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PREFACE

TeE main difference between this text and others on the
same subject, published in the English language, consists in
the gelection of the material. In proceeding from the “ele-
mentary to the more advanced properties of equatiéns, the
subject of invariants snd eovariants is here omitted, to make
room for a discussion of the elements of subghitutions and
suhstitufion-groups, of domains of rationality, and of their
application to equations. Thereby the ye@efér acquires sOme
familiarity with the fundamental results” on the theory of
equations, reached by Gauss, Abel, Gralms, and Kronecker.

The Galois theory of equations s usually found by the

. beginner to be quite d‘i‘ﬁ’(‘ﬁl‘ﬂhﬁ?%hﬁfﬁ’ré’h‘é‘fﬁiﬁh In the pres-
ent text the effort is made to,render the subject more concrete
by the imsertion of numei{ous exerciges. If, in the work of
the class room, this t\é he found to possess any superiority,
it will be due largely“o these exercises. Most of them are
my own; some grevaken from the treatises named below.

In the modé\bf presentation I can claim no originality.
The follow;g'\texts have been used in the preparation of this
book : \

B,wmuaw, P. Hreistheilung, Leipzig, 1872,
BU:RN?I’DE W. Theory of Groups. Cambridge, 1807,
'i?s}mrsmm, W. 8., and Panrow, A. W. Theory of Eguations, Vol T,
\ 1899 ; Vol. 11, 1901.
Dicgsox, L. B.  Theory of Algebraic Equations. New York, 1908.
Easrox, B, 8. The Constructive Development of Group-Theory. Thila-
delphia, 1902,
Eneyklopadie der Mathematischen Wissenschafien.
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Garoms, D'fivariste, (Fuvres mathématigues, avec une introduction par
M. EuiLe Proarp,  Paris, 1897,

Kreiy, K. Vorlesungen tiber das Hiosaeder, Leipzig, 1834,

Marrmessen, L. Grundelige der Antiken 4. Modernen Algebra. Leip-
zig, 1878,

Nerro, B.  Theory of Substitutions, translated by F. N. Coik, Ann
Arbor, 1892,

Nerro, B, Vorlesungen iiber Algebra. Leipsig, Vol I, 1896 Vel. Y,
1900. N

Prrsrsex, J.  Theovie der Algebraischen Gleichungen. Kgphnhagen,
1378. W\

Pierroxt, J.  Galois' Theory on Algebraic Equations. ..,Sialé’m, 1800,

8aLmox, G.  Modern Higher Algebre. Dublin, 18768 &)

BeRRET, J. A, Hondbuch der Hoheren Algebrg: NDphtsche Usbers. v.
G. Werrneiy. Leipzig, 1878.

Topnuxrer, I Theory of Eguations. Longi&tm’]SSO.

Yoo, Il Résolution dlgébrique des Equdtibns, Paris, 1895,

Weeper, H.  Lehrbuch der A.!gebmu":Bra.unschweig, Vol I, 1808,
Vol. II, 1896, W

Weser, H. Encykiopddie der‘ﬁ;!e&r;emaren Algebra wnd Analysis.
Leipzig, 1503, "\

www . dbraulibrary org.in &Y

Of these books, some hgwé been used more than others, In
the elementary parts¢B have been infiuenced by the excellent
treatment found yﬁthe first volume of Burnside and Panton.
In the presentation of the Galois theory T have followed the
first volume bf Weber’s admirable Lehsbuch der Algebra. Next
to these, speial mention of indebtedness is due to Bachmann,
Netto, Setret, and Pierpont, -

1 dasive also to express my thanks to Miss Edith P. Hub-
bardy'of the Cutler Academy, Miss Adelaide Denis, of the Col-

‘rado Springs High School, and Mr. R. E. Powers, of Denver,

N vfor valuable suggestions and assistance in the reading of the

Py
\
\ 3

proofs, and to Mr. W. N, Birchby, who has furrished solutions
to a large number of problems.

FLORIAN CAJORIL
COLORADO CoLLEGE, .
January, 1964.
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THEORY OF EQUATIONS

CHAPTER I O
SOME ELEMENTARY PROPERTIES OF EQUA’I:@NS

1. Functions. In the study of the theory ofequations we
shall employ a elass of funetions ealled algebsdic” An algebraic
Junetion is one which involves only the ope}:afions of addition,
subtraction, multiplication, division, inyoittion, and evolution
in expressions with constant equne’gtﬁ. Thus, «®+ ax 4 3,
V2& 41, ;c% are ewp]&snggjﬂggp;qgggfwctiom; while
siny, ¢, log(1+ ), tan~'z areséxamples of functions which
are not algebraic, but trangdendental.

A rational function o,ﬁﬁ}_{uantiiar is one which involves only
the operations of a&ﬁtfon, subtraetion, multiplication, and
division upon that(guantity. If root-extraction with respect
to any operand gc}irtﬁ.ining that gquantity is involved, then the
function is irxétional. An integral funetion of a quantity is
one in w%’h{the quantity never appears in the denominator of
a fractighy’ Thus, ay’ + by 4 ¢ is a rational, y? + 5% -1 is an
irrational function of y; $4*+ L is an integral function of

m;*ﬁvﬁile é is not an integral function. The expression f (),
4
défined thus,
J@) =ag® + o 4 et oo e - s I

is a rational integrol algebraic function of x of the nth degree, »
being assumed to be a positive integer. The coefficients g,
B . 1
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2 THEORY OF EQUATIONS

Gy +vvy &, are numbers independent of @ A variety of further
assumptions relating to these coeflicients may be made.

Thus, we may assume that they are variables, varying inde-
pendently of each other. It will be seen that, in this case, the
roots of the equation f(#)=0 are quantities independent of
each other. We may also assume that the variable coefficights
are rational functions of one or more other variables. Th\{s, in
ta® + t% + (2 4 ), the coefficients are functions of the vé,r\l'.ible L

Or, we may assums the eoefficients to be constanty“—either
partlculzu algebraic numbers or letters which ﬁf&nd for such
numbers. &

The nature of the assumptions relating® to the coefficients
will be stated definitely as we proceed. . \Ih 'some theorems the
coefficients are confined fo real, ratiphal; integral numbers; in
others, the coefficients may be fra.(,m ns or complex numbers;
in the development of the Galms Fheory of Equations, radieal
expressions will be admitted®y But in no case are the coeffi-
cients supposed to be tra,nscendental numbers, such as » or

w I, agﬂa&h‘hrary org.in 8
Whenever, in the next ‘ten chapters, the coefficients are rep-

- resented by letters; shey may be regarded either as independent

. variables or as\oqnstants Not until we enter upon the Galois
theory is it bgsential to diseriminate between the two.

2. The\equatwn obtained by putting the polynomial Tin §1
equal/$dzera is ealled an algebraie equation of the nth degree.
V&ﬁdemgnate it briefly by f(z)==0. A value of 2 which

ces this equation to an identity is called a root.

53" When all the coefficients are independent variables, the equa-

tion is the so-called general equation of the nth degree. Viewed
from the standpoint of the Galois theory, it will be seen, § 111,
that the so-called general squation is not the true general ease,
but really only a very special one.

3. Theorem. If w is a root of the equation f(x) =0, then the
guantic f(x) is divisible by & — @, without a remainder.

-



S0ME ELEMENTARY PROPERTIES OF EQUATIONS 3

Divide the polynomial f(z) by 2 — « until a remainder is
obtained which does not involve z. Designate the guotient
by @, the remainder by R. Then

f@)=(@—)Q+ B

By hypothesis, « is a root; hence, substituting e for , we have \
F@®=(@—a)Q+R=0. wQ}

Consequently, B =0, and the theorem is proved. The fol]brw-

ing theorem is the converse of this. R

A\
4. Theorem. If the quantic f(2) is divisible by = o without
a remainder, then o i3 @ root of f(x) =0. O

By hypothesis, . f{2)=(x—«)Q. \x O
The equation f(x) =0 may, therefore, be written (— Q=0
and the latter is seen to be aatlsﬁed whén ¢ is substituted for .
Hence & s & root of 'f(w) W db]:a;Jllbl ary.org.in

5. The preceding theoremiNs a special case of the following

Theorem. The valﬂeoé}f the quantic f(x), when h s substituted
Jor 2, is equal to the rémainder which does not involve x, obtained
n the operation of Wividing f(x) by x — h.

A X
Let R be fhis.semainder which does not involve z; then
\v
A0 re=e-ne+r

Bubstitute & for z and we obtain S =R

A

\ 8. Divisions of polynomials by binomials, with numerieal

coefficients, may be performed expeditiously by the process
called synthetic division. Suppose 25+ 52 +4x—23 is to be

divided by x —3. We exhibit the ordinary process, and alsa
that of synthetic division.



4 THEORY OF EQUATIONS

P it 23l2—3 1+5+4+ 4-—23]3
o — 32 24 8x4+28 + 342484

8t} 4z 148+28461
32 —24m
28723 ‘
985 — 84 N\
o )

We notice that in synthetic division the coefficients~are
detached, the first term of each partial product is owmitted, the
second term of the divisor has its sign changed 80 that the sec-
ond term of each partial product may be added.fo the correspond-
ing term of the dividend. Moreover, the proeess is compressed
so that the coefficients of the guotient and the remainder appear
all in the same line. \ o
The process is as follows: \®;

A

Multiply 1 by 3 and add the, p’roiiuct to 5, giving 8.

Multiply 8 by 3 and add the product to 4, giving 28,

L%l%lﬁg} 98 by 3 and add the product to — 23, giving 61.
e eraug%lle?{ iglmg'fg?S«a:'il—QS; the remainder is 61,

If in the dividendlany powers of » are missing, their places

are to be supplied by zero coefficiepts.
Divide ¥ — 2t + 2 —5 by v 4+ 5.
N140—- 24 04 1—  5]=3
Ke) —5 425 —115 4 575 — 2880]

L7 1-5423— 1154576 — 2885

hee the quotient is of — 5of + 230 — 1152 + 5765 the
«\remainder is — 2885. '

N

m~\J Ex. 1, Show that »* — 523 — 832 + 15 has b as & root.
N/ 1-5+0-3+1505
+64+04+0-16

040—-34+ 0
The remainder is 0 ; hence, hy § 4, 5 is a root.

Bx. 2. Show that o5 — -4 1023 — 922 4 85 - 609 =0 is satisfied
byx=-—3
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Ex. 3, Divide 4™ — 1M1 %5+ z* — 8022 4+ 2 by = + 4.

EBx. 4 Ifa)=2—6zt+ 7%+ 2242+ 2, find the value of F{10).

Ex. 5. Determine the value of the quantic 7 — 325 4-42% 4 528 + 11,
when % =— 6,

Ex. 6, If —4is a root of 2% + 6224 Tz 4+ 60 =0, find the other
roois,

Ex. 7. Show that, if f(=) is divided by % — A, each successive remain-

der is equal fo f(A), when & is substituted, throughout, for . 2\

7. Theorem. Every eguation f(x)= 0 of the ?lﬂi, degr ee faas n
roots, and no more. . "

‘We assume here that every snch equation hag at\le:ast ons
root. Let ¢ be a root of fAwy=10. Then fla) Iu divisible by
@ -— ¢, without remainder, § 3; so that :.\\.

Fe)y= (‘“—“1)9”1(“’): $ : \Y
where the guotient ¢,(@) is a rational mtegral algebraic fune-
tion of « of the {(n — 1)th degree, ,,”~

Again ¢ {2) = 0 has a root. D’eﬁote it by «, then ¢,{(») is
divisible by » — o, Wlth@uﬁuwmﬂﬁﬂ&}}@?éil’}ﬁ'&rg in

() —(mm\"' ) o),
and Ji (m< ("’"" an)(@ — ag)ds(2).

Now ¢y(x) 1s & Fational integral algebraic function of @ of
the (n —2)th degree», henece ¢y{x) = 0 has a root. By continu-
ing in this waf we shall obtain = factors of Jw), viz., & — a,
T — ey, -+ T by, and the only other factor is a,, whlch is the
coeﬁiclezQ\of @ in the quantic f{z). Thus,

B e =al-a)e—e) e @)
'“\ﬁ.:;' the quantic fz) vanishes when we put for # any one

‘the n numbers a;, e, -+, it follows that f(z)=0 has
n roots. If » is assigned a value different from any one
of these n roots, then no faetor of flz) can vanish and the
equation is not satisfled. Hence flw) =0 cannot have more
than # roots.

\
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8. Theorem. If the coefficients of f{z) =0 are all real, thes
complex roots enter the equation in pairs.

Let a4 be a root of an equation f{w) = 0 with real coeffi.
cients, whers ¢=+/'—1 and where a, but not b, may be zero
We shall prove that the conjugate number, a — ib, is alga
root. N

Bubstitute the root @ 4 ib for # in the given equatish™Then
expand the powers of a + 4 by the binomial t}ieBrem, and-
simplify. Al the terms which do not contain £*et “which con-,
tain even powers of 4 will be real; all terms Jwiiich contain odd”
powers of ¢ will be imaginary. Denote t}rfg\a]gebraic sum of:
all real terms by P, and the algebraiolsim of all imaginary
terms by {6 Then we have, ’,1\\:

Prigap |
But this equation can be true only when P=0 and Q=0; for ;
the real and imaginary partdean never destroy each other. -

Now substitute o — b Jor » in the equation f (r)=0. As

wirw QEEOTS OXI; d-gng studplify.  All the real terms will be un-
changed ; all the im@iginary terms will have their signs changed,
but otherwise wilhbe the same as befors. Hence the quantic
J(#) now assx@\e's the value P-— ¢Q. But we have shown tha$
P=0and §=0, hence,
: P—_i@=0,

\ ¥
that igythe equation S(®)=0 is satisfied by 2 =a—¢. Hence
@ =13 a root.

. :.f'\_ 9. From the preceding theorem it is evident that every.
NN “equation of odd degree and with real coefficients must have ab
\"’\; " least one real root. Thus, a cubic equation must have either
three real roots or one real root and two complex roots.
The equation #® —1 =0 has evidently the real root 1. Divid-
ingof~1by #—1, we are led to the quadratic 2?4+ x4+ 1=0,
both roots of which are complex. They are }{—1 3+ —3}.
The three roots are called the cube roofs of unify, Observe that
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the square of either complex root is egual to the other complex
root. Also, the sum of the three roots of unity is zero.

10. An equation }(m) =10 is called complete when all the
powers of  from z* to »” are present. An incomplete equation
can be made complete in form by writing the missing ferms
with zero coefficients.

When two successive terms in a polynomial or in an equation, O\
have the same sign, there exists a permanence of sign; whan)
two successive terms have opposite signs, there exists a ;va{z;ia;
tion of sign. In the equation 2 +o® —a®+ 5 =0 the sighs
oceur in the order + + — +- and there are fwo variapions and
one permanence. \%

11. Descartes’ Rule of Signs. .An eguation jﬁ"@)’: 0, the coef:
| Jicients of which are real, has as many pastiive roots as it has
variations of sign, or fewer by an even nuibér.

We shall show that if a po]ynorvni.a’i f(2) is multiplied by a
factor o — e, thereby introducin%' NDEW ositive root, the varia-
tions of sign in the productwtﬂ‘ﬁﬁ'ﬂ?ggg "thosd {1 #5€ polynomial
by an edd numbexr, Q .

In the function f(x), ®kich is arranged according to the de-

+ geending powers of @ 8 %! ﬁlay be either complete or incomplete,

we assume that the signs of the terms vary in the following

manner: ’ :‘:\.{...._~..._|_.-.._...+...,

where the :&Qt}which follow & 4 stand for any given number
- of eonseeitive terms which are positive and where the dots which

follow a\— designate consecutive terms whieh are negative.

mL‘e’:!i ‘¢ be a positive root. Multiplying f(«) by = —e, and

whiting like powers of o underneath each other, we obtain a
* produet whose signs may be written as follows:

O T e
_...‘_+...+._,..._+ SR RN
T S B T e L i
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The + denotes an ambiguity ; that is, the sign of a term so
affected is here undetermined. We see that the dots which
follow + are ambignities; that is, each permanence of sign in
J{x} 1s here replaced in (# — ) - f(2) by an ambignity. We
see also that to every variation of sign in f(x) there corresponds -
a variation in (@ — &) - f(2). In the product there is, i addi-
tion, a variation introduced at the end. Hence the/product
contains ab least one more variation than does f(w) Tt may
contain more; for, successive permanences like 3 4 4+ or
— — —, ocourring in f(z) and replaced in {z — gl f(») by ambi-
guities, may in reality be replaced by the signs + — + or
—-+—. But such changes in sign alwidys Increase the varia-
tions by an even number. Hence in (@) « f () the total num.
ber of variztions exceeds that in f(m\)by the odd number 1 or
1425, ‘®)

The same conclusion is reachéd when the last term in f(»)
is negative. R

Descartes’ Rule followst niow easily. Suppose the product of

ol fihe éﬁ%@ﬁg%qr%ﬁwqﬁdihg to negative and eomplex roots of
z) =10, to be al

Wf( ready formed. Designate this produet by
F(x). BSince Fa)=0 hag no positive roots, the first and last
terms in F(%(ﬁa{re like signs. Hence the number of varia-
tions in F (%) i3 an even number, 2 %, where % is zero or & posi-
tive integei": Now, if F(z) is multiplied by the factor & —m, -
where{gpis a positive root, we get in the produet 2 &, -- 1 vari-
ationg, where k; <% In the same way a second factor z — s
gives rise to 2%, 4 2 variations, and so on. Thus, the intro-

\duction of v positive roots results in 2 k,4- v variations, wheré
4 .\" Y

k, is zero or a positive integer. Hence, the theorem is
established.

12. Negative Roots. To apply Descartes’ Rule to negative
roots of f(x)=10 we write down an equation whose roots are
those of f(%) = 0 with their signs changed. The new equation
can be derived by substituting in f(z) = 0, —« for 2. The
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process merely alters the signs of all the terms involving odd
powers of . It is readily seen that if « satisfies the equation
J(x)=10, then — « satisfies the equation f(—=z) =0. Hence,
each negative root of f(») =0, with its sign changed, is a posi-
tive toot of f(—a) =0. Descartes’ Rale may now be applied

to f(—a)=0.

Ex. 1. Determine the nature of the roots of 2* L. 32 4. 7=0.

There is no variation ; thersfore, no positive root. Transform the equ,g;
tion by changing the signs of the terms containing odd powers of =, ., We
get 2 +8x —7 =0, The new equation has one variation ;. hence
cannot have more than one positive root. Consequently, the {original
equution cannot have more than one negative root. The re¢al Xoot of the
given cubic is thus seen to be negative; the other two Moots must be
complex, ANY;

$
Ex. 2. Apply Descartes’ Rule to f(z) = 2t :a&k?'m+ 6=0. Here
JF(x) has two variations, and f{— x) has two va,na.twns Hence f(x) =
cannot have more than t{wo positive roots ’npr ‘more than two negative
ToOtE. &

Ex. 3. Apply Deseartes’ Rula to gis .10, Since 27— 1 has one
variation and (—&)? — 1 has oﬁ%%&?a‘ti‘éﬂ lﬁl‘gl@{v%ﬁgeﬂﬁatmn cannot
have mora than one positive root{er more than one negative root. We -
readily see that + 1 and —1 a.reg\toots Hence thers are 2 n — 2 complex
TO0tS. \\

Ex. 4. Prove that if the roots of a complete equation are all real, the
number of positive @oté is eqnal to the number of variations, and the
number of nega,tj{e“roots is equal to the number of permanences,

Ex. 5. .K"éc:‘[ﬂation with only positive terms cannct have a positive
Toot. If ghevnumber of variations is odd, the equation bas at least one
posrtlve r«oot, but it cannot have an even numhber of positive roots.

M'E%x 6. A complete equation with alternating signs cannot have &
‘Regutcwe root.
Ex. 7. If all the terms of an equation are positive and the equation
involves no odd powers of #, then all its roots are complex.

Ex. 8. I all the terms of an equation are posifive and all involve wdd
powers of x, then 0 is the only real root of the equation,

¢\

N
A



10 THEORY OF EQUATIONS

Ex. 9. Apply Descartes’ Rule to

—21x+20=0, B4+ xt+1=0

Bt 10x—-16=0, 2 —1=0.

w3422 -3ax+5=0. w—pd et 1=0,
#H41=0, a1 1=0°N

xf41=0, 17\0\

¥ —-1=0, .'\ “

Ex. 10. The equation «t —44% — 72?2 4 225 4 24 _.O‘ haa no com-
plex roots. How many are positive ? How many ares negatave ?

Ex. 11. Show that 25 —x% 4 28 — 22 — 5 —/ “\8 cannot have jush
two positive roots nor just one negative root.

O

13. Relations between Roots and C&eﬂicients.
It J@) = -i—am"“—]— w+a,,‘,1x+a,.~o
hag the roots wy, o v, a“, «then, by § 7, we have

wwwdbrauhbr@‘i@)tﬁ:’g{ﬂ‘n—’- al) (m — otg) veo (m— @) =

If n be taken sm:cesswely equal to 2, 3, or 4, we obtain by
ordinary mul%matwn,

f(:g).. SXe — ) — @) = 3 — (o + )T+ ayy =0,
f(f’}E (@ — ) (7 — ) (& — o) = % — (o + o3 + oot

\:\ + (etrty + gy + A —= ¢ty ttyty = 0,
) fh&)’E @—a)r—a)@— a)(@—e) = — (4 a0+ a;+ o)
'"\u”f" + (051“2 + e+ oo, - totty + etptty |- “afx;)m? et (“1“2“3
\”\; v/ T oaeatry + ayoigty + oty ) + oy tgmaee, = 0.

These relations are seen to obey the following laws:

In the equation Flay=0, in whick the coeffieient of x" is unity,
the eoefficient a, of the second term, with its sign changed, is equul
L ﬂw sum of the rools,
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The coefficient a, of the third term is equal to the sum of the
products of the roots {aken two by twe.

The coefficient a, of the fourth term, with its sign chunged, is
equal to the sum of the products of the roots taken three by three;
and so on, the signs of the coefficients Deing tuken allernately
negative and positive, and the number of roots taken in each prod-
uct tnereasing by unity every time we advance fo o new coef-

Sicient, until finally the last term in the equation is reachedf ™
which is numerically equal fo the product of all the roots 'aie,tf

which is positive or negutive according us n, the degree afithe
equation, is even or odd, In symbols, these laws mﬁg{ e ex
pressed as follows: N

“1—"(“1‘5‘“2'1'“34' +“n): N
= {mog + a0 4 dattg + - + rc..ﬂam;:)‘
= — {ogtty - tyotytty -} > + “n-uzo‘n—l‘xu s

a,= (___ 1)“5{1&2'5!3 e &“. " ~;~ b
When in the equation f&‘j":ﬁﬁ%‘%’ UEEATN BN of the term

x* is not unity, we must diw'.ﬂe each term of the equation by .

I

The sum of the roots is{ “then equal to —22, the sum of their
produets, two by two\s @ and so on.

The laws exp@ssmg the relations befween the coefficients
of an equatien ind the roots were obtained above by observ-
ing the relafions existing in the three products obtained by
actual mﬁﬂhphcaﬁwn To remove any doubt which may be
ententaaned ag to the generality of these laws we proceed as
folrows Suppose these laws to hold when n factors are multi:

\phed togesher; that is, suppose that

(2w )( — o) o (@ — ) = 2" @™ e fay
where gy Ol ++v Ty

have the values shown in L.

N

N
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Multiply both sides of this identity by another factor © — a,,,,
and we get

(@ — a)(x— o) oo (B — 0 }(® — ny) =2 b (0 — aer)3”

+ (@e— B, )e™ T4 s = Bt
But —Mlm—(a1+a2+---+a)ﬂa”+b Q.
g — @yttnyy = (tity + oyotg + oo o yt,) + (e +“2\
+ -+ an)fxm O

N

oy — “2“n+1 =— (“1“2“3 + - ) (“1“2 + a.l“s*f" N )“M-:,

- . . - .

-—-a,.av.u—( 1)"“& Oyl a>+1

Hence, if the laws hold for = fagters, they hold for n41
faetors. DBut from actual multip idation we know that the
laws hold when n =4, therefore Jbhey must hold when n=5.
Holding for » =5, they must held when n=1=0, and so an for
any positive integral value‘ of'n.

wwwgbreglibray - Iﬁ)ear that the = distinet relations existing
between the coefficibuts and roots of an equation of the mth
degree should offer some advantage in the general solution of
the equationjthat one of the n roots could be oblained by the
elimination: } the (n —1) roots from the » equations. But
this process offers no adwvantage, for on performing this elimi-
nation, we merely reproduce the proposed equation. Take, for
exaiple, the cubic o + a2 + a4+ a, = 0.

. \o§We have ety — e
\‘ ’ Oy == )0y | o805 + ptty,
a \ ¥ .
\ 3} ) Gy = — (0itaits,

To ehmmate ey and ey, multiply both sides of the first equa-
tion by &%, both sides of the second by «,, and add the results -
to the third equation.

We obtain o + tye? - + =0,
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whick is simply the 0ld equation with &, in place of = to repre

sent the unknown quantity.

While the eguations expressing the relations between roots
and coefficients offer no advantage in the general solution of
equations, they are of service in the solution of numerieal
equations when some special relation is known to exist among

the roots. Moreover, in any algebraic equation they enable ns
to determine the relations between the coefficients which corrp.-\' N

spond to some given relations between the roots. « M
Ex. 1. The cublc o+ 3 4% — 16 — 48 = 0 hag two roots wiipes sim
is zero. Solve the equation, ‘.,.\\
We have o1+ ea=0, N\
o1+ on + og =— 8. A

Hence ¢ =— 3. Dividing the cubie by  + 8, wé\have
2—16=0,2=+4 ~t':
Ex. 2. The roots of the cubie & — 9£’»+ 255 — 24 =0 are in arith.
metical progression. Find them.
Let ¢ —d, @, a-l-dbethet.hreero%
Then Sa=9, 36— d2=Y4% éﬁ‘ﬂé‘bﬁﬂs O, g—d=2,
a+d=4. The roots are 2, 8,{H

Ex. 3. Two roots of the icmu%ic 3q% 4 2t~ 152 — 5 = 0 have the sum
zero, Find all three moth\\ X

Ex. 4. The squatidn)3«f+ Ta? + 42 —3=10 has two roots whoso
sum is — 2. Solye ‘the eguation.

Ex, 5. The efﬁ;lation 2 %8 + 2222 4 80 x -+ 76 = 0 has two equal roots,
Solve. O

Ex. 6 The biquadratic equation 9 + 4228 4 1323 — 84z + 36 =10
has t.wb “pairs of equal roots, Find them.

Ex Y. If the equation &t + &% + @x¢% + asx + a3 = 0 has all its roots
. Xqual what relation exists between its coefficients ?

Ex. 8. Show that the sum of the nth roots of unity is zero.

15. Symmetnc. Functions. If a function of two or more
quantities is not altered when any two of the quantities are

N
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interchanged, it is called a symmetric funetion. For example,
the trinomial @’+ 3%+ ¢ is a symmetric function of @, &, ¢,
because, if any two quantities, say @ and b, are interchanged,
the expression is unaltered in valne. We are concerned mainly
with symmefric functions of the roots of an equation. 'The
simplest examples of such functions are those given in §}3,
¥1z., o+ o+ gt oo 4 0z o'\“.\

Y
ety + o0ty - cegoey 4 +o0 10y L M

Oytlglly + 030608, + =+ -+ an-ﬂu—l“u».’é}aé‘

These are the simplest, because in no_tewh does any one of
the roots oceur to a higher power thanMKe first. Other ex-
amples of symmetric functions of the.Tests are

oo’ 4 o lo? ’%‘;‘;“&2;
(ota — 0a)*(on — @) (e — )ty — 3)(ota— 1) (005 — 0%
We shall represent a sf¥mmetric funotion by the letter 3,

Jollowed hy,ene,of thedterms of the function. Given the roots

and one of the terms of*the symmetric function of these roots,
1t is usually not difficult to write down all the terms of the
funection, Tl_m{‘;.g‘iven the roots «, 8, y of a cubic equation, then
AN Se=at+ 84y,
2O ZeB=eft oy By,
Y SEB=dB+ oty + fat By et Y8

W

'&’Ex. 1. If 22+ eaf b + =0 has the roots o, B, v, express tha value

«\bf Ze?8 in terms of the coeflicients.

Maltiply a+f+y=—g
by ' af - oy + By =05,
and we obtain Dol L3 afy =—ab
and Zof3 =3¢ — gb.

Ex. 2, Find Za? for the game cubic.

*The results in an example marked with s * will be used in later examples.
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*Ex. 3. Find Ze? for the same cubic.
Maliiply the functions Ze and Zp? together, and the produmct is
Zo® + Zoelf, Hence Zg* = 2 o2 — Zp?f=—¢? + 8ab —8e

Ex. 4. For the same cubie, find Za?g2,
Squaring both sides of @8 + ay + gy = b, we obtain
oI b ety L B+ Zafy(e+ B4 ) =

Ex. 5. For the same cubie, flnd Zadg. p \:\
Show that Ze?s. Te = Zed8 + 2 Za?@? - 2 afy(e 4+ 8+ ¥). e\
N

Ex. 6. For the same cubie, find the value of (& 4 B){(8 + ¥} ('yqéi‘u)'.
™

Ex. 7. If =t + ax? + b5+ cx 4+ d = 0 has the roots &, 8, Ki,ﬁnd the
value of Zel,

Ex. 8. For the same quartic, find the valne of Zadg. \
Ex. 9. For the same quartic, find the value of Eiiigﬁ. ’
Ex. 10. Find the value, expressed in terms, bf the coefficients, of tha
sam of the squares of the roots w), ag, ---, a,l, ‘of
o+ a1 4 g2 4 o ‘+an 12+ ttn = 0

Bquaring By =— @, we gei&\,% thra o = 0 ,0]:11, Ex{lrfg
En‘.‘.t]_ — a? — 2 as.

Ex. 11. In the same eqm}n find 2_

By § 18 we have ’\\
(—1)" 1 1 Bglis e O o+ 0105 "+ U + et Gatg - P
R N ety -+ O

Dividing the\torrmar by the latter we cbtain

™\
3 1 1 _ e M1,
A Grmrgrer =2

Es 12 Find the sum of the rec;pmcals of the roota of the egquation
B+ 106+ 105 =0, Find also 3t
\ 6!11662
16. Graphic Representation of the Polynomial f{x). The
changes in value of the polynomial f{@) =a@" gz 14+« o,
as the variable # increases or decreases, can be seen most easily
by the aid of graphic representations.
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Let XX'and YY" be two perpendicular lines, called axes of
veference. Their intersection O is calied the origin. Let values

Y . P
P
¥
m_-q 1}
A L. N : A
i i o " (Y
Qi" T
- Y

of & be measured off from the origin
O along the axis X X' and values of
¥ be measured off from O along the
axis YY' DPositive values of ‘zare
measured from O toward the might;
negative values, towardsthe lefh.
Positive values of y are Jeasured
from O upward; neg&ti\?e values of
¥, downward, & ¢

The distances of a point P from the<ixes of reference are .
called the eoérdinates of the point. T}w.s, Pm and Pn are the
cobrdinates of the point P, both eodzd dinates being positive; @r
and @r are the cobrdinates of the\potnt ¢, both being negative.

Let y represent the value of the polynomial f(x); that is, let

~y f(m)

“’S‘ﬁ‘ﬁﬁdﬁ'&a%w ﬁﬁéftog}g:"}h when @ = Pm, then the position of the
point P represents 6 the eye simultaneously the value of & and
the correspondmg Yalue of f(«). If different values of a be laid
off on the am\s\ X X' and the corresponding values of f(x) on
she axis YU the points thus located will all lie on a line or
mrve, pa.‘lled the graph of the polynomial f(z).

In,jb];le construction of the graphs of polynomials it is con-
fient to use “plotting”™ or “ecobrdinate” paper, ruled in

&nall squares.

Ex. 1. Counstruct the graph of f(z) =af + 2 — 2.
Puiting ¥ = %2 + & — 2, we readily compute the following sets of values:

It

=0,

y=—2

=41, y=—11 or —2}
2=41 y=0 or -2,
=42 y=4 or 0.
¥=+3, y=10 or 4.
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Plotting these points we got the ad-

joined curve. Ilere unity is taken egual

to ¢ of a side of a square.
From the shape of this curve we can

see that when % is negative and Increases,
then f{x) decreasesand reaches a minimum

value when —=—1.  From there on, as z
ingreases, the f{x) increases. The curve

is a parabola. Tt cuts the axis XX in
two places; that is, there are two values

of x, for which the value of f{x) is zero.

L
N

N/

These two values of # are 1 and -~ 2,
Henece 1 and — ¢ are roots of the equa-

tion fx) =0,

Ex. 2. Construct the graph of f(x) =422+ 2+ 3.\“

Jid z=0, y=2.

x=41, y=43 01'2%“."',\
z=142, y=06} 01{2}-..’
2=43 y¥=9 {0’1‘:‘8.

PAL

W

%= o A0 ﬁ]gli@ﬂih.tgl‘ary,org,m

L \\\”
“\\\
, N
&S N
N N
N\./
vV X ?

The curve does not cut the axis X.X'; hence no real value of z makeg

J(x) zero, and the roots are both imaginary.
o
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Ex. 3. Construct the graph f(z) =% —a? + 22 — 3,

f :\::0, y:-—3.
=44 .5 y=—2120r — 437
g=41, y=—1 or =17,
z=+2,y=5 or — 19,
x=+38, y=21 or —45, Q)

¥

The curve crosses the axis X X7 onlyonce ;
hence there is only one real root,,. TTle value
of this root iz seen from the i!gure to be
about 1.3, £

S

/ Ex. 4. Findthe grapl{d"xs @ 2x—4
,/ Ex. 6. Find thesgvaph of 2t — 22 + 1.

/ 17. In cqn’s‘%icting the graph of a
! polynomial\y(x) we located a num-
ber of poifits and then drew a curve
I through “them. The curve thus ob-
 talued was assumed to represent the
‘f'*c’dn’tinnous variation of the value of
A ':f(:z:), corresponding to the continunus
) .Y increase of » But this assumption
A
T that the polynomial f{x) never jumps
from one value to another, when = is made to vary continuously
from ona’¥iie to another, requires proof. The proof will be
given Iﬁ},; 35. Tt is facilitated by the use of derived functions
and. Laylor's Theorem.

#ww dbrgulibrarylorg

\8 Derived Functions and Taylor’s Theorem. In

F &) = age® 4 @™t 4 agd™ ™ ver - 1 ® -0y

let @ receive an mcrement % and write 4 % in place of z. We
have

Fl@ 4By = ay(w + By 4 (@ + R oo+ @ (B R) + G

Let each term be expanded by the binomial formula. Then
colieet the coefficients of like powers of , and we get



S0ME ELEMENTARY PROPERTIES OF EQUATIONS 19
F+h) =ap" + o - an" et 0, wa,
+h{na T 4 (= o™ + (1 — Z)ap™ P 4 oo+ day}
2
15 n(n— 1)ag+ (1 1) (n = a4 42 o}

+1 .f; i — 1) (0 — 2o+ (n— 1) (r - 2) (n— Bauw™
+'..+3.2a"—35 "\' \,,'\
+ . - - - . - - [l . - " \
A ~\
+iggn g =D (n—2) 2 - 1}a,

. ..,' { 4
The first line in this expangion is obviously f{a) E\We ghall
call the coeflicient of A the first derived ﬁmcta‘aq and denote it
# v/ 2
by f'(z). Similarly we shall call the coKﬁ‘J‘;c}ent of %the
second derived function and denote it:bjﬂ F'{z); and so on.
The rth derived function is designated by f(z). In the Dif-
ferential Caleulus these derived fusietions ave called differential
coefficients. Using this new notidbion, the above result may be
written as follows: W W dbraulibrary.org.in
H 3 n

S+ =) 17 (0) 3P @)+ @) o+ @), T

In the Diﬁerentia.l\@zlculua this series gees by the name of
Taylor’s Theorems, \JWe have here established the truth of this
theorem for rational integral functions of z, but the theorem
hag actually #fuch wider application.

The rsiu.lzfs of this paragraph are true of complex numbers,
as ngljﬁ of real numbers.

~ 1“9 "To arrive at a convenient rule for finding derived fune
N$igns, compare the following expressions;
f(z)y=a@” + a2+ ax o oty T Ay
F(@)=naw* 4 (n — Dag™? + (= 2)ag™ P oo+ Gy
S1(2) =n(n— )™+ (= 1} (n — 2y g™ s+ 2y,

L] . .
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We observe that f'(x) can be obtained from f(x) in this man-
ner: Multiply each term in f(2) by the exponent of x in that term,
and diminish the exponent of x in the term by unity. By this
rule a™ becomes noya™™l, etc.; d, e a,2°, becomes 0 - a7,
or 0. Notice that f'"(2) can be derived from f’(z) in the same
way as f'{x) was derived from f(z). .
Ex 1. Hfx)=a5+ 320+ 528 +642 4+ T2+ 10, <N\
then F@) =but+ 1203+ 15924 122+ 7, QO
Fr(e) =202 4 36 22 + 30 %+ 12,
S (x)=00a? + 72 x + 50, Ky
FrEy=1202+ 72, AN\
Fr{x)=120, ¢
Ex. 2. Find a.ll the derived functions of \\
xﬂ+2x5+7x“+8v*+15.

0. Another Form of f'(x)._ By § 7
S(@) = (z— rxn)(<'3~ #g) (& — tg) o (2 — ttn)e
JLetting inseaso e with, we have
f(os+h)_a({ii+h—-a1)(m+kﬁm,)---(a:+h—a,). 1
PBut, by Tayloris Theorem, § 18,
et 1) =[()+h '(ﬂ’)+——f"(w)+

Henee, t}:e coefficient of % is F'(®), and f'(x) must, therefore,
be eqha:l 10 the coefficient of & in the right member of I

,@mﬁ 18, (%) =0o(0— ) (2 t5) (@ —ta) + o — ) (— %)

(@)oo= LE L SO ACO B i
& “\ . T—y T—ry T— 0,
\ Yormula IT is still true if some of the roots are equal. Sup-

pose &, oceurs as a root s times and e, occurs ¢ times, then

flz) =0 (2 — ) (B —ag)" ey
and formula 1T becomes

Fa=LE @,

37'113-"19
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Ex. 1. ¥ f(z)=(x—1)(x—2)(x— 3), show that
F@=@-2)x-+@E-DE-3)+ - -2
Ex. 2. If f{z) = (x — 1)z — 2)3 show that
Sy =3~ 1)z —2)" 4 2(x — 1)%(=x — 2).
Ex. 8. ¥ f(z)=(x — a)'(x — b)*(x — ¢)*, show that

Fi() =s(z—a) 1(x—b)(x — o)v+i(z — a)* (&~ b)-x—E)"

+u(z—a) (b)Y E—c)*L

7'\
Ex. 4. If f(z) = (z— ;) (& — &) (5 — vtg) = 0, show that ~\ by
fﬂ'(mﬂ: ﬁ%l = (ﬂ'.}_— ﬁg) (Eﬁl—* “3). ""\ ;' )
21. Muitiple Roots. If we consider the general e,ciuation in

the factored form AN
(@) (o — o) (o — ) -+ (RE/Y =0,
it is evident that, in special cases, two,opnore factors may be
equal to each other, yielding equal orynultiple Toots.
Suppose that m toots are equalo each other; then there are

m equal factors, and f(x) m"{l‘j\f%gmfﬂéﬁmr‘y.org.in

Ji (ai)“$ (& — o) (). _

Then  f(e) =m@S Ay —4(0) + @ — a)yd (@),

and f(«) and f'(z) have the factor (@ — )™ in commoh. This
faet suggests thelfollowing process for the discovery of mul-
tiple roots:.ﬁ'nii the highest eommon factor between f(x) and
F'(z). Suppose this factor is (z — &), then f{z) has the factor
(w — o)™, 'and there are r +1 equal roots. That is, e, occnrs
as a.f00t r -1 times. Suppose the highest common factor to
'be:@— ) (@ — ey, then @, oceurs as a root -1 times and e«

\Qcﬁurs as a oot § + 1 times.

Hx. 1. Examine 8% — 2022 + 6 = + 9= 0 for equal roots,

Frle)=242? — 40 2 + 6, and the H. C. F. of f{x) and f'(x), found by
the process of successive divisions, is 24 — 3. Hence (2x — 2)2 is a fac-
tor of f(z), and ¢ is a double root. The sdjoining figure is the graph of

N

N
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J(x). Atz =4 the ourve is touched by the axis X37. 1In other words,
the axis is tangent to the eurve and meets it in fwo coincident points

.

ww|dhrpulibrary

2 &

¢

..\’.

.org.

Thege reveal graphically the presence of a
double reot. The third root is seen from the
fleure to be x =— L.

1f the entire curve were moved downward,
both axes remaining fized, then the axis OX
would become a secant line; instead,ofthe
two coincident points we would haye) two
distinet points of intersection, arn& the two
roots would be unequal, If nhe Jurve were
shifted bodily upward, then. the Tpart of it o
the right of the axis Y'Y’ ’w&uld have no point
in eommon with the %xis "X.X7, and, instead
of two equal roots,«we‘would have two com-
plex roots. Thys.t “equial roots are seen to be
& connecting Mnk/between distinet real roots
and complex ;eots.

Shifting the curve upward corresponds
to mcfea.smg the value of the absolute term .
in f{a:), shifting it downward corresponds

ut,o “diminishing the value of the absolute
“term.

Ex. 2. Tell from. bhe graph in Ex. 1, § 16, by about how much the
absolute term § ;((se) must be increased to yield equal roots; to yield

complex root,

Ex. 3. /Bibd the multiple Toots of 8zt + 205 + 1822 + 7+ 1 =0,
The I‘ICF of fx) and f(x) is 44% + 4%+ 1 =(2% 4 1)%; henece —}
is &."t\m:ﬁlé‘ root, Construct the graph for f{(z).

.Q;E'x 4. Find the multiple roots of

425

— Byt —2828 + 1022+ 852 4+26=0,

Ex. 5. Find the roots and construct the graph of
- 8xt+ 32— a?=0.

Ex. 6. Find the equal roots and construct the graph of
—~ 084+ 1322 — 122 4+4=0.

Ex. 7. Prove that, if & oceurs as a root of f(2)=0 m times, then &
satisfies each of the equations f(x)=0, (@)= 0, ' f=1{x)= 0.
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29, Graphic Representation of Complex Numbers, In the con.
struction of graphs of polynomials y=f(x) we assumed a
horizontal and a vertical axis, and from this point of inter-
seetion measured off values of » parallel to the horizental axis
and values of y parallel to the
vertical axis. A similar plan is
commonly adopted for the repre-
sentation of complex numbers
or imaginaries, If z=1wx 41y,
where o and y are real numbers,
either 4+ or —, rational or irra-
tional, then « and y are laid off
parallel to the horizontal and
vertical axis, respectively. If X
& = (), y = QF, then # is repre- \
sented in magnitude and direction by QR The length of OF
iz called the modulus of z, and is, pziual to vat+42* The
direction of 2 is indicated by the ‘ahgle 6, which is called the
amplitude or argument of 2. NN o

Since = p cos §, y=p Bin‘}g:.f%?ed]ﬂ‘@éll1b1'ary.01'g.m

z= a{:-},—z@;p(cos 8 + ¢ sin B).

This graphie represe}téation of complex numbers is due to
Caspar Wessel (1797).
AS

23, Addition'ehd Subtraction of Complex Numbers. Let OF
= a + ibafid OP' = a' 4 it', then, OP+ OP'=(a+a)+i(b4-0").
Draw R'S.parallel and equal to OF, thea OT=a+a', TS=b+V,
and \08: 0P+ OP'

“\#Fhis graphic representstion is of great help to the mathematician. But

\ttént.ion should be called to the fact that the statement, that to every irre-
tional number thers corresponds # line of definlts lengih, is no longer eon-
sidered self-evident nor demonstrable: it involves the geometric postulate:
“If all pointe of the line fall into two ¢lasses in soch a manner that each
point of the first clags Jies to the left of each point of the second claszs, then
there exists one point, and only one, which brings about this separation.”
See the Encykiopidie 4. Maih. Wisa., 1 A 3, No. &
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Using the notation p=mod. OF, we readily see that, in this
0ase mod. 08 < mod. OF +mod. P'S.

This means simply that two sides of a triangle are, together,
greater than the third side. If OP and OF' had the same
; amplitude (that is, the. séme
direction), then the modulus
of their sum would§ he Jequl
to the sum of their moduli.
Extending t.]zési’a considera-
tions to tiwee or more im-
aginaried, }'e readily arrive
at theé\following theorem:
- Z?Ie\}iodulus of the sum of
Qe T Awo or more complew numbers
is less than, or af moest equal ta, the sum of their moduli. In
other words, a straight linejoining two points is shorter than
the sum of the parts of a broken line connecting the same two
vp@iﬂ@bl aulibrary. orggh 'S

e ey 171

24, Multiphcat\h of Complex Numbers. The product of
\\z— a -+ i = p(eos § 4 sin 6)

and N A=a' 4@ =p'(cos §' 4 isin 87
may be ‘deﬁned as follows:
N\ ' =pp'{cos(f + 6" + 7 sin(f + 0N},

'%at is, the modulits of the product of 2 and 2’ s equal to the prod-

\~f S “wet of their moduli; the amplitude of their product is equal to the

sum of their amplitudes.

Ex.1. To what power n must z = p{cos 45° 4 £sin 456°) be raised, in

order that z* may have the same direetion as #¢ What are the conditions
that z# =27

Ex. 2. Prove De Moivre’s Theorem: (cos# 4 {sln &)™ =cos wmd
+ {sinmd, for the case when m is a positive integer.
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95. Continuity of £(z). We wish to prove that Fiz) varies
condinuously with %, that as the complex number z changes
gradually from a 4 ib to a’ + ib', F(#) changes gradually from
fla+ib) to fa' 4+ id').

Let # vary from z=a+ i to %+h where  is likewise a
complex number. The corresponding increment of f(2) 1s

S (@4 B — S (%)
and this, by Taylor’s Theorem, § 18, is equal to P

< 3

'\
N\,

W) 1o 170 + g 1)+ 0, 1

where f'(25), f''(2), *+» f™(%) are each finite ,con}ﬁlex numbers.
" Now, expression I is 2\ N

i) e i T

)\ 3

Since each term within the a;eh’chesis of 1T is a finite complex
number, and the number ofA o dhraulibrara ofg ffilows that
the entire expression Wi{thfm the parenthesis has a finite value.
Yor, by § 23, the ﬁlc%}lus’of the sum of two or more complex
numbers cannot exbeed'the sum of their moduli, and no complex
number with g f{mte modulus ean be infinite, no matter what
its amplitude{ (sWirection) may be. Hence, by § 24, as the
modulus ofkis allowed to approach the limit zero, the modu-
lus of tk\\&eﬁtire expression 1T approaches the limit zero. But
when $he modulus approaches the limit zero, the complex varig-
ble“itself approaches zero, no matter what its amplitude may
\EB.“ Hence the expression IT approaches the limit zero when

does.

Since expression IT represents the difference hetween f(2-+7)
and f{z), it follows that an infinitely small variation of the
complex variable z corresponds to an infinitely small variation

of the polynomial f(z), and the continuity of f(2) is established
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The above reasoning remains valid if we write the real varia
ble 2 in place of the complex variable . For, real numbers are
only special cases of ecomplex numbers.

An examination of the graphs in § 16 shows that when w in-
creages, f(z) does not necessarily inerease; it may increase or
decrease. What we have proved is that, whether increasing oF
diminishing, f{z) passes from one value to another continpeysly,
never per salfum. N

'\
\

26. Fundamentsl Theorem. We shall now defionstrate the
important theorem which was assumed withont{proof in § 7, a
theorem which has been called the fundaméntal proposition of

algebra.*
gebra, N

()
Every rational integral equation with veal or complex coeffictents
has at least one root. PN

If we can show that the tlgehrém is true for the special case
in which the coefficients oftthe given equation are all real, then
viewpdbemilli buseyiarghbich some or all of the coefficients are
complex, easily follows. " For, if £i(2) is a function of z, whose
coefficients are, respettively, the conjugate imaginaries of the
coefficients of % “$econd function fy(2), then we may write
HR)=A+iB and f(z)=A—iB, and f(?) - fil5y=4+ Bi=f{z),
where f(£) has only real coefficients. Now, if f(z)=0 can be
shown % have a root e, then we must have either fi(en) = i
or (@) ==0. Suppose fi(«)=0; then it follows that fi{es)= 0,
WQ\E-Te ¢, is the conjugate of m, §8. Henee fi(z)=0 and

\ ¥a(z) =0 have each at least one roof.

Without loss of generality we may mow assume that the

# For historical and critieal remarks on the numercns proofs which have
been given of this theorem, see the Encyklopddic d. Math. Wiss.,I1B1a, No. T3
see also Moritz in Am. Math, Monthly, Vol. 10, p. 159. Gauss gave four
proofs of this theorem, the fourth {1849) being a simplification of the first
{1798). The ons given here is in substance Gauss’s proof of 184 It is
geometrical in character, and is open to the objection raiged in the foot-note
of § 92,
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polynomial f(7) of the nth degree hag real coefficients only.
We wish to prove that there exists always at least one value
of %, either real or eomplex, which causes the polynomial f(2)
to vanish. :
Let # = » -+ iy, then, by § 22, the variable represents points in
a plane, and the funetion F(#) has a definite value at each A
point in the plane. As in §8, we may write f(z) =P+ i,
where P and § are functions of = and y with rea} coefficientsy \J)
To find expressions for P and @, let a=rcosd, y=r sinlg)

By De Moivre’s Theorem, N
2 == 1™(cos ¢ + 1§ 8in )™ = r™{(e0s e +1 sin 'n}fﬂ:
Substituting for z in f(z), we get, N\
 P=yoos np+ar™teos(n—1)¢ + agm? cos,(’{gf}\—é) ™
Q=r"sinng + oy sin (R —1) ¢+ agstein (n— 2y 4+
+ @b, 7 BiN ¢ A ’

A second expression for P afid @ is obtained by letting
t=tan I¢. We obtain, wath.dbraulibrary org.in

cos ‘#:]1{723‘???{“#:1_1%’ g=r %ﬁ‘tgﬁ
This gives, N
(1 + £ (PHAQ = (L + it + ar (L 2 (L 45
+ oo A (L )
Bt w%\:;;g,gna the binomials by the binomial formula, and

arrapge, the result according to the powers of ¢, we get,
AN
w\" w4 —_ g(t) —_— h(t)
\ 3 P—_“_(l + tg)“! Q_ (1_‘_33),‘!

where g(¢) and A(t) are rational integral functions of £, the
degrees of which do not exceed 2n.

All points in the plane having the same value for r lie upon
a circle of radius r, the centre of which is ab the origin of
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cobrdinates. To determine the points on this cirele for which
P and @ vanish, we must solve the equations g(¥)=0 and
k(t) =0, for the given value of . But we know by § 7 that if
R(t)y=0 and g{f) =0 have roots at all, they cannot have more
than 2n. From this it follows that neither P nor ¢ can be
equal to zero at all points of an area in the plane, for in that
event we eculd select » such that the circle would pass throngh
that area, and P and § would vanish at an infinite 'n{ii}rb%r of
points on this eircle. « \
The value of @ may be written, N

Q=7 (sinng+ B sin(n—1)$ + % sin(5= 2+ - )

From this expression it is readily séer that r may be taken
go large that § has the same sign ag'\éin ne on all points of the
cirele where sin né is numericglly’larger than sowe value ¢
which may be as small as we, please, but not zero. Mark on

")

the cirele the points AN

www,dbrauljbrarm’orﬁ.,{ﬂ&; ane Q_n:_}k s
FOT 1) 7

and designate thjem; respectively, by 0, 1, 2, ..., 2n—1, Thus,
the circle is d{(&eﬁ into 2 arcs, (01), (12), (23), -+, (2n—1,0),

\ in which sin n¢ is alternately
4 and —. The figure shows
the division for n=25. In
passing from arc {01) to are
(12), the function @, for sul-
ficiently large values of 7,
changes from + to —. Since
by § 25, @ is & continuous
function having real values,
in going along the eircle from
+ t0 —, it must at the poink
1 pass through zero. Simi-
larly, @ must pass throngh
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zero also at the points 2, 3, «.., (2 —1), but it does this at no
other points of the cirele.

Similar remarks apply to P. If is readily seen that, for
suffictently large values of r, P and cos ng have always egual
signs; that P is positive af the points 0, 2, ..., (2n.—2), and in
their vicinity, and negative at the poinis 1, 3,5, ..., (2r —1),
and in their vicinity. A

We have scen that @ cannot vanish at all points of an arga *
Consequently the area within the circle can be divided \ynto
distriets so that in some disiricts @ is everywhere pdmtwe,
while in others it is everywhere negative. These dls\mcts are
marked off by boundary lines along which @.vdmishes. To
aid the eye, the positive districts are shaded.

An are (2%, 2k 4 1) of the cirele, along whith @ is positive, |
lies in a positive district. This distriet ieg partly inside and
partly outside the circle. Designate by ¥ the part of it that
is inside. Several cases may arise, YThe area I may terminate
ingide, as does (2, 12, 8), in which'vase (2, 2% 4+ 1) is the only
arc of the circle on its bounfimw dgrraﬁﬁﬁyaa]{‘?? I Ry Tun into
ancther positive are (2%, 2%+ 1), or it may divkde into two
or more branches, each :Whleh terminates in a positive are
(25, 21+1). If theq?( vould be within 7 an area, like an
island, in which Qarere negative, then the eonclusions which
we are about tQ draw would still follow.

Jonsider the' boundary line within the cirele, passing from
2h+1 to 2\h\ Along this line @=0. But P is negative at
the pointh\®h + 1 and positive at the point 2k Since P is
contimmus and represents real values, F mnst pass through
zem\m at least one poinf along the boundary line connecting
2R 1 and 2%k Thus, at that point, we have not only @ =0

Gt also P =0; that is, f{#) =P+ i@ =0. Thus the existence
of at least one root aof f(#) = 0 is demnnstrated.

The figure on the preceding page is taken from H. Weber
and represents approximately the relations for the equation

#—4z-2=0.
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Its roots are approximately
e=152 B=—51, y=—124,e== 12+ 144, =12 — {144

The root « lies on the boundary (1, 10, 0).

The root 8 lies on the boundary (9, 10, 11, 6).

The root y lies on the boundary (5, 11, 4). R\
The root e lies on the boundary (3, 12, 2). O\
The root ¢ lies on the boundary (7, 13, 8). ®) “

7 {zx& \\’
K
N
A
‘&,
¥
R\ &
N



CHAPTER 1I

ELEMENTARY TRANSFORMATIONS OF EQUATIONS
AN
27. Frequently it becomes necessary to transform a given
equation into a new one whase roots (or coefficients) bear a
given relation to the roots {or coefficients) of the, orlgmal
equation. The discussion of the properties of am&qtlatlon is
often facilitated by such transformations.

98. Change of Signs of Roots. To chm;ge\\an eguation into
another whose roots are numerically the \s,ma as those of the
given equation, but opposite in sign{ lt is only necessary to
substitute in the given equation — my‘br @. This transformation
has been used already in the apphcatlon of Descartes’ Rule
of Signs to negative roots, §'°€¥2' ‘dBFhel ligesyafi-glinthe terms
containing odd powers of .« are changed by it. The proof is
as follows:

Let o be any rook% the equation f(2)=0. Then we must
have f(x)=0. Mf, ‘now, we substitute —z for x, we gt
Jf(—ay=0. Of Fhis equation — e is a root, for when we take
T=— ¢, we h&ve F(—[— a]) =f(«), and this we know $o be
equal to .-Qro.

294 “Roots multiptied by a Given Number. To transform an
eqilatmn into another whose roots are m times that of the first.

\W“Put y = ma, and sub%titute y for « in the identity

QO
agt® + awt o +an=ao(w—“1)(ﬂ’*'“s) o (@ a2} =03
we get

i —1
a e b e b= dg (1_ Xg_ ) (E__a“)=0_
m m o

81
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Multiplying by m®, we have
g™ -+ May T 4 oo Mt = Gy — Mo )Y —0tg) v+ (Y —meta) =0,

which is the required equation.

Hence, multiply the second term by m, the third by w cmé
80 Of. \

s

7

Ex. 1, Transform the equation ¥+ 2?4324+ 4=0 1nto\a.rr equaf
tion with integral coefficients and a,=1. s,,.

Multiply the roots by m and we get x? + 5 L L 3/ + B _ 0, The

4
fractions will disappear if we takem = 6. The reaul\&

2322 4122 + b4 =9

Ex. 2. Find the equation whose routa \é times the roots of the
equation 2t -3 d-aZ—x+1=10 \~
Ez. 3. Find the equation whose roots are — 1 times the roots of
w4 4t - 4,x5'~+ B4 82=0.

WY %”ﬂ"r}!‘kﬁﬁﬁﬁ thE- éﬂ}latlon 853 4+ 42— 5x + 6 =10 into one in
which the coeffieient of %3 isinity and all coefficients are integral.
Divide the left member of the given equation by 3, then multiply the

roots by m. Weobtaa\r1:c3+4;1’m2 ’Z‘gx+§éﬂ3:0.
Taking m = 3\WB get, the required equation, 8 + 422 — 16z + 64 = 0.
Ex. b, (\Jl{a,nge the signs of the roots of the equation

\ 2+ 50— 62t 2+ 5=0,
\@x 6. Remorve the fractional coefficients from the equatfon

2 .'; - @+ ir— =0
. ‘\ " keeping a,=1.
\ 4 Ex.%. Transform the equation 102t — 822 4+ T — F4 = 0 s0 that the

eoefficient of the highest term is unity.

Ex. 8. Remove fractional coefficients from axf+ 328 —2+ ;=0
also make the coefficient of the highest term nnity, and change the signs
of the roois.
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30. Reciprocal Roots. To change an equation infe a new one
whose roots are the reciprocals of the roots of the first equa
tion. In the equation

@@ + aE 4 e ey, = (@ — ag(E — ag) o (2—ay=0

put @ =§, and we have

oA
e ) b
Multiplying by #% \\
O A S AR
the required equation. ) \\ ’

31. Reciprocal Equations. If an squafion is not altered when
 is changed into ifs reciprocal, it ig talled a reciprocal equation.
Comparing coefficients of the firgh and last equation in § 30, we
gee that the conditions for a Jgp%Pa%cal LLua.tion are,

raulibrary.org.in

Wt G e . Ga_% % 0
? Y H H
T Gy Uy G O
The last conditionsives o, = ag’ and &, = Lt If a,= +a,
then the denopfifiafors in the equations of condition are all
alike, and We{s&e that the first, second, third coefficients, elc..
taken fronathe beginning, are equal respectively to the first, second,
and thipd eceflicients, ete., taken from the end. Ta,= —do then
these.relations are modified in this, that corresponding terms

7 ¥om ‘the beginning and end have opposite signs.
N/ Tt «is a root of a reciprocal equation, 1 ust e a root also.
& . 1
Hence the roots of a reciprocal equation oceur in pairs ¢, -3
1 th
gy —3 ate.
Gz

If the degree of the equation is odd, ther one of the roots
»
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must be its own reeiprocal; that is, one of the roots must be "
either +1 or — 1. If the coefficients have all like signs, then
—1is a root; if the coefficients of the terms equidistant from
the first and last have oppusite sigus, then 4+ 1is a root. In
either case the degree of the equation can be depressed by
unity, if we divide f{x) by x +1 or by « — 1, The depregsed
equation is always « reciprocal equation of even degree with\ike
signs for its coefficients. Dy

If the degree of a given reciprocal equation is efer and if
terms equidistant from the first and last have opppmte signs,
then the left member of the equation has 2*& \} as a factor.
For, the equation may be written in the form\

(@ — 1)+alx(a:2’°“2—1)+a2a:9( bl 1) 4 e =0,

Dividing by #* — 1 reduces this type\of reoiprocal equation fo
one of even degree with all coeﬁmenfs positive.

Since all reciprocal equations of odd degree and all reeipro-
cal equations of even deg.t'ee with half of the coefficients
fi‘é\}gﬂtﬁlél a&‘lléb{’é&ﬁ(ﬁﬁﬁe“m ‘reciprocal equations of even degree
with coefficients all_positive, the latter kind is called the
standard form of m@pmml equation.

Ex. 1. Undéy\\'hat conditions is the eguation
\ “a:i + @12® + aa? + agk + aq = 0 reciprocal ?
Undex' Wit conditions is it in the standard form
Ex‘} Reduce the {ollowing reciprocal equation to the standard form.
,.\'\ 3 %% 4 g 4+ agrt — @ — g — 1 =0,

% We may write it thus: (&8 — 1) + agz(at— 1) 4 asa?(x? —1) = 0.
Dividing by * — 1, #* 4 et + (1 + @)@ + ae +1=0.

Ex. 3. For what value of g, will
2 ot @™l 4 @l o e Gud™ — G 1@l — e — g — 1 =0
be a reciproeal equation ?

Ex. 4. Solve the equation 24 + 3% —8x—-1=0,
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Ex. 5. Solve the equation 343+ 2224224+ 3=10.

Ex. 6 Given that ¢ is a root of
ax® + (b —ac)zt — bea® — bt — (g — bo)xr +ac =10,
find the other rnots.

.32. Roots diminished by a Givenr Number. If an equation is a
to be trangformed into snother whose roots are those of thé‘ s,
first, diminished by %, then we take y=x—h, and substitute

@ =¥+ % in fhe given equation K “~\
a4+ 0" s = 0. ,.,'\'\' 1
We obtain  a,(y + &)+ e (y + B)* 1+ - +a _0 11

If « is a root of equation I, then « — A is a.mbt of equation IT;
for, substituting & — & for y in the latter, v%e get

thott” - e ‘1+---+%

which expression must vanish, smee a is a root of I. Hence
IT is satisfied by y =o— . www dbraulibrary . org.i

If we expand the binomjals in IT and collect the coefficients
of like powers of y, we ebtam, let us suppose, the equation

A.,f+>4bﬂ 4 Agri 4 e 4 Ay =0,

Singe y = — h,\tlns equation is equivalent to
ERE: mﬁ)éq’. A(e =R o+ A5 =B+ 4, =0.

The fo&x 6f this last equation suggests an easy rule for carry-
ing it the actual computation. Dividing the left member by
_ “&A %, the remainder obtained is seen to be equal to 4, the
: \Bbsolute term. If the quotient thus obtained is divided by
% — k, the remainder is 4, ;, the coefficient of z. By continu-
ing thls process we can find all the coefficients of the trans-
formed equation.

If, instead of diminishing the roots, we desire to increase
them, we take h negafive.
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Ex. 1. Transform m¢— 523 + 7&* — 42 4 6 = 0 into another equation

whose roots are less by 2.
By synthetic division the proeess is as follows:

1 -» +7 —4 +5[2
+2 -6 +2 —4
-3 +1 -2 +1

+2 —2 -2 Q|
-1 —1 —a A
+2 +2 R\
+1 +1 QO

+2 A\

+3 o\

The numbers in black type, 1, — 4, + 1, + 3, mdl-?at.e, Tespectively, the
first, second, third, and fourth remainder. Hence the required equation
st 43+ a2—42+1=0, \‘

Ex. 2. Diminish the roots of 225 — xS\k i{) x—8=0%0y b

Ex. 3. Transform the equation 4= 8:1:3 + % + & — & = 0 into another
in which the second term is wanu;trg

The sum of the roots of thel given equation, by §18, is + 8. Inthe
nmndbmmhhmrghmmgmqshalt be zero. Hence the sum of the roots
muss be diminished by &3 “each single root by 2. Hence we get by

synthetic division o 23 22— 50 g — 48 — 0.
N\
Tx. 4 Removen’ghe second term of &8 4+ 10wt L 224 1==0.
Ex. 5. Rem\ﬂ the geeond term of 42t 4+ St -z 12 =0,

33. :Rgmoval of Second Term in the Cubic. In the transfor
matibh"c'}f the general eubic

\¢ by® 35,27 4 B b + by =0

™ mto another, deprived of the second term, we notice that each

0N

m\./

\\2

root must be increased by by the sum of the roots in the given

by’
cubic being — 3, Puty=2 + By’ 1 then g =y — % Bubstitut-
0

by
ing, we obtain

B 3 z
50(3—53)4'351(3“2—;) +352(3"“"%‘)+bs==0-
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Expanding, and collecting the coefficients of the different
powers of y, we get

bt + 8 By + By =0,
where boB, = bobs — byf= H,
BBy = bl — 3bhb, + 255 =G

; N
Accordingly, the transformed enbic, deprived of the second . |
term, is \ %)
1 \J
7+ 2 Oba— b)Y+ 0= BUDy+ 20 =0\
i ] S 3

Tf the roots of this equafion are multiplied by. &by the
process shown in § 29, and the letters H and Gvas defined
ahove, are introduced for brevity, then the tr&gsformed cubic

takes the form S8 it G, x\ { I

Bince 2= by and y =2+ ill, we havey :b.,o; + by
0 g

5”

The reader will observe &Qgﬁ%;'h%l_thﬁbuse_ of the binomial
coefficients, 1, 3, 3, 1, in the: origmﬁ] cug%,y'tﬁ:{‘eg'g}{pressions
arising in the proeess oftransformation are simplified some-
what. The use of.bi\ﬁ:émial coeffcients is frequently found

convenient.
\

34. Removal (f Second Term in the Quartic. Write the
quartic withbinomial coefficients, thus,
7\NW

A bt 4ba 4 6bat + 4+ b =0,

Thé'#um of the roots being ——%, each oot must be increased
~\4 0 5 o
by g-l Putting y==2+ %, we have x=¥y— f Substituting
0 a i
in the quartic and expanding the hinomials, we obtain

¥+ %Hy" + f—e Gy + bl.(bnszu — 4 b7be+ 6 bt — 3115 =0,
(1] (1] 0
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where H and & ave defined in § 33. The last term of the
transformed quartic it is most convenient fo consider as
composed of H and of a new function I Let I=bhi—
4bps 4+ 3b. Then we obtain the following :

Bifby — 4 DIy -+ 6 bbby — 3 byt = by? (b — 4 bids + 3 b4)

- 3(bgb2—‘ b12)2 =bQEI'—3H2. A\ .

The transformed quartic takes now the form N
2 N
6 4 il —3 K A\
L = -7 - T =, N I
?f"’r‘buz y+boa ¥+ bgt ”,: \
or, multiplying the roots by by the form ) o\ 3
A 4 6 He +4 Gr + b3 — 3 HI=0. 11

Since z=>byy, and y=m+%, we have’z\\;-box-}-bl.
] R |

Ex, 1. Compute H and & for the c’ﬁ}lc, obtained by transforming
28 4+ 328 4+ 4 — 10 =0, so that the s’ei:@hd term will vanish,

Ex. 2. Compute H, &, and [ "f;i;r the quartic with the second term
wwntiwg;lbh&aﬂhb@éi@ﬂbggﬁm Wa*— 222+ —12=0.

Ex. 3. Verify the results abtained in the last two exercises by trans-
forming the cubic and quattic by the process of synthetic division, a8 -
in § 32. RA '

85. Equation of Squared Differences of Roots of Cubic. The
formation gf\the equation whose roots are the squares of the
diﬁerepcas'bf every two of ihe roots of a given cubic is of
importante, because the equation thus formed leads with com-
p{;ﬁlﬁve ease to the eriteria of the nature of the roots of the
geheral cubic, Let the cubic be

b + 302 + 3D + 5= 0. I
Transforming so as to remove the second term, we have, by § 33,
LN .

by by

where y=+ b,

bo
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Let the roots of equation II be ¢, 8,y Then the squares of
the differences of every two of the roots are

(a—pYs (e—y)fs B—" oI
Since the roots of IT are the roots of I, each increased by %, it
0

follows that the differences of the roats, two by two, of equa-
tion II are the same as the differences of the raots of equation LA «
Hence the squares of the differences, given in IIT, are j:.}(e\".
squares of the differences of the roots of equation I, as welbas
_ of equation IL. In other words, both eguations lead{to\the
same “equation of squared differencea.”” This 1as§~@;iation 18

evidently o
§z—(‘1‘ﬁ)?§§z—(“'_"7)2§52—(:67@3‘3=9- v
The coefficients may be calculated as foflows: Equation IV is
satisfied by the equality O
2= (a -'-‘,Bj‘él

We obtain from this A\ )
p= o PP ~r__,'\')sliﬂl_\_w'§hh.|;§.1.[ﬁfar_y,m‘g.in

L Y
Now et 4- B2+ was shpw}t in § 15, Ex. 2, to be equal to a;—2 ay3
. \} Com
in the case of equation IT, &y =0, @ =~ So,

i

I\ 6 H

R AL A
g =
. Hente we may write - -
" G

where 4 and y are written for y* and y. This is allowable,

since vy is one of the three possible values that y can assume in
equation TL
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Multiplying the members of the last equation by y, we have |

j,+(z+6H) 26 _,

LAY
Subtracting equafion II from this, we eet

Yz +3b13—y—3b—0-€==0, N
3¢ Oy

bi% 1+ 3 Hby O

‘We have here y expressed as a linear functioft’ cf z. Sub-

stituting this expression of # in equation II,\\‘(S obtain, after

some labor,

72+

whence Y=

E%I—Iz’wr&li —(G{;}-4H3)=0. v
L]

This is the ©equation of squared d\ﬁ'eren(,es » of the roots of
equation I and of equation 1L, th@ roots of V being

(a—B8)%, {“* =9, B—)
Mﬁﬂ%ﬁﬁglikﬁélmaﬁ;équatwn v by b, we obtain an equa-
tion free of fractions, .

z8+18m2+81mz+27(m+4m) 0, VI
whose roots a%g\

© OB W) WE—)
Here\@e B (a1 (B =) =— e (P +4H) =D,
ere D is an important funection, known as the discriminomt
of the ecubie. Since, by § 33,
@ = bib, — 3bbib + 255,

= by — b
we obfain

bAD = 27 (35252 - 6 bbybabs — by’ — 4 bgbsf — 4 1%Ds)-

In the discussion of the cubic equation we shall frequently
make use of the discriminant. ' '
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Ex. 1. Tind the cquation of squared differences of the roots of the
cubie 23 4 Saf —Jx - 1=9.

Here bp=1, by=1, bg=—1, bg=—1, 1llenece G=4 and H=-2.
The required equation js 2% — 36 22 + 3247z — 482 =0.

Ex. 2. The cabic in the previous example is a reciprocal equation.
Solve it, find the vaiues of the squared differences of the roots, and gee
whether they are really roots of the equation of squared differences.

The reciprocal equation of the standard form, obtained from the above,

is a2 -4z + 1 =0, The roots of the given cubic are 1, — 2 & 3 ; theiz
squared differences are 12, 12 + 63, Dividing the left member of the"
7NG

transformed cubic by z — 12, thus, R
135+ 824 — 432 12 R4
+ 12 — 288 + 432 N
244 d64+ 0

A\/ .
we see, by § 4, that 12 is a root. The depressed equatidnye?—24 2 +36=0,
is satisfied by z = 12 + 63, 2\

Ex. 3. Find the equation of squared diﬁpr’eéces of the roots of the
cubic #3322 -5 —1=0. RS :

The required equation is 2% — 8 2% + 16 =0. What inference can be
drawn with respect to the roots of the,g’\i’ en cubie fr?m the fact that 2 =0
is a raot of the transformed cubic ? ™% -dbraulibrary.org.in

\ 3

Ex. 4. Find the equation gi@he. sguared differences of the roots of
w8 +2=A. s 2\J Ans A+ 182248124 216 =0.
It is important to ohse}v\e\tha-t-, since the last term J- 216 is positive,
and i3 equal to minus Weyprodues of the roots, at least one of the three

KON

values of 2z must be u;éga"tive. Now if the roots of the given cubic are all -

real, then the sgdares of their differences must be positive, and ali the
values of z mugt/he positive, A negative value of z can be obtained only

when the Bisen cubic has two imaginary roots. Henceof +3x+2=10
has two imaginary roots. Verify this by Descartes’ Rule of Signs.
Ex\“&:' Find the equation of the squared differences of the roots of
£ 4 5% — 16 =0,
The process is easier if we first transform the eubic to another whose
gecond ferm is wanting.

36. Criteria of the Nature of the Roots of the Cubic. 'We pro-
ceed to disenss the nature of the roots of the general cubie I in
§ 35, with the help of the “equation of squared differences "V.
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To begin with, ohserve that, since the absolute term in V is
equal to minus the preduct of the three roots of V, at least one
of the three roots must be negative when the absolute term is
positive. But a negative root canno oceur in V, if all the roots
in T are real. A negative result can he obtained only when the
number that is being squared is imaginary., Hence, a fneqa\tve
root in 'V indicates the presence of two imaginary roots ipN\[,

Again, when all the roots in V are positive, then I, céﬁﬁot hove
imaginary roots.  For, the square of the differengelof two con-
jugate imaginary roots is always real and neg@ﬁ’é’é, making the
absolute term in V positive and one of its réots negative.

Real Roots. Equation T hag real roqfs when G24-4 H is
negative. Fuor, to make this negatlve\ ¥must be negative and
4 H® must be nurserically greaterfhan G°. That being the
cage, the signs of the coefficientg it V are + — 3+ —. Henee,
by Desecartes” Rule of Signs, ¥)Can have no negative roots.
Since all these roots are real,‘they must be positive. Conse
%{},ﬂ% eg‘iﬁtl{m 1 hag aﬂl uts roots real.

Complea; Kools cﬁﬁlmtwn I has two complex roots when
G* +4 H? is positive. For, when this is positive, one of the
roots in V is nega.hve

Two Equ \Roots Equation T has two equal roots when
G* 44 0. For, in this case, z= 0 is a root of V, showing .
that by pfthe roots in I have zero for their difference. Thus,
the » mskmg of the discriminant tndicates equal roots.

A¥ree Equal Roots. FEquation I hag three equal roots when

20 and G=0. Tor, Vreduees to =0, Since all the roots
of V are zero, all the roots of 1T must be equal to one another.

Ex. 1. Prove that equation V in § 85 cannot have three equal roots
different from zero.

Ex. 2. Tf two roots in V are sgual to each other, but not zero, what
inference can be drawn about the roots of 19 |

Ex. 3. Compute the diseriminant of 28 — 642 92 —~ 4 =0 _.
Ex. 4. Find the disoriminant of 4% + 822 4 x4 1=10  What

- inference can be drawn from its value P




CHAPTER III

LOCATION OF THE ROOTS OF AN EQUATION

A
37. TIn this chapter we shall deduce theorems giving limite™
between which all the real roots of an equation with real pgatﬁi'
cients lie. We shall also derive theorems which enable us o
separate from each other all the distinct real root, and to
ascertain the exact pumber and location of the réal roots.

38. An Upper Limit, If in the equation f() :&\0 the cogfficient
of =* iz unity, then the nuinericaily greategt'}ae\gatiwe coeffictent,
increased by one, is an upper limit of the, Yositive roots of the
equation. N

it Fle) f 1t e

Any positive value of @ maJ‘:fe“s}L J @l'?u?fbt{a tl'y%?“g_ii

o — pat + 2R e +1) >0,

or, —p- %‘% -2 0,

NN .

where p is the numer\ma.l value of the greatest negative coeffi-

ciens. All the more’is f(») >0,if 2 positive value of = makes
%

\ @ —1

o @—1)—p >0,

~ z—1

or, 8 N (:'-B“ — 1)(1 - E-}-}Tl-) =0

'Bug'&ﬁis last expression is always >0, or positive, if p<z-1;
“that is, if x> p+1.

Since any real value of w, greater than p+1, makes f() >0,
every real value of = which makes F(®) equal to zero must be
equal to or less than p--1. Hence p+ 1 is an upper limit of
the real positive roots of f(@)=0.

43
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39. Anpother Upper Limit. If the numerical velue of each
negative coefficient is divided by the sum of all the positive coeffi-
cients which precede i, the greatest of the fractions thus formed,
tnereased by one, is an upper limit of the positive roots of f(x) =0.

Let f(w)=oa@"+ Q™ — a2 g™ — T e G
in which the coefficients of 2*—2 and &"* are negative. , Since

AN

@ =D =— D@+ 4 o et Dy

we have @ =(x—1)(e" 4o T4 o f 24 1)“4“5[‘
If we transform all the positive terms in {w) by means of
this formula, we obtain f(&)= O

ao(:z:—1):1:”"+a0(m—1)x“—2+ao(a:—l)mf‘—{-'lraﬂ(m-—l)mﬂ~4+ e Gy
e s N N
— g ANV
O pae-—pettta
o gt

www,dbrauljbrary.org.iﬁ’ y +
If in this expressioh o is assigned a positive value large
enough to make €he sum of the coefficients in each column
of terms positivé, then f(») will be positive for that value
of @ The cecfficients in the first and third colummn are posi-
tive, if 4%1. The same is true of all other columns which

are fresof negative coefficients.

THe sum of the coefficients in the second column, contain-
Sxig ‘the negative coefficient — a, is positive if @ is large enough

N

\to make

o a(@—1) + @ (@—1) —a>0.
Whence 2 a 1.
>a0+al+

Similarly, we obtain from the fourth eolumn, if
ae— D +ae—1) +ay(@—1)—ay >0,

the inequalit; ... 1
4 v g + ) - g +
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The same reasoning applies to any column containing a
negative coefficient. Hence, if we fake o equal to, or greater
than, the greatest of the expressions thus obtained, then the
polynomial f(z) will be positive, and the greatest expression

" constitutes an upper limit of the positive roots.

Ex. 1. Find upper limits of the positive roota of

N

w—8x8 41822~ 162+ 5=0, A\
'\
16 y >
Ty TR CY
Hence 9 is an uppor limit. The largest positive root is 5. '.fhus § 89
gives here a closer limit than § 38. The limit obtained from™g B8 is never
smaller than that obtained from § 39, and usually not sQ gmall,

By § 38, 17 is an upper limit.

By § 89, the fractional expressions arc %—l— 1 and

Exz. 2. Find superior limits, by § 38 and by § 39/ o‘fs\
() 44627 — 402 4+84 =0. NN
(2) 3ot + 604 1227 — 42 — 1020,
() 225+ 1004 — 7225 + BN 15— 39 =0.

0 228 -6t ot w;fzwqdbrauljbl‘ary.org.in

40. Lower Limits. A n@mber not greater than any of the
positive roots of an qqﬁs}hion constitutes a lower or inferior
limit. Such a limit*may be found by transforming the given
equation into angther whose roots are the reciprocals of the
roots of the given equation. By § 30, this can be done by

writing o = ?} “"In the transformed equation we find & superior
N\

limit oﬁb‘gg; the reciprocal of y will be an inferior limit of .
¢ 44.~"Limits of Negative Roots. Substitute in the given equa-
\'E,Gll -y for #, and then find the superior and inferior limits
of the positive roots of the transformed equation.

Ex. 1. Find limits of the posilive and of the negative roots of
- 1922 —28x—-T=0 i
By § 38 and § 39 the upper limits are 24. Writing ” for x, we get
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Tot + 28954+ 1992 —1=0. The upper limits of the roots of this equation
are § and $§; hence the lower limits of the positive roots of the given
equation are § and $3. .

Writing — y for x, we obtain y* — 1932 4 23y — 7=0. Weobtain 20 .
as a superior limit and ¢ as an inferior limit of the positive values of 3. '
Hence the negative roots of the given equation lie between — 57 and —20, -
and all the roots lie between 24 and —20. N\

To convey an idea of how the limits compare with the actual yaluesof
x, we give the roots: 4.8977 -+, — 8.6381 -, —. 7124+, — 5523

'\
Ex. 2. Boetween what limits do the real roots of xf 4 5~g:i"+ 23— 184"
~20x—16=0lie? N ;.
By § 38 and § 41, the roots lie between 21 and —gl{ By §39 and § 4,
the roots lie between 7 and —6.  The roots are 2NE2) —4, (1% V=3

Ex. 3. Between what limits are the real rgotA of
(1) o+ 4a8— 22— 162 < =0,
(2) ot — 322 + 8z — W=,
(3) o5 — 11t +1,'{',a:3:1- 1Tel—1lz+1=0?

wwd2d behatige of Sigy of £X). If two real numbers a and b, when
substituted for = in f(#)y give to f (%) contrary signs, an odd nwme
ber of roots of the @uaciort F(2) = 0 must le between o wnd b if
they give to f(x)(the same sign, either no Toot or an even number
of roots mu.?t\ié between a and b.

Sinep(F(¥) varies continuously with = (§ 25), and f() changes
sign,%ﬁgoing from f(a) to f(b), passing through all the inter-
mediate values, it follows that f(z) must pass through the value
6. That is, there is some real value of a, between a and by

N which causes f() to vanish and is a root of the equation f (%) =0

But f(z), in passing from f(a) to f(b), may go through ze:
more than once. When f(a) and f(3) have opposite signs, @)
must pass through zero an odd number of times. Since & real’
root corresponds to a point where the graph of f(xz) crosses the
axis of =, the statement just made simply means that, to Pasé
from & point on one side of the axis to a point on the ather
side of it, we must cross the axis an odd number of times.
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Similarly, if f(a) and f(b) have like signs, they represent
two points on the same side of the axis. To pass from one
point to the other, the graph either does not cross the axis ab
all, or it crosses the axis an even mumber of times. Hence, it
f(e) and f(D) have like signs, there are either no roots or an
everr number of roots between ¢ and b. '

Ex. 1. Locate the toots of #t + 438 — 22 — 162 —11=0. O\
From Descartes’ Rule of Signs (§ 11) we see thai there cannot be mors
than one positive root and not more than three negative roots. We find

‘~

FOy=—11 f(-D=+1 o\

J(y=—28. S(-D=+1 '.\'\‘

F(@ =4+ 1. f(-27)=— B, 4
F=8)=+1. 8

We see that the positive root lies between 1 g.}@ 2/that the negative
roots lie respectively between 0 and — 1, — 2 and > 2.7, — 2.7 and — 8.

Ex. 2. Locate the roots of 2% — 5zt + 9.9;3.-—“'932 + 6z —1=10.
By Descartes' Rule of Signs we see that there are no negative roots.
We obiain 6 ag a superior limit of tha:ﬁqé’:tive roots. We have
JO) =-1 waw dgnanliBrary .org.in
J(.5y=+00. f3)=414.
J ;ﬁ‘ J{6)=+ 2045.
We geo that 1 18 a QQ}; 't.hat there i3 a root between 0 and .5; also
between 2 and 3. ‘Two'roots are still unaccounted for; they are imaginary,
ag can be ascerta.inéﬂ' by Sturm’s Theorem, to be given later.

Ex. 3. Locf&{a't;he real Toots of

O @ o-sp-8z-T1=0
QO (2) ot 4 208 — 4108 — 427+ 361 =0.
SN (@) 2 — 1623 4 8623 — 1762 +110 = 0.

N\ )43, Maximum and Minimum Values of £(x). Any value of =
which renders f{a) a mavimum or G minimum is a root of the
derived function of f'(x}-

First. Tet @ be a value which makes f(x) a minimum,
Sinee f(z) is a minimum, it is less than both fla—A) and
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f(a + k), where h is a small increment. By Taylor’s Theorem
(§ 18} we have

o= hy=f(a) = — 70 B+ fa) o =

2

Fa+B) = fl@) =+ 1@ - A+ @) L g A
Since the left members of these equations are both ,Rtjsitive,
the right members must be positive too. Now may\be “taken
8o small that the sign of the right member of ea@h efuation i
the same as the sign of the first term in the r1ght member.
Hence —f'(a)-% and + f'(a) - & must bot{;‘be of the same
sign. But this is possible only when fila)=10; that is, when
@ 18 o root of the first derivative. Sl]]&@’ln eabh equation the
right member is positive, and the §terra in that member is
zero, it follows that f*'{a) is pos{ti;u a.

Second. Suppose that « =@ makes f(x) a maximum. Then
the left members of the »abdve equations are both negative.
Tﬂé}f;%ﬁﬁaﬂ%&’l‘ﬁﬂf%ﬁi%i@ amay be both negative, for very small

values of %, it is neeessary not only that f'(a) should vanish as
before, but that{f”’\fa) be a negative value. )

44, Ruls, f%}{anma and Minima. The proof of the preced-
ing artiglgvsuggests the fellowing rule for finding maximum
and mi}ﬁmum values of f(x): Solve the equation [ fimy= 0.
Far'h'\)f' its roots renders f(x) o mowimum or wminimum, aceord-
‘éng as it makes f'' (xy negative or positive.

Ex. 1. Find the maxima and minima of f(¢) = 2 «% + 15 22 1 36 2z
Here Fi(@) =622 + 50 %+ 36,
and F' (@) =122 4 30.
S{e) =0givesz =—2, or — 8. We find that f7(—2) is positive and
J"(—38) is negative. Hemoe f(—2) is a minimum and f(—3) B&
mMaXlmnim.

Ex. 2. Find the maximum and minimum values of f(x) =2 %5 32
— 862 4 75.
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45. Rolle's Theorem. Belween fwo successive real v00is & and
b of the equation f(x) =10 there lies at least one real raot of the
equation ' (x) = 0.

Let the curve in this figure be the graph of f{z} =0. The
points 4, B, C, D, E, F,  represent maximum and minimum
valnes of f(x); the points M, N, Prepresent real roots of £ () =0.
Between the two roots M and N the curve bends down and O\

A\

waww dbraulibrar y.org.in

A\
3

,
then up. Between }h\e real root at N and the double root af
P the curve goes wp, down, up, and finally down. Evidently,
between eaelf Pﬁii of distinet successive real roots there must
be at least,ae maximum or minimum value of F(x).

But ¢ath maximum or minimum point represents a value of

@ wlieh' is a root of the equation f/(#) =0 (§ 44). Henee
I@e{ie’@s Theorem is proved.

<\: From the examination of the figure we see that two successive
¢oots of the derived function may mot comprise between fhem
any real roat of f(z) = 0, as in case of the roots represented by
D and E; they may comprise one distinet root, as in case of
the roots at A and B, B and C, E and F, but they can never
comprise more than one root of f{z) = 0.

B
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Ex. 1. The equation zt— 1228+ 4722 — 722 + 86 = 0 has the rooh
1, 2, 3, 6. Locate the roots of the equation 28 — 1822 4 4T - 3B =0
by Rolle's Theorem,

48, 'The determination of the number of real roots and of
complex roots of an equation is a problem which has enga d -
the aftention of several great mathematicians. Researchesan .
this subject have been made by Descartes, Newton, Waring,
Budan, Fourier, Sylvester, Sturm, and some more recgnb niathe.
maticians. Nearly all of the theorems and rules z}rg’;zniéfective in
not giving the exact number of real roots or of imaginary roots,
but of giving merely a superior limit fa thls nnmber. Des-
cartes” Rule of Sigus, for instance, giveg Only superior limits
for the number of positive and negativedoots.

The theorem of Sturm is free féofw this blemish. It tells
always the exact number of real\xgots within a given interval
and the exaet number of ima,giﬁai'y roots of an equation. Be: .
canse of this unfailing certdinty we select Sturm’s Theorem
viieodblavlibret Ylar ghisptems of Newton, Sylvester, Budan, and -
Fourier, even though it4s laborious in its application. In prat-
tice, the nature and situation of the roots are more ugnally found,
when possibleo\by’ the theorem of § 42, combined with De# '
cartes’ Rulij,N Signs and the theorems on the guperior a.nd_j
inferior limibs of the roots (§§ 88—41), Sturm’s Theorem being
used only-4when the other theorems fail to give us the degired
infgrfhﬁjtion. .

R\ N47. Sturm’s Functions. TLed f(@)=0 be an equation which_
#% has o equal roots. Find the first derived funetion of f(%)
O namely f'(z). Then proceed with the process of finding the

highest commeon factor of f(=) and f'(x), with this modification;
that the sign of each remainder be changed before i i8 used as @
divisor. Continue the process until a remainder is reached.
which does not eontain x, and ehange the sign of that also. We |
designate the several remainders with their signs changeil, by
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£i(@), fi{x), o, fu(®), and call them auxiliory functions. The
functions f(x), f'(®) file), Hi(®)y + ful®) are called Sturm’s

Junctions.

48, Sturm’s Theorem. If f(#) =0 has no equal roots, let
any fwo real guontities ¢ and b be substituted for » in Sturm’s
functions, then the difference between the number of variations A
of sign in the series when o is substituted for @ and the natmberd ™
when b is substituted for x expresses the number of real roots of
f(z) = 0 between a and b. N

When f(z) =0 has multiple oots, the difference b jigeen the
niwmber of variations of sign when o and b are su-bstz'fz}ed fora
in the series, f(i), f1(2), fi(@), ooy (@), where f{w)\8 the highest
common factor of @) and f'(m), is equal to, te, umber of real
roots between o and b, each multiple rool coyn\:tiﬁg only once.

First Oase. No Equal Roots. In 3§21 the operation of find-
ing the highest common factor between f(x) and f'(x) was used
for finding multiple roots of the'equation f(s)=0. If there is
ne highest common factor jﬁ%"ﬁfﬁ?iﬁ]@r&?mﬁﬁﬁﬁmmn]ﬁple
roots, and we are able to fiid\all of the n + 1 Sturm’s functions,

The last function, f&;g ig numerical and not zero.
From the mode of farmation of Sturm’s functions we obtain

the following equatibns, in which ¢, g **; Qa1 818 the succes-
sive quotientsAu'the process:

9.\
A f@ =S (@) S
O E=0kE 56, .
B )= @ — 1o,
Y @)= g fa (@) = 5@

(1) Two consecutive auxiliary functions cannot vanish for
the same value of z. For, if fa(®) and fi(@) vanish together
when z = ¢, each would contain the factor # — e Trom the
second equation it would follow that @ — ¢ i & factor of f'(x),
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and from the first equation that @ —e¢ is a factor of Sz
Hence f(z) and f'(») would have a common factor and (5 21)
J{(®) would have equal roots, which is contrary to hypothesis,

(2) When any auxiliary funetion vanishes the two adjacent
functions have opposite signs. Suppose, for example, thab
fi(@) is zero for z=c. By (1), Ji#) and f,(x) cannot be. zetg
when fi(w) is zero. The third equation, above, then &educes
o fi(w) =— fi(x), showing that Ji%) and f(x) have\eontrary
signs, : (™

 {

(3) When «, in passing from the value 3.0 the value b
Passes through a value which makes an auxiliary function
vanish, Sturm’s fonetions neither gainnor lose variations in
sign. For, suppose that, for T=e, ;@ =0, then f,_,(c) and
Jr(e) have opposite signs, As ()" passes through zero, it
changes its sign from + to —, %2 from — to . Thus the
three functions f,_,(z), Ji®), £33(%) will have one variation in
sign just before g=o¢ a;r;;t:ia.léo just after @ =¢c In other

w‘?&qg’bf;é’uﬁ%%ﬁ@,%@?ﬁ sign is placed between two unlike
I,

SIgns, we have only~gne variation, Hence no wvariation is
either gained or .lo?t among Sturm’s functions.

4) When a?,\}nul‘)assing from the value « to the value 5
assum?s ajra}l?e which is a root of the equation f{x) =0, then
Sturiw’s, fahetions lose one variation in sign. By Taylor's
Theo;&m,ﬁ 18,

£\

OY =By — ey — R,
NS T~k -7 hj"(c)+@j’(c)_...’
TOAR — 1=+ 17y BT+

Far very sfmall values of % the sign of the right member of
;;,ch *xpansion will be the same a5 the sign of its first term.
. Fl) va.msh.es for #=¢, 30 that f(c) =0, and i f'(e) is post-
tve, (¢ — k) is negative gng F(e+h) is positive, That is, the
signs of f(x) and Sy will be —+ just befors z = ¢, and ’++
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just after z=c¢. Thus one variation in sign is lost. JIff'(c) és
negative, then fle—h) is positive and f(c4A) is negative.
That is, the signs of f{#) and f'(z) will be +— just before
#=rc, and —— just after x=c¢. Hence a variation is lost, as
« passes through a root of f(#) =0, whether (¢} is positive
or negative.

We have now shown that, whenever =, in passing continu-
ously from g to ), assumes & value which makes one or morgy
auxiliary functions vanish, while f{(w) does not vanish for fhat
value, no variations of sign are gained or lost among Sthroy's
functions; but every time that @ assumes a value whigh {chuses
F(®) to vanish, one variation is lost. Hence, thesagmber of
- variations lost, as 2 goes from the real value @yto the real
value b, is equal to the number of real roots}&' J(@) =0 be-

tween ¢ and b. $ x\

Second Case. Egqual Roots. In the, casé of equal roots the
funetions f(«) and f(x) have a commap* factor; hence the last
of Sturm’s functions is not a numierical constant, as before;
this last funetion is nmow thwﬁighﬂmahhmny,&agmr of f(@)
and f'(#). Let Sturm’s fundtions be f(2), £1{w), (@), - F{2).

If « passes through s 0ot of f(2) =0, which is not a mul-
tiple root, then the_réasoning of the First Case still holds.

But if f(z)=0 las the multiple root r and if z=1r we
have a differerth 'sfate of things; eonsecutive functions will
vanish simultanecusly. Suppose that r is an m-multiple root,

then (NY -
A\ )= {e—7) (o — ) — 12} -
and '.‘§ JH(@) = m(z — ry o —r){p—rg) o

T

e V' + (m— P)"(@—ry)(@—7r3) -
) + @)@ — ) —15)
\ HE A G

Divide f{x) and f'(z) by their H.C. F. (2 — r)»!, and we get
two functions g(x) and gi(z). We notice that f (%) and ;%)
have no common factor and therefore cannot vanish simul-
taneously. Let g/{w) be the first derived function of g(@).

N

¢\

N
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We find that g (z) differs from g'(2) only by the presence iy
¢(x) of the positive coefficient m. If z=r7, then g(x) and.
g'(x) have the same sign; for, ¢,(r) =m(r —r){r —rp) - and
g ()= {r—r)({r—ry . They have like signs alsc for

@==7y, OT gy vre

We may therefore find the situation of the roots of g{x) =0
by taking g{(z) and ¢,() as the first two of Starm’s fimetions,
and forming from these two the rest of them. Tliis™s per
missible, since by applying the reasoning of the\First Case it
may be shown that this new set of functions, Pessesses the two .
fundamental properties that as  passes frémd-a to b no varis,
tions of signs are gained or lost whex o’ auxiliary function
vanishes, and that cne and only one ‘yariation is lost when
g(z) vanishes, : A '

The number of variaticns in gi'g’r}wil} always be the same fot
RO @), @), ),

wa\.f\a\;(glrbraulibl'ary.ot%(.%rlf"g l’(w)’ g!(m)’ g "(x)°
For, corresponding terins of the two series of functions differ
always only by the factor (x — r)™, so that, for any value of
z, the signs of’;bh}terms in the first series are all the same 23
those of thégecond series, or the signs are all unlike, _
Ience, by examining the variations in signs of the first series
we can §ind out how many real roots of the equation g(@) = 0
lie between @ and b, and this number of roots is the same as the’
mmnber of real and distinet roots of the equation f(z) =0
tween those same limits. This proves the second case when:
r i3 a multiple root. If f(x) =0 has, besides », the multiple’

root 7., then a slight and obvious modifieation of our proof is’
necessary. :

43. In the application of Sturm’s theorem, the following:
poins must be borne in mind. In finding the funetions f(%)
Js(®), -+ it i3 allowable to introduce or suppress any monomial’
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or numerical fagtor, as is donme in the proeess of finding the
H.C.F., provided that the factor is positive. Particolar care
must be taken not to change any of the signs, except of course
the sign of a remainder, just before it is used aga divisor in the
next operation.

If we wish to aseertain simply the total number of real roots,
without fixing their location, we need only substitute in the
Yturmian functions the values w= —o and w= +« and 1§
observe the difference in the number of variations of sign. O )

L 3
S
N

Ex. 1. Apply Sturm's Theorem to x5 — 22 —Wr+l=0 .“’4

At ¥ ;

Here Fiey=38x"—2w — 10, LV
fr(x) =622+ 1,
Ji(x) = 38313. )

A\
We pive the signs of the Sturm’s functions for tb{in}icated values of :

z s e ARV i)

© + + W +
1 + + a0 +

3 - Eas +

2 —  waew dbratlibrargkorg.in

1 — N + +

0 L\ - + +
-2 ’ +\ + - +
-8 XN-— + - +
— 0 N - + - +

Since x =00 gi\vg’é}ﬁb variations and o = —oo gives three variations, all

three roots a,re{'eaal. The rocta lie between 3 and 4, 6 aud 1, — 2 and — 3.
$
Ex. 2; A:ﬁily Starm’s Theorem to x5 — 5ot + 8af — 922+ B —1 = 0,

the eq given in Ex. 2, § 42.
}\Ie.ra fi(xy =5at — 2028 + 2722~ 182+,
’”\\: w4 fi(z) =uf *,
N " @) = — 3223+ 8% —6,
fi(x) = — 28z + 19,
(@) = —192.

When & = , Sturm’s functions give one variation ; when x = —w, they
give four, Hence there are three real and two imaginary roots.

N
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Ex. 3. Apply Sturm’s Theorem to 225 4 Tat+ 822+ 24222 - 1=0,
We find ey =100t - 28 % - 2422 4 4 s — 2,
fHE)=sP+32T+ 82+ L.
Here fa(x) is found to be the H. C. F\ of f({#) and F'(x); hence — 1iza
quadraple roet. For 2 = +<0, the functions j(x), r/(z), fo() yield the

signs + + +; for ¥ —= —w they yield — + —. IHence thera are twe, .'
distinot real roots, and all the roots are real.

Ex.4. Show that all the roots of 24+ 28— 22— 2x + 45 0\are
imaginary. NS °
Ex, &, Required the number and sitaation of the real ;'Qc}p; of
2t — 1127 + 8%~ 16 =0, r NI
24 1128 — 1022+ 181 = 0, \ /N |
%5 — 36 28 + 7222 — 87 2 + 120,

50. Nature of the Roots of the Qu rti}\ In the study of the -
nature of the roots of the cubic egation we began in § 35 by
deducing the “equation of squared differences of the roots of
the cubic.” Then, in § 36, We'sed this transformed cquation
in. fhediscasion, o rg?ﬁ%’éﬁm of the given cubic. The same
mode of procedure might'be adopted in the study of the roots
of the quartic equation. But the formation of the “ equation
of squared diffegqnt;\es of the roots” is laborious, and we prefer
to begin the diseussion by applying Sturm’s Theorem $o the
quartic with'its second term removed.

If we ttansform the general quartic

,,\~.\'"' bt + 4 b’ + 6 b £ 4 b+ b, =0, 1

into-a new equation, deprived of its second term and with coef-

elents integral in form, we obtain, as in § 34,

¥+ 6 Hy' 44 Gy + b1 — 3 H =), il
where y=bgt + by,
H=0bp,— b2,
G = by — 3 bbby + 2 b2,
I=byb,— 4 bbg+ 352
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Representing the left member of equation LI by f(y), we get
I
J—? =y +3Hy+ 6

and, by division,
L) =—8 Hy*—3 Gy —b/IT+3 H',

Before dividing 1 (%) by fi{y), multiply 11 '(v) by the posiv\:\

tive factor 3 H®. We obtain, after dividing the remaindes °

by & A

YO fmy=eeHr-s@-2myY-en O
] 2 :

We find it convenient to let b2HI— G —4 H? Ef)}.}
Then @) =@bJ—2HDy—GL
. 22
Now multiply fi(y) by the positive fadtor (3 bJ —2 HI)
and we obtain, after division, a remainder’which, with its sign
changed, is equal to R \.
(b1 —3 HY(3 b — 2 HIPF3 G2I(3 0o ~ HI)
= b HEI® — 27 by dprgylibrary org.in
where T'= (9 bALT AP H I 4-36 b H 1T +9 byGALT)
'\a;( bEHP — 3 GIXH — 12 H'TY)
=3 b,f>t3 BT —4 BAHI-12 Ho4-3 G +3 bPHT
GBS bt T — 3 b HI+12 H'+3 &)
.'.\':-_.—’3 boIJ(3 bgsJ— 3 bgsJ) = 0.
If ﬂ;{irg’t;ia.i_nder is divided by the positive factor b'H?, we
obtaith —F—21.
N A= .
MF‘{E have now all of Stwrm’s funetions of equation EL
3
N (1) All roots real. It (P—27J9>0, Gbef — 2 HI) >0,
and H< 0; then, for y = oo, the signs of Sturm’s functions are
+4++++; for y=—0 the signs are + —+ — +- The

excess of variations in the latter case is four; hence all the
roots are real. *
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(2) AU roots imaginary. If IP—27.J*>0, and if H>0o0
else (3 bl — 2 HI) < 0, then the number of variations in signs
for y = - oo is the same as for y=oo; hence there are no real .
roots.

(3) Two real roots. If I®—2T J*« 0, then, no matter, what
signs H and (3 b,/ —2 HI) may have, we get always a‘\dif-
ference of two variations for y=o0 and y=—c0; hen’safthere
are two real roots and two imaginary roots. O

(4) Eyual roots. When I*— 27 J2=40, it is gvfd%gnt from the
theory of the H.C. F. that there are equal rod§? Lf fi(y) is the
ouly one of Sturm’s functions which vanishés identically, then
Jdu) is the H. C.F. in y and there are two'roots equal to each
other. If fi(y) is identically zero, Wh}dh happens when I=10
and J=0, or when G'=0 and 3 hgha= 2 HI, then three roots are
equal to each other or there aré,two distinct pairs of doubls
roots. That is, if =0 andW'=0, we get from the equation

.defining J the relation BY-4 H?= 0, which makes /() a pel-

ﬁﬁ&ﬁﬁ»&lﬁﬂa‘ﬂlibﬁﬂymghfﬁ:ﬁ' roots are equal. When G'=0 and
8 byJ =2 HI, it follows that 5T =12 H? and fi(y) is readily seen
to be composed Qi’\t:wo unequal factors in v, indicating the ex-
istence of tvg@is‘tinct pairs of equal roots. If we have =0,
J =0, and i =0, then it follows that G = 0 and f;(y) = 0; hence
Fi{x) =yHand all the roots are equal. '
Thig"\discussion of equation II applies also to equation I
rgp{@.}éhtiﬂg the general quartic; for, since y= b + by, the

values of @ are real, imaginary, or multiple values, according
o a3 the values of ¥ are real, imaginary, or multiple values.

Ex. 1. Compute the values of H, &, 7, J for the equation
2t 4785316022 —Re+1=0.
Then discuss sixe nature of the roots.
Ex. 2. Show that in equation If a deuble root iz equal to G+
(8 byef—2 HI), wtriple root isequal to — {5 %, a quadruple root is equal to b

Ex. 3. App'y Sturm’s Theorem to the cubic y* + 3 Hy + ¢ =0, and
varify the results of § 36,



LOCATION OF THE ROOTS OF AKX EQUATION 3]

51. Discriminant of the Quartic. The expression I' —27J*
played an important rle in the discussion of the nature of the
roots of the quartic. We shall prove that, when multiplied by
the constant 256 5,75, it is equal to the product of the squares
of the differences of the roots. This product is called the
diserimingnt of the quartie. .

Let 72— 27 J?= R. When R vanishes, the quartic was seen A
to have equal roots. Henee (& — e) must be a factor of R\ >
Since B ig & constant for an equation with constant coefficients
it is unaltered when (@ — ) is changed o (m— ). _Heénge

(¢ — &;)? must be a factor of £. This reasoning holds’ for the
difference of every two roots. Hence $
(o — 0‘-1)2(“"‘ “s)g “er {tty— i)’ ,~\\: I
is a factor of B, Remembering that by, bybg b, are symmetric
functions of the roots, involving the rogtsto the degrees one,
two, three, four, respectively, we sgg»é(p examining the expres-
sion for R, that it cannot involveproducts of roots of higher
degree than 12, But 12 is gg@gq.ﬁbq.a@&ggpgrgi"opé%nte1‘1113lin
the product I. Hence theresare no other factors in % which
invalve the roots. . Thergfore, B differs from the produet I by
some numerical factogonly. This factor can be easily found
by using any simplz&quartic which has distinet roots, say
bt —1=0. Hers R'— — by, the produet I is — 256 ;=% Hence
(— ) (o)t — 1) (01 — 20)* (08— )" (o= ag)®
Q" 256
&8 B =D,

where-> is the discriminant,
y ¢\' > 3

.u

QO
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CHAPTER IV

APPROXIMATION TO THE ROOTS OF NUMERICAL \
EQUATIONS O\

52. Solution by Radicals and by Approximation. The\moderu
theory of equations is the outgrowth of attempts made during
past centuries to selve equations arising in hé consideration
of problems in pure.and applied mathematits) = The subject of
the solution of equations resolves itself into two quite distinet
parts: Firstly, the solution of numieéyical equatious whose
coefficients are given numbers, by so}né method of approxima-
tion.to the true value of the rGots; secondly, the solution of
equations whose coefficients_abe’ either particular numbers or
iasye e Ak Al kneh & way as to yield acourate expres
gions for the values of the ‘roots in terms of the coefficients—
such expressions tozuvolve no other proeesses than addition,
subtraction, multiplication, division, and the extraction of roots -
of any orderss, 4The latter process is called the algebraic solution
of equations, “The former is of importance to the practical
computer;the latter is of special interest to the pure mathems
tleian. { 1\11 the former each root may be determined separately;
in she¢ latter a general expression must be found which repre-
&a@té all the roots indifferently,

In the algebraie solution of equations no great difficulty
presents itself as long as the degree of the equation does not
exceed four. Nut in spite of persistent attempts by many of
the ablest mathematicians, no algebraic solution of the general
equation of the fifth or a higher degree has ever been given.
In faet, we shall e able to show conclusively that no such
solution is possible; that is, no solution can be given in which

) 60



ROOTS OF NUMERICAL EQUATIONS 61

the Toots are expressed in terms of the coeflicients by means
of radical signs or fractional exponents. In the quadratic
o a4+ b =0 we know that s =} (—a ++vaf—4b). Inthe
cubic we shall see that 2 can be similarly expressed in terms
of its coefficients by indieating the extraction of certain square
roots and cube roots. The same remark applies to the
quartic. But in the general quintie & refuses to submit itself AL
- . . Z '\

%o this mode of treatment. A general solution of the quinkis, ™
has been given, but the solubion involves elliptie integrals
and is, therefore, not algebraic, bub transcendental. R N

The problem of the solution of numerical eqiations by
approximation o o certain number of decimal Hllces is much
easier. Not only are we able to determine, it comparative
ease, the real roots of equations of lower degrees, but also of
the quintic and of higher equations. O

Methods of approximation to the Yoots of numerical equa-
tions have been devised by geveral ‘miathematicians — Newtomn,
Lagrange, Budan, Fourier, and cthers. But the best practical
method is that given in 184bgtbMWiilitararGeogga  Horner.
We shall confine ourselyeéi\to the exposition of his method
and that of Newtcm.’.*\

Q)

L
53. Commensura‘bQ\and Incommensurable Roots. A real root
of a numerical edwation is said to he commensurable when it is
an integer or dyrational fraction ; it is said o be incommensur-
abie when.\i‘é?'rﬁvolves an interminable decimal which is not a re-
peating\detimal. Since & repeating decimal can be expressed
as a vational fraction, a root in that form is commensurable.

R 54 Fractional Roots. A rational fraction cannot be @ voot of
N#n eguation with integral coefficients, the coefiicient of o being
unily.
If possible, let %, % and % being infegers and % a fraction
reduced $o its lowest terms, be a root of the equation
o+ a4 ag? et a, = 0.
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Writing % for », we gat

h L] Fy -l Fn—2 -
(E) +31(£) +%(‘:“;‘) +erta, =0

Multiplying by %! and transposing all integral terms, * &>
h"__._ n=1__ =2 . -1 .\:\
7 == kT — afeh alL, R\

This equation is impossible, since the fraction %,}yvﬁich isin
its lowest terms, cannot be equal to an integral é’umber.
Hencs, % cannot be a root of the given eqiation.

69. Integral Roots. Since the 'eﬁa’tion with integral
coefficients, N T +f£\n= 0,

cannot have rational fractional root, and since @, is numerieally -
equal to the product of all the$oots (§ 13), it is evident that all
commensurable roots zre exact divisors of @, and may be found
by festing the _E%ctprsor@giﬁﬁ. By § 4 a factor ¢ is a zoot, if
Sy Taisibie by 208 Without a remainder. '

If the coefficient ol o is not unity, but @, then we may
divide through b};(t;ztl and transform the equation into another
whose roots are\those of the given equation multiplied by
(§ 29). Iu\’fhe new equation the coefficient of 2 ig unity and
all the other coefficients are integral. Hence, all its commen- -
surabksglj o3 are integral,

'Qx“l. Find the commensurable roots ofef —Tx—6=1.
o ':,"I‘he tommensurable raots must be found among the values L 1, 4.2,
NE 8, 4 8, which are all factors of — 6, By Desoartes' Rule of Signs we
#\\ see that there is only one positive root. By substitution or by synthetic
/' division we find that + 18 not a root, that — 1 is 5 root, We may now
either depress the degree of the aquation by dividing by « + 1 and then
solve the resulting quadratic, or we may try the othex factors. We obtain
—2and + % as the values of the other TOOtS,
Ex. 2. F¥ind the commensurable roots of

2af—a g . 3=,
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Dividing the Ieft member by 2 and multiplying the roots by 2, we
abtain 2P—zt 22 -12=0.
I is found that + 3 is the only commensurable root of this squation,
Hence, + 3 is the only commensurable root of the given equation.
Ex. 3. Find all the cominensurable reats of
¥ +dal L6z 8 =10

o 3ub— 2247 85— 2] =90, X ¢
W10 41Tt —2—T=0, e\ 2
@i — 18t 4 8405 - 2647 — 182 4 22 2= 0, Wy
6x 25424+ 32+ 4=0, N

408 2022 232+ 6=0. _ \:

96. Horner’s Method. This method may b used advanta-
geously for finding not only incommensurableYroots, but aiso
commensurable roots when the process of § 85 is inconvenient.

In the application of Horner's methéd we must know the
Jirst significant figure of the root, to stAr with. The first digit
may be found by the process indicited in § 42 or by Sturm’s
Theora. xk;\‘:.';x:r.dbl'aulibral'y_or Jin

Horner's method eonsists of gueccessive transtormations of an
equation. Each transformation diminishes the root by a certain
amount.  If the requirad root is 2.24004, then the root is
diminished successi eiy by 2, .2, .04, .00004. The mode of
effecting  these transformations, by synthetic division, was
explained in § 32 The method will be readily understood by
the study uf,{h:e\following example:

. Ex. 1, ;T!;.é'equa.tion @B —r-9=0, I
has a ro%h’ehween 2 and 3, for f{2)=— 28 and f(8)=4 16. ‘The first

figure 6f'the root iy therefore 2. Transforming the equation so that the
m?&{of ‘the new equation will be smaller by 2, wa obtain

N\ 1 40 -1 -9 |2
N/ +2 44 46
+2 F3 -8
+2 - 8
+ 4 + i
12

+6
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Since the Toots of the transformed equation
22+ 6a24+ 11l —3:==20 |

are equal to the roots of equation I less 2, equation IT has a root between
0 and 1. This root being less than anity, %? and %3 are each less ihan x,
Neglecting 22 and 6 %, we obtain an approximate value for & from N

Mg -3=0,0rx=.2. 7\ ¢
WA
Transforming IT 20 as to diminish the roots by .2, we get

B+ 6822 13522 — .852=0.

 {
N\

g 3
N\ A

N\ 1L
Neglecting z# + 6.6 2%, we flud an approximate value/fer x in equation
T from 1852 — 552 = 0, or & = .08 )
Diminishing the roots of II1 by the value .04, ‘we have
2% + 6.720 + 14,0528  <.000576 = 0. v

From 14.0528 % — .000576 = 0, We gebgve . 00004,

The root of equation I whose first figire is 2 has now been diminished
by 2, .2, .04, .00004. - Hence tlle@m{:xs approximately 2.24004. The suc-
cessive transformations may be \Bonveniently and compactly represented

as fo}}(o\f{r Ubraulibrar V. org;\m

1 490 -1 ' — 91 2.24004
2 A 4 §
'\\,t 3 -3
_&2\ 8 2.448
O 11 550
N e 124 551424
O 6 12.24 I — .omse
O\Y -2 1.28
\\“ 8.2 13.52
A\ 2 2658
N 64 13.7866
.2 9672
8.6 14,0628
.04
6.61
04
8.68
04

=
s



ROOTS OF NUMERICAL EQUATIONS 65

The broken lines indicate the conelusion of the successive transforma-
tions. The numbers immediately below a broken line are the coefficients
of the transformed eguation, Thus, the second transformed equation is
&een at onee to be x* + 6.6 %2 18,622 — 682 =0,

Ex. 2. In the equation #%f — 468 4% — 44.6z — 142.8 = 0 we find that
f(40)=—, F{50)=+. Hence there is a root between 40 and 5¢. To find
this root, diminish the roots by 40, then find the first figure of the root in,
the transformed equation and proceed by Horner's methed as alresdy

explained. The work is as followa: g« M
1 —46.6 —44.6 —142.8 [ 41.6
40 — 264 — 12344 ’\\
—6.6 — 8086 —12486.8.
40 1336 11131.4
33.4 1027.4 — 13&%&,
40 H62.8 {355 4
73.4 1590.2 \
7 6811.8
80.4 2202.0. &)
7 57 e “ v
87.4 2258 W
"w'ww.dbl'aulibral'y_org_in
.4 A
6 PANY
95 \< y

Tn the first transfopmad equation 8 + 73.4 22 + 1027.4 2 — 12486.8 = 0
we only know that thevalue of  ig less than 10; hence the method of
Ex. 1, where we ggnared the terms containing x2 a.ud 2, is not applicable.
Since in this ténsformed equation f(T)=— and f{8)=+, we know that
7 is the degifed digit,

In thc\;%c‘nhd transformed equation we know that z lies between 0 and
1 Hefl‘ce we find the first digit of » from the equation 2202 x—1858.4 =0,

Smce in the third transformaticn there is no remainder, we know by

8 thiat .6 is a oot of o + 94.4¢? 4 2202 % — 1366.4 =0 and that 47.6 is a
\ommensumble root of the given equation.

Wheun the fractional part of the root is being found and the
values of the coeffcients o2, o8, efc., are sufficiently small, it will
be noticed that the last two terms of each transformed equation
ceeurring in Horner’s process have opposite signs.  This is as it

F .

N

A
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should be; for if the two terms had like signs, the value of 2 in
the transformed equation would be negative, showing that the
last digit in the root of the original equation had been taken too
large. For instance, if in Fx. 1 the first deeimal had, by mis-
take, been taken as 3, imstead of 2, then the second trans-
formed equation would have been af 4+ 6.9 o* + 14.87 x + .86, £,
The approximate value of @ in this equation is — Oo,s shiw-
ing that in diminishing the roots by .3 we took a@”ay too
much. \,

I, by mistake, a digit is taken too small, the emﬁr will show
itself in the next step. Suppose that in K . the first ded-
mal had been taken to be .1, then theNgécond transformed
equation would have been o + 6.3 212282 —1.8339=0.
From 12.23 » -- 1.839 =0 we get apprbmmately @=.15. This
changes .1 into .25, and thus dlsclo\as an error in the estimate
of the first decimal. )

To find the value of negatwe root by Horner's method, we
need only transform the :gri.ven equation by writing ~a for @

- andvthendprocdddrasybetaren

Ex. 1. Pind the cefl toots of :
D) 40P — B — 222 L 4%~ 10 =0,
(2) 805432t —28 —dx 4 5=0,
@) T+ 35— 5t —B=0.
\ (4) 27 — 254 95 424~ 10 =0.
A& (5) B —4z —2=0.

57. Newton's Method of Approximation. This method is not
as convenient in the solution of numerical equations involving
algebraic functions as is the method of Horner, but it has the .
advantage of being applicable to numerieal equations involv-
ing transeendental functions. For instance, Newton’s method
can be used in finding 2 in  — sinz = 2.

Let f(«) = 0 he the given equation. Suppose that we know &
quantity a which differs from one of the valnes of x by the swall
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quantity k. Then we have z =a -+ k. By Taylor's Theorem
2
F@) =+ 1) = @) + @) '@

Since 4 is small, we get, by neglecting higher powers of &, an
approximate value of & from the equation f(a) + hf'(@) =0,

amel ?=—-f—(al- We have oximately & = "_I‘(_al,.“
namely, % ) e have approximately © =a e

Lefting this new approximation to the value of » be Tapré-
sented by &, we may repeat the above process and sgeure 2
still closer approximation, and so on. R4

Ex 1. Solve x — sinz=2.

The angle x, measured in radians, must lie bet\yegn.ﬂ and 3. Take
B=D8 gy = 5 sin 252 .5 — sin 14320 00,

@) =1—cos2.5=1801. (\V
Hence h=.0530, b=a+h= 2.55'.'?»9:'
A second approximation givesus :.}; )
=— i ! ; .' 3 h=.0002047,
1) 00054, f'(B): '\3x§§a;z_dl§rau ibl'ar%;.org.in

Hence 2= b 4 b = 2554195,
\

58. Complex Rao f\;N‘timerical Equations. Recently methods
for approxima.tingf:;{ﬁhe complex as well as the real roots of
numerical equatidns have been perfected* The exposition of
these methq@:is too long for a work like this.

*Bee E&Ki)é\yﬁc(}lintock, s & Methed for Caleulating Simultaneonsly All the
Roots of/in Equation,” in the dmerican Journal of Mathematies, Vol. XVIL,
pp. 8500 ; M. E. Carvalle, Méthode pratique pour Iz Résolution numérigue
coppltéle des E‘quaa‘iom alyebrigues o transcendantes, Paris, 1806,

...\\’ 7
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CHAPTER V A ¢
o)
THE ALGEBRAIC SOLUTION OF THE CUBIC ANDLQUARTIC
59. Solution of the Cubic. There are many dlﬁel ent solutions
of the general cubic equation,

bum3+361m”+3b,m+\§._0 1
The one which we shall give is due Dt.he Ttalian mathematician
Tartaglia and was first puhhshetl in 1545 by Cardan. Lqua-
tion I is first transformed mt@ ~another whose second term is

wanting. Puttmg, as in §* 33 p== 5 b‘, we get
o

www.dbraulibrar y.o'rré.a-hS He+G=0, iI

W’hel‘e H= bubg :‘\“bls aund G = bogbs _ 3 bl]blbﬂ + 2 bls. To SO].VG
equation II, 1@%& v 4o Substibuting in IT, we get

\ WP+ 30w+ H)(u+0) + G=0. _

Weo are spermtted to subject the quantities « and » to a second
c.on,d\’omn The most convenient assumption will be

"\‘ w4 H=0. : 1T -

'\I‘hls yields wWeP=—@G. - IV

\ *  Eliminafing v between IIT and IV, we get

i“.
N\ HS—E—-—G or #° 4 Gui= H%

s

The last equation is a guadratic in form. Solving it, we have.

3=_E Jg ]
W= ST E

68
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Then by IV, =_G_us=_g_,/£’+gs,
. \3/ G, @, . e_J& g
Since %= —§+ _4‘--1-1{,9: -3~ T+H’ v

and z=u 4 v, we have
TN I I O
= SANT V-GN YA

The expression for the root of the cubic, given in formula, VI
is known as Cardan’s formula. D

Since a number has three cube roots, it is evident from V
that  and v have each three values. Tt may sdain’ as if with
each value of u we might be able to associa#;e}ahy one of the
three values of v, thus obtaining all togeﬁﬁe‘r nine values for
~ u4worz  As the cubic has only thre®\roots, this cannot be.
Of the nine values, six are excluded'by equation IIT, which %
" and v must satisfy. Eliminating vjbet“vveen z=u -} v and equa-
tion TTI, we get

Py a‘_ﬁg}fd braulibrary.org.in VII
0‘“ u

where « has the form gifénin V. Since in expression VII there
is only one number, ‘a;x\s?hich has triple values, this expression
does not involve the difficulties of Cardan’s formula, Let the

- three values of 2bbe u, 1w, uot, where o stands for one of the two
complex eube ¥oots of unity, —+3v—3. ~ Then the three
roots of fleyotbic IT are -

N
™3 U —, U ———, Ho"——= VIII

¢ .\': 3 W (73 it
™\ Since z— bt + by, we obtain the roots of the general cubie I
by subtracting b, from each of the three expressions in VIII,

and then dividing the three results by &.

80. Irreducible Case — The general expression for the roots
of a quadratic equation with literal coefficients may be used



&
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conveniently in solving numerieal quadratic equations. For
each letter we substitute its numerical value, then carry out
the indicated operations. It is an interesting fact that, in case
of the cubic, this mode of procedure is not always possible and
that the algebraic solution of the cubic is of little practical use
in finding the numerical values of the roots. Q)

In § 36 we found that the roots of the cubic are all real
when G2+ 4 H? is negative, In the aftempt to colp,}iuta\thesa
real roots of the cubic by substitating the values 0f°17 and &
in the gemeral formula, we encounter the proklém, to extract
the eube root of a complex number. Bub théfe exists no eon-
venient arithmetical process of doing this.) Nor is there any
way of avoiding the complex radicals\and of expressing the
values of the real roots by real radicals. This fact will be
proved in Ex. 8, § 183. By the older mathematicians this
case, when G®+ 4 H®is negative, was called the « irreduecible
case” in the solution of t.hp»éub"ie, the word ¢ irredueible ” hav-
ing hers a meaning d,iﬁgi'&h’h from that now assigned to it in
algebradbSasihids;. Qi gﬁﬁ

61. Solution .bj;\'[‘rigonometry. The “irreducible case” may
be disposed Kf“\f)y expanding the two terms in Cardan’s formula
into two ednverging series with the aid of the binomial theorent.
The ima{g’inary terms will disappear in the addition of the two0
seried, » But it is better to use the following trigonoxetric
Ipe{l:h\d (which is itself inferior, for the purpose of arithmetical

.lc{oxﬁputahion, to Horner’s method, § 56):

Let —-205=frcosﬂ, \j—?+ﬂa=z‘rsin0.
We get %* = (cos § 4 i sin §),
v*=1r(cosd —iginé),

where r=v — HY% cos f=——F_.
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Hence, u=v—H (coszmé"" 4 42 gin? m:-))+ 6),
p=v— H(coszmé"' #_ isin? m;' 9),
. and x=u+v=2\/——£{cosz—mi-—-—;'9-,
where n takes the values 0, 1, 2. N
: _ O\
82. Euler's Solution of Quartic. Removing the second €tm '
of the quartic ¢ ‘
baz‘+4blw"’+ﬁbgw’+4bsw+b,-0 \\ |
we get as in § 34, >
A6+ 4Gz 0T — 3H2z;0 II
where z= b+ by, H=>0bs— b, I= bnﬁ“*4blbs+3 by,
G = bibs— Sbbibs + 285 O\
Euler assumes the general expreésmn for atoot of equatlon II
to ba
z=Vu +{w_b dgurauhbl

Squaring, 22 —u—2v— w 2\/u\/—+2 ‘u\/y 5\?_-\/_
Bquaring again and{s'@iphfymg,

"2z”(u+v\+u0 8zvVavavw+ (u+v+w)
¢ — 4(up 4 ww + vw) =0.
E"-luatmg\coéfﬁcwnts of this and equation II, we have
..~’—-3H--u+’u+w, G =—2VuVoVu,

(tt'v+v-]--*f.u)B 4(uv+uw+mn)—bnsf 3 HE,

bl

"I\' w + wo + v = 3H*-_4—

A\
B“t — (w4 v 4 w), (uv+ w4 vw), —uvw are the coefficients
of a eubic whose Toots are u, v, w. This cubie, called Euler’s

eubie,” ig P
y‘+3.Hy5+( )y_zzo III
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Let y = bz — H, and we obtain
4 bfc* — bpJe + J=10, v
where b oJ == b TH — 4 H® — G2

Equation IV is called the reducing cubic of the quartic,
Since u, v, w are the three values of ¥ in III, we have

wom byt — Oyt By = Byt — by - by 0= b — iy Pl
‘Hence, K ‘~:",\

2=V — by b+ VB —bobot-boat Y bﬁ}—‘&bﬁ%’m.- v
Or, since & =—2vVuvo Vv, we n}a\‘f:wri;te

r=VuF VIS VI

N AR
In the expression for z.;iijbirl each of the radicals may be
either + or —. Hence2*has four values—the four roots

of wequattonulhrarfnoegimtion V there are apparently eight
values of z, but fdiir of them are ruled out by the relation
2vVu VoV = .

From the’above we see that the roots of the quartic are .
expressed dn, terms of u, v, w. The values of the latter are
given inferms of the coefficients of the guartic and the three
roots\fxl,’:cz, s of the cubie IV. To solve the quartic by the
%esént method we must, therefore, first solve the reducing

_gepditc.  There are many other algebraic solutions of the general
& 'guartie, but every one of them calls for the solution of an
("y" auxiliary equation of the third degree. These cubics are called .

"‘\‘
\ } resolvents.

Ex. 1. Under what conditions can a quartic be solved a.lgebraicaHY
withont the exiraction of cube roots ?

It is only necessary that the reducing cubic have a rational root, so that
the other two roots can be expressed in terms of square Toots. Euler'd
cubic answers equaliy well.
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Ex. 2. Show that the reducing cubic of ! + 22* + 22—2=0hasa
rational root. Solve the quartic by square TOOLS,

Ex. 3. Show that, in general, the values of z and ¥y in 2+ ¥ =@
42 + x = b cannot pe found algebraically without the extraction of cube
TOOLE.

Ex. 4 Can all the values of z and y in w4y=1l, y?+a=7 be <\
found without the extraction of cube roots? For solutions, see the
Am. Math. Monthly, Vol. VL, p, 18, Vol VIL, p. 169 ; see also Vol X, <\"

®

p. 192, :\“}
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CHAPTER VI
e\
SCLUTION OF BINOMIAL EQUATIONS AND REQIBROCAL
EQUATIONS

S
e

§3. The Binomial Equation. . m'\"'
" —a=0,

where a is either real or complex, Qz\} be solved trigonometri
cally as follows. Tet

s"

P=d=r cos(2kr+9)+asm(2k¢r—|—8)§

where &t may assume any. uiﬁegral value. Then, by De Moivre's
Theereny braulibr ary: ol'g in

m='§'/;\{\3 S2 ?c:;+9+isi 2k—x+91

) 3

By asmgnmg\lso k any » conseeutive mtegtal values we obtain
n values for.a: and no more than », since the » values recur in
periodss ¢ /

¥l ‘teadﬂy seen that the roots are all complex when « is a
Q. 2k 46
\\mnplex number, For, to obtain a real root, — must be

~0% zero or a multiple of x; that is, 2%xr 4- § will be zero or &
»\M\, multiple of «; hence « itself must be real, which is contrary
\/ to supposmmn

When a=+1,
then a:"=1=3082krr+t'sin2k=r,
and 2= 0os gfl-pzsm 2—:—-”; I

74
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where & may be assigned the values 0, 1, -+, r—1). Ifnis
odd, then k=0 is the only value of & which yields a real roof,

viz. 2 =1. If n is even, then only the values k=0 and & =g
yield real roots, viz. #=1and z=—1. :

When a=—1,
then 2= —1=cos 2%+ 1w +isin (k4 m Ko
where k may take the values 0, 1, «+, (r —1). O

@k+Lr , .. CE+Dz O
ST risin o (€

N
¥4 ..

Then T = £os

1

There ean be no real roots, unless 2 k:

therefore » an odd number. If n=2 k+\1, ‘that is & ==
we obtain the real root w=—1. Y

xi{\gm integer, inld
2

64. Geometrical Interpretation of the Roots of x’=a. Then
roots may be represented grapliicél]y in the Wessel's Diagram
(8 22) by n lines drawn from the'fetibhopwdirekyofrmdins ¥
to points on its circumfeiénce and B
dividing the perigon@b.the centre

Nen

into equal angleghof . radians.

Thus, let n %8 and r=1. The
three cube rabts of unity are seen
from I,§68,%0be 1, - 1 +% V=3,
—~3 <33/ —3. They are repre-
sented, respectively, by the lines
~04, OB, 0C. These lines make
N\_¥ith each other angles of %= ¢
radians or 120°. The circumference is divided into three equal
parts. In the general case the cireumference is divided into
n equal parts. Henmce the theory of the roots of unity is
closely allied with the problem of inscribiug regular polygons
in a eircle or the theory of the Division of the Clrce. This
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subject has been worked out mainly by C. F. Gauss, 1801, and
will be treated more fully in Chapter XVII under the head -
of Cyclotomic Equations,

65. Roots of Unity. We give a few general properties af
the nth roots of unity, some of which are evident f:rom pre-
vious considerations. O\

L. The equation " =1 has no multiple roots. l:\

Here f(z) =2 -1, /() =nz™'. Since f (a:)“and‘ (%) have
no common factor involving =, there are nQ\multlple roots
(8 20).

IL If wisa voot of 28 —1=0, then, Q\js also a root, k being
any mteger \ #

Since «*=1, it follows that u“*’ﬁl or (o¥)" =1, where % is
zero or any integer, positive o négative. Hence of is a roob

of unity. As there are quly' n roots, it is evident that the
powers of u are not all, distinet from each other, and & is a

pe‘f‘i‘ﬁ’&‘fc Punuélbral V. org in

IIL. Ifm and @a?!e primeto each other, the equations 2 —1=0
and 2" —1= C\h’@vé 16 common root exeept 1,

First we (Prove the thecrem: If m and n are prime to each
other, tkfm U is always possible to find integers o and b such that

mb — '\a. +1. The fraction ™ may be expanded into a ter
n

Jud \inat.mg continued fraction, say

A\ mn 1
;=P+‘—1'
g+

The successive convergents are p, 24 + 1, plgr+ 1)1+T Sul>
q qr+

tracting the last but one convergent from the last, we obtain

a fraction whose numerator, pglgr + 1) +gr — (pg + 1){(gr +1)

1s seen to-be equal to —1. (By mathematical induetion it may
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be shown that if a1 gnd ¥= are any two successive conver
> p y A
n—1 L3

gents, then ., — %, == 1)} Bat
m=p(gr+1) 47 n=gr41;
hence, if we take a =pg+1, b =g, we have

mb—an==1. QED.
Now, if possible, let & be a root common to a*—1=0 and ¢ \)
#—1=0 Then a™=1, e*=1 and ¢™ =1, a™ =1, where &)
and b are numbers which satisfy the relation mb — nee =0
Hence, ™" =1, g =1, or a=1. That is, 1 is thehenly
root common to the two equatiens. "‘\

IV. If & is the highest common fuclor of m qn@;n, then rools
of © —1 =0 are common rools gf a» —1=0 z{i@}.ﬁ"—l=0-

We have m == hm!, n=hn', where m' &I}dt;{,"are prime to each
other, Hence it is possible to find integers @ and b, such that
m'b—n'a=+1. Multiplying by & we get mb —nra=+ h.

Now, if « is a common root, We\siair"e f=le=1 amne =1,

AT brary.Qre.
or ¢** =1, This means that a'is 3 T00E OF Laf.y;fﬁ.g n

V. If @ is a complex 5;'00}: of w*—1=0, n being prime, then
the voots are 1, &, o, a{\\, @

By IT, 1, a, o ..4 @, are all roots of the equation. They
ate all different;For suppose of = o, then #*72=1. But by
I, 2* — 1 = phand 2+ — 1 = 0 cannot have a root in common,
since n and{y'— ¢) are prime to each other. Hence the equa-
tion #»—#2 is impossible, and all the roots are included in
the S(f‘,}'];es 1, a, ey an—l.

/N

£\
{ YL The roots of the equutions
#—1=0, gr—1=0, ar—1 =0,
all satisfy the equation v~ —1=0.

~ Forif ¢ is a root of 2 —1 =0, then e# =1 and () =1,
or @ =1. That is, « is a root of 2@ —1=0.
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. 66. Primitive Roots of Unity. A root of a*—1 =0 is called
a primitive root of that equation, if it is not at the same time a
root of unity of lower degree,

Take o’ —1=0. By VI, § 65, the roots of 2*—1=0 and
@ —1=0are roots of @~ 1=0. These common roots are 1,
—1, =4+ 4V —3. The other two roots are found by solving
#*4+1=0; they are + 4 £ 1+~ 3, and are seen to he primitive
roots of 2f —1 =0, ¢\

N\ ¢

1. We proceed to show that primitive roots of uﬁﬁty exist for

every degree n. ?

R
 If nis prime, then, by IIT, § 65, &~ — 1'=0has no root in com-
mon with a similar equation of lower degree, except the root 1.

Henoce all the roots of z* — 1 =40, e;&tfe‘p the root 1, are primi-
tive roots. AN

If n==p", where p is a primejevery exact divisor of p=, ex-
cept p itself, is an exact divigor of p»1, Hence, by VI, § 65,
every willbreuti bfanpitsgsithich is at the same time a Toot of
unity of lower degreepminst be a root of 2™ '-1=0. Since
P~ is a factor ofg™ it follows, moreover, that every root of
" —1=0is vt of 2™ —1 =0, Thus, there are p™! roots
which are nof<primitive, and the number of primitive roots is

15”(1 —3{ D

If'@;:’ p*- g, where p and ¢ are prime, then there are

"

(}1~ 1 .l " 1 ..
M2 —=) primitive roots of #™—1=0 and 1 __) Timi
\'f\\ P) P ¢ ( q 4

ative rootsof af —1=0. Noﬁ, if & and B are two primitive roots

O

of these equations, respectively, then af is a primitive roob
of @*—1==0. For suppose («8) =1, where r<n, then &"=S"
By 1L, § 65, " is a toot of &#"—1=0 and g is a root of
©" —1=0. But the two equations can have no root in common,
exeept unity, sinee p™ and ¢* are prime to each other, by III, -
§ 65. Hence r cannot be less than . Since, by IL, § 65, "=
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and g*=1, it follows that («8)* =1, and ¢8 is a primitive root
of 3 —1=0. Since there ars

(-3

such products « . 8, this expression gives also the number of O\
primitive nth roots of unity. _ A
It is easy to extend this proof to the case where n= p"‘q'f-"-.-\-'.‘~.\

II. We give, without proof, the theorem that if « is @gir;i;hi-
tive nth root of unity, then o is @ primitive nth mgtj&f unity
always and only when v and n are prime to each other. This
theorem enables one to find all the primitive ntlieots from one
of them.* N

111, The roots of the equation = —1 (), where n = pogh - ¢
and p, q, + v are the prime factors of n; fcyré the n products of the
Jorm By «+« & where B & w100t of w?%&="1, y a root of o =1, «--,
8 is @ root of ¥ =1. N

Let o :::‘;é;}br\:;-\y &lbraulibrar‘y.org.in

Here B8 represents qnj(one of p~ values; similarly, y, ---, 8
represent, respectively, ¢’ «+v 7 values. From this it may be
shown that @ has w vilues, which are the n roots of 2" —1=0.

For, in the_fitsp-place, we have =1, y" =1, ~, & =1;
hence, also, 8751, y* =1, ++s, 5= 1, and, therefore, o =1.

In the nexp i)la,ce, we show that the n values of & are distinet.
It possj'kle, ‘let two values of @ be equal, say

Ay B’y' - 3f=ﬁu7rr Lo g . 1

4 .\" Y
\’”\‘iginée not all the roots in the left member of T ean be equal,
tespectively, to the Toots in the right member, let §' and 8" be
distinet.

* For the proof, see Burnside and Panton, Vol. 1, 1898, p. 9. We have
followed the exposition of the subject of the roots of unity given by these
authorg.
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From T we geb

By - 3')9‘ e s (Bl 8”)’5""",
and (};’ v 'SF)qﬁv--re =(7rr_“ Srr)gn e .
We have B = g, A

Since 8" and B' are distinct roots of 27*=1, they are equal\to
two different powers of one and the same primitive rogi?’ B, and
Wwe may write r N\
BB, BT=, o)
W
where ' and m - m' are each less than p% ~ﬁe get

Bt e — ‘gm'@:-.--{sj
or ﬁm«“---ﬂ—i"\“'

Hence, 8 is a root of hoth o' i a,nd - =1, and also of
a* =1, where s'is the thhesd;‘common factor of p° and mg® -
(Thegrery iV 8 Jf}"a}y (ﬁjﬁt iye have s = m, hence, s < p". Thll»‘i;
B must be a root of dpweqiiation of lower degres than p?.  Since
B is primitive, thla e@nnot be, and eguation I is impossible.

IV. The wo\ of a#* —1 =0, where p is prime, can be found
ﬁom the mai‘s of equations of the form of = A.

Letx% ’be any root of #* =1, w, any root of a2 =uw,, w, any
roef.of @ = 1, and so on, and ﬁnal]y w, any root of &F =1, -
’l'¥n the product o =Wy, -+ w, Tepresents p* distinct roots of
sart=1.
a\ “\ For, since wy? =1, w? =, ete., we obtain successively the
\ relations,
= wPws e w =1 way - w,_y,

a3’2= wlﬂwzﬁ e wm_lp =1 Wyklly «er W, g

=y, =1,
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V. The solution of * —1 =0, where n is any composite number,
is reduced to the solution of binomial equations in which n is a
prime number.

This important result, of which further use will be made in
a later chapter, follows readily from the theorems IIT and IV | o\
of this paragraph. R
A\
67. Depression of Reciprocal Equations. A reciprocal equalion
of the standard form (§ 31) can always be depressed to ong sf‘]\aa{f

the dimensions. . W/
L W

Divide both sides of the given reciprocal 'equati.n"ﬁ}
ag?™ + @@l s 4 @+ G0

by «™, and we get, on collecting in paizg~the terms which are
equidistant from the beginning and end,)”

1 » 1 o ') :; 1 _
"10(9’“ + a{';) -+ a’l(w 1+ waQ“}‘: + %»1(’-1“}‘ ;)'i" @, =G

1 s w w dbraulibrary . org.in
Assuming y=a 4=, wg‘bbta.in
T

@t
1 et W N —y=pp—3
e e R
\fc;+l= 2 DYz rl) g+ 2=y -4+
Y at of x
aud-geénerally

) 1 /.1 Ny 1\
VT ek o) ()

By substitution in the above equation we obtain E{n equer
tion of the mth degree in y. From the relation x+;=y we

see that two values of © may be deduced from each value of ¥
i3



:'\.'

N
%
\ }

82 THEORY O¥ EQUATIONS

Ex. 1, Find the primitive rootsof 22 -1 =0, 28— 1 =0, 28 =1 =0,

Ex. 2, Find therootaofzt —1=0.

Dividingby ez —1, wegetat + 2t + 2® + 24+ 1=0.

Dividing this reciprocal equagion by %2 and taking » + — == g, We obtain
¥i+y=1landy=—LEVE N\

2
Solving 2% — xy + 1 = 0, we arrive at the following four roets £ N\

a1 =3 + VB + V10 — 3VB), s = — }(1 — VB — iV IO 2V6),
a5 == }(1 = VB + V104 2VB), 1 =— K1 + VB GV0 ~ 2vE).
These four are primitive fifth xoots of umt.y ':Qm other root is 1.
Show that #z = 2%
Ex. 3. Find the rootsofa® —1=0. .,\\;

Ex. 4. Find the roots of 7 — 1 =0, ’\“
Dividlng by = - 1, we get a rec;prsca,l equation in the standard form
which can be depressed to the cubm P4 —2y—1=0,
Writing 2 = y -+ }, we have z‘ =% 2 — yy = 0. By § 69 we obtain for
# three values, &, o1, @2, whgr‘e' 3
wwwr. dbyanligray¥Ignes/— 3 + V28 — 84V 3.
From g? — zy 3 3',"%0 we get the six values

hEVEE— 4 o VT — 4 oy Ver— 4
\ 2 L] 2 T 2 k]

N\

which, tog\ethef- with unity, are the seventh roots of unity,
M ’Find the roots of #5 — 1.  Which are primitive roots ?
§x. 6. Pind the roots of 29—1 =0,

K {\Extracting the cube root, we get @ =1 or w or w? and = = L, w, W%

S Voo, WV, WV, ViR, wviE *wi’-\/—3 where w and w? are the primi-

tive eube roots of unity. Give the primitive roots of 22 — 1 = 1.

Ex.7. Give a trigonometric solution of " — 1 = 0 and state which
Toots are primitive.

Ex. 8. Find the primitive roots of x3 — 1 =10.
Ex. 9. How many primitive rocts has 219 — 1 =09

Ex. 10. Find the sum of the primitive roots of x4 —1 = 0.
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Ex. 11. By trigonometry find approximate values for the roots of
n_1=0,x8—-1=0

Ex. 12. From the primitive roots of #® — 1 =0 and 2#~1=0 find
the primitive roots of & — 1 =190.

Ex. 13. Form the equation whose toots are the primitive Toois of O
M —-1=0 .

There are 13 primitive roots. We have &

P

2 1= (g7 — 0™+ 27+ D _ « W

The roots of #7 —1 = 0 are non-primitive for g — 1 =10 Smc‘.q :r.'“ 1

is g factor of g2 — 1, the two primitive roots of 4% —1 = 0¢afe the two

temsining non-primitive roots of «?* — 1= 0. These twt»mo are roots

ofsf x4+ 3 =0 Hence (xM*+x7+1) = (m"+x-|~1) ..(} is the re-

quired equation. This is a reciprocal equation wh&gMn be depressed

todf —a5 —Gat + 6234+ 822—8x+1=0

Ex. 14. T —+/ 1 is a primitive root of s ‘1 0, findn, IE—v-
is a non-primitive root, what values may g taEa ?

N
X &
™

,s

>
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CHAPTER VII
O\
SYMMETRIC FUNCTIONS OF THE ROOTS A o
e\

68. Newton’s Formulae for Sums of Powers of Rooﬁ " The
sums of like powers of the roots of f(x) =0 can™be expressed
rationally in terms of the coeﬁczents The sum of the pth
powers of the rcots o, 8, v, 8, --- of they Eauatmn Sfl@)=0
congtitutes a symmetrie flmetlon of the\roots. The defini-
tion and elementary discussion of sym\metmc functions wetre
given in § 15. Following the u&ual‘ notation, we designate
Zo? by s, so that

Vo a=at BT sh
%—ﬁ+m+f+¥+
www.dbraulibrary, %m_i_ B4y + &t

To establish Newi:on’s formulse, write (11, § 20)

2. (w) f@ |, S&@)
f\@ L+ L T
The ind\ie}l;ted divigions can be exactly performed, § 3.

5 x\ f(a})—-_-:c“-l-al:t"-l-!- ver S Oy + Gy
:"\"~ w l
woet L ot (ot aont 4 (4 ek @

...'\.:‘:; + (ﬂ'-m -+ alﬂ‘““l -+ a.gg'“" + e a:,,,)m" -t + e
N\ ) Similarly, performing the divisionsof ﬂ"‘_’l, J@ ... , and

adding all the quotients, we obtain = —# 7

J(@) = na®= o (51 + na)a ™ + (5, + oy + nog)an=S + o
(5 4 Sy + Gz + 00+ RAYTTE A e
84
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By § 19, we know that
P@) = na™ 4 (0 — Daa=® +(n — a4 oo ok Gy

Equating coefficients of thesame power of = in the two expres-
gions for f'(x), we have

8; + ngy = (n — 1)y, or s +a=0,
8 + 4351 4 noy = (v — 2)ay, or st ms - 2ay=0, .\:\’
and generally, when m<n, ' o .
S A WSy + OoSpg v N, = (n— m)a,,},,.( N\
or Sy 8y T+ Udys o0 G A M =07 1

From relations I, known as Newlon’s formulee, 3¢ derive easily:

8= — a, = g — 2 gy 33=—,a'§§33aqa2—3%

si=ay — dafoy, +4aa+ 2af —‘415%{
and so on, up to s, ;. To extend theé‘e’ results to the sums of
oll positive integral powers of the Yoots, Viz. &, S, o+, Multi-
ply 7(z) = 0 by &, where g S>n, and we have

. RN\ 'www_dbr_aulibl;‘azyd)rg.in
am + a4 Han = U

Bubstituting for =, i:ﬁ}\smcession the roots e, 8, v, & «++ and

adding the results, We get

S + al?ﬁi‘i,r'q‘ A8y 2+ 0 a5 =0 11

N

If we g: e, successively, the values n, n + 1,742 --and
observe that s, = », we obtain

. ..\’\ ) 8, + 8,1 + agsn._.g + ot -+ nd, = 0’
P\ Sup1 + @18y + Gy + o F s =0,

<\‘ - Spia + Oidpy + @S, + 000 H G = 0, ete.,

which enable us to find expressions for 8, Spy

To find the sum of negative integral powers of the roots of

f@) =0, pui = —1 .04 find the sums of the corresponding
Y

Dbositive powers of ‘the roots of the transformed equation.

N



86 THEORY OF EQUATIONS

The values of s, may be expressed in deferminant form

ag follows:
g 1 0 0
o 1 0
83=|2 1 3 8 "'2(1’:9 [£3Y i y 8= g? Zl i 2 ,Btl’.‘.\.
3% P 8 2 1 A\

da, a; a @

N

o AN
69. Coefficients expressed in Terms of s, From th:eéc?fmulaa

of § 68 one readily obtains A
g 140 0
5 1 0 e,
s 1 1}% 1s,c'e 2 0
== = — = SR\ T ate,
o 2ls, 81,113 @s, 8 2% Ee)'s « 3 , ete

52 8 8

Ex.1. Find the sums of positive powgné\:df the roots of
@ o ot PN 1 =0.

Ne/

We have slmhal_—l,,
ss=—a1sl~2as——l
Gifg— oty — Sag=—1,
wwwdblaulllg?‘alyo‘}‘si 20 aa
=0 — sy — g —day=—1,

and s0 on. 'The mota\are the primitive fifth roots of unity. Verify our
tesult for & by tQalty squaring the roots given in Ex, 2, § 67.

Ex. 2. Figd\the sums of positive and negative powers of the roots of

‘C\ ¥ —2x224+ B2 —4=0, _
2,"-!; —6, 33 =~ 10, 3, = 4- 18, and 50 ou. To gets_,.,,putx:ir

h«itha equation becomes 28 — §22 4424 —3=0. Thens.1=5 s.2=1®
\8_g= ¢4, and g0 on.

AN

P \ *  Bx.3. Find the sums of positive and negative powers of the roots of

\ 3 m4+1=10,
Ex. 4, Show that if the sum of an even power of the roots is zero ot
negative, the equation has at least two complex roots.

* Ex. b. Show that, for z» — 1= 0, s, =n or 0, according as m If
divisible or not divisible by «.
Subs;itnt.e for @y, »+, ¢n thelr values in I and II, § 88,



. We have 8= 6 4 By O\
b=+ @y O
Multiplying, we get N o
sm8y=a’“+ﬁ+ﬁm+9+.fm+l’+-u K ."‘:\'\.
+arfrary By
that is, 88y T Sy + SN \\ !
hence, Z = 8,5 — Snip PN, I

N
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%0. Fundamental Theorem of Symmetric Functions. Euvery
rational symmetric function of the voots of an algebraic equation
can be expressed rationally in terms of the cogfiicients.

To begin with, we shall find the value of the symmetrie
function Se*@, in which each term involves two of the roots.

This result has been obtained on thestpposition that m and p ave
unequal integers. 1f they are equdl, then the terms in Ja”f"
become equal two and two, abd Sangr =2 S(af)" =8, — S
In either case the symmetric Futietiodhswusdphessodargaivational
funetion of the sums of powers of the roots. But by § 68 the
sums of like powers, € i;~|:’33,11. be expressed rationally in terms of
the coefficients of\the given equation. Hence SemgF can be ex-
pressed rationallp+in terms of the ecefficients.

Next we e£pross the value of the symmetric function Zamg#y,
where equ@z}érm involves three roots, as a rational function of
the coa\\mai'ents. We have
A Sunpr = o+ "+ By

N sy =t + Byt
Multiplying, we have
SRl AP Yy
B By e
+ oyt g e '

N\
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The terms on the right-hand side constitute three sets, rep.
resented in our mnotation, respeetively, by Ze™tig?7, Zumgets,
Ze~fr44. Hence

8,30 = S + SanEr + Samgry.

N\
Transposing and substituting for the symmetric functions whose
terms involve only two roots their values as determindd)by I,
we obiain 'S\

S BPY = 548y8) — St %5 — SeteSp — SmBa g & 2 Spipry 11
This supposes that m, p, g are unequal. If«:}».\—_ p, we have
2 Z(of) ™y = 8,78, — SaSy — 2 Swvtas{\‘i" 2 Spere
If m=p=g, we obtain for Su"grylthe value 2 . 3 S(«gy)" and
6 2oyt =5, — 3 susa +2 '33,,,.

Thus, 2™8y* may alwayé:bé expressed rationally in terms of

thg-geelisiantaeishediven equation.

This method may“be continued to any extent, and the proof
may be given forany function Semgryd o,

In every sfafniétric function thus far considered all the terms
were of the, same degree; the function was homogeneous. It
any ratifhal symmetric integral function is not homogeneous,
then, it is the sum of two or more homogeneons Symmetric
integral functions, such as e+ 8+ y+ e+ ay+ By. Hence

"q\\i's evident that a rational symmetric integral function can be
expressed rationally in terms of the coefficients, whether the
funetion be homogeneous or not.

Finally, we observe that no frastional function can be Syl
metric unless it can be so reduced that its numerator and
denominator are each integral symmetrie functions. Hence,
also, a fractional rational symmetric function can be expressed

rationally in terms of the coefficients, and our theorem if
esfablished.
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71. By the aid of the theorem of §70 we can caleulate the
value, in terms of the coefficients, of any rational symmetrie
funetion. But this method is laborious, and usnally other
methods are preferable. For convenience of refexrence we state
Lere some of the results obtained in § 15, viz.,

For the cubic o® + e’ + b+ c=0,
3R =3c—ab,
Seff = b —2as, \ ™
3@ = a% — 25 —ag R
(@t BB+ Ny +d) =c—ab 2N
For the guartie x‘+a#+bm*+cm+d=:,0{\;
3o’ =8¢ —ab, \“
S b — 206 2.

"
Ex 1. TFor the cubic find they iiélue, expressed In terms of the
i Zofg - Sat?, (O
eoefficients, of S © Swww dbraulibrary org.in
Ex, 2. For the quartic(find the value of the irrational symmetric
fanetion v 2. \'\iw}

Ex. 3. For f(@)="0 calculate So’cptts, WheTe O1: 2 vy Oy BTE
the roots. \ ~
Multiply,\I“; ’ Ty =— &1
and :u\xl. Poyiatts = — G
I.I\’uﬁ”ﬁmduct the term g3scts occurs only onoe, the ferm geitgtiacie
oegurs’4 times, Hence,
»\1"\' ) Zolemits + 4 Doacetsol = G108
\/ sud Sologs = @os — 4

If the caleulation is carried on by § 70, TL, we have, ginee p=g=1 and
m= 2,

9 Zoty2aaitg = 50852 — 2 8951 — 87+ 2 81,

Substituting for s, sz, ss, 84 their values, § 68, and carrying out the
dicated operations, we get the same answer.
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Fx. 4. Show that for the general equation f(x) = 0, the general form,
in terms of the coefficients, obtained for Zpi2ets® I8 the same as for the
quartic equation.

Ex. 5. Caleolate 2w dps for f(x)=0 and from the result derive the
special value it azsumes for the cubic.

Q)
Ex. 6. Caleulate Eafaglia for the guintic equation, Is the\ Toghlt
the same for the general equation P . \“\
{ '\

Ex. 7. Find the valus of the symmetric function
B~ B2 (B — )24 (y — )? for the cabic bext + Sbl:rﬁ.+3 bsm + ba =0
Deduce the same result from V, § 35.

. Ex. 8. By aid of § 36 computs the value of {s{—~ \ﬁ)’(ﬂf- B — )
for the cubic %3 + %2+ x4+ 1=90. What relgtion has this symmetric
function to the discriminant of the cubic ?,, How many values does the
funetion (o — 8)(e& —+){(B — ) assume wl{eﬁ}he rootd are interchanged?
‘Why is this function not symmetric ¢ \®

Ex. 9, Show that for the qua.rtgc -
o+ ag2? +urr’+asa:+a4—0
MW _-gltggty,p {et10ta + ctaits) = @s® + @30y — 4 Gotis.
Ex. 10. Show that fohthis quartic
(@B + v8) (va :I*.Ps)’ + (B + ¥3)(By + «d) + (fy + wd)(ree 4 BO)
\\ ’ = a1z — 4 as.

* Ex, 1!... :]i?érm the cubic equation having for its roots

’:‘\ af - v8, oy + B8, By + ad.
Ex. ¥2. Show how the general quartic may be eolved with the aid

roots of the cubic in Ex. 11 and the relation agyé = a4.

) j‘:'. Ex. 13. How many different values will the function g -+ 3 assume,
& \ a8 the roots are interchanged in every possible way ?

\ / % Ex. 14. Find the equation whose roots are
p=V2 + V3, s =v2 4 V5, pg:\/§+w3\3/5,
m=—vZ2 4 ‘a/g; P4_=—'\/§+m‘\8/5, PS5 :—"\/§+w’\’/5e
Tet the required equation bs-

27+ a® - at 4 agr® + g + agr g = 0.
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We have ¢; = 0, and therefore @z = Zpp = — % Zpt=—6. Multiplying
ipp1 by Zp, we have 3 Zppipe + Zper2 = 0, hence

as=—Zpprpz =3 Zppt=—§ 2P =10,
Multiplying £ppyps by Zp, we obtain

& Spprpope + Sppipdt = 0; Zpmpe? = Bp® - Zopr — Zod - Zo 4 Zpat
= Zps®Epp1 + Zpst = — 48,

hence @ = 12, e N
- Bimilarly, we get : 3\ K¢
5 Zpprpepaps + Spprpepet = 0, Zpprpops® = Zpst» Zopron — Zpad - E.om
— Zpsb =~ 300, N
hence g5 = — 60, We have ag = 17, m\\'

% Ex. 16. Find the value, in terms of the coefficients of the cubie, of
(& + wey + wloeg)® + (o + ofon + wity)¥, where w 13 A mplex cube rook
of unity. \ A

. % 3

N\

* Tx, 16. Show that for the quartic
2% 1+ 4 b + 6 bx? *‘4’;;;,:: +h.=0,

e

the following relations hold : ~.’~
Dodery = 1536 byths — 2504 mﬂb;z ¥ Wit Shbrankilara o8 tadabs
— 43 b&‘\-{- 16 b%hy — 36 bgbs
Tettiey ot = 256 bytby < 288 bybobs + 48 bsF — 16 brbs + 12 babs.
Bododte = 06 bihgds > 48 bs? — 48 byhs + 24 byby
Zotor® = 216 bgd D88 bybgbs - 48 Da? - 48 b1y — 18 baber
Zelarloso & B bgbq
Za? = 16703 - 12 ba.
2achQyé 16 bybs — 4 ba
""f ‘Ex 17. Find the cubie whose roots are
w\; D (& — o) (otz — o)y (et — o) (et ee1)y {&8 — 0ta) (B8 — ).
Vo Ex, 18, Show that, for the guartie 2* + a2 + wat? + axx + a =0,
wea have
(o + oy — o — o) (0 — o0~ Oz + ) (@ — o1 + o2 — 08)
=— {gf — 4+ 8 as).
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72. Resultants or Eliminants. Let us determ&ﬁé‘; the condi.
tion that the two equations \\

J@ =agt oo+ a0y

Fl@)=cp* + ¢ w—|—cg\\z’ 0,
shall have a root in common. De\fgrnate the roots of the
second equation by 8, B, The «aiécessary and sufficient con-
dition that 8, or 8, shall satlsfy the equation f(x) = 0is thai
J(B) or f(B:) shall va.nlsh,,m other words, that the produet
JB)~S @ shallabe agpein’ Multiplying together

B = oo’ + @, B + 4

ELTMINATION

) = Ila "
we geb \\‘, 9} = @of 182+ ay
0,09,313 s’jTP‘ %“1(1311832 + ,812:82) + ciyttn (,812 + ,822) + alﬂlﬂ:"h‘g2
e \

+ @B + B2) + @

M‘ﬂh\)’mg by ¢ and substituting for the symmetric func

b % of 8 aud B, their values in terms of the coefficients of
% F(w) 0, we have

"\' 4 2 [ B
"/ a6y’ — o0y + ot — 2 ayttgliy + arleyty — ety + tg

\ Thig expression is called the eliminant or resultant, Its van-
ishing is the condition that the given equations shall have 2
ro0t in eommon,
If from » equations involving n — 1 variables we eliminate
the variables and obtain an equation B = 0 involving only the
02
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coefficients of the equations, the expression R is called the
eliminant or resultant of the given equations.

In the above example the elimination was performed with
the aid of symmetric functions. This method generalized is
as follows:

73. Elimination by Symmetric Functions. To find the con-
ditions that the two equations ()

Y
f(x)za,,m"+alm"—1+a2m“-ﬂ+---+a.“=0, ) "’
F@) = eg + 6™ 4 omt 4+ ot o= 0, N

shall have a common toot. For this purpose it'fs;\ﬁ‘aecessarg
and sufficient that some one of the roots 8y B -<u By of F(z) = ¢

shall satisfy f(&) = 0, in which case the pro\d}?& :

1By -f(Ba) ---f(@,:)ff *

must vanish.

We have f(B:) = af" + @ 1"“-!- +
F(Bs) = afs” +"051£3§WQ~!Vhdb'rahﬂhrary.org.in

.

FB) = a.;@) WBa e
Multiplying these‘téether, we obtain, after substituting for

the symmetrigfimetions of By, By s Bm which oceur in the
product their N.f;ﬁues in terms of £ycy, -+, Cm and after clearing of

fractions, . ¢
ractlom%:\‘. R=crf(B) F(Ba) cor F(Ba)-

HGI‘BEI’?'\IS the eliminant and is a rational integral funetion of .
thelvoefficients of f(z) and Fz). Its vanishing is the condition
C ittt the two given equations have & T0k in COMMORn. The degree
of the Tesultant in the cosficients of the given equations is in

general m + n.
Tt is eagy to see that we obtain the same eliminant by sub-
stituting the roots mytty ++ @, of f(@} = 0, in suceession, for %

in the polynomial F{x).



&

N Ciay — Ay - =0,
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74. Euler’s Method of Elimination. If f{z) = 0 and F(z) = ]
as defined in § 73, have a root &« in common, we may write
B OETCEYAC)
Fi#) = (v — o) F, (3),
where Aoy = AT+ Ag 24 o 4 4, .
Fi@y= Cg 4 O -- O, R \J)
the coefficients .4, +, 4, and G, -, C,, being uml‘é%erminea
quanfities.
We obtain easily the identical equation of.,‘shb' (m+n—1th
degree (@) - Fy(z) = F(z) - (2). \
Performing the indicated multiplications and equating eoef-
ficients of like powers of », we obtin m +» homogeneous
equations. Eliminating the undetermmed coefficients, we ob-

tain the required resultant. ‘w
Thus, find the resultant o£

W dbraumt?né-rwlwlﬂgd@ﬁ 0, b em =0,
If they have a ;{Q‘t In ¢ommeon, we obtain the identity
e
(C + szabﬂ’f + o + ag) = (A + Ay) (e + o + ¢3)

or (GAap— Ay} + (Ciay +, Oty — Aoy — Agerya?
'\:-17\(015152 + Oy — dyoy— Age)x + Chary — Ay, =0

\gé}fé.ﬁug coeflicients,
™\

Chay + Coog — g0y — Aoy =0,
G + Chy — Aoy — Aoty = 0,
Oza:a — Age, =0,

In order that the four homogeneous equations I may be con-
sistent with each other it is necesgary that
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N 0 e 0
Lt 27} c’l Co — 0
0y 4] Cy G
0 ag 0 g

This vanishing determinant is the resultant.

[To recall the reason for this, observe that if each member 'qf\s \
the four equations I is divided by .4, we have really only thece -

unknown quantities, viz. %, %, %; If their va]ueist sxi;‘!l'{ch
may be obtained from the first three equations, are. @bé.tituted
in the fourth equation, then we obtain a relation\between the
cosfiicients of the two given equations which.ii\t'he same as that

expressed hy the above determinant.] ¢

W
X 3
"

75. Sylvester's Dialytic Method of Elinination. To eliminabe
# between flw) =0 and F(z) =0 equations of the degrees =
and m, defined as in § 73, multiply the first successively by
2, &, 21, and the second wissedhraniBragy gran. ot
We obtain thus the m&a equations

f("'c) = O:' :"fftsé\’=‘os mzf(w) =0, - ,xm—lf($) = 0’
F(z) :,0\’$F($) =0, &’F(z) = 0y -+ " F(z) = 0.

The highst power of # is m+n—1 If f{z)=0 and
Flo) =0(have a common root, it will satisfy all the m +n
equatiohs. If the different powers of @, viz. 7, @ @, -, 257,
bedaken as m 4+ n—1 unknown quantities satisfying m +n
~Jlinkar equations, it is evident that a relation must exist between
\Ahe coefficients of the equations. This condition of consistency
is the vanishing of the resultant.*

* The above proof of Sylvester's method is the one usually given
Attention should be called to the fact thas it is not shown there that the
different powers of z have values that are consistent.

Q
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Thus, to find the resultant of

f@)= o + %t 4 age 4 ¢y =0,

and (=) = @+ ox +o=0

we have S = g 4+ a2 + G + o= 0,
of (@) =o' + o + o’ +ag =0, O
Fl)= 4 e Lo 4 =0, w\:\
aP@)=  ted* + oottexr =0,
F(3) = ot + ot + ot £0)

That the four unknowns @, 22, 2% o} n;laj;\%a,tisfy the five
equations, it is necessary that ’

0 @ @ ag\\ Oa
% 0 g C':\Is 0
R=|0 0 4> a ¢, =0
0 o % @ O
www,dbrauljblarcg'.org.({‘l{:k G 0 0

3

R is the resultant.

76. Discriminaiii:\t:f f(x)=0. Tt was proved in § 21 that if
f(®) = 0 has Exﬁnltiple root, that root satisfies f'(x) = 0. The
condition that £ («) = 0 and f'(x) = 0 have a root in common is
expresgedby the vanishing of their resultant. The resultant
of FE)= Oand f () = 0 is ealled the discriminant of f{z)=0-
C%h?‘discriminant of an equation f(#) =0 may be otherwise

Adefined as the simplest function of the coefficients, or of the 1005

,\~f “Swkose vanisking signifies that the equation has equal roots. .
~\J If f(%) = 0 and f'(2) = 0 have a common root, this root will
N/ satisfy also nf(2) —f'(@) = 0. Instead of finding the resultact
of f(#} and f'(x), we may therefare find the resultant of
nf (@) — f'(@) = 0and f'(x) = 0. The latter mode of procedure
is preferable, because it gives us the resnltant elear of av

extraneous factor.
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The discriminants of the general quadratic, eubic, and
guartic ave, respectively, as follows:

Quadratic dise. = % (b2 — bebo)s
Cubic dise., § 35, = _i_Z(G?.;. 4 HY;
1]
Quartic dise., § 51, = 2?5?( F—27J%. \ V)
X ¢

N\

7. Discriminant expressed as a Symmetric Functiod “of "the
Roots. Since the discriminant of the equation f () = Wranishes
always when at least two roots are equal, hut un"d}r no other
conditions, it follows that @, — e, must be a faptor of the dis-
eriminant. For if «, and &, are the equal/woots, o — & ig the
only simple factor which will vanish baca,\uéé of this equality.
But an interchange of any fwo rootd %8y @ and & must not
alter the numerical value or the ;@iof the diseriminant, since
the diseriminant is a constangtwhen the coefficients of the
equation are constants. Hehdevthes Lisvashi prsiyve poxer to
which the factor &, — eyfan occur in the discriminant is the
second power. In othen wards, (&4 — ag) is a factor of the
diseriminant. \ad

Since this redsoning applies to any two roots whafever,
(4 — )" is & fagtor; also (s — e); and so o0

Hence tl'\e product

E’\\E’;\l‘—I Che aﬂ)e = (o — 0"2)2(“1 — ) (#an — a‘n)!

is a:fglctor of the discriminant. If the multiplieations indicated

" Anthis product were carried out, each term would be of the
\ Vii{n — 1)%h degree in the roots.

The resultant of f(x) = 0 and f'(z) =0 may be expressed by

§73
* a1 (@) () -y
Where w, #y, - , @, are the roots of f(z) =0. One term of this

productis (nagy* (e, -+ &,)"; the degree of thig term in the roots
H
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is n(n —1). This produet is homogeneous, for if in any other
term, say (n — 1y'a"a, sy, -+ ,)"~% we substitute for the co.
efficients their equivalents in terms of the roots, by the relations

of § 13, say oy + &y + -+ + o, for —ﬁ, we gee that this term

likewise is of the degree n(n — 1) in the roots. Hence (s
product II{e; — uy)® is of the same degree in the roots as Jthe
resultant of 7(«) =0 and f '(#) = 0, and, therefore, ast (the) dis-
criminant of f(#) =0. Consequently, this pmduct \edn differ
from the diseriminant by a numerical factor only

Ex. 1. Show that the resultant of of —x — 42 = th\d 2rdxe—77=0

is zero, proving that the left members of the eguations have a common,
factor. \,

Ex. 2. Find the resultant of
@0%® + 2%+ ot -+ a3 = 0 and et + s o;_:r: + ¢ = 0 by Euler's method.

Ex. 3. For what valne of ¢ will Lhmtwo equations o + e+ x~-1=10
and #2 4 8 x -+ 7 =0 have a root i 1n c@mman ?

Ex. 4. Using Sylvester’s meth'od of elimination, find the discriminant
ofmawmmw

Ex. 5. Find the disdriminant of #* — 1=0. Has the equation equsl
roots 9 m\

Ex. 6. Find ﬁl\éﬁiéﬁriminant of xntl —gm g 1 1=0.

%

p 3

x'\"’



CHAPTER IX

THE HOMOGRAPHIC AND THE TSCHIRNHAUSEN -\
TRANSFORMATIONS \

-
"
< 3

78. Homographic Transformation, All the trag&f&rmations
of equations explained in §§ 27-34 are speeialigases of the
homographic transformation, in which = i3 ccqldnected with the
new variable y by the relation 1)

where A, X', u, n' are constants. {I’i’ulé, fa=—p=LN=p=0,
then y = —m, as in § 28; if %v_—é,'}}#a&w.dtﬁgm{&i)?@mg_ﬁx+ s
as in § 32. <y :

dily get

By solving for 2 we, a:e;a:
‘ XN kY
O Aly—A

Tf this valug\Gf & is substituted in a given equation of the
nth deg‘{'@g;}?'é obtain a new equation of the nth degree in y.
It "";%r’f', . are the roots of the original equation and o', 8,

¥ . s5the corresponding roots of the transformed equation, then
edave
"’\“:\ o = Ae+tp 8 AB+p ete
\3 _Nl‘l'i"ﬂ-” Nﬂ—]—p-"
Subtracting, we get «' —8' _(’__/_lﬂ-‘ﬁ)(l# '— M) We obtain

) =T W) (Wetp)
similar expressions for o — v, &' — 8, &' — ¥, ete. If now we
take any four roots , 8, vy, § and the corresponding roots «', 8"
op
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y’, &, we obtain by means of these expressions the following

relation : (a: _ Br)(sr _ 7,) _ (r,t _ 18)(8 _ Yl_
(&' =YY =8 (e—y)@—-5)
The geometrical significance of each of these fractions becomes
apparenf, if taking O as origin, we put e= 00, 8=04,
y=08,8=0D. "Then

|4 B¢ P oa—p=ituaiymg
0 8 — 8= AD, ¥~ = BI),
\ AC _AD

and the fraction on the right-hand side is equf?jl( to«,ij D
This is the cross-ratio (anharmonic ratio) of thé.points ¢ and D
with respeet to the points 4 and B. SegJlix: 10, § 113.

Similarly, the left-hand fraction expresses the cross-ratio of
points C' and D' with respeet to peints A' and B. Ilence, if
the roots «, 8, vy, 8 represent distaites on a line, measured from
an origin O, then the crossratid of the four points thus deter-
mined is the same as the cresd-vatio, similarly formed, of the
points, determined in the'same manner by the corresponding

Y Fn Ry :
rO0ES @ s %‘Ff? ,l ;;al(&r f}{§ fransformed equation.

Thus, we have on the same line two ranges of points, -
o, By g, 8, o0 andia’g\ﬁ', ', &, -+ such that the crossratio of any
four points of{one range is equal to the cross-ratio of the
corresponding four points on the other. Such ranges are called
homograping; hence the name, homographic tronsformation.
To a p6int in one range corresponds one, and only cne, point in

the.gther. In other words, there is a one-to-one Icorrespondenee
petween the two ranges of points. The homographic trans-

\formation is the most general transformation in which this

e ) 'ComSPDDdenee holds. We proceed to consider transformations

N
\¥
\:

which are uot usually homographie.

79. The Most Gemeral Transformation. The most generdl
rafional algebraic transformation of the voots of an eyuation
J(®) = 0 of the nth degree can be veduced to an integral ron¥
Jormation of a degree not higher than the (n — 1)th.
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Every rational function of a root «, can be expressed in the
corm of a fraction whose numerator and denominator are each
rationa! sntegral functions of the root, viz.

9oy,
LICW

Multiplying both numerator and denominator of i 1
same quantity, we may write (@)

1 =h(“l) cor @) * B i) =+ )| («
CY h{ay) + h{ag) -~ B(e) .\T\'o

We see that the denominator A(ey) - h{ey) --&{i) 9 & sym-
metric function of the Toots e, o e, & 0fthe equation
f{x)=0. By § 70 this function ean be e'x;p}essed rationally
in terms of the coefficients. Henee {x;,;:ém be made to dis-
appear from the denominator of the, feabtion representing the

value of —1 ) In other words,, o
L2 N

L ..QO

Junction of . N\
N % www dbraylibrary. i
Again, the numerator of this fraction, viz. ravy-org.in

by the®y
L

Ny

is reduced to an infegral

R{e ‘\’ Bl ¢ty 1) - Rlttg 1) =" ICHN
is & symmetric fynetion of the Toobs &y, =+ Unp %miy *** % of the
equation </ BCL 0. ence it can be expressed as a rational
functir%f}‘ffthe coefficients of this equation. These coeflicients
are ratibmal integral functions of e, and the coefficients of
F{#= 0, as may be seen by performing the indieated division
4 0\' '3 .
C,}-Iénee - (1 ) and also g_Eo_c,E) can be expressed as an integral
am aﬂ
rational function of ,. Let the integral function Gotw) = %% :
If G(e,) is of a degree higher than the nth, divide G{(z) by
J(@), and we obtain

&) = Q- + HE®),




N
%
\ }

™

. Cadding, we have (w4 wity + wla)d,y + @ + en! + ot =0
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where the degree of the function A (x) does not exceed n — 1,
Now write &, for #.  Since f{a,) = 0, we have G (a,) = H{a,),
and the theorem is proved.

80. The Tschirnhsusen Transformation. The most general
rational algebraic transformation of a root of the eguation
J(z) = 0 can therefore be represented by the integral functisds
of the (n — 1)th degree ()

'\
y=d+do+dat 4 o dal 7

This is known as the Tschirnhausen transfglirhation.

By its aid Tschirnhausen succeeded i ¥educing the general
eubic and quartic equationg to the form\qf binomial equations.
We shall do this for the cubic, AN

S

Bi? + 8 1@ + 3O + by = 0.

We assume y = d, + da %2, where d, and d, are coeflicients
whose valnes must be detétmined.

i AR by B iven equation be &, @, o and the
ecorresponding rootgaf the required equation 7*—¢ =0 be
B, o, 'R, Whﬁl:?"n{\ﬂ.nd o are the complex cube roots of unity.

Then N\
: ‘\ ,8=d1+d2a1+a12,
.’\”’" of = d) 4 dyety -+ o : 1
N o' = d + gty + &

’\%&Eﬁng, we obtain 3 4, + ds, + 8, = 0,
O ultiplying the second equation by @, and the third by «* and

Whence

o+ sy ==dy+ o + g+ 0t = ety + woag + o'ty
o

Since w may represent either one of the two complex cube
roots of anity, there are two possible values for this fraction.
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By a somewhat laborious operation, these values may be shown
to be roots of the quadrabic

(bobz + b2 + (boby — by + {brbs — b = 0.

The coefficients of this guadratic being known, we can find
its two roots, hence also the required values of d and d.
Then, multiplying together the members of equation T, and )
substituting for the symmetrie functions of a;, uy, their valaes,
we arrive at the value of ¢iny® —e=0. R Ny

After reducing the cubie and quadratic to the hinomia form,
Tschirnhausen hoped to be able to transform..$hé” general
quintic to the form 3 —c=0. BSince this form’ admits of
algebraic solution, he hoped to find the TG ssought-for gen-

Ny

%

eral algebraic solation of the guintie. £An the determina-
tion of the coefficients dy, dy, s dy dq,,ﬁ;ilooked-_for difficulties
presented themselves, calling for the golution of an equation
of the 24th degree. While the Fachirnhausen transformation
is worthless for the general geﬁiﬁon of the guintic, it enables
one to remove the second,"thifd;m&ndr_ﬂmﬁh i‘l@ﬁé‘i‘ﬁ%ﬁgﬁlﬂumﬁc
and of equations of higkmr degrees,

Ex.1l. Beduee x? u;c+ 5 =0 to the binomial form by the Tachirn.
hausen transformation. .

Ex. 2. Find, the ‘ntegral transformation of a degree nof higher than

the second ih:ht(;h is equivalent to the transformation y = :\:2-1— 11 for the
cubie 2‘3\41:}2’4- T+2=0. +

Herg'., ™ SE — it @t Dzt (et e+ Dy
N\ —
v (a2 4+ D+ 1) _ geled + o F et + 1

h

O 1 (e et (et + D) arwded + St + 2al 4
= (aﬂﬁ + o2+ ]_}'3 — kY =-—(:\:+ 1)2. Ans.
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ON SUBSTITUTIONS A
{

81. Notation. In the arrangement or permutatién’of four
letters, aaa,, let each letter be replaced by oneofithe others;
put, for instance, a, for a;, @, for a, a, for a,, an@ &, for a,, then
this operation, called a substitution, may bﬁ“;hesignatad by the

notation
(alagasm), Y,
a'-;asalag ’\ &/

where each letter is replaced by\the one beneath, or by the
notation (wa.aa,), where eagh Jetter is replaced by the one
immediately following, the Jst letter, ay, being replaced by the
fird ,Wﬁ.'d R %ﬁﬁ}i‘e' frequently the second notation.

Observe that £ (xlngs)E TgBy
.~> . (& )s

7

and that \\ 12845
“ 24531

N4 o
Just@y the substitution (mama,), effected upon the arrange-
mepg';g}iagasa,, gives the new arrangement a,a.ua, so when
cfieeted upon amma, it gives aua,a,

)5(1 2435

«\\ We shall agres that in a substitution a letter may be replaced

8"y itself, but that no two letters can be replaced by the same

~)
\:

letter. Aeccordingly
(a'laﬂ“sa4)
Ty Oy,
is a substitution, but (mamma,) 7s not, becanse in the Jatter

¢; and @, are both replaced by a,,
104
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%y, 1. Show that (ayzw) is the same substitution as (wzyz)

Ex. 2. Show that (2182 -+ @x) I8 equal to
[ RS . AT L R Ca—m-1}}

that, therefore, the same substitution may be represented in several ways
and that its form is consequently not unique.

82. Product of Substitutions. By the notation (ms e« a4l
(byhg -++ b,,) we mean that the substitution (@@, - a,) is per-
formed first; then, upon the result thus obtained, the substifdtion

RN o

-
is performed. We call the two substitutions, ﬁla}zed in jux-
taposition, their product in the given sequenco,n

If the product (1 2 3)(4 5 3) be apphed to tho digits
1234 5, taken in their natural oxder, the substitution
(1 2 3) yields the arrangement 2 3()1 5. The substitution
(4 5 8) applied to this result gives-ghe arrangement 2 4 153
But this last arrangement magibe obtained from the fivst by
the substitution (1 2 4 5 3% Hencartheimoduetof (L 2 3)
and (4 5 3)is equivalent'to the single substitution (124538)

The indicated productﬁﬁ?2 3)(4 & 8) may be carried out conveniently
as follows : 1 is mpléx‘@i by 2 in the first substitution, and 2 is not re.
placed in the secofidygubstitution ; hence 1 is replaced by 2 in the prod-
uet.  Again,  #ycplaced by 8 in the first substitation, 3 is replaced by
4 in the secdnid pubstitution ; hence 2 is replaced by 4 in the produet.
Likewise 4;}5'}:cplaced by B in the second substitation and also in the
PrOdllN\i 5is replaced by 8 in the second gubstitution and In the product.
Hende ‘hle result of the multiplication is the substitution (1 2 4 5 3).

A Ex. 1, Show that (4 5 (L 2 H=(1234 5).

e

" Ex. 2. Show that (abed)(acde) = (abdee).

83. Commutative and Associative Law. Notice that the
product of (1 2 8)(4 5 3) is not the same as the product of
(4 5 3)(1 2 8). On the other hand, we see that (1 2 3)(4 5)
= 5)1 2 8) and that (o)()(R) () =) yw) (W) ()



A
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Henee it follows that in the multiplication of substitutions the
commutative law is not, in general, obeyed. IHowever, we shall
find that the associative law s always obeyed.

Ex. 1. Show that if s,, s, 5, are substitutions,
\ 545} 8e = Sa{548.) = 52855 N\

Assume that s, replaces an element p by g, N
that sy replaces an element ¢ by 7, R \\
that s, replaces an element r by &, ’\\
then s.5, replaces an element p by 9;,‘,';.‘
and s, replaces an clement ¢ hy-g.

Hence, 3495 8¢, (3 %)8:, #3(%; 8:) each replace p by, s.\\

84. Identical Substitution. A subs{itution whick replaces
every symbel by that symbol ifself {ézan identical substibution,

Example: (a;agas) which may alsorhe written (@)(a@s)(as). In

ltytty ) Y

(ay) the letter a,, is at the sa.m’e time the first and the last letter,

hence i& iy gl,a.eed bydtself. As the identical snbstitution

ol W b;ilu i y.mg.;n i ; P

plays a role analogomsito that of unity in the produet o
numbers, it is usnalljrrepresented by 1.

85. Invers 'ib’s’titutions. The énverse of a given substitu-
tion is one which restores the original arrangement, so that a
given sulistitution and its inverse constitute together an identi-
cal spQ'sj:.itution_ Thus, the inverse of the substitution

N\
X 3=(gﬁ ;‘:) is the substitation (2“3;’2: z:)

"% Let the inverse of the substitution s be designated by s™

Then the inverse of s'iss. The fact that any substitution, fol-
lowed by its inverse, gives us the original arrangement may be
expressed by the symbolism .2 _ o

We have also slog=4g"

where & signifies an identical substitution, i.e. 8 =1.
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The repetition of a substifution s or 57, r times, is denoted
by & or 5. Hence exponents are used here in much the
same way s are integral exponents in algebra.

86. Cyclic Substitutions. If we suppose the letters of the
substitution (c,a; - @) to be placed in the given order on the ,
o 2\
, the given ©

circumference of a circle at equal intervals of 3?10

substitution is equivalent to a positive rotation of th?~.i;jréle
through 3(;0 Hence such a substibution is calleck&'bycle, or

a cyelic substitution, or a cireular substitution he produet
(abe - Q)(xyz -+ w) is called a substitulion df two cyeles.
Similarly we have substitutions of three c{: aiore cyeles. The
é i g g i g E) confsisyé’ of the two cycles,
(13 5)(2 47 6); for 1 is replacdd by 3,3 by 5,5 by 1, and
we have one cycle; again, 2 igxeplaced by 4,4 by 7, 7 by 6,
6 by 2, and we have the secaﬁdmy@lﬁdbraulibrary,org,jn

In this manner any snlebitution can be resolved into cycles
0 that no two eyeles hifve a digit in common. This resolubion
can be effected in ohly one Way.

A cycle may consist of a single element, say (6). The sub-

stiiution (;\iii g) may also be written (1 3 4)(2)(), or

(13 425 0r (1 8 4).
.j{g\\“ abcdefgh)'

' \Ex., 1. Tind the cycles of the substitution ( cdafobhe
\_) Bx. 2. Verity therelations (acb) (abe)=1, (abe) (abe) = (ach), (ab) (ac,
= (abe), (be)(aeh)=(ac), (be){bc)=1, {abo)(ach)=1

snbatitittion (

Ex. 3. Tn which of the following products is the commutative lawm
obeyed : (abc) (ac), (bo)(aecd), (bea)(bac) P

Ex. 4. Write the inverse of (abede).
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87. Finite Number of Distinct Substitutions. The number of
distinet snbstitutions whieh can be performed upon a fnite
number of elements o, --- @, is finite, for the number of
substitutions cannot exceed the number of permutations, and
this is known to be finite. Hence, if upon a,u, -+ a, we per-
form an unlimited series of substitutions s, 8% & %, ... ,\the
results of those substitutions cannot all he distinct.,\fi‘sllere
will be certain powers of 5 which give the same result'gs dbess
itself. Let m + 1 be the lowest power of this kmd then srtl=yg,
This may be written s™.s = s, Hence

$°¢ 7

\
"y l=ss T =8 =1, "‘\

-—\L

We call m the order of the substib{mon

The order of a substitution is the\éast power of the substitu-
fien which is equivalent to the 1d'ent1(,a,1 substitution. :

1234 1234 S 1284

LA [l e org T 5112) o= 4123/

1234 1234
& = (1234)’35:(2341)’%0'

Hence m+1 5,m=4, and s* = =1, 5* = 5% and generally,
s—in-rr = &,

This s‘abstxtutlon s ig eyclie. Tt is evident that the order of @
(,yclec\ ob Gireular substitution is equal to the number of ils elements
(ﬂvqm)

\If s=(L23)(45), then #=(132), $=(45), st=(123),
=(132)(45), #=1. Hence the order is 6.

If My, gy Ry -+ denote the number of elements in the successive

cycles of a substitubion, then its order is a number exactly

divisible by each of the numbers n,, 5y, Ry, +--3 that is, its order
is the least comraon multiple of n,, n,, gy er

and

Ex, 1. Show by actual substitution that the order of s = (1 2)(84 5
(6788) is 12 or the L. C. M. of 2, %, 4,
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88. Theorem. The product t™1st may be convenienily obtained
from the substitutions s and by performing wpon each eycle of 3
the substitution f.

Let 8= (abe e Y(@'Be ver) o0e
and t=(abc---a*b'c'---)_
ey e Wy

A

Take any one of the letters o, B, v, -+, & B, ¥ss sayy B
By t-1, 8 is replaced by b; by s, b is replaced by ¢; by t, ¢'1is
replaced by v. Hence by t“st B is replaced by y.

Now, if by ¢ we substitute B for b and y for ¢ 1n\the eycles
of 5, then, instcad of the sequenceb ¢, we have insg ‘the sequence
By, which replaces g by y, as before. As thiy consideration
applies not to § alone, but to any let@x,\the theorem is
established.

In the operation #'st, ¢ is said to tmnsform s; the operation
is called a transformation.

Ex. 1 Tf s= (128)(4567) ¢4 qw P then¢-1=(3275). To
illustrate the theorem just proved, apply P A ATk 3 4567

and weget1 7 2 4 3 6 5. P this result apply the substitution s, and we
have 2 £ 3 § 1 78 To g,’ti%*iast arrangement apply &, and we obtain

finaliy 34 67 2 6. }}

Thiz same final afrangbment is obtained more easily, if in place of per-
forming the three’ gabstitutions, we perform upon the arrangement
1224587 oni e substitution, namely 8= (13 5)(4762). Now of is
gotten from s’hy performing upon each eyele of s the substitution &

B\If s=(123)( 5 6 7) and ¢ = (2 4 8 T), find ¢3¢ by theorem
1n§ 88"\

EXMS, I s = (ab)(cd), ¢ = (abo), determine the result of operating
,,,\Wlﬁh t71st upon the arrangement ¢ b ¢ d.

\ 3
89. Transpositions. A transposition is a cyclic substitu-
tion containing two elements. Thus, (ad), (b¢), (1 2) ave
trangpositions.

Ex. 1. Show that thue square of any transposition is the identical
Bubstitution, i.e. 1.
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90, Theorem. A substitution may be expressed as the p&'odm
af transpositions in an unltmited number of woys.

'We can easily verify that

(123n)y=(12)(18) - 1w,
and that (12 3)A567) - = (1 2)(1 )4 )4 6)(& Ty -2

Krom this it appears that every substitution can be expﬁssed
as the product of transpositions. O

The number of ways of doing this is un]imiteﬁ;fpr between
any two transpositions just found we may intefholate the indi-
cated square of any transposition withousb ,mbd\ifying the sub-
stitution; or we may prefix or anned\#lfe square of any
transposition, and we may continugsthis od libitum. Thus,

abe = (ab)(ac) = (ca)(;a)tuﬁ)(bc) (be){ac)-

91. Theorem. The n-umb.e?‘:}q;‘: transpositions into which o

substa’tuﬁ'gn is resolvable i.?. esther always even or alwoys odd.
www dbraulibrary.org v

The effect of any,tfaﬁépgsition, say (eym,) upon the square
root of the diseriminaht, VD, is to change its sign. To show
this write (§ ¥ 'Q“

VI = (o — o) (o~ )i — @) - (o — ),

o\ (otp — ct) (atg — et =+ (02— &)y
K7 ) oty — oy} == (6, — )y
’\ (an—l_'an)'

The transposition (¢ e;) alters the sign of the factor (& — o)
and interchanges the remaining factors of the first row with
the factors of the second row. The factors in the rematning
10ws remain unaltered. Hence the sign of /D is reversed by
a single transposition. _

Since any substitution can be expressed as the produch of
transpositions, the effect of any substitution on /1 D must be
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sither to alter or not to alter its sign. If the sign of VD
remains wnchanged, the substitutiom must contain an even
number of transpositions; if the sign of /D is changed, the
nutnber of transpositions must be odd. Hence no subsfitution
is eapable of being expressed both by an even and by an odd
number of transpositions.
A
99. Even and Odd Substitutions. A substitution expressible\“'
as the product of an even number of transpositions i’s‘ga.ﬂed
an even substitution ; one expressible by an odd numbexot tpans-
positions is called an odd substitution. Identical sibstitutions
are clagsified as even. \%

Ex, 1. Are the following substitutions odd or pg{e!}?:
s___(123456- Ef,2(12 3)~~}567)
132664/ g s e 678/}
ST=(456)(174623R¥M=(123 4)8,

# Ex, 2. Show that any su‘bsuiyu’dliﬁ transforms an even substitation
into an even substitution. See 8B rww.d braulibrary org.in

93. Theorem. AL éi}% substitutions can be gpressed a5 the
product of eyelic substitutions of three elements.

If two trangpdsitions have one element in common, we have
an cqualit i;ﬁe the following:
O\ 1 2 3=012 3
}f&;\vo transpositions have no elerent in eommon, we have
'tl\leffollowing relation :
) 123 H=0134132
_ Thus, since any two pairs of transpositions are expressible
in terms of cyelie substitutions of three elements each, it fol-
lows that any even substitution can be thus expressed.

Ex. 1. Express the even substitation (1 2 3 £)(2 4 5 6) as the prod

uct of cyelic substitutions of three olements.



CHAPTER XI N

N

SUBSTITUTION-GROUPS Oy
7N\S
94. Example of a Group, The substitutions A
1,123,232, o’ 1
.

are distinet and possess the property that ‘EE; product of any
two of them, in whichever sequence the{@re taken, is equal to
one of the three. Thus, AN

(1231 3 2=(1. ,3’;2)(1 2 3)=1.
11 2 3)=(1 2 311 2 3).
113 2)=(1 39Y1=(1 3 2).

MoreovesPEnel bgarveobiihy substitution gives a substitution
in the set. For, (123=(13 %), 132=(1238),1’=1
The three substitutiohs T, possessing these properties, are said
to form a grow \’

95. Definition of Substitution-group. A set of distinct sub-
stitutions @he product of any two and the square of any one of
whichjﬁel’bng o the set, is called a group of substitutions, or a

§tinition-group. .
When using the term group we shall always mean a substi-
Ssufion-group.
O The substitutions (1 2), (1 8), (1 2 3) do not form a group;
N/ for, while each substitution is distinet and while some of the
products yield substitutions in the set, others do not, Thus,
(1 3)(1 2) yields (1 3 2), which does not belong to the set.

Ex. 1. Prove that the product of three or more substitutions of
group i3 a substitution belonging to the group.
112
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96. Degree and Order of a Group. The number of elements
(letters or digits) operated on by the substitutions of a group is
called the degree of the group. The number of substitutions in
a group is called the erder of a group. Thus, the group

1, (abc), (ach), (ab), {ac), (o)

involves the three elements a, b, ¢ and has six substitutions..A\
., - . € N\
Hence it is of the third degree and sixth order. PN
Ex. 1. Tell the degree and order of the group I, () (3d).  ~ 3
Tx. 2. Prove that the identical substitution satisfies the cofiditions of

a groug, N
Ex. 3. Show that any positive integral power of A substitution of a
group s a substitution of that group. A0

Tx. 4. Prove that the identieal substitution b@n}s to every group.

«XEyx. 5. Prove that the inverze of any subg;ti‘tuﬁion in a group belongs to
the group. « \J

Ex, 6. Every substitution s in a groui): is equal to the product of two
subistitutions of the group. A\

O

97. Theorem. Upon the distinct tetiR e Bracy,one can be
performed n ! substitutiors,whick form o group.

From elementaxy\[lﬁébra we know that the total number of
permutations of & istinct letters, taken all at a time, i3

\N </
Nl -1 — . 83.2.1=nl
ROy CEBICED

Take ang“vtfe permutation . We may change it info any one
of ﬂ,‘;‘zﬂler permutations by performing a substitution. But
form two of these othern! —1 permutafions is the substitution
”\ﬂ}% same. Hence there must be one less than n ! such gubstitu-
\tiong, Counting in the identical substitution, we have in all n!
substitutions.

These ! substitutions form a group. For with ary one of
them operate upon the permutation P, then upon the result
thus obtained operate with the same or any other substitution.
The gecond result will, of course, be some one of the » ! permu-

1
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tations which can be obtained from the permutation P directly
by performing one of the given substitutions. Thus it follows
that the product of any two substitutions or the square of any
substitution is equivalent to one of the given substitutions.

Bxz. 1. The letters ¢;a;a; admit of the six permutations, G, g1ditg,
Gzihifls, Ca0lzdy, OgGify, dsladi. Show that these six pennuta.ti?ns are
obtained, respectively, from a@g.a; by performing the substitiitiens 1,
() (8208), (@162)(azs), (@rcza5), @150z}, (Grds)(@s). Shomthat’ these
substitutions form a group. A\ Dy

N

98. Symmetric Functions and Symmetric Ggo\up A symmetrie
function of  letters ay, ay, -+, a,, being whdltéred in value when
any two of the letters are interchangedy undergoes no change
in value when it is operated on by agnbstitution belonging to
the group given in the preceding“theorem. Because of this
invariance the symmetric funetiquis said to delong to that group,

and the group bears the nap:ge”of symmetric group.
Ex. 1. Byx piying each ’pr \the substitutions of the symmetric group
1, st e BRI X 58 W ayas), (a1az), show the invariance of the

symmetric function, g;@g- aias + aadas.

O
99. Theoret:\ "4 even substitutions of m letters form. together
@ group. N

Even sistitutions ave each resolvable into the product of an
even/iumber of transpositions, § 92. Henece the product of any
b3 bf them and the square of any one of them yield even

..\éhbstitutions.

Ex. 1. With the lettezs @, b, ¢ we can form three transpositions (b},
{ac), (bc). Taking the products of every two of these in either sequence
and the square of every tramsposition, we obtain the following distinct
substitutions, all even, which form a group;

1, {abe), (ach).

Ex. 2. Show that the odd substitutions of » letters do pot form 3
group,
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100, Alternating Functions and Alternating Groups. Let
a, g vy @, he a magnitudes, all different. A function of
these, such that an interchange of any two of them changes
the sign of the funetion, is called an alternating funclion.

Example: (a3 — ag)(a: — ag) (@ — @) (“1_*"1-‘)
(@ — ax)(az—a)) +++ (32— ) O\

(1 — G} g o

2™

An even substitution performed upon this funetion swill not
alter its value. For, an even substitution, which cpn%is%s of an
even number of transpositions, will reverse tha\pign of the
function an even number of times, and will,$herefore, restore
the funetion to the original sign. W

Since the even substitutions of » letfersdeave an alternating
function unattered in value while ail*the odd substitutions
reverse its sign, the group compriging all these even substitu-
tions is called the alfernating groitp of the nth degree. Because
of this invarvianee for all ,j;ﬁe*ém.cﬂmlmﬂthﬁmqﬁg@linfor no
others, the alternating fnfction is said to belong to the alternat-

Ing gronp. \\ ®)

# Ex. 1. Showthabthe square root of the digeriminant of an equation
of the nth degred, €xpressed as & function of the roots, is a function which

belongs to theyalbernating group of the nth degree.

as
101(%5?0]10 Functions and Cyclic Groups., The powers of any
substitution form a group. The number of distinct substitutions
534 &, ., resulting from taking the different powers of the
\ substitution s, cannot exceed the order of the substitution (§ 87).
Tf this order is m, then " =1. If, therefors, wWe square amy one
of the m distinet substitutions, or multiply any two of them
together, the result is always one of the m distinet substitu-
tions, Henoe the m distincé substitutions 3, &, s o, U are @
group.
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" Here neither 1 nor 3 can ever be replaced by either 2 or 4.
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The powers of the cyclic substitution of » letters (a, - a,)
constitute the cyclic group of the degree n.

A function of » letters which is unchanged in value by all
the substitutions of the cyclic group, but by no others, is called a
eyclic function. The simplest cyclic function belonging to tha
cyelie group of the degree » is

Uytly” + Bt + oo F Gy, -+ R\,

Ex. 1. Show that the funection ayis® + @aas® + asalﬂ be‘longs to the
eyclic group 1, (@1datsz), (@1a3a4). N

Ex. 2. Show that (a) + Gw 4+ gz0?}? belongs tc&the cyclic group of
degree 8, w being a complex cube reot of unity,

Ex. 3. By mising (giaeasas) to powers de the eyclic group of the
degree 4. "

) \ &/

102. Transitive and Intrs.nsiti*re‘G%oups In the group
1, 2)3 4): & 3)(2 4, X 92 3)

the second. sabstifupi rﬁplaces 1 by 2, the third replaces 1 by
3, the fourth repla.ces * by 4. S1m11ar1y, by means of these

substitutions the digits 2, 3, or 4 can be changed into every
sther digit opedtel] on by the substitutions in the gronp. 'This
group is said e transitive.

A substifubion group is called transitive when it permits any
elemenfvfébe replaced by every other,

A gwup that is not transitive is called ‘ntransitive. As an
(}xguhp]e of the latter we give the following group,

1, 13), 24), @329

103. Primitive and Imprimitive Groups. If in the transitive
group consisting of the six substitutions
LI 23456),135)(246),dHE5EE),A5)N26
165432
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the digits are divided into the two sets 1, 3, 5 and 2, 4, 6, then
we notice that each of the three substitutions (123456
(14)(25)(36),and (1654 3 2) replaces the digits of one sef
by the digits of the other set, while each of the two substi-
tutions (13 5)(246), (153)(264) simply interchanges the
digits of one set among themselves. This group is called \
tmprimitive. ' O\
A transitive group is called émprimitive when its elementsedn
be divided into sets of an equal number of distinet elements;so
that every substifution either replaces all the element®,of) one
set by all the elements of another, or simply jﬁ\téfcha,nges
the elements of one set among themselves. (therwise it is
primitive. Example of a primitive group: )

1, (123,13 z)..:\"

There are three imprimitive groups of degree four, twelve of
degree six, and no imprimitive grofips of degree two, thres, and
five. ..,:::.

Ex. 1. Show that no group %vﬁése\dagr}:brialﬁjﬂig}%,l?&ilggﬁ can be

imprimitive. g

104. List of Grotpsof Degree Two, Three, Four, and Five. We
give here g list ¢Mthe groups of the firat five degrees, omitting
only the group/l. By @, we mean a group of the degree p
and orderyg\We give also the notation for groups used by
Cayley and’others, In their notation the symmetric group of
dogreefour is designated by (abed) odl ; cye MEAns «gyelie”
?\.lﬁé'titution; pos means ¥ positive” or even gubstifution. For

~@list of all groups whose degree does not exceed eight, see

\J) Am. Jour. of Math, Vol 21 (1899}, p- 326. In the list of
groups of degree n, we give only those which actually involve »
letters. But it must be nunderstood that any groub involving less
than » letters may be taken as an intransitive group of the nth
degree. For instanee, G,® = 1, (ab) may he written as a group
of the third degree, thus: 1, (ab)()

N
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Dearee Two.
G? = (ab) all =1, (ad).
DegrEE Turez.
G = (abe) all = 1, (abe), (acd), (ab), (ac), (be).
@,® = (abe) cye.= 1, {abe), (ach). N\
Drcree Four. L\
G = (abed) all = (abed) pos. + (ab), (ed), (aghd), (a.dbc),
(%¢), (ad), (vedd), (abde), (ac), (bd), (abcd), {adcb).
G = (abed) pos. = 1, (ab)(ed), (ac)(bd)p (ad)(bv), (e},
(aed), (bde), (ads;j\(‘acb), (bed), (abd),
(adc).
G = (abed)s = 1, (ac)(bd), (ac) (), (ab)(cd), (ad)(de),
(abed), (adghy
G = (abed) cye. = 1, (at:)(bd), (abed), (adeb).
GO = (abed), =1, (gb)(cd), (ac)(bd), (ad)(be).
GLOTIL = (ab - ed) =1 Mab)(ed), (ab), {cd).
ww g dbralibragy %&“tac)(bd)
DEGREE Five. KA
12 = Q@d&) all = (abede) pos. 4 (abed), (abde), (abee),
(abec), (abde), (abed), (achd), {acdd),
N {acbe), (aeeb), (acde), (aced), (addc),
o {adeh), (adbe), (adeb), (adce), (ade),
PR (aebe), (aech), (achd), (aedb), (necd),
\ (aede), (bede), (bdee), (beed), (bdec),

1._?.\ (beed), (bedc), (abe)(de), (ach)(de),

(abd){ce), (adb)(ce), (abe)(cd), (ash)
(ed), (acd)(Be), (ade)(be), (ace)(Bd),
(oec) (bd), (ade)(be), (aed)(bo), (bed):
(@), (bdc)(ae), (bee)(ad), (bec)(ad)
(bde)(ac), (bed)(ac), {cde)(ab), (ced)"
(ab), (ab), (ac), (ad), (ae), (bc), (bd);
(Be), (ed), (ce), (de).
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G ® = (abede)pos.=1, (abede), (abeed), (abdec), (abdce),
(abeed), (abedc), (acbde), {acbed),
(acdbe), (acdeb), (acedd), (acedd),
(adeed), (adcbe), (adech), {adebe),
(adbec), (adbee), (aebed), {aebdc),

(cectd), {aecdd), (aedcb), (aedbe), Ay
ey, oy, ety (000, (), (0o

(0bd), (adb), (ade), (aeb), (ace){ (C&?ﬁ)‘,
(bed), (bdo), (bde), (bed), (bf’ﬁ); {bec),
(cde), (ced), (ab)(cd), (ab)((.:&)g\(ﬁb)(de)s
(ac)(bd), (ac)(be), (ae)(@e), (ae)(bd),
(ae)(bo), (ae)(ed), pdy(ee), (ad)(Be),
(ad)(ee), (bo)de), ba)(ce), (be)(cd)-
Gy® = (abode) =1, (abede), (qcebd), (adbec), (aeded),
(beed),, @éb"e), (aecd), (abde), (adeb),

$

(bdeg), Sadce), (abed), (aebe), (aedb),

..,(b‘és‘(c\&)s

{ :‘}\(ab) {ce).

G, = (abc) a.]l\@a)“z 1, (abc), (ach), (abe)(de), {ach){de),
N (ab)(de), (ac)(de), (bo)(de), (ab),

¢

(), (be), (de)-

Gm“’;ﬁlt(;bode)m =1, (abede), (acebd), (adbec), (wedcb),
N (ve)(ed), (ae)(bd), (ad)(Be), (ae)(de),
R\ (ab)(ce)-
) @it = {(abo) all (de)} pos=1, (abe), (ach), (aB)(de),
(ac)(de), (be)(de).
G 11 = (abo) cye. {de) =1, (de), (abo), (abo)(dey, {ach),
{ach)(de).

6 = (abode) cye. =1, (abede), (acebd); (adbec), (aedeb).

PraylRsaThaf®en (ac)(de), .
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Ex. 1. Show that the order of any alternating group is n! ; Where n is
the degree of the group. 2 B

Ex 2. Tell by the orders of the groups which of the groups of the first
five degrees are the symmetric, which are the alternating groups,

Ex. 3. By inspeetion, find which of the groups of the degrees two, thr,eQ
and four are transitive, intransitive, primitive, imprimitive,

Ex. 4. Show that the imprimitive group in § 103 may Lave its 5 Elements

divided into the three sets 1,4; 2, 5; 3, 6, and that it is 1mprmgn?ive with
respect o these sets.

Ex. 5. Show that, of the groups of the fifth degree, threa are intransi-
tive, viz. Ghp'®), G, Gi®IL

#*Ex. 6. Show that the intransitive group G;“HITXE obtained by multi-
plying every substitution of the group 1, (¢b) hjxevery substitution of the
group 1, (cd). \\

*Ex. 7. Show that the intransitive grqui(@gﬁﬁﬂ is obtained by mmltiply-
ing the substitutions of the group 1, (%), (aed) by the substitutions of
the group 1, (de) ; that Gel®1 is the protuct of the group 1, (abc), (ach)

and the group 1, (ab)(de) ; that G{gm is the product of Gy3) a.nd the group
1, (de}. .

Ex. 8. Bhow that a group of tha third degree may be regarded as an
immsmdabgﬂidﬁhmhn;@{ﬁﬂﬁegm

105. Sub-groups.x\ The alternating group of degres 4 is
UM
1, (128, 1 3)(24), (1 (2 3),(123), (132,139,
\'" (142),(124),(143),(234),(243).

We Observe that, of the 12 substitutions, the following four
\ke up a smaller group of their own:

1, 12@E 4, 1324, A HE ).

Thus we may have groups within groups. If from the sub-
stitutions of a group we can pick a set which form a group ail
by themselves, this second group is called a sub-group of the first.
The terms group and sub-group are only relative. A sub-group
congidered by itself is called a group, and a group may, in turn
be & sub-group of another of still higher order.
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Ex. 1. By inspection, find sub-groups of .
1, (oy) (), (w2)(y), (Bw)(¥).
Ex 2. Bow many sub-groups has (fz{#? Bee § 104,
Ex. 3. How many sub-groups has (12 ? _
Ex. 4. What sub-groups has (abede)io? (abe)all (de) P (abode) all ?

106. Theorem. The order of a subgroup is  factor of tkg .

order of the group to which it belongs. >
Tet the substitutions of the sub-group be &, sy 8y . Y

and let ¢ be any substitution of the group which doeKn.ét oceur

in the sub-group. Then, by the definition of- 4 group, we

know that - \
sy 8y Sty -+ Sabs ’:"\\' I

are all substitutions belonging to the g];@ijg but none of them
belong to the sub-group; for suppose sg= s, then

a~lg, = slffgit =1

Since &1 is a substitution of e wulbgeotib(sey Brgn § 96), it
follows that its product&ith s, namely belongs to the sub-
group — which is ¢ ni'\rary to supposition.

Moreover, the nekubstitutions in I arve all distinet; for sup-
pose sif = sf, themit would follow that s, = 8

If the substifubions in I do not exhaust the substitutions in
the group\@)ﬁ belonging to the sub-group, then suppose the
Substitj{@on £, is among those left over. Then
¢ \‘ » sibyy oty Safuy =+s Safls 11
\\ 3re distinet substitutions of the group not found in the list
8), 8y, v, 8, for reasons just mentioned ; nor are they found in 1;
for suppose sf = sfy, then = 8t = 8,4, which ig some sub-
stitution in I, & conelusion contrary o the assumption eoncern-
ing ¢, Continuing in this way, the gubstitutions of the group
are divided into sets of n substitutions each. As the number
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of substitutions is assumed to be finite, this process must coms
to an end, and we have the sets

Sp Sy Sy vy 8y
sty sty Sty ey S0
sty 8y S +ey Suby

N

Sibus Babos Sifms *v%y Sule )

The total number of substifutions in the group is tl;étgfom n
times the number of sets, or {m + 2)n. But (m + Hn is the
order of the group, and = the order of the sub-group. Hence
the order of the sub-group is a factor of the ofii}r of the group.

107, Index of a Sub-group. If nis j:I{e.,brder of a group &
and m the order of a sub_-group a, tpe\:q%iotient % is called the
indew of Gy under @. Thus the ifdex of an alternating group
under the symmetrie group (zf;t’hé same degree is = ! —e—%-!z 2

Mﬂw-ﬂhﬂatﬂébhﬂiw.dgi’;ﬁrj: group of the fifth degree under the
symmetric group. -~

Ex. 2. Show that & group whose order is prime can have no sub-group
(except the substitution%g.
&

108. Normal Sub-groups. —If (%, is a sub-group of @, and s
any substitfition of @ which does not occur in G4, the groups Gh
and s“%& are called conjugate sub-groups of ¢, By the trans-
formatioh s7'Gs, we mean the result obtained by subjecting

ei@(y substitution & of the sub-group &, to the transformation
Al :

AV If G and s'G;s are identical to each other, whatever substi-

/N
%
\ )

" tution s is of @, G, is called a normal sub-group, or a self-conju-
gate sub-group, or an invariant sub-group of G.

109. Simple Groups.— A simple group is one which has no

normal sub-groups, other than the group comsisting of the
identical substitution,
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Tt can be shown that the alternating group of every degree
above four is simple (§ 198). Itis readily seen that all groups
whose order ig a prime pumber are simple. There are only six
groups Whose orders are not prime numbers and do not exceed
1092, which are simple, viz., the groups of the orders 60, 168,
360, 504, 660, 1092. Those of order 60 and 360 are alternating
groups of the degrees five and six, respectively. O\

A group which is nof simple is called composite. o\

Ex. 1. ¥ind the groups conjugate to G under Gt 4 ‘.'}‘ ’

If we transform s = (ac)(bd) by 8= (ahe), we get 871818 :.Iabj(cd).
In the samne way sransforming s; = 1, we get i, Hence a gg@ﬁ conjugate
to G s 1, (ab)(ed). We obtain the same comjugate ‘wroup by taking
for s the subatitations (aed) and (adb). \

The transformation of s—1Gxa, where ¢ = (bgc’)‘\\yields the conjugate
sub-group (ad){be), 1. The same result is obtained if we take s = (aeb),
(bed), (abd), or (ade). NV

Teking & = (ac) (bd) or (ad) (bc),. the|conjugate groups obtained are
identical with &8, The distinct canjuga;te sub-groups of G2 under Gyp®
are, therefore, 1, ‘(do)f('bd),

15Nt (e .
Ve 1: Ead%ﬁﬁ)')",dbrauhbrary org.in

We see that Ga@ ig m:itia hormal sub-group of Ghatf.

Ex. 2. Find the ‘co\q\ga.te groups of Gol¥ under gL

Bx. 3. Find the gonjugate groups of % T1 under 642

Ex. 4. Find :bhé conjugate groups of @¢® I under Gha.

Ex. 5. Bpactual trial show that G i& a normal sub-group of Fa®;
that Gult ;ﬁ‘é. normal sub-group of Gy I1; that @9 L is a normal sith-
gro}}p’ €9 ; that Gy I is a normal sub-group of GyW.

JEx. 6. Show that every group has identity as & normal sub-group.

{"\ Ex. 7. Prove that the alternating group e 182 normal sub-gronp of

~o/

“{he symmetric group G, See Ex. 2, § 92

Ex. 8, Prove that a cyclic group of prime degree s stmple.

Ex. 9, Prove thst the alternating group embraces all circular gub-
stitutions of odd order, but none of even order.

Ex. 10, The substitutions common ¢ two gToups constitute a group
by themselves, the order of which is o factor of the orders of the two

Eiven groups.
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110. Normal Sub-groups of Prime Index. Of special interest
in the theory of equations are the series of groups

PlaPR:"‘:Pis 'PH-D"'!l

8o related to each other that each group P, is a normal sub
group of the preceding group P, the index of P under Py
being a prime number. Such an assemblage of groups is called
a principal series of composition. If the restriction of & paime
index is removed, then the assemblage is called simpl;q\a series
of composition, : !

Ex. 1. Show that a principal series of composition s {@) for groups of
the third degree, 4@, (4@, 1, (&) for groups of the Tehrth degree, Gagf,
G, G40 11, go@, 1,

Ex. 2. Show that, for the group of the fifth\degree G, a principal
series of composition is Gm®, Gy, 95(5),'{\ <

Ex. 3. Show that @& 1T is a norhal,sub-group of ¥, Ga¥, and
G, N

111 Functioil_s which belotig to a Group. When @, is a sub- -
gmwf"f&f’%%rﬂl}d Ioaﬁ‘éi‘ﬂﬁéaon of n letters ay, oy ++, 2, 18 said
to belong to @, if thefunction is unaltered in value by the sub-
stitutions of &, bubi altered by all other substitutions of G*

s J

#1f the coefficients of Fi{) =0 are independent variables, then its rootd
are independent, of ‘each other, A function of the roots must therefore be
looked upon-asbaving an alteration in value whenever the function experi-
ences an alt}rat‘ion in form. In other words, when the roots are independent
of each-gther, two functions of these Toots arc equal to each other only when
they areidenticaily equal. In the present chapter the roots are so talen.

\Wihen the coefficients of F(z) =0 represent particular numerice! wedues,

Jits\roots are fixed valnes, Two Junctions of these roots may be numerically
\ '.’ﬁqual toeack other evenwhen they have different forms. Hence,in an equation
whose coefficients have special valnes, a function of the roots may he formally

altered by a substitution and yet experience no change in numericnl walue.
Take, for instance, the equation with special coefficients, x8=1. If w I8 one
of itg complex roots, we Imay write 0, = w, @, = w?, 04 =3 The fanetiou
¢y, is altered in form by the substitution (#,ctgee;), but not in value; 05
Ugltty = 0%y = & That funetions of &y, &y, &%, may have different forms,
bat the same numerieal value is seen also in the equalifies

Ot R0y = eyt = &) = @3,
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We have seen that the alternating group, regarded as a sub-
group of the symmetric group, has the alternating function
which belongs to it (§ 100). Similarly the cyeclic group, re-
garded as & sub-group of the symmetric group, has the cyclie
function which belongs to it (§ 101). The eyeclic function still
belengs to the cyelic group when the latter is eonsidered as a
sub-group of a sub-group of the symmetric gronp. .

The funection @ + % — @ — @ belongs to the group 1, (L )
(21) when this group is taken as a sub-group of 1, (1 3) &2),
12)(3 D), 1 42 3), but the function no longer beltmgs to
that group when considered as a sub-group of thg é}rinmetric
group; for the substitution (13) oceurs in the synithetric group,
but not in the given sub-group, and yet (1 $)Jeaves the fune-
tion wnchanged. When we say that a f}m@iou belongs to a
group, but do not mention of what othergzpup the given group is
a sub-group, we shail anderstand thatdbiy under the syminetrie.

112. To find Functions which, ﬁglbi:g to a Group. Let Gy be
a subgroup of &, & being of the degree m and let oy g =) &
T e N B R ul brary oro i
be distinet quantities. Let also rautibrary.org.in
A..}_’___f(al, ey un)
be a rational functien which may have rational coefficients and
which will assume a different value for every substitution of
the group GN I the order of the sub-group G is m, we obtain,
on operating” upon p with the substitutions in @, m distinet
valu(?s\ J ps Py P 7% Pt I
Jf ‘now we operate upon the functions I by any gubstitution

(i@, these quantities are merely permuted among themselves;

-

for, any value p' thus obtained as the resulb of two substitu-
tions, 5, and s, of the sub-group ¢, is the same 28 that obtained
from p by the simple gubstitution, 8 = 8- 3z of this sub-group.
These facts point to tha nnexpected conclusion that, in the theory under
development, the equation f (i} = 0 may represent a more general case when
the coefficients are particular numbers than when they are variables, See§2.
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1f, however, we apply to the functions I a substitution of 6
which does not oeeur in G5, we obtain a series of functions

Pr,- Prla "t Prm—ls
of which at least p' does not occur in I. For, if p' did aeeur
in I, we would have two identical functions, distinet from g,
resulting from the application to p of two different substi\m-
tions. This is impossible. _
If now we form a new function ¢ thus, : . M

Y= =) € =) paci O

where ¢ 15 a variable, it is evident that y .re?nﬁins invariant
when operated on by the substitutions of the Sub-group Gy, but
varies for any substitution in G whichyfoes not occur in Gh
Henee  is a function which belongs £6, &, taken as a sub-group
of G. P \4

We are at liberty to assign to\¢ Afiy rational value which will
keep ¢ distinet from any valité obtained for it by application

to ¥ of asabsiinbien-inofstiat is not in Gy, One such value is
t=0. N

113, This met}:{(ﬁ\of finding functiong belonging to a group
does not usnally furnish simple results directly, as will be seen
from the folléwing example.

Ex. 1., E6rin a function of w1, s, %, e, which belongs to

\‘\ T Ga® =1, (18)(2 4), taken as a sub-group of
'§“ P @MTI=1, (13)(2 4), (12)(84), (14)(28).

\ Assume p = 6101 4 €30, + Csfta + €30k, Such that p assumes four distinet

AN \values for the substitntions of GWII. The substitutions of @ applied

N
%
\ }

to p yield
P =106 + Cafly | C30ls + Cally,

P = 018 + Calty + O30y + Culla,
hence = (¢ — p)(t— p) =— (ety + eta) (01 + L) — (et + 02a) (t0g -+ 18)
+ (? + ca?deres + (00 + ) cory
+ otz (€% + ey + wacta (0 + %)
+ (it + ereta) (162 + Cata) + (oravta + eeaera) (€264 + €208)-
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¢ 15 a required function. By inspection we see that ¢ is composed of
patts which axe themselves functions of the kind sought for. These parts aTe
— (o + ea)(fer + fes) — (&2 + @y} {(tog + 164):
(ces? + st eats + {oee® + 24t} 0204,
eyces(ci? + &%) + daca(c® + &)
Fori=l,ep=cg=—land =6 = + 1 we obtain the simpler form

N
o - oy — Oz — 4 2 AN
Fort=0,¢ =ts=1 ¢z = s =14, W6 obtain the stmpler forms ;:\
oa® + ot — O® — @t . N
a6t — Datle- 4 ;"

Ex. 2. Assuming p = 6 — tie + folz, derive functions which belong to
6® as a sub-group of Glh \

Taking ¢t =0, we get (i —2) (otroeg? + oegeea + m@)’ 4 (i + 2)(ozoa®
+ agen® + oes?).  Then show that 1 otg® ixa@g”ip oo and  ceaps?
+ epas® + aueig? each belong to Gy, Pa\d

* By, 3. Find the group to which (oc,‘-i*’us) { otz +0ea) belongs,

We tind, by trial, which of the substitutions of the symmetic group of
the fourth degree leave the function\unalter ‘These substitutions are
L (nyCorstny, Cnsren) (st (o) SRR (B9 b ctoca)
(@heaitatts). These substitutions constitute the required group. From
§ 1041t is seen to be Gy¥, {Brom the hehavier of this group toward the
given function, show th%(\ﬁé group s imprimitive.

Ex. 4. Tind the.grobp to which ch®s + dhstey — (fiyits + Oizoes) belongs.
>\
Ex. & Fm'd\It.l‘le group to which (e — o) Ceta — ©8) belongs.
Ex, 6, Fiud the group to which (usez — ctact)?(a0ts + aca)? bElODES.
Elf'f'.\\f’rove that the substitutioﬁs which leave unaliered a fanetion
of p'distinct letters, form together a group of the nth degree.
7N\
A\F Ex, 8. Show that anfep? + daPes? + - + o Pt -+ QaPET, Where p
and ¢ are distinet, positive integers, is a cyclic Tunction,

Ex. 9. By inspection show that {{e— ) +i{o— os)}t belongs to
@) as & sub-group of Gag®. Compare with EX, L’
Fx. 10. Show that the cross-ratio of four points (§ 78) k= AC  AD
B¢ BI
Wwhen % is not eqmal to — 1 or to w, i8 & function which belongs to G0
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that it has then six distinet conjugate values ; that when f=—lork = o,
the conjugate values are formally different ; that the numerica? values coin-
cide in pairs when & = — 1, and in triplets when %k = w, o being a complex
cube root of — 1. See § 111,

Ex. 11. TFind the values of the roots of «* —? —x + 1= 0, and ghow
that, for these values, the function oo + 0a2is + oe’es + a’a does'ndt
betong to the cyelic group, althongh this function i5 formally alter’bq by
all substitutions in Gaz4# which do not ccour in GH81, ,.\

# ¥x. 12. Show that, for the general quartie, the fOll;ﬁi;i{lg functions
belong to the cyclic grong: \ ] '
(o + 2o} (o + 2 )0 + 2 002) (ag{?ﬂ &,
oy (0 -+ 2 0y) + oPeta(en® + 2 o) 4 mslls(as"‘ %\ 5) + ot (o’ + 2 )



CHAPTER XII ~

RESOLVENTS OF LAGRANGE O\
A N

114, Resolvents. Expressions, known as “resolvgn‘l;gs"{')_f
Tagrange,” are of great importance in regearches op.jtl)e alge-
braic solution of equations. The term resolvent jgamed in two
different senses: first, to represent certain auxiNary equotions
used in the resolution of given equations; §£QQ;16 , To represent
certain fumctions used in the resolution{of equations. The
Lagrangian resolvents are of the latterkind ; they are Junctions
of roots of unity and the roots of the given equation.

115, Definition, Let f (w)si) e equation having the

oo www.dbrau

roots @, o, -, %, Lef o“be any one o TReY 8 dots of
unity, and let the functioh [en @] be defined as follows:

e :

[o, «] %‘P oty - ol o T o™ty 1
The expressiofi } is & Lagrangian resolvent.

¢

118. lggéﬁ“’:expressed in Terms of Resolvents. If we write
the Lgbgangian resolvents,
,\ [ a]= &} 0o + wiitg 4+ v w® e,
o ) Lo €] = @ + ooy + o'ty 4 oo oty 1
. e a] = &+ gt + ol T 1™ s

and add them, we get %[m, o] = e, : I

f‘?here S signifies the sum of all the [, &1, ohtained by writing
in succession w, wy, wg -+ Wars i place of .
E 129
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If we multiply the equations in I by o™, o™, «) w, %
respectively, and then add, we have the more general result,
3o (o, ¢] = ne, 111
Hence, if we are given the values of the Lagrangian resolven

of an equation f(x)= 0 of the nth degree and the nth rootsbf
unity, the equation f{x} = 0 is solved, ’ \\

117. Theorem. If we operale upon the mbsw@tk of o in
[@, «] with the cyclic substitution (012 3 .. (B ‘_1)), [w, o]
becomes w™ [w, o] ; if we operate with (01 2 \(\n —~ 1Y {o, u]
becomes w™* [w, u].

If we operate upon \;
[o o] = o+ wm e \+ w"“an_a
with the aubstitution (0 1 2 & (n — 1)) and observe that
o* 1=l etc, we get Q».;
o [0, €] = &)+ ofey + o + 0",
www.dbraulibrasbwui:@dq~ wity + wit + - + " e )

Operating in this sanner & times, we can easily establlsh the
truth of the seco\nd*pa.rt of the theorem,

118. Theprem. Ifwith the cyclic substitution

P\ % 012 (n-1)

we ng’ﬁte upon the subscripts of « in [w, «], the subseript of the
¢ient of each power of w in [w, a]* undergoes the cyclic sub-

}m ution (01 2 -.. (n—1))*, v being any positive integer.

By the Polynomial Formula expand

[ & = (& + we + - + 0", )"

and by the relation «*=1 reduce all exponents of « to
exponents less than », Then combine all ferms having like
powers of w. We get

(o) a]" = Ay + @Ay + o2y + oor + w1d, 1
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where Ay, A;, -+ .A,,_1 are expressions of the degree v with re-
spect t0 &, oy, oy, ==+, &, _y, 20d have integral numerical coefficients.

If in formula I we replace o by o, vy, @y -+, 0,1 In stucees-
gion, we get the following »n formula:

[o, 2] = 4y + wdy + Py + oo 0" 4, ,,
[Wu “] = Al + ﬁ"lﬂL + ‘ﬂzzAz + - + mf' 1-4‘1“_1, I
N\
[mul!“]_Aﬁ"{"ww—lAl_}'wn—lAﬂ"' +W—“1An1 ’\:\ ’
. Ttwasshown in § 69, Ex. 5, that the sum of the pth powet of
the nth roots of unity is » or 0, according as p is divisible or -
not divisible by = Remembenng this a.nd multrp}ymg the n

expresgions in II by ™, ;™ -+, 0, %, Tespedtively (& heing
any integer), we gef, after addmg the n resuk‘(ﬁrg expressions,
ndy = Jo - [y cx}" II1

where 3 indicates the sum of all the expressions obtained by
writing in suceession w, w,, ws, * 1*”**1 in place of w. Ifnow we
operate upon the subseripts of ¢ oteurring in each of the v fac-
tors o, u] in the right member of LI1 dkithutte-eyplie gubstitu-
tion (012 --. n —1), weo gﬁt §117,

iﬁw”“ v [m u] v

Now, by writing\k + v for & in formula ITI, we obtain

R T Ty o] = ndiy,-

In othg.t:\"y}ords, the substitution (0 1 2 --- (n — 1)}, applied
bo the Subscripts of « in the right member of III causes 4,
to be'veplaced by A,.,. But 4, is transformed directly into
AN by the applicatien to its subscrlpt of the substitution

\m %12 -{n—1)). Hence the theorem is established.

Ex 1, Illustrate this theorem by the roots e, &y, 0g of the cubic
taking » =

We ha"" [w, o] = o + wity + was,

[, @2 = Ay + Ago + Aso®,
Whete Ao g+ 2 ey, Ay = o2 + 2 atgty, Ag = 0% + 2 %ol
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Operating upon the subscripts of # in [w, ] by (0 1 2), we get

o) + vty + wga!h
and L (o w4 ofig)2 = Ay + Apw + Agat,

We see that Ag, Ay, As, when operated on by (0 1 2)2, become respec-
t.ively Az, Au, AI.

Ex. 2. Tlustrate this theorem by taking v = 8 in Ex. 1, and show that\
the function belongs to the cyclic groap,

N

2 A\
Ex. 3. Show that (0 1 2), applied 1o the subscripts of &, aé,‘a,, in
fu?, 0]? = (o0 + wi0t; + wtee)? = A, + Ay + Aso?, prodoces \be same
effect as (0 1 2)* applied to the subscripts of Ao, A;, A2 N

Ex. 4. Show that {0 1 2 2) applied to the subseripts 68 eto, 0, s, s,
in [ud, 2]?= (o + oty + wbtty + w2tts)? = Ag + A Wie? + Aaed, where
w = — 1, produces the same effect as (0 1 2 8)° applied to the subscripts
of AOa Al; AE‘) AS- x'\\: ’

W

118. Theorem. If with the cyclip‘é't;bstimt‘ion
(012.eY2—1))
e @deim!ﬂgu@v@@%ﬁféf e, the subscript of the coefficient
of each power of w in thepyoduct of [o, o] - [wh, &1 - [why ol
«e suffers the substitubion (01 2 ... (n—1))v+hwthost ahere

v, ¥y Vg o0 O POSIETNS Infegers and Ay, Ay, - positive or negative
ntegers. X\ :

This theorem is a generalization of the preceding and is
proved ’Eliﬁhe same way. The product yields the equality

\:':iéﬁ; lx]” . {(0“1, a] 1. {aj'\s, @¥ e = BO + !‘.GB_I + {dngq"
A \'\ T + wn—lB“_”

¢\ Wwhere By, B, ---, B, , are functions of the roots e, ey, *+y Ot

N
\
\ 3

Replacing o successively by w, wy @y «-, w,., we have all
together » expressions. Multiply them by w'% oy % @
respectively, then add the resulting products, and we get

‘R-B;: §m‘k[w, a]” . [m"i, a',:i’ﬁ e, I



RESOLVENTS OF LAGBANGE 153

To the subscripts of « in the right member of I apply the
substitution (0 1 2 .-+ (» —1)), and we get

Ew"“"_"@l_ ...[w’ a‘-‘lu . [m, a]"; weny

which expression is recognized by I to be equal 1o 0B,y ey n
But B, is replaced by Byr,syuas - if We operate upon B, with
the substitution (01 2+.- (n— 1))+, Hence the theorem
ig established. _ NS ¢
#Ex. 1. Show that the function [, ] belongs to the eyclic gfo{':p of
the degroe n. AD
If we operate upon [w, ¢¢] with any such substitution (Ql{?\-‘- (n—1))
of the cyelic group, the effect is the same upon the ‘cefiicients B of
(& #1* as if the substitution (8 12 ... (n — 1)) wers applied to the
sibscripts of By divectly, § 118. But (01 2 - (@' 1)) is the iden-
tical substitntion; hence it brings about per“ghange. Consequently
[, 3% is favariant for the eyclic group. hig‘invariance holds for no
substitution of the symmetric group of degree 7, except the substitntions
which cceur also in the eyelic group. Heénee [w, &1 bolongs to the eyelic
group. &N

. *Ex. 2. Bhow that the product '[g,wa":["dbthlfb&'juﬁémﬁﬁl{b the
cyelic Jroup of degree 5. '}

By § 118, IV, the oyoli“shbstitution (012 -+« n — 1), effected upon
the subseripts of ¢ in [e e {"—A gives wm+A [w, e]*A, When operated
upon those in [wh, @it gives o—A[wh, ] Hence, when operated upon
the product of the tWo; We get w "+A—A[w, €]« [oh, €], where

\

Q"

'\“ WA= = R = 1.
Ex. 3, Show that (o — de — oz + o)t belongs to the cyclie group of
degree faihe™
For bonivenience, let — { = w, and we have (@ + wfh + o@z + wheia)t,
whieh, by § 118, TV, becomes a—4(& + wtty + w6z + wtts)y* when operated
#Upoh by (01 2 3).
3 .
Ex. 4. Notice if the following functions beleng to the cyclie. group of -
degree fonr
(o dcty — ttg — feta)d,
(6 — {0ty — otg + tets) (i -+ §68y — Oz — itie),
(e — oty + g — oeg) (0 — oty — o2 + E0a)%
(o — oy + og — 1)



CHAPTER XIIT#*
. '\
TEE GALOIS THEORY OF ALGEERAIC NUMBERS. REDUCIBIPIT
¢\

120. Definition of Domain. A set of numbers igedlled a
domain of rationality or simply a domain, when the,sums, dif-
ferences, products, and quotients of any nulp}qe}s in the set
(excluding only the quotients obtained through @ivision by 0)
always yield as results numbers belonging tovthe set.

All rational numbers (integers and rational fractions, faken
both positively and negatively) coggxétute such a domain, for
this system of magnitudes is copiplete in itself in the sense
that any of the four operations,inwolving any of these numbers
never yields as a result avnu’inber which does not belong 1o
the,pek, d braulibrary.orgin N

The integers by themsglves do not constitute a domain, for
the quotient of twoibbegers may be fractional.

All the numbafof one domain 2 may be contained in a
second and larger domain ©'. In this event the smaller domain
£ is called a’tjvisor of the other ', and Q' is ealled a domain
over 1. ;7

Forexatple, the complex numbers of the form a + b, where
i =v4~1and « and ¥ signify rational numbers, are a domain

of\which the domain of rational numbers is a divisor.
3 " Another example of domains of numbers is the one embrae-
"\ Ving all real numbers, whether rational or irrational. Still

another is the domain consisting of all numbers, a + b, where
@ and & are rational or irrational.

* In the exposition of the Galois theory in thia and the sucreeding chapters
we have followed the treatment given by H. Weber in his Lehrbuch def
Algebra, Vol. 1, pp. 451-608.

184
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121. The Domain Q. The domain of rational numbers is
a divisor of all domains, for each domain contains at least one
pumber » different from 0; hence it contains also #-+norl.
Bus if unity belongs to the domain, then it embraces all num-
bers obtained by addition and subtraction of units, that is, all
positive and negative integers; from the latter we can by divi
sion derive all rational fractions. Hence the rational numbers{ ),
occur in every domain. Hereafter we shall indicate the domait}
of rational numbers by Qq) )

7%
< 3

122. Adjunction. Let Q signify any domain. If\y?e add to
i any number « which does not already belong foNit, then the
new system of numbers does not constitute a.domain unless we
add also all numbers arising from a ﬁnitq.{{ﬁh\zher of additions,
subtractions, multiplications, and divigiong involving « and all
qumbers in the domain . Let us_designate the new domain
thus obtained by @, It is evident that 0 is a divizor of G,

This process of obtaining the: domain O, from  is called
adjunction. We say that we djain ¢ toQ and obfain O, By
the adjunction of iyto th "homim%'%ﬁrgﬁi Pt Y%i%ﬁ'ﬂm we
obtain the domain of,&omplex numbers O, This embraces
all numbers of the }&d o + tb, wher> @ and & have rational

values, In genera;l,' if we adjoin « to Qq,, we get Qg, .
A/
Ex. 1. Shovthat the rational (proper) fractions do not constitute &
domain. o 4,
EXT\QSTJOW that 0 satisfies the definition of & domain.

R 123 Reducibility Defined. Let the integral function

N\ f(%)EW+G1W1+°"+am—jw+an :

have cosfficients @y Dy vy Oy all of which belong to some
domain . Then we shall say that f(#) is a function in © and
J(@)="0is an equation in Q. If the function f(#), in whieh n
13 some integer > 1, can be decomposed into factors of lower
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degree with respect to @, such that the coefficients of the fac
tors are numbers belonging to the domain Q, then the function
J(®) is called reducible in Q; otherwise it is called ¢rreducible
in Q.

Thus, if £} designates the domain of rational numbers,
then of — y* is reducible in £, because it yields the factofs™
(+y)(®—y). On the other hand, 22 — 3¢? is irreducible in
{1, because some of the coefficients of its faectors R\,

N\
\

(x+v3 ¥ (@ — V3 )} (‘:}"

are not rational. Ky

If, however, we form a new domain by _the “adjunction of
=3 to the domain of rational numbersy¥we obtain L,
embracing numbers of the kind « + /3.3 'where « and b are
rational. With respect to this lar i‘l.\domain the functions
2—3? and #*— 33 are on an 'aq’fﬁ footing, for both are
reducible in 9, ), since the cogffielents of the two factors of
each fonction are numbers belditging to the same domain Qi, o

%Em&%vfhﬁ}lﬁﬁ-ﬁﬁ tollowing funetions are reducible in the
e

domain of rational numbeys {3, :

i\ (a) 2+ 22 +1,

\\ v ) =22+ 2241,
\ (© 224 = -1,
' @y = 2 +1,
\X
'\: () ¥+ 1.
Er\% For each of the above functions which are irreducible in Doy
fi adjunction the smallest new domain in whick the function is

Jreducible,
A\ Ex. 8. Find a domain such that all the functions of Ex. 1 will be
<\3 " redueible in ft,
124. Algebraic Numbers. All numbers which are roots of an
algebraic equation

S@)=a@" + @ o g, o, =0
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with integral coefficients are called algebraic numbers. Numbers
which cannot occur as roots of an algebraic equation are called
ranscendental. It was first proved by Hermite (1873) that e,
the base of the natural system of logarithms, is a transcen-
denta] number. In 1882 Lindemann first demonstrated that

r, the ratio of the circumference of a circle to its diameter, is
also transcendental. If to the domain of rational numbers™\
9, we adjoin =, we obtain a transcendental domain. Lf the "
number adjoined to Q, is algebraic, the new domain is called
an algebraic domain. A

125. Irreducible Equations. An equation, f(a) £ is said to
be reducible or irreducible in a domain Q, actrding as the
funetion f{x) is reducible or irreducible in £

If we adjoin to the domain £ ong cof\ the roots e of the
equation 7 (x) = 0, then if & does not elong to the domain &,
we obtain a new domain £, vghiqh"is an algebraic domain
over (2. ol

126, Theorem. If f(x) = i)."tmﬂf@(ﬂ)mﬂ b pasthgeguations
in the domain Q, and if (@)= 0 is srreducible in and has one
root which satisfies F@ 520, then ol its roots satigfy Flx) = 0.

Since the two eq\ations have at least one root in common,
the two functiepsf (#) and F (v) have 2 eommon factor involv-
ing 2, But 78 kuow that the highest common factor is found
by ordinafg>division, f.e. by a process which nowhere intro-
d‘lﬁes.hléﬂfbers not found in the given domain of rationality.
The\ ‘highest common factor is therefore a funetion in £k
-Bub f'(%), being irreducible, has no factor in £ involving 2,

(\except itself. Henee the highest common factor must be either
J(@) or a quantity differing from f{(z) by & constant number.
In other words, we must have either Flzy=c: S or
F(2) = g() - 7 (), where g(z) is a function in £

Ex. 1, The cubic x?— 222 — x4 1 =0 has three incommensurable
120ts and is therefore irreducible in the domain £, It has one oot in
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common with 9! —~ 3% + 22+ 3¢ — 1 = 0. Find the H. C. F. of the two
functions and show that all the roots of the first equation satisfy the
gecond.

Ex. 2. The function #2 + 6x 4 7 is irreducible in 1), &nd it is not a
divisor of 2* + 822+ 3>+ 1. From these data show that the L
functions cannot have & common factor,

Ex. 3. The equation as? + bz +¢=0 in 2y has a root in egtmon
with#? + 8224+ 100 +1=0. Showthata=b=c=0. L™

Ex. 4. Prove that two functions in @, ¢(x) and s ('} Fqnhot- have a
common factor which is a function of x in @, i f () in irrédiitible and not
a divisor of ¢(x). \ O

Ex. 5. If a root of theirreducible equation f () =0 in 02 satisiies the
equation ¢(x) = 0 in &, and if f(%) is of higher dégree than ${x), then all
the coefficients of ¢ () must be zero, Ve \ud

127. Gauss’s Lemma. Jf f() Basdntegral coefficients and can
be resolved into rational Juctorsy it ean be resolved into rational
Jactors with integral coefficientan”

Ogpsigarithekmesfynations,
G(m)s-ifhﬁ.‘:‘ﬁﬁ:, H(z) =hot b -t;bzx*+-—-_

&
Let & be t]wﬁ. C. F. of the integers ay, ay, ay, ---; and let be
the H. C. Fyof the integers &, b, by, +-.
Also 8% be relatively prime to m, and let [ be relatively

pnmf&fb .
A{{?’e may now wrife
& @ =h-gl@),  H)=1. k),

N\
"\ where g(z) and A(z) are functions whose denominators are
N respectively, m and n. The numerator of g(x) is an integral
function of # with integral coefficients which have no common
factor, except 1. The same is true of the numerator of
i(x}. Henee the smallest denominator of the product g(w) - Az}
is ma, :
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Congider the case when the product (r)- H(s) has only
integral coefficients. Then it is evident fhat %-Imust be
divisible by m « ». Sinee k is relatively prime to m, and { to n,
it follows that

k=pn, l=qgm,
where p and ¢ are integers. We may now write

L O
&) =L@, A= L), o)
where the functions g,(w) and ,(x) have only integral coaﬁsiénts.
Consequently, if f(z) is resolvable into two ratiohal factors
(=) and H(x), which have fractional eoefficients, so that

we have )
7@ = 6() - B@, o
then we have also  f(2) = pg - ¢i(®) : ?%i@“):h

where the coefficients are integral throughout. Hence, if f(z)
is resolvable into rational fa,ctogs,fit is resolvable into such
factors with integral coefficientg "
“§ Www dbraulibrary.org.in
128. Reducibility of f{%)> Whether the function f(z), in
which the coefficients (até integers and the degree » does not
exceed 4 or 5, is redfielble or not in the domain Qq), can readily
be ascertained by ythe aid of Gauss’s lemma and ordinary
algebra, N .
We assume hat, in 7(x), the coefficient g, of #* is unity. if
4 is nop(nity, we can change the function so that it will be
“Diiiy,jb'} taking © =¥, and multiplying by &
o Tor every integralagalue « of @, which causes f(x) to vanish,
WUr have a factor @ — e of f(z), § 3. Here ¢ must be a factor
of @,. This consideration enables us always to determine the
reducibility or irreducibility of functions f(x) of the second or
third degree.
If f(x) is of the fourth degree, then, if there is no linear
rational factor, there can be no cubie rational factor. To test
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for quadratic rational factors, divide o' 4 a® + e + ax 4,
by 4 ax+ B, where « and 8 are integers to be determined,
if possible. That there may be no remainder, we must have

O — 0+ o = a0~ f— e+ &),

a‘=B(ag—B—a1a+u”). | SN
Henees &= ﬂ_sb?ff_ LO\II
oy— A\

‘We have the rule: See whether any factor 8 of and ma?ces o
integer in L. If a and B are such infegers, whwh also satisfy 1,
then of + ax + B is a rational factor sought. ....'\‘

Similarly, if f(z) is of the fifth degres." First search for
linear rational faetors x—e¢. If none a% “present, there is no
guartic rational factor. Look for a.,\;ua,dmtm rational factor
2+ ar+ B If quadratic factors\ire likewise absent, there
can be no eubic rational factor,, %nd the function is irreducible.

Dividing o + a2 + 60® 4505 + 4, + a5 by o402+ B, W
get as\thecnmmwm}ﬁm remainder,

Ay asaé + B+ aef - a*f
= og(@s,& @f + 32 aff — g + oo’ — o),

%‘=\Bf&, — o+ 2 af — aye +- a0f — o). I
Whenge(?,™ Hc‘im
O\ 2gq
where /)" =g
\'x“' o =a;— a3
\ 0=’ — a8 —-

If B is a factor of wy, if « is an integer, and TIT iy satisfied,
then @* + ax -+ 8 is a factor sought.

Ex. 1 Inf{x)=af+ 42t 4 4 2% 4 942 4 8 4 2 reducible in 20y ?

Since f{x) does not vanish for x =1 1 or L 2, there are no linear not
quartic factors in 8. Take 8 =2, then gy =4, ¢, =— 14, ca= —8, &=4
Condition IIT is satisfied. Henece »2 + 4 + ¢ I8 3 factor.
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Ex 2. Are the following reducible in Qg ?

(1) 2*+222 4+ 82 —6. (5} ot + 1028 10052 ~ %+ 1.
() +322 482 -2, 0) r+ad+2t+2+4 T
()t +af+22ta—4 (7)9:5-|_-2m4+3a:8+4m2+8x+2.

(4) 2+ 92% 12602 + 222 - 6. 8) F+x+1
# A\
129. Eisenstein’s Theorem. If p is a prime number, &y
Uy G+, G, integers, all (except ag) divisible by p, but ag, not
divisible by p?, then is F(z) = ag@" + @@ - + 0y inreducible.
A

: A
For, if f(x) could be resolved into factors, the copficients of
the factors could be integers. We could have, %
N

£ = (et e o+ o) ([t gt e ),
where htho=1n. O

Sinee a, is divisible by p, bubniot by 7, and a, =0, - dy it
follows that one of the factors :t;,;,' d,, is divisible by but not
the other. T.et ¢, be the factor ‘Gtz plbpar Tbeg.inot all
the coefficients ¢ are dimiiible by p, else a would be divisible
by p. Lete, beac e{fwi’ent not divisible by p, while ¢,,1 Corns
- ¢, are each divi&]e by p. The coefficient of 2'~ in the
product of the fwo factors of f(#), is then

\:\“ ey + o rCpp1 + F_yyat o

Simé\Xery term in this polynomial is divisible by p, except

the fitst term, the polynomial is not divisible by p. Baut, by

~a83umption, the only coefficient of f(z) which is not divisible

\J¥ pis @ Hence z*¥=z", which is impossible, gince h must
be less than n.

Ex. 1. Show by § 120 the irreducibility of

95 4 9ot + Gx+ 12,
4x5+14#+21x+35.
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21
[

the equuation 2 _11 =0 s drreductble.
&£ —

130. Irreducibility of When p is o prime number,

Ifin T: _11 =0, we put =241, then expand the binomials_
and simplify, we get A\

RGN

=1 _I_};,zz!—?_!..:&({l_?llz?—s.{. ree +gp__j‘lz+pﬁ\0

Bince this equation is irreducible by § 129,\1;113 given equi-
tion is irredueible.

131. Exclusion of Multiple Roots. ,:’,T\Jﬁ]esa the contrary is
specifically asserted we shall assumein what follows that the
equation f(«) =0 has no multiple“roots, This can be done
without loss of generality. Fop, 1f f(») = 0 has multiple roots,
we can divide f() by the HC'F. of f(x) andf (), as in § 21,
and ﬁh&mmmfgum:lem)g@rkml‘hen g(z) =1 is an equation in &,
having all its roots distinet, and the theorems which will be
given apply to g(z)&0.

)

Ex. 1. Show ﬁ{‘az'jr(x) == 0 is reducible if it has multiple roots.

132. D&ﬁmtlon of Degree of & Domain and of Normal Domain.

If thwrxedllclble equation f(x) =0, having « for one of its

o818 of the nth degree, the domain 0, is said to be of the
degree.

3 Slnce J(#} = 0 is irreducible in Q, it follows that none of its '
) roots belong to the domain ©. Tor, if the root « were a num-

ber in the domain €, & — « wonld be a factor in @, and f(=)
would be redueible. It is evident that each root of f(@) =10
when adjoined to £, gives rise to a domain over Q, § 120.
Thus, if o, @, ay -, &, are the roots of f(z)= 0, we obtain

the n domains, 1

ﬂ(a)’ Q(.H), Q(.&)s "ty Q(aﬂ__l}-
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The domains 1 are said to be conjugate to the @, These
domains may be all different from each other; some, or all of
them, may be alike.

A domain which is identical with all its conjugate domains ig
cailed a normal domain. The laws of normal domains are far
gimpler than those of others. The great advances in algebra
made by Galois rest mainly on the reduction of any given{ )
domain to a normal domain, O

133. Theorem. .duy number in a domain Q, caf 5é ex-
pressed as o function of a in Q. R4

By definition of a domain (§ 120) any two nufabers in it, com-
hined by addition, subtraction, 111u1tiplicatic3u,:o1‘ divigion, yield
a number occurring in the domain; alse abynumber added to
or subtracted from itself, multiplied ofdiyided by itself, yields
a number belonging to the domain. |

The domain @, was obtaingdfb‘y adjunction of « fo &
Henco the numbers in ), whether occurring in 0 or not, were
obtained by carrying out tpe\f&ﬁ?"ﬁﬁﬁﬂﬂh@"ﬁy&ﬂﬂgﬂﬂns sub-
traction, mulfiplication, @d division upen & and the numbers
in 2. This means thaf every number in O, is expressible as
a function of & in QAN

Ex. 1. Show that.the roots of 2 — 10224+ 1 =0 definc a normal
domain, NS/

The rooteydre a—= V34 V3, s = —VZ+ V3 = — V2 — V5
o= V3 LYT We have 2=— o =L 1  Hence it follows that
a0 T80y = Qo) = a1, o “ :

EX2. Show that the domain defined hy the roots of the irreducible

o 20UBtOR @ 4 2 4+ 1 = 0 15 pot normal,
} By Descartes’ Rule we see that the equation hag only ane real root. No
complex root can be a rational function of a real root. Henee the three
domaing i1 oy Q41,430 81, o) cANNOL be identical and therefore not normal.
But the two domains defined by the complex roots sre the same; for,

—fy= M Hence

B+ 1ty
8 — iy is a number in the domain obtained by adjoining B +iv.

# B4y and 8 — 4y are the complex roots, 8
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Ex. 3. Show that the roots of &t — 22 2% + 1 = 0 yield a normal domain,

Ex. 4. Show thas the Toots of an irreducible quadratic determine a
normal domain.

Ex. 5. Show that any three roots of @t +2f 4+ 2242 +1=0 are
powers of the fourih and that the domain &g, o) I8 normal. SeeEx. &, § 87\

Ex. 8, Express as a function of V5 in Q, » the following numbers of
the domain Qugyp: 1, 104, 3 + 4V — 5. K, \
Ex. . Define the domain £ which includes the number § ™
(VE+ iV — VB
A
134. Conjugate Numbers, Primitive Nuimbers. Suppose &
number N = ¢(«), where ¢ indicates al unction in . If

@, &, +, o, are the roots of an 1rredumBie equation f(x) =
then N=¢(x), M= dlon),z* Sy No= P(etn)s I

represent » numbers, one from each of the conjugate domains,

WO dbrauhb?ary Ql‘g{.}l(ﬁ‘ L ﬂ(%_l)-
The numbers I are said $0 be numbers conjugale {0 N.
Some or all of theae numbers conjugate to N may be equal to
each other.
A number N\h the domain 0, which is different from all
its eonjugape-humbers, is called a primitive number of the

domzm}{ Otherwise it is called imprimitive.

\135 ‘Primitive Domains. A domain @, is called primitive

‘When it contains no imprimitive numbers except the numbers
\in the domain Q; it is called imprimitive when it contains

other irnprimitive numhbers begides.

Ex. 1. The equation f(x)= 2 + 1 — 0 has the roots 4 & Herea=*

#+et2

and & = - 1. Let us assume ¢ (o0) = ,theng (@) =—i+1=M

and ¥;=i+1. Henee N, being unlike Ny, is & primitive nnmber in G-
Next, let ns assume ¢{€) =& — 6= @ — ¢t =0. HenceOisan imprimi
tive number in g, o
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More generally, if ¢ (§) =g + ib where a4 and b are rational numbers,
then ¢ — )= — ib; if ()= —,— =@, then ¢(— {)=a. Hence the im-
primitive numbera are in this example confined to those that are rational,
and the domain £,y i3 primifive. Bince both 54 and O, ;) are
domains containing numbers a + éb, where ¢ and b are rational, and may
be positive or negative, it follows that the two conjugate demsing are
identical. Henee {2, ) I8 a normal domain.

Ex. 2. The roots of the irreducible equatlon %2—2=0 are 1 V2. Shm?"

\/:/'_" lisa primitive number of g, g, that 10 is imprimitive, that
2 N
the domain ¢, v is primitive and normal. .

Ex. 3. If & is 2 root of 2 + 10z + 1 =0, define the fune&onsof @ such
that & will be the imprimitive number 5,

Ex. 4. Show that the number N — o2 + of, be;loqgmv to the normal
domain £ ,, in Ex. 2, § 67, is imprimitive al\th t the domain flg, 5
is imprimitive,

Ex. b, If N=u2, where « is a root of :r.4-|-=1=—0 show that N 18 Imprimi-
tive, that V3 = o2 — @ is primitive, that, t;he damain Qq, ;) I8 normal and
imprimitive. * ‘.

¢ ¢ that & is imprimi-

Ex. 6. I N=p%and ¢isa roet. p%+ 15l Oaflﬂt%rary e 1}_1 P

tive, that Qp , is normal and 1mprim1t1ve

Ex.7. I eis a root of 2(-1 = 0, prove that Iy, ») is imprimitive.
O

138, Theorem, E&ry number N in the domain Q, of the nth
degree is the rodt uf some equation of the nth degree in 0, the
other roots ofihich are the remaining numbers conjugate to N,
viz. N, Ns,\ Noa

Také\the product
(s N)(sf N o (y— N ) =9"+pg™ "+ - +Pa= (@),
~which  — = N4 Byt e+ N
' Pa= NN+ NNyt ooe + NocaFosy
+ p,=NN N, .
We see that all the coefficients py Py -, p, are rational sym-

metl'lc f'llnGtIODS of the numbers N, Ny, -++y Ny Since N= (a),
(“1), ey Ny = (e, 1) (§ 134), where ¢ ig a function In
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£, it is evident that p,, ps, <+, pa a6 alsc symmetric functions
in © of ¢, &gy +++, &, ; Lfor, an interchange of, say « and e, brings
about simply an interchange of N and N,. Since the inter
change of N and X, does not alter these functions, the inter-
change of & and «, does not, A

NoW @, &y, -+, &, are the roots of the equation flw)=0; hene
the coefficients py, Py, ++-, Pa of ®(%) =0, being symlnet-ri,e\immr
tions in & of @, *++, ¢, may be expressed as functiong™ih O of
the coefficients of f(z)=0 (§ 70). A

But by hypothesis the coefficients of f(z) :—_-10T aré numbers
belonging to the domain @, hence the samelthing is true of
Py, ++, Pre  Thus &(y) =0 is an equation of the nth degree in 0,
having the roots N, ¥y, -, Ny AN

Exz. 1. As an illustration, let f(z) = gt 1'= 0, then 2 = Ry, and the
rootsare + 4 VZ(1 -+ 1), 4 § VZ(1 — O\ & = } VZ(1 + ), the domain
£, o) conslsis of numbers ¢ + b, where ¢ and b may be raiional, or
irrational involving V2, Let N::u“f Yo +ee+1,then N=14+(1+ Vi,
and the numbers conjugate to it are,

v w gpbraylibyasy @Bgsin Np=1—(1+ VB,
M=1+ WV, Na=1- (1— V3,
and Sy - M)y - ¥ - N — 5)
\\ = — a4 112y — 16y +8=0.

Thus, N a,nd:the numbers conjugate to it are roots of an algebraic equa-
tion of the'fourth degree in £, that is, () =0 is an equation in the
BAINE c}m@aln as f (%) =0, and both are of the same degree.

E#,% Show that 5, 4, V2 are each numbers lying in the domain )

\]:Tx. 1, and that each is a root of some reducible equation of the

a }}Oﬂrth degree.

137. Theorem. FEwery number of the dowmain Q, can be
empressed as @ function in Q of any primitive number N of the
domain Q(rx)'

Let N' be any humber in £, and N', N, N+, N the
numbers conjugate to it. Let

) =@~ N)w— N) (&2 — N
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where N, Ny, --- V,_, are conjugates to the primitive mmmher
N. We now construet a new funetion, ¢(x), as follows:

_N'¥(@) , N'o@), | N2

"b(m)—m—N+m—M+ +m-N

51

This is a funetion of » of the (» — 1)th degree,
Since N = ¢(e), N = ¢lan), A
and Nt = dyln), N = ¢ (e, ) \' N
it follows that an interchange of, say, @ and e, interchanges not
only N and ¥, but also N' and N, and also the first two
fractions in the expression for g{). R4

But &() is not affected by such an interchafige,) Hence y{x)
is not affected, no matter what two «’s 'rQRlace each other.
From this it follows that ¢(x)} is a {dimetric function of
dy ety +ovy et,_; 10 €2 and the coeflicients pf%(m) are numbers in (.

If now we put = N, then ®(¥N)=0. As N is primitive
and consequently different from X} NV, +--, it follows that each
fraction in (), except the ﬁ];gsfi"is zero when @ = N; for, it has .
a numerator that is zero -and u vGerBmivhilorathatrdanfinite.

The first fraction gives\\{s g By § 20 we have, for this inde-
terminate, the re]aﬁ&”% == N'&'(N), where @' means the
N\ ALY —

differential coeffidcient of & with respect to- . This relation
Yields g( NS N '@'(N) or N’ = y(N)/®(IV), whete ®(N) is
nob zero, heeause d(x) has no multiple roots. Since (N} and
(¥ are both functions of ¥ in {2, 1§ follows that any number
¥'Jeah be expressed as a function in @ of any primitive

Jhvmber N

e

“ Ex. 1. Prove that the domain Q) is identical with the domain Qgy,

¥ belng primitive in €.
Ex ; . Vit l, imitive
. 2. It was shown in Ex. 8, § 135, that N = V2 e

number of £, y3, where £+ V2 are the Toots of the irreducible equation
21 ~2=0, Fxpress b5+ 8 V2, 5and V2, as functions of ¥ in Rq).

Ex. 3. Express 5, 4, V2 in Ex. 2, § 186, each as & function in & of o,
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138. Theorem. If N is primitive in Q,, then the numbers
N, N, -+, N, are roots of an trreducible eguation ®(x) = 0 of
the nth degree; if N is imprimitive, then these numbers may be
divided into n, sets of n, equal numbers in each set, and ©(x) =0
is the ngh power of an irreducible equation of the nith degree.

I e = - M) M) (o= M) =0

is redueible, decompose it into its irveducible factors. Takeone
of these irreducible factors, say 6(z). Then 8(z) =50 must
have as a root at least one of the numbers N, & -, Ny
Let N, be such a root. Then #(N;) =0, and sings "N, = (),
§ 134, we have 0 ¢(a;)] = 0; that is, 8[¢(m}}'&,\0 hasg ¢ for one
of its voots. Thus 8[$(2)] = 0 and f{x) =\ fre two algebrale
equations having & common root, namgly\\mi. As fix) =0 was
assumed to be irreducible, it follows.by § 126 that each of the
rOots @, o, o, o,y OF the equatlen f(z)=0 must satisfy
B $()] = 0. Remembering that. N, = ¢(e,), we see that each
of the numbers N, N, ¥, , must satisfy the equation
B(M)W-l—fw.'d braulibl'ary.orgfjn N

Q

Ny

Now if N, I, »-s, Nooy'are all distinet, then #(z) = 0 must
be of the nth degree, and ®(z) = 0 and #(z) = 0 are identical ;
since, by hﬂ%ié; 6(w) =0 is irreducible, ®(z) = 0 must be
irredueible.

If, on_the\other hand, some of the roots N, N, - N, are
alike; lebW, &y, -, N, 4 represent the distinct roots, then the
irredg@ble equation §() =0 is of the degree ng. Any ofher
il:rgiiucib]a equastion, 6,(x) =0, obtained by factoring () =0,

. mhst be satisfied by at least ane of the set of roots N, Ny, +++s ¥oy

oaior, every multiple root in ®(x)=10 bas one representative in the

“\\/ list of distinct roots; hence 8,(x) =0 must be satisfied by each

/  lootin the set and is identical with the equation §(z) =10, the
two having all their «, roots in common.

It thus appears that if ®(x) =0 is reducible and is regolved
into its irreducible factors, these factors are identical to each
other. Thus, ®(x) =0 is a power of §x) =0. Since &)= 0
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is of the nth degree and 6(x) = 0 of the n,th degree, » must be

a multiple of »,, that is, n = nyn,

Ex. 1. Asap illustration, take the irreducible equation flz)=xt+1=0.
1t has the roots & = }V2(1 + §), & = — }VE(Q 4+ 1), o =+ 3V2(1 — 1),
—4v2(1-3). Let N=¢(e)=a? then N= My=iand Ny=Ne=—i.
Henee, &(x)=(x+ (@ —O%=(22+ 1)2=0. We have {{z)=x2+ 1 =0,
which issatisfied by N, N1, N2, N3, The equation # ¢(x) ] =8(x2) = (zﬁ)3+1 0‘
is satisfied by @, o1, &, oz, the roots of f{a)=0. N
Ex, 2. From the rootsof the equation in Ex, 5, § 133, find N, Ny, &, ;,“N 8
when ¥=ua? I &®. Determine whether the equation $(x} = @ is'in this
ease reducible ; if it is, find »; and n and show that 8¢ (&)} £0 is satis-
fied by the roots of the given equation jf{z) = O

Ex. 3. From the roots of the eqnation i Ex, 5, § 133 ﬁ11d N, Na, N,
when N =4 e, Is $(x) =0 reducible ? 9 \d

Ex, 4. In Ex. 5, § 135, form &(y) =0 angd~ Exa.mme itg reducihility,
when N = a2, AV

139. Normal Equations. A noz‘mdl eguation is an irredueible
equation in which each 1001: e{m’be expregsed as a function in
Q of one of the roots. “wyww dbraulibrary.org.in

Ex. 1. The roots oy, ag,,.@g‘ of xt +1 =0, Ex. 1, § 138, may be expressed
In terms of @ thus: géiTe, og = — ab, @y =+ o5, Hence ot 1 =0,
being irredncible, is n%m

Ex. 2, Showt.hatsr*+$3+:c9+x+l_Olsa.nomlalequatmn
Ex. 3. Showﬁlat:c* 2% 4 9 = 0 is normal,

N\
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CHAPTER XIV ™\

NORMAL DOMAINS K, \)
140. Theorem. .4 primitive number of « normai’;.d;)min of
the nth degree (s @ voot of @ normal equation of theynth degree.

1f a number p be adjoined to @, making Q:p'ﬁ a domain of the
nth degres, every number & in the domaitt Oy, is a root of an
equation F(¢)=0 of the ath degrS’ An"Q, the other roots of

which are, by § 136, the remaining\aimbers conjugate to N, viz.
N, in:fj‘"'; N

Sinep, Y ds-emmngd, tg. P primitive, F'(z) = 0 is irveducible
(s 138). 3

Any number ¥, béing defined by ¢(p;), belongs to the domain
Qe - Sinee Qmjis\normal, we have 0, =0,,;= = Ogp,»
(§ 132). Hence.all the numbers N, Ny, -, N,y belong to the
domain ©,\and can be expressed as functions in € of the
primitivégumber N (§ 137). From this it follows that F(z)=0
isa g\ﬁrmal equation,

‘S )
;N"dzl. Theotem. Conversely, if p 18 a root of @ normal equa-

\ ton, then Q, I8 a normal domatn of the same degree as that of
2 ~\‘ ' 3

the equation. :

Let p, be the root, of which the other roots are funetions in
Q; that is, let p, = $,(p;), where » may be 1, 2, .-, or (n—1)
Sinee p, is a root of the given irreducible equation of the nth
degree, the domain £,, and all the domains conjugate to it are
of the nth depree (§ 182).

150
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Any number in the domain @ ), 4. in the domain Q5
is a function in @ of [¢, (py)], and, therefore, also a function in
Q of p, itself; that is, any number in the domain {¥, ; occurs
also in £, ;. The converse is true also. Hence the conjugate
domains are identical, and @, is & normal domain.

ComoLnary. Since the domain Qpy () contains all the roots
of the given normal equation, each of these roots can be ex{)
pressed as a funetion in Q@ of the root ¢,(p;), Where ¢,(p;) may °
vepresent any one of the roots. Thus, ¢ a nermal eguata‘otygﬁéry
root can be expressed not only as @ funciion in © of some.due ¥oot,
bul as @ function in Q of any one of the roots. R4

m7_11=0i3n0rmal.‘

~NY
i aprmal,
’ \9 8

142. Adjunction of Several Magni;uiilre's: The adjunction of
several magnitudes may be replaced by the adjunction of @ single
magnitude, A\

Ex. 1. Show that the equation

x* —

Ex, 2. Show thatzt + 1022 4+ 40x + 206 =0

O :';;"ww,dbrauljbrary,org,in

Let @, 8, y, - be numbers adjoined to the domain {, giving
the enlarged demain Q&,‘\; y.~y Lo prove that a number p can
be found, such thatgliedomains O, Boye o) and 0, are identical.
Let « be one of,the toots a, e, «++ &y of an algebraic equa-
tion in g, Sily=0. Similarly, let 8 be one of the roots
By Bis -y 8,470 Ti(®) =0, y one of the Toota ¥y, yu Yo *** Yo-1 of
Ji®)=0, aiid so on. Without loss of generality we may
a.ssume\:that none of these equations have multiple roots.
Nﬁw.ﬁs}ume for p the following linear function of & B, v, ==
,.\?i%f’ p=ao+bftecy+ -y 1
\ shere a, b, ¢ ave indeterminate coefficients to which in special
cases any convenient numerical value in (& may be assigllled.
It is evident that p is a magnitude in Qg gy, f0F it 15 &
rational funetion of a, By, = The expression for p involves

one root from each of the equations £(z) = 0, fi(®) =0, -~
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Next, replace the roots &, B, y, +- by any other combination
oy, B 1 -+ OF the roots, one root being taken from each egua-

h +
tion. We ge p= aoy + BB o+ o

Similarly we obtain ps py . The total mumber of p's is
equal to the total number of possible combinations, whichls,
¥ -7+ 0 ---, Where m, n, 0 are respectively the degrees of the
equations. By assigning appropriate values to @, b, S,\»;\, all

the p’s will be distinet from each other.
Now consbruet the function F(¢), thus: &N
FPO=0¢—p)(t—p @ — &Y It

F{#) is not altered if o is replaced by &, o B by 8. Hence
the ecoefficients of 1I, obtained by pghibrming the indicated
multiplications, are symmetrie fungfions of the roots of gach
one of the equations fi(@)=ONAlw)=0, --; therefore, the
coefficients are numbers in @ and F(¢) is a function in &
Now, any number ¥ in®%, s ,,., i8 & rational function of

@, ,@,‘M—_Hbmg%g@,%g%inm N, Ny, +++ for the substitutions

~ which convert p intd pypy ++  With these construet the new
function G, def@ad as follows:
)
G(‘z)é:_}v’(t){ ¥ N &% 101
\ f—p t—p l—py }

G() i3 symmetrical with respect to the roots of Sl =4

fil#y=@, .. Hence its coefficients lie in 0. For t=p, F{)

dnishes, as appears from II. But the denominator ¢ —p var-
,’\'ﬁx:les also.

Hence for ¢ =p, we have by § 20
NF
o)~ XEC) )
where F'(¢) is the first differential coefficient of F(f).

&
Henece, N=If-é(%-
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This means that ¥ is a rational function of p; that is, any
number in Qg g, . 183 rational function of g, and lies, there.
fore, in the domain (2. Conversely, any number in g, lies
in Q, g, 5 - SIDCE EVEry nanmber in L, is a rational function of
p, and, therefore, of & B, ¥, == This shows that Qg and

Dy, g, 3oy BT coextensive domains, and the adjunction of &, § Q)
y, -+ to 2 may be replaced by the adjunction of p. A
Ex. 1. Go over the above proof for the special case where p ( \".\
g=v3 = Vi, y=d=r =0, a=b=1N=38vV2 V5 1\

Here fi(w) =t —2=0, fa(#)=w¥—5=0. Then p= 32, 1+ VB
There aro six different p's, and I is of the sixth degree in%'\ 0Of what
degree is 1112

Gy= Nt — p)(E — pa) - (¢ — p5) + N0~ P(E— gt (E—pe) + -
() = N(p — pr) (p—p2) -+ (p — pp) = 040 2 + 300 were

p=v3 + V5, s SENE + 5,
pr=V2 + @ VB, B £2Ve+ @ V5,
pz=V3Z + w? V35, ,.,’sz-\/ﬂ»ﬁ\"f.

Ry Ex. 14, § 71, the equation whg&'e"foots aTe p, p1y s Py 18
P = - 6 — 10N Y Ll ibransdig in
o FH(p) =665 — 24(A— 300° + 245 — 6D

We sce that G(p) + FI@N= N.

Ex. 2. Iz the a,djun\g(\mﬁ of V3 to Qu equivalent to the adjom:
timof i 4+v22

Ex. 3. Are "E.IIR’W;D domains 2, v, vH and 9y, v§ coextensive ? |
not, is one a divisor of the other ?

143, \Eaé Galois Domain. If f(#)=0is an equation of the
nth_ c.l.b'g\ce with distinet roots e, o ==+ Fa-bs then the domain
Qs n, o Obtained by the adjunction of all its roots to &,
$87called the Galois domain of the equation f{x)=0. Thus
the roots of the cubic 035+3m2—2a:—6S0 are —3, £ V2;
hence its Galois domain is q,vay

Fx. 1. Find the Galois domain of 24 + 8%+ 5="0.

Ex. 2. Yind the Galois domain of the equation inEx 5, § 1
{hat, in this cage, ,, ay - a1} = ey = oy = o = Dag

33. Show
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144, Theorem. The Galois domain of any algebraic equation
ig @ normal domain.

The degree of the Galois domain £, ,  ...e,_, 18 not usually
the same as that of the equation f(z) = 0; let it be m.
Let p be a primitive number of the Galois domain, then ~

2 i) L \

2\
It follows that p is a root of an irreducible equationyof“the
degree m (§ 138), viz. the equation G\

The root p, being a number in the Galoig’domain, can be
expressed as a function of e, ay, - oc”_l,\in {; that is,
IAY

p =Ji{owy 0, "'2.“2;—:1')! I
Consider all the permutations fhich can be performed with
the » subseripts of the lottes) &, taken all at a time. The
nunher 9 these Ig%%l}_taﬁ}?l%s is n! They correspend to the
gymmetrie group of subg%ltuhons (§ 98).
If we operate uponrthe subseripts in IT with each substitu-
tion of the symmeific'group of the order nl, in turn, we obtain
values for p W}{éirﬁm indicate, respectively, by

P 0yt Pl III

Nexty Hwe operate with any substitution of the symmetric
groyl,Q:u}:fJn the p’s in 11T, we get the same set of p’s over again,
oftlyin a different order; for, any number resulting from this

. Fedond operation ig obtained from II by two substitutions, the

N “product of which, by definition of a group, is identical with '

\ 3

one of the substitutions in the group. Hence, if we form the
equation
! Hy)=@—p)y—p) = @—por) =0, v

this equation is invariant under any of the substitutions of
the symmetric group; hence, the coefficients of y, obtained by
performing the indicated multiplications in IV, are invariant.
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But these coefficients are functions in O of the roots p, oy, -

and by relation II, also functions in £ of ay, e, -+ -1 '
Because of the invariance of the coefficients of IV under the

symmetric group, they are symmetric functions in @ of e, &,

vrs, 8y, G.€. Symmetric funetions in Q of the roots of JFly=0.

Hence IV is an equation in © (§ 123), and its Toots are numbers + { N

inQe g, v SO\

But p is & root of both II(y) = 0 and g{y) =9. Since g(3) =9,

is irreducible, all its roots must be roots of H(y) =0 (§126).

But all the roots of H(y)=0 are numbers in Qe ip

henee all the roots of g(y) =0 (viz. the conjugate @umbers

Py pis s Pp_y) Are numbers in O, ... 0 10 But O\

Qo = Qgm0
hence we have Q= Q= = = L~

That is, 0, .. is & normal domain{ )

wap o]

145. Galois Resolvent. The',z}@ﬁstion g(y) =0 of § 144 is
called the Galods resolvent of he gy e AL 3);‘((59 =0 in the
domain Q, defined by the eqeliicients of the equa.tmﬁ Jlay=0.
This resolvent possesses.the following properties:

(1) gly) =0 is irreducidle.

(2) Each root 4f ¥ (@) =0 can be expressed 45 & SFunction in Q
of one 100t PN the equation g(y)=0. That is, each of the
T00tS @, @ISy @,y 0CCUTS I Qg .. o,y & domain equivalent
to 2, \ (O

(3)3 bﬂe raot p of g(y) = 0 can be epressed as @ Sfunetion in
ofiie’n roots of f(w) =0. That ig, by II, § 144, we have

\ 4 P=ﬁ(a_tu thyy <7y Cp 1)
Ex. 1. The cubic #* + 8§ 2% + = — 1 = 0 has the ro0ts

a=~1, B{l_—'_-—-l—]-'\/ﬁ, a3=—-1—\/§.

Rence the Galois domain is fig,ve. Also, p=V2 is & root of the
irredueible equation g(y) =42 ~2=0and is a primitive number of the



156 THEORY OF EQUATIONS

(Galois domain. The equation 22— 2 = iy a Galeis resolvent, bacause
(1) it is irveducible ; (2) the root & = — v /v/Z and the roots &1, e are
each functions in g, of vE; (3) we may express p as a function of
oy (1, G2, thus, p= V2 = ats? — o5 + 4 .

Ex. 2. Show that in Bx. 1, p = ¢ -+ b V2, which is a root of the equa-
tion 22 —2ax + g% - 288 =0, ¢ and & being rational, is a primitive
number in the domain {4vz, and that this quadratic is a (:alms résgi.
vent of the given cubic. RS M\

Ex. 3. Bhow that the degree of the Galois resolvent of an echxa.twn of
the nth degree cannot exceed n1.  Soe § 144 )

a
S D

Ex. 4. Constract the equation Ify} =0 of § 144 fr;f.he general eubic
a2 4 a2 + agr + ag = 0, whose roots are o, @y, 0640\

Asin § 142 select appropriate values in £ for\the”coefficients ¢, c1, oz
80 that distinct values for p are obtained for\epery permutation of the
YOOtS g, o5, otz in the Telation p= e + 1oty cacto.

Performing upon this the six a.ubstitu.n%s of the symmetric group of
the third degree, § 104, we obtain )

p=cif ém; b Catlgy
F1-Q£¢r+ €168a 4 Calty
WWW dbrauhbraryﬁégcw + C16 + Catt1,
N S ew + ere + ooty
i i“,\ pli=con + e1c -+ Cafta,
XN dasews koo 4 et
We first forill the cubic whose roots are p, p1, ps. 'We get
AN Zp = Zezw = — ag2c,
\:\ Zppy = Ze?« ooy + Zo? . Decy + Beep « 2oty
\J = 2262 4 (4,2 — az)}Zeer

\I‘o chbtain the product pmps, observe that the fterms eeycoc®, o1,
NS eitaits® ocenr in the product ; their sum is ¢ ezTed  Simce ¢, o G2 and

@, @, (2 aTe similarly involved, the expression ¢ees2e?, alse occurs in
the product. The term ecoiceortiizs occurs three times; hence we have
¥ 00 Sa iy o,

Observe that ae; has in the product the coefficient p,=c?e; + o2z + 6%
and that o2 and ese have each this same coefficient. Hence pepa ¥
part of the product, where p,=afu, + artes + afe. Similarly e’
@6t ezt have each the coefficient pfe=ee,® + cyca? + ac?  Therefors
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', ocours in the product, where p', = ees? 4+ tret? + ttpt?, We have
now found all together 27 terms which belong to the product ppipe ; they
constitute the entire product. That is,

poipe = coite Bty + it 0 Eed + 3 £01020000 e + PePy +p'¢prﬂ-'

We zot
Do+ Pl = 200 Doeeey — 8 Q00 = B g — ca2 =G0,

Pa— 1o = (0 — a1) + 0?0 — o) — ca{e® — %),

=(a—a])(a-—ag)(al—ag)z v s PN

where I, 1= the discriminant of the given cubic, hence
2p, = dat '\/-Fm!

zp’a:qg,_ b Dv.' "".\\
Similarly we have 2 pe = o + vV Dy 4
2l = ¢le — VI A\
Henee o @e D

L&
po1s = 0010a(3 t0z — ar® — B as) — asSe? —$oleatis + §(0ea +VDeDa)-
We have now found the coefficients 0{ the etbic whose roots are p, p1, azs
expressed in terms of the coefficients ofvthe given cubie.
In finding the coefficients of the.itbic whose roots are pt, p'1, p'a Wwe
Dotice that Zpf = Zp, and Zp'p's = ZRos v HRRANAY !Eﬁé;gﬁ“ from
peipg only in the sign befors Abe Tadical. Consequently, on i tiplyitg
the left members of the twgs’g‘ubic.s, the radical disappears and we obtah:
a sextic, whose coefficients gve numbers in @2, This sextic is the required
equation H(y) = 0, whege roots aze p, p1, pz: 81 "1, Pl
Ex. 5. Show 1.].1at;: Ywhen in the sextic of Ex, 4 the value of D, is a per
feet squara, thie, s€xtic becomes reducible into two cubie equations in Q,
Hence g(y) .:\t}“fs a eubic in this instance.
Ex. 6.{0f*vhat degree is the Galois resolvent of the general quartie ?
The gsmq 2l quintic ?
Ex, 7. Tind the roots of the equation ettt —22-2=0.
. Froth the roots dotermine the Galos domain, Prove that -2 49=0
\ \18% (falois resolvent.

146. Theorem. The Galois resolvent &5 a normal eguation,
and any normal equation is its own Guolois resolvent.

The resolvent is a normal equation because (1) it ig irres
ducible and (2) all its raots occur in the Galois domain Qg
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where p is a root of the resolvent (§ 144), and are, therefore,
functions in & of the one root p (§ 138).

To prove the second part, let f{x) =0 be a normal equation,
having the roots &, &, v, «, ;. Then @, is a normal domain
(§ 141); f(x)=0 is its own Galois resolvent, becanse being\
irreducible it satisfies property (1) in § 145, and all its roogd
being in the domain Q,,), and, therefore, functions of & m\n, it
satisfies also properties (2) and (3). O

Ex. 1. S8how that the equation in Ex. & {§ 133) is lts \pwn Galois
resalvent.

Ex. 2. Bhow that the Galois resolvent in Ex. 2 (9\1\45) satisfies the
definition of a normal equation,

Ex. 3. Find the Galois domain for the e uation in Ex. 3 (§ 133).
Find the itreducible equation in €) having thé g\mmtwe number v 4 v
as aroot. Bhow that this eqnation is 1t.q opm Galois resolvent and that
the Galois domair is normal,

147, Theorem. If f (@)= f} i3 o normal equation of the nth
degree with o roof .05 & frfm?we rumber in the normal domain
% aulibt 1':1 k th mbe?‘s
&y, then the trans bt (PP») causes each of the nu
conjugate to p to be T@glaced by some other of their own set, but no
two numbers are rdplated by the same one,

Let the num‘t%w eonjugate to p be p, py, +r+ p,1. They are
all roots pf\.the equation f (@y=0 (§ 138) finee Q, is
assumed %0“be normal, they are contained in it. Hence we

ha.ve’ \:\ p=dulp)y ;= $u(p)s +o pur = e (P 1

wh%e $o by, +-- are functions in 2. If in ¢,(p), which is a root
‘of f(z) =0, we replace p by P We get as a result ¢,(p,), which,

o~ '\ being eonjugate to cp,‘(p), is another root of f(z)=10 (§ 136).

\‘;

Hence the numbers in the series

‘f’u(ﬂn)y szCPﬁ), ttry ‘#-—I(P») I
are identical with numbers in X, except in the order in which
they are written. Now, if we can show that the roots I ate
all distinet, our theorem is proved.
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None of the roots IT are alike, for suppose ¢,(p,) = $:lph

e
that 35, $ilon) — bilon) =0, 11
then II1 is an equation having p, as a rook.  But the irreducible
equation f(x) =0 has also p, as a root. FHence IIT must be
satisfied by all the roots of f(#) =0; for instance, by p. Con-

seauently; #6) — $ulp) =C. &

'\
This equation by I may be written p; — p; =0, which cannat he
true, singe p is a primitive number. A 3

Ex 1. In Ex. 5, § 133, we have given an irredacible equation with the
008 p, P, P2 Pa, COMjngate to pin the normal domain R We have
p=p%p2=p% ps=pt. llence the roots may be s@present.ed by the
series . A ' I
£ 05 2% P " Nt

If in I we write p, for s, we get AV
pe, pa%, pa®y patyy )
where pg‘z = pag, pss = P, p34 =p ];[g!n‘ee’ the- tmspoﬂit{on (PPS) Unly
chunged the order of the roois. ~f\;?ww.dbraulibrary,org,jn .
Ex. 2. What is the order/df, the roots, if in Ex. 1, we apply the
transposition (ppg) ? AN
8 J

148. Theorem. Qﬁb}ry transposition (ppy) in the normal
domain Q, is egudl to some one of the transpositions {ppy)s

03+, (o1
We hael O 1
e a"?&\“ P!tmﬁf’h(P);
where &, pj is a root of the normal equation f(z) = 0. Upa.n
fﬁa(ﬂ} perform the transposition (pp,), and we get é,{p;). This
18 & number conjugate to ¢,(p), and is, therefore, one of the
Nofher roots of S(@ =0, say p, (§ 138), 5o that

Py = ‘isn(PJ)‘ I

Sinee the transposition (p,0,) changes p, t0 py, and the trans-
position (pp,) changes ¢,(p) to $s(p,), we have from equations
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Ex. 1. In Ex. 5, § 133, the four roots satisfy the following relations:

P =ph
o2 = paty
o = pa,
ot = ph.

Operate upon the left members of these equalities with the transposit&on\
(pp=), and upon the right members with (psps), and show that (pes) =Lpase).
L\

Ex. 2. In Ex. 1 find the transposition (pp;) which is equal to-(pyss)
Ex. 3 In Ex. 1, § 136, find { so that (eot) ={u1e2). g

149, Substitutions of the Domain Q). Sinceany transposi-
tion (pup;) = {pp)y Where ¢ is some one of thé’:}mmbers 0,1, 2
ve {n—1), it follows that there are not ehore than x distinet
transpositions in the given normal do;mjaih' Qy which number
agrees with the degree of the domaiu and the degree of the
equation f(z) = 0, whose rcofs defihg*this domain. Sinee every
number in {, can be expressed, as a function of p in O, since
every number operated uped by {(pp;) passes inte some other
nuntber inbrllderaninocaaifiizate to it, since, moreover, no two
numbers pass into the same mumber (§ 147), it follows that
each such substitugiemapplied to all the numbers in the normal
domain leaves glie:domain as a whole unchanged.

The substituﬁons (ppo), where 1 takes successively the values
0,1, - (no-1}, are ealled the substitutions of the domain Qe

If ¥&$(p) is invariant under (pp)) so that ¥ = $(p)=lpd
ther W}"sa,y that ¥ admits of the substitution (pp;). Observe
the \difference between the expressions admits and belongs 10

_{§'111). Tn both the function must be unaltered under the

N vsubstitutions of a certain group ), but in the latber expression

N

we have the additional eondition that the function must he
altered by every substitution of ¢ which does not ecour in Gy
@, being regarded as a sub-group of G.

If N=&(p) is a primitive number, then it is distinet from
each of its other conjugates (py), $(ps), +- $(ppr). Hence ¥
admits of none of the substitutions (pp,), except, of course, the
identical substitution 1.
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150. Theorem. The substitutions of the normad domain kg
constitute o group of the order .

Remembering the definition of a substitution group (§ 95).
we need only show that in the n distinct transpositions the
product of any two, say of (pp) and {pp,), is equal to some one
of the transpositions in the set, say (ppy)

By § 148 we know that (op,) = (psps)- Multiply both sides \J))

\

by (pp,)s and we geb
o) (opd = ood) (o) =Gms

that is, the product of any two substitutions (pp,) M&‘Gp‘ is a
substitution belenging to the set. !
~

151. Theorem. If the equation f{(2) =0 ‘yields the Galois
domain Q,, then there corresponds to the group of substitutions
(op:) of that domain a group of substitutions s, of the same order
among the roots of the equation, suck-What the product of any two
substitutions (pp,), (pp;} of the clo:?}m'i"-n corresponds to the product

i

af the twe corresponding subs,ﬂiﬁaﬁ&{é‘fsﬂ Q}QH‘EW yaptorg i) =0.

Let (%) =0 have t}:,‘e':mots o, Gy, *+ey Oy 811 OF lthem di.s«
tinet. Since these ®dety are numbers in the Galois domain
Do . an_yy = D) OFGhe degree m, it follows that

K p=¢’[“: ey Gy oy %_1}, I

"\n
and that /%= ¢.(p) where s has any value 0, 1, - (n—1).
Substgti\qmg for the o’s their values, we get from I,

L

:'i.j v p=2[¢lp)s b.(p)y =7 $o-1(p)]- 1
\N(fw p is a primitive number in the Galois domain £, (§ 144),
and is, therefore, a root of the Galois resclvent g(y) =0, whose
other roots are the remaining numbers conjugate 10 it, viz.
Pv s pm_y Consider IT an equation having a root p, then the
irreducible equation g(y) =0 and the equation II have p as a
eommon root; henee the conjugates of p are roots common to
M

N
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both equations (§ 126). Replacing p by any of its conjugates
po» We have, therefore,

——-fb[qﬁ(p;), iy ¢a(Pi)5 trey ¢n—1(Pi)J° 111

Replacing in II p by p,, where ¢ and j are distinct, we get
. ~
Pj=@£¢(Pj)J ] qss(Pj)! Tt ‘ﬁn—l(Pf):[‘ I\

N

Since &, is a root of () =0 and &, =¢,(p), We h'zﬁfe\the
equation f{¢,(p)] =0, which has p as one of its 100135 But p
ig also a voot of the irreducible equation g(y)::(} hence
(§ 126) we have fT¢,(p)] =0; that is, ¢.(p) i {:{Ume one of the
100%3 # of the equation (o) =0. For the Mtk reason ¢,(o) i3
some one of these roots.

Since ¢,(p;) and ¢,(p,) represent eas}y ;.N\ﬁe root of f{a) = 0, we
see that in each bracket of 111 aud I\V we have some arrange-
ment of the roots e, &, -+, 1. )

The two arrangements aresiot identical; for if they wers,
we would have ¢,(p) = :pv('%) for all values of s; the right
membﬁrﬁdﬂfaﬁmﬁa@ Hﬁghmng equal, the left members would
be; that is, p;=p; But this is impossible, since they ave Toots
of the irreducible, dguation g(y) =0, and can, therefore, not be
equal. Hene tnfollows that to an y two distinet subsittutions
(pphpps) ther:}orreepmad two distinet substitutions among the &'s

From th13~we draw the further coneclusion that since the &'
belong &b the domain Dy and the entire domain has only m
dlstl{l(! substltutlom;, there are just m distinct substitutions

h\ong the e's. There exists, therefore, a one-to-one corre

\spondence hetween the substitutions (pp,) and the substitutions
s, of the roots .

Now the product (pp,) (pp,) is equal to some other substitu-
tion in the group, say (pp.). If to {op)), (pp;); (pps) there corre
gpond, respectively, s, s, s, among the roots, and if

(po2) (ops) = (pps);

we have also 5, - 5, =3,
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Ex. 1. The quartie equation x¢— 125 + 1222+ 1762 — 96 =0 has

the roots 9 | 93/7, @ =2~ 27,
e = 4 4 23, g =4 — 23,
The Galois domain @, i8 obtained by adjoining v7 + V3 to Q). We
bave I :\/f+\/§, .p1=v’7—‘\/§,
Psz—'\ﬁ—l*\/g, .Os=-—\/7—\/§.

By inspection, we get

table :

e =¢(p) =2+ {(2p—-o,
o =) =2~ H(2p— %
g = g2(py =4 —4(16p - %),
wy = ga(p) =4+ (169 — %)

? '\"
,\

Substituting for p, in succession, p, pi, 2, ps, We obi@it the following

o) =t o) = b = ) = T
plp) = ¢, dr{p) =1,  ge(p)@ ,ak,,\ #3{py) = ata. I
gl =01 il =a, pa(p2) N pa(py=o5 I
sl =,  Hip)=8  wrla)= o d(p)=d IV

© Operating upon ¢(p), ¢1(p)s Pa(ada p‘;’s(}ggu Jine I with the transposi-

tion (pe1) gives us line II. The aridl

Aulibragy prgoifine T has

changed to the arrangement gpgti, s, ta o line I Hence {pp1) corre-
sponds to (e @ts). Thus, tothe substitntions of the domain, viz.,

+8.)
1 Npps),  (opa),  Cops)s v
thera correspond, respectively, the substitutions among the roots
A (o), (), (o) (ats). VI

The latter ard-readily seen to constitnte a group. Groups related to
each otheryadware these two, are called isomorphis. Group VI is called
the Galo\{hwroup of the given quartic equation.

2 8

Ex. 2" Find in the list of groups enumerated in § 104 the group VI of

BENT
~

\ ) Ex. 3. InEx. 1, $2{p) = oz and @2(;:1): #3(p) = dalpa)}= ¢\z(ﬂs?= g
Shcw.v that, in the sct of substitutions V, {sp1) (ppz)={ppa). Forming all
Dossible products of two transpositions, show that V 1 actusily a group.

Ex. 4. The oubic x°+Saf-+o—1=0 has the roois w=-1,
#1=—1+V2 ey=—1—+2 and the Galois domain fig, vy, Where
p=V% and py=—+32. Find the Galois group in both forms.
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152. Galois Group of f(a)=10 in £. The group of substitu.
tions among the rocts e, ey «, 6, of the cquation f{z)=0
corresponding to (isomorphic with) the group of the Galois
domain Q, of that equation is called the Galois group of the
equation, The term Galole group is really applicable to the
two isomorphie groups indifferently. For two (simply) isomérs
phic groups are identical, abstractly eonsidered, sinee to every
gubstitution of ome there corresponds a single subsgit{iﬁnﬁ of
the other, and wice versa, and since to the product of.any two
substitutions in the one there corresponds the ,Ixr’oﬁ.uct of the
two corresponding substitutions in the other. ,Hor convenience
we shall restriet the texm Galois group to thé group of substi-
tutions having the roots as elements.

p §

N
Fx. 1. Show that 40 and Gy are isoinbrohic; also Go@1 and Gs®.
Ex. 2. Show that 4@ is simply isOmbrphic with

G=1, (tao)(oaois) (0utts), (,qtg&-s) Cotptes) (@atts)s
wrorsw RS astts) (attane), (oatals) (Batiats)-

153. Theorem. Eperg':' function in @, f(a, tyy =, €y 1), Whith
equals a number Now'Q, admils every subsiitution of the Galois
group of 1(z) <0

Sinee Bge v, anp = Qe each , where i =9, 1, ooy (r=1),
is a funetion in §2 of p. Henee we have

S

o J@t, @y ooy 2, = 0(p) = B, I

‘.ﬁere f and @ are funetions in 2. We have 8(p) — N=0, and

Lo\ “this equation in @ is satisfied by one root p, and therefore by

\ 3

all the roots which belong to the (alois resolvent _t;r(y)-'—0
(§126). That is, 8(p) = N. But by I the transposition (ppihs
performed upon #{p), produces the same result as the corre-
sponding substitution of the Galois group, performed upon
S, e 00).  As (o) remains unaltered, so fle =+ On1)
remains unaltered.
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154. Theorem. Every function in Q, f{e, ay 1y &,), which
admits all the substitutions of the Galois group, is a number in Q.

In the equation f{a, @y, ++, &,2) = 0{p}),
given in § 153, f(¢, &, -+, #,1) admits by hypothesis of the
substitutions of the Galois group; consequently, #(p) admits
of the eorresponding transpositions of the Galeis domain Q.
That is, #(p), being invariant, is equal to all its conjugates 8(p). )\

But #(p) is a number in the domain 0, and is a roct ofran
equation of the nth degres in ©, whose other roots arg ile
remaining numbers conjugate to it (§ 136). All thesia Toots
being equal, that equation is {a—0{p)}*=0. Hencg&k~8{p)=0
is an equation in Q. Therefore 6(p) is & numberin @, as is
also its equal, (e, -, o). Y,

Ex. 1. In Ex. 1, § 151, the Galois group is 15(@aas), (aerr), (0a) -
(¢zet). The roots of f(a)= 0 are ¢, ¢, e, tgn’ Then g3 4 4 oy + 10 is
a function in Q) of two roots of f(x)=0., The value of this function js
50, & number in Q) ; that is, belonging$0°the domain 2q;. Performing
the substitatious (eey), we get o? L + 10, which still equals 50. The
other substitutions do not affect thesfrnatiomnrThinilnsiaes §163.

Ex. 2. Using the gronp sud\roots of Ex, 1, illustrate § 153 by the
equation (o + 4 @ — 24)2(ds2 ¥ 8 ttg — 60)5 = 0, Here the left member
of the equation is our w@ﬂo’n, and the number in 2 Is 0.

Ex. 3. f(z) =2* 2®— 2 =0 has the Galois domain (X, where
p=vEy iy p1 =B A, o2 =2+, P3="“/§'_i° (1) Expreas each
of the roots of Ha§< 0 as a function of . (2) Find the group of the
domain. (3ysFind the Galois group of f(z)="0.

Ex, 4, {1\ Ex. 3 show that £{a, - @n1) = 68 + &r® + 02 + &® ad~
mits allth “substitutions of the Galois group ; then show by actual sub-
Sﬁtl'l.tib’n that f(e, ---, @z} is # number in Gg;. This illustrates § 154,

AN
“\M55. Theorem. .4 group G is a Galois group of the equation
@) =0 for the domain Q whenever
(&) Buery function in Q of the roots &, whick is a number n
&, admits the substitutions of G, and
(B) Every function in O of the roots o which admils the sub-
Stitutions of @, is o number in .
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Firstly, we prove that every substitution of @ belongs fo the
Galois group.

Asin § 142, select appropriate values in Q for the coeficients
€, Gy, *++y Gy SO that distinet values for p are obtained for every
permutation of the roots o, &, +++; 0 in the relakion

O\
6oL €10 + vor - Cually 1 = pe 1

N

Now p is a root of the Galois resolvent g(y)=0. I:g.\:} ny)\= 0
substitute for p its value in I and we get a function jn' & of o,
dy, -y Gy, Which equals the number zero. IS this funetion
satisfies hypothesis (A), it admits any substitution s of the
given group G- But by I this substifubion changes p into
gome distinet value p,. Hence g(p,) 7—\{), and p, is & conjugate
of p. But the substitution (pp,), whigh corresponds to s, is a
_transposition of the Galois donfain; hence 8 helongs to the
Galois group, and & is either, the ‘Galois group or one of its
sub-groups. N
Secondpy, we prove that the Galois group is & itself,

W A BLE . )
upposze emt)ralgeg"_;gs%stitutlons, namely,

P4

’i...’\ 8 w1ty Sy 81 11
then the application of each of these to the function p in
1 yields the yalues 111

' Pa ottty Py Py-r

AS
If we, operate with any substitution s, in II upon any value
. it FI1, the result p'; must be the same as if we had operated
A’&)(?n p directly with ss,. But ss, must, by the definition of &
3 group, be one of the substitutions in IT; hence p'; must be one
O of the values in TIL. Thus it is evident that the operatior
Y with s, upon every value of IIT causes simply & permutation
of the values in TiI. Hence a function g'(y), defined by the

relation

g =@ —p G —p) e ¥~ p-))
hags coefficients of y that are each invariant under the substls
tutions of ¢ If we apply to each of these coefficients the
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hypothesis (B), eack of them is a number in 2. Consequently
¢'(y) is a function of ¥ in £
Now g'(y) = 0 and the Galois resolvent g(y) =10 have the root
p in common, hence (§ 126) the degree of g'(4y =0 cannot be
less than that of g(y) =0; that is, j, which is the order of &,
canniot be less than the order of the Galois group. Hence the
two groups are the same, O\
'\
156. Theorem. .An eguation is reducible or irreducible gheord-
tng as its Galols group is intransifive or transitive. W)

R¥
Let f@=F@-a@=0 3O
where f(2) =0 is reducible and f{&), F(2), Q(m) are functions
in 2. Let the roots of F{z)=0De \x
Oy Oy *o%y Dy *0%y ‘3{-1: I

These are also roots of f{x) :-.b'{]’,j'iwhich has the following

addition: : @
al roots &y -4 Gaoe II

Now it is evident that no ‘rooi; '\&;“6 ‘é%riuéégl‘ﬁ%gﬁ%jd in the
equation F(z) =0 by a~rodt «; of seb IT, for e is not a root of
F(z)=0. Yet wekfiow that the coefficients of = of F(x)=0
admit all the subsj};utions of the Galois group of f(#) =0
(§ 153). HEn{é:this group can have no substitution which
replaces @, 1y, and the group is intransitive (§ 102).
Conversely, if the group P is intransitive and permutes the

roots jaNset I among themselves only, so that & will not be
fel?lﬁi.@ed by e, then the product

AO F@)= (o —a)(@— o)~ =2 )

N\ admits of all the substitutions of P, and is, therefore, 2 functiqn

of 5in Q. Hence F(x) is a factor in 2 of f(z), and f(2) = 0is

reducible.

Ex. 1. Tllustrate this theorem by showing that the Galols groups of
Ezs 1 and 4 in § 151 are intransitive.
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157. Theorem. An dmprimitive domain has on fmprimitive
group. '

Let f(#) =0, having the roots &, &y, -+-, o4, ,, be irredncible.
Then its Galois group P is transitive (§ 166). TLet the do-
main 0, be imprimitive; that is, let it possess imprimitive
numbers which are not all numbers in @ (§ 135). If ¥N=q¢{2)
i an imprimitive number, then its conjugates may be dleded
into #, sets of #; equal numbers in each set, so that, 3(— Ry g
(§138). 'We have then the following n, sets of ronts o f () =0
with #, roots in each: \

A=e, o, = o 1 ~"'g\\

B=8, By an I I
LI \\,
8=no, S \‘(n,—-l!
go that )
T o) = B e = (),
= $(8) =) = - = $ (s }1

www,dbrauﬁblary.mg hotor e et
Fopia= (0= () = o = (o)
are numbers conjug;a,te to N.

From II wé deethat the Galois group P of f (m) 0 must be
80 constxtute;\hat the rcots of each set 4, B, .-, § are inter
changed ; \azmong themselves and that the sets A B, -, 8 are
interchabged bodily, but never can two roots of the same get
be xéplaced by two roots belonging to different sets. Hence P
Q@m imprimitive group (§ 103).

Ex. 1. Show that the group composed of the powers of (0123) is an

v imprimitive group,

Ex. 2. Show that any eyclic group whose order iz not prime is a2
imprimitive group.

158. Theorem. The symmetric group of the nth degree is the
Galois group of the general eguation f(x) = 0 of the nth degree it
the domain Q, defined by the coefficients of J(2).
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In the general equation f(#) =0 no relation is assumed to
exist betwceen the roots; that is, the roots are taken to be
independent variables.

In all cases a symmetric function in @ of the roots eguals
a number in Q (§ 70, If it be granted that, for the general
equation, this is the only funetion in Q having this property,
condition A of § 155 demands simply that O\

Q)

Every symmetric function of the roots shall admit the sub-
stitutions of the symmetric group, £

and condition B demands that & 1o,

Every such symmetric function shall equal sonie ‘mimber in 0.

Both statements are true. IHence fhe sy@ﬁetric group is
the Galois group of the general equation. £ ¢

159. Actual Determination of the quéis’Group. In Exs 1 and
4 of § 151 we determined the Galois groups of easy equations,
for the domain defined by the opfficients of the equation, by
the aid of the roots of the eqifitivhdbraptheretheorngin are not
known, P might be obtained by the construction of the Galois
resolvent, from which J?is\obtainah]e. But the Galeis resolvent
i3 not easily constraéted. Practically the Galois group can be
ascertained more géadily from the theorem about to be dedueed.
It is well to pelmember that, when f(z) =0 is irreducible, the
degree of the Galois group is equal to the degree of the equa-
tion, YWiefr f(z) =0 is redncible and the factors are known,
it is easiest to consider the equations resulting from the irre.
dugible" factors of f(z). We proceed to prove the following
Ltheorem, in which J is any function in  of the roots e, -« &,y
which belongs to § as a sub-group of the symmetric group:

If @ function M is @ number in Q, the Galois group for the
domain O i3 either § or one of its subgroups.

Since, by hypothesis, M is a function in O of the roots
& @y, +rey &, y, which is a number in @, it follows by § 153 thab
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M admits of every substitution of the Galois group. By defini-
ticm, M belongs to @; that is, there are no substitutions of the
roots, except the substitutions in @), which leave M unaltered
in value. Henco the Galois group is either ¢ or one of ifs
sub-groups. ~

Ex. 1. For the domain @, .., 4, _;) the Galois group of f{x)= Ois 1

Let @ =1 and M = ¢t -+ -+ 4 Ga10n—1 b0 3 function in § of gheteots,
such that it iz altered in value for every interchange of the 03¢, “Then
M belongs to §, and is a number in the given domain. ,.’.Hehce, by the
above theorem, P = 1 for 5, o, ;> A )

Ex. 2. Find the Galois group of the cubic »? £ 388 =6z 4+ 1=0.

The diseriminant (§ 35) is found to be 274 By § 77 the alternat-
ing function of ¢, o, o2 equals the squa,ra\mot of the discriminant.
This function admits the alternating grouply See Ex. 1, § 100, Take
M=(0 — ) (@ — ) (0 — )= 27, @G5, and & =0n). We seo
that M is unaltered in valus by the substitations of Gt bul that its alge-
braic sign is altered by the remaining’ substitutions of @®. Hence ¥
belongs to G5 ; M is a numberdn ¥k, Therefors the required group is
either G5 or the group 1. +BY'S 54 we seo that the equation has ITa-
tional woatd b keulihFApansibm!, it must be () for the domain .

Ex. 3. Find the G{k;is group of Newton's cabic
<O o 22 —5=0.
The discriminant is not a perfect square ; hence P = G¢® for {g).
Ex. 4.‘ & Shéw that P = '™ for the cubie
AN B -3(@ et Dot(@+e+1)(2c+1)=0
&)‘h’é domain 2, .

o x5 Show that G491 is the Galois group of #t4-1=0 for the
A Ydomain Qg

The discriminaat, § 51, i3 256, 2 perfect sqnare. Hence the alternating
function which belongs to Gs#) is a number in ). The vequired group
is either Gha™ or one of its sub-groups. It cannot be the identical group:
because the roots are not rational; it cannot ba Gy(d), becansé this 8
intransitive, while xt + 1 is irreduncible {§ 186}, Hence the group is either
Gu®or Gy 1L Wesee that y= (@— ¢;) (0ta— @g) is nnaltered by &1L
but is altered in form by all sabstifutions not in GuWIL, The resolvent
cubie, having y as a Toot, is ¥ — 12y + 16 = 0 {Ex. 17, § 71}, Since the
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roots of this resolvent are rational, ¥ is & number in Q). Since these
roots are distinct, ¥ is altered not only in form, but also in value by sub-
stitutions not in G491 Henee y helongs to G4WII, and we may taked
y=M Henee 441 is the required group.

Ex. 6. Find P for the cquation (2% 4+ 2) (22 4+ ¢ + 1= Q.
The Galois group of 22 4 2 = 0 for Qpy is P =1, (). The equation
w4 1 =0 gives, for Qny, PP =1, (o). I we multiply the substi- A
tations of P by thoseof 7, we obtain the intransitive group 1, (@ey), (206 N\ \
(2ot (atty) = FOTIT as the required group for the domain Qq;. Sea
Ex. 6, § 104, P

¢ .‘~
Ex. 7. For the domain @), 22 —22z—§=0has P= Ga(a) ? Sjmw that
for the domain 2 7, P = 8. )

Ex. 8. For the given domains find the Galoia grol'l%’?f

(@) 22+ 5x+6=0, Q. '\“

(B) 2452+ 5=0, G, P\ 4

(€ &+ 10 =0, Qu,vi. o\

@ x4 17 =0 do, )

(& 2 —2la+3=0, O Phvw. dbraulibrary.org.in

() & = 3(3 + Ve + T(LFYD =0, Qg,vir
(o) «* 43+ a2 + +1i\89(1)
() (@ +6)(a" — 208 % $5)= 0, Gy, also B, vh. See Ex. T, § 104
B #—1=@+0e- D@ +e+ @@ -2+ D= &, Q-
@ w2 - 1 S0,
() a4 (@:’X’ﬁ)x- + ab =0 Ly, a8
(m) mkz'— 0, ).
(n) i“}- 4%+ 622 4 4w+ 2=0for &m.
~1ht 9 Find a general expression for the equation of the fourth degrea
\W‘hose Galois group is Gy, Assume
(6 — )2 + (o — as)® =8¢,
[(ix — )2 ~ (ot — ¥a)2]2 = 64 D,
G~ )2 — (e — )70 = s + 2 — ts] =8B - 42V5,

where b, ¢, @ are rational numbers and b is not & perfect square. Thesa
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" assumptions are justified by the faet that the left member of each equac

tion is 5 function which belongs to Gy¥, § 1564, We get
(6= @)t = 4(c + VB), (m1 - a)? = 4(c — V),
& — oy + oy — o =4 dVD,
& oy o+ g =4 By.
Hence =By 4+ AVE + Vo + VB, te—= b+ dvh—Vo+ Vo
= b — @B+ Ve — Vb, @5 = by — aVE —Ve -V VB \
Diminishing each root by by and forming the qua.rtm, W.e »btam the
result = BB -+ Sy — A Dy + OB — ) — 1=,

N\

Ex. 10, The quariic whose Galols group is G*(ﬂlil is the reducible
equation, .

ot — 2(et 4 D)e? — 4 cex + (2 — d+e9§s§—a_e)=o,

where (4 4 £) and (@ — ¢) are not perfecb Q}uares
Derive this by assuming ’

o + az"*:' o — = 4o,
— o)W (g — )8 =

W W, dbrauhbralgg ol'g) 4%5 * “4; 2'1’

—{itg — G412 =8B e.

BEx.11, Find a gegg{r’al expression for equations of the fourth degree
having the Galoig group G4@1L  Use the functions
) (w}— dory — oig + feta)t
)t w0y — ),
PAS R e R g)
' (o0 — foty — ety - dets) (01 + fotg — otz — k),
‘\w (et — @ + ot — ) (00 — 0 — 00 + P02g)7,
and impose upon the letters which appear in the expressions for the co-

" efficients of the guartic no other conditions than that they shall be rational
and one of them shall not be a perfect fourth power. See Ex. 3, § 176.

Ex.12. Show that, if the Toots of the cubic in Bx. 11, § 71, are all
ra.tl(}nal the (zalois group of the guartic having the rocts e, B d is
either G411 or one of its sub-groups.

Consid
ongider (6B + 78) — (ay -+ B8
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Ex. 13. The product

(6 + o2 — tt3 — 24} (001 — 0t + Qs — 00) (0ty — 0t — 025 + 004
is a symmetric function of @y, &z, as, & The square of the product of
the first two factors belongs to G4I1. 'To flud the general quartic having
G411 as its Galois group, we may therefore assume the factors to equal,
respectively, v, v'c, dvhe, where b, &, ¢ are rational, but whers be is
not & perfect gguare.

The required equation, deprived of its second term, is

N

¥ 4 N ¢
NN
."\\ o

¥t —2(b + ¢ + bed®)y? — 8 body + (b — ¢ — bed®)? — 4 AR =0, | W

Ex. 14, 8how that 2t + 2 522 4 ¢ = 0 has the group &% when$ an}l ¢
are suhject only to the condition that #2 — ¢ i8 not the square, of\a.\numbar

in Yy, 5, o ¥
Ex. 1. Show that =* -+ 2 b2 3 ¢ =0 has the group.%mll when ¢, but
1ot 2 —¢, is the square of a number in 2y, 3. '\\

Ex. 16. Show that % —8 Sz + 8 82— 8 &4 —~2 where & is any number
in 8y, has the group GyWIL See Ex. Il R ~
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CHAPTER XV
REDUCTION OF THE GALOIS RESOLVENT BY ADJUNCTION™\

160. Definition of M. Let the Galois group P (of Jthe
order p) of the equation f(z) =0, having the roots e, wf % fey
possess a sub-group @ of the order g, where p = Qind) being the
index of Q under P Yor the purposes of @hpfthéoj-ems in
sueceeding chapters, we define M nearly as in§, 159

Let M be any function in Q of the roots esdd %, which belongs
to Q as a sub-group of P (§ 111). x:\\:

AN
161. Theorem. By operating upon M with the substitutions aof
P we obtain j distinet values of M which wre roots of un trreducible
equagfon, b e dit Segret Lidh
If ¢ is a substitution of the Galois gronp J> which does not

oeenr in the sub-group &) and if s, 5, +++, 5, be the gubstitutions
of @, then by the défimition of a group,
9

\’\ &, 8t "t "q-—lt! : I

are all substitutions of P. But the substitutions s in I, when
applied to'ds, all produce the same effect, for in any case we Ay
operafig with the product s by first operating with s, and then .
upofi'te result with £. By hypothesis, operating with s, upon
Jﬁfoduces no change whatever, hence s,¢ produces always only

*

the result due to f alone.
2\ ) By hypothesis it follows that, as ¢ does not oecur in the sub-
N,/  group @, t operated upon M gives us a new value M.

From § 106 we see that there are as many sets of substibtu-
tions I in the group P as ¢ is contained in p; namely, J sets
The substitutiong of any one set applied to M all give the same
value for 3, but no $wo sets yield the same value.

174
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For suppose s, and s,f, yielded the same value for M; that
t, SUppose M, = M operated upon by sz,

and M, = M operated upon by s,

then, operating with (s,£)* upon M; would give M = M operated
upon by (sf) (821 A

That is, (8,4,)(3,)7 is a substitution contained in the groupt Q\
znd is equal to, say s, If 8, == (s,5,}(8,4) ", then, operating with
sk, we geb sty = 88 b = sulty R N

: S\
where &, is a substifution in @. Since the gffécts’ of s, and
s/, upon M are the effects of ¢, and #, alomg)\it follows thab
t, =1, which is contrary to supposition. Hghee sf,and s, must
yield different valnes when applied to M

The function (y)=(y—M)y—M)  (y— M) is ow
seen to be invariant under any substitution of P.

The coeflicients of » in $(y), ph‘beiined by performing the indi-
cated multiplications, are symametrieoimnetiens, Qh MnMo -
M,_, and, therefore, by the definition of A, functions in & of
the roois of flu) =0,~1i&n|3ti0ns which admit of the sulstitu-
tions of the Galdid, group P. Hence these coefficients are
numbers in Q {§ 853)

To prove, the irreducibility of ¢{y), assume thab 6(y) is any
funetion of\tgi it ©, which vanishes for y =M. Then 8(M }= 0
Since G(M)Y must admit all the substitutions of the Galois
grou;Q@' 153), we must have 6(M)= 0, where ¢ hag any value
0,158, (j—1). Hence §(y) cannot be of lower degree than

¢

Abe jth, As all the roots M, My, -+, M of ¢(y) =0 satisfy

'

“N\'(y) =0, 6(y) is divisible by ().

Now, if $() were reducible, one of its fastors would v:%nish
for y=M. Since #(y) may be any algebraic function in O
which vanishes for y— M, let 6(y) represent this factor. Then
it would follow that this factor would be divisible by the whole
product ¢(y), which is impossible. Hence ¢y} is irreducible

N\
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162. Theorem of Lagrange as generalized by Galois. Any
number in the Galols domain which admits the substitutions of
the group @ is contained in the domain 3,

In § 161 we saw that M, a function which belongs to €,
agsumed the following distinet values, when operated on by the
substitutions of P: M, My oo, My, ~ I

e
Let A be any function in 3 of the roots g, .-, & which
admits the substitutions of Q. Let any substlt.utlon of P
which changes M into M, change M’ into M, then we get the
following values, corvesponding to those in If ©

MY My ey MY SN i
These are not necessarily distinet. ¢ \\

Accordingly when upou the semes\of numbers I and IT we
operate with a substitution of P there occurs a permutation in
each series, but such that 1f M} thanges to M,, then M, changes
to M'.

Béﬁﬂﬁ%"ﬂi{b}"a%"ih“&&ﬂl conmder the function

M
o oM )
= tﬁcw(dr "t y— Ml +J M,

which is am, 1\tegra.1 function of y of the (j— 1)th degree.
This funesion’is invariant nnder all substitutions of 2. Hence
it is a dwietion in . Take y=2M, Remembering that ¢(z)
ha.s no\equa.l roots, we have (reasoning ag in § 142)

‘.J\ M =J£l,
Q )

where ¢' indieates the first differential coefficient of ¢ with
respect to . Thus M’ is a number in the domain Q-

Ex. 1. ¥Find the value of a root & of the equation 2 + 2 =0 in terms
of & — o, it being given that £ = 1, (awx).

If we take @ = 1, we see that M=a — oy is a function which belongs
to @ and that M* = ¢ is a function which admits §. Weo find Bh=t1—%
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s) = — M)y — M) =9 — (& — )%, S =y(e+ o) + &+ o
-y =—8, ¢'(y) =2y Hence a¢=3(M)/¢'(M)=-~4/M. The
correctness of this result is easily shown.

Ex. 2. For the equation #% 4+ e + b =0, having the group P=1,
(oueey), find o8 — ot? a8 o function of e in ).

Take @ =1, M=a, M’ =of— gl then (3} =(3 ab+2b—at -ty
+3ab+ 20 —a?h —¢ad, ¢'(¥) =2y +a Henee a

M =[(3ab+2b—a?— ) M+3ab+22—a%—a] + (2 M +a). . \J)
Ny
Ex. 3. Find the value of [w, «]* for the cubie z* 4 @x? + dax -t-a';;:‘: 0
in terms of the alternating function (e — ot} (¢t — ) (&1 —'ag)t: v,
Let M =+/D, then 1 M= —vD. N
We have M'= [w, «]%, M =[% &) ¢(H=4 =Dy ’
() = y(3 + M)+ VD(OF — M), By §AlvEx. 16,
M M= —2ad+ 9 a0 — 27 G We findolf = My =8¢ V3D,
(M) =VD(—2asd + 9 ardy ~ 27 4z = 25 V3 D),
M) =2 VD, M =1(—2ab +gd§&g—27as~3f\/§3).

Ses also the solution in § 173. N
wwrww dbraulibra

) TY.0rg.in
Ex. 4. For the guartic % ;[-4 Byd 4 6 bax? + 4 bax 'fy b, =0, find the
value of M/ = (& + at2) (61 . g )Min terms of M, Where
A= (o — o + 00 — )"
Both A and M7 belong to the group Gs®. Notice that M is a root of
the eubie I1T, § G2¢78e6 also § 169, Hence that cubicis ¢(3) =0. Wefind
\Y
1620 (y) = 165,00 3 + M)y — 18(M5 + M} + (M + Mi3M"
MMM g + MMy M+ MMM+ MMM
(RN62. 2 Tageg - ¢ — 16 (4 Daey - 2ot — 8 2oy
P Tty — 6 Setron + 4 Sedetey — 4 Zoder — 4 Zehel0nts).
N\ . .
#kNEx. 16, § 71, the values of the symmetric functions accurring here arée
\given.

Ex. . Complete the computation in Ex. 4 for the special guartie
P46224dx41=0 Weobtaind()=129—-16y—3,
1 & g oMl
¢(y)Ey*+3y’+2y—;=ﬂ'=;%“4 TAME LM +2

X
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163. Reduction of Galois Group. JIf we adjoin to Q a funciion
M, the Gulois group reduces to Q.

Tirstly, each function in gy, of the roots e, ey «-, &, ; of
the original equabtion () =0, which equals a number in Q,,,
admits the substitutions of @; for, this number in D, is 8
function of M, and M admifs all the substitutions of @.

Secondly, each function in {, of the roots ¢, -, &, 4, (Which
admits the substitutions of @ is by § 162 a numbersin @,

But these are the two characteristic properties ofy the Galois
group in the domain Q,, (§ 155). Hence @ is th\Galois group
of f(z) =0 in the new domain Q. RS

This reduction of the order of the Galgig\group from p to g
(§ 160) was effected by the adjunctiom, of M, the root of an
auxiliary equation of degree j (§ 16]{x O

*Ex. 1. Given that »* + «* + 1= 0’has‘the Galois group Gu® for OO,

Adjoin in suecession four irra.tiona}a, Irand show that the Galols group is
reduced and the domain is enlargpd:a;s indicated below,

W ,Moraulibrarf ol‘g:{ﬁ<y) =0,§161 Domain

Bo® ™S 20
VD MM D=229 Q0,vim

y=(—a) (agﬁaqj(;;wn y—12y4+v239=0, § 71, Ex. 17 0q,v5 9
rea—oyt Gt G 02187118 y—18y5—-2 % VD 0a,v5 0 s
W=t — iy \ G wl—zwty=0 Ro,vhnee

Sho thint y involves the irrational V/12v/=3 — 4 V220,
‘Eéz» 2. Show that the roots of the quartic in Ex. 1 can be expressed

‘.ra}}ona\lly in terms of the roots of the quadratics in z and .

*Ex. 3. Apply the process of Ex, 1 {0 the quartic
2+ aud + ar? +oagr 4 g =0
and dednce the successive tesolvent equations ¢ (y)=0; viz,
D =266(1% — 27J%) (§51), y* — 1214 VD =0,
T2IA=T205 198 apf + 14 yJ + B A2 4 y VI — 64 T8,
wW—wdy=0
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164. A Resolution of the Galois Resolvent. Let the Galois
resolvent g(y) = 0 have a root p. If we effect upon p the sub-
stitutions s, of the sub-group @, one at a time, we get the values

Pr P1y P2y ***y Py I

where p, is gotten by operating upon p with the substitution s,
If upen the p’s in I we effect any substitution of the group €(

the p, in I simply undergo a permutation; for, each result thus

obtained, being derived from p by effecting two substitutions

" in succession, is equivalent to p, operated upon by that{substi-

tusion of ¢ which is the product of those two sghgﬁifutions.

Hewee, g, iy=@—p)g—p) - r—ppip> T
is invariunt under @, and the coefﬁcientg:ﬁi\g,; in expression
11 are numbers in Dy, § 162. By the-hotation g(y, M) we
mean here a function of y in which(the coefficients of y are
numbers in £2.,. R\ ) '

Now ¢(y, M) is a divisor of g(g) In the domain Qu, for the
former is of degree g, the latten of p, and p =jg, § 160.

If upon IT we effect a ;aabs’ti‘t’ﬁ'ﬁi'éﬁ bryylibyapsearg in P, but
net in g, we gek img

o(y, M) ZG=p) @ — ) = G—pea®)- HI
The values p®, of) -+, p,1® are Toots of g(#) =0, hence IIT is
also a divisopefg(y).

Two setgdf Toots p¥, +», p* obtained from two distinet sub-
Sbitutit)(é}}‘aire sither indentical or they have no roob in common.
ConsgQeéntly, two distinet functions g(y, M) bave no common
fag{\!fq?, and we have the resolution into distinet factors

O g0 = gl M) - 9oy IR -+ gty My) v
Tt is to be noticed that in this resolution the factors g(y, M}) do
not usually helong to the same domain ; they belong respecltwely
to the domains 0, Qg v gy Another resolution of
9(¥) is pussible, in which all the factors belong to the same
domain 0, ’

N
n\
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185. Adjunction of Any Irrationality. If by the adjunction
of any irrational X to O we obtain 6 domain Q;, in which the
Gualois resolvent g(y) = 0 becomes a reducible equation, so that

0y X)=(— o)y —pd - ¥ — pp) ~
is an irreducible factor of g{y) in Oy, of the degree g, then in this
new domain the Galots group is reduced to the sub-group{ \J)
\

1, (PPl): b (PP;—O A\ Dt

& ’.‘

Adjein X. Bince g(y) =10 is 2 normal equatmn in 0, § 146,
we have p;=¢.(p). In )
ah X) =@y —p)y—p) - (\1/ ) =0 I

write ¢,(3) in p]ace of y; we obta,mg new equation in ¥, viz,,

280D, X) = (48) — B D)+ () — po) =0. 1T

As T is irredueible in 0 a.;id:I and IT have a root p in com-
mon, all the roots of I satizy IT. et p, be any root of I; then
Pubting gbray)ibrerphbit@enfactors in II must vanish; say, the
factor ¢pa} — e

We have nqw.\t};g relations

% ‘\ Pe= ¢£(P)’
b }’ Pa = P:ps)-
Lzleéiééfhe equality of the substitutions
Nl (o) = Gop)-
...\3“\';:; Multiplying by (pp,), we have
\ )" (ep(pips) = (PPi)(PPh):
oar {oor) = (pp){opy)-

That is, the product of any two substitutions in the set
1, {pp1)s ++5 (ppy—) 18 equal to ane of the substitutions in the set.
Hence they form a group, § 95, Call this sub-group @.
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Equation I is the Galois resolvent of f(%) = 0 for the domain
Rr,; for this equation is by hypothesis irreducible in O(4), and
the two other conditions are satisfied, because of the relation
Qoo = gy =iy, § 145.

Hence ¢ is the Galols group of f(x) = 0 in the domain ).

166. M a Function of X. M can be expressed as o function 5o )
0 of any trrational X which reduces the Galois group to Q. (\N ~

We have seen that g,(y, X) is a function in Oy, of % “whose
coefficients admit the substitutions of the sub-group @ Since
M belongs to @ and these coefficients admit @, thé‘%eﬂicients

are numbers in Qg § 162. Hence we may express the produch
A2
W=y —p) ~ G<p&)
as a funetion of y and X and designe}téit, as above, by sy, X)),
or we may express it as a function,of y and M and designate
it by g(y, M). We have then 3"

SN\ “www . dbraulibrary.org.in

g(y,:M) = g(% X)‘ I

AN
Now M is the ro éf~a§1 jrreducible equation in 2 of degree j,
§ 161; namely, the(fgluation

v

O\ ) ¢(z)=0, It

N
of Wh'&h"‘the other roots are My, My wv, M, By § 164 we
have /A

\ () = gy, M)+ gly, M) -+ 908 Mp)- m

¢

AN

“\“The equation T i not satisfied when in the left member we
substitute for M one of its other conjugates; for, supposing it
were, it would follow that g(y, M) is equal to one of the other
factors in the right member of 111, 2 conclusion at varianee
with the fact that g{y), being irredueible in &, can have ne
equal roots.
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It is, therefore, possible to assign to y such a rational value
that the equation
1 90 D)= (v, X)=0, Iv

in which ¢ is regarded as the unknown quantity, has ouly one
root in common with equation I1; namely, 2= M. )

The H. C.F. of IT and 1V is consequently a binomial, lifeat
with respect to . Since the coefficients of z in both TTand IV
are numbers in Q,, and the process of finding thel HALF.
ineludes only operations of subtraetion, multiplicationyand divi-
sion, and thereby never introduces new 11rat19nals it follows
that the H.C. F., z— M, is a fonction in Qi &h other words,
M is a number in 0y, and therefore a funétlon in O of X.

Cororrary 1. The domain £, of ¢ j is @ divisor of the
domain g, since every number in Q( 4 is 2 function in Q of X,

CorosLARY II. The number’XMs & root of the irreducible
equation A(y) =0 of the same, degree as that of the domain {z),
§ 138. Hence the degree of&(y) 0 s a multiple of j, the degree

o, &W%‘Eﬁ‘a{;‘h brary. org in

Corornary 1IL /Ff X is taken as a Junction in 0 of M, then
Qixy and Oy are, ‘edhmtucd

(JOROLLARY\iV The reduction of the Galois group, caused
by any 11:1'8,1:1(}113_1 X which ig not & number in the Galois domain,
ean be efEected equally well by some number M which is in the
Galms\doma,m That is, every possible reduction of the Galols

on may be effected by the adjunction of some number belonging
{&ke Galots domain,.

%" The numbers in the Galois domain of the equation f{z) =
AN

O

are called by Kronecker the “natural irrationalities” of f{a)==0-
The corollary may now be stated thus: BEvery possible reduction
of the Galois group may be effected by the adjunction of a natural
frrationality.

Ex. 1. In Ex. 1, § 183, adjoin to g, ¥ = V/V/D. Here X admits the
substitutions of the alternating group, and the Galois group is reduced
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to Gt Now X does not oceur in the Galois doina.in $la, 0 oy as)
S8y, B, 1 5, 04 I8, therefore, not a natural irrationality. The reduction
grought abont by X can be effected by +'D, which is 2 number in the
Gelois domain, hence is a natural irrationality, This illustrates Corollary
IV,

The relation v = X~ illustrates the theorem itself, We have

g =y —VD) @+ VD) =D ory=D. A
Let gr ="/ /Dy 2=+ — +/ D) and we get A=~ VD + VB N

=@, or y? = . This illustrates Corollaries I and T, 3

N\

®

¢
« \/

Ex. 2. If the group P of an equation is Ga¥, iHustra.ta..{fm"ﬁbova
theorem and corollaries by taking X =/ (ot — csets) (2 -Qz;u})‘*. oo
S\

Ex. 6, § 113, .
N\
AN
 d {'
Y
R\

~3§n}w w.dbraulibrary.org.in
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CHAPTER XVI

THE SOLUTION OF EQUATIONS VIEWED FROM THE STANE-\
POINT OF THE GALOIS THEORY S
"e

167. General Plan. Quadratic Equation. The prdblem, to
solve an algebraic equation, is replaced in the Ga,iois theory
by ancther problem, to bring about a Ieduct.lgn of the Galois
group and a lowering of the degree of the Ga]})xs resolvent by
the successive adjunction of simple algebraw numbers. If a
funetion M is adjoined to Q, the Galoig\gxdup is reduced to @.
It becomes necessary to determine theé“numerical value of M
for the given equation f(x) =0. NEhis we endeavor to do by
the construction and solution af an auxiliary equation of the
degree j, where j is the mdéx ‘of @ under P. The roots of
thm“ﬁ‘ﬁ?‘iﬂﬁfﬁ‘ﬂ{ﬁﬁéﬁl&?r@-‘Peso]vent are the required values of
the conjugates of M. This same process is repeated npon the
reduced Galois groug' uhtil this group finally becomes 1. Then
the enlarged domaii contains the roots of the given equation,
and the v;ﬂues\bﬁ the roots may be found in terms of the
numbers EI{, @I, ... which have been adjoined to the original
domain, N\ ¢/

Qum?c Eguation. The Galois group of «*+ e+ ag=0
is«the)symmetric group G4®, § 158. Tts only sub-group is 1,
§ 4, whose index _;—2. Take M=q—e It3 other con-
3ugate value is M=o, —«. M and M are roots of the equation
D = oc”-—2tm1+fx1—-m1 —da, § 181, We get y=+Va'—4a
as the values of M and ;. After adjoining Bf, the Galois
group is 1; the enlarged domain is 20, 4, o, Vaiotay We know
that ¢+ o, =—a; and e — oy =V —da; Hence

2a=—a+Vaf—da and 2= — a,— Vo, — 40z
184
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Theoretieally there is an infinite number of ways of solving
the quadratie, because there is an infinite number of functions
M to choose from. Thus we may take M=8(«— o)™,
where = may be any value which gives M and 2 distinct
values, and § is any symmetric function of &, .

168. Cubic Equation. From the point of view of the Galois
theory the solution given in § 59 may be outlined as follow. )
The change from « to # is an operation which does not alt¢Pthe
domain. The same is true of the change from 2 to,w,}gfi:er 2
has been found ; also of the substitution of u + v fon and its
inverse, and of the elimination of ». The solutiedof the cubic
may be exhibited thus (where VD, =v—3 ¥

6()=0, § 161 o NP a
G 45,0=0"

uﬁ_}_Gft&a_HE:O . us=‘-—2_(;+;;7§m3 Gs(gj al‘(‘ﬂ,‘-—)

u’=12(—;+\{%2+ﬂ“‘ u=§(p;;§sbaf+m’as) G Qe

The numbers adjoined toer e RERSR Y 5y e roots of
two resolvent equations. ‘¢ {y) =0, the first a quadratic, the
gecond a pure cub'{’:.e’quation.

169. Quartic ' Equation, We give here those steps in the so!u-
tion given 1§ 62 which involve an extension of the domain,
We 1313"\{1'6“1},5 (a—e+oa— w)f 16v= (a4 oy —otg— o

(16 w= (@ o, — 0+ )"
A (= o+ )

A\ =0 ¥ P o
N o G Diayy o 3y =0
NN Abtat—bolo - J=0  bemn=boba—bit+u @ %)
N u=bli—bobatbie Vo G4PIIL W Vo)
{ S @ u, v3)

=1, (Cd)

{ w =b—boby+-botry [ VE { 1 { Vi, va)
Wby boby 4 belzs | VB 1 P vor
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Since ,®IIT is an intransitive group, the guartic can be
factored in the domain Q' ;. The two quadratic equations
thereby obtained have as Galois groups 1, {ah), and 1, (cd)},
respectively. From VI, § 62, we see that Q'wy vy = v va
Hence it is not necessary to adjein more than one of the two.
irrationals vV, vw.

The quartic offers a better exhibit of the Galois theory(than
did the quadratic and cubic equations, because not ofily may -
we select a great variety of different functions.jf-at each
adjunction, but we may select different groups. jln the above
solution the series of groups taken is GQ.;E.{";\‘GS“J, G I
G = (1, (ab)), G'=1, but ancther series nfay be ehosen, viz.
G, GL®, G0, 6, 1. In Exs 1 and3, § 163, a solution
of the guartic is ontlined, in which thi "$eries of groups is used.

Again, we may effect a solution’ Iy first adjoining a function
that belongs to the eyelic group T say,

¥ = o’ + w4 o’ -+ o0’

To e gl firstoresiivent equation ¢ () = 0 will be of
the sixth degree, bub{ib ean be treated as an equation of the
third degree and ;;l{q}:ldratie.

The number &f different solntions of cubic and quartic equa-
tions which ha'we been given since the time of Tartaglia and Car-
dan ig enpxxiioﬁs. For information on different solutions consulb
L. Matthiessen, Grundziige der Antiken u. Modernen Algebra.

tawould seem that the above mode of procedure should lead
tsolntions of the general quintic eguation. Bub an unexpected

Jdifficulty arises in our inability to solve all the resolvent equa-
() tions. There arise resolvents of higher than the fourth degree.

The Galois theory will furnish proof that the solution by radi-
cals of the general quintic and of general equations of higher
degrees is not possible. In the remaining chapters we shall
demonstrate this impossibility and discuss the theory of special
types of equations of higher degree which can be solved
algebraically.



CHAPTER XVH

CYCLIC EQUATIONS

170. Definition. A cyeclic equation is one whose Galois grgui:"".\
is the cyclic group, § 101, Kronecker called such equations
“ginfache Abel'sche Gleichungen.” N

A quadvatic equation is cyclic; for the Galois grougyis the
symmetric group Gy®, which is at the same tim"é;}he eyclie
group of the second degree. \

The general cubic is not a eyclic equation ig:ﬁh} domain defined
by its coefficients; for its (talois groupds, ®, which is net a
eyclic group. However, if we adjoin )"

VD = (e —oy)(a f.j’i;@)(“l — ),

the Galois group becomes (§ ¥08ygibtawlitptniy cyalim Hence
the general cubic is eyelic innthe domain a0, vBy

The general quartic js(not @ cyclic equation in the domain
defined by its coef%@nﬁs, but if we adjoin a funetion which -
belongs to the cyelic‘group G¢¥1, the equation is eyclie in the

new domain. @ne such function that may be adjoined is
AN

o) M= ant - o - g+ ot
OV, L
Ir “f{{a ‘prime number,
Q o1 ot o2+ 1=0 1
‘"‘is«\f! eyclic equation in the domain O, For, § 130, this equa-
“Aion is irreducible. The cyclic function

ﬂhews +afay+ - F "-‘n-—l“ﬂl

is seen by the relations e, = @/, w;= or’ ., to be equ‘al to
the sum of the toots, which is —1, Therefore the Galois
187
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group is either the cyclic group of the degree » — 1 or one of
its sub-groups, § 162. Since I is a normal equation, it is its
‘own Galois resolvent; the (alois domain is of the degree n —1
and the Galeis group of the order n — 1. Hence the Galois
group of I is the cyclic group of the (n — 1)th order. ~

Ex. 1. If » is prime, show that z* — 1 =0 is a eyclic equation in the
domain Qg In what follows we shall exelude from our conshdemuon

eyclic equations whose roots ave not all frrational. '\
Ny

171. Theorem. Eack root of a cyclic equation can be expressed
as & function in Q of any other root. \

It o, &, +++, &, 4 are the roots of the eyclie equatlon flx) =
then the function in Q of « of the (n Q‘)th degree,

@ (@)= f(m)( “ +r+---+m)

admits the permutations, Q’f the eyclic group and is, there-
fore) W R PHL G54, Tt we put in succession

T2 gt gy vy By ar\ d\iPwe use the notation f’i(_% (), we get,
§ 142, da(@, o= @), oy g == )y € = b0

This holds &ven when f(#) = 0 is a reducible equation, pro-
vided tha.tqt has no multiple roots.
E;\l., When are oyclic equations normal ?

{Ex. 2. Show that one root of a gunadratic equation ¢an be expressed
+48'a function in Qg,, o, of the other root.

w\: \ Ex. 3. Show that any root of a cubic can be expressed as a function
\ / in gy, ay, g, vDy 0f one of the others.

Ex, 4. Bhow that ¢z = ¢2(a), otz = ¢%( ), ete., where the superscript
is not an exponent, but indicates that the functional operation ¢ is to be
repeated. Thus, ¢3(a&) = o(p{a)).

Ex. 5. Prove that an = ¢"*1{x), ce = ¢7+2(er), ete.
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Ex. 6. It g(e)= 222 g—m, (o) =

ﬁ-ﬂﬁz-l—b
e+ &

189

—w,-, ete,, then it

may be shown that ¢® (&} = &, whena+d_2cos% and gd —~ be =1,

where % and m are Telatively prime, (See Cole’s trapsl, of Netto's
Theory of Substitutions, pp. 204-207.) Show that when ¢=0, —b=¢

=d=1, k=1, m=3, we have ch:ua

@, 01, ¢z are roots of the cyclic equation =% 4 »? —

F1

. M:—l—l, where
41
Zg-1=0,

N
oA

Ex. 7. Show that if, in Ex. 6, a=0, b=—c=d=%k=1, m= &,
then e, wy, otz aTe Toots of 2% 4 au® — (¢ + ) +1=0.

172, Solution of Cyclic Equationa.

Lagrangian resolvents, § 115.

2™ \
N

The general ao]iuinon of
eyclic equations can be easily obtained by the~ ﬁﬁd of the

By the theorem in § 118 the expressioxk\népresented by
[0, «]* in which the e, e, -, &,.1 ar® t]me\lwts of flo)=
and o i3 a primitive »th root of unity, §66, is such. that the
coefficient of each power of wis & chlm function of the roots
of f(x) =0. See Ex.1,§ 119. Fhus [v,a]"is a funection in

()(% gy oo+ 0, w, Which belongs t{g\j;l‘;p gg{}}m f%,
e

is a number in 0, ags - oy o’

§ 154. Let

This function
c§eﬁc1ents of

different powers of w in Qa Sa]? be gy Oy 20 Cpt  VVTIER
[ el =6 ‘Q@»" + oot e G = T,

The eyelie furetion 7, can be computed. Regarding it as

kmown, we g8 o] = YT,

Asmg\fhﬂ?\ the successive values1,2, -+, (n — 1), and we have
O eton + e tor e =V

A\ @+t + e+ 6?0 Va = VT
\ e+ o™y + 0+ Vg 3= VT
R o T R ol ™ =0y

where g, is known. Adding, we get

na:—a;+{/ﬁ+m+'"+vﬁ:- 1

N\
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Thus the root « is expressed in terms of radicals of the ath
order, where the T, are made up of numbers in Qg agrem, g )
and the nth roots of unity. Each of the radicals in I has «
values which differ from each other by a factor that is a rooi of
unity.

Our expression I involves a difficulty which demauds. o
abtention. Since each radieal has n values, it follows that the
(n —1) radicals represent »*! values. Hence there a{i'é"i}l I,
besides the » roots of the given eqnation, n™'- n/foreign
values, and no method is assigned for telling hich of the
values represent the roots of the given equatipn()

To remove this difficuity, H. Weber proceé‘d} as follows: If
we effect the substitution (012 ... n—1) upon [0, 2] [wh r],
then by §119 the indices of the ccefficients of this prodnet
undergo the substitution (0 1 2 ... (n}v‘i))“**“. As this is the
identical substitution, the coefiicients are unaltered.

Let [w o] [N e]=Es &P 4 W 4 oo+ g W™
then E, is a eyclic functionin’ O, e, e, 1w and may be con-

"sidevedvagl kmkiﬂrarwejﬁé,%

Lo 4w, o] = (VT2 - YTy = B
g ’3: _ B, _ ({/j—jl)AE)\ I
Hence ‘ \\\/‘YJ’:_ RS T

From: ]{’it"appears that, for a fixed primitive value of «, each
of thgb{adicals which appear in our value for re in 1 may be
expregsed ag a function in  of one of them. If that one

radhcal be given all its » values, the expression for ne has » -
wyalues which are the » roots of the given equation.

178. Computation of 7,. Tn most cases the computation of
this quantity is extremely involved and special devices must
be resorted to. An idea of such devices will be given in the
diseussion of eyclotomic equations, where the solution is
divided up into the simplest component operations, We give
here the ecomputation of T = (& + e + o)™
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Let A = oley + ooy + oln,
A’ = oo+ el + oy
then A4 A'=3 az—nay
A— 4'=D,

T o=e® + & + ® + 6 eoyor; + 3 wd + 3?4
= 1(9 ay0,—2 aP— 2T ag)+4V = 8 D=4(8+3vV =3 D), ,
Ty== 1(9 tyay—2 af —27 o)) — vV~ 3 D=}(S-8V =3 D},)
where S=9au,—2a*—2Ta,. We have now & !
VT, = 0+ o + vy =VEE + 85V —=3D). "
YTy = o+ wlog 4 oty =V S — 3V =3 D) "
Having thus evaluated the Lagrangian pégolvents for the
cubie, we can readily obtain an expression 8for the rtiots of
the general cubic by adding the valuegof V1) and 7T, to
g4+ oy =—a. See solution of‘E:’c'. 3, §162.

. 1. i £ vu:*-' . agx + @4 = 0 computa
Ex. 1. For the quartic ¢! + a@ ,é}’@"wﬂ' b??auﬁ brary.org.in
T= (& + witp+ fog + ),
where w =1 or — 4. » 4

Lett.ing Tli&m} fot) — otz — ima).lv’
Phas (e — don — @2 + i06),
wohave 7 + T = 2(e>- )t — 12(% — e)(en — )? + X0 — &)t
2 — ) — (o — )P — 20— o) (=)
..{t\é 4 pops — B — 2 g — 2 )%
where 951.%:05052 + o0t 1§ & oot of the cubic in Ex. 11, § 71,
N\ + o
and whete gy = (@4 oy — O — @)% po = (06— G — B3t Ga)n

I{Et'"\' p1= (0 — oty + oty — eta) \
\ =l — dag + 4 g, proaps = (a1 — 4 o1z + 8l

Ex. 18, § 71. Hence the value of psps is known. We bave also
T\ Ty = (2 — 2an — 204
Henece 7} and 7} are Toots of the known quadratic
B (T + Ty + 1T =0
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Ex. 2. Carry out the computation in Ex, 1 by taking
Gj_:ﬂﬂ:og {33:&4:5

and show that 7 will bave the values 60804, which MHe in the
domain 2g, 4.

Ex. 3. Find T} and T: when in the quartic ¢; =gz = aua=0; ag"é!.

In this case, is the cyclic group the Galois group in g, ? A

Rne

Ex, 4. Taking @m0 4 ot — 00 =g, :\'\ *
&+ & — o — ta =V N

et — s+ o=V,
give a solntion of the general quartic, py, pg; s, being roots of
PAABag—3aDt+ Bat—18 Glgag k}ﬁ ayas + 16 g4* — 6d a4)p
— (g% — dayme + Bas)? =§E‘I.\ Ses Ex. 1,
Ex. b. Find & solution of the gél;er;.l quariic by taking
&t oy —0h S i = VT,
= o = AT
www.dbraulibrary&t_;gim — g 4 s = B( \*/?1)’,
where A=gd\“:w1+mg—as)(u+iu1—mg—iac)4

) Q_ﬂm 4 (ad — 2ay — 212
2 T1(4 d1dg — 0‘.13 —8 ag)

'..,1.3=(a-in:1-—-az+z'ag)(a+m1—ag-iﬂrs -+

G n

N

{\'174. Cyclic Equations of Prime Degres. The solution of any
.“\.f," cyelic eguation can be made to depend upon the solution of cycli
/7N X "',’

equations whose degrees are prime.

The sclution in § 172 applies to eyclie equations of any degree
and is perfectly general. Nevertheless it is of importance, for
subsequent developments, to prove the present theorem. We
give the proof for the degree 12=3.4. The generalization to
the case n=¢+ fis chvious,
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Lot 5 == (et «»+ eur), Where e = $(e); o= plen); ey = b{a); >+
then * can be resclved into three cycles, ¢, 6y ¢y 83 follows:

o= (““sas“ﬁ)s
6= '(“1%%“10):
s = (Peatsttstin)-

7

Tet y be a funetion ¢ in @ of the roots e, & o &y which
belongs to the cyecle ¢. The substitutions of the Galoig group
P={l,s, & -« 8"} of f(z)=0, applied to 3, give thxge:distinct

N\

values,

y = Yo tiaits)s

h= 'Jf(al“;“:“m), s ".\\ ’

%

W

Yo = Yoo\

which are roots of a cubic 8qua,ti0!1;:'“

- (f T}A}"féﬁb?hrﬂﬂjhrar‘y org.in I

The coefficients of ¢ in. I ‘are symmetric functions in O of %
% ¥» and are, the e@re’, unaltered by the substitutions of 1.

Hence these coefficients are numbers

in Q, § 154,

We proceed bo show that T is a cyclic equation whose group
is Py= {1, (s, (wy)}. Remembering that the substitntions

of the grotgy P interchange y, ¥ ¥

cyclically, we gee, Jirstly,

that ahy funetion of ¥, 1, ¥» Which admits of the substitutiop
of PySs s function of &, a, -+, @,y Which admits of the substi-

?u{idﬁs of P (the Galois group of f(#)
“Ns“a number in 0, § 154; secondly,

=0), and such a function
any funetion of %, v ¥»

which is a number in £, is a function of the roots & &y, *+=; Fa-1
which i & number in @ and hence admits of the Galois group 5,
§ 153, thus showing that the function of ¥, ¥, % admits of the
substitutions of P, Consequently P is the Galois group of

eqnation T, § 155,

o
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We can now prove that f(w) can be broken up into thres
factors of the fourth degree each, thus,

J (a:) = F (:l:, ¥ - Fz, W) F (=, Yoh II

where F(&, ¥) =0 is a quartic eyclic equation, in which the
coefficients of o are numbers in the domain 0, For, let N\

@) =@F—a)@—a)z—w@—aw), (O
then each coefficient of » in 11T admits the circgl’a:r:\ gubstitu-
tion ¢; hence it admits also the substitutions of*whit becomes
the Galois group of f(x) =0 after the adjuntion’of y. This
group must consist only of powers of ¢, ¢pen™ \Therefore, these
coefficients of x are functions of g, § 162,"and we have Fi(x)
=F(x, i). Moreover, F(x, y) =0 ish.tyclic equation in &,
since the cyclic functions of its rogts“lie in this domain.

If inn=e.f eorfare compgsite numbers, then we repeat
the process upon the new cxelih“equa.tions until all the factor
equations are of prime dengeé."

whherhsp thbreelnbioniad cyclie equations of any degree m is
made to rest on the sélution of cyclie equations whose degrees
are prime number{:

Ex. 1. As a{glugtra.tion, take xt + 28 + o2 4 ¢ + 1 = 0, where & = w,
t1=u?, sty=et, Wy=a¥=ud. Hence s=(wa100) = (wulvwte?), c=(ww'),
o1 =(w?b).  Take ¥ = aag? 4 cpo = ot + w, then y: = yois? + %t
= Py +n=-1, =1, G-pt-n)=+t-1=0
2t=1AVE, S =P+ G -3VE+ D@+ + VD=
Flon %) - F(z, ). Each quadratic factor, equated to zero, is 8 cyelio

Ration,

w)\" Ex 2. Given that f(@) =« + 25~ 5ot — 481 622 + e —1=018
£\%  a cyclic equation in which @ =2cosa, @ = 2 coana, &y =2 0§ A, =+

N oo
\ ) 5 = 2 coa nfq, where n =2 and g — 2??? + In illustration of the theorem,

we have s == (0o tattatys), ¢ = (tgery), &1 = (wyoiaee), Take ¥ = et
+ a0+ gt% g1 = oyons® + eigois® + e With some effort we H08
y+h=—5, yy:1=38. Hence (i—y}(t—)=8+5¢+3=0, 2i= -5+ vis.
We get f(2)= (12~ 4@ =+ @~ 1) (8 + (d + 1) — ¢ — 3 —2) =0, Where
2d=—14 V13,



OYCLIC EQUATIONS 195

The cubic factors yield cyclic equations of prime degree. The expres-
sion for g, sclected in this example, is somewhat mnwieldy. A better
choice is made in the periods of § 180,

Ex. 3. If m is odd, and equal to 2a 4 1, show that -(-—-:-1—1 0,

when # +— =g, yields the cyclic equation
—_ - —_ - _ _ gn-—2;gn—3! A
0 =wn4 on (n=1)z (n—2)an—s 4 1.9 zot O\
A\

+ _(ﬂ_—‘i)i?ﬂlzm _....},'

which has the roots & == 2 cos ke, where ¢ = 2r , and where i: takes
2u41 A\
suecessively the valnes 1, 2, 3, «+, n. When 2n+1 I8 prlme, the egna-
tion is irredaeible. ’ \
o
175. Theorem. Every function in D of geeroots of an irreduci-
ble cyclic equation is itself the rout of a colit equation.

Let « be a root of the given 1:r1=e¢iut}1ble eyclie equation and
g(¢) the function. Then if thevaI‘ues

42 94y PIeR R g )

are not all distinet, let §2y g(fx) g(¢*(e)), and we have, § 138,
the rectangle N\

g gd@) - 9@
g@ ta», SO @

3

in whlc'l}the values in each column are equal while the values
in &ach row are distinet, and are rocts of an jrreducible equas
tioﬂ n Q, viz.,

! h) = gty — g (@) - W — gD =
The consideration, as in § 142, of the function

o ) 9(¢(“x—!))
o) = ()| L EE O G o]
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leads to the conelusion that
9(p(a)) = $y[g(2)],
g(¢* () = [g(P(a))], «o.

A similar conclusion is reached if all the values of 1 {ra

distinet.
Ex. 1. If « is a eomplex fifth root of unity, show that 1 -}-'\uz,\l + wh,
14 w3, 14 wt are roots of a cyclic equation, NS ¢

Ex, 2. By § 175 form the roots of a eyclic equation gf.,tj‘ls; sixth degree.

Ex. 3. Show that in a demain made up of real 311'.it;|ber’s: (1 a eyelic
equation has all its roots real, if one is real; (2).all the roots of » eyclic
equation of odd degree are real; (3) all the rogisof a cyclic equation of
even degree are compleX when one of them{; complez.

9. N

178. General Cyclic Cubic Equatich, ” To determine the general
irreducible eyclic equation of Ahe’third degree, let e, w, o be
the roots of the required guble, where o = ¢ (&), ag=H{m)
From § 80, it follows that the most general algebraic funetion

?f{la\rnw% iﬁ%’aulibrary.onﬁ{;}j = aa® + b + ¢ I
By § 175, da Jgé is also a root of a cyclic equation, Writ-
ing da + ¢ for(®n T and selecting for d and e values which

cause the cbefficient of & to disappear and that of « to he
unity, we obtain a simpler, yet general function, d{w) =10

We.ga“@ ’ o= e
N\ =’ + ¢,
‘,\" @ =a+o
AN .*  Eliminating &, and &, we have .
\H‘, (F+c)pd2e(d+o)f—at+t+e=0

Since a, cannot equal @, the expression a, — & = (¢ -+ €) =8
cannot be zero. Dividing by (e® + ¢) — &, we get

o+ &+ (Be+ Dot 2o+ e+ Bt +3c+ 1o
+(@+2¢+ e+ (P+2¢+¢c+1)=0. I
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If the required cubic is »® — a;2* 4 ay» — ¢y =0, then
ty= oty o= ot + (2 e 1)’ + a + (¢ + 2¢),
= of ++ o + B cad 4 (2 e+ 1)oP+ (3 )P+ (2 e)a+ (F+6%).

By II, =y + (6 —1).
a3=c¢7+3cof+(3cg+c)u’+(c’+c’)u. R
By I, = oo+ (e +1). R\,

Equation IT is satisfied by the three roots &, &, o and a.lspInSi
three other roots «, e, ¢, whose sum we designate Uy @/

We have a+ oy =—1, \\
o =3 o1+ +ah—o— 1)
=¢+ 2, \ 4
and a,, o', are roots of the quadratic \/
24 2+ 04320

Since the sextic II is satisfied by ;}:hire 0018 &y thy % of the irre-
ducible eubic, IT must be reducible inte 3wo cubics. YEpdEeth, and
a'y must be numbers in Q.{ Hence the discriminant — @de+7)
of the quadratic must Qéﬁ perfect square; in other words,

M- e+N=@F+D)}
or 2O’ c=— (2 +S+2)
The rootsp{%g quadratic are fand —(f+1). Writieg G=J
we get a}\@—- (2421 4-8), a=(/"+2 /1 +8f+1). Thus the

coefficients of the required cubic are ohtained, wlc.xere / is any
n‘;lml})e{- in . To remove the second term of this cubic, take

i
\f,___.%ng and y:x-'f;-, and we get

¥ — 3(m? +m + Dy + (2 +m+ DEm+1)=0. I

Every cyclic equation of the third degree can be reduced to ITL
8eo Ex. 4, § 159,



S

198 THEQRY OF EQUATIONS

Ex. 1. Show that the discriminant of IIT ia a perfect square,
D=9m+m+ L)%

Ex. 2. For the equation III determine the function ¢ in the relation
o = ¢(a).

Ex. 3. Any cyclic equation of the fourth degree can he reduced m%e
form gt — 2b(2 s+ rDyE— 4 br(l + be¥y + b3 -2 838~ B(1 + bs*¥ s 0,
where b, r, s, are rational numbers and b is not a perfect fourth, power,
See Ex. 11, § 169, Prove that this equation can be solved. Withiout the
extraction of cube roots. « N\

7NN
L 3

CYCLOTOMIC EQUATIONS; GEOMETRIC Q&i\rsmucrlons

177, Introduction. In § 63 and § 64 i6Was shown that the
roots of &* — 1 =0 may be representedthus,
o= cosz—kf.-g-’ £8in _2@_-’
7 ) 7

where & takes successively'the values 0, 1, .., n—1, and that
the solption of o —1 =0'is geometrically equivalent to the
i¥ision of the circutiterence of a cirele into n equal parts.
The solution of 22&51 =0, given in § 63, is trigonometric. We
proceed to shqw”ﬁlat it is always possible to give an algebraic
solution, “Weshall point out how this solution can be effected
and shall:®gnsider the cases in which the division of the eircle
into eqid) parts can be effected with the aid of the ruler and
corpfﬁasses.
"’\.Qt
478, Cyclotomic Equations. If we remove the root 1 from

A\ %° —~1 =0 by dividing by # —1, we obtain
N>

\ 3

B g gt 010, L

Tf a is a prime number, equation I is called a cyclofomic equution.
In the domain 0y, the cyelotomic equation is érreducible, § 130,
and eyelic, § 170,

If » is & composite number, we know from § 66 that the so!u‘
tion of @* —1==0 can be reduced to the solution of pinomial
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squations of the form 2 — 4 =90, in which the exponents m are
the prime factors of n. By taking #VA=¢, the equation
2*— A =0 becomes #* — 1 =0. Hence the general sclutions of
binomial equations ean be given as soon as we are able o solve
binomial equations of the form z™—1=10 whose degrees are
prime numbers. It is the latter equations which by division
by z— 1 give rise to the cyclotomic eguations, A
Since a cyclotomic equation is a eyelic equation, its solution )

i3 theoretically contained in § 172. But, as a rule, the comput
tation of T, is extremely involved. We proceed to 49y€1§p a
scheme, due o Glauss, by which the solution'of ggclotomie
squations is divided into simpler component operatigns.

Ex. 1. Show that cyclotomic equations are recipm\gal’ eguations.

S

o\,
179. Primitive Congruence Roots. Ijs.shown in the Theory
of Numbers that, for every prime numhber =, there exist num-
bers g (called primitive congrugngesroots of 1) guch that, on

dividing by » each member in the series,
swrw . dbraulibrary org.in

9!&9'.2: & o I
the remainders ob%@ed are (except in their sequence) the
ie

numbers in thesel 1, 2, 3, ey a1

For instangé, if 1= 5, we may take g=2 If % 2, 2, 2* are
each dividéd by 5, the remainders are respectively 2, 4, 3, 1.
Theseoiém’ainders differ from the series 1, 2, 3,4 only in the
m'de?:in which they come. Illustrate the same by taking n=7
L ndly =3,

\\‘: “In view of these facts and of the relation w“=1', the roots
Wy m, -, w,_; Of the eyclotomic equation I may be wnttclm thufs:
O=u, w=of, ez, oy opg=e" - This notation will
offer certain advantages. The roots of I may therefore ba

written : -
- w, ‘?’ ﬂ)’e’ e, (ﬁgﬂ 2. II
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Ex 1. By trial find the smallest integer that may be taken as the value
for g when » =11, and show that w, w#, o, ..., w™ Tepresent the same
r00ts 88 ©, w?, w8, ., 2% Show that, for n = 18, g may be 2 or 6.

180. Solution of Cyclotomic Equations reduced to Equations of
Prime Degree. As is evident from § 174 we can base the solu-
tion of equation I of § 178 upon cyclic equations whose degregs,
are prime factors of n—1. When n is prime, n—1 is compgsite.
Letn—1==¢-f, where e is & prime factor. As before, lafwhea
root of the eyclotomie equation 1. Then construet pi]ia}essions

1, i+ Yoy, Called periods, as follows: N
p= o0+ o + o™+ - uP‘-"‘)‘!"\;"
= + o™ o pat U, o

T TR TS e
In each period there are f termps and the first term is the g*th
power of the last term, and each.0f the ferms after the first is
the gth power of the term preceding it. Each of the periods
is, Wheveddraudi Fuerienssind belongs to the cyclic group

Q‘z:gi, EAE T g

where the substitﬁt?lhn s={a, w, wy, ++, w,_g). The periods ITI
are gpecial forms which the functions ¥, #, 3 in § 174 may
assume. Ffom § 174 it follows that the periods IIT are the
roots ofyai irreducible cyclic equation

T @=nE—m @) =0. v

\T%é is an equation in Q and of the degree e. By the solution
w30f this equation the periods become known guantities.

181. Product of Two Perieds. In order to compute the. co-
efficients of equation IV in § 180 we must multiply periods
one by another. Take

‘anw,R_i_mgb{-c_}- . +m’.h+(.f—l)l,
I R )
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Observing that 4, remains unaltered when o i3 replaced by
< or by any of the other roots in that period, we may write
the product of the two periods as follows:

e = 07 (@ + @ 4 e 0
4 W (0 4 o e+ 0™
i w,;ﬂ.r'—nci m,;ﬂr:l)a._l_“;,w;k + +. w’”’”-l»)- R ¢ :\
In this product the terms in the first column are, . O .

W) g AL 1 I g O

If (7*+¢") is a multiple of =, then this columnj\hecomes
equal to £, If (g*+¢*) is not a multiple of n, thep this column
is one of the periods in III, § 180. AN

The same comclusion is reached for every column in the
product. Hence the product is a linear fhuétion of the periods,
the eoefficients in this function bqin@ﬁumbers in the given
domain Q(1). ONY

*

182. When f is a Composite Numbese. Jilen J, thq relation
n—1=¢.f both ¢ and fiare prime numbers, the golution
of the cyelotomic equatieh is evidently made to depend on the
solution of two eq fiots whose degrees are prime, one equa-
tion being of the degrée ¢, the other of the degree /.

When fis & ¢ouiposite number, ene or MOTe additional steps
ate necessaryuid reduce the problem to the golution of equa-
tions of prime degree. If f=¢' - f, where ¢ ig prime, we may
form'ge}\\périods, with f' terms in each, 88 follows:

N = s 4o etk

O e ram

—1)as+1
’

L e e
;,ﬁ' o + wv.'”';‘ + m,;-@'a. + L D,
e éw;w_-l-;m’;‘f_.l-l:m’;d-l'[”“'l'mvrxrlo

‘J'«—l
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It is to be noticed that, if we select every eth period in this
set, the sum of the periods thus selected is equal to one of the
known periods III,_ § 180. For instance,

7=+t + 9 e

These periods 'y s 7' ++» Gre voots of an frreducible cyelio
equation of the degree ¢!, the coefficients of which are linear fune

N

tions of the known periods 111 ¢(\A

"N
If f' is a composite number, repeat the above proeess by
agsuming fl=e'-f" TIf n=e-e «e"-f", the ‘the above
process calls for the solution of one equationgof’each of the
prime degrees ¢, ¢, ", f'.  As soon as one toob of a eyclotomie
equation is found, the others can be oth.ined by raising that
one to the 2d, 3d, .-, ath powers. \\ ’

183. Constructions by Ruler and>Compasses. The operations
of addition, subiraction, multjpﬁcation, and divigion can be
performed geometrically uper$wo lines of given length. For
instance,din-#lepientany ggapmetry we learn how to construet
the quotient of a line & inches long and another line & inches
long, by the aid of this.proportion @:1 =a:b. In elementary
geometry we learfi also how to construct, by means of ruler
and compasseg, Fhe irrational vab. The geometric eonstraction
of Vo + /b8 simply a more involved application of the pro-
cegges jush.réferred to. But we are not able to construet with
raler and compasses, irrationals like §/ab. Thus it is evident
that{all rational operations and those irrational operations
which involve only square roots can be construeted geometri-

) .\~féﬁlly by the aid of the ruler and compasses.

Conversely, any geometrical construction which invelves the
intersection of straight lines with each other or with circles,
or the intersection of cireles with one another, is equivalent %0
rational algebraic operations or the extraction of square roots.
This is the more evident, if we remember that analytically
each line and eircle used in the construction is represented by



e
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an equation of the first degree and second degree. Henee there
is & one-to-one correspondence between eonstruetions by ruler
and compasses and algebraic operations which are purely rational
or involve square roots.

Consequently, if we wish to show the impossibility of con-
strueting a quantity by ruler and compasses, we need only
ghow that the algebraic expression for that quantity in termga
of the known quantities eannot be given by a finite numbereh
gquare roots. g >

Applying these ideas to the problem of dividing“ﬂfé’tsircle
into n equal parts by means of raler and compasses{the prob-
lem is possible or impossible according as the rodksof a* —1=0
ean be expressed by a finite number of squ & roots or not.

If n is a prime number of the form 244\l the degres n—1
of the cyclotomic equation is a powel 6.2, and the operations
called for in § 182 involve square féoﬁs only. Hence, when n

is @ prime of the form 2*+1, therdivision of the circle into n .

equal parts by ruler and coppusses i3 ahoays possible. This
important result is due to G.a'u%w,dbrauljbrary org.in

Ex. 1 Solve ab — 1 =@ hy Gauss's method. :
The cyclotomic e wation is et 2t x4 1=0 Here n—1=4=2-2;
e=2 r=2 Itjs necessary to solve two quadratios. By trial wo
get for » = 6, ¢ = 2ythe roots -
PN\ w, Wi, W @5
these yield the'two periods

OV g o=w Fef = + oty
"\\ n1:w+ww=mﬂ+wﬁ.
{ '\'; Hence equation IV, § 180, becomes
) & (n+ e+ m=0
- But ﬂ+m:m+wﬂ+ws+m4:=-l,
and o = (e + of) (o + m8)=oﬁ+wﬂ+u+w4=-1.

Hence the quadratic takes the form .
—1xV6
@4+ x—1=0, and 2=—"3"""

&
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Take 4= ;1;._\/5 The quadratic whose roots are w and wt is
(et +w-wt=0,

or —q+1=10.

Whenoe x=3+_\/3f“12 —14VE+iV10+2vh

2 4 4 N\

According to § 183 the inseription of a regular pentagon into acircle

can be effected with the aid of ruler and compasses. \’ ‘\
9

Ex. 2. Solve 22 -1=0, AN

Ilere m —~ 1= 3.2.2, Hence the solution of one cubie and two quad-
ralies is called for, and the inscription of & regular(gal}gon of thirteen
sides into a circle by Tuler and compasses is impossible. Take y= 6, then
ot —1

the rocts of =0 are )
— ik -4
w, o, &, .., m;,‘!
or w, of) ¥ of 0l w? w1f,“;g?, w?, wh, ot ol
AN

Ifwetaken-—1=e-f:12:3-;1‘,.§vﬁ;3re e =8, we get
7 Sak o + w4 o,
www,dbrauljbrary.g{gﬁ + w® 0T+ at,
Lm0+ o + w4 wlh

To compute the cubi}:‘;i which 5, m, 2 are roots, we obtain
&

N\ n4+m+me=—1
\'“ e =2n4m + 1,
x:\:“: e =%+ 2m + 92,
O\ me=n-+m-+ 2y,
) §' =44 2m 4 0,
'"\‘:';3 =+ 29m + e =—1,
~D T et rm =40y +m 4 w)=—4

The cubic is @ + 22 — 42+ 1==0. Solving this, we obtain the valnes of
M M, N2

Take next f=4=e/f' =2.2. We have 7' = w -} wi, 7/y = o8 + o5
Bince 5’ -+ #'s = # and 99’y = 91, we find that %' and y's are TOOtS of the

quadratic
B —qrt g =0
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and are therefore known, Next form the quadratic whose roots are «
and wlZ  Since & + w8 = y' and w . o1? = 1, this quadratic is

m’—-.q'm+ 1_:0.

Fither voot of this quadratic is a primitive root of the cyclotomic equation,
from which all the other roots may be found.

Ex. 3. Solve 17 —1=0.
One Toot is 1. 'To find one of the primitive roots, form the eyclotomic ¢
equation of the 16th degree and take g =8. Then the roots are repre\
sented by the following powers of w:

"\
F
< 3

1, g 0% &% ¢4 = 0% % \
which are equivalent, respectively, to the powers m.\.\'
1, 8, 9, 10, 13, 5, 15, 11, 16, 14, 8, 7, & & s,&
Take 1 — 1 =16 —e- f=2-8, where =2 Thef/)
7 = b ot wl8 ot 4 o D R
m“+w1°+w5+w“+wl*+w'+w“+w'
We find that 4 + 3 i8 equal to the su'm ‘of all the roots, or — 1, while
4 =—4. Hence » and n are roatag . dbraulibrary.org.in
i z—4=0.
Next we toke f=8= e'f“—\2 4, where o' = 2; then
\,(\-m+wm+u16+m*.

1}1-—&5+m5+w“+@ﬂ
X

N b
LT et ol
The Peb@ﬁ‘u’ and 5';, Whose sam is ¢, are roots of
.:':3 o —qp—1=0
'"‘f" Ll\ﬁ& #'y and 45, whose sum is n1, are the roots of
3
N\ gt —pz—1=0
2 a_ .
Weget, ’?r=g+ %“{' H ﬂ’ﬁ—ﬁ_ 4+1,

2
,[ﬂ’ p=T_ 4L+ 1
+ygth M7 at

i
ro 3
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In the third atep, ff =4 =y =2.2,

W =uw+ s, By == @ oA
'l = Wb 4 wl, ¥y = ub 3 18,
7=’ + o, 7 = b 4 of, A
e = Wl 4 o, g = wll 4 B,

N

2 AN
Since ¢/ and "4 have ¢ for their sum and 4, for their product, ﬁiéy are

the rootd of « N
= n'r+ 91 =0, A\
/e N\ 3
. ' 12 ¢
and we obtain P = % + 1;— — 7' .‘...\\

Finally we find that « and ' are roots of thg{qtmdmtic
22— gfr +1 ‘o H

o

'y

2,

% primitive root of the cyclotmmc equatlon of degree 16,

Afver sdbiaplineasy meggudratics given above, the question arises,
which one of the iwo.fonts represents a given period ? For instance,
which of the roots ef\e? — mi — 1 =0 represents o'y ? To settle this,
form the produc \ "/

—M)(ﬂ’l—-ns) 2 —m) =+ VIi = "+ 1(x's — 9s)

\X
Hence "1“ +s is positive, and #'; has the plus sign before its radical,
w's th&nﬁgatlve sign,

\ ¢ readily seen that, since the equation 17 — 1 =0 involves in its

«Sglution no other irrationals than square roots, a regular polygon of seven-
.\ teen sides can bLe inseribed in a eirele by means of the ruler and compasses.

Gausd discovered 2 method of inseribing this polygon when he wasa youth
of ningteen years, It was this discovery which indnced him to pursue
mathematics as his life-work rather than languages. For an explanation
of the construetion of the reguiar seventeen-gided polygon consult Bach-
mann, Lehre von der Kreistheilung, Leipzig, 1872, p. 67, or Klein's Faumous
Problems of Elementary Geometry {ed. W, W. Boman and D, E. Smith),
Boston, 1807, p. 41. We have followed Bachmann's exposition of the
subject of the division of the circle,
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Ex. 4. Show the impossibility of constructing, with raler and com-
passes, the side of a cube, the volume of which is twice the volume of a
given cube.

{To construct a cube whose volume shall be double that of a given eube
is the problem known as the ¢ Duplication of the Cube.” It was tme of
three problems upon which Greek mathematicians expended mnch effort.
Myth ascribes to it the following origin : The Delians were suffering from
a pestilence and were ordered by the oracle to double a certain cublcal
altar. Thoughtless workmen constructed a cube with edges twice as long.

N

2\ A

But brainless work like that did not pacify she gods. The etror bein'g\

disgovered, Ilato was consulted on this * Delian problem.” Thromgh
him it received the attention of mathematicians.) A,

Ex. 5. Show the impossibility of trisecting by the 2id_of uler and
compagses any given angle. \%

To trisect a given angle is the gecond of the three}fﬁmous problems
first, studied by Greek mathematicians. The third wasthe * Quadrature
of the Circle.” x\ v

Let ¢ be a complex number 04’ of unit lengtly” Let

|4OB = o, [AOA =14/ 04 [A"OB =
Then Z = QOB g*tﬂl‘i‘l ‘én
. ww.dbraulibrary.org.in
22 ;{os £¢ + z’sin—s—s

2‘
3

- 8
and a{’: 08 ¢ - i 5in ¢ 1
According to our pruble} we are given L, where * = OB, and we are to
show the impossibilisg-of constructing 0A' by ruler and cOmpassER.
Wo are going 't prove that equation I, a8 2 ruje, ia lrreducible. Tt is
sometimes rediteihle. For instance, when ¢ = 90°, equation 1 gives £¥=1,
which can E8\fctored into (-7 (2 —iz—1), which factors are fanctions
in Ql.n\’&‘ﬂ"this case the construction can be €
Wh?ﬁ the tight member of I is an arbitrary aumbet, that i3, when ¢ i
ap-arbitrary angle, then 1 i8 srreducible, else af least one of 1ta Toots could
“he\represented as a function of cos ¢ and sin ¢ By De Moivre's Theorem
\the roots of I are @ e
Xy = CO% g+iam§,

! D
zg=005¢+32f+{m¢+3 y

. ir
%g == COB ¢+34F Hsm¢+3
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If in these expressions for w, xs, 23 we substitute ¢ 4+ 2 r for ¢, the
roots nndergo a cyclic permutation ; that is, » becomes &g, 2 becomes i,
and 25 becomes 23, Becausge of these changes, no root can, in general, be a
rational function of sin ¢ and cos ¢ ; for, sin ¢
and cos ¢ remaining unaltered in valne when
¢+ 27 Is substituted for ¢, the root coflld,
undergo no change. For an arbitrary angle
the equation I is, therefore, irreducibie) Its
degree being 8, which is not an integral power
of 2, its roots cannot be constructsd with the
aid of the ruler and compasges, and the trisec-

tion is impossible. 4

~

Ex. 6. Show that, if we take cos g— equal to a value ¢, numerically £ 1

and rational or involving square roots only, e, get w* = (o + 15)%, whers
p2=1— o and where & = & + i8 is 2 ool which can be constructed
geometrically, Show thai any number :0f trisectable angles ¢ may he
cbtained by this process. Taking ek /2 . /g, show that the angle
of 45° may be trisected. By assumifg ¢ to involve at least one radical
whose order is not two nor aspower of two, show how to obtaln angles
which eannot be trisected. o\ ™

wiw.dhraulibrary.orpéin

Ex. 7. Assuming 2 668 g = show that the trisection of the angle ¢

depends upon the.efiu\ation 28 — 3z =2c08¢. Letting cos ¢ = m/nand
nx =, derive y\lg %y == 2 mn?, which has integral roots whenever the
first embic hag'vational roots. If the integers m and » are prime to each
other, and’2.i8 divisible by an odd prime p but not by p? show that ¢
cannot bé\fiisected. Prove that angles 120°, 60°, 30°, cos~1 } cannot be
t:rise:gtg\d."

§Ek 8, Toehow that an irreducible cubie, whose coefficients are rational

+\ hurbers and whose three roots are roal, cannot be solved by real radicals.

s

This is the go-called ¢ irreducible case,” § 60. We are required to prove
that in the algebraic solution of the given cubie it is impossible to avoid
the extraction of the cube root of & complex number. To this end observs,
first (§ 171, Fx. 3) that the cubic becomes a normal equation when FA
is adjoined to 2. Here VI isveal. ‘The equation z* — g =0, where ¢ is
not a perfect nth power, and & is prime, is irredneible.  If it were possible
for the normal cubic egnation to become reducible en the adjunetion ol
the real root X= Vg, then by § 166, Cor. II, the degree of 2% — &= 0
would be 2 multiple of j, the index of the new Galois group P=1, under
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G®. Here this index i3 3. Asa « is prime, n=3. Thir makes f =0z
where p i3 a root of the normal cubic. Hence the roots of 28 — ¢ =0 are
the conjugate values of X, § 186, and all of them lie in the normal domain
@ Now, if one toot of a normal equation is real, all its roots are real.
Therefore, all the roots of - @ =0, being funetions in # of p would
have to be real. But this cannot be, when n = 3. Thua, the assumption
that our cubic can be solved by real radicals of prime order leads to an
whsurdity.

such as ¥, where 7 = pg, a composite number ; for, in that case we{ean
write /37 and we can adjoin in suceession the radicals of pritﬂg&mﬂer

A
y=Yaand ¥y Buot, as has just been shown, such a.dJu.n?ttoﬁ do not
render the normal cubic reducible. AN o
. NN
\/

b
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" Nor would the solution be possible by real radicals of composite order,\N



CHAPTER XVIII ~
ABELIAN EQUATIONS L\

--184. Definition. An equation f{z)=0 of thes n‘th degree,
havmg the roots &, o, «v, e,_; is called Abelaan, if each root
can be expressed as a function in Q of somé\&ne of its roots,

thus
' o= ¢iee), o= po(x), -, a\u-]"¢n—1(“};
and if, for any two of these roots\wgé kave the commutative

relation Pudile) = tiu%(“)- | !

By ¢udi(e) we mean herq; ¢n’[¢k(“)]
The &gua,tlmn a1l = 0 is Abelian, becanse, its roots being
PGP R RNATY QI&“* —i=0 1= (#)F= (&) ete.

Ex. 1. Show that egxchc equations are special cases of Abelian equations.

ne
Ex. 2. Shovikthat'zt —1 =0 is Abelian, but not cyclic; that «*—~1=9
ia both Abelian and eyelic.

Ex. 3, "5\]",1‘51're that when Abelian equations are irredncible, they are

norma.( >

E& ‘4. Show that z» — 1 =10 is Abelian where # is any positive integer.

\Ex 5. The equation =5 -+ 22 — 440 4% — 3520 + 11264z + 32768 =0
“Shas as three of g roots — 2, 4, —8, Show that it iz an Abelian equation.

Ex. 8. Is 2% —~ 5 =0 an Abellan equation in the domair fiy? Io the
domain €y, .y, where w ig & primitive sixth root of unity ?

185. Abelian Groups. A group whose substitutions chey the
commutative law in multlp]lcatwn is called an dbelian grovp
For instance, 1, (ab) is such a group, because 1 - (@b) = (@b} « -1

210
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Ex. 1. Every sub-group of an Abelian groupis jtzelf an Abelian gronp.

Ex. 2. If & is not Abelian, and Ghisa sub-group of &, then & ia not
Abelian.

Ex. 8. Show that 6@, Go®, G491, G4 II, G III, G5, G 11,
are Abelian groups.

186. Abelian Equations have Abelian Groups. If the roots of
an Abelian equation are ol distincl, 8 Galois group is api)y
Abelion group. ' O

Let f(z) =0 be an Abelian equation, and let its roois b8,
o, oy =), &= ooy, -+ f‘n—1=¢n—1,(4"5\\ I
If f(w) =0 is reducible, let g(w) be an irreducible factor, and
et g(w) =0 have the roots , N '
i, a!,___ ¢’(ﬂ), alf — ¢I‘!(’q)} ee, . . II
All the roots of I oceur, of coutse; “in the series I. Now
g(z) =0 satisies all the condijipns’ of & Galois resolvent of

J(#) =0, §145. Hence the, ghou f(@)=0 consists of the
substitutions \ wwg%{ﬁg’?‘br ary.org.in

p=(em), p'=(aa), -~
This group obeys thé"}ommutative law in multiplication, for
h \" ,
we have 4 Pf z(m’) — (a, ¢ (a)),
0 o =)=(s (@)
aud, § WSyl = {0y ()} 190, 919" (@1=1a $9°(D)
’\\'\‘ P”P'= {a, (i)”(l‘.‘.() } {¢rr(a), ¢H¢I(a)}= {“, ¢n¢r(m)§.
Si“,‘!;“ﬂ the equation f(z) =0 is Abelian, we have

m\ ;\ ’ $"d'(w) = ¢r¢n(a);

\/ hence, P = p. .
Consequently, the group of qubstitutions of the domain )
is eommutative, ag is also the isomorphic group of the equs?.tmn
Sf@)=0, § 151. Therefore, the Gralois group of f() =018 an
Abelian group. S
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187. An Equation having an Abelian Group is Abelian. An
trreducible equation g(x) =0, having a commutative group s an
Abelian equation.

Let ¢, &, ++-, ,_; be the roots of g(x) =0 and let & represent
the group of this equation. As g(x) =0 is irreducible, Q4s\
transitive, § 156. A

Let s be any substitution in the group & which d\'oé&\not
change the digit 0, and let s be any substitution in\G whieh
replaces 0 by 4. Then s7'. 5.5 is a substitutien“ef & which

does not change ¢; for | ¢*¢

8! changes 1 to 0,

s does not cha.nge\Q,;

3; changes 0 tgs'z'\:l'
Bince the group & is assumed tof bé'éommuta,t.ive, we have

§t-5- si,—_}:.’é;‘ cge8=8
Hence s leaves uncha,ngetf ‘not only the digit 0, but also the
dféi‘ﬁ‘t.-%ﬁit‘ll?ﬂ&fﬁﬁﬁ%@' ig transitive; therefore, the digit 0
must be capable oKheing replaced by each of the other digi.ts
1,2, 8, +, (n—13.) "Yet, no matter which one of these digits
is taken to be', the substitution s leaves ¢ unaltered. Thfase
relations cafi hold true only when s is the identical substitution
in the grodp @. Hence every substitution in G, except 1, &
placeg)by some other digit. :
Applying to every other digit the same reasoning which we

dpplied to 0, it follows that every substitution in the group &
Nexcept the substitution 1, contains that digit among its elements;

in other words, there is no substitution in &, except 1, which
leaves any digit unaltered,

Next, adjoin to the domain Q the quantity M = «, where #
is one of the roots of g(w) = 0. Since no substitution in’the
group @, except 1, leaves the index of e, unaltered and since
the identical substitution satisfies the definition of a group, 118
the subgroup to which M belongs. Thus, @=1; and, by the
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adjunction of s, the group of the Galois domain is reduced
to 1, § 163.

The Galois domain of g(w)} =018 &, o ., opan § 143 Each
of the roots e, o, -+ #, 1 i8 & number in the Galois domain and
each of the roots admits of the substitutions of the sub-group
§=1; hence each root is contained in the domain 2, § 162,
and each root can be expressed as a function in € of one of (),
them. Therefore, g(x) = 0 is 2 normal equation and the domaig K
@, is a normal domain, § 132. We have then hy

7N
< 3

= @), " :
and the Galois group of g(x) =0 consists of the sﬁ‘b}titutions,
P9 o= (o 8@ D
We have, § 148, paps= (% ‘i’n‘ﬁt(“)).’.'\:' .

papr= (% ‘f’x‘f’n(;“))’ ¢
As the group is assumed to be comuintative, we must have,

duh(®) = diler)s
i.e. g(x) =0 is an Abelian 9qhaﬁw.dbl'aulibral'y,org_in

188. Theorem. JIn, i'q':z\substimtion belonging to a transitive
Abelian group all “the cycles consist of the same number o
elements, D

Let the sibtitution s be resolved into its eycles, and let r
be the leagh{ Aumber of elements in any cycle. The substitution
¢, applied to the elements in that cycle, leaves the elements
unghdnged. Since, § 187, in & transitive Ahelian group no sub-
#tiﬁnfion, except the identical one, leaves an element unaltered,

“\#must be the identical substitution. Bub this can only be the
¢ase when all other cycles (if there are others) consist of 7
elements.

Ex. 1. Name the Abelian group of degree five, in which the cyclea in
one and the same substitution do not have the same number of elements.

Explain, See Ex, 3, § 185, also § 104.
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Ex. 2. Show by §§ 187, 188 that there can be no transitive Abelian
group of prime degree other than the cyclie group, and that there is no
irreducible Abelian equation of prime degree oiher than the eyclic
equation.

Fx. 3. Show that no transitive Abelian group of degree n can be\of
lower order than n.

Fx. 4. Show that a iransitive Abelian group of degree ni{‘of the
order n. Weber, Vol, I, p. 578. NS ¢

189. Solution of Abelian Equations. - The so.{u%ioﬁ' of Abelian
equations may be reduced to the solution of, g:yg&:i& equutions.

In a transitive Abelian group every subsStitution, except the
identical one, involves all the elemexts and has the same num-
ber of elements in each cycle. Henve, if n is the total number
of elements and » is the number'n one cycle, we must have
n =7 .t, where ¢ ig the number ‘of eycles in the substitution.

Let & be the group of apdzredueible Abelian equation f(2)=0,
sadlet b g subsisigon except 1. 106, - -y o5 the
cycles in s, we may wr

5 imx\ 8= €CCp e+ Cyr
. ™
Each of these'cycles has for its elements » roots of the equa-
tion f (:Q:mO Hence we have

2 = (atty oor &y
\.§ N c1 = (BB B
AN 61 = (00y -+ 0,1),

\; where the &’s, 8’s, .., ¢’s are the roots of f(z) =0.
Let & be any substitution in the group @. We have, § 187.

81-1-8081=8,

The product 3,133, is obtained by performing upon each ¢ycle
of s the substitution s, § 88. As this operation leaves s a8 8
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whole unchanged, it follows that, after the operation, each
eycle still has the same letters oceurring in it and in the
same cyclic order, though the oycles may have interchanged
positions. Since s may be any substitution in the group G,
except 1, we conclude that the group is imprimitive, whenever
t>1, § 103, : '

Tet M be a cyelie function of the roots & oy r++ &1y My a0y,
eyclic funetion of the roots 8, Bu +v Brs and so on. We have. °
_ t-heﬂ . . "2 N
M=y, oy v “r_—x)r N 3

Mi=¢{B By - )Sr—ll)' _ ,“’:\'\

There will be ¢ such conjugate cycliez’:ﬁﬁcﬁons, M, M,
My e, M, x\ .

Let @ represent the aggregate of all)the substitutions in the
group & whieh do not replace a, ayele by another, but simply
interchange the elements in gath cyele. This aggregate of
substitutions is a group; thé i)rbduct of any two of them gives
a substitution belonging %o G eiof bl [ odviigrehamge the
eyeles. Thus, Q is a gnb.group of G-

As no substitut&éf in @ can change o, info any element not
belonging to the'eycle ¢, § 13 an intransitive growp.

The functién, H is readily seen to admit the substitutions
in ¢ and ‘sl{os’e only; hence, if we adjoin M to the domain £,
the gropof f(x) = 0 reduces to @, § 163

AgQ1s intransitive, the aquation f(z) =0 s ré
domain ey § 156, ) _

() Yeet f(z, M) be a function of & defined thus:

h
3

dueible in the

PN

h o, M) = (@ ) (B — @) e (5= )

We proceed to show that this is one of the factors of J(=) ﬂlln
the domain 2, Since € 18 intransitive and permu'.tes ;
roots in each cyele among themselves only, the coefficients 1;)
(@, M) admit all the substitutions of & Therefore f(#
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is # function of = in R4, § 154 Since all the roots of
S(@, M) =0 are roots of f(&) =0, f(x, M) is a factor of f(z}

in Q.
Rimilarly, we can show that
fl My=@—BE—F) - &L \
S, My) = (—y)@—y) (@ 7»—1)3 ete., W\:\’
are factors of f(«). We have, therefore, \ ~\

f@y=fla, M) fz, My) - f (m, v—l)

Since the coefficients of f(z, M) =0 are cychc functions of
its roots, the group of this equation is¢he'cyelic group, or one -
of its sub-groups, § 159. But a cyelid group can have no tran-
sitive sub-group, hence the irrediiéible equation f(x, M) =0 is
a cyclic equation. Similarly foi;f (w, M;) =0, ete.

It remains to explain th ‘the values of M, «+», M, , may be
obtained. By § 161 theygte roots of an 1rreduc1ble equation
g( My wdbialibrd-pheglegree £ We proceed to prove that
g(M) =0 is Abeliai\ Since f(«x, M) =0 is cyclic, we get for
the conjugates OEE“K,

z}— 9T S, ey ¢1()] = F(a)
A\ '1“[18: 4’03); " -1 (B)] = F(B) . I
x.\“’ '#[?, 95(7): g ¢"“ (7)] F’(?) J

N\

By assumption, we have 8 = ®(«), v =& (o). Hence

My = y[B(e), $2(e), -, ¢ B()]
=‘|f’|.-q’(“)’ @4)(&), "ty q)‘ibr_l(“)]-
="J‘l’1[a; Ky ey B —-1],

where y, admits the substitutions of the cyclie group. Hence,
by § 162, M, is a function in @ of M. Similarly for M,
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Prom I we see that replacing & by 8 or y changes M into M,
or M, Hence, if

My = MM = Fo (), Ma=2(M)=F1i(a)
we may write
M) = Fo(y) = (M) = Fod, (2)

M) = F&(B) = WA (M) = F:2(a). A

Since, by assumption, &P, () = &, (x), we have also An(H)
=MA (M), Similarly for other conjugates of M. Wg.,h‘a:{'e
now proved that g(M) =0 is an Abelian equation. e \ 2

Hence we have shown that the solution of the gixén Abelian
equation f(x) = 0 ean be reduced to the golutionof eyclic equa-
tions and of another Abelian equation of lowel degree. The
Jatter Abelian equation can be treated il #he same manner
as was f(z)=0; hence, eventually, the solution of fz)=01s
reduced to that of eyolic equations only:

Ex. 1. Abel gave the following efample of an Abelian equation. Let
2 g Ly - f .
= f,;—r; then cos g, c0S2 @, -+ SR E’aﬂ%%ﬂb‘iﬁ‘w Yerghdroots of

the .e'qu&tion xnh — E x,"‘eﬂi_l... ﬂ_L____ﬂ — 3) Q:“-"‘ + aky == D. 1
£<O 18 1-2
For the derivation, Ef* this equation see Serret’s Algebra (Ed. G.
Wertheim), 1878, Wbl 1, pp. 196-100. Expanding the ight member
of De Moivre’s Gérmula, cosma - isinwma=(c056 -+ isin @)™, by the
hinomial th'e&';ein, We call express Cosna a8 4 fonetion in By of COs G
We may{ tlierefors, write eos ma = d(cos ), Where ¢ is the functlon.
Siril %os mya = f;(cos @), Writing mat for g in the former equatton,
we
,gb}; cos (mm,n) = H{co8 ) = 68 (co8 a)-

P

LT 1n 6;(cos @) = cos mye we replace a by md, We have
3

\ cos (myma) = 8 (cosma) = a,8(cos 43

Hence every root of I can be expressed as & function in & of one of

them, and we have in addition
96, (cos @) = £,8(c08 &)

_Therefore I is an Abelian equation.
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" Ex, 2. Show that T in Ex. 1is a reducible equation in the domain 4
defined by its coefficients,
Consider the value of the root cos zna.

Ex. 3. The equation z¢ +1=0 bas the group P = &4M¥1I, § 159, Ex. 5.
Its Toots are &= 3V2(L+1), &y =—3V2(1 —14), Gy =— &, Ba=—
Tlustrate the reduction of the solution of Abelian eguations to that.o
cyelic eqnations, O\

Lt 3 () () 6 = () = (e, M = i U Do
o+ o, @ =1, (aoy){etacts). Here M and M, are the Toots ofd? +2=0;
f.e. Mwn/“, M, =—i+v% Then f{x, ;)_xu,z e‘x(x, — =g
= { = 0 are both cyclic equations.

" Bx. 4. Theequation zt— 8+ 20a2 —16 2 +}~— }J\has the Galois group
G ®11; Lence, is irreducible and Abelian, We Rave here o =—a+4
=L B —Bg 2, o= B 6&2'-1\\8/&4—2 Tlustrate the re-
duction, as in Ex. 1. Netto, Algebra, Vol\ T, p. 234.
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CHAPTER XIX .
)\
TEE ALGEBRAIC SOLUTION oF EQuATIONS OO ’
190. Adjunction of Roots of Binomial Equations., To this
chapter it is proposed to develop the necessary. and ‘sufficient
conditions for the solvability of algebraic equations of any
degree. To this end we shall assume in thig\paragraph that
flx)=0 is an equation which admits of beifig solved by algebra;
that is, we shall assume that all the rodtgwof the given equation
S() =0 can be obtained from its cagfficients by a finite number
of additions, subtractions, multiphcations, divisions, and 6x-
tTH-BﬁOBSw(}f roots of any indg?r:ly}wwld braulibrary.org.in_,
Let %/, where ¢ is an algebraic number, be dny onie of the.
radials which enterxini{o the expressions for the rootis of

(\J . &
& ty +ov, o,y Of the equation fi®)=0. Thus, if 6= +H*
and m =2, then\¥¢ is one of the radicals appearing in the
ANY¥ .
solution of $he’cubic, § 59. Ife=— g + % + B, m=3, we

have an@“ﬁ{ér radical entering the expression of the roots of &
GubiE:\NOW the mth power of any radical %/¢ is a number in
flie"domain €, In other words, every adical is a.root _of a
: ‘:binomial equation of the form 2™ — a=0. Thus it is evident
that all the radicals which go to make up & yoot of fmy=0are
raols of binemial equations. . :
If f{z) = 0 is reducible in the domain &, defined by its coef-
ficients, we may apply to its irreducible factors the argnn-lelft
which Tollows.  If f(2) =0 is irredueible in that domaD, it is
219
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clear that by the successive adjunetion of some or all the radi
cals which enter into the expressions for its roots, the equation
will become reducible in the enlarged domain. That is, Je)=0
becomes reducible upon the adjunction of certain roots of binomial
equations.

As an illustration, observe that in § 167 the solution of the ™
quadratie equation was made to depend upon the ad;unct,wn
of y, the root of the binomial equation ¢=a—4 g5

In the case of the cubic, § 168, we first adjomed ‘\/D which
is the root of a binomial equation obtained by, feuloving the
second term from the quadratic «®4 G’ — HE=0. Next we
adjoined u, which is a eube oot of a binomyial)

In the case of the quartie, § 169, we Qrst adjoined w, which
differs only by a rational constant ffem =, Here 2 is the
root of a cubic equation, the solution' of which may itself be
explained by the adjunction of 1oots of binomial equations, as
we have just seen. Next we'adjoined Vv, vV, vVu, all roots
of binomial equations, . %

wiww.dbralibrar y_org,lfr}’. )

191. Dependence uptn Cyclic Equations, All binomial equa-
tions are known fo\be Abelian equations, § 184, Exs. 4, 6, and
Abelian equatiens may be solved algebraically by the aid of a
series of cyglie equations whose degrees ave prime, § 189.
Consequently, when f(&) =0 is @ solvable eguation, its solution
may be mddde to depend upon that of cyclic equations of prime

192 Restatement of the Problem. Suppose now that f{z)=0

s any algebraic equation. The question, whether it is solvable

by radicals, may be replaced by the gquestion of equal seope
whether it is solvable by roots of cyclic equations of prime
degree. We have thus arrived at the following query: Under
what conditions is the group & of an eguation of the nth degree
J(@) =0, reduced by the adjunction of @ root of a oyclic equation
whose degree ts prime?



Almits of all the substitutions that the other does.
:hke M, belongs to the group &

IHE ALGEBEAIC SOLUTION OF EQUATIONS 221

193. Theorem. If the group & of an equdtion f(z)=0 i
reduced by the adjunction of & root of @ eyclic equation of the
prime degree m, then the group G has @ normal sub-group whose
index is the prime number m. o '

Let f(z) =0 be reducible or irreducible, but free-of multiple
roots. Tet A(w)=0 be a cyelic equation of the mth degree,

where 7 is a prime number. We assume that the adjunetion |

of one of the roots of h{x) =0 does reduce the group @ to o1e
of its sub-groups @. . :..',;

et the roots of k(z) =0 be X, Xj, vy Xus- Singe hle) =0
is cyclie, all its roots can be expressed as functions-in O of one
of them. TIf ¢ is the group of f(z)=0 in Qybben @ is the
group of the same equation in the domaitnr, OF in the
coextensive domaing Quey *++ By K¢

According to §165, Cor. II, the degres m of h(#)=0 is a
multiple-of j, the index of the group Qunder @ Since misa
prime number, and j must he greater than 1, we have m=j.

TLet M be a function in @ 0F the roots of f(@)=0, and let
M belong to the subgroup @ ‘Thenddrihilcaciior ind of X,
$ 165. Ra .

Again, by § 165,Cor. 1, the domain of Do is a divisor of the
domain Q. But}he degree of Oy, is prime, being by defini-
tion, § 132, of shekame degree as that of the equation k(z)=0,
which has XN\ag a root. o

Since gy 1s a divisor of iy, and the degree of Qqr) 18 Prime,
we mighhave Oy, =y, Hence, nob only is M a fupetion in

2 oft X, but X is a funchion in © of M, and either function
b Hence X,

Operate upon X with the substitutions of & and we get the
following distinet values: X, X'y = X, By$ 161 these
values are roots of an irreducible equation. This must be
identical with the irreducible equation A(z) =0, SIBCe the two
have the root X in common, § 126. Thus, the values X, Xy

w0y Xy and X, XY, evey X'y 210 equal respectively.

{
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Let s be g gubstitution in & which changes X to X;. That
same substitution transforms the sub-group ¢ into the conjugate
sub-group s7'@s=¢,. Now the substitutions in the sub-group
@ leave X, unchanged. For, to operate with the substitutions
in @ is the same as to operate with s~'Qs, where s~ changes
X, to X, and X remains unaltered by the substitutions ig{g)
while s changes X back to X;. But X and X are rogts\of a
gyclic equation; hence X is a funetion in @ of X, qné\X. is a
funetion in 0 of X, so that X and X, belong to the shme group
©). Therefore, @==0,. N

Since the same reasoning applies to X a & any one of the
other roots X,, -+, X,_y, it follows that & ig)1dentical with all
of its conjugate groups; that is, ¢ is a\ﬂor-ma-l sub-group of &
having the index m. A

¢ \ v

194. The Converse Theorem. .U’ the group G of the equation
S(@) =0 has a normal subgrdup Q, whose index is o prime wum-
ber m, then, by adjunction’of & Toot of a cyclic equation of the
de&”;-‘é’ewﬁﬂbcﬁ%”gﬁﬂ%?fﬁ'}f}“{sgﬁe'&fwd o !

If the group G-has a normal subgroup @ of the prime index
m, and if weiselett a function M which belongs to the sub-
group @, the conjugate functions all belong to the same group
Q. By §182, each function M, M, -, M, ,, is coutained in
the dofadin O, Hence this domain is a normal domain, § 132,
and M'is the root of a normal equation, § 139. In the domain
%n we have Q as the group of the cquation f(z) =10, §163.

2 8 . . . . .
\ Buk, if m is a prime number, the normal equation 18 also &
4 ~\’ ¢

syclic equation; for, the degree m of the normal equation is
also the order of the Galois group, §§149, 150. Take any
substitution s (not the identical substitution) in the Galois
group. The different powers of ¢ constitute a sub-group, the
‘order of which is a factor of the order of the Galois group
As m is prime, the order of s must be m and the sub-group is
8, &, &, -, 5" The Galois group and its sub-group, being of
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the same order, are identical. Hence the Galois group is the
eyclie group, s, &, sy 87 and the normal equation is a cyclic
equation, § 170,

195. Metacyclic Equations. An equation is called metacyelic
ot solvable, when it8 solution can be reduced o the solution of
a series of cyelic equations. Abelian equations are 2 gpecial
elass of metacyclic equations. The latter embrace alt equations \)
that are solvable by radicals, and no gthers. <\

Tn § 191 it was shown that any equation which can be sobwed
by radicals can be solved by the aid of eyelic equations of
prime index. In §193 it was shown that if the adjunction of
a yoot of a eyclic equation of prime degree redijeds the group
@, there exists a normal sub-group whose/indéx is a prime
nunber; while in § 194 it was shown that,if @ has & normal
subgroup, the reduction can alwa,ys'be:eﬁaeted by the adjunc-

ion of such a roob. &

196. Criterion of Solvability} T\?aﬂaé a given algebraic equakion

be metacyclic it 13 necessapy and s\;ﬁm%iawﬁ%%%ﬁm series
o aroups G 1y o Gl

quation 0, the last

the first of which z‘is}ie alpis group of the €
@ - peing @ noTmal sub-

of which is the(ilentical groups each group
group of l‘h?\'m‘eceding and of o prime indes.

The\g;rffﬁp @ of a metacyclic equation must have & n.ormal
s“l?'g[‘alp of an index j that is a prime number. C.a,ll E‘.hm gub-
gtoup G. 1f Gy congists of the ;dentical substitution only

“\lwhose order is 1), then j = II’ . That is, the order of G iteelf

is prime, and & has no sub-groups, except 1. '_I;his can happen
only when ¢ itself is a cyelic group, and the gLven metacyelic
equation is itself only & cyclic egpuation. . . .
If @, is not 1, then, since the equation i3, bY hyp()thea:’
solvable by radicals, Gy must again have 5 normal sub-group Sz
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whose index is a prime number f;, Continuing in this way, we
finally arrive at the identical group 1. This proves the
theorem.

197. Criterlon Applied The Galois group of the genersl
- equation of the nth degree is the symmetrical group of thewth
. degree. The symmetric group has always the altefiating
group as a sub-group. This alternating sub-group ig-a\nofmal
sub-group of the index 2. Tt becomes the group of .the given
equation by the adjunction of the square root.gf. the diserimi-
nant. The prineipal series of composition, §410, is G, 1, for
the quadratic; @@, G4, 1, for the geuersl cubie; and &y,
G, G® 1T, G4, 1, for the general quartic. In these cases the
alternating group is seen to have a ropmal sub-group of prime
index. We are going to show.that' when the degree of the
general equation is greater thah 4, and, consequently, the
degree of the Galois group s greater than 4, the alternating
group has no normal sub-gboup of prime index.
www,dbrauljbrary.org.ih
198. Theorem. An>aliernating group of higher degree than
the fourth has m}z}rmaz sub-group of prime index.
s

All subs{;iml\hons of an alternating group are even, §§ 99,100,
and are eXpiessible as the produet of eycles of three elements,
§ 93. . Let these substitutions be so expressed.

Wedirst establish the possibility of selecting a substitution
\Q‘m the alternating group, so that a given ecycle of three
«\elements, say (1 2 3), will be transformed into any other cycle
o " of three elements occurring in the alternating group. SUPP‘.’E"e
9 “ that 1,2, 3,4, r, t, u, v, are elements of the group and we wish
to transform (1 2 3) into (r ¢ %). It is easily seen that the
substitution 5 = G 28 i) will do it; for, s(123)s=(ri®)-
That s is a substitution in the alternating group is clear, since,

§82, s=(12¢)(127)(34v)(34w), an even substitution.



THE ALGEBRAIC SOLUTION OF EQUATIONS 225

Next, let @ be a normal sub-group of the alternating gronp,
lat 8, be any substitution in @ (except the substitution 1), and
s any substitution in the alternating group. Ii is easy to see
that, by the property of normal sub-groups, sls;s is also 3
gubstitution in €

If g consists of a cycle of three glements, we can, by proper . 5
selection of & in the operation g 's,s, transform s info any
other cycle of three elements. Therefore, ¢ must contain @by
eyclic substitutions of three elements whenever ib contaigsg?w
of them, and must, consequently, be identical with the-alter-
nating group. 4D

Since 5! and 5% are both substitutions in. @ytheir product

must be ; namely, A=gtesTlss )

We shall now show that, whenever n;’{é,\s can always be
chosen from the substitutions of the alternating group in such
a way that the substitution A rep:eéeﬁts a cycle of three ele-
ments, thereby showing that the Sbrmal sub-group @ is really
identical with the alternating’ group; in other words, showing
that there is no normal suﬁégr'd‘ﬁ‘ﬁ,‘ﬂiﬂﬂﬁmﬁiﬂxmﬁm@tﬁnaﬁng
group itself, except the group 1. o

To show this, w{*aSSume that all the substitutions 1n the
alternating grogp\nd in @ are resolved (as they always can
be) into cycleghst that no two gycles have an slement in com-
mon, § 86.\Ir the formation of A there iz no need whatever
of considéring those cycles in the substitutions & whose ele-
ments'are unaffected by s, because in the product 87878 they
e?“}“éi cach other. We shall consider geparately the different

Jortns which s may take, when n > 4.

"N (1) Let some one qubstitution s in the pormal sub-group @
have a cycle (123--m) which consists of more than three
¢lements. Then s,={1 23« m)aata"*> where oy, 0y -~ aTe eycles
which do not contain the elements 12 3« Choose 8=(123),
then 1515, =8,}(132) 8= (24 3), and A=81?’8’1313=(2_ 4.3).

(123)=(124). Hence Qcontains & gubstitution A consisting

Q
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of a cyele of three elements, and therefore @ is identical with
the alternating group. Thus, there is no normal sub-group
containing the substitution (128 ---m)eegese :

(2) Let some one substitution & in ¢ consist of two or more
eycles, two cyeles of which eontain each three elements. Let
these two cycles be (123)(d56). Take s= {18 4), {hen
s s = (25 1) and A=(251) (1 34) = (12534). Thigsib-
gtitution A, found in ¢, has more than three e]em&;nﬁs‘iﬁ its
cyele, and comes under case (1). Hence, there i ho’ normal
subgroup of the alternating group containing & “substitution
5= (123)(456). 0

(3) Let s, consist of cycles, embracing on’e’hycle of three ele-
ments and another of two elements, viz., bife cycles (12 3)(d 5).
Choose s = (1 2 4), then A= (25 3)(124) = (1253 4), which
comes under case (1). Henece, the% is no normal sub-group
containing 8, ={123)(45).

(4) Let s embrace thgeje’:tra.ns;;ositions, (12)(34){56).
Chovse dheall@tirttegdrs"(2 6 4) (1 3 5), which comes under
case (2). Thus the possibility of the existence of a normal
sub-group, conta.i_ui{rg 8, == (1 2) (3 4) (5 6), is excluded.

(5) Let s %@siét, in part or wholly, of two transpositions
and one inyariant element. That is, let s, contain among its
cyeles (12)(8%)(5). Take s=(12 5)and we get A=(125)(125)
=(15 2}, “Hence, § again coineides with the alternating group.

Tlu;\ above cases exhaust all the cases which are pogsible
wher 7 > 4.

K \ ‘When n==4, a new possibility arises ; namely, 8=(1 2)(3 4?'
0% No matter what substitution in the alternating group Gu' 18’

chosen for s, we fail to get for A a cycle of three elements. On
the other hand, the sub-group

1,1 2@ 4, 432D, AHES)

satisfies the characteristic property of a normal sub-group of
G,
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ec;ua.tion. Proceeding a5 in § 169,
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The group 1 is a normal sub-group of any group, but it is not

a normal sub-group of prime

indew for alternating groups of

degrees higher than the fourth. The order of the alternating

group of the nth degree is %3.
group 1 undes the alternating

Now %+ 1 is the index of the
group. When 5 >4, this index

never is a prime number. Hence the theorem is established. A

199. Insolvability of General

2N\

"N\
Equations of the Fifth and Higher

Degrees. From §§ 196, 198, it appears thai the general equa-
tions of higher degree than the fourth do not satisfydhe con-
ditions of solvability. However,a special equation ot a higher
degree than the fourth, whose group is not the\symmetrie or
the alternating group, may possess the necéssaty series of nor-

tnal sub-groups of prime index,

and ma.y,bq\sblva.ble by radicals,

Thus, any equation of the fifth degreg Whose group is not the
symmetric or alternating group canbe solved by radicals.
Of the 295 substitution-gronpswhose degree does not exceed

A

eight, only 28 are insolvablel 3 S8ee Aﬁ g

p- 326, )

Jour. of Maih., Vol. 21,

aulibrary.org.in

Ex. 1. Show that the.guartie in Ex 9, §159, 18 metacyclis, but not
Abelian ; find its principal series of gomposition.

Galois group of the given

let gy Gy *vvy Olp be its 1'00138, .
gy +n; Gy, Jormally unaltered by the subs
those only, where & is the group

Y of the fifth or & higher prime degree is m

200. A Chifdsion of Metacyclic Equations of Prime Degree. All
algebraic/squations of the fir
The &{ﬁéﬁing process enables
equatio

ndt

gt four degrees are metacyelie.

one to ascertain whether a given
: etacyclic or

ation f(@) =018 metacyclic, then

Gy G in § 196 musb be the

. algo let y be 2 function of &,
itutions in G and
of highest order in this series.

Let the index of @ with respect to the symmetrio group of

N

&
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degres » be j. Operating upon y with the substitutions of the
symmetric group we get j expressions for y, distinet in form,
Viz., 4y Yoy =+ Y Construet the equation of degree j,

Fly=—ny—w - y—5)=0 I
The coefficients of I are symmetric functions of the roofs,
o, ++s 0,3 hence they are rational in & and can be commfted.
If in the funetion y we substitute the values of the r60ts of a
metacyclic equation of the nth degree, y assumes . numerical
value which lies in . For, assuming that ghefequati(m is
metacyelic, its Galois group must be either Ganone of the sub-
groups G, -, Gy § 1965 hence y admits he substitutions of
the Galois group and is, therefore, a nuxiher in &, § 154,
Conversely, if the function ¥ becomdes’a number in g, when
the values of the roots of f(w) =0,'w being prime, are substi-
tuted in it, so that I has a ratiqn,al“r’oot, which is not a muliiple
root, then is f(x) =0 metagyelic. For, under these condi-
tions y belongs to &, and the' Galois group of (&) =0 must
be witheflpudibrerotdtgdB groups, § 159. If itis G, then the
conclugion follows aKonce; if it is one of its sub-groups, it can
be shown (the prodf)is here omitted) that, when n is prime, the
sub-group is on bf the metacyelic groups Gy, Gy -y Ghv 30
that f(z) = 0(1% 2 metacyclic equation.*

Henc&t:h\e rule: Select a function y, formally unaltered by the
subst;itz}:t%ns in @, and those only, so that F(y) = 0 has no muk
tip yoots. If F(y)=0 has o rational root, f{x) =0 is meit-
,égchc, otherwise it is insolvable.

D Theoretically, it matters not what funetion of o, @, == %1

ig gelected for y, if only it belongs to the group G. Practically,
much depends upon this selection, as the algebraic operafions
are very much more complicated with some functions than with
others, The computation of the coefficients of F(¥) =0 is

* For a complets discussion sse H. Weber, Aigebra, Vol. I, 1898, §§ 183, of
B, Netto, digebra, Vol. I, 1900, § 611-615.
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usually very laborious even in the case of the quintic. Inas
much as Pring, in 1786, and Jerrard, in 1834, were able to trans
form the gemeral quintic to the form o-cetd= 0 (for
‘this transformation, see Netto’s Algebra, Vol. T, pp. 124, 125),
ibis of interest to compute F(y) = 0 for this special form.

Ex. 1. Find the condition that the eguation 28 4-cx + d =0, when
irreducibie, shall be metacyelie, »N
Referring to § 104, we see that for the quintic the metacyelic group of\,
the highest order & is (abede)zo As a function belonging to thig gronp
select (following C. Runge, At Math. T (1888), p. 173) &% whgm’wz
¥ = oty + Gl + Bglts + &slty + Calo — ttolig — Clatty — 0ty —&1s— Erle-
lere j =6 and F(y) =0 is a resolvent squation of thesixth degres.
We find it convenient to consider y itself, which is not miedtacyclic fune-
tion. Operated upon by the symmetric group, ¢, ¥i twelve values, of
which six differ from the other six simpiy it algn.” Let one seb of aix
values be ¥y, Yo, - Yo Also Jeb the equation bf which they are Toot be
o5 + ay® + et + asy® + o + @y + @ =0 o1
Tts coefficionts as, dz, -+ @ are hobnecessarily rationa} numbers, but
they are symmetric functions of iy Yo Comstder gy s Ve as func-
tions of (g, «=»y Gy_1, DA OPeraR hpm%hedbw‘ﬁhlth&-@}@t&{-@}ﬁﬁmﬂp;
the values 4y, -+, ¥a are mefely permuted among themsélves.  Substitu-
tions which do not belong,t0 the alternating group Dring about & change
insign. The coefficiefits ar, dz, ) @8 A0 therefore either symmetric o
alternating functiofis\of oo, =+~ . Of these s, da, ds I8 symmetric
fanctions becausés being homogeneous functions of even degres, they are
not affected ¥y ehanges of signs in y1, ¥ = Ve On the other hand,
B1, @3, as’a.feéﬁemaﬁng functions of ey, &1y =+s En=dr being homogeneous
functichg\of odd degree.
If-fi;{ls the disfg:?minant of the quintic, then VD is 3 fanetion of
o %, @n_y belonging to the alternating group, Hence the coefflcients
. (@) as, a5 ave of the form m;VD, rta /D, mg VD, Where my, Mig, Mg 478
\symmetric integral functions, With respect 0 Co, gy ooy D1y 161 BECTL
that ¢, is of the second degree. But ay is also of the forma m1 VD, where
my i integral and VD is of the tenth degree. Hence we must have
mi = 0. Similarly, @ being of the sixth degree, ylelds s = 0. 0“\/‘]_19
other hand, a5 and /D are both of the tenth degree. Write as =W D-
Equation I becomes -
yﬁ+any4+mv’+m\/Dy+ﬂ=°-

N
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Tn the equation &5 + cx + d = 0, ¢ and d are homogeneous fanetions of
the roots of the degrees 4 and 5, respectively. Since s, ay, ae are of the
degrees 4, 8, 12, we may write

G2 = Mgly g = Myt3, Qg = mgch,

where g, my, g are iﬁtegers. To find the values of m, my, iy e, -
assigr: to ¢ and 4 the special valnes e=—1, d=0. Then b =— 44;" the

N

five: ois are 0, {, @, 42, §; the six values ¥, oy Yo are — 24, L 94,
-7 . 2444, —2+ 44, Eguation II becomes a\
0, - mpyt - my® — g + 16 imy =(y+2£)4(y9_§s!,}¢ 20)

=190+ 20 y* . 20097 — 520 4 512 .

Henco sy =—- 20, my =240, mq =— 3520, m2@» Substitating in I,
and squaring to remove the radical, we have

(45 — 20 oyt + 240 2y* 4 50 E0)1 = 45 Dy, m
or @G~dotyt—24 €PE 200 ¢?) = 45 . 55 . 048,
where ) =44c5 L 56¢%, Write 42 = ;"; ; then y2 being metacyelic, 50 is 2.
We obtain (- 5;@2};@’15 o + 5 o) = D, v
which iy altheyitegih
m({’;c)“(z‘;' — 60z + 26 01) = Bidiz, v

T2t 4 oz 4400 1s irveducible, it is metacyclic when IV or V has
rational root, and then only, If the guintic is reducible, it is always
solvable. For's different treatment of the quintic see Glashan and Young
in AmJour, of Math, 7 {1885), and eapecially McClintock, £b. 8 (1888)
and 20.(1898).

2\ ’
\Ex. 2. Show that no equation of the form 25 4 5z + §¢ = 0 15 meta-

.’sohcﬁc, where # is any integer not a multiple of §.

&

By § 120, the equation is frreducible. Tf IV in Ex. 1 has in this Instance
a rational root, it must be integral, since the coefficients of the guintic are
integral and the first term is %5, Ti must also be a divisor of the absotute
term 25 c® or 6% But no factor of 5% is a root of the equation,

Ex. 3. Show that 25 + 15 4 12 = 0 lg irreducible and metacyelic.

Ex. 4 TsaP 4 5054102 + 1042 4- T 4 5 = 0 metacyclic? Trans
form so as to remove the second term,

E
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Ex. 5. InV,Bx. 1, let d=cp, 5= €\, where p and X are numbers in
the domain i}y, or iD any other domain. Show that 28 4-cx + d=0is
always metasyclic when

- = Bipdh

= DI — 6 A+ 28)’

PO . B—
(=2 — 61 +-26)

Ex. 6. Construct the metacyclic guintic in which p=v2, =6
N
Sea Ex, b. A
Ex. 7. Isab +x + 1 =0 metacyclic? O
Ex. 8. There is 4 theorem to the effect that all irreducible, glefé.{'syclic
equations of the sixth degree in o domain § WAY be found by,anoining to
£ o square root and then forming in the enlarged domain,xﬂl\cuhic equa-
tions. See Weber's Algebra, Vol. IL, 18068, p. 206. Accdtdiivgly, adjoining
V3 to Dgy, we 1oay write x? + &+ 1+ +/3 =0 and obtair, by transposing
2 snd squaring, the metacyclic gextie xF -+ %"&-},—2 a3 4 2 tz—1=0
Derive similar equations, using the radical BN

Ex. 9. Show that 2545 pr + 10 pi® & 102 + 5pia 4 g0 —1=0 18
metacyelic. Also determine its Galois Stoup. .
Inerease its roots by p. AN
G, 10. Show that i + pp? +1p ' LT HuiagyeRea i
Take QAP
'x’...t\y =&2—5
Ex. 11. Trove tha,t\eamtionv in Ex. 1 can have no rational root when
¢=+ 1. Then proyéthat, if &* & -+ J = 0 ja solvable, it is reducible.
Ex. 12 S}:go‘\%‘tﬁat 26— 4=0, where A isnocta perfect fifth power, is
metacyclic did Has the group (ef® in the domain Qq, 4-
N\
\Ni ‘Prove that an irreducible equation f{z) =0 of the prime degree
n cgiq“i}come reducible by adjoining a Tadical %/a, where m is prime, only
'Wéwfl'm =N
’”‘\‘  Let Yy — = 0 I
\/ be irreducible, let it have the roofs v, wy, = w1y, where w i3 a complex
mth Toot of unity- Let f(z) = 0 become reducible when 7 is adjeined to
@, 50 that Fy=file ) < FalE s 1

the coefficient. bf the highest power of# in each polynomial being unity.
We may consider I and TT a8 equations in the same domain, having the
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root ¥ in common. Than IT must be satisfied bjr all the roots of I,
Mulmplymg together the members of the m equations thug obtained, we get

JEym=F(x) - Fe(e),
where Fu(@)= fi(@, v) - J1(#, 0¥) - file, om 1),
(@) = falz, v) - Sol2s @) - falm, ‘-"m_LY)‘ _
Fi(z) and Fia{x) are tespectively of the degrees mny and mng; thélt\
coefficlents, belng symmetric functions of the roots of I, Hein & Binee -
J(x) isirreducible and m and = are both prime, we must have 2\ N\
Fi(m)y=7(=)?, Falwy=J(@)", O
Pr=mny, gN = iy, N+ Ry =0, =M. (‘~.’"
Ex. 14, Show that in Bx. 13 f{2) = fi{z, ¥) - (%, w:rj (e, wtled,
where fi(r, v) Is irreducible in the domain Q(w, 'y)" nd is linear with
respect to &.

Ex. 15. Show that if fi(z, v) = 0 yields iniEx. 14
0o = o+ ory + 07® + oaFCa-Ty*,
then @ = g + 6107 + Cawy¥ + Ve b gpqanTlyn=l,
etc., where &, ¢, ete., are roots of »f(o-) =0, and g, €1, +-», ¢y 81'@ OUM~-
be:m in 2, Show that the dﬁerence of twe roots of f(x) = 0 cannot be a

numnber il Ghraulibr ary.ol\g. ;n

Ex, 16. Trove that an.drreducible solvable quintic with real coefficients
eannot have three real fobgs and two complex roota.

Show that the Galms group (1) must be of tha fifth degree; (2) can-
not be Gh®, 6'3&11\ GII (Ex. 5, § 104); (3) cannot be Gs®, §171;
(4) to fest Goy™, take 32 in Ex. 1, which admits it. If any two roots,
BaY o and al, ire agsumed to be conjugate imaginaries, then

—ao/l+a1}3+0

'\
wheredy' R, ¢ are real values, Since A = oty — oty — , B= g — g — 04y
w Mnot have 4 = B, because that would make ag ¢y. Thus, we see
!ahm; g cannot be real. Consequently 2 cannot be real, unless y is a pure

) imaginary. Ilence y= (0o~ 06)(tty—#2). That 2 may lie in 2, we must

have y = iV - Vg and ey — oy = iVF, s — mp =g, where £ and ¢ are’
Positive numbers in . But by Ex. 15, f and g cannot be perfect squares.
By Exs. 18, 14, 15 we see that the roots of the given quintic are numhbers
in the domain £, .5, where « is a complex fifth root of unity and ¥ is &
root of the irredueible equation 45 — ¢ =0, Hence v7 and Vg do nob
He in @, 5 and the equations g — oy = iV, ety — 0tz = Vg are impossible.
Consequently (g™ is not the group, § 155, B.
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pr and his Arithmetical Theory of the Algebraic Rquation
\ .384, 1892}, Consult also James Pierpon : e
} des V. Grades (bis 1858),” in Mynatshefte fur Mathemuitk und Physi
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(6) Since ¢4 does not alter 2, it i not the group. :
(6) Hence the group must be G320® or Ge®, both insolvable,
 For different procfs see Weber's Algebra, Vol. I, p. 668, and Weber's
Encyklopddie der Elementaren Atgebra und Aunalysis, p. 327.

Ex. 17. Show that 2f — 42 —2:=0 has two complex roots and ia
insolvable. For the approximate values of the real roots, see § 26.

Ex. 18. Show that ® — 1627 4-224-6=01i3 insolvable.

Ex, 19. Show that 28 + 1 + ¢ = ¢ is metacyelic. « \
Fx. 20. Determise which of the following are metacyclie ;. )
(@) 2+ B+ 3i=0. © P=L-o A
=2=030)
—_ =0 4
@) o 2ix+ 17 @ - AN B2 48 0.
A

201. Historical References. For the develbpment of the earlier and
more elementary parts of the theory of equations consult the histories of
mathematics written by Ball, Fink, Ma.rjd, Zeuthen, and Cajori, and the
“otes ™ at the close of the first volume'ef Burnside and Panton's Theory
of Equations. Or, better yet, consiplt the monumental work by Moritz
Cantor, entitled Vorlesungen umm@%l%ﬁy’fﬁ%‘m For the
later developments, read C, A Bjerknes' Niels-Henti A ﬁ}aris, 1886);
Tvariste Gatois' (Euvrgsy, edited by Pieard (1897); H. Burkhardt's
st Anfinge der Gr htheorie und Paolo Raffini,” in the Zeiesch.. fiir
Mathematik und P% (Vol. 37, Bup., BP- 119-159, 1862). Read articles
in the Bulletin of the American Mathematical Sotiety, vy James Pierpont,
on Lagt‘&nge’ﬁ'qglaﬁe in the theory of substitutions (Vol. 1, pp. 2, 196-204,
1895), onthe,Sarly history of Galois® theory of equations (Vol. 4, pp. 332-
237, 1898) /on Galois’ Collected Works (Vol. 8, op. 206-800, 1869) ; by
G. ANMiller, a Teport o recent progress in the theory of the groups of a

i . . 227-949, 1899); b Henry B. Fine, on ' Kronecker
ﬂmﬁe}rﬂer (Vol. 5, pp. 221-249, 1899) ; bY o 1. pp. 175

t, ¢ Zur Geschichte der Gleichung

(Vol. 6, pp. 15-68, 1896) ; G. A, Miller on the bistory of several funda-
mental theorems in the theory of groups of a finite order, in the fimerscan
Mathematical Monthly (Vol. & b 213-216, 1001) ; Felix Klein, Va:;ls-
sungen iiber das Thosaeder (1884), also Lectures on Mathematics (ihe
Evanston Collogquinm, 1894) ; B. . Easton, The Construciive Develop

ment of Group-theory (Philadelphia, 1902).
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ANSWERS

§ 39, Bx.2: (1) 41, 133,

§ 6, Bx. 4: 47112, .
Ex. 5: — 252405 @) 4w W
Ex. 6: §(1+V—-29). (sg 3’?, 7.%
§14, Bx. 8: ~}, £ V6. @Oy
Ex. 4: —§, ~1+v2 § 41, Bx.3: (1) 3 and =6
Ex. 5: —§ —8 — 5 @2pdand — %
Bx.6:4, 4 -8 -3 (3NI2 and — 4§
§15, Bx, 2: o —2b. § 42, Bx, 35/ (1) Between gand 9,
Ex. 6: ¢— ab. ~3and —2, —480d —B.
Bx. 7: a?—2b A\ (2) Between 8 and 4,
Ex 8: 8¢—ab. Y N 48nd 6, —4 and
Bx. 9: ¥ —2ac+2d ~ 5, —Band 6,
Ex. 12: — & 1bs wyw dbl aullbrwmm 1 and 2,
§ 21, Bx. 4: —1 triple, § doublel® 2and 3, 6 and 8,
§29, Ex. 7: m‘—ﬁ{)mg-{-'?ﬁﬂa:; Sand 7.
100 = 0. AN § 4, Ex. 2: 166, 31.
Bx. 8: xt— 3(-"4«:68:\:-}- § 49, Bx. 5: (1) two real 2.4y —
1094 == 0., 2.+
§ 31, Bx. 3: am,:{)‘ (@) 3.21,8.22, — 174
) — Vi (8) thres real.
B 6:(h¥1 =g §50,Ex. 1: H=8, 0=, I=
§ 34, m: H=1 ¢=—12 989, J=— 040, D=
g H = - 58, G =185, §56, Bx. 1: (1) 1,85769-+
1__% (@) —1.63172-
§\35 Ex. 5: 4221 4les+ (3) .885119--
1388 = 0 — 148067
§ 87, Bx, 2: Two of the roots of I (4) 1.3518--
are equal, or the three are (5) 1.51861-
in arithmetical progreesion. — 50849.
Ex. 3: — 2376. -~ 1.24369.-
BEx 4: 0. 67, Bx.1: =1, ~j V=B
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§71,Ex.1:
(Be—ab)(a*—20H)
(b7 — 2 ac){a?h — % — 3 ac)
Bx. 5: For f(x) =90, a’az —
st — s + 4 aq.
Ex. 6: —ag0z + 3 aite— D a5
Yes.

Ex 7: 35 (52— bobo).
Bt

Ex. B 24,

Ex 11: «* — age? + (odz —
dadr—as?— %o+ 4 owa
=0

Ex. 15:
a7 .

Ex 17: s*— 12 I4+vVD =0

§ 77, Bx. 3: The roots of 494% —

—2m®+ 9 maz +

163 ¢ -} 283 = 0,
Bx. 5: n
Ex. G: 0,
§93, Bx 1: 123 )(412) (256).
§ 113‘%&# jadiprary .org.i f"\~
G.,w o8N
I:x. 6 GOIL A
§ 123, BEx. 2: (c) ‘\/5‘;
(e _
Ex. 3::V«6+\/§+'\/—_1.

§ 128, Bx 24T, @), @), (D,

{8); are reducible.

§13 ‘:E}. 7: Q=i+ VIV
§1 I:x 7: Try N=ot + ot g2
§\ = ot 4 (aty
o + (),

3

ANSBWERS

§141, BEx. 2: letz=4m 4+ 1,
§ 142, Exs. 2, 3: No,

§ 148, Ex. 3: (cag).

§159, Bx. 8: (2) P=1.

(b) P= o,

(c) P= G0 1L
(@) P=

(6) P= G5

@) PGy
() P= Gu

{(£) P= th&product
of st,‘g‘,(m G2,
Ggié} each group

7 \nvolvuw distinet
\“roots of its own as

O elements,
AT () P=6MIO, or
¢ \ v a sub-group,
a \ {m) O,

%

() Tetx =y — 1.

~J5163, B 2: toy=1-—z—w+

wy + 21
dttg=14+2—1w+4
W — 1.
dgy=1—2z+w—
W - 2.
dpg=3+z4w—
W 2.

§188, Ex. 1: G5© IL
§199, Bx. 1: Gs®, GO ILGEH,1
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(The numbers refer to pages.)

Abel, 253,

Abelian egaations, 210,
Abelian groups, 210.
Adjunetion, 135, 161, 218,
Algobraic numbers, 136,

Algebraic solutions, 80, 219; of

cubic and guartic, 68,
Angle, trisection of, 207, 208.

Bachmanmn, 206,

Rall, 233.

Beman, W. W, 206,
Binomial equations, T4, 219,
Biguadratic, see Quartic.
Bierknes, C. A., 233,
Budan, 50. &)
Burkhardt, 233. \} h
Burnside and Pantob, 79, 233,

*
~

o

2\

Cantor, M., 238,/
Cardan's fortatla, 60,
Carvallo,/MLOE., 67.
Cole, vy 180,
Comnplex roots, 6, 42, 58, 67, 282.
Q(\amjrosite gub-groups, 128.

o Conjugate sub-groups, 122.

\\ YConstructions by roler and com-

passes, 202,
Continuity of f(z), 26.
Cross-ratio, 109, 127.
Cube, duplication of, 207

Cuble, algebraic solution, 68 ; cyelic,
196; equation of squargd' differ-
ences of, 38 ; irredueiblefcase, 69,
908 ; natare of TOBENAL; reduc-
ing cubie, 72; temoval of second
term, 86, LN\

Cyclic equatiofis, 187, 106, 108,
220, AN\

Cyolic fimdiion, 115, 127, 128, 133,

Cyelic group, 115, 128, 132, 133

q,yca omi ‘gqua.tiona, 142, 168,

Ry raull rary.ocrg.in

\'Pelian problem, 207,

3 | De Moivre’s theorem, 24

Descartes, 60
Descartes’ Rule of Signs, 7, 50,
Dialytic method of elimination, 86
Piscriminant, 110; of quadrstic,
97+ of cubic, 40 ; of quartie, 68°
of flz)= 0, 96, 7.
Pivision of the circle, 15,
Domain, defined, 134
143 ; degree of, 142; Galois,
normal, 142, 1603 primitive,
gubstitutions of, 160,
Duplication of the cube, 207.

203-206,

conjugate,
163
144 ;

Faston, B. S., 235.
Tisenstein’s theorett,
Eliminants, 92.
Equal roots, 21, 65 142.

287

141,




windex of, 122;
% normal  sub-groups,

238

Equations, Abelian, 210 ; algebraic,
2, algebraic solution of, 219;
binowial, 74, 21¢; cubie, 36, 38,
41, 88, 69, 72, 198, 208; cyclic,
187, 220 ; cyclotomic, 142 ; irre-
ducible, 137; metacyclic, 223;
quadratic, 184; quartic, 185;
quintic, 186, 287, 220, 233, 283,
reciprocal, 33.

Luler's cubic, T1.

Enler's method of elimination, 84,

Fuder’s solution of quartic, 71,

Fine, H. B., 238,

Fink, 233

Fourier, 50.

Funetion, def, 1; alternating, 115;
#helongs to,? 115, 124, 135;
cyelie, 115, 127, 128 ; derived, 13;
Sturm’s, 50; resclvents of La-
grange, 129; symmetrie, 13, 84
114,

Galo:s,‘ﬂ% (ilé:llﬁéllb]“al N org in
Galois' theory of numbers; 184 ; do-
main, 153; resolvemt\wﬁ 156,
reduaction of iTH 178, Sroups,
184, determination of, 169.
Gauss, 26, 206 ; Lemma., 138,
Graphic reprr@enta.t.lon 15, 23, 75.

-Groups, 112% Ahelian, 210; alter-

natingy 115 composlte, 123,

hc, 115, 128 132, 183; degree
aﬁ‘m‘der of, 115; Ga,lcns 184;
list of, 118, 119;
122; 124;
primitive and imprimitive, 116,
gimple, 122 ; sub-groups, 120 ; sym-
metric, 114; transitive and in-
transitive, 116.

Hermite, 137.
Historicz] references, 233,
Homographie transformation, 9.

Kormal sub-groups, 122;

INDEX

Horner's method, 63,

Imaginary roots, 6, 42, 58, 67,
282,

Imprimitive grouwp, 118, 127,

Invariant sub-groups, 122,

Irreducible case in cubie, 69, 208;

Klein, F., 208, 233. ¢
Kronecker, 187, 283, 4 N

Lagrange, 258 ; Tesol¥ents of, 129;
theorem of, 176,77
Lindemann, 137‘."‘,.\

Marie, 233

Matthieséon, L., 186.
MeClinboc¥, E., 87, 230,
Metaeyélic equations, 223, 227,
Millet, G. A., 233.

IMoritz, 26.
., Multiple roots, 21, 53, 142,

Netto, 189, 218, 228, 229,

Neawton, 50,

Newton’s formula for sums of pow-
ors, B4,

Newton’s method of approximation,
66.

Normal demain, 142, 145, 150,

Noxmsl equations, 149, 151,

of prims
index, 124.

Numbers, algebraic, 136 ; conjugate,
144, ; primitive, 144, 147; tran-
scendental, 137,

Panten, see Burnside and Panton.
Picard, 283,

Pierpent, J., 233,

Primitive congruence roots, 189,
Primitive domains, 144, 147.

Quadratic equation, 184.
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Quartie, eyelie, 198; Euler's solu-
tion, Ti; groups of, 172, 173; in
the Galois theory, 185 ; nature of
voots, 56; removal of second
term, 37; symmetric functions
of Toots, 91; when solvable by
gquare roots, T2.

Quintie, 186, 227, 220, 232, 238,

Radicals, solution by, 60. |

Reciprocal equations, 33 depres-
sion of, 8.

Reducibility, 184, 135, 189.

Reducing euble, 72.

Regular polygons, inseription of,
20,

Resolvents of Lagrange, 1268,

Resultants, 92.

Rolle’s theorem, 49.

Roots, 2; complex, 8, 42, 58, 67,
232 ; fractional, 81; fundamental
theorem, 26 incommensnrable,
61 iniegral, 62; multiple or equat
roots, 21, 53, 142; of unify, ™
195 ; primitive, 78; primitivacon-
gruence Toots, 199 ; reciprocal, 33,

Luffini, P., 233, \\

Runge, C., 220.
Self-conjugate,sabsgronps, 122,
Simple groups, 122

Smith, D, 1208,
Solva%&qué,tions, 228.
Sturm,\bi,
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Sturm’s theorem, 50, 61 ; appled to
quartic, 58

Sub-groups, 120 ; index of, 122; of
prims index, 124.

Substitutions, 104; cyoclie, 107;
ever and odd, 111; identical,
108 ; inverse, 106; laws of, 105;
product of, 105.

Sabstitation groups, see Groupa.

Sylvester, 50. . A

Sylvester's method of elimination,96:

Symmetric functions, 183, 8114 ;
fundamenta} theorem, 87 elimi-
nation by, 93. "

Symmetric gTOGD, 14, )

Synthetic division, 8

$
Taylor's t};&’g;’ni}l, 19.
Transcenden numbers, 187,
Transpositions, 108,
Trigonometrie solution of frraducl-

,'Zble case, T0; of binomial egqua-

“tions, 74, 82, 88,

rﬁiﬁi@, 89,

mschirnhausen’s tEAT
102.

Unity, roots of, 76 198 ; primitive
yoota of, T8.

Waring, h0.

Weber, H., 28, 134, 208, 281,

Zeuthen, 283
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