ X = ¢(X)g(Xl€:'{?.

61. Equivalence of pairs of quadratic.of Hermiltian forms, ﬁf
symmetric or Hermitian bilinear forms.” We saw in §56 that t 3
theory of equivalence of pairs of hitinear formi may bef de»:;?fzc
4 : hglth But thi Isnot true of pairs of quadr
ﬁiﬂiﬁxﬁ&&ﬁ%ﬁgaﬁon gff’which we shall employ Theorem 9
and henee introduce irrg{:iéné,ljties. Whatever mct_hod be em-
ployed, irrationalities gannot always be avoided, as is clea,rzfromd
the following example. The real quadratic forms z® — Qy-mi,
@ — 3y? are transfOrtned into 22 + 2u? and 22 + 3uw? respeetively
by the transfonqiétibn T =12z9 = (— 1)tw, but by no real 'traILE:
formation, since'the first forms have real linear factors while t .
second formd“do not. We shall therefore study equivalence wit
respect, toythe field of all complex numbers, ] B

Congider four bilinear forms a, 8, v, @ whose matrices A,I II}
C,QO all have the property X' = & By Theorem 7 of Qh. | '
‘the pair o, 8 is equivalent to the pair 4, 3 under a non-singulsl

%

¢ Mransformation on the s with matrix E and the transformation

on the y’s with matrix ¥ if and only if
(6) C=EAE, D-=Fg BE, |E}s0.

According as X denotes X o X, our forms are symmetric O
Hermitian bilinear forms, If we identify y;

with Z;forj = 1, ..+
we conclude that two pairs of quadratic

or Hermitian forms are
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equivalent if and ocly if their matrices satisfy (6), where £ = E
or E in the respective cases.

TreorxyM 10. If the four n-rowed sguare mairices A, B, C, D
have the property X* = X, and if there exist non-singulor n-rowed ~
mufrices P und £ such that

N

Oy
{7) C = PAQ, D = PBg, O
then there exists r. non-singular n-rowed mairiz E for which gguations
(8) hold. R4
By hypothesis, O '
4D
(8) C=0 =0 AP = aPL”

\}ru{w'fdbrauljbl'ary.org.in
Equating this to C = PAQ, we get o\ *

\
T
i

(@)1 PA 2P Q.
Write N
Q
(9) , ,{‘s:;—}\(é’)"l P,
N
%0 that X is non-singylar. Then
\NOo
x'\.u: X’Ir = P? Q_l’

whence NV
XA = 4%, X4 =XAX = AN
Byg@i&ion on k, we get
3

(10) ' XEA = A(X")k.

Let x (2} = 3" ¢, 2% be any polynomial in z. Multiply 4 = 4
by ¢, and (10) by ¢xfork = 1,2, ..., and add; we get
) X(X)4 = Ax(X").
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By Theorem 9, we may choose complex numbers ¢y so that the
sqguare of the matrix V = x(X) is equal to X. Since X is nor-
singular and V* = X, also V is non-singular. Then (31) gives

A= VAT,
Thus (7:) becomes N

oA\

C=PV1AV'Q. O

: W

Q!

Write B = V'@ . From V2 = X and (9), wéget ' V = PV
Hence C = E’ AE. This proves the first eq&i’-&}\'on (6},

Since X and V and hence also £ deperdonly on * and @, but
not on 4 or C, the second equation (Gj%llows similarly from the
wecordb espdabiony (Fdg.in N

X

Theorems 10 and 3 evidently im fy

TueoreM 11. In the ma{-{&iﬁbulw case, two pairs of symmelric
(or Hermitian) bilinear forms are equivalent under o non-singular
linear transformotion onthe ©'s and the cogredient (or congugate)

transformation on the y’s if and only if they have the same invariant
factors. {

From thig a}h Corollaries 1 and 2 of §§33, 34, we have

THE;QIiEM 12. In the non-singular case, two pairs of quadralic o
Hermitinn forms are equivalent under non-singular transfarmation if
a@ only if they have the same invariant factors.

2% "Consider the case in which the second quadratic or Hermitian

»form of each pairis 3 x; %, whose matrix is the identity matrix I
Hence Theorem 12 implies the

$

CO'ROLLARY. Two quadratic (or Hermitian) forms with the
matrices 4 and C are equivalent under an orthogonal (or unitary)

transformation if and only if the M-matrices A — A\J and C —
have the same invariant factors.
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The conditions that two pairs of real quadratic forms shall be
equivalent under real transformation are complicated.!

EXERCISES

L. Every binary non-singular quadratic form is equivalent under an

orthogonal fransformation (not nccessarily real) to one of the following: A
as? + ByPla # b);  ax® +ayt;  2az® + 2edy, 8

whose invariant, factors are (2 — MG -A);x—0 A —a;la— h)’!_z \

2. In the non-singular case, two quadratic forms f and % can be~r{§duéed to
fqrz_:as involving only squares of the variables if and only if their elementary
divisors are all of the first degree. Hence the latter is trus hiA§37 when S is a

}'eal Quadratic form and h is positive and non-singular. Stages the correspond-
1ng theorems for Hermitian forms. Z N

S

" N
62.‘ Pairs involving alternate forms. &Wmmaﬂt&éhﬁ
meatrix 4 is called alternate if A’ = ~ A,.and allernate Hermatian
47 = ~ I (cf. Exs. 4, 5 of §38)., 0

Tazorem 13. Theorem 10 holds\dlso when
A'=—-3 ¢ = 7& B'=+8 D==+D

For, {(%1) then impliﬁs\\ .
C = —-.\‘(‘Z‘"= ~ g AP = + Q AP,
% that (8) hold@also here. The rest of the proof of Theorem 10

&pplies heye fchanged.
Theoren:;.s't}% and 3 imply

Tunoney 14. In the non~stngular case, two pairs of forms «, B
an"b’;‘ 3, of which a and v are alternate bilinear forms (or alternai_e
ermition forms), while 8 and 8 are either alternate or are symmetric
or | ermitian) bilinear forms, are equivalent under a non-stngular
transformation on the s and the cogredient (or conjugate) transfor-
Mation on the ¥'s if and only if they have the same invariant factors.

inl Muth, Jour. fir Math., 128, 1905, 302-21. For pairs of binary quadratic forme
Ay field, see Diekson, Amer, Jour. Math,, 31, 1809, 103-8.

7\ A

QY
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If o is & symmetric and 8 an alternate bilinear form, any ele-
mentary divisor of pe + of of one of the special types p®* or
a2k+1 is one of an even number of equal elementary divisors.'

63. Pairs of forms with preassigned invariant faciors.

TueoreM 15. There exists a pair of quadratic {(or defmition)
forms ¢ and  with cogfficients in the field F such, that" ¢ is now
stngular and the matriz of ¢ — M has any preaSsigned invariant
factors I, with coefficients in F (or in the real sub:{ield S of F), where
I, divides I,y for every s. ?)

If there are ¢ invariant factors I, distinet from unity, we shall
prove that we may take ¢ = 3. ay'ab= 2 B,, Where s — Ms
\Ll&swtgg single invariant factor 1, digtinct from unity, and where 10
VATIADIE OF @, OF s BECUTS also ifg; or 8; for ¢ = s (ef. the proof
in §43). In the further discugsion we shall omit the subseript s.

For an odd number 2n.24 of variables, we may take

n ‘j:gﬁ_z
o= Z a5: &%+ E ZTipr Tans
L] x...’\ =]
n—l\\ -
(12) +Z (@5 1 s Fiqt + Giga i Tiga F4),
4 ,’\ ==l
{ \4 2n—]1
\3“~ ﬂ = Z I‘;§2n—|’; ;= 6.-,-.
A i=1

~yWe shall prove that the determinant A, of @ — g has the valie

An = (__ l)n—l[___ pRLint +i ai; KZi-2

i=l

+ 2 (acx i+ a, i—l)xﬁﬂa].

i=2

1KPQ“001€0T. Monaj;sber. Akad. Berlin, 1874, 307; Werke, I, 423. Proof by Fro-
benius in Eneyclopédio des 8. Math., t. I, vol, IT, 463-9; and in Muth's Elementé®
theiler, 1899, 135-142, 231-2. Stickelberger, Jour. fiir Math., %6, 1579, 42-43-
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We have
11 ae O O 0 0 —x
an e ap O 0 — X i
A = 0 Q3 O3 (s — A 1 0 )
o - X 1 @ 0 0 ¢ oS
— X I 0 0 0 0 0 ) \ N

2 >

in which every element of the secondary diagonal is =3, éxcept
the middle elernent a,, ~ A, while every element jusk below that
dl?agﬁnal is 1, and the further elements below it areagre. Hence the
minor of @y is & 1. Multiply the first row by, /¥ and add to the
seeond row ; then multiply the first column /37 and add to the
second eolumn. Now ~ \ is the only ele‘ﬂl‘%ﬂt@ﬂ?li@ﬁh@’l&sﬁﬁow

and last colurmnn. Henee A, = — A2 d“ where d is the determinant
obtained from A, by deleting the firstiand last rows and columns
and replacing s, by AN

~

[ ‘l"@n + an)/h + au/N

We se . XN . -

¢ that d is derived from A,_, by replacing every a.; by
@41, 141 exCEpt au,.tﬁh"ibh is replaced by bz, In a proof of the for-
mula for A, by,'ﬁiﬁction on 1, we assume the formula when n is
replaced by p<’1. In the latter we make the preceding replace-
menty andhhénée get, d; its product by — \* is seen to reduce to
the expreﬁsfaion for A,. Finally, & = an — X is the determinant of
{an T &, to which @ — A8 reduces when n = 1. Hence the
"gmﬁon is complete.

ence the matrix & — A8 has the invariant factors 1,..., 1L,

T4, By choice of the a, ;, A, can be identified with any given
Polynomial in ) of degree 2n — 1 whose leading coefficient is 1 and
the remaining coefficients g have the property § = g.

For an even number 2n of variables we employ
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-

L]
=3, ki
e}

a—1
+ Y (@i sn TiFin + G i Tin i)

el N\
13) A o
¢ “ fn-1 ¢\
+ X 2igt Bansri + 901 Fon + Foon Tu, . ‘;"}\
=1 “<,~.‘.‘
20 ¢
~ PR\
Lﬁ = %; Frnitoic &N
=l
~
For n = 1, the determinant of « H?\(i‘ls
www.dbraulibrary org.in AV
a — A o\ o - -
(14) g_“h 7 1 \= =M - g+ PN gF - el
Tor n > 1, the determinant A of « — AB is
O
an ap O .-'\"03 0 0o ¢ 06 ©0-.-0 0 g}
an  Gn om %0 0 ¢ 0o 0 ¢-.--0 —x1
¢ ea gngr--0 0 0 8 o 0 .-.—x 1t 0
..... MR e
0 x'Q":O 0 Bnin?  Opelpel Onetn 0 —2A 1 -+- 0 0 0
0@ 0 ---0 Qurt Gan —A 3 0 .00 0 0
8¢ 0 ... 0 0 -» 1 o o0---0 0 O
PR S W R 0 0o o 0 ¢...0 0 0
NS lg-x1 0 .- 0 0 ¢ 0o 0 0-.--0 0 0

Multiply the (n 4+ 1)}th row by \ and add to the nth row; then
multiply the (n -+ 1)th eolumn by A and add to the nth colums;
we get a like determinant having a,, replaced by by = Ges ¥
and having the terms ~ X in the nth and (n 4 1)th rows Tepl”‘ced
by 0. If n = 2, we have (16) with by = am — A2
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5 I n > 2, multiply the nth row by X and add to the (n — 1)th
. row; then multiply the nth column by » and add to the (n - 1)th
column; we get a lke determinant having @a-1 -1 replaced by

! (15} b‘n—l a3 = Op_1n-1 + )\(a'n—l a-T On n——l) + b bﬂﬂ}

having Ab., added to both @, p-1 and Ga-1 (which does not effect
our final result), and having the terms — A in the (n — L)y
and (n + 2)th rows replaced by 0. Thus A is the regative éf\the
determinant obtained by deleting the rows and columns Jgui‘gbered
n,n 4+ 1, and n + 2. However, we shall continue to riumber the
rows asin A, Ifn = 3, we have (16), where bz is.gi:}en by (15).

If > 3, multiply the (n — 1)th row by Aerd add to the
(» — 2)th row; multiply the (n — 1)th columiprby A sad add to
the (n — 2)th column; we get a like deerpWsal, hBVIRG Sastin2
Teplaced by O\

),.' -
I;':n—e a2 = Qp—2 o1 + b (Gn_l ,’.,x,;’-;::-i" fip—n n.-l) + by bn-—l n—11

having N,y s addod to hath @s_s ae and Gag .1y and haviog
the terms —  in the (r,<2)th and (r + 3)th rows replaced by

0. Thus A is equal t({\gxe’ determinant obtained by deleting the
m

rows and columns punmbered n — 1, 7, 7 4 L, 2 +2,n+3.
Proceeding sim\iléﬂy, we see that

\:\“ an &2 G A
8y NOa= (-2 an b2 1
o g—x» 1 0

-
\ A=(—1¥[—aun+ et oag— (o + oz ) M
_— bzz(g — h) (? - )\)]:
where by may be computed by means of the recursion formula

Bis = Gas + M@y g1 + Gig ) + Mbon s =277 1),
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and bpn = dpn — A% Thus

i n—1
b = — N +Z @i NEE +Z (@ cpr =+ @in N
i=2 i=
’ N
Hence we obtain the explicit formula, A o
(\H
UT) (= 1" 8 = N0 — (g4 g)nnt + (g5 — o A0
\'N}‘.
+ [_ [/} 2 — Fpn + (g + a'zfi}}m]‘\‘ln-a
A\
n—1 W
~ 2 lasi = (@ + ) (@t av o)
=2 ’x,\
N = 2i-2
www_dlbraulibl'ary.ot'g.in Y + 971 ]
i

»
N/

%
L

—_);3 (00 s 4 a0 is + 07 @8N + Giv i) — asi (g + 7Y

Tl oS e + (g + Fam — gf (a4 am))h
- ?‘}&}_ G2 § + Gn g — g7 am,

¢ \*
where, by (1‘,13%“1)’ the first three terms are retained if » = 1,

while if n Fy24%e retain the first three and last two terms, and

omit thg las}’b ‘Part of the coefficient of .

We "\ca}n identify (17) with any polynomial A\ 4 .- with
coeffisients in 7 or § » according as # denotes z or . This may be
dong* by choice in turn of the letters written below the proper

Sn-1 -
»n s Win 2’ )\2n-—3, .

~ . AZimt €HTL L
§— 4 —tun, T lain T O, ..., TG g — Gty Qg
where j takes values decreasing to | inclusive. We have here

omitted from the complete coefficient, of any Afthe terms involving
only letters appearing under MRl L, M in the table.
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64, Weierstrass’s canonical pair of guadratic forms. Whether
the number of variables is odd or even, we have exhibited a pair
&, fof forms {12) or (13} whose invariant factors are 1, , 1, 1,
where [ is any preassigned polynomial. Omitting the mgns ~ Over
&, we have the case of quadratic forms. Let

N N\
I =11 (0 — ap)es OV
i1 :,‘\: o
If each ¢; and each d; is not zero, the pair N
'\’(.
'}’—‘3—‘[)\ Cy Zzuxe -—H—ljl?"]"'d ZIer' by J]
=l =l \
(18) N
3 i Hb
8= ;5 i Teindy 5 wyndbraulibrary org.in
i=1 =1 ! . :M:’
has the invariant factors 1, ..., 1pk  For, the matrix of v — A@

has the abbreviated notation N

s\l

where 0 is 5, zgfb matrix, and M, Is the e rowed square matrix of
those termSQi v -- Ad in which j has a fixed value:

..\
X 0 0 8 -0 d; Gy — )
’”\::\l & 0 1] M d‘,: 4] f?\, — }\) Q
% R
d; (N — ) 0 0 ] ¢
€y — X) 0 0 ] 0 0

The elements of the secondary diagonal are all ¢;(A; — A), those
just to the left of them are ull d;, while all further clements are
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zero. Apart from constant factors, the determinant of M; i
(M — X;)*s and the minor of the last element of the last row is
d;fi~' = constant # 0. As in the first part of §53, the invariant
factors of ¥y — Ndare 1,...,1,I. Hence the pair v, 8 is equivalent
to the pair a, 8.

In §63, we obtained a pair of quadratic forms ¢ = E &
¢ =3B, having exactly ¢ prescribed invariant facto N # 1,
where a, — AB, has the invariant factors 1, L 1g ~Jn place of
ay, f;; we have now found that we may take a pau: ey 8 Of type
(18). Henee ) v,, 2.3, have the ¢ prescrlbod";m driant factors
# 1. Changing the meaning of k, we may aiow suppose that
(x — 2, forj = 1,...,k, give all thehighest powers of linear
functions which occur among all the m\@mant factors (instead of

those for a single one I as before). Hagme we obtain
www.dbraulibrary org.in

HEOREM 16. There exists a ptm' (18) of quadratic forms having
any prescribed, elementary d@msors

(X _‘xl} 1, vy (R — )lk,)‘k.

For example, let, t;he numkber of variables be three.

@) 31—-82—'\61"“1 Take ¢t =g =1, 3 = — 1, and writé
z;for z1;. Thus

‘y\’*~\ N 2f 4 Mz~ Nz, = z? 4+ o —

‘tQ 'Ne are distinet, the conics y = 0 and & = 0 have fow
dl%)nct points of intersection given by

122322:353 -_-}2—).3:).3—&1:}\2'“)\1-

If M 7 he = N, the only intersections have z; — 0 zp = X T

and the conics are tangent at two points. If A = A = M #
the conics coincide.

@ e=2a=1 Tikee, = = ¢, = 1, and write @1, T %
for 2y, zu, 12. Then
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Y=2hom 4+ o Azl & = 2 19 + 28

[\ = X, the only intersection has z, = #; = 0, and the conics
have contact of the third order. But if A; 5 M, there are two
further points of intersection having

& = 2(;\2 - }\1)552, = — 4(X2 — l1)33‘2‘%’ p ‘\
LN\
NS ©

and the conics have simple contact at 2, = 25 = 0. « M
{) e = 3. Take ¢; = dy = 1, and omit the second sybseripts

on the z's, Then 'm.'\'\ 7
TEM@nm o)k 2nm, 8= 2m Gt ol
9.\

The conics have contact of the second Oﬂd@“}mﬁﬁim"“ﬁ’g’f@gﬂ
Cross at xg = 1; = Q.

L. List the canonical forms of pair.s’t;f.‘tillﬁmﬁc forms in four variables.t

2 11 4 and ¥ are any two n-rowéth square matrices, there exists an n-rowed
ton-slugular matrix X such thap, X’AX = N (whence 4 and N are con-
g or conjunctive) if and{only if the pair 4, 4”is equivalent? to the pair
b &, Hints: 1f they are é}nvalent, there exist matrices I and € such that
PAQ =N pig < ' LAld and subtract and apply Theorem 13.

A\

85. Purther mpplications of matrices to forms, available in

English. urwitz’s identity expressing the produet of a sum of p

i
Squares anda’sum of 1 squares as a sum of 7 squares.

¢  Bropiwich Quadratioc Forms, 19086, 46; or Hilton, Homogeneous Linear Substi-

“tms; W14, 105,

1899 elce the problem depends upor the singular case. Muth, Elementartheiler,
o 144-51. Encyolopédie des se. math., £. I, v. II, 4714, .

ApnF = %, Dickson, Annals of Math,, (2), 20, 1919, 1604, Hurwits, Math.

; alen, 83, 1622, i-25. Radon, Abhand. Math. Ramburg Univ., 1, 1!?21..1—14f

fDUnd the maximum # for a given » when the matrices ars real, Generalization to

°Fa of any order, Dickson, Congrés International des Mathématiciens, Stras-
g, 1920, 215-30; Comptes Rendus Paria, 172, 1921, 636—40, 1262,
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Forms expressible as determinants with linear elements.!

Frobenius’s theory of matrices whose clemenis are polynemials
in one variable; application to the equivalence of pairs of bilinear
forms.?

Equivalence of two quadratic or Hermitinn forms in a general
field

Singular case of pairsof bilinear, quadratie, or Hermitiau forms!

Weierstrass® gave a simple application of the theQny of pairs of
bilinear forms to the integration of a system of p-iipear differentis
equations of the first order in » variables with éonutant coefficients.

For applications of elementary divisors}tc\:f linear differentisl
equations. see texts on the latter subjech. !

. )
3617) Dickson, Trans, Amer. Math, Soc., 22, fg3%. 167-70 (24, 1923, 183; 02_%-41923’
;, finer, ,nLOUI. Mg A8, 1021, 102<34; Annals of Math., 23, 1921, -
~ O N ' A\ N/ !
Wwwﬁ%@féﬁ Ii_n%r%ﬁ?ﬂctio to Higher Alghbia, 1007, 262-264. Cf. Dickson, Algebras
and their Arithmetics, 1923, 168-174:\revised in the German edition, Zisich, 120,
*Dickson, Bull, Amer. Math. Souhi4, 1007-8, 108-115 (simplification of Trand.

¥

Amer, Math. Soc., 7, 1906, 275<202); Quar. Jour, Math., 3¢, 1908, 316-33.

*Kronecker, Berlin. SitzunfiBerichte, 1890, 1225-37, 1375-8%; 1801, 0-17, 33"’4?'
Simpler treatment by rational methods, Dickson, Trans. Amer. Math, Soc. 162
(10, 1009, 358-60). /4

“Berlin. Abhandl, (1875; Werke, 11, 75-76.

X\



CaaprEr VII
FIRST PRINCIPLES OF GROUPS OF SUBSTITUTIONS

The fundamental concepts of substitutions and groups will be

introduced in & very concrete and natural way in connection with )’

the solution of cubic and quartic equations. The reader will therg- ~
fore appreciate from the start some of the reasons wh}’*f‘%hése
concepts are employed. The deliberate presentation asnafnufner-
ous ilustrative exumples will enable the reader tacdigest these
somewhat abstract ideas. ’

N

66. Cubic equations. Of various rethods of solvin
Wi . dbraulibrary.org.in

1) £ -+ bat + oz —1;’d';=w0

we shall present the method whiclf‘iaést illustrates our later theory
of the solution of equations.Of any degree. If z, o, % are the

To0ts, then RN
.\'\\,.:
@) To=nKnt+ton=—b
231525’\515}:}0&34'%%4'172553:0; not = —0

Let wb S M .
@ Q‘\S\n'lmagmary eube root of unity, so that
3) \ G wotl=0, o = L

~O
) 4
\QS soon as we have computed the values of

(4) b = 7 b wes + o By \!/=x1+w2$a+m,
equations with the first

e can find the z’s by solving these linear
tions and get the value

one of (2). First, we add the three equa
135

N
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of 3z;. Next, we multiply them by «?, o, 1, respoctively, and add.
Finally, we multiply them by o, %, 1 and add. Using (3), we get

B=3o+d=b), @= ket op-b)

b

®) 25 = L wp 4 o § — b). A
To compute the values of ¢ and ¥, we employ ¢ Oy

®) = .o+ (04 o)X, 12 N

= (le )2 -3 ZI] Xa = A"iaﬁ """SC,

PP =2, ¢ —3) +{2,x1':1‘:2 Ty
() = 2(2 x1)=-92x;,'\’2’m 2 + 27m 3 % = By
\-.rww.dbrauliﬁ‘a?ym'gh*\“f 9bc — 2?@;3
(8 — W) = (& + V) ' J* = B — 44°
Hence ¢ — ¢* is equa.lnt.&}‘f;i;le of the square roots of B> — 44*
Choosing a particulargquare root and employing also (7), We gt
AN
7 3.}= 1 —_ Y3 =
(8) \\ _Q"IB + (Bg 44 ) ] T,
N V=3B - (B 44 =k
ThP: ,Qtib\e':roots ¢ and ¢ of g and 2 must be chosen 80 that
o = A'by (6}, We agree to obtain ¢ as a cube roct of g and thes

t{a@pute ¥ as the quotient A/ ¢.
j.}; If ¢ is & particufar cube root of g, the remaining cube roots are

~ :\ ‘wp and ¢, We therefore consider the functions
\ )
©) h1= wh =20t om + ot
V1=l =2+ ey ol 2,
(10) $2 = ot b = 2y + ity + o T,
Vo= @ =+ om + o 2
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The replacement ot  and ¢ in (5) by w¢ and oy, respectively,
has the effest of replucing 2, by s, = by =, and x3 by x2. This
operation is called & substitution on the roots {or letters) i, 2, 22,
and is denoted by (z, ) 1,). Such a cycle signifies that each letter
i3 replaced by the lotter written just to the right of it, while the .
last letter », of the evele is replaced by the first letter @, .

Similarly, the replacement of ¢ and ¢ in (5) by ¢ gnd
9 respectively has the effect of applying the substitition
{m T 28], :s.:;

I we had chosen the other square root of B ~ 44%)we would
have obtained ¢ = h, ¢* = g, instead of (8). The interchange
of ¢ and ¥ in (5) has the effect of applying ghe” substitution
(22;) which mterchanges z; with # and ledves a unaltered.
The replacement of ¢ by w¢ and ¢ by &1’ (5) has the effect
of applying the substitution {1 72). Fig&’lhﬁy-ﬂheamlﬁmmﬂé_iﬂf
¢by @ and ¥ by we in (5) has the,aftéet of applying the sub-
stitution e 2). ‘:‘ N

¢ may combine the essentialpatts of these results as follows:
If we have found & definite value 0f ¢ {and hence of ¢ = 4/¢) by
making a choice of the square root in (8) and then a choice of the
“abe o0t of the resul ingg, so that formulas (5) give definite
values for Ty, 2, 73, then‘a different choice of the square root or
of the cube root leads\0 new values of ;, &2, z; which are derived
fm{n the former Palies by applying a substitution on the roots.
T?HS conclusiod /might have been anticipated, since if we start
¥ith the cogffietents of the cubic equation and compute the roots,
we are abd erty to assign the notations zi, %2, &z to the roots
Ytangedin any order.

N
QY

EXBRCISE

Empk'}’fng the linear functions (4), (8), {10), verify that the substitutions
@ 24 22) and ¢z, 5, ;) replace ¢ and ¢ by ¢ and ¥, and ¢2 and s, Tespec-
tively, whila (%2 22} interchanges ¢ and ¥, (% 2;) interchanges ¢, and 4, and
(xl_xa) interchanges ¢, and y,. Also, (z 22) Teplaces ¢ aud ¢ by vs and ¢,
while (z, z,) replaces ¢ and ¢ by ¢ and ¢:, respectively.
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67. Discriminant of a cubic equation. The discriminant A of

a cubic equation in which the coefficient of x* is unity is defined

to be the product of the squares of the differences of the roots.

We shall compute it by means of the value B2 — 14% of (¢* — ¢*)'
in §66. Since the cube roots of unity are 1, «, and w? we have
= - —e) o) A

\ W
s

for all values of z. Taking z = ¢/, we see that,

. .\\
# == (6 — )6 — NP W ).
:'.\\';

From (4), (9), and (10), we geb N\
www dbraulibrary.org.in C\Y

& — ¢ "‘C?-d“"' o) (2 — a4},
(11) ¢ — w‘f( = (1 — w) (2 — 22},

¢--m :,9'* 1 — ) lm — x).
m\

We desire thﬂe\‘product of the squares of the three expressions
{11). By qge;lgf (3), we get

\l

'\“' {w~ o) = — 3, (1—-w)({l —w?) =23

He}lce B — 44% = — 27A. This gives
¢"\ '
\\“ (12} A = 18bed — 4b%d + B2 ¢ — 4¢% — 277,

Exerciges
1. The diseriminant of 28 + cx +d = 0 ig — 468 — 2742

2. Bhow that % ~ 27z 4 54 = 0 has & multiple ract by computing
discrimipant.
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& If we define tho discriminant A of azf + be? +exr +d = 0 %0 be
e P, where F is the produet of the squares of the differences of the roota, so
that P is derived from (12) by replacing b, ¢, d by b/e, ¢/a, d/ s, respectively,
show that A = 1%aved — 400 d + B2 e — dac® — 27at 42

4 M Dis ths diseriminant of the corresponding cubie form a8 + bety +
coyt + dif, show by (19) of Ch. I that A = — 275,

5. Ifa = 0and 4 # 0 (so that ¢ #< 0, ¢ = 0), verify by using (11) that
the six funetions (4}, {9), and (10) have six distinet values. In the Exercise in
§86, we gave » substitution which replaces ¢ Dby any one of the remaining
five functions. T'he identily substitution which replaces each root z: by itself
does not of course alter 4. Since therefore the six substitutions onjigé ‘three
Toota replace ¢ by six funetions whose values are all distinet, ¢és dalled a
six-valued funciion. \\

6. Bhow that also ¢ is & six-valued function. Why dogs it follow without
tomputation that each of the four functions (9) and (10348 six-valued?

WO a}cu!lhl}za ulibrary. orﬁ in
; re

68. Substitutions on n letters. The operation s whic aces
T by 2., by %, ..., 2, by T4 Whgré a, b,...,1 form 3
Permutation of 1, 2, ..., n, is called‘a\dubstitution on 2,7z, . . .,
o It is given the two-rowed notagion
(13 ce (TN _ (1201

) 8 (xaxb-:{msg\;) Gbl)’
.

where in the second form only the subsecripts are written. Since
the order of the eolitmins is immaterial, we may permute them in
ALY manner witlioﬁt changing the meaning of s.

To each pernfutation a,b,...,l0f1,2, ..., n corresponds one
a-.nd only gng substitution. Hence the number of distinet substitu-
tions on wletters 13 nl = p(n ~ 1) --- 3-2-L

Igstig‘zid of the two-rowed notation in (13), we often employ the
Od¢thwed notation of cycles ($66). The relation between the
two notations will be elear from the following substitutions:

(3533 N, (L1355)- amas.
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69. Product of substitutions. Given a substitution sin (13)and
another substitution ¢, we may permute the columns of ¢ in sucha
way that the letters in its upper row are the same as the corre-
sponding letters in the lower row of s. Then if

b [ W
ab -
(14) t=(aﬁ )\) O

. 7"\
the effect of applying first s and afterwards ¢ is ji¢ Same as the
effect of applying the single substitution 7\
o\

12 .- n 3,
15 =
(15) P=\ag - ?\)’.\\:

i gl ho et of s by Wo write p = ot The word
product is used here 1n the sense &f resultant or compound.

We may, of course, find th& pfoduct of substitutions each ex
pressed in eycles. For exaniple,

(12)(34) - (23) = (1’3&2), (23) -(12) 34) = (1243).

o\
To find the first Preduct, note that the first factor replaces 1 by
2 and the se;}d factor replaces 2 by 3, whence the product
replaces 1 by8; ete. Since the two products of our substitutions
taken ip:@i}ferent orders are distinet, we see that multiplication of
subs;ti\tx}tions is not always commutative.
],g{hén a substitution i3 composed of two or more cycles {on
Jdifferent letters), it may be regarded ag a product of commutative

N eyclic substitutions each coraposed of g single eycle. For example,

N
\¥
\ }

(12)(34) = (12)-(34) = (34) -(12).

Multiplication of substitutions is associative: st-v = 8
that the notation stv is unambiguous. Let s, ¢, and the product
st = p have the notations in (13), (14), (15). Let

v=(%% )
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Then
ab -1 12 - ny\_
w—(AB L)’ ‘3"“1’”"(}13 L)*S to.

From this resulé we readily deduce the associative law for prod-
ucts of four substitutions a, b, ¢, d:

O\

a-bed = alb-cd] = ab-ed = [ab-c}d = abc-d,

so that the notation abed is unambiguous. The assogigtive law
for products of any number k of substitutions is .re}(ﬁly proved
gimilarly by induction on k. Thus there is a gingle product of
k substitutions a, az, . . . , @z taken in a fixed-order, and the nota~
tion a1 @; -+ @ is unambiguous. In pa.rta\'%fa; if, the k factors
are all equal to a, their product is dengtgt\f: ' ylégﬁw{é'ﬁgu%r%;ﬂbi-
guity and is called the kth power of & «

R

70. Identity, order, inverse.\'The substitution which leaves
Ena.ltered each of the n leti@rs is called the identity and denoted
y 1. N
A substitution p is ‘S@Lid to be of order (or period) k if k is the
least positive integehsuch that p* = I. For example, (12} and
(12) (34) are of'soider 2.

If p = (12340, 1), p* replaces 1 by 3, p° replaces 1 by 4, ...,
and for § <% replaces 1 by j + 1, so that the order of p is not
less tha!l'?}Moreover, pr = I. Hence the order of a single cycle
on r leters is 7.

_~1f &5, ... are single eycles of 7, s, . . . letters respectively, and
K16 two of these cycles have a letter in common, then [gh ---]* =
a¥b* ... will be the identity if and only if a* = I, b* =1,...,
and hence if and only if & is a eommon multiple of 7,8 ... .
Hence the order of any substitution is the least eommon multiple
of the orders (numbers of letters) of its component cycles. For
example, (123) (45) is of order 6, while (12)(3456) is of order 4.
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Every substitution s has ap snverse s~! such that ss™ = I,
gt s = I. This follows from

aw -3 =)

N
Oy
Exercises O
1. Ii s = (123}, verify that & = (132), s* =1, ¢! = .5‘”
2, li sisof order &, 871 = s*2, . m\
3. A cyecle is not altered by a cyelic permutatian ui’its lesters.
4

If st = sr, then f = r. \\j

5. The mverse of {123 -.-v}is {r r —\L W 321).
www.dbraglibrary.erg.in v

71, Quartic equations. To salve

v’,

(17) :c4+b@3fa-i:cx2+d:c+e =0

!

transpose the last, th‘ree terms and complete the square on the
first two; we get\\

’.'\,(372 T+ ibe) = (M2 - )22 — dx — e
N
}\ vice of Ferrari (1522-1565) consists in deriving an equd
tifnin which also the second member will be a perfect squar®

Thls is accomplished by adding (z* 4+ Lbz)y -+ 1u? to each melr
»\ ) ber; we get

A

(18) @+ be + dy)t= (3% — o+ y)a + (Jby ~ )z + 1" ¢

Denote the second member by ¢g=rat sz 4t If it is the
square of mzr 4+ mn, then 2 =1, Zmn =3 n® =1 whencé
8t = 4rt. Conversely, let the last condition be satusﬁed ir=0
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then s = 0 and ¢ is a constant and hence a square. If r # 0, ¢ is

the square of +» -+ e~} Henee ra® + sz + ¢ is the square

of o linear funsiion of x if and only if s* = 4rt. Applying this

result to the second member of (18), we see that it is a perfect

square if and only if

(18) ¥ eyt 4 (bd — dedy +dee —Be— B =0, N\
'N\S “

If yi is a root of this resolvent cubic eguation, (18) impi,ié‘sf'

2+l =mr+n m\‘

arx? 4 Jbx + Ly = — ma — AN
N

_ Let 2, and =z, be the roots of the ﬁrst“g\giﬁh%gg qu%c!rg.tic equa-
 tions, and #; and 2, be the roots of the second. afﬂefx%?,’ Org-ing,

4te the desired roots of (17). Note that

(20)

*

Ll = fy — N, X =,§g}1 +n, @b T =4

If instead of ¥1 we employs another root ¢ or y; of the resolvent
cubic (19), we obtain e quadratic equations different from (20),
sueh thot their four raots are xy, T, T, 7 paired in a new manner.
The root, which is Paired with 2, is now 2z or z;. Hence the roots
of the resolver;t\zunbic (19} are

4 '\‘~
@L) 4 ﬁ%xz F B, =B BTy Y= DT LT

»T\‘[’é)aﬁlscriminant of (17) is defined to be the product of the
Huares of the differences of its roots. By (21),

-y = (@ — )@ — ),
(22) yr— ys = (m — x3) (22 — 24,

Yo — s = (m — 1) (% — &)
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Taking the produet of the Squares, we sce “"IEF’ the discﬁmﬁnﬁati);

@ quartic equation (17) 4s equal to the diseriminant of its resolve

cubic (19). .
Exercises

8 1 e
1. The resolvent eubic of z¢ -+ 1 = ¢ I8y — 4y ;f} _Hi’?fe\x"'-]-
the pairs of factors 2t + LA s Ur4l, 0 (-2 LN

2. The diserimingnt of T8~ Bt 2051 _ 24p o+ 9(" 086 zero, o thst
the equation hag a multiple root. RE 7 "

(17) iz & reciprocal éqitation, the r&sul;’e:i;“m
is (y — 2)[2 + 2~y + b 2c] = (. TheMael thet 2 isa V&iuroc&]iﬂ
of the s in (21) follows directly from the fapt:’bh:{t the roots are recip

w o s 1 has the
pairs, In perticular, taking y = 2, we ﬁnd.tlfaﬁ Tt Lttt
factors o2 4 31 + 8z 41

8. Td=1be=1,s0that

www.dbraulibrary.org.in

N

N
\
\/

72. Groups of substitutiond VA set of m distinet subsmtll:;ﬂ;’t?:
is called 5 group of order m i every praduct of two of them &
Square of each of them abe substitutions of the set. ou,

For'example, the Qf Substitutions on 7 letters form B; gf e
called the Symmgtric group on n letters, since the produc e
two substitution$.gn 5 letters and the square of any one of o
ate substitutidny on # letters, Again, if s is a substitution Of o
m, the subsfitutions Iis, g . gm1 form a cyclic group o

ingle
" generaled by 5. The identity group is composed of the sing
substitution 7.

Iall the substitutions
foher is called o, Subgrg

the
of & group belong to another group,
up of the latter.

Amg generalizg

eed 0ot
tion, we shall nex;, define a group whose elements n
be Substitutions, Ap abstract

ment
JTOuP 38 & system composed of a set of elemen
b, ... and a ryle of combing
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In our definition of & group of substitutions, we employed assumption (i)
glone. The asenciative law holda ( §60). If ais a substitution of arder m of the
get, then a™ = I and ¢ = o belong to the set. Hence for gets of sub-

stitutions, properties (i) and (iv) follow from (i) and Gi).

73. Group leaving a function invariant. Let 2, ..., % be dis-
tinet. By (22}, the three functions gn = 2122 + L Te Y2 = N1 % +
o, Yy = 2y @ -+ o o3 are distinet. Since 3 and ys are the only
other functions of the same form as g, it is to be anticipated.that
each of the 24 substitutions on 21, s, ¥, T+ TEplaces Y by ¥i %, OF Y3
and hence that 324 or 8 of them leave 3 unaitered!/To verify
these staternents, note that ¢ = (12) and b =313 (24} leave
217 - 3 &, unaitered. The same is therefore trug\of the products

v/

> 4

Y

X

c=ab= (1423), d=ba= (1324)3; o= ca = (14)(23),

{\W.dbl'a ibrary org.in

iy ul
be = (12) (34), ‘arbe = (34).
Hence g, is unaltered by the eightBubstitutions of the set

G = (1, (12), (34), (12)GD),
<Tj(33)(24), (14) (23), (1423), (1329)}.

Evidently substitufion (23) replaces y by y. Hence the eight
distinet producta'of the eight substitutions of Gs by (23) &ﬂ_ re-
Dlace ¢, by ygﬂSﬁnﬂariy, the eight distinet products of the eight
substitutiof)of Gs by (24) all replace 1 by gs. There Is no sub-
stitution(In’ common with two of these three sets of eight stb-
stitutigns, since they replace 11 by ¥n, ¥z Yo respectively. Hence
t‘“ﬁbgf‘ler they give all of the 24 substitutions op m, T2, Tay Tt We

nclude that every substitution on the &’s replaces 41 by Y1, ¥z
O yy, 80 that 4 is a three-valued funetion. Moreover, we COn-
clude that, @5 is composed of all the substitutions on the z's .w}’uch
leave y; unaltered. Henece every product of two equal or djstipct
substitutions of Gy is equal to a substitution of Gs, so that Gy s
group of order 8,
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We shall say that the function #; z, 4 25 2 belongs to the group
G5 since it remains unaltersd by all the substitutions of G and is
altered by all further substitutions on Xy, Tp, Ty, Ty,

We saw that all eight substitutions of Gs may bs obtained by
successive multiplications starting with a and » Hence the
group s is said to be generated by o and b,

O\
7'\
ExErcIsEs « N

1. Since 2 = m 23 + 23 7, is derived from # by interch;x%éﬁ‘ﬁg 7o and 2y
the group H; to which g, belongs is derived from Gy by inqm-.hanging 2 and 3:

I = 1, (13), (24), (8)(24), (12)(34), (14) @3)y/(1432), (1234)].
2. By interchanging 2 and 4 in (s, obtain tl}g Qc:up
wenddbratdinidly G814} (23), (13) (?%3',:}12) (34), (1243), (1342)}

to which 4z = m 2y + 2 24 belongs. ¥ind ‘two generators of this group.
i

3. Fori=um + g, — Xy — Xy wg’f!za;\:e 2 = 4y 4 B — 4e. Henees sub-
stitution leaving ¢ unaltered leavegealSo 4 unaltered. Show that ¢ belongs to
the subgroup {7, (12), (34), (123184)) of 6.

4. The six functions obfained from ¢ = % + wyp + o ys by applying the
8ix substitutions on g, Yo By are all distinet if 1z, . | ., 2, ave independent vari

?

ables. Then ¢ belon t0"the group ¢ composed of the substitutions on the
's which leave g, y?i}a simultaneously unaltered. Ilence & is the greatest
common subgmpp:af Gy, Hy, K;, 80 that
A\X
,\1“' G = {1, (12)(34), (13)(24), (14) (23)}.
Verify a\lﬁb\,éhat G is a commutative EToup.
5. &or three distinet 2’8, ( — @) (@ — z5) (5 — 23) belongs to the

{8)1‘0‘1? i, a = (123), (132)}. Verify also that thisis a cyclic group generated
oy a,

\ )
74. A!t.ernating group. A transposition is a substitution, like
(13}, which interchanges two letters and leaves unaltered the
further letters. Every substitution is a produect of transpositions.

'And in further cases. See Ex, & of §67.
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For, it is a product of cyeles on different letters, while a single
eycle with n letters is a product of n — 1 transpositions:

(123 .- —1a)= (12)13) --- An—1)(1n).

But the same substitution can be decomposed into transpositions
In varicus ways. For example, ‘O

123) = (12)(13) = (13)(23) = (13)(23) -(45).(4??’7-

Of the various decompositions of a given supstifution s into
transpositions, either all contain an even numberef transpositions
(and ¢ is then called an eren or pesitive subgtifution), or all con-
tain an odd number of transpositions (a &4 is called an odd or
}?fegatiye substitution). This is proved‘b‘ffwﬁ%fﬂ:&'aﬁﬁgamﬂ‘@m@
unction « \J

W

P= (2 — ) (& - ;)2 — @) oo (T %)
o —m) (@ — m) o (= %)
ANS S,
+\J ALns — L)y
\\ v (x 1 )
i which g, . . . ,aﬁ,, re assumed to be distinet. Any transposition

(2:2) with ; 2% merely changes the sign of P (see the preceding
EX 5). F Q{,}He factors of P which involve neither z; nor x; are
evidently inbltered. The factor z; — 2, involving both is ehanged

in sign{Phe remaining factors may be paired to form the products
N ) ] _
\”“;"i(ms—:ck)(z,-~—mk) k=1,...,n k=0 k#jl

Such & product is unaltered. Hence P is merely changed in sign.

Hence if s is a product of an even number of transpositions, it
leaves P unaltered. But if s is a product of an odd number of
Hanspositions, it replaces P by — P. This proves the above asser-
tion which justifies the terms even and odd substitutions.
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All even substitutions on n letters therefore form a group, called

' the alternating group on = letters. It is the group to which the

alternating function P belongs.

75. Theorem. If a group G contains an odd substituiion t, ‘edatily
half of the substitutions of G are odd. O

For, the products of its even substitutions by ¢ are -:I}stmct and
odd, so that @ contains at least as many odd bubsmtumons a8
even ones. Again, the products of its odd substitutions by ¢ are
distinet and even, so that G contains at leagh b.s many even sub-
stitutions as odd ones. The two results’shdw that  contains
exactly as many odd as even substitutions.’

It follows that the alternating group’on n letters is of order
Bl dBineei Hrdsyacsebigroup of thesymmetric group of order nl,
we have an illustration of the n,ext theorem.

76. Theorem. The order of any group is @ multipls of the order
of any subgroup.

Let a group G of- OMer * have a subgroup H of order s <7, 80
that @ contains@tbstitution g, not in H. Write Hyg, for the seb
of & substitutiens obtained by multiplying each substitution of
H by ¢.. 828 substitution kg, of Hg, were equal to a substitution
k' of H, then g, = k= k' would belong to the group H, contrary t0
hypothesis. Hence there are 2s distinct substitutions in the set
H Nﬁz, which denotes the aggregate of the sets H and Hp
If *= 25, the theorem is proved. If r > 2s, @ contains a sub-

\Stltu’ﬁloﬂ gs not in 7 or Hg,. As before, no substitution of Hfs
“belongs to H. If a substitution kg; of Hys were equal to a sub-
stitution &’ g» of Hgs, then gs = A1 b’ g, = #; g would belong 10
Hg,, contrary to hypothesis. Hence there are 3s distinet sub-
stitutions in the set H + Hg, + Hgs. Unless the latter coincides
with (7, we repeat the argument using a new substitution g

If 7 is & group on = letters, its order does not exceed »!. Hence
the above process terminates and gives
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G = 1f -+ Jlg 4 Hos + - T How

Thus @ is of order » — su. This integer w18 called the index of

under G. -
ExXERCISES N\
. o ! e N
1. The order of any group on n letterals 2 divisor of nl. \{}

ution of & group G divides the or

der of G{ 4
N\ ¢

3{‘)})‘&13}(24),

4 Thealternating grouyp on 4 letters is composed of I, (1? )ﬁ}
(14)(23), and the eight cycles of three letters.

;bgr\ emh-
5 fﬂrm g 011[) Of
3 A“ Hle Subﬁtitu;i@nb £ommon to tiwo EIO’JPS ”a\\'

2. The order of any sabsiit

3. Hence a group of primne order i eyelie.
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Cusprer VIII
FIELDS, REDUCIBLE AND IRREDUCIBLE FUNCTIONS\

This chapter presents certain concepts and elementary thedrems
which will be needed in the Galois theory of equations:\' \

77. Fields, adjunction. A set of complex numbeis is cailed a
number field if the sum, difference, product, and’guntient (except
by zero) of any two equal or distinct numbexrg"af the set are them-
selves numbers of the set. Examples weregiven in §28.

All rational funetions of one or morng&[‘iables with coeffisients

vin g dhreblébriisidoterin a function field. In the Galois theory of
equations, we employ a field R{k . , k) composed of al
rational functions with mtioqa]ﬁ;goéfﬁcients of %y, ..., hum, either
all of which are constants, orcertain of which are constants and
the others are given furgeiii,bhs of specified vanables not neces-
sarily independent. ,For example, R(3!) is composed of all
numbers AN
\< o a + 535,

O\ ¢+ 431

in which(dy b, ¢, d are rational numbers and ¢ and d are not
both zero! Multiplying numerator and denominator by ¢ — a3,
w%%ee that R(3!) is composed of all numbers ¢ + f3* in which
eand f are rational. Henee R (3% z) is composed of all rational
L (\functions of = whose coefficients are of the form e + f3¢ with
\ 3y " e and f rational.
The elements, whether numbers or funetions, of a field are coB”
veniently called quantities.
Although the set composed of the number zero alone satisfies
the above definition of a number field, we shall exclude it and
hence agree that every field F containg a quantity ¢ #= 0. Hence

1a0



§78] GUEYATEST COMMON DIVISOR 151

Feontains q/q =~ 1, ' 41 = 2, ete., and thercfore containg all
rational numbers. In other words, the field £ of all rational
numbers is a subfield of every field F. The foregoing field
Blky ..., kn) i5 ssid to be derived from R by the adjunction of
byooiy by to BOTF on o< m, Bk, ..., kx) iz derived from
Blky ..., ky) by the adjunction of Bty « o vy B

N
(NN
"N\
Exercises )
{ ™% .
L& = — 1, every number of BG) can be expressed in theform % - %,
where ¢ and f sre retiopal numbers, »"\g

2 R = Rz,

5 Writer = 844, & = — 3 4 1y Then R{) = Rfw) = B(a?).

L s =it9) R, 2 = Res). Hint: i 9= — 3

% WEx. 4 R(s) i derived from R ) by adjeiiing 5 DTOrY-org.in

78. Greatest common divisor.. Bet f(z) and g{z) be poly-
ROials in x with coefficients in% field 7, such that g(z) is not
Weatically sero. Lot the divigien of f (2} by g(x} yield a quotient
¢} and a remainder r @) whose degree is less than that of
g{z). Similarly, let th&\fiii?fsion of g by r yield & quotient & and
2 remainder s whoge degree in « is less than that of ». Proceeding
n this manner, leg ;"

"\u
f=%+’r, g=?'6+3: ?"‘—:3{:-1*8, S=td’

Where théf:fgurth remainder has been assumed to be idelntica]ly
Eer?:\ tostnplify the notations. Since a,r,b, ... were ol.:)tamed by
m‘@“ﬁl Operations, all of their eoefficients are quantitles‘ of F,
1y common divisor of f and ¢ is seen in turn to be a divisor of
» % and ¢, By employing the equations in reverse order, we see
f%l&t' bis & divisar of 8, r, g, and f. Since ¢ is a divisor of f and g and
Since any common divisor of them is a divisor of £, we call ¢ a
freatest ¢ommon divisor of f and g. It is determined uniquely apart

Q"
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from a factor belonging to F; in particular, there is a siugle greatest
common divisor having unity as coefficient of the highest power
of =.

The displayed eyuations give in turn

r=f— ga, s =gl 4+ ab) ~ fb, .
{ =:f(1 -+ bC) — g(a + e =4+ abc)_ \"\".\

TaroreM 1. Any twoe polynomials f(z) a-nd:{f@:), not both
identically zero with coefficients in o field P, hapb{d unique greatest
common divisor d(x) whose leading coefficienti iy unity. All of U
coefficients belong to F, and there oxisi tzKo; polynomials u(x) ond
v(®) with cogfficients in F such that \x‘\

www . dbraulibrary.o

&) = u (@) f(m)—i-‘b‘ (2)g(z).

The preceding discussionfapplies also when f and g denote
integers. Let g be positi¥d. Then the division of f by ¢ yields
an integral quotient{&and an integral remainder r such that
0= r <g. Hence j‘&nd g have a unique positive greatest com
mon divisor, In ease it is unity, we eall f and g relatively Prime.
Hence we hagb,

AN/ :
- THE:Q EM 2. If [ and g are velatively prime integers, there exisl
tntegerstd and v such that uf 4 vg = 1.

"\'f}'; 79. Roots of algebraic equations. Cousider an equation
2N

Vo f@=atamit . 4o =0

When n = 3 or 4, we found formulas in Ch. VII which express
the n roots of (1) in terms of the coefficients ¢, But when n > 4,

no such formulas are known except for special equations like
@ —e =1,
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What shall He meant by roots of (1) when the coefficients ¢; are
independent complex variables? In that case the method (§78)
of finding the greatest common divisor of f(z) and its derivative
7'(z) leads to = final remainder r(e; , ..., €.} which is free of z
and is not zero identically. ¥or, if f(z) =z* — 1, then
fg) =na"and r = — 1. Let C, ..., C, be constant values
of ¢y, ..., o guch that »(C4, ..., C,) # 0. Then the resulting
function (1} has no factor in common with its derivative, \ahd\
equation (1} has n distinet roots. Since the polynomial r i s.gon-
tinuous function of the ¢’s, we have 7{cs, . .., €z) £ 0 farall sets
of values of ¢, ..., ¢, for which each difference ¢; < Cx is suffi-
ciently small in absolute value. For each such €6 of values of
€y ..., s eguation (1} has n distinct roots Xy,'..., X, and
each X, is known! to vary continuously \y{t\}a%? ¢’s vary con-
tinuously. These numbers X; are therefare ‘the values W afeon-
tinuous function x; of ¢, ..., e, for thése values of the ¢'s such
that each difference ¢; — Cis sufﬁcjgnﬂy small in ahsolute value.
These functions , . . ., 2. are called the roots of (1). In brief,
the root values may be assemblédh into root functions.

If the ¢; are not independent variables, but are functions of
tertain verisblos »; such that 7(cy, . . ., ¢.) is not zero identically
In the v, the pmcediﬁg\idiscussion remains valid if we consider
only sets of values Ofyci, . .., ¢, which are obtained by varying

he v; continuousl§?;”

_80- Reduf;i'!iil\.ity. A polynomial in one variable z with coeffi-
tlents in &ﬁal’d F is called reducible in F if it can be expressed as a
broductnof*polynomials in z, neither a constant, with coefficients
I P W's irreducible in F if no such factorization is possible.
¥or example, 2? — 4 is reducible and 2? — 2 is irreducible in
thefield R of rational nuymbers. But 22 — 2 is reducible in B (2}).

According as f(x) is reducible or irreducible in F, the equation
f(z) = 0is called reducible or irreducible in .

M‘Weber’s Lehrbuch der Algebra, ed. 2, I, 1898, 148. Cf. Coolidge, Annals of
ath,, (2), 9, 1008, 116-8.
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TuroreM 3. Let f(x) and g(z) be polynomials with coefficienis
in a field F and let f (x) be irreducible in F, If one roci e of f(z) =0
satisfles g(z) = 0, then f{z) is a divisor of g ().

The greatest common divisor diz) of f(x} and g{z} s not a
constant, since it hag the faetor  — «. By §78, the coeflicients'ef
d(z) belong to F. The quotient of f(z) by d{z) is a constant,
since otherwise f(z) would not be irreducible in . “Hence
d(z) = ¢f(z), where ¢ is a quantity independent ofz“belonging
to F. But d(z) divides g(z). Hence f(z) divides 4{®)-

(v
EXERCISES

O
1. A root of an eguation irreducible in F doé not satisfy an equation of
lawan.degresurible goeiBeiemts in F. N\

2. Anirreducible cquation fix) = 0 has no multiple root. Hint: Consider
F) =0

A

3. Two equations each u'redunible in F are identical if they have & com-
mon root.

4. 24 4+ 1 is reducible ipy’ any field which containg one of the four nurabers
23, (2%, &= (— 1}3\0 = (14 4)273 but iz irreducible in all other
fields. Ilints: Its luﬁ!a.r factors are & + p and x £ p~, while its pairs of

guadratic factors are A, 2+ 20 £ 1, 42 + 2Hx — 1.

81, Gausé's Lemma If a polynomial f{x) with miegmi coeff-
cients, gi\m}\of the highest power of x being unity, is the pmduct of twe
polﬂu{mﬁals with rational coefficients,

al

~'\':'.’ ¢(.'L') =x‘m+b1xm—1+ "’+bm:

o o

¥(@) =a + ezl 4+ - ey

then these cocfficients are all integers. ‘

Let the fractions by, . .., b, be brought to their least 13031@"&
common denominator B, and write b; = Bi/B,. Then B
By, ..., By are integers having no common integral divisor >L
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Similarly, fet ¢; = /0, where Co, Ciy ..., Cx are integers hav-
Ug 50 common divisor > I, The theorem is obviously true if
Bi=1, Cy=1. Next, let B, C, > 1. Multiplying the mem-
besof f = ¢ ¢ by B, s, we get

2) BaCofixy = gh, O

where O
Q:ngm+8.xm—l+...+3m (.}‘:

ho=(yzn +Craent O w'\\.'
Letpbea prime factor of B, €. Since p dividesyeach coefficient
o the _IEft member of (2), it divides each coe%q‘l}mt of gh. Not all
ﬁﬁefﬁ‘men.ts of g are divisible by p. Let Byhethe first cpefﬁcient of
7 bich is not. divisible by p. Let C, béhg Bili abiMeientong, f
12h?ch 18 not divisible by p. The tosatcoefficient of zm+»~i~* in
fit 13 N
‘B Ck_zﬁﬁrgwt Com 4+ Bi Oy
+Bi C:.u:{—f* BioCrp 4 -

1 : ’\‘"': . W
Slﬁcﬁe By, B, .. .,,J%&nd Crety Cosy ..., Cp are all divigible
Y, while B, ¢, i:s\"rjo’t, the preceding sum is not divisible by p,
tontrary to the ;l\blqvé.

N\v
;\\“" Exwrcises
a I; Gau,s’s:ﬁ Lemma for the esse m = 1 shows that if an f:quation zr 4+
x]bx A +\" * + @, = 0 with integral eoefficients, that of the highest power of
{93; unity, hae a rational root, that root is an integer.
at&?. A Integral root of the equatien in Ex. 1 is an exact divigor of the con-
Bbterm a,. Fint: It divides all icrms except the laat.
5 3. Show that z* — 2,05 ~3z 4+ §,and 22— Tr + 7 are all irreduc&ble_in t.!}e
elg & of rational numbers. Hint: 1f such & cubic funetion were reducible in
ci} it would be the product of a linear and & quadratic function with coeffi~
"M iz B. Apply the theorems in Exs. 1, 2.
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82, Trreducibility of x*~A.

TreoreM 4. If p is @ prime and if A is a quaniily of a field F
such that A 1s not the pth power of any quantity of F, then a? — A 18
frreducible tn F., -
An imaginary pth root of unity is given by \
AN
p = cos 2x/p + isin 27/p, O
gince p* = 1 by De Moivre’s theorem. By the‘ same theorem,
pt= 110 <1 <p Heneel, p, ¢ ..., pPl\are all distinct and
give all the pth roots of unity. Thus if\xdenotes one roob of

x? = A, all its roots are given by AN
www.dbraulibrary.org.in RS
(3) T, o7,y p?'T) fv".’: p'p—l .

Suppose that z» — A has &;ffénctor F(z) of degree { <P with
coefficients i F, that of y}rbéing unity. The product of the roots
of f(z) = 0 is, apart froln sign, equal to the constant term.
Hence p° 1! belong&ﬁo F. By Theorem 2, therc exist integers ¥
and z such that t\y+ pz = 1. Hence F contains

”'; :(Ps rr.)'u' = pw pretl p rAz = . A‘,
¢ '
wherr;j:\ﬂiés one of the roots (3). Sinee A is in F, also v’ is 10 F.
IT%?}ET words, A is the pth power of a quantity r’ of F, contrary
o pothesis. This contradietion proves that z» — 4 is srredicible

SNin F

74

e \ W
\ s

\;

The theorem is illustrated by Ex. 3 of §81.

83. Irreducibility of the cyclotomic equation. If p is a primé
the equation

2 |

o =TT a1 =0
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has 2s its Toots ail the imaginary pth roots of unity. As a general-
ization, the cquaiion

TiP —

fy =t o gt oz k120 (=)

xb —

has 8¢ its Toots all the primitive peth roots of unity, viz., 1oots of

* = 1 which do not satisfy x* = L. O\
Let p be an arbitrarily chosen primitive p*th root of umify.™
Then p?, g7, ..., pt? = 1 give all the ¢ roots of #* = 1 The
remaining ¢ = ép — ¢ powers of p, with positive exponents
@y G, ..., 1, loss than tp and not divisible by p,"afxé‘ roots of
fz} = 0 and give all its roots. \4

For example, if p* = 9, ther ¢, % o° give’théfoots of 22 =1,
while p, 2, % o5, 4, of arc the roots fgidbraRlipriry. érmind
are the primitive ninth roots of unity. ’

Suppose that f{z) is reducible in the Yeld of rational numbers.
Then by Gauss’s Lemma, f(z) is thie“product of two polynomials
6z} and ¢ (x), neither a consbant, having integral coeflicients,
such that each has unity as the coefficient of the highest power of
z. Since f(1) = p, we hate)p = ¢(1) ¢(1). Since p is a prime,
one of these integers, sé}&\b’(l }, has the value +1. At least one of
the roots ™, ., g% f f(z) = 0 is a root of ¢(x) = 0; hence

A%

.‘.\'§"€5(p”‘)¢(p"“) - p(p) = 0.

Here iy \ﬂ%ﬁi‘bitrarily chosen primitive p*th root of unity and
hence iy one of the roots of f(z) = 0. This proves that the
function

N P(z) = 68 G™) - #(™)

vanishes when ¢ is replaced by any one of the roots of f(z) = 0

(which has no multiple root). Hence

P(z) = f(z) - ¢(®);
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where the polynomial quotient g{z) has integral cocflicients since
the leading coefficient of the divisor f{z) iz unity {or by use of
Gauss's Lemma )}, Taking x = 1 and recalling that (1) = p, we

et
X A
o)l =(+ 1) = p-¢(1),

t\ ®

e\
where ¢(1) is an integer. Since this is impogsible, x\v:\h ive the
following A

NG

Turorem 5. The cyclofomic equation f(x) K@/\whme rools e
the primitive p*th roois of unily, where p s g\}k@me, is irreducible in
the field R of rational numbers. p O

\V
www . dbraulibrary.org.in EXERQIS,E’é

1. Forpt =3, f(z) =22 4+« —1-1“‘ Tor p* = 2, flz) = 22 + 1. Verly
that these quadratic functions am‘u—redumhle in ¢

2. Torp* = 5, f(z) = z* 28 a2tz 4 1L Verify that it is irreducible
in R by discussing /() —~(z“ +az +#) (22 + bz + 7).

'\J



Cuarrer IX

GROUY OF AN EQUATION FOR A GIVEN FIELD

84. Introduction. With a given algebraic cquation we shall
associate a cortain group G of substitutions on its roots. The,

theory was initisted by E. Galois," who was killed in a ducl in 1833.))

st the age of 21. In a later chapter we shall prove that the chyua-
tion is solvable by raclicals if and only if & is a group of therkind
enlled solvaible and shall conclude that the general @qiiation of
degree five or mote is not solvable by radicals. In apother chapter
we shall apply our theory to various questions i{npred in elemen-
tary geometry and, for example, prove that BT popsibleito
trisect ¢very angle with ruler and compasges.

85. Equal functions of the roots. .,Cj)éns“ider an equation
S flxy=2+a :c’:“li’lli;" oo =0

whose coeflicients are funct'@ns of certain variables v; In §79
we explained the sense,infyhich (1) has n roots which are fune-
tons of the o, N\

Two polynomialgyy’ and ¢ in the roots &y, ..., Ts 21€ called
eul if they hayd the same value for all sets of valuesof ¢, .. ., Ca
employed therelin defining the roofs .. In case ¢ and i are
tational futﬁidns of the x;, we impose the further restriction on the
¢ that tht; denominators of ¢ and  shall not be zero.

}‘:G shall call ¢ and ¢ distinet if they are pot equal.

¥ .
o example, consider the reciprocal quartic equation

2) ot b oo+ ba?tar+1=0,

M- nuscrits de Galois, 1908,

1
Jour, de Matls, 11, 1846, 381-444; (Euvres, 1897; , 190%
4, 1897-8, 332; Seientifie

.; U sourees on Gulois's life, see Bull. Amer. Math. Soc.,
Monthly, 1921, 15975,

159
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where @ and & are independent comaplex varinhh o Sinee the
reciprocal of any root is also a root, we may chonse e notations
of the roots so that x, r, = Lnr = 1. Henee the w0 functions
Turz aml oy ry are equal. Thus the rational frenetinn: oaodind
x ez are equal. Again, for

e ndr— 1y - g, yo=nir b
we have "~

& (ZJ‘:) IZJ‘HI:‘f ’z’\a‘l\

Henee the functions & and 2 — 44 4 D Ao,
I the function ¢ ix derived from IJ\. hpblying the b ttution

son oz .o ryanlaf @ oand ¢ oare (‘(]I\I\Hl the foreginme enae, we
shadl suy that @ ix unaltered by thl“-sldwtllutlun 3

Wwwldhmm‘bf'ﬂﬁf@rgnl L1E i i red by the two <gictizations

\
,‘\‘,

C(L3) (210 and (14247, but s uI{‘md by (143,

86, Function of the n‘root‘; with n! values, In aurtoniv of an
eipistion firy Q) nhiq,ru MW ey asstne wilhont el lose
uf wener: ahty thut .UN' Horeuts are distinet. (4 lyerwy o o) and
i dertvative f k{j '\\tmli have w greateal cotuaon dis ier gir)
ot o oeonst: ull\mul oo girYy 0 has no multiple peot and o8

windjalied I:\. 4~\mr\ rost of ey - 00 Menee o 't fie) {1 b the
shiatinet r-\t\t-t.r

Po \d

oy T Wy "Ih‘l” [Hroye

Qﬁ}l‘nu:u Vo There vryat tlegers oy, L omy quch that

I"t\) | - M T, b

@

e I L T +

gitrs rier o nt ol o, funetiome 1

I I apphied L .

s when the nt oghetigtee: <M

The sbarript | ey e
tent by b oanatem] of i

Forn w2, we Hiay luh ntly take §7,
war Jiacyseed i By D

s that we detote the identity stz

- I II‘I]I' Copmet -4
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For any n >~ 1, we are to prove that we can choose integers
m. .., #. which sutizly no one of the p = nl(n! — 1)/2 equa-
tons 1V, = V.. where s and ¢ are distinet substitutions. If 2 is
the identity nral 7= (21 ), the equation reduces to my = ma, £\
and this is the +nlv one of our p equations which involves only
myand w110 oot satisfied if my = 0, ma = 1.

Next, et =] flenave 2y, ..., T unaltered. If and ¢ rcplat\?l}}
B, oo by o, und T4, Xa, T, respectively, then r';'“'}«!'"

becomes

| my s, b omer, 4 omaTe = My Ta -+ Ma X 9N

A ¢
AN

O
5

Fauations of thi= (vpe are the only ones of our puqaations which
invobve anly o, me, my. Since the case in-lifch ma does not
oecur was Lreated Before ' s . thavk #c. Form, = 0

s e Jd hefore, We may (ssume f"l{afww.ﬁebraulibrary.org'_in
my = 1, the di-played equation reduces,o

o -—.?:}'
: my = w3
| T — X:

AN T t
Henee we clionse g ma@l fabtoger which i# distinet from each o
these Fractions, finitesin hunibet.

Next, let sl glbade 15, . oo e unaltered, but replace xe by
dlﬂhn'llt Ttal s, ;l?‘i}l":ﬂll ={, m = l’ fl“" for a chusen lnu.“rd
falue of iy, 17071, expresscs my as 8 {ractional function of the
ronts, "h*\{#cf a8 M, oy integer which is distinet from ench of
these fr:u‘;i\uns,

Ih“t\huf'tln::l step of the proof we emplo
'hi: } 3

chlter roand choose m, as an integer ¢

. .
fite mumber of fractional functions of the rvots.

y submtitutions and ¢
listinct from each of

EXEHCISES

) The toots of P+ 2743+ 1 =0 are 1T =1, = =0
Bhow thar ;. - sm, 1, in mix-vahied if my Qs dustinet from 0.1, 26 1 20

Fl 4, wnd hence if my = — | Thusalso 5 = 5 is suxvalued
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Denote the six substitutions on 21, 23, £ by
Ie=(12),b= (13), e = (23}, d = (123), e = (132},
Compute the following functions and verify that they are distinet:

Vism—a=144, Vi=mm—2,=2i, V.=u1—z =1—g\

Vaz""VI, I”dz‘—Vb, Vg=—Vc, '\\
£ \” s .
2. Iz, ..., 2. are independent variables, the function {3} hasr! distinet
values if my, . . ., m, are any distinet constants. g

87. Galois resolvents. Let s, ..., s, denot  the substitutions
on %y, ..., %, where 7 = n! and s is the identity substitution.
Let Vi be the r-valued function (3). ¥ we apply s; to V1 and then
apply s to the resulting funetion V.{3)we obtain V., where
8; = §; 8. When k is fixed, but j tak}s the values 1, 2,...,7
then' '%&Eglsﬂé & same values in squ;’ﬁew order. Hence s; merely
permutes Vi, ..., V., amongsts themselves. The elementary
symmetrie functions of thes®¥V’s are therefore symmetrie func-
tions of w, ., ., x,, and héﬁee are polynomialg in ey, . . ., cs With
integral coefficients. Yot F be any field containing e, . . ., tw
Thus the coefficients of\the polynomial defined by the expansion of

) P(V).%\}f — VIV = Vy) - (V= Vi)

are quantifiedin 7.

If P(¥)Nis reducible in F, let G(V) be that factor irreducible
in Pf¢rywhich G(V1) = 0. But if P (V) is irreducible in 7, take
G (I hto be P(V) itself. In either case, G(V) = 0 is an equation

‘.:\fiﬁh the root Vi whose coefficients belong to # and which is
~\arreducible in F; it is called a Galois resolvent of equation (1) for
\/ the field F.

The corresponding resolvent of the equation in Fx. 1 of §86

for the field of rational numbers is evidently

GV)=F~-T)V-V.)=V: -2V 42 =0;
but for the field R (;), the resolvent is V-V =0
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TurorEM 2. Lot ¢ (21, . .., a) be a0y polynomial, with coeffi-
clents tn a field F, in the rools Z; of an eguation with coefficients
in F. Let s be any substitution on the rools and let i replace ¢ by
¢, and Vi by V., where Vi is the nivalued function (3) with in-
tegral coefficients. Then
(5) b = dk_.-(}i-)_’ N

P (Va) Ay,
PR\
where A is @ polynomial with coefficients in F, while P’ isthe deriva-
tive of the polynomial (4) whose coefficients belong fv‘QTF ) whence
PV, = 0. Thus ¢, is the same rational funciienns(Vs) of Vs
that ¢ = ¢y ¢s of V1. ’

Let r = n!, I = s5,. Evidently sz permuﬁgsfs\ﬁx, .v., @1, in the

same manuer that it permutes V1, .. -4 ‘Té.&wlieﬂ%ﬁlﬁ?aﬁrff%%gﬁ%i“

P(V) N P(V)
® Y = (V) o8y,
) AMY)= ¢ v Yl"d-::' + ¢ V-7,

are merely permuted amongst thern selves by any substitution on

‘2,...,%. Replacing(B{V) by the product (4), we see that
AV becomes a pob& .1 7 whose coefficients are integral

' " omial 1 ] ¢
rational symmefzie) funetions of Zi, ...y T» with coeflicients 10
in F. For V =1V, each

F, and hence’afe equal to quantities

fraction in 4B) becomes zero except that with the denominator
V — valt in the quotient of the product @4)yby V-V, we
takej{*é V,, we get the value of the derivative of () for V. = Vs

Henee®

\ ) MV, = ¢ PV,
In case the degree of the Galois resolyent @ (V) = Dis less than n!, we may
eXpress the numerator and denominator of ¢ = h (V1)/P’' (V1) as polyno-
mials of lower degree in ¥, by means of G (V) = 0. Letr (V1) be the resulting
fractional expression for ¢.. It does not nOW follow (asin the last part of the
theorem ) that we can apply aby substitution s to the members of the relation

é1 = (V) and obsain a correct relation ¢, = ¥ {V,. To obtuin the latter
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we would need to reduce the fraction (5) by means of G (V,} = 0, which
however is not known to hold unless s is one of the specis] substitutions for
which ¥, is a root of G(V) = 0. For the remaining substitalions ¢, V, isa
root of a factor, other than @ (V), of P(V)in (4). This discussion brings us
1o a eritical point in our theory and indicates the care which raust be faken in
its development,. A~

88. The group of an equation for a given field. Let E be a
field containing the coefficients of an equation (1) those roots
&, .., & are distinet. Let the roots of a Galois resolvent
G(V) = 0 of degree g be O
AN
1) Vi Ve Voo, Vo NN

x.\\.f
in which the subscripts denote the substitutions on #, ..., Za by
Wil RS WS B @lived from TR

TueoREM 3. These g substitut’z‘ﬁins

L

®) e, b,... p

form a group G, ca’l(eri\the group of the given equation (1) for the
field F. L\

We: are to prove that the product rs of any two equal or distinct
substltutm:rm”} 8) is one of those substitutions, Take V, as the
functiong.in Theorem 2. Then

7\

R\ = ATy B NS
:"\:::. r P,(Vl)) Vrs = (Vr)s = P_,(Vs):

\ W

N/ wherfa x(Vy :-.md P(V) are polynomials in V with coefficients in
F. Bince V. is & root of G(V) = 0, the equation

AY)
i) =0
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is satisfied when V' = V1. The product of the left member by the
gth power of P/ {V) is a polynomial & (V') in V which vanishes for
V = V) and has quantities in F as coefficients. Hence ( §80) the
root V, of the equation G (V) = 0 irreducible in ¥ is a root of
H({V) = 0. Bince P’'(V,) = 0, we may divide H (V,) by the gth
power of P’ (V,); we get

O\
AV} A\
= YT =G Vﬂ . \
0 G(P'(Va) (Vo) \S
Hence V.. is one of the functions (7), so that rg\;s one of the
substitutions (8). \%4

w\J
Exampre, For the field B of rational mmﬂa O%E%?Hilgjaﬁl 3 _fiﬁ‘ +
242 +1=0wasscenin §87 to have the tv\%ﬂts 1 80 }F llg-ﬂ'e%c',e the
group of this eubic for Ris |1, {(z2#;)}. Buf fe¥'the field R{i), a Qalois re-
solvent is ¥ — ¥; = 0 and the group is tha identity.

89. Characteristic properties vy aud B of the group G of a given
¢quation for a given field Fa, -

A. If o rational fung&z’bk with coefficients tn F of the roots of an
equation with coeflicients in F remains unaltered in value by all of
the substitutions of the group G of the equation for F, it is equal to a
quantity in F. S\~

Let ¢/ !.ffb'e\zi quotient of two polynomials in the roots with
GOEfﬁCientgziﬁ F. The coefficients of the equation are of course
restricted Yo values for which ¢ = 0. We have formula (5) and

similarly
V)
N Ve = prvy

Where ;(V') is a polynomial in V with coefficients in F. Since
Y15 0, u(V,) # 0. If s is any substitution of G, then Vs 7~ 0.
For, if #{(V) = 0 has the root V,, it has also the roct ¥, in com-
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mon with the irreducible Galois reselvent (V) =0 (8§80}
Hence the functions

® 7\—({,2 (s=1ab, )
Ve r(V,) A
are defined for each substitution s of the group &. O\

Suppose that these g functions are equal, or in othm:\'jyords that
¢/ is unaltered by all substitutions of G. Then(n'}"

?:l{w l(._l’:9)+___ 7\@}
¢ g eV ua(V) S S (Va)

. AN

e ARESREPFAEMRES 18 4 rational sxmjsfétl‘ic funetion with coeffi
cients in ¥ of the roots (7) of G(¥")*= 0 and hence is equal toa
rational function of its coeﬁipiént%, which belong to F. Hence
¢/ ¥ is equal to a quantity iql:}i y

B. Conversely, if a ratiogkl function of the roots with cogfficients
n F 4s equal to a quaplily in F, it rematns wnalicred in value by al
of the substitutions, aj‘{\j.

Let o/y =‘7:,\-\here risin . Then N(V)/u(V) — r vanishes
for V= Vi ~Hence the equation V) — rp{V} =0 with
coefﬁciepts'iﬁ F is satisfied by every root ¥V, of the irreducible
equat?i,c\igﬁ(lf’) = 0 ($80). Hence

“:" T = R(Va) = 28

:\' #(Va) ¥, (s = 1, Grb;-'-?‘p)!

50 that ¢/¢ is unaltered by all the substitutions of G.

Since an nl-valued function V, with coefficicnts in a given field
{7 can be chosen in an infinitude of ways, there are infinitely mans
Galm? resolvents G(V) = 0. Our definition of the group G o
the given equation for the field # was based upon a single sucb
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resolvent, which is determined by the special ¥y chosen. But
different functions V; lead to the same group. In fact, G is uniquely
determined by the given equation and field F. This is a consequence
of the following

TrEOREM 4. The group of a given equation for & given field F isy
uniquely defined by properties A and B. \
First, suppose that H = {1, r,...,m} is a group for whie
property A holds. Then the coefficients of >

n
‘~

p(Vy= V=V = Vo) - (V— Vb

being symmetric functions of Vi, Vi, ..., Vi dre unaltered by
the substitutions of H and hence are eqqquho quantities in F,
Since the equation ¢ (V) = 0, with coefBIRE tt!PPraxinuitg. e
root V; of the irreducible Glalois resolvent G(V) = 0, it admits
all of the roots (7) of the latter ( §8Q). Hence l, g, ..., p oceur
among the substitutions of H, sowhat & is a subgroup of H.

Second, suppose that K =41, p, ...t} is a group for which
property B holds. Then the Galois function G(V1), being equal
to the number zero of Fjremains unaltered in value by the sub-
stitutions of K, so th{é\ -

0.2V = G(V,) = - = 6T,

Hence V,, .72y, V. occur among the roots (7) of G{¥)=0.
Thus K is\a.\ subgroup of &4,

It H”; K is a group for which both properties A and B hold,
the $wo' results show that this group coincides with G
\:xtﬁ’vhaw of its repeated application helow, we state the result

) 3

Btained in the second case as the

Tarormy 5. If every rational function of the roots with coeffi-
clents in F which is equal o o quantity in F is unaliered in value by
eery substitution of a group K, then K is @ subgroup of the group G
Jor F of the equation.
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60. Transitive and regular groups. A group of substitutions
on T, ..., %, 15 called transitive if i contains subslitutions s;
which replace , by z;for¢ = 1,...,n. Then it contains a sub-
stitutions; ! s; which replacesz;by x; A group which is not transi-
tive iz called dnfransifive. A transitive group of crder » on n
letters is called regular. \

The symametric group on % letters and the group O\

O  G= (1, (260, 08)@), 1 ey

L

on four letters are both transitive. The latter 'iizfé'glﬂa-r, while the

former is not if » > 2. But {I, (12), (34)) (12)(34)} is an

intransitive group. O

www dbraulibrary.org.in A .
HEOREM 6. The order of any trapsgizve group G on n letlers 18

divisible by n. OO

All those substitutions of G,’ﬁhich leave «; unaltered form &
subgroup H. Since @ is tralisitive, it contains a substitution 8
which replaces z, by z;. Hence

G ng}-i- Hsy + Hsy + -« - Hs,,
&
where every gu})\stitution of the set Hs; replaces x, by s and
hence is d}s\tinnt from each substitution of any set Hs; having
j # 1. Neb, every substitution ¢ of ¢ is in one of the sets Hse
For, @i{:replaces #1 by z, then 5,7 leaves z, unaltered and hence
is satﬁubstitution h of H, whence ¢ = hs,. Hence the order of @
'iS:.'the product of the order by H by 7.

£\

/7N
%
\ }

THE?OREM 1. If an equation ds irreducible in a field F, its group
for F is transitive, and conversely.

Let f{z) = 0 be. irreducible in F. Contrary to the theorel
suppose that its group @ for F is intransitive and contains sub-
stitutions replacing z; by a,, z, .

., Tmy but none replacing 1 oY
one of x4y, .

-+ 1 Zn. Consider any substitution s of G and let
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replace z; (i = m) by z; Since ¢ contains a substitution ¢ which
replaces z; by x;, it contains s which replaces =1 by 25 Hence
i £m, so that s permutes 2y, . . . Tm amongst themselves, and
leaves unaltered any symmetric function of them. Hence property
Aof §89 shows that the coefficients of the polynomial in z given .
by the expansion of R
A\
g(x)E(m—a:l)(z-—xg)---(:r-—xm) O

are quantities of #. Thus f (z) has the factor giz) in.E,”ébntrary
to its irreducibility in F. R

To prove the converse of the theorem, let G bbAransitive and
suppose that f(x) is reducible in . Then f| x)has a factor ¢(x)
of degree m < n with coefficients in F, bicll that 15{@) = 0 has
the root z;,. Since ¢ (1) is equal to the .ml\ﬁ'i SPER B ¥y pitpérty
B shows that it is unaltered in value by every gubstifution of G.
Sinee G is fransitive, it contains a, gubititution replacing = by any
chosen x; {{ = n). Hence 9{{%:} =0, In contradiction with
m < n. N

Exavpin. Find the gmupmG\of 45 — 7z + 7 = 0for the field B of rational
numbers, N

Bince the equaf,ion’ 13 irreducible in B (EX 3, §81)) e tmnﬂitlw. By
§67, the square of \ N

{16} '\ ¢y = {z — =) (2 — x3) (Ts — )

ig the d.lS(h\mihant. 49 of our cubic equation, so that ¥ 18 equal to & numb»_ar
+ 7 af ‘B,’.\'bince any transposition replaces ¢ by — ¢ and hence aliers ¢ in
value,\ithis not in G by property B. The two results show that @ = {I, (123}
@),
EXERCISES

‘L ¥or any field P containing the coefficients of an equation having a ra-
tional root 2, and no multiple root, each substitution of its group lesves &1
unaltered (by property B). If & root z; is not in F, the proup contains &
substitution which alters z;. Hence prove that the group of (x— 1) +1)
(£~ 2) = 0 for the field R of rational numbers is the identity. But the
group of 2 — 1 = 0 for B is of order 2.
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2, The group of 2* — 9z + 9 = 0for R is of order 3. Hint: The value of
(10) is here & 27.

3. Thegroupof 8 — 2 = O for R (w), where  ic an imaginary cube root of
unity, ig of order 3. Use (10).

4. The group of x* — 2 = 0 for R is the symmaotric group. For, if it were
the alternating group, (10) would have a rational valne.
8 Find the group Geof z* +1 = 0 for R. AN
Hints: By Ex. 1, §71, 51 = & 2 + 23 24, s, and y; are thédistinet roots
0, £ 20f y* — 4y = 0. Properiy B shows that cach substitution s of G lesves
¥y ¥z, and y; formally unaltered. By Ex. 4, §73, s belurigghto’ the group (8).

Sinee 2* + 1 is irreducible in R by Ex. 4, §80, G js.fxarsitive and hence of
order Z4. Thus @ = G, \Y;

6. The group of #* + 1 = 0 for R({) is of ordep 2,
Hint: The factors 2 & 1 show that the {‘q@ is an intransitive subgroup
wo\ff \Q&bl‘aulibrary,org,jn \ ’ }

T If aez® + @ znt -+ 4 g, = 0_Has” rational coeflicionts and is ire
ducible in R, then N

{a) If there is a complex roqtbf absolute value unity, the equation #8 8
Teciprocal equation of even degres.

(b) 1f there is a root + "% where r is rational, then n is even and the
roots may be paired so that the sum of the two of any pair is 2r, whenee
T=—a/ha) patticular, if r = 0, the equation involves only ever

N
AN

powers of x, W

{¢) If there is,m}tmagina.ry root & + bi such that a? 4 52 is rational, thet
7 is even and tHe.# roots may be paired so that the product of any two U,fn
pairis a? 08018 4 is a Bquare Toot of a? 4- b?, then p*= a./m. Replacing
« by py, me'obtain & reciprocal equation in y.

8.<§1§3‘§mup forRof d+ w22 4 2 11 =0isa eyclic group of order
4. Itjs irreducible in R by Ex. 2, §83.

.\': 9. Let@ be the group for F of an equation irreducible in F whose 7 10068 87¢
~\. rstional functions f; {r) of one root r with coefficients in FF for ¢ =0, 1, -
\ ;} 7 — 1. Prove that ¢ iz a regular group and that Sfilfi(r)] i a root.

. 91. Rational functions belonging to a group. Consider 2 %
tonal function y (y,...,%,), with coefficients in a field F, of
the roots of an equation with coefficients in F. Let G be the
group for F of the equation, Let 1, a, b, ...,k be all those sub"
stitutions of & which leave ¥ unaltered in value. Simce ¥ — ¥
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has the valus zero, we have ¢ — o = O by property B. Hence
b = ¥, 50 that ab is in the set 1, a,..., % which therefore
forms a group H. We shall say that ¢ belongs to the subgroup
Hof G

Exameie. Tet #; and 2, = — 7 be two roots of #¥ +1 =0. Tpe ox_ﬂy
substitutions of its group (9) for B which leave z:* unaltered are the 1d.efg1xt\y
and (12)(34). Hlence they form the subgroup to which ,® belongs. ™

Conversely, let H be any given subgroup of G. Let ¥y be any
nivalued funetion of the roots with coefficients i, and let
Vi V..., Vi be the functions obtained from¥p by applying
the substitutions of H. We may choose an integef r such that

%723
= (r— V1) {r— Va) 'i»zr:\}:(a?:_’cﬁ)rgﬁhbl'ary.ot'g.in

belongs to #. For, if s is any substitgéiaﬁ of H,thens, as, ..., ks
are distinet and are in H, and hente form & permutation of 1,
& ...,k Thus ¢ is equal to N

b= (r =V = V) - (= Vi)
Q

But if ¢ is & substitafioh of G which is not in H, then ¥, is not
dentieal with v fom all values of r, since V, is different from Vi,
Vaooo, Vi A&1n §86, we may choose an integer » such that
every such apds distinet from . Then ¢ belongs to H. This
proves N &

TH‘.E:(;}EM 8. Every rational function  with cooffitients in F of
.ﬂ%"@‘)ts of an equation having the group G for the field F be_longs toa
definite subgroup of G. There exist such functions ¢ belonging to any
Ussigned subgroup of G.

We next prove the important supplementary

on ¢ with cocflicients in F of the
ongs to @ subgroup
lace y by exactly

TrEoreM 9. If a rational functi
r00ts of an equation having the group G for F bel
H of index w under G, then the substitutions of G rep
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u distinet functions, called the conjugates to ¢ under (. Theyare

the roots of an equation with coefficients in F wivich is irreducitle
n I,
Asin §76, let
N
(11) G=H+Hgp+ Hgs + - + Hy.. O
'S
Let 2 be any substitution of #. Then g\

!Phﬂ"j = (’&h)ﬁ'{ = ljbg,‘- = 1,!"/”;\.'\:'

80 that ¢ takes at most % values under @ If y; = y; fOI‘.Z": <1
then ¢, = ¥, where p = g; g, is a @bstitution of & leaving ¢
wietaltbred | HATdT KO8 s in H. Thef y: — pg;, contrary to (11).
Thus ¢y, . .., 4, are distinct. . &)
Any substitution s of ¢ mergly permutes ¢, . . ., ¢, amongst
themselves. For, g;sisin @3a1d hence by (11) may be expressed
in the form kgy, where k isih H: then

(\g’\j}\= Vo0 = dng, = Vo = ¢

Hence s leayeéshun.ltered their elementary symmetric functions

which arepdpart from sign, the coefficients of the polynomial

:t\”
UDO" 90 = G- —y) - @ — )
O

Therefore these coeflicients are quantities in F by property A.
~\J T g(y) is reducible in F, it has a factor ¢(y) with coefficients
’ In F which is zero for ¥ = ¥1. By property B, t(ys)} = 0,---»
t(du) = 0. Thust = g, 80 that g (y) is irreducible.

ExaMrLE 1. The group
T = —1 The conjugste
5 — &; they are the rogts

CoAP+atat1=0frRis (] )7
580 ¥ =2 — 2 under @ are gy = ¢ and Y2
of * — 2y + 2 = 0, which is irreducible in A.
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Bxaverz 2. The group G of 2t +1 = 0 for B(i) is {J, s}, where s is a
product, of two transnositions. See Ex. 6, §00. Writexy = o, 7 = io, 2 = — 0,
7= —ip, whore p = (1 +4)2-3, whence p* =1 Then s = (13)(24).
The conjugates 1 and »; to 2; under f are the roots of 32 = i = 0, which is
irreducible in & (i} since thia field does not contain p.

Tuporem® 10. Let ¢ be a rational function with coefficients in, ¢
F of the roots of an equation whose group for F is G. If ¢ rematns
unaliered by all those substitutions of G which leave unaltered gnother
rational function ¢ of the roots with coefficients in F, tkenﬁ{u”equal
to o rational function of ¥ with coefficients in F. a3

Let H be the subgroup of G of index % to which 'li/}b\elon.gs. By
means of (11), we obtain the u distinet conjugd@sys, . . ., Yu t0
¥ = ¢y under (. Sinee every substitution ,h\\?f H leaves ¢ un-
altered, each product hg. replaces ¢ by“i .‘\VF£j ?Bhlgﬁ'rth%rgfﬂ‘)f
of Theorem 9, any substitution s of G replaces ¥; by a certain
¥, and likewise ¢; by ¢s Thus, ifuf{y) is defined by (12), the

7

fractions in R\
d1 D é Pu
My = U © A, e
) g(y)(y_&%ﬂty_wj + )

)
are merely permutediby s. The second member is equal to a
polynomial A (y) cach of whose coefficients is therefore unaltered
by every Substi’m}ti'c;}l s of G and henee is equal to a quantity in F.
Taking y1 =795 y, we get (as in the proof of Theorem 2)
7 \W

QO b = AD/T W)

N\Emgi»fptm:, Let ¢ be an nl-valued function ¥,

only“substitution leaving ¢ unaltered. Since it
Heoremn 10 states that every rational funetion

expressible ag a rational function of Vi with coefficients in F. This ff)]lows

frfom the like property in §87 of the polynomial numerstor and denominator

oL ¢,

so that the identity is the
leaves every ¢ unaltered,
¢ with coefficients in Fis

is due to Lagrange.

*The - . ind dent varisbles
cape in which the rootas are incependen 111, 37488,

Nouv. Mém. Acad. Berlin, années 1770-1, §§ 100-4; (Buvres,
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92, Effect on the group by an adjunction to the field. Let G be
the group of f(z) = 0for a field F containing the coefficients. The
field F' = F(y) composed of the rational functions of ¢ with
coefficients in F is said to be derived from F by adjcining ¢ to F
(§77). I the irreducible Galois resolvent G (V) = ¢ for the field
F remains irreducible in ', the group for ' of fiz} = 0 isevi-
dently G. But if it reduces in F’, let G'(V) be that fadtor of
G(V) which has its coefficients in F’, is irreducible (in"“F’, and
vanishes for V = Vi, Then, if Vi, Vo, ..., V; arc\the roots of
@' (V) = 0, the group for F' of f(z) = 0 is by)definition ' =
{1, a, . . ., k}, which is a subgroup of G. The former result may
be combined with this since a group is indluded among its sub-
groups. Hence we have AN
www.dbraulibrary.org.in '\ <

Taroresm 11. By an adjunction o) the field, the group of an
equation is reduced fo a subgroup.,

Exampre 1. For the field R of rational numbers the group of @ + 2* +
z+1=0isG = (I, (23)} iz denotes the root — 1: hut in the enlarged
field E (i), the group is the identity (Example in §88). Note that the adjoined
quantity € = 3 belongs £ the identity subgroup of @.

+ )

Examprs 2, The up for B of ot 4+ 1 = 0 ia @,, given by (9). In the
notations of Ex. 2§91, the group for R(3)is Gy = [, (13)(24)}. The latter
is the subgroup)of Gy to which £ = 7 = 22 = — 2,2 = ~ z2 belongs.

These ezamplés illustrate also the important

A

Tagonem 12. Let @ be the group for F of an equation with coefii-

clepts in F, Let H be the subgroup to which belongs o rational func-

Gon ¥ of the roots with coefficients in F. By the adjunction of ¥ 9o F,
\ “the group of the equation is reduced from G to H,

1t is to be proved that H has the characteristic properties A
and B of the group of the equation for the field F’ = F (¥)-
Evidently any rational function ¢ of the roots with coefficients 10

n ¥,
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Tirst, let ¢ be unaltered by all of the substitutions of H. By
Theorem 10, ¢: (which is unaltered by H) is a rational function
of ¥ with coefficients in . Henee ¢, = ¢ isin F* = F(¢), so that
property A holds for H and F'.

Second, let ¢ be equal to a quantity r in F’, namely a rational ,
function 7(¢) of ¥ with coefficients in F. Then ¢ — r(¥) 18 4
rational function of the roots with coefficients in F having the 'vﬁhm
zero, and hence is unaltered by every substitution of G 4nd, In
particular, by the substitutions of H. The latter leave r(¥)
unaltered and therefore also ¢, = ¢. This proves p\ererty B for
Hand F’.

D
x{r’\.}w_dbrauli - O E. ]
1. By the adjunction of 23, the group Ga of 5+ 1 = 0for HET Y Hedlda
to the identity group. O

2. By the adjunction of an imaginat 3, dube Toot « of unity, the growp o
for Rof 22 — 2 = 0 is reduced to thelgytlic group s (Bxs. 3, 4, .§90). Verify
tht & = 4,/7, belongs o the group€s. By the further adjunction of 24, the
Eroup is reduced to the idenEiQ’.

3. Find the group of {Q—*:? 4+ +z+1=20for R(BY.

ExERCISES

93. Group of t\hé"é&nefﬂ] equation. Let the coefficients €1, - « - »
¢x of (1) be indépendent complex variables, Let 21, ... Ts be the
roots in thegense of §79.

TI{EQ’Y&M 13. The group of the general equation for the field F
de?”(m%hed by its coeflicients and any constants finite in number 13
“the-symmetric group.

Suppose the group is H = i1, 8, ...,k which does not con-
tain the substitution s. Apart from sign, the elementary-symme’mc
funetions of Vi, Vg, . - ., Vaare coefficients of the Galois resolvent

and henee are equal to quantities in F. Henee if r is in F,

- V= V) e 6= VR
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18 equal to a quantity in F. Asin §91, we may chopse an integral
value of r such that ¢, is distinct from . But ¢ iz in # and he:nce
is expressible rationally in terms of the symlinetric fugct-mns
€1, - -, ¢n Of the 2’s and is therefore unaltered by s. This con-
tradiction proves the theorem. ~

94. Further results. By an elaborate analysis, Hilber M proved
that if f is a polynomiel in &, ..., @, 4, ..., & with integal
coefficients which is irreducible in R, it is alwayd Phssible in an
infinity of ways to assign integral values to the>i; such thal f
becomes a function of the z; irreducible in 2N Tt ¢ (z) = 0 be an
equation in  whose coefficients are polynonyiils in 4, .. ., t, with
integral coefficients. We can assign inpégral values to the ¢; such
Ihab dbeaumseltingreguation in ¢ has\the same group for R
¢(z) = 0. Applying this to the gencral cquation, we conelude the
existence of an infinitude of equations of degree n with int_egl'ﬁl
coeflicients whose group for RYs'the symmetric group. Similarly
for the alternating group, Bhe last two results have been proved
more simply by variousgriters.? .

A beginning? has béen*made on the problem to find all equations

S

of degree n with B\p‘@eécribed group, with explicit results forn = 3
and 1 = 4, \

An equation 'whose eoefficients are rational functions of a com-
plex variable'% has s group which contains as an invariant sub-

group phg}hbnodromée group composed of the substitutions on the
rootg&hich arise when & describes a closed path in the complex

{ .\NIJ;)U:' tir Math., 110, 1892, 104-29. In 6f“erﬂigt Finska Vetenskups-Soo. For-
proved that integral walues may

) assiened to the i such that decomposes into exactly as muny irreducible factors

83 when the ¥ are varisbles,
*Weber, Math, Papers Chicago

Congress, 1896, 401-7; Algebra, ed. 2, I, 1895
653-5. Maillet, Jour. de Math., (5

3, 5, 1804, 205-16. Bauer, Jour. fiir Math,, lgg‘
1907, 33-35; Math. Annalen, 64, 1907, 325-7. 8chur, Jahresher, Deutseh. Math.
Vereinigung, 29, 1920, 14520, Furtwangler, Muath, Annalen, 85, 1022, 34-40.

. }E. Noether, Math. Annalon, 78, 1918, 2210, Seidelmann, 5., 230-3. Dreueh
ibid., 88, 1922, 108-13 (cyelic sexting).
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plang.t Similsrly there is a monodromie group of & linear differ-
ential equation obtained by using linearly independent integrals
{instead of roots as before).

The group of & system of algebraic equations has been con-
gidered ®

The groups of a reciprocal quartic®and De Moivre’s” solvable
quintie? have been found. )

The group of the equation for the nine abseissas of the points.o:
inflexion of & plune cubic eurve has been treated fully By) the
author. A more elaborate discussion is required for the 27straight
lines on a cubic surface or the 28 bitangents fo & plape quartic
curve, v \

The Glalois theory has been extended to ordir}a,ry linear differ-
enfial equations' and to complete system‘@mgqiya%déﬁg-

- N

.

ential equations, 2

Miller, Blichiclds, and Dickson, Finito Gloups, 478-81. Hermite, Comptes
R-endus Paria, 32, 1851 ((Buvres, 1, 276-80K “Erobenius, Jour. fiir Math., 74, 1873,
254-72. Kneser, Irredueibilitit und Manodromiegruppe alg. GL., The515: ]'?,erl.u‘_l,
1885; Math, Annalen, 28, 1886, 125-328Hurwite, #4d., 39, 1891, 23. Bianchi, Feoris
dei Gruppi di Sostituzioni, 1897, 318233, Baker, Annals of Math., 14, 1912-3,
119-36, Ritt, Truns. Amer. Math, Boc., 24, 1922, 21-30.

$Weisner, Bull. Amer, Mat-];:ﬁbc., 30, 1924, 314-6 (concept due to Konig, Math.
Annalen, 18, 1881, 69-7TIL L™ .

*Dickson and Dirgery bmr‘ Math. Monthly, 15, 1908, 71-78, 85-87. Miller,
Bhf}hfeldt. and ])ickson,’ Yinite Groups, 1916, 291. Criteris for irreducibility of a
reciprocal equation, 6 degree 2n, Dickson, Bull. Amer. Math. Soe., 14, 19078,
426-30 P\

"Phil. Trags.Diwidon, 25, 1707, 2368-70.

*Birger,\dfadr. Math. Monthly, 15, 1908, 1714

K Mﬂlar‘z%chf eldt, and Dickson, Finite Groups, 10186, 32
18, 19143 50-66.

y L83, 343-75. On pp. 375-7 is & brief aceount of the groups of further peome
Aaliprablema,

Picard, Traité d'Analyse, IT1, Ch, 17. Loewy, H. We

27,

“Veasiot, Annules Se. Feole Normale Sup., (3), 21, 1904, 1-85.

7-42: Annals of Math.,
i

ber Festachrift, 1912, 195~



CrartrEr X

EQUATIONS SOLVABLE BY RADICALS Q

05. Historical note. Euler, the leading mathematician{of, the
eighteenth century, believed that every algebraie egigtion is
solvable by radicals. Beginning in 1799, Ruffini published several
attempts to prove that the general equation of cje‘g}ec > 4 is not
solvable by radicals, employing substitutions en the roots, His
final and simplest proof? is essentially the safubis that now known
as Wantzel’s simplification? of Abel’s preofs” but he gave only a
trivial dlrlft as i%]‘ba“{ wa q]fnprf)of ?f the auxiliaty th_eorr:.m, now known
a5 Abe 8, that, if"an §quat10n is solvabile by radicals, the roots can
be given a form such that all the, ridicals occurring in their ex-
pressions are rational funetions’ef the roots [and roots of unity,
with rational coefficients]. O v

Abel’s® proof of the lagt“theorem has two defects. As noted by
Sir W. R. Hamilton,“mt{ie nth root of ¢f p* is in general of order
higher than p/=. TRKis first defect is best remedied by ignorizg
Abel's unnecessa:r}\cla,ssiﬁcation of radicals. Second, Abel’s proof
is vitiated by the*oceurrence of roots of unity and is remedied by
adjoining tovthe field at the outset all kth roots of unity, where k
takes t@e;‘ytajlues of the indices of all the radieals involved in the
exprps\s’iﬁn for a roat y. .

Bu\} to give & sound proof of the impossibility of solving the

_general eguaticn of degree > 4 along the lines of Ruffini and Abel,
\"\} we must Introduce the ideas of groups of substitutions and adjune

lgllgiﬂessioni intorno alla sobuzione delle equazioni algebraiche generali, Modensd,

2 Berret, Algtbre, IT, eds. 4 or 5, 512,
*Jour. far Math., 1, 1826, 65-84; (Buvres complites, I, 1881, 66-94,

4Trans. Royal Irish Acad.. 18 - i i
o i, Royal Is » 18, 1839, 171-259. A very eomplicated recons

178
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tions to fields, which served Galois in his far more general theory
of the solvability of any equation.

96. Solvability by radicals. The four rational operations are
addition, subtraction, multiplication, and division.

An algebraic equation is said to be solvable by radicals if all of
ite roots can be found by rational operations and extractions of a
root, these operations being performed a finite pumber of tjyies‘~
upon the cocflicients of the equation or upon quantities obtained
from them by those operations. Every cubic or quartic eqiation is
solvable by radicals in view of Ch. VILI. One of our ghﬁef alms Is
to decide whether or not every equation of theMifth or higher
de%(:e is solvable by radicals. O ¢ indi

e above definition permits the use thé operation of finding
oze of the pth roots of gequantity previﬁﬁﬁ‘dﬁ?ﬁ%ﬁaﬂw Bl ot
the use of the operations of finding all it th roots. The use of the
latter operations would imply a knowledge of all the pth roots of
unity, whereas one of our aims is@d prove that, when p is a prime,
they are all expressible in terms of radicals whose indices are < p.

The solution of an equafion solvable by radicals is usually ac-
complished by the solupioh ‘of a series of auxiliary equations the
roots of any one of whieh ean be found by rational operations and
100t extractions performed upon its coefficients and the coeff-
tients and rootsef-the preceding equations of the geries. In order
to focus our aftenition upon a particular equation of the series and
to have &*ﬂ\iaﬁﬁiale phraseclogy, it will prove convenient to employ
the following generalization of the foregoing definition of solvabil-
ity byyadicals.

“Anequation with coefficients in &
tobe solvable by radicals relatively
can be found by rational operations
formed upon ky, . . . , km Or upon qua

those operations. )
For example, x5 = 21 is evidently solvable relatively o R{p),

where 5 is g particular imaginary 13th root of unity.

field R(ky, -+ -  Fom) shall be said
to that fid if all of its roots
and extractions of a root per-
ntities derived from them by
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97. Resolvent equations. Let 7 be the group for a Held F of a
given equation f(z) = 0 with coefficients in . A vational funetion
¥ of the roots with coefficients in F belongs to a certain subgroup
H of index u under . By Theorem 9 of 8§91, ¢ is a root of a re-
solvent equation of degree u with coefficients in /. Assume that
this equation is solvable by radicals relatively to F. By adjoining
its root ¢ to F, we obtain a field Fy, = F(y) for which the)group
of f(x)} = Oisnow H( §92). Assume that suceessive sueh adjune-
tions lead to a field F; for which the group of j(&)-= 0 is the
identity. Then the roots all belong to Fz by property’A of §80.

The assumptions just made will be showan-to hold true when
f(2) is 28 + ba? + cx 1 d, if b, ¢, d are Igdependent variables,
aaldFlst field B (o, b, ¢, d), where o =)— § + #(- — 3)t is an

i laulil%rbal Yoot fiumty By §93, C} is the symmetrie group
Gﬁ on the roots =, @, 2. To t.he cychc subgroup C; belongs the
alternating funetion

8= (n - x’:i,')(l'a — @) {05 — a1},

whose square is the digsriminant A of the cubic. The resolvent
equation 9= A ig so’l}able by radicals relatively to #. Adjoining
d=AltoF, We\Q\btacln a field Fy = F(9) for which the group of
our cubie equdtion is ;. We employ the linear functions ¢ and ¥
of §66 andfecall that, in the exercise following it, we verified
that thesabstitution (132) of ¢, replaces ¢ by wg and ¢ by -
Th ar}l‘ the substitutions of €, leave ¢ and y* unaltered. The
latter are equal to rational functions of § with coefficients in F

\,){"l‘heorem 10 of §91). The computations in §366, 67 give

=4HB+30(=3)1 =y, g =3B - 30(— 3] =
¢ = b — 3¢,
where B = Qbc — 25° — 27d. The resolvent equation ¢° =@

where g belongs to the field FL=F (9), is evidently solvable by
radieals relatively to F,. In the enlarged field Fp = Fl(g})
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the group of the given cubic equation is the idenfity group to
which ¢ belongs., Hence its roots z; all belong to Fy; their expres-
stons in terms of quantities in Fs are given by formulas (5) of $66.

98. Group of a resolvent equation. In our Iater discussion of
the solvability by radiesls of the resalvent cquation defined at the 4
beginning of §97, we shall nced its group. Let ¢ belong to the
subgroup i of index » under G. In §91 we proved by means \01'\4\

\

(1) G =H+Hg+ Hgs + -+ + Hpu \
that o is one of exactly u distinct conjugates undqr~i§h§ group G:

(2) ¥y Yo Yogs -« s Wg}::w.xcll{Qﬁuhbrary_org,jn

W

and that any substitution s of @ replacesj;ﬁhese by
{3) ’J/a; ’:{/rrzs; \pnaar;j::":; “r/ﬂu”

which are mersly the functioné.’"’@) rearranged. Henee to any
substitution s of (¥ on the lgbters i, . . . , %, there corresponds the
substitution O

{4) ¢ ‘__‘s(B\’;;ﬂ'g T ’1&% ) = (‘;’ﬂ'i )

':’x"";/a i,bgza"";’ﬂ'us Vpﬂ,'s
N 4

on the « l‘ett,e\r:s'\.(?). Similarly, to ¢ of G corresponds
W
~:\ r:(’p"" )E(%”);
NS Vo, ¢ V27
~O
Whete in the upper row of the final symbel we have adopted _t.he
order (3) of the letters (2). This is permissible since a substitu-
tion is not changed if we rearrange the columns in its two-rowed
Lotation. The produet or therefore replaces ¥y, by Vosee and
hence i3 equal to a substitution of type (4) which s derived from
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(4) by replacing s by st. In other words, the set of all substity-
tions (4) is a group I, This group is transitive since s may be
taken to be any g,.

THEOREM 1. To each substitution s of G curresponds a fabque

substitution o defined by (4). AU such substitutions o formadransi-
tive group T, PN N\

If to £ corresponds 7, we saw that to s correqun.(i‘sx& 7. Inother
words, the correspondence between substitutiens of @ and those
of I' is preserved under multiplieation. For:,"t;h:is reason, G and T
are said to be {somorphie. According as theMorder of G is equal fo
or exceeds the order of T, Gis called siv@ly or muliiply isomorphic

ol
. NN\
www.dbraulibrary org.in )
Exanpiz. Let 6 be the alter

nating.group on the independent varisbles
T 00y 2. We have ™y

G =G+ ) + 6, (23),
G = (7, €12} (34), (13) 24), (14) 23)}.
The indicated substitut{éns of order 3 replace ¢ = (2, — ) (s — ) bY

¥ = (21 ~ 2) (2 2&)and ¢ = (7, — 50, — zy). Each substitution of

G leaves ¢, g, 06 s unaltered.! Hence ¥ belongs te G and has oply three
¢onjugates undan G." We have

< D=l Whw), ol

For, to e':b:ch substitution of ¢, Corresponds the identity of I'. To all subr
Stm{t:ﬁhs of the set G,(234) therefore corresponds the same substitution
(}@\ s) of I'. Henee @ is (4, 1) isomorphie to I
s ) )
O EXERCisEs
L I @is the

SYmmetric : . fom, I' =
U, (). ET0Up and ¢ is the alternating function
2. Tf G is the

Symmetric group on =z, . . n o= oot
T2 Ty Yy, 1y is th, 1y s Ty the group T'on

€ Symmetric Eroup of order 4,

! This was shown in Ex. 4 of §73. Ses (22) of §71.
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3. I @isthe syrnetric group on =, T2, 3, and if ¢ is the six-valued function
u+ et 22 + wrs, I is simply isomorphic to @ (ef. §67, Ex. 5).

4, The group T is identical with that obtained by using another rational
function ¢ belonging 1o H and having its coefficients iu F. Hints: By §91, ¢
ia rational function r () of o with coefficients in F. By property B, ¢ — r{y)
is unaltered by every substitution 1 of &, whence ¢, = r(.). Hence to any,
substitution on the w letters (2) eorresponds the same substitution on the
distinet letters o, @ups - - oy g, The converse is true since we may uth-
change the ridles of ¢ and . A\

5. Give snether proof that T is determined by @ and H alone, {{Hd\is inde-
pendent of ¢, If 5 is any substitution of &, prove that the praglﬁcfé' of the u
setain (I} by s on the right are the same sets rearranged, and thit the result-
lng substitution on the u sets is the same as (4) apart.fufin the notation of
the letters operated on.

wytgdbraali brary.org.in

99. The special importance of the group I is due to
TuEorEM 2. T s the group for F of e resolvent equation

6 g = G- S ) G = k) =0

with coefficients in F. Herewp; denotes ..

To prove that I Has the characteristic properties A, B of the
group of (5) for ¥ (iote that any rational function E (¥, .. . Y )
W}th coefficients 0/ F' is equal to & rational function 7{Z1, .. . ; Ta)
with coefficienisin F:

\W

(ﬁ) ":\ R(’&l;-*-:\{’u)“r(xh--°!xﬂ)=0'

oy
&

N -
\im;ce this difference is equal to the number zero of F, it 15 unaltered
¥ every substitution s of the group @ on 2y, . . . , Tn. 10 § COTTE-
sponds 4 definite substitution o of the group I' on ¥, .-+, Yu.
ence

(7) Rg(k"l;--'!\t’u) _"rl(xl:---sxn) =0
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First, let R be unaltered by every substitution of T, so that
B = R, forevery o in I Comparing (6) with (7), we conclude
that r = r, for every sin G. Hence by property A for the group
@, r belongs to F. This proves property A for the group I'.

Seeond, let R belong to . By (6), r belongs to 7. Hencg.by
property B for the group @, r, = r for every s in ¢. Then biyN6)
and (7), B, = R for every o in I'. This proves property,B Jor the
group T O

Since I'is transitive, equation (5) is irreducible(iai}f':'

o‘~\:
100. Invariant subgroup. Let ¢ belong tbi IE@ subgroup

ANY;
b= 1, hz,:g.;}hp}
of @. Let & and s be any subsfii;ﬁtib;ls of H and G respeetively.
Then £ = 5 ks leaves ¢, unaltcred, since s replaces ¢. by 1{':
h leaves ¥ unaltered, and sweplaces ¢ by ¢, Conversely, if ¢ i8

any substitution of @ whieh leaves ¢, unaltered, so that ¥.: = ¥e
then 24

www.dbl'aulibral'y.oré%n: {

¥ !"’x\ _ 1
atRK‘;.'«' Vo1 = ¥1 = o, sts=t = h,

where b ig lfo,H , Whence { = s hs. Hence ¢ belongs to the
subgroup :’..\ g

st hs =1, s2hys, ..., sthy s
of\6" This subgroup is denoted by s~' Hs and is called the trans

_~ \iifbi'm of f by s. Its substitution st h; s is called the transform of
N/ hiby s (of. §101).

TuroreM 3. Let ¢ belong to the subgroup H of index u under G-
g?! means of (1), we obtain o complete set of conjugates to ¥ wndel

Vo Yo s Vo
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They belong fo the respective groups
Hyg Hys,y . .., g3 Hya.

The lattes groups are sald to form s complete set of conjugate .
subgroups <f . In case they are all identical, / is called an
invariant’ {or self-conjugate) subgroup of @. In this importdnd,
case, the substitution (4) is the identity if s is in H, since §then
leaves each v, unaltered; while any substitution s of G\and the
product ks, where % is in J, both correspond to the’sime sub-
stitution (4). In other words, if we consider the-fets H, Hg,
ebe., which by (1) make up all the substitutions'of\&, we see that
all substitutions of H correspond to the.idensituiof s groun I
all of Hg, correspond to the same substitution of I', etc. To
obtain I' it therefore suffices to take ‘the substitutions which
correspond fo I, ¢o, ..., g.. Since theée’ replace ¢ by u distinet
functions, the resulting u substitytjons of I' are distinet. This

proves N

Turorem 4. If H is an {?;f,'ariant subgroup of G of index u, the

group T' is a transitive g{%wp of order u on w leiters and hence is @
regular group.

Huisa Prime‘agﬁ&’;r is any substitution = I of I, the order of
o is u (§786, I3x8.)2, 3), so that the powers of ¢ give all the sub-
stitutiong {T This proves the

O\ o
CORQQPARY. If H is an tnwariant subgroup of G of prime index
u’,ffl??ﬁf]f‘ s a regular cyclic group of order u.
.WHiS corollary is illustrated by Ex. 1 and the example preceding
1t in §98. For each we shall prove in the next section that H is
Invariant in . .

.1 In other words, ¥ is invariant in ¢ #f & is transformed into itaeli by every sub-
stitntion of G
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101. Transforms of a substitution. There js o simple rule for
finding the transform ¢ kg of & by g without performing the
indicated multiplications. Let % be a produet rsf -+ of cycles
affecting different sets of letters, Evidently ~

g"lh,gzg“lrg.g—lsg...- "\:\'
7N\S ¢
It remains to find the transform of a cycle r = g}d&gc“: ..e) by

- abc---ef---ﬁ?%_
P"\aBC...EF NI
Then ’\\\
www.dbraulibrary,orgih; ARB O‘E‘} - L
g abecve £ )
ABC...BF...L
=1 = ) .
gy “B'CD-‘-AF---L)
RN

Hence g~t7g = (@0 <.+ B) may be obtained by replacing
each letter of the cyele r = (abe . . . ¢) by the letter by whichg
replaces if, op-expressed briefly by applying ¢ within the cycle.
Hence ¢~ Ag\J¥ obtained by applying ¢ within the eycles of &
For exa:;zgk,“
O

(123)= - (12) (31) - (123) = (23) (14).

N Since any substitution transforms g product of & transposition’
b0 & prf)duct of k transpositions, and therefore an even Slllb'
stitution into an even substitution, it follows that the alternating

group on n letters is invariant in the symmetrie group. The cas
k = 2 shows that

Go=1{I, (12)(34), (13) (24), (14)(23)}
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is invarisnt under the symmetric group G on four Jetters, sinee
Gy containg every substitution (ad)(ed), where @, b, ¢, d form a
permutation of 1, 2, 3, 4,

A substitution is called ¢nwariant in G if it is transformed into
itself by every substitution of @, A

O\
ExErcisEs AN

1. Giis an invariant subgroup of the alternating group on four }.etters and
also of the groups G5, Hy, Ksof §73.

2. 1f H 1s & subgroup of 7 of index 2, H is invariant in G., \Eﬁnt G=H+
Hg = H + gH, whence the substitutions of the set Hyfotul a permutation of
those of gif.

li

3. The ouly invariant substitutions of Gﬁ‘ﬁ’%‘? au hera&e}éh{}?g 111
4 = {12)(34). Hence the only invariant subgr }ps of order < 4 of G; are
the identity and {7, ai.

102, Simple and quotient grodps. A group is called simple if
it has no invariant subgroupidther than itself and the identity
group, A composite group.ds one which is not simple. A group
whose order is a prlmeusgwdently gimple.

Let H be an inyafignt subgroup of index u of a group G. By
§91 there exists afunction ¢ belonging to the subgroup H. Then
the group T daﬁncd in §98 is of order w {Theorem 4 of §100); 16
is called theghotient group of ¢ by H and denoted by G/H. Its

order is t&e\quoment w of the order of @ by that of H.

For “GX\Emele, it (5 and @ are the symmetric and alternating

groups on three letters, the alternating function ¥, belongs to Gy
\thd it takes a second value y» = — 1 under Gs. Then Gs/0s is

Be group T' = {1, (¥ ¥4)}.

A proper subgroup of @ is » subgroup distinct from G,

In particular, let H be a mazimal invariant proper subgroup of
@, s0 that I is not contained in a larger invariant proper subgroup
of @,
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Tuzorem 5. The quotient group T = /I is simple.

For, suppose that I has an invariant subgroup A distinet from
I' and the identity group. Writc A = {ay = 7, as, ..., adl,
where a; corresponds to all the substitutions of u set Has form-
ing a component of 7 in the notation (1). Write N

D =Ha + Ha, + <o+ Hay, = I"‘\"\\

Since A is a group, a;e; = ax; whence Ha o Jo; = Hay,
s0 that D js a group. To every substitution g of (jp”'?cm-responds a
substitution v of I'. Since ¥ is invariant in ‘Gi,‘.\:?il the substitu-
tions of the set g  Ia.g = H-g'a; ¢ comedpond to v ey,
which is a substitution a; of the invazapt subgroup A of T.
Bub, Sis-anbstitytiopanof Ma; alone cérrespond to «; Hence
g7 Hasg = Hay, go that D is invariabt’in &, Since A is distinet
from I' and the identity, D is dist-ihtﬁt from & and H. Henee H
Is contained in the larger inyamiant proper subgroup D of G
contrary to hypothesis. oW

~ 3

103. Series and factotd\of composition, solvabls groups. Any
group & containg th,fi“ia*antity group G, which iz invariant in &
Since there is onlya finite number of sets of substitutions in
group G of finite, order, ¢ has a finitc number of subgroups.
These two refatirks show that ¢ has » maximal invariant proper
subgroup 5 Similarly, H has a maximal invariant proper Sl_lb'
group K\Such 2 series of groups &, H, K, . ., M, (7, terminating
Wiﬂ'l‘(}q\,’is called a serfes of composition of G, If H is of index %
under' ¢, K of index » ynder f,..., and if m is the index of &1

wJnder M (ie., the order of M ), the positive integers u, v, - . - '
S ure called the factors of composition of G (relative!® to the series
G H

' But in fact the same fo
Traitd dey Substitutions,
(Math. Annalen, 24, 1889,
1, 1894-5, 232-4) that th,
some order with those of
Dickson, Theory and A

RERFRCH

r all serics of eomposition of €, a result due to J”‘"_Fm_l'
1870, 42. Tt is » corollary to the thenrem of Holder
87; simplified by G. L. Brown, Buil, Amer. Math, 8o
& quotient groups G/H, H/K, ..., 3 are identical ;r(;
any serios of enmposition of 6. Of. Miller, Blichfeldt, an

pplieationg of [Finite Groups, 1916, 175-6.
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A group is called solvable if its factors of composition are all
primes, othervias snsolpable.

nt .
Ex¥ncises ~

L If & and &7, are the symmetric and alternating groups on 3 Ietterse the

ouly series of compuosition of s is Gs, Gy, Gy, snd Gy is a solvable gr CUDLNA
2 A cyelie group of prime order is a solvahble group. ;:\

3. The symmetric group on 4 letters has the series of capiposition G,
Gy = alternating group, (y {iu Ex., §98), Gy, Gy, there bejnzg.three choices
for 6. Hence Gy is o solvable group. o\

4 s generated by a = (2« 21 ), the onl® prdper subgroups are
G = i o2, at, 4%, af, alt}, () = {1, 8% a% a*}, 'C:,’r—\\{l‘, a4 a*f, Oy = {1, &',
o Oy = {I}. Every sibgroup of & commutative,group is invariant. The
oaly series of composition of 'y are ‘ N .dbra uljbrary,or-g,m

ey Oy, Cs, O3 Cro, Oy C?!"dl; Cipy Cy Gy, Che

The factors of composition are 2, 2, 3;% % 3,2; 3, 2, 2, respestively.
.5 TG bas & subgroup H of indeX ‘2: H 8 subgroup K of index 2, etc., to the
identity group @, then G has the series of composition 6, H, K, .. ., Gu.

8. Tind the seven serics of Lomposition of Gs in §73.

7. Prove that the thr%e?séi-ies of composition in Ex. 3 are the only ones.

104. Theoremd(6. The solution of an equation having the group
G for the Jieldriean be reduced to the solution of a series of equations
¢ack having n ' Simple regular group for the field obtained by adjoining
0 F a rgobnf cach of the earlier equations of the series. In particulor,
i G,ig a solvable group, each quaziliary equation kas a regular eyclic
w{”ﬁ of prime order,

et G, H, K, ..., G be a series of composition of G, and u,
»..., be the corresponding factors of composition. Construct
3 Iational function ¢ of the roots z: with coefficients in 7 such t,'hat
¥ belongs to the subgroup H of G of index » {§91). Then y 18 a
Y00t of an equation of degree u with coefficients in F whose group
P for P i simply isomorphic with the simple quotient group
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G/H (§§99, 102). After the adjunetion of ko root y to F, the
group of the given equation becomes H for the field F(¢) by
§92.

Construct a rational function x of the z; with coefficients in
F{y) such that x belongs to the subgroup K of H of index(p™
Then x i a root of an equation of degree v with coefﬁqi.cn@ m
F(¢) whose group for that field is simply isomorphic.iwith’ the
simple group H/K. By the adjunetion of y, the gronp of the
given equation becomes X for the field F o, x). 0N

The final such step is the adjunction of 3 funation belonging to
G The resulting field contains each ;. Q

105. Equations with a cyclic group.\‘;’ﬁ[e Iast resuit is sup-

RIsntech inr e Sellowing

THEOREM 7. An equation, whos\group G for @ field F containing
an imaginary pth roof p af unitg;i's & regular cyclie group of prime
order p, is solvable by redicels\Felatively to F,

Lei:. thr:: roots be o, Ty ., Zp-1 and let @ be generated by the
substitution s = (g, ;’Q}\* *Tpa). We see that ¢ replaces

8) Ti= g -!X\p‘ o+ o P g,

by p=%r; and Hence leaves ¥: = r unaltered. Since the coeff-
cients of ¥pbelong to F and it is unaltered by all the substitutions
5% of QK&ES equal to a quantity in F by property A of §89. Evi-
denj;ls.?\— 7o 18 a coefficient of the given equation, The p linear
eqliations (8) for i =, 1, . . . +7 =~ 1 can be solved for the p
~\uiknowns z, ..., z, , by the method employed in §66 for the
case p = 3. Multiply (8) by p~i%, whero 0 = j < p, and sum for
*=0L...,p -1 Inthe resulting relation, the coefficient of
TiBLA o] = while, for k = j, the cocfficient of 2+ i5

-1 e p”_,__l
Zet=5r =0 t =k~ j),
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gince ¢ is not divisible by p- Hence!

n—1
pr; = 1o+ 2 a7 03 (G=01L..,P~ 1).

iml
’ To perfect the last theorem, ib ¢
remains to prove that we can find by reot extractions the imagi-
D&P}jpth roots of unity, where p s an odd prime. They are thesuss
cessive powers of one of them, say o For p = 5, they may be
arranged in the order \

106. Cyclotomic equations.

Py p2’ P.zg = P‘tJ ng = ps!

8o that each is the square of its predecessor.\}:

Since the discussion does not become njf’e‘gewéoﬂfﬁﬁwmghﬂl
treat the generalization from P to pf S i
needed also in our later study oﬁ.’régﬁlar polygons-
saw that the primitive pinth rg(jtjfs of unity are

16 = g, 0% = P

each of which is t %}qﬁare of its predecessor, and that the e =
p* — ps-1 primitive pth roots of unity are those powers of one 0
them, suy p, wiiose cxponents are the positive integers less than
P’ and notdisisible by P- The above facts concerning ffth and
ninth rogts‘ef unity may be generalized a8 follows: It is sbown in
the thegry of numbers that there exists an integer
“fh??i«l, g, % .., giTh BN divided by p* the positive remainders
3P coineide in some order with all the positive integers < P*

\Which are not divisible by ?» and hence give the mention'ed ex-
ponents of p. In other words, the primitive p* roots of unity are

o, 0% PP P

‘ gt — go® !

x1=p,a;2=p,;vs——p,...,ze'p .

N‘Lamnge, Praité résolution Equations: 1808, Note X111, §16- Daplicitly in
ouv. Mém. Acad. Berlin. apnée 1770, §71; (Euvres, 111, 333
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Hence
9 m=wbrs=m..., 2 =2% 4, 51 =,

The final relation follows from Euler’s theorem that g is of the
form 1 + Ap®, where k is an integer {as shown in the theory't?‘
numbers). Compare the above cases p* = 5, p* = 9. O\

We proved in §83 that the equation having these roogs, . .,
%, s irreducible in the field & of rational numbors. Hp}}féi’ts group
@ for R is transitive. Let O °

_ I Ty T3 - - X, ‘M'\\.
8_(% Ty xc---xg) ¢

be any substitution of @. By property B’.E}J §89, it follows from
\(g}j\%ﬂgfaulibrar‘y.org.in -

Tp = x5 x, = $bg! k). s Tg = X7
«d
But 2oy = 2,9, ete., by (9). Hence
Ty = Tgn, Tp= T4ty o n v 3, Ty = Troqy

provided the new symbal Z.n be replaced by @), If two integer?
u and » differ by a\@ultiple of ¢, we write # = v(mod ¢). Henee
bSa+Lc=b+1=q+2... (mode)
Sz n )
.“\’;. Lo Lail Xagp - Eryga - - Lopa-t

in Wh‘@&su is o be replaced hy z; Hence

w\\:’:}:’ 3=ta‘—l,t= (231-'1'»2233 ...xe)_
\Since @ is transitive it contains all the powers of ¢

. TuroREM 8. If P is an odd prime, the group for the fild of T
tional numbers of the eyelotomic equation whose roots are the primiiive
2k Toots of unity is o regular cyclic group of order ¢ = p* — P

This theorem was verified for p*=5 in Ex. 8, §90.

a1
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i07. Sufficiert condition for solvability by radicals. An equa-
tion having & solvable group for the field determimed by the
coefficients is solvable by radiecals. We shall prove the more
general

TreoREM 8. An algebraic equation having a solvable group Jfor
wny field F containing the coefficients is solvable by radicals relatively
o F. O\

Assume for the moment that the theorem holds for every £qua-
tion having for F a regular cyelic group of prime order. W shall
then prove that any equation f{x) = 0 whose group for F has
prime factors of composition w, v,... 18 solvable\by radicals
relatively to . As in §104, there is a series of squations n(y) =0,
m{x) = 0,...of prime degrees u, v, . w.w@ha;\ﬁblmﬂé?&gfopg;éﬁh
is equivalent to the solution of f(z) = 0.{As there proved, the
group for F of n(y) = 0 is a regular ayelic group of prime order
u, which by our assumption is solvable by radicals relatively to o
The coefficients of m(x) = 0 belehZ to the field Fi = F(¢) and
its group for F, is a regular eyelic group of prime order v( §104);
}J}' our agsumption it ig sqlva.BIe by radicals relatively to Fi. 1t
5 therefore solvable by radicals relatively to F, since the same Was
just proved for n () &0~ Similarly, all of our auxiliary equations
are solvable by radieals relatively to F. Since the roots of f(z) = 0
are expressible ;@tiénaﬂy in terms of quantities in F and roots
%1% - . . of theSe’suxiliary equations ( §104), we see that f{z) = 0
18 solvable :bjp radicals relatively to F.

It relp*\{iﬁs to justify the assumption made above that any
eqUation'C (x) = 0 having a regular cyclic group & of prime order
P iona field F is solvable by radicals of indices = p relatively_to
F.) This is evidently true when p = 2. To proceed by induction
01 p, suppose that every equation having & regular cyclic group of
order ¢, where ¢ is a prime < p, for any field D is sol’va.ble by
radicals of indices < g relatively to D. As in the preceding para-
graph, this implies that the equation for the imaginary pth roots

of unity is solvable by radicals of indices < p (e, relatively to
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the field R of rational numbers). In fuct, its group for R is a regu-
lar cyclic group of order p — 1 {§106). whase factors of com-
position are the prime factors of p — 1, wnt these primes are < .

Adjoin to F an imaginary pth root p of umty. The group of
C(x) = 0 for the field F{p) is either the initial eyelic group 7 of
prime order p or the identity group { §02). In the latter case, e
roots are in F (p) and can be found from quantities in F b,xl'ajﬁiﬂn'
al operations and extractions of roots of indices < p, sirice"p Was
seen to be derivable from rational numbers by thode Speratioss,
so that C'{z) = 0 is solvable by radicals of indigeg\<’p relatively
to F. In the former case, C{z)} = 0 is so]vahlaf(ﬁl%) by radieals

of indices < p relatively to F(p) and hendéyas before, relatively
to F. \NY

o dignoe the.faduetion is complete and, the theorem Is proved.

. CO.ROLLARY. If pis an odd pri"nié, the equaiion for the p -1
tmaginary pth roots of unity is seluble by radicals of indices < P

Exanrie 1. If b, ¢, d s1e inéépendent variables and w 15 a8 imagiﬂaf!’““be
f'°°t' of unity, the group of %t -+ bz? + cx + d = 0 for the field Ria b6 é)
is the symmetric group-on the three roots (§93). Sinceitiss solvsble grow?
by Ex. 1, §103, th eq‘ua’c&on is solvable by radicals (cf. §07). Note thst sfiar

the adjunction of the square root of the discriminant, the equation hat 8
syelie group of frime order 3.

Exaurig 2, “Consider the quartic equation whose coefficients 878 inde
pendel'{fi‘\‘r‘&riables. For the field F determined by its coefficients, the group ®
the gymeiric group Gas on the roots. It is a solvable group by BX. 3, guod

Tothe mvariant subgroup Gi, composed of the even substitution? belong?

,jth? product P of the differences of the roots. The sguare of P 18 the di-

L () Srimunaat A of the quartic equation. The graup reduces to (s Tor the fed

(" F:=F(P). The function g =z m -+ 2,2 is unaltered by G¢~ th
(12) (34), (13)(24), (14}(23}}, while the remaining eight substitntion®

({m rep‘lace # by‘ a0t 5. These three 4's are by §91 the roots of a cubie Bqu?.

tc:vﬂn:}?th coefﬁment‘s i_nF? {the resotvent cubic in §71). Since Gsis invarisnt i

ofm;)rd ; glg'oué: of this c‘ubm ?or the fisld P (P) i (13/G,, whichis & cychic gruu};

G, The t};the adjunction of y; to Fi, the group of the quartic roduces t i

ing: subetitution, L2218 unaltered by G, = {7, (12)(34)}, while the remait

stitutions of Gy replace it by 2325 The adjunction of & oot of
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# &+ 22 Ta 7 = O reduces (4 to the invariapt subgroup G: Finally, the
sdjunction of 11 — z: whose square belongs to Fy {y1, 21 2) reduces Gs to the
identity group. The enlarged field contains 2y, ...,a, which have been
found by the extraction of three square roots and one eube roo,

Exmreises ~
1. Instead of u we may employ in Example 2 A\
¢\
331!'—‘43{1-}-&—“48, h=m t+m— o — & 7\ *

where the notations of §71 are used. Evidently the transforigation ¥ o=
¥(f —~ b + 4¢) replaces the former resolvent cubic by one in b whose roots
6re the squares of &, fy =2 -2 — 2 — 3, b =1 + 74y — = From
these three linear relations and — b = 3 2, determine theiroots z:.

2. Modify Tix. 2 by edjoining the eube root w of\unity to the initial field
and employing instead of 3 the functiowu@rahbﬁrdry?&sg_ Frite
¥ =+ o+ wy Applying to the resolvend eubic (10) in §71 the resulte

NN

In §66 with 2’a changed to 3's, show that
$ — ¥ = 3(w — )P, 0Ny = ¢ — 3bd + 12,

¢ 4 YA = 208 — Dbed B T2ce + 274 + 27HEe,

which are essentially the invariantsd snd J of §12. Hence ¢ isfound as & cube
root and then 1 iz known., Ffom the values of ¢, ¢, and » + Bty =e
we obtain 41, 9, ys by solving'three linear equations (¢f. §66). For the field
Fi obtained by adjoim‘n@”and ¢, the group of the quartic equation is Gy
If slso the root & of W2 = dgy + 52 — 4e is adjoined, the group redchs to
G = {1, (12) (34) o, Einally, if also a root & of 2 = 4pe + b* — 4eisadjoined,
the group reducgs ot he identity and the z's may be found as in Ex. 1. Note
that bt = Q{Ow % - 84, The elegance of this solution is duelto 1‘53
employmenofebinomisl resolvents only and to its introduction of the invari-
ants J amb[ }

|

'IQ‘é"’;JOI"d&n’S‘ theorem on the mutual adjunction of roots.

\ }PHEOREM 10. Let the group Gy for a field F of on algebraic
equation fi(x) = O be reduced lo Hy by the adjunction of all
of the roots of a second equation fa(x) = 0, and let the group Gs for F
of the second equation be reduced to Hy by the adjunction of all of the

YTrafts des Substitutions, 1870, 268-9,
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roots of the first equation. Then Hand Iy ave invariont subgroups of
Gy and G, respectively, of equal indices, and?! il quotient groups
G/ Hy and Go/H,, are simply isomorphic.

By §91, there exists a rational function ¢, with cocfiicicnts in F of
the roots xy, ..., z. of the first equation such that ¢ belongdo
the subgroup /11 of 1. Sinee the adjunction of the roUtS A et -y
¥n of the second cquation reduces G4 to H.. properiy\Alef Hy
( §89) shows that g, is a quantity of the cnlurged figldyAvhence

<

(10) 151 (xl) T mn) = hl (yh ] ?{?Q:\

where hy is a rational function wilh coefﬁci@\ts inf. Tetq, . 0
denote the distinet functions obtained/Ppom ¢ by applying the
S BUMHAR B YR E Y hen T, is of int%);k under Gy (§91). Tet
hi, .. ., by denote the distinet funcfigns obtained from A by apply-
ing the substitutions of . Th.(;’ﬁfunctions g; are the roots of an
equation irreducible in F; lifowise for the { functions ke Since
these two irreducible equa,t[iginé have a root (103 in common, they
are identical by §30. Jenece & = I and the g's coineide 1n S0
order with the A’s. <\

If 58 a substifhidn of G, which replaces g, by 7., then s; trans-
forms the group\H, to which g1 belongs into the group to which ¢
belongs ( §100); whose order is that of & 1. Since g, is cqual to 3
certain h;fh belongs to the ficld F' = F(ys, . . . , y») and hence 8
unaltered-by the substitutions of the group H, of 1 (x) = 0 for
that-field F* (property B of §89). Hence the group to which #:
belphgs containg all the substitutions of 77, and, heing of the same

(order as H, coincides with H,. This proves that H, is invariont i

G The group for F of the irreducible equation satisfied by fi is
therefore the quotient group G/ (§102).

1This supplement and the proof Lere em : Math. £
ployed are due to ITglder, Mat!
1118%97“'133’ 21§289, 47. For generalizationy sod related results, see Kueser, thid- :'3&
Ls,nd'abe — }Edahort:ar proof of theorem on p. 195 in Jour, fiir Math., 106, 1890, al-
1900, 1975 o 182, 1907, 1-20. Bucea, Rendiconti Cireolo Mat. Palermo, 14
s —6. Loewy, Math, Zoitsehrift, 15, 1922, 261-73.
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Let K be the subgroup of & to which 2 (3, . . . ¥m) belongs, It
is of index i since h; i3 a root of an equation of degree I = % irre-
ducible in . By the adjunction of k; to F and hence of ;» by (10),
the group Gy of f2(x) = O for F 18 reduced to K (§92). If not
merely ¢: (#:, . . ., €.}, but all of the x; themselves be adjoined, the ,
group G reduces to a subgroup of K. Hence H, is contained in K.
This proveg the preliminary result: If the group of fi(z) =0
reduces to & subgroup of index % on adjoining all of the roots' of
filz) =0, then the group of f2(z) =0 reduces to a subgmup‘f}f index
bl Z &) on adjoining all of the roots of fi(z) = 0. )

Interchanging fi and f; in the preceding statemenft,\we obtain
the following result: If the group of fz(z) = 0Yédtees to a sub-
group of index % on adjoining all the roots ofyfaik) = 0, then the
group of fi(z) = 0 reduces to a subgrottprol MRk ARy -2 &) on
adjoining all of the roots of fa(z) = 0. N3ince the hypothesis for
the second result is identical with th¢*eonclusion for the first
result, we conelude that kz = k, and¥e, = k& 2 ki, whence %1 = %,
Since i, is contained in K, and H3s of index k; under & and K
is of index k under Gy, it follows*that Hz and K are identical.

For the same reason that H, is invariant in Gy, it follows that H,
Is invariant in G,. Sianz.,;}.1 belongs to the subgroup K = Hp of
Gy, the group for F of h}e irreducible equation satisfied by h; is the
quotient group GyAf, Since this equation was seen to be identical
with that satisfd by g and since the group of the latter equation
for F wasg se@'g\%o be Gi/H,, the groups Gy/He and Gh/H; differ
only in thanetations employed for the letters on which they oper-
ate, and‘hence are simply isomorphic.

SN
{199- Galois’s theorem on adjunction,

Tarorey 11. By the adjunction of any one root of an eguation
J2(@) = 0 whose group for a field F is a regular eyclic group G.'f
rime order p, the group for F of the equation fi(x) = 0 either 13
not reduced at all or else is reduced fo an invariant subgroup of
index p.
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This is a corollary to Jordan’s theorem, since if we adjoin one
root &1 of fo(z) = O we really adjoin all of it< roots. For, the
identity is the only substitution of the group for F of fo(z) =10
which leaves #; unaltered in value, whence each root is a rational
funetion of x; with coefficients in # (Theorem 10 of §91). £\

110. Galois's criterion for solvability by radicais. ) 4:&"&5}36}'&@%
equation is solvable by radicals if and only if its grawp/for the fiell
determined by the coefficients 4s a solvable group. & N

It is occasionally useful to have the genexélﬁzﬁ.tir_:n:

THEOREM 12. An equation s solvabl by radicals relatively b
any field F containing the coefficients @'f.dé ‘only if its group for F i
A leERle oty org.in o)

That the equation is solvable ﬁhe'n the group is a solvable group
was proved in §107. We shallhow prove the converse. Assume
therefore that the roots oy . , Zn can be derived by rational
operations and root extradtions from quantities in I or from quan-
tities obtained from them by those operations. The index of each
root extraction mgy:he assumed to be a prime since a pgth root i
a pth root of a\g@b"mot. Buch a two-story radical as well as the
underneath radical are both listed in making a list of all the
radicals | ;"

o 1/
Q1 “\ a;'/m, agl;‘pz’ L ’akllﬂk
O\
JWhich oceur in the expressions for xy, . . ., z,. Here g, is in F, &

(Uis in the field derived from F by adjoining the first radical, &

18 in the field derived by adjoining the first two radicals, ete, Also
Py . ooy Pr are primes,

By the eorollary in §107, the equation for the imaginary pth
roots of unity (where pisa prime) is solvable by radicals of indices
< p. -Those roots may therefore he expressed rationally in ferms
of radicals forming a chain of type (11), where now F is the field of
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rational numbers. Write down the radicals of the chain for p = 3
and follow them by the radicals of the chain for p = 5, and so on
for the primes in order up to and including the maximum of
» Px. After the last of these radicals write the radicals (11),

Py
in order. We obtain a chain of radicals

O\
(12) b_'[:l/ql, bgllqz, e, b.l',q’ ;.\ “
having the following properties: First, ¢, ..., g4 /re primes.

Second, b, is in the field F, while by, &5, . . . are in thefields derived
from F by adjoining the first radical, the firstwd radieals, .. .,
respectively. Third, z, . . ., . are rational Abrctions with coeffi-
cients in F of these radleals since they‘wélve%hnhl!lintﬁﬁtm gfithe
included radieals (11). Fourth aftercthe’ adjunction to F of the
fist » — 1 radicals (12), we obtam a field containing afl the
imaginary ¢.th roots of unity.

Lemvs. Por o field contaim‘ny A and an tmaginary pth root p .of
unity, where p is an odd  prime, the group of a* = A {s the identity
group if one root belongsdo the field, bul is a reqular cyclic group of
order p if no root belc%ys fo the field.

For, if one rgdf’i¥ r, the remaining roots are gr, o, ..., # 71 1.
All of the lat@n belong to the field containing p if = dOES, and the
group is therthe identity. Next, let no root belong to the field,
50 t.ha,t‘x%ié not the pth power of a quantity of the ﬁel'd.. Then
¥ — d\¥s irreducible ( §82), so that the group is transitive and
hence of order = p. The notation for the roots £; may be chosen

\o‘xﬁat

Ty = pIy, Ty = p¥ay « « « 5 Ly = plp-1, T1 = plp.

Consider any substitution

5= (:n Ly X3 )
g Tp To “ &
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of the group. By property B of §89, we have
Ty = pTa = Zayl, T, = plp = Lhpiy o 0 o

Asin §106, s is the power @ — 1 of (z; 22 25 - -+ &,), which &}{ere-
fore generates the group. .

Let G be the group for F of the given equation having the roots
Ty, ..., %, By the Lemma and Galois’s theorem {§109), the
adjunction of the first radical (12) to F eitherydoes not affect &
or reduces it to an invariant subgroup of indéx ¢ The subse
quent adjunction of the second radical (12) gither does nof affect
the resulting group or reduces it to an jgvariant subgroup of index
g “h@ﬁ&f%ﬁrﬁﬂy &8 seriatim of AlFthe radieals (12) we have
a field containing 2y, ..., x,, for 'which the group is now the
identity Gyi. Since we passed frofn G to G through & series of
groups each an invariant gibgroup of its predecessor of prire
index, we have a series of;;éoﬁnposition of G such that each factor
of composition is a prime! Hence G is a solvable group.

N

111. Generdl'equation of degree n >4 not solvable by radicals.
By §93, the’group of the general equation of degree n {i.e., 00®
whose coefficients are independent complex variables) is the
symmp-kric group @ for the field determined by its coefficients flﬂd
anyseonstants finite in number. By §101, ¢ has as an invariant
subgroup the alternating group, which is composed of all the eved

sdubstitutions on « letters.

\ W

TrEOREM 13. If n > 4, the alternating group A on n letlers 18
simple.

For, suppose A has an invariant subgroup H distinet from the
identity group G;. Of the substitutions of H different from the
identity I, consider those which affect the least number of letters.
Any such substitution & involves the same number of letters in 1t
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varicus cycles. For, if two cyeles involve & and b letters, where
¢ < b b s not I and affects fewer letters than % does, since it
leaves the o letters unaltered.

Having k, the invariant subgroup H of A econtaips the frans-
form of % by any even substitution ¢ and hence contains r=,
ethe <Y,

@ If & contains more than three letters in any cycle,(say
he= (1234, ). .., the choice ¢ = (234) gives p = (I24),
which affects fewer letters than A does. N

i) X A contains at least two cycles of three letters; say A =
(123)(486) . . ., the choice ¢ = (125) gives p =(15243), which
affects fewer letters than k does. O

(i) If A contains at least two cycle‘g‘{‘q&fﬁhgﬂaldim}s%kn'—'
(12)(34) ..., the choice ¢ = (123) givds)p = (13)(24), which
affects fewer letters than % does unless-h = (12)(34). For the
latter k, the ehoice e = (125) gives =" (125), which affects fewer
lefters than % does. AONY

Hence the substitutions - of H which affect the least number
of letters are all of type gabé{), since {ab) is odd and hence iz not
inZ, . &\J
Next, any cydle of ?h\ree letters can be trapsformed into any
other such eyele by aw even substitution, so that H contains every
¢ycle of three létyers. For, (123) is transformed into (abc) by
hoth of the s@ftutions

N
2345 .-n 712345 ---n
Y -I)’ s(de) = abced---z)’

8 ="
NNebcde--

Whete the dots denote the same letters in the two substitutions,
one of which is even and the other odd.

Finally, every even substitution e is expressible as a produc't of
tyoles of three letters. For, ¢ = t & - - - ks, Where each f; is a
transposition, Tf t and & are identical, they cancel. If they have
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just one letter @ in common, & & = (ab){oc) = (abe). If they
have no letter in common,

i = ({Ib) (Cd) = (abc)(mi) ~
Similarly for tsta, . . ., e fos. Hence H = 4. KoY
If n > 4, the symmetric group & on n letters therefore-has the
series of composition G, A, Gy, with the factors of\ composition 2
and - n! Since the latter is not a prime, B8 ot a solvable
group. This proves \‘

TuroreM 14. If n > 4, the general equation of degree n ﬂf ok
solvable by radicals. Moreover, its ro S pannot be found by rations)

oI ERT ¥ 30t Crtractions pelfohted upon the coefficients ond

?

any constants, finite in number, orsdpon quantities derived from them
by those operations. o
2 Exsreises

1. ¥ n > 4, there isfho series of composition of the symmetric group Gon
# letters other than(@y™, G;. For, if ¢ has an invariant subgroup H ofher
than G, the prookdf Theorem 13 shows that either H = 4 or else H ‘{Omn;
8 transpositiogh(ub). In the lafter case H contains every transposition &%
coincides with'\&.

AN H
2. If the)general quintic equation is not solvable by radicals, the samé 1

true of thie general equation of degreew > 5. Hint: Equate to sero the coef
m?ﬂ{&Of o forj <n — 5.

\\3. Hence give another proof of Theorem 14 by amplifying the fotlowing

AN Jiew proof of the simplicity of the alternating group G on § letters.

) 3

_repla(_:e 1,2, 3,4, 5 by any sssigned permutation a, b, ¢, d, e of them-
nvarignt subgroup H of & contains (123), it contains its transfornt (abe)
by sn even 5. With (12)(34), H contains its iransform (ab)(ed) bY ¥
(12)8, one of which is even. With ¢ = (12845), H contains its t ore
k= (abode) by 8if s is even. But if sis odd, I = (3245) transfosms e
(13524} into ¢, so that ls is even and transforms  into k. Heoce H i of

h =1+ 20w + 15y - 243, whete z, y, z take only the values 0 OF L2
fmmadzvi'sor < 600f 60. If k has the factor 5, then z = tand b = 25, which
1s not & divisor of 60, Hence & is a divisor of 3 60 and hence B = L.
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4 If for = field F the group of an equation with the roots =, ...,z is
generated b 5 = (122 --- za), the equation ie irreducible and @ = r(2:),
where r is & rational function with coefficients in F, and also 23 = v {2}, .. .,
2o = {Tszs), @ = 7{za). Conversely, an irreducible equation in F whose
roots satisfy these  Telations has a regular cyclic group for F,

3. By supplernenting Ex. 3, show that every substitution of the alternating
groun on 5 ietters is conjugate to J, (123), (12)(34),t = (1234B), or £ O\

4 \..

112. Solvable quintics. The Jacobi-Cayley resolvent sextm ‘of
a quintic has been found recently by the author! by difect, ele-
mentary methods, The quintie is solvable by radlcalsQﬁand only
if the sextic has & rational root. He easily deduced‘he covariant
resolvents of Perrin and McClintock. \

Berwick? computed a resolvent sextic “coefficients are

W mu ibrary org.in
invariants of the corresponding qumtic 0

'Bull. Amer, Math. Soe., 31, 1025, 515—23 ’For this and other resolvents, see
Brioschi, M=ath. Annalen, 13, 1878 169-60.

*Proc. London Math. Soc., (2), 14, 1915 301 7. Result gquoted in Mathewa,
Algebraic Equations, 1915, 55.
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CuaprTEr X1

CONSTRUCTIONS WITH RULER AND CDMPASSES\
113. The problems to be solved. W shall prove that ibis not

possible, by the methods of Buclidean geometry, fo trissetalbangles,
or o construct a regular polygon of 7 or 9 sides. For tHese problems
the ancient Greeks sought in vain for constructionsiyvith ruler and
compasses. We shall specify all the values of 5 fortwhich 5 regular
polygon of » sides can be so constructed, One such value is 17.
The fact that a regular polygon of 17 sides can be constructed
with ruler and compasses was not suspected during the twenty

enfiries from 1d to Gauss, L ¢

% 3
NS

114. Analytic criterion for ¢opstructibility with ruler and com-
passes. The first step in ourieensideration of a problem proposed
for construction consists informulating the problem analytically.
In the aneient Delian ptoblem of the duplication of a cube, W&
take as the unit of Iength a side of the given cube, and seek the
length z of 2 side, & another cube whose volume is double that of
the given cube, whenee 23 = 2.

For the pfoblem to trisect g given angle 4, we employ the
trigonomgtzie’ identity
't oo A A
@) " 008 4 = 4 cos® = — 3 gog =
A\, 3 3

2 8

\,Multiply each term by 2 and write for 2 cos 34. Thus

(2) T —3r —2c084 = 0.

Given 4 we can constryct {with ruler and compasses) a line whose

length is the positive value of T cos A; it is the adjacent leg "{f a

right triangle, with hypotenuse of unit length, formed by droppirg

& perpendicular from a point in one side of A to the other side:
204
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produced if necessary. If it were possible to trisect angle 4, ie.,
congtruct angle A, we could as before construet a line whose
length is + cos §4, and hence a line whose length is double that
of the former, viz., + 2.

In each of these problems we have been led to the question of
the possibility of constructing a line whose length is 4 %, where
is a real root of a cubic equation with known coefficients. )\

N

Crirmarox.t If z is a real root of a given equation, it is possible to
construct with ruler and compasses a line of length + x if.dndonly if
% can be derived by rational operations and exiractionsefreal square
roots performed o finite mumber of times upon the soefficients or upon
numbers oblatned from them by those oP?f&%%ﬁ%&hbrary,org,jn

First, if & can be derived in the manmner inﬁi‘i(‘fated in the eriterion,
we can construet a line of length £ 2. &FOY, a rational funection of
given numbers is obtained from thgm;b& additions, subtractions,
multiplications, and divisions. Tde ‘construction of the sum or
difference of two segments of styaight lines is obvious. To con-
struct segments whose Iengt»hs’ are the product p = ab and quo-
tient g = a/b of the lengths*e and b of two given segments, use
similar triangles two o”( whose pairs of corresponding sides are
1, b and a, p, and g and b, g, respectively. Finally, a segment s
of length n}, whefe, is positive, may be constructed by drawing
a gsemicircle o ~zf3;\diameter composed of two segments of lengths
1 and n, apd{drawing a perpendicular s to the diameter at the
point whi?\ﬁaépa.rabes the two segments.

Secon;ci, suppose that we can construct a line segment of length
t 2 when we are given segments representing the coefficients of
t[\%‘.«é’quation for z, whose leading coefficient is unity. We may
choose any line as the first constructed line 0X and choos'e any
point O on it as the point from which we draw another line or
about which as center we draw a circle. Take O as the origin and

. 'Descartes, La géométie, Leyde, 1638, livre premier (Geyman transl. by Sehle-
singer, Berlin, 1804; English transk., Open Court Publishing Company).
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0X as the z-axis of a system of rectangular coordinates, The fur
ther lines and ecircles constructed are determined by polnts which,
with the exception of O, are located as the intersections of straight
lines and circles. The coordinates of the intersestion of two inter-
secting straight lines are evidently rational functions of* the
coefficients of their equations. If the straight line 3L mz + b
intersects the circle O

% N

s
£

E—pr+ @ —gr=r 0
N\
the coordinates of the points of intersection'aré found by eliminat-
ing y, solving the resulting quadratic egiiation for z, and Jnserting
the roots x into y = mz + b, hence_thé/coordinates are obtained
“fi‘b‘ﬁldm;aﬂ,l'E}?aﬁyroﬁ]]%ational opérations and the extraction of &
real square root. Finally, two, Irtersecting circles cross at the
intersections of one of them yvith"their common chord, so that this
case reduces to the preceding. ' Since cach such circle or line other
than OX was determined™by two points which (with the exception
of 3) were found as intersections of earlier lines and cireles, the
coefficients of theiréquations are obtained by rational operations
and extractions "ef real square roots performed either upon the
coefficients of (the given equation or upon numbers obtained from
them by thesé operations,
9N
IQ;:}.I‘Iisection of an angle. To prove that it is not possible to
trigeet angle 120° with ruler and compasses, note that cos 120° =
\,jj-z%, 80 that (2) becomes

@) P =341 =0,

By Ex. 3 of §81, this equation is irreducible in the field B of
rational numnbers. Singe its diseriminant is 81, the alternating
function' has a rational value + 9, Hence the group for R is the
alternating group G; of order 3. By the adjunction of a square
root, the group is either not, changed or else is reduced to & sub-
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group of index 2 (§109). The second alternative is excluded.
I a root of the cubie equation could be found by rational oper-
ations and extractions of square roots performed upon its co-
efficients or upon numbers obtained from them by those opera-
tions, the adjunction of that root to R would not reduce the group
(3, wherezs the adjunction of any root reduces @ to the 1dentity
group. The above eriterion therefore proves that it is not possible
fo construct a line whose length is the root 2 cos 40° of the} “glthie
equation, i.e., to construct angle 40°. Flence it is impossible to
trisect angle 120° with ruler and compasses.! o\

"

/N

ExERCISES

NY;
1. A regular polygen of 9 sides cannot W@w&ﬂﬂbﬁ%w@q&nd
oI pESSEs. N

2. The duplication of a cube is impussfblé with ruler and compasses.
Hints: The group for B of 2% = 2 is the symmietric Gs. The adjunction of one
root reduces it to a group of index 3, X% :

3. It is impossible to trisect an.angle whose cosine is Ly hhor px'q if
pand ¢ {g > 1) are integers without a eommon factor and ¢ is not divisible
by & cube. -~
4 Ttis possible to triedet n sngle whose cosine is (4a® — 3ab%)/b% if the
‘(nteE.‘er a is numerically less than the integer b. Hint: Take cos 14 =a/bin

1) S\
</

5 Ttis impo@,b’le to construct lines Tepresenting the lengths of the edges
of a rectangulat barallelopiped baving & diagonal of length 5, surface area 24,
and volurp\lv '3, 3, or A.

6. It';irs impossible to construet a straight line representing the dlist.&noe T
fm?ﬂ\the circular base of a hemisphere to the paraliel plane which bisects the
< he@isi)hem (problem of Archimedes). Hint: The equation for zis (3).

116. Regular polygons. The construction of & regular n-gon by
ruler and eompasses is equivalent to that of angle 2x/n and hence
of a line of length -+ cos 2n/n. The irreducible equation satisfied

!The muthor gave an elementary proof without group theory in Amer. Math.
Monthly, 21, 1914, 259-62; Mathematics Teacher, 14, 1021, 217-23.
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by the latter number is much more difficult to form =nd treat than
that having the root

4) T = cog 2x/n + ¢sin 2w /n,
N\
which is an nth root of unity. We have R
1/r = ¢os 2wr/n — isin 2a/n, 7+ 1/r =2 Qos:ﬁ?r?n.

Hence if  can be expressed in terms of 7 and yedi‘square roots,
cos 27/n can be expressed in terms of real squate rcots. The con-
verse follows from (4) and the fact that the: Si:}ke ean be found from
the cosine by a real square root. Hene@h Tegular n-gon can be
constructed with ruler and compasses 1{\311(1 only if the imaginary

WA aeekuifor-afyunipyican be foungll}.f ‘extraction of square roots,

all exeept the last one of which ig'teal.

First, let n = pe, where p isgn-odd prime. Then r is a root of an
equation of degree ¢ = p°4\(p ~ 1) whose group for the domain
R of rational numbers is ayeular eyclic group & of order ¢ ( §106).
Since the identity is the Only substitution of G which leaves a oot
unaltered, the adjux{ction of that root reduces @ to the identity
group &4. If a rézgular p*-gon can be construeted with ruler and
coImpsasses, the\djunetion of the root r is equivalent to that of
several square Toots, the adjunction of each of which causes either
no redgcﬁi(\m in & or a reduction to a subgroup of index 2 ( §109)-
Sin‘%e\t& adjunction of r reduces @ to G, its order ¢ iz a power of
2.,§];f~(s' > 1, ¢ has the odd factor p and is not a power of 2. It
B=1thene=p —1;ifalso e = 2¢¢, where g is odd, then p =

&

¢ 2** + 1 has the factor 2¢ + 1 and is not a prime. Henceifa reguldt

a\"
\
\ 3

p*-gon can be constructed, where p is an odd prime, then s = 16
P is of the form

) 2 4,
Fork = 0,1, 2,38, 4, the corresponding pumbers (3) are 3, 5 17,

257, 65537, all of which are primes, But for k = 5,6, 7,8, 9% b
12, (5} is known to be not a prime,
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Conversely, if p is a prime such that p — 1 = 24, a regular
pgon can be construeted with ruler and compasses. For, the
group for & of the equation for r in (4) is a regular eyelic group
G of order 2*. Hence ( has a series of composition for which each

index is 2, Q)
By §104, the solution of the equation for r reduces to the solu-
tion of a series of quadratic equations.! AN

Next, let = ab, where a and b are integers without & c6mmon
factor > 1. I a regular e-gon and a regular b-gomtan be con-
structed with ruler and compasses, the same is trﬁ;é of a regular
n-gon. For, any multiples of the angles 2x/e@and 2r/b can then
be constructed and hence also the difference of these multiples.
By §78, there exist positive integers ¢ %ﬁ{&%ﬁ‘tﬂﬁf% OUEHEN= 1,

X 3

Hence we can construct the angle 5

and therefore a regular@b-gon. Conversely, from the latter we
obtain a regular a-gen.By using the vertices numbered 1, b + 1,
B4+1,..., (Cn‘-,i Yo+ 1. Hence if n=p*g* ---, where
P, q, . .. are distinet primes, a regular n-gon can be constructed if
and only if a‘tegular p*gon, a regular ¢'~gon, . .. can all be con-
structed. Sitice o regular 2%-gon can be constructed by repeated
bisactig}{é .of 180°, our results may be combined into the

THnorem. A regular polygon of n sides can be constructed with
4 "Tf‘??'aﬂd compassesif andonlytf n = 2' p12 . 1) where D1, Pay -« -
gre distinct primes of the form (5).

1In Dickson’s Tirst Courso in the Theory of Equations, 1922, 41-44, ths;ae
quadratic equations are obtained when p = 17 and a consiruction of a regular
Monographs on

17-gon is deduced. The same results are givep ulso in his rticle in | s
Maodern Mathematies, Longmans, Green, & Co., 1011, wtfmh gives 8la0 40 exf::' ad
tion of the method of Giauss for finding the serics of equations whose solution s

to r for any prime p.
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CrarTER XII

REDUCTION OF EQUATIONS TO NORMAL FORMS\

117. Tschimhaus transformations. Let ..., 4a)be the
roots of S\

W
%
~

(1) N@Eﬂ+mm4+-~+%§&
To find the equation having the roots Y¥i S + v, we have merely
to apply the transformation y = —I’-:%\s}e get
www.dbraulibrary.org.in " Nt
fy—v) =y + (. Oyt + - =0
The coefficient of y»— ig ,zél:b if ¥ = ¢,/n. Hence we can remove
the second coefficient birrational operations,

To find the equation whose roots are the squares of those of
(1), transpose all femis of odd degrees, square each new member,
and then replaicé\i*f by .

These trapsformations y = ¢ 4 v, 4y = 22 as well as y = 1/%
(which is dsed to finc an equation whose roots are the reciprocals
of the réots of a given equation), are all cases of a Tschirnhats
transformation

N\2 y = 9@)/h(z),

where g and % are polynomials such that A (z) vanishes for no root
of f{z) =0,

Exencises

1. The equation whose toots are the squares of the roots 1, 2, — 2df
P ol 4= 0y — 0 4oty — 15 = 0,
210
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2. Find the equation whose roots are the cubesof thoseof 28 + gz 4+ b = 0,
Hint:
(—2f)® = o* & + b? + 3abe(az + b).

Replace ax -+ & by — 2% and then write y for o5
3. To find the equation whose roots are the kth powers of the roots of {1),7
employ the &th roots ry, . . ., ri of unity and
O\
& P P\ N
P=1flrd =Ty — o) oo g —~z)]
i=1

=l -
7NN
S !

= Oin —a;) oo (e — 2] = (= 1) T1 RSz,
it ST
Hence the expansion of the initial produet Nmmmwmo@ymhose
exponents are multiples of k. Write y* = 2 R&

4. Transformation (2) is only apparently, more general than y = P(z),
where P is a polynomisl. Hint: By §78, there exist polynomials s(z) and
t(z) for which 1 = s {2)f(x)} + t(x)h(:chlfake as zaroot z;of f(z) = Q.

5 Let ¢(y) =0 be the equaticm: fﬁaving the roots y; = Plz:) for
P=L...,n If 4.,y are disgifct, then &1 = 7). .., %n = ri%),
where r(z) i3 & rational function/6f.z whose coefficients are derived ratmna.!l_v
from those of P (z) and f(z LHence if we solve ¢ (y) = 0 and find that its
Tools aTe distinet, we candiidvhe roots of £ = 0 rationally in terms of the y:.

Hint: The greatest con}xon divisor d:(z) of f(z) and P(z) — ¥ is fou_nd
by rational operations,and is of the first degree in z {otherwise it would framsh
for two distinct rogig’s; and z; of f = 0, and then P(z) — y: would vanish for
T = x;, whence g = y:).

6. ¢ 1%\ 0 in Ex. 5 has a root y; of multiplicity m:, the dfztermina.tion
of the m; 166f8 of f(z) = O for which F () has the value y; requires the solu-
tion of anequation d; (z) = 0 of degree m.. )

Hifity Tor each of the m; roots, both f(z) and P{z) — y: vanish, and
%réfﬁre also d;(x), which is a linear combination of them (§78}.

118, Principal equations. We can always transform (1) into a
Principal equation of degree » in y in which the coefficients of
¥t and y»* are both zero. By §117, we may assume that c; = 0.
Let ¢; 5¢ 0. Write s, for the sum of the kth powers of the roots
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Z1, . .., Zn. By Newton's identities, s, = O, &; = — 2¢;. Employ
the transformation y = 2% 4 ax + b. Write y, for the value of
4 when z = z; Then z yr = & -+ nb will be zero if we fake
b= — s/n. Next,
2 4 Q
= 2t + 2a2° + (@ + 2b)&* -+ 2abs + B,

N

whence oA\
Z yh = 84+ 2as; + (@ + 2b)sy + nb’ ;l,[)\

is & quadratic equation for @ in which the coeffielent s; of o? is not

zero, and hence has two roots. Choosing{&ither root, we may

compute similarly Y. 4%, 3. ¥4, . . . and\shen compute by New-

ton’s identities the coefficients of the/@ghation having the roots
N et '

Trnorem' 1. By o Hneor fransformation, or by o quodratit
Tschirnhaus transformation whose coefficients tnvolve ¢ single squore
root, any equation can be xediiced to @ principal equation.

119. The Bring-Jérrard normal form. We shall fransform 80§
prineipal equatigqi'. into ope in which the coefficients of g
y % y»? aresall zero. By hypothesis, s, = sz = 0in . U also
ss =0, then™ = ¢; = ¢; = 0 by Newton’s identities, and 1O
transfor’r\n?iion is nocessary. Next, let s; » 0. The functions

&
(‘{o.&fg(fc) =2 4 a2t ~ g/n, h{z) = ot + ba? — s/n

M:\’;éi'idenﬂy have the property .4 =0, »_ h = 0, where P
\ \“ denotes ¥, g(x:). The conditions for > xg =0, E ah = 08

8+ a8 =0, 5 + bs; = 0, and may be satisfied by choice of
g and b. The function

) ¥(x) = 25 + wh

! Pschirnhaus, Acta Eruditorum, 2, 1683, 204-7.
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will have the property D ¢ = 0 if
(5) E 2,0+ 2w 2 gh 4wt Sk =0

This homogeneous quadratic equation in 2 and w ean evidently be »
safisfied by values of 2 and w not both zero. Then z and ¥ haye
the propertics O

® Xz=03Fe=0FTy=0T¢-0 T

Wiite y = uz - 2y, Then Sy =0, Sy = 0-$or every u
and ». The condition for Y 4* = 0 iz a cubic eqtiation in « : » and
hence can be satisfied by values of « and v no\N;)Dth zero. In the
resulting equation in v, the coefﬁcieﬁt‘s’jfﬁ\ﬂby’ﬁdli@}w-%ﬂ“ﬁ}me
therefore all zevo. ANV

We saw that any equation 7 (z) ~§ ¢an be reduced to a prin-
cipal equation f(z) = 0 by a transformation z = P(z). To
/() = 0 we just applied a trans'fﬁ:tmation y = @(z). Hence the
final equation in ¥ may be derived from F(z) = 0 by the single
transformation ¢ = QIP(2)]> In other words, the product of two
Tschirnhaus transfor t@né is a Tschirnhaus fransformation.

This completes the ‘proof of

TEEOREM 2. By\ means of o Tschirnhaus transformation '.whose
coefficients inpolu? a cube root and three square roots, any equatwn. of
degree m oqzpbetransformed into an equation of degree n in y in which
the coeﬁ@?ms of y»1, y=2, yo=3 gre all zero.

4 0\' 3 i
This’'theorem is usually ascribed to Jerrard.! But for n = 5 it
Was/obtained much earlier by E. 8. Bring.? We therefore call

" Math. Researches, Bristol and London, 1834, Pt. I. Report by W. R. Hamil-
“3‘?- British dssoc. Report, 5, 1837, 205-348. . Lasd. 1786
Meletomats, . | . trangformetionem sequationum slgebraicaram, Lund, .
Substance reproduced in Quar. Jour, Matb., 6, 1864, 45-47; Archiv. Math. Phys.,

41, 1884, 105-112; Apmali di Mat., 6, 1864, 33-42.
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{7 P4+dyt+e=0

the Bring-Jerrard normal form of quintic equations.

ExERCIzRS AN
¢\
1. Any equation of degree 3 or 4 ean be solved by radicalisy

2, Every guintic equation ean be reduced to the form yi,}i‘-\ﬁzf’ +e=0by
a Techirnhaus transformation whose coefficients involyg s square roob and &
root of a guartic equation. Hint: If 61 = & = D,“t.@ﬁ’m + deq = 0; hence
ue Zyt = 0. 9

3. By choice of { in y = &z, reduce (7) andthe*quintic in Ex. 2 to normal
forms involving a single parameier. in”

7

wir d R - geametiically. HintS:,L,ét\the transformation y = o —l-TﬂhIem
o + as 2 + agaf replace (1) bYW + iyt Fdyi A+ =0 n
d; is a homogeneous polynomial in ae).* - , s of degree j. By means of & =0,

express no 88 & linear homogengous funetion of ay ..., % Tnterpret the
latter as the four homogenequs coordinates of & point P in space {(the lengths
of the perpendiculars from*Pito the faces of a fixed tetrahedron of reference
being proportional to @yl M. , ¢,). Eliminate oo from do = © and ds = 0. '{:he
resulting quadratic {eqbation represents & quadric surface, which contald?
real or imaginaryg{(ﬁight lines; ususlly there are two such lines through ea

point of the sutfaceand then they are found by means of a gquadratic equafiol
in one unknown,"The intersections of a chosen one of these lines with the cubie

surface obtgimed from d; = O are found by solving a cubic equation it 0%
unknown, ™

NG

.’:\zo. The Brioschi normal form of quintic equations. In ihe
' ,\3 ‘preceding Ex. 3, we saw that any quintic equation can be reduced
~\\/ toa normal form involving s single parameter by means of tran¥
N\ formations involving both square roots and a cube roob. By
means of & transformation involving only square roots, We shall
now reduce any sufficiently general quintic equation to & remark”
able form which also involves a single parameter and which plays

a centra] réle in the theory of quintic equations.
We start with a principal quintic f(z) = 0, having therefor®
8 =0, 5 = 0. We assume that s; » 0, and employ the poly-
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nomial {4} having the properties (6). We shall first prove the
existence of constants p, g,...,¢ (p and ¢ not both zero) such
that

8) p¥r+2@¢+rt—af —br+i=0 [modf(z)],

which means that the left member is the produet of f (:L') by a

polynomisal in z.
First, lot 2 = 1, w = 0 in (4), whence ¢ is the cubm g From

¥* we eliminate 2% and 2° by means of f (z) = 0, then\ehlmna.te 2
by means of #¢ and finally 2* by means of ¥ We'get (8) with

p=1

Second let w = 0. We may take w\.ﬁ!‘]\ﬁ@“awmﬁﬁm y.org.in
¢=f+zz3+qb:&+e.

For a certain quadratie function’b‘of z, we have

C=uzy — f(x):\z\b#kfﬁ-Q, k=d—2

Ik = 0, this gives\(8 (\)wmhp 0,2 = 1. If & > 0, we elim-
inate 25 and highePpowers of 2 from ¢? by means of f (z) = 0, then
#* by means c\ 3&, and finally #° by means of €, and obtain (8)

withp = 1.0
Inserh@x‘the five roots of f(z) = 0 into (8), summing, and

ﬂppl}’mg (6}, we see that t = 0.
If % &nd ¢ are any linear functions of = and ¢, (6) imply

Q
@) Lx=0Xx=02¢=023¢=02Xx=0,
while (8) implies a similar relation

(10)  pyxt 4 2qdx + re? — ax — b = 0 [mod f(2)].

N\
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We employ the identity

mF = (dx + e¢) — clax + bd)?,

(1) F =px*+ 20¢6x + r¢?, \
where ‘ \\\
(12) m = pb* — 2gab + ra?, ¢=¢* — pr, d =Z:-31\—- ag,

e =bg — ar. A0

We exclude the speeial quinties for whicﬁ.é\ = 0 and those for

which both @ and b are zero. The linedr" functions x and ¢ of

x and ¢ may be chosen so that ax + 'qu\s identical with uz + ¥,
WSR-Sy Bays, any preseribed values not both zero. We

can choose them so that uz + yY’whnishes for no root of f(z) = 0.

Henee it is permissible to appl’y;the transformaticn

(13) R

o

K ex + bo
)
(&M
to f{z) = 0. D&ote the resulting equation by
<"
(14) x,\:“.‘3)‘5+ a1y4 + aﬂz,ys + 423 y2 + ay Y + a; = 0.

4 \$~
.\'Wé"’determine its coefficients as follows: By (13),

y 4 o = Xt o+ cHax + b))
ax + bo

I m in (12) were zero, F would be divisible by ay -+ be and the
quotient, of (10) by ax + b would be divisible by f(z), wheress
its degree is < 4. Then if the numerator of the preceding fractio?
1s zero for either value of ct, (11) shows that F = 0, and thus (10}
shows that ax + b¢ is divisible by f{z), contrary to its degree
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By (10) and (11),
mlax + bo) = (dx + e¢)? — clax + b¢)* [mod f(2)}.

Hence, by division, ~
_L”'__ = dy 4+ e¢ — et(ax + bo) [modf(x)]. g O
y -+ ot ; o

By (9), this implies “\, \

Se=022=0 if z=1/(y+'éﬁ
1 —zet)/zin {1 Jpwve obtain

W W Faulibr ary.org.in

Hence if we replace y by (

A —zdP +aa(l —ad)+ ay 20N 26t)?

+ a3 #(1 — z8)? + mz“(l —a) a2 =0,

in which the coefficients of 24 an,d‘za must vanish. Thus

5 — 4o & J\(\3agc-2mc§—|—a4—-0

—\0\c%+ﬁalc—30ec*+a3—

Since these hold for both values of ¢,
AN/
m; A 3@+ a=0, dg ¢+ 203 = 0,
\*1\," 10¢ 434, =0, 6mc+ a =0,
~N

whcm:b}zl = =0 0= —310¢ o = 5. Write ¢ = — 3C.
quan, (14) becomes
(15) o 4 100y + 45C%y + a5 = 0.

3 2
This Brioschi' normal form is especially adapted for s%%;n;oi:;
in terms of elliptic functions. The effect of writing ¥ =

L Annali di Mas., 1, 1858, 256-9, 326-8.
*Kiepert, Jour. fir Math., 87, 1879, 130
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(15)is to put € = 1. However, by a transformation not involvieg
radicals, we may pass from (15) to a quintic equation having a
single parameter ( §131, end ).

The only irrationality employed in the transformation (13) of

~ the prineipal quintic f(z) = O to the form (15) was the squaredat

of the discriminant of (5). We may express the latter in perms of
the digeriminant D? of f{z). By definition, D 18 a de\ﬁe}n\linant
whose kth row is 1, zz, 2%, %, &%. In view of (3}, DNis equal o
the determinant whose &th row is N

1, 26 T, 9(28), @IS

Let D’ denote the determinant having these elements 1n the kth

wolprdnrachbrmingithinproduet D'D by Wsing the rows of D’ and
the columns of D, we see that v

50 0 R
00 & 0 o'

D=0 & s Eiﬂg' Z x?h [ = — Hst? [E ¢ ng Il
00 2,22g.3¢ Yok Tk 2F
00 @8 X Lk

Hence the disprﬁninant of equation (3) is equal to +D?%/ss"

THEogit:iuﬁl 3. If we denote the product of the squares of the differ
enc&{a the Tools of the principal quintic f(x) = 0 by 54, thet
equdtion can be reduced to the form (15) by o Tschirnhaus ran®

:~\’?‘3’"'m£0” whose coefficients tnvolve the single irrationality Ak

Brioschi® proved the existence of §(n — 1) polynomials &
xlt =1,...,3(n — 3)] such that the sum, sum of squares, sod

t The sbove proof is a material simplifieat] ath. Anneled
28, 1887, 152166 (Jour. de Math., .1 13.3.2.?521133 -bsilg?r{‘tiﬁ“ﬁd an unDe
m;y irrationality, the aquare Yoot of the diseriminant of F, since he used instend o
(13) & transformation involving the linear factors of F. The part of the proof b
ginning with (11) follows Weber, Algebra, ed. 2, 1898, 1, 264-7.

2Rendiconti Ist. Lombardo, (2), 20, 1887, 364-70; Opere Mat., I1I, 293-9.
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sum of products of any two, summed for all the roots of the equa-
tion of degres n, are all zero. This was proved in (9) above when
n =5

In his Chicago thesis to be published soon, R. Garver proves
that every Tschirnhaus transformation of a sufficiently general
principal equation of degree n into another principal equation}
can be expressed in the form y = ux + v¢, where x and dJrN
polynomials of degrees n — 1 and % — 2 which sadisly (9)~\

s
IM‘

@
W
WWW Wl]bl ary.org.in
o

/‘\
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Caarrer XIIT

GROUPS OF THE REGULAR SOLIDS ;
QUINTIC EQUATIONS A

121. Introduction. The first part of this chapter givega Yheory
of the invariants of each finite group of linear tl‘ansfo{'ﬁiaﬁons on
two variables. These groups are Isomorphie to groups.of rotations
leaving unaltered the various regular solids. The“fipal part is an
application to the resolvents of the general ghghtion of the fifth
degree and furnishes a method of solving tlﬁ:\atter. The subjeet

wp%:?(fb%? Hﬁpaq,rbf(;%:}%mle in the theories\czj tlliptic modular fune-

1018 and automorphie functions. D

The theory is due to Klein, whose\book! is a classic, but pre-
sents difficulties to beginners o “s€count of the introduction of
ideas from many branches of Qmé,,t]:iéma.tics. We shall give a simple
exposition of the essentials of this interesting theory.

122, Linear fractipna‘l’ transformation on z corresponding to 2
rotation. To readgrs(acquajnted with the theory of funetions of 2
complex varia ]ef\‘bi'fere 18 available? a short proof of the desired
formula (7).5,We shall give here a strictly elementary proof.

We first defitie the stereographic projection of a sphere upon &
plane. ’Em\ploy a rectangular coordinate system in spaoce. The

spheref with radius uzity and center at the origin ¢ has the equs-

tioI\'“'

) B+rte=
C

From the point N = 0,0,1) project an arbitrary point
P = (£ 4,¢) of the sphere t0 a point Q = (x, y) of the £7-plane.

1Vc-r{esungan tber dag Tkosseder, 1834,

"Burkhardt’s Funktionthesret: 52 (English
transl. by Raser, 51} coretische Vorlosungen, I, 2, 1903, 49-52 (

220



§122]

TRACTIONAL TRANSFORMATION, ROTATION 221

Let T be the fourth vertex of the rectangle having sides ON and
00. Let SI°F be parallel to NO. Let FG and QH be parallel to the
paxis. Then OG = & FG =4, PF = £, 00 = 2, QH = y. Since
the triangles ¥ SP and NT'Q are similar,

N N\
)\’
D ‘ES-- ."’\’\\““’
-~ \/
- %
' T8
I i | , \
1 I \::‘}\
: N
P A
\\rw.&\bt‘.su'llbralﬁ_org_in
2\ l

)
P~ I
T
\
&
o 9 Q
T
\

L= f:1=8P: B3 NS:NT = OF :0Q=n:y = Ei&

Hence

2)

By (1)y

L

&
::\;“: E = ——E-—"
M 1—-¢ 1-—-¢

Q-gprpte 1-%+1_ 2

) E“’.‘: I Reall ¥ A nl A ,
¢\:,,1\¢+$2+y2_ (1_§)2 (1___3-)2 1—-¢

whenee

B) &= 2z/r, 5=2y/m

Write # = 2 + iy. Formulag (2) and {
one eorrespondence between the points

g'=1—2/1"; 7-=1+x2+y2.

3) establish a one-to-
of the unit sphere and the
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points of the complex z-plane, provided we agree to identify all
points at infinity in the #plane (so that z = oo alone corresponds
to N,

LetE = (A p,p)and P = (& m, ) be any points on the sphere
having radius unity and center at the origin 0, Write N\

(4) a=}\sing, b-—-nsing, c=vsin§, d=:£'@§'§:

whence N

(5) R N 1.~?z\

Copsider. th ign about an axis Oﬁ\}hrou h angle & counter-
‘Eﬂék%’é%“@ﬂe%{%ggfgmm E towar ] f) Let ?ﬁ rep%ace (&9 8}
by (¢, %', t'). We employ the fofmiulas (28) of 8§46 which repre-
sent the rotation, with g, g, aiveplaced by a, b, ¢, and wy, Wy, Ws
replaced by £, 4, ¢, and p,, 23ps replaced by ¢, »’, ¢/,

Writez = 2 + 4y, » =2%% iy. Then (3) become

z 4 4, i(w — 1
=T+:Tj-., ﬂ=M, =i..w--——--
‘kfiw 1+ aw 1+ ew

Hence OV
A\

%(i-l-\‘%f)’(l ~ )=t @t — 2 @) + ez + &,

N ‘
where' ¢ = b — ac +i(ed + be) = (b + da) (d + d¢). Replac-

431g1 — ¢ — & by the equal valye o2 + B2, we get

) Y
 §

1+ z0) (1 - &) = + ia)z + d — ielf,
_ b—-— :, y
Shuilaly, F=( w4+ d + ic.

B+ aw) (¢ 4 ip) = [+ ic)z — (b — 4a)]f.
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Writing 2’ = z’ -+ iy’, and employing (2) in accents, we get

'
H

_g+d,_Etin

6 — =1

(6) 2= T 7

@) o = (d + i)z — (b —ia) A
b+ia)z+d—ic 8 \)

\

Terorem 1. Fvery rotation corresponds fo a tmnsfomﬁ&t%‘an 7).
RY

ExErcIsEs O
L By (4)and (7), with x =2 =0, ¥ é"ﬁ‘ﬁr@'ﬁﬂﬁ%ﬁé“%ﬁw)ﬁ‘amut
the {-axis ON through angle o counterclockwide' viewed from N is repre-
gented by O\
®) = e‘,“;é::"
2. Prove (8) by use of the forn;uﬁ;é from analytic geometry,

g = foos o — pene, y = Esina + gco8 e

s 3

123. The tetrahedsal group. Copsider a cube inscribed in a
sphere with the denter O and radius unity. Four of its vertices
1,2, 3,4, shown'in Fig. 2, are the vertices of a regular tetrahedron.
Their diameteal points 1', 2', 3', 4’ are the vertices of a second
regular tefrahedron called the diametral tetrahedron to 1234.

The {hitually perpendicular lines AA', BB, CC', each of
whieh Joins the mid points of a padr of opposite edges of 1234,
ars.faken as the &axis, y-axis, {-axis, respectively, their positive

Ndirections being from O to 4, B, C, respectively.

The tetrahedron 1234 is unaltered by a rotation through a.ngle
0°,120°, or 240° about any of the lines 01, 02, 03, 04 as an axis,
and also by a rotation through 180° about one of the axes A4’,
BB’, CC'. These include the identity rotation (through angle
0°), eight rotations of order 3, and three of order 2. They give all
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the rotations leaving the tetrahedron 1234 unaltered and hence
form a group ealled the fetrahedral group Ry. For, exactly three
such rotations leave the vertex 1 unaltered, while their products
by any one rotation {about axis 04) which carries 1 to 2 give all
the rotations which carry I to 2, and similarly when we use 3 or )
4 instead of 2, whence the total number is 3 X 4.

Consider in particular the rotation S about the axis 01 through
angle 120° counterclockwise when viewed from 1, and the rofation
E about the axis CC’ through angle 180°. Since B interghanges
1 and 4, RSR and RS*R leave 4 unaltered and hépce give
rotations ahout the axis 4 which carry 1 to 3 and g{ebpective]y.
By the final remark in the preceding paragraph; the identity, 8,
and 8%, together with their produets by R§*R, RSR, and E
{which carry 1 to 2,3, and 4 respectiv@‘i&’)‘ﬂ@é‘?ﬁlﬁbhéfmt&ﬁidns of

Bo. ‘

TueonEM 2. The lefrahedral groupy, Ry of all rotations which
leave unaliered the requiar tetmhe@g'é?i 1234 is generated by the fwo
rotations S and R. R \\

We shall next obtain by 4122 the linear fractional transforma~
tions on s which correspgﬁd\to the rotations S and R. In the case
of B, we have merely t‘o\}rﬁploy (8) for & = 7 to obtain 2’ = -2
Next, the axis 01 of totation S makes the same acute angle with
the positive dipeefions of the coordinate axes and henee the
coordinates ofypoint 1 are A = g = » = 371 Since o = 120° anld
208 60° = l;"\éin 60° =1 3%, (4) gives a=b=c= d =4
Then (7 becomes
(Qli;\.‘“' z'=z+z.-

\ ) | z—1

Trugormm 3. The group Fu of oll tetrahedral lincar Jractional
transformations is generated by (9) and 2’ = — 2.

To find the product AB of a transformation 4 defined by {7)
by a second transformation B :z' = f{z), we write the latter in




O

226 REGUILAR SOLIDS, QUINTICS [Ch, X111

the form 2" = f(2’} and eliminate z’ between the final equation
and (7). The resulting transformation 2/’ = ¢ (z) is defined to be
AB,

ExERrcisEs

O\
1. The group R is simply isomorphic to the alternsting group on\the
letters 1, 2, 3, 4 denoting the vertices. O\
2,
2. The 12 transformations of Fys are O
1 -1 L e
10) 2= 4z 45 4it L 42 PRI .

14 L Y S .
2 z—1 z+1 2--.'!..\~z+3

Hints: 8 = 8-1is given by the third function (H)thith the upper sign,
while L = 84 RS is 2’ = 1/z. The last may be‘compuied as a product or
proved by noting that L leaves A fixed and hene®.s the rotation through 180°
about axis AA’. For A =1, pu=» =0, 0k 180°, (4) givesa =1, b=¢
=d = 0, whence (7) becomes 2’ = 4/ (i 23N/

3. U R (orz' = —z)is the rotation through 180° about axis €O’ snd if
Brior dbeaplibnaihargids 44" ctheir product M — RZ (or 2/ = — 1/¢)
ie the rotation through 1%0° about, the eommon perpendicular BB to O’

and AA’. Hence show that R I, M, and the identity rotation form & com-
mutative group of order 4.

To each transfg@a%ion (7), of determinant unity, corresponds

the linear homogg,- us transformation
an \ U= @+idc)u — (b — da)y,
\,\“ V= &+ ia)u + 4 - ?:C)U,

of .d@befminant unity, as well as that obtained by changing the

Si@ns of a, b, ¢, d, which is therefore the product of (11) and

= —u, V = — v, in ¢ither order.

In particular, to 2* = iz/(~ 4) and (9) correspond
12) U=, V= — 4,
a3) U=3(1+du~ 31 ~ i),

V=31+iu+ 301 - i)
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TugoreM 4. The group Hy of ol tetrahedral homogeneous linear
transformations is generated by (12) and (13), each of determinant
unsty.

124. Inveriants of the tetrahedral group Hy,. The vertices of\

the tetrahedron 1234 have the coordinates
(14) F= 37 g=+434 =3y, (D

where an odd number of the signs are plus. By (6 ‘t'he' corre-

sponding vajues of # are + a and + b, where D
N\
1414 5 1 -4 \
a = y =
3t 1 B I

We seek the product & of the fac@qré}a F av, u F bv. Since
@=i(2+3) and 8 = —~ (2 ~ 3% have the produet 1 and

sum 2. 3%, w ™
, we get o\ ’www,dbl‘auljhr'ary.org\in

(15) & = u — 2% Btin? o? £ oA

Sirce the 12 rotations which leave the tefrahedron unaltered
merely permute the f ﬁfv’ertices, each of the 24 tetrahedral homo-

Beneous transformations merely permutes the above four linear
fllnctions, apart £rom constant factors, and henece leaves & un-
alterad up to a 'c:o}xstant factor. That factor is evidently 1 for (12),

while for (334t is
{%(.‘i%"i)}*(l —2.3{4+1) =3{—1+3i) =
HQI}QB %7 i an absolute invariant of the group Hu.

NThe vertices of the diametral tetrahedron 1234’ have the
coordinates (14), where now an odd number of the signs are

minus. The corresponding values (6) of z are £ 4 and =+ b.
Hence the group has the absolute invariants ¥ and V%, where

(18) T =yt 4 2 3Hdud ot 4 oA
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Any rotation which leaves the tetrahedron 1234 unaltered mere-
[y permutes its six edges and hence their middie points. It there
fore permutes the points in which the axes of coordinates interseet
the unit sphere; the corresponding values of = are evidently 0, o,
% 1, & <. The product of the linear functions which vanishefor
these values of z = u/v is .

¢\
(17) t = uout — v*). O
It is an absolute invariant of the group, being 1@1}1Itéred by (12)
and (13). .mf\‘

A point on the sphere is called a specidbyawint with respeet to
the group B;; of rotations leaving the tg:Q\‘a.hedrm_u 1234 unaltered
if the point takes fewer than 12 distiget-positions under these 12
rotations. In other words, a pointig\a special point if and only if
1t is unaltered by at least one of those rotations other than the
identiliyseaiibithenctheipoint lidton the axis of the rotation.

The axes AA’, BR', CC?"O‘I’" the rotations of order 2 are the
coordinate axes, They intorsect the sphere in the six speeial points
for which the invariﬁs@ { vanishes.

The eight rotatiens'of order 3 of By have as axes the diameters
through the ve}‘ﬁ’@es. The latter are the four special points for
which the ipvgu-iant ¢ vanishes. The remaining intersections of
those diameters with the sphere are the vertices of the diametral
faetrahggiﬁ)ﬁ and hence are the four special points for which the
mvax'@gt ¥ vanishes.

Eonsider any homogeneous polynomial in % and v which is an

{

anVariant of Hy,. If it vanishes for a special point, it has one of the

~_fa,ct01:s t, ® . After removing all such factors, we obtain a1
lnvariant quotient Q which vanishes for no special point. Since
@ (4, v) is homogeneous in u and v, the equation Q(z, 1) = 0 hasa
root &', so that §(u, v) vanishes for u = U, » = V, where U/V
= 7. Let f and ¢ denote any two of the absolute jnvariants £
¥, ¥, each of degree 12. Then also f — cg is an absolute invati
ant, if ¢ is any constant. The condition that it shall vanish 8%
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uv uniqueh deterrmncs ¢, since z’ is not a special point and
therefore (I, V) s 0. Henee Q has the factor f—eg. The
quotient is cither a constant or has another such factor. Proceed-
ing similarly, we have

Turorem B, Brery homogeneous polynomial in u and v which 48
invarignt under the 24 tetrahedral homogeneous linear tmﬂsfarmﬂ@ms
18 a product of factors 1, b, ¥, F — cgy, where the ¢'s are gomstants
# 0, while f and g denote any two of the absolute @?wamants 2, &,
¥ of degres 12, ~

Hence an invariant of degree 12 which vamshes*a,\t no one of the
6 + 4 4~ 4 spocial points can be expressed inMéath of the forms
e(f — e}, b — d¥*), where @, b, e ,d\ﬁre gonstants = 0.
Thus £, %5, and ¥ satis{ly a linear 1dent‘x~t3 By considering the
terms 4 and u' u, we find \

(18) 12(—3)¢ —{-»:;’3 "—Wlﬂ':auhbrary_org_in

W\
Y

EXDR{,ISES

L If z and 2* are th Er.eographm projections of two diameiral points on
the unit sphere, zz' = ‘ﬁ Hence derive (16) from (15) by replacing =z
by ~1/z in & (u/v) <0)

2- The Hlessigh 6f @ js —48-3t4 ¥, The Jacobian of ¥ and & is 32:3%4z
When @ is ts.l\em{s the fundamental quartic form, the invariant T is zero, while
J = = 4/(38F4). The syzygy (22) of §12 reduces to (18).

Q&
125:3The octahedral group. In Fig. 2, the solid composed of
th€bwo pyramids with the vertices € and C’ and common square
\base ABA'E’ is a regular octahedron. It is unaltered by the
Totations of the group Rp which leaves the tetrahedron 1234
unchanged, together with 12 rotations which interchange the
latter and its diametral tetrahedron 12734/, viz., the 6 rotations
through - 90° about the axes A4/, BB, and CC", and the 6
Totations through 180° about the 6 diameters each bisecting two
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edges of the octahedron. Products of these rotations replace 4
by A', B, B', €, €'; since only 4 rotations about 04 leave the
octahedron unaltered, there are only 6 > 4 rctations leaving it
unaltered. Hence all rotations leaving the octahedron unaltered
form a group R.s. It is generated by R and & of §123 and the
rotatior E about the t-axis through 90° counterclockwide when
viewed from C. By (8), E is representod by z' = ¢2) one of
whose two homogeneous forms is o\ b

(19) U=2914u, V=241 90

A\

THEOREM 6. Al rotations leaving unaltered o regular octehedron
Jorm a group Ra of order 24. The octahedron grovp Hus of linear
homogeneous transformations is generale@by (19 and the two genera-
tors (12) and (13) of the tetrahedpabsubgrouy H.y.

Wwwl‘%gfa}i‘lﬁ% invariants of th(a;’o;c"tahedral group H,. Consider the
octahedron whose vertiges® are the intersections of the three
coordinate axes with the tnit sphere.

Since the function™ given by (17) vanishes only for the six
values of z w 'GQ‘ eorrespond to the vertices, { Is an invariant of
His. We sawthat ¢ is unaltered by all the transformations of Hew
Under {ransfermation (19), ¢ becomes — £. Honce  is an absolute
Invariantef” H .

The Hessian of ¢ is — 25W, where

120 W= uf b 140 of 18 = & T

N\

S

3\ 3~ The Jacobian of £ and W is the product of

21) X o= u? — 33ufpt — 33t ? 4 pi2

by & constant. Since each transformation of H is of determinsté
unity and replaces ¢ by + ¢, the properties of the Hessial and
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the Jacobian (§§3, 5) show that the transformation leaves W
unaltersd and replaces ¥ by + x.

A point on the unit sphere is called a special point if it is un-
altered by at least one rotation, other than the idontity, of Rsy
and henes fies on the axis of that rotation. We saw that the speeial \
points on axes of rotations of the tefrahedral group Fi. argathe
points for which t or W = & ¥ vanishes. By §125, the only fur-
ther speeial points are the cenfral projections on the sphere of
the mid points of the 12 edges of the octahedron. For{hiese points
x magt vanish. In faet, since x is an invariantdt(¥anishes for
some set of 12 special points which is distinct from’the set of the
six vertices each counted twice, since x = A el Ex. 3 below).
The discussion at the end of §124 therefgr’ga%ads to the

TrrorEM 7. Every homogencous polynemial in u and v which is
tnvariant under the group of 48 octaledral linear homogeneous trans-
formations is a product of factorg ) Wy ey fibrey)ibubmry tireélx are
constanis, while f and g denote.any two of the absolule invariants t*,
W3, x2 of degree 24. The latter 'satisfy the linear identity

o\
22) \'\1085‘ — WO 4 x2 =

\X/ ExERCIZES

1. Why is/®¥ invariant under Hus?

2. Rudspimply isomorphic to the symmetric group on 4 letters representing
the fourdiagonals 11/, . . ., 44’ of the eube.

B\The diameter which bisects the edge joining (0, 0,1) snd (1,0,0)

("™gets the unit sphere at (324, 0, $21), whose zis 1 + 23. For this value of
wand for v = 1, x = 0. The invariant x therefore vanishes at the central
Projections on the sphere of the mid points of all 12 edges.

4. There exists & fundamental system of invariants of any finite group G
of linear transformations. By Hilbert’s theorem (§17) every invariant / of
@ is expressible in the form J = E. I1 + -+~ + Ew In, where tl_ae I;are in-
variants. Apply the transformations of ¢ and add. Why does this proof hold
also for relative invariante?
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www.dbrauli g

N Fiz. 3.

127.’“1"1:}& icosahedral group. Consider a regular icosahedron [
inscribed in a sphere having the center O and radius unity. 1t has
2Q triangular faces, 12 vertices, and 30 edges. If V is any vertex,

o 118 unaltered by the rotation S ahout the axis OV through angle
\“; 27/ counterclockwise viewed from V. Letter the triangulsr
faces Ao VA, 41 VA, ..., A, VA, having the common vertex

¥ so that S carries 4, to Ay Ajto A, ... , Asto Ay The robation
through angle = about the axis joining O to the mid point of an
edge AB will be denoted temporarily by [AB]; it leaves I un-
altered. Write T for [4, V]. Since S carries the mid point of
AoV tothat of 4, V, 8 T8 leaves the latter point unaltered and
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henee is (4, V1. Similarly, 57 T8 = [A; V] We shall speak
of these five rotutions [4; V] of order 9 and the five powers of 8
as the tt?n rotations connected with vertex V. They are frans-
formed into the ten rotations connected with vertex Az by
[4: V1, which replaces V by Az A glance at Fig. 3 shows that the
vertex V', diametrically opposite to V, is the only vertex which &
carmot be reached by an edge starting from one of the vertices
;PR ) A, If Ay B is either of the two edges having 428 E}ixe
end point and distinet from Ao Ay AoV, Aody, thg,‘rc?tation
{4, B] transforms the five rotations about the axis Dy into the
five rotations about the axis OB, and one of the }a&é‘r carries Ao
to V', We have now proved that suitably chosen products of S
and T carry V to all 12 vertices. The five powers of S are the only
rotations of I into itgeli which leave V.iinaltered. Hence there
exist exactly 5 X 12 rotations of 1 intoitself.

Tueorem 8. S and T o
! M 5. generateihe 1mﬂﬂﬁﬂ&umiﬁﬁlﬂﬁp. all
rotations of I into ttself. . goIn

.z"'x\ EXERCISES
the product

S’;. Since T interchmé}s V and Aq as well a8 Ay and Ay
= (VAg Ay o i) rotation of order 3 whose axis joins O to the mid
point of face VAndS/
2. The pﬁgbf\fla.t & and T generate the ten rotations connected with any
of the ﬁ‘fb\\’srtices A 5 shows similarly that they generate the ten rotations
%?Pne?t:@d\ﬂith any of the five vertices of type B snd the ten connected with
\3-/Hence S and T generate the 6 X 4 rotations of or
iameters joining pairs of opposite vertices, the 15 rotations of order 2 about
diameters each of which bisects two e0ges, and (Ex. 1)the 2 X 10 rotations
of order 3 about diameters each of which passes through the mid points of

two faces. These with the identity rotation give the 60 rotations of Fe

der & about the 6

neous icosahedral group Hp. Choose

128, The linear homoge
¢ o that the positive ¢-axis extends

rectangular coordinate axe
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from O to V and the axis of the rotation 7" lies it the second and
fourth quadrants of the ff-plane. By (8), rotation Sis 2’ = ¢
one of whose two homogencous forms is

(23) U=éu, V=4es e=c Q

N

N
The vertex 4, is represented by a real nez ame\number 7.

Since S carries 4 ; to AH_l, the vertices A, A,, 14, A} are repre-
sented by en, e n, €n, ¢ n Since T interc L1¢ nges A, and V,
which are represented by » and oo, and 1111@1\(@1@&:. the diamet~
rieslly opposite points, represented by mi=vi- n—* and 0, we see
that O

75\

T - z’=%-.
PN

Ne/

wiiner Bdnbeschamngesnd | ang Ad, 2z = en implies 2’ = ¢ n. Hence
(l—e¢— &) =1, or n’é’(e—l- &) =1, But -+ ¢ Is positive
and r is negative. Hencé (e + ¢) = — 1. Applying the powers
of 8 (' = e2) to m &hd'n, we conclude that the 12 vertices of the
icosahedron are \reipnesentad by

N\

@) @7 =0, ém ein
@—01234 m= ¢4+ &, n= &&=+ &)
“\‘
) mﬁlply the numerator and denominator of T by € — ¢; We

geb
w\:»\:.’ t B 64 ? 2
A\ T 2 = (5 JE €
(e — ez)z— {e — e‘*)

whose determinant is 5. Henee a homogeneous form of T is

(25) PU = (e~ Jut (8 — ey,
L A (& — &)y — (e — &,
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As a check, the square of the latteris U = — u, V = — p,

Tuscrem 9. The icosehedral group H is generated by (23) and
(25).

129. The invariants of the icosahedral group Hi. The fornin’
which vanishes at the 12 values (24) of z = u/vis L\
S\
f=up(uf — mdod) (u* — nd o). :"}1.

We desire for r = 5 the sum s, of the rth powers\f the roots m
and n of 2% 4~ 2 — 1 = 0. Multiply by x7-* isart the roots, and
sum; we get O

8y ‘E‘ 8ra — 8, ?’:&\’

Using this recursion formula, we get www dbraulibrary.org.in

Y
a) e
N

8 = “"84+8.1=283“6;2~.é:.;—.382+281=581—6= — 11.
Since ma = — 1, we ha:ij,é
AN
(26) f = yo{u® 4+ 1luf»® — o™0).
</

The Hesdidn of f is 121H, and the Jacobian of f and H is 20T,
where '§w~’

(2?5“:':}-1 = — y® — ® 4 228 (ulF — wd ph) — 494u 01,
./

(28) T = yyf0 9304 522 (u® 15— 10 0%) — 10005 (u® 2w o).

A special point of the sphere is defined to be a point .w}}ich ta]lies

fewer than 60 positions under the group Zs. Henc'e it is a point

~ on the axis of one of the rotations other than the identity. The
|



N
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enumeration of these rotations in the preceding Ex. 3 shows that
every special point belongs to one of the following sete: the 12
vertices (at which f vanishes), the central projections on the
sphere of the mid points of the 20 faces, and those of the mid
points of the 30 edges. An aggregate of twe or more sefs, not
necessarily distinct, never gives a set of 20 or 30 points. \Hence
the invariant H vanishes at the central projections ot ‘thg sphere
of the mid points of all 20 faces, while the invariaf) T vanishes
at those of the mid points of all 30 edges. N

Evidently f is unaltered by transformation (23). Computation
shows that f is unaltered by (253), and hs\"r‘lg\fr_\ is an absolute in-
variant of Hy. The same is true of HNind 7 since the trans-
formations have determinant unity.’::l%oceeding as at the end of
§124, we obtain v

N\ 3
AN

THROREM 10, Every homogqnebﬁs polynomial in w and v which is

wiRg PR B HEbsahodrah group Iy is an absolute invariant

which is a polynomial in (}z;é‘{?iyarg‘angs [, H, and T. The lailer sutisfy
the identity N

@9) O T = 17285 — 11,

x\

130. The'f-;:}m problems for the tetrahedral and octahedral
groups. \BY,“§124, every polynomial absolute invariant of the
bomogf\hgous fetrahedral group Hg_t 15 a p()lynon}ia_.] in the absolute
Invaridats &, W = &¥, and &%, which satisfy the identity

N

~':® PU2{(-3) ¢ + & — W = 0.

Given arbitrary values for t, W, %%, compatible with relation (30),
we seek the sets of values of u, . This is the form problem for
Hy. From one set of solutions u, v, we evidently obtain 24 sets
by applying to it the 24 substitutions of Hy, That there are 65
actly 24 sets of solutions is seen as follows: Write

GO Zi= /W= wyw, X0 = W/
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so that Z; and X are the given values of these absolute invariants.
The first quotient is a funetion of 2 = u/yv. The ¢orresponding
gquation

82) (#— 232+ 1B3~-Z(#4+2-3ti2 412 =0

has 12 solutions z. For each such 2, we may compute X (z, and
then find two sets of values of u, » from o\ N

P |

(33) = X(u,0)/X (2, 1), = 8
w7

The first relation (33) follows from the fact\that the degree 8 of
W exceeds the degree 6 of £ by 2. The form problem for Ha there-
fore reduces to the solution of equaticn{’ ;Z32) and extraction of
square roots.

Equation (32) is invariant under the group Py of all tetrahedral
linear fractional transformationsgh ¥V FAbraplibemy (ef g Bx. 3,
§123) are 2’ = + z, 2’ = +oI¥?, and these leave invariant the

funetion N

34 \z?= @ — 1)/ (42,

Employ the cube Yoot w = 3(— 1 + 3t4) of unity. Then
\\:z'2 o= (- 23+ 1)/ (42,

Whﬂ?.}?§: w? is obtained by changing i to — 1. Hence

m\.J Zz _

N33) 7 w“) = Z.

Hence (32) may be solved by extracting a cube root (35). to get
Z», solving the quadratic equation (34) in 2%, and extraeting the
Square root of the resulting value of 2%
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For the form problem of the octahedral group His, we are given
arbitrary values of the absolute invariants W, & {x, compatible
with the relation (22) or

£{108 — W) + (2 x)® =0,
and seek the 48 sets of values of u, ». Write (D))
(36) Z = Wi/, X{u,v) = Wi/x. (~.’;~(‘

Since X ig of degree 2 in u, v, we again have (33‘):\. ForZ = /P,
we see from (30) and W = &¥ that

PN
87) —3 4 Z,/{(Zp=1) = Z.

The, first, payating (36) is ofdegree 24 in the unknown z Iis
%‘ﬁ;f%ﬁ‘ais leomivaﬂent to the: f;olution of the quadratic equation
(37} for Z, and the Wlieff@ﬁuations for finding z from Z,,

Turorem 11. Thelorm problems for the tetrakedral and octa-
hedral groups am\s{iuéble by radicals.

131, Thg.\ftinh problem for the icosahedral group Hi. Gi.ven
arbitrary ¢alues of the sbsolute invariants f, H, and 7, eorlttpf’ﬂ?ﬂf’le
with pelation (29), we seek the 120 sets of values of u, v. Write

3

@8) Z=f/T, X o) =fH/T.

:.\’.

) Since X is of degree 2 in u, v, we again have (33). Hence the form
problem for Huy reduces essentially to the solution of & — 2 T*
= 0, which after division by +* becomes

@) PO TNE~1F - 2 1 4 225 — o)
~ 10005 (2 + 29)}2 = 0.
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This equation of degree 60, having the single parameter Z, is
called the deosahedral equation. When Z is arbitrary this equation
will be shown to be not solvahle by radieals, in contrast with the
form problems for the tetrabedral and oetahedral groups. Our
first step will be to reduce the solution of (39) to that of a remark=
able quintic equation, O\

In (26) we gave the function f which vanishes for the twelve
values of 2 = /2 which represent the vertices of the icogahadron
L By inspection, f is unaltered by the transformation.\

L

AN\
(40) U= —uy, V=u 2 =—UbE

AY;
Hence the corresponding rotation F leaves I unaltered, so that

(40) belongs to the group A In §§127°8, we defined the rota-

tion T through 180° shout the axis OF\n the t{-plave, where P

i8 the mid point of the edge 4, V. By Ex. 8, §123, F is the rota-
ﬁ'é"ﬁf&tﬁrerﬂ@gimhe

tion through 180° about the y-axis) and
rotation through 180° about theé axis which is a eommon per-
pendicular to On and 0P,

To find the points usialtered by (40), take 2‘_’ = 2, whence
#4 1= 0. To find the\points unaltered by 7, write (25) in the
non-hOIDOgeneous“foi‘m and take ' = z. Similarly for TF. In
the resulting thxéé/equations, we replace z by u(v. Hence 1I!'.he
pairs of pointsypnaltered by F, T, TF are respectively those for
Whiﬂh :"\,:'

o= w4+, By=ut—-2(&+ S~
’.\n:' Cn=u2—~2(e+ Ed)u'v'_‘vz
vagith. Honce the points for which
(1) 1 = Ao By Cp = wb + 200 — Sutof — 5ot — 2w +0F

vanishes correspond to the vertices of a regular octahedron. Thu;
% is the fundamental invariant of the octahedral group referre

to axes different from those used in §126. By (23), we have
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42) 8*: U= é*y, V = ke
This replaces Ao, By, Cy by respectively

N\
Ay = eFul-f ¥ 2, By= ¢ ud — 2( 4 &luw — e“*tﬂ“
Cr= efu ~ 2(e+ &lur — e“w*

\,,.

Write i = Ay B; Cp. For T defined by (2})”

UV =Hw+w-¢), 1=(&% ﬁ}u - &) = B,
We readily verify that T veplaces 4 .ng:)‘L\mBz, where

¢’ "

m = 5(25— é%— ¢ — 264,

dbraulibrary.erg.in
e by ([eau—l I;a)ﬁz, and C'],-— Bl = — 2lur by

— 2{u® + uv\ 92) = (& — &)dy — (& 4 )0

Hence T replace} Bi by (& + &)C.. Sinee m(& — ¢)(&+ ¢)
=1 T replaces ti = A, By C; by t.. This imples that T replaces
A by ts siee A _z, B_y, C_; are derived from 4 ;, By, € by replac-
ing € by'\“‘ which merely changes the signs of all coefficients of

T, \Qhange not affecting quadratic functions of u, ».
ane T permutes the end points of the axes of F and 77 and
"\Iea,ves those of T unaltered, T changes 4, and C, into their nege-

“\“tives and leaves B, unsltered. Hence, since T is of order 2,

(43) T = (tn) (tl h) (ts 54), 8= (tn ) tﬁ ti)-

Tarorem 12. The icosahedral group of 60 rofations or of 60
linear fractional transformations is stmply isomorphic to the alter-
nating group on five letters,
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This may be seen geometrically. The 15 diameters each of which bisects
two edges of the icosabedron fall into 5 triples each of three mutuaily per-
pendicular diameters (like the axes of F, T, TF). Each triple can be converted
into all the remuining triples by rotations of Re. Hence exacily 60/5 or 12
rotations of Ry leave a given triple unaltered. The latter form a subgroup of
the octabedral group Ry, whose rotations of order 4 are not in Re. Henges
this subgroup is a tetrahedral group Ry From (43) it is easy to pick out the
12 substitutions on g, . . ., {4 which leave f unaltered and benece correqpemd
10 the subgroup R of Rso For example, ST = (0){2) (143 }F, and
F =878 T8 7 = (0)(14) (23) generate the homogeneous form Hyf of Ry,

7NN
S

By (43} every transformation of the icomhe@’ group His
permutes o, . . . , £ amongst themselves and hente Jeaves unaltered
their elementary symmetric functions. Tl\a fo, . . . 4 b4 are the
roots of & quintic equation & {

tﬁ+clt4+czz8+cszur’}:{t+cs=o,

where ¢y, is a polynomial of degreg ny PRy tavariant

of Hpg, The largest 6k is 304 antl hence is < 60. Thus by §129,
¢ is a product of factors, H, 7, whose degrees are 12, 20, 30.

Since no such product,i§.of degree 6 or 18, we have &1 = ¢3 = 0.

,  ¢5 = ¢T, where a, b, ¢ are constants.

A]SD# C: = af, e
Let s, be the sum o?hxe kth powers of the roots. Sincecr = ¢ = 0,
two of Newton's“identities reduce to s+ 2c =0, s+ & &
+ 464 = (. og‘lj;ls
) At =0, st (-2 =0,

0\ cT-}-totltztat&:O-

\Since S*1in (42) replaces & by &, we have
(45) t;c=eaku°+2e%u5v-—5e"u“v“+---,
whence
£ o= ¢kl p dutly — B U 4Ly,
#, = &Py 4 8efuPy + 42 L.,
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The coefficients of u' v, 4212, ¥ in the respeciive functions
(44) are

20+ 2q = 0, 20 + 4b — 2¢? = @, e+ 1=,

whence o = — 10, b = 45, ¢ = — 1. This proves oY

TurorEM 13. The octakedral forms fo, ..., 1y are {hé\::?ooté of

ot
7N
S %

(48) B~ 10f88 + 452t — T = 0..\1"

This equation was first obtained by Brieschi { §120).

Introduce in place of the root ¢ of (46) the new unknown
w =t f2/T, which is of degree zero juwand v and hence is a func-
tion of z. In (46), replace ¢ by T /f?, multiply all terms by
1/ % aud write Z for £5/T7 in adcord with (38), We get

www.dbraulibrary.org.i

(47) wt — W0Z0ff 4572w — 2 = 0,

132. The principal\quintic resolvent of the icosakedral equa-

tion. We employ\th;’ funetions ¢, defined by (41) and (45). The
Hessian of ¢, is 400 W ., where

A\ X
48) Wb — b @hyiy — 7k g8 e 7 b gy
OF +T @58 ~ Tev2p _ gy _ i
\ AN

~Since the generators 7 and $ of the icosahedral group Hug are
d of determinant unity and permute Lo, ..., % according to the
\/ substitutions (43), they permute their Hessisng and hence
Wo ..., Wi according to the same substitutions. Thus
& W is unaltered by 7 and § and is therefore an invariant
of Ho, and hence is & polynomial in [, H, T, whose degrees are
12, 20, 30, respectively. No linear combination of the latter with

integral coefficients = 0 reduces to 8, 14, 16, 22, or 28. Hence
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W =02 tW=0 2 W =0 tW=03£W=0

Thus 3, ¥V =0, 3, V2 =0, if
(49) Yi=ocWe4 vt Wy *t=012234). O\

Hence the latter are the roots of a principal quintic

U

(50) ¥+ 50V 450 be =0, O

By Newton's identities, we have . Y3 =>— 15¢, > ¥
= -- 20b. An inspection of the degrees of the invariants yields
the following identities except as to the pveﬁked numerical factors
which were found by a eomparison of smgle, terms of each member:

E Wi=_5K. 24)02, E‘fwaw_dbl.ag@braly .org.in
SEW = —5 796, SN BW = — 15T,
W= fH, A2 8W = — 607 H,
AW = —~SHE)N T AW = - 5801 H.
\5‘0'
Also 3~ 1w+ = 0” ‘Hence
A/

a —~s,$e~as+ To r + T2f5 072 + T,
\\ fHot + 1802 Ho? 72 + HTor® + 27 Ht.

,'I:Q“f:"ompute ¢, pote that (46) gives
w\\: "'l
N 2t — 10fz* + 4522z — T = Il(z — &),

identically in #. For x = — o/, this gives

(o4 ) = o8 — 10fc® 2 -+ 45 o* + T1%
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But II W, = — H?, the numerical fuctor heing found by com-
paring onc term of each member. Hence

e=— 1Y, = {5~ 10fcd 7* + 457 ort + T'T) ~
To obtain a resolvent of the icosahedral cration {39,}’,\:\\@ pass

to a quintic equation which involves f, #, 7' explicitlf only in the

combinations N

Z = f/T V = H”’/f”,"\\“

where v’
* r 9 \’;
(51) 274V = 1728
~\

by the identity (29). To this en;fl:,:fv}ite
www.dbraulibrary.org.in N,‘
(52) o= N/HN 7= w2/ HT).
Then \"\

Va *\3R3 + A (7202 4 )7,
(53} Vo= — M4 180,22 4 \® Z + 2Tut Z2,

QVe = N — 100 42 Z + 4BbAut 22 + 15 22
xi\"’

§”\s. .
When these values of a, b, ¢ are inserted into (50), we obtain the
principal resolvent of the icosabedral equation.

4 ..\:,

m\’ W,

\ 3

133. Identification of any principal quintic with the principal
resolvent, Given a, b, ¢, we shall prove that equations (51) and
(B3) ean be satisfied by choice of A, g, Z, V. To the third equa-
tion (53) add the product of the second by \; we get the product
of the first by 4% Z, whence

(54) W+ ¢ = u Za.
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Multiplr the third equation (53) by A and the second by u*Z
and subiraet; we get

(55) Vihe — p2Zb) = (N — Bp Z)%

From the first two equations (53), we get .
\Y;

Vi{sa 4 86)/u = W+ 216N uZ + O? Z + 21648 Z2)

Divide uie square of this by Z and subtract the re?fxlt from 27
times the square of the first equation (53), and sjm}hfy by use of
(81); we got V(A% — 342 Z)*. Employing (55).we get

2 D
_(Qat j_ng) — R 4 7.
# . w'w{f.dbl'aulibral'y.org_in

2762

Elimination of 4? Z by means 9f%€545 gives

L N abe — ) mA(Llath — ac? 4 26 )
(36) 2 2 3 2
o) 4+ Bda? bt — 27af ¢ — be? = 0.

After finding a rogh )\\of this quadratic, we deduce 4* Z from (5:1),
V from (53), afid then Z from (51). By means of the resulting
value of 2 anflthe first equation (53), we can find u rationally.

The rootkinvolves the discriminant A of (56). Let P denote
the DI'O*%ct of the squares of the differences of the roots of
g(¥ )40, defined by (50). Tt is known! that P is the resultant
of :!?}Y) and its derivative, whenee P = 5° D, where

D = 1084 ¢ — 135a* b + 90a? be? — 320ab® ¢ + 256b° +- .

We find that A — a? D. In the theory of invariants, D (and not P’)
Is called the diseriminant of {30).

1 Dickson’s First Course in the Theory of Equations, 1922, 152.
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Hence equations (33) and (51) may be selved rationally for
N g, Z, Vin terms of g, b, ¢, Db

TaeoreM 14. A general principal quintic equation may be identi-
fied with the principal resolvent of the icosahedral equidivn. The oty
irrationality infroduced in making this identification s the sgynre

root of the discriminant of the principal quintic. \ )

1

134. General quintic equation. By means of a..;:afii‘:sformation
involving a square root, we may reduce the gepegs: quintic to a
principal quintie ( §118). We just proved thif i« lstter may be
identified with the prineipal resolvent in §{32 in which h, 4, Z, V
are constants; its roots are on”

)‘fW_ fStW ::t.’
@:Zx).'.dbragﬁb?aryﬂfgiﬁ £ H},,k (k=0,....4),

ay

which are of degree zero in%# and ¢ and hence are polynomials in
z = u/v. Hence the géheral quintic equation can be solved in
terms of two square a'“b%ts and 2 root z of the icosahedral equation
(39). A\

The latter can'be solved in terms of elliptic modular functions.!
If with Kleindwe regard as known a root z= ¢(Z) of the icosa-

hedral equation, we may compute the roots of the general quintic.
\NM

2\

185." Tschirnhaus transformation of the special Brioschi re-
sdlvent (47) into the principal resolvent of the icosahedral equa~

A~ tion. TFor the system of coordinates used in §§123-6, the values
N/ of w :v for which the Hessian of the octabedral form ¢ vamshes
correspond to points on the sphere which are on ases of rotations

of order 3. Since the same is therefore true for the system of
coordinates in §§128, 131-2, the Hessian W of the new form !

1Klein, Math. Annalen, 14, 1879, 157-8. Bianchi, i4d., 17, 1880-1, 2547

Ilizlg’m. Weosaeder, 1884, 130-6; Thoorie der Elliptischen Modulfunctionen, L, 1880,
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vanishes for values of 2 corresponding to mid points of faces of the
icosahedroi:. Hence W is a factor of H. Another factor is 2 — 3f.
For, if we iranspose the term T of (46), square and replace ¢
by 3f, we get 37(24f2)? = 1728/% = T, whence H = 0 by (29).
A comparison of the coefficients of one term of each member gives™

(58) H=W(# - 3. ’ \ \)
From (57) with the subseripts % suppressed, (38),.¢ B TP,
and Z = 75/72 e get R4
A ouw N
59 -
(59) Y= s N
R

TarornM 15, The Tschirnhaus tramsformation (59) replaces
resolvent (47) by the principal resolvght 8f d§¥3Bibrary org.in
Sinee (47) is a guintic well adapted for solution by elliptic
functions, we may so solve thé&principal resolvent and hence any
quintie, - ™
. \’\ BExgrcise
Give a direct proof t\hQ‘ {59) transforms {47) into the principal resolvent.

Apply Sylvester's mebhdd to eliminate w, using (47) and its product by w,
nd the quadratib &ghation in w equivalent to (69) and its products by w,

wh o, o, Equabing to zero the determinant of these seven linear equations
M wt, . . welfshow that we get (50), where a, b, c are given by (53} and
{61}, \.J

136, The Galois group of the icosahedral equation. Let Fyo de-
‘Q)bf’“the group of the transformations

2 = Li(z) G=1...,60

Which are the linear fractional forms of thg homogeneous trans-
formations of the icosahedral group. In view of the generators



N
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(23) and (25) of the latter, the L.(z} involve tuc single irra-
tionality e Let I(z) denote the left member of the lcosahedral
equation {39). Its coefficients belong to the field £ = R(Z, €
and are invariant under the group Fg. Henee if 5 15 any root of

I(z) = 0, all its roots are given by z; = Li(x) fore = 1,..°9 60
Thus any factor of I () whose coefficients are in ¥ v:-mish'e?‘@r all
60 roots, whence I (z) is irredueible in F. AN

Sinee Fg is a group, Li[L;(2)] = L (z). Hence theyrcplacement
of 2, by z; gives rise o a substitution S; onf the 60 ToOts
Zi= L.-(z;). ..,'\‘\

We shall prove that the set of these 60 subgtitutions S, has the
characterigtic properties A and B of §89\of the Galois group of
I(z) =0for F. Let flz,..., z0) be.gxéy. rational function of the
2; with coefficients in 7. When eapi\2; is replaced by L:(a), let
Fibeoaibeiitrylogeigoefficients belong to F.

First, let f be unaltered in value by each of the substitutions 8-
Then ¢{21), ..., ¢ {za) arpx’aﬂ;equa]. Their sum, which is equal
to 60, is a symmetric fgnbtién, with coefficients in F, of the roots
of I(z) = 0. Hence fds.equal to a quantity in F.

Second, let f he danal to a quantity ¢ in F. Then ¢(z) = ¢ 18
an equation wiﬁh\s}efﬁcients in F which is satisfied by one root &
of the equatigh) (z) = 0, irreducible in F, and hence ( §80) by
all its root82y In other words, the ¢(z;) are all equal, so that f
is unal;gi:@d in value by all the substitutions S

:I'h(?JREM 16. The Galois group G of the icosahedral equation
(88) for the field R(Z, €) is simply isomorphic to the group Fy of

{_Ihe linear fractional icosahedral transformations.

Hence, by Theorem 12, ¢ is simply isomorphie to the alternating

group on five letters, The icosahedral equation is therefore not
solvable by radicals ( §111).

TuroreM 17. The solution of either the icosahedral equation or 18

re}s;olvent quintic equation (47) is equivalent to the solution of the
other.
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For, if we have found a root 2 of (39), we may compute at once
the rational functions w, = ¢, f2/T of # and hence have the roots
of (47}. Conversely, if we have found the roots w: of (47), we
may ecinpute z and hence all the roots of (39) as rational functions
of the w,, Z, &. For by Theorem 12, the identity is the only trans<
formation of Fg which leaves unaltered each £ and hence gach
wi, whence the identity is the only substitution of & Whicb.leé:v}es
each w5 unaltered. Hence the adjunction of all the wi ta the field
F reduces G to the identity group, so that each root of (89) is in
the enlarged feld. R84

ExXBRCISES

%

1. The solution of the principal resolvent of thé\cl)sahedml equation is
equivalent to the solution of the latter. Then by"J}heorem 17, the roots of the

prineipal resclvent are rational functions of £ ’ﬂ?_th Toots of resolvent (47),
and conversely. This would have enablgd W40 Ph IREATKCEE& M nce of a

Tschirnhaus transformation which repléices {47) by the principal resolvent
{ §135). ONY

2. The icosahedral equation jg 19 own Galois resolvent.

3. Tor s fleld conta‘ining“zl\:and {— 3)%, the tetrahedral equation (32) is

its own (alois rcsolvent, tand its Calois group iy simply isom_orphic to Fi
and hence to the altexnating group on four letters. Thus (32} is solvable by

radicals, R

137, Fur(h}f results. The solution of the general quintic may
be reducddio the form problem of a group of 60 linear transforma-
tions ,oﬁﬁree variables.! The general sextic has been reduced to
the£orm problem of Valentiner's group of 360 ternary linear trans-
fohmations which is simply isomorphic to the alternating group on
sif letters.? The general equation of degree 7 reduces to the form
problem of a linear group of order % 7! on 4 variables.?

1 Klein, Ikosacder, 1884, 211-60.

*Kiein, Math, Annalen, 61, 1905, 50-76 (reprinted from Jour. fir Math., 129,
1905, 151-74}; Math. Abhandl., 11, 1922, 481-502.

% Klein, Math. Annalen, 28, 1887, 400-532; Math, Abhendl, IT, 1922, 439-72.
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The symmetric group on = letters can be represented as a linear
homogenecus group on variables xy, . . . , &, subject to the relation
>z = 0{cf. §140). But! for n > 7, neither the symmetric
nor the alternating group on = letters is simply isemorphic to a
linear group on n — 2 or fewer variables. In other words‘the
general equation of degree n = % can be reduced to a f‘)““{i prob-
lem of order » — 1, but not lower. For a clear summaryef these
and related topics, see Wiman’s article® in Enc wa‘paﬂhe Math.
Wiss., I, 1, 1904, pp. 522-54. N

“Wiman, Math. Annalen, 52, 1899, 243-70. AS

bLater literature: E. H. Moore, Math. Annalen, \31, 189549, 117-44. Coble,
ibid., TO, 1911, 337-50; Trans. Amer. Math. Soc. N 008, 306-424; 12, 1011, 311~
25, Dmkson ihid., 9, 1908, 121-48; 12, 1911, o~9 Spolser, Math, Annalen, 77,
1916, 546-62. S(‘hur, Berlin, Berlchte 1908664-758, Jour. far Math., 127, 1804,
20; 132, 1907, 85; 139, 1011, 155-64 (cf. de.Séguier, Jour. de Math., (6), 6, 1910,
387—436 7, 1911, 113-21). Weber, Alge’bné., ed. 2, 1809, 1L, 228-301, 373-89,
470-350dbra uhbrary org.in R
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CuarrEr XIV

REPRESENTATIONS OF A FINITE GROUP AS A
LINEAR GROUP; GROUP CHARACTERS

138. Introduction. As a sequel to the preceding chapter, we
shall now prove some remarkable theorems on the representapions
of & given group as a linear group, and also give an introduction to
the theory of group characters. The latter theory is.du effective
tool for finite groups and has led to theorems not preved other-
wise, such as the fact that every group of ordenp® ¢® is solvable
if  and ¢ are primes, and that every transitive' group of prime
degree is either metacyclic or doubly transiiive.

Starting with a simple examplé”HuedRy MilEkIidr Fdbenius
developed the theory in a series of, cemplicated memoirs.! We
shall fcllow the simpler expositiongiven by Schwr? partly because
it is unusually attractive and partly since alternative introdue-
tions? to the subject are already available in English ¢

139, Reducible Hnearfﬁoups. Let a finite number g of n-rowed
noo-gsingular matrice$ i form a group such that there exists a
non-singular n-rowed matrix P for which

&
o o (Ag O
~OT PHRP = M= (¢ p.)

'§ "
2 &

1Barlint Berichte, 1896-1003. The author gave an elementary exposition of
Frobenius's theory in Annals of Math., 4, 1902, 25-49; also an extension to groupa
of Wwinsformations modulo p, Trans. Amer. Math. Soc., 8, 1807, 380-98; Bull.

“Auter. Math. Soc., 13, 1906-7, 477-88. o

?Berlin. Berichte, 1905, 406-32. Hypercomplex numbers were employed mn the
treatinent by Molien, Sitzungsber. Naturf. Gesell. Dorpat, 11, 1896, 259-88.

3 Blichfeldt, Finite Collineation Groups, qu‘_reraity of Chicago Press, 1917,
116-38. Miller, Blichfeldt, and Dickson, Finite Groups, 257-78. Burnside,
Theory of Groups, ed. 2, 1911, 243371, 464-84, 499.

4The author added §146 and the examples.

251
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for all g matrices B. Here A, and Dy are square mairices with a
and d rows respectively, €, has d rows and a columns, while all
etements of matrix 0 are zero. Then the group is called reducihle,

TuroreM 1. The mafrices of a reducible group con be frans-
formed simultaneously into? O
1L o )
N = R . i”\. -

ne@ 8O

o
N

With R and 8, the given group contains Rgmﬁﬁiils

My, = PRSP = PLRP. PASP = M, I,

whence \
www.dbraulibrary org.in o\

(1) Ays = Ap Ay oD = Dy Dy,
@) Cyg =3Cy Ay + Dy Co

L
S
Multiply the members of the last equation on the right by
Ag and sum fqr\bhe g values of S. Since Ay A 1 = A, is the
a-rowed identitytnatrix, we get

N/
@égﬁ As = gCx + Dy - gF, F= ; Zb Cs Ast.
N
Anithe first sum replace S by B 8. Using (1), we get

. J
O
)

Eﬁ C, A Ay = gFA;.

Suppressing the common factor g, we get

! Maachke, Math, Annalen, 52, 1809, 363.
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(3) FAg =Cy + Dy F.

Consider the matrix of determinant unity

Q- (5 ) O
y '\ ”
By (3), M, Q = QN,, where Ny, is gwen in the theorem "Hence
PQ is non-singular and transforms the given group into the group
of matrices Ny, ’ \

140. Representations of a groupasa hneabgroup, group matrix,
Consider a group of substitutions on % letters Let any two of its

substitutions be Y
\;,f'wu?',’dbra ulibrary.org.in

f b EY gL (m omom,
e R (S

To R make correspond{tiié linear transformation
2 3

\\ N/

T O ":‘-1:7]1:---:2’::7?»-
&
To 8 corresponids s: m = {1, .. -, s = {a Hence to BS corre-
sponds 7{1\51 = {1, ..., & = Ca, if we define the product rs as
in §220\

ﬁééﬁEM 2. Any substitufion group on n leflers ¢s simply iso-

le?'“;bhz'c to a linear group on n variables,
A substitution group may be simply or multiply isomorphic to

various linear groups.
Tet sy, ..., s, be the substitutions of a group & (or elements

of an abstract group @), whose identity is s For¢=1,...,¢,
let M, be an f-rowed square matrix such that



254 REPRESENTATION AS LINEAR GROUP [Ch.XIV

4} M

Ma"Maj= (ﬁlaj:l:---rg)r

g48 4
and such® that not every M,, is singular. By (4) for j = 1, we
have M,; (M, — I) =0, whence M., = I, the frowed identity
matrix. Since M, M, = M, = I, every M, is non- -singular.

Then the set of hnear transformations havmg the matrices
My, ..oy M, is called a representation of G as a Lnear\g?oup
When the M’s are not all distinct, the hinear gmap Jeontains
duplicate transformations and is multiply 1somorphic«to a.

To enable us to treat all the M’s simultaneousdly; we introduce
g independent variables #,;(¢ =1,...,¢) and‘%%i*

NG
X = ZM :cx'

=1 ‘s

()

ww dbrauli
he group matr:

ik yc%r%elﬁbondmg ) the representation of G as the
hnear group { M, ..., Ma 3
For example, Iet s=T, s = (12)(34),

= (14)(23). A group.iatrix is

s = (13)(24),

,\\ - .
\ L Ty L3 Iy
N/ Tz T1 T4 &

G X = (T T T Tay
O Tz Ty 1 X2
\ Ty Xz T2 I

Let. % denote the transformation, of matrix X, which expresses

G
§) \ Yariables

G =bh+ &+ L+ &,

{s

()]
L)

b — &+ &H— &,
m+ n+ 95+
m— M+ m—

., & linearly in terms of 4, ...

&
s
wy
oy

Introduce the new

y ™.
B4 & — & fs
k-6t &

mt— m— 9
7?1—112'—118‘{““‘?-1-

1This assuroption, not made by Schur, simplifies some proofs.
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Then T becomes

= (@m+ontont Z1)oy
= (o + 22— 28— T4) we,
6= (0 — 3+ 2 — Ty
f»: = (351 — Xa — X3 + x.;)m.;.

O\

141, Irreducible group matrices. If X is a group ma@:n@f “and
P is a constant matrix whose determinant is not_ zero, then
P XP is a group matrix called eguivalent to AN

0

Lesvas, If X and Y are two drreducible gmup”fnﬁtrices of orders
i and h for which XP = PY, where Pisa Qnstant maltriz with f
rows and b columns, then either P = 0, o else’f = h and the deter-
minant of P is not zero, so that X and X ure equivalent.

Suppose that P ¢ 0. Then P is;gfa&w'rdbramaraﬁxigegsif f—n
t=h —r. By §30, there exigtinon-singular matrices A and B
with f and h rows, respectivglyy such that

QG APE - L2,
\ =t a

N\

where I, is the ferowed identity matrix,
with 7 rowgyand ¢ columns. Write

while Z, . is the zero matrix

e
A\ X, X
\\ 1 _ rr T ,
axa- =X = (%" )
e
QO y
4 Yrr ri
gvp =7 = (37 ¥l

where X, has r rows and ¢ columns, ete. We have

X,Q =AXA'Q = AXPB = APYB = APBY, = QY1
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Hence
rr rt rT Tt
XIQ (Xsf Z QYl N (Zsr /eé)

whence X,, =0, Y,, =0, Ifeithers > 0orf{ >0, X or onul{i
be reducible, contrary to hypothesm Hences = ¢ = 0,7 = f =M\,
so that @ = I, and P = A-' @B is a squarc md‘rrm\mhose
determinant is not zero, O

CororLaRY. Every constant malriz M commuﬁfﬁ%z}e with an
irreducible group matriz X of order f 1s of the fOT!H\f_‘I o

For,if cis aroot of [M —21,| =0, P & M — cf; i3 a con-
stant matrix whose determinant is zero\\L&uch that XP = PX,
whence P = (. ¢

If R is any one of the elements; s{, J..,8, of a group @, the
cormesprmdingfargwed matrix A, (previously denoted by M) of
a representation of G as a lmear group will be designated by
(ai;2). In a second represe.n%’e.‘tlon of @G, let B correspond to the

hrowed matrix By = (by,n). These notations are employed in
the proof of the followag

THEOREM 3. Co‘n@zder any irreducible group matriz

X&) Gj=1...,0
of order f,\"f"ﬁe coefficients of
.'(\\w Tij = Eﬂn‘jRIR (R = 81,--.,39)

a3
NS

N\s’@ﬁéfy the relations

\ 3

Se
6) F‘Zam—mm=%6uaﬂ G hLkEl=1...,%
==.!'1

where 84 = 1, dey = 0(% ?53) If

Y = (ypq) wg=1,..., k)
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% @ second irreducible group matriz of order h belonging to the same
group G, swhich is not equivalent to X, and if

Hpe = Z bpen Tr (B = 81, ...,8,),
then A
o ) J = .. & \ \
4(7) }E:ﬁ;‘n* bpgr = 0 (I;, 7 = 1, ﬁ) i
For any two elements R and 8 of G, we have ":"

\3.,»

Ag Ay = Ags, By By = Bx;s'c-’
AN
Let U = (u;;) be an frowed Squaré\fnatnx whose elements

%i; are arbitrary constants, and wrige, v/
‘arww dbrauhbl rary.org.in

) V= _ZEA“-I Ul

NH=ag

Then RA
&%”\‘r }VAS Z A g1 gt Udgs
R

The second | mmber is equal to V sinee S ranges over the ele-

ments of the'g group G when R ranges over them. Sinece Ag-1 45
= A, <}, we have VA, = A, V. Hence V is commutative

with, e&ery A, and hence with X. By the Corolla,ry, V=ul,,.
BY\ {8), v is a linear homogeneous function of the u's:

\“/
\' v -‘—'—‘chl;k U jhs
F

Hence by (8),
33 Gintuntur = dad

L
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for every ¢, [, and for all values of u;.. Hence

(9) Eaifk—lak.’!k: s Cir (iajs k:‘E = I—:'“:f)'
i3
Take !l =fandsam fori =1,...,f; we get N\
E D Grir Gyt = feju R\,
B O
But Ay Apt = A; = I, implies 7\
" Qy
E Grim Gigr—1 = O NNY
[} ’::\\“
Summing this for B = &, ..., 3,, \ye"@\ltain the laft member of

the preseding squatian. Hence feb)= gds;. Tnserting into (9)
the resulting value of ¢, we geb(6).

Let W = (ws,) be a matrifwith f rows and h columns whose
elements are arbitrary constants, and write

'im?z = EAR—I WBkg.

\\‘,. =

As before, A;{ZBS = Z, whence ZY = XZ. Since X and Y are
not equivs,l\e}ﬁ," the Lemma shows that Z = 0. Hence

NG
E&'ﬂifn-l’;Ujpb,,m:O G=1,...,f;¢g=1,...,h)
B\/ »

G\ ) .
\"\}Smce the w;, are arbitrary, we have (7).

THEOREM 4. If X = (2;), ¥ = (Upa), - . . are any irreducible
group matrices of orders f, k, ... belonging to the same group
G =Ta,...,s,}, such that no two of the matrices are equivalent,
then the f2 + B> + - - . homogeneous linear Junctions iz Ypgr + -
the variables z,, are linearly tndependent,
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For, if the ¢, d, . . . are constants such that
Zt?:'fxiz' +de Ypg+ -0 = g,
i 7 -2

then in the notations of Theorem 3,

Zeifaiift"l'zdwbmn'i'"':o' O\
i3 L X 4 \..'
£\
Multiply by st and sum for B = sy, . .., 8, By (Band (7),
woe got , :
ZCis‘aiIaﬂc = 0. "‘\

i 7
This sum evidently reduces to ¢ix. A SI{D{BLI‘.\PTOOf gives d,, = G

Tuzorem 5. The determe‘nanw\gmg}:‘gédﬂg@}%{ ana &_mairiz is
an irreducible function of the variables z,,. Two irre ml?le group
matrices are equivalent if and onlydf their determinanis are identical.

For, if X = (zi;) is an irreducible group matrix of order f, the
x:; are f* linearly independent functions of the zg (Theorem.é).
Hence if the u;; denot€ fPindependent variables, the f2 equat%cms
Tij == Usij determine\(’*&f the x; as homogeneous linea.F functions
of the u.; and thé remaining = { §32). If the determmantz | x.,-,-|
were a produds.éf two polynomials in the zz, then after assigning
the value zérg“to each of those g — f* remainiflg Tq, We obf;a.m a
decompegition of d = | u: ;| into two polynomials » and w in the
4y;. Sinee d is of degree 1 in each variable #, we may assume t}’mt
v ig.af degree 0 and w of degree 1 in un. No term of the expansion
of\the determinant d contains the product of un by an elemer}t

\qul of the first column. Hence v is of degree 0 in ., whepce w s
of degree 1 in it. Sinee 4, #n is not a term of v w = d, v is of de-
gree 0 in every u.. Hence ¢ determinant whose f* elemenis are
independent variables is irreducible. This eompletes the proof of

the first part of Theorem 5.
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If X = (zi;) and Y = (y,,) are irreducible group matrices
which are not equivalent, Theorem 4 shows that we can choose
the zy, so that the x;, and the y,, take any assigned values. Henee
the determinants of X and ¥ are not identical.

142. Reducible group matrices. By repeated applisatiofs, of
Theorem 1, we see that a reducible group matrix X is equivalent

to a group matrix ¥ in & )
Y10 ---0 0 [zlofz}.;f'a 0 )
) y=|? 00 g 00
00 07, 90 .0 2

where each Y, is an irreducible group,m‘;t'rix.
¥

\:];gy_gﬁp%ﬁbrggggyggmup matrp B equivalent to one of type ¥
in (10). \ o

in o

TErorEM® 7, If group;ﬁiéitri:c X is equivalent to both ¥V and Z
in (10), where also each Bais irreducible, then m = nand ¥, . . .,
Y are equivalent in goghe order to Zy, . . ., Z .

For, let d; and, I{zbé the determinants of ¥, and Z;, respectively.
By Theorem 5, dand D; are irreducible. Sinee
‘Q'\“’” d],dz"'deDlDz"‘Dm

and sig\c@q\é polynomial is decomposable into irreducible polyno-
mialsin' a single way, apart from the arrangement of the factors,
we\lave m = n and see that di, ..., d, are the products of

P, ..., D, in some order by constants. But for z, = 1, x

=0(R # I), the determinant of a group matrix reduces to unity.
Hence the constant factors are all unity. By the last part of

Theorem 5, matrices Yy...,¥.are equivalent in some order to
2y, Z.

! For s more general such theorem, see Loewy, Trans. Amer. Math, Soc., 4, 1903,
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In view of Theorem 7, we shall call the group matrices Y. .,
Y, the irreducible componenis of the group matrix X. If two of
them are oquivalent they may be taken to be equal. Then if ¥
oeeurs exacily r; times, we call r; the dndez of Y, and the set of
s the imdices of ¥ or X,

Trworsv 8. If X = (2e;) s ¢ group malriz with the indz‘ces\
P vros 7 and if fiy ..., f1are the orders of tis irreducible compo-
nents, then exactly f¢ + -+ -+ i of the functions 45 of the y:cm'ables

&, are Lnearly independent. Also m+ -+- + 17 15 equal to the
number v of linearly independent constant matrices B which are
commutative with X. Finally, 1 4s equal lo the numbe? w of linearly
independent constant malrices which are cominplittive with X and
with every P. N

For, let Y4,..., ¥Ym be the irredngible components of X, so
that X is equivalent to ¥ in (10).@mmmﬁ,eg,ﬂleorem
follows from Theorem 4. To provethe last two parts, we may as-
sume that the ¥; are chosen.§e that the first m are equal, the
following r; arc equal, cte. Then let ¥ be of order £

The numbers v and wdemain unchanged if we replace X by -Y.
Let P be a constant giatrix commutative with ¥. We may write

X
) P!.l P12 le
NP = e ,
\“ Pml Pm2 Pmm
:n\”h
Whefe’%é magtrix P;; has t; rows and £; columps. Then YP = PY
if god ‘only if
O
\‘:“ YiP5j=P“Y5 (i,j=1,...,m).

I V; and ¥; are not equal and henee not equivalent, then
1, the corollary In §141

P;; = 0 by the Lemma. If they are equal, 386 %"~ ;
shows that P;; = ¢ F;, where Fi = I, is the identity matrix of

order ¢; = {; Hence
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euFy - cllel ...« ... () .
crllFl"'Crl,-lFl ‘0 M e 0
P = o - 0 dn Fr1+1 e dlr‘g le
0 ....... 0 dr21 Fr1+1 P d"grg 1};,1,-1_1 ~

oA

Conversely, its origin shows that every such matrieP 18 com-
mutative with X. The number of its arbitrary purdfueters e:,
Gan, .- B8 0 =72 F 1k bR N

Finally, let @ be a constant matrix commg@ét-’ive with X and
with every P. Since @ is commutative with\¥, il may be derived
from P by replacing the ¢, d, ... by C,\Dy" ... Since @ shall be
commutative with every P, matrix (Ch\,.-) must he commutative
with every matrix (c:;), and (DY ¥ith every (di.), cte. Hence

dhraylibrary or8dte products (of identity matrices of orders
™1, Tz . . . by constants. Thes&rfe also sufficient conditions that
Q be commutative with X.8nd with every P. The number w of
arbitrary parameters in@¥s evidently !

143. Regular grofp'matrix. With any group & = {s1, .. , 8o
is associated ag<Towed square matxix X whose element in the ith
row and jth«;o mn is x with the subscript s, 8,7, Hence X
= E M, .‘1\7., summed for all the elements s of &, where M, depotes
the m@tn:x whose element o;; in the ith row and jth eolunn is 1
or 0, a\b&rding as 5; 8,71 is or is not equal to s. Similarly, 3 is the
mz{\fm whose element 7 in the jth row and kth column is 1 or O

«aocording as s;5,7 s or is not equal to £. In the produet M. M4

/< “the element in the ith row and kth column is mi = D ; 74i7 ik

P
\
\ 3

Unless the product o+ is zero, it is 1 and
se8;70 =3, §; 8571 =,

whence s;8,~' = st. Hence if the latter equation does not hold,
then ;= 0. If it holds, the single term of =;: having a value
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#0 is that for which j is determined by s; = #s,, and then
Tig = 1. HSDCE M‘, M; = Mg-:,

If & is the identity of G, evidently M,, is the g-rowed identity
matrix. This completes the proof of %

TreoreM 9. X ds o group matriz corresponding to G. O\
It is called the regular group matrix. When G is a regular sub-
stitution group ( §90), the method given at the beginning of " §140
to represent @ as a linear group leads to our present matrices M. .

N
Tumorem 10. Arrange the irreducible compon?r}a X of the
reqular group matriz X so that no two of X, . .y X, are equivalent,
while every further component is equivalent tg}\\o’ne of these ¢ com-
ponents. If X ; is of order f; and index ¢p(sathat X (s one of ezactly
¢ equivalent components of X ), then f¢: for every ¢, and ¢ 13 the
mumber of classes of conjugate elements.of e gsem G o 4T

Counting the number of rowsin two ways, we have
81;1 .'l" '.'.' + eafc =g

N\
Bince each element Q{.@ .18 one of the g variables z, the firet part of
Theorem 8 gives .

S R ALY

X

Let ¥ be & miatrix independent of the #’s. Let [4, 4,] denote the
element\if) $he sth row and jth column of ¥. By considering the
element i the sth row and kth column of XY and that of YX,
we sfesthat X and Y are commutative if and only if

N

\ ) E Tapp1 [8,8:] = E [ss, 3t]xl‘ -1 G, k=1... @)

i i
identically in the 2’s. The two indicated z's have equal subecripta
ifs, =g 8;71 35. By their coefficients,

[s5, 8] = o0, 8c8,7%] G ko = Looos @)
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Define s, by $; = 8,55 Then

[8;‘, sk] = [snsj, snsk] (j! k; n = ]-r LIRS 9')-

If 5, is the identity of G, write y,, for [s;, 5], Then

y'.i_l'i = [83""18;, 51] = [SS'J 81']! V= (?J"’fﬂlsi}- Q!
Since this matrix Y involves ¢ independent parameters{fy, the
second part of Theorem & gives O

et bel=g N7

Hence \

(3l_fl)2+"‘+(3a—fc)2=,€729+{3=0;

K70

so that ¢; = f,; for every 4. \

WK ghrpulibiary s Ment of the(k which is commutative with
X is of type ¥. Since Y differsfrom X only in the order of mul-
tiplication of subscripts, a whatrix commutative with every ¥
i8 of type X. Hence Z is‘}:c'ﬁﬁmuta.tive with X and with every ¥
if and only if its element in the sth row and jth ¢olumn is simulta-
neously of the forrgs}

-
Zaf";‘-l}: Za‘-a’—"l. (3,_','. = 1, P g)-

Define s bjsi = s;5 Thusz, = z,if and only if £ = 8; 58,7 and
hence'it:g\ai'nd ¢ are conjugates in G. By the final part of Theorem
8, the'number ¢ of independent parameters in Z is the number of
classes of conjugate elements of &,

A VIf possible, let there be an irreducible group matrix H of order h
\“eorresponding to G which is not equivalent to one of the ¢ irre-

ducible components X,,..., X, of the regular group Tatrix.
The first part of Theorem 8 shows that in the group matrix (zs,i )
having the irreducible components X3, . .., X., H,

R e L
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of the functionsz,;0f 2., . - . , %+, arelinearly independent, whereas
evidently not more than g functions of them are linearly independ-
ent. This proves

TruzorsM 11. Corresponding to a group G, the tolal number of
irreducible group matrices no two of which are equivalent is equal to
the number ¢ of classes of conjugate elements of G. ’

144. Group characters. Consider a representation of G.,-——\"‘{ﬂ}
=1, &,...,5,) as a group of linear transformations with’the
non-eingular matrices M,; Denote the frace (sum of tly}e’diagonal
elements) of the latter by x (s:). The set of ¢ numbfz si(s), . -,
x (s.) is called a character of G corresponding to this representation
or to the group matrix X = 3 M, 5., belongingto it.

For the 4-rowed group matrix X in the g¥ample in §140, M.,
is the identity matrix, whence x {hdfes ﬁﬂﬁa%ﬁgris_iﬁbtained
from X by taking x = 1, z; = 00 # 2)) whence x(s:) = 0. We
saw that [ = 2 wy where z = 1 562 — a3 — za 1f we employ
this new group matrix (z) having g single element 2, we obtain the
new character x (s1) = x(%) =1, x(%) = x{s) = — 1.

Since equivalent matriges have the same trace, to eguivalent
representations or equivalent group matrices correspond the same
character. By Thepréu 11, there exist irreducible group matrices
X,, ..., X., no t%0 of which are equivalent, such that every
irreducible group ‘matrix is equivalent to one of them. The
correspondin@(simple ) characters are denoted by NICH IR 2 CDE

If amoug the irreducible components of the group matrix X,
X; 0({0131‘§ exactly r; times (r; = 0), evidently

¢

AD’ xle) = mals) oo o)
Let % and » be two distinet numbers of the set 1,...¢, and write
& G i= 1. ).
X“ B Z(aifn)xn, X” - zl;: (bFQR)zR (P: g = 1,- e ;f«a)

Rncl
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Then
Xu(R) 32_:&5;&; Xn (R) '—_Ebmmn

In (6) replace 7 by m and & by n, multiply the resulting equation
bY Gims Grnr and sum form, n = 1,. ., ,f We get O

.\\

E EalmS Amin-1- Zahaﬂ‘ Anln = _Z: Om1 G;r ﬁmvakﬂ’r

® m=1 n=1

The summand on the right is zero unless\m‘% [-, n = j, Bince
Ag Ag—1 = Ag 1, we may perform the sunimations on the left and
chtain o\

7
W

b
vg.\f%).dbl'aulibral‘y,%.%{fsn_l Grirr :;.? @its Qg

/
. N

S
,'.’.,

From (7) we obtain in thg}gshﬁm manner
(13) % @ srt bpgrn = 0.

m

¢ {

\,/

In (12) tak(u\;\t, =k T=1I;weget

<& g
A Eﬁissa—l Brxr = }ﬂriks s

$7

x..\’,'

S}Lm\lor 7 and %, and mark f with the subseript u. Thus
X"\Q:

O );_; xu (SR (R) = },— x4 (S).

Since xu () = fa, the ease S = I gives

(15) ZR Xu (R_]')xu (R) =g
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Similarly, in (13) take j =4, ¢ = p, T =1, and sum for ¢, p.
We get

(16) S (SE V% (B) =0 (us0v).

We return to the general group matrix X to which corresponds
the character x(s;) for¢ = 1,...,¢. Multiply (11) by xa (zig"l)
andsumfori=1,...,9. We get ()

'\
\

i X (siJXu (S‘Fl) = i i s Xo (Si)x:& (Si_..l}.‘:}‘.

i=1 p=1 i=l o\{ )

For v 5¢ u, the inner sum on the right is zero by\(16) with § = I.
Forv = u, itis r, g by (15). Henece r, is detérnined by the values
of x{s:) and the fixed numbers x. (s; 1% “But r; is the number
of times X ; ocours as an irreducibly edisPunedibof c¥ .ofBhiis proves

Tuzorem 12. Two representafilys of G s linear groups are
equivalent if and only if their coffesponding characters are the same.

145. Applications to gronp matrices. Let G be a cor{zmutative
group, and X =3 Mf;; ; be a corresponding irx:ed_uclble group
madtrix of order f._Stave M is commutative with X, it is of the form
¢: I, by the corollavy in §141. If s:isof ordere, M™° = I, whence
¢ is an ¢.th fesbof unity, If f > 1, X = 22 {cam;)d, would be a
reducible m‘a\trlx

N\W
THE&EE#{ 13. An drreducible group mairis corresponding to a
Com?ﬁutative group is of order unity.

~(See the example at the end of §140. _

’ It follows from Theorem 6 that every representation of a com-
mutative group of order g is equivalent to one whose matrices
have gth roots of unity in the diagonal and zeros everywhere m}t—
side the diagonal. This property therefore holds for the special

case of 8 cyclic group and proves
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TuroreM 14. The frace of any Unear transformation of finite
order is a swm of roots of unity.

THEOREM 15. The order of every drreducible group mairiz of G
s a divisor of the order g of G.

Write E, = 1 or Qaccording as s = Tor s # I. Then
)

2 x(R) Bt = x(S), O
B
g0 that (14} may be written in the form " \\

% xund? m—l—x(s;z%a} 0.

wiww dbraulibrary.or
Sinee x (/) = f ';5 Ogthe determmarrt

TN
L 3
R M

I%Esn—l — X(SR_}D‘k;: 0 (S,SR=s1,...,5)
AN

We saw that the trage x of SR~ is a sum of roots of unity and
hence is an integ algebraic number, Thus ¢/f is a root of an
equ&tlon of degree g whose leading coefficient is unity and remain-
ing coeffiglenits are integral algebraic numbers. Hence it is an
mtegra,ké)gebra.lc number. Being at the same time a rational
num‘t@r, it is arational integer.

"146 The alternating group G on five letters. By Ex. 5, §111, @
\ “has exactly five sets of conjugate substitutions. Let the five repre-
sentations of G as irredueible linear groups have the orders 1, g, b,
¢, d. They are divisors of 60 and the sum of their squares is 60.
Their maximum is evidently 6. If d = 6, a2 + b + ¢ =23,
which is impossible in integers. Let d = 5. Then a? + & + ¢
=3 He=50"+®=90and e orbis zero. ffc=4,8="5
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= 3. Notallof g, b, care £ 3. Finally,if a, b, ¢, d are all £ 4, not
all are 4, while 1 + 42 - 42 + 4% + 3 = 58 < 60.

TuEoREM 16. Every represeniation of the allernating group on
five lettors as an irreducible linear group 1s equivalent lo one on 1,3,
4, ar 5 variables, there being two types on 3 variables. 2\

¢y,
147. Computation of group characters. In (12} take b =7,

l = 4, and sum for ¢ and j; we get \
-

(17) I3 X (SR TR) = gx()x (TN~
R N/
Since the traces of Ay Ag and Ag Am%m;ﬁ]bmry_m—g_m

(18) x(R8) = {SR)

' <

Consider the symmetric"graﬁp on 3 letters and write

ry
~&
B = identity, Ai'\‘(.fm), B = (123),C = (12), D = (13),
\ F = (23).

The thrqu@ts’"of conjugates are B; A, B; C, D, F. By (18),
O @) =B, x(© = xD) = xP).
:t.\‘Q;
By 7) for T=F, x(B)=f By (1) for 8=T=4;
S=T=¢C;8=A4,T = Cintumn, and by (15), we get

3 4 37 x(4) = 6x2(4), 2P+ 4 x(4) = 670D
6f x (C) = 6x(A)x(C), [+ 2¢(4) +3x*(C) = 6.



270 REPRESENTATION AS LINEAR GROUP [Ch, XIV

H x(C) # 0, the third relation gives x(A4) = 7, aud the other
relations give x?(C'} = f2 = 1. Sinece the order f of the irreducible
group matrix is positive, we have

=1,  x(&) =x4)= x(€) =+ 1
If x{(C) =0, the conditions reduce to x(4) = y«%}x 4,
whence '“‘\:X‘
f=2 x(EB)=2 x)=- g@} = 0.
N\
N
'\«’,/
O
www.dbraulibrary.org.in (B”'
N
‘\\‘
Q)
&
O
x\
N
)
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matrix of, 52, 53

pencil of, 119, 120

symmetric, 64-6, 71, 73, 124
Binary form, 3 {see canonical)
Binomial equation, 156, 199

Csaenical form of binary eubic, 9,0

4

~

of equations, 210-19
of form even order, 38
of form odd order, 36
of quurtic, 20-2 R
Canonizant, 37 &\
Chain of funetions, 9¢
Characteristic deterfainant, £7, 93-7
equation, 47, 48*76‘"
matrix, 47 €N\
Commutator/27™
Conic pajrg/182-3
Conjugatehambers, 66
quatetnions, 46
Conjugates to function, 172, 183-5
Copatiant, 5-14, 16-20, 2438
#sannihilators of, 24-33
&s invariants, 34 .
diffcrential operators preducing,
32-3
functionally complete system of, 38
fundamental system of, 17-20,
2-5
homogeneous, 10, 11
index of, 4, 5
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Covariant, isobarie, 13
leader of, 13-7, 29, 30
of binary cubie, 19
of binary quadratie, 18 £
of binary quariie, 20 (\)
of tranaformations modulad)38, 82
resolvent of quintie, 203, >
tables of, 23 N
weights of coefficients of,“12, 13
with given leader,’\ls, 29, 30, 37

Chubie, binary, 70\
equation, 9, 135"81 180, 194, 214
form, 3 (seQ discriminant}

Cyele, 13770,V

R i T A

Dependent, €, 54
JPBeterminants, 3, 6, 37, 55, 127-8
% irreducible, 259

minor of product of two, 49

rank of, 49

with linear elements, 134
Differential equations, 134, 177
Discriminant of binary ¢ubic, 7-9, 18

of cubic equation, 138-9

of quadratic form, 4, 18

of quartic, 143-4

of quintie, 245
Domain of rationality, 54
Duplication of cube, 204, 207

Elementary divisors, 109, 110, 113-5,
117-9, 1256, 132
Elliptic functions, 217, 220, 2467
FEqual functions, 158
Equation (see elliptic, general, group
of, icosahedral)
normal forms of, 212-8
solved by auxiliary equations, 130,
189, 193,209
with cyclic groupis solvable, 190 |
with root constructible geometri-
cally, 205
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Equation, witk roots powers of those

of another, 211

Euler's theorems, 7, 28, 192
Tield, 54, 150

modular, 107

Form, 2

problems, 236-9, 249-50

Funetion with n! values, 160, 163
Functional determinant, 6

(ialois resolvent, 162-7, 174, 249
Galois’s criterion for solvability, 198

theorem on adjunction, 197

Gauss's lemms, 154
General equation, 249, 250

not solvable by radicals, 178, 200-2

Geometrical constructions, 204-9
Greatest common divisor, 151-2
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¢

alternating, 145-9, 176, 182, 186,

268-0
characters, 265-70 ‘
composite, 187 A
cychie, 144, 149, 185 "~
equation with prescribadNI76
factors of compositigh of, 188-9,
202 )
function belongibg;to’, 146, 170
T on conjugatds, 181-5, 187
generated, 144, 346
icosahedral (232-5 247-8
identity, 144
insolvalfﬁ‘e," 189
in ansitive, 168
igomorphic, 182
leaving function invariant, 145
finear, 249-51, 253

189, 200-3, 226, 240, 248-50,)

*

N ‘monodromie, 176-7

h
) 2

octabedral, 22631, 236-9

of binomial equation, 199

of eyclotomic equation, 192

of De Moivre's quintic, 177

of equation, 159, 164-7, 174-7,195
of equations in geometry, 177

of general equation, 175-6

of icosahedral equation, 247

of regular solids, 220

of resolvent equation, 181-3

Group of substitutions, 144, 233
order of, 144, 149, iG&
quotient, 18378, 146
redueible, 252
regular, 168, 184
regular cyelie, 185, 159, 190, 1924,

197, 199, 208-9 ~
representation as lincar, 25169
series of eomposition of ,.1’8§—9, 202
simple, 187-8, 2002 { ™
solvable, 189, 193, 108251
symmetric, 144, 1756, 186, 189,
202, 231, 2504 ™8

tetrahedral, 238859, ¥36-8
transform of| P51
transitiveq 168, 152, 251

Group mfir.rix, 25464
cquivalént, 255
indegét‘, 261
irredtceible componants, 261

p\ ‘tegular, 263

Hermitian bilinear forms, 66-8, 73,
122-5
alternate, 81, 125
Hermitian forms, 47-76, 52-8, 102,
134
ecquivalent, 68, 73
equivalent pairs of, 112, 122-5
index of, 71, 73
negative, 73
number of positive terms, 88
pair of, 74, 134 .
pair with any invariant factors,
126-30
positive, 73
reduction of, 68-73, 82-3
signature, 77 X .
under unitary iransformation, 76,
124
Hessizan, 3-5, 7-10, 12, 19, 29, 22, 23,
230, 235, 242, 246
Hilbert's theorem, 30, 231
Homogeneous, 2, 28

Teosahedral equation, 239, 246
Brioschi’s resolvcn;': of, 242, 246-8
group of, 247-8 .
principaj resolvent of, 242-7, 249

Icosahedron, 232

Identity element of group, 144
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Idenzity substitution, 139, 141
transformation, 2
Invariani factors, 97, 103-6, 109-10,
113-8, 124-32
Invariants, 5, 17
ahsolute, 21
annihilators of, 26, 33
coctficients of canonical form are,

differential operator producing, 32,
3‘)

£t
fundamental system of, 32-3, 231
index of, 4, 5
of icosahedral group, 235-6, 238
of petahedral group, 229-31, 236-9
of guadratic, 4
af quartie, 19, 20, 22, 195
of aystem of covariants, 7, 8
of tetrahedral group, 227-9, 236-8
of two quadratic forms, 7, 119
weight of, 16
Irreducible, 153-8, 168, 170, 172, 176
Isobarie, 13, 28

Jacobian, 6, 7, 19, 20, 231, 235

Jordan’s theorem on adjunction, 1954

"

Leader of chain, 00

Linear equations, homogengous,
6

~\
non-homogeneous, 62, 6{‘ }
Linear forms, 3, 3941
_independent, 55, 56,59, 60
Linearfractionsal transfermation, 220,
223, 225-6, 234\ ¢
Linear transformation, 1, 16, 41, 226
associative law, 2
classic eaonical form, 105-10
cogred;m(l , 64
conjugate, 66
detezminant of, I, 42
L gencrators of, 18, 26
\ identity, 2, 43
in new variables, 98, 103-4
inverse, 2, 43, 99
leaving quadratic surface invari-
ant, 110~1
non-singular, 42
orthogonal, 76, 77, 98-102, 11i,
124-5
praduct, 1, 42

o

Linear transformation, rational can-
onical form, 89-97, 103
similar, 104
singular, 42
unitary, 76, 77, 124
with any invariant factors, 103
Linearly independent, 54-6, 61, 62

Matcices, 39-53
adjoint, 44 R ¢ M\
associalive law of, 45 N\
characteristic, 47 4
congrient, 65, 133 .
conjugate, 66 RO
conjunctive, 67, 13377
determinants of, 48, ™
distributive law'ef; 45
elements matrices, 47
elements of \39 .
elements holynomisls in X, 134
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equiwalent, 57, 123
equiiyalent pairs of, 112-5, 134
greatest common divisor of deter-

O ‘minants of, 96, 97, 1024, 106

"3 group of, 251-69

Hermitian, 66, 77-51

identity, 42

inverse, 44, 46

nth reots of, 120-1

product of, 41

mank of, 48-51, 53, 57, 49, 60, 63,
;5;80 .

Té r, 81

scalar, 43, 46

similar, 104

skew-symmetrie, 80

sum of,

gymmetrie, 64, 65, 77-81

trace of, 265, 268

transpose of, 53

zero, 43

Non-singular case, 115
Normal Torm of equations, 210-9

Octahedron, 22%

-ig, 3 .
?’rimitive roots of unity, 1567-8, 191-2
Principal equation, 211~2, 219, 244-6
miner, 79-81
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Properties A and B of group of equa-
tion, 165-6

g-ary, 3
Quadratic forms, 3, 7, 65-76, 102,
134

canonical form of, 70-2, 82-8

canonical pair of, 74, 126-33

definite, 73

equivalent, 65, 70, 71, 134

equivalent pairs, 112, 122-5

index of, 71, 72, 88

Kronecker’s reduction of, 82-7

law of inertia of, 72

negative, 73

number of positive terms, 87

pair with any invariant factors,
126-32

positive, 73

reduction of, 68-72

i %&E&%’Prﬁé&hmﬁ(}n ,
76, 77, 124-5

Quadratic function a square, 142-3 4

Quantity, 150 JON
Quartic equation, 23, 142-4, 1945,
214 ™

discriminant of, 143-4 ™
reciprocal, 159, 177
Quresolv?nt cugic for, 143
arfic form, ¢ \J
Quaternary form, 3\
Quaternion, 46, 47, 110-1
Quintic equation, general, 246, 249
of Bring and J,errard, 214
of Briogchip217 (see icosahedral)
solvable’ease, 203

Rati\nai funetion of roots, 163,
(165-7, 1704

\ tions, 179

7“Reducible, 153

+ linear groups, 251

4 Rzﬂﬂar Folygons, 204, 207-9
Relatively prime, 152

Removal” of three terms from an
eqllm.t.ion, 212-3

vent equations, 180-3, 203 (see

Galois, lcosahedmi}

Roots, integral, 155
of equations defined, 152-3
of unity (see cyclctomie)
Rotations, 98-101, 1iq, 222.3, 225~
36, 230-41

Seminvariant, 14-20, 7, 29, 37,38
Solvability by radicals, 179 180,
1934, 193 .
Special points, 228, 231, 235%
Stereographie projestigna22
Subgroup, 144, 174 {
complete set of corjugate, 185, 203
index of, 149 { ™
invariant, 1763847, 196-7
maximal inyariant, 1878
order of 145
proper;, 187
rationgPfunction belenging to, 171
self-conjugate, 185
Substitution, 137, 139 {see group)

M\ associative law, 1404-1
\even, 147-8, 185G

identity, 141

invariant, 187

inverse, 142

negative, 147

odd, 147-8

order, 141, 149

positive, 147, 186

power of, 141

product, 140

transform of, 184, 186

two-rowed notation, 139
Bums of squares, product of two, 133
Symbolic notation, 38
Syeyey, 19, 20, 35, 229, 231, 236

Ternary form, 3
Tetrahedrsl equation, 248
Tetrahedron, 223

diametral, 223
Transposition, 146-7
Trisection of angle, 204, 206-7
Tschirnhaus trapsformation, 210-9%

247, 249

Urary form, 3
Weight, 12, 13, 16
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OPTICKS, Sir lsooc Newton. In ifs discussions of light, reflectian, color, refraction, theaties of
wave and torpuscular theories of light, this work is pocked with scorss of insights and dis-
coveries. in its precise ond practical discussion of construction of optizal apparatus, confempordry. .
- undersiondings of phanomena it is truly fascinating to modern physicists, ostronamers, mathe- -,
maticians, Fareword by Afbert Einstiin.” Preface by I. B. Cohen of Horvard University, 7 pages .
- of portroits, fatsimile pages, lettars, atc. o - 4l4pp. 5%, x 8. 5705 Paperbound 52..00

~THE ERINCIPLE OF RELATIVITY, A, Einsteln, H. Lorentz, M. Minkowski, H. Wayl. These are the

11 bosic. papers that founded the general and special theories of relativity, all franstoted G
English. Twe popers by Lorentz on the Michelson experiment, cisctromagnetic phenomend:
phinkowski's SPACE & TIME, and Weyl's GRAVITATION & ELECTRICITY. 7 epoch-making papers
BY, Finsteln: ELECTROMAGNETICS OF MOVING BODIES, INFLUENCE OF GRAVITATION IN PROF,
AOATION OF LIGHT, COSMOLOGICAL CONSIDERATIONS, GENERAL THEORY, and 3 others. 7.
iogads, Spacial notes by A. Sommerfald, 224pp. 5% x 8. 581 Paperbound §1.75,




hi tevolutionizad mathe-

" THE ANKALYTICAL THEORY OF . HEAT, Joi whijc

. maticol physics, is listed in the Great Books ?rogm_m and ‘many- ather listings .of gredt baoks, -
it hos been used with profit-by ger ions of matt icians .cndd physicists who .are interested

in either heat or in the application of the. Fourier integral. Covers cause ond . reflections of rays'

of heat, radiont heating, heating of clossd spaces, usa of trigencmetric seriey in the theary of * -

heot, Fourier integraf, etc. Transfoted by Alexander Fréeman. 20 figures, wxii- 4 A8App.

5% x B, . . $93 Popetbound $2.00

THE WORKS OF ARCHIMEDES, cdited by T. L. Heath. All the known wotks of the great Greek .

mothematicion are contained in this one volume, including the racently discoverad Method of

Archimedes. Contains: Cn Sphere & Cylinder, Measurement of o Circla, Spirals, Concids, Spher-

. oids, et This is the definitive edition of the greotest mathematical intellect of the onelent -
werld,  186.page study by Heath discusses Archimides ond the history of Greek mathematics.

Bibliography.  543pp. 5% x 8. 59 Poperbound $2.00

A PHILOSOPHICAL ESSAY ON PROBARILITIES, Meosquic de Loplace. This fomous essay explains
without recourse to mathematics the principle of probability, and the .opplication of probability
te games of chance, noturg! philosophy, ostronomy, many other fields. Translated framy the -
&th _French edition by F. W. Truscott, F. L. Emory, with new introduction for this edition by
E. T. Bell. 204pp. 5% x 8. : . §146 Poperbeurid $1.25 -

INVESTIGATIONS ON THE THEORY OF THE BROWNIAN MOVEMENT, Albert Elnsfw':li Reprinis.
from rare European joumals. 5§ basic papers, including the Elementary Theorys&hhe Brownion =« -
Movement, written at the request of Lorentz 1o provide o simple explonatichy, Translated by
A. D Cawper. Annototed, edited by R, Fiirh, EE{pp. of notes elucidate, give history of pre-

&2 1o ™

vious investigotions. Authar, subject indexes. ctnotes.  13dpp. 5% % ..
' - {5304 Paperbound $1.25

THE GEOMETRY OF RENE DESCARTES. With this book Descartes fgunded enulytical geometry.
© Original French text, with Descortes' own diagrams, ond excellent) Smith-Latham translation,
Contuins Problems the Construction of Which Requires Only Sti@ight” Lines ond Circles; On the

Nature of Curved Lines; On the Construction of Salid or Supe%kd Praokleme. Mates. Diograms,
258pp. 5% x B. : - n 568 Poperbound $1.50

DIALOGUES CONCERNING TWO NEW SCIENGEY ‘ol REQUMRLARN.Ot8IR of experimental ..
science, mechanics, engireering, is os enjoyoble os i Nis fmportant, Based on 30 years' &x- .
perimentation and characterized by Its authar as '‘supérior to everything else of mine,” it offers
a lively exposition of dynamics, efosticity, suurég,‘h?msﬂcs,z gtaength of rr;uganuls, qn-:ii_ f;l;satl-
entific method. Transloted by H, Grew and A. deSdlvie. 1 iagrams. Index. xxi Pp.
5% x 8. ransiarac By .s 599 Paperbound $1.65.

TREATISE ON ELECTRICITY AND MAGNETIEM) Jamas Clerk Maxwell, For more thon 80 yeors

saemingly inexhoustible source of leads\ for physicists, mathematicians, engineers. ‘LTmaf_ cilf-
1082pp. on such fopics’ o5 Meosurement, of Quantities, Elec s, E ¥ M
Theory of Electricity, Electrical Work:&dfnergy in a System of Conductors, General Thearems,

Theory of Electrical |moges, Elegtfelysis, Conduction, Polarization, Diele:lncg,_ Rexisianca, efc.
UThe greatest mathematical ph\}&ﬁ{t”since Mewlor,”' Sir Jomes Jeans. 3rd edition. 107 figures,
21 plates. 1082pp. 5% x & : 81846 Clothbound $4.9%
_PRINCIPLES OF PHYSICAL ORIICS, Emst Mach. This classical examination of the propagation of.
“light, calor, polarization &k offers o historical and philosephical treatment that has never baen L
surpassed for breadth Ond“easy reodability. Contenty: Rectilinear propogaotion of light. Reflec- :
tion, refraction, Eqely\knowledge of vision. Dioptrics. Composition ofL light. ‘.I'haory of v:ovlnr
and dispersion. Periodicity. Theory of interference. Pofarization. Mot t e 1

of properties of Zlight! Propogation of waves, ete. 279 illusirations, 10 portralts.  Appandix,
Indexes, 324p‘p\’ 5%, x 8. 5178 Paperbound $1.75

THEQRY OF ELECTRONS AND iT5 APPLICATION TO THE PHENOMENA OF LIGHT AND RADIANT

AT, M, SLarentz, Lectures delivered of Columbin University by Nobel laureate Lorantz. Un-
-abridged “hey form o historical coverage of the theory of fres electrons, motien, ubwrpi_norin
-of hedt, Zeemon effect, propogotion of light. in molecular bodies, invarse Zeeman eﬁzct, optica
pifenomefa in moving bodies, ete, 109 poges of nolfs' explain the ﬂ?l?suguf:gaun?dﬁr:;

Andex/ 9 figures. 352pp. 5% x 8.

"MATEER & MOTION, James Clerk Meneowell, This excellent exposition begins with simpls particles.
.ond ‘proceeds gradually fo physical systems beyond complete analysis: motion, forca, ﬁmpeqlilgs_
of centre of mass of moterial system, wark, snergy, grovitotion, etc l;grmen;:iti ail Maxwell's
i pp.

original insights and clarityl Notes by E. Lamor. )17 diagrams. % éupe?bwnd $1.2

AN INTRODUCTION TG THE STUDY OF EXPERIMENTAL MEDICINE, Claude Bemard. -%0-year-old.
classic of medical science. only majer work of Bemard avatloble in English, records his e%;
‘to transform physiology inte exact science. Principles of scientific research illustrated by ISP:; 3
case histories from his work; roles of chance, elror, p y folse -conc h'."‘ ?_d_";g-
eventually to scientific frurk; use of hypothesis. Much of modarn application of mothematicr fo,

‘biology rests on the foundation set down here. New foreward by Profassor ! B. Cohen, Horvard
“Univ. xxv - 266pp. 5% x 8. A . T400 Pape




ES"OF - MECHANICS, "Heiniich Hertz.  This last work by the greot 19th cantury physicist .
15 ] iy ¢ 'clossic, but-of great interest in the logic of science. Creoting o new system ot
inechanics based upon spade; Time, and mass, it returns to axiomatic analysis, fo understanding
- of the formai or structural aspeits of science, foking inta occount logic, ebservation, and prior
alerents.  Of great histetical impororce to Poincaré, Carnap, Einstein, Milne, A 20-page in-
Aroduction by R. 8. Cohen, Wesleyan University, anolyzes the implications of Herrz's thought and .
_-tha"togie of science. Bibliography. 13-page introduction of Helmbaltz, xiti + 27d4pp. 5% x 8.

LT 5114 Clothbeund $3.50
5217 Paperbound $1.75 -

"ANIMALS IN MOTION, Eadweard Muybridge, Largest, most camprehansive selection af thuy-
- bridge’s famous action photos of animals, from his AMIMAL LOCOMOTION, 3919 high-speed
.. shots of 34 differant animals ond birds in 123 different types of action: hoses, mules, oxen,
gigs, gowits, camels, elephonts, dogs, cots, guanacos, stoths, lians, tigers, foguars, raccoons,
aboons, deer, elk, gnus, kengoeoos, many others, in- different actions~—walking, wnming,
fiying, leoping. Harse alone shown in more than 40 different ways, Fhotos taken ogoigirulad Py
hockgrounds; mast octions token from 3 engles af once: 20°, 80°, rear. Mest plates wriginal
size.  Of ronsiderable interest to scientists as a clussic of biclogy, o3 o record of octdul facts
- af naturgl history and physiology, A realiy marvellous series of plates,” NATWEE, [Landan).
CA menumentat work,' Waldemar Kaempffert. Photographed by E. Muybridge. €dhedi by L. §. -
Brown, Amaricon Museurn of Maturel History., 74-page insroduction on mecHSnies of motion.
340 poges of pistes, 3919 photographs. 414pp. Deluxe binding, puper, (Weight 4% |bs.]
T % 10%. T?QS. Glothbound $10.00

-THE HUMAN FIGURE IN MOTION, Endweard Muybridga. This mew edifiers off o great classic in
.. the history of science and photography is the largest selection ever {made from the original
- Muybridae photos of human action: 4782 photographs, itlustioting AaR\types of motian: walking,
wnning, [ifting, etc. in time-exposure sequence photos ai spesdstup ta 1/6000H of a second.
- Men, woman, children, mostly undroped, showing bone and\ wlscle positions against ruled
. bockgrounds, mosHy taken ot 3 angles at once. Mat only wqs this a great work of photegraphy,
- pecloimed b{ cantamporory critics 08 ¢ waork of genius, ir.xs also a great 19th century iond-
mark in biological research. Historical introduction by 8ief, PRobert Taft, U. of Konsas, Plates
original sirg full detgil,  Over 500 oclian strips. 407Rp™ 7Y, x 104,
*www.dbraulibrary org.in N 1204 Clethbound $10.00

- ON THE SENSATIONS OF TONE, Hermann Helmhslfx. PThis is an unmatched coordination of such
ields as eoustical physics, physiology, experimeht,, Ristory ef music. 1 covers the entire gumut
“of musical tene. Partial contents: relation gf"i«ibrution, resonance, apalysis of tanes by sym-
-puthietic resonance, beats, chords, tonality, £8ntBnant chords, discords, progeession of parfs, efe,
A3 eppendixes’ diséuss vorious aspects ef\‘Sound, physics, ocoustics, music, etc. Transloted
by A, J. Ellis. New introduction by Riof. Hemry Margenau of Yale. &8 figures. 43 musical,
.ipossages onalyzed. Over 100 tebles.sdptex. xix + 576pp. 6% x 9'%,.
: - 5114 Clothbound $4.95

COLLECTED WORKS OF BERNHARD RIEMANMN. This importont seurce book is the first to contei
the complete text of both 1862\Werke and the 1902 supplement, unabridged. |t contains 31
monogaphs, “3 complete ea&}m courses, 15 miscelionecus papers, which hove been of enor
mous importance in relativity NVopelogy, theory of complex variables, and other areas of math

. matica.  Edited by R Dedekind, H. Weber, M. Moether, W. Wirtinger. (German fext. English
. Introduction by Hans Lewi 6%0pp. 53, x 8. §226 Puperbound $2.85

-CONTRIBUTIONS TQ ‘THE FOUNDING OF THE THEORY OF TRANSFINITE NUMBERS, Gearg Cantor,’
These pagers feunded o new branch of mathematics. The famous articles of 1895-7 are trans-
lated with an/82Whge introduction by P. E. B. Jourdain dealing with Cantor, the bockground®
wof his discayerigs, their results, future possibilifies. Bibliegraphy. Index, Motes. ix 4 21Tpp.
5% x 8, L3 : $45 Paperbound $1.25%

PRINCIFLES, OF PSYCHOLOGY, William James. Thi
1o be tonfusad with obridged editions. |t comiins all the wanderfyl descriptions, deep insights,
; that havé caused it to be o permanent work all psychological libraries. Portial conternts:
fingtions of the brein, automotion theories, mind-stuff theories, relaticn of mind to other thing

eonsciousnass, times, space, thing pereption, will, emations, hypnotisr, ond dezens of othe
dregs in descriptive psychalogy. A permanent classic like Locke's E3SAYS, Huma's TREATISE,

John Dewey. '‘The preeminence of James in American psychology is unguestioned,'' PERSONALIS
. The American classic in psychology—unequaled in brecdth and scope in the enfire psychologicdl’s
literature,’" PSYCHOANALYTICAL QUARTERLY. Index. 94 figures. 2 wvolumes bound as one. 5
otal of 1408pp. : 1381 Vol. 1. Paperbound :2 a9
Ti82 Vel. 2. Paperbound $2.

is the complete *'long Course,'' which is not

RECREATIONS -

SCIENCE FICTION NOVELS OF M. G. WELLS, This is tha compfete text, unabridged,
Walls's greatest novels: War of the Worlds, The Invisible Men, The lsland of Di
forsdiil, The Food of the Gods, The First Men in the Moon, n the Days of the Cormet, The:
TimoWhachine. © Still considered by many experts to ba the best science-ficon ever writh
ey @lll, offer omusemant and instruction to the scientific-minded reader. 1015pp. 5% x 85
5 c T264 Clothbound $3.9%




28 SCIENCE' FICTIGN STORIES OF H. G.. WELLS: : ;
2 full-length rovels—Men Like Gods: Star Bey e ot f .5 ~time; : tn
vention, bislegy, stc.’ The Crystal Egg, The Colfitry: ot 'the -Blind, - Enipire of “the Ants, Thé fdan
- Who Could Work Miracles, tepyomis Islond, A -Stary: of the Days to. Come; ond 22 ‘thers!
9 5pp. 5% x 8. o L T Y265 Clothbound $3,95

FLATLAND, E. A. Abbott. This is o -perennially popular science-fiction classic about life in a
two-dimensioned world, and the impingement of higher. dimensians. Palitical, satiric, humoroys,’
moral overtones.  Relalivity, the fourth dimension,” and’ other aspects of modern science are
explained more clearly than in most texts, 7th edition. New introduction by Banesh Hoffmon.
P28pp. 5% x 8. . N : o T Paperbound $1,00

CRYPTANALYSHS, Halen F. Gaines. [Formerly ELEMENTARY CRYPTANALYSIS.] A standard ele.
mentary and intermediate text for serious students. it dees not confine itself 1o old material,
but contains much that is not generally knew except fo exparts. Conceglment, Transpasitien,
Subsititurien ciphers; Vigenere, Kosiski, Playfeir, multafid, dozens of other techniques. Appendix
with sequence chaits, leHer frequencias in Engfish, .5 oftier languuges, English ward frequencies.
Bibliagraphy. 167 codes. New to this edition: salutions fo codes, vi - 230pp. 5% x63%.

. : 797 Papathoupd $1.95

A

FADS AND FALLACIES IN THE MAME OF SCIENCE, Mortin Gardner, Examines, yarious cults, -
quack systerns, frauds, delusions which ot various times have masaueraded gs \science.  Accounts
of hollow-earth fanctics like Symmes: Vellkovsky and wandering plonetsf Meerbiger: Bellamy -
and the theory of multiple maons; Chorles Fort, dawsing, pseudoscientific \methods for finding
woter, ores, oil. Sections on naturopathy, iridiagnosis, rone therapy, food fods, etc. Analyiical
accaunts of Withelm Refch and orgone sex enengy; L. Ron Hubbard dand Uionetics; A. Korzybski
and General Semantics: many ethers.  Brought vp to date to inslude Briday Murphy, others,
Mat just a collection of gnecdotes, but % fair, rﬁusaned _T_p%rgisar o%;:cenamc theary. Farmerly
titted IN TH M IENCE. Preface. Index. x ) hox 8. -
N E NAME OF 50 CE_ ” p? 1394 Paperbound $1.50

REINFELD OM THE END GAME [N CHESS, l;r‘ed Reinge_ld.\&ﬂwlgzes &2 eLnd games Lby-.AlekhiR:, :
Fichr, Tarrasch, Morphy, Bogolyubov, Copablanca, Wi ' Bubinstein, Las ef, R sky, othar
mastess.  Only ﬁrfsr-rmgr boo‘E with extensive béierad lwm?mgdta n pointing ouj -
arrors you might hove made. Canters eround trangititns from middie play to various types of
end play, Kirg & pown endings, minor piecs esdingg, quesn endings, bad b:shops_, blockage,_ .
weak pawns, pqssecfpawns, ete.  Formedy fitledBRACTICAL END PLAY. 62 figures. vi + 177p 3
‘5% w B. b8 NS ) 1417 Poperbound $1.25

N )

PUZILE QUIZ AND STUNT FUN, Jerome Méyer. 238 high-priority puzzies, stunts, ond tricks—s

mathematical puzzles like The Claver. Cdtpantar, Atom Bomb, Pleose  Help Alice; mysterias ahd
deductions like The Bridge of Sighs, o%_l.ogic, Secrat Code; ebservation puzziers like T

American Flog, Playing Cards, - Teigfihgne Dial: more than 200. others involving - mogic squares,

tongus  twisters, puns, anagremsd word . design. _fAnswersilncj!l{dEd. 25R§V|secgafenigrged ed[tfqn
~T0- ’ i . 238 puzzles, stunts, tricks. Pp- a x 8. o

of FUN.TO-DO. OverIIOO |Htxs‘rr.nt ns. 238 pi ] . 837 bapesbound $1.00

THE HOOK DERN ms, 'G. L. Kaufmaon. More than 150 waord puzzies, logic puzrles
Mo w&ggedgter‘?&:re bu?”lel new maferial bosed on same appadls thet make crasswords arid’:
deduction puzzles populasy but: with. different principles, technigues. Two-_manul; h;msrs, |"In-r3 .
. valved word-labyrinths] jdesign and pattem puzzles, puzzles colling for logic and o sTnum

Puzzias testing ability 1a- apply general knowledge te peculiar sr?uchons.Tn%nvP af] El;s e ;\\Nﬂru
fo all problems/sNg illustrations. 192pp. 5% x 8 : : aperboy 00

{ [ GIC By C. R. Wyl ignéd for racrders who enjoy

1 ) AND LOGIC by C. R. Wylle, Jr. Designed ' _enjs
f]ht:a cigflilisé ‘cf’:d“:gnu-\gglim of ' logical pu;zzhesnci without ?pec;u_h ie?i v:ul;fh:;:;hc;! g:u;::g:;:::
k N Tk ms are entirely new and range from e 3 : :
ﬂ:‘;’rw\‘:idlfsu Q,Seh“;,ufsmgge;':,sbﬂg entertainmient. Detective problems, how to find ﬂ;e Jym% ﬁ;f"‘:;j

man, hew "o blindman ‘ean identify eolor-by lagic, and rn_?\ny _r:ﬁ‘r:a: E?;)é;g-unsas?g‘ |._
.dugﬁgﬂ.to the logic qf puz_\z'i_e?..'_};g ..,.,.-,g..-_g.g-.,d ge_ner_cl.l .scnenh _|:. met i 128 i"aperbound $1ito.
'ﬁgrﬁmmrc MAGIC PUZZLES, AND GAMES WITH NUMBERS, Royol V. l:'eqih. cfn_re_; -a_rsmnmf
Rwkzles and stunfs based o pioperties of. m;r'nbarm nE;g:gs'!:::r_;?:)i-'n;eEd:;;]ua znvnﬁwpwh
i : is .mentelly, . identifying - unknown numbers, defer, ste | ih
g:%, :1"3(3 zzrzn&esrs dfm i?rﬁ]gr-.ds:hl:y _ei’ﬁ‘ermining apghcahuns af g'rmm;emnhcl;,es E:;:c?:;imafhn;
dika The Lost Digit, 2 Aciohats,. Psychic Bridge, Jm%glf“ ':q:,?le?s.'ﬂl‘;?uns?r::fo::‘ 128pp, 5% x 8.
ateriol not casily found elsewhere.  Edited by J..5, Meyer. 76 Husharsey Paperpound $1.00

LEARN CHESS FROM. THE. MASTERS, Fred Reinfeld. Improve YOur chess. otners Formarly -
by playing “agoinst M“'sh'“y‘;k: zneg:?;fa;%v?:‘);:n;’m“‘igfch_yéu move 0goinst .masters,
; = thi o T : ; “Sarf inci
Giae yoor moves by o Gy’ aplem. Gosmes sleced.fo njret Cary, eseyprin
iHusrrufg common openings; .both- Cﬂs‘_i“.’-l'. ."“9","-’“9“;?;.13“3;’??34—914@;'. Sex 8. T
that might have arisen.. Full nnofREions: d'?g._ o v 1362 Poperbouri

-

i




-THE COMPLETE NOMNSENSE OF EDWARD LEAR. Original text & illustrations of olf Lear's nan-
fense biooks: A BOOQK OF NOMSENSE, NONSENSE SOMGS, MORE NONSEMSE SONGS, LAUGH-
ABLE LYRICS, NONSENSE SONGS AND STORIES. Only complete edition ovoilable at popular
price.  Old favarites such as The Dong With o Luminous Mose, hundreds of ofher delightful bits
of nonsense for children & adultz. 214 different limericks, each illustrated by Llear; 3 differeny
- sety of Nonsense Botany; 5 Nonsense Alphobets; many others. 545 illustrotions, 320 p. 5% x 8,
: T1&87 Paperbound %1.09

CRYPTOGRAPHY, D. Smith, FExcellent elementary introduction to enciphering, deciphering secret
writing.  Explains  transposition, substitution ciphers; codes; solutions. Geometrical pattarns,
reufe iranscription, columnar transposition, other methods, Mixed cipher systems; singie-alphabet,
polyulphabeticol substitution; mechanical devices; Vigenare system, efc, Enciphering Jopanese;
explunation of Boconian Biliteral cipher frequency tobles. More than 156 problems provide

practical application,  Bibtiography, Index. Tadpp, 5% x 8. T247 Pageibound $1.00

-MATHEMATICAL EXCURSIONS, Helen A. Merrill. Fun, recreation, insights inte elamentary p}sb-
lem-salving. A mathematical expert guides you olong by-paths not ganerally travelled Sinvele-
mantary moth courses—how to divide by inspection, Russion peosant system of mulbiplication;
memory systems for pi; building odd and even mogic squares; dyadic systerns; fagts, aheut 37;
- square roets by geometry; Tcehebichev's machine; drowing five-sided figures;  dozéns more.
Solutions to more A?iﬂ]r;ult ones. 50 illusirotions.  145pp. 5% x 8. T350 PoPe\rbound £1.00

MATHEMATICAL RECREATIONS, M. Kraiichik. Some 250 puzzles, problen;s;.};lemonstrufions of
recreational mathematics far beginners & advanced rmathematicions. Ursira] higrorical problems

from Greek, Medieval, Arabic, Hindu sources; modern problems based ghd% thathematics without .

numbers,”' geemetry, topology, atithmetic, etc. Postimes derived fro { figurative numbers, Mer-
_senne numbers, Fermat numbers; fairy chess, latruncles, revessi, many*diher tapics. Full solutions.
Excellent for insights inte specia! fields of math, 181 ilustrations, 230pp. 5% x 8.

T163 Paperbound $1.75

N *

MATHEMATICAL PUZZLES FOR BEGINNERS AND ENTHUS1ASTS; }}n Matt-Smith, 188 mathematical
puzzles- to test mental agility.  Inference, interpretation, galgebra, dissection of plune figures,
gepmetry, properties I]%mmbers, decimation, permutations,\probobility, all enter these delightful
pm‘mesqu?&ﬁd!ﬁll' AT OBEEFdRe, How to Drawwon Ellipse, Spider’s Cousin, more than
180 others. Detgiled solutions.  Appendix with squdre, Voots, triangular numbers, primes, efc,
135 illustrations. 2nd revised edition. 248pp, 5% % B T198 Puoperbound $1.00

* NEW WORD PUZILES, Gerald L. Kaufmun. Comaifs 100 brand new chalienging puzzles bused '

an’ words and thair combinatians, never published before in any farm. Most are new types

" inventad by the outhor—for beginners or experfs. Chess word puzzles, oddle letter anagrams,

dovkle word squares, double “horizontals, alphagrom  puzzies, dual ocrostigrams,  linkagram
lapwords—plus B other brand new typemaall with solutions included. 196 figures. 100 brand
new puzzles. vi 4 122pp. 5% x B.oa . T344 Paperbound $1.00

 MATHEMATICS,  MAGIC AND M‘{.'ﬂil“', Maortin Gordmer. Card iricks, feats of mental mathe-
maties, stage mind-reading, othar “imagic' explained s sppiications of probability, sefs, theory
of numbers, topalony, variods &ramches of mathematics, Creative examination of laws and thair
application, with sources of tricks and insights. 115 sections discuss tiicks with cords,
dice, coins; geometrical vapishing tricks, dozens of others. No sieight of hund needed; mathe-
matics guorantees successi, P15 illustrations.  xii + 174pp, 5% x 8. 7335 Poperbound $1.00

\X

_MATHEMATICS ELEMENTARY TO INTERMEDIATE.

How TO'CAQULATE QUICKLY, Henry Sricker. This handy volume offers a tried and trve method . ©

for helping You in the basic mathematics of daily life-—addition, subtraction, multiplication, di-
vision, frachons, etc. it is designed to awaken your “number sense”’ or the ability to see refa-
tionshigs ‘Betwasn numbiers as whole quontities. |1t is not a colfection of tricks working only on
spegidi, numbers, but a sericus course of over 9,000 problems and their solutions, teaching

" #5pecial techniques not tought in schools: left-to-right muitiplication, new fast ways of division, '
V& N " < ; r

“Netes 5 or 10 minutes daily use will double or triple your calculation speed. Excellent for the
. Scientific worker who is at home in higher math, but is not satisfied with his speed and occuracy

in Jower muthematics, 256pp, 5x 71, T295 Paperbound $1.00

FAMOUS PROBLEMS OF ELEMENTARY GEOMETRY, Falix Klain. Expanded version of fhe 1894
.Easter Isctures ot Gittingen, 3 problems of classical geametry: sguaring circle, trisecting ongle..
© doubling cube, considered with full madem implicutions: transcendental numbers, pi, efc. Nates

- b¥.R. Archibald, 16 figures. xi - QR2pp. 5% x 8. 1348 Cioiﬁbound $1.50

) : 1298 Poperbound $1.00

HIGHER MATHEMATICS FOR STUDENTS QF CHEMISTRY AND PHYSICS, 3. W. Mallor, Mot absiraet,
but practical, building its problems out of familier laboratory materiai, this covers differential
_calewlus, coordinate, anaiytical geometry, functions, integral calculus, infinite series, numerical
Equations, differantial equations, Fourier's thesrem, probability, theory of errors, cafeulus of
variations, determingnts, "If the reader is not famifiar with this book, it will repay him to
omine 11, CHEM. & ENGIMNEERING NEWS., 800 problems, 189 figures, Biblicgraphy. i
- &dlpp. 5%, x 8. 5193 Poperbound $2.00




TRIGONOMETRY . REFRESHER FOR. TECHNICAL MEN, A. Albert Kiaf. 913 detailed guestions”ar
answers cover tha most imporfant aapects of plang and “spherical trigenomatry. They will. hel
you to brush up or o clear up difficulties in spacial oreas.—The first portion of this. book covers:
Rlane_rruganomerry, including angles, quadrants, trigonometrical functions, gruphical rapresenta-
tion, interpolation, egquations, logarithms, solution of friangle; use of the siide oude and similor
tepics— 188 poges then discuss opplication of plane frigonometry to speciel problems in naviga-
- tion, surveying, elusticity, architecture, and various fieids of enginsering. Small angles, paredic
functions, vectors, palar coordinotas, De Moivie's theorem are fully examined—The third section  ~
of the book then discusses spherical trigohometry and the solution of spherical triangles, with’
their applications to terrestricl and astranomical problems. Methods of saving time with nu-
merical ealculations, simplificetion of principal functions of angla, much practice]  inforriation
moke this a most useful book—913 questions onswered. 1738 problems, onswers Yo odd num-

bers. 494 figures. 24 poges of useful farmulae, functions. index. x 4 &2%pp. 5% x 8.
: . T371 Poperbound $2.00

CALCULUS REFRESHER FOR TECHMICAL MEN, A. Albert Klaf. This book is unique in English m\
a refresher for engineess, technicians, students who either wish to brush up their coloules @
to clear yp uncertwinties. It is not an ordinary text, but sn .exomination of most impaorfack
aspects of integral ond differential calculus in temms of the 756 questions most likely tehocedr
ta the tachrical reader. The first part of this book covers. simpie differential caleulus, with jeon-
stanls, wvuriobles, functions, increments, derivatives, differentiation, togarithms, curvature’ of .
curves, ond similer topice—The second part covers fundarentsl idess of integration, ipspection,
substitution, transformation, reduckion, areas and wvolumes, mean valug, successive afd partial
integration, double gnd trigle integration. Practicol ospects ara stressed rathep“than thecretical,
A 50.page section iliustrates the apptication of caleulus to specific problems ofgviliand nayticed
engineering, electricity, stress and strain, elasticity, Indusirial engineering, and, similar fields.
756 gquestions answered. 366 problems, mostly answered, 34 pages af useful constants, for-
mulue for ready reference. Index. v -b- 431pp. 5% % 8. {1370 Paperbound $2.00.

MONOGRAFHS ON TOFPICS OF MODERN MATHEMATICS, edited by b W. A, Youn?. Advanced
. mathematics for persons whe haven't gone beyond er have forggrfen high schow algebro. ¢
~tmorogrephs on foundation of geometry, modern pure geometffa on-Eue idecn gecmetry, fun-
damental propositions of algebra, algebraic yatio funﬁa‘s, caleulus, theory of numbers,
etc. Each monagraph gives proofs of importafit eduisl Had bRty o e liding metheds, fo
provide wide coverage. New introduction by Prof. M.\Kline, N. Y. Unjversity, 100 diagrams.-
xvi + 4lépp. &% 2 ?%. £ 5269 Paperbound $2.00

MATHEMATICS: mrg’ﬁmémm 10 ADVANCED

INTRODUCTION TO THE THEORY OR~FOURIER'S SERIES AND INTEGRALS, H. 5. Corglaw. Srdl .
revised edition. This excellent intrgdUction is an outgrowth of the outhor's courses uf Combridge:’,
Historical introduction, rational ofd Jirrational numbears, infinite sequences ond series, functions

and similar fopics. -

of a single wvorigble, defini \{negml, Fowrier series, Fourier i_ntegn::ls,
Appendixes discuss procticd) ﬁs‘{n nic analysis, periodogram analysis, Lebesgues theory. Indexas. -
84 awamples, bibliographyNxiii | 368 pp. 5% x 8. 548 Paperhound $2.00

INTRODUCTION TO THE{THEORY OF NUMRERS, L. E. Dickson. Thorough, comprehensive ap&raoch-

with adequate coveraggwef classical literature, on introductory vatume beginnars can llow.
~Chapters on divisibility, tongruences, quadraiic residues & reciprocity, Diophanting equations, -8
Full tregtment of efnary quodratic forms without usugl restriction to Tntegral coefficients. Covers -
infinitude of_pfimes; leust residues, Fermat's theorem, Euler's phi function, legencre’s symbal,. =
Gauss's lemmanautomoephs, reduced forms, re;ear‘}r 1I;ebc;rems risfd‘fhue]&ﬁgfr_:eg_el,viin;n::pyigna%;._
i i re. roblems, Index. e, Y
Much matefia) Snot readily uv.mlable efsawhel _ P o35 apeibound $1.65.

5% €8N .
© MECHANICS VIA THE CALCULUS, P. W. Nemis, W. 5. Legge. Covers Bloo eveaything from’
lingdr motion ta vector anulysis: equations determining motion, linear methods, comfvwn ing

Newton's laws of motion, Hooke's law, the simple pendulumr, - moticn
al wotk, frction, kinefic enemgy of rotating

rasses, elasticity, etc. 550 problems.  3rd

" gimplé” harmonic motions, 1 ;i
of 4 particle in 1 plane, canfers of gravity, wiru

bodies, eguilibrium of sirings, hydrostatics, sheering st

. revised: edition. xii 4~ 367pp. 5207 Clot_hbuu@ §a.98
NON-EUCLIDEAN GEOMETRY, Robarfo Bonola, The stundard coveroge of.non-chli_dean'g_ecme?r\r'
‘it examines from both a histarical and mathematical point of wiew the geometries which have

irise 7 Also included ore complem

‘arisen from a study of Euclid's §th postulate upon parciiel lines. Al mple:
texts, translated, of Bolyai's THEQRY :OF ABSOLUTE SPACE, Lobachevsky’s ng?k;’c P?;ﬁr;ﬁﬁé\%ﬁg’.

. 180 diagrams.  431pp. 5% x 8.
- ELEMENTS OF THE THEQRY OF RE

AL FUNCTIONS, J. E. Litlawoad, Bosed on lectures givel’ En,_
Trinity ' College, Cambridgs, this book -hes proved fo be ‘entremely suocessful in Intvcoks

graduaie. students to the modem theory of functions. M offers o full and concise - covel 2
2.05

classes- and cardingl numbars, well-ordered  series, other fypes of- sgriess.l;]ndcﬁ’lﬁir:mi:dq ”..

theary ;q{': setg_o{ points.  3rd nw_ise.d edition.  vii =+ 7lpp .'.?% xﬁ. i R bound :



E :‘CONTINUUM AND OTHER TYPES OF SERIAL ORDER, E. V. Huntingten, Thiz famous book

ves. ¢ systemafic “elemeritary ‘aocouvnt .of the ‘moder history of the continuum as o type of -

- sefial erder. Bosed of the Cantor-Dedeking ordinal theary, which requires no technical knowledge - -
of higher mathermaties, it offers on éasily fallowesd onolysis of ordered clusses, discrete and
-dense serigs, vonfinuous series, Contor's-transfinite numbers.  2nd adition.  Index, wiii -+ 82pp,
5% <8, ) ) 5129 Clothbound $2.75
) ; . $130 Poperbound $1.00

| GEOMETRY OF FCUR DIMENSIONS, H. F. Manning. Unigue in English as a clear, cancise intvo-
-duttion. Treatment is synihetic, and mestly Eudlidean, olthough in hyperplanes and hyperspheres
b infindity, non-Euclidean geometry is used. Histarieal intraduction. Foundations of 4-dimensional ™ -
. geomatry, Perpendicularity, simple sngles. Angles of plunes, higher erder. Symmetry, order,
motion; hyperpyremids, hypercones, hyperspheres; figures with posaltel elements; volume, hypers
volume in spoce; regeler polybedroids, Glossary, 78 figures. ix 4 348pp. 5% = 8.

B 5181 Clothbound $3.95

’ 5182 Paperbound SN9S

"WECTOR AND TENSOR AMALYSIS, G. E. Hay. One of the clearest introductions to this incregsingly .
. important subject.  Start with simple definitions, finish the book with o swre mastery 'ofxqrienled -
~Cartesian vectors, Christoffel symbols, solencidal tensors, and their applicotions. Cgrnp?e're breok-
- down of plone, seiid, analytical, differential geemetry, Saparote chapters on gpplitation,  Alj
fundomental farmuioe listed & demonstroted, 195 problems, &6 figures, viii 4= T93pp. 53, x 8.
L ’ 5108, Roperbound $1.75

- INTRODUCTION TO THE DIFFERENTIAL EQUATIONS OF PHYSICS, L. Haph, NEsdecially wvaluohle
to .the engineer with no math keyond elementary cafeulus. - Emphasigingntuitive rather thon
formal aspects of concepts, the oauthor covers on extensive territarys Rartial contents: Law of
. cavsality, energy thearem, domped oscillations, coupling by fri¢tide, jeylindrienl and spherical

_mordinmas, heat source, etc,  Endex. 48 figuras, 140pp. 5% N8 5120 Paperbound $1,25

INTROBUCTION TO THE THEORY OF GROUPS OF FINITE onbﬂQ&.‘ Cammichael. Examines funda-
_-.mehtal theorems and their application.  Beginni with ysefs) systems, permutations, ete., i .
. progresses, 5 _thy i rtant types of groyphk Abelion, prime power, permutation, -
- et ?mrﬂﬁmw&wm are desirable, nothgher moth nesded. 783 exercizes,
problems. tndex. xvi - 447pp. 5% x 8. a\ 5299 Clothbound 23.95

\J/ $300 Puperbound $2.00

- THEORY OF GROUPS OF FINITE ORDER, W. Burnside. First published sume 40 years ago, this is |
stifl one of the claorest introductory texts. fartidl confents: permutations, groups independent. ~
. of representation, composition series of o geadp, isomorphism of o group with itself, Abalian
- groups, prime power groups, permutotion groups, itvariants of groups of linear subskitution,
- graphical representotion, etc.  45pp. of ‘mates. Indexes. xxiv - 512pp. 5% x 8.
R ’ A 528 Paperbound $2.45°

- INFINITE SEQUENCES AND $SERFESSKonrad Knopp. First publication in any languoge! Excellent
introduction to 2 tapics of moderh “mathematics, designed to give the student background ta
_penetrate farther by himself {Segeences & sets, real & complex rumbers, ete. Functions of @
- rég) & complex variable. Sequehces & series. Infinite series. Convergent power series. Expansion
. of ‘efementary funetions. Mdumerical evolwation of series. Bibliography. v 4 186pp. 5% x B.
Do : 7 5152 Clathbaund ;?;‘2

B .\' 5153 Paperbound
- THEORY QF SETS, £ Kamke, Clearest, omplest intraduction in English, well svited for independent

© atudy. Subdivision®y,of main theory, such os theory of sets of points, are discussed, but emphasis -
is on generalthebry.  Partial contents: rudirments of zet theory, arbitrary sets and their cordinoi
‘rumbers, wled sets and their order types, well-orderad sets and their erdinal numbers.
Bibliogruahx\ Key to symbals. index. vii -~ ld4dpp. 5% x 8. 5141 Paperbound $1.35

ELEMEN“’ 'OF NUMBER THEORY, I. M., Vinogradov. Deigiled st course for persons withowt
nd_wgfed mathematics; 95% of this hook can be understood by recders who have gone no
.}Sﬂhe than high school algebra.  Partiol contents: divisibility theary, important number theoretical
o Iunctitns, congruences, primilive roots and indices, etc. Selutinns o both problems ond exercises.
\Jouples of primes, indices, etc. Covers almost every essenfial f{armula in elementory rumber
Heory! 233 problems, 104 exarcises. viii + 227pp. 5% x 8. 5259 Paperbound $1.50

FIVE VOLUME “THEORY OF FUMCTIONS'™ SET BY KDNRAD XNOPP, This five-velume set, prepared
By Konrad Knopp, provides o complete and readily followed occount of theory of functions
Praclfs are given concisely, yet withaut socrifice of completensss or rigor.  These velumes ame
ed-as texts by such wniversities os M.I.T., University of Chicogo, M. Y. City Cuollege, and many
others. . '“Excellent introduction . . . remarkably readable, concise, clear, rigorous,”” JOURNAL
_O.F'.THE AMER|CAN STATISTICAL ASSOCIATION. . .

ELEMENTS. OF YTHE THEORY OF FUNCTIONS, Kanred Knapp. This bock providss the student with
nckground for further volumes in this set, or texts an o similer level. Partial contents: Foundot-
ong.;systemi of complex numbers ond the Goussion plane of numbers, Riemann sphere of numbets; 24
pping by linear functions, normal forms, the lagarithm, the cyclometrie functions and binomia

. Not enly for the young student, but alsa for the student who knows all cbout what i
EMATICAL JOURNAL. Biblingraphy, Index. 140pp. 5% x B. 5134 Paperbound $1.35




- THEQRY OF FUNCTIONS; ovi
of hosic concepts and theorems - Pairticth. conde “nuinkitrs ond- points, - funcions  of u:::;;ﬁg:
warioble, integral ot @ continueus functien; Cauchy's integral ‘thaoiemn, Cauchys integral formulaes
series with varioble terms, expansion of analyfic functions in- power serjes,. salylic ‘cantinuation
and complete definition of analyiic fimctions, - enfire transcendental functions, -Laurent expunsion

types of singularities. Bibliography. Index. vii -+ 146pp. 3% x8. %156 Paperbadnd $1.35-

THEORY OF EUNCTI(?NS, PART LI, Konrad Knopp. ‘Application and: further develapment of general. .
thgory, special topics. Single valved functions; entire, Weierstrass. - Meromorphic  functions: .
Mittag-Leffler. Penodic functions. Multiple-valved functions. Riemann surfoces.  Algebraic fune- -

tions.” Analytical configuration, Riemann surface. * Bibliography. index. 'x 4 150pp. 5% x B.
. $157 Poperbound 41.35.

PROBLEM BOOK [N THE THEORY OF FUNCTIONS, VOLUME 1., Xoncad Knopp. Prohlems' in
‘efementary theory, for use with Knopp's THEORY OF FUNCTIONS, or any other fext, aranged
gccording o increasing  difficulty. Furdamental concepts, sequentes  of numbers «nd infinite -

series, camplex variable, integral theorems, development in series, conformal mapping. Answerss
viii & 126pp. 5% x 8. - : . 5158 Paperbound $1,88 N

PRC?{BI.EM BOOK IN THE THEORY OF FUNCTIONS, VOLUME 2, Konrad Knoppi Advanced theoty .
of functions, 1o te used either with Knopp's THEORY OF FUNCTIONS, or any other compdrable -
text. Singularities, entire & meramorphic  functions, periodic, analytic, continuation, figle- -
valved fonctions, Riemann surfaces, cenformol  mopping. includes @ section of additionai -
elementary problems.  “‘The difficult tosk of sslecting from the immense material f the modemn
theory of funetions the problems just ‘within the reach of thé begirner iss here” masterfully
gccomplished,'' At MATH. S0C. mnswers. 138pp. 5% x 8. . 5159, Raperbound $1.35
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SYMBOLIC LOGIE 3O

‘AN INTRODUCTION TO SYMBOLIC 1OGIC, Suscnna K. Langer. cbgbly the clsarest book aver. -
written ondsyi;th;‘ic Iogif, far the philoso%he'{, gener:;hscienrisr ag mon. 1t will _befpnriicuiurly :
apprecigied by those who have been rebu act ey artel b % se of insufficient
mathematical training. Mo special knowledge of-m%tlggfﬁnm qﬁi‘sm:xiﬁxgﬁ?guﬂirg with the’
_ sitplest symhbols and eonventions, you are led to a_remd kable grosp of the Boole-Gchroedar and
Russell-whitchead systems clearly ond guickly. PARTIALL CONTENTS: Srudy of forms, Essantia ’
logicat structure, Generoiization, Clusses, The deductive Systam of closses,- The aigebra of: |
Abstraction of interpretation, Caleulus of prapositiong, yAssumptions of PRINCIFIA MATHEMAT?%A
Legistics, Logic af the syllegism, Praafs of theosms, ' 'One of the clearast and simplest intro
dictions to o subject which iz wery much olives The style is easy, symbolism is introduce
graduelly, and the imelligent non.mathematicarsshould have no difficulty in fottewing argument;”
MATHEMATICS GAZETTE. Revised, expaondadisscond edition. Tisth-value tables. 368pp. 5% x B
: e : S16s Paperbound $1.7:

" TME ELEMENTS OF MAIHEMATIC‘,ALgOGIC, Paul_ Rozenbloom. FIRST PUBLICATION 1N ANY:

CLANGUAGE. | This book is infencled\rar Teadders who ¢ra meture. mathematically, bur hicrps eve
it Jtt does not limit itself fo @ singla system, but covers Ll;;e

previous training in symbalic dogit,,
fisld oz a whola. it is a da O%I\oment of lectures piven af lund University, Sweden in 19458
. Partigl- contents: Legic of clossesy tundomental theorems, -Boolean algelra; {ogic of propositians;
Awgic of propositional functiohs, expressiva languages, rombingtory logics, development of math
‘matics within gn objecr longuage, parodoxes, theorems of Post ond Goedsl, Church’s theoram,
imflar topics.  iv +\2idpp. 5% x 8. $277 Paperbound
E LAWS OF THRUGHT, Gearga Boale.  This hook founded symbolic logic some hundred yea
g, It is the 1et Gignificant attempt to apply logic to all aspects of humdn -endegvour.” 'Partla
ahisnts:. derivatioh of lows, signs & lows, inferpretations, efiminations, conditigns of o pa
méthod, uansis;- Aristotetian logic, probability, and simitar topies.  wvili 4242p. 5
e T QY T 528 Poperbound $2.00
Y . ELEMENTARY MATHEMATICS FROM AN . . L :
Ny . 'ADVANCED STANDPOINT, Felix Kisin. : ST
d. suvey course at Goitinger.

‘clossic text is an sutgrowth of Klein's famous mfegration an l .
WUsing one field of mothematics to interpral, adjust, illuminate anothar, it covers basic MPlg_i(
extansive analysis. It is especially. valughle Inlcondid:

a

B, areay.-illustrating ifs discussion with

TG, qreas of medern mathemorics, ' Makes the render fesl the inspiration D
saticion, inspiring teacher . . . with desp .insight intd the foundations and  interrslations,
AMERi_GAN'MTHEMAT_ICAL SOCIETY. . : ) - o
_ARITHMETIC, ALGEBRA, . AMALYSIS. Intfoducing the concept of function imh:-_ndiata_
bstroct discussion with grophical und. geomatrically perceptual methods. Parti¢] conten
bers, extension of the noffon of number, special praperfies, complex: numbeys, ” R
ith-feal unknowns, complex quantities. Logarifhimic, exponential functions, gontom!
nfinitesimal cofculus. Transcendence of @ and pi seembloges.. Indéx
%. o 247pp, 5% X85 R 5150 Papetbaind §

"GEGMETRY. . A_compiehensive view which accomponf

o with. anabytic” fermulas which facilitate preci

ifolds: line ‘segment, Grossmann deteaming
rivative manif Geometric, t f

i
‘theory of 'a

iy the space .perception inbe
e P Rl




ALMOST 'PERIODIC FUNCTIONS, A. §. Besicovitch, This uniciue and imparfant summoary by @

well-known mothematician covers in detail the fwo stages of development in Bohi's theory of

- olmost periodic functions: (1) as a generalizotion of pure periodicity, with results and proofs;

12} the work done by Stepanoff, Wiener, Weyl, and Bohr in generalizing the theory. Biblisgraphy.-

xi 4 T80pp. - 5% x 8. 317 Clothbound $3.50
. S18 Poparbound $1.75 |

LECTURES ON THE ICOSAHEDROM AMD THE SOLUTION OF EQUATIONS OF THE FIFTH DEGREE, "*

lix Klein. The solution of guintics in terms of rotations of o regulor icoschedron arevnd its
axes of symmetry, A clossic & indispensoble source for those interested in higher algebra,
geametry, erystallagruphy,  Corsidersble explanatory maoterigl included. 230 taotrotes, mostly
biblisgraphic. 2nd edition, xvi 4 28%p. 5% x 8. 3114 Paperbound $1.85

-MINEAR INTEGRAL EQUATIONS, W. V. Lowift, Systematic survey of genaral theary, with Some
applicatian to differential equations, calculus of variations problems of math, physics:\ Fartial
contents: integral equations of 2nd kind by successive substitutions; Fredholm's equgtien .05 ratio
of 2 integral series in lambda, opplications af the Fredholm theo . Hilkert-Schanidt Mheory of
symmetric kernels, application, etc, Neumann, Dirichlet, vibratory problems. index \ix 4 253pp. -
Co R v B 5175 Clombound $3.50

S 5176 Pagerbound $T.60

MATHEMATICAL FOUNDATIONS OF STAFISTICAL MECHANICS, A. 1. Khinghin. ‘Dffering a precisa,
- and rigorous formulation of problams, this baok supplies a thoraugh ofid\up-fo-data exposition )
© I provides analytical tools needed 1o raplate cumbersome concepts, {afdd fumishes for the first
time a logical step-by-step introduction to fhe subject.  Partial canfapts: gesmetry & kinematics
of the phise space, ergadic preblem, reduction to theary of prababdity, opplication of centrol
limit probiem, ideul monatomic gas, foundation of thermodynamics, dispersion ond distribufions
of sum functions. Key to notations. Index. xiii -} 179pp. Q“X :} 5146 Clothbound $2.95
. o \4 8147 Poperbaund $1.35

- ORM qmg,l S, E. L Ince. A st campendious analysis in real and.
mmwﬁgb(#égéﬁ!g{lsﬁ:{' an ngu!r‘ure of solutions, mrﬁ}i’:uous h‘pcnsformcrﬁon groups, solutions
in_an infinite form, definite imteqrals, algebraic theedy” Sturmian theory, boundary problems,.

- existence thearems, lst order, higher order, etc. "'Daggrves the highest praise, o nojable addition -
to mathematical literature, ™ BULLETIN, As. MATH, SOC. Historicol appendix. Biblingmphv-
18 figures. wviii 4 538pp. 5% x 8. AN 5349 Poperbound $2.55.

TRIGONOMETRICAL SERIES, Antoni Zygmnngl.f Unique in any longuage on modern advanced level.
Contains carefully organized analyses of trig@nometric, or ogonal, Fourier systems of functions,
_with clear adequate deseriptions of summahbility of Fourier series, proximation theory, conjugete
series, convergence, divergence of Fourier Stries. Especially valuable for Russian, Eastern European
coverage. Biblidgraphy. "329pp. 53 % 8. 5290 Paperbound $1.50 .

FOUNDATIONS OF POTENTIAL '[ Y, O. . Kellogg. Bused on courses given ot Harvard this |
is suitehle for both advanged ‘ap beginning mathematicians,  Proofs are rigaraus, and much

material net generally uvcil‘a.sm elsewhere is included. Portial contents: forces of gravity, fields
of force, divergance thienrfgm, perties of Newtonian potentials ot peints of free space, potentiuls -
o5 solutions of Laplare s{equations, harmanic functions, electrostatics, efectric images, fogatithmic
petential, ete. ix + 38dpg. 5% x 8. 5144 Poperbound $1.98

LECTURES ON CMJFH?'S PROBLEMS, J. Modomard, Based on lechures given at Columbia and
Rurme, this discuss$ wiork of Riemann, Kirchhoff, Volterra, and the auther's awn research on the
Ryperbolic case i linear partial differential equations. It extends spherical and cylindrical waves
te apply to &l\[Hormal) hyperbalic equations.  Partial contents: Cauchy's problem, fundementol
. dormula, equations with odd number, with _even number of independent variables; method of
- descont. SN\figures. Index. ifi + 351pp. 5% x 8. 5105 Poperbound $1.75

EN
e

S0 MATHEMATICAL PHYSICS, STATISTICS

- NTHE. MATHEMATICAL THEORY OF ELASTECITY, A. E. H. Love. A wealth of proctical Mustratian.
© fombined with thoraugh discussion af fundamenrals——lheur‘;, application, special prablems !.'ll"l_l_i
- "solutions, Partial contents: Analysis of Strain & Stress, Elasticity of Solid Bodies, [setropic Elasti
Solids, Egquilibriom of Aeolotropic Elastic Sollds, Elasticity of Crystals, Vikration of Spheres,
Cylinders, Propagation of Waves in Elastic Solid Media, Torsion, Theory of Continucus Beams;
_ Pl_u?e_s, Rigarous treatment of Valterra's thaory of dislocations, 2-dimensional elostic systems, other
- tepics of modarn interest. '‘For years the standord treotise on elusticity,”' AMERICAN MATHE-
MATICAL MONTHLY. 4th’ revised edition. Index, 76 figures. xviii  643pp. 6% x 9,

.
6174 Paperbound $2.95

. TABLES OF FUNCTIONS WITH FORMULAE AND CURVES, E, Jahnke & F. Emde. The world's most
*. ‘comprehensive 1-volume English-text collection of tablas, formulae, curves of transcendent functions. -
Ath corrected edition, new 78-page section glving tables, formuloe for elemantary functions—not

. lin other English editions. Partial cantents: sine, cosine, logarithmic integral; factorial function:
- error Integral; thefo functions; elliptic integrals, functions; Legendre, Bessel, Riemann, Mathieu,..
'hVRel:gecmefric functions, erc. Supplementary books. Bibliegraphy, indexed. ""Out of the way
functions for which we know no' ofher source, " SCIENTIFIC COMPUTING SERYICE, Ltd. 212 figures.
400pp. 5% x 8. 8133 Poparbound $2.00




L S

PRACTICAL ANALYSIS, GRAPHICAL AND NUMERICAL: METHODS, -F. A, Willers: - Tronelcted b
R. T. Bever. tmmensely practical handbook for engineers, showing how to intérpolofe, use voriots
methads of numerigal differentiation ond integrotion, deétemnine the rooks of o single eigebraic.
- equation, system of linear equetions, use empirical formules, integrate differential aquations, efe.
Hundreds of shortcuts for arriving at numerical solutions. Spacial section on American raleulating
machines, by T. W. Simpson. 132 ilustratfons.  d3%pp. 5% x 8. 5273 Poperbound $2.00

DICTIONARY OF COMFORMAL REPRESENTATIONS, H, Kober. Loplace’s equation in 2 difensions
solvad in this unique bock developed by the British Admiralty. Scores of gesmetrical forms &
their transfarmations for elactrica! engineers, Joukowski oerafoil for oer ynamists, Sthwartz-
Christoffe] transfarmations for hydrodynamics, tranicendental functions. Caentents classified oecord-
ing to nnalykical functions describing transformation. Twin diagrams show .curves of maost frang-
formaticns with coresponding regions. Glossary. Topological index. 447 diograms,  244pp.
&V 1 Y. 5160 Poperbound $2.00

© FREQUENCY CURVES AND CORRELATION, W. P. Elderton, 4th revised edition of a standard ws

© eovering clossicol statistics. 1t is practical in opprooch, ond one of the books most frequent|
referred to for clear prasentution of basic materiai. Partial contents, Fraquency disributions.
Method of moment. Pearson's frequehcy curves. Corralation. Theoretical distributions, Aspurious
cortelation.  Careelafion of characters not quantitatively measurable, Standard erroms, Test -of -

‘" goodness of fit. The carrelation rotio—contingeney. Partial correlation. Corractions, far mahents,
beta and gamma functions, etc, Key to ferms, symbols. Biblisgraphy. 25 examplet in faxt,
40 useful tobles. 16 figures, xi + 272pp. 5% x 8%, Ciothbound $1.49

. n .
HYDRODYMAMICS, H. Drycan, F. M ghan, Harry Bateman. Published by tHe Nasional Reseureh .
Council in 1932 this enormous volume offers o complete coveruge of clssidal hydrodynamics.
Encyzlapedic in quality.  Parkial contents: physics of fheids, motion, rurb@lem flow, compressible
fluids, mation in T, 2, 3 dimensions; viscous fuids rotating, lamingr miotion, resistance of motion -
through viscous fuid, eddy wiscosity, hydrautie flow in chonrels of wavisus shapes, -dischaige of
goses, flow post cbstacles, ete. Bibliogruphy of over 2,900 items, \Ihdexes. 23 figuras, &34pp.
5% x B, ) \ Y 5303 Paperbound $2.75

A
HYDRODYNAMICS, A STUDY OF LOGIC, FAC » e . A stimufating
application of pure mathematics to an appligé'@MM§%£r§'?¥pa&@mn corralation of
theary ond deduction with experiment. | examines worefully recently discovered pomdoxes,
theary of modelling ond dimensional analysis, paradoge®d, sifsr in flows and free boundary rheo!'\h
The outhor derives the classical theory of wirtuol moss from homogenecus spaces, and opplies

group theory to fluid mechanics. Index.” Bibliographyy 20 figures, 2 plates. xiii =4 185pp. 5% x 8.
Y ’ Qbf ' 521 Clothbound $3.50
522 Paperbound 51.85. .

*

HYDRODYNAMICS, Horace Lamb. Internatienalfy famous complete coverage of standard reference . .
work on dynamics of liguids & goses. sfuidomental thesrems, equations, mathods, 50|l:iflbﬂ!; :
.background, for classical hydrodynamics. Chapters includa Equations of Motion, Integration of -
Equations in Speciol Gases, Irrotatisnah Motion, Motion of Liquid in 2 Dimensions, Motian of
Selids through Liguid—Oynamical "{h{ory, Vortex Motion, Tidal Waves, Surface Woves, Waves of
Expansion, Viscosity, Rofating Moskes of Liquids. Excellently plenned, arranged; claar, lucid
presentation.  &th enlarged, fevised/edition. Index. Over 900 footnotes, mostly biblicgraphieat. . -
119 Figures . xv = 738pp. " &% X9 Y. $256 Paperhound $2.95.

-INTRODUCTION TO RELAXATION METHODS, F, §. Show. Fiuid mechanics, design of electrical’.
. petwaorks, {orces in strg@ural frarmeworks, stress distribotion, buckling, etc. Solve linear simel- -
. toneous aguations, linael 6rdina|ry differential equatians, partial diﬁerephul_equanons. Elvem_r_uiue

problems by reloxafionymethods. - Detailed examples throughout, Special tdbles for deafing with
._.cfwkwcrdly-shnpe;i boundories. Indexes, 233 diagrems. 72 tobles, A00pp. 5?"&0;&3, " ”“

5244

o X

FARTIAL D[E&RENTIAL EQUATIONS OF MATHEMATICAL PHYSICS, A, G, w.bl_hl. A key!_\f?ﬂ_ﬂ .-
. work in the Nbtary of every mature physicist, engineer, réseorcher. Valuable sections on elosticity,
+ compresgiGn\ theory, potentinl thecty, theory of sound, heat conduction, wave propagation;.
vibratign theary, 'Confents include: “deduction of differential equations, vibrations, nermal: fune-
tlong/\Fourier's series, Cauchy's methad, bot,lmdary probl'err;s?. rmef_hod of _‘_R'::E““;'\;‘;z’;"a’-
: rich indri ipsoi i icati ele, igures.  wif \ -
.':Sph\?r],cc:ll, cylindrical, ellipssidal harmonics, up? |cot|on.s, g $243 Paperbound $1.58

THE THEORY OF GROUPS AND QUANTUM MECHANICS, H. Wayl. Discussions of .?.r_hmedmgers
. wave equotion, de Broglie's waves of o particle, lordan-Hoslder thearem, Lie's continlous graups.
- of ‘transformations, Pauli exclusion principle, quantization of Maxwell-Dirac fisld equations, eft,
symmetry permutation group, ulgegm of symmetsic transformation, ete. 2nd revised edition,
‘Unitary geometry, guanfum theory, groups, application of graups to guontum rqelch_anrg,l_aymmegq. B
permutation group, algebra af symmetric transformation, etc.  2nd revised edition. Bib n%gruﬁ ¥-
index. xxii -+ 422pp. 5% x 8. . : 5268 Clothbaurid ; S
' . 5249 Poperbound §1

FARTIAL DIFFERENTIAL EQUATIONS OF MATHEMATICAL PHYSI@, Harry Boteman.. Soluti
boundary value problems by mears of definite cnulrricai expressions, with w@e range of rapre
entotive “problems, full reference to © porary literature, and new material by the I:Iré
artial contents: classicol equations, integrol theorems of Green, Stokes; 2-dimensianal ﬁ: e
conformiol representation;- equations in 3 variables; polar coordinates; eylindrieal, . ellipsol &
gioboloid, toroidal coordingtes; non-linear equations,  efc. “'Must be in the handsbp;!'pvei‘vo;
injerested in boundary value problems,”” BULLETIN, AM. MATH, 50C. (ndexes. 450 Iouﬁ?f.’i‘
sofiates. - 175 examples. 29 illustrotions. xxii -+ 552pp. 6 x % . 515 Cinthhoy k




J SOLUTIONS OF DIFFERENTIAL EQUATIONS, H. Levy & E. A. Beggolt. Comprehensive
ollection of metheds Tor solving erdingry differential .equations of first and higher order. Al

5t pasz 2- requirements: . easy fo grosp and practical, more rapid than schoel methods, Parial
‘cantents: grophical integration of diffarential equatians, graphicat martheds for detailed solution.
-Mumerieal solution,  Simultaneous equations and equations of 2nd and higher orders. " Should
e in the hands of all in research in wpplied marhemutici teaching,”” NATURE. 21 figures.

i, + 238pp. 5% x 8, 5148 Paperbound $1.75 . -

ASYMPTOTIC EXPANSIONS, A. Erdélyi. The only modern work swvailokle in Engiish, this is an
" vnabridged reproduction of o monograph prepared for the Office of Maval Reseorch, It discusses
warious procedures for asymptotic evaluation of integrals containing o farge parameter pnd solu-
tians of ordinary lingar differential equotions.  Bibliography of 71 iterns, «i 4 108pp. 534 x B.
N : 3318 Poperbound $1.35

THE FOURIER INTEGRAL AND CERTAIN OF IT$ APPLICATIONS, Morbert Wiener. The only book-
- length study of the Fourier integrel as link between pure and applied math.  An expansion of
lectures given at Cambridge. Particl contens: Flancherel's theorem, generat Tauberion theowm,

spacial Tauberian theorms, generalized harmanic analysis. Bibliugrophy. wiii §- 201pp, 9% x 8.
. 5272 Clothbound $3.95

. g \‘
- THE THEORY OF SOUND, Lord Rayleigh. Most vibrating systemns tikely 1o be Spchdptersd in
practice can be tockled successfully by the methods set farth by the great MaddeNdureste, Lord
- Rayleigh. Complete coverage of experimental, mathematical ospects of sound theeryNBartial contents:
-Hurmonic rmofions, vibrating systems in gereral, lateral vibrattons of bars, CuivEde piates or shells, |
" applications of Laplace’'s functions 1o ocousfical problems, fluid Trictinfl, Plane vortex-sheet, -
vibiatians of solid bodies, etc.  This is the first ingxpensive edition elMhis areat relerence ond-
study work, Bibliography, Risterical intreduction by R. B Llindsoy. Tetdl of 1040pp. 97 figures.
5% x B. - 8292, 5393, Two voJ\:ln’.\e set, paperbound $4.00

ANALYSSS & DESIGN OF EXPERIMENTS, M. B. Mann, Offers o methad far grasping the anclysis
of vorianca ang variance design within @ shor time.  Partial \CBritents: Chi-sguare distribution
and analysis of variance distribution, matrices, quodratic fo;?w, likelihood roslo rests and fests .
of linear hypotheses, power of angiysis, Galois fields, nenffthoganal data, interblock estimates,

el wiﬁ&d.@fh&‘&t&‘hfﬁaﬁlﬁsyﬁlﬁ‘jﬁﬁpp- S k7. 5180 Papeidound $1.45

. X} )
MATHEMATICAL ANALYS:S OF ELECTRICAL AND OPTICADYWAVE-MOTION, Harry Boteman, Weritter
by one of this certury's most distinguished mathemnatical physicists, this is o practical introduction
to those developrments of Maxwall's elertromagngfic theary which ore girectly connected with the
salution of the partial differenticl equation of wave motion. Methods of solving wave-equations,
polar-cylindrical coordinates, diffeaction, tragsfoffmation of coordingtes, hemogenecus solutions,
electremagnetic fields with moving singulanties) erc. index. I&8op, 5% x B.

. ) T\ 514 Papetbound $1.60

3

PHYSICAL PRINCIPLES OF THE QUANIUM"I"HEORY, Woerner Heisenbory. A Mcbel laurexte discusses
quantum theory: Heisenbery's ownsadtk, Compton, Schisedinger, Wilson, Einstein, many others.
. Written for physicists, chemists, whe are not specialists in guuntum theary,” only elementary
farmutae are considered in the{tekt: there is o mothematical {:pgerr\dix for 155?”1"?‘:;' Parofound

ith ifi f clarity.  Teanslated by €. Eckart, F. Hoyb. 18 figures, 192pp, 53 x 8.
withaut socrifice of clarity \Q o ¥ y S115 Bonertund §1.25

FOUNDATIONS OF NUCLEAR PRHYSICS, edited by ®. T. Beyer, 13 of the mast importont papers
an nucleor physics reprosivced in facsimile in the ariginal launguages of their authors: the popers -
-mest often cited in\fodinbtes, hiblisgraphies. Andersan, Curie, Joliot, Chadwick, Fermi, Lawrence,
Cockeroft, Hohn, ¥ukowe. Unparalleled Bibliogrophy: 122 double-columned pagss, over 4,000
articles, books, stldsstfied. 57 figures, 288pp. BY x Q7. 519 Poperbound $1.75

- SELEGTED (FAPERS’ ON NOISE AND STOCHASTIC PROCESS, edited by Prof, Nelson Wax, U. of
- Nhinois. &4 \adsic' papers for neweomers in the field, for thase whose work involves noise charoe-
: tefistics, { Chandrasekhar, Uhlenbeck & Otnstein, Uhlenbeck & Miny, Rice, Doob. Included is Kuc's
: ChoyvenetPrize winning Random Walk. Extensive bibliography lists 200 orticles: up fhrough 1953,

21 fighves. 337pp. 6V, x 9Y,. 5262 Paperbound $2.25

2\ .
‘THERMODYNAMICS, Enrica Fermi, Unobiidged reproduction of 1937 edition.  Efementary -F
-treatment;: remarkable for clarity, oganization. Requires no knowledge of advanced math-
beyond coiculus, only familiarity with fundomentals of thermometry, calorimatry,  Pactial Contents
Thermadynamic systems; First & Second lows of thermodynarmics: Entropy; Thermedynomic poten
@ls: phase rule, reveesibie electric cell; (rassous reactions: Van't Hoff reaction box, printiprIOF

hatelier; Thermodynamics of dilute solutions:: osmotic & vapor pressute, boiling & freezing -
até; Entropy constant. Index. 25 problems, 24 illustrations, x —+ 1&0pp. 53 x 8. 5

5351 Pazeibound $1.75

INIRODUCTION TO THE STUDY OF $TELLAR STRUCTURE, Subral yon Chand khar,
‘Citstanding teeaiise on stellar dynamics by one of world’s greatest ostrophysicists. Uses cfassn_‘-d'_
medern moth methéds ta exomine relationship between loss of energy, the mass, and radius
f st in o steady stote, Discusses thermodynamic lows from Ceratheodary's axiomatic
ndpdint; adicbatic, polytropic lows; work of Ritter, Emden, Keivin, others;
valobies. .as - starter for theory of gosesus stars; Gibhs stabstical  mechanics Equanw_m!
generdte stellur configurations & theory of white dwarls, ete. " ighest level of scientific merit,
LLETIN, " AMER, MATH. SOC. Biblicgraphy, Appendixes. Index. . 33 figures. 50‘?gp, 5% x 8
A : 5413 Paperbound $2.7




"APPLIED OPTICS AND OPTICAL DESIGN, A. ) : gk, - syste ‘presentation
physical & ‘mathematical sspacts, limited mostly 1o 'real optics.”” -Strasses practical proklem of
maximum aberration permissible without dfecting performance. . All ordinary ray trocing. metheds;
complsate theory primary oberrations, enough higher gbarrtion to design telescopes, low-powered
microscopes, photographic equipment. ' Covers fundamenta! equations, extra-gxicl image points;
transverse chromatic oberabion, angular mognification, aplonatic apfical systems, hending  of
lanses, oblique pencils, tolerances, secondary spectrum, spherical oberration [enguiar, fongi-
tudinol, transverse, zonal}, thin lenses, dozens of similor topics, [ndex. Tobles of functions of
M. Over 150 diagrams. x - 518pp. 6% x 9%. 5366 Poperbiound $2,95

 SPACE-TIME-MATTER, Hermann Weyl. ''The standard treatise an the general theory of refativity,”
- {Nature], written by ¢ warld-renowned scientists, pravides o deep clear discussion of the logical
coharence of the general theory, with intreduction to all the mathemetical tools needed: Maxwatl,
-analytical geometry, non-Euclidean geometry, tensor calculus, etc.  Baosis is classical space-time,
before absorption of relutivity. Partinl contents: Euclidean spuce, mothematical form, metrical
continuum, relativity of time and spoce, general theory. 15 diagrams. Bibliography. New preface
for this edition, xviii 4 330pp. 5% x 8. L §267 Paperbound §1.75

RAYLEIGH'S PRINCIPLE AND TS APPLICATION TOQ ENGINEERING, G. Temple & W. Bitkley.
Royleigh's principle develaped to provide upper and lower estimotes of true value of fyndariental
period of & wvibrating system, or condition of stability of elostic systems. Hiustratiyd exomples;
rigorous proafs in special chophers, Partial contents: Energy -method of discussing vibfations,-
stability.  Penurbation theory, whirling of uniform shafts. Criteria of elustic stabilifyy Mpplication
of anergy method. Vibrating sysfem. -Proof, accurucy, successive ﬂﬁproximutiqns}.upplicuﬂon of
Rayleigh's princigle. Synthefic theorems. MNumericol,” graphical methods. Eguilibrium configura-
tions, Ritz's method. Biklicgraphy. Index, 22 figures. ix - 136pp. Sg%xk' :

. 7 Paperbound $1.50

PHYSICS, ENGINEERING
. THEQRY OF VIBRATIONS, N. W. McEachlan. Bused on an_eéxceptionally su?:gssfl.él gr%duafs'
tourse given at Brown University, this discus 1j gy of freedom, forces
. vibrotions of simple [inear systems, vibrcliorﬁ?‘}m@m 3 rm' tations of bars and
tubas, tronsverse vibration of circular -plate, sound wNas* of finite amplitude, etc.  Index.
5%, diograms.  16dpp. 5% x 8, )\ . 5190 .Paperbound 57.3\5

WAVE PROPAGATION IN PERIODIC STRUCTUFRES, L. ErMlouin. A generd| mathed and gppllpqlig,_l_‘l
to different problems: pure physics, such ws scattéring” of X-roys of crystols, thermal vibration in
- erystul Jattices, electronic motion in metals; andlelss probiems of electrical engineering. - Partial”
~contents: elastic waves in 1.dimensional lattite$¥of point masses. Propagation of waves alony
T-dimensional lattices. Energy flow. 2 dimendienal, 3 dimensienal laitices. Mathleu's equation
‘Martricas. and propogation of woves along \ore elecirle fine.  Continuous electric lines. 191 | Hus
rations.  Bibliography. Index. xii + 253pp. 5% x B. Lo 534 Poperhound $1.8

‘THE ELECTROMAGNETIC FIELD, Mdx“Mazon & Waren Weaver, Lsed _constanily by- gragdu
cenginears.  Wector methods exclusk@lly: detailed treatment of electrostatics, exponsion. mefmne
with tables converting any guadfityinto absolute electromognetic, dbsolute electrostatic, procs
‘units, Discrefe chorges, pol d@hle bodies, Maxwell field equations, etc. Introduction. indaxes:;
474pp, 5% x 8. . 5185 Paperbound $Z.00;

"APPLIED HYDRO- AND AEROMECHANICS by L. Prondtl cnd O, G. Tistiens. Praseits, foi M

mest part, methods which.will be valuoble te engineers, - Covers flow in pipes, boundary {aye

airfoil theory, entry anditions, turbulent flow in pipes ond the boundory. |uyer, deletmi

drag from measurémMerté of pressure and.veleeity, efe. 'Will be wefcomed by all studenfs

aeradynamics,” MATURE. Unabridged, unaltered. Index. 226 figures. 28 photogroghic p_fa_u
lustrating flow’ pattems.  xvi 4 31lpp. 5% x & 5375 Paperbound
e 7N\

FUNDAMERTALS OF HYDRO- AND AEROMECHANICS by L. Prandit ond O. G. Tietans, The wall
-knowr stfindard work hosed upan Prandtl’'s unigue insights gnd-including origina) contributions)

f- Tietiers, - Wherever possible, hydrodynemic theory Is referred to practical” considerétlons. i
yydrguities with the view of unifying theory and experience through fundamentol lows.- Présénta
i "slexceedingly ‘clear -and, though primarily physical, _ﬁma;s qir;ﬁ nfgcmus u;—u% use :fcl
is {0 i f : . “Translated by L. Rosénhend, igures.  [ngex.” x

is to a consrdemble: extent rug.sa = ¥ 05 figu Puperbourid_ o

- B¥x& o _ S 1%
YNAMICS OF A SYSTEM OF RIGID BODIES {Advancod Section], E.. J. Routh. Ravised 6th edition
f /o elassi id. i terial ins unique. Portfal contents: poving ‘Bxek,
lassic reference aid. ‘Much of its material remains uﬁmtian of o body urider. no fortes,i;
lity: -Fres, forceght?;

:

rofotive. motion, oscillations - about EqUIrllbrIUm, mgﬂan. e ttans Bf ctopi
ny forces. | Nature -of motion given by finenr equations an of sta] :
'iB!;dﬂo'ns, consfanis of integration, calculus of finite differences, vdriations, procession - Oy

.mrion,. mot_i.?.n_ af the moon, rnoﬁon_of_s?rl.ﬂg, chain, membranes. .6.4 ﬁg;zr;smgs z‘deh’

. : . S o m ¥ Deimel. . Profassd
CHANICS OF THE GYROSCOPE, THE DYNAMICS OF ROTATION, B F. , - Profésson:;
Bchunical. ‘Englneering ot -Stevens Instifute, of Technology. Elemental _gkenercll:d“.e“;;“
inits. of rotation, with special dpplication of gyroscopic phencinena. ,o- nowlec gef
d. Velocity of @ moving curve, . acceleration 1&4 o point, gensra -equump
perb

sbopic harzon, free gyro, metlon of discs, the dommed gyio, 1Q3'sim£1q6'\".
ifas, | 208pp. 5% % 8. o .




e g S e T e PALTREIAL ERPERIMENTY,; Tosle Hitagowe and Michiwa Mitoms.
invaluchle wid for afl appiisd mathematicians, physicists, chemists and biolagists, this book
- contains tobles for the design of foctarial experiments. It covers Latin sguores and cubes, -
factorial “design, fractional replication in factorial design, facterial designs with split-plot con-
founding, foctorial designs confounded in quosi-Latin squares, lotics designs, balanced in- -
‘complete black designs, and Youden's squares. New revised corrected edition, with explanatory

. notes. vii + 253pp. 7% x 10. 5437 Clothibound $8.00

NUMERICAL INTEGRATION OF DIFFERENTIAL EQUATIONS, Benner, Milne & Botemon. Ungbridged
- republication of original menograph prepared for Matianal Reseorch Council. MNew methods of
~ Integration of differential equations developed by 3 leading rothematicians: THE INTERPOLA.
- THONAL POLYMOMIAL and SUCCESSIVE APPROXIMATIONS by A, A, Bennett; STEP.BY-STEP
METHODS OF INTEGRATION by W. W. Milne; METHODS FOR FPARTIAL DIFFERENTIAL EQUATIONS

by H. Bateman. Methods for particl differential equatisns, trarsition from diflerence equations
1o differential equations, solution of difierentiol equatians to nan-integral values of a parameter

will interest rathemoticions and physicists, 288  feotnotes, mostly  bibliographic:  235-item

clossified bibliogrophy, 10Bpp. 5% x 8. 5305 Poperbound $1.35 -

DESIGN AND USE OF INSTRUMENTS AND ACCURATE MECHANISM, T, N. Whiteheod, Fon, the
instrument designer, engineer; how to combine necessary mathematicol abstractions with\inde-
pendent observation of actusl facts, Partial contents: instruments & their parts, theory ofVerrars,
systematic errors, probability, shert period |rrars, erratic errors, design precision, kinBmefic semi-
kinemaric design, stiffness, Plunning of an instrument, humon factor, etc, Index, W5 phatos,

diagrams, xii -+ 2B3pp. 5% x 8. 5270 Béperbolnd $1.95

Ny

CHEMISTRY AND PHYSICAL CHEMISTRY ™

KIMETIC THEORY OF LIQUIDS, J. Frenkel. Regarding the kinetic theofy of liquids ws o generai--
tzation and extension of the theory of salid bodies, this valume cavérs all types of arrangements
- wof solids, thermal displacements o?nmms, interstitial dtems andorshariemationa! and ratational ..
mation of maolecules, ‘and tronsition between stetes of matter. Mathernatical theory s developed
‘close to the hysiccllllgubiect motter, 216 bib]iogmphicu]'feuqnotes, 55 figuras. xi -+ 435pp.
5% xfww.dbrauli TATY.OFgin . Y\l 554 Clothbound $3.95
C & 95 Poperbound $2.45

THE PFHASE RULE AND JTS APPLICATION, Alexonder Findloy. Covering chemicol phenomena of
1, 2, 3, 4, and multiple component systems, this £ standard work on the subject’’ [NATURE,
Londen}, has been campletely revised and brought bp/to date by A. N. Compbell and M. O.
Smith. Brand new material has been added on such motters as binosy, tertiary liguid equilibria,
solid selutions in temnary systems, quinary sygtams’ of salts ond water, Completaly revised to .
trigngular cowrdinates in ternory systems, glqiified grophic representolion, sclid -madels, ate.
9th revised edition. Author, subject indexgny 236 figures. 504 faotnotes, mosily bikliegraphic,
xii + 494pp. 5% x 8. ™3 592 Paperbound $2.45

. DYNAMICAL THEORY OF GASES, James Jeans. Divided inte mathematical and physical chopters
for the convenience of these not gXRam in mothematics, this volume discusses the mathematical
theary of gas in a steady state, théwnddynamics, Boltzmann and Maxwell, kinetic theary, guontum
theory, exponentials, etc. Jih Anidrded edition, with new materil on quentum theery, quantum
dynomics, etr.  Indexes. 2%:?93. 44dpp. &% x B, 5134 Poperbound $2.45

POLAR MOLECIILES, Pietgr, Del va, This work by Mobel loureate Debye offers a complete guida,
to fundomental elecirostaiios field relations, polarizability, malecular structure. . Panigl contents:
eleciric intensity, disgfacerent and force, polotization by orientation, molar polarization| ond
-, molor refraction, balgan-hydrides, polar i uids, Tonic saturation, diclectric constant, eft.
Special chapter corgiders guontum theory, Indexed. 172pp. 5%, x 8. $63 Clothbound $3.50
.- . i 864 Paperbound $1.50

. ~N S i
- TREATISE O{TRERMODYNAMICS, Mox Plonck. Based on Planck’s original papers this offers o
-unitorm poighof view for the entire finld and has been used as an intreduction for students who
have studie ~elemantary chemistry, physics, and calowins. Rejecting the eorlier approaches of |
Helmhaliz and Maxwell, the authar mokes no ossumptions regarding the nature of heat, but -
'_beglm. fth a few empirical facts, and from thess deduces new physical and chemical laws.
“3rd English edition of this standard text by o MNebel laureaie. xvi = 297pp, 5% x 8.
A \" $219 Paparbound $1.75

- ATOMIC SPECTRA AND ATOMIC STRUCTURE, G. Herzbarg, Excellen: genere! survey for chemists,
Physicists ‘specializing in other fields. Parial contanyss simplest line spectra and aelements of
atomic theory, multiple structure of line s ectra and electron spin, building-up plincip|e_ﬂnd
petiodic system of elements, finar details of atemic spectra, hyperfine shucture of spectral lines,
. $oma experimental resulis and applications. Bibtdicgraphy of 159 items. 80 figures. 20 takles.
- ndex, i 4 257pp. 5% x 8. 5115 Poperbound $1.95

EARTH SCIENCES

‘THE EVOLUTION . OF THE IGNEQUS ROCKS, N, L. Bowen. Invaluable sarious introduction applies
“techniquas of physics and chemistry 1o explain igneous rocks diversity in terms of chemical com-
Position and fractional crystallization. Discusses liquid immiscibility in silicate magmas, crystal .
sorting, liquid lines of descent, fractional resorption of compiex minerals, petrogenesis, efc. h

-prme imporance to geologists & mining engineers, oiso fo physicists, themists working with .
high temperg es and p .- U'Most imporfant,” TIMES, Llondan. 3 indexes. 263 hiblic-
Bidphic notes. '82 figures, xviii -+ 33pp. 8% x 8. 8311 Faperbound $1.85




GEQGRAPHICAL ESSAYS, William Morriz Devis.  Modém Qeogrophy -& geomarphology sests on
the fundomental work of this scientist. 26 fomous essays presenting’ most- Important thiories,-
field researches. Particl contems: ' Geographical Cycle,’ Picing of Merine and Subaeriol Denuda--
tion, The Penmplain, Rivers and Valleys of Pennsylvania, Qutline of Caope Cod, Sewlpture. of
. Mountains by Glaclers, etc. “"Long the leader and guide,” ECONDMIC GEOGRAPHY, *'Puri of
the very fexture of geography . . . madels of clear. thought,'' GEOQGRAPHIC REVIEW, - index.
130 figures, vi 4 777pp. 5% x 8. 5383 Paperbound $2.95

INTERNAL CONSTITUTION OF THE EARTM, edited by Beno Gufenl . Completely revised,

braught up-to-date, reset. FPrepared for the Noticnal Research Council this is a complate & .
thorough caveroge of such topics as earth origins, continent formation, netire & behavior of
the earth’s core, petrology of the crust, cooling forces in the core, seismic & earthquake matarial,

grovity, elastic canstonts, stroin cherocteristics and similar toples.  "One fs fiilled with odmira-

tion . . . a high standord . . . there is no recder who will not leum something from this

- bock, 'Londen, Edinburgh, Dublin, Philosophic Maogazine, Largest biblisgraphy in print: MZ7

classified items. Indexes, Tobles of constants. 43 diagrams.  43%pp. &% x Y.

5414 Poperboond $32,

THE BIRTH AND DEVELOPMENT OF THE GEOLOGICAL SCIENCES, F, D. Adoms. Most thotgugh
histery of the earth sciences ever written, Geological thought from earliest times to dhe_end
of the 19th cantuiy, covering over 300 early thinkers & systems: fossils & their explangtion, -
vulconists ws. neptunists, figured stones & ateontolagy, generation of stones, dozens, oFsimilar
topics. 91 jllustrations, including mﬂdievaf: renoissance woodcuts, efr. Index. £33 Yootnotes,
mostly hibliographical. 51lpp. 5% x B. - 15 Papaibound $2.00 -

HYDROLOGY, edited by Oscar E. Melnzer. Prepared for the Notional Researh Council, Detajled
complete raference library on precipitotion, eveperation, snow, snow surveying, &laciers, lokes,
infiltration, sofl moisture, ground water, runaff, draught, physical chunges produced by water,
hydrology of limestone terranes, ete. Practical in application, especigily\walvable for enginsers,
24 experts hove created the most up-to-dote, most complete freatmedt of the subject,” AM.
ASS0C. OF PETROLEUM GEOLOGISTS. Bibliography. Index. 18§ \iNUstrations. xi - 712pp.

. 0% x %Y WO 5191 Poperbound $2.95
DE RE METALLICA; Georgivs Agricola. 400%aervoRtbIauliRiaNy el Bdbared by former
President Herbert Hoover. The first scientific study of mihefalegy and mining, for over 200 -

years. ofter its appearonce in 1556, it was the stundord/freatise, 12 boaks, exhoustively anno:
tated, discuss the history of mining, selection of siteh, dypes of deposis, moking pits, shobs,
vantilating, pumps, crushing machinery; ossoying, s;'nelﬁn?’, refining metals; olse salt, olum,
nitre, glass making. Definitive edition, with all QEFMath century woodeuts of the origingl..
Bibliogrephical, historical intraductions, bibliography, survey of oncient outhors. Indexes. A.
fascinating book for anyone interested in art, h?smn‘; of science, geology, etc. DELUXE EDITHON,
289 illustrations. 672pp. &%, x 10%,.  Likrapieloth. 56 Clothbound $10.00

URANIUM PROSPECTING, H. L. Burnu.’ﬁs’r, Emrnédiaie proctical use, professional geologists
considers uranium ores, geclogical oceurdntes, field conditions, oll aspects of highly profiteble
oocupation. | Index, Bib?fugruphy. NN7pp. 5% x 8. T3D9 Pupnrbwnd .00 .
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\'\BIULOGICAL SCIENCES

THE BIOLOGY OF THE AMPBHIBIA, G. K. Noble, Lote Curator of Herpetology of the Am. Mus,
of Mot Hist. Probobly the® most used text on amphibia,  unmaltched in comprehensiveness, -
clarity, detail, 19 chaetars plus 85-page suppl it cover :lop ; heredity; ' life history;
adaptati ‘sex, it t, respiratory, cifculatory, digestive, musculor, necvous . systames
instinet, intelligeng 'thits environment economic value, ralationships, clus:lﬁcuho_n, ete. 'Nothing
comparable to it;"e\c. H. Pope, Curater of Amphibio, Chicago Mus. of Mot. Hist. 1047 biblio- . .
" graphic refereates/ 174 illustrations.  600pp. 5% x 8. 5206 Paparbound $2.98

" THE BIOLOY F THE LABOI!&TQRY.MOUSE, editad by G. D. Saell. Tst prepared in 1941 by
. -the staff of the Roscos B. Jatkson Memaricl laboratory, this is still the standard treatiae o|;| the

" mouse, Gatembling an enormeus amaunt Sf rr:aierial for which oﬂ’ler\:ﬂse you wouid slpand ours

of rasetmch. Embryology, reproduction, histology, spe eOUS NBo; , gene & ¢ a5
mutdtiops, geneﬁcswofogs;onianeaus tumer fornwlion,rgeneha o{ tumor formetion, inbr\a«éii P_wbnd* .
@nialé, porosites, infectious disecses, care & recording. Classified bibliogroph or'lbu.md "s?:o :
W2/ Agures, including 128 photes. ix 4+ 497pp. 6% x 9%. . 5248 Clotl 3600

" ’ . B 14 Bihbhand P ientific study; |
BEHAVIOR AND SOCIAL LIFE OF THE HONEYBEE, IRI’ Cu g scienti .

" ‘a-compendium of practically everything known cbout sotia) life of the honeybee. Sil’a“iﬂl ‘l_:e—
hovior of individuoi bees in field, hive. Extends von Frisch's~gxperiments on :dmmﬁ:;nﬂ .

" among bees. Covers perception of ternperature, gravity, drsrurnc:anvrbmnoq;“ sound p uction; -
londs; stuctural differences; won production, tempergiura regulation; red [ unigation

: griﬂing’- mating behovior, othar highly interesting topics. gikfliogrufhysosfzéw referances. In‘dexn_s,.

_"127 diagrams, graphs, sections of bee tomy, fine .|-u P Pg‘-ﬂo Clothbound “‘”

ELe . . P i first major atempt
- ELEMENTS OF MATHEMATICAL BIOLOGY, A. J. Lotka, A pionesr clossic, the fir afty
E"_ Gpply modern mothematizal techniques on & large scole to phenomana ofl biology. Ei chern
isiry, psychology, ecology, similar life sciences. Partiol Confents: Statistical meaning ]ofw“'
ve'rs" ility; E.o9 fion as redi ibution; Equations of kh}ztics af ?vah;lng_ sg:emafh;:m_w‘ )
] equilibrium; tars of state; Emergy trensformers f noture, efc. . d 4
::5 mia_-se:e%ui::”;z:ﬁ'e ﬁm'; ér:: ‘ndwanced “math; unsurpassed 35 sfgdy-re;erenoe._ Forrrlug.(lg._hﬂ
.EI;E_{VI.EN?[S. OF I:HYSI('_.:AL BIOLOGY. 72 i:igura_s‘ xxx - 480pp. 5% x 53415 Paparbouid 32
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THE ORIGIN OF LEFE, A. I. Oparin. A classic of Biclogy. This is the frst modern statement of
the theory of drodual evolution of fifa from mitracarbon compounds, A brand-new evaluotion
of Oparin's theory - in [ight of later research, by Dr. 5. Morgulis, University of Mebraska., sav
-+ 270pp. 5% x 8. - ) 5213 Paperbaund $1.75

"THE TRAVELS OF WILLIAM BARTRAM, cdited by Mark Vor Doren. This famous scurce-book of

Ameritan omhropology, rotural history, geogrophy is the recard kept by Bartram in the 17705,
on travefs thraugh the wilderness of Florida, Georgio, the Carolinas. Containing sccurate and
beautifui descriptions of Indians, settlers, foona, florg, it is one of the finest pisces of Ameri-
cona ever written,  Introduction by Mark Von Doren. 13 origingl illustrations.  Index. 44Bpp.
5% x 8. T13 Paperbound $2.00

A SHORT HISTORY OF ANATOMY AND PHYSIOLOGY FROM THE GREEKS TO WARVEY, Churlez’
Singer. Corracted edition of THE EVOLUTION OF ANATOMY, classic work tfracing evelution of
onotemy ond physiclogy from prescientific times through Greek & Roman periods, Dark Ages,
Renaissance, ta age of Harvey and beginning of modern concepts. Centered on individuals,
movements, periods that definitely advanced  anatemicel knowledge: Plato, Diocles, An’sta;{,
Theophrastys, Herophilus, Erosistrotos, the Alexondrons, Galen, Mondine, do WVieed, tirfacre,
Harvey, others, Special section on Vesalius; Vasalign atlas of nudes, skeletons, rmuscle tabylte.
Index of nomes. 20 plates, 270 extremely interesting illustrations of ancient, medievely renais-
sance, ofiental orfgin. xii -+ 20%pp. 5% x 8. T3E% F‘apedmun@ﬂ‘?s

NEW BOOKS KXY

LES METHODES NOUVELLES DE LA MECANIOUE CELESTE by H. Poincotd, Womplee text [in

French] of one of Poincaré's mast impartant works, Reveolutionized geléstlal mechonics: first

use of integral invariants, first mojor application of linear differentigdngguations, siudy of per- -
iodic arbits, funor motion and Jupiter's satellites, three body grable, and mony other im-

portant topics.  ''Started a hew era . . . s extremely modesf, Yot even today few have

mastered his weapons,”” E. T. Bell. Three volwnes; 12B2pp.  6%:%< 9V,

. : ~\\V.ol, 1. 5401 Paperbound $2.75
- » ¢ PWal, 2, 8402 Paperhound $2.75
www dbraulibrary.org.in Y Vol 3. 5403 Paperbaund §2.75

APPLICATIONS OF TENSOR ANALYSIS hy, A. I, McCohndl. {Formerly, APPLICATIONS OF THE -
BSOLUTE DIFFERENTIAL CALCULUS). AR excellent %exP for understanding tha application of

“tensar metheds to fomiliar subjecis such a%: dynopies, electricity, slostichty, and hydrodynamics.

It expiging the fundamental ideos and norurioujkﬁf ‘ensar thewry, the geametrical treatment of
fensar algabra, the theory of differentiation of temecrs, wnd includes o weolth of proctice ma-
terial, Bibliography. Index. 43 iMustrations \&B5 problems, xii + 38lpp.

al 5373 Paperbound $1.85 &

BRIDGES AND THEIR BUILDERS, David B. Steinman and Sarc Ruth Walson. Engineers, histartans,
and everyane who has ever been fosfifated by oread spons will find this book an endless solrce
of information ond interest. Dr. Stéinkgan, the recant recipient of the Louis Levy Medal, is one
of the greal brdge orchitecrs aptéNemgineers of all time, and his analysis of the greot bridges
af all kistory is both cuthogitgtive/ond easily followed. Grask and Roman bridges, medieval
bridges, orientof bridges, mie warks such o -the Brocklyn Bridge and the Golden Gafe
Bridge {ond many othersh areNdescribed in terms of history, constructional principles, aristry,
and function.  All in oil #his book is the most comprehensive and aceurate ssmipapular histary

“.oof bridges in print in Bodlish, MNew greatly revised enlarged edition. 23 phoiogn:ghs, 26 line

“drawings,  Index, - Byi(GF 401pp. 5% x 8. . T43% Pape

aund $1.93

MATHEMATICS INSAGTION, O. G. Suttan. Excellent middie-fevel sxposition of opplicotion of
advanced mothefﬁgfl to the study of the universe, The author demonstrates how maothemaotics
is opplied ip &allistics, theary of computing mochines, waves ond wavelike phenamena, theory
of flyid ﬂq:&meierorogical problems, statistics, flight, ond similar phenomeno. Mo krowledgs
ot udvun'ced\'ncihemoﬁcs is necessary 1o ‘follow the aguthar's presentation. Differential equations,
Fouriet gerids, group condepts, eigen functions, Planck’s constant, eirfoil theoty and sieniior fopics
are exgloined so clearly in everydoy language that almost anyone can derive benefit fram read-
ing/this "book.  2nd edition. Index. 88 figures. vili 4 236pp. 5% x & S
N . 7450 Clothbheund $3.50

\ N

- MATHEMATICAL FOUNDATIONS OF INFORMATION THEORY by A, 1, ¥hinchin, For the first

.. time, mathematicians, stetisticians, physicists, cyberneticists and communications engineers are
o offersd o complete ond exact introduction To this rebotively young fisld. Entropy os @ measurg
~of ‘o finite ''scheme,”” opplications te coding theory, study of soyrces, channels and codes, -
“detaited proofs of both Shoapon theorems for any ergodic saurce and any stotionory channel -

with finite memary, and much more (s coversd, Bibliogrophy. wii 4 120pp. 5%, = 8. .
5434 Poperbound $1.35 -
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