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" PREFACE

Little is known at present to historians of mathes
 matics regarding the achievements of the early Hisdy
mathematicians and our indebtedness to them. Though
it is now generally admitted that the decimal, place-
~ value system of numeral notation. was invented and
first used by the Hindus, it is not yet fully realized
to what extent we are indebted to them for our
elementary mathematics. This is due.to the lack of 2
reliable and authentic history of Hidu mathematics.
* Qur object- in wiiting the preséat book has been to
- make up for this deficiency by ‘giving 2 comprehensive -
account ' of the growth apd development of the
science of mathggi‘gtggs_ﬂ'pl; India from the earliest
known times down }o‘*r ¢ seventéenth century of the
Christian ‘era. ¢ ' C
The subject d8.freated by topics. Under each topic
are collected ;ggcther and set forth in chronological
order translgtidns of relevant Sanskrit texts as found
in the Hindu works. The texts have been elucidated,
whereyés) hecessaty, by adding explanatory notes and
comndents, and also by illustrative examples culled from

" origihal sources. We have tried to avoid repetition *

,as far as has been consistent with our aim. However,
(on several occasions it has been considered desirable
‘to repeat the same rule in the words of different authors
in order to emphasize the continuity or rather the
radual evolution of mathematical thought and termino-
lopy in India. Comparative study of this kind has
helped us to throw ljfht on certain obscure Sanskrit
passages and technical terms whose full significance
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had pot been understood before. In translating the . -
texts we have tried to be as literal and faithful as
‘possible without sacrificing the spitit of the original.

~ Sometimes it has not been possible to find -exact
parallels to -Sanskrit words and technical terms in
- . English. In all such cases we have tried to maintain,
‘the spirit of the original in the English version.. .
‘The abové plan of the book has been adopteduin
pursuance of our intention to place before thos€ who
have no access to the Sanskrit: sources all sewidence,
unfavourable 2s well as favourable, so thatythey can
~ judge for themselves the claims -of Hindy tmathematics,
. without depending solely on our statemeésits. In order’
to- facilitate - comparison with- theydevelopment of
- mathematics in other countries thelydrious topics have
been arranged generally in aecerdance with the. se-
_ quence in Professor D. E. Smith's’ History of Mathematics,
Vol, II, This has sometithes necessitated divergence
from the arvangeinentitokigopicsnas found in the Hindu
works ‘on mathematics. = L '
In search of material for the book we had to
examine the .litet@;ﬁrc of the Hindus, non-mathematical -
as well as mathematical, whether in Sanskrit or in
Prakrit (Pali’and Ardha Migadhl). Very few of the
Hindu treatises on mathematics have been printed so
far, and“even these are not generally known. The
manfiseript works that exist in the various Sanskrit
libraries in-India and Europe are still less known. We
bave not spared labour in collecting as many of these
‘as we could.  Sanskrit mathematical works mentioned
in the bibliography given at the end of this volume
‘have been specially consulted by us.” We are thankful
to the authorities' of the Iibraries at Madras; Bangalore,
Trivandtum, Trippunithura and Benates, and those of
the India Office (London) and the Asiatic Society of
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Bengal (Calcutta) for supplying us transcripts of the
manuscripts required or sending us manuscripts fot
consultation. We are. indebted also to Dr. R. P.
Paranjpye, Vice-Chancellor of the Lucknow University,
for help in securing for our use several manuscripts
or their transcripts from the state libraries in India
and the India Office, London. ' (

It would not have been possible to carry our spddy
as far as. has been done without the spade wosk of
previous wtiters. Foremost among these must be“men-
tioned the late Pandit Sudhakar Dvivedi of\ Benares,
whose editions of the Lilivati, Brabmaspliuta-siddbinta, .
Trisatikd, Mahdsiddhinta, Siddbinta-taiaviveka, etc.,
have been of immense help. Colebrookss transiations of

_the arithmetic and algebra of Brahipagupta and Bhis-

kara II, Kern’s edition of the dryabbariya and Ranga-
carya’s edition (with English translation) of the Ganifa-
sdra-samigraba of Mahivira haye also been of much use.
The recent-work of 6. R Kaye,, however, has been
found to be extremélyf;m?eé% o> 'His translation of
the Gagitapida of the(>dryabbatiye and his edition of the
Bakhshili” Manuseript are full of mistakes and are
misleading. %X\ '

It has béen decided to publish the book in three-

parts. The<first part deals with the history of the

numeralotation and of arithmetic. The second is
devotédto algebra, a science in which the ancient Hindus

' mad¢ remarkable progress. The thitd part containg

_the" history of - geometry, trigonometry, caleulus and .

o

various other topics such as magic squares, theory of
series and permutations and combinations. Each part is
complete in itself, so that one interested in any particular .

- branch of mathematics need not consult all of them.

" Part T which is now being published contains two
chapters. - Chaptet 1. gives an account of the various
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PREFACE X
devices employed by the Hindus for denoting numbers.

" The gradual evolution of the decimal place-value system
of notation has been traced and all evidence relating
to its use in India collected together for the first time.
This evidence shows that the system was in use in
India during the earliest centuries of the Christian era,
if not eatlier.. We hope that the facts set forth in this}
chapter will finally set at rest the controversy abOui
its place of origin. Considerations of space have \pre-
vented us from giving details regarding the igtroduc- -
tion of the Hindu numerals into Arabia/»Northern -
Africa and Europe. A brief account has, however, been
included. ' N\ '

Chapter IT deals with arithmeti'g:\\'lh general. We
have become so familiar with o methods of per-
forming the fundamental arithietical operations of
addition, subtraction, multiplication, division and the
- extraction of £001S YtLﬂt,._,’Wé seldom pause to think

- how and whéd ‘théSe “Methods" were mvented. . The
problém, however, has deep interest for the teacher
and historian of mathematics, And an account of the
evolution of thése 'methods in the land of their birth
should be weleome. We have given details and illus-
trations of difietent methods of pexrforming these opera-
tions ofL.A_pdti, (“board”), as followed in India from
the fifth eentury onwards. It has been shown that our
preseit-methods are simple variations of those of the
ancient Hindus. The rule of three, the rules of sup-

.. position” and false position, and rules relating to cal-
Jculations involving interest, -exchange of commodities,
fineness of gold, etc., are all due to the Hindus. In
fact, practically the whole of elementary arithmetic can
be traced back to them. Thus the importance of
chapter I cannot be over-emphasised. ot

- The scheme of . transliteration of Sanskrit avords
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and proper names has been indicated in the begmrun
Arabic words and proper names that occur in the boo
have been taken down as found in various secondary
sources consulted.

Acknowledgment has been made in footnotes to
the texts of various sources from which we have derived,
assistance, Of the books which have been found
specially helpful, we would mention Biihler’s Indian
Palzography and Ojha’s Pricina Lipi Ml (in Hindi).
We are indebted to Mr. Ojha for perrmttmg us to
reproduce from his book the tables of Bgfhmi and
Kharosthi numerals.” We have pleasure fa“expressing
our obhganon to Mr. T. N. Singh forhis' help in the
revision' of proof-sheets. He has caused the removal
of many obscurities and has ﬁu many valuable
suggestions of which we have gvailed ousselves. Our
thanks ate also due to Mr. R.\D. Misra for preparmg
the index to this volume, ~3°

In conclusion we ’ Gss out thanks to the Law
Joutnal Press for # f]tbcianﬁf ing courtesy and for ex-

pediting the work © 6f priating.
) ) " > .

LUCKNOW ), :\\ ' BieaurrsHUSAN DaTTA
Seprember, 1935 AvADHESH NARAYAN SINGH
O
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CHAPTER I

NUMERAL NOTATION .

1. A GLIMPSE OF ANCIENT INDIA O

S

The student of ancient Indian Historpyds ’ stfuck
by ‘the marvellous attainments of the JHindus, ‘both
in the Arts and the Sciences, at a vemvearly period. ~
The discoveries at Mohenjo-daxo reyeal that as eatly as-
3,000 B.C. the inhabitants of the land of the Sindhu— -
the Hindus—built brick houses) planned cities, used
metals such as gold, silver, copper and bronze, and lived
a highly organised life. In fagt, they were far in advance
of any othet people of dimbidrind.orThe earliest works -
available, the [edas (¢."33000 B.C. ot probably much
catlier), although cahsisting mainly of hymns of praise:
and poems of wotship, show a high state of civilisation.
The Brabmiapa lerature (. 2,000 B.C.) which follows
the Tedas, isfpartly ritualistic and partly philosophical.

" In these wefKs are to be found well-developed systems
of metaphysical, social and religious philosophy, as well
as the germs of most of the sciences and atts which have
helped to make up the modern civilisation. It is here
that we find the beginnings of the science of mathematjcs

-\ arithmetic, geometry, algebra, etc.) and astronomy.
/This Brdhmapa period was followed by more than two
~ tlousand . years of continuous progress and brilliant
achievements. Although during this period there were
several foteign: invasions as well as internal wars and
many great kingdoms rose and fell, yet the continuity of -
intellectual ‘progress was maintained. The constitution
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. of Hindu society was mainly responsible for this.
" The foreign invaders, instead of being a hindrance, -
“contributed to progress and the strengthening: of Hindu

" society by bringing in new blood. They settled in the
land, adopted the religion and customs of the conquered
and were completely absorbed ‘into Hindu -society s
There were 4 class of people—the Brahmanas—who
took the vow of poverty, and devoted themselve# ffom
one generation to. another, to  the cultivation ‘of the
sciences and arts, religion and  philosophy.” The

" Brihmanas, thanks to their selflessness and’dntellectual
. attainments, wete highly respected by thekings and.the
people alike. They were the law-givers and advisers
of the kings. In fact, this: body ,Of\\‘-seifl'css thinkers

" and leatned men Were the real suleis”of the land.

" The great Epic, the Rdmdyana, was composed by

- Vilmiki, the father of Sansksit poetry, about 1,000 B.C,,
 Papini, the.grammpranepgifected Sanskrit grammar
about 700 B.C. and Susiuita wrote on the sciences of
medicine and surgery@bout 6oo B.C.' A centuty later,
Mahivira and Buddha taught their unique systems of
- -religious and gn\\tal philosophy, and the doctrine of
Nirpdna. - Wigh> the spread, of these religions evolved
the Jaina and’Buddhist literatures,  Some of the earlier
Purinas (@pd. Dharma-$istras were written about this
time,\The period 400 B.C. t0 400 A.D., however, seems
to Have been a petod of great activity and progress.

_ Buoriog. this petiod. floutished  the great ' Jaina tneta-
{ physician Umésvati, Patafijali, the grammarian and philo-
" sopher, Kautilya, the ‘celebrated. politician, Négirjuna,

- the ‘chemist, Caraka, the physician, and -the immiortal
. poets Aévaghosa, “Bhisa ‘and Kiliddsa.  The great
© % 7 1 There is considerable cl_ivcrgénce.._df -opini_on. regarding the

dates; of -the pre-histotic wotks.and. personalities menttoned in this
section, We have given those dates that appear most plausible. |



HINDUS AND MATHEMATICS 3

astronomical Siddbdntas, the Sérya, the Pitdmaba, the
" Vaiistha, the Pardfara and others were written  during
this period and the decimal place-value notation was
petfected.

2, HINDUS AND MATHEMATICS

Appreciation of Mathematics. It is saidhat
in ancient India no science did ever attain an indepefrdent
existence and was cultivated for its own sakd, What-
ever of any science is found in Vedic Indiadis-supposed
to have -originated and grown as the hiddmaid of one
or the other of the six “members of \{he Veda,” and
consequently with the ptimary ob}\t of hclpmg the
Vedic rituals. It is also suppo§ed, sometimes, that
any further culture of the science was somew hat dis- ,
couraged by the Vedic Hindusin' suspicion that it might. -
prove a hindrance to theit.gteat quest of the knowledge
of the Supreme by-divedipplibhe yingdno other external -
channels. That is nef»indeed, 2 correct view on the
whole. It is perhg{)“s.\true that in the earlier Vedic Age,
‘sciences grew asthelp to religion. But itis generally
found that the interest of people in a particular
branch of kfwwledge, in all climes and times, has al-
ways been~aroused and guided by specific reasons.
Religio being the prime avocation of the eatlier Hindus,
it is/ot unnatural that the culture of other branches
of. knowledgc grew as help to it and was kept subsi-

~didry. But there is enough evidence to show that

\in course of time ali the sciences outgrew their original
purposes and were cultivated for their own sake. A
new orientation had indeed set in in the latter part of
the Vedic Age.

There is a story in the Chindsgya Upanisad® whose

1 Chindogya Upanisad, vil, 1, 2, 4.
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value in support of our view cannot be over-estimated.
It is said that oncé upon a time Nirada approached
" the sage Sanatkumira and begged of him the Brabma-
vidyd or the supreme knowledge. Sanatkumira asked
Nérada to state what sciences and arts he had already¥\ -
studied so that he (Sanatkumira) might judge what
still remained to be learnt by him. Thereupon Natada
_ enumerated the various sciences and arts studied, by him.
This list included astronomy {(meksatra-vidyd) and atith-
metic (#dsi-vidyd). Thus the culture of thelscience of
mathematics or of 2ny other branch afigcular know-
ledge, was not considered to be a hindrdrice to spiritual
knowledge. In fact, Apard-vidyi (‘iSeoular knowledge”)
- was then consideted to be a helpﬁul:}djunct to Pard-vidyd
- {“sptritual knowledge™).* QO
- Importance to the cultete' of Gapita (mathematics)
is also given by the Jaipas.” Their religious literature
is generallywlassified sntoyfeanbranches, called anayoga
(“exposition of principles”). One of them is gumizdnn-
yoga (““the exposition?of the principles of mathematics™).
The knowledggb} Samkbydna (literally, “the science of
numbers,” meaning arithmetic and astronomy) is srated
to be one of'the principal accomplishments of the Jaina
priest.® ‘Tr Buddhist literature too, arithmetic {gapand,
sappklydna) is regarded as the first and the noblest of
theasts.® ~ All these will give a fait idea of the importance
- and value set upon the culture of gapite in ancient
India, - '
The following appreciation of mathematics, al-
though belonging to a much later date, will be found
to be interesting, especially, as it comes from the pen

" Mupdakopanisad, 1. 1, 3-5. : :

® Bhagapati-siitra, Sttra go; Utarddhyayana-sittre, xxv. 7, 8, 38.

¢ Vingya Pitaka, ed. Qldenberg, Vol. IV, p. 75 Majhima
Nikégya, Vol..1, p. 85; Cullaniddesa, p. 199.
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of Mahivira (850 A.D.), one of the best mathematicians
of his time: '

“Tn all transactions which relate to worldly, Vedic
ot othet similar religious affairs calculation is of use.
In the science of love, in the science of wealth; in music
and in drama, in the art of cooking, in medicine, in
architecture, in prosody, in poetics and poetty, jn logic
and grammar and such other things, and in refation to
all that constitates the peculiar value of the arts,, the
science of calculation (gawita) is held in high esteerl.
In relation to the movements of the sun and -other
heavenly bodies, in connection with eclipses and
conjunctions of planets, and in connection” with the
tripraspa (direction, position and time)\agd the course
of the moon—indeed in all these igMs utilised. ‘The
number, the diameter and the périmeter of islands,
oceans and mountains; the extefisive dimensions of the
rows of habitations and halls belonging to the inhabi- -
tants of the wotld, of the intetspace between the worlds,
of the world of lighty dfrsitibeorletsafi the gods and of -
the dwellers in hell, and other miscellaneous measure-
ments of all sortsall’ these are made out by the help
of ganita. The* afffiguration of living beings therein,
the length of their lives, their eight attributes, and other
similar thingh; their progress and other such.things,
their stayihg together, etc——all these are dependent
uponsgiwita (for their due comprehension). What is
the gﬁd of saying much? Whatever there is in all the
thiee worlds, which are possessed of moving and non-

o~ moving  beings, cannot exist as apart from gemita
{measurement and calculation). o
_«“With the help of the accomplished holy sages,
who are worthy to be worshipped by the lords of the
world, and of their disciples and disciples’ disciples,
who constitute. the well-known series: of preceptors,
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T glean from the great occan of the knowledge of

fumbers a little of 1ts essence, in the manner. in which
gems are picked from. the sea, gold is from the stony
rock and pear] from the oyster shell; and give our

~ according to the power of my intelligence, the Sdra-sari-

graha, a small work on gapita, which is (however) not
small in value”* - ‘ 0N
Mathematics in Hindu Education. (The

. elementary stage in Hindu education lasted frofn the

age of five till the age of twelve. This petiod shightly
differed in the case of sons-of kings and, noblemen.
The main subjects of study were /ps or Jedb# (alphabets,
reading and writing), r#pa (drawing and\\geometry) and
gapand (atithmetic). 1t is said in the  Arthaidsira of
Kautilya (400 B.C.) that having undetfone the ceremony

- of tonsute, the student shall leati(the alphabets (/) and

arithmetic (samkhydna).? We find in the Hithigumphi

' Insctiption? that king Khiravela (163 B.C.) of Kalinga

spent nine g;aa,rﬁiﬁf-mmrﬂqﬁéa gnof sixteen to the age of

25) in learning /ekhd, sApa and gapand. Prince Gautama

began his educatioi\When he was eight years of age

. “firstly (with) w{iting and then arithmetic as the most

- Indraji, p. 22, ;

g

important of. thie" 72 sciences and arts. Mention of
lekhd, rifpa andkanand is also found in the Jaina canonical
WOl'kS.ﬁ e \ ) e

O

&«

..\“.

1 GSS, i 919,

2 Arthasisira, éd. by R. Shamasasti, i. 5, 2; Eng. trans.,
. 0. '

- & Hathigampha and three other inseriptions, ed. by Bhagavanlal

& _Antagada-dasdo and Amz‘z‘am@a‘g}u—déz.mfa, Eng, trans. by L. D.

© Batnett, 1907, p. 30; of. Kalpasitra of Bhadrabahu, Stitea 211.

3 EB.g., Samavdydiga-sitia, Sitra 72.
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- SCOPE AND DEVELOPMENT OF HINDU
MATHEMATLCS T

* Gapita literally means “the science of calculatlon
and is the Hindu name for mathematics. The term is a
very ancient one and occurs copiously in Vedic literature.
The Vedinga [yotisa (¢. 1,200 B. C.) gives it the highest
place of honour among the sciences which form. the{
Vedirga: “As the crests on the heads of peacocks,as
the gems on the hoods of snakes, so 15 ganific at
the top of the sciences known -as the Viedinga™¥ In
ancient Buddhist literature we find ‘mention<of, three
classes of ga_n:.ta,. (1) maudrd (“finger arithmetic”), (z)
gapand . (“mental  arithmetic”) and ()" samkbyina
(“higher atithmetic in general”). Onglef the earliest
" enumerations of these three classes 6¢curs in the Digha
Nikdya,* and it is also found im the [Vinaya Pitaka,*
Divydyadina* and Milindapaiibo* JThe word mmé@vana
~ has been used for gapita in sevetal old 'works.® At this
remote petiod ganstz included astronomy, but geometry
(ksetra-ganita) belongeéc ‘Oal%tlﬁiﬂ'é’r@fﬁ:‘@roup of sciences
known as - Kalpasitral

It is believed, fhat some time before the begmmng'
of the Christian "efa, there was'a renaissance of Hindu
Ganita.! The effect of this rev:val on the scope of

D\
Dot “Yathx {ikhi mayurﬁnam naganam mmanayo yatbé

Tadvadvedﬁngasﬁstranam gamtam rirdhani sthitam.”

2 51 o o Vedaﬂga]yaz‘:m 4.

o\ IV p7. '

‘*D:gyama’amz, ed. by E B. Cowe].l ‘and R. A. Neil, Cambndge,
< :836 pp. 3, 26 and 88, -
: 5 Milindaparnibo, Eng trans. by Rhys Damds, Oxfok‘d, 1890

ek SE.g., Ka{pa.fﬁ;m of Bhadrabahu ed. by H. Jacobl LE.IPZlg,
1397, Bbqgam:‘x idtra, Bombay, 1918, p. 112; “Arthasistra, i 5 :
* Bibhutibhusan - Datta; “The ‘scope and developmeént of
Hmdu G‘amt:i " Indan: Hu!aﬂm! Caarterly, ¥V, 1929, pp. 479-512.
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. gapita was great, - Astronomy (fyotisa) became a separate
subject aud geometry (ksetra-gapita) came to be included
~within its scope. The subjects treated in the Hindu
" Gapita of the eatly renaissance period consisted of the
- following:* Parikarma  (“fundatnental operations”),
Vyavahdra (“determinations™), Rajiu (“‘rope,” meaning
++ geometry), R (“rule of three”), Kaldsavarna (“operas
tions with fractions™), Ydver tdver (“as many asy’
.. meaning simple equations), Varga (“Square,” meaning
" ‘quadratic equations), Ghare (“Cube”, meaning)cubic
equations), Vargavarga (biquadratic equatiops) and
Vikalpa (“permutations and combinations”})»
..~ 'Thus. gapita came to mean ﬁlathemafiés in general,
while “finger arithmetic® as well as {fmental arithmetic’
- were excluded from the scope of '{&\fﬁeaning For the
“calculations involved in ganita, Y& use of some writing -
" material was essential. The calculations were performed
on a board (pdf) with a piecgof chalk or on sand (db#/7} -
'sgr?ad- on ‘gfy}{%_&gg% s ro_r~."t%r‘1‘tri11§ pdti. Thus the terms
- pdti-ganita (science ofaldilation on the board”). or
hhli-karma - (*‘dust-woOrk™), came to be used for higher
- mathematics. Lat€x on the section of gegite dealing
with algebra wis'given the name Bfja-gapita. The first
- to effect this §eparation was Brahmagupta (628), but he
did hot psé€the term Bija-gamita. 'The chapter dealing
 with 'a}gebra in his Brdbma-sphuta-siddbinta 1s called
" "Kuttaka. Stidharicarya (750) regarded’ Pdté-gapita and
- Bija~ganita as separate and wrote ‘separate treatises on
~each. “This distinction between Pdifiganita and * Bijagapita
{"\Has been preserved by later writers. Lo
' Having gtven a brief survey of the position and
scope olf mathematics in ncient India, we tum to the

;‘c?aﬁkamﬁ}am vavahﬁ_'rb tajju rist lkalisavamne ya |
* - Javantivati vaggo ghano tataha vaggavaggo vikappo ta i
: ) o S Sthinangashitra, Shtra 747.-
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purpose in hand—that of giving a connected account
of the development and growth of the different branches

of mathematics. The numeration system of the Hindus

will engage our attention first. :

4. NUMERAL TERMII\OLOGY

Q.
Scale of Notation. We can definitely say thac
from the very earliest known times, ten has fofmtd .
the basis of numeration in India.* In fact, thére is
absolutely no trace of the extensive use of any other
base of numeration in the whole of Sanskritylirerature.
It is also characteristic of India that thete should be
found at a very early date long series ofMiumber names.
for very high numerals. While the/Greeks had no
terminology for denominations abiove the myriad (10%)s
and the Romans above the s/ {10*), the ancient Hindus
dealt freely with no less than gighteen denominations.
In modern times also, thel“numeral language of no
other nation is %Wsc@mﬂd‘bmgﬂ operfect as that of the
Hindus.
In the Y@ﬂmed@\famb:m (Vdjasaneyi)® the f()llowmg
list of numeraléderfominations is given: Ekq (1), dafz
(10), sata (100), sabasra (1000), aysta (10, o00), #iyuta
(ro0, ooo), Prayuta . (1,000,000), . arbuda , (10,000,000),
fym'byda -{100,000,000), samudra (1,000,000,000),
“madhyd " (10,000,000,000), anfa  (100,000,000,000),
. par&‘ (1 000,000,600,000). The same list occurs at
twcr places in the Taéttiriya Sambitd.® The Maitrdyani’

g §

£

. 1Various instances are to be found in the Rgreds; noted
by Macdoneil and Keith, Vedic Index, Vol. 1, p 343.
© t Yaiurveda Sanmhitd, xvii. 2.
v, 40,°11..4; and vil. 2, 20. 1.
: tji; 8. 14; the list has aywta, praywia, then again aywsa, then
nyarbuda, samudra, madbya, ants, parérdba. -
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and Kzz:e‘bméd‘ Sanhitds contain ‘the same list with slight
alterations. 'The Pasvavimi$a Bréhmans has the Yajur-
 peda . list upto. ;gyarbﬂda “inclisive, and then follow
 pikbarva, vidava, aksiti, etc. ‘The Sankbydyana Srauta
Sdfra continues the seties after myarbuda with nikharva,
samudra, salila, antya, apanta (= 10 billions). Each of
these denominations is 1o times the preceding, so that
- they wete aptly cailed dzzm{gﬂna#am .ramjnaﬁ (“decuple
" terms” LS,

N
Commg to later. times, i.e., about the sth century
" B.C.; we find succéssful attempts made to cofitipue the
scrl_es ‘of number names based on the ceqtﬁsuhal scate.®
We quote below from the Lafitavistara;*@ well-known
~ Buddhist work of the first. century B.CY, the dialogue
between Ar]una the mathematician, 4 Pnnce Gautama

(Bodhlsattva) s - N ’,\ .

* “The mathematician Ar]una asked the Bodluss.ttva
‘O young man, do you kaowithe counting which goes

bf_:yond the m@gﬁml@g@%ﬁ}al scale:‘
* Bodhisattva: I kaow.

. .Afjuna: How, does the countmg ptoceed beyond
the 4oz on the cc\nteamal scale?

: Bodhisattga: Hundred .éom ate ca]led ayuia,
~ hundred aputas niynta, hundred ngym‘ar katikara, hundred
karifaras (yivara, hundred vivaras ksobhya, hundred £So-
bhyas viviha, hundred pivihas #tsariga, hundred utsargas

_ éaéwla\ hundred &abu[a.f ﬂagaba!a hundred ngabafa.f biti-

) .:"3 D 1xvil, 105 the list-is che same with the exception that ngy:;ra
and ﬁrqufa changc places. Iﬂ xxxix, 6, after syarbuda a new
term pddava. infervenes, B R S

. *Cf, Bhiskara 1I, L, p.2 B oo
s Satmtiara  gapani or .famffém .mf;:jm (names on. thc cen-
tesimal scale).
 *Lafitavistara, ed. by Ra]endra Lal M1tm, Calcutta, 1877,
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lambha, hundred titilembhas vyavasthina-prajhapti, hundred
pyavasthina-prajiapiis betwbila, ‘hundred betubilas karahu,
hundred arabar betvindriya, hundred betvindriyas samipia-
lambba, hundred - samdipta-lambbas gapanisati, hundred
ganandgatis niravadya, hundred miravadyas mudrd-bala, hun-
dred mudrd-balas sarva-bala, hundred sarva-balas visanijiid-

gots, hundred visanmjfid-gatis sarvajfié, handred sarvajiids

13%

‘vibbutangamd, hundred vibbutarigamis tallaksapa. N
Another interesting series of number tl\ﬁﬁlés
increasing by ‘multiples of 10 millions is fouad in
Kicciyana’s Pali Grammar.? “For example; dasa
(r0) multiplied by dasa (10) becomes (sa@tz (100),
sata * (100) multiplied by ten becomes. #bkssa (x,000),
sabassa multiplied by ten becomes dasa Sahissa (10,000),
dasa sabassa multiplied by ten beddmes safa sabassa®
{100,000), sata sahassa multipliedBy ten becomes dusa

sata sahassa (1,000,000), dasa_saba@ sabassa multiplied by

ten becomes Aoti  (10,008,800). Hundred-hundred-
thousand £ozis giwe. pafagitinndi fhis, nanner the furcher
terms are formed. What are their names? ..........
hundred hundred-thousands is &ofZ, hundred-hundred-

\Thus sellaksime—10%. :
. This and theyfollowing show that the Hindus anticipated
Archimedes by(Several centuties in the matter of evolving a series

N\

of number Aates which “are sufficient to exceed not only the-

number of asand-heap as large as the whole cafth, but one as
large as\uhe universe.”

GfN “De harenae nwmerd in the 1544 edition of the Opera of

Arclﬁmedes; quoted by Smith and Karpinski, Hinds Arabic
Nawmerals, Boston, 1911, p. 16.

3 2“Grammaire Pilic de Kicciyana,” Jowrn. Asiatigue, Sixieme

“Serie, XVII, 1871, p. 411. The explanations to siitras s1 and
. sz are quoted here. _

3 Also called Jakbba (laksa). '
_ * Also called kosi-kogi, ie., (10,000,0c0)’=10". The foliow-
ing numbers ate in the denomination ~koti-keri. Cornpare the
Anmyogaduira-sitra, Sttra 142, -

L
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- thousand #ofis is pakoets, hundred-hundred-thousand
pakotis is kotippakori, hundred-hundred-thousand 4&ofi-
ppakotis is nabuta, hindred-hundred-thousand’ #absras is
sinpabuta,. hundred-hundred-thousand winnabutas is ak-
khobing, similarly  we have bindu, abbuda, nirabbuda,
ahaba, ababa, atata, sogandbika, appala, kamuda, pundarika
paduma, kathina, mabikathina, asankbyeya.” O\

In the Anwysgadvéra-sitra® (. 100 B.C.), 2 Jainz
~ canopieal work written before the commencementiof
~ the Christian era, the. total number of humanp\beings

in the world is given thus: “a fumber which when
-expressed in terms of the denominations, £oi-£oti, etc.,
_occupies tweaty-nine places (sthina), or-3€Js beyond the
© 24th place and within the 32nd place, Br'it is 2 number
obtained by multiplying sixth squafé(of two) by (its)
fifth square, (7., 2°¢), or it is a gumber which can be
‘divided (by two) ninety-six time§,¥" Anothet big number
that occurs in the Jaina workgus the number representing
the petiod of time knawn 28 Sirsaprabeliké. According
to the 'cbrﬂ”_rrﬁéfrita%glf d:f:fé 1 & andra (b. 1089), this
number is so large a§\to occupy 194 notational places
Aarika-sthanehi). It is~also stated to be (8,400,000)%.
~ Notational*Places. Later on, when the idea of
place-value wasrdeveloped, the denominations (number

. ‘hames) wepehsed to denote the places which unity would
occupy ipotder to represent them (denominations) in
writing a number on the decimal scale. For instance,
accotding to Aryabhata I (499) the denominations are
thé*names of ‘places’. He says: “Féa (unit) dase

~ten), Sata (hundred), sabasra (thousand), ayuta (ten
thousand), siyuta (hundred thousand), prayuza” (million),

* Thus asaskbyeya is (10)™"=(10,000,000)%.
2 Shtra 142, :

_ #The figures within brackets after the names of “authors of
works denote dates after Christ.- ' . |
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Kots (te:n rmlhon) arbuda (hundred million), and zruds
(thousand million) are respectively from place to place
each ten times the preceding.”” The first use of the
word ‘place’ for the denomination is met with in the
Jaina work quoted above.

In most of the mathematical works the denomina{\
tions are ' called “names of places,” and eighteensof
these are geperally enumerated. Sridhara (750).gives
the following names:® e¢ka, daSa, fata, sabasra,“ayuta,
laksa, praywta, Kok, arbuda, a{?;a aébarya nikhdrva, mabi-
sargia, fafigw, saritd-pati, antya, madhya, parardba and adds
that the decuple names proceed even{ beyond this.
Mahivira (850) gives twenty-four gpetitional places:?
eka, dasa, Sata, sabasra, a’afa—.rab:m‘a\ laksa, dasa-laksa,
aéﬂ_}ff dam-}éaf: mz‘a-)éo;; arbuda) fyarbﬂda ébama
mabékbarva, padma, mahé-padtes,” ksoni, mabd—;é;o_ﬂi,-
Sarikba, mabi-Sankha, ksiti, waba-/é.rm Esobba, maba?—

Erobba.
_ wwr.dhy 81]]:].]3]“8]_ y.or
Bhiskara II’s (I 150)dist agrées Hith that of Sridhara

except for mabdsarg; and saritdpati which are replaced
by their synonyms g}abapadma and jaludhi respectively.
He remarks that\t:he names of places have been assigned
for practlcal Gse by ancient writers.*

Nardydna (1356) gives a similar list in which abja,
mabdsargidyand saritdpati ate replaced by their synonyms
mrgw\waba@m and pdrdvdra respectively.

Numetals in Spoken Language. The Sanskeit
_tiathes for the numbers from one to nine are: ek, dvi,

' Iz‘rz ‘catur, pafica sat, Sapta, asta, nava. These Wlth the

1 A i 2.
2 Tﬂf R. z-3; the term used is dasagund b .mmj;rmb, ie., “decuple

names.’
EGSS, L 65~68 “The first place is what is known as eka; the

second is a'a.ra etc..
. *L, p. 2
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numerical denominations already moentioned suffice to
_express any, required number. In an additive system

it 1s immaterial how the elements of different denomina-

tions, of which a number is composed, are spoken.
Thus one-ten or ten-one would mean the same. But
it has become. the usual custom from times immeriofial
to adhere to a definite mode of arrangement, mstead
of speaking in a haphazard manner. N

~In the Sanskrit language the arrangemcant is that

" when a number expression is composed ofythe first two

denominations Onlv, the smaller element is spoken
first, but when it is composed also ofhigher denomina-

' tions, the bigger elements precedevthe smaller ones,

‘the order of the first two denpminations remaining as
before. ‘Thus, if a numbef\expression contains the
- first four denormnatmns the, normal mode of expression
~would be to say the thousands first, then hundreds,
~then units ¥k ‘%hmhhcm ocin will be observed that
there is a sudden change of order in the process of
formation of the mtmber expression when we go beyond
‘hundred. The eichange of order, however, is” common
to” most of .th important- Ianguages of the world.’

Nothing definite appears to be knowu as to the cause
“of this ;au?iden change. :

The numbets 19, 29, 39, 49, etc. offer us instances
of }he use of the subfractive prmc1p1e in the spoken
1anguage In Vedic times we find the use? of the
Jterms  ckdmna-vinlati  (one-less- -twenty) and  ekdnna-
catvirinial” (one-less-forty) for nineteen and thirty-nine
. tespectively.  In later times (Satra period) the ekdnma was
changed ta eaéamz and occasmnally even the pteﬁ‘{ eka

*Only in. very few languages is . the order contlnuou‘:h
deacendmg In English the smaller elements ate spoken first
in the case of numbers upto tweaty only.

* Taittiriya  Sanibitd, vn 2. 1I.
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was deleted and we have #ue-vinrfati, fina-trimiat, etc.—
forms which are used upto the present day. The al-
ternative expressions mava-dasa (nine-ten), nava-vinfati
(nine-twenty), etc., were also sometimes used.*

Practically the whole of Sanskrit literature is in
verse, so that for the' sake of metrical convenience, ¢
various devices were resorted to in the formation of
number expressions, the most common being the\
use of the additive® method. The following are a
few examples of common  occurrence taken from
mathematical works: R ;
Sﬂbmzmw (1) the number 1398 e'xpressed as

g 40+100—1;7 AN
{2) 297is exptessed as 300-—3.1

. 'Mz;!a‘ép!imt{bé: (1) the numbe‘r elghteen is expressed
' - as 2% 9,
\Q%)w aﬁ?’e&tﬁrseﬁ? is "expressed as
39 and X 6;° '
(3) {28,483 is expressed as 83+ 400+
)" (4000 7). -

. tig = nava- a’a.m (Vidjasaneyi Sanihitd, xiv. 23; Taittiriya S am&xté'
xiv, 23. 30) 3
29 = - wm‘at: (Vdjasaneyi .S'amb:ra, xiv. 31).
99 5=, Gidva- -navasi (Rgreda, 1. 84. 13}
= tripi fatini frisabasrini trimsa ca nava m t e,, “three
hundrefi} and three thousands and thirty smd nine.’ (ngda,
iii, 9 9; also x. 52. 6.)
OGS, 1. 4 cattvariniascaifkona Satédbika (“forty increased by
\one less- hundred”) o
*L,p. 4, Ex. 12 Trfbfmgva fatmmgya{ya (“three less three
hundted”) _ :
.8 _/f, il. 31 dvi-navaka,
o Tri, Ex 43: #ri-napaka (“three nines™), dvi-sar (“two stxes”)
T G.S'.S' i 28 tryafitimisrdni  caruffatini  catussabasvaghna
naginviténi* (“eighty-three combined - with four hundred and
four theusand multiplied by seven™), |
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- The expression of the number 12345654321 in the

. form “beginning with 1 upto 6 and then diminishing in

"~ ordef” is rather inferesting.® - |

- What are known as alphabetic. and word numerals

“were generally employed for the expression -of large

 numbers. A detailed account of these numerals will™

~ be given later on. ' O\

5. “THE DEVELOPMENT OF NUMERIGAL

R SYMBOLISM 2

. Writing in Ancient India. It is\generally held

_ that numesical symbols Were invented after writing had

" been in use for some time, and thaéin the early stages
_the numbers were ‘written outhin/full in words. This
seems to be true for the bigget-units, but the signs for
the smaller units are as oldvas writing itself.

" Until ghtte-decettihimpinns were divided as to
the date when wtiting, was In use in India. There were

- some who stated that writing was known even in the
Vedic age, butithe’ majority following Weber, Taylor,
‘Bithler and others were of opinion that writing was
introduced @hfo India from the West about the eighth
century,B.L. These writers built up theories deriving

. the aifcient Indian script, as found in the inscriptions
of ,;A%ﬁka, from the more ancient writing discovered in
- ,Egypt and Mesopotamia.. The Semitic origin was first
o~osuggested by Sir W. Jones, in the year 1806, and Jater
v/ on supported by Kopp (1821), Lespius (1834), and many
- others. The supporters of this theory, however, do

not completely agree amongst themselves. For, whilst
- W. Deccke and 1. Taylor ‘derive the Indian script from
.. .4 South-Semitic script, Weber and Biihler derive

Nt oo

3 GSS, L2y ekddisadantini kramepa bindni.
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it from the Phoenician or a Noth-Semitic script.t
Bithler rejects the derivation from a  South-Semitic
sctipt, stating that the theory tequires too many assump-
tions, and makes too many changes in the letter forms
to be quite convincing. - He, however, supports Webet’s
derivation from a Notth-Semitic script and has givens
details of the theory.* Ojha® hds examined Biihler’s
‘theory in detail and rejects it stating that it is fanci

and that the facts are against it. He states thaf)only
one out of the twenty-two letters of the Ph@cmcnm
(North-Semitic) sctipt resembles a phoneucaﬂy similar
Brihmi letter. He supports his argutmend in a most
_convincing mannerml:ly a table of the\two alphabets,
with phonetically similar letters arranged in a line. He
further shows that following Billét’s' method of deri-
vation almost any script could be proved to be the
parent of another,*

Othet scholats, who. held that wntmg was known
in India as early as thﬁﬁm.a@ﬁ,a Q itheir conclusion
upon hterary evidepee. - The aSistha Dharmasiira,
which originally belonged to a school ‘of the Rgreda
“offers clear evidence of the use of writing in the Vcdlc
period. Vaélstha (xvi. 10, 14-15) mentions written
“documents as legal ev1dence and the first of these sfitras

! Fog m\mor differences in the thcones set up by different
wnters\ag& also for several other theoties, see Buhle;, Palaeagmp@y,

s the notes give the references.

AN "Bﬁhler, Le, pp. of.
N\ B PLM, pp. 18-31.

* Recently several other etninent historians bave expressed their
disagreement with Bihler’s derivation. See Bbandarkar, “Origin
of the Indian Alphabet,” Sir A.mm.rb Mukerfi Jabilee Volumes,
Vol. 1L, ‘1522, P- 493; H. C. Ray, “The Indian ‘Alphabet,” 14,
TH, 1924, p. 233; also Mobenjo-daro and the Indus Valley Cmiz.rahm,
1931, p. 424, where the following remark occurs: *I am con-
vinced that all sttempts to detive the Beihmi alphabet from Semltu:
alphabets were. coiplete failures.”

2
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" is a quotation from an older work or from traditional

lote.” Another quotation from the Rgpeda itself (x. 6z.-

7), which refers to the writing of the number eight is: -
Sabasran me dadato -astakarpyeh, meaning “gave me 4.
thousand cows on whose ears the number eight was

. written.” The above interpretation, although doubted by,

some scholars, seems to be correct, as it is supported by
Panini.® Moreover, the practice of making markshon
the ears of cows to denote their relation to theirlowners,
seems to have been prevalent in ancient Indiay?

. At another place in the Rgweds (x. g4), we find

mention of a gambler lamenting his lotland saying that

“having staked on one,* he lost his Maithful wite....”

Again in - the Atharvaveda (vil. \50\, (52), 5) we find

the mention of the word “writtény" amount™.* Pinini’s

grammat (. 700 B.C) contains the terms yaranin

“Semitic writing”) and the® compounds /Jipikdra and
[bikdra (i, 2. 21) (wrigef), which show that writing

- was knowgnin dtisatinmeny drg addition to these passages,

the Vedic works contain some technical terms, such as
aksara (a letter of(the alphabet), £dnda (chapter), patala,
@rantha (book), &te., which have been quoted as evidence

. of writing. . {Thesc specific teferences to written docu-
. ments whegtéonsidered with the advanced state of Vedic

civilisatipgy, especially the ‘high development of trade
and eamplicated monetary transactions, the use of prose
in the Brdbmangs, the collection, the methodical arrange-

- sment, the numeration, the analysis of the Vedic texts

X

“* Karpo varpa Jakganpdt (vi. 2. 112) and also (vi. 3. 115) support
the _intetpretation, - .

E Atharvapeda (Vi 141) mentions the method of making

owithyna marks on the ears.  In (xii. 4, 6) the practice is denounced,

The Maitrdyani Sambitd has a chapter dealing with this topic. The
method of making such marks is dealt with in iv. 2. 9. :
"* Here ‘one’ refers to the number stamped on the dice.
* Ajaisam tid samlikhitamajaisamuta samrudban.
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and the pﬁon_etii;_ahd lgxicdgraphié- researches found in

the Veddrges, form sufficient grounds for-assigning 2 -

vety eatly date to the use of writing in India.*  Although
these arguments-possess considerable weight, they were
not generally recognised, as will always happenif an
argamentum ex impossibiliis used. R. Shamasastry (1906)
has published a derivation based. upon ancient Indi

hieroglyphic” pictures which he believes to be prescmd;

in the tdntric figures, His learned. article has notiat-
tracted the attention it deserveés. :

Recent discoveries have however, sousided the

death knell of all theoties deriving the Iddian' script
from foreign sources. Pottery belonging to-the Megali-
thic {¢. 1,500 B.C.) and -II\quolitlﬁc (6,000 B.G.—3,000 B.C.)
ages, preserved in the Madras Museum, has been found
to be inscribed with writing. \\And according to
Bhandaikar® five of these marks are identical with the
Brihmi characters of the tihe~of Asoka. The excava-
tions at Mohenjo-daso.angsblasappa-hiave also brought
to light written documents, seals and inscriptions,
dating from before 3,606 B.C.. Thus it would be now
‘absurd to trace tgsBrihmi to any Semitic alphabet of
the eighth or ninth' century B.C. -

Earliest Numerals. The numerical figures con- -

tained in th€'séals and inscriptions of Mohenjo-daro,
‘have not'(been completely deciphered as yet. The
vertical\stroke and combinations of vertical strokes
arragged’ side’ by side, or one group below
_apother, have been. found. The numbers one. to
{thirteen seem to have been written by means of

vertical strokes, probably, as in the figures givenbelow:® -.

+ T1°Cf, Biihler, Le., p. 3. - P, _

2 Marshall, /.c., pp. 450-52. See also “Mohenjo-daro—Indus
Epigraphy” by G. R. Hunter {JRAS, April, 1932, pp: 47 478ff.)
who is more pronouniced about the numerical values of some 0
the signs. S ' :

-

r

-~



zo NU‘MERAL ﬁomr_roﬁ'

oM we e
(R R N R |
Comm R W

It is not yet quite cettain whether there Jvete special
signs for greater numbers such as 2o, 30;"’1:}16 hundreds
and higher numbers. There are numegous other signs
which ‘are believed to represent sich numbers, but
there seems to be no means ofcfinding out the truc
values of these signs at presefity’ '

 Between the finds of Meklignjo-dato and the inscrip-
tions of’ Adeke dwhighragehgmnumerals, there is a gap
of 2,700 years or more. “No written documents contain-
ing numerals and bel@hging to this intervening period
~ have been so far discovered. The literary evidence,
" however, points*to the use of numerical symbols at 2
very early date) The reference to the writing of the
number eightin the Rgueds and the use of numerical
denominafiths as big as 10*2 in the Yajmrveda Sambiti
© and in§éveral other Vedic works, quoted before, offer
suffidient grounds for concluding that, even at thar
‘temiote period, the Hindus must have posséssed 2 well
~developed system of numerjcal symbols. The con-
clusion is supported by the fact that the Greek and the
Roman numerical terminologies did rot go beyond 0%,
~ even afterwriting and a satisfactery numerical symbolism
had been in use for sevefal centuries. _
The writings .on the inscriptions of - Adoka show
- that in his time the use of numerical symbols in India

1
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was quite common.! The vatiations in the forms of
the numesical signs suggest that the symbols had been-
in use for a long time. -

Most of the inscriptions of A§oka and the following
period are written in a script. which has been called Q> -
Brébmi, whilst some are in a different script known ;
Kharosthi. The forms of the numerical symbolsd 1t
the two scripts are different. We consider \ them

N

separately. : . R4
_ _' _ N
6. KHAROSTHI NUMERALS\Y

A\

Early Occurrence. The Khar ¢ lipi is-a script
written from right to left. ‘The majority of the Khato-
sthi inscriptions have been found in'the ancient province
of Gandhira, the modern eastetn Afghanistan and the
notthern Punjab. It was alpopular script meant for
clerks and men of business. The period during which
it seems to have bergnidbdaibiblndiereutends from- the
fourth century B,G.(io the third century A.D. In the
Kharosthi inscriﬁﬁbns of Adoka only four numerals
have been found. These arg the primitive vertical

marks for oné&/two, four, and five, thus:

.\..
\Y -2

N 4 . ’5

&N o . .

OV A V]

\&:c:re developed forms of these numerals are found in
the inscriptions of the Sakas, of the Parthians and

1 Megasthenes speaks of mile-stones indicating the distances
and the halting places on the roads. The distances must have
been written in numerical figures (Bihler, Ze., p. 6; also Jndika .
of Megasthenes, pp. 125-26). The complicated system of keeping.
accounts mentioned in the Arthasistra of Kautilya confirms the
conclusion. . o

3 -
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* of the Kusinas, of the 1st century.B.C. and the 15t and
»nd centusies A.D., as well asin other probably later
documents. The, following ate some of ‘the numerals
of - this period: SR ,

1 T 3 .4 5 6 4

8. O
yogoon % XX NIX OXX

< 3

. 1o 20 40' 50'. - o 70 LA T 8o
: o &
) 3 37 733 3n 33 3333
: ’ ' . ,\ .
Yoo . 200 . 300 2 - 274

O g S X3

Forms and, the %On in. It cannot be satis-
factorily explained W Ve Bdmber. four, which was
previously represented by four vertical lines came to bc
represented by 'a cross later on. The representation of
the fiumbess\five to eight follows: the additive principle,

 with foutias the base. . ‘This. method- of . writing the

 numbéfy 4 to 8 is not met with in the early records

.. of .the Semites. We. do, not ‘know how the number
_nifie was written. 1t i very probable that it was written
Jas 1 XX, ie., 4+4+1 (reading from right to left,
' ‘the order, being ‘the - .same as that - of the. script).
The, number .10 has an entirely new sign, The

. question why it was not written as ”x X »orwh
L the-'base_' x (4)=Wa5':.'a']:gandoned “cannot be satisfac

torily answered.
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It is accepted by all that the Kharosthi is a foreign
script brought into India from the west. The exact
petiod at which it was imported is unknown. It might
have been introduced at the time of the conquest of the
Punjab by Darius {¢. 500 B.C.) or eatlier.® The numerals,.
given above undoubtedly belong to this sctipt as they
proceed from right to left. O

The old symbols of the inscriptions of Ajoka,”
however, seem to have undetgone modifigition in
India, especially the numbers from 4 t6019. The
symbols for four and ten seem to havé Been coined -
in India, in order to introduce simpl'{fication and also
to bring the Kharosthi numeral sggt€m in line with
the Btahmi nofation already in “extensive use. The

symbol X seems to have bigen derived by turning the

Brihmi symbol =4 "/N/RRH KSR 1 in the inscrip-

tions of Adoka%\The inclined cross to represent 4 is
found in the Nabatean numerals in use in the earlier cen-
turies of theChristian Era.> The Nabatean numerals
resemble the” Kharosthi also in the use of the scale of
twenty, and in the method of formation of the hundreds.
It is possible that the Semites might have botrowed the
Khatosthi symbol for 4, although it is not unlikely,

(a5’ Biihler thinks, that the symbol might have been
invented independently by both nations.

1The theoty of the foreign origin of the script has to be
tevised in the light of the discoveries at Mohenjo-daro and Hatappa,
especially in view of the fact that the Mohenjo-daro alphabet ran
from right to left. : : :

2 1. Buting, Nabatiische Inschriften aus Arabien, Berlin, 1885,

pp- 9697
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‘The numeral 7 (10) closely resembles the letter
a .of the Brahmi alphabet. The symbol for twenty.

q " appears to be 2 cursive combination of two tegs,®

N

. A\
It resembles one of the early Phoenician forms feund in
the papyrus Blacas® (5th century B.C.). The'mode of
expressing the numbers 30, 40, etc., by the ‘help of the

*symbols for 10 and 20, is the same as amengst the early
. Phoenicians and Aramaeans. _ ’

. The symbol for reco resemblesxibhe letter fz or tra
of the Brihmi script, to the gight of which stands a
“vertical stroke. O .

" The symbols for 200.8360, etc., are formed by
-wiiting the symbols fot 2338 etc., respectively to the
right of thessyabolifenyise in This evidently is the use

- of the multiplicative,/{principle, as is found amongst |
the eatly Phoenicidhs.? -

- 'The formaths\n of other numbers may be illustrated
by the number.274 which is written with the help of the
symbols ’fé‘r}z, 100, 20, 10 and 4 arranged as

\O
QO x]12337n
\Jin the right to left order. The 2 on the right of 100
multiplies 100, whilst the numbers writtén to the left
ate added, thus giving 274. |
The ancient Kharosthi numerals are given in
- Table 1. : o :

* Bishler, Palacography, p. 77 Ojha, Le., p. 128; see Table T1(5).
2 Sege Tahble 11(‘.)_‘& p- 77 .] f p. 128; see Table 1I{#)
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7. BRAHMI NUMERALS

Early Occurrence and Forms. The Brihm]i ins-
criptions - ate found distributed all over India. The
Brahmi sctipt was, thus, the national script of the
ancient Hindus. It is undoubtedly an invention of thes
Brihmanas. The early grammatical and phonetic  ré
searches seem to have resulted in the perfection of (this
script about.1,000 B.C. or earlier. ‘The Brihmi ndmerals
are likewise a purelv Indian invention. Attempts have
been made by several writers of note to evplye a theory
of a foteign origin of the numerals, bug“we are con-
vinced that zll those attempts were uttertailures.” These
theories will be dealt with at their proper places. Due
to the lack of early documents, welate not in a position
to say what exactly were theoriginal forms of the
Brihmi symbols. Our knowledge of these symbols
goes. back to the time of King Adoka (. 300 B.C.)
whose vast dominions iaglided the whole of India and
extended in thewﬁf'ﬁ%ﬂ‘l“ﬁ'ﬂégraﬂéﬁfm Asia. The forms

of these syrnbols a;g

4 AN - 50 ' 2000

: Eé 6.J A ac,

e next important inscription containing numerals
is 4 found in a cave'on the top of the Ninighit hill in
C\entral India, about seventy-five miles from Poona.

{YThe cave was made as a resting place for travellers by
order of a King named Vediési, a descendant of King
Sitavihana. -The inscription contains a list of gifts
made on the occasion of the performance of several
yajfias or religious sacrifices. It was first deciphered

1 Cf. Langdon’s opinion in Moberjo-daro and the Indus Valley
Civilization, ch. xxiil.
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by Pandit Bhagavanlal Indraji who has given the
interpretation of the numerical symbols.* These occur
at about thirty places, and their forms are as below:

o LI 6 7 9 Io
- = 3 Y 1 P e o
: zo 80 100 200 } 300 400 | '{ot;\
6 o "('I >t v ?ﬂ"{.}"'\?’ﬂ
1,000 4;000 .. 6,000 Io,o.oo zofo;»o

TR R OB
' : L&

‘A number of inscriptions cofitaining numerals and
dating from the first or the scednd century A.D, ate
£c">unc§ in a cave in the district of Nasik in the Bombay
presidency. These containi'a fuller list of numerals.
The 'fOth’f a&@\aﬁabi.@llmﬁy.org.in

1 2 3 R\ o 6 7 8
ToomoEmlre p oy, gy
¥ e Qi s 100 200 500
aorn o e "
? . OV ° * 2 7 ! d

. _”:.3',000 2,000 . 3,000 - 4,000 - 8,000 70,000

a \ ¥ . . .
A AL

1“On Ancient Nigari Numeration from an inscription at

+ Ninighit,” Journ, of the Bombay Branch.of the R atis Sovtery

1876; Vol. XIL, p." 404. b s of the : qya{ <Asiatic ;m@,

2E. Senart, ““The i'nscri_ptions in the caves at Nasik,” EI, Vol

VIII, pp. §9-96; “The inscriptions in the cave at Karle,” FEI, Vol.
VIL, pp. 47-74. o '
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Even. after the invention of the zero and the place-
value system, the same numerical symbols from 1 to 9,
‘continued ‘to be employed with the zero to denote
numbers. Thus the gradual development of these forms
can be easily- traced. This gradual change from the
old system without place-value to the new system,
with the zero and the place-value is to be mer with i
India alone. All other nations of the world have giveh
up .their indigenous nymerical symbols which thegihad
used without. place-value and have adopted the* zero
and a new set of symbols, which were nevef in use ih
those countries previously. This fact alopeNs a strong
proof of the Hindu origin of the zeroMand the place-
value system., N

~ The numbers 1, 2 and 3 of the Brihmi notation
were denoted by one, two and (th¥ee hotizontal® lines
placed one below the other. «These forms clearly dis-
tinguish the Brihmi notatlon ‘fram the Kharosthi and
the Semitic systerms;dbr auhbreuy org.in

- It cannot.- - be said why the strokes were hori-
" zontal in Brahm;‘ahd vertical in Kharosthi and
Sernitic writings,Xjust as it cannot be said why the .
-writing procecded from left to right in Brihmi and
from right t6left in Kharosthi and Semitic writings.
[t appearyyte us that the Brihmi and the Kharosthi
- (Semitic) ‘momerals have always existed side by side and
it cann§ be definitely said which of these is the earlier.
The! difference in wtiting the symbols 1 to 3, seems to
beJdve to the inherent difference between the two
systems of writing. The principles upon which numeti-
cal signs are formed in the two systems are quite
different.

D_1_ﬂ'eren_ce from other Notations. In the. Brihmi

11t Has been incorréctly stated by Smith and Karpinski that
the Nanaghat forms were vertical. See Hindy Arabic Numerals, p. 28.
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 there are separate signs for each of the numbers 1, 4 to ¢

" and 10, 20, 30, 40, 50, 60, 70, 80, 90, 100, 200, 300,.. ...
1000, 2000, etc., while in the oldest Kharogthi and in

- the earliest. Semitic writings, the Hiéroglyphtc and the
- Phoenician, the only symbols are those for 1, 10, 20
and 100. : S _ .

The Hieratic and the Demotic numerals, however,
tesemble the Brihmi in having -nineteen symbols¢ far
the numbets from 1 to 100, but the principle of fafma-

. tion of the numbers 200, 300, 400, 2,000, 3,000 afid, 4,000
~are different, as will appear. from Table JI{). The
method of formation of intermediate and higher numbers
is also different in the two systems. While the Brahmi
places the bigger numbers to the left?the arrangement
is ‘the reverse of this in the Khatosthi and Semitic
writings. ‘Thus the number 274 3§ written in Brihmi
with the help of the symbolsifor 200, 70 and 4 as
. (200} (70) (4), while in the Kharosthi and the Semitic
‘numerals’it g wtittendeafg)olsed (200).*

Theories about {their Origin. Quite a large
number of theoties fave been advanced fo explain the
. origin of the Brilimii numerals. Points of resemblance
have been imagihed between these numerals and those
of other natigds. Recourse has been taken by writers
to the turning, twisting, adding on or cutting off of
parts of (the numerals of othet nations to fit their pet
theorigs.” It is needless to say that each of these theories
had s’ own supporters who' were- quite convinced of
AheJcorrectness . of their ¢xplanations. We give below
the outlines of some of these theories:

- 1. Cunningham?® believed that writing had been
‘known in India from the eatliest known times, and

* Comparé the same number written in Kharosthi, p. 24.
_ 2 Inscriptions of Ajoka, Corpus Inscriptionum Indicaram, Vol. 1,
p- 52 . o o -
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that the earliest alphabet was pictographic. He suggest-
ed that the Brahmi script was derived from the early
pictographic writing. . The theory is evidently capable
of extension to the numerical signs. Later epigraphists,
- however, discarded the hypothesis as it appeared too
fanciful to them. Cupningham’s bold hypothesis re-,
‘garding the antiquity of writing in India has been
‘more than justified by the recent discovery of the(sé
of a quasi-pictographic script on certain seals dnd in
insctiptions belonging to the fourth millenium B.C.
found amongst the excavations at Mohenjosdaro and
Harappa. His theory has been revived by angdon who
is of opinjon that the Brahm] alphabet sould be derived
_ from the pictographs of Mohenjo-dargs?? The theory is
‘incomplete as the writings of Mohénjo-daro have not
been completely deciphered as et/ It can be called a
guess only. As regards the_evolution of the Brihmi
numerals, it may be stated that it is at present extremely
difficuit to diﬂ'e%t\i;aa%rtpg numerical symbols from the
Mohenjo-daro script. . f¥the Yurfhise that the figures,
given on p. 19, argmiumerical symbols be corsect, it
will not be posgible’ to develop a theory deriving the
Brihmi numeralsfrom them.

2. Bagley? asserted that the principles of the
Brahm] systém have been derived from the hieroglyphic
notation, of the Egyptians, and that the majority of the
Indi@'symbols have been borrowed from Phoenician,
Bagittan, and Akkadean figures or letters, As has been -

. gheady remarked® the principles of the Brihmi and
the hieroglyphic systems are entirely different and

Y Mohenjo-daro efe., Chap. xit. This view is strongly supported
‘by Hunter, /., p. 490. : '

2 Journal of the Rayal Asiatic Soc,, XN, part I, reprint,
London, 18%2, pp. 1z and 17. The theory was supported by
Taylor, Tke Alphabes, London, 1883, Vol. II, pp. 265-66.

® 8ee pages 27-8. :



30 - NUMERAL NOTATION

_unconnected. ‘The reader will find the hieroglyphic and
" the Brihmi systems shown together in Tables 11{z), (4},
(¢),and convince himself of the incorrectness of Bayley’s
assertion. Moteover, the assumption that the Hindus
borrowed from four or five different, partly very ancient
and partly more modern, sources, is'extremely difhcult ton
believe. Regarding the resemblance between the Bactrian
- and - Akkadean numbers and the Brihmi - forms postu-
. lated by Bayley, Biihler* remarks that in four cases.{four,
- . six, sevenandten) the facts are absolutely againgt-Bayley’s
hypothesis. Some writers have also criticizéd Bayley’s
- 'drawings a$ being affected by his theory;) Under these
¢ircumstances his derivation hds to be ejected.
~ 3. Burnell* pointed out the géeral agreement of
the principles of the Indian system with those of the
Démotic notation of the Egyptians. He ‘asserted a
- fesemblance between the Beémotic signs for 1 to ¢
- and the cotresponding Indiah symbols, and put forward
the theory th%twfhgb%‘l]ﬁlaﬁﬁy’ﬂ tdwed these signs and
later on modified them and converted them into
- aksaras (letter forms). : o :

4. Bihle “has put forward a modification of
Burnell’s theory. He states, “Tt seems to me probable
that the Ba#ma numerals ate derived from the Egyptian
Hieratic.‘figures, and that the Hindus effected  their

- transformation’ into Akjaras, because they were already
accustomed to express numerals by words.”

(" The above theories like the one examined before

S\ate not well founded. Tables IT.(4), (#), (<), show the
* Hieratic and - Demotic. symbols together with those

~of the Brf_ihmi_,-_. ‘An examination of the Tables’ will reveal

_ . Bishlet, On #he Orfgz'x of the Indian Bribma A{p!)afat-, Strassburg,

1898, pp. 52, 53 foot-note, . co A

.+ *Cf Smith and Karpinski, Hinds Arabic Numerals, Pp- 30-1.
© . °Bibler, /., p. 82. S :
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that out of the nineteen symbols to represent the num-
bers from x to 100, only the nine of the Brihmi resem-
bles the correspondmg symbol of the Demotic or the
Hieratic. ‘There is absolutely no resemblance between
any of the others. To base the derivation on a resems-
blance between the Hieratic 5 and the Brihmi 7, as'§
sought to be done, is absurd. Likewise the changing
and twisting of the Demotic and Hieratic forms, to st
the theoty is unacceptable \

That there is somé resemblance between these
sy stetns in the fact that each employs the“é‘ame number
of signs, 7.e., nineteen, for the representation of numbers
upto hundred, cannot be . denied. /Here is, however,
a difference in the method of formﬁtlon of the hundreds
and the thousands. In the Brahmi the numbers 200
and 300 or 2,000 and 3,000, axe formed by adding one
métrkd and two mairkds ta'ghe right of the symbol for

- hundred ot thousand respectively, thus

_ W dIJrauhbra_ry org.in .
'7 = 100, N\ J = 200, F = 300
SN |
q =1 ‘_OQO, q— == 2,000, q =3 GO0

¢

The-num“ﬁéis 400 and 4,000 are formed by connecting

the@\mbol for 100 and 1,000 to the number x (4),

.thus

PR

\‘;

" - 400 and G = 4,000.

In the Hieratic the corresponding symbols ate:

u
“4

2 .
- . IOO’ _)’ . 200
5§ = 1,000, M= — 2,000

l
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e

- 1t will be observed that in the Hietatic system' the sigh,

- for one thousand is not used in the formation of, the

other thousands. The similarity in principle, exenif it

+ weré complete, would not force us to conclade that one

" of these nations copied the other. = The use ofinineteen

“signs. afforded  the ~easiest: and probably the best

- method of denoting numbers. It is; gt beyond the

limits of probability that what appéared easy to the

~ Egyptians might have also indepea ently occurred to
the ‘Hindus, - : :

Thete are on the othet hand somie. considerations
~ which make us suggest that' the Egyptians borrowed
. the principles of the Higratic and the Demotic systems

from outside;wandbpotbablyofgem India—a hypothesis

- which is not a prief#-impossible as it has been shown
" that the numerati{m’ system of the ancient Hindus based
on pineteen 'siéns “might have ‘been. perfected about
1,000 B.C, dt48 known that the aticient Egyptian system
employed(only four signs, those for 1, 10, 20 and 100,
‘Why sHgnld there be a sudden change from the old
systehi~to one containing ninetéen signs cannot be
adequately explained except on the hypothesis of foreign

_ dnfluence.  Fusther, the carsive forms for the numbers
{ )%, 3 and 4 are uvnsuited to the right to left Hieratic or
Demotic script. Although these figures are connected
with the earlier higroglyphic and Phoenician figures,
yet it is possible that the cursive combinations might
have been formed to obtain the nineteen signs necessaty

- for the new system, under the influence of a people with
a left to right script. It may be, howevet, asserted that
the hypothesis. of an Indian otigin of the Hietatic system
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is a mere suggestion. The two points noted above, by
themselves, would not be enough, unless backed by
other facts, to put forward a theory. It is expected that
further discoveties will throw light on this point.

Relation with Letter Forms. It was suggested
by James Princep,® as early as 1838, that the numerals{
were formed after the initial letters of the number
pames. But knowing the pronunciation of the nuthbet
names, we find this not to be the case. Other irvesti-
gators have held that the numeral signs wefe formed
after the Ietters in the order of the ancient alphabet.
Although we find that letters were Uséd to denote
numbers as early as the 8th century B.C..* and that
many systems of letter-numerals wefe invented in later
times® and came into common ust, yet we are forced to
reject this hypothesis as resemblance between the old
numerical forms and thie letess in the alphabetic order
cannot be shown to existi™

. wwiwdbraulibrary.orgin .

A peculiar numenical notaton, usitlg distinct letters
ot syllables of the alpliabet, is found to have been used
in the paginatiofof old - manuscripts as well 25 in some
coins and a few, inscriptions. The signs are, however,
not alwaysythe same. Very frequently they are slightly

- differentiated, ptobably in order to distinguish’ the signs -
with tierical values from those with letter values.
Thqs’f}i that these symbols are letters is also acknow-
ledged by the name aksarapallf which the Jainas occa-

~sibnally give to this system, in order to distinguish it
from the decimal notation, the adkapalii
1 “Examination of insctiptions from Gimar"in Gujerat, and

Dhauli in Cuttack,” JASB, 1838,
2 The method seems to have been used by Pinini. See p. G3.

 IVide infra, pp. 64ff.
4 Bihler, fe, p. 78 T\he details of the akgarapalli are given

later on (pp. 72ff).
3 : '
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' The use of the letter system, the aksarapalli,
suggests that the old Brihmf numerals also might have
been fashioned after the letters or the syllables of the
Brihmi alphabet. : ' :

A detailed examination of the numerals and the
letter-forms has been made, and the tesult is tabulated,
below:* ' ' ' A

" The numerals 1,.2 and 3 which wete tepsésénted
by hotizontal strokes do not resemble any letters” They
may have been derived fron the mdfréd sigs.

4. The earliest form of this numeral’isY the inscrip-
 tions of A§oka resembles the letter kzvthe Ninighat
~and Nasik cave forms resemble the 'sgql:llable pka. While

* this seems to have been the case Wwith most of the later
inscriptions, forms resemblingithe syllables pra, Jkc,

tha, pkr are also to be met with,

‘ 5. In,most of the sinScriptions it resembles the -
. syllable 7, whilst ormsz'%éséﬁtsﬁng ta, 14, pu, ba, r4, Ir,
18, nd, na,) by, bra, and ha are also found.

- 6. In most ;Qi‘ the inscriptions it resembles phra,
and in a few phrd) pha, phd, ja and bd. The resemblance
in this case j§yhowever, not close enough. :
7. _In'most of the inscriptions it resembles gra or
g#, whilst n some it is like ga. _ .

' \Qk In most cases it resembles the syllable 4ra or

brd." In some inscriptions the form of this numeral

~Lgannot be said to resemble any leiter or syllable.- '
" . 9. The oldest forms of this numeral, those in the
Ninighit, the Kusina and the Ksatrapa inscriptions,
‘cannot be said  to resemble any letter or syllable.
The later forms, however, tesemble the letter # or om.

"('I‘I?or the varying forms of -th'c; numerals see Tab_les IIi

i
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- 10, The oldest forms of this too do not resemble
any letter or sylable, although later forms may be said
to resemble ryz, ba, br, kha, and thy ot tha

20, In all cases it resembles the letter #ha.
30. Resembles the letter /z in all cases.

" 40. Resembles p7z ot sz in all cases.
so. It may be said to resemble the ammaméa \
60, Resembles pw, pa and pra. D
70. Resembles pu, pia, pra, pna, pné, ot brzs
80o. Resembles the #pa mint fya sign. '
90. Resembles the wpadiminiya sign \mth 2 central

© cross,

~100. Resembles the syllable sx in most of the ins-

' criptions, In some it resémbles a.

Indraji’s Theory. The abo-ve details show that,

1. No phonetical value\can be assigned to the
ancient forms of the numerals-6'and 10, and 1, z and 33

2. ‘There is a“@’f&’aﬂb&%ﬁi‘ f¥a%ifton in the phone-
tical values of the other units, exceptmg the cases of
7 and o; and ..\ :

3. The ph({netmal values of the tens are deter-
minate excepting that of 7o which offers great variation.

Thus leavmg aside the symbols for 1, 2 and 3, we
find that out of the 16 symbols, no resemblance to letter-
form be satisfactorily shown in the case of two
(i.e. S\nd 10},% and that in the case of three others
(u: v7, 9 and 70) théte are too many variations in the
,phonetlcal values, whilst in the case of the remaining
11 symbols, the phonetical values are more or less
deterrmnate These facts led Pandit Bhagavantal Indraji

: Accordmg to Biihler, [z, p. 8o. :

2 The tesemblance to ja, sa, phra, etc, and #bi, fba ete,, res-

pectively, stated by Bihler (/. ¢, p. 80), does not appear to us to
v be close enough.
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to put forward the hypothesis that the Brihmi numerals
are derived from the letters or syllables of the_Brﬁ_hpﬁ
script. ‘The Pandit, however, admitted his inability
to find the key to the system, nor has it been found by
any other scholar upto this time. 'The problern, in fact,
- appears . to be insoluble, unless further epigraphie,
material is discovered to show the forms of the numeh®
cal symbols antetior to Adoka. The Adokan desms
~ as well as those of later inscriptions are in a_foo well
developed state, and afre too far away frogr~the time
- of invention of those symbols, to give us/the desired
.information regarding their origin.: .3

~ But of all the theoties that have" been advanced
from time to time, that of Pandit giéﬂji seems to us to
be the most plausible. The Hindus knew the art of
writing in the fourth millednium B.C. They used
 numbers as large as 10° abaut 2,000 B.C,, and since then
their religion a%(é cgg.i‘ﬁcie_nces have necessitated the
use of large Aumberse: Buddha in the sixth centuty
B.C. is stated to ha¥e given number names as large as
10 and this nuniber series was continued still further
in later times."* All these facts teveal 2 condition that
- would have been impossible unless arithmetic had at-
- tained a2 gonsiderable degree of progress. It is certain
- that the)Hindus must have felt the necessity of some
method of writing these numbers from the earliest
kngwn times. It would: not be, therefore, against
_higtorical testimony to conclude that the Hindus invented
~{the Brahmi number system. ‘The conclusion is sup-
" ported by the use, in writing numbers, of the miirks,
- the anundsika and the #padbminiya signs which are
found only in the Sanskrit script and in no other script,
whether ancient or modern. It 1s further strengthened by
Indian tradition, Hindu, Jaina as well as Buddhist, which

'ﬂ..’_Cf. pp '10;_12..'
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ascribes the invention of the Brahmi script and the num-
eral notation to Brahmi, the Creator, and thereby claims
it as a national invention of the remotest antiquity.?

 Period of Invention. The invention of the system
may be assigned to the period 1,000 B.C. to 6oo B.C,
As the Adokan numerical figures indicate that the ,
system was common all over India,? and that it has had
a long history, the lower limit 1,000 B.C. is certainly,
not placed too eatly. On the other hand general(con-
siderations, such as the high development of s#the arts
- and the sciences, the mention of numerical sighs and of
64 different sctipts in ancient Buddhist litetature,® and
the: use of large numbers at a very eatly period, all
point to the c%ate of the invention jef/the system as
being ‘nearer to x,000 B.C., if ncy & Mer,

Resume. The strength of " . Indraji’s hypo-
thesis' lies in the fact that out of the nineteen signs,
eleven definitely resemble the Tetters or the signs of the
Brihmi alphabet. VFhedssamblancs-isitoo striking to be
entirely accidental. Mepteover, it has been found that the
numerical forms clpsely followed the changing forms

~ of the letters from €éntury to ¢century. This is éspecially
‘true in the cas@of the tens and shows that the writers
of the ancien inscriptions knew the phonetical values
of these symbols. The divergence from letter forms
in the case.of the signs for the units may be due to the

&N .

iBihler '(/¢., p. 1, foot-note,) quotes several authorities. Of

thesethe Ndrads Smr#i and the Jaina canonical work, the Samavé-
{yipga-siira, belong to the fourth century B.C. _
. 2 Megasthenes speaks of mile-stones indicating distances an

the halting places on the roads. Indika of Megasthenes, pp. 125-126;

Biihler, Az : . : _

. 3 Related in the Lafitavistara, both in the Sanskrit text and the

Chinese translation of 308 AD. The Jaina Semavdyirga-sitra

(c. 300 B.C.) and Panmavand-sitra (r. 168 B.C.) each gives a list

- of 18 scripts; see Weber, Indische Studien, 16, 280, 399, '
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fact that they were the first to be invented and were
in more common use, so that they acquired special
“cursive forms and did not follow the changes in the
forms of the corresponding lefters. We may now
“summarize the discussion given in this section by saying
- that (1) the Bribmi numerical forms were undoubtedly
_of Indian origin, (z) the form of the tens were derived
from certain letters or signs of the alphabet, and(z)

the origin of the forms of the units is doubtful\Nt"s
- probable that they, too, were fashioned after the letters
- of the alphabet, but there appears to be no means of
justifying this assertion unless the forms of these numerals
anterfor to Afoka are discovered. .
8. THE DECIMAL PLACEVALUE SYSTEM

Important Features, The” third and most im-
portant . of the Hindu flumeral notations is the
* decimal placesvalngimatatieni, In this system there
. are ounly ten symbols,” those called ariks (literally
- meaning “mark’) for the numbers one to nine,
and the zero symbol, ordinarily called #dnya  (liter-
- -ally, “empty”), "With the application of the principle
of place-vale” these are quite sufficient ~ for the
wiiting’ of all numbers in as simple a way as possible.
~The scaléss, of course, decimal, This systém is now
commonly used throughout the civilised world.
Without the zero and the place-value, the Hindu
_ pumerals would have been no better than many others
(ot the same kind, and would not have been adopted
by all the civilised peoples of the ‘world., “The
Jimpottatice of the creation of the zero mark,” says -
__Profe_sgpr- Halsted, “can never be exa gerated. " This
giving to airy nothing, not merely a Focal habitation
and 2 name, a picture, a symbol, but helpful power, is
the characteristic of the Hindu race whence it sprang.
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It .is like coining the Nirwdpa into dynamos. No
~ single mathematical creation has been more potent for
the general on-go of intelligence and power.”

"Forms, A large number of scripts differing from
each other are in use in different parts of India today.
The forms of the numerical signs in these scripts are alsof
different. Although all the Hindu scripts are derived
from a2 common soutce—the Brihmi Script—yet( the.
differences in the forms of the varions ‘modern {ndian
scripts are so great that it would have, been difficult to
establish any relation between them, if theif) previous
history had not been known, The abovexfemark applies
to the numerical signs also, as will appear from a study
of the numerical signs in the vatious’ vernaculars of

- India given in Table XV. The gréat divergence in the
forms of the numerical symbolsyshows that in India,
people alteady knew the use of the zero and the place-
value principle before theJdifferent scripts came into
‘being, and that the \pgﬁ;gﬁllggqg_nsm}v%e indeépendently
modified in various parts of India, just as the letters

. of the alphabet wefe modified. And as the changes

" in the forms in(différent localities were independent of
each-other, so ~t'h¥re has come about a great divergence
in the modetn’ forms, That this divergence already
existed in(the eleventh century is testified to by Al-
Birﬁni:vv’yl}o says, “As in different parts of India, the
Jetters\have different shapes the numerical signs, too,
“{hit::h are called ariga, differ.”z
~0 Nagari Forms. The most important as well

\as the most widely used of the different symbols are
those belonging to the Ndgars script. The present

forms of these symbols are: '

1G. B. Halsted, On the foundation and z‘é:brz:’gm of Arithmetic,
Chicage, 1912, p. 20. : ,
© 2 Alberuni’s ‘India, 1, p. 74.
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- The gradual developrnent of these figures from the
- Brihmi numerals is shown in Table XIV. '

Epigraphic Instances. The following is a list of
inscriptions and grant plates upto the middle of the -
tenth century, which contain numerals written in “the

. decimal place-value notation. The numerals i) the
inscriptions and plates after this petiod, are \aIWays
. given in decimal figures. .

r. 595 AD.  Gurjara grent plate frqm Sankheda
S (EL 1, p. 19). The date Sarvat
346 Is given m\the decimal place-

© value notation?y”

*2. 646 AD.  Belhari InGhiption, (JA, 1863).
*3. 674 AD.  Kanheri ‘Inscription, (JA4, 1863,
o p. 3920
4. 8th Centu la%%%hoh Dlptes of Jaivardhana I,

Wy , p. 41). The number 30 is
m\wntten in decimal figures.

5. 725 A D\\ Two Sanskrit Inscriptions in the
‘British Museum, (14, XIII, p. z50).
@7 The dates Sathvat 781 (-—723 AD.)
: AN and Samivat 783 (=725 A.D.) are
' .\:_..\:. - ~ given in decimal figures.

- *{\* 736 AD.  Dhiniki copper plate grant, (IA
RN\ e XIL p. 155). Thedate Vikrama Sarh-
~N - vat 794 is given in decimal figures.
\ 7. 753 AD. . Ciacole plates of Devendravarmana,
: (EL 111, p. 133). The number 20is

- written in decimal figures.

8. 754 AD.  Rlstrakbta’ grant of Dantidurga,
(LA, XL p. 108). The date Samvat
675 is glven in dec.tmal figures,



10,

*11.

12,

13,

4.

1§,

16,
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791 AD.

793 A.D.

813 A.D.

837 A.D.

843 A.D,

&3 AD.

860 A.D.

815 A.D.

851 AQ

Inscription of Simanta Devadatta,

- (IA, X1V, p. 351). The date Vikra-

ma Sarivat 847 is given in decimal
figures. '

Daulatabad plat.es of Sankargana,
(EI IX, p. 197). The date Saka

715 is given in decimal figures. A
Toskhede plates, (EI 111, p. 55;3155"
- 1A, XXV, p. 345). The date, Sika

Samvat 735 is given in.decimal
figures. . N\
Buchkald inscription ofvNigbhata,
(EL IX, p. 198). /The date Sarhvat
872 is given in décimal figures.
Inscription of\\Bduka (Rajputana

 Museum, PLM, p. 127; EI, XVII,

p. 87). The date Vikrama Sarhvat

w3948, ﬁ&g&% decimal figures.

The- ins’cnpnonspfrom Kanheri, No.
43°b:, (14, VIIL, p. 133). The date

\'\Sa’rhvat 765 is given in decimal’

figures.

The inscriptions from Kanheri, No. |
135, (Ibid). "The date' Samvat 775

is given in decimal figures.
JPandukeévara Plates of Lalitasura-
deva, (IA, XXV, p. 177). The
date Sarvat 21 of the King’s teign
is given in decimal figutes. .
Ghatiyala Inscription of Kakkuka
(EL 1X, p. 277). The date Vikra-
ma Sariivat 918 is given in decimal

- figures.

! For correction of date see 14, XX, p. 421.

Q"
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18. 86z AD.  Deogarh Jaina Insctiption of Bhoja-

: _ : deva, (EI, IV, p. 309). The dates
Vikrama Samivat 919 and the corres- 3

ponding Saka Sathvat 784 are both

_ ‘  given in decimal figures. -_3

19. 870 AD. - Gwalior inscription of the teign of,

- . Bhojadeva (Archacological Survey 6f -
- India, Report, 1903-4, plate 72), (AL
though the date is not given; the
Slokas are numbered fromir to 26
: in decimal figures, fo
20. - 876 A.D. Gwalior inscription 6f Allah, of the
_ reign of Bhojadeva\(El, I, p. 159).
The date .Vilz.ta’m\a‘ Sarhvat 933, as
well as theumimbers 270, 187 and
_ 50 are givemin decimal figures.
21, - 877 AD..  The inscriptions from Kanheri, No.
S 43a, (£A, XIIL, p. 133). The date
o dbra¥aY ot9® 15 given in decimal
L : figures.
22, 882 AD, ;OPehava insctiption (EL, I, p. 186).
' \% The date Samvat 276 (Sri Harsa Era)
_ ) - Is given in decimal figures.

23.. 89,3\ﬂD  Grant plate of Balavarmana, (EI,
NG IX, p. 1).. The date Vallabhi Sam-
\o\\t' . vat §74 is given in decimal figures.

248%" 899 AD.  Grant plate of Avanivarmana, (EI
O 7 . IX,p.1). The date Vikrama Sarh-

| \ ) . vat 956 is given in decimal figures.

25. 9oy AD. The Ahar stone inscxiption (Jowrs.
o United Provinces Hist. Soc., 1926, pp.
83 ff) contains several dates written

_ in decimal figures. _
26, 910 AD.. Réstrakidta grant of Krishna II (EI,

L

£
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I, p. 53). The date is given in
S decllamal figures. _ g1
27. 917 AD. = Sanskrit and old Canartese inscrip-
- tons, No. 170, (IA4, XVI, p. 174).
The date Samivat 974 is gitven in
decimal figures. The number 5oo N
' ' also occurs.
28. 930 A.D.. ~ Cambay plates of Govinda IV, (ET
Y § P 26) The date Saka Sarhvat
- 852 is given in decimal ﬁgures _
29. - 933 AD, Sangli plates of Ristrakfita’ Govin-
o . . dardja IV, (14, XII,5p. 249) The
date Satiwat 8 55 is.given in decimal
30. . 951 AD.  Sanskrit and Jold Canarese inscrip-
o . tions, No. 13, (IA4, XII, p- 257)
The date Samvat 873 is given in
. decimall
31, 953 AD.' “"I’ﬁ"s&'ﬂ}ffiﬁ aﬁ"mavama, (EI, I,
- pdie2). The date Sarhvat 1011 is
. - \ iven in decimal ﬁgures .
32. 968 A, D‘ \, “Siyadoni stone inscription (EI, I,
C o> {) 162). The inscription contains &
. atge number of numerals cxpressed
N in decimal figures,
33 9}2“. AD.  Ristrakiita -grant of - Amoghavarsa,
1;_.‘~- : (LA, XII, p. 263). The date Saka
~O ‘894 is given in decimal figures.
Palaeographlc evidences of the eatly use of the
decimal place-value system of notation are found in the
Hindu colonies of the Far East.* The most important
- ones among these are . the three inscriptions of

1G ‘Coedds, “A propos de Poriginc des chiffres mbes,
Buil. School of Oriental .S'mf:n (London), VI, 1931, pp. 323-8.
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Srivqaya two found at Palembang in Sumatra, and
- the third in the island of Banka. These contain the
datés 6os, 606 and 608 of the Saka Era (cortespondmg
respectively to AD. 683, 684 and 68G) written in
numerical figures. Another instance giving the date 605
Saka is the inscription of Sambor in Cambodia. In a
inscription at Po Nagar in Champa, occurs the dase

735 Saka (= 813 A.D.). O\

' Their Supposed Unreliability. The above list
containg more than thirty undoubted eplgmphw ins-
tances of the use of the place-value notatidn in India.
G.R.Kaye,” who believes in the theory of the non-
Hindu origin of the place-value notation, states_that
all the early epigraphic evidences; »of its use in India
are unreliable. On the basis\of the existence of a
few forged grant plates he @sserts that in the ele-
venth century “there occurred a specially great oppor-
tunity to regain conﬁscatec[ ‘endowments and to acquire

~ fresh ones” and the b%a concludes that all early epi-
graphic evxdences must be ‘unfeliable. Such reasoning
is obviously fallacipns and needs no refutation.

. - Most of ‘t{}e copper plates “are legal documents
- recordmg gifts made by rich persons or kings to Brih-
manas of. teligious occasions. The plates contain de-
tails as to ‘the occasion for making the gifts, the names
of the donor and the donee, the description of the mov-
able\ nd immovable properties transferred by the gift,
afid the date of the gift which is always written out in full
e ~n wotds and very often in figures also, The forgeries
" may be of two kinds: (1) In the original documents,
parts relating to either the names of the donor or the
donee, or the description of the immovable property
_may have been obliterated by being beaten out and new

- ¥“Notes on Indian Mathematics,” JASB, (N. §., 1907), -
I, pp. 482-87. ' .
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names ot descriptions substituted. Al such forgeties
are -casily detected, because of the uneven surface
of tkéejﬁpart of the plate that is tampered with and
the difference in the writing. (2) An entirely new
document may be forged. Such cases, though rare,
are also - easily detected, because there is obvious
divergence as to the date recorded in the dogms
ment, and that infetred on the basis: of the
forms of the characters used in the writing. Suchfor- -
geties are also marked by an obvious infefiofity in
execution, and inaccuracies in the statement ©f genea-
logies and other historical facts. V

Epigraphists have so far found little difficulty in
climinating the spurious grant plates. It might be
" mentioned that -the gepuineneslof the grant plates
included in our list has not been questioned by any
epigraphist.* . Y -
Kaye, in his article quoted above, has given a List
of eighteen inscriptions.and grant Prtes and climinates
all but the last two aéforgeries. The arguments he has
employed and thelassertions of facts that he has made
are in most cades incorrect and misleading, so that his
conclusions, @tinot be accepted. As an instance of
* his method,>we quote his criticism about the Gurjara
grant plate; No. 1 in our list. He writes: “Dz. Biihler
quotes.this Gurjara inscription of the Chedi year 346
ot AD. 594 as the earliest epigraphic instance of the
~use of the decimal notation in India. (i) An examination

*If any of them is forged, the forgery is so good that it can- -
not be detected. The writing in such cases, if ‘any, is so well
forged as to be indistinguishable from that used in the period to
which the plate is said to belong. Therefore, the evidence of these
plates as to the method of wrting numbers, cannot be rejected,
even if they be proved to be sputious at some future date——a con-.
tingency which is very unlikely touse. It may also be noted that
the list contains several siome inscriptions which cansiot be spurious.
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of the plate (Ep. Ind., II p. 20) suggests the pos-
sibility that the figures were added some time after the
‘plate was engraved. The date is engraved in words
as well as in ﬁgures It is ‘three hundred years exceeded -
by fOl’tY-SlX ‘The symbols are tight at the end of the\
inscription from which they are marked off by a double
bar in 4 most unusual . manner. (i) The figures-are
of the type of the period, but they were also in usemuch
later, and in no other example are such symbels used
with placc-value (i) Also there are ‘(nine dates
written in the old notation (Ep. Ind., W, v £, there is
another grant of the Gurjara of Bh och in" which the
date Samvat 391 (Le., A.D. 640) 1§ given in the old
‘notation.. Again, there is no other Chedi date, at least
before the eleventh century A, given in the modern

(place-value) snotation. {(iv)\ There cannot be the
remotest doubt as to the unsoundness of this particular

iece of evidence 0 the use. of the modern system
P ;au i Tﬂl'x 0]"8 y
- of notation in India

The following" r}marks will- show to the reader that

Kﬁye s cntmsm\}nd hiS conclusion ate unfounded and
invalid: RS

(7). Any examination of the plate, (EL 11, p. 19) '
- will cofivifice every one about its genuineness. The
wntmg is bold and clear, the numerical figures occur
at the end, as they ought to be; immediately after the
' ‘vzords ‘three hundred years exceeded by forty-six.’
4 ~They are separated from the written words by bars,
just as they ought to be. Thete is absolutely nothmg
-suspicious about this method of separation,.as it is
common custom in India to do so and occurs frequently.
That it was the practice to write the date at the end of
a document s well known Y In fact, the numeral

*1 Many of the plates mennoned in our list contam the date
at the end.



THE DECIMAL PLACE-VALUE SYSTEM 47

‘figures of the. date occasionally mark the end of the
document.* The double vertical bar, ||, is a sign of inter-
punctuation.  Aithough punctuation marks have been
in use in India from the earliest known times, yet theit
use did not become either regular or compulsoxy till
very recent times.? Different writers used the various
marks differently. In inscriptions, the double vertital
bar has been found at the end of sentences, half verses,

verses, larger prose sections and documents. \Itv’ the
Junir inscriptions it occurs after numerals and once
after the name of the “donor® In. maghseripts, the

practice of separating numbers by verticalvbars is com-
mon. It is tound in the Bakhshﬁll \Manuscript* and
in several others, Thus the occur of the numerals

at the end and the inter-punctuag}on mark of the double
vertical bar cannot fotm valid grounds for suspecting

the document. The suggestion that the figures were

added some time after theplate was engraved is absurd,

as there appears to usng gqggngwﬂh&gme should take the
trouble to add the figares when the date was already
written in words., ()

(#) Kaye aamits that the figures are of the type
of the petiod,\ His remark that they were in use much
Iater is inconfect. The Tables III-V and XII show that
the use of\thxce horizontal bars to represent 3 is-not

“T}us is so in the Chirglon plates of Huviska {Arch. Sxrves

Rw,pan‘ 1908-9, plate 56), in the Inscription of Rudradamana (IA
VI p. 42) and in others,

' 2There are some copper plate grants which do not ‘contain
any punctuation tmarks; sec Bahler, Le., p. 90. -

"Buhler Le., p. 85, :
. t5 1,21 05| 2558],2v; | 330, 17v; instances such
as thcse 1 1i4]9116], 16v; and L2], |41, ete, 3v. are
very common. Very often, isolated numbers are not separated.
The double vertical bar also occurs before and after the words wié,
Sitram, etc.
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found after the eighth centuty The figure for 4 used"
in our grant plate is not found after the sixth century,
- and the same is true for the figure for 6. The forms
of the numerical signs alone fix the date of the writing
1o the sixth century and not later.

N
(¢7y ‘The Chedi Sanmwat is one of the thirty-four efas,
whose use has been discovered in inscriptions’ and. grant
plates. The occurrence of nine dates in the Chedi Sar-
vat, written in the old notation after this. plate does not
prove the unsoundness of this particulat/picce of evi-
. dence, as Kaye would like us to concludentt simply shows
that in India too, the new systemihad to fight for
supremacy over the older one justas’in other countries.
In Arabia the new system wag-introduced in the eighth
- century, but it did not comi¢)into common use until
five ot six_hundred years\later. In Furope we find
that it was exceptional for-common people to use the
- new syste ¢ . sixteenth century—a good
WltﬂCSSytD ?Ila‘rsvbfgf L?I%a{ge ﬁopular alman?::s (,%len—
dars of 1557-96, Rave generally Roman numerals, while
Koebel's CaleQdat of 1578 glvcs the Hindu numerals
as subordinate to the Roman.*

Wen saay, therefore, conclude ‘that the Gur]ara
grant piate offets us a genuine instance of the use of the
nev« system (with place-value) in India.

\Kaye s criticisms regardmg the genuineness of some
\other plates included in our list (marked w1th asterisks)
“have been found to be baseless.

Place of Invention of the New System It has
‘been already stated that the same numeral forms for the
numbets 1 to g, 45 were i use in India from the earliest
known times, have been used in the new system of nota-
tion with the place-value. Another noteworthy fact

1

" 1 Smith and Karpmskl Lew, p.o¥33.
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regarding the new system is the arrangement of the
arika (digits). It will be observed that the atrangement
in the old system was that the bigger numbers were
written to the left of the smaller ones. This same
arrangement, continues in the new system with place-
value, where the digits to the left, due to their-place -
or position, have bigger values. The gradual change
from the old system to the new one using the same
numetical signs, is to be found in India alone, and-this;

" in our opinion, is one of the strongest arguments in

<

favour of the Hindu origin of the new systém.) The
earliest epigraphic instance of the use of thelnew system
is 594 A.DD. No other country in the wofld offers such
an eatly instance of its use. Epigraphicyevidence alone
is, therefofe, sufficient to assign a Qiﬁﬂu otigin to the
modern systemn of notation, O )
Inventor Unknown. It 1s'not known who the
inventor of the new system was, and whether it was
invented by some great scholar, or by a conference of
sages or by graduil’ A&VEPleRt cdii to the use of
some form of the a}ﬁcus. Likewise, it is not known
to which place, cigg, district ot seat of learning belongs
the honour of the'invention and its first use. Epigra-
phic evidencg'\cannot help us in this direction. For
the dystemcwas used in inscriptions, a very long time
after it§.fifvention, in fact; when it had become quite ,
populétﬁ]l over Northern India.
\Fime of Invention. The grant plates were legal
.documents. They were written by professional writers.
The existence of such writers is mentioned in the
southern Buddhist canons and in the Epics.* They have

1 Showing thereby that-the place assigned to a numeral de-
peaded upon its value. This has been intorrectly thought to
be a sort of place-value system by some writers.

-2 Biihier, Le., p. 5.

4
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been called kkbaka, Lipikara and later on divira, karaga,
kdyastha; etc.  According to Kalhana,* the Kings of
Kashmir employed a special officer for drafting legal
documents. He bore the title of patzopidhyiya, i.e., the
teacher {charged with the preparation) of title deeds.
The existence of manuals such as the Lekbapaficdsikd,
the Lekhaprakisa, which give rules for drafting lettess,
land grants, tréaties, and various kinds of boands)and
bills of exchange, show beyond doubr that thewriting
of grant plates was a specialised art and -that the
style of writing those documents must always have been
centuries behind the times, just as it~Js even to-day
with respect to legal and state dochiments. The time-
of invention - of the new systemomust, therefore, be
placed several centuries before jfs“first occurrence in 2
grant plate in the sixth centufy0A.D. The exact period
of invention may be roughly deduced from the history
of the growth of numerical*notations in other countries.
According, %lljg@gﬁﬁyth%ﬁreek ‘alphabetic notation

was invented in thesgth century B.C,, but it came into
general use onlylin the second century A.D. Thus
- 1t took aboutteight hundred years to get popular. In
Arabia the mgw notation was Introduced in the 8th
century AFY; but it. came into common use about five
or six hupdred years later. The same was the case in
Europel” The Arabs got the complete decimal atith-
m@t\{s; including the method of performing the - various
opecrations, at a2 period when intellectual activity in
~irabia was at its greatest height, but they could not
. make the decimal system common before about five or
six hundred years had elapsed” In legal documents

* Réjataraiginf, V, pp. 397f
- * Heath, History of Gresk Mathematics, 1, Oxford, 1921, p. 34.
_#The arithmetic written by Al-Khatki in the eleventh century
does not use the decimal system, showing that at the time there
were two schools amongst the Arab mathematicians, one favouring
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and in recording historical dates, the Arabs even now
use their old alphabetic notation. '

Epigraphic evidences show that the new 'system
was quite common in India in the eighth century and
that the old system ceased to exist in Northern India by |,
the middle of the tenth century. This would, therefore,,
‘place the Invention of our system in the period het,
ween the first century B.C. and the third century A:D.

The exact date of the invention, however, weould be
" nearer 1o the ist century B.C. or even eatliefy bécause
for a long time after its invention, theysystem must
have been looked upon as a mere curjesity and used
-simply for expressing large numbers,\JA still longer
time must have elapsed before the méthod of perform-
~ ing the operations of addition, subtraction, muliiplica-
tion, division and the extractioff of roots, could be
perfected. It would be ouly after the perfection
of the methods of performing the operations that the
system could be used. By HHithenMEdtans, And then
after this it would take 2bout five hundred years, as in
Arabia, to beco e<pbpular.- There should, therefore,
be a gap of abqra&\ eight centuries between the time of
invention and.jts' coming into popular use, just as was
the case witlfthe Greek alphabetic notation. There-
fore, on fepigraphic evidence alone, the inveation of
the place-value system must be assigned to the begin-
ning\6f'the Christian era, very probably the 1st century
B.C." This conclusion is supported by literary and other
(evidences which will be given hereafter.

the Hindu numerals, while the other stuck to the old notaticn.
See the article on “Hisab™ by H. Suter in the Encyclopacdia of Iilam.
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9. PERSISTENCE OF THE OLD SYSTEM

The occurrence of the old system of writing
numbers, with no place-value, is found generally in
inscriptions upto the seventh century A.D., after which
it was gradually given up in favour of the new system -
‘with place-value. Occasional use of the old systém,
howevet, is to be met with in Nepal and in some South
Indian inscriptions upto the beginning of the, tefth
century A.D., but after this period the old system seems
to-have been forgotten, and completely gone out of
use. In the seventh century the new s}astem was in
general use, but the old system seepisvto have been
given preference in inscriptions. .Tibe‘re are a number
of grant plates of the cighth centiry A.D., in which
the dates, although written inXthe old notatlon are
incorrectly inscribed, showmg thereby that pcoplc had
alteady. forgotten the old; system., In a grant plate
of Siladitya V1! dated th 13 Gugt_)t]g year 441 (c. 760 A.D.),
the sign for 4¢ 40, msteagr P the sign for 4, has been sub-
joined to the. 51gr1 fm: 100 to denote 400, i.c., 4,000 has
‘been - incorrectly written for 4o00. There is another
grant plate, dated the Gangeya year 183 (¢. 753 A.D)), in
which the ﬁgure 183 is wrongly written.? This plate is
of specialidterest as it exhibits the use of the old and the

: nerrstems in the same document.* Another very inter-
estifigrinstance of the use of the old and the new systems
m one and the same document is the Ahar stone

u;"
QY

1IA VI, p. 19, {plate).

PEILIIL, p. 133, (plate). In this the sign of 8 is written
for 8o and that of 3o for 3. The number 26 has been written
- by placing a dot after 2. .

3 For other instances showmg admixture of both the old and -
. the new systems, see Fleet Gupta Inscriptions, Corpas Inscriptionsm
gm)i:m;m 1T, p. 292; also I/:l XIV, p. 351, where (800) {4)
9)==849 - :
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inscription.* The document tecords gifts made on several
occasions ranging over thirty-seven years, the last entry
corresponding to g9os A.D. In this inscription the old
notation is used in the first six lines whilst in the follow-
ing lines it has been discarded and the new place-value
notation appears. It is evident from the forms that the(
writer did not know the old system. For instance, 200:s
written by adding the subscript 2 to the letter s» (1co),
instead of using a mdtrkd sign as in the old system/ In
the same way the sign for 10is incorrect in 3¢ “far as a
small zero has been affixed to the usual siga for ten.

- The inscription shows that although the 6ld system had
gone out of use completely, yet people tried to use it in
inscriptions, probably for the same/#edson that makes
us us¢ the Roman numerals in giving dates, in number-
ing chapters of books, and in matKing the houts on the
face of a clock, even upto thepresent day.

1040 SRR AV MEBALS

Explanation _of the System. A system of
expressing ‘numbers/by means of words arranged as in
the place-value notation was developed.and perfected
in India in the" early centuries of the Christian era.
In this systetn the numerals are expressed by names
of things; beings or concepts, which, naturally or in
accopddnce with the teaching of the Sdsiras, connote
nugbers. Thus the number one may be denoted by

_ anything that is markedly unique, e.g., the moon, the

karth, etc.; the numbetr two may be denoted by any
pair, e.g., the eves, the hands, the twins, etc; and .
similarly others. The zero is denoted by words meaning
-void, sky, complete, etc.

" 1C. D. Chatterjec, “The Ahar stone inscription,” Jorrm, United
Provinces Hist. See., 1926, pp. 85-110. -
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The system is used in works on astronomy, mathe-
matics and metrics, as well as in the dates of inscrip-

" tions and in manusctipts. ‘The ancient Hindu mathema.

ticians and astronomers wrote their works in verse.
Consequently they strongly felt the need for a convenient

" method of expressing the large numbers that occur s

N - A
o 'is ‘expressed by Sdnya, Rba, gagana, ambara, ikita,

"oftenr in the astronomical works and in the statemeqs

of problems in mathematics. The word numerals Were

- invented to fulfil this need and soon became very R@)puiar.

They arc used even upto the present day, whefever big
numbers have to be expressed in Sanskritwerse. .

The words denoting the numbers froﬁfone to nine
and zero, with the use of the principlecof place-value,
.;éivc us 2 very convenient method ofyexpressing numbers

v word chronograms. To take\a” concrete case, the
number 1,230 may be expressed”in many ways:

1. kba-gupa-kara-ddi, XN\
2. fha-loka-karna-cetidra,
g W ﬁbra'ulibr y.org.in
3 kST kila-neirasdhard, etc.
- ft will be obgerved that the same number can be
~expressed in h,%(fdr’cds of ways by word chronograms.
This property makes the word numerals speciaily suit-
ablg for 1\nc}usmn in metre. To sccure still greater
variety, (th¢ numbers beyond ten are also sometimes

-deno:w(gl.\ by words.
"'._s-\Eist of Words, The following is 2 list of words

~gommonly used in this system to deriote numbers:

abbra, viyat, vyoma, antariksa, nabha, jaladbarapatha,
piirpa, randbra, vishupada, ananta, etc. o

1 is expressed by ddi, Susi, indn, vidhw, candra, kali-

dhara, bimagy, Sitdvisu, ksapikara, bimémin, sitarasmi,
préleyimsu,  soma, Sasdrika,. mrgdika, - himakara,
sudbdwisu, rajonikara, SaSadbara, Svela, abja, bhi,
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bhitmi, ksiti, dbard, urvard, go, vasundbari, prebos,
ksmd, dbarant, vasudhd, ilé, ka, mabi, ripa, pitimaba,
ndyaka, fanm, etc. ' :

2 is expressed by yawa, yamala, asvin, nisaba, dasra,
locana, netra, aksi, drst, cakin, armbaka, . nayana
iksapa, paksa, bibn, kara, karpa, Fuca, ostha, gulpha,
Jdnu, janghd, dvaya, dvanda, yngala, yuwgma, ayana,
kutuniba, ravicandras, naya, etc. )

3 1s expressed by rdma, gapa, trigupa, loka, z‘rg';?tg\at,
bhupana, Rdla, trikdia, Irigata, frinetra, harawetra,
sabodardh, agmi, anala, vabmi, pdvaka, gaisvinara,
dabana, tapana, butdfana, jvalana, Sikhip, %?fcfffﬂ, hotr,
Jpura, ratna® (Jaina), etc. O

4 s expressed by wveds, Sruti, samudey, sigara, abdbi,
ambhodha, ambbodi, jaladhbi, ndadbi, ’)z_’midbi, salilikara,
viganidhi, véridhi, payodhi, p@-*a?zz’d?i’, ambudbi, kendra,
varpa, dsrama, yuga, turya, kiga, aya, dya, dis, bandbu,
kostha, gati, zéa;éya,dgtc_,',:.; . .

5 - is expressed b'y\r“ ‘Z;c?’ i, ?ff!c}?%i?‘g’?ﬁ“é_ya@, isu, bhiita,
parva, pripa, pavanas pindava, artha, visaya, mahdbbita,
tatva, bhiva, indfiy, ratna, karapiya,* vrata, etc.

6 is expressed ,b}\\ram, ariga, kdya, rin, misirdba, dar-
Sana, rdga ond, Sdstra, tarka, kiraka, lekbya, dravya®
khara, kgwirapadana, Sapmukha, etc,

7 s e};p[g'}ssed by naga, aga, bhibhrt, parvata, faila,
aag%"zzdrz’, giri, psi, mani, yati, alri, vira, svara,

:{M'cthod of comprehending things from particular stand-,

{?}i;rts——drazgyé'rfbitéa and parydviribika. ) o
? Used by Mahivira only; others take it for five.
®See SiSe, 1. 27; SiSi, gepitddbydya, x. 2. Used also for. 7
{S¢e the quotations by Bhattotpala in his commentary on Brbar
sarpbitd, ch. ii). In Al-Birdni's list it is erroneously put for 9.
 That which cught to be done; according to the Jainas—
abithid, sunpta, asteya, brabmacarya, and aparigraba.
® Used by Mahavira,
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dhétu, asva, tﬂfaga v4fi, bcyra, chandab, dbi, kalatra,

 tatva,’ a’wpa pannaga,® bbaya,® méirkd, vyasana, etc.

is expressed by vasw, abi, ndga, gaja, danti, dvirada,
diggata, bastin, ibka, mdtariga, kafljara, dvipa, p.zméarm
sindbura, sarpa, z‘mém siddbi, bbiti, annsiubba, mati-
Zala, am:ézz kearpian, zz’ym‘a tann,’ a’z.é © mada,® etos,

is expressed. by atika, nanda, nidbi, graha, randbri,
chidra, dvira, go, upeﬂdm /éemwz tarﬁ_[yadbm;, d‘ﬁr}a,
paa’aﬂ‘ba Jabdha, labdhi, etc.

is expressed by 4, dik, difd, dsd, a@kfa pankiz,
kakybh, rdvagasira, avatira, /%amwx ete.t

is expressed by rudra, ifvara, myrdosbara, isa, Mmfa
bharga, Sulin, mabidera, méms;bzm setc.

is expressed by ravi, séryag \ma, arka, mértanda,
dyumani, bhins, adz{ya dwdzéczm mdsa, rasi, vyaya,
etc. \

is expressed by wfyeder}a& viSva, kdma, atijagati,
-agba_m ety w.dbr aullbrgu'y org.in

is expressed bxmma vidyd, indra, Sakra, loka,*® etc.
is expressed¢by titht, ghasra, dina, aban, pm%m 1 ete.
is expresse by nypa, bhiipa; bbdpati, asti, kald, etc.
is expfessed by apyasti, etc,

#

* Used’'by Mahivira because the Jainas recognise seven fafias;

used five by others, :

m\, ’

\‘

\&Used by Mahdvira.

% Used by Mahdvira.

* Used by Mahirvira for 8 and by others for 10.

5 Used by Mahdvira.

¢ This word has been used for 8 as well as for ro. The use

of dif ot dik for 4 also occurs.

" Used by Mahivira only.

# This has been used for 1 also.
*Used by Mahivira only.

¢ Also used for 3.

11 Also used for 2. -
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18 is expressed by dir#, ete,

N

\_‘

19 is expressed by atidhbrsi, etc.
20 is expressed by nekba, krii, etc.

21 is expressed by wthrti, prakrti, svarga, etc.

2z is expressed by &r#, jiti (7), etc.

23 is expressed by vikrti. A
24 is expressed by gdyatri, jmd arhat, siddba, ctc

25 is expressed by fafya,?

27 1is expressed by m.é,rafm, m_:fﬂ, bha, etc.' .
32 is expressed by danta, rada, etc. oY
33 is expressed by dewa, amara, mda.gz, sura, etc.
48 is expressed by jagas, etc. \

49 is expressed by #dna, etc. 2N

Word Numerals without - Place-value. In the
Veda we do not find the @s¢ of names of things to
denote numbers, hutmikmﬁm vipsgapces of numbers
denotmg things. For justance, in the Rgreds the number
‘twelve’ has been uyséd: to denote a year? and in the
Atharvaveda  th \gumbcr ‘seven” has been used to
denote a groupe\f seven things (the seven seas, etc.).
There are instances, however, of fracnons having been
denoted b{ word symbols 8.8,y Rald == Yy, kustha =
Sapha ==

Theearliest instances of 2 word being used to
dendte a whole number are found about 2,000 B.C,,
th‘e .fa!apaz‘ba Bréhmapa* and Taittirfya Bra})f;mm Thc

ol
N

' Genemlly used for §; also for 7 by Mahivira.
( * “sz) bitipr jugupairdvddasasya i MMM praminaniyete. . . . ..
vii, 103, 1
3“Om ye frifapta pariyonte....” (1. 1, 1)
¢ The wotd &r/z has been used for 4.
“eaturfomena Kriena ayindw....”7 (xiil, 3. z. 1)
SYe pai catvirap stomdh kriom tai....” {i. 5. ¥1. 1)
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Chindogya Upanisad also contains several instances. In

“the - Veddnga [yotisa* (1,200 B.C.) wotds for numerals

have been used at several places The Srauta-sitras of
Kaitydyana® and Ldgydyana® have the words gdyatri for
24 and jagati for 48.

At this eatly stage, however, the word symbels

- were nothing more than curiosities; their use to denofe

numbers was rate, Moreover, we find evxdences ‘of a
certain indefinitencss in the numerical s1gn1ﬁcance at-
tached to certain words, For instance, " ‘the same
work, the Aitareya Brdbmapa, the word pitdt has been
used to denote 1o at one place and 3o At dnother. The

‘principle of place-valuc being unkaown, the word

symbols could not be used to deénote large numbers,

“ which were usuall}f denoted ingteérms of the numcnczd

denominations or by breaking ¥he number into parts.*

| - The use of the word Svmbols without place-value is

found in the Pidgals Chandap-sitra composed before
200 B.C, Thewprﬁb@[y‘l@lﬁfypil@@value seems to have
been applicd to the'word pumerals between 200 B.C.
and 300 AD. N

Word Numerals with- Place-value. The earliest
instance’ of ¢he use of the word pumerals with place-
value i'n it’s current form is found in the Agwi-Pardpa,’

2 - 1, aya = 4, gena = yugd = 12, bhasamitha = 23. Scc
(YJ‘\J A‘J S, 07, 35 AL 9. CAT 19, (X, 25) and (VT )

.T.'SSPC:CHVC‘ ¥

NV 2 Weber's edition of Kitydyana Sranta Sitra, p. 1015.

e

?ix 4. 3L
4 E g
I )a.m)wfm:amgwmm sabasrdni ca mm.ratrb
" Kofyah gastifea sat caiva yo'smin rajan-mridbe hatih
that is, 10 (10000) + 10000F-20 (1000) - 60 (16,000,000) <

6 (Io oooyaoo}—Mabdbbirata, Striparva, xxvi. g

¢ Agni-Pardpa, Bangabisi ed., Caleutta (1314 B.8.), chs, 1z22-
33, 131, 140, 1471, 328-335. ‘\ccording to Pargiter, probably the
greatest Puramc scholar of modern times, “the pardmas cannot.
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a work which belongs to the earliest centuries of the -
Christian era. Bhattotpala in his commentary on the
Brhat-sambitd has given a2 quotation. from the original
Prlisa-siddbinta® (¢. 400) in which the word system is
used. The number expressed in this quotation is
kba (0) kba (0) asta (8) muni (7) rdma (3) asvi (2) netra (2),
asta (8) Sara (5) rdtripdh (1) = 1,582,237,800, Theré
are in this work® several other quotations from the
Pulisa-siddhinta, which contain word . numerals, (Bateér
astronomi¢al- and mathematical manuals suchlas the
Sdrya-siddbanta (¢. 300), the Pafica-siddbintiki?xy053), the
Mabi- and Laghu-Bhiskariya* (s22), the Btibma-sphuta-
siddbinta® (628), the Trisatikd® (c. 750),°and the Gapita-
sdra-samgraba” (850), all make use of thevord notation.®

Word Numerals in Inscri%t}fo’ns. The - easliest
epigraphic instances of the use of'the word numerals are
met with in two Sanskrit insctiptions® found in Cam-
bodia which was a Hindu edlony.,, They are dated Gog
) o WWw.d‘bfau]ibrary,org_'in,
be later than the earliest ceptuties of the Christian era.” (JR.AS,
1912, pp. 254-53) The demi-Pardpa is admirted by all scholars
to be the earliest of the)Purdpas.

' Brbat-sarhité, "edh by S. Dvivedi, Benares, p. 163.

* Ibid, pages (2%, 29, 49, 51, etc. We are, however, not sure
whether those Qubtations are from the otiginal work or from 2
later redactidn)y 6f the same. o

81 8;“Y~i’ii". 1, €tc.

4 S\sg'-,MBb, ch. 7 and LB3, ch. 1.

o 5 NV1-s s, ete
&R, 6, Ex. 6, etc.

VT 7, 9, etel

.} fln the face of the evidence adduced here, G. R. Kaye's
assertion, (Indian Mathematics, Caleutta, 1935, p. 31) that the word

_numerals were introduced into India in the ninth century from

-the cast, shows his ignorance of Indian mathematical works, or is
a deiiberate misrepresentation. :

. °R. C. Mazumdar, Awcient Indian colonies in the far east,—
Campa, Vol. |, Lahore, 1927; see inscriptions Nos, 32, 39; also 40,

- 47, 43 and 44.
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-AD. and'lﬁ'zs AD. Their ncxt.occurrence is found in
a Sanskrit inscription of Java, belongmg to the 8th
century,*

In India proper, although they were in use amongst
the -astronomers and mathematictans from the 31d or
4th century A.D. onwards, it did not become the fashion
to use them in insctiptions till a much later date, A The
earliest Hindu inscriptions using these numerals) are

~ dated 813 AD.?-and 842 AD. In the following

century they ate used in the plates issued by(the Fastern
Chalukya Amma II, in 943 AD.* In Jater times the
epigraphic instances betome more frequenr The nota-
tion is also found in several manusr{lpts in which dates

. are given in verse.®

/

vy 3

Origin and -Early Hrstory It should be
noted that the arrangement ofwords, tepresenting the
numbers zero and one tonaine, ina word chronogram
is' contrary tg the, arrangement that is folowed when
the same number 1s Written Witk humerical signs.  This
fact has misled somescholars to think that the decimal
notation and the Jword numerals were evolved at two
" different placé& G. R. Kaye has gone so far as to
“suggest thatothe word numerals were imported into
India fromi-the east., This suggestion is incorrect for

_ the slm‘ple reason that in no languagc other than

Sansksit do we find any eatly use of the word system.
Mateover, in no country other than India do we find

‘ *an‘y trace of the use of 2 word system of numeration

114, XXI, p. 48,

* The Kadab plates, 14, XII, p. 11; declared by Fleet to be
suspicious (Kanatese Dynasties, Bombqy Gagatieer, 1, 1i, 395, note 7);
of. Biihler, /e, p. 86, note 4.

 The Dholpur Inscription, Ze:f.i‘fbﬂff der Deutschen Margenliindis-
chen Gesellschaft, XL, p. 42.

1A, VI, p. 18,

® Biihler, fe., p. 86, note 7.
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as far back as the fourth century A.D., at which period
it was in common use amongst the astronorners and
~mathematicians of India.

- During the ecarlier stages of the development of
this system, we find that instead of the word symbols,
the number names were used, being arranged from left,
to right just as the numerical signs. An instance of
this is found in the Bakhshili Manusctipt® (¢. 200), whé{e
the number

2655296226447064994 8"3(’2&18
is expressed as \&

Sadvinibafa (26) tripafieita (53) eaéonatﬁmfa (29) evacha
Drisa[s#)(6 2) sagvini$a (26) catubeatvirinhSa (44) saptati (70)
Catupsasti (64) nafpanavati] (99 )\ ~\ «eo MSanantaram
Trirasiti (83) ckaviniia (21) asy 8) ... pakaw

In the same manuscnpt however the contrary
arrapgement is used w, en e number §4 is expressed
as catwf (4) paﬂfas(j\ﬁ‘g abBades Glni (575) has used
word symbols with the left to ﬂght arrangement to
express numbers#\'t seerns, therefore, that in the
beginning opinion was divided as to which method of
artangement ghould be followed in the word system.

The ¢xfensive use of the word numerals by early
mathemattémns such as Puliéa, Varaharmhlra, Lalla and
Otheniappears to have set the fashion to write the word
nugigrals with a right to left arrangement, which was
_getterally followed %)y later writers.

PN
{ ™

1Folio 58, recto. The dots indicate some missing figures.
The problem apparently reqmred the expression of a big number
in numetical denominations. We do not find a problem of this
type in any of the later works. Cf. B. Datta, “The Bakhshili
Mathematics.” BCMS, XXI, p. 21.
* Folio 27, recto.
- ¥ Brhat-kgetra-ramdia, i 69{'{
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- No explanation as to why the right to left arrange-
ment was preferred in the word system is to be found
in any of the ancient works.  The following explana-
. tion suggests itself to us, and we believe that it is not
‘far from the truth: The different words forming a
numbet .chronogram were to be so selected that the
resulting word expression would fit in with the miefre
used. To facilitate the selection the number wag“first
“written down in.numerical figures. The selectionef’the
propet words would then, naturally, begin \with the
fignre in the units place, and proceed to thedeft Just as in
atithmetical operations. This is in accqr,dal'nce with the
rule “arkdndm vimago gatih,” i.e., ‘the Wumerals proceed
to the left,” which seems to have begnvery popular with
the Indian mathematicians. Thedright to left arrange-
ment is thus due to the desiré\0fthe mathematicians to
look upon the process of formation of the word chrono-
gram as a sort of arithmetieal operation.

Date of Inwentionliblhg arsenof the word numerals
in the Agni-Puripa, which was composed in the 4th
century A.D. or eatlier, shows that the word system of
numerals must dave become quite common in India
at that timeythe Pardgas being works meant for the
common felkS That it was a well developed system
in the foanth century is also shown by its extensive use
‘in the §Arpa-siddhinta and the Padifa-siddbinta. Tts in-
vention consequently must be placed at least two

 centuries earlier.  This would give us the period, 100
D, to 200 AD., as the time of its invention. This
{)Conclusion is supported by the epigraphic use of the
wotd notation in 605 A.D., in Cambodia, which shows
that by the end of the éth century A.D., the knowledge

of the system had spread over an area roughly of - the

_size of Europe. - _ .
It must be pointed out here that the decimal place-
value notation and the word numerals were not invented
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at the same time. - The decimal notation must have been
in existence and in common use amongst the mathema-
ticians long before the idea of applying the place-value
principle to a system of word names could have been
concelved. Thus we find that in the beginning (r. 200),
the place-value principle, as is to be expected, was used
with the number names. The word symbols were thend
substituted. for the number names for the sake .of
metrical convenience. The right to left procedure\’\'vdé
finally adopted because of the mathematicians’ desiee to
iook upon the formation of the word numéral as a
sort of mathematical operation. 4

W

The above considerations place theJavention of the
decimal place-value notation at a period, at least two
or thtee centuries before the invenfion of the word
system. The wotd notation, th;sr%fore, points to the
15t century B.C. as the time of Untvention of the place-
value notation. This conglusion agrees with that
arrived on epigraphic, syidence alone.

rarlibrary.org.in

1 Ayp{iABEi*lc NOTATIONS

The idea offusing the letters of the alphabet to
denote numbeds. ¢an be traced ‘back to Pipini (¢ 700
B.C.) who hé8 tised the vowels of the Sanskrit alphabet
to denotesumbers.  No definite evidence of the exten-
sive use\df an alpbabetic notation is, however, found

‘\I; Panini’s. grammar there are a number of sitras {rules)
whieh apply to a certain number of sGtras that follow and not
/"tb/all. Such sOtras are marked by signs according to Pdpini.
Patafijali commenting on stra i. 3. 11, says that according to
Kityiyana (4th century B.C)) a lettet (zarpa), denoting the number,
of sitras upto which a particular rule is to apply, is written over
the sitrh. Kaiyyata illustrates this remark by saying that the
letter 7 is written above Pinini’s siitra, v. 1. 30 to show that it
applies only to the mext two sitras. Thus according to Panini
@ = T,7 == 2,8 = %.000r:
.

-
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'. 'ﬁpto the sth .cenmry AD. About this period a number

of alphabetic notations were invented by different writers
with the sole putrpose of being used in verse to denote

- numbers. The word numerals gave big number

chronograms, so that sometimes 2 whole vetse or even
more would be devoted to the word chronogram only.
This feature of the word system was naturally logked
upon with disfavour by some of the Indian astrongniers
who considered brevity and conciseness to be the“main
attributes of a scientific composition. Thus, the alpha-
betic notations were invented to replade the word
system in astronomical treatises. The{Vdrious alpha-
betic systems' are simple vasiation§of the decimal
place-value notation, using letters af\the alphabet in the
place of numesical figures. It st be noted here that
the Hindu alphabetic systemg{ unlike those employed
by the Greeks or the Arabs,>were never used by the
common. people, or for thé purpose of making calcula-

tions; their kpowledagrirgs,sifictly confined to the

"learned and their usedto the expression of numbers in
verse. '

Alphabe\tgzzgyst.em of Aryabhata I. Aryabhata
1 (499) invented an alphabetic system of notation, which
has been used by him in the Dasagitrkd? for enumerating
the numierical data -of his descriptive astronomy. The
o :
{Some alphabetic systems used for the pagination of manus-

_ctipts do not use the place-value principle. These systems were

the invention of scribes who probably wanted to be pedantic .and

~SOto show off their learning. Their use was confined to copyists

) |

of manuscripts. _

*The Dasagitiki as the name implies ought to contain ten
stanzas, but actually there are thirteen, . Of these the first is an
invocation to the Gods, the second is the paribbiss (“definition™)

given above and the thirteenth is of the nature of a colophon.
These three stanzas are, therefore, not counted. Cf. W. E, Clark,

© “Hindu-Arabic Numerals,” Indian Studies in Honowr of Charles

Rockweil Lanman, (Harvard Ugiv. Press), 1929, p. 231. °
. I
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rule is given in the Dafagx"tiléé thus:
Vargdksardni varge'varge mrgzz-é.raram Kdt rdman _ya/J
Kbadvinavake svaré nava varge'varge navéntyavarge vé

The following translation gives the meaning of the
rule as intended by the author:

“The zz)argaf1 letters beginning with £ (are used only) \
in the zerge® places, the aparga letters in the avargs
places, (thus) yz equals rmau (ia plus ma);, the  aine
vowels (are used to denote) the two nines of, zeros
of varga and avarga (places). The same (procedare) may
be (repeated) after the end of the nine vargsplaces.”

This rule has been discussed by Whish,* Brock-
khaus,® Kern,* Barth,” Rodet,® Kaye,\ Fleet, 1 Datta,*
Ganguly,'* Das,”® Lahiri** and Clagi®®

The translation of &ba by *place” (Clark) or by
“space” (Fleet) is incorrect. Wedo not find the word
kb used in the sense of ‘notational place’ anywhere in
Sanskrit literature. V- Cﬁﬁ@&ﬂiﬁﬁbﬁ%g‘%ld’ ‘sky’, etc.,
and it has been used for ze1o, in the mathematical and

! Varga here means “\‘classed * i,e,, the classed letters of the
alphabet, The first \@tnty—ﬁvc lettérs of the alphabet are classed
in_groups of five,(the remaining ones .are unclassed.

2 Varga hefe sheans odd.
8 Avargs here means even,
4 Trarz{m}mm of the Literary Soc;}y of Madras, 1, 1827, p. 54

sachrifte fiir die kande des Morgeniinges,. IV, p- 81.

“jMS 1863, p. 380.
S Oeuvres, 111, p. 182.
i \3]/1 1880, II P. 440.
3 ® JASB, 1907, p- 478; Indian Mathematics, Calcutta, 1915, p- 30
Mbe Bakhshili Marnuscript, Calcutta, 1927, p 81.
o TARS, 1911, p. 109,
Y SZhitya-Parisad-Patrikd, 1929, p. 22.
12 BCMS, 1926, p. 195,
B IHQ, 1, p. 110.
14 History af the World (in Bengali), Vol. IV, p 178
i Aryabhatiya of Aryabbata, Chicago, 1930, p. 2. .

3
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N

~ ($dnya). In two nines of zeros (kha), so kbadvinavake,

astronomical works. We thus replace “the two nines of
places” in the translation given by Clark by “the two
nines of zeros.” Clark has given the following reason
for not translating &bz by zero: “That is equivalent

to saying that each vowel adds two zeros to the numeri-

cal value of the consonant. This, of course, will work
from the vowel 7 on; but the vowel 2 does not'a

two zetos. It adds no zero or one zero dependifigs on
whether it is used with verge or avarga letters. Ap séems
to me, therefore, mote likely that a board divided into
columns is implied rather than a symbolfor zero, as
Rodet thinks.” The vowels do not add“zeros. The
explanation will not work for any wfithe vowels; for
ingtance, 7, according to this interR{ctation, would add
two zeros to g but three zeros(te y. What really is
implied by £ba is explained by'the commentator Sbrya-
deva as follows: “&bdni Sdmyopalaksitini, sankhydvinydsas-
thinini tesdm dvinavakam, Khadyinavakam, tasmin khadvina-
vake Sinyopalaksisdoibindiddesee(in8) ityarthah,” that s,
“kba denotes zero; the places for putting (writing)
the numbers are {&wo nines (dvinavakan), therefore,
kbadvinavake means ‘the ‘eighteen places denoted by
zeros.” It andy" be mentioned here that the Hindus

* denote the, gofational places by zeros. Bhiskara I (522),

commentitg on Ganitapdda, 2, which gives the names of
ten nofational places, says:

NN “nydsafea sthindndm coooooooco.”

2,5\ “writing down the places: we have ocoooco000.”

~Bhiaskara I is more explicit in the interpretation of &hs
\“by zero, for in his comments on the above rule, he

states: ““kbadvinavake svard mava varge: kba means zero

Ay

that is, in the eighteen (places) marked by zeros;. . . ...

' Commentary on the Dafagitikd by Bhiskata 1, “kbadvindvake
svard nava varge khini Sinyini, kbindm dvinavakam tasmin Rbadvivavake
astddasa Sdnydksivesn. . .. .. :
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Thus &ks must be translated by zeto, although the
#ha (zero) here is equivalent to the notatxonal p%aces
What is implied here is certainly the symbol for the
zero and not a board divided into columns.

Clirk finds great difficulty in translating navintya-

varge vd, The reading hax instead of »d suggested by ¢

Fleet is not acceptable. The translation given by us

accords with the several commentariés (by Bhiskara 1)

Saryadeva, Parame$vara and Nilakantha) consulted by
us. They all agree. N

Explanation. Arayabhata s rule gives. the rnethod
of expressing the alphabetic chronogram in the decimal
place-value notation, and vie wversa. \The notational

places are indicated as follows: X
X
at o  af ¢ I w.ox i 4
—t—, J——— s, —t— f-h-\":’~’-¢"—b. —_— . ——

avavavavabv]'ﬁvavavav
ooooooo“’”é""%r%"gma’obgmoooo

where v stands for m:gga and a for avarga.
It will be obséryed that the eighteen places are dc—

noted by zeros dnd they are divided into nine pairs, each

pair consisting;of 2 varge place and an avarga place, i.e.,

odd place an even place.® The rarga letters £ to »* are
used inwerge places, ie., odd places only, and denote
the . bets 1, 2,,....... , 25 in succession. The

. \‘ Nilakantha says:  ‘“kbadvinavake, that is, there are c:.gh—
fedh places, the nine warga places and the nine avarge places
...... ” See Aryabbatiya, ed. by K. Sambasiva Sastri, Trivandrum,
1936, p. 6.

2 The later Indian treatises use thc terms wvisama and sama for
varge and avarga respectively. args is- also used for a square
number or the figure. :

. ®'These are called varge or classified letters, because they are
classified into groups of five each.
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avarga Ietters ¥ to b are used in thc -avarga places, i.c.,
even places orﬂy, and denote the numbers 3, 4,...... xo
successively. - The first warge . and averga p}aces
together constitute the first varge-avarga pair, and so on.
Nine such varga-avarga pairs are denoted by the nine
vowels in succession. ‘Thus the hrst varge-avarga pait,
i.e., the units and the tens places are denoted by ¢ the
second varga-avargs pait, 7.¢., the hundreds and thoumnds
places by 7 and so on. “The vowels thus denote'places
-—zeros accordmg to the Indian usage of denoting the
places—and have by themselves no numetical value.
When attached to a ‘lettet-numbey’ ) \Vowel simply
denotes the place that the number occupies in the decimal
place-value notation. For instance, when the vowel « is
attached to y, it means that the \gumber 3 which y
denotes is to be put.in the frst’ avarga place, ie., the
tens place. Thus ya is equal to 30. On the other
hand when 4 is attached 0 one of the classed letters,
- it refers 8 dﬂ’ié“"ﬁ’ﬁ’iy i place, ie., the units
place.” Thus #z is equal to 5 and e is equa! to 25 and
#ima* is equal to 30,.\Similarly y/ denotes that the number
3 is to be put ifi the thousands place whilst & would
‘mean that the,number 3 which g represents is to be
put in the hundreds place (g being 2 varga letter). Thus
- yi=3,000,\) whilst  gi=30c0. It possible that
the zergs already written were rubbed out and the
comﬂgsondmg numerical figures as obtained from a
%5;611 letter chronogratn were substituted in their places.
s would automatically give zeros in the vacant places.
/When this is not done and the numbers ate written
. beIow the zeros mdlcatmg the places then zeros have

' When two consonants are togcthcr ;omed to a vowcl the
numbers representing both are referred to the same varga-avar ga
pair. They are added together as in this case, fma =, #a 4 ma =

5 + 25 = 30. : :
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to be written in the places that remain vacant.* The
same procedure can be applied to express numbers
occupying more than eighteen places, by letting the
vowels with anusvdra denote the next eighteen places,
or by means of any other suitable device. :

~ One advantage of this notation is that it gives
very brief chronograms. This advantage is, however,

more than counterbalanced by two very serious defeefs)) -
The first of these is that most of the letter chronogtams
formed according to this system are very difftetlt to
pronounce. In fact, some of these? are so coiplicated
that they cannot be pronounced at all.\The second
defect is that the system does not allow’ any great
variety in the letter chronograms, as other systems do.
Katapayadi System. In this\'system the con-
sonants of the Sanskrit alphabet have been used in the
place of the numbers 1-9 and zero to express num-
bets. The conjoint vowelssused in the formation of

e
number chronograms, z[%ﬁt?'f'o'_glﬁﬁ‘ﬁfé'ﬁﬁal significffice.
It gives brief chronograms, which are generally pleasant

~ sounding wotds, Skilled writers have been able to
coin chronogramscwhich have connected meanings. It
is superior to that of Aryabhata I, and also to the word
system., Foutyiriants of this system are known to have
been' used.in>India. It is probably due to this non-
uniformity‘of notation that the system did not come
into-.grgnéral use.

N\ Some examples from the Aryabbetiva (i 3):

N

) r . A H a
. _ o o o . o o o . o o
: { by &b
kb_ngéf t 4 3 - TR - T - 0224320000

2
e aa . I h ¥ i ¥ £ ¥ ¢
bl
CRPRELY IR Jls s 3 3. 3 6=5775336

7
2 For instance wifitunlkbsr, bbadliknukly, etc.
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First Variant: The first variant of the Kafapayddi -

- system is described in the following verse taken from -
the Sadratnamild:

Na#idvacasea Shinyini. sammhyd katapayddayap

Mifre tipinta bhal samikbyd na ca cintye balasvarap
“u, #and the vowels denote zeros; (the letters in sue<
‘cession) beginning with &, 7, p, and y, denote, tie
digits; i1 a conjoint consonant only the last one déabtes -
a number; and a consonant not joined to a vowélshould
- be dlsrcgarded > According to this systeng;: therefore :

1 is denoted by the letters £, r}

2 b5 ~ 35 3 b Pb ?.
3 » » 4 b 1.

4 5 L] ,\ \gb (1].’ bb .

) o» s o Ay ony, omy

6.” . » . :..',, c, t .

T 3 . .’.”'" 9 fb fb 5.

8wy, dbrauhb&qry org.ins ], 3 h.
. 9 33 :‘}‘.' ’ 33 jb db

04 <" N s, A, n and vowels

standing by themselves.

The consonan%\\mth vowels are used in the places of
of the numekital figures just as in the place-value nota-
tion, Of\ebnjoint’ consonants only the last one has
numerlchl significance. A nght to left arrangement is
empléyed in the formation of chronograms, just as in
thé\'word system, ir., the letter denoting the units
Ggure is written first, ‘then follows the letter denoting
ythe tens figure and so on. The following examples
taken from inscriptions, grant plates and manuscripts

will illustrate the system:

2 4 4 1
() rd -gha-vd - ya = 1442,

1 EI, VI, p. 121,
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)

4 4 6
(2)* bha-va - # = 644,
s 1. 3 1
(3)% fa- kiyd - o - ke = 1315,
6 4 3 1
(4 ta - wi-lo - ke = 1346,
3 -1 s 6 5 I e S

(s)* Hm - 80 - ntyd - nme - ja - md - pe = 15651\52

The origin of this system can be traced bagk) to the
fifth century A.D. From a remark® made by Suryadeva _
in his commentary on the Aryabhatiya, it~ ?rppears that
the system was known to Aryabhata 1(499). Its first
occurrence known to-us is found in\the Laghn-Bbds-
kariya of Bhiskara 1 (522).° \

Second  Variant:  Aryabhata NG (950) has used a
modification of the -above system. In this variant,
the consonants have the sami¢ values as above, but the
vowels whether staRGinpy! Bemseres or in conjunc-
tion with consonants have no numerical significance.

- Also unlike the ﬂr,St vatiant, each component of a
conjoint consonaQ{ has numeﬂcal value accordmg to its

114,11, p- 560
2 EI, III p 229,
”ET HIp. 38.
¢ date of the commenta.ry of Sadgurufisya on Sarvdnukra-
mapi i given by this chronogram in the Kafjyaga Era: It corres-
ponds to 1184 AD. '
\® Comments on the paribbdsi-iftra of the Dalagitikd. The
\aﬂthor remarks :
“Vargdksardndm sarkhyd pratipidane, éa;épa_yéd#mgx nafiayesea
Sinydpi  siddbam  tannirdsdribam kit grabanam’
That is, the letters &4¢ have been used to distinguish it (the
method of Aryabhata T) from the Kafapayddi system of denoting
numbers. by the help of the wargs letters, where #» and # are
equal to zero.” '
¢ LLBh, 1. 18.
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- place. The letters are arranged in the left to right

order just as in writing numerical figures.® The differ-
ence between the two variants may be illustrated by the
chronogram  dha-ja-be-ku-na-he-t-sa-bhi*  According to
Atyabhata IT jt denotes 488108674, whereas according
to the first variant it would denote 47801884. ~

Third Variant: A third variant of this system N5
found in some Pill manuscripts from Burma.® ‘Thi is
in all respects the same as the first variant excépt that
s=j5, /=6 and /'=7. The modification in th¢ values of
these letters are due to the fact that the (P41 alphabet

does not contain the Sanskrit § and EAS) |
Fourth Variant: A fourth vadant of the system

was'in use in South India, and is knewn as the Kerala
System. This is the same as the first variant with the

 difference that the left-to-right“arrangement of letters,

just as in writing numericah figures, is employed.
digaulibifary.orgin, . . ‘
Aksarapilii, VEHOUS ' Péctliarities are found in
the forms as well agcthe arrangement of the numerical

“symbols used in /the pagination of old MANuscripts.

These symbols ace known as the aksarapalli, i.c., the letter

system.® In this system the letters or syllables of the

‘script in which the manuscript is written are used to

e A\
\ s

denote the” numbers. The following list gives the
phonetie*values of the various numerals as found in

old gnar uscripts:-
() *The notition is explained in MSi, i 2:
Ripit katapayaplrei varns varpakranddbbavantyankih
Nrau slgyars prathamirthe & chede o triiyirthe.
' MSi, i, 10, . - -
® L. D. Batnet, JRAS, 1907, pp. 127 £
“For fotms see Tables,
®See PLM, pp. 107f
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e, sva, ri,
dvi, sti, na.
tri, §11, mah.
fika, tka, nka, nka, rnka, ska, rska,

m~ (pke), % %1 rphra pu.

e \
tr, rtr, rtri, hr nt, ror. :~’
phra, rphra, rphru, ghna, bhra, rptt, vyi,
phla. K

gra, gri, rgri, rgbhri, rggid, bhra.

hra, rhra, rhri, dra. Ny

om rurn n, um urn a\rnum

'llantadaarpta_"

tha, thi, rtha, gha,’ xgha pva, va.
la, 14, tla, fld. 3%
pta, rpta, \ﬁfﬁdbkf)ﬁbrﬂh&“ g-in

2 \%Esf ¢ 68¢& J ohm

cﬁ, vu, ghu, thu, rthu, rthi, thd, rgha, rghu.
}u cu, th, rthii, rghfl, rmta.

29, W O A O,
8%2382-3

su su Iu, a.

4, 14, rghi.
--stﬁ, s0d, 'fili4, si, su, surh, sé.
s(to, sto, sti.
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- It will be observed that to the same numeral there
correspond various phonetical values. Very frequently
the difference is slight and has been intentionally made,
probably to distinguish the signs with numerical values
from those with letter values. In some other cases
thete are very considerable variations, which {accord-
ing to Biihler) have been caused by misreadings of oldet
signs or dialectic. differences in pronunciation. The
symbols are written on the margin of each leaf. Die to
lack of space. they are generally arranged one’'below
the other in the Chinese fashion. This i§)so in the
Bower manuscript which belongs to the sixth century
AD. In later manuscripts the pagesare numbered
both in the asksarapalli as well as/in”decimal figures.
Sometimes these notations are ‘;iﬁt‘xed up as in the
following:* O

al

o sueaw : su
33 = 35 wx}\g%brﬁlit:i;%riy.orgﬁ?\z = Q;
. N0 2

Csu -\ su . sii

131 - ii; \é;é:- e 209 =
.I"\“:" - o . rum..
Theyalsarapalli has been used in Jaina manuscripts
upto thié)sixteenth century. After this period, the deci-
mal figures are generally used. In Malabar, 2 system

esenbling the aksarapalli is in use upto the present

o

'»\sdﬁY°2
\ } ST
" 1CE PLM, p. xos.
%1 =, na, 2 — nna, 3 = nya, 4 = skta,

§ = jhra, 6 =-hi(ha), 7 = gra, 8 = pra,
9 = dre(?), 10 = ma, 20 = tha,
30 = la, . 40 = pta, jo = ba, 6o = tra,
70 = ru (tru), 8o = ca, 9o = pa, Ico = fa. -

(Cf. JRAS, 1896, p. 790
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Other Letter Systems. (A1) A system of nota-
tion in which are employed the sixteen vowels and
thirty-four consonants of the Sanskrit alphabet is
found in certain manuscripts from Southern India
(Malabar and Andhta), Ceylon, Burma and Siam. The
thirty-four consonants in order with the vowel # denote™,
the numbers from™ one to thirty-four, then the same
consonants with the vowel 4 denote the numbers thisty-
five to sixty-eight and so on.! O

(B) - Another notation in which the sixtéetty vowels
with the consonant £ denote the numbers one to sixteen
and with &b they denote the numhefs)seventeen to
thirty-two, and so on, is found in céstain PAli manus-
cripts from Ceylon.? 4D

{(C) . In a Pali manuscript; jn,':\tlm Vienna Imperial
Library a similar notation is founhd with twelve vowels
and thirty-four consonants.{Ih this the twelve vowels®
with 4 denote the numbers from one to twelve, with
kb they denote ttie hibEiberfrosmehirteen to twenty-
four, and so on. /A

These lctt{:&‘é:ystems do not appear to have been
in use in Nosthesn India, at least after the third century
AD. ‘They‘ate probably the invention of scribes who
copied manuscripts. . -

o
N\ 12. THE ZERO SYMBOL

2 S

3" Earliest Use. The zero symbol was used in

~\metrics by Pingala (before 200 B.C.) in his Chanda-siitra.

" He gives the solution of the problem of finding the total
number of arrangements of two things in # places,
repetitions being allowed. The two things considered are

L Buenell, Soxth Indian Palacography, London, 1878, p. 79.
® Tbid. - ~E
"$'The vowels 7, r, 4, 4, are omitted,



%
~

76 NUMERAL NOTATION

the two kinds of syllables “long™ and “short”, denoted
_ by /and g respectively. To find the number of arrange-

ments of long and short syllables in a metre containing

nsyllables, Pingala gives the rule in short aphorisms :

“(Place) two when halved;”* “when unity is sub-
tracted then (place) zero;”* “mu}tlply by two when ,
zero;’® “square when halved.”

The meaning of the above aphorisms will be ciea}
from' the calculations given below for the Gayatrz foktre

Whlch contains 6 syllables.® N

. _ A R 8
Place the number = 6 .
Halve it, result ' 3 | Separately place | 2
3 cannot be halved, therefore,| | L © :
' subtract ¥, result 2N ., o
-Halve it, result A - I 2
1 cannot be halved, thereforggs- '

subtract I, 1'651111{! dbr auhbrauly,oﬁg,in » . s o

The process . ends .

The calculatlon begms from the last number in
column B. Takifig dnity double it at o, this gives z;
at 2 square this (2), the result is 27 then at zero double
(2%), the resulg" 1§ 2% ultimately, at 2 square this (2%),
the result j 1&2 which gives the total number of ways

! Pﬂé&l@' Cbaﬁdab—:ﬂtm ed. by Sri Sitanath, Calcutta, 1840,
viii, 28,

,.’Ibzd Vil z9.
N\ IBid, il 30
N/ £ Ibid, viit. 31,

SFor 7 syllables, the stcps are:

Subtract = 1" 6 place o Double 2.2% — 27
Halve: - 3 w2 Square 29

Subtract . 1 2 ,, o Double 2.22 = 3%
Halve - 1 -, 32 Square 2° -
Subtract- 1 o ,, o Double 1 =2

giving 27 as: the result,
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in which two things can be arranged in 6 places.’

_ Tt will be obsetved that two symbols are required in
the above calculation to distinguish between two kinds
of operations, viz., (1) that of halving and (2) that of the
‘absence’ of halving and subtraction of unity. These
might have been denoted by any two marks arbitrarily.
chosen.” The question arises; why did Pingala select
the symbols “earo’” and “zero”? The use of t%e symibol
two can be easily explained as having been suggested
by the process of halving—division by the \number
two. ‘The zero symbol was used probably because of
its being associated, at the time, with the” notion of
“bsence® or ‘subtraction.” The uge\vof zero in
either sense is found to have been,gommon ih Hindu

" mathematics from early times. The*above reference to
Pingala, however, shows that the’ Hindus possessed a
symbol for zero ($#ma), whatever it might have been,
before 200 B.C. N o

The Bakhshili ¥imigbtipefargon) contains the use
of zero in calculation, For instance, on folio 56 verso,

we have : PR\ .
“ | 880 964\“-" T 848320
| 84 | 1 68 \T multiplied become L4112 l

The squate/of forty different places is |1600). On sub-
tractiqg;ﬂlis from the number above {numetator), the
' fcmﬁaer js | 346720
=N 14112
. (factot, it'becomes [ 60f 2

. On removal of the common

1'This method of calculation is not peculiat to the Pirgala
Chandab-sitra. It is found in various other works on metrics as
well @s mathematics. The zero symbol has been . similarly
employed in this connection in later works also. Vide infra.

*F.g, Prthudakasvimi uses za (from sargs, “square”) and
g# (from gapa, “multiply”), while Mahivira uses the numerals 1
and o. V#de infra. E :
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_ There are a large number of passages of this kind
in the work. It will be noticed that in such passages
the sentences would be incomplete without the figures,
‘so the figures must have been put there at the time of
the original composition of the text, and cannot be
suspected of being later 1nterpolat10ns. For an explicit .
reference to zero and an operation with it, we take
the followmg instance from the work : O\

b
“ 3 | 4 | visible 200
L1 I

1 "\

1'1

Adding® unity,”
to zeto 1\2'!3[....;.-”3 '.\.

o~

In the Pafica-siddhintikd (5052 zerc s mentioned
at sevetal places. The following is an\\mstance.

“In Aries the minutes are seyén, in the last sign
' six; #n Taurus six (repeated) thrice} five (repeated) twice;
four; four; in Gemini they are three, two, one, zero
: (.m?gya) (each repeated) twice 2™

www.dbranli a’tyor
Zero is here concewga 45 2 numbcr of the same

. type " as three, two @1 one. It cannot be cotrectly
interpreted othcmse, Additon and subtraction of
zero are also used'in expressing numbers in this wotk
for the sake of (metrical convenience. For instance :

“Thn-t{‘.slx increased by two, three, nine, twelve,
nine, thteé>zero (Sunya) are the days.”5

In\tﬁmces of the above type all occur in those

- 1The zeros given here are represented in the manuscript
1?5\ dots. The statement in modérn symbels is equivalent to the
cquatlon
' x—|—2x+3x—]—4x—mzon : :

*The Sansknt word is Jutan: meaning literally “adding”, but
what is meant is “putting” unity for the unknown (zero).

3 BMy, folio 22, wvérso.

£ PSi, vii 12
5 PSi, xviil. 35; other instances of this nature are in jii. 17;
v, 2 v, 8;-iv. 11; Xviil. 44; Xvili, 45; xviii. 48; =vii. 51,
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sections of the Pafca-siddbintikd which deal with the
teachings of Pulifa. It seems, therefore, that such ex-
ptessions are quotations from the Pulifa-siddbinta. As
it is known that the word numerals were employed by
Pulifa (¢. 400), it can be dafel concluded that he was
conversant with the concept of the zero as a numeral.

' The writings of Jinabhadra Gani (529-589), a con-
temporary of Vardhamihira, offer conclusive evidence Of

the use of zero as a distinct numerical symbol.
While mentioning large numbers containing. everal
zeros, he often entmerates, obviously for thevsake of
abridgement, the number of zeros contaitied. For
instance; 224,400,000,000 18 mentioned ‘a5, ¥twenty-two
forty-four, eight zeros;” ! 3,200,400,000,000 4s “thirty-
two two zeros four eight zeros.”?  #At‘another place in
his work P \% :

: 407150 ¥
2419604_83920 .”"774196048392
is described thus : ™" 42% aulibrary org.in

«j'wo hundred thousand forty-one thousand nine
‘hundred and sixty; femoving (apavartana) the zeros, the

aumerator is folpr-zero-seven-one-five, and the -deno-
“minator four-eight-three-nine-two.”* : .

Tt shouldbe noted that the tetm apavartana means
what is ¥own in modern arithmetic as the reduction of
2 fraction to its lowest terms by removing the common
factors’ from the numerator and *the denominatot.
_ Hence the zeto of Jinabhadra Gani is certainly not 2
Mtere concept of nothingness but is 2 specific numerical
symbol used in arithmetical calculation.

40715

1 Brhas-ksetra-iamdsa, ed. with the commentary of Malayagiri,
Bombay, i %9. : _
2 Jbid, i. 71. Other such instances are in i 9o, 97, 10Z,
108, 113, 119, €t ' _
8 Jhid, 1. 83.
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- Another contemporary ‘mathematician, Bhiskara I
(.- 525), tefers to the subtraction of zero in his Mabd-
bhaskariya. In his commentary on the Aryabbatiya he
uses the place-value numerals with zero. As has
been pointed out before (pr.66) zeso is also used by
him to denote the notational places. ~

Siddhasena Gani who lived in the sixth centurf
has, in his commentary on the Tattvdrthidbigama:sittya
of Umdsvati, used zero in calculation, as is eyidenced
by the. following two typical instances taken“from his
work:* : O
<« the remainder is this, 3,534,408,000,000. The
square-root of this is extracted; half of Phe eight geros are
four eros; ‘The root of the ramaiding portion is one-
eight-eight; hence the resulting 60t is this, 1,880,000.”

. ““On removing the four zerds, the quotient obtained
after that is 100,000.” N .

Al knowv - dindtTeresddes on  arithmetic and
algebra contain a section dealing with the funda-
mental operadon§~~:\vi_th zeto, including involution

“and evolution. ¢Petails regarding these operations will
be given lateren; but it must be. pointed out here, that
these arithfefical operations with zero, certainly
presupposeJits existence as 2 numeral denoted by some
specifig~symbol.* -

N - .

N Tartvdrthidbigama-shtra of Umdsviti, with his own gloss,
. €fudidated by Siddhasena Gani, ed. by H. R. Kapadia, Bombay,
€ 926, iii. 11 {com.). . : ' '

2 Smith and Katpinski (Hendu-Arabic Numerals, p. §3) state,
“__the Ganita-Sara-Sangrahaof Mahévirichirya (c. 830 A.D.}, while
it does not use the numerals with place value, has 2 similar dis-
cussion with zefo,” The first pact of the statement is incorrect,
because Mahdvira has always used numerals with place-value. In
fact, no trace of numerals without place-value is to be found in the

Gagnita-sira-savigraba. J. Tropfke’s statement (Geschichte d. Elemen-
tar-Mathematik, Bd. 11, 1926, p. §6) that zero was not .regard-

N
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Form of the Symbol. The above quotations from
ancient wotks prove conclusively that the zero has been
considered as a number in India from the earliest
centuries of the -Christian era, and that there existed
some symbol to denote this number. What exactly was
the form of this symbol is doubtful. The Bakhshali
Manuscript employs a dot for zero, but as thé
present copy of the work dates from probably tkie,
eighth or the ninth century, it cannot be said whethet
the form, of the symbol was the same when the \Bakh-
'shili work was Wwritten, ¢, in the third cenpiy *A.D.
or earlier. Evidence as to the use of thie“dot for
zero is also furnished by the writings of\Subandhu, a
poet litterateur who flourished about, the close of the
sixth century. In the Vémyaa’aﬁa‘.'\of‘ Subandhu we
meet with the following metaphor¥)

“And at the time of the tising of the moon with
its blackness of night, bowidg: " low, as it were, with
folded hands undervthe dhdisdibefrclogiig blue lotuses,
immediately the stars shone forth,.......... like zero
dots (nya-bindu), becatise of the nullity of metempsycho-
sis, scattered in the §ky as if on the ink-blue skin rug
of the Creator wlk'} reckoneth the sum total with a
bit of the moog for chalk,”*

The temf}i\b.;}:dx; (“dot”) has been used for zero.
in word pumierals as well asin later literature,” when a
small C,Qde was in use to denote zero, the dot having

ed ada number before the seventeenth century A.D., is incorrect.
(Cf>B. Datia, “Early literary evidence of the use of the zeto in

India,” American Math. Monthly, XXXVIII, 1931, p." 560.

' Vidsavadattd of Subandhu, edited by F. Hall (Calcutta, 1859,
p- 182} and translated into English by Louis H. Gray (New York,
1913, bp. 99f). o _

? E.g., the Hindi poet Bihir] in one of his couplets remarks: -
“Thé dot on her forehead is increasing her beauty ten-fold, just
as a dot increases a number ten-fold.” '

6
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been given up long before. The quotation from
.Subandhu cannot, therefore, be taken as a definite
proof of the use of the dot as a symbol for zero
in his time, All that we can infer is that at some period
before Subandhu, the dot was in use. We may go
furthet and state that very probably, the earliest symbol
for zero was a dot and not a small circle. . '
The earliest epigraphical record of the ase of
zero is found in the Ragholi plates* of Jaivardbana I
of the eighth century. The Gwalior inscriptions of the
reign of Bhojadeva® also contain zerg!)>The form
of the symbol in these inscriptions jsihe small circle.
This is the form that has been in_cOmmon use from
quite early times, probably 'froml\\b”'efote the eighth
centuty. &
Other Uses of the Symbol. In the present
~ elementary schools in Indid*the student is taught the
naines of thqu%mﬁggpﬂglhphccs and is made to
denote them by zetos-afranged in a line. These. zeros
ate written as <" _ : i

. O el 000000000
The teacher poidts out the first zero on the tight and
says “units’ythen he proceeds to the next zero saying
‘tens’ and so'on. ‘The student repeats the names after
the teacher. This practice of denoting the notational
places.by zeros can be traced back to the time of
Bhﬁgkam I, who, as already pointed cut on page 66, -
Anvhis commentary on the Aryablatiya, Gapita-pida,z,
{Vsays: ' -
“Writing down the places, we have -
ooo00000000O” :
‘In all works on atithmetic (pdtiganita) zeto has.

* No. 4 in the list of inscriptions given before.
2 Nos. 19 and 20 in the list. : :
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been used to denote the unknown, This use of
zeto can be traced back to the third century A.D:
It is used for the unknown in the Bakhshili arithmetic.
In algebra, however, letters or syllables have been
-always used for the unknown. It seems that zero
for the unknown was employed in arithmetic, really to
denote the absence of a quantity, and was not a symbol/
in the same sense as the algebraic x a&yﬁ), for it does
- not appear in subsequent steps as the algebraic symbels
do. This use of zero is mostly found in problems on
proportion—the Rule of Five, Rule of Seven,€té,” The
- Arabs also under Hindu influence used zéfp for the
unknown in similar problems. Similar(wse of zeto
for the unknown quantiti' is found «in* Europe in 2
Latin manuscript of some lectures by Gottfried Wolack
in the University of Erfirt in<1467-68." The dot
placed over a number has been \used in Hindu Ganita
to denote the negative. Imthis case it denotes.the
“absence’ of the positive sign. Similar use of the-dot’
is found in Arabif ‘Atd ENTORE B dsly under Hindua
_influence.? oA o -

K _ .
13. THE PLAGE-VALUER NOTATION IN HINDU

LITERATURE "

NS .
Jaina'\.Canonical Works., The eatliest literary
evidence ‘of the use of the word “notational * place” is
furnished.. by the Anuyogadvira-shitra? a work written
before the Christian era. In this work the total number
N\ . . -

) 1Smith and Karpinski, L., pp. 53-54.

. 2'The occasional use by Al-Battani {929) of the Arabic negative
/3, to indicate the absence of minutes (or seconds), noted by Nallino
(Vierbandiungen des 5 congresses der Orientalisten, Berlin, 1882, Vol. IT,
p. 271), is similar to the use of the zero dot to denote the negative.
© 3The passage has been already quoted in detail (wde sypra
p. 12). o _ : '
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 of human beings in the world is given by “a number
which when expressed in terms of the denominations,
koti-koti, etc., occupies twenty-nine places (ithdna).”
Reference to the “places of numeration” is found also
in'a contemporary work, the Vyavabira-shitra.*

Puranas. The Purinas which are- semi-religious
and semi-historical works, also contain references . fo°
the notational places. These works were writtep\for
the purpose of spreading education on religiods “#nd
historical matters amongst the common people. “Refer-
~ence fo the place-value notation in these works shows
the desite of their authors to give promimence to the
system. ‘The Agw-Purdna® says : 4

“In case’ of multiples . from therunits place, the
vatue of each place (s#hdna) is ten fifes the value of the
preceding place.” ' ANV :

The Vispa-Purdna® has Similatly :

“O dvija, from one Bl'acé- to the next in succession,
the places areitiRISREPEF%ER""The eighteenth one
of these (places) is called pardrdba.”

' The Véys;—Pﬁfa?_ha* observes :

“Th’ese-age\ﬁm eighteen places. (s#hidna) of calcula-
tion; the sages.8ay that in this way the number of places
can be handfeds.” . S

Thélabove three works are

*

the oldest among the

* Puraas and of these the Agw and the VViéyn Puranas

invtheir present form are certainly as old as the fourth
@entury A.D. ‘The Agni-Purdpa is referred by some
Jscholars to the first or second century A.D. :

1 Ch, i; ¢f. B. Datta, Scientia, July, 1931, p. 8.
2 The Agni-Purina contains also the use of the word numerals

with place-value (vide supra p. 58).
S wio3, : S
4 ¢ci. 1ozf,
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Works on P'hilo_'sophy. The following simile has
been used in Uydsa-Bhésys* on the Yoga-sétra of
Patafijali:

“Thus the same stroke is termed one in the units
place, ten in the tens place, and hundred in the hundreds.
place........ e o

The same simile occurs in the Sdr#raks-Bhhgya of
Safikaricarya : - ) W
. “Just as, although the stroke is the saghe, yet by a
change of place it acquires the values, onej. fen; hundred,
thousand, etc....”* N4 "

The first of the above works,\cannot be placed
later than the sixth century whilst #he second one not
later ‘than the eighth. The giiotations prove conclu-
sively that in the sixth centuty;the place-value notation
was so well known that it*eculd be used as. an illustra-

tiOIl fOt a Phﬂosm(@};’rﬁmgm .
Literary Works, A passage from the Viésavadattd
- of Subandhu comparing the stars with zero dots has
already been x{e\ntioned. Several other instances of -
the use of zgrovare found in later literature, but they
need not be 'mentioned here.* -
AN )

7\

&
™3 ® i, 13. ' ) )
¢\ *The translation is as given by J. H. Woods, Té¢ Yoga System
Eoot-note, it is remarked: “Contrary to
Mr. G. R. Kaye’s opinion, the following passages show that the
place-value system of decimals was known as early as the sixth
century A.D.” The above passage is also noted by 8ir P. C. Ray
in his History of Hinda Chemistry, Vol. H, p. 117.
- UL it 17; of. B, Datta, American. Math. Monshly, XX XIII
1926, pp. 22o-I. o o
4+ E.g., the use of the Muya-bindu in Naisadba-carita of Sriharga
{¢. 12th century). Cf. B. Datta, Ibid, pp. 449-454.

i



86 - NUMERAL NOTATION

14.. DATE OF INVENTION OF THE PLACE-VALUE
NOTATION

We may now summarise the various evidences
regarding the early use of the place-value notation in
India : N\

(1) The carliest palaeograpmc record of the use'of

the place-yalue system belongs to the close of thé sﬁ;th

century AD. S

(2) The eatliest use of the place~value ‘principle
W1th the word numerals belongsto the geeond or the

~third century A.D. It occurs in the Agm _Pardpa, the

Bakhshili Manuscript and the Pu!z.r{{ -Siadhdnta.
" (3) 'The carliest use'of the{place-value principle

\ with the letter numerals is foundvin the works of Bhis-

kara 1 about the begmmng of the sixth century A.D.

(4) 'The easliest use Of' the ]‘i)lace-value system in a
mathermatical Work d«%’é&ﬁ‘f&ﬁiﬁtﬁ@ Bakhshali Manuscript

“about 200 A.D. It eccuss in the Aryabhatiya composed

 in 499 A.D., and m\all later works without exgeption.

(5) Refefs@ces to the place-value system are found
in literature ffom about 100 B.C. ' Three references 1 rang-
ing fromyfhe second to the foutth century A.D. are
found m\the Purinas,

6) The use of a symbol for zero is found in

. P1 a’s Chandab-shtra as early as 200 B.C,

~.' .\

" The reader will observe. that the literary and non-
mathemancal works give much earlier instances of the
use of the place-value system than the mathematical
works. 'This is exactly what one should expect. ‘The
system when invented must have for some time been
used only for wiiting big numbers. A long time

must have elapsed betore the methods of performing
- arithmetical operations with them were invented. The

system cahnot be expected to occur in a mathematical
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work before it is in a perfect form. Therefore, the
evidences furnished by non-mathematical works should,
in fact, be earlier than those of mathematical works.

Mathematical works are not as permanent as
religious or literary works. The study of a particular
mathematical work is given up as soon as another better{
wotk comes into the field. In fact, 2 new mathematigal
work is composed with a view to removing the defcets
of and superseding the older ones. It is ‘quite
probable that works employing the place-value(hgtation
wete written before: Aryabhata I, but they ;vere given
up and are lost. It will be idle to expect\td find copies
of such works after a lapse of sixteen hupdred years.

In Europe and in Arabia it is itﬂl possible to find
mss. copies of works using theNold numerals or a
‘mixture of the old numerals with the new place-value
numerals, but in India absolutely no trace of any such
work exists. www.d-b‘l'ait;iibral'y_org_in
In Europe the firsts definite traces of the place-
value numerals are found in the tenth and eleventh
centuries, but the ‘nbmerals came into general use in
mathematical text" books in the seventeenth century.
In India Aryabhata I (499), Bhiskara I (522), Lalla
{c. 598), and\Bfahmagupta (628), all use the place-value
numerals{?yThere is no trace of any other system of
notatioh)in theit works. Following the amalogy of
Eu;qp%, we may conclude, on the evidence furnished
by~Hindu mathematical works alone, that the place-
value system might have been known in India about
200 B.C.

- As the literary evidence also takes us to that period,
we may be certain that the place-value system was
known in India about 200 B.C. Therefore we shall
not be much in ertror, if we fix 200 B.C. as the probable
date of invention of the place-value system and



- £

88 ' NUMERAL NOTATION

zero in India. It is possible that further evidence may
force us to fix an eatlier date.

15. HINDU NUMERALS IN ARABIA!

"~ The regular history of the Arabs begins after the
flight of Mohammad -from Mecca to Medina in AR
622. ‘The spread of Islam succeeded in bringing“te-
gether the scattered tribes of the Arabian Peninsdla
and creating a powerful nation, The united “Arabs,
-within a shott space of time, conquered thé whole of
Northern Africa and the Spanish Peninsulafand extended
theit dominions in the east upto the western border of
India. They easily put aside their foriner nomadic life,
and adopted a higher civilisation.( ¢

The foundations of ArabjeMiterature and science
were laild between Ts50-850\ A.D. This was done
chiefly with the aid of foteigners and with forcign
material. ‘Th¥ "Bafb &F WY " Rifrative literature came
to the Arabs in trapsfation from Pessian. Books on
the science of wif, \the knowledge of weapons, the
vetetinary att, daleonry, and the various methods of
divination, and\z?,b;ne_bOOks on medicine were translated
from Sanskrit\and Persian. They got the exact sciences
from Greece and India. '

B;.aﬁp}e the time of Mohammad the Arabs did not
posge\\SS' a satisfactory numeral notation, The numer-
ous, ‘computations connected with the financial adminis-

.. (ration of the conquered lands, however, made the use
Jof a developed npumcral notation indispensable. In -
some localities the numerals of the more civilised con-
quercd nations were used for a time. Thus in Syria,
the Greek notation was retained, and in Egypt the

* For details consult Cajori’s History of Mathematics, and Smith
and Karpiniski’s Hindu Arabic Numerals, o
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Coptic. To this early petiod belongs the Edict of Khalif
Walid (699) which' forbade the use of the Greek lan-
guage in public accounts, but made 2 special reservation
in favour of Greek letters as numerical signs, on the
ground that the Arabic language possessed no numerals
of its own.* The: Arabic letters gradually replaced
the Greek ones in the alphabetic notation and the
abjad notation came to be used. It is probable thaty*
the Arabs had come to know of the Hindu numerals

~ from the writings of scholass like Sebokht, and aslé”’of
their old ghobdr forms from other sources. Bugyas their
informants could not supply all the necessary, thforma-
tion (e.g., the methods of petforming< the ordinary
operations of arithmetic) these numeralsyhad to  wait
for another century before they were( adopted in some
of their mathematical works.

Duting the reign of the Khalif Al-Manstr (753-
774 A.D.) thete came embassiss¥rom Sindh to Baghdad,
and among them were scaﬁ ars, who' brought along
with them several works on mathematics including the
Bribma-sphuta-siddbintd and the. Kbapda-kbidyaka of
Brahmagupta. Wi ..aa-lc help of those -scholars, Al-
fazirl, perhaps also dkub ibn Tarik, translated them
into Arabic.  Beth works were largely used and exer-
cised great infleence on Atab mathematics, It was
on that ocfasion that the Arabs first became acquainted
with g stientific system of astronomy. It is believed
by all\writers on the subject that it was at that time that
" the\Hindu numetals were first definitely introduced
Camongst the Arabs. It also seems that the Arabs at first
adopted the ghobdr-forms of the numerals, which they
had already obtained (but without zero) from the

1Théciphanes (758-818 A.D.), “Chronographia;” Sm;btore:

Historiae Byzantinas, Vol. XXXIX, Bonnane, 1839, p. 575; quoted
by Smith and Karpinski, /s, p. 64, note. : . .

AS
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Alexandrians, of from the Syrians who were ernployed
- as translators by the Khalifs at Baghdad. Al-KhowArizmi
(825), one of the ecarliest writers on atithmetic
among the Arabs, has used the ghobdr forms.” But not
long afterwards, the Arabs realised that the ghobdr
 forms were not suited to their right-to-left script. Then
theré appears 'to have been made an attempt to. use moLes
convenient forms. But as people had got accustomed o
the ghobdr forms, they did not liketo give them up, “and
so we find a struggle? between the two forms, avhich
continued for about two centuries {(zoth and '1th) until
at last the mote conveniént ones came intg, general use.
The west Arabs on the other hand did\nbt adopt the
modified forms of the east Afabs, but\¢ontinued to use
the ghobér forms, and were thus abléfo transmit thern to
awakening BEurope. This, perhidps, explains in a better
way the divergence in the forms of modern Arabic and
modern Eurogeandbnulr_xgerﬂls, - than any theory yet
propounded, T REHYOTE N 3 '
. I a theory that _was advanced by Woepcke, this
divergence is explaified by assuming that (1) about the
second century, + Christ, before zero had been
' invented,'_the‘ﬁindu numerals were brought to Alex-
andria, wheseé they spread to Rome and also to west
- Africa; (2)\Hat in the eighth century, after the notation
in Indidthad been already much modified and perfected

"~.‘1§mith and Karpinski, Zs., p. 98.
AN 32 One document cited by Woepcke is of special. interest since
(it shows the use of the ordinary Arabic forms alongside the
) ghobir at an early date (970 A.D.). The title of the work is “Interest-
ing and Beautiful Problems on Numbers”. copied by Ahmed ibn
Mohammed ibn Abdaljalil Abé Sa’id, al-Sijzi, (951-1024) from a
work by a priest and physician, Nazif ibn Yumn, al-Qass. (died
990). Sprenger also calls attentien to this fact (in Zeit. d dewtschen-
morgeniindischen Gesselschaft, XLV, p. 367). Al ibn Ahmed
Al-Nasivi (v 10zs) tells us that the symbolism of numbers was
unsettled in his day (Smith and Karpinski, /.., p. 98).
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by the invention of zero, the Atabs at Baghdad got
it from the Hindus; (3) that the Arabs of the west
borrowed the Columbus-egg, the zero, from those in the
east but- retained the old forms of the nine numerals,
if for no other reason, simply to be contrary to their
- political enemies of the east; (4) that the old forms were
remembered by the west Arabs to be of Hindu origin,
and were hence called ghobdr numerals; (5) that, sinée)
the eighth century, the numerals in India underwent
fusther changes and assumed the greatly modified forms
of modern Devanigari numerals. N ’

Now, as to the fact that these figureg thight have
been known in Alexandria in the second)¢efitury A.D.,
there is not much doubt, " But the guestion naturaily
arises: Why should the Alexandridhs” use and retain
2 knowledge of these numerals? AAs far as we kgow,
they did possess numeral notations og their own; wh);
should they give Sto a foreign notation:
These quesgior%; can%;(ftf\gggﬁsg%g 3@E3tﬂ3$"iln§wercd unless
we assume that along with'the nine symbols the principle
of place-value and pfobably also the zero was com-
municated to them.¢ But as they wete unprepared for the
reception of this, abstract concgption, they adopted the
nine numerals,oaly and used them on the apices.
These numerals’were then transmitted by them to Rome
and to west Africa.

The second assumption that the Hindu numeral
figurés'of the eighth century were adopted by the Arabs
is.q10t supported by fact. The figures that are found in
{the old Arabic manuscripts resemble either the ghobir
numerals or the modern Arabic more than the Hindu
oumerals of the eighth century, In fact, we have every
readon to believe that the Arabs knew these ghobdr forms,
pethaps. without the principle of place-value and
zeto, long before they had direct contact with India, and
that they adopted zero only about 750 A.D. ' :

- AY
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16. HINDU NUMERALS IN EUROPE

Boethius Question. It cannot be definitely said |
when and how the Hindu numerals reached Europe. . :
Their earliest’ occurrence is found in a manuscript of
the Geometry. of Boethius (¢. §00), said to ~belong
to the tenth century. There are several other manps-
cripts of this work and they all contain the numerals,
Some of these -contain the zero whilst the other§ do
not. If these manuscripts (ot the portions of them that
contain the numerals) be regarded as genuine, it will
have to be acknowledged that the Hindu, fitmerals had
reached - Southern- Furope about the.'dose of the fifth
century. There are some who consider the passages
dealing ‘with the Hindu numeral’ iy’ the Geometry of
Boethius to be sputious. The\,rf -arguments can be
summansed as below : :

. (1) s in @éstion have no connection

with the malﬁ H&P% 'i%é’ Y¥bik, which is geometry.
The Hindu numeralsShave not been mentioned in the
Arithmetic of Boethlus. They have not been used by
~ him anywhere ¢lse) - Neither  Boethius’ contemporary
Capella (c. 475%not any of the numerous mediaeval
witters who(knéw the works of Boethlus ‘makes any
referencexté the numerals.

( )\‘The Hindu numeral notation was perfected in
Indiavmuch later than the fifth century, so that the
. fiwnerals, even if they had been taken to Europe along -
~the trade routes, had no cluim to any supetiority over the
“N“humerals of the west, and so could not have “attracted

the attention of Boethlus ' :

‘Of the above arguments, the second is against facts,
for it is now established that the Hindu numeral nota-
tion with zero was petfected and was in use in
India duting the earliest centuries of the Christian era.
“'The numerals could have, therefore, easﬂy reached
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Europe along the trade routes in the fifth century or even

eatlier. The first argument is purely speculative and

throws doubt on the authenticity of the occurrence of

the numerals in Boethius® Geometry.” It does not prove

anything. It seems to us unfair to question the

genuineness of the occurrence of the numerals, when

they are found in all manuscripts of the work that are

in existence now. Their occurrence in the Geometry

can be easily explained on the ground that Boethjg$
knowledge of those numerals was very meagre. He-had

obtained the forms from some source—from thé Neo-

Pythagoreans or direct from some merchant og\wander-

ing scholar—but did not know their use, { He might

have known their use in writing big numbers by the

help of the principle of place-value and zero, but he

certainly did not know how the elemefifary operations of

arithmetic were to be performed"\xr?i%1 those numerals.

Hence he could make no use of thet in his arithmetic or

any other work. The writings ot Sebokht (¢. 650) show

that the fame of the"WiAEFM PRAd o' felithed the west

long before they were definitely introduced there. The

question of the intreduction of the Hindu numerals.
through the agengyy'of Boethius may, therefore, be .
regarded as an open one, until further investigations
decide it one Way or the other.

Definite Evidence. The first writer to describe the
ghobdr numerals in any scientific way in Christian Europe
was Getbert, a French monk. He was a distinguished
scholafy held high ecclesiastical positions in Italy, and
was\tlected to the Papal chair (999). He had also
¢'been to Spain for three years. It is not definitely
known where he found thesé numerals. Some say that
he obtained them from the Moors in Spain, while
others assert that he got them from some other source,
probably through the merchants. We find that Gerbert
did not appreciate these numerals (and rightly, for there

Q!
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- was neither zero nor the  place-value), and that in

" his 'works, known as the Regala de abaco compunti and the .

. Libellus, he has used the Roman forms. We thus see.

"~ that upto the time of Gerbert (died 1003) the -

principle of place-value was not known in Europe.

. As eatly-as 711 A.D,, the power of the Goths was ~

- shattered at the battle of Jarez de le Fronmtera, apd -

_immediately afterwards the Moors became masters of -
Spain, and remained so for five hundred years;\./The

- knowledge of the modern system of notation which was -
* definitely introduced at Baghdad about the middle of the .

eighth century must have travelled to Spain and from

. there made its way into Europe. ‘Thé)schools estab-

~ lished by the Moors at Cordova, Granada, and Toledo
were famous seats of learning thtoighout the middle
~ ages, and attracted students from»all parts of Europe.
~ Thus although Europe may not'be directly indebted to
the Moors for its numeticalsymbols, it certainly is for
~ that ‘important principle\which made the ordinary
 ghobdr forms” $HFEHBY S e RBman  numerals. )
" Several instance$\of the modern system  of nota-
tion are to be found in Europe in the twelfth century,
but 'no definite\ attempt seems to have been made
for popularizing it before the thirteenth century.’
" Perhaps sthe most .influential in spreading these |
" pumeralshin Burope was Leonardo Fibonacct of Pisa.
Izo%:\o’s‘ father was a commercial agent at Bugia, the
- modem Bougie, on the coast of Barbary. It had one
. _dfthe best hatbours, and at the close of the twelfth
~leentury was the centre of African commerce. Here
' Leonardo went to school to 2 Meorish master. On
. attaining manhood he started on a tour of the Mediter-
- “ranean and visited Egypt, Sytia, Greece, Italy and
“-Pgovence, meeting with scholars and merchants and
_imbibing a knowledge of the various systems of numbers
in use in the centres of trade.. All these systems, he
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however says, he counted as errors compared with that
- of thé Hindus.* Returning to Pisa he wrote his Lsber
Abaci in 1202, rewriting it in 1228.2 In this the Hindu
numerals are explained and used in the usual compu-
tations of business. - At first Leonardo’s book met with '
2 cold reception from. the public, because it was toc
advanced for the merchants and too novel for the -
‘universities, However, as time' went on people begah
to realise its importance, and then we find it occupying
~ the hl"jghcst place among the mathematical classics ‘of the
period. L7
~ Among other writers whose treatises™have helped
. the spread of the numerals may be mentioned Alexander
de Villa Die (¢. 1240} and John of Halifax (. 1250). -
- A most determined fight agaiast the spread of these
numetals ‘was put up by the abacists who did not use
zero but employed an abatus and the apices. But
the writings of men like Eeonarde succeeded in silenc-
ing them, althoughvit. dosklibersy oratliree centuries to
do so. By the middle of the fifteenth century we find
that these numerals were generally adopted by all the
nations of westermnEurope, %ut they came into common
use only in the\seventeenth century. -

&

17 uﬁ.I'SCELLANEOUS__-:ifEﬁgRENCES TO THE
D HINDU NUMERALS - .
_~\'Syrian Reference.” The following refetence to a
O passage® in a work of Severus Sebokht (662) shows that
tthe fame of the Hindu numetals had reached the banks of

-ettorem computavi respectu medi indoram.” _

© -*Smith and Karpinski, / ¢, p. 131. = ) S
¢ Attention was first drawn to this passage by F. Nau’ /A4,

I, 1910, pp. 225-227; alsq see ]. Ginsburg, Bull. American Math.

For., XXIU, 1917, p. 368. ) : A

" 14Sed hoc totum et algorismum atque arcus pictagore quasi
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~ the Euphrates in the beginning of the seventh century.
. Sebokht was a learned Syrian scholar who lived in the
- convent of Kenneshre on the Euphrates, in the time cf
the patriarch Athanasius Gamenale (died 631) and his

SIECessOr John.* -Sebokht seems to have been hurt by

~ the arfogance of ceitain Greek scholars who looked
down on the Sytians, and in defending the lattet, b
claims for them the invention of astronomy. - He ‘asserts
that the Greeks were merely the pupils of the Chaldeans
of Babylon and claims that these same. Chaldgans wer:
the vety Syrians whom his opponents condemne::.
~ Itisin this connection that he m_enti{ms the Hindu.
by way of illustration, using the folléwing words:

“T will omit all discussiony 6P the science of the
Hindus, a people not the sameJas the Syrians, their
subtle discoveties in the -seighce of astronomy, dis-
coveries that are more ingenious than those of the
‘Greeks and ‘the Babylomians; their computing that
surpasses deschiptionsiiboddsh. oply to say that this
cdgzutaﬂon_ is don;{% Y me*ﬁg gof_ninf:' signz. if those
- who believe becatise they speak Greek, that they have
teached the limits of science should know these things,
they would b€ convinced that there are also others who
- know something.” . - S '

 This’ fragment clearly  shows that not only did
Sebokht know sotething of the numerals but that he

N .

uaderstood their full ‘significance, and may €ven have

{ketown the zero as Rabbi ben Ezra did (vide infra p. 103),

in spite of the fact that he too speaks of nine numerals.

In fact even today, we speak of nine numerals only,
zero .not being recognised a numeral. -
 Arabic References. Ibn Wabshiya (855). In his
work, Anient  alphabets %and  bieroghphic.  characters
explaned, etc., Ibn Wahshiya gives three forms of

* W, Wright, Short History qf"S_yriéb Literature, pp.. 137-139.
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Hindu numerals as three species of Hindu alphabets.!
It seems that the forms were well known in his time in
Arabia. In the first set of these forms, dots are used
as ueros in the now customary way among the Atabs;
in the second set the dots are superposed,® while in the _
thitd loops are attached to the ordinary symbols for thé
units.® Karpinski thinks that the use of loops wis
probably the invention of Wahshiya. o
Djibiz (died 869) R _
The Arab philosopher Djihiz calls, tlie“numerals
“figures of Hind™ and observes that with.these numerals
large numbers can be represented with great facility.
He asks, “Who is the inventor of thehigures of Hind,

who are the authors of the Sindhind and of the Arkband
and the methods of calculation,with the ciphers?”*
Absl Hasan® Al-Mistdi (943)> o -
~ The Arab historiandhhMhsirlicssrites, “A congtess
of sages at the commaiid of the Creator Brahmi inivented. -
the nine figures andudlso their (the Hindus’) astronomy
and other sciencess” ~Al-Masidi’s evidence is impot-. -
tant as he had fist-hand information of India. -He was
in' Multan:ingr2. A.D. and in"Cambay in 916 AD: "~
* Karpinski, Bibl. Mash,, X, 1912-13, pp. 97-8.
'.’{Si;ﬁax use of dots is found in certain manusceipts in India.
VideR. L. Mitra, Notices of Sanskrit MSS., V, p. 299, MS, No.
1978, Plate No. I; India Qffice Catalogue, MS. Nos. ‘1946, 1947 and
1§71, , _ :

Z ® This form is similar to the use of ligatures in India when the
numerals were written without place-value, (#ide supra).

. *Djahiz’s work is available in French translation (Caire, D#
rond et du carré, 1324). Cf, Carea de Vaux, Scoientia, XXI, igar,
pp- 273-282, : :

® Reinaud, Mémoire sur I'Inde, Paris, 1894, p. 300, This shows
that the Hindus in the tenth century had forgotten the inventor
or inventors of the numerals, a5 -2 very long time had elapsed.

7
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Abk Sabl Ibn Tamim (950)

Ibn Tamim, a native of Kairwin, a village in Tunis
in the north of Africa, wrote in his commentary on the
Sefer Yesirdh: “The Indians have invented the nine
signs for marking the units. I have spoken sufficiently~

~ of them in a book that I have composed on the Hindn
calculation, known under the name of Hisdh al-ghobidr™
AlNadim (987) N\
In the Fibrist, the author Al-Nadim néludes the
- Hindu numerals in a list of some two hudidred alphabets
- of India (Hind.) These numerals atjc\\called bindisah.*

Al-Biviint (1030) ~&

Al-Birini resided in India for nearly thirteen years
(1017-1030) and devoted chimself to the study of
the arts and sciencés of thé Hindus. He had also 2
remarkable knowledgprafithe Gneek sciences and liter-
, ature, s0 he was more, qualified than any contemporary
or even anterior Arhb wtiter to speak with authoriry
about the origif\of the numerals, He wrote two
books, viz., Kikih al-argqam (“Book of Ciphers™) and
Tazkira fi plhisih wal-madd bi al-orgam al-Sind w'ai-
Hind (“A)treatise on arithmetic and the system of
counting) with the ciphers of Sindh and India”). In’
his Larikh al-Hind (“Chronicles of India”), he says :
“A8Tin  different parts of India the letters have
(“different shapes, the numetical signs too, which ate
vealled' arika, differ. -The numerical signs which we use
~ are derived from the finest forms of the Hindu signs.”*
At another place he remarks: “The Hindus use the _

* Reinaud, /e, p. 390, : _

* Kitdh af-Fibrist, ed. G. Fliigel, II, pp. 18-19. ' '

* Alberuni’s India, English translation by E. C. Sachau, London,
- 2nd ed., 1910, Vol. I, p. 74. ' '



MISCELLANEOUS REFERENCES 99.

numeral signs in arithmetic in the same way as we do.
I have composed a treatise showing how far possibly,
the Hindus are ahead of us in this subject.””* In his
Athdr-ul-Bikiya® (“Vestiges of the Past,” written in
roco A.D.) Al-BirGini calls the modetn ~numerals as,
al-arqam al-bind, i.e., “the Indian Ciphers” and he has
~ incidentally referred to their distinction from two othef
systems of expressing numbers, /7., the sexag€simal
system and the alphabetic system (Hardf al;;}(gn&g[)’.

Abenragel (1048) RS '

It has been stated by Ali bin Abil:Regal Abul-
Hasan, called Abenragel, in the prefacé to his treatise
- on astronomy that the invention.of”, reckoning with
nine ciphers 'is due to the Hindd-philosophers.®
Saraf-Eddin (1172) . &V o

Mahmiid bin Qajid aliAmini Saraf-Eddin of Mecca.

wrote a treatise, edtitle PV HSIUIES wal arqam al-
hindi (“On geometry(and the Indian ciphers”).*"

Alkalasids (died $486)

In his commentary of the Tz/&bis of Ibn Albanna,
Abul ‘Hasaq$Ali Alkalasidi states: “These nine signs,
called the) signs of the ghobér (dust), are those
that ate*employed vety frequently in our Spanish pro- -
‘vinces-and in the countties of Maghrib and of Afgica.
‘Their origin is said to have been attributed by tradition
{ 102 man of the Indian nation. This man is said to have
taken some fine dust, spread it upon 2 table and taught

L

- id L poxyy. '
® The Chronology of Ancient Nations, ed” by Sachau, London,
1879, pp. 6z and 132. . -
_ * }. F. Montucla, Historie des Mathématignes, vol. 1, p. 376. -
* K. Suter, Die Matbematiker and Astromomer dsr Ararbe wnd
ibre Werke, 1éipzig, 1900, p. 1126, : ' :
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~ the " people multxphcatxon le.lSlOll and other opera-
- tions.”t :

Bebcf Eddin (e. 1600)

_ Referrmg to the numerals Behi Eddin observes:
“The Hindu savants have, in fact mvented the mne \
: _known characters.”2 - \

~In the quotations from Arab scholars given aBove,

the term” Hisd has been used for India, and Hinds for
. Indian. Hind is the term generally used in Afibic and
Persian literature for India. In early writings distinc-
‘tion' was' sometimes. ‘made between Sifd and Hind.
Thus Al-Mastdi and: Al-Biréinf used Sind 'to denote the
countries to the west of the river Idus. This distinc-

-~ fion is ‘cleatly in “evidence in Ibn awkal’s map, re-
produced in Elliot and Dawson’s\History of India. There
were others whe did not make ‘this distinction” Thus
Istakn (912) uses: Hind- to»denote the whele. of - Indja s

: ay: nces of the use ‘of Hinl to denotci-.
'Indi&m the 1terasute of the Azabs can bc muluphed at
plea.sme

.“' i Carra de Va;uxls bas suggcsted that the word Hmd

1]A 1, 1365, PD- 59f '
*Kba/amt al-biséh, translated into French by A, Marrc, Now
Ann, Math., V. 1864, p. 266, . .
3 Elliot and- Dawson’s Histery af Irzdm H, p. 41z.
. ¢ Enghsh translation by A.G. Wagner and E. Wamer, London,
1900. - .
s Carra de Vaux ..Tam‘m XXI 1917, P 273,
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does not frobably mean Indxa but is really derived from
em’ (or ténd) signifying “measure,” *‘arithmetic” or

“geometry.” He concludes that the cxpressmn “the
~signs of hind” means “the arithmetical signs” and not
“the signs.of Indla As regards the use of the adjec- -
tive hindi by certain scholars in connection with they
numerals, he conjectures that it has probably bccn'
cmployed through confusion for Aindasi.

Carra de Vaux’s derivation of the word ﬁmd* from
dnd ot Mnd cannot be accepted. It has nd Support
from Arabic lexicography. Moreover, the &ord hind
is 2 very ancient one. It occurs in the Apizat both in
the eatlier Yasnz and in the later (Sasganian) Vendidad,
The word also occuts in the cuneiféfm inscriptions of
‘Darius Hystaspes. The Pehlavi¢'writings before the
Arab conquest of Lran also show the word bmd Inall
those cases it means India,

The word hindi is an- ad ective formed from hind
and means “Indifiy™ TR Bi8"in a few isolated
'cases; it has been, c:@fused with the word dindasi, can-
not make us conglade that this has happened in all
cases. : \

The terms Hmdasa, etc. - The words bindasa,
bindisa, handass, hindasi, bandasi, etc., have been stated
by compétent authorities to be ad]ectwcs formed
from \(.‘Jma' meaning “Indian”. Kaye? and Carra
de \\WVaux® oppose this interpretation. Relying
ofivthe lexicon of Firouzibidi they assert that these
r"“tcrms are derlved from the Persian andfzab, meaning
“measute.”. ‘There .is no doubt that the word hindas:
denotes geometrical” in the Arabic _lang’u’age. But

1 Yasna, X. 141; Y4, x. 104 (Mibir' Yast).
. 2Kaye, JASB, IH 1907, p. 489, also _,TASB VII, 19T,
pp- 81of. : - i
g Carra de Vaux, fe.
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when this term is used in connection with an explana-

' tion of the rule of “double false position” ot the method
of “proof by nines” or in connection with the “numeral

" potation,” we have to admit that it had some other
significance also. As the arithmetical rules designated
by the term Aindasi are found in Hindu atithmetic prioty
to their occurrence in Arabia, it follows that. bindasi alsd
means Indian. ‘The term Aindasi, hindasa or bandasa thas,
thereforé, two meanings, one’ “geometrical” arid) ‘the
other “Indian”. The controversy regarding. the'meaning
of this term which was set at rest by Weotpcke,! has
arisen again because Kaye and Carra de Vagx have refus-
ed to recognise both meanings of this texm.” Tt .may be
pointed out here that as one of the me?l}ings of hindasi is
synonymous with. bindi, there is¢mo wonder that the
two words were sometimes confmsed with each other,
-~ especially by scribes who didywot understand the text.
- - European _Refl gen?eis'.'- Isidorus of Seville. ‘The

. nine charactets o’ gwéa%b%?fﬁ’ 845, without  zero, are
given 25 an additioa’to the first chapter of the third
Book of the Origises)by Isidorus of Seville in which
the Roman num gals’ are under discussion. Another
Spanish copyof the same work (of 992 A.D.)

_ contains - the*numerals in the corresponding 'section.
The wrifér ascribes an Indian origin to them in the
following words: “Irem de figuris arithmetice. Scire
debemus in Indos subtilissimum ingenium habete et
_geteris gentes eis in arithmetica et geometria et ceteris
{iberalibus disciplinis concedere. Et hoc manifestum

. IWoepcke, JA, 1, 1863, pp. 27f. See dlso -~ Sutet’s article
on bandasa in the Eneyclopasdia of Islam and Rosen’s Algebra of
Mohammad Ben Musa, London, 1831, pp. 196f. ' o
21t will not be difficult to point out in any literature words
having more than one meaning. Occasionally these meanings have
‘no connection. Whenever such a word is used, the appropriate
measing has to be deduced from the context. ' '
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~ est in nobem figuris, quibus designant unum—%uemque
gradum cuinslibet gradus. Quarum hec sunt forma.”

Rabbi ben Ezra (1092-1167) |

Rabbi Abraham ibn Meir ibn Ezra in his work, Sefer
ba-mispar (“the Book of Number”), gives the Hindu
forms of the numerals. He knew of the Hindu origim
of the numerals for he states: “that is why the wise p€os

- ple of India have designated all their numbers throngh
nine and have built forms for the nine ci’pher@??'

Leonardo of Pisa 4%

Leonatdo of Pisa in his work, LibérNAbaci (1202),
frequently refers to the nine Indianyfigures. At one
place he says: “Ubi ex mirabili magisterio in arte per
novem figuras indorum introduetus” etc. In another
place, as a heading to a separatg division, he wiites “De
cognitione novem figurarugy yadornm™ etc., “Novem
figure indorum hewsunibsuBitFafy srghnd 2 1.7

Alexander de Villa ..Re}'

Alexander de(Villa Dei (v. 1240) wrote a commen-
taty on a set of verses called Carmen de Algorismo. In
this commegtary he writes: “This boke is called the
boke of algm:im or augrym after lewder use. And this
boke tretys of the Craft of Nombryng, the quych crafte

js calied”also algorym. Ther was a kyng of Inde the
quigh heyth Algor & he made this craft...... Algor-
Jstos, in the quych we use teen figurys of Inde.”™

1 Quoted by Smith and Karpinski, /c., p. 138.
1 Sefer ba-Mispar, Das Buch der 2abl, ein bebraisch-arithmetisches
Work cdes R. Abrabam ibn Esra, Moritz Silberberg, Frankfurt a
- M., 1895, p. 2. _ :
" 8 Liber Abari, Rome, 18¢7; quoted by Smith and Karpinski,
le, p. 100
‘PSmith and Karpinski, /6., p. 11.
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Mascimus Planudes (e 13.30)

Maximus Planudes states that “the nine symbols
come from the Indians,”
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1 Wischke’s German Translation, Halle, 1878, p. 3.
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ARITI-IMETIC

. GENERAL survey = O

Termmology and Scope. Arithmetic forms thc '
ma}or part-of the Hindu works on fbahgamta The'word ~
Dpdtiganitd is 2 compound formed from the words pati,
meaning “board,” and gapita, meaning “science of cal-
culation;”. hence ‘it means the’ scienes( “of calculation
which requires the use of writing matesial (the board).
It is believed that this term originatéd'in a non-Sanskrit
literature of India, a vernaculat of\Northern:India. The
oldest Sanskrit term for the bodrd is phaleka or paits,
not pdti. The Word pdfi seéms to have entered into
Sanskrit 'literature- aboutthe begmmng of the seventh
cenfury A.D.? The cazty thematical calcula-
tlont:rzras sometimes mﬂ%%ﬁ éqﬁm (*“dust-work™),
because. the ﬁgutcz;\were written on dust spread on a
boatd or on tk \ground Some later writers have used
the term yyakia-gapita (“the science of calculation by
the ‘knows’’’) for pétiganita to d:lstlngulsh it from
algebta, ‘qhich was called avyakta-gapita (“the science of
calculation by the ‘unknown’»).” The terms pitigenita
md@bﬂ!ﬁ karma ‘were translated into Arabic when
Sanskrit works were rendéred into that language. The
)‘&rablc equwalcnts are xlm—bs.ré‘k—ai z‘akbt (“the science of.

* Paper bemg scarce, a wooden board was gcnera!ly uscd
for making calculations evenr upto the r1g9th century. .
. B, Datta, Amrm Mat.b Msnt.b], XXXV P 526 ot
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calculatlon on: the board”) and bisdb-al-ghobdr (“calcula-

~_tion on. dust’ ) tespectively.

_ Bayley, Fleet and several others suspect that the
~ origin of the term pd#f in Hindu Mathematics lies in
the use of the board .as 4a abacus. This con]ecture,\
' howevet, is without foundation, as no trace of the t§e

N

of any form of the abacus is found in India. Koy
Accordmg to ‘Brahmagupta® there 'are {fwenty
perauons and elgh’t determmatlons in patxgamta -He
sayst
' “He who chstmctl}r and severally knoWs the twenty
logistlcs addition, etc., and the el ht determinations

o mcludmg (measurcmcnt by) shadow Is a. mathematl-

cian.’

The twenty loglstlcs according to PrthudaKasvarm
are: (1) samkalita (addition)\\z) vyavakalita or vyzméa!zfa-
(subtraction), (3) gupanac(inultiplication), {4) bhdgabdra
- (division), (5) vared’ E‘égﬂi’f@}‘%@?%wg&—ma!a (squareﬁoot) _

(7) ghana (cube), \(8) hana-mitla  {(cube-root), {9-13)
- paficq fiti -(the fivie)rules of reduction relating to the
- five standard fb?ms of fractions),. (14) frairifika (the
rule of threg), X1s) wyasta-frairdiika (the inverse rule of
three), (1) pamam.rx)éa (the rule of five), (17) sapta-
résika (the“ rule of seven), (18) naverdSika (the rule of
nine), (19) ekddasardfifa (the rule of eleven), and. (20)
bhipdo-pratibbipda (barter and exchange). The eight
c{etenmnanons are: (1) misraka (Imxture) (2) JSredbi
ngogressmn or seties), (3) Aserra (plane figures), (4)

dta (excavatlon) (5) citi (stock) (6) £rdkacika (saw)
(7) rdsi (mound), and (8) cbdyd (shadowy). - .

Of the operations named above, the ﬁrst eight have
“been considered to be fandamental by Mahivira and
later writers. 'The opcratsons of duplation (doublmg)

2 Br$psi, p. 172,
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and mediation (halvmg) which were considered funda- .

mental by the BHgyptians, the Greeks and some Arab
and western scholats, d6 not occur in - the Hindu
mathematical treatises.- These.operations were essential

for those 'who did not know the place-value system of

notation, ‘They ate:not-found.in Hindu works, all of.
which use the place-value. notation.

-Sources. “The “only works -available which. deal'
exclusively with pdtigapita ate:. the Bakbshili Magnstript

(. 200), the Trisatikd (c. 156), the Gapita-sérdidvgr
(¢. 850), the Gapita-tilaka. (1039) the Lildyat{ (I150), the
Ganita-kaumudi {1356), and ‘the Péti-sdra:(3858). These
wotks: contain: the twenty operationsyand the eight
determinations -mentioned .above.. Fxamples are also
glven to illustrate the use of the r}ﬂcs enunciated. -

"Besidés these there are 2 numbcr of astronomjcal

works,’ known as .Siddhinta,éath of which contains a2

section dealing - with - mathethatics. . Aryabhata 1.(499)
- was.the first to mdﬁ’dﬂ”adg’ééﬁléhiammmmhcmatlcs in his
Siddbanta, the A{j’dbbq’fj’a Brahmagupta (628) followed
Axyabhata in - thjs‘,tespect and after him it became
the general fashion'to include a section on mathematics
in-a Siddbinta work.! 'The- eatlier Siddbdnta works do
" not possess: fhis featute, The S#rya-siddbinta (c. 300)
does not‘contain a section on mathematics. The same
is trug\ef the Vdsistha, the Pitémaba and the Romaka
- Siddhntas.  Bhiskara I and Lalla,® although zealous
_followers of Atyabhata 1, did not emulate him in in-
¢ .éludmg a secnon on rmthcmancs in their astronomical

Works

o Amcmgat such works may Bc meationed the Mabg ciddbinta

| (§5 o), the J: zddbmta—faébam (xo38), the Siddbénta-tatty a-viveke (1658),

11t iy stated by Bhﬁskam I that Lalla wrole a scpmtc treatise
on pahgamta e

Q"
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i Exposition and Teaching. InIndia conciseness of
“cotnposition,: especially in scientific matters, was highly
prized. - The:more compact and brief the composition,
the ‘greater-was its value id the eyes of the learned.
It is for this reason that the Indian: treatises contain
< only a brief statement of the known formule and results,{
sometimes so concisely expreéssed as to be hardly
- undesstandable.. This compactness is more pronounced
in the older wotks; for instance, the exposition i’ the
- Aryabhatiya is mote compact than in the later Works.
_ This hankering after brevity, in early fimes, was
- due chiefly to the dearth of writing{\material, the
- fashion of the time and the ‘method of yhstruction fol-
fowed: The .young student ‘who( Gvanted to learn
. pdtigapita was first made to commit to- memoty all the
rules. ‘Then he was made. to, apply the rules to the
.. solation_of -problems (also committing the problems to
< memory).. The caloulations:Besg, pade ona pdfi on
. wwhich- dust: was “sptead, the nambers. being written on
:the dust with the tipfof the fore-finger or by a wooden
-style,. the figures,siot’ required being rubbed:- out as the
- calculation progeeded. Sometimes a piece of chalk or
- soap-stone was used to write.on the pdfi. . Along with
- each. step,jurthe. process ‘of calculation the sétra (rule)
- was -tepedted by the. student, -the teacher supervising
..and belping the student ‘where he made mistakes. .After
- thewstadent had acquired sufficient proficiency:in solving
. ~the problems eontained in the text he was studying, the
wieacher . set -him other problems—a store of graded
. examples (probably constructéd by himself or borrowed
from other sources) being the stock-in-trade of every
- professional teacher. At this stage the student began
- to understand and zppreciate the rafionale of the easier
. -rules.. After this stage was reached. the teacher gave
proofs of the mote difficult formule to the pupil..
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It will be observed -that the method of teaching
pursued was exttemely defective in so far as it was in
the first: two.-stages purely ~mechanical. A student .
who did got. complete all the three stages knew practi-
cally nothing more than the mete mechanical applica-
tion of a set of - formule’ committed to memory; and
25 he did- not know . the rationale of the formulz he \
was using, he was bound .to commit. mistakes in their
application. It . may ‘be mentioned = that not miany
teachers themselves could guide 2 pupil through.all the
stages of the teaching, and the earnest studest, if he
had a genuine desire to leamn, had to go.pe\some seat
of learning. or:to some celeberated scholatto complete

Mathematics is and ‘has always “been the most
difficalt subject. to study, and as 2 knowledge of higher
- mathematics conld not be tumned-fo matetial gain there .

were ‘very few who serioysly, undertook its study, In
India, however, the religimsupmcticesgof the Hindus
required 2 certain amouat of knowledge of astronomy
and’ mathematics.. Meteoves, there have always been,. -
from véry taﬂy_\ﬁmes,- -a class. of people kmown. .as
ganaka whose (profession was fortune-telling. These
people wese, astrologers, and. in- order to impress. their
clients with-their learning, "they used to have some -
knowledge” of mathematics ‘and. astronomy. Thus it -
Would&plies;r. that instruction in mathematics, upto 2
cerfain minimum standard, was.  available almost every--
owhete inIndia. _As always happens, some of the pupils
got. interested in mathematics for its own sake, and
took pains to make a thorough study of the subject and
to add to it by witing commentaries ot independent
treatises, - . . o L

Decay of Mathematics. All'this was ttue when the
times were nogmal.. In abnormal times when there were
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foreign invasions, intetnal warfares or bad government
and consequent insecurity, the study of mathematics
and, in fact, of -all sciences and arts  languished.
 Al-Birini who visited north-western India after it had
" been in a very unsettled state due to tecurrent Afghan
invasions for the sake of plunder and loot complain$ ™
that he could not find 2 pardiz who would explain\to
him the principles of Indian. mathematics. Although
Al-Birlini’s case was peculiar, for no respectable “pazndit
would agree to help a foreigner, especially ongbelonging
to the same class as the invaders and the déspoilers of
~ temples, yet we are quite sure that in thevPunjab there
were very few good scholars at that timeéy” We, however,
“know of at least one very distinguished mathematician,
Stipati, who probably lived in ®ashmir at that time.
1tis cerfain, however, that after the 12th’ century
very little original work Was done ia India. Com-
mentaties on older works ‘were wrtitten and some new
works brought 6" EHPEERS 84" these had sufficient
merit as- regards expodition or subject mattet, s0 as to
displace the warks“of Bhéskara 1I,” which have held
undisputed sway ‘for nine-centuries (as standard text
books). | @~ _ : : o o
- The/Fundamental Operations. The eight funda-
mental ©perations of Hindu ganita are: (1) addition, (2)
subtdietion, (3) multiplication, (4) division, (5)  square,
- (6)%quare-toot, (7) cube and (8) cube-root. Most. of
o~theése elementary processes have not been mentioned in
the Siddhinta works. Aryabhata I gives the rules for
finding the square- and cube-roots only, whilst Brahma-
gupta gives the: cube-root rule only. In the works on
arithmetic (pdfivanita), the methods of addition and
subtraction have not been mentioned at all or men-
tioned very briefly. Nathes  of several methods of
~multiplication have been mentioned, but the methods
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themselves have been either very bricfly described or
not desctibed at all. The modetn method of division
is briefly described in all the works and so are the
methods of squaring, square-root, cubing and cube-
root.

Although very brief descriptions of these funda-
mental operations are available, yet it is not difficult fo-0

reconstruct the actual procedure employed in perform-
ing these operations in ancient India.. These meérhods
have been well-known and taught to children,> practi-
cally without any change, for the last fifteen hundred

years or mote.  They are still performed’in the old -

fashion on a pdt7 (“board™) by those who have obtained
their primary training in the Sansksit\pathasili and not
in the modetn primary school. (The details of these
methods are also available to. us in the various com-
mentaries, viz., the commentary of Prthudakasvimi and
the several commentaries.on Bhiskara’s Lildvati.
. www . dBraalibrary.org.in _

As already mentipfied, the calculations were per-
formed on sand spréad on the ground (dbéii-karma*)
or on.a pdf# (“board”). Sometimes a piece of chalk

or soap-stone (pdndu-lekba ot Svetaparpi) was used to -

write on thenpdtl.® As the figures written were big,
so several Hines of figures could not be contained on
the board.) Consequently, the practice of obliterating
figures(ziot required for subsequent work was common.
Instafices of this would be found in the detailed method
of working (the operations) given hereafter.

That afl mathematical operations are variations of
- the two fundamental operations of addition and sub-
traction was recognised by the Hindu mathematicians

* Bhaskara 11, $78%, candragrabapddbikira, 4.

2 Bhaskata I A&batikidyd rekbd scchidya..., ie., “having drawn
lines with a chalk...,” quoted by S. Dvivedi in his Hissory of Mathe-
matics (in Hindi), Benares, 1910, p. 4%,

9

Q.
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from eatly times. Bhiskata I (¢ 525) states’

“All arithmetical operations resolve into two caté-
gories though usually considered to be four.® The
two main categoties are increase and decrease. - Addi-

_ tion is increase and subtraction is decrease, These two
varieties of operations permeate the whole of mathema~\
tics (ganitd). - So previous teachers have said: ‘Multpli-
cation and evolution are particular kinds of addinion;
and division and involution of subtraction.\ Trdeed
every mathematical operation will be recogmsed to
consist of increase and decrease.” Hence-fti¢ whole of
this science should be known as considting truly of
these two only.” : PN

N &
2. ADDITION’

Terminology. Aryabha.i;a N (950) defines addition
thus:

“The. mamdb@ggbrggq;rgzﬁ several numbers is
addition.”®

The Hindu, zime for addition is samkalita (made
together), Othetequivalent terms commonly used are
sambalana (makinbg together), mifrapa (mixing), sam-
melana (mingling together), pmxé’.repam (throwing to-
gether), :gbwyc:jam (joining together), ekikarage (making
into Q\e) yukti, yoga (addition) and abbydsa,? etc. 'The
- wotd\samkalita has been used by some writers in the
geﬂeral sense of the sum of a serjes.”

N\ \ The Operation, In all mathematical and astrono-
mical works, a knowledge of the process of addition is

! The quotation is from his commentary on the Arj!aébaxfya.
®i.e., addition, subtraction, multlphcanon and divi mon :
Jﬁ} p. 143, .

* This word has heen ‘used in the sense of addjtton in the

Salba only. Tt is used for muitiplication in- later works,

°Eg, Trid, p.2; GSS, p. 17,
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taken for granted. Very brief mention of it is made
in some later works of elementary character. Thus
Bhiskara II says in the Lifvati:

“Add the figures in the same places in the direct
or the inverse order.”? Q

Direct Process. In the direct process of additiafy,
referred to above, the numbers to be added are wiitten
down, one below the other, just as at present, andhaline
is drawn at the bottom below which the sum jsSwritten,
At first_the sum of the numbers standing ifi the units
place is written down, thus giving the fitst-figure of the
sum, ‘The numbers in the tens place epe then added
together and their sum is added to¢the figure in the
tens place of the partial sum stailibg below the line
and the result substituted in its plade. Thus the figure
in the tens place of the sumad§® obtained; and so on.
An alternative method used\Was to. write the biggest
addend at the top, and.tehWaitersheodigits of the sum
by rubbing out corfesp{ihdi_gg digits of this addend.’

Inverse Process.) In the inverse process, the num- -
bers standing in 'g;%s ast place (extreme left) ate added
together and the.esult is placed below this last place.
‘The numbergNn” the next place are then added and so
on. The figmbers of the partial sum ate corrected, if
necessafyawhen the figures in the next vertical line are.
added For instance, if 1z be the sum of the numbers
‘in thelast place, 12 is put below the bottom line, 2
&eing directly below the numbers added; then, if the |

'L, p. 2; direct (kruma), i.z., beginning from the units place;
inverse (utkramd), ie., beginning from the last place on the
left. The commentator Gangadhara says: aikdnim vdmarogatirity
* vitarkena ekasthinddi yojanam kramah uthramaste antyasthinidi yejanan,
ie., “According to the rule ‘the numerals increase (in value) to-
wards the left’, the addition of units first is the ditect method,
the addition of figuses in the last place first is' the inverse method.”

- * Dvivedi, History of Mathematics, Benares, 1910, p. 6o.
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sum of the numbers in the next place is 13 (say), 3 is
- _placed below the figures added and 1 is carried to the
left. 'Thus the figute 2 of the pamal sum 12 is rubbed
out and substituted by 3.*

The Arabs used to separate the places by verticdls
lines, but this was not done by the Hindus.®

3 SUBTRACTION g
Termmolcgy Atyabhata 11 (950) gwes the fol-

lowmg definition of subtraction:

- *The taking out {of some number) from ‘the
sarvadbana (total) is subtrac:tlon, w:bat remains is called
desa (remainder).”” - \

‘The ' terms wyutkalita (made apatt), vyutkalana
(making apast), fodbana (cleating), pdtana (causing to fall),
viyoga (separation), etc., have been used for subtraction.
- The terms fesd” ‘(f”éﬁ'ﬁﬁ%b‘ Wil on#ira (difference) have
been used for the, mmamdct The minuend has been
called .mrma’bam@(r viyofya and the subtrahend »iygjaka.

- The Opetation. Bhaskz.ra II gives the method of
subtracuon thus:

- “Subgract the numbers according to their places in
-the (h{ﬁCt of inverse order.”* .

“‘*Thc Manorafjana explams the process of addition thus:
. Example. Add 2, 5, 32, 193, 18, 10 and 100,

. Sum of units 2,5,2,3,8,0,0 20
Sum of tens 3:9:1,1,0 14
>~ Som of bundreds 1,0,0,1 : 2
Sum' of sums . 360

The horizontal process has been adopted by the commentator
so that both. the ‘direct’ and ‘inverse’ processes may be exhibited -
by a single illustration. It was never used in practice. |

© 2. Taylor, Liléwar, Bombay, 1816, Intro uction, p. 14.

“MYI p. 143.

‘L, p o2
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Direct Process. Stryadisa’ explains the process

of subtractlon Wlth reference to the example.
- 1000 — 360 '
thus: '

“Hence - rnakmg the subtractlon as directed, six ¢
cannot be subtracted from the zero standing in the
tens -place, so taking ten and subtracting six fron ‘i)
the remainder (four) is placed above (six), and thig'ten
is to be subtracted from the next place. Fofydas the
places -of unit, etc., are multiples of ten, sothe figure
of the subtrahend that cannot be subtracted from the
cotresponding figure of the minuend is subtracted from
ten, the remainder is taken and thigytén is deducted
from the next place. In this way~ $his ten is taken to
the last place until it is exhausted Wwith the last figure:
In other words, numbers upte\nine occupy one place,
the differentiation of places begins from ten, so it is
known ‘how many tens: there ate in a given number’
and, therefore, the miBéPhibrenmaesitbe . subtracted
from its own place~js" subtracted from the next ten,
and the remaind \(z’rken. :

The above“refers to the direct process in Whlch
subtraction begins from the units place.

Inver§e Process. The inverse process is similat,
the omLiE “difference being that it begins from the last
place{df the minuend, and the previously obtained
pa.t;tml differences are corrected, if required. The
¢precess is suitable for working on a pd#f (board) where
figures can be easily rubbed out and corrected.  This
process seems to have been in general use in lndia, and
was c0n51dered to be simpler than the direct process.®

3 Tn his commentary on the Ltfamh

? Accotding to Gangidhata, the inverse procesa; of working
is easier in thc case of subtraction, and Yhe direct in the case of
addition. . .
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4 MULTIPLICATION

Terminology. The common Hinde name for
multiplication is gwpame. This term appears to be the
- oldest as it occurs in Vedic hterature The terms /B‘amm,
vadba, ksaya, etc. which mean “killing” or “destroyi ingd
have been zlso used for mult].phcatlon These tdrims
_came into use after the invention of the new method of
multiplication with the decimal place- ~value mamerals;
for in the new method the figures of the muitlphcand
wete successively rubbed out (destroyed)yand in their
places were wriiten the figures of the product.®
Synonyms of hanana (killing) have bgen used by Arya-
bhata I* (499), Brahmagupta (628),” Sridhara (. 750)
and latef - writers. These tergs appear also in the
Bakhshah Manuscript.® \

The term abhydsa has Peen used both for addition
and n1u1t1pl1caug}g}\$t3,£,h‘fﬁh%[ja{b wotks (8oo B.C.). This
shows that at that eagly period, tcile process of multiplica-
tion was made 0, d&pend on that of repeated additon.
The use of the Sword parasparakriam (making together)
- for mulnphcaﬂon in-the Bakhshall Manuscript® is evi-
- dently a'relic"of olden times. This ancient termmolog)
proves, th\t the definition of multlphcatmn was “‘a pro-
cess ci\addltlon resting on repetition of the multlphcand
as qmany times as is the number of the multiplicator,”
_ This definition occurs in the commentary of the rya-
_bhatiya by Bhaskara I. The commentators of the Lzlayatz.
give the same explanaﬂon of the method of multipli-
catlon ¢

"1 8ee thc &aﬂata—:mdbz method of multtphcauon pp. 1384
* 4, i. 19, 26, etc. .

."SBMI, 65 verse.
* BMs, 3 -perso, :
® Colebsooke, Hindu A!gebm P. 133,
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‘The multiplicator was termed gapyz and the multi-
plier gupaka or gupskdra.  The product was called
Zupana-phala (result - of multiplication) or . pratyutpanna
(lit. “reptoduced,” hence in arithietic “reproduced by
multiplication™). - The above terms occur in all known
Hindu works. '

Methods of Multiplication. Aryabhata I ddes,
not mention the common methods of multiplicafion,
probably because they were too elementary and teg well-
known to be included in 2 Siddbinta work,/»Brahma-
gupta, however, in a supplement to the<sectdon on
mzthematics in his Siddhinta, gives the hatries of some
methods with very brief descriptions of the processes:

“The multiplicand repeated,, @8, 1n gomdtrikd, as
often as there are digits® in the sdltiplier, is severally
multiplied by them and (the gésults) added (according
to places); this gives the produtt, Ot the multiplicand
is repeated as many times @8 there are component parts?
in tl’fx)e multiplier.”* ww¥-dbraulibrary.org.in

“The multiplicand is multiplied by the sum or the -
difference of theimutltiplier and an assumed quantity
and, from the result the product of the assumed quantity
and the multiplitand is subtracted or added.”

Thus /Brahmagupta mentions four methods: (1)
Qomiitrikd,)(2) khanda, (3) bheda and (4) ista. The
commpn’ and well-known method of kapidta-sandhi has
beedemitted by him.

N\ * kbapda, translated as “integrant portions” by Colebrooke.

2 bheda, i.c., porticns which added together make the whole,
or aliquot parts which multiplied together make the entire
quantity.

 BrSpSi, p. zog; Colebrooke, Le., p. 310. '

* BrSpSi, p. 209. Colebrooke {Ze. p. 320) thinks that this is
a method to obtain the true product when the multiplier has been
tzken to be too great or too small by mistake.  This view is
ncorrect. :
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Sridhara mentions four methods of muitiplication:
(1) kapdta-sandbi, (2) tastha, (3) rdpa-vibhige and (4)
sthina-vibhiga. Mahivira mentions the same four,
‘Aryabhata 1T mentions only the common method of
kapdta-sandbi. Bhiskara II, besides the above four
mentions Brahmagupta’s method of ista-gapana. The
five methods given by Bhiskara II were mentifned
earlier by Stipati in the Siddbdnta-sekhara. Ganesa*(¥545)
mentions ‘the gelosia method of multiplication™ undet
the name of &apdta-sandbi and adds that theNntelligent
can devisc many more methods of multiplicition. The
method is also given in the Gapita-magiari. We have
designated it as &apita-sandbi (&) - N0

Seven® distinct modes of multiplication employed
by the Hindus are given below? Some of these are
as. old as 200 AD. These anethods were transmitred
to Arabia in the eighth centuty and were -thence com-
- municated to Europe, wiicre they occur in the writings

of medieval markentiiefiihsary org.in

- Door-iun.c‘tio‘t’jx\Method. The Sanskrit term for the
‘method is /%ap.g”'_z’?s\-\.raﬂdbé. Stidhara® describes it thus:

* “Placingythe multiplicand below the multiplier as in
kapdta-sapih,® multiply successively, in the direct or
inverse~grder, moving the multiplier each time. This
method-is called kapdpa-sandhi.” -

.-,j:fzﬁr}rabhata 1T (950) gives the following without
Jaame: s '

"Commentary on the Lidrad?, MSS No. I. B. 6. in the
Asiatic Soc. of Bengal, Caleutia, pp. 17, 18. In this work only
two methods are given, (1) kapdta-randbi and (2) kapita-sandbi (&).

2Qr ten if we count also the sub-divisions under each head.

*Trif, pp. 3t '

* kapdfa means “dootr” and sawdhi means “junction’; hence
kapdta-randbi means “the junction of doors.” |

> MSi, p. 143; the inverse method only has been given.
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““Place the first figure of the multiplier over the
last figure of the multiplicand, and then multiply suc-
cessively all the figures of the multiplier by each ﬁgure
of the multiplicand.”

- Stipati' (1039)- glves the name Aapdta-sandhi and
states: '
- “Placing the multlphcand below the multiplier*as
in the junction of two doors multiply successively, (the
figures of the multiplicand) by movmg it (the mult‘lpher)
in the direct or inverse order.” .

Mahivita refers to a method knowd. ‘as éapata-'
sandbi, but does not give the details wfithe process.
Bhaskara 11 gives the method but nof\the name, while
Nérdyana gx 356) gives the method{if’ almost the same
words as Sridhara, and calls it Rapdta-sandbi.

The main features of the ghethod are (7) the relative
positions of the multiplicagd and. the. multiplier and
(i) the rubbing out of ﬁ&neqlb the multiplicand and
the substitution in thelf places Of the figures of the
product, The methbd owes its name Aapdta-sandhi to
the first featureg@nd the later Hindu terms meaning
“killing” or ‘de\ctoymg for multiplication owe their
otigin to the>second feature. The occurrence of the
terms hangud; vadha, etc., in the works of ‘Aryabhata I
and Brahmagupta and in the Bakhshal] Manuscript
show\beyond doubt that this method was known in
India‘about 200 A.D.

~ " The following illustrations® explain the two pro-

cesses of multiplication according to the Aapdta-sandhi
plan:

188, xiil, 23 GT, 15.

2 GSS, p- 9 :

5 The illustrations are based on the accounts given in the
commentaries on the Lildvati, espccla_lly the Mammryma which
. gives more detsuls .

-
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Diréct Process: ‘'This method of working does not
~ appéat to have been popular. It has not been mentioned
. by writers after the 11th century, Stipati (r039) being

. the last writer to mention 1t. . :
Example. To multiply 135 by 12.
The numbers are written down on the pd#/ thus;

A\ A

12 - A
o 135 . K .
The first digit of the multiplicand (5) isyt ken and

multiplied with the digits of the mulgiphier. Thus
‘§X 2=10; © is wiitten below 2, and nj§vto be carried
over.! Then §X1=j5; adding ’(Qarried over), we
get 6. 5 which is no longer required’is tubbed out and
6 written in its place. Thus weliave.

PAN
) - 3[:5:6(3 .
The multiplier. is thendinésieelonenglace towards the left,
- and we have A '
' .z“'x\ iz
N\ 1360

Now, 12 is matltiplied by 3. The details are: 3 2=6;
this 6 added™to the figure 6 below 2 gives 12. 6 is
rubbed gut and 2z’ substitated in its place. 1 is carsied
over., ’%ﬁen 3X 1=3; 3 plus 1 (carried over)=4. 3 is
rubhé\a‘ out and 4 substituted. After the multiplier 12 has
beeh moved another place towards: the left, the figures.
\'“.‘@n the pdi7 stand thus: o .
o - ' 12
: 1420

Then, 1X2=2; 2-+4-=6; 4 is rubbed out and 6

substituted. 13X 1=1, which is placed to the left of 6.

1For this purpose it was prbbably noted in a separate portion
of the pdri by_the beginner,
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As the operation has ended 12 is rubbed cut and the
péti has :
- 1620

Thus the numbers 12 and 135 have been &i/fed" and 2
new number 1620 is born (pratyutpanna).t

The reader will note that the positton of the
multiplier and its motion serve two important purpages;
i%., -(¢) the last figure of the multiplier indicatés)the
chg1t of the multiplicand by which multiplication is
to be petformed and, (#) the product is toPbe ‘added
to the number standmg undemeath the~digit of the
multiplier multiplied.

Sometimes the product of a dlgit\()f the mulnph—
cand and the multiplier extends beyond the last place
of the multiplier. In such cases, the last figure of the
partial product is noted sepamtely The reader should
note this fact in the case, 135 X 99, by performing the
operation according wo whBrahwe: PEPESAS. '

The beginner wag{iable to commit mistakes in such
cases, () of not @é}rectly taking into account the
separately noted *gumber, or (#) of rubbing out the
digit of the multiplicand beyond the last digit of the .
multiplier. B0t these reasons, this process was not
in gcneral'use and the invérse process was preferred.

: Ime(m’ Method: ‘There appear to have been two
vanem\s of the inverse method.
0O (a) In the first the numbers are written thus:
\ ‘; <12
" 135
Multiplication begins with the last digit of the multipli-
cand. Thus 1X2=2; 1 is rubbed out and 2 substi-

?'This explains the use of the term bamans (killing) and its
synonyms for multiplication.
* Hence the product was termed pratystpanna,
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tuted; then 1x1=1, this is written to the left;' the
multlpher 12 is moved to the next ﬁgure The work
on the pdt stands thus:

12

. ' - 1235
Then, 3 X 2=6; 3 is rubbed out and 6 substituted; then"
3% 1=3 and 3-42==3; z is rubbed out and § substituted
in its place. The multiplier having been moved the
\vork on the pat; stands thus

’ . . I2 . \ \

R 1565 O
: NOW §X 2=10; 5 is rubbed out andyo substituted in
its. place then sxX1=y3; s54-1==6> 64-6=12; 6 Iis
rubbed: out and 2 substituted; m}l 1 is carried over;

. then 14-5=6, 5 is rubbed out ‘and 6 substltuted in
its place The paz‘z has nowi*

WWW db.rau}ﬁl "ary.org.in
as the product (pratyutpanna). e figures to be carried

-over ate noted dewn. on a separate portion of the
pd"té‘ and rubbed\sgut after addition,

() In th€ysecond the partial multiplications (i.e.,
the multlplrcatlons by the digits of the mult.lphcand)
are. carrigd” out in the ditect manner. These partial
multiplicdtions, however, seem to have been carried out
in thtginverse way, this bemg the general fashion.  The

- foﬂowmg example will iftustrate the method of working:

\ - Example. Multiply 324 by 753
7 The mukiplier and the multiplicand are arranged
thus:
. 753
324

1 Qr the alternative plam:  1x I%I and then 1x2=2, thus
giving 12 in the place of 1 in the multiplicand, -etc.
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Multlphcauon begins with the last place of the
multiplier, 3X 7 gives 21; 1 is placed below the 7 of the
multiplier and 2 to its left, thus:

753

. 21 324 N
Then 3x5 gives 15; 5 is placed below the 5 of the

multiplier and 1 cartied to the left; the 1 obtained; oy

the previous step is rubbed out and (I—|—I)-J., is
substituted; giving - N\

753 m'\’Z.'
“Then 33 gives g; the 3 of the multi kgand is rubbed
out and ¢ substituted. The work\on the piti now
stands thus: \
753
225% 922[:
The mulnpher_ is ngwwmgggb,gp§ Blage to thc right
giving - P _
o T3
.\\5.~’ 22592‘4
Then multtplymg 7 by 2 we get 14. This 14 bemg
set below the 7 gives

. *\ 753
\ ) ' 239924
Mu.lnplymg § by 2 and setting the result below it, we
\‘ ’ S 753
240924

Finally multiplying 3 by 2 and rubbing out 2, which is
required no longer, and substituting 6 in its place,
we get
733
240964
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The mﬁ_ltipliebis then moved one step further giving

733
2400964
Multiplying by 4 the digits of the multiplier 753, and
setting the results as before we obtain A~
S @ 783 o e
: 243764  multiplying 7xX4 and setting the gesuls;
@) 7830 O
243964 multiplving sx 4 and scttmg‘t}.a‘c resulg;
(##0) 753 AN 3

. 243972 multiplying 34 and sthﬂg the result.
It may be again temarked that ¢he’position and
motion of the multiplier play a very important part
in the above process. The digitg'\of the multiplicr are
also successively rubbed out in efder to avoid confusion,
thus 7 is rubbed out at stage (£),»5 at (#7) and 3 at (7).
 The following variatioh* of the above process is

also found:* CwWww ,dbr;ix}l.i brary.org.in

“Multiplicand 13y, multiplier 12; the multiplier
placed at the lasg<place of the multiplicand. gives -

R
R 135 . . _
According\fe the rule ‘the numerals progress to the
- left’ thefast figure of the multiplicand (the figure 1)
s m@mp&ied by 12. "Then after’ moving (12) we get
\ 1z o .
e M 1235 -
.. Again, the figure 3 next to the last of the multi-
plicand being multiplied by the multiplier 12 -gives
1265
3

! Lildvatyudibaraga by Krpirima Daivajfia, Asistic Society
of Bengal, Calcuita, Ms. No. IIl. F. 110. A.

i
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Then after moving (12) we get
12
1265
. 3 - _
Again, multiplying  the first figure 5 of the multi- .
plicand with the multiplier 12, we get \

I2 ' N
1260 . QO
- 36 ' N
“Then rubbmg out the multiplier, the Im\mbers
1260
36 \\?

bcmg added accordmg to placcs g\re 1620,

Transmission to the West.  The Aapdte-sandbi
method of multiplication Was ttansmltted to the Arabs
who learnt the decimal ar c from the Hindus. It .
occurs in the 'works of ; {YI howamgmxfﬁz;) Al-Nasavi*
(. 1025) Al-Hassdr® (5> 1175), Al-Kalasdd?® (c. 1475)
and many others., ,The following -illustration 15 taken
from the work éf\ Al-Nasavi who calls this method
“al~amal al- bﬁrdz and Mmé‘ al-bind: (“the method of the
Hindus™):

Exggp%. To muyltiply 324X 753
AN a3
\ 209

A 2977
- N 218962 ., Product = 243972,
N\ 324
- Thd
T53
753

€
N

P, Woepeke, 1 (6}, p. 407.
2 H. Suater, Bibi. Mazh.,, I1 (3}, p. 16.
3 Ibid, p. 17. :
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1n the aboﬁc ‘the Mrﬁngément of the -multipﬁcand

-and multiplier is just the same as in the Hindu method.

The multiplier is moved in the same way. As the
work is performed on paper, the figures are crossed

- out instead of being rubbed out.

It may be mentioned that in Europe, the methed"

~ is found reproduced in the work of Maximus Planudes.

Gelosia Method. The method known (@8’ the
‘gelosia’,' has been described in the Gagitamafijar?
(16th century) as the Aapdta-sandhi method)> It appears
also in Ganesa’s commentary on the J@lvari. As the
description of the Aspdtu-sandhi givent by the older

- mathematicians is incomplete andgketchy, it is difhi-

0 - * ) 3
. s .
77N \ 4

)  The only available description of the method runs

cult to say whether Ganeda is wight in identifying the
gelosia method with the Aapdfasandbi of older writers.
In our opinion Ganeda’s identification is incorrect.?

We are atgpgq%%ﬁh}g@%% definitely whether

‘this method is a ¥ invention or was borrowed

from the Arabs wl{é are said to have used it in the

13th century,® I prcurs in some Arab works of the

‘14th century, 4ud also in Europe about the same
time.- Gane§a was undoubtedly one of the best mathe-
maticians Jef’his time and the fact that he identified
this methiod with the ‘&apdta-sandhi which is the oldest

‘knowdmethod shows that the gelosia method must

have been in use in India from a long time before

as follows:

- “(Construct) as many compartments as there are
places in the multiplicand and below these as many

' We shall designate it as kapdta-sandbi (B) method.
? Cf. the duotation from Sripati given before, p. 137.
-- *Smith, History, IL, p. 115. '
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as there are places in the. multiplier; the oblique lines
in the first,.in the one below, and in the other {com-
partments) are produced. Multiply each place of the
multiplicand, by the places of the multiplier (which are)
one below the other and set the results in the com-
partments. The sum taken obliquely on both sides of ,
the obliqué lines in the compartments gives the product.

This is the Aepdta-sandbi”™ . <O
The following illustration is taken from Gatlefa’s
commentary on the Lildpati: = KON
To Multiply 135 by 12 ’m:\"'
- N
XAt

R S |
T o
s s [ '_/:"t'
1Y
o .. W /bl:aﬁ al'yI_o dp
A N . 2
20l 6 o

I \\”6. 2 . .c;.»

=]

' Cross Multiplication Method. This method has
been mentioned by Stidhara, Mahivira, Sripati and some
later writers as the fzszha method. These wiiters, how-
ever, do”'not explain the method. Sridhara simply
statesi> “The next (method) in which (the mult-
plier) is stationary is the fastha”* The method is

Calgebraic and has been compared to  /iryak-gunana Ot
" vajrabhydsa (cross multiplication) used in algebra.® It has
been explained by Ganesa (. 1545) thus:

1 Translated from the Ganita-masijarf of Ganeda, son of
Dhundhirija. :

2 Trif, po 3.

¢ Colebrooke, Ze., p. 171, fn. 3.

Ic :
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“That method ' of multiphcanon in- which the
numbers stand in the same place,® is called Zastha-
gunana. It is as follows: after setting the multiplier
under the mult.lphcand multiply unit by vnit and note
the result underneath. ~Then as in vajrdblydse multiply
unit by ten and ten by unit, add together and sef
down the result in the line. Next multiply unithy
hundred, hundred by unit and ten by ten, add together
and set down the result as before; and so on with the
rest of the digits. This being done the ling OF :esults
is the product.”® -

\ A\
o~

This method was known to the Hmdu scholars
~of the 8th century, or eatlier. Thestaethod seems to
have travelled to Arabia and thencé\was transmitted to
Europe, whete it occurs in Pacioli’s Suma® and is stated
to be “more fantastic and inggnious than the others.”
Ganeéa has also remarked ¢hat “this (method) is very
 fantastic and caffiibt: @éa%ﬁrﬂ’cyﬁﬁ?gfﬂe dull without the
traditional oral instruetions.”

Multlphcatlon by Separation of Places This
method of multiplication known as sthina-khapda, is
based on the separation of the digits of the multlphcand
ot of the multiplier. It has been mentioned in 2ll the
works fropd628 A.D. onwards. Bhiskara II descrlbes
the mQhod as follows: :

Multlply separately by the places of ﬁgures and
L add ‘together.” .

With reference to the example 135X 12, Bhaskara It
explains the method thus

iln contra-chsunctlon to the method in which the mu.ltlpller
moves from one place to another.

? Ganesa’s commentary on the Iﬂa‘mﬁ‘, i, 4-6.
- 35mith (/e., 11, p. 1x2) quotes from this work.
*L, p. 3. :

-.L
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“Taking the digits sepatately, #%., 1 and z, the
multiplicand being multiplied by them severally, and
the products added together according to places, the
result is 1620.”

Various arrangements appeat to have been em-
ployed for wiiting down the wotking. Some of these ~
are given below: _ _

@ | 135 N

. -Iz ) "" N

. 36 v
Go- v
1620 AN
(i) o1z 12712 NN
135 O
1260 ‘:":L
@@:dbl‘auiibral‘y .org.in
1620
Giiy &35 s,
'\s.u 1 2
¢ \ 270
\<&" 13y
o 1620 :
Zigaag Method. 'The method is called gomdtrikd.*
It has been described by Brahmagupta. It is in all

NS
»\\J11n a manuscript used by Taylor, see his Lildwatf, pp. 8-9.

/2 This arrangement is found in the commentary of Gangi-
dhara on the Lifvat#i, in the library of the Asiatic Society of
Bengal, Calcutta. .

* Found in Gangéidhara, Ac. _ ’

* The word gomftrikd, means “similar to the course of cow’s
urine,” hence “zigzag.” Colebrooke’s reading gosdtrikd is in-
correct, ‘The method of multiplication of astronomical quantities
is called gomitriké even upto the present day by the pandits.
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‘essentials the same as the sthdna-khanda method. The
- following illustration is based on the commentary of

Prihudakasvami.
Example. To multiply 1223 by 235

The numbers are written thus : .
- ' & \
2 Izz 3
3 1223 oA
5 1223 O

The first line of figures is then multiplied< T:)Y 2, the

process beginning at the units place, thus: @ '3=6; 3 is

rubbed out and 6 substituted in its place, and so on. .
After all the horizontal lines have heen multiplied by
the corresponding numbers- on t &left in the vertical.
line, - the numbers on the pdfZ{stand thus:
' 2 4 4\»6'”_ 3
\\;'WW.d braul l’é]"a‘g’y?)]“g i 15

AEET N

 after bein g added zt:c%ether as in the present method.

The Jz‘bcfﬁq-@agxda and the gomditrikd methods resem-
ble the modefn’plan of multiplication most closely. The
sthina-khapder’ method was employed when working on
papet., [ ' '

)7 . ' ' - )
Aatts ‘Multiplication Method. -~ This method is-
meationed in aill the Hindu works from 628 A.D.

©nwards. Two méthods come under this head:

(/) The multiplier is broken up into two or more .
parts whose sum Is equal to it. - The multiplicand is
then ‘multiplied severally by these and the results added.”
(%) The muldplier is broken up into two or mote
aliquot parts. The multiplicand is then multiplied by

1 Thus. 12 X 135=(4+8) X135 ={4X 135)+(8 135).
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cne of these, the tresulting product by the second and
- so on till all the parts are exhausted. The ultimate
product is the result.* .

These methods are found among the Arabs and the
Italians, having been obtained from the Hindus, They
were known as the “Scapezzo” and “Repiego™ methods
respectively among the Italians.?

Algebraic Method. This method was known as, ifta=)

onpana. Brahmagupta’s description of the method has
been already quoted. Bhéskara II explains it thus:

“Multiply by the multiplicator diminished or in-
creased by an assumed number, adding @r"sub:racting
(respectively) the product of the multiplicand and -the
assumed number.”* AN\

This is of two kinds accordipg as we (7) add or
(if) subtract an assumed numbegs The assumed number

is so chosen as to giv@wm@‘mnmbg@g_mith which

multiplication will be easfer than with ™ the original
multiplier. The two ways are. illustrated below:

_ -\

) 135§{‘2’=135><(12+8)—155><8
\,  =z700—1080=1620

@) risxiz=135X(12—2)+135X2
§ -——1350-1*2?031620.

2 &

..\'This method was in use among the Arabs* and in
Burope®, obviously under Hindu influence. :

N\

TThus 12X 135 = 3X 135X 4.

meith, History, 11, p. 117.

2L, p. 3. ) _ _

* E.g., Behi Eddin (¢ 160c). See G. Enestrom, Bibl. Math.,
VIT (3), p. 95. ]

*E.g., Widman (1489), Riese (1522), etc. See Smith, /s,
p- 120. _

-+

Q
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5. DIVISION

Terminology. Division seems to have been regard—
ed as the inverse of multiplication. The common Hindu
~names for the operation are bhdgahdra, bhijana, harapa,
chedana, etc. ~ All these terms literally mean “to break,
into, parts,” e, “to divide,” excepting harana which,
denotes “to take away.” ‘This term shows the relafion
of division to subtraction. The dividend is t€frned
bhijya, hirya, etc., the divisor bbq/a,éa bbagabam otisimply
hara, and the quotlent labdhi “‘what is obt&med” or
labdha. O

‘The Operation. Division was cogsidered to be a
difficult and tedious operation by E}IIOPCBII scholars
even as late as the 15th ‘and 16tk centuries;' but in-
India the operation was not cc)nsldered to be difficult,
as the most satisfacto meth@d of performing it had
been evolved A2 VERy CALHf P&bd. Tn fact, no Hindu
mathematician- seems to have “attached any great im--
portance to this operwon Aryabhata T does not men-
tion the method O{xlelSlOl‘l in his work. But as he has.
given the modem" methods for extractmg square- and
cube-roots, v(hlch depend on division,* we conclude
that the rr@thod of division was well-known in his
time and\was not described in the Aryabbatiya as it
was considered to be too elementary. Most Siddhata
wrlfers have followed Aryabhata in excluding the-
proccss of division from their works, e¢.g., Brahma--
gupta (628), Snpat[ (1039), and some others .

A method of division by temoving common factors "

~ seems to have been employed in India before the inven-
tion of ‘the modern plan. ‘This removal of common

1 Smith, le, p. 132,
- 2He has used the technical term }abdéa for the quotient.
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factors is mentioned in early Jaina works.* It has
been mentioned by Mahivita who knew the modern
method, probably because it was considered to be
suitable in certain particular cases:

“Putting down the dividend and below it the
divisor, and then, having petformed division by the
method of removing' common factors, give out the
resulting (quotient).””” O\

N

. The modern method of division is not found 'in
the Bakhshili Manuscript, although the name~of the
operation is found at several places. The bsence of
the method may be due to the mutilated(form of the
text, although it is quite possible that tiie method was

p

not known at that early period (zo,olQ’r.[_).).

The Method of Long Divisi})n. The modern -
method . of division is explained” in the works on
pitiganits, the eatliest of which, Sridhara’s Trifatikd,
gives the method ay follbaglibrary.orgin :

 “Having removed~tﬁ€ common factor, if any, from
the divisor and theldividend, divide by the divisor
(the digits of th{\dividcnd) one after another in the
- inverse* order.?\ '
Mahdvisa says:®
“ThéZdividend should be divided by the divisor
(which\is) placed below it, in the inverse order, after
having performed on them the operation of removing
_.common factors.”

* Tatvdrehidbigama-sitra, Bhisya of Umasvit (. 160, ed. by
H. R. Kapadia, Bombay, 1926, Part I, il. 52, p. 225.

2 GSS, p. 11. The method would not give the quotient un-
less the dividend be completely divisible by the divisor.

3 Trif, p. 4

4 Pratiloma. _

5 GSS, p. 11; ¢f. Rangacarys’s translation.
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A'\r'y;'abhat.a 1T gives mote details'_of the process:*
 “Perform division having placed the divisor below

the dividend; subtract from (the last digits of the divi-
dend) the proper multiple of the divisior; ‘this (the
multiple) is the partial quotient, then moving the divisor
divide what remains, and so on.” o A

Bhaskara I1,* Nériyana® and others give the same
method. ' : _ - R,

The following example will serve to illusttdte the
Hindu method of performing the operation,on 2 pdfi:

Example. - Divide 1620 by 12, o

‘The divisor 12 is placed below ti{a‘divid'end thus :

' 1620 Lo 0

-~ 'The process begins from the extreme left of the
dividend, in this case the figure 16. This 16 is divided
by 12. The quotiéit!itlbpiacedetn a separate linc,
~and 16 is rubbed out.and the remainder 4 is substituted
in its place. 'The sibtraction is made by rubbing out
- “'figures successiyely as each figure of the product to be
subtracted ishobtained. Thus, the partial quotient 1,
being writtesy the procedure is o
,\’ 1620 I
. ;’{}. g2 . - line of quotients
IX&Q"I, so 1 of the dividend is rubbed out (as
.Eé"r-:o); then 1X2=2, so 4 is substituted in ‘the
~{place of 6 (as 6—2=4). The figures on the pdsi are:
N 420 T :
12 S “line of quétients

T MSi, p- 144 : :

2 Bhiskara gives the process bricfly as follows: ““That number,
by which the divisor being multiplied, balances the' last digit of
the dividend gives the (partial) quotient, and so on.” (L, p. 3)

3 GK, i 16, E o
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_The_:'divisor 13 is siow moved one place to the
right giving : :

420 _ 1

iz ' line of quotiént's

42 is then divided by 12. The tesulting quotient. 3

is set in the “line of quotients,” 42 is rubbed out and . A\

the remainder 6 substituted in its place. The figureg

now stand thus: o Y
. 6o | T O

12 - line of quétients

Moving the divisor one place to the right{\¥e have
6o _ )

AN oV
On division being performed, as before the resulting
quotient 5 is set in the “line of {gnotients™ and 6o is
rubbeéd out leaving no remainder. The line of quo-
tients* has www dbrallibrary.org.in

: S N\ 135

which is the required result.

The above procfc}s_,' when the figures are not
obliterated and thé successive steps are written down
one below the (Other, becomes the modern method
of long divisiof!-

The nféthod seems to have been invented in India
about thegth century A.D., if not earlier. It was trans-
mittedt6 the Arabs, where it occurs in Arabic works
fronfSthe oth century onwards.? From Arabia the
g‘f;thod travelled to Eutope where it came to he known
as'the galley (galea, batello) method.® In this vatiation

The “line of quotents™ was usually written above the divi
dend. ' .
- 2 Al-Khowirlzmi (c. 825), Al-Nasavi {r. zo235); of. Smith, Le,

pPp- 138-139.
3 Also called the *scratch _method’.

§
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- of the method, the figures obtained at successive stages
are written and crossed out, for the work is cartied out
on paper (where the figures cannot be rubbed out).
The method was very popular in' Europe from the
15th to the 18th century.* The above example worked

~ on the galley plan would be represented thus:

4 .
I 1620 LD
122 - S
1

iI 1 . ¢
% | O
1620 13 \
1282 0\
1n A€

i .
: 46 m»."" .
. w}%%l? ?’5ﬁ}‘m'b’-org-in ‘

" Compating the sGocessive crossing out of the figures
in 1, IT and III,with the rubbing out of figures in the
corresponding.steps according to the Hindu plan, it
becomes guite clear that the galley method is exactly
the sam@as the Hindu method. The crossing out of
figuseg-appeats to bé motre cumbrous than the elegant
Hindu plan of rubbing out. ‘ - ‘

~)" The Hindu plan of moving the divisor as the

\Jdigits of the quotient were evolved, although not
essential, was also copied and occurs in the works of
such well-known Arab writers as Al-Khowirizmi (825),
Al-Nasavi (v. 1025) and others. The medizval Latin
wtiters called this feature the amtirioratio.

111

 For details see Smith, L., pp. 136-135.
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6. SQUARE

Terminology. The Sanskrit term for square is
varga or krti. ‘The word parga literally means “rows”
or “troops” (of similar things). Butin mathematics it
ordinarily denotes the square power and also the square
figute or its atea. Thus Aryabhata I says:* N\

“A square figure of four equal sides® and(the
(number representing its) arez are called sarga~\The
product of two equal quantities is also zarga? =

How the word vargs came to be used in that sense
has been clearly indicated by Thibaut. He says: “The
origin of the term is clearly to be sppght for in the
graphical representation of a square,which was divided
in as many sargss or troops of Spall squares, as the
side contained units of some fhcasure, So the square
drawn with a side of five padgs lehgth could be divided
into five small vargas each containing five small squates,
the side of which ‘Wb Gha"baaky Feg.””*  This expla-
nation of the origin of ‘the term varge is confirmed by
certain passages in the Sabs wotks.* _

The term At literally means “‘doing,” “making” =
or “action,” Nt carries with it the idea of specific
petformancep probably the graphical representation.

Bothy'tlie terms zargs and &r#4 have been used in
the mgthematical treatises, but preference is given to
the t&f- varga. Later writers, while defining these terms
ig&jgirithmctic, restrict its meaning. ‘Thus Sridhara says:®

) 1.4 i 3. :

2 The commentator Parame$vara rematks: “That four sided
figure whose sides are equal and both of whose diagonals are
also equal is called semacaturasra (“square™).”

S Thibant, Swlba-sitras, p. 43. ' _ .

. A ApSY, i 7; KU, il g5 of. B, Datta, _American Math,
Monthly, XXXIII, 1931, p. 375-
S Tri, p. 5.
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“The product of two equal numbers is varga.”

Prthudakasvimi®,  Mahédvira®* and others give
similar definitions. S

The Operation. The occurrence of squating as an
elementary operation is- characteristic of Hindu arith-,
metic. 'The method, however, is not simpler than direct
multiplication. It Was given prominence by the Hmd’u
writers probably because the operation of square-root
is the exact inverse of that of squaring. Although the
method fitst occuts in the Brdbma-sphuta-siddhinta, there
is no doubt that it was known to Aryabhata I as he
‘has given the square-root method.

Brahrnagupta gives the rnethodBs very concisely
thus: B O .

“Combining the product twice the digit in
the less* (lowest) place into the several others (digits),

with its (i.e., of the Mgmuﬁgallng% place) square
(repeatedly) gIVCS the square.

Stidhara (750) 1s\more explicit:®

“Having sqm\‘red the last digit multiply the rest
of the digits by twice the last; then move the rest of
the d1g1ts C@ﬁtmue the process of moving (the temain-

1Cf Cblebtooke, le, b 279.
2K TP 12,

% 'fhn:: method is not mentioned in the chapte: on Arithmetic,
but\seems to have been mentioned as an afterthought in the
(e of an appendix, (BrSpSi, p. 212).

"+ Réderinap has been translated by Colebrooke as “the less
portion.” This translation is incotrect. He says that “the text
is obscure” (p. 322, fn. 9), for according to his translation the
rule bécomes pt‘ﬂCthﬂ lly meaningless. The term rdderiinam sust
be transiated by “the digit in the lowest place.” ' Dvivedi agrees
~with the above interpretation (p. 212) The method taught here
is “the direct method of squaring.

" Trif, p. 5. 'The translation given by Kaye and’ Ramarnu-
jacharia is incorrect. (B;b;’ Maz‘b XIII, rg1z-13).



-:'-SQﬁA-RE- _ - 1§57
ing digits after each operation) to ebtain the square.”

Mahévira® (850) gives more details:

“Having squared the last (digit), multiply the rest
of the digits by twice the last, (which is) ‘moved for-
ward (by one place). Then moving the remaining
digits continue the same. operation (process). This
gives the square.” ..~ - )

Bhiskara II* writes: -

“Place the square of the last (digit) ovetnitself; and
then the products of twice the last (digit) and the
others (i.e., the rest) over themselves respectively. Next,
moving the number obtained by leaving the last digit
(figure), repeat the procedure.” <\~

He has remarked that thé.above process may be

'\

Ny

begun also with ' the units ﬁi&.s o L S
The following @&&l&m@ﬁl‘%dﬁ{}f working on the
pdti, the process begianihg from the fast place, accord-
ing to Sridhara, Mdhavira, Bhaskara 11 and others:
To squate \‘2\5 o L S o
The nunibér is written down,

0\ . 124
The ,{g{s}-hdigi'_c is_1. Its square is placed over itself.
o) T ¢ 3

A% hen twice the last digit 2X 1=2; placing it below the
rest of the figures (below 2 or below 5 according as
the direct or inverse method of multiplication is used)

1655, pe 12
2L, p: 4
*L, p- 5
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7N

N\

and rubbing out the last digit 3, the work on the
pdt appears as o .
25 o
2 : ~ |

. Pérfomﬁng multiplication by 2 (below) and placing the
~results over the respective figares, we get N,

N
% N

150
25

el
7%
L

One round of operation is completed, Néxt moving
the remaining digits, Ze., 25, we haye”
' N
50 (D
25 2O

Now, the process is repeated; #¢., the square of the

‘last digit (2) is placed 0?:@5 \tself giving

wwwdh’;‘afl,njlbr_aryorgin
. ”‘.. \ . ,25 . .
Then, placing twice'the last digit (.e., 2X 2=4) below
the rest of the\digits and then rubbing out 2z, we
have RS, SR
O 154
R . B
N RS
Pex:fj;)rrmng multipiication, 4X §5=20, and Placing it
over the cotresponding figure 5, (., 0o over 5 and 2
rarried to the left), the work on the pdf appears as
: ) 1560 :
: o ) y _
Thus a second round of ‘operations is completed.
‘Then moving 5 we have
1560
5



e

Squaring 5 we get 25, a.nd placing it over 5 (i.e., s
over s and 2 cafried to the left) we have
' 15625
_ p
As there ate no ‘remaining figures’ the work ends. A
s being rubbed out, the pét has \
' 15625, ,\'\".\
the required square, ' \J
According to Brahmagupta and also Bhaskara 1I,

the work may begin from the lowest placel G.e., the
units place). The followmg method s, indicated by

N

Blahmagupta o BN
To square 125, , : \~
The number is written down

. I 25 -» \

The squate of the digit m he east place, i.e., § =25
is set over it thus: gw T‘aulllblam?mgm- )
& 25
' ,i"’; 125
Then, 2X 5—~1o .1s\p1aced below the other digits, and
five is rubbed, out thuas: -

» 25
2 12

D - 10
Nulnplymg by 10 the rest of the digits, 7.¢., 12, and -
s.(:ttl\ng the product over, them (the d1g1ts) we have
1225
12
1Q
Then - rubbing out 10 which is not required and
movmg the rest of the digits, /e, 12, we have
122% '
12
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Thus one round of operations is completed.
Again, as before, setting the square of .2 above it
and 2 X 2==4 below 1, we have
1625 :
e WO
4 \,
Multiplying the remaining diglt I by 4y and scttmg
the product above it, we have

5625 LD
1 o »L\‘

Then moving the remaining d_lglt e, obtain
5625 SO

I ,\
Thus the second round of opcrations is completed

Next setting the squarelof 1 above it the process
is completed, for the(fg a{éb no remaining figures, and
the tesult stands thig:os o ory-orgin

15625
Minor Me{ ods of Squaring. “The identity
(6) #=(n—a)(n+a)t+a*

has been mentloned by all Hindu mathematicians as
affordingsa-Suitable method of squaring in some cases.
For _i@‘tﬁhce,
15°=10X 20} 25=225.

Brahmagupta says: :

“The product of the sum and the dlﬂ'crence of the
number (to be squared) and an assumed number plus
the square of the assumed number give the square.”™

Sridhara (750) gives it thus:

“The squate is ‘equal to the product of the sum
and the difference of the glven number and an assumed

L BrSpSi, po 2tz
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.quantjty plus thé- squate of the assumed quantity.™
Mahavira, Bhiskara I, Nériyana and others also give
this 1dent1ty :
The formula - o
@) @Ehr = b,
or its general form © - O\
(a+b+4e+ . ey -—a’—i—b’—f—c’—[— «..'-{-‘ub -|-;.
has been glven as 2. method of squarmg Thus
Mahavira® says: R
“The sum of the square:; of. the WO~ or mote
portions’ of the number togethe.r with\their products
cach thh the others multlphed b{ \twc gives the
square.” :
Bhiskara II* gives:
' “Twice the product of the two, parts plus the:

Square of those parts Wﬁbﬁhﬁl&%ﬁ?%g in
The formula 2

(22} -—1-1%-[—5—{— .. to n terms
has been mentxon‘c& by Sndha.ra and. Mahévita
Sridhara®. say‘s

“(The, § quarc of a number) is the sum of as many
terms mmﬂ} séries of which one is the first term and
two tbk\common difference,”. . .

L7, p. 5

N GSS, P

\ )5 The word sthéna has been used in the onglml. This word
has been generally used in the sense of ‘notational plaoc;
Following the commentator, we have rendered it by “portion.” As
a given number, say, 125, can be broken into patts as so4-40433
or as 100--20+43, and as the rule applies to both, it is immateria}
* whether the word ‘sthiss’ is translated by ‘place’ or ‘portion.”
This rule appears to have been given as an . explanation of the
Hindu method of squaring used with the place-value numerals.

4L, poa ."Tﬂfpj

11
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- Py
Mahawra uses 2 sumiar expressxon
“The sum of as many terms of the series of which
one is the first term and two the common difference
is the square. (of the given number).”*

Nardyapa® has also given the above series. - HeN
adds the formula A

oA\
R e ; 3
to ﬁnd the square of the given number A
It should be observed that all the above mcthods
of squaring are applied to whole: numbeﬁ only, The
methods. of squaring. fractions are \dealt with in the

section on fractions.®. = 2o\
- : ..\"

2 3

CUBE

Terminology. The Hmdu term for the cube is gbana
This term occurswn\aﬂmhmlmathmﬁgaﬁcal works. It has
been used in the gegmetrical as wellas the arithmetical
“sense, 4.e,, 1O denote the solid cube as well as the
continued proddct” of the same number taken three
times. ThusCAryabhata I says: :

7 “The, Sontinued ‘product of three equals and also
the sohd‘hang twelve (equal) edges ate called gbaﬂa 7

Sndli\ta Mahivira® and Bhiskara T17 each state:

L “The continued product of three equal numbcrs is
g?)ana _ . .

1(1if Pp. 12,
*GK, i 17-18. . :
-~ % He says: “The square of the éhﬂbrence plus four times
the product is the square of the sum.’ :
-4 A i s, :
C S THS, p.e 6.
*GSS, p. 14,
7L ps.
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- Another term for the cube is bnm’a but it is
seldom used.

The Operatlon. A method of cubmg applicable
to numbers written in the decimal place-value notation,
has been in use in India from before the fifth century ¢
A.D. Aryabhata I (499) knew the method, although
he did not consider it to be as important as the inyerse
operation of extracting the cube-root Wluch he Jhas
explained. .

Brahmagupta g1ves the method in thcse WOrds.

“Set down the cube of the last;! thest place at the
next place from it, thrice the square 8f/fhe last multiplied
by the succeeding; then place at_the\next place thrice
the square of the succeeding multiplied by the last; and
(at the next place) the cub;:of the succcedmg Th15

gives the cubc
w\»\rw dbl. auhbral y.org.in

- Stidhara? says: .

_ “Set down ‘the c’ube of the last then set down at
~the next placc tlw\square of the Iast multiplied by

1The commenmtor Prthuda.kasvﬁmi takcs ‘last’ (antya) to
mean the figize® or figures on the extreme left. The number to
be cubed 1sgimded iato portions of which the cubes are found
_ succcssﬁﬂy by the application of the process. (See illustration).

Thus ! Su\a:eedmg would mean here the figure to the tight of the
Tast ANt does not, however, make any difference if we take
.‘J.ast to mean the ﬁgurc in the units place. The words used
by Brahmagupta are ‘asfys,” for Iast and ‘ﬂffard‘ for succeed-

ing. The rule is: :
' Sthipye'stya ghant'niya kﬂutngmaﬂmaigmé ca tagtmtbmaﬂ
Uttarakriirantyagund trigund mrfamgbarmlm ghanap

2 Tris, p. 6.

SStbmfdbskyam, lit. ““increasing one place.” This inciease is
to be made by placing the result one place to the right of the.
previously noted figures (see illustration). Brahmagupta uses the
word tatprathamdt, i.e., “before that ”
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thrice the succeeding;® then (at the next place) the
product of the square of the succeeding and last
multiplied by . three; and then - (at the next place)
the cube of the succeedmg

Mahivira states:? : - Q

“The cube of the last, the product of thr;ceslts
squate and the remaining, the square of the femdining
multiplied: by thrice the last; placing of thiese, each
one place before the other, constitutes here the process.”

\

Bhiskara I is more explicit:® N\

. . “Set down the cube of the last,\ g:hen the square
of the last multiplied by three tipges” the succeeding;
then the square of the succeedings multiplied by three
times the last and then the ©ube of the succeeding;
these placed so that there is difference of a place between
one result and the next,* and added give the cube, ~ The
given number 1sVd~13~trih!mtdd:mn'gchgoﬁt10ns according to
places, one of whiclris taken for the last and the next
as the first and m Jike manner .repeatedly (if there be
occasion). Or} ¢ same process may be begun from
the first place’ ﬁgm:es for finding the cube.”

" The method may- be lllusttated by the following
example N

,E%Wa adi, - lit. “preceding”. We have réndered them by
“gueceeding” to be in conformity w1th the geﬂeral convention so

(A% to avoid confusion.

W

T RGSS, p.o15 (47

It will be observed that the “addition of thc cube of the
remaining” does not occur-in the rule. This has to be under-
stood from -the previous stitza which says that the cubes of
all the parts are to be added. See the translation of the previouns
stanza given on pp. 166f,

3 L p -
s Stbhindntaratvena has been trans]ated by Colebrooke by

“according to places.” This tmnsiauon is- incotrect and does not

give the true slgmﬁcance of thc term. - :
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Escample. - To cube 1234.

The given number has four places, 7.¢., four por-
tions. First we take the last digit 1 and the succeed-
ing digit 2, 7.e., 12, and apply the method of cubing
thus: ' : _ .

(i) Cabe of the last (1%) = 1

(i} Thrice the square of the RAY,
last (3.1%) multiplied by . : QO
the succeeding (2) gives S A\
(2.3.1%) _ = 6 (placing at /the ? next
ny ‘ - placgp (¥

(ili) Thrice the square of the \Y;
suceeeding  mubtiplied _ \
by the last gives (3.2%.1) = 12 > (glg&hg at the next

(iv) Cube of the succeeding - x\P face)
(% = ${ M{placing at the next

R\ place)

Thus 12° Is the sum W\'\{\"-f::d]ﬁi‘-éﬁibrary,oi'g,jn .

After this we tgc the next figure 3, f.e., the
number 123, and, in(this consider 12 25 the last.and
3 as the succeeding.® Then the method proceeds thus:
@ The cuBé af: 'iﬁe last R

(12%) as‘agqmdy obtained = 1728 .

(i) Theicé Yhe square of

the\last. multiplied by
the® succeeding, = i.e.,

RS L : = 1206 (placing at the next
\™ _ _ place).
\(‘iii) Thtice the square of
: the succeeding . mult-
plied by the last, ie,
5.52.12 . = 324 . »
. (iv) Cube of the succeed-
iﬂg, _f.&., 3.2 ' = 27 e » '

Thus 123% is the sum - 1869867
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.Now the remaining figure 4 is taken, so that the
number is 1234, of which 123 is the last and 4 the
succeeding. - The method proceeds thus

(i) Cube of the last, ie., _ .
(123)° as already ob- : _ ' Q)

tained = 1860867 ) R
(i) Thrice the square of X AN
the - last into the suc- )
ceeding, ie, 3.(123)%4 = 185548 (placmg at the next
o place)
(i) ‘Thrice the square of the ' \\ :

succeeding into the last,
i, 5.4%123

5904 ’,_,

(iv) Cube of the last i.e, 4° = K7 .y ».
Thus (1234)° is the sum 1875080904

The direct ptocess-é—thaf~ in which the e'per‘ation
begins with the units d[jaalaqe”%can be similatly performed.

Minor Methods. Of Eﬁﬁi’r‘fég‘ml‘he formnla
) (zz—]—&}i X a3—|—5a’b+3ab*‘~} b
and the corresl:}sa}ldmg result . . _
(atb+ et ) = @38 bt .)+34(}}+£+ o)
. '\" + (et )
are phed in the Hindu method of cubing given
above. Mahdvira® gives the following explanatlon

O “The squares of the last place®.and the. next’
\Jare taken, and each (square) is multiplied by the
other and by three. The sum of these products and
the cubes of both (/. all} the places is the cube; the

1GSS, p. 15, : :
* Sthina, meaning the number represented by the figure
standing in that place

'® Anya, lit. “other,” meaning the number represented by the,

“figures standmg in the other piaces
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procedure is repeated (if siecessary).’
Sripati and Bhiskara TI* state the formula in the

form _ C

(@1-b) = a*+3ab (p4-b)+ 8’ .
“Thrice the éiven number multiplied by its two
parts, added to the sum- of the cubes of those parts,
gives the cube” . . . ' Lo
Nirdyana® says OY
“Thrice the (given) number multiplied dby; both
. parts, added to the cubes of the parts, is the" cube of

the sum.” ' QO _
The formula - \\

@Gy 7= nletap—at@ta) ta
has been mentioned by Mﬁhix_riga:* in these words:

“The continued productrof the given mumber, the
sam and the difference: of\the given number and an
arbitrary quantity, ‘whenvaddedlto-atlcosgnaller of these
multiplied by’ the square of the atbitrary numbet, and
the cube of the -qg&rﬂy number,  give the cube (of
the given numbef).” o

N

Expressions for n* 'imr:_qlving series have been given
by Sridhasz’ Mahdvira, .Stipati and Nirlyana. The
fotmulg\~2}"_ e o

%“' B - I . : .. . .
N\ == { r{r—1)+1 ¢ -
:.\"'.' . : ) b . -
N 1 Thus (234)" is considered as -
(200t 30+ 4)'=(200)°+ 3.200%(30+ 4).+ 3.200(30 + 4)°
Then the procedure is repeated for pbtaining (30+4)* Cf
English translation, p. 17, not&. - - : PR :
2GT, 21 L, pes- .
3 GK, 1.°23. -
£G5S, pao1s.
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is given by Sridhara in these words: '
 “The cube (of a given number) is equal to the
series whose terms are formed by applying the rule,
‘the last term multiplied by thrice the preceding
term plus one, to the terms of the series whose first
- term 1s zZero, thé common. difference is one and the
Jast term is the given number.”™ Lo ¢
Mahdvira gives the above in the form O

s
"

B A
7 =3Zr(r—1)+n SV
. 2 - \ ¥
He? says: AN .

“In the series, wherein one i§ ‘he first term as
well as the common difference anid the number of terms
is equal to the given number (#), -multiply the preceding
term by the immediately following one. The sum of

 the products so ohtajned,a{ls iplied by three and
added to the last term %9%, ) gﬁ?ﬁ?fﬁs the cube (of #).”
- Nirdyana® states: o\~ o
“From the Séries whose first term and common
- difference are_edsh one, (the last term being the given
number) thesim of the series formed by the last term
multiplied>by three and the preceding added to one,
gives tHe) Cube (of the last term).” ' .
K

Avira has also mentioned the results,

M:.“\': \ (zv) x? = xw{_';x—}-;x'—k cies tOX ter_ms,
N/ @) ** = x*+—0{1+3+.. ot (2x—1)},

. *Trif, p- 6. The translation given by Kaye and Ramanu-
jacharia (Bib/.Math., 1II, x912-13) is incorrect. They admit
their inability to follow the meaning (see p. 209, note). S, Dvivedi
has misinterpreted the rule, and gives an incorrect explanation
in a note on p. 6. 'The reading saike is incorrect.

t GSS, H. 43.
C3GK, L 22,
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in these words* . ;- _

“The cube (of a given number) is equal to the
sum of the series whose first term is the given number,
the common difference is twice that number, and the
number of: terms is- (equal to) that number. '

“QOx the squate of the given number when added
to the product of that m._lfh%er minus - one (and) thé )\
sum of the series in which the first term is one, ¢the
common difference two and the number of termis- (is
equal to) that number, gives the cube.” 7.\

o
QS

§. SQUARE-ROOT

o RN\
_ Terminology. The Hindu térrng{o} the “root™ are
mila and pada. The usual meanigg of the word mhla
in Sanskrit literature is “root” of-a plant or tree; but
figuratively the foot or lowest® patt or bottom of .
anything. Jts other meaning$ ate “basis,” “founda-
tion,” “cause,” “origin\,"swe‘tc."a“’f'ﬁéf“#é’f&"?ada means
 “the lower part of theleg” (figuratively the lower-patt
or basis of anythi %Z-,_ ffoot,” “patt,” “portion,” “side,”
“place;” “cause,” ‘2 'square on.a chess-board,” etc.
The meanings-fommon to both terms are “foot,” “the
lowest part ©f-basis of anything,” “cause” or “origin.”
It is, theréfore, quite clear that the Hindus meant by the
term gurgh-méli (“square-soot”) “the cause’ of origin
of ch}:\squate” or “the side of the square (figure).”
‘This is corroborated by the following statcment of
Brahmagupta:* - - o _
“The pada (toot) of a Apti-(square) is that of which
it is the square.” = S _
Of the above terms for the “root,” mla is the
oldest. Tt occurs it the Anuyogadvira-shtra (¢. 100 B.C)),

1GSS,; 1. 44. :
? Br&psi, wviii. 35, -



o™

~ .may be represented by a line. />

- 'The methggl:may be illustrated thus: _
N _Exa{wﬁe.’ Find the square-root of 54756.
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and in  all the mathematical works, The tetm pada

seems to have come into use later on, 7.e., from:the

seventh century A.D. It occuts. first -in‘ the work of

Brahmagupta (628). . - - _

' The térm mdla was borrowed- by the ‘Arabs who,
translated it by jadhr, meaning “basis of square.” The

Latin term radix also is a.translation of the term .

The word &arani is found to have béen used.dn the
Salba works and Prikrta literature as a{term for
the square-root. In geometry it means a'Cfside.”” In
later times the term is, however, resei¢ed for a surd,
ie., a square-root which cannot be e@luated, but which

LY

. 'The Operation. The destkiption of the method
of finding the square-root is \given in the Aryabbatiya
very concisely thusi =~ o8% .

- “Always divide®yshelgven place by twice the
square-root (1pto thd‘g‘i'qplrcce%g‘;hg%l' odd place); after

" having “subtracted{ftom the odd place the square®

(of .the. quoti?&(j,u ‘the quotient put down at the next
place (in thenline of the root) gives the root.”*

I

AFor fusther details see Datta, American Math. Monthiy,
XXXV, pp. 420-423, also XXXVIIL, pp. 371-376.

% 2 In dividing, the quotient should be taken as great as will
{“\dllow of the subtraction of its square from the next odd place.

This is the force of the Sanskrit text as pointed out by the com-
mentators Bhiskara I, Nilakantha and others. ' :

_ 3The “square” is mentioned and not the “square of the
quotieat,” as in the beginning the greatest possible square is to
be subtracted, there being no quotient. -

-+ 4 ii. 4. Translations of the rulé have been given before
by Rodet (J.A, 1880, 1I), Kaye (JASB, 1907 and 1908, 1II and

" IV resp.); Singh (BCMS, 1927, XVIIY), Clark (Aryabbasiya) and
- others, Of these Kaye’s translation is entirely incorrect. .
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The odd and even places are marked by vertical

and horizontal ‘lines. ‘The: different steps are then as
indicated below: A :

Subract square .. - . 4 o root=a
Divide by twice the = e L :
root ... .a)14.(3 .. Placing guotient at thie )
A 12  next place, the ropt”
——— =2 AN
Subtract square of 27 AT ’ N

Divide by twice the 46)185(4 Placmg ‘ubtient at the

root 1847 mexh ‘place, - the foot
Subtract square of - oo 16 NXGT -
quotient .. a6 O '

The process ends. The _wrgéf‘ 15 234. ,
It has been statedfﬂbwy?’é%lﬁ'l'krfﬁg??fﬁif‘ Atyabhata’s
method is algebraic ifi‘character, and that it resembles
the method give \by Theon “of '_A_lexandri_a. Both his
statements_arc.igc:_rr-_cct'.;” S ' . .
“The following quotations from Siddhasena Gani
{¢. 550) in\his commentary On the Tatvirthédbigama-
shtra® wtﬂ‘prove_cdndus_ively that the Hindu method of
extrgé&fg the square-root was. not .algebraic. In con-
nection with the determination of the citcumference- of
~g\gircle of 100,000 ‘yajanas, he says: - L
’ «The diameter is one hundred thousand’ yefanas;
that multiplied by one hundred._-th_ousand. _yajanas be-
comes squared; this is again multiplied by 10 and then
r . . .
1JASB, M and IV, in the papers entitled “Notes on Indian
Mathematics, Tand 1L - e
2 See Singh, /., for details: also Clark, Aryabbagiya, pp. 23f.

¥ iii, r1. :
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the square-root (of the product) extracted. The toot
will be the circumnference of the citcle. Now to find
' the number of yojanas (by extracting the square-root) we
obtain in succession the figures 3,1,6,2,2 and 7 of the
toot, the number appeanng%:alow (that is, as the last
le‘lSOi’) is 632454. This being halved becomes the
number thrée hundred thousand sixteen thousands(two
hundred and twenty seven. ‘The number in excess. as
© the remainder is this 484471;...."

“Then on multiplication by 4 will, Be obtamed
“7560000000000. ‘The square-root of this, will be the
" chord. In finding that (root) will be obtained in suc-
cession the figures 2,7,4,9,5 and 4.0

It.is evident that Aryabhata’s plan of ﬁndmg the
square-foot has been followedDin the above cases as
the digits of the root ate evvolved successively one by
one.

Later Wﬂtcfsw“g'i"' %b”?ﬂél%’éa‘ yd%i%ﬂ% of the process
~ Thus Stidhara saysy*

- “Having subtracted the square from the odd place
divide the next\(even) place by twice the root which
- has been separdtely placed (in a line), and after having
subtracted “the square of the quotient, write it down
-~ in the lige; double what has been obtained above (by

lachg the quotient in the line) and taking this down,
dmde by it the next even place. Halve the doubled'
quantxty (to get the root).”

Mzhivira,” Aryabhata TI° and Sripati* give the rule
in"the same way as Stidhara, Bhiskara II, however, .
makes 2 slight variation, for he says:

AT, p. 5 For an illustration of the method of workmg
on a pdfi, see A. N. Singh, BCMS, XV, p. 129.-
©TGSS, pe 13,
3 MSi, p. 145.
+ .S':.fe, xifl, §; GT 23.
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“Subtract’ from the last odd place the greatest
square number, Set down double the root in a line,
and after dividing by it the next even place subtract
the square of the quotient from the next odd place
and set down double the quotient in the line, Thus
tepeat the operation throughout all the figures. Half
of the number in the line is the root.”* (\)

_ - 'The method of working on the pdfi may i:gé },11:15_
trated as below: ' N :

 Example. Find the square-root of 54‘736

The given number is written doim on the pd#i
and the odd and even places are piarked by vertical
and horizontal lines” thus: O

.
NN

e
5 4056
Beginning with the 13} 580 SILT Y YHE Preatest square
number 4 is subtractedy™ Thus 4 subtracted from 5 gives
1. The number, 58 rubbed out and the remaint%cr 1
substituted in its“place. Thus after the first operation
is performed, Wwhat stands on the pdfi is :
AS .

RS TL
O R .1475. o
Double the root 2, ie., 4, is permanently placed in a
_sépdrate portion of the péyi which has been termed
pankti (“line”).” Dividing the number upto the next
even matk by this number in the line, se., dividing 14
by 4 we obtain the quotient 3 and remainder 2. The
number 14 is rubbed out and the rémainder 2z written

1y, p; 4 The _ljhe in Bhiskara 1P’s method contains the
doubled root, whilst in that of Aryabhata I, it contains the
root. See Singh, /e :



in iié_:.plégié;~thds:on the pasi we have now
.. 4 - 2736 (3 gquotient -
_-..r!ineof_:oot__ : T .
~ The square of the quotient 3*=g is subtracted from,
the figures upto the next-odd mark. This gives (27 =—9)
—18. 27 is rubbed out and 18 substituted in its{place.
~ Double the quotient 3 is now set in the line giving 46.
The figures on the pd# stand thus: - KON

¢ ¢ . -
& :

s - N
46 . - 1856~ TheJ quotient 3 having
- Tneofroot . .. o bes{lrubbed out..

- Dividing the numbers upto the next even matk by the
pumber in the line, Z.e., dividing ¥85 by 46, the quotient
is 4 and remainder 1. 185 is_fubbed out and the remain-
der 1 substituted in its place. The figures on the pdff

are ﬂOW . www@l]ﬁi‘éulibra‘ry;org,jn
46 N6 (4 quotient

_ lmeof root (4™ - | ) _

Subtracting square of the quotient the remainder is nil,
so that 165 rubbed out. - The quotient 4 is doubled
and: setin-the line. The pdfi has now -

~COués o et s ' :
m . 'The quotient 4 havmg been .tu_bbec_l_ out, .
N ot 468 _
, \'Half the number in the line, 7.¢., 4—;* = 234 is the root.

- _Along with the Hindu numerals,” the method of
extracting the square-root’ given above, seems to have
-been communicated to the Arabs about the middle of
the eighth’ century, for it occurs in precisely the same
form' in Arabic 'works on mathenjatics.' In Europe

1E.g, AlNasavi {1025); see Suter, Bl Matb., VL,
p. 114 and Woepcke, J4 (6), t. 1, 1863, :
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it occurs-__i'n- -. safmlat fommthe 'Wﬁtiﬁgs of Peurbach
(1423-1461), Chiquet (1484), La Roche (1520), Gemma

Frisius (1540), Catango {1546) and others.

o '-b-"-'CUBE—;ROOT o L ~
Terminology. The Hindu terms for the cube: Oy
soot are ghana-mila, ghana-pada. These terms ha¥e
aiready been discussed before: _ A\
The Operation. The first description;‘of the
operation.of the cubé-root js found in the Aryabhatiya.
It is rather too concise: - Yy :
“Divide the second . aghana plﬁq(:;!}.y thrice the -
square of the cibe-root; subtract fx6m the first aghana
place the square of the quotient multiplied by thrice
the preceding (cube-root); ando{subtract) the cube (of
the quotient) fromi the %ﬁam ’.jglaqe;_,_(_the. quotient .. put
down at the next pldce tiﬁtﬁi 2YHbd 57 he Yoot) gives |
. the root)?% ' - ¢ \ ' e -
As has been egf@k_fin_ed by all the commentators,
the units place ip\ghang, the tens place is first gghana,
the hundreds plgce’is second aghana, the thousands place
is ghana, the ten-thousands place is fitst aghana and so
on., Aftepharking the places as ghana, first aghana and
Sﬁcond\%ﬁﬁﬂa,'f}fé process begins with the subtraction
of the\'greatest cube number from the figures upto
the(last. ghana' place.’: Though this has not been ex-

1 See Smith, History, IL; pp-i144-148, L

® 4, ii 5. Translations of this rule have been given by.
Rodet, Kaye, Singh, Clark, Seogupta and others. Kaye's transla-
tion is enfitely inaccurate, ” Other translations, though free, give
the correct result. Clark’s nse of the words “the (preceding)
ghana” is somewhat ‘misléading. = The'portion at ‘the end; within
brackets, is coimon to this aad the preceding rule for the ex-
traction of the square-toot,” . S
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'phc1t1y rnennoned in-the rule, the' commentators say
that it is impliedin the expression “ghanasya mile vargena”
¢tc. . (“by the square of the cube-root” etc) The:
method may be illustrated as below:

Example. Find the cubé-root of 1953125. ‘
The places ate divided into groups of three bY
rnarkmg them as. below:

£\
L &

i_i—l_-—I- . ] (s,:"'

1953125
Subtract cube SRR R (3) Rs\ot-—l
Divide by thrice square. ———
of root, fe. 3.1% 3) 9 (z.- K)‘ Piacmg quotient
Subtract square of quo- after the root
‘tient maultiplied ~ by. _— ..\ ~ 1. gives the
thrice the ptevious 35 A oot 12
raot, i &, 2% 3. I. o xz’ 8
Subtract cube of quouent t233 ;
Chey 2% W W, dblauhbraﬂy G, m(t‘)

Divide by thrice square . o
-of the root, 7., 3.122{\432) 2251 G . (a) Placing quotient

Subtract square , ,&f) 2160 ~after the root
quotient multiphc-}l\\by © 12 gives the
thrice * the_ ptéyious . . - g1z . - ‘100t 125
-ro_ot,':'e 1 iz - . goo .. (#) o

Subtrict c%b} of quo- 125 _

uent s?\; . 125 .. (6)

Thus “khe cube-root = 125

\ ) It will be evident from the above illustration that
the ‘present method of extracting the cube-root is a .
contraction of Aryabhata’s method.

The method given above occurs in all the Hindu -
mathernaUCal ‘wotks, For instance, Brahmagupta says:

CE) uotient in division is: to be taken as, grcat ag wﬂl a!low
thc two sul sequent operations (b) and {¢) to be catncd out.
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“The divisor for the second aghana place is thrice
the square of the cube-100t; the squate of the quotient
multiplied by three and the preceding (root] must be
subtracted from the next (gghama place. to the right),
and the cube (of the quotient) from the ghana place;
(the procedure repeated gives) the root.”

actually performed on the pi, ‘thus: N
“(Divide the digits beginning with the units\place
into periods of) one ghana place and two aghane places.
From the (last) ghana digit subtract the (greatest pos-
sible) cube; then taking down the remainder and the
thitd pada -(i.e., the second aghana digif) divide it by
thrice the square of the ~cube-ropt.{which has been
permanently placed in 2 separate pldce; place the quo-
tient in the line; subtract the gguare of this  (quotient)
rnultiplied by thrice the Jast.goot from the next (aghana)
digit.” Then as before sulttaatisha-cuke(of the quo-
~ tient) from its own place (i.¢., the -ghana digit). Then
take down again thesthitd pade (i-c., second aghana digit),

and the rest of ‘the” process is as before. (This will

give) the root.7% L .
Aryabhata’ I follows Sridhara and gives details as
follows;. >~ . |
“Ghana (i.¢:, the place from ‘which cube is sub-
tracted), bbdjya (ie-. the “dividend” place) and JSodpya
(g2, the ‘mimiend” place) are the denominations (of
C.the places). Subtract the (greatest) cube from its own
place (i.e., from the numbers upto the last ghana digit);

bring dowri the bhdjya digit and divide it* by thrice.

the square of the cube-root which has been permanently

! ﬁrsp{fi, p 178 ¢f Colebrooke, /s, .p. 280,
* Trif, pp. 6f. . o
s Titerally, its own place. .

12
v

I\
Sridhara gives more details of the process 28,
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placed. Place the quotient in the line (of the root).
The squate of this (quotient} multiplied by thrice the
previous root is subtracted from its own place (7.c., the
Sodhya place) and its cube from the ghana place. " If the
above operations be possible then this (7.¢., the numbep
in the line) is the root so far. Then bringing down
the bhgjya digit continue the process as before (¢ilDyit
ends).”* : ‘ - D
The component digits of the number whose cube-
toot is to be found are divided into groups of three
(one ghana and two gghanas) each. The digits upto the
last ghana place (proceeding from left\to right) give
the first figure of the root (counting from the left).
The following period of three digits (to the right) gives
the second figure of the root a'n;g' so on. While work-
ing on the pd#, the digits of\ the number whose root
is to be found are first marked and the method pro-
~ ceeds as follows: www,d’l.)l.r’au]jbrary.org,in

- Example. Fir}f{ihe cube-root of 1953125.
The numb%is’written thus: ' '
N f--l--]
A i
Frofiy'the last ghana digit (marked by a vertical
stroke), the greatest cube is subtracted. Here 1° being
subfracted from 1 gives zero, So 1 is rubbed out.
/Ehe -cube-root of 1* is placed in a separate line. - The
\figutes on the pd#/ stand thus: '

\

~<j-] o
_ _ 953125 ~  line of root
Then to obtain the second figure of the root, the
second aghana (i.e., 9) is taken below and divided by

T M3, p. 145, The interpreration given by Dvivedi of line
2 of the rule as printed in his edition (p. 145) is incorrect.

*
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thrice the square of the root (ie., the number in the
line). ‘Thus we have-
S el

953125
5.13 — 3) 9 (z quotient
. 6 .
.—-"_3 _ ::\‘:\.

The quotient is taken to be 2, because if it were thken
to be 3, the rest of the procedure cannot be(earried
out. ‘This quotient (z) is set in the line. (The first
aghana is then brought down and we hage, on sub-
tracting the square of the quotient multiplied by thrice
the previous root, the following: D

W

=l N0 12
053125 line of root
3,07 = 3)9 _{2" quotient
Mﬁl‘aulibral‘y,org,jn
2 . A
2% 3.1 = A N2
\"’ 23 .

On bringipg\down the ghana digit 3, and then
subtracting (the “cube of the quotient we get 225 as
below, and\the process on the petiod formed by the
digits 9g3%s completed and the figure 2 of the root is
obtal gﬂ‘:”\ : ' ool

w\:“.’ © Q53125 . -

N/ | 3} (2 2.
' 6 _ hoe qfropl: o

35

12

233

N 2= _ 8
225
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' 'Tﬁe":ﬁgﬁres 953 are then rubbed out and the
temainder 225 is substituted. After this the process is
as before, i.e., thus

|

22§12% ' O
12%.3 =  432) 2251 (3 12 N\,
2160 _ line of root”
o g1z . A\
s*.1z.3. = .  goo ON ?
B A 4
58: .‘_\, , . 12.5. . \ 125
' o -"{,\\' line of root

. . 'The process ends as all tbﬁ'fi}gures in the number
ate exhausted. The root is 123y the number in the line
of root. As thereis no remainder, the root is exact.

The necessity, foayuibbing out figures arises, as the
pdr 15 not big enough’ to contatn the whole of the

-working, The three ‘digits constituting a period are
considered together. The figures upto the next second
aghana. have to be brought down and. the operation of
division perforimed separately; because. the quotient is
obtained By trial.. As has been already explained, this
-division'ds performed by rubbing out the digits of the
divic@g% (and not as in the working given above).
If the operations were carried out on the figures of the
©otigina! number, and if the quotient taken were found

)10 be 20 big, then it would not be possible to restote
the original figutes and begin the work again, as

- will have to be done in case of failure.

10. CHECKS ON OPERATIONS

The earliest available description of 2 method of
checking the results of arithmetical operations, the
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direct as well as the inverse, is found in the Mabdsid-
dbintat {¢. 950). It says: '
“Add together the own digits of the numbers
forming the multiplicand, multiplier, and product upto
one place;® such should be done with the dividend,
divisor, quotient and tremainder, etc. Then if the
number (of one digit) obtained from the product of,
those numbers (that have been dlready obtained) fom
the multiplicand and the muitiplier be equal to that
obtained from the product, the multiplicationis) true.
If the number, which results from the produtf-of those
obtained from the quotient and the diviget, added to
that from the remainder, be equal to that)obtained from
the dividend, the division is true. (Add together the
digits of a number, its (nearest) sqifate-root (in integets)
“and of the remainder. If the number, obtained from the
square of that (number) whidh is obtained from the
square-root plus the pumben obi, ined from the remain-
Jer, be equal to that which eSul3 Tt ¥ given num-
ber, the root-extractionis true. If the number, resulting
from the cube of the number obtained by adding the
digits of the cubétoot plus the number obtained from.
the remaindet; bé equal to the number resulting from the
given numpet; then the operation. is correct. Such are
the casy t6sts for correctness of multiplication etc.”
’[§ﬂ~ rationale of the above rules will be clear from
the following: Let - S
~O° ‘n =dJ,

\. ! m_m-l":".'l"dzdi : -
be 2 number of -7 digits written in the decimal place-
value notation. Let 5, denote the sum of its digits,

* MSi, p. 452 ' o
2 That is, the digits of the number should be added together;
the digits of the sum thus obtained should be again added and
_ the process should be continued until there remains a numbet
of one digit only.
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§, the sum of the digits of 5,, and so on.

Then
n =dtrod+........ +10"7d,,,
S, =dtdAdA ... ... od, )
so that o N
n—J5, ,_9(d2+11d+....1...). = ..\:>’
Therefore, ' Sy O
# =0, (mOd‘ 9)’ ) "( ‘.':‘:
Similarly ' \*

....................

= S (rnod 9)
where S, isa number, of f)ge digit only, say #’, which .
is certamly less thin orequal to ¢ "
Addmg the coQgrucnccs we obtain
\\ w=n (mod. g).

I‘hus the nviber obtained by addirg the digits of a
number gepeatedly is equal to the remainder obtained
by dw1ding that number by nine.

. ew if there be a2 number IN which is equal to the
contmued product of p other numbers #,, My, Hyy o on ey #,
plus ot minus another number B, then we write

o N=munmn....n5, + R
Now, let-

oooooooooooooooooooooooo

ooooooooooooooooooo
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Multiplying the congruences, we obtain
Ay ty=1" 4. . ..4, (mod. 9).
Further let _ .
R=7s (mod. 9)

Therefore ~
Mottty . A R=n"\ ... .0, £ 7’ (mod. 9},
Hence PR N
N=g #yoeu.. 7,47 (mod. 9).
In particular, if o D
By == My == ewrennns = n, = #, say O
then will ANV
wW,o=n,= it :#,\;‘Jn’
. 'Therefore, '
. N = ﬂvi;{?.’{;
and N = gf\: ﬂi:’ga Lﬁ%lgﬁﬁl'y 2}'}%,111

From the above~follow easily the rules of the
Mabésiddhinta. N :

+8 )

The followidg rule for testing multiplication is
given by Nardyana' (1356): '

«“The sepainders obtained on division of each of the
multipli¢and and the multipliet by an optional number
are niltiplied together and then divided by the optional
number. If the remainder so obtained be equal to the
sémainder obtained on dividing the product (of the

\m \tmultiplicand and the multiplier) by the optional number,
then, it is cotrect.” : :
. Tt must be noted here that 2 complete set of rules
for checking by nines is first found in India. Methods
for testing multiplication and division were probably
1 Quoted by S. Dvivedi, History of Mathematics (in Hindi), -
Benares, 1910, P- 79- : '
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known to the Hindus much earlier. But as these tests
were not considered to be among the fundamental opera-
tions, they were not mentioned in the works on pds-
ganita’ Niriyana seems to be the first Hindu mathe-

- matician to give rules for testing operations by the.
casting out of any desired number. _
~~ In the wotks of eatly Arab writers the metiods
of testing multiplication, and division without remainder,
by the check of nines are given, while a camplete set
of rules for testing all operations is found/fifst in the
works of Avicenna® (r. 1020) who calls }is method the
“Hindu” method. Maximus Planudes®also ascribes an

- Indian origin to. the check of ning:s:\\’ '

©_ 'There is thus no doubt as"fo the Hindu origin
of the check of nines. Beford YAryabhata II, it was
probably used to test multiplieation and division only.
It was perhaps in this impetfect form when it was com-
municated to the "ATIETHPHEFATEL" the method was
probably perfected iddependently both in Arabia and
India. “This would\account for the difference in the
formulation of therules by the Arabs and by Aryabhata
11, the authoref the Mahdsiddhinia* It is, however,
certain’ that (the Hindus did not borrow the method
from the Aryabs, because Aryabhata IT wrote before Avi-
cenna, (Behd Eddin® (v, 1600) gives the check of nines
in ly the same form as Aryabhata II.

P & * Besides the above works, the check of nines is also quoted
by Sumatiharsa (1618) from an anterior writer Bijadatta, in his
commentary on the Karaga-kuthbala of Bhiskara T, ed. by Madhava

. Sastri, Bombay, 1901, i.. 7. : . o

2L, Woepcke, JA(6), 1, 1863, pp. 500 ef sq.. :
¥ Vide Delambre, Histoire de I Astronomic ™ Ancienne, t. T,
Paris, 1817, pp. 518 f, : ' ' :
" *Noted by B. Datta, J4SB, XXII, 1927, p. 263,
- -8 Kholdsat al-bisdh, French translation by A. Marre, Nowvelles
- Amagles d. Math., t. v, 1846, p. 263, T :
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" 11. FRACTIONS

Eatly Use. In India, the knowledge of fractions can
be traced back to vety eatly times. In the oldest known
work, the Rgweds, the fractions one-half (ardba) and
three-fourths (#ri-pdda’) occur. In a passage of the ,
Maitrdyani Sambits® are mentioned the fractions ones
sixteenth (kalf), one-twelfth (fustha), one-eighth (faph3)
and onefourth (pdds). In the eatliest known riiathe-
matical works, the Swlba-shitra, fractions have npt only
been mentioned, but have been used in thegtatement
and solution of problems.® R\

The ancient Egyptians and Babylonidns are known
to have used fractions with unit nurerators, but there
s lictle evidence of the use by these\people of what are
called composite fractions, The” occurrence of the
fraction' three-fourths in the\Rgreda 1s probably the
oldest tecord of a compesite fraction known to us.
The Sanskrit compoundwrbpuidiblitesally imeans “three-
feet.” Used as a number it denotes that the measure
of the patt considered beats the same ratio to the whole
as thrée feet ofsd\quadruped bear to the total number
of its feet. 'The term pdda, however, is a word nuimeral
for onefoufth, and the compound #ri-pdda is formed.
exactly onithe same principle as the English term three-
fourﬁs‘_ﬁx In the Sulba, unit fractions are denoted by the
use OF 2 cardinal number with the term bbdga or anisa;

thus* pasica-dasa-bhiga (“fifteen-parts”) is equivalent to

~(one-fifteenth,” sapta-bhigs (“seven-parts”) is equivalent

‘to one-seventh,® and so on.. The use of ordinal numbers .

1RV, X. 90. 4. _
iii. 7..7. _ '
¢ B, Datta, Swha, pp. 21z £
1+ yri—three and pdda=fourth.
-5 ApSi, x. 33 K8h, v. 8.

& K54, vi. 4 .
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with the term bhdga or anfa is also quite common, e.g.,
- paficama-bbige (“fifth part™) is equivalent to one-fifth.

Sometimes the wotd bbdge is omitted, probably for the

sake of metrical convenience.? Composite fractions like

3/8.and 2/7 are called #ri-astama (“three-eighths”) and.

dvi-saptama (“two-sevenths”) respectively. In the Bakhe
shali Manuscript the fraction 3/8 is called #ryasfa (“thiee-
eighths™) and 3% is called #rayastrayasta (“threcithrée-
eighths”).® Instances of the formation of Mraction
‘names on the above principle are too numerons in later
wotks to be mentioned here. The present method of
expressing fractions is thus detived frond\Hindu sources
‘and can be traced back to 3,000 B.Co\

Weights and Measures. Thedivision of the units
of length, weight, money, etc., 6 smaller units for the
sake of avoiding the use ofifractional quantities has
been common amongst allicivilised peoples. It is an
index of commercialvattgvitibrandorthin development of
commercial atithmetigs, The Hindus have used systems
of weights and measures from the earliest times. ~The
Satapatha Brébmapa® (c. 2,000 B.C.) gives a very mintute
subdivision of\ time. According to it there are 3o
mubiirta inaCay, 15 ksipra in a mublirta, 15 fterbi in a
ksipra, \s\llani in an starbi and 15 prdpa in an idéni.
Thus, ene’ prdpa. is approximately equivalent to one-
scvg:;ﬁcénth of a second. It is improbable that the
anclent Hindus had any appliance for measuring

~&iich small intervals of time. The subdivision is entire-
Sy theoretical, and probably made for philosophical
reasons. It, nevertheless, shows that the Hindus must

1 ApSi, ix. 7, x. 2; K84, v. 6.

®When the fractions have unit numerators, only the deno-
minators are mentioned. This practice is quite common in later
works also, e.g., sagfa (sixth)=} in L, p. 7 etc.
" 3 BMs, 10 wverso.

4xii; 3. 2. I _ -
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have been in .possession 'of a satisfactory arithmetic of
fractions even’in. those early times. The Arthasdsira
of Kautilya' contains’ a section dealing with weights
and measures which were in use in India in the fourth
century B.C. .- In the Lilitavistara® Buddha is stated
to have given the following system of linear measures:

N

7 paramdpurafa = 1 regw ¢\
7 repw . - =1 frufi O
7 frati - .= 1 vdtdyana raja ~N\
7 vitdyama raja = 1 - Saia raja ON
7 Safa raja = 1 edakaraia N
7 edakargia - = 1 g raje ’
7 o raja ="1 [ksd ragja, N0 _
7 liksd raja =1 sergapal™
7 darsapa = 1 _yavaXbseadth of barley)
7 _yava = 1 aiglf’ parva (breadth of
O finger)
12 adgulf parva = Iwitaiti o
z w'}i.rz‘ip ' W;Widb%g? Eg}gh%m
4 asta =1 dhanu
1000 dhany A= 1 Fkrosa
4 krofa = 1 _yojand

- According™to the above table, the smallest Hindu
measure q{ length, a paramdps® = 1-3X 77* inches.

All-the works on pdtiganita begin with definitions

of th&weig:hts and measures employed in them, The

eatliet ones contain a special rule for the reduction of

.a(chain of measures into a proper fraction.* It may

\.be mentioned that the systems of weights and measures

* 'The Arthasistra of Kantilya, ed, by R. Shamsastri, Bangalore,
1'91 N . .
2 Lalizavistara, ed, R. Mitra, Calcutta, 1877, p. 168,
S Paramdipa is the smallest icle of matter. Thus according
to the Hindus, the diameter of 2 molecule is 15 772 X
* 'The process is called vaiii-savarpana and occuss in the Trifatikd
{p. 12) and the Gapita-tilaka (p. 39) and not in later works,
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given in different works are different from each other,
They are the ones cusrent at the time and in the locality
_ in which the book: was composed., - . . .
Terminology. The Sanskrit term for a fraction
is bhinna. Tt means “broken” The Emropean . terms,
[fractio, fraction, roupt, rotte; ot rocto etc., are . translatipng
of the term bhinna, having been derived from the Latin
fractus {frangere) or rupins meaning “‘broken.”’~The
Hindu term bhinna, however, had a more \géneral
meaning in so far as it included numbers ofsthe form,

' N7 b
G5 (Fofd) (G5 (ax7).

These forms were termed jdt, ‘.. wl“\c’lasses,"’ and the
Hindu treatises contain spécial rt;lcj".a\for their reduction
to propet fractions. Stidhara dnd Mahdvira each enu-
merate six jtis, while Brahmdpupta gives only five and
Bhaskara II following Skatddasena reduces the number
to four. The nceHM%'rn_il:ﬁLé l%iaé's‘féﬁ‘l%f fractions into
classes arose out of e lack of proper symbolism to
indicate mathemagical operations. ~The ‘only opera-
- tional symbol used by the Hindus was a dot* for the
negative sign, () ' '

The "ofher terms employed for the fraction are
bhisa and’gpisa, meaning “part” or “portion.” The term
kali which originally, in Vedic times, denoted one-
sixteénth came to be later on employed for a fraction.
Lis earliest use as a term for fraction occurs in the
CSulba works, - - o ol

. Writing of Fractions. From very early times
(¢. 200 A.D.) the Hindus wrote fractions just as we do
now, but without the dividing line. When several
fractions occutred in the samé problem, they were in
general separated - from each other by vertical and

" 1 Generally placed over the number to'be subtracted.
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horizontal lines. Illustrations of the Hindu method of
writing groups of fractions will be found in the
examples that will “be given hereafter. '

Reduction to Lowest Terms. Before petforming
operations with fractions, it was considered necessary
to reduce them to lowest terms. The process of reduc-
tion was called apavartana, but was not included amoAg,
the operations. It is not given in the Hindu works,
but seems to have beefi taught by oral instructiops, ‘That
the method has been in use in India from the earliest
centuries of the Christian era, cannot bevdpubted; for
i is mentioned in 2 non-mathematicdl” work, the
Tativiérthidbigama-shira-bhigya' by Umasvati (e 150)
as a simile to illustrate a philosophieal discussion:
. “Qr, as when the expert, mathematician, for the
purpose of simplifying opesations, removes common
factors from . the ngmgmhgpgy_ epominator of 2
fraction, there is no chabge in the v ue of the fraction,
80 weneen K o

Reduction ¢ to” Common Denominator. The
operation of geduction to a common denominator’® is
required whea fractions are t6 be added or subtract-
ed. The,process is given 2 prominent place and is’
gencKalgt: mentioned along with addition and subtrac-
tion{\ Brhmagupta® gives.the réduction along with the

prdecsses of . addition and subtraction thus:
\/  “By the multiplication of thé numeratot and deno-
minator of each of the (fractional) _quantities by the -
other denominators, the quantities are reduced to a
common denomipator. In addition, the numerators are
united. In subtraction their difference is taken.”
Crgisal . c L
* Kali-savarpana of savaruand, Ot samachbeda-vidhi.

3 Bripdi, p- 172
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Sndhara says:

“To .reduce to a common denommator multiply
the numerator and denoxmnator of each (fractlon) by
the other denominators.” )

- All other works also contain this rule

- Fractions in Combination. It has already bee
 remarked that due to the lack of proper symbolisti,
- the Hindu mathematicians divide combinations of frac-

tions into four classes. They are: A
Y ne 3 A . ) c g'\
(1)* Bhdga, i.e., the form (E +7 :l:f’:l:.' c)
usually written as \\ '
. alcle| . {adoe]e
Lelaif1° ladd] f)
whete the dots denote subtrﬁctlon
wwdbLau tzr‘at' o]',’g] [ :
{2 Pmbbaga ie., the form ¥ rf AR ),
written as .z"'z\ '
- N ST T,
ST
(3)“ Bbagambaﬂdba ie, the form
'\
cor (n) P+" ff’+ of (247 of 2)+..
O - g 5 9

1 Tﬂf p. 1o. The translation given by Kaye is incorrect.

L ’gni'pj'z P- 1753 Tris, p. 10; G55, p. 33 (355, 36 MSJ, p. 146;
s P

3Tn_r p. 10; GSS, p. 39 (99) MS7, p. 146; L, p. 6. -

“Tﬂf p. 10; GSS, p. 41 (313); MJ: p. 148; L p. 7. These
forms are termed mpa—bbaganuémndba {““association of an integer and
a fraction™) and bhdga-bhiginubandba (“association of fracuons of
fractions™) respectively. :
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written as
a b
() &1 or Gy 4
& r
s
? <Oy
” .\\ v
. « 7
(4) Bhdgipaviba, is., the form N
] b (¢
‘ a— = ' AS
@ (a--) - Q
_ A\
or () B -Tof 2Lof (BT of 2y .
-5 g 4 .9.3 s q :
written as K
a] D]
(;) -b w"ﬁi{d}’fﬁ?“ i by.org.in
el Ed
A 5
LA\ K3
) u

Besides(the above four forms, Sridhara, Mahévira,
and some\é)thers give two more.

(}Q& Ebaga-bbaga i.e., the form

" ~. p
There does not appear to have been any notation
for division, such compounds being written as,

1 BrSpSi, p. 176 G5, p. 43 (126); MS:, p. 148; L,
These forms are termed mpa—bbagapwabd and bbaga—bbagapamba
respectively,

2 Trif, p. 11; G55, p. 39 {99).
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a _
bi or
¢

oy

just as for bbdgdnubandha. That division is to be Pef-\ |
formed was known from the problem;' e.g., A% ¢
was written as sad-bhdga-bhiga? i.e., “one-six;h:\bééfga_

bhdoa” or “one divided by one-sixth.”?
iga Y \ N

(6)* Bhdga-matr, i.r., combinations of fobms enume-
rated above. Mahivira remarks that(there can be
twenty-six variations of this type \The following
example is given by Sridhara.® )"

- “What is the result when hﬁﬂ‘, one-fourth of one-
fourth, one divided by one-third, half plus half of .
itself, and one-third dimigished by half of itself, are
added together?”’ Ay, '

" wWw.dbl'éﬁl’ii)ral'y_org,in
In modern notation this is

4G of HHEFDHE+HS of §)+(3—3 of 3).

- In the old Hindu hotation it was written as

Q" x|zl
. | i B S
\:»\,, . . 5 . b -I

N\ ' 2z

\ D) 1tis only in the Bakhishali Manuscript that the term #bd is
\/ sometimes I}laoed.béfore or after the quantity affected.

266'(:- Trid, p. 11, .
- S.GSS, p. 41 (112) gives 222 as tripdde bhakiam dvikam, ie.,
“two divided by three-fourths.” . - - o

t Trif, p. 12; G35, p-.43 (138)- _

5 As there are five primary classes enumeérated by Mahivira,

- 5o the total number of combinations is

| G SC, =26
. AT por2. .
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The defect of the notation is obvious: ; ; can be

I
read also as }--%, and E can be read also as 1i; so
3

that the exact meaning of the notation can be under-
stood only by a reference to the question. O\

The tules for the reduction of the first two clases -
are those of addition or subtraction, and multiplieation.
The. rule for the reduction of the third and\ fourth
classes (from #) ate given together by Brahmagupta:

“The (apper) denominator is multl lied by the
denominator -and the upper numerat £ by the same
(denominator) increased or dimigished by its own
pumerator.”* ' O '

The rule for bbdginubandbais given by Sridhara® as
follows: WW din librar i
. anlibrary.org.in

;) “In bhiginubandba; 2dd the numerator to the
product of the whole flumber and the denominatot.”

(#) “Multipl ¢he’ denominator by the Jower deno-
minator and (the,b the numerator by the same lower
denominator, ificreased by its own numerator.”

Othermeiters give similar rules for reduction in the
case of\@égdnubaﬂ ba. : .

T'}:E following example® will explain the process of

_wotking: -
)

2 BrSpSi, p. 176. The reduction of the form a = 2 has been
given sepatately (p- 173)-
2 Tyif, p. 10. Rule (7) is for the reduction of a4~ and rule (i)
is for the reduction of the form
| ;-g-;bf%%—} of(:-}-%of%).
3 Trif, p- 11,
13 !
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‘Reduce to a proper fraction:

5&%;of3$+%0feé+zwf3a}+b+%ofq+4cf

. (—E—f—ﬁ of ‘E)
This was written as

3 >

2|2 NS

1 1 R }‘ N/

43 7\

1|1 AN

6|4 v

Adding denominators to nurnf:rhtora of the Jower
fractions, and applying rule (7} o left-hand top com-
partment to reduce it to a propcr Fraction, we get

&

wiww . dbid l;fhb a2y jorg.in
' \ 413
.\\‘,t’ 7 S
VW 6|4

Now pe‘rformmg multiplication as ditected, 7.¢., mul-
anymg\the ‘denominator of the first fraction by all the
lowet\denominators and the mumerator by the sum of
the Aumerators and denommators of the lower frac-

: tgons we get

AN

\3"’- 5 XEX Tm-ﬁ-”, and $X$X§=4%
i-g., 245 zo .
o 48 | 24

Then making denominators similar (savarpana), we
have

245 | 40 | .
48 48 | *




'
FRACTIONS 195

petforming the addition we have 28 or 5}% as the
result. . . : ,

The rule for bhdgdpavdha is given in all the works
on patiganita. It is the same as that for bhdgénubandba,
except that “addition” or “increase” is replaced by
“subtraction” or “decrease” in the enunciation of the,
rale for bhdgdpaviha. ' K\

Lowest Common Multiple.- Mahdvira® was the
first amongst the Indian mathematicians to speak of
the lowest common multiple in order to_sHorten the
process. He defines sirnddha (L. C. M.) as foliows:

“The product. of the common ,fattors of the
denominators and their resulting, g@dtients is called
uiruddba” I AV

The process of reducing fractions to equal deno-

minatotrs is thus desctibed %%fhlﬂ,? :
WW W jbrary.org.in .
“The (new) numerators and denofninators, obtained

as products of multiplication of (each original) numera-

tor and denominafof by the (quotient of the) nirnddba

(ie., L. C. M.) div}&d by the denominator give frac-
tions with the sathe denominator.” _

Bhiska ':fI“ ‘does not mention #iruddba but observes
that the process can be shortened. He says:

- “The numerator and denominator may be multi-
pliediby the intelligent calculator by the other deno- .

minator abridged by the common factor.”

The Eight Operations. Operations with frac-
tions were known in India from very. early times, the
method of petrforming them being the same as now.

1 G535, p. 33 (56):
2 GSS, p. 33 (56).
*L,p. 6.

2 AN

Q.
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~ Although Aryabhata does not mention the elementary
operations, there is evidence to show that he knew the
method of division by fraction by inverting it. All the
operations are found in the Bakhshali Mapuscript (¢. 200). '

Addition and Subtraction. These operations, -
were perform‘ed after the fractions were reduced to™a

A

common denominator. ‘Thus Stidhara says:® (&)
“Reduce the fractions to a common denofinator
and then add the numerators. The denomifiator of a
whole number is unity.” O _ '
" * Brahmagupta and Mahivira give thesmethod under
- Bhdgajéti. Mabavira differs from othef)ywiiters in giving
the methods of the summation of atithmetic and geo-
metric seties under the title wf addition (samkalita).”
Later writers follow Sridhara. '
‘Multiplication. Brahimagupta says:®
“The produfy oibHie! Hitneraddrs divided by the
product of the denoghinators is the (result of) multipli-
cation of two or mipre fractions.” : _ '
While all 6ther writers give the rule in the same
way as Brahtdgupta, Mahivira refers to cross reduction
in order feshorten the work:* o o
: “If ¢he multiplication of fractions, the numerators.
are forbe multiplied by.the numerators and the deno-
miators by denominatoss, after carrying out the process
__ofcross reduction,” if that be possible.”

A Trd, pe T _ C
2 Cf. GSS, pp- 28 (22} fi.
3 BrSpSi, p. 175
+ GSS, p. 25 (2). - _ .
5 Vajrdpavartana-vidbi, Le., “cancellation ' crosswise,” thus
e, A6 I
3¢ Ng
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_ Division. Although the elementary operations are
" not mentioned in the Aryabhatiya, the method of division
by fraction is indicated under the Rule of Three, The

Rule of'_Three states the result as iﬁ-—-} When these

quantltles are fractlonal we get an expression of the

—>< .\\

form —; for the evaluatmn of which Aryabhata I

— . <

”

states: | . «\
“The multipliers and the divisor aré multiphed by
the denominatots of each other.” | e \d

As will be explamcd later on (p \204) the quantities
are written as

o\

a
W ;ﬁgna dibrary.orgin

minators we have

Transferring the den

3

L4
T a m
MK " b
..\‘;' s d

Pexforﬁnng multlphcatxon the result is a;;-

A ¥The above interpretation of a rather obscure line®
‘ih“the Aryabbativa is based on the commentaries of
\Suryadcva and Bhaskara 1. - Thus Sfryadeva says:

* Where f pﬁwﬁﬂ ity “frmt ?i= m:bé ‘e, “demand or
'tequisition” p’==pramdpa, i.e., “argument.”
1 : 4, p. {13 PPrevmus writers seem to have been misled b
the comamentary of Paramefvara which is very vague; ¢f; Cla
{p. 40) and P. C. Sengupta (p. 25). _
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“Herte by the word gupekdra is meant the multiplier
and multiplicand, 7.z., the phale and iechd quantities that
~are multiplied together. "By bhdgehdra is meant the
- pramdpa quantity. The denominators of the phals and
wchd are taken to the pramina. The denominator of the
pramdna is taken with the phaia and ochd. Then multi-
plying these, Z.e., (the numeratoss of) the phala and icchi
and this denominator, and dividing by (the produgfdpf) -
the numbers standing with the pramdpa, the resulf¥s the
quotient of the fractions.” N\
Brahmagupta® gives the method of diyision as fol-
lows: ) o

N\

“““The denominator and numerarol of the divisor
~baving been interchanged, the domominator of the
dividend is multiplied by the (flew) denominator and
its. numerator by the (new) numerator. Thus division
- of proper fractions is performed.”
Sridhata® add¥“iRePYHBNNEEE B the method of
multiplication; < o
“Having interchanged the numerator and deno-
minator of the {divisor, the operation is the same as
before.””? c '
Mahavifa® explains the method thus:
_“Af{f;l&“having made the numerator of the divisor®
its degominator (and zice versq) the operation is the
-samel2s in multiplication.” ' -
_\VOr,® whern (the fractions constituting) the divisor

a\
\

\3

L1 BripSi, p.o173.
2T¥f, p. 8.
-~ o *re, the same as that of multiplication,

4 GSS, p. 26 (B). L S o
. -®Mahavira uses the term pramdpa-rifi for divisor, showing
thereby its connection with the ‘rule of three” _

8 This is similar to the way in which Aryabhata ] expresses
the method. C o
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.and dividend are multiplied by the denominators of
each other and these products are without denomina-
tors, (the operation) is as in the division of whole*
numbers.” _ '

Square and Square-root. Brahmagupta® says:

~ “The square of the numerator of a proper fraction. {\.
divided by the square of the denominator gives the,
squ_are.” '\w\,,‘\

“The squate-root of the numerator of a proper
fraction divided by the square-root of the dengtnipator
gives the square-root.” _ R4S

Other works contain the same rulesi\

Cube and Cube-root. Sridhara¥,gives the rule-
as follows: _ &y .

“The cube of the numeratof divided by the cube
of the denominator gives the €ube, and the cube-root
‘of the numerator diyided,sby, ; ’g_yt_:(g}:ég-nroot of the
denominator gives the cube-root. : .

Other wotks give(the same rules. .

Unit Fractions.) Mahévira has given a number of
rules for expressitg any fraction as the sum of a
number of unitfractions.* These rules do not occut
in any othet\work, probably because they wefe not
consideted/important or useful. ' “
(NTo express 1 as the sum of a mumber (n) of

X

mr'z';fj fi’aﬂ‘x’aﬂf.
O "The rule for this is:* ,
N/ “When the sum of the different quantities having .

17The term for whole numbet is sakala.

2 BrSpSi, p. 174 .

3 Trif, p. 9. :

«There is no technical term for unit fraction. The term
used is ripdmsaka-rifi, i.e., “quantity with one as numerator.”

58 GSS, p- 36 (75)- ”
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one for their numerator is 1, the (required) denomina-

~ tors are such as, beginning with 1, are in order multi-

~ plied by 3, the first and the last being multiplied again
by 2 and 3.7 :

'Algebraica]ly. the rule is
T=Cb T S S T )
2 3 3 3 3" 2.37500
(2) To express 1 as the sum of an odd duwber of
" wnit fractions. - ' D
The rule for this is stated thus:* O

_ “When the sum of the quantitics\(ftactions) having
one for each of their numerators is Gne, the denomina-
tors ate such as, beginning witlh#wo, go on rising in

-value by one, ecach being further multiplied by that
which is (immediately) next*to it and then halved.”

Algebraicaﬂy“-’ﬁ.}l"sdgé'f?.?libfat-y_org_in‘
= 41> I 1
¥ = 2.5.5"‘ a3 + (M_I)_mé-l— o

(3) To express a wnit Jraction as the um of a number
of other frastighs, the numerators being given.®
Thenile for this is: o
,A‘oe{ﬂhé denominator of the first (of the supposed ot
giver numerators) is the denominator of the sum, that
'mf{ﬁ the next is this combined with its numerator and
Nfo.on; and then multiply (each denominator) by that
which is next to it, the last being multiplied by its
own numerator. (This gives the required denomina-
tors).” '

1 GSS, p. 36(77)-
?Each may be one. GSf,p. 36(78).
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* Algebraically this gives .

1
3

a, a,
n (n+ax)‘+ {n+a)nta+tay) + Y
S "

r—1
t Gatat A Jetatat e . O

4o e, O\
a(ntatat....ta) O
By taking ¢,=a,=...—¢,=1, We get unit feactions.

When these are not -unity, the fractions ma)((iot be in
their lowest terms. O

(4) To éxpress any fraction as the supgf unit [fractions.

The rule is:* . : X\

“The denominator (of the{given fraction) when
combined with an optionally. chosen numbet and then
divided by the numeratet, SirasI i 1Gr%R, Bp remainder,
becomes the denominatos’of the first numerator (which
is one); the optionallf chosen quantity when divided
by this and by 'thes':dénominatc)t of the sum is the
remainder. Ta this remainder the same process is

N

applied.”  \J
A\ e . —l-: .
Let the number / be so chosen that %— is an
O : '

integg&_r; ‘then the rule gives

:.\f N b1y i
V- g r g

of which the first is 2 unit fraction and a similar process
can be employed to the remainder to get other unit
fractions. In this case the fesult depends’ upon the
optionally chosen quantities.

! GSS’ P' 57{30)'
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(5) To express a anit fraction as the swm of two other
unit fractions.

The following two rules are given:®

(#) “The denominator of the given sum multiplied
by 2 properly chosen number is the (first) denominatory
and this divided by the previously chosen number minus
one gives the other; ot (#) the two denominatorsase
the factors® of the denormnator of the sum, each (nulti-
phed by their sum.’ N

Expressed algebraicaﬂy the rules afe: \

) - I X I 3 L} N
O =7t 5, O
JEZR

() L= 4 ok o

: a.b ' a(ﬁ'\#uéll b}'ﬁﬁ%i()@?}élrg_in

(6) To express ayy f}"a;rz‘éarz as the sum of two other
. fractions whose mxmem{ar: are given.

The rule fon'\\thls is:*

“Fither numeratot multiplied by a chosen number,
then combingd with the other numerator, then divided
by the nurherator of the sum so as to leave no remainder,
and d%@n divided by the chosen number and multi-
plied\by the denomirator of the sum gives rise to one

. depominator. The denominator corresponding to the
“other (numerator), however, is this (denominator)
multiplied by the chosen quantity.” '

1 GSS, p. 57(35)-

2 hira- bam-[abdba lit. “the divisor and gquotient by that
divisor.”

' 5 The integer p is so chosen that # is divisible by (p—1).

LG5S, p. 58(87).
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Algebraically the rule is
E . a' + B b S
n  aptb_n T apth n
IR N Y I

A particular® case of this would be

7, a ' b N
n '~ anth gl A\
™ " Xﬂ . ! . . « N

provided that {an-b) is divisible by 7. >
(7)  To express a given fraction as the supof an_even
nnmber of fractions whose numerators are prg?w;.rly assigned.

The rule for this is:* A\

X 3

AN

“After splitting up the sum.into as many parts;
having one for each of theirjrumerators, as there -are
pairs (among the given mumghgtomthessparts are taken
as the sum of the pairs,~and (then) the denominators
are found according #6 the rule for finding two frac-
tions equal to a al{en unit fraction.”

N

¢2” THE RULE OF THREE

KN

Termindlogy. The Hindu name for the Rule of Three
terms dsirairdsika (“three terms,” hence “the tule of

threg terms™).  The term trairdiika can be traced back
_tothe beginning of the Christian €ra as it occurs 10 the

Vo Evidently, the chosen number p must be a divisor of #,
and such that "_@ ;'bis an integer. _
The solution given does not hold for any values of # and
b, but only for such values as allow of an integer-p to be so
chosen as to satisfy tMe required conditions. :
2 G55, p. 38{89). -
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Bakhshali Manuscript,® in the Aryabbativa and in all
other works on mathematics. About the origin of the
- name Bhiskara 1 (¢ s25) remarks:® * “Here three
quantities are needed (in the statement and calculation)
so the method is called rrairdfikz (“the rule of three
terms’’).” B ' B
A problem on the rule of three has the form(),
If p yields £, what will / yield?. - O
In the above, the three terms are p, f and™. The
Hindus called the tetm p, pramdipa (“‘argumient”), the
term f, phala (“fruit”} and the term /Ngodhd (“requisi-
" tion”). These names are found in al]\the mathematical
treatises. Sometimes they are refértéd to. simply as
the first, second and. third tespectively. Aryabhata II
differs from other writers in giving the pames wmdna,
vinimaya and icchd respectively ‘to the three terms. It
has been pointed ot dg,pst. of, the writers that the
first and third terms are’similar, z.6.; of the same deno- .
mination, A E ' '
The Method()Aryabhata I (499) gives the follow-
ing rule for solving problems on the Rule of Three:'
~“In the-Rule of Three, the phala (“fruit”), being
multiplied by~ the icchd (“requisition”) is divided by the
praming {‘argument”). The quotient is the fruit
corresponding to the iechd. The denominators - of one
beilg: multiplied with the other give the multiplier
(., numerator) and the divisor (V.¢;, denominator).”

N\

1The tertn rdff is used in the emumeration of topies of
mathematics in the Sthindriga-sdtra (¢. 300 B.C.) {$4#ra 747). There
"it probably refers to the Rules of Three, Five, Seven, etc.

*In his commentary on the Aryabbatiya.

? The above corresponds to dryd 26 and the first balf of 4ryd
27 of the Gawitapdda of the Aryabbatiya; compare the working of
Example 1, where the interchange of denominators takes place.
See also pp. 195f :



THE RULE OF THREE - 205

Brahmagupta gives the rule thus:

“In the Rule of Three pramdna (“‘argument”),
phala (“fruit’) and dochi (“requisition™) are the (given)
terms; the first and the last terms must be similar. The
#eché multiplied by the phels and divided by the pramdna
gives the fruit (of the demand).”” .

Sridhara states: .

: SO\
“Qf the three quantities, the pramdna (“argument”)

and icchd (“requisition’) which are of the same, déno-
mination are the first and the last; the phala( Fruit”)
which is of a different denomination stdnds in the
middle; the product of this and the last ig\to be divided
by the first.”? _ : B\

Mahivira writes: N\
“In, the Rule of Three, the #chd (“requisition”) and
the pramina (“argument”) being similar, . the result is
the product of the M&&m&ﬁxﬁ.ﬁgﬁded by the
pramdpa’’ N S
Aryabhata II in€teduces a slight variation in the

terminology. I-\;ajrs: :
“The firsthtetm is called mdna; the middle term
vinimaya and(the last one icchd. The first and the last

are of the same denomination. The last multiplied by

the middle and divided by the fitst gives the result.”
Bhaskara 11, Nardyapa and others give the rule in

the$ame form as Brahmagupta or Sridhara. :
Y The Hindu method of working the rule may be

illustrated by the following examples taken from the

- Trisatika: ' '
"3 BrSpSi, p. 178,

2 Trif, p. 15,

3 GSS, p. 58(2).
s MSi, p. 149

QY
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Esxcample 1. “If one pala and one karsa of sandal
wood are obtained for ten and a half pera, for vow
much will be obtained nine palz and one karsa?”

Here 1 pala and 1 Rarja=1} pala, and ¢ pala and

* 1 karfa=9} pala are the similar quantides. The “fruic” .
10} papa corresponding to the first quantity (14 pa/ag\

R

echd (requisition) 9% 0
The above quantities are placed in order s~

is given, so that o
pramdpa (argument) = 1% AN
Phala (fruit) = 108 _\.”

1110090 N
I 11
- ' N\
: 41 2 {40

Converting these into propet ‘ffactions we have

www%ﬁia{:}l II'El y?’%‘gm

jrd

Multiplying the s;q;nd and the last and dividing by
the first, we haye' ) _

21 s
Nztay o AEXY
. xt\."; . ) 57 C %
e A 4

o : . 2105 1.4:37 .
© OFtransferring denominators | 4 | 2 |=2 437 pate
a\" . 37 41 $-2.4

) .

= 4 pwrdna, 13 pana, 2 kikini and 16 vardtaka.
In actual working the intermediate step
BX L

TS paots.
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was not written. The denominators of the multipliers
were transferred to the side of the divisor and that
of the divisor to the multipliers, thus giving at once

21.4.37
5.2.4
Example 11 “Out of twenty necklaces each

which contains eight pearls, how many necklaces, each
containing six peatls, can -be made?”

Firstly, we have

o"’
< 3

 [#]2 ™

The. result (perfomung the operatlon\of the Rule of
Three) is 160 peatls.

A\
Secondly, perform the ope:aflcm of the Rule of
Three on the following: v

I 6 peatls are Comﬁﬂ:l one necklace how
TAL
many necklaces will conta.m 130 gatﬁ""

Placing the numbgrs, we have
\'\‘i [6] 1 {160 ]

Result necklaces 26, part of necklace

z

5 |

Invere?e“Rule of Three. The Hindu name for the

E Inverst\Rule of Three is vyasta-trairifika (lit. “inverse .

rule Of ‘three terms™). After describing the method of

the\Rulc of Three the Hindu wtiters remark that the

‘Operation should be reversed when the proportion is
Mfiverse, Thus Stidhara observes:

- “The method is to multiply the middle term by

the first and to divide by the last, in case the proportion

is different.”?

1 Tris, p. & A
2 Trid, p. 18,
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Mahivira says: _ .. |

“In the case-of this (propottion) being inverse, the
operation is reversed.”™ \

Bhiaskara II writes: _ _

“In the inverse (proportion), the operation is.re-
versed.””? A
He further observes: ' o A

“Where with increase of the Jachd (requiSitien)
the phala decreases or with its decrease the phala in-
creases, there the experts in calculation know.ftheimethod
to be the Inverse Rule of Three.”* \w"\"’

“Where the value of living beings\s' regutated by -
their age; and in the case of goldywhere the weight
and touch are compared; ot when ligaps are subdivided,*
let the Inverse Rule of Three bevased.”*

Example: Example 11 given under the Rule of
Three above ha%pg%é%%cg alsg by the application

- asudo fows: &

of the Inverse Rule ast s:
' 26 |
“Statement Result; mecklaces | 2
N o 3

. Here ifthe sk, ic., the number of peatls in a )
necklace, §hcreases, the phala, i.c., the number of neck-
laces, ;Leg}reases, so that the Inverse Rule of Three is /.

~ applied”

_«\Appreciation of the Rule of Three. The Rule of
~Three was highly appreciated by the Hindus because
N S :
L GSS, p. 38(2).
2L,po1r.
L, p.17. - : . o
4 “When heaps of grain, which have been meted with 2 small
" measure, are again meted with a larger one, the number decreases
... (Com. of Stryadasa). ' )
*L, p. 18, |
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of its sitoplicity and its universal application to ordinary
problems.” The method 35 evolved by the Hindus gives
a ready rule which can be applied even by the “ignorant
person” to solve problems involving proportion, with-
out fear of  committing errors, - Vardhamihira - (505)
writes: ' - : o : : -
““If the sun petforms one complete revolution in 2
vear, how miuch does he accomplish in 2 given number))

of days? Does not even an ignorant person calchlate.
the sun in such problems by simply scribbling ‘with a
piece of chalk?”* - o O
 Bhaskara II has eulogised the methdd highly at
several places in his work. His remarksyare: '

“«I'he Rule of. “Thiee is indeedf. {the essence of)
arithmetic.”?" ' NV :
“Ag Lord Sri Nariyana, who relieves the sufferings
* of birth and death, who is thé Sole primary cause of the
creation of the universe, PEtR ﬁ,}ﬁ\syvﬁgs rse throagh
His own manifestations~as worlds, paradisés, mountains,
rivers, gods, men, demons, etc.; 5O does the Rule of
Three pervade thie‘whole of the science of calculation.
....Whatéver s, computed whether in algebra or in,
this (arithmetie) by means of multiplication and division
may be comprehended by the’sagacious learned as the:
Rule of/Three. What has been-composed by the sages
throg&)'{th&: multifarious methods and operations such
as miscellaneous rules, etc., “teaching its easy variations,-
i simply with the object of increasing the comprehen-’
sion of the duller -intellects like ourselves.”
On another occasion Bhiskara II obscrves: '

PSS iv‘._._;?_‘ S

2 i, p.oxs.. The- .sé.ﬁae._-- .ten;lnrk oc.curs in- $i%7, Ga[éal{miya,

Prasnidhydya; verse's.
3L, p. 76,
14

Q"
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“Leavmg squarmg, square—root cubing and cube-.
_root, whatever is calculated is certainly vasdation
of the Rule of Three, nothing else. For. increasing -
the cornprchensmn of duller intéllects like ours, what
- has been written in’ warious ways by the learned - sages -
having loving hearts like that of the bird méam has
become arithmetic.”* I

Proportion in the West.. The . history _of Othe
Hindu rules of proportion shows how much the West -
was indebted to India for its mathematics./~The Rule.
of Three occurs in the treatises of the/2Arabs and
‘medieval Latin writers, where the Hindy name “Rule
of Three’ has been adopted Althobgh the  Hinda
names of the terms wete discarded, the method of
placing the terms in a line, an?i arranging them $o-
that the first and last were simila¥, was a opted. Thus
Digges (1572) remarked, ? “Worke by the Rule ensueing
...... Multiplie the last dumber by the seconde, and
diuide the Prodw“hybmbﬁw o3mber,” .“In - the
_ placing of the threesnumbers this must bc observed
that the first and\third be of one Denomination. n.
The rulc, a8 hﬁ{\ been alrcady stated, was petfected. in~
India in the cacly centuries of the Christian' era. Tt was
trafsmitted(fo the Arabs probahly in the eighth century.

~and thenQe rtravelled to. Europe, wheze it was held in
high' esteem® and called the “Golden Rule.”””

VBI'Y
@mpound Proportion. The Hindu " names for
compound proportion are the Rulc of FIVC the Rule of

N

1.5':.fz, Golddl_:y@ra, Prafzadb)qya, verse 4.

2 Quoted by Smith, /e p. 483.

5'The Arabs, too, held the ‘method in very hlgh esteem as
is evidenced by Al-Birini’s writing a' separaté treatise, Fi' rafikat
al-bind (“On the radika of the Hindus') déaling with the Hindu
- Rules of Three or mote terms. , Comparte also India (I. 313) where
an example of tya.rta—im:m.n‘zka (“the Inverse Rule of Three”)is:

given.
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Seven, the Rule of Nine, etc.; according to the number
of terms involved in the problems, These are some-
times grouped under the general appellation of the
“Rule of Odd Terms.” The above technical terms
as well as the rules wete well-known in the time of
Aryabhata 1(499), although he mentions the Rule of ¢
Three only. That the distinction between the Rule of
Three and Compound ~Proportion is; more artificial
than real was stressed by Bhéskara I (¢."525) in his.com-

mentary on the Aryabbatiya. He says: N

“Here Ac¢irya Aryabhata has described¢the Rule of
Three only, How the well-known Rules of Five, etc. ate
'to be obtained? I say thus: The Acifyahas desctibed
only the fundamentals of amupdte {proportion). All
others such as the Rule of Fivc,‘e,té—, follow from that
fundamental rule of proportioni >How? The Rule of
Five, etc., consist of combinations of the Rule of Three
.... In the Rule of Five there ate two Rules of Three,
in the Rule of Seven, +higaRules,ofy Thres, and so on.
This 1 shall point outdn the examples.”

Remarks -simi_l,é.} to the above concerning the
Rules of Five, Sév}n, etc., have been made by the com-
mentators. of (the L#éuasi, especially by Ganesa and
Stryadisa ¢ '

In, problems on Compound Proportion, two sets of
terms\are given, The first set which is complete is
called pramépa paksa (argument side) and the second
set* in which one term is lacking is called the ichd

{“paksa (tequisition side). _ )

The Method. - The rule relating to the solution
of problems in compound proportion has been given
by Brahmagupta as follows: S

“In the case of odd terms beginning with thre

e

* Noted by Coletbrooke, /e, p. 35, note.
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terms* upto eléven, the result is obtained: by transposing
the fruits of both sides, from one-side to the other,
and then dividing the product of the larger set of terms
" by the product of the smaller set. "It all the fractions
the transposition of denominators, in like manner, takes
place on both sides.” - o ' \
~ Sridhara says: - R O\
| “Transpose the two fruits from one side o' the
other, then having transposed the denominaters (also
in like manner) and multiplied the numbers (8o obtained
on each side), divide the side with the. lafger number of
terms by the othet (side).”” T '

- Mahivira* and Aryabhata II° bgvé given the rule in
the same way as Stidhara. BhAgkara II has given it
thus: - ; o . « W :
“In the rules of five, Seven, nitie or mote terms,
R L. . . . R N . ) - - e . - .
aft'er._hm}rmg_ _takc%mgdgégjﬁbgfag%gg_]annd chid® from its
. 11t should be 'obséj'ved-fhatj as stated above, the Rule of
‘Three is a particular case of the above Rule of Odd terms.
Brahmagupta is the\only Hindu writer to have included the Rule
of Three also ifl, the above rule. Some - Arab writers have foi-
lowed -him in'ghis respect by not wiiting the terms of the Rule
of Three jn\a’ line, but arranging them in compartments, as for
. the other,fules of odd terms. T
| 2DeSpsi, p. 178, ' '
AT P19
LONEGSS; pr6z (32). C o _
A\SJ 5 MSi; p. 150, rules 26 and 27 (repeated with a slight vatia-
‘tion). ) ' - TR _
. The commentators differ as regards the interpretation -of
this word. Some ‘take iito mean “divisot,” .., “denomiinator,”
while others say. that it means “the fruit of the other side,”. The
mle is, however, cofrect with either  interpretation.. "‘The first
interpretation, however, brings. Bhaskara’s. version in line with
thosé of his predecessors.” It may be mentioned here that Arya-
bhata 11 repeats the rule twice. . At first he does oot direct the
_ transposition of denominator, and at the second time he does $0:

)

£
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~own side to the o_ﬂlcr,.'thén.prd,duct of the larger set of
terms divided by the product of .the smaller set, gives
the result (or produce sought).”™. I
Illustration. We shall illustrate the Hindu method
of working by solving the following example taken
from the Lildvati: .~ - - ~
“If the interest of 4 hundred in one month be five,
what will ‘be the interest of 16 in 1z months? Ak
find the time knowing the interest ahd principal; and tell

the principal knowing the time and interest. 2%
To find iterest. \‘ '
“The first set of terins (pramina paé._ra)_: is:
100 #igka, 1 month, s nf;;éa_x(}s\b’a!a)'_.
The second set (frchd paksa) 00" -
16 siska, 12 months, K-Hiska
The tetms are now written i’ compattments? as below:

“."-Wf\.'fgét:'mjg)rat*y_org;in
RS e i

11, .'I&.’“?,"’ ST . o

2 Thc? wehme¢’ of. the same denamination are written in com-

partments’An “the same horizontal line. - _ :
+¢The fgures are written in compartments in order to faci-
litate the -writing of fractions and also to denote the side which
contains more terms after transposition of fruits. Sometimes,
.. (e’ compartment corresponding to an absent term is left vacant
\ \45 we find in & copy of Muniévara’s Pitiséra (in the Government
Sanskrit Library at Benares). When the terms are written in <
comipartments, the symbol o.to, denote the unknown. or absence
of a term is unnecéssaty. = In ‘some commentaries on the Lildvat?
(Asiatic Society of Bengal. manuscripts) we find the numbers
written without compartriéhts, but in such "cases the symbol o
is used to denote the absence of a term. After transposition, the

side on which o occurs contains a smaller number of terms than
the other. _ .
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In the above 5 (written lowest) is the “fruit” of the
first side, and there is no “fruit” on the second side.
Interchanging the fruits we get '

100 | 16 _
1| 12 ~
o 5

The larger set of tetms is on the second “side.”2.3 The
product of the numbers. is g6o. The product of the

- numbers on the side of the smaller set of tefms is 100.
Therefore, the required tesult is 950—s8 (Ayritten as
48| or g niska, fraction |} \

To find Time:. N
Here the sides are O
: 100 niska, 1 month, § wniska
and - 16 niska, x motths, 42 niska
The terms are Wmdl%js&uiibrary.org.in
AN 1ioo | 16
AN .
O 1] o
A | o
5 5] 48
S

A \ ; . - . . . .
Transpasing the fruits, i.e., transposing the numbers in
the bgt}ptn compartment, we get

N

Too | 16 | -
,“\:"\:." 1 o
V o 48 | s

.

Transposing the denominators we have

100 | 16
1 Tel
48 | 5.

5
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Here, the lﬁ'rge_r- set_of ‘terms is on the first side and
their product is 4800. The product of the numbers.
- on the side of the smaller set is 400. Therefore, the
result is Lo .
: 800 . 4800

400 = gz Iz_months.
To know the prencipal: o & O

The fust side is Y

Yoo niska, 1. month, § niska 3
The second side is . ' .

x niska, 12 months, %xzx{{&a
This is written as B\

100 | 0 .
. .wu;::"?:l‘bl'ﬁuﬁ_itral'y,org,in

After transposition’ of fruits (i.e., the terms in the
bottom cells) -wekhave

‘100 | ©

NO T 12

0 & s

O oS

:\Tﬁnsposing d_cnomiﬁators we get

\\ “ o . TS

1|12

481 3

' 3

The product of the numbers in the larger set divided
by the product of the numbers in the smallet set, gives

—



4800 _ 16 nigka.
- . 300| -

_ Rule of Three as a Particula.r Case. According
to Brahmagupta, the above method may be applied to
the Rule of Three. - Taking the first example solved,
under the Rule of Three, above, and placmg the terhay -

we have : \)
. _ N
ZI o 1 ) “ N/
2 "‘ 4
o . W
IEICIE
. - 4] 4 '
_ . C o - A~
Transposing the fruits, we have
{21 e
. ,2".. '
37 |5
WWW. dblaullbﬂalv4rr_in

Transposmg d@nommators we get

\\‘.. Tz
L0 2
QY 37| 5 ‘
"\:;.\..' . . I4 | 4 .
\Therefore the result is 2;'2-’:4 as before.
:00\ * . .
\”\ ~If we consider the term corresponding to ‘he un-

known as the fruit, the terms should be set as below:

*Here, we consider § pale of sandal wood as the “fruit”

. of 2 papa (money). Thc previous method forces us to cons.der
gz as the “fruit” or the middle term, becanse the “first”
“third" are directe. to be alike, It will be observed that

any of the terms may be  considered to be the fruit in the alter-
nztive method given here,. . :
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S 3T S
4] 4l .,
A . 21 .
o 21 0
Hence, as before,* 't_hé' reSultl - 37421

) '5.4.2 A
The above method of working the Rule of Thf:e:é
is found among the Aribs,? although it does net'seem
to have been used in India’after Brahmaguptal) This
points. to- the indebtedness of the Arabs 2o’ Brahma-
gupta especially, for their knowledge of(Hindu arith-
metic, o SRR \ '
Written as above the mcthod'c{ﬁfc')rking the Rule
of Three appeats to be the satig)as the method of
proportion. In the same way ‘the rule of other odd
terms, when properly translated'into thodern symbolism,
is nothing but the methodof proportion. It has been
stated by Smith® that*ihedHiwkbramedrads of solution
“fail to recognize thefelation between the Rule of Three
and proportion.” ,{This statement appears to have been
made without, sufficient justification, for the solutions
have been eyidently obtained by the use of the ideas
of propottiopality ‘and vafiation. The aim of the
Hindu wotks is to give a method which can be readily
used gjf‘zbcimmon people. For this very reason, the
cases( i which the variation is inverse have been
endmerited. Considéred as a2 method which stimulated
) o'st}a?e student to think for himself, the method is certainly

1'The product of the numbets on the side of the larger set
is divided by the product of the numbers on the side of the
smaller set. o in this case is not-a number. - Bt is the symbol
for the anknown .or absence. . _
" 2 Thus Rabhi ben Ezra wrote *7 %8 for 47: 7==63: x. See
Smith, /e, p. 480f. :
3¢, p. 488,
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defective, but for practical purposes, it is, in our
opinion, the best that could be devised.

r3. COMMERCIAL PROBLEMS

Interest in Ancient India. The custom of \
taking interest is a very old one. In India it can /be
definitely traced back to the time of Pagini (¢. 700 B.C)
who in his:Grammar Jays down rules validating the use
of the suffix &4 to number names in case of “af interest,
a rent, 4 profit, a tax of 2 bribe given.”? {I'he interest
became due every month and the rate \ofvinterest was

‘generally given per hundred,® although" this was not

always the case. The rate of interests varied in different

Jocalities and amongst different ¥lasses of people, but
an interest of fifteen per cent\per year seems to have -

been considered just. Thussin Kautilya’s Arthasdstra,
(11

a wotk of the fourth century B.C,, it is laid down: “an
interest of a papa aRAA Yadite peradionth pet cent is

" just. Five pase pef:month per cent is commercial
interest. Ten %ﬂa’ per, month per cent prevails in
Ly

. N
s

forests. Twenty “\papa per month per cent prevails
among sea traders.”® The Gotama S#tra states:  “an
interest of\.ﬁ?re masé per twenty (kérsdpana) is just.”*
terest in Hindu Ganita. The ordinaty pro- .
blems telating to the finding out of interest, principal
ot time etc., the other quantities being given, occur in
the section dealing with the Rule of Five. The Hindu

A

1 Papini’s Grammar, v. L 22, 47, 49 :

27t has been pointed out by B. Datta that the idea of per
cont first originated in India. See his article in the . Amserican
Mathematical Monthly, XXXIV, p. 530

5 _drshasistra, edited and translated into English by R. Sham-
sastry, Mysore, I, ii, p. 214. : _

% Cotama S#tra, xit. 26. Since 20 mdsd equal a Adrsdpapa,

the rate is 15 per cent annually. :
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works generally confain a:section WHEd m.s‘raka

bira (“calculations. telating o, mixed - quantities™). jn ’
which occur miscellaneons problems o interest. | The
~ contents of this section vary {1 different works, aocordmg
- to their size and scope. Thiss the A'g;alzbatgra contains
only one rule relating to 2-problent on interest, whilst
© the Gamta-sém—mmgmba hfts a large number of such‘

- rules and problems. .-© - AN

~ Problem involving a Quadratic Equatmn A
bhata I (499) . glvc:{l:fmle for: thc solutlon ef tt,:’:e
foliowmg problem: -~
 The ‘principal sum (--loo) is lent fot-biie ¢ thonth
(interest unknown==xY. This unknown ibtérest is then
lent. out for ‘#{==six) months. Aftcr\thls period the.
, original intetest (%) plus. the intefest'on this intefest

amounts o’ A(h—smtem). The t:zteimtercst (x) on the

. principal {p) is required.

The above problcm reqmrcs the solution of the
quadratlc equation .« M dbraulibrary.org.in

=;x=f+: WS Ap==o,
= pfz:l: v‘(p" 12y + ApE

Wh.lch g1vcs x::: =

‘The nega }wc value of the rad1cal ‘does’ not glve a
solutiony }xfthe problem; so the result is

\/Apr—;-(p/z)'— iz

This is stated by ﬁryabhata I as follows:

. “Multiply the sum of the interest on the principal
and the interest on this interest (1) by the time (#) and
by the principal (). Add to this result the square of

half the principal {(p/z)!}. Take the square-root of
this, Subtract half the pnncxpal (p/2) and divide th
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rermainder by the time (£ The result will be the
(unkhown) interest (x) on the principal.” - .
" Brahmagupta (628) gives a more general rule. His
‘problem is: = _ : . : _
" "The principal (p) is lent out for #, months and the
unknown interest on this (=x) is lent out for #, months
at the same rate and becomes A.  To find 2y -
This gives the quadtatic \*

i
NN
L 3

EENCTY OV LA
' . . t, £ v
whose’ solution is |

o NAp BN PR
x=% —jg‘ﬂigg;) Iy

The negative value of the vadical does not give a
solution of the problemyso it is discarded..

Brahtoagupta. SR, . formula thos:
“Multiply thePrincipal (p) by its time (,) and divide
by the other tg\ie A2.) (placing the result) at two places:
Multiply thp, first of these by the mixture (A4). Add
to this thesquare of half the other. Take-the square-
100t of\i’t[,‘l.a}l‘f (sum). From the result subtract half the
other~ UThis will be the interest (x) on the principal.”®
\Other Problems. Mahivira ~(350) gives tvo -
~Other types of problems on “mixture” requiting the
~Osolution of simultaneous equations.. As an example of
the first type may be mentioned the following:*
“Tt has been ascertained that the interest for 14
months (#=rate-time) on éo (¢=rate-capital) is 2§ (/=

1 4, p. 41. The .Sanskﬁt terms. are: mila=principal, phala
. =interest. I L
. 2BrSpSi, p. 183. 'This rule'is also given by Mahfvira, G55,
p-7r{4d). S
*GSS, p. 69(32).
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rate-interest), The ititerest (on the unknown capital P)
for. an unknown' period (T) is 24 (=I), and 6o (=
—P4T) is the time combined with the capital lent out. -
What is the time (T} and what is the capital (P)?”

The. problem gives:

iPT X | A
Terww L ©
P+T = m ... (2) “:":’«..
,‘,'_P_—'-T'z j:\{ﬂé%-i';—x4f}\\
Hence P=3 (zxz ;t\/m'z‘—f%{“x 41 ).-,
and - T=4(m - Txal)

The above result/§vstatedubrafabiyira thus: .

“From the. quaar}a of the mixture () subtract the
rate-capital (¢) _dl%i}led_ by the rate-interest (7) multiplied
by the rate-time (#) and four times the given interest
(4aD). Then'the operation of satikramapa® is petformed
in relatiofto the square-toot of this and the- mixture

(A

A The second type of problenls may be illustrated by -
~the following example: S
“The .interest on 30 (B) is 5 (I) for an unknown
i Given the numbers 4 and b, .thé'l\:rro:'_:ess of sarkramana is the
: ’ N e x4 'daé—b
finding' out of half their sum and difference #e. =5 and —-
2 GSS, p68(z9). It should be noted that both _the signs
of the ;adical-‘ﬁfe'usgd.'_ B R
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“period (T), and at an unknown rate of interest ) pet
100 {¢) per 14 month (#). The mixture (m=i+T)
is r24. Find i and T _ L '

'The solution is given by -

_ o _ ~
T _-:& (;W j:‘ m=_€_t1_4'), ’\‘\

P
and consequently . O\

AN
< 3

i =1 (n ?Vm‘%f’;"*). ’W;\Z*

Mahivira states the solution thusr .

“The rate-capital (). multiplisdby its time (/) and -

the interest (I) and the squaseyof two (=4) is divided
by the other capital (P). _Then perform the operation
of saikramana in relationsto the square-root of the

' remainder (obtained agvthe tesult of subtracting the
quotient so obtaliEl)y’ FEei"tHe Squsre of the mixture

(m) and the mixtage.” ' ‘

_l\ﬁscélla.t}e}'us Problems on Interest. Besides the
problems glven above various other interesting prob-
lems are’found in the Hindu works on pdtigapita.
Thus, Brahmagupta gives. the solution of the following
problem: : '

A Example. In what time will 4 given sum J, the
~Clinterest on which for # months is 7, become £ times
N/ tself? o _ _

"The rule for the solution of the above is
“The given sum* maltiplied by its time and divided

' GSS, p. 69(34).. -
G55, e 69(33).
. 3 BrSpSi, p. 181, .
- 4 The Sanskrit term used is pramdpe (argument).
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by the mterest," ‘being multlphcd by the factor* less
one, is the time (required).”

The Gamta—.rﬁm-mmgmba (850) ‘contains a large
number of problems relating to interest. Of these may
.be mentioned: the following: ~

(1) “In this (problem), thie (g1ven) capitals are (¢, =),
40, (6=} 30, (==} 20 and (r,=) j0; and the months
are (£,=) 5, (¥, =)4,: (1=) 3 and (#,=) 6 (respectively).
The sum of the interests is (m=) 34. (Assunung the
rate of interest to be the same in each cast;, ﬁnd the
._amounts of interest in ¢ach casc) s :

- Here, 1f the tate of interest per mc)nth for 1 - be r,
then , A\

- Ff ;;2 » ;sj
where x,, Ky Hogyaron oo wa“rr% ddle mtfercsts camed on thc
‘capitals ¢;, ¢, 65,1 ... 0 F, Ff‘,“}",j‘.af‘ Y orgimonths res. _
pecnvely ,\ T
B AN ’
Therefore, \ - T
xl .X‘g fos — -’el_]"-xah}"xu;]"“!'
v}\f ta' __ T ; f1t1+"sra+fsts+- .
_\.? } : et et et
\of: '...'.: . m f,.fs T etc. |

SN ‘{"“a '*""atf*”
Thls formula 1s gwen by Mahavlra for thc soluuon
1The Smslmt term used is pbda {fruit),

~ #*The Sanskrit. tc.:m used is g:m: (muluple)
- 3GSS, P 70(53)
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‘of ‘the above problem.’. . : o
(z) “(Sums represented by) 10, 6, 3 and 15 are the
. {various given) amounts of intervest, and 5,4, 3 and 6
are the (corresponding). morths (for which the interests
have acctued); the sum of the (cotresponding) capitaly -
amounts is seen to be 140. -(Assumning the rate . oft
interest to be the same in each case, find out dhese
capital amounts).”* . . O o
 (3) “Here (in this problem) the (givén) capital
© amounts ate 40, 30, 20 and §o; and 10, 6,53vand 15 are
the (corresponding) amounts of . interest; 18 is the
quantity representing the tixed sum of the respective
periods of time. (Fiod out these (periods ‘separately,
assuming the rate of interest 'gqj.be the same in each

E2E]

case).”® o o\ .

(4) “The interest onwo fot 3 months is unknown; -
74 is the mixed sum of ‘that (unknown quantity taken,
as the) capital ledt 5aF Al Hf OWhiE interest thereon
for: 1 yeat. Wh@ is the capital here and what the
interest?™t | X\ '

()~ <The mixed suins (capital-+intefest) are 50, 58 '
and 66, and'the ‘months (during which interests have
_cc'r@iaré 5,7 and ¢ (tespectively). Find out what
A &

\1 G55, p. 70(37). The formula clearly shows that Mzhévira ~
knew the al_gcbr_aic_idcntit’y

V a4 _ e e _ akreretr.
' bood fo b+ d+ f+- .
2G5S, p. 70(40). The solution is given by Rule 35 on the
same page: oo o
3.GSS, p- 79(43).  The solution is given by Rule 42 on the
same page. _ : :

4 G55, p. 71(46). This is 'simi-_lar- to. 'Arjrabha;a’s p'roblem -
given before (p. 217). : :
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the interest is (in each case, the capital being the same)?*”

(6) “The mixed sums of the capital and periods of
interest are 21, 23, and 25; here (in this problem) the
amounts of interest are 6, To and 14. What is the
common capltal'?”"

(7) “Borrowing at ‘the rate of 6 per cent and then
lending out at the rate of 9 per cent, one obtains iw)
the way of differential gain 81 at the end of 3 mcmths
What is the capital (utilised here}? N

(8) “The monthly interest-on 6o is exai;tiy 5. The .
capital lent out is 35; the (amount of \thie) instalment
(to be paid) is 15 in (every) 3. montl\s What is the
time of discharge of that debt?”* )

{9} “The mixed sum (of the. t:apltal amounts lent
‘out) at the rates of 2, 6 and 4 percent per mensem is
4400.. Here the capital amounts are such as have equal
amounts of interest acctumg after 2 months, What
{are the capital amounxsﬂ;%brgqgihlglgaotl is the equal
interest)?”’? QO

(10) “A cc%xn person gives once in 12 days an
instalment of 2§, ‘the rate of interest being 3 per cent
{per mensem) “What is the capital atnount of the debt
dlsuharged i 10 months?”’®

(Tgh® *The total capital represented by 8520 is in-
vesteern parts) at the (respective) rates of 3, 5 and 8
per cent (per month) Thcn in this investment, in 5 .

\ ) 3(;5‘_5‘ P 7Y (48) 'I'he solution requires the use of ‘the |
{dentity . . .
a _L_.- a— ¢

T I N
T GSS, p. 72(52). . o
*GSS, p. 72(55) - :
‘GSJ' p. 75(59). .
8 GSS, p. 73(61)
* GSS, P: 73(65)-

1s -
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monthsthc -cﬁfitﬁl-_anihunfs' lent bt"itf_:are, on being

diminishéd by ‘the tespective amounts of - interest,

(found o be) equal in value. - (What dre the respective

touna o, e S TR N
" (12) “The total capital represented by 13740 s

invested (in parts) at the (respective) rates of 2, s&nd o

. per cent (per month), then, in’ this investment, in 4

months’ the ‘capital amounts lent out are, {on being

‘combined with the (respective) amounts'Cof interest,
(found to be) -equal in value. " (What dfeithe respective

amounts thus “invested?)”? -~

T (13) " A certain man borronz} certain (unknown) .
surn of money at an intefest of §¥per cent per month, He
pays the debt in-instaiments, dde every £ of a month.
The instalments begin with$y and increase in arithmeti-
‘al progression, with 7 as'the common-difference. 6o is

" the ‘maximuny amount-of instalment.” He gives in the

=aiSChatgé of hi¥ deseaY Sy SF Pi-msé'ties‘ in arithmetical

progression consisting of 42 terms, After the payment

*of each instalment, interest -is charged only on that

part of the principal which remains to be paid. What
15 -the - towal/payment corresponding to the sum of the

~ seties, Awhat Is the interest (which he paid), what is the

me(0f the. discharge of the debt, (and what is the

- pripcipal sum borowed®? - . .
=" Barter and Exchange. ‘The Hindu name for barter

N\Yis bbinda-prati-bhinda (“commodity for commodity™).

#All the Hindu works onpdtiganita - contain problems

- relating to the exchange of commodities. - It is pointed

_out in these works that problems on barter are ‘cases

of compound propottion, and ‘cdn be solved by the

2 &S5, p. 74(67). .
2GS, p. 74(67). o
*GIS, pp. 74f, (72-738). The text of the problem .is verv.
obscure.  The translation given here is after Rangacarya.
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Rule of Five, etc. A typical problem on barter is the
foltowing: ' :

“If three hundred mangoes be had in this market,
for one dramma, and thirty ripe pomegranates for a paga)
‘say quickly, friend, how many (pomegranates) sheuld
be had in exchange for ten mangoes?™ O

Other Types of Commercial Problems.” Of
_vatious other types of commercial problems fovnd in the
Hindu works may be mentioned (1) problems on part-
nership and proportionate division, and\(2) probfems
relating to the calculation of the figeness of gold.?
Most of these problems ate essentially of an algebraic
character, but they are inchided ig\pdizanita (arithmetic).
The. formule giving - the solution of each type of
examples precede the examples. These formule
are  too numerous to b mentioned. The following
examples, however, Wﬂj@qam@mﬂa@g_mturc and the
scope of such problens:

(1) A horséSwas purchased by (nine) dealers in
partnership, whose contributions were one, etc., upto
nine; and was;sold by them for five less than five
hundred. ‘Felt me what was each man’s share of the sale-
proceed& S -

()" Four colleges, containing an equal number ‘of
puplls, were invited to pattake of a sacrificial feast. _

o~Uhfth, 2 half, a third and a quarter (of the total number

of pupils in the college) came from the respective
colleges to the feast; and added to one, two, three and
four, they were found to amount to eighty-seven; or,
with those deducted, they were sixty-seven. - Fiad the
actual number of the pupils that came from each
college. ' - o

'L, p. z0. o N _
# Suclii problems are found in the' Lildva#i, the Ganita-sira-
Savigraba, the Trifatikd, ctc. ' _ '
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(3) Thtee (unequal) jars of liquid butter, of water
* and of honey, coritained thirty-two, s_ix(tiy and twenty-four
pala tespectively: the whole was mixed together and the
' Jars filled again, Tell me the quantity of butter, of
water and of honey in each jar.? . -
| (4) - Accotding to an agreement three merchanfs
" carrted out the operations of buying-and selling() "The
capital of the first consisted - of six pardpa, thaty of the
‘sccond of eight pandpa, but that of thePshird was
unknown, The profit obtainied by theseymen was 96
pardpa. I fact the profit obtained byhim (the third
~person) on his unkoown capital happened to be 40
pwrdpg. What was the amount throwh by him into
the transaction and what was the\profit of each of the
. other two .merchantsr? a0
" (5) Thete were fourtmerchants. Bach of them
obtained from the othes$thalf of what he had with him
~{at the time of the regpbeertibreansfery of money). Then
- they all became peossessed of equal amounts of money.
What was the nieastire of money each had to start with?®
. {6) A gréat man possessing . powers of magical
charm andhmédicine saw a cock -fight going on, and
. spoke separately in confidential language to both the
ownetsof the cocks. He said to one, “If your bird
wids, then you give the stake-thoney to me. If, however,
Aour bird loses then I shall give you two-thirds of ‘that
{"\stake-money.” . He went to the owner of the other cock
and promised to give three-fourths (of his stake-money
on similar conditions). In each case the gainto him
could be only 12 (gold-pieces). Tell me, O otnament

* This and the two previous examples are givea by Prechudaka-
svmi to ilinstrate Rule 16 of the genitddbydya of the Bribma-sphuta-
siddbinta, : ' : o -

2G5S, p. 94(223-5). . ' '

3 GSS, p-99(2678).
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on the head of mathematicians, the money each of the
cock-owners had staked.? o

(7) The mixed price of g citrons and 7 fragrant
wood-apples is 107; again the mixed price of 7 citrons
and ¢ fragrant wood-apples is. 101, O arithmeticiang
tell me quickly the price of a citron and of a wqed-
apple, having distinctly separated those prices.?. -\

(8) Pigeons are sold at'the rate of 5 for 3\ {pana).
sdrasa birds at the rate of 7 for 5 (papa), swabs 'at the
rate of g for 7 (papa) and peacocks at the 1ate’of 3 for 9
(papa). A cettain man was told to bringasthese rates 100
birds for 1co (pana) for the amusement of the king’s son,
and ‘was sent to do so. What (amc}i:aunt) does he give

* for each (of the various kinds ofibitds that he buys)?*

(9) There are 1 part (of, gold) of 1 varpa, 1 part of
- 2 varpa, 1 part of 3 varpa, 2,patts of 4 varpa, 4 parts of 5
varna, 7 parts of 14 varna,and 8 parts of 15 varza. Throw-
ing these into the fire,ngke tham.all lotp.ane (mass), and
then (say) what the sarme of the mixed gold is, This
mixed gold is di t{ibﬁted among the owners of the fore-
going parts. >What does each of them get?*

(10) “<THrée pieces of gold, of 3 each in weight, and
of 2, 3 ,@.d 4 varpa (respectively), are added to (an
unknowsweight of) gold of 13 sarpa. The resulting
varpacomes to be 10, Tell me, O friend, the measure

(ofithe unknown weight) of gold.’
N\ . .

N

\‘:

L GSS, pp. 99-100(270%-2%)
2 GSS p. Sa(rach2d).
- PGSS, p. 85{is2-3) ' _
1 GSS, p. 88 (170-14). : ) o
5 GSS, p. 89(i81). ‘Similar examples occur in the Trifatikd
(p. 26) and the Lildvati (p. 25).
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4. MISCELLANEQUS PF_LOBLEMS

, Regula Falsi. The rule of false position is found
in all the Hindu works.* Bhéskara II gives prominence
to the method and calls it isza-karma (“rule of
supposition”). He describes the method thus: N

“Any number, assutned at pleasure is treated -as
specified in the particalar question, being multiplied
and divided, increased or. diminished by fractions (of
itself); then the given quantity, being rnult,lphed by the
assumed number and divided by that (which has been
found) yields the number sought. This is ca]led the
process of supposition,”? O

- Sridhara takes the assumed\n;mber to be one.?®
Mahdvira gives a large variety \of problems to which
he applies the mle.* Ganefa in his commentary on the
Lildvati remarks, “In this iethod, multiplication, divi-
sion, and fractions only, ire employed ? The following

examplcs will illysteate, the, fgﬂgqg of the problems
- solved by the rulc ‘of suppositio

(1) Out ofaheap of pure lotus flowers, a third, a

fifth, a sixth awere offered respectively to the gods '5-1\»3.

. Vlsnu and. S\urya and a quarter was presented to Bhavini.

The remaining six wete given to the venerable preceptor.
Tell quickly the number of lotuses.®

& {(2) Thethirdpart of 2 necklace of peatls, broken in

AN
N\ ! The method originated in India and went to Europc through
) Arabia. There is a medizval MS., published by Libri in his-
Histoirs, 1, 304 and possibly due to Rabbi ben Ezra in which the
method is attributed to the Hindus. For further derails and:
references, see Smith, Histery, 11, p. 437, foot-note 1.

L, p. 10.

3 See the rule on stambbeddesa, Tris, p. 13.

* These problemns occur in chapters iil and iv of the Gapita-

sdra-samgraba.
5L, p. 11. Cf. GSS,p. 48 (7).



»

MISCELLANFEOUS PROBLEMS 231 -

an amorous struggle, fell to the ground; its fifth part
rested on the couch; the sixth part was saved by the
wench; and the tenth part was taken by her lover:
six pearls remained strung. Say, of how many pearls
was the necklace composeds* '

(3). One-twelfth part of a pillar, as multiplied by 4l
part thereof, was to be found under water; o of theé,
remainder, as multiplied by & thereof, was found .
buried in the mire below; and 2o Aasta of the pillds were
found in the aif {(above the water). O friendpgive out
the length of the pillac® - ‘ S

(4) A number of patrots descendedron 2 paddy
field, beautiful with crops bent down theough the weight
of ripe corn. Being scared away-by men, all of them
suddenly flew off.. . One-half of them went_ to _the
cast, one-sixth went to the south-east; the difference
between those that went te\fhe east and those that
went to the south-east, dithinished by half of itself
and again : diﬁﬁrﬁShﬁdrwhjﬁrahﬂngai@fcn- his .(ICSuiting
difference), went to,the south. The difference between
those that wentéto™~the south and those that went
to  the south-east diminished by two-fifths of itself
went to «hie south-west; the  difference between
those that went to the south and those that went to,
the southéwest, went to the west; the difference between
;hosc?}h“at _went to' the south-west and - those that went
to, the west, together with three-sevenths of itself went
.0 the north-west; the difference between those that .
weit to the notth-west and those that went to. the west
together with seven-eighths of itself, went to the north;
the sum of those that went to the notth-west and those
that went to the north, diminished by two-thirds of itself

went to the north-east; and 280 parrots were found to

1..Tr;'f, P 14; qf -GSS, P 49;-(1‘-’{-22) for a simﬂar,ea;amplc..
2 GSS, p. y5(60). Cf Trs, p. 13 S
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remain in the sky above. How many were the parrots

in all>* |

The Method of Inversion. The method of
inversion called ilomagati* (“working backwards™) is

~ found to have been commonly used in India from ety

early times. Thus Aryabhata I says: o

“In the method of inversion ‘multipliersCbecome .
divisors and divisors become multipliers, addition be-

- comes subtraction and subtraction becomes addition.”2

- quantity.”’®

e

N

Brahmagupta’s description is mose \¢omplete. He
says: - S ON :

“Beginning from the end,,'ﬁ}zike the multiplier
divisior, the divisor multiplier;\(tpake) addition subtrac-
tion and subtraction additior>{make) square square-
root, and square-root squate; this gives the required

. The followirig, df%:t_é.i;fgleg will_illustrate the nature

of problems solved By the "zbove method: ;
@) Whaggthat quantity which when divided by
7, (then) multiplied by 3, (then) squared, (then) increased
by 5, (thempdivided by 2, (then) halved, and then
reduced \t@‘ its square-root happens to. be the number

' \i‘g') The residue of degrees of the sun less three,
beisig divided by seven, and the square-root of the

~(Quotient extracted, and the toot less eight multiplied by

nine, and to the product one being added, the amount is

1 GSS, pp. 481 {12-16).

2 4, Gapitapdda, 28.

* BrSpSi, p. 301, The method occurs also in G5, p. 102
(286); MS7, p. 149; L, p. 9; etc. ~ '

# G55, p. 102 (287). Examples of this typé are very common
in Hindu arithmetic. They were also very common in Europe.
Smith in his Hisfery, II, quotes two such problems from an
American arithmetic of the 16th century. :
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a hundred. When does this take place on 2 Wednesday?*
Problems on Mixture. The Hindu works on
pétiganita contain 4 chapter relating to problems on
mixtute (mifraka-yyavabira). Miscellaneous problems on.
interest, problems on allegation, and various othex
types of problems, in' which quantities are to(bé.
separated from their mixture, form the subject{fnatter
‘of misraka-vyavabdra. A chapter “on mixtute” (D¢
mescols) is found in early Italian works ondrithmetic,
evidently under Hindu ‘influence.? N :

Some of the problems of this chapter are deter-
minate and some are indeterininate/ A few relating to
interest and allegation have alteady been given® The
following are some others:

(1) In the interior of afefest, 3 heaps of pomegta-
nates were divided (equally) among 7 travellers, leaving
1 fruit as remainder; % of such heaps) were divided
among o, leaving a AEMAIDYE BF Y Y(Prgits), again s (of
such heaps) Werc{d\l‘vided among 8, leaving 2 fruits as

-remainder. Q\ﬁlathematician, what is the numerical
value of a heap?* - .

(2)_(Ofi a certain man bringing mango fruits home,
‘his eldétson took one fruit first and then half of what
remained. The younger son did similarly with what
was left. He further took half of what was left there-

__(after; and the other took the other half. Find the
<) ‘mumber of fruits brought by the fathers*

" nule of valli

I Colebrooke, cha, p. 333 (18).
2 Smith, History, 11, p. 588, note 4. :

. 5 See commetcial problems, pp. 216ff also problems on pro-
portionate division (praksepa-karaga): Tris, p. 26; G35, p.
75(798); MSi, pp. 154-155. ‘ ) _

1TGSS, p. 82 (1284). Such problems are given under the
'ii’-kx;_tiké’m by Mahivira.
5 GSS, p. 82 (1314).
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(3) A certain lay follower of Jainism went to a Jina
temple with four gate-ways,-and having taken (with him) -
fragrant flowers offered them in worship with devotion .

(at each gate). . The flowers in his hand were doubled,
- trebled, quadrupled and quintupled (tespectively in.
order) as he arrived at the gates (one after another)
The number of flowers offered by him was sixty{at
each gate. How many flowets were originally (tgkén
by him? : P _

(4) The first man has 16 azure-blyégems, the
second has ro emeralds, and the third hag"$ diamonds.
Each among them gives to each of thé\others 2 gems
of the kind owned by himself; andrglién all three men
come to be possessed of equal syealth. What are the
prices of ‘those’ azure-blue gemls,” emeralds and dia-
monds?® N .

5) In what time willtfour fountains, being let
loose together, fill a cisteth; which they would severally
fill in a day, in hat@Ey i geeer and in a fifth
part of a dayr® ’{",\

Problems ‘ﬁa\rolv'mg Solution of Quadratic
Equations. /The solution of the quadratic equation
has been knowh in India from the time of Aryabhata I
(499). Problems on interest requiring the solution of
- the quadratic equation have already been mentioned.
Mahﬁ}rﬁg and Bhiskara 11 give many other problems.
Madbavira divides these problems mto two classes:
{(¥)those that involve squasre-roots (wiilz) and (i) those

1 GSS, p. 79 (1124-1134). The printed text has pafica (“five™).
According to it the answer is 43 /12 which appeats absurd. There
are some other problems in the printed edition which give sach
absurd results. All those are, we presume, due to the defects of
the mss. consulted by the editor. So here we have made the
emendation ‘sixty.” ' :

© 3 GSS, p. 87 (165-166).
3 Brs$pSi, p. 177 (com.); L, p. 23.
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that involve the square (varge) of the unknown. The
first type gives a single positive answer, while the second
type has two answers corresponding to the two toots
of the quadratic. Bhdskara II deals with the first type
of problems only in his pdtiganita, the Lilavati. The ,
second type of problems, involving the square of the
unknown has been treated by him in his Bfagefia
(algebra). The following examples will illustraté) the
nature and scope of such problems: .

Problems involving the square-root: ¢

(1) One-fourth of a herd of -camels; ¥Was seen in the
forest; twice the square-root of thatv'had gone to
mountain slopes; and three times five/gafnels were found
to remain on the bank of a river,\What was the ‘numeri-
cal measure of that herd of camiels?*

(2) Five and one-fourth times the square-root (of a
herd) of elephants are spegting on a mountain slope;
five-ninths of the remainder sport on the top of the
mountain; five: timeg ThE"sARRE0Y SfEthe remainder
spott in a forest of Jotuses; and thete are six elephants
then (left) on thé.bank of a river. How many are the
elephants”® . :

1% garden beautified by groves of various
kinds of ttees, in a placefree fromall living animals, many

P
3

A
RS GSS , p. 51 (34). 'The problem belongs to the type of the

udlayiti, and leads to an equation of the form x— (bx-+en/x+a)=0.
£“\Fhc method of solution is given in 55, p.oso (33)
: 7 GSS, p. 52 (46). The problem is o the fesa-mila vatiety.
It gives the equation
g BV —5 VR B AR =6
Mahivira reduces it by putting 3 = x—&/x —§ (x— V).
to g—3\/¢ =6. In the general casca similar equation is again
obtained, which is again reduced, and so on till the equation
is reduced to the form, x—&/x = d, from which-x can be casily
obtained.
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ascetics were seated. Of them the number equivalent

to the square-root of the whole collection were practis-

ing yoga at the foot of a tree. One-tenth of the

temainder, the square-root (of what remained after
this), } (of what remained after this), then the squares
root (of what remained after this),  (of what remaiged

after this), the square-root {(of what remained after ¢hig),
1 (of what tremained after this), the squaké-root
(of what remained after this), 4 (of whatremained

after this), the squate-toot (of what remaine@efter this),

1 (of what remained after this), the squate-toot (of what

remained after this)—these parts consisted of those who

were leatned in the teaching of literaee, in religious law,

in logic, and in politics, as alsg\ef those who were

versed in controversy, prosody, astronomy, magic,

thetoric and grammar, as well as of those who pos-

sessed an intelligent knowledge of the twelve varicties

of the ariga-fdstrai-anubdininst-F 2rgasetics were seen {to

remain without beingincluded among those mentioned

before). O excelléht ascetic; of what numerical value

was this 'collec‘tha)a'of asceticse”

(4) A single bee (out of 2 swarm of bees) was seen
in the sky;"J”of the remainder (of the swarm), and %
of the remiainder (left thereafter) and again % of the
remaibder (left thereafter) and a number of bees cqual
tothe square-root of the numerical value of the swarm,

. Wete seen in lotuses; and two bees were on a mango
tree. How many were there?? :

(5) Four times the square-root of half the number
of a collection of boars went to a forest wherein tigers

. YGSS, p. 52 (42-45). The problem is of the same varicty
as the above one. ‘The substitution will have to be made 6 times
to reduce the resulting equation. '

2G5S, p. 53 (48). This problem is of the dviragra-fesa-miila
vatiety. . _
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were at play; 8 times the square-toot of 1y of the temain-
der went to a mountain; and g times the square-root
of § of the (next) remainder” went to the bank of
a river; and boars equivalent in (numerical) measure to
56 were seefl to temain in the forest. Gnre the numerical, <
measure of all those boars.? O\

(6) The sum of two (quantities, which are respe:c—
tively c?mvalcnt to the) square-root (of the numerical
value) of a collection of swans and (the square-zget of the
same collection) as combined with 68, amdunts to 34.
How many swans there are in that collcc:tlcon?2

(7) Pirtha (Arjuna), irritated in fight, shot a quiver
of arrows to slay Karna. With his arrows, he
parried those of his antagonist\'with four times the
square-root of the - quiver-full, he killed his horses;
with three he demolished ghe umbrella, standard and
bow; and with one he au cut oE the head of his foe.
How many were the a,rrOWs SR B8R let fly?®

(8) The square—boot of half the number of a swarm
of bees is gone to'a“shmb of jasmin; and so are eight-
ninths of the whole swarm; a female is buzzing to one
remaining wigle that is humming within 2 lotus, in
which he s§ confined, having been allured to i1t by its

GE p- 54 (56). This problem is of the atifa-mila vatiety,
Wherem fractional parts of squarte-roots are involved. ‘The prob-
Ierm; \give equations of the form ’

A -’?‘—"*'1\/ 17— 42\/52(-""_“1\/-;;) . '
“‘“s\/bs[(x“az\/b;x) - "’2\/52("—_—“1<; b)) —...=k

By repeated substitutions Mahivira reduces the equation to the
form s — A\/Bx — ¢ = o.

PGS, p. 56 (68). This problem is of the mitla-mifra vatiety,
wherein the sum of square-toots is involved. It gives an equa-
tion of the form /x +\/x+d__ .

1 L, p- 6.




238 ARITHMETIC

fragrance at night. Say, lovely ivoman, what is the -
number of bees.

Problems involving the quare. of the unknown:

(9) One-twelfth part of a pillar, as multiplied by 31—;
part thereof, was found under watet; 55 of the remainder,
as multiplied by % thereof, was found busied™in “the
mire, and zo Aastz of the pillar were found.in- the air,
O friend, give the measure of the lenpth of the
pillar.* : N
(10) A number of elephants (equivalent to) 44 of
the herd minus 2, as multiplied bysthe same (75 of the
herd minus z), is found playingin 2 forest of sallaki
trees. The remaining elephatits” of the herd equal in
number to the square of Gwre moving on a mountain.
How many ate the elephants?®

www.dboat libfar.y .org.in . :

15. THE@C{MHHMMICS OF .ZEROQ

It has beeé:fshown that the zero was invented in

India about the beginning of the Christian era to help

the writilg) of numbers in the decimal Scale. The

Hindu mind did not rest satisfied till it evolved the:

- complefe arithmetic of zere. ‘The Hindus. included

zegduamong the numbers (saikhyd), and it was used
~O YL, p.o16. )

\V 2 GSS, p. 55 (60). 'The problem gives the equation
: o — _

x* 1.3
'12.30)

- (x—- Ye=120.

20,16 12.30

I
12.30

Also solved by regula falsi. Mahavira puts {(x — x7)= g, and

thea solves the quadratic
: 3 e 40
XX 2

" The roots of this are then used to get the values of x.
® G55, p. 55 (63).
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in their anthmetlc at the time when the original «of
the Bakhshill Manuscript was written, about the third
century A.D. .The operation of addition and subtrac-
tion of zero are incidentally mentioned in the Pafa- .
siddbdntikd . of  Vathhamidira (so5). The complete
decimal arithmetic is found in the commentary,Of,
Bhiskara I (¢, 525) on the Aryabbatiye. ‘The results‘of
operations by zero are found stated in the work of
Brahmagupta (628) and in all later mathematical Preatises.
The treatment of zero in the arithmetic of «th& Hindus
is different from that found in their algebray In order,
thetefore, to bting out this dlﬂ'erencchl’early, we give
separatv:lj;r the results found in patgan:ta (arithmetic)
and in bijaganita (algebra).

Zero in Arithmetic. The Hmdus in their arith-
metlc define zero as the resu]t of the operation

. Wﬂ%ﬁaﬂlﬂbl "ATY.OUg.in

This definition is fougd in Brahmagupta’s work® and
is repeatcd in all Ja\ p works. It 1s directly used in the
operation ‘of subttaction. In carrying out arithmetical
operations, the\fesults of the operations of addition,
subtraction (aftd multiplication of zeto and by zero
are rcquma& The Hindus did not recognise the opera-
tion of division by zero as valid in arithmetic; but
the division of zero by a number was recognised as
’vakd Nariyana in his patiganita (arithmetic) has clearly
< stated this distinction:

“Here In pdtiganita, division by zero is not recog-
nised, and therefore, it is not mentioned here. ~ As it
is of use -in bifagapita (algebra), so I have mentioned
- division by zero in my Bijaganita.’’® :

2 BrSpSi, p. 309. Cf. B, Datta, BCMS, XVIII, pp. 165-176 for
some other detatls regarding operations with zero.
2 GK, remark subjoined to i 30.
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The foliowmg are the results of the operations in
relatlon to’ zero mentioned in Hindu Works on pdti-
Ganita:

Sridhata says:

* “In addition cipher mgkes the sum equal to athe
additive; when cipher is subtracted (from a nupibel),

Q!

there is no change in the number. In mult hcatlon,

and other' operations on zero the result(™s =zero.
Multiplication of a2 number by cipher alsog \gives zero.”*

Aryabhata I, in the chapter on Hakoanita in his
Zvlaba stddbdnta; writes: O

(N .

- “If zero is added to a numhet the number is
unchanged the same is true when zero is subtracted.
In the operation of multiplication or division of zero

- (by another number) ot iﬁ «cvolution and invelution - -

{of zero), the result is zefoy”

dbraul b i
Niriyana in ‘h\fswﬁdz‘lziaﬁz;;l gtglt-é']'n

“When zeto dshadded to or subtracted from a

number, if, (thql ‘umber) remains unchanged; that
(number) multiplied by zero becomes zero. In the
multiplicatigd and other operations en zero, the result

is zero. /,When a quantity is added to zero the result
is thag Whlch is added.”*

ﬁ?i{ahawra in his Gawita-sdra-samgraba writes: .

VA number muitiplied by zero is zero, and that
‘,numbet remains unchanged when it is leldCd by,
combined Wlth, or d1m1n1shed by zero. Multiplication

!By other operations are meant: (1) division of zero by 2
number, (2) squating and square-root of zero, (3) cubing and
“cube-root of zeto —in the sequence in which these operations are
mentioned in Hindu arithmetic.

> Trif, p. 4. It should be noted that distinction is made
between ax o0 and ox e, although the result in each case is zero.

¥ MJi, p. 146

*GK, 1. 30.
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and other operations on zero give rise to zero and in

the operation of addition, zero becomes the same as

what is added to it.””

- Mahévira’s statement that a numbet remains un-
changed when' divided by zero is obviously incorrect.
The correct result of the' operation was known tQ
Brahmagupta who preceded him by more than twe)
centuries. It is, therefore, strange to find Mahévira
making such a statement. He probably thoughd that,
so far as atrithmetic was concetned, d1v1510n by zero
was no division at all.

Zero in Algebra._ The earliest tr\atment of zero
in algebra is found in the Brdbma- pru{a 2yiddbdnta® (628):

“Negative less cipher is negative; posmve (Icss
cipher is) positive; cipher (less cipher is) nought. .

“The product of ciphe and negative, ‘ot of c1phcr
and affirmative, is cipher; 0; two c1ghers is cipher.

l&Ul. T

“Cipher, divided by clpher is nou Oflgcm . Positive
or negative divided~by cipher is tawbeda (a fraction
with . that for dqmjmmator) or cipher - divided by .
negative or affitpnative (is either zero or is expressed
by a fraction/with zero as numerator and the finite
quantlty as. denominator),”®

pskara IT in the L#ldvat? as well as in his Bija-
Lapitd lees the sesult of the operations with zero.
Inthe Lidvati he writes: :

e &

)" “In addition ciphet makes the sum equal to the
additive.  In involution and evolution the result is

Y GSS, p. 6. (49)- ' : '

2 BrSpSi, pp. 309-310, rules 31-35. These rules contain also,
the rules of the operations withr the positive and the negative in
algebra. ‘The results relating to zero only are mentioned here.

4 'The result of the operation given in the bracket is according
to the interpretation of 8. Dvivedi

16

Q"
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cipher. A number divided by zero is &ba-hara (that
number with zero as -denominatot). The product of

. (a number and) zeto is zero, but it must be retained as

a multiple of zero (kha-gupa), if any fusther operations
_impend. Zero having become a multiplier (of a numbez)\
- should zero afterwards become 4 divisor, the numbgr
must be understood to be unchanged. So likewise

ny numbet, to which zero is added, ot from which it
is subtracted (is unaltered).”* BEER

In the Bfjagapits, the same results arg “given with -

the addition that if a quantity is subtfagted from zero,
its sign is reversed, while in the case ebaddition the sign
*remains the same. : CO

_ Zero as an Infinitesimal\v’ It will be observed
that Brahmagupta directs thas, the results of the opeta-
tions x = o and o = x should be written as % and

respectively. It is ngt pgigible to tell exactly what he
actually meant byﬁ' tl%(taegseg %Bnﬁéfor’ff“seems that he did
" not specify the actdal value of these forms, because the
value of the variable x is not known. Moreover, the
zeto seems toshave been considered by him as an
infinitesimal?, quantity which ultimately reduces to
nought. I this surmise be cottect, Brahmagupta is
quite justified in stating the results as he has done.
(The idea of zero as an infinitesimal is more in evi-

dénce in the works of Bhaskara II. He says: “The

£\ . .
product of {a number and) zero is zero, but the numbet

) must be retained as a multiple of zero (&ba-guna), if any
further operations impend.” He further remarks that
this operation is of great use in astronomical calculations.
It will be shown in the section on Calculus, that

 Bhiskara IT has actually used quantities which ultimately

tend to zero, and has successfully evaluated the differen-
tial coefficients of certain functions. He has, moreover,

3il,p. 8.
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used the infinitesimal increment f/(x)dx of the function
(), due to 4 change 8x in x.

The commentator Ktsna proves the result oxXa =o
= ax o as follows: o _

“The more the multiplicand is diminished, the
smaller is the product; and, if it be reduced-in the ut
most degtee, the product is so likewise: now the utmost
diminution of a quantity is the same with the reduction
of it to nothing; therefore, if the multiplicand be‘nought,
the product is cipher. In like manner, as thé multiplier
decreases, so does thé product; and, if thesmultiplier be
nought, the product is so t0o.” )

In the above zero is conceived 6ftas the limit of a
diminishing quantity. AWV g

Infinity, The quotient of, division by zero of 2
finite quantity has been called by Bhiskara II as &bs-
hara, which is synonym%:dmhj%%ighe quantity
with zero as denomingtor) of Brahmagupta, Regard-
ing the value of the~éhu-hara, Bhiskara 11 remarks:

“In this quahtity consisting of that which has
cipher for its divisor, there is no lteration, though many
may be inserted or extracted; as no change takes place
in the infifiite and immutable God, at the period of the
destruefion or creation of worlds, though numerous
ordefs “of beings are absorbed or put forth,”

- :_;\'.';From the above it is evident that Bhiskara II

h

N\
\

 §

lénewthat%ﬁ oo and so + b=,

. 1BBf, pp. 5-6. G. Thibaut (Assronomie, Astrology #nd Ma-
thematik,, Strasbourg, 1899, p. 7z) thought that this passage was
an interpolation. There appears no justification for considering
this as an interpolation, as the passage occurs in the oldest
known comméntary and in all copies of the work so far found.
Cf. Datta, /., p. 174 o .
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Ganesa remarks that £ is “n indefinite and unli-

mited or infinite quantity: since it cannot be determined

~how gtreat it is. It is unaltered by the addition o
- subtraction of finite gquantities: since in the preliminacy

<

operation of reducing both fractional expressions(ta’a
common denominator, preparatory to taking theistm
or difference, both numerator and denominatoy -of the
finite quantity vanish.” e \

Krsna remarks: o

“As much as the divisor is dimimghed, so much is
the quotient increased. If the divisgr’is reduced to the
utmost, the quotient is to the wtmost increased. But,
if it can be specified, that the(@mount of the quotient
is so much, it has not beenraised to the utmost: for a
quantity gtreater than thatiean be assigned. The quo-
tient, therefore, wiswiaslefimitely ogreat, and is rightly
termed infinite.” <“

Regarding x@fe ‘proof of % 4+ k= %K;gga makes

the same remarks as Gane$a. He, however, goes a
step furth€>When he says that

5 €N b
%.. & = 2,

p
A\ o] <

T~h15 is illustrated by him through the instance of the

“shadow of a gnomon, which at sun-rise and sun-set

is infinite; and is equally so whatever height be given
to the gnomon, and whatever number be taken

for the radins. “... Thus, if the radius be 120; and

the gnomon be 1, 2, 3 or 4; the expression deduced
from the propottion, as sine of sun’s altitude is to
sine of zenith distance, so is gnomon to shadow,
becomes 32, 250, 53¢ or 450 . O, if the gnomon be,
as it is usually framed, 12 fingers, and radius be taken
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a8 3438, 120, 100 Of 9o, the expression will be 41348,
1440 1200 or 1250 ‘which are all alike infinite.”?

~ Indeterminate Forms. Brahmagupta has made the
incorrect statement that

(=l »}

— 0 N

A,

Bhiskara IT has sought to cotrect this mistgké\ of

Brahmagupta. According to him
’ I‘“fm “_.8.., =4 ~.»:\.\
g0 © ’

His language, however, in stating this ;t%sﬁlt is defective,
for he calls the infinitesimal sN2€ro, not being in
possession of a suitable technical’ term. That, in the
above case, he actually meant'hy zero a small quantity
tending to the limiting valiie zeto, is abundantly clear
from the use he makesvofithierasitltripohis yistronomy.
Taylor® and Bapu Deva S4stti® are also of this opinion.

"\ iy .
Bhiskara has (given three illustrative examples.

They are: b\ _
L a@ (sxek )
@) "\.Iaqaluate e = 63.

' F&)m this he derives the result x = 14, which is
- cortect if we consider o=g, asmall quantity tending
.6 wero. His other examples are:

V@) {Cr-9) o Cb9)) 0= 90
giving x = 9; and

. Y All the above passages are taken from the respective com-
mentaries. They have been noted by Colebrooke, Ar. :
. *Liliwari, Bombay, 1816, p. 209, '

® His Bije-gapita (in Hindi), Pr. 1, Benares, 18ys, p. 179 ¢f 5q.
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i) {Got Dxop+ 2l o)) o = 15,

giving x=2." N _
Bhiskara 1I’s result o o\
>3 o
= Xo=gqg A\

. NS
is, however, not quite correct, as the form s truly
indeterminate and may not always have the)value 4.
His attempt, however, at such an early date to assign

a meaning to the form -, and his pastial solution of the

s W

problem are very creditable, se’e;xi'ng that in Europe

mathematicians made similar fajstakes upto the middie -

of the nineteenth century AnD?

ww v, dbeg ﬁlibrary .org.in

! The answers of this and the previous example are incorrect
because o? has been taken to be equal to o. '

* Martin Ohm (1828) says: “If 4 is not zero, but 4 is zero,
then the quotient /b has no meaning” for the quotient “multi-
plied by zero gives only zero and not 4, as long as # is not zero.”
Lebrbuch der niedern Analysis, Vol. 1, Berlin, 1828, pp. 110, 112.
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Fractions, 185, addition and sub- Halifax, Jobn of, g5
traction, 196; cube and cube- | Hall, F., 81
root, 199; division, 197; eatly | Halle, 104 |
use, 18s; lowest common Haisted, G.B., 38, 39 "™\
multiple, 195; multiplication, Hana.na 134, 159 ) :
196; reduction in combina- Handasa 102 + A\

Handasi, 101, Io2 O
Hara, 156 R
Harana, 150 A\
Hirya, 150 \\
Heath, 50 '"’z
Hemcandsay
Hend, yo1./

Hetu la, 1T
Helvindriva, 11
Hind, 100, 101

JeHindasa, 101, 102

Hindasi, 101
Hindi, 100, to1, 102
THndigal, o8, 101
Hindu Numerals in Arabia, §8;
Arabic reference, 96; definite
evidence, 93; 'European re-
* ferences, 102; in Europe, 9z;
rmscellaneous references, 955 .
Syrian reference, g95; the
terms hindasa, etc., 1012
Hisab-al-ghobdr, 98, 124
Hunter, G.R., 19, 29

I

Ibn Albanna, 99

Ibn Hawkal, 100

Ibn Seedeh, '

Iba Tirik, 89

Ibn Wahshiya, 96

Icchd; 198, 204-208; paksa, 2171,
21

Idini, 186

tiryaks, 145;

| Im-hisib-altakhta, 123
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Inscription, Ahar Stone, 42, 52;
at Po Nagar, 44; Belhari, 40;
Buchkali—of Négbhata,
a1 ;- Deogarh Jaina—of
Bhojadeva, 42; Dholpur, 60;
fromDhauli, 33; from Girnir,
33; from Kanheri, 41, 42;
Ghatiyala—of Kakkuka, 41;
Gutjara—43;  Gwalior—of
Allah, 42; Gwalior—of the
reign of Bhojadeva, 42, 82;
Hithigumphé, 6; Hindu, 6o;
Junér, 47; Kanheri, - 40;
Kharosthi, 21; Ksatrapa,
34; Nanighat, 25, 26; of
Asoka, 16; 20, 21, 23, 28, 34;

of Bauka, 41; of the Kusinas,

22, 34; . of Rudradaman, 47;
of the Parthians, 21; of the

Sakas, 21;

of Sriviiaya, 44; of Yagovar-
tnana, 43; Pehava,\"42;
Sanskrit and old Gagaszese, 43;
Siyadoni stonejpgqs;\stone, 45;
word numerals, in, 59
Isidorus of Sevalle, 102
Ista, 135 /0 .
Istakarmary 230
Istakri, xoo

20

Tearksi, 186
O ]

Jacobi, H., 7
Jadhz, 170,
Jaivardbana I, 4o, 82
Jaladhi, 13 :
Jarez de le Frontera, g4
Jati, 188
Jinabhadra Gagi, 61, 79
John, 96

of Simanta)
Devadatta, 41; of Sambes;.44:]
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Jones, Sir W., 16
Jyotisa, 8

K

Kicciyana’s Pali Grammar, 11

Kaiyyata, 63

Kikini, 206

Kals, 185, 188

Kaldsavarpana, 8 RS,

Kalhana, 5o N\

Kilidisa, 2 A

Kalpasiitra, 6, 7 ¢

Kﬁgda, 18 &

Kaikara, 10 N\"

Kapadia, H.Ry 80, 151

Kapﬁgasand@,j 134, 133, 136,
137 K‘B’ 144, 145

Karabw, 1

Karanay"so -

Kazapa-katihala, 184

Rarand, 170

Karpinski, 97; see Smith
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Katapayidi system, 6g; first
variant, 70; second variaat,

_ q1; third variant, 72; fourth

_vatiant, 72

Kathina, 12

Kityiyana, 58, 63

Kautilya, z; Arthaéistra of, see
Arthadistra

Kayastha, so -

Kaye, G. R., 44, 45, 46, 4T
48, 39, 6o, &5, 85, 101, 102,
156, 168, 170, 171, 175, 190

Keith,”see Macdonell

Kerala system, 72

Kern, 65 -

Kha-cheda, 243; ~hata, 242, 243,
244; -guna, 242

Khalif al-Mansiir, 89

Khalif Walid, edict of, 8¢

Khanda,135
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Khanda-khidyaka, 89 146, 147, 211, 213, 22y,

Khiravela, 6 229, 230, 235, 241, 244; -

Kharosthi numerals, 21; early Gagesa’s commentary, 144, *.
occurtence, 21; forms and 145, 146
origin, 22; lipi, 21 Lowest Common Multiple, 195

Kharva, 13; mahi, 13 ' M

Khita, 124 A

Kopp, 16 Macdonell and Keith, 9

Koti, 10, 11, 12, 13 Madhya, 9, 13

Koti-kot, 11, 12 Mahé-Bhiskariya, ;9,. ﬁo «

- Kotippakoti, 12 Mahibja, 13 « M

Krikacika, 124 Mahidkathina, 2N

Krama, 131 Mahisaroja, 137

Ksoni, 13; mahi, 13 R

Kmuda, 12 ) »

Kustha, 185

Kuttaka, 8 W dbrauhb1 Ty
L imx\

Labdha 150 ' \\

Laghu-Bhéskaxdya, 59

Lahir, 65 K%

Lakkha, 1)

Laksa, 1%,13

Lalit, 1stara, 10, 37, 187

La.lha 1, 87, 129

Langdon, 23, 29

Krsna, 243, 244

Ktti, 155, 169
Ksetraganita, 7, 8
Ksipra, 186

Ksiti, 13; mab4, 13
Ksobha, 13; mahj, 13
Ksobhya, 10

Ba Roche, 175

} Latyayana 58

Lekhapaficisiks, so
Lekhaprakiga, 5o

Leonardo Fibonacci of Pisa, g4,
© 103

Lespius, 16

Lilavati, 125, 131, 132, .133,'
134, 136, 137, 144, 141,

085 196 198, 199, 203,

O\ 208, 212, 220, 222, 224,

\ o 239, 233, 235, 237, 238,
240, 241

Mahavira, 5~»\ 13, 55, 56, 57
77, 80,8046, 137, 145, 1571,
156,057, 161, 162, 164, 166,
10975168, 172, 188, 191, 192,

Mahmid bin Qajid al-Amani

orgagef-Eddin, g9

dyani Samhitd, 9, 18, 185

Majjhima Nikiya, 4

Malayagiri, 79

Mina, 204, 204

Manoranjana 132, 157

Marre, A., 100, 184

Marshall, 19

Martin, Ohm, 246

Mis4, 218

Mathernatics, appreciation of, 3;
decay of, 127; Hindus and, 3; -
in Hindu educatior:, 6; of .
zero, 238; scope and develop-
ment of Hindu, 7

Maximus Planudes, 104, 144, 184 .

Mazumdar, R.C.,59

Measures, see weights

Megasthenes, 21, 37

Mihir Yast, 101

Miliridapaiiho, 7




Mille, 9 N
Miscellaneous problems, 230;
problems involving solution
of quadratic equations, 234;
ptoblems involving
square of the unkown, 238;
problems involving the.
square-root, 235; problems
on mixture, 233; regula falsi,
230; the method of inver-
slon, 232
Midraka, 124; vyavahﬁra, 219, 233
Miérana, 130
Mitra, Rajendra Lal, 10, 97, 187
Mohammad, 88 .
Mohammad Ben Musa, 102
Mohen;odaro, 1g; and Harap:
19, 23, 29; and the I.n
Valley civilization,  17; dls-
coveties at,’1; finds of, 20
Montucla, L.F., 99
Mudri, 7 :
Mudrﬁbala 139
Muhorta, 186
Mukcr}ee, Sir Asutosh, 17 QO
Mila, 169, 170, 220, 234 athéa,
z37; dviragra séa\ . 236;
ghana, 124, 1753)jat, 235;
misra, 237; seia, 235; vargy,
124, 169 QO
Mult{phcatlo{x;\ 134;  algeb-
tﬁ’\thods, 149; " Brahma-
gupta} method, 136; by
_separation of placcs, 146;
. cﬁbss multiplication method,
J14%; direct process,138; door-
junction method, 136; gelosia
method, 144; inverse method,
139; methods of, 135; parts—
method, 148; terminology,
134; transmission to the
west, 143; zigzag method,
.";47- .
17

www‘d
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Muniévara, 213
Myriad, ¢

N

Nigabala, 10
Nagarl script, 39
Nigirjuna, 2
nl%uta 12
Nalsadha—carim., 83 O\
Nallino, 83 A
Nﬁrada, 4 « N7
Nérdyaga, 13, 137, 1§80 161,
162, 167, 168, 183, 184,
208, 240 ° m\ )
“Nauy, F., g5 4
Nava, 1 5,»—4:1353,,1 5;— virhsati, 1§
Nava-radika{ /134
Neil, R As\see Cowell
lehatva, 10, I3
Nl.lakan';hn 67, 170
Niagahuta, 12

- Nitabbuda 12

ﬁ Fﬁj’g;gm
Nigka, 213, 214, 215, 216
Niyuta, 9, 10, 12
Notation, ab]ad 8g; decimal
lace-value, 3; difference
rom other, 27; epigraphic
instances *of decimal place-
" value, 4o0; Greek alphabetic,
so; places of, 12; scale of, 9
Numeral, ghobar, 89, 90, 91, 93,
94; Hieratic and Demotic, 28;
Hindu, 38; Kharosthi and
Semitic, 28
Numeral notation, i; Brihmi,
2§; earliest, 19; in spoken
language, 13; Kharosthi,
21; terminology, 9
Numerical, Asokan—Afigures, 57;
: devclopment of symbolism,
16
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Nyaﬂ)uda, 9,10,1 13
o
Ojha, 17, 24

Oldenburg, 4
Operations, checks on 180

B P
Pacioli, 146

Pada, 155, 169, 170, 1&_7
Padma, 13; mabd, 13

Paduina, 12

Paga, 206, 2144 218 227, 229
Pafica, 13

.Pafica-rasika, 124

Paiica- 51ddhant1ka 59, 78, 79,
259

Pinini, z, 18 33, 63, 218

Panktl 173 -

Pannavani-siitra, 37' . o A
Papyrus Blacas, 24 AN

Paramedvara, 67, 153,

Parirdha, 9, 13 "% dlg?zulfbrary or glimg Pandukesvara—of Lahta

Parasparakrtam 1 34 RA

Pargiter, 58 e
Parikarma, 8 - \\ _

Patala, 18
Pétana, 152
Patafjali, 2,63, 85

Pﬁgf,. 80824, 126, 129, 138,

W’ 140, 141, 148, 152,
_ ~1‘s~7, 158, 159, 173, 174, 177,
Ni78, 180
‘}’étlgamta 8, 82, 123, 126, 128,
151, 184, 187, 195, 222, 220,
227, 233, 235, 239, 240

. Pacisdra, 125, 213

Patta, 123
Pattopéidhyiya, so.
Peurbach, 175

.Phala, 108, 204, 205, 206 208,

212, 216, 220, 223, 228

Phalaka, 123 '

)

Phocmcmn forms (of numerals) '

- Prabhiga, 190

 Purina, 2, 84, %6, 206, 228

. 24

Phoemuan script, 17

Pingala, 75; 76, 77
Placc—value, date of irvention:
of the notation, $6; in Hindu
© literature, 83 ; ip }am CANO~.
nical Works 83, i Jitefary .
“works, 85; in wofks’ on :
philosophy, 85; ipwenfion of -
system, §1; ngwnoiation,.
533 prlncxple, 363\ the decimal:
 notation, A% the Ar.urna}:;
systemaass :
Plate, Cantay—of Govinda, 45,
Chasgaon—fof Huviska, 47,
'9'\&)1':, 40; ‘Daulatabad—of |
nikargana, 41; Dhiniki}
Copper 40; Grant of Avan
varmana, © 42; Greae of
Balavaxmaga, 42; Gutjara
Grant, 40, 45, 48; Kadab

suradeva, - Raghcili, 40,
82; Sa.ngh—of Raafrakuta_
Govmda:a]a 43; Torkhedi, 41

Prakespa < karana, 233
Prikrta, 170
Praksepana, 130
Pramina, 198, 204, zo0§, 223;:
rfaéi, 198; paksa, 211, 213
Pratiloma, 151
"Pratyutpanna, 135, 139, 1
‘Prayura, ¢, 12, 13
Princep, James, 33 )
Prihudakasvimi, 77, 124, T129;
. 148, 156, 163, 228 '
Pulisa, 61, 79
Pundanka, 1z,

Agni, 58, 59, 62, 84, 86
Viye, 84; Visnu, 84



Pﬁrva, 164 - .

Rabbi ben Ezra 96 ‘[05, 217,
230 ’

Radix, 170 _

Ra}ataraﬁtrir_ﬁ, .50__'

Rajju, 8

Ramanujacatis, 156, 168 : :

Rimdyana, 2

Ranwacarya, 151, 226

Rasi, 8, 114, rupa.msaka, r99
Ruyv, H.C,,

Bay, Sir PC 85

Regula falsi, 230, 238
Reinand, 97, o8

Reveda, o, 15, 17, 18y 20,
57, 183 R U

Ruys Davids, 70 . '

Riese 149 ST

R: )det 6%, 66, 170, 175"

Fosen, 102

Rule of Three, 203’} appmmw
tion of, 208; as 4 particuldx
case, 216 compound prepor-_
tion, z10; illustrdtipn; 21 35
inverse, 207; propottion in
the west, 210; tepminology;
203; the meth@ﬂ 204, 2rr

Ripa, 6 .\,, : o

Riipa- v1bhaga; 136

O s

Sachan,) EC 8,
Sadgugruélsya -?1 99
dratnamili, 7o
Sahasra, 9, 12, 13
Sakala, 199
Salila, 10 -
Samacaturaira, 155
Samapta-lambha, 1
Samavayanga-sutra 6, 37
Samkalana, 130 :
Sarnkalita, ‘124, 130, 196 :

I .Sastti, Sambasiva, 67

239.

Samkhyd, 238

Sathkhyana, 4, 6, 7
Sammelana, 130 )
Samudra, 9, 10

Sariyojana, 130
Sanatkurndra, 4,
Satikaricirya, 85

Sankha, 13 :
Sankhyiyana érauea sltra,
-Sankramana, zz1, 222 \
Safilw, 13 . PN
“{ Sapha, 185 AN 2
“Sapta, 13 ¢
Sapra-risika, 124+
Saritipati, 13

.\
" foN)

- | .Sarvabala, 1¥) /

Sarvadhan@,,\fj z
Sarvajiidy, v1
Sarvanukramam, 71 o
Sastri, Madhava, 18¢ .,

afztalmraity 335 kotl, 13

Sdtavihana, z¢ -

“Satottara ganani, 10; sam]nﬁ o

Savarnana, 194 -

Script, Indian, 16; Nagan, 39;
North Sem:ur: 17; Pheeni-
-cian, 17; South Semitic, 16,

T I .
Sechokht, 89, 03, 95, 96

i | Sefer ha-Mispar, 103

Sefer Yesirdh, 98

; “Semart, E., 26 .

Sengupta, 175, 197 -

§ Sess, 132

Shamasastri, R., 6, 19, 187, 218
Siddbinta, 3, 123, . 128,
135, 150; Brihma-sphuta, B,‘
"59,'89, 156, 228, 247; Mahid,
125, 181, 183, 134, 249
Parisar, 3; Pitimaha; 3, 125;
Pulida, s$9, 62, 79, - 8G;

" . Romaka, 125; Sekhara, 123,
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156; Shrya, 3, 59, 62,
Tattva-viveka, 125; Vadistha,
3, 125

Siddhasena Gani,

Siladitya VI, 52

Silberberg, Moritz, 103

Sindhind, 97

Singh, AN,
173, Y75

Sirsaprahelikd, 12

Sitanath, Sri, 76

Skandasena, 188

Smith, 144, 146, 149, 150, 153,
154, 175, 210, 217, 230, 232,
233; and Karpinski, 11, 27,
30, 48, 80, 83, 83,
95,103 |

Sodhana, 132

. Sodhya, 177, 178

Sogandhika, 12

Square, 155; mmorwwhg
squaring, 160; termino
155; the operation, ‘UG

Squate-root, 169; tegrainology,

8o, 171

170, 171, 172,

Léf’f;

izs; |

89, 9o,-

~

. 169; the operaﬁbn 170
Srauta-stitra, §8() -
Sredhi, 124 4 & d
Srldham €Y 13, 134, #36,.
145, »\L\s 156, 157, 160,
16,% 62, 163, 167, 163,
1720 177, 188, 190, 191,
W92, 193, 196, 198, 199,
() 205, 207, 212, 230, 240
\ Nridhatichrya, see Sridhara
Sriharsa, 85 .
Sripati, 128, 136, 137, 138,
144, 145, 150, 167, 172
Stambboddesa, 230
Sthéna, 12, 161, 166;—khanda,
‘146, 148

Sthaninga-sitra, 8, 204
Subandhu, 81, 82, 85
Subtraction, 132; direct process,

3 Tallaksana, 11

INDEX

133;  inverse process, 133;
terminology, 132; the opera-

tion, 132 .
Sulba 130, 134, 1§55, 170, 183,
188
Sumatiharsa, x84 Q.
Stuoya, 38, 54, 77;—bindu, 818y

Slryadésa, 133, 197, 208 Nx
Stryadeva, 67, 71 ("
Susrata, 2 \ >

Suter, H, 51, 99,,‘10?2 143, 174
Siitra, 4 :
$vetavarni, 129

T

\

PN\

Tacch‘&da 241
Taititiya Sarhhitd, 9, 14, ¥§;
 “Brihmana, see Brihmanpa -
LTFalkhis, 99

aTﬁnmc
Panig ltﬂ hindi, 143 :
Tastha, 136, 14y5; gunana, see -
gunana
Tattvarthéd}ngama shtra, 30,
I§E, I7I
Taylor 16, 29, 132, 147, 245
Theon of Alexandria, 173
‘Theophanes, 89
Theory, Indrajr’s, 35
Thibaut, 155 '
Titilambha, 11
‘F'rairdsika, 124, 203,
vyasta, 124, 207, 21&
Tri, 13; phda, 185
Tripraina, 5
Trisatiki, sg, 125,
227, 229

Troptke, 80

204;

151, 187, 20§, .

.
Umiésviti, 2, 80, ¥51, 189

lina-vithéati, 15; trithéat, 15
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Upanisad, Chindogya, $8;
"~ Mundaka, 4

Uppala, 12

Utkrama, 131

Utsanga, 10

Uttara, 163
Uttaradhyayana-siitra, 4

v

3

Vadava, 10 -
Vadha, 134
Vijasaneyl sathhitd, 9, 15
Vajrabhydsa, 145, 146
Vajrapavartana-vidhi, 196
Vallika-kuttikira, 233

- Valmiki, 2
Varihamihira, 61, 79, 209, 239
Varitaka, 2006
Varga, 8, 65, 66, 67, 69, 124,

155, 156, 235; mila, sce
mmla;—varga, 8 X
Varna, 63, 229 . www‘,ab’l

Visavadattd, 81, 85

Vasistha, 17

Vedﬁﬁgﬁ, Ts 19!_“i

Vedissd, 25

Vibhbtangama, 1)

Vidya, apatdy 4 Brabma, 4
naksatra,, 4y pard, 4 raéi, 4

Vikaipa, 8. ¢ '

Vinaya ‘Riteka, 4, 7

Vininlaya, zo4, 20§

Visdtnjfis-gati, 11

~Viyaha, 10

Vivara, 10

Viyoga, 132

Viyojaka, 132

Viyojya, 132

Vinda, 13

Vyésabhisya, 85

Vyavahira, 8;—slitra, 84

Vyavakalita, 124 :

‘Vyavasthina-prajfiapti, 11

P4\

ot;i’sm’\ 8
Y\\ a, 7s 5
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Vyutkalana, 132
Vyuikalita, 124, 132

w
Wahshiya, 97
Warner, A.G., and Warper, E.,
00
Wischke, 104 YA

Weber, 16, 17, 37, 58 (N
Weights and Measutes, 186)"
Whish, 65 A\
Widman, 149 A\ 3

Woepcke, F., 9o, 104y 143, 174

184 )
Wolack, Gottitied, 83

Woods, ].H,8s5

Word-numeral, 53 date of
inwegtion, 62; explanation
.ofthe system, 53; in inscrip-

~Jtons, 59 list of, s4; origin

b\ and eatly history, 6o; without

_éul,g)lac‘c—valu;, s7; with place-

Halng; OB

Wreght, W., 96

Writing in ancient

Y

India, 16

Yajurveda, 9, 10, 20
Yikub ibn Tirk, 89
Yivat thvat, 8 -

Yoga, 130, 236;—s0tra, 85
Yojana, 171, 172 )
Yukt, 130

YA

Zero, as an infinitesimal,* 242,
243; earliest use, 75; form of
the symbol, 81; in algebra,
241; in  arithmetic, 239
indeterminate forms, 243
other uses of the symbol, 82;

the mathematics of, 238; the
symbol, 75 i
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PREFACE
 The present work forms Part 1 of our Histogyof’
Hindu Mathematics and is devoted to.the history’ of
Algebra in India. It is intended to be a sourée book,
and 'the subject is treated topicwise. Under(dach topic'
are collected together and set forth in’&htonological
order translations of relevant Sanskrit texts as found in
‘the Hindu mathematical works. This/plan necessitates
.3 certain amount of repetition. Bu} it shows to the

reader at a glance the improvemeffs made from century -

to centuty .

. To gather materials for khe hook we have examined

g

all the published mathematical treatises ot the Hindus
-as well as most of the iiportant manuscripts available in
Indian libraties, a ligtyof the most important of which
- has already been*included in Past' 1. We have great
- pleasure in oncegnore expressing our thanks to the autho-
rities of the libtaries at Madras, Bangalore, Trivandrum,
- Tripunithysa;’Baroda, Jammu, and Benates, and those
of the Jfidia Office (London) and the Asiatic Society
- of Bcﬁ\al for supplying transcripts of manuscripts or
sending them to us for consultation. We are indebted
also to Dr. R. P. Paranjpye, Vice-Chancellor of the
“Lacknow Usiversity, for help in secuting for our use
several manuscripts or their transcripts from. the State

libraries in India and the India Office.
In translating Sanskrit texts we have tried to be as

literal and faithful as possible without sacrificing the

spirit of the original, in order to preserve which we have
at a few places used literal translations of Sanskrit tech-

Q!



" nical terms instead of modem terminology. For in-
- stance, we have used the term ‘pulveriser’ for the equa-
¢ tion ax4-by=1, and the term ‘Square-nature’ for the
- equation Nx*4r=9 : - _ -
.7 'The use of symbols—Ilctters of the alphabet to de-
note unknowns—and equations are the foundations
~ of the science of algebra. The Hindus were the first,
to maké systematic use of the letters of the alphabet t0
denote unknowns. They wete also the first to clagsify
and make a detailed study of equations. = Thus they niay
be said to have given birth to the modern s¢ience of
" algebra. : _ 7\
- Aportion of the subject matter of this-book has been
available to scholars through papers by warious authors
and through Colebraockes Algebra il Arithwetic and
Mensuration from the Sanscrit of Dfabmegupta and Bhas-
- .¢ara, but about half of it is beipg.presented here for the

+ - first time. For want of space it has not been possible

t0 give a detailed compaiisonof the Hindu achievements
~ in Algebra with those ofwother nations, For this the
reader is referred £6"thE BEHERIPWOFk{"on the history of
. mathematics by Caater, Smith, and Tropfke, to Dixon’s
History of the Thégty of Numbers and to Neugebauer’s
Matbematische, Redlschrift-Texte, A study of this book
- along with therabove standard wotks will reveal to the
reader thesfemarkable progress in algebra made by the
Hindusat"an early date. It will also show that we are
indebted” to the Hindus for the technique and the
furdamental results of algebra just as we owe to them the
_place-value notation and the elements of our arithmetic.
N’ We have pleasute in expressing our thanks to Mz,
" T. N. Singh and Mz, Ahmad Ali for help in correcting
proofs and to Mr. R, D, Mista for preparing the index
to this volume. ' L :
Lucknow. © BisrurmHUsaN DATTA
March, 1938 - Avapzrsu NARAYAN SINGH
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ALGEBRA
1. GENERAL FEATURES
' Namé for Algebra. The Hindu name for the.

science of algebra is bfjagamita. Bijz means “element™

or “analysis” and gamite “the science of calculation.”
Thus bijaganita literally means “the science of calcula-
tion with elements” or “the science of {4alytical
calculation.” The epithet dates at least s far back
as the time of Prthiidakasvimi (860) who wused it.

Brahmagupta (628) calls algebra .&Qézéa-ga;u'ta, or

simply Awffakal The term ;éq}ftaéd;heaning “pulve-
riser”, refers to a branch of the>science of algebra
dealing particularly with the ‘dubject of indeterminate
equations of the first degrog. ;ﬂg is interesting to find
that this subject was”&on! MR Y Hpdrtant by the
Hindus that the whdole(science of algebra was named
after it in the beginnjgg'of the seventh century. Algebra
~ is also called avyaktagapita or “the science of calculation
with unknowns™ (aryakta==unknown) in contradistinc-
tion to the nafie pyakta-ganita ot “the science of calcu-
lation with knowns” (vyekfe=known) for arithmetic
inciudi&%fﬁg‘eometry and mensuration. .
Algebra Defined. Bhiaskara IT (1150) has definéd
algepra thus: ,
gs;f“z\nalysis (bija) is certainly the innate intellect
§s

isted by the various symbols (#erpa), which, for the

1Sec Bibhutibhusan Datta, “The scopé and development

of the Hindu Ganita,” IHQ, V, 1929, pp. 479-512; particulacly .

. 48¢f. :
PP- 459 /

Q"
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 instruction of duller intellects, has been expounded
'by the ancient sages who enlighten mathematicians as

" the sun irradiates the lotus; that has now taken the name
algebta (bijaganita)”t )

That algebraic analysis requires keen intelligence
and sagacity has been obsérved by him on more than.
ene occasion. . _ .

“Neither does analysis consist in symbols, not ate
there different kinds of analyses; sagacity alone is)ana-

. lysis, for wide is imagination.”? N
- ““Analysis is certainly clear intelligence X3/
- %“Or intelligence alone is analysis. ¥V
" TInanswer to the question, “if (unknown quantities)
~ are to be discovered by intelligenee” alone what then
is the need of analysis #”” he says: '\
. “Because intelligence is.gertainly the real 'analysis;
symbols are its helps. Thelinnate intelligence which has
- been expressed for the dufler [Neifitls by the ancient
- sages, who enlightendfnathematicians as the sun jrradi-
- ates the lotus, withythe help of * various symbols, has
now obtained the name of algebra.”®
 Thus, accerding to Bhiskara I, algebra may be de-
fined as the'setence which treats of numbers expressed by
means of’symbols, and in which there is scope and pri-
_ maryneed for intelligent artifices and ingenions devices.
«\Distinction from Arithmetic. What distinguishes
. algebra from asithmetic, according to the Hindus, will be
found to some extent in their special names. Both deal
"~ with symbols. But in arithmetic the values of the sym-
bols are yyakta, that is, known and definitely determinate,

L BB/, p. 99. o K BB, p. 49; SiSi, Gola, xill. 5.
®L, p. 15; §i8i, Gola, xifi. 3. 4 BBi,p. 49. '
5 BB, p. 100, . :
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while in algebra they are apjakis, that is, unknown,
indefinite. The relation between these two branches
~of gapita is considered by Bhiskara II to be this:

“The science of calculation with unknowans is the
source of the science of calculation with knowns.””?

He has put it more explicitly and clearly thus:

“Algebra is similar to arithmetic in respect of rules
(of fundamental operations) but appears as if it weré)
indeterminate. It is not indeterminate to the intellig€ht;
it is certainly not sixfold,? but manifold.”? AN’

N

The true distinction between atithmetic and¢algebra,
besides that of symbols employed, lies, injthe opinion
of Bhiskara II, in the demonstration\ bf the rules.

" He remarks: 20

“Mathematicians have declared ;il\gebra to be com-
putation attended with demonstratioh: else there would
be no distinction between - arithtetic and algebra.”*

The truth of this digtuahis.g¥ident i the treatment
of the gupa-karma in the Lilivati and the madhyamdbarana
in the Bfjagapita. Both ate practically treatments of
problems  involvipg\’ the ~quadratic equation. But
whereas in the Motmer ate found simply the applica-
tions of the wellknown forfnule for the solution of

- such equatiofis, in the latter is described also the rationale
of those formule. Similarly we sometimes find included
in treatiSes on arithmetic ptoblems whose solutions
requite” formule demonstrated in books on algebra,
'The ‘method of demopstration ‘has been stated to be
<jiways of two kinds: one geometrical (&setragata) and

1 BB, p. 1. ' . '

2 The reference is to the six fundamenttal operations recognised
in algebra as well as to the six subjects of treatment which are
essential to analysis. :

3L,p. 15 -+ %BBi, p. 127. 1
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- the other symbolical (rdsige?a).”* We do not know who
was the first in India to use geometrical methods for
“demonstrating  algebraical rules. Bhiskara II (z150)
‘ascribes it to “ancient teachers.”?

Importance of Algebra, The early Hindus regard-
ed algebra as a science of great importance and utility
In the opening verses of his treatise® on algebra Brahma-
- gupta (628) observes: - . N\
“Since - questions can scarcely be knowd” (ie.,
solved) without algebra, therefore, I shallspeak of
algebra with examples. . N
" “By knowing the pulveriser, zefey'negative and
_ . positive quantities, unknowns, elimipation of the middle
“term, equations with one unkno®n, factum and the
Square-nature, one becomes Mthe learned - professor
(dedrya)y amongst the learned,X4" -
- Similarly Bhéskara L writes:
“What the leafned SCHRGE C¥8%byap) describe as
, the osiginator of ingélligence, being directed by a wise
being (satpurnsa an{da\vhich alone is the primal cause (bfja)
of all knowns  (#¥@ks), 1 venerate that Invisiblé God as
well as that Seience . of ‘Calculation with Unknowans...
Since queshions can scarcely be solved without the reason-
ing of algebra—not at all by those of dull perceptions—
T shgi\(speak, therefore, of the operations of analysis.”?

al Lk . .
a2 BB, p.o125. 2 BB/, p. 127. :
~\ 3FHorming chapter xviil of his Brdhma-sphusa-siddbinta.
;T A BrSpSE xviit 1-2. }

% In the first part of this passage every principal term has been
used with a double significance. The term sarirkhydh (literally,
“expert calculators”) significs the “Sarmkhya phiiosophers” in
one sense, “mathernaticians” in the other; satparnss “the self-
existent being of the Sathkhya philosophy” ot “a wise mathema-

, tcian”; syakfe “manifested universe” or “the science of calculation
with knowns.” ' :
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Narédyana (1350) remarks :

“1 adore that Brahma, also that science of calcula-
tion with the unknown, which is the one invisible root-
cause of the visible and multiple-qualitied universe,
also of multitudes of tules of the -science of calculation
with the known.”! ~

“As out of Him is derived this entire universe,
visible and endless, so out of algebra follows the whele)
of arithmetic with its endless varieties (of -rules). ‘There-
fote, 1 always make obeisance to Siva and<{also to
(avyakia-) ganita (algebra).”? O

- Headds: ' O

. “People ask questions whose selutions are not -
to be found by arithmetic; but theétr solutions can. -
generally be found by algebra. XSince less intelligent.
men do not succeed in solving questions by the rules of
atithmetic, I shall speak of ghe lucid and easily intelli-
gible rules of algebray®¥w.dbraulibrary.org.in

~ Scope of Algebrag The science of algebra is broad-
ly divided by the Hindus into two principal parts. Of
these" the most important one déals with analysis (bia).
The other part treats of the subjects which are essential
for analysiss, CFhey are: the laws of signs, the arith-
metic of zefa’(and infinity), operations with unknowns, *
surds, the pulveriser (or the indeterminate equation of
the ﬁ@deyee), and the Square-nature (or the so-called .
Pellian’ equation). To these some writers add con-
eirrence and dissimilar operations, while others include
them in arithmetic.? At the end of the first section
of his treatise on algebra Bhiskara II is found to have

» NE, I, R. 1. 2 NB/, II, R. 1.
. *NB,L R.5-6.

4 All writers, except Brahmagupta and Stipati, are of the latter.
. opinion, ' _
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_ obsetved as follows: ) e
.. “(The section of} this science of caleunlation which is
* essential for analysis has been briefly set forth. Next
1 shall propound analysis, which is the source of pleasure
to the mathematician.” ' o
.. Analysis is stated by alt to be of four kinds, for
. equations are classified into four varieties (wide ififra).
."T(}-ms" éach class of equations has its own methed of
_analysis. . L ) RS
" Origin of Hindu Algebra. The originof Hindu
algebra can be definitely traced back tolthe petiod of
‘the Swhha (8oo-500 B.C.) and the Brdbmana (¢, 2000
"B,C). But it was then mostly ‘geometrical.z The
- geomettical method of the transformatioh of a squarte
into a rectangle having a given ‘side, which is described
in the important Sulba is ab¥iously equivalent to the
solution of a Iinemeqmgig@b’m.ﬁﬁeg}}pknown, viz.,
o . ax=¢t '
The quadratic equatien has its counterpast in the cons-
truction of a figuke (an altar) similar to a given one but
diffeting in atedfrom it by a specified amount. - The usual
method of, §6lving that. problem was toincrease the
unit of measure of the linear dimensions of the figure.
One of the'most important altass of the obligatory Vedic
saceifices’ was called the Mabdvedi (the Great Altar).
It has been described to be of the form of an isosceles

~[(fapezium whose face is z4 units long, base 30 and

Altitude 36, If x be the enlarged unit of measure taken
1n Increasing the size of the altar by # units of area, we
“must have o ' o '

1 BB, p. 43.

* Bibhutibhusan Datta, The Science of the Sulba, Calcutta, 1932..
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or 972x% = 972 + 7.

Thetefore _z\/ .
X = [ 1+ o5

If m be put equal to 972'(n~— 1), so that the area of
the enlarged altar is # times its otiginal area, we get \"

x :__—-\/ /A S
some pasticular cases of which are described in; the
Sulba.  The particular cases, when n = 14 0Of 148 )are
found as early as the Satapatha Brabmana® (¢. 2000°B.C.).

The most ancient and primitive form of the “Fire-
altar for the sacrifices to achieve special ‘ebjects” was
the Syenacit (or “the altar of the formOf the falcon™).

D
A R\ ]
R
FL E R\ E L g
| : ='~: i
E : _WWw,dIiI}aulibraL'y,or'g,jn :
1 Q& 5
G M K\" E "rI Ma G
?
\N¢@ D Pl 5 C
I
' M
\\“J
:"\'.:'. Q . R
@\ . s
\3 ' - Fig. 1

Its body (4BCD) copsists of four squares of one square
purasa each; each of its wings (EFGH, PF'F'G'HYisa -
rectangle of one purysa by one purusa and a prddesa
(=1j10 of a purusa). This Fire-altar was enlarged in

| 1 $Br, X. 2. 3. 7fh
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vwo ways: first, in ‘which all the constituent parts were
affected in the same proportion ; second, in which the
breadth of the portions LFGM and L’F'G'M’ of the
wings were left unaffected. If x be the enlarged unit
for enlargement in the first case we shall have to solve
the quadratic equation ' : '

zx><zx+ 2{'x><'(x+;—c)}+ 5 x (2t =)=7447,

where # denotes the increment of the Firc—altaff in size.
+ Thetefore: x%=1 4 %. V.
- Iﬁ_particulaf, when 7 = 94, W ‘é,l}ail have
_ oxt=13 =14 (approximately),
Whic_h occuts in the S, m‘apaa‘b:g.’Bré‘bma;m.
In the second asedbftehbrrpenvent the equation for
x will be : N

2x X 23t + 2{5 XM D) o X e o) =74+ 7
B P R
 which is a cgrmiplete quadratic equation.
The/problern of altar construction gave fisc also

to certdin”indeterminate-equations of the second degree
such(as,

AW =2y
\;“ (2) : .,52_;[_“2_-___ zz; _
f. and’ simultaneous indeterminate equations. of the type
wxtlyt+ox+dv=p,
x+y+gtw=gq

_ Further particulars about these equations will be
given later on. ' - B
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2. TECHNICAL TERMS

Coefficient. In Hindu algebra there is no syste-
matic use of any special term for the coefficient.
Otrdinarily, the power of the unknown is mentioned
when the refetence is to the coefficient of that power,
In explanatlon of similar use by Brahmagupta his
commeéntator  Prthiidakasvimi wiites “the number
(arika) which is the coefficient of the square of the))
unknown. is called the ¢ square’ and the number which
forms the coeflicient of the (simple) unknown ig™ealled
‘the unknown quantity.” ” However, occasional use
of a technical term is also met with. Brahidagupta once
calls the coefficient ser2khya® (number) and on several
other occasions gwpaka, or gupakdrs (multiplier).3
Prthiidakasvimi (860) calls it a#) 4 (number) or
prakrti (multiplier). These termscéappear in the works
of Stipati (1039)® and BhiskaraT¥ (1150).%. The former
also used r4pa tor the\«sumél:pungmm,;? org.in

Unknown Quantitys The unknown quantity
was called in the S&amfxga-.réims (before 300 B.C.)
yévat-tdvat (as E%QY as or so much as, meaning
an arbittary quaptity). - In the so-called Bakhshili
treatise, it wagcalled yadrechd, vifiché or kimika (any
desired quantyy).? 'This term was originally connected
with th{ Rﬁle of False Position.!® Aryabhata I (499)

1.Br.$‘_,b£: xviif, 44 (Com). 2 Br§pdi, xviii. 63.

. Br.fp.j’z, xvili, 64, 69-71. = 4 BrSpSi, sviil, 44 (Com).
."'“5.5':.54:, xiv. 33-5. % BBi, pp. 33-4.

"7 $iSe, xiv. 19. .

8 $4sra 747 ¢f Bibhutibhusan Datta, “The Jaina School
of Mathematics,” BCMS' XXI 1929, PP. 115-145; pamcularly
Pp.122-3. -

_ ® BMs, . Folios 22, verso; 23, recto & versd, -
10 Bibhutibhusan Datta, “The Bakshshili Mathematics,” BCM.S'
XXI, pp. 1-80; particulatly pp. 26-8, 66.
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' calls the unknown quantity guw/ikd (shot). This term
- strongly leads one to suspect that the shot was probably -
then used to represent the unkdown.: From the begin-
ning of the seventh century -the Hindu algebraists are
found to have motre commonly employed the term
avyakia (unknown)t . o - "

- Power. 'The oldest Hindu terms for the power ofa
quantity, known ot unknown, are found in the Uftani-
dlyayana-shitra {c. 300 B.C, ot catlier).2 In it the@®tond
power is called wargs (square), the third power glana
(cube), the fourth power varge-vargs (square-square),
the sixth: powet ghana-varga (cube-square), and the
o twelfth powet ghana-varga-varge  (cubessquare-square),
- using the multiplicative instead of thejadditive ptinciple,
- In this work we do not find agy\miethod for indicat-
<~ ing odd powers higher than théythird. In later times,
the fifth power is called vagia-ghana-ghita (product of
cube and square Shatg—ptoduct), the seventh. power
varga-varga-ghara- % ddﬁgﬁg‘ro uct of 'square-square and
cube) and so on. Brahmagupta’s system of expressing
powers higher thad\the fourth is scientifically better.
He calls the fifth ‘power pasica-gata Qliterally, raised to
the {ifth), the sixth power sed-gafz (raised to the sixth);
similatly the’term for any power is coined by adding
-the suflix %;ta to the name of the number indicating that
~ power@ CBhiskara 1T has sometimes followed it consis-
: ten't}}%for the powers one and upwards? In the
Auyyogadvdra-siifra®, a work wiitten before the ‘com-
Jmencement of the Christian Era, we find certain interest-
Jing terms for higher powers, integral as well as fractional,
particularly successive squares (varge) and square-roots
(varga-mila). According to it the term  prathama-varga

L BrSpSi, xviil. 2, 41; .Sife, xiv. 1-2; BB/, pp. 7.
2 Chgpt{:r XXX, 10, 1T. - . 3 BrSpS8Y, xviil. a1, 42,
1 BB, p. s6. 5 8dtra 142, S
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(first square) of 2 quantity, say &, means a¥, dvitiyavarga
{(second square) = (¢®)* = &% frtfyavarga (third square)
= ((4®)?)? = 4% and so on. In gereral, :
- nth varga of a = g2 - w0 n teme = 4%",
Similarly, prathima-varga-mila (first square-root) means .
\a; dvitiyavarge-méla (second square-root) =/ (V.4)
== g4 and, in general, . O
- nthovarga-mBla of a = M. O
Again we find the term zfrt@:a—mrga—mﬁ!x’z—gbé}id" (cube
of the third square-root) for (sV/#)F = /%"
The term zarga for “square” has\ah interesting
‘otigin in a purely concrete concept. Fhe Sanskrit wor
varga literally means “rows,” ot Atroops” (of similar
things). ~Its application as @vmathematical term
originated in the graphical 1épresentation of a squate,
which was divided igﬁt\gwﬁlg?]ng,ﬂar 2 61 troops of small
squares, as the side contaged units of“s6me measufe.!
Equation. The{equation is called by Brahma-
gupta (628) samakurana® ot sami-karapa®  (making
equal) or morésimply sama (equation). Psthida-
kasvimi (86e) employs also the term sdmya® (equality
ot equatiof)iand - Stipati (1039) sady§i-karapa® (making
similar), »Nardyana (1350) uses the terms sami-Rarapa,
.fc?m.ya\g"ﬁd’ samatva (equality).”’ An equation has always-
two Puksa (side). This term occurs in the works of

AN .
“\\/ 1G, Thibaut, Swlba-siiras, p. 43. Compare also Bibhutibhusan
N\ Datta, “On the origin of the Hindu terms for root,” Amer. Math.
Mon., XXXV, 1931, pp. 375-6.

2 BrSpsi, viil. 63. _

3 BripSi, xviil, ‘subheading for the section on equations.

1 BrSpSi, xviit. 43. |

5 BrSpSi, xil. 66 (Com).

8 $i%e, xiv. L. B

7 NB;, 11, R. 2-3.
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Sridhata (. 750), Padmanibha? and others.?

Absolute Term, In the Bakhshalitreatise® the
“absolute term is called drfyz (visible). In'later Hindu
algebras it has been replaced by a closely allied term
ripat (appearance), thougli it continued to be employed
in treatises on arithmetic® Thus the true significance

: of the Hindu nasme for the absolute term in an algebrais,” .
equation is obvious. It represents the visible or kndwn
portion of the equation while its other part ig~pric-

' tically invisible or unknown, ' A

__ | 3. SYMBOLS .\

.. Symbols of Operation. Thegeare no special
symbols for the fundamental opefations in the Bakh-

- shall. work, Any particular Pgperation. intended is
‘ordimarily indicated by placing, the tachygraphic abbre-
‘viation, the initial syllable.of a Sanskrit word of that
S - Wl prarvy.orgl .
impott, after, océaSionally. befote, the quantity affected.

~ Thus the operation of, addition is indicated by y# (an

- abbreviation fromeyafe, meaning added), subtraction

- by~ which is vty probably from ks« (abbseviated from

- ksaya, diminished), multiplication by -g# (from gura
‘ot ganita, sialtiplied) and division by bbd (from bhdga or

bhdjita, divided). ~ Of these again, the most systemati-
cally effiployed abbreviation is that for the operation of

_ sub@ﬁon and ‘next comes that of division. In the

case of the other two operations the indicatoty words
1'The algebras of Sridhara and Padmanabha are not available

now. But,the tetm occurs in quotations from them by Bhis-
kara II (BBi, pp- 61, 67). : _ '

® BrSpSi, xviil. 43 (Com); SiSe, xiv. 14, 20; BB, pp. 43-4.

® BMs, Folio 23, verso; Folio 70, recto and verso (c).

“Br_S:pr', xvill, 43-4; $iSe. xiv, 14, 19;-etc. -

§ Trif, pp. 11, 12. o
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are often written in full, or altogether omitted. In
the latter case, the particular operations intended to
be catried out are understood from the context.
We take the following instances from the Bakhshili
Manusctipt : o

O3 b eans % 43 and ¥ g means 2L 43 O
_(1) L1 ';-.3,1151—]~I,andI yn means 1+1:

' ¢\

G2 3333333 Iogy|mems 3X3X3X3XERY

ITITIIITII I [ . %3 X 10,

307 L4, 95
1 5 24 ﬂ_x a2
- N7

G 0|13
1{12

23
I 24
means. ' c @
X+ §)+{2X('1 +3)— i.:f-}%{;x(: +3) — E'i’f}
. ww\f;éfgféi“ijbh’a{%”fivﬁi‘ 3 — %C}

vy |1 11 xbhd 36, N -
. kS 36

[ e \J‘ S R GBS

’I3..

(V) | 40 Bh4. HIGO 6
. . 160 )
1 oo 1| 1 [ means— X133,

o\ 2 o

" _In\later Hindu mathematics the symbol for subtrac-
_tiof'1s 4 dot, occasionally a small circle, which is placed
(dbove the quantity, so that 7 or % means —7; other
operations are represented by simple juxtaposition.

1 Folio g, recto. 2 Folio 47, recto.

3 Folio 25, vetso. The beginning and end of this illustration
are mutilated but the restoration is certain.

t Folio 13, vetso. ' 5 Folic 4z, recto. -
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Bhaskara 11 (x150) says, “Thosc (known and unknown
numbers) which are negative should be written with 2
dot (binds) over them”™ A similar remark occuss in the
ajgebra of Natdyana . (1350).2 Their silence about
symbols of other fundamental operations proves their
nop-existence. _ C '_

" Origin of Minus Sign. The origin of *or °ag
the minus sign seems to be connected with the. Hindu
symbol for the zero, o. It is found tc have been aised
as the sign of emptiness or omission in the early (Bakh-

" shali treatise as well as in the later treatises on dfithmetic
(ide infra)® Tt is placed over the number Gffected in

~ order fo distinguish it from its use in 2 purely numerical

significance when. it is placed beside thevhumbetr. The

origin. of -the Bakhshili minus sign(-t ) has been the

- subject of. much conjectuse. [Thibaut suggested its
- possible -connection with the(supposed Diophzatine.

~negative sign & (reversed Y, yachygraphic abbteviation

~ for Aesbis meaning, WwaatAEhbrASATE; iRelieves it.  The

Greek sign for minus, hgwever, 1s not 4, but 4. Tt is

~even doubtful if Digphantus did actually use it; or

. whethert it is as old'as the Bakhshali cross.t Hoetnle®

" presumed the Bakhshall minus sign to be the abbrevia--
. tion Az of the Sanskrit word kanita, or mu (or ni) of nydina,
~ both. of wiich mean’ diminished and both of which
abbreviations in the Brihmi characters would be denoted
by aérpss. Hoernle was right, thinks Datta,? so far as
he $ought for the origin of 4~ ina tachygraphic abbre-
iation of some Sanskrit word. But as neither the -
CN\word kanita not nyfiza is found to have been used in the
Bakhshill work in connection with the subtractive

- 1BB, p.2. :NBi, LR 7.

C3p.16. -4 Cf. Smith, Hirstory, 11, p. 396,
S1A, XVII, p. 34 S ’ : -
& Datta, Bmébp Math., (BCAMS, XXI), pp. 17-8.

i
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operation, Datta finally’ rejects the theory of Hoernle
and believes it to be the abbreviation &sq, from &saya
(decrease) which occurs several times, indeed, more
than any other word indicative of subtraction. The
sign for kjsa;, whether in the Brahmi characters or in
Bakhshali characters, differs from the simple cross {4 )
only in having a little flourish at the lower end of the
vertical line, The flourish seems to have been dropped N
subsequently for convenient simplification. b

Symbols for Powers and Roots. The symbols
for powers and roots are abbreviations of Sanskrit
words of those imposts and are placed after thexhumber
affected. Thus the square is represented\by?z (from
varga), cube by gha (from ghana), the folisl power by
vava (from rarga-varga), the fifth powes’ by va-gha-ghd
(From varge-ghand-ghita), the sixth power by gha-va (from
ghana-vargs), the seventh power by va-va-gha-ghd (from.
varga-varga-ghana-ghita) and so on..” The product of two
ot mote unknown quagtities.is\indicated by writing bhd
(from bhdvita, product)ﬁ”ffé%élﬁlﬁ%%ﬁé%dth or with-
out interposed dots ; €.g., Ydva-kdgha-bbd ot yidvakdghabhd
means ( yd)? (&2)%. 1d the Bakhshili treatise the square- -
root of a quantit&dfdndicated by writing after it m4,

viat

which is an abbreviation for m#la (root). For instance,t
1§ f_\yi;“ s mi 4 '
) I 1| means /114 § =4
and;§ n 7 mi 2|
N 11 1| means /11 — 7 == 2.

o M

Y™ 1In other treatises the symbol of the square-root
{s ka (from karapi, toot or surd) which is usually placed
before the quantity affected. For example,? &z 9 & 450

1 Folio §9, recto; compate also folio 67, verso.
2.BBi, p- 13- - : :
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 ka 75 ka 54 means V9+Vaso+V7s +Visa
~ Symbols fot - Unknowns. . In “the Bakhshali
treatise there is no specific symbol for the unknown.
Consequently its. place in an equation is left vacant
and to indicate it vividly the sign of emptiness is put
‘there. For instance! = .
A 41 drfya 200 o '
213 1 i' H e (I}O “i means x- 2x- 3x - 4x = 2590.

o
IRT|I

~ “The use of the zero' sign to mark a vacant place
is found in the arithmetical treatises of later times when
the Hindus had a well-developed system\0f symbols

for the unknowns. Thus we find in thevTrifutikd? of '

Sridhara (¢, 750) thefollowing stateplest of an arithme-
tical progression whose first term{Jdif) is 20, riumber
of terms (gacchak) 3, sum (ganitgnzy’243 and whose com-
‘mon difference (attaraf) is pnknown:

| adib 20 | @00k Baeky ctohigemitant 245 |
~ This use of the zesq'sign in arithmetic'was consi-
-deted necessaty asgalgebraic symbols could not be

PR

™\

used there. Lack(0f an efficient symbolism is bound

to give tise to a‘Certain amount of ambiguity in the re-
presentation €f an. algebraic equation especially when
it containg\mére than one known, For instance, in®

. \" A . | ) A
No s yw i o 0 T+ mh O
\§ I 1 L R S S I
arhich means :
Y V‘x + 5= sand \/x —'7 =1,
different’ unknowns have to be assumed. at different
vacant places, : s '

L BM;s, Folio 22, verso. -

T Trif, p. 29.
3 BMs, Folio 59, recto. P
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" To avoid such ambiguity, in one instance which
contains as many as five unknowans, the abbreviations of
otrdinal numbers, such- as prz (from prathama, first),
dvi (from a’z;z‘ﬁra, second), # (from #r#fya, third), o
(from catwrtha, fourth) and pam (from paficama, fifth)
have been used to represent the unknowns; e.g.,!

pratyaika- ),
: - {(kramena) o
‘“? dvi | 10ty | 8ca|11 pam| o pra 16[17|1§[1§]20

‘ 9 pral! 7dvi 10 2 8 ca 11 pant yutam jitarh

which means C '\‘\‘

i = 9) + = 7) = 16; % = 7) + B 10) =175
-'”3(—10)‘1‘-*'4(_‘8)—18 x‘i(—s)‘}*‘%‘s(—“)—l%
g = 11) + 2,( = 9) = 0.

Arvabhata 1 (499) very. pmbabl}» used coloured shots
to represent unknowns. Brahxﬁagupta (628) mentions
varpa 2s the symbols of wdhrtinsdy g e has not at-
tempted in any way to qxplam this method of symbolism,
it appears that the method was already very familiar.
Now, the Sanskrit word zerpa means “colour” as
well as “letters o\f\\the alphabet,” so that, in later times,
the unknownstare generally rcpresented by letters of
the alphabet\or means of various colours such as
kdlaka (black), m‘g/éa (blue), etc, Again in the latter
case, gklmphﬁcatxon only initial letters of the names
are g€herally written. Thus Bhéskara JI (1150) observes,
“Here (in algebra) the initial letters of (the names of)
~¥obwns and unknowns should be written for implying
*Nothem.”® Tt has been stated before that at one time
the unknown quantity was called ydvar-tdvat (as many

1 Folio 27, verso.. 2 BrSpSi, xviil. 2, 42, 5t, etc. .
 BBi, p. 2; seealso NB/, L, R. 7.

2
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-as, so much as). In later times this name, or its
. abbreviation ‘y4, is used for the unknown. According
. to the celebrated Sanskrit lexicographer Amarasirhha
(. 400 AD.), ydvat-tdvat denotes measure Ot quantity
(mdna). He had probably in view the use of that term.
'in Hindu algebra to denote “the measure of an unknown”
 (avyakta mind). In the case of more unknowns, it i
. usual to denote the first by ydva-tdvat and the remaining”
* ones by alphabets or colours. Prthidakasvami (360}
says: ' ) ' . « N\
“In an example in which there are twé or mote
-unknown quantities, colours such as ydugttivat, etc.,
" should be assumed for their values.”L {0 o
. - He has, indeed, used the colours &ifaka (black), wilaka
o (blue), pitaka (yellow) and baritaka’ (green).
' Stipati (1039) writes; N\
| “Yidvat-tévat (so much as)and colours such as kdlaka
(black), nilaka (Plueknetsipshowld he assumed for the
unknowns.”’? N
" Bhéskara II ( Q‘b) says: - ' )
L “Yéﬂat-té‘m{ﬁ(éo much as), &kdleka (black), nilaka
- (blue), pita (vellow), Jobita (rcd) and other colours
have  beepy\taken by the venerable professors 2s
notations $0f the measures of the unknowns, for the
purposehof calculating with  them.”®
';‘Q{‘In those examples whete occur two, three or -
.miore unknown quantities, colours such as ydvat-tdvat,
. Crtc,, should be assumed for them. As assumed by
< “the previous teachers, they are: ydvar-tivat (so much
as), ~kdlaka (black), nilaka (blue), pitaka (yellow),
- lobitaka (xed), baritaka (green), Svetaka (white), citraka

Y BrSpSi, wvif 51 (Com). B Sife,xiv. 2.
s BBi, p. 7- .
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(variegated), kapilaka (tawny), pmgalméa (ICddlSh browzz
dbimraka (smoke-colouted), pdtalaka (pink), Savala
(spotted), . fydmalaka (blackish), mecaka (dark blue),
etc. Or the letters of alphabets beginning with 4,
should be taken as the measures of the unknowns in
order to prevent confusion,’!

The same list with 2 few additional names of colours \
appears in the algebra of Namyana 2 This writer ha§
further added, _

“Or the letters of alphabets (varpa) | su'(:h as
ka, etc., ot the series of flavours such as) madbura
(sweet), etc or the names of dissimilar thidgs ‘with un-
like initial !etters are assumed (to\)epresent the
utknowns).” A

Bhaskara 11 occasmnally emplo}s also the tachygra-
phic abbreviation of the names of the unknown
quantities themselves in ordes\t6 represent them in an

equation. For cxarnple 3 i the following
www dbl aulibrary.orgin

smd- tH T 1me Yva
1 w4 7$1 1w 1va
I md Q7 mr  1va
1 wd, \\1 #t 1me 204

wd stands fop mam}é_}w (ruby), ## for (indra-)nilu (sapphise),
mi for fmqéfapbafa (pearl) and va for (sadyvajra (dlamond)
He has ~gbserved in this connection thus:

The maxim), ‘colours’ such .as Jydvat-tdvat, etc.,
bhould be assumed for the unknowns,” gives (only) one
N rnethod of implying (thern) Here denoting them

© 1 BB, pp. 76E. ‘ '

2 NBj, I, R. 17-8. These verses have been quoted by Muza-
lidhara _]ha in his cdition of the Bz_,‘agamra of Bhiskara II {7
footnote 5)

2 BB: p- % 0; compare also p. 28.
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by namc_.'s., fhc' equations may be formed by the intelli-
‘gent (caleulator).” o

"1t should be' noted that ydvar-fdvat is not a varpa
- (colour ot letter of alphabet). So in its inclusion ia
“the lists of zarga, as found enumerated in the Hindu
‘algebras—though apparently anomalous—we find the
persistence of an ancient symbol which was in vogue™
gng before the - intfoduction: of colours to teprescdt
~ unknowns. " To avoid - the anomaly Muralidhara, jiial
- has suggested the emendation ydvakastivet\ (Yéveka
- and -also; - ydvaka = red). in the ‘place of §dar-tdrat,
as' found in the = available manuscripts, (e . thinks
- .that.being misled by the -old practice\the expression
ydvakastévat was confused by -copyistd)'with ydvai-idvat.
In support of this theory it may pointed out that
" yavaks is found to have begn) sometimes used by
- "Prthei lakasvimi to represent thé unknown.? Bhiskara
. 11 has ‘once used simply ydvar.? Nérdyana used it on
several occasionsu Tibesmigia, ofgthe use of names of
colours to tepresent unknowns in algebra is very pro-
- bably connected }(ith- the ancient use of differently
coloured shotifqr the purpose.
...\ @~ 4 LAWS OF SIGNS
1. Addition. Brahmagupta. (628) says:.
~¥The sum of two positive numbers is positive,
of \twe negative numbers is negative; of a positive
(\and ‘a negative number ‘is their difference.”
). Mahdvira (850): . .
“In the addition of a positive and a negative number

N

S BrSpSi, xii. xy (Com)i xil. 18 (Com), . -
SBE, p.so.. - \BrSpSi, wvil 0.

1865 the Preface fo his edition of Bhaskara’s Bifagapita. -

-~
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(the result) is (then:) difference. The addition of two
positive or two negative numbers (gives) as much posi-
tive or negative numbers rcspcctlvely 1

Stipati (1039):

“In the addition of two negative or two positive.
numbers the result is their sum; the addition of a posi-
tve and a negative number is their difference.”

“The sum of two positive (numbers) is pomtxyéﬂ\
of two negative (numbers) is negative; of a pesitive
and a negative is their difference and the signof the
difference is that of the greater; of two eq%k positive
and negative (sumbers) is zero.” ) o

Bhaskara II .(x150): AN

“In the addition of two negam@ Ot two positive’
numbers the result is their sum;ithe sum of a positive
and -a negative number is theit dLEFerence 4 :
Niriyana (1350): - B

“In the addition ‘6?”{'&%? “ﬁBg’MW BEfwo negative
numbers the result i§ the.xr sumy but of a positive and a
negatwe numpbet, thaxcsult is their difference; subtract- -

ing the smaller nusiber-from the greater, the remainder
becomes of the. .'%'ne kind as the latter.”® .

Subtracuon. Brahmagupta writes:

- “Fromthe greater should be subtracted the srnaller'
(the figgl) Tfesult is)- positive, if positive from positive,
and glegative, if negative from negative. If, however,

the! preater is subtracted from the less, that difference.
~i§reversed (in sign), negative becomes positive and -

}iosmve becomes negative. When' positive is to be

subtracted from negatlve ot negatwc from p051t1ve

AN

1

1GSS, i so-1. o 2 fife, xiv. 3.
8 578, il 28, - o "~ 1BBi, p. 2.
3NBi,LR.8



-

22 . . ALGEBRA

then they must be added together.”?
Mahavira:-- S
““A positive number to be subtracted from another
number becomes negative and a negative number to be
subtracted becomes positive.”’% '
Stipati: - : _
_ “A positive (number) to be subtracted becomes
negative, a negative becomes positive; (the subsequent
operation is) addition as explained before.””®
Bhaskara II: - o Y, \ R4
S - L . + . &
_ “A positive (number) while being gobtracted be-
comes negative and 2 negative becomespositive; then
~addition as explained before.™t 7y
Niriyana: ' - x\ .

“Of the subtrahend affirmation becomes negation
~and negation affirmation; theh ‘addition as described
bcfor{:,”s - www_'dbr:qirlffwary.org.in J

'Multiplication. . Btahmagupta says:

“The productef  positive and 2 negative (number)
“is negative; of ¥W0" negatives is positive; positive mul-

~ tiplied by -positive is positive.”’® S
" Mahdvirap & -

“Igthe multiplication of two pegative or two
positive’ numbers the result is positive; but it is negative
inthe case of (the multiplication of) a positive and 2

~degative number.”? _ ' '
<) Siipatis . S ’

“On multiplying two negative ot two positive

1 BripSi, xviil. 31-2, 2 GSS, 151,
3.5':'.3‘3_, xiv, 3.+ .. YBBp. 1 -
-35NBi, L, R. 9. - = - 8 Br&p8i, wvill. 33.

TGIS, 1oso.
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numbers (the product is) positive; in the multiplication
of positive and negative (the result is) negative.””

Bhiskara II:

“The product of two - positive or two negative
(numbers) is positive; the product of positive and nega-

tive is negative.”? -

N

The same rule is stated by Nirdyana®
\A

Division. - Brahmagupta states: ™
“Positive divided by positive or negative divided
by negative becomes positive. - But positive,‘divided
by negative is negative and negative divided %y posi-

tive remains negative,™?
Mahdvira: AN

“In the division of two 'negatiﬁfe:'or two positive
numbers the quotient is positive;\but it is negative in
the case of (the division of) pesitive and negative.”

Snpatt: . www,}ilz;l;'aulibrary_org_in ..

“On dividing negative' by negative Ot positive by
‘positive, (the quotieng)(will be positive, (but it will be)’
otherwise in the ca§e of positive and negative.”’®

Bhiskata I1 m\}lply observes: “In the case of divi-
sion also, suebare the rules (fe., as in the case of
multiplicationy”’? Similarly Nérdyana remarks, “What
have beefyimplied in the case of multiplication of
positivenand negative aumbers will hold also in the
casg \& division,”® _

_.(\ Evolution and Involution. Brahmagupta says:

\J  “The square of a positive or a negative number is

15':3‘9, V. 4. 2 BB/, p. 3.
8 NBi, LR o ¢ B?}S‘_p.?f_', xviil. 34.
5 588, 1. so. 6 5i%e, xiv. 4.

* BB:, p. 3. _ 8NBi 1, R, fo.
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bositive. . . . The (sign of the) root is the same 48 was

. that from which the square was derived.”

o’

- As relgards' the latter portion of this rule the com- .
mentator Prthidakasvimi. (860) tremarks, “The square-
root should be taken either negative or positive, as will

EH]

" be most suitable for subsequent opetations to be carried(

on.” . . \
A 28 A

Mahévira: _ AN
“The square of & positive or of 2 negative number

is posttive: their square-toots are positive apd\negative

! - 59 oots are p NS

respectively. Since a negative number. by its own

nature is not a square, it has no squarextoet.”

Stipati: ' P, \ 4

 “The square of a positive and\a” negative number
is positive. It will become what it was in the case of

‘the square-root. A negativennumber- by itself is non-

square, SO its square-?_;l%gggtls"gunreal; so the rule (for the

square-root) should b
number,”® . A

Bhaskara II: ¢\ _

“The -squ?.rk\of a positive and a negative number is
positive; the Sguare-root of a positive numbert is positive
as well as’meégative, There is no square-root of a nega-
tive nufber, because it is non-square.”* .

Nariyana:

Applied HhthE" case of a positive

w3 “The square of a positive and 2 negative number 18

:Ecisitiv;.‘ ~'The squate-root of a4 positive number will
) be positive and also negative, Tt has been proved that

a negative number, being non-square, has no square-
root,”® : :

1 B 57, xvill. 35. ' . .-QIG.S‘S, sz

3 5ise, Xiv, §- ¢ BB, p. 4-
5 NBi, I, R. 10, S o



FUNDAMENTAL OPERATIONS 25

5. FUNDAMENTAL OPERATIONS

Number of Operations. The number of funda- -

mental operations in algebra is recognised by all Hindu
algebraists to be six, #7z., addition, subtraction, multi-
plication, division, squaring and the extraction of the
square-toot. So the ‘cubing and the extraction of the

cube-root which are included amongst the fundamental,
operations of atithmetic, ate excluded from algebras)
. '\

But the formula - ‘ _ C
(@ + & = a®+ 34% + 34&2 + b?i"}«.
of (st BP =+ saba+ b+ 8D

is found to have been given, as stated befoxey’in almost -

all the Hindu treatises on arithmetic bcgi{ming with that
of Brahmagupta (628). By applying iKimpeatedly, Mahi-
vira indicates how to find the cube of an algebraic ex-
pression containing mote than two-ferms; thus

(@+b+e+d+...0 S -
— &+ 3a¥h + o+ 4 LREYERYEE - A4 L

| & A Grehdt
= a8 4 32%b + ¢, @Y ... )b te+dE L)
BB AL ) ke H A

F RGP
and so onpp .
Ad\ﬂifion and Subtraction. Brahmagupta says:

SOf the unknowns, their squares, cubes, fourth

powvers, fifth powers, sixth powers, etc., addition and
“Qibtraction are -(performed) of the like; of the uniike
(they mean simply their) statement severally,”

Bhéiskara II:
“Addition and subtraction are performed of those

1 BrSpSi, xviil. 41.

Q.
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of the same species ( jé#i) amongst-unknowns; of different
_ species they mean their separate statement.”1

e Niriyana:

“Of the colours or letters of alphabets (represent-

ing the unknowns) addition should be made of those
- which are of the same species; and similarly sub-
traction: In the addition and subtraction of those of
- different species the result will be their putting dewy
severally.””® : . >

' Multiplication. Brahmagupta says:
- “The product of two like unknowns¢if’a square;

s W

the product of three or more like unknoWgs is a power

of that designation. The multiplication-of unknowns
of unlike species is the same as the/mutual product of

symbols; it is called bbdvita (pmc{ugt\or factum).””3

Bhéskara 1T writes: L\ :

“A° known quantity multiplied by an unknown
becomies unknowayvlidprbducy ofstwo, three or more
unknowns of like species's its square, cube, etc.; and the
product of those of\unlike species is theit bhdvita.
Fractions, etc., a@(ﬁonsidc,red) as in the case of knowns;
and the test (.. remaining opérations) will be the same
as explained,ist arithmetic.. The multiplicand is put
down sepdxately in as many places as there are terms in
the multiplicr and is then severally multiplied by those
termisj.(the products are then) added together according
to«the methods indicated before. Here, in the squaring '

_and multiplication of unknowns, should be followed the

¢\ method of multiplication by component parts, as ex-

plained in-arithmetic.”™. - .
- The same rules are given by ‘Niériyana.b The fol-
LBB, p. 7o " - ®NBi, LR 1o

3 BrSpSi, xviik. 420 4 BB/, p. 8.
5N_'Bi,_1, R, 21-2, . ' :
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lowing illustration amongst others, is given by Bhas-
kara 1I; R o
“Tell 2t once, O learned, (the result) of multiply-
ing five ydvat-fivat minus one known quantity by three
ydvar-tivat plus two knowns. :
“Statemient: Multiplicand 34 5 #4 i; multiplier yd 3
r# 2; on multiplication the product becomes yd vz 1%
yd 7 rd 221 : S ‘O
The detailed working of this illustration is shown’
by the commentator Kesna (7, 1580) thus: N\
‘ydsiyds rdi| ydvars yd i D
rd 2t yds rédi - - yd 10 e,
o Sydvaxs yi 14 3
Division. Bhiskara IT states: O
“By whatever unknowns and knowns, the divisor
is multiplied (severally) and subtracted from the divi-
dend successively so that nolresidue is left, they cons-
titute the quotients atvshedbuecsssity stages.”?
Nirdyana describes the method of division in
nearly the same tesms:®  As ‘an example of division,
Bhiskara II' proposes to divide 18x% + 245y — 12x%
—rzx+ 8 A — Y+t agt2 by —isx
— 2y + 2+ a~~He simply states the quotient without
© indicating ¢he” different steps in the ‘process. Krsna
~ supplies.the details of the process which are substantially
the sahge’as followed at present. .

_ «Squaring. Only one rule for the squaring of an
- _alpebraic expression is found in treatises on algebra.
(Jt is_the same as. that ‘stated before in the treatises on -
arithmetic, #wigs; .~ o e '

e+ bR :gi’-—|— B+ 2ab;

1 BBi, p. 8. - C - 2 BBi, p. 9.
*NBL L R. 23, : ' e
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0‘1','.i-n. its.g.rcx.lera:l foﬁﬁ" ,_ | o
(@tbtotdt .. P=d+R+E4d L 23 b

- ‘Squate-root. For finding the square-root of an

- algebraic expression Bhiskara 11 gives the following

rofe: o . . .
“Find’ the squate-foot of the unknown quantiries
which ate squares; then deduct from the remaining texfhs
twice the products of those roots two and two; ifthere
be known terms, proceed with the remainder in the'Same
way after taking the square-root of the knowss.™?
' Nirdyana says: - . o\
“First find the root of the square texims (of the given

- exptession); then the product of twgand two of them

-~ this (scierteg)”

(toots) multiplied by two should be'stbtracted from the
remaining terms; (the result thus obtained) is said to be
the square-root here (in algébra).”2
J nanafd)a writes: www.d b'{‘%ﬂ;li brar, org.in. .

+ “Take the square-reot of ti{u)s_e {(terms) which are
capable of yielding reQts; the product of two and two of

- .these (toots) multiphed by two should be deducted from

the. remaining, tétms of that square (expression); the re-
sult will- be the (required) root, so say the experts in

L ADT " 6. EQUATIONS

\Forming Equations. Before procecding to the

SN ] . . . i . . .
~o~lattual solution of an equation of any type, certain preli-
\/ minary. operations have necessarily to be casried out

in_ order to prepare it for solution. Still more preli-
minary work .is that of forming the equation (sami-
karana, _mﬂzi-)écfm ot sami-kriyd, from sama, equal and

. i A X .
-1 B‘B.;', p- 10. - -2 NBi, I R. 24.

b
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£&r, to do; hence literally, making equal) from the condi-
tions of the proposed: problem. Such preliminary
work may require the application of one or more funda-
mental operations of algebra or arithmetic. The
operations preliminary to .the formation of a simple
equation have been described by Prthiidakasvimi (860)
thus: Co o - = :

“In this case, in the problem proposed by the ques-
tioner, ydvat-tdvat is put for the value of the unknow
quantity; then performing multiplication, division{.etc.,
as required in the problem the two sides shali¢be care-
fully made equal. - The equation being formied' in this
way, then the rule (for its solution) follogws:™ -
Bhiskara II's descriptions are fuller: He'says:

“Let_ydvat-tévat be assumed as .t@c\value of the nn-
known quantity. Then doing pregisely as has been speci-
fically told—by subtracting, \adding, multiplying or
dividing®—the two equal sides (of an equation) should
be very carefully _built:[’\i’a%-}”;dbi'aulibral'y_org_in
Nariyana says: o~ -

“Of these (fouts classes of equations), the linear
equation in one\‘:uﬁknqwn (will be treated) first. In
a problem (proposed), the value of the quantity which
is unknownds assumed to be ydvaz, one, two or any
multiple of-it, with or without an absolute term, which
again, @4y be additive or subtractive. Then on the
vah;fkthus assumed optionally should be performed, in

O 2 BrSpSi, xviii, 43 (Com). .
./ *In his gloss Bhiskara Il explains: “BEvery opetation, such
as multiplication, division, rule of three, rule of five terms, summa-
tion of series, or treatment of plae figures, etc., according to the
statement of the problem should be “performed......” See BB
3BBi, p. 43.
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. a¢cordance with the statement of the problem, the opera-
tions such-as addition, subtfaction, multiplication, divi-
.sion, rule of three, double rule of three, summation,
plane figures, excavations, etc. And thus the two sides
must be made equal. If the equality of the two sides
is not explicitly stated, then one side should be multi-
plied, divided, increased or decreased by one’s own{
intelligence (according tothe problem) and. thus the.

{ N

two sides must be made equal.”™t . K

Plan of Writing Equations. After an equatioh is
formed, writing it down for further operations,Js techni-
cally called nydsa (putting down, statement).6f“the equa-
tion. In the Bakhshili treatise the tweMsides of an
-equation are put down. one after the other in the same
line without any sign of cquality(beéing interposed.”

Thus the equations D\
| Vx T y=, AN —7=4
appear as® wurw.dbraulibrary,org:in
o § yr mi O sa o 7 wi o
R 01 11 I

The equation \ > .
x'{:'ﬁz,ﬂr + 3 X 3x 4 12 X 4x = 300
is statedas® :

| \\T 0

T Q I

Ay .

<\3 -/ This plan of writing an equation was subsequently

abandoned by the Hindus for a new.one in which the
two sides are written one below the other without any

12 _4‘ driye  300.

2 1]3 3
I. I 1 I'I-|

1

NGB IL R. 3 (Ghlss).
) 2Dat_f;a, Bakbh, Math., (BCMS, XXI), p. 28.
3 Folio $g, recto. . 1 Folio 23, verio.
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sign of equality. Further, in this new plan, the terms of
similar denominations are usually written one below
the other and even the terms of absent denominations
on either side are expressly indicated by putting zeros
as their coefficients. Reference to the new plan is found
as eatly as the algebra of Brahmagupta (628).} Prthiidaka-
svami (860) represented the equation®

: 1ox — 8 =un?4 1 A
. . . { N
as follows: PR
ydva o yd 10 r# & "
. |
ydva1 yé o réd 1 B\
. .. (¢
whicl means, writing x for y4 - NN
) )

- x%o+ x.10— 8 O

__ X A4 xod 107

or - oxZ 4+ 1ox — Szxz.:i?:ox—f— 1.

If there be several unknowns, those of the same kind
are written in the same coluinh with zero coefficients,
if necessary. . Thus thevequabion!ibravy org.in

197x —, 2644y — g = 6302
is represented by Prthfidakasvami thus:®
yé I??\\éﬁ 1644 nii 14 o
yiyo ki o #io ri 6302
which rnea:st,'\putting  for kd and g for 7,
7% 1644y — g+ o =ox + oy + ox + 6302.
_The following two instances are from the Bja-
gamsta of Bhiskara 11 (1150):% :
\(}) o yé 5 kE8 ufq rdgo
' yd 7 kdg ni6 rd62
T BrSpSi, zvil. 43 (vide infra, p. 33). Compate also BB/, p. 127.
® BrSpsi, xvili. 49 (Com). 3 BrSpSi, xviil. 54 (Com).
4 BB, pp- 78, 101, :
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' means (\vr_itiné x for yd, y for k4 and g for }zf)
L sx+ Yo =Tx+ 9y &+ 62
: (z) . )lég})g 8 yﬁ va 4 kd va_yé‘. bbd 10
' - ydgha 4 ydva o kdva yi. bhid 12
means 8x3 4 ;{xz + 10y = 3x% 4 ox? A+ 12y%x,
or 8% 4 4% 4 1Y% = 4x® + 12)%x. A
In the above pldn it will be noticed that the rers
are ordered accotrding. to descending powersi\of the .
_unknowns, Numerical coefhicients are Plafcea after = -
the . unknowns; .if the coefficient be unitf\}f is noted
particularly and if the coefficient be fractioual it is kept .
distinct from the unknown, that isq?ljts denominator
“is so wtitten as not to come undef he unknown;! the
minus sign is put over the nupgsical coefficient rather
than on the unknown; and the absolute term is invasi-
. ably put last on either sidexy"As has been observed by
* Professor Smith #ehistiplambinr-pag espect was the best
~ that has ever been suggested.”” For “it shows at a glance
the similar terms ode. above the othet, and permits of
. €asy -tran'spositi?m"’
_ The usepofthe old plan of writing equations 1s
sometimes met with in later works also. For instance,
~in the MS”of Prthiidakasvimi’s commentary on the
Brahmats bx;a—;iddbé‘nm, an incomplete copy of which is
- preséeved in the library of the Asiatic Society of Bengal
- (No.T B6) we find 2 statement of equations thus; “first
C side ydvargab 1 ydvakah 200 r# o; second side _ydvargal ©
QO Ydvakah o rd- 150073 That is to say, '

x% 4 200% + 0 ="ox? + ox -+ 1500.
I For instance, see BB, pp- 47 .

. 2 Smith, Hisfery, I, pp. 425, 426.. .
3 BrspSi, xii. 15 (Com). :

I
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Preparation of Equations. The operation to be
performed on an equation next to its statement (#ydsz)
is technically known as semasodpana (from sema, meaning
equal or complete, and Jfodbana, clearance; hence literally
meaning, equi-clearance or complete clearancel) ot sim-
ply Sodbana. 'The mature of this clearance varies accord-
ing to the kind of the equation. In the case of an equa-

tion in one unknown only, whether linear, quadratic(®\

or of higher powers, one side of it is cleared of the ya=
knowns of all denomiinations and the other side of it
of the absolute terms, so that the equation is ultifnately-
reduced to one of the form R4

o ax® 4 bx =,
where 4, 4, ¢ may be positive or negative’;fgémc of them
may be even zero. Thus Brahmaguptaﬁabscwes:

“From which the square of the’unknown and the
unknown are cleared, the knowsl quantities are cleared
(from the side} below thaty3\ @braulibrary.org.in
Prthtdakasvimi explains; ™% i

“This rule® has béen introduced for that case in -

which the two sides af \the equation having been formed
in accordance with the stdtement of the problem, there
are present the,dquare and other powets of the un-
known together” with the. (simple) unknown. The
absolute 't.qzh'fs should be cleared off from the side
opposite\te’ that from which are cleared the square
(and other powers) of the unknown and the (simpie)
ui}kﬁtrwn When petfect clearance (samasfodhana) has

Vi Colebrooke’s réndering of the term as “equal subtraction”,
though not literally inaccurate, is technically so; at least it is not
happy. n

t BrSpSi, xviit. 43.

3 The reference is to Brahmagupta’s tule for the solution of a
quadratic equation, . ’

3

Q!
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been thus made...”!
Sripatisays: . .

. “From one.(side) the square of the unknown
and the unknown should be-cleared by temoving the
known quantities; the known quantities (should be
cleared) from the side opposite to that.”’®
- Similarly Bhaskara IT: ' O

“Then the anknown on one side of it (the equhtion)
should be subtracted from the unknown or“the other
side; so also the square and other powersDof the un-
known; the known quantities on the gthet side should

be subtracted from the known. quantities of another
(4.0, the. former) side”™ » 4D

Here we give a few iliu;stfzi?ions. With reference
_to the equations from the commentary of Prrhéidaka-
svimi, stated on page 31, the author says:
“Petfect wlearatheeibramsiodhima) being made in
- accordance with thg fule, (the equation) will be

W

’g;a‘);u 1. yd 10 -
\\ - C - ri; 9,,
_ it LN\>  xXP—Iox = —9.
' Tk@:f\ollowing illustration is from the Bfjagapita of
Blrigkara I1:% :

L N*“Thus the two sides are
O ydrag 334 rd g2
N/ Yéva o ¥4 o r# go

On complete. clearance (samasodbana), the residues
of the two sides are '

1j3r5p5i,_xvﬁj, 44 (Com), - 2 5ife, xvi. 17.
3 BB, p. 44. S 4 BB, p. G3.
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yéva 4 yé 34 rd o
. ydvao yé o rd 8”?
i.e., o 4x®— 34x =18,

Classification of Equations. 'The earliest Hindu
classification of equations seems to have been according
to their degrees, such as simple (technically called ydvas-
tdvat), quadratic (vargs), cubic (ghane) and biquadratig
(varga-varga). Reference to it is found in a canonical
work of grea 300 B. C1 But in'the absence of further
corroborative evidence, we cannot be sure of it. ~ Brahma-
gupta (628) has classified equations as: (1)equations
in one unknown (eks-varpa-samikarapa), (2))equations
in several unknowns _(anwéa’-vargm—.ramﬁé{mgm), and (3)
equations involving products of unknewns (bbdvita).
The first class is again divided into two subclasses, »7%.,
(/) linear equations, and (i) quadratic’equations (aryaksa-
varga-samikarana). Here then wehave the beginning of
our present method of classif gn% .eﬁgtions according to
their degrees. The methd SFUUBLEAE R adopted
by Prihiidakasvami (860) is slightly different. His fout
classes are: (1) lincap-&quations with one unknown, (2)
linear equations w@ more unknowns, (3) equations with
. one, two or mdte unkonowns in their second and higher
powers, and (4)” equations involving roducts. of un-
knowns. Asthe method of solution of an equation of
the third-class is based upon the principle of the elimina-
tion QOe middle term, that class is called by the name
madfypmibarapa (from madhyama, “middle”, dbarapa
_“efithination”, hence meaning “elimination of the mid-

{ di¢' term™).  For the othet classes, the old names given
by Beahmagupta have been retained, ‘This method of
classification has been followed by subsequent writers.

N
N\
¢"

. 1 Stbindnga-shitra, Sttra 747, For further particulars see Datta,
Jaina Math., (BCMS, XXI), pp. 119f. |
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. Bhiskara IT distinguishes two types in the third class,
viz., (i) equations in one unknown in its second and
higher powers and (%) equations having two or more
unknowns in their second and higher powers.” Accord-
ing to Krsna (1580) equations are primarly of two
“classes: (1) equations in one unknown and (2) equations,
in two or more unknowns. The class (1), again, comy-
prises - two subclasses: (/) simple equations and.)#)
* quadratic and highet equations. - The class (z), has three
~subclasses: (/) simultancous linear equations;~(%7) equa-
tions involving the second and higher pewers of un:
knowns, and (#7) equations involving\products of un-
knowns. He then observes that these' five classes can
be reduced to four by including ,#he” second subclasses

- of classes (1) and (2) into one qlags} as madhyamibarana.

7. LINEAR EQUATIONS IN ONE UNKNOWN

. Early sohﬁ‘{fo\“ﬁ%ﬁ?? 4 ferdyistated, the geometrical

solution of a linear.€quation in one unknown is found in

the Su/ba, the earligst of which is not later than oo B.C.

There is a teferefice in the Sthdndrga-sitra (¢. 300 B.C.)

to 2 linear (equation by its name ( pdvas-tdvat) which

is suggesttve of the method of solution' followed at

that wme. Weé have, however, no further evidence

“abedfif. The eatliest Hindu record of doubtless value

of ‘problems involving simple algebraic equations and

_+6f 2 method. for their solution occurs in the Bakhshill

N\ treatise, which was written very probably about the
" beginning of the Christian Era.  One problem is:2

“The amount given to the first is not known. = The

“second is ‘given twice as much as the first; the third

1 Datta, Jaina Math., (BCMS, XXI), p. v22.
2 BAMr, Folio 23, recto,
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thrice as much as the second ; and the fourth four times
as much as the third. The total amount distributed
is 132. What is the amouat of the first ?”

If x be the amount gwen to the first, then accordmg
to the probelm,

x -+ zx -+ 6x 24x = 132,

_ Rule of False Position, The solutlon of this" N
equation is given as follows : N

*“ “Putting any desited quantity in the vacant p},ace ;
any desited quantity is || ¢ [[; ‘then construct the scries’

64

_I !:.3
I I

O
i)
‘multiplied” || 1 | 2] 6 [ 24 |; ‘_adcgeq}' 33. “Divide the

visible quantity’ l 132 ; (wlnch) on reduction becomes
. 53 A .

wigthdbraulib .
4 | (Thls i5) the arnount gw‘eaﬁ] (tga s]'f).”l
T _

74\

N\
The solution of another- set of problerns in the
Bakhshali treatise, éads ult1rnately to an equation of the

2 i\
: type ;\’.f

ax-i—!a—p

The hod glveﬂ for its solution is to put any arbitrary
vaiu;‘iig\f'or X, 50 that .

AN o ag b= p’, say.
\Then the correct value will be

X"_

1Tbid, - * Vide infra, pp. 48F.
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The dbove method of solution of a linear equation was
known in the middle ages, amongst Araband European
algebsaists, by the pame of the Rule of False Position.
1t is-noteworthy that ‘the terms yaddrechd, pédicchd, and
Lamika of the Bakhshill treatise are equivalent to the
tesm ydvat-tdvat. S0 the origin of this latter term seems LN
to be connected with the Rule of False Position. Igis\'
interesting to find that the rule was once given so nibeh -
importance in Hindu algebra that the section dealingvith -
it was named after it. KON o

. Disappearance from Later Algebral ¢The Rule .
"of False Position bespeaks of ans cardly stage of -
development of the science of algebya When there was .
no symbol for the unknown. It'\m}turally disappears -
with the introduction of a systéfof notations.t T his
will account for- the complete” disappearance of the
Rule of False Position fromithe later Hindu treatises
on algebra beginning with" that of Aryabhata T (499).
There are foulld, HiRFeddrasseryekmited applications of
it in the arithmeticad treatises of Sridhara (¢ 759), |
Mahivira (850)}:1"46 Bhdskara II (r1s50). This can be -

accounted for éasily. The problems which have been

solved by tHose writers with the help of the Rule of ~
False Position ate really of algebraic nature, though
incorpofated into arithmetical treatises. Butas the use
of algebtaic symbols and notations is not permissible
ii-;r.fa}ithmetic, recourse had to be taken to that Rule.
. ~For instance, we take the.following problem from the .

\“Gapita-sira-sangraba of Mahavira :

“The sum of 3, Tof 3, bof§, Jof §of &, of a
certain fumber is equal to 4. What is that nnknowa
(number) P72 - -

Mahdvira gives the fbllbwing\rule for finding out

1 Smith,; History, 11, .p; 437. 2 G55, iii, 108,
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the unknown in a problem of this kind :

“Put down one for the value of the unknown;
then in accordance with the previous rule (find) the
sum (of its parts); divide the known (number) by that
(sum) ; the quotient will be (the value of) the unknown
in compound fractions,””t : A~

Operation with an Optional Number. Bhiskara
IT describes a method called Isfe-karma or “operation™
with an optional number.”” This may be illustrated\by
the following example : - N

“What is. that number which multiplied{ by five,
diminished by its third part and (then) diyided by ten,
will become, together with its one-third, half and one-
fourth parts, equal to seventy minus t\(ti? "2

: s = sxfs | x xRN
2.6, TR + ; -+ 2"-’1’—:’"4 70 2,

Bhéskara assumes x = 3'a1;1d:tf]§ien calculates
: : T f\r trndbraulibrary.org.in
e 3 —§. X
IXII 2L g+ +H3=
He then states b\

ooe—=68 X 3 =+ LL = 48.
74 il .

He obsetvesy “Similatly, in every example, by whatever
the (reduired) number is multiplied ot divided, by
whate¥er fraction of the number it is found to have been
inceéased or diminished, assuming an optional nqmber,
onit petform the same operations in accotdance Wltk-l 'ic
Nstatement of the problem; by that, which results, divide
the known niamber multiplied by the assumed number;

the quotient will be the (required) number.”’

1 GSS, 1.11 107, 2L, p. 16,
°I,p. 11 :
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‘Solution of Linear Equations. Aryabhata I
(499) says : ' B

. “The difference of the known “amounts”™ relating to
the two persons should be divided by the difletence of
the coefficients of the unknown.! The quotient wiil be
the value of the unknown, if their possessions be equal.”? ,

This mle contemplates a problem of this kind:

‘Two persons, who are equally rich, possess respeqti\irélﬁ

. 4, b times a certain unknown amount together with's, 4
units of money in cash. What is that amount @™

If x be the unknown amount, then by .,t.hé" problem

Caxte=bx+d
. : L e\
Therefore  x= d—¢ \"

=TT0

Heuace the rule. “ 5
Brahmagupta says: _«\" :

“In a (linear) equatidibisyong Boknown, the differ-
ence of the known tfrims taken in the reverse order,
divided by the diffetence of the coefficients of the un-

~ known (is the walue of the unknown).”®
. Stipatl writes £ o

“First remove the unknown from any one of the
sides {ofthe equation) leaving the known term; the
reverser(should be done) on the other side. The differ-
enceof the absolute terms taken in the reverse order

4 t\' ¢
"\ 1The otiginal is gulikdntara which literally means “the differ-
\. ‘ence of the unknowns,” But what is implied is “the difference of -
the coefficients of the unknown.” As has heeh observed by Prthi-
dakasvimi, according to the usual practice of Hindu algebra, “the
- cocfficient of the squate of the unknown is called the square (of
- the unknown} and the coefficient of the (simpie) unknown is called
the unknown.”  BrSpSi, xviil. 44 (Cor).
- 24, 3. ' 3 BrSpSi, xviil. 43.
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divided by the difference’ of the coefficients of the
unknown will be the value of the unknown.”t

Bhiskara I states :

~“Subtract the unknowsr on one 31de from that on the
other and the absolute term on the second from that on
the first side. The tesidual absolute number should be
divided by the  residual coefficient of the unknown ;¢ \
thus the value of the unknown becomes known PR

Nirdyana writes : \ -

“From one side clear off the unknown and from ‘the
other the known quantities; then divide thes fesidual
known by the residual coefficient of théunknown.
Thus will certainly become known the\¥alue of the
unknown”¥ - \

For illustration we take a pmblern proposed by
Brahmagupta :_

““Tell the number ofela Sed days for the time when
four times the twelft}u\ggj&‘b ithe. tesidual degtees
increased by one, plus etght wfﬁﬁée qublfl ‘[kd the residual

LLL Qg
degrees plus one.™ A\

It has been so‘k}ed by Prthiidakasvimi as follows :
“Hete the fesidual degrees ate (put as) ydvat-tivat,
¥ increased by one, y4 1 74 1; twelfth part of it,
HET f—ﬁr"I\\four times this, Jw, plus the abso-
12% 3

lute *quanntv eight, M_ZL

This is equaf to the
resldual degrees plus unity. The statement of both sides
tfipled is

_ydz‘ I r;; 25

yd 3 ri 3

1 855, xiv. 15. ' 2 BB:', p. 44-
8 NBi, LR, 5. ' 4 BrSpSi, xviii, 46.
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" The difference between the coefficients of the unknown
is 2. By this the difference of the absolute terms,
namely 22, being divided, is produced the residual of the
degrees of the sun, 11. These residual degrees should
be knowd to be irreducible. The elapsed days can be
deduced then, (proceeding) as before.” '

~ In other words, we have to solve the equation .
¢\

A+ 8=x+1 O

Ny

- which gives x4 25 =3x+ 3, “.(n:".

S 2 = 22. .d"‘&'\’
. Therefore - x=an )
' ' The foliowing problem and it.?'\éahition are from the
' Bijaganiza of Bhiskara 1IL: 20"

 “One person has threg Tundred coins and six
hosses. Another has ten hbrses (each) of similar value
“and he hds further a debt'of hundred coins. But they
are of equal :wo‘_ffh“.’-fi!’%ahﬁf“i%r ¥iEsdfice of a horse ?
“Hete the statément for equi-clearance is :
. N6x + 300 = 10x — T00.

‘Now, by, the”rule, ‘Subtract the unknown on one side
from th%“ on the other etc.,” unknown on the first side

- beipg-sGbtracted from the unknown on the other side,
the~femainder is 4x. 'The absolute term on the second
side being subtracted from the absclute term on the

. Ofitst side, the remainder is 400. The residual known

<) number goo being divided by the coeflicient of the
residual unknown 4, the quotient is recognised to be

“the value of x, (namely) 100.”* : _
Thete are a few instances in the Bakhshili work
where a method similar to that of later writers appears

1 BB/, pp. 44f.
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to have beens followed for the solution of a linear

equation. One’ such problem js:- Two persons start

with different initial velocities (¢, 49); travel on suc-

cessive days distances increasing at different rates

(b, by). But they cover the same distance after the
same petiod of time. What is the period?

Denoting the period by x, we get \

- (\)

ay + (o + &) + (8, + 28y) + .. to x terms O

= ag+ (ag+ by) + (a5 + 2bg) + .. tO X retms,

o (5 e ={at (R )

2
" - “ \’
o 2(ay — o) Zo 2
whence . PO L Y S 8
. b — by N

which is the SOIﬁtioﬁ given _ir;;,_t’h‘é'Bakhshﬁli work: -
“Twice the difference of the initial terms divided by

the difference of the commo{al"%édiffqtences, is increased by
unity. The result will'B¢” ravihBEY SR days in which
the distance moved Vfi}{be the same.”? :

8. LINEAR .E‘QUATIONS WITH TWO UNKNOWNS

Rule of) Concurrence. One topic commonly -
discussed&b'} almost ail Hindu writers goes by the
special-pame of saskramana (concurrence). According
to Ndriyana (1350), it is also called saikrama and
safrima? Brahmagupta (628) includes it in algebra
“Wbile others consider it as falling within the scope of
Arithmetic. As explained by the commentator Ganga-
dhara (1420), the subject of discussion here is “the
investigation of two quantitics concurfent of grown
together in-the form of their sum and difference.” -

1 BMs, Folio 4, verso. 2 GK, i 31,
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Or, in Ot.hér wortds, tasikramana is the solution of the
- simultaneous equations . . .
' x+y=a,
_ x—y=b
- So Brahinagupta and Stipati are perfectly right in think-{
ing that concurrence is truly a topic for algebra, \

‘Btahmagupta’s rule for solution is : e e
© " “The sum is increased and diminished~by the
differénce and divided by two ; (the result wi\vill be the
two unknown quantities) : - (this is) congasrence.”?
The same rule is festated by himNon a different
- occasion in the form of a problem afid+its solution,

- “The sum and diffetence o,f’ft}le residues of two

(heavenly bodies) are known ihJdegrees and minutes.

What are the residues ? . The-ifference is both added to

and subtracted from the stih, and halved ; (the results

2t€) the Iesiduf:s;»\’f,_\,gwd}amdﬁbrafyorgin '
- Similar rules atgpiven also by other writers.?

" Linear Equéii’ons. Mahivira gives the following
examples leading to simultaneous linear equations to-
gether with Zles for the solution of each.

Exdmple. - “The price of g citrons and 7 fragrant
: Wood\éLBples taken togetheris 107 ; again the price of
7 sittons and o fragrant wood-apples taken together
dgor. O mathematician, tell me quickly the price
yof 2 citron and of a fragrant wood-apple quite sepa-
rately.””4 ' '

- If x, y be the prices of a citron and of -a fragrant -
L-BrSpSi, xviii. 36. 2 BrSpSi, xviii. 96.

- YGSS, vi. 25 MSi, xv. 215 Sife, xiv. 133 L, p. 12; Gk, i 31
4 GSS, vi. 140§-1428. : :
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* wood-apple respectively, then

g7y =107,
7% -9y = 101.
Or, in genetal, ax -+ by =m,
. bx + aj =2

Solution. “From the latget amount of price multiplied{ )
by the (cortesponding) bigger number of things subs-)
tract the smaller amount of price multiplied by “the
(corresponding) smaller number of things. (The' re-
mainder) divided by the difference of the squafés\ of the
numbers of things will be the price of each of\the bigger
nomber of things. The price of the,z@t\licr will be
obtained by reversing the multip]iets:’.”l,\' ‘
am—bn - an~bm
Thus » = w, ¥ ?1%——_5?-

Example. “A wizasdrBasingrQWegsn of mystic
incantations and magicalmedicines seeing a cock-fight
going on, spoke pri,v'@%l}r to both the owners of the
cocks. To one he saldy ‘If your bird wins, then you give
me your stake-tpgney, but if you do not win, I shall give
you two-thirdg\¢F'that.”. Going to the other, he promised
in the same/Way to give. threefourths. From both of
themn hid\edin would be only 12 gold pieces. Tell me,
O ornament of the first-rate mathematicians, the stake-
mopey of each of the cock-owners.”’? :

\J i, x—dy=12, Jy— =12
Or, in general, : C .

e
-X‘-E)’—_-P: .)’ bx_P'

1 GSS, vi. 1398 2G5S, vi. 27024
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. Solation:? Wet d)
. . ¢ :

X = D — (@ & bl

' - de+ b)

e byd — ¢+ d)ap

The foilowmg example with its SOlutl{)Il is taken.
from the Bfjaganita of Bhaskara 1I:

Exampie - “One says, ‘Give me a hundred fﬂehd I ‘
shall ‘then become twice as rich as you. Thc othet
. seplies, ‘If you give me tén, I shall be six.fithes as rich
as you.' Tell me what is the amount of their (res-
pective) ¢apitals 272 - A

. in
The equations ate : \~

x -+ IOO—ZU—IOO) (1)
¥y 10= 6(&% — 10). (2)

| Bhaskara 11 jny %‘ﬁi wo methods of solving these
equations, They ﬂe i

staneially’as follows :
- Fxm‘ Method 3 Assume

m&% — Jo0, ) =g+ 100,
“s0 hat equauon (x)is identically satisfied. Substituting
these va,h{cs in the other equanon we get '

A 2+ 110 = 128 — 660;

whénw g ==70. Thetefote, x = 40, _y 170.

A Second Method3  From equation (1) we get
x=2y— 300, :

and from equation (2)

x =3+ 70)-

1G85, vi. 26849k, * BB, p. 41.
% BB, p- 46 + BB, gp 78f



LINEAR EQUATIONS WITH SEVERAL UNKNOWNS 47

- Equating these two values of x, we have
2y — 300 = %‘.U + ?O),_
or 12y — 1800 = y | 705
~whence y=t70. Substituting this value of y in any of
the two expressions for x, we get x = 4o.

Tt is notewotsthy that the second method of solution
of the problem under consideration is described by
Bhiaskara I in the section of his algebra dealing with
“iinear equations with several. unknowns,” whilé “the
first method in that dealing with “linear equationsén one
unknown,” In this latter connection he ka¥ Sbserved
that the solution of a problem containing twosinknowns
can sometimes be made by ingenious agtifigés to depend
upon the solution of a simple linear. ~eqﬁation.

9. LINEAR EQUATIONS WITH-SEVERAL UNKNOWNS

A Type . of Linearilnations,, The ealicst

Hindu treatment of systems of linear equations involving

several unknowns -iscfound in the Bakhshili treatise.
One problem in it fyasas follows :

“IThree persons possess a certain amount of riches
each,] The riches of the first and the second taken
together amonnt to 13 ; the riches of the second and
the third @aken together are 14; and the riches of the
first and the third mixed are known to be 15, Tell me

the {I(jhes of each”? | ' :
“NMIE x;, X, X5 be the wealths of the three merchants
Espectivcly,' then =~
Xy Xg =13, N+ Ng = 14, X3+ Xy = 15, (1)
Another problem is '

* BMs, Folio 29, recto. The portions within [ ] in this and
the following illustration have been restored. .-

N

Nows

WA
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- “IFive petsons possess 4 certain amount of riches
each. The riches of the first] and the second mixed
together amount to 1675 the riches of the second and the
third taken together are known to be 17; the riches
of the third and the fourth taken togethex are known to.
be 18; the riches of the fourth and the fifth mixed™
together are 19 ; and the riches of the first and the fifth

" together amount to 20. Tell me what is the axr\Iéuht b
of each.”® ' A

i.e., = 4 ,_xz' = ;6, X -[- XNg = 17, X3 + xiil_._l-}«.] 8,
vy xgm= 19, X+ v = 20" (2)
* There are in the work a few other” similar pro-
blems.2 Every one of them beloggs“to a system of
linear equations of the type o\
s -, - Xp = dp, Xg 4 X :.d‘.;a’:": Xot Xy =a, (1)
# being odd. R\ :
- Solution by FalselPosition. A system of
linear equations.of. dhiss@lipeaty scdwed in the Bakhshali
treatise substantiallylas follows :
~ Assume o‘%}bitrary. value p for xy and then
calculate the ywalies of x,, X3, ... cotresponding to it
Finally let the.ealculated value of x,, + x; beequal to b =
{(say). Thefr the true value of x; is obtained by the
foxmuia\ts“ o _ : :
’x-.. 4 Y] :P + ‘lﬂ(an - é)‘
i n the particular case (1) the author® assumes the
& ;ai:bltrary value § for x,; then are successively calculated
U the values x%, =8, xy = 6 and X’y + x’;, = 11. The
correct values are, therefore, :

xp== 5+ (15 —1n)f2 == 7, xy=06, x3= 8.
1 BMs, Folios 27 and 29, verso. ' '

2 BMs, Folio 30, recto ; also see Kaye's Introduction, p. 4o.
8 BMs, Folio, 29, recto. - -
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* Rationale. By the process. of elimination we get from
equations (I)- L
(ag—a)+(ay—a)+. ... '|_"(“';—1”“‘3n-;2)+ 2y = dye

Assume x;=p; so that

()t a—at. . .. Hag—a D20 =5, say.’
Subtracting - 2(x — p) =4, — b.
Therefore o =p+ 36, — b, o

Second Type. A particular case of the type“ef
equations (I} for which # =3, may also be lookéd>up-
on as belonging to a different type of system$(of linear
equations, »y., R
Tx— Xy = dy, X — Xy = gy ., BX FHX, =4, (1)
where =x stands for ;4 xp+-3¥)F- x,. But it
will not be proper to say that equations of this type
have been treated in the Bakhshilitreatise.! They have,
however, been solved by Aryabhiata (499) and Mahdvira
(850). The former Say.&:{'w:dbi‘aulibrary,org,jn

“The (given) sums of\Certain (unknown) numbers,
leaving out one nuthbef in succession, ate added to-.
gether separately and\divided by the number of terms
less one; that (quotient) will be the value of the
whole,””2 P\

. Vo \ S

. O 0. o
. \J Ex==afln— 1)
va’,'\’\\ . e r/( )

Mahavira states the solution thus:

\m?"‘Thc stated amounts of the commodities added to-
gether should be divided by the number of men less

1The example cited by Kaye (BMs, Introd., p. 40, Ex. vi)
which conforms to this type of equations is based upon a mis-
apprehension of the text. '

2 4 i 29.

4
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- one. The quotient will be the total value (of all the com-

modities). Each of the stated amounts being subtract-
ed from that, (the value) in the hands (of each will be
found).”t
" In formulating his rule Mahavlra had in view the
following example:” O
“Four merchants were cach asked separately by
the customs officer about the total value of theif\eotn-
modities. The first merchant, leaving out his oML dnvest-
ment, stated it to be 22; ‘the second stated/it 16 be 23,
the third 24 and the fourth 27; each of sieth deducted -

his own ‘amount in the investment. € friend tell me °
sepatately the value of (the share QE) the cornmodlty .

owned by each.”* RS
Here. xy + :\2 + xs *{" 4 2%+zit:;:4—|—z7
Thcrefore X, = 103 '2 =09, xz=2=8, x;=73.

Narayana S&YS Www, dbraullbl rary. org.in
“The sum of gie\depleted amounts divided by the
number of petnon%:\less ofie, is.the total amount. On

subtracting froft the stated amounts severally will be.

found the different amounts.””? _
The abovc type of equations is supposed by some

) modem"hfstonans of mathematics? to be a modification

bt% type considered by the Greek Thy mandas and
soh by his. well known rule Epanthema, namely,®

AV N et e R = 5
Ny == dy, XA Xg =g N b X = A0
1 GES, vie1590 o BGSS, il 166-2.
¥ GK, ii. 28.

" & Cantor,: Varlesungen iiber Gembszfe der. Mathematik (referred
to hereafter as Cantor, Gembxbre), I,p. 624, Kaye Ind. Math., p..133
JASB, 1908, p. 135.

- % Heath, Gree)é Math, 1, p. 54.
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The solution given is - . o
o (24 + dg+ - e, ) -5

.”.:-._2

But that supposition has been disputed by others?
Sarada Kanta Ganguly has shown that it is based upon
a misapptehension, ‘It will be noticed that in the Thy-
maridas type of linear equations, the value of the sum ‘O
of the unknowns is given whereas in the Aryabhatd)" -
type it is not knowil. In. fact, Aryabhata determines
only that valee. - AN
Thitd Type. A more generalised systeni"t}f\lineat
equations will be ' _ N\ 3
by=x — 6%y = dy; BpZx — f"gxz,\'-*%'\\aé, cens

| bk o= ()
. e o = : z(a,/c) 7 .
Therefore = Fx = 2—"_“_’—(32]0—- : | |
Hence .. o xrwg\.\@rauljﬁﬂ,arg[in_ f_r_, (I)

DS
WO =g

A particalar(case of this type is furnished by the
following example: of Mahavira: - - T

“Threﬁgz\’merchants begged money mutually from
one anotlies. The first on begging 4 from the second
and §, from the third became twice as rich as the others.
Thessecond on having 4 from the first and 6 from the

Tigd became thrice as tich. . The third man on begging
s“from the first and 6 from the second became five times
as rich as the others. O- mathematician, if you know

1Rodet, Legons de Calenil & Aryabhata, JA, X1} (7), 1878; -~
Sarada Kanta- Ganguly, *“Notes on ‘Aryabhata,” Josir. Bibar and
Orissa Research Soc., XTI, 1926, pp. 88ff. . o



SR .oatat ey . ALGEBRA

: e : » _
the citra-knitaka-mifral tell me quickly what was the
amount in the hand of each.”?

That is, we get the equations

K4t s=20+—4—5),

b=kt x—a—6, A
gy b= s{x+ y—5 *6) A
z(x—!—_y-k{)—}x_z;r,'- | \‘ _

L3+ R) - 4y =40,

5(x toH) —bg=66
3 particular , case of the systcm (11D). ~S‘aastituting in
(I) we get -

7

O
X =7, y=38, {Ag

2 In general SUPPOSE ‘d, 15 dPaws « o By gy dyriy - - -
4,, 10 be the amounts begged by the rth merchane
from the others; and . xqithe amount that he hag

. mmall Then'
Y www dbrau]ga ary.org.in
i x; + ]( EX = Xy B4 ),

Xa +Efﬂam = ié'2(2-"“‘“ Xg— = a2m>

.....................

¥d —}—Ea w== b (B X — 0, — 3 a”m)
whete = gr,:,, denotes summation from m =1 to w = #
exclud1 @* "=, Therefote '

§ R (b F )2y, = (b1+ 1) (EX_*" 2%1)s
3 Ex + (b + 1)z’ T, = (&2;—]— 1) (Zx — g

I

N R et D3 = (- 1) (@5 %),
L"t zé-_(b—i—l)zam, r-hz,z Bye e v A
- I&Thm is the name gwen by Mahéwxa to problems mvolvmg

-equations of. type (1.
C RGSS, v 2338-54
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Then dividing. the. foregoing equations by 5+1,
by 4 X, 00, respectwcly, amd addmg together we get

= (élTx+f;2+1+ ‘W +1).

+(g; iy ;+f; + +b ¥ 1)2__(_ “‘)E"

2\

:(bl+1+5’2+1+ ‘f'g, +1):._.." "‘.;:-;j\

L

(E?+1+e’9 +I+ +b+ \eI)

Wnence

e il
“:iﬁw + ~'é*é++"é"ff<”—2.>*?f}
+ 0,4 (5o w&dﬁfuglb%arwgg%;e_l'_)-

I\[ahawra dcscnbgs ‘the ‘solution thus:

“The sum of thé amounts begged by each person is
multiplied by the rnultxple number telating to him as
increased by ualsy. - With these (products), the amounts
at hand atgdétermined according to the rule Isfagupa-
Zhna etc AN\ TFhey ate reduced to 2 common denominator,
and thew ivided by-the sum diminished by ity of the
rnuinple numbers. divided: by themselves. as irlcreased

“hity. (The quotients) should be kaown to be the
ambounts_in the hands of the-persons.”’2. . :

" Problems: of -the above 'kind have. been treated also
by Nara}ana (1357) Hc sajs e

1 Thc referencc is to 1ule vi. 241, .
2 GSS, vic 2514252
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“Multiply the sum-of thé monies teceived by each
petson by~ his multiple number plus unity. Then pro-
ceed as in the method for “the purse of discord.” Divide
the tnultiple number related to each by the same as |
increased by unity, By the sum diminished by uvnity
of these quotients, divide the results just obtained."
“The quotients will be the several amounts in their¢pos- -

~ session;”t - o 2\ |
One particular case, where 5, = by = wdih, =1

cand 4 =6y = ... = ¢, = ¢, was treated by Biahmagupta -
(628). He gave the rule: N

“The total value (of the imkpo\\}n quantities)- "

. plus-or minus the individual values\(of the unknowns)
- multiplied by an optional npnber being severally- :
(given),-the sum (of the givenuiantities) divided by the -
number of unknowns increasgd or decreased by the mul- *
tiplier will be the total walte; thence the test (can be

. >33 K
de_temnned_ * www.dbraulibrary.org.in

=X j:;xl = dy, ?\J&:i (NG = dgye v -y zxi O, == Ay

) ’ i ¢ ’\,:\;’ :a‘l_i_az_I_.".._F_ a-n_ ..
: Therefore\zx . A ’ :

. HCQCF? Y= %( +a F 4 -'+'4:1 ;+ g”),

. an

4 s

N

o on. S . : .

«\" Brahmagupta’s Rule, Brahmagupta (628) states.
- (Sthe following rule for solving linear equations involving

U several unknowns:. - . . . ¢ e

“Removing the other unknowns from {the side of}--

the first unknown and dividing by the coefficient.of the .

first unknown, the value of the first unknown (is obtain-"

ed). In the case of more {values of the first unknown),

1GK il 33f. 2 BrSpSi, xiit. 47.
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two and two (of them) should be considered after re-
ducing them to common denominatots. And (so on)
repeatedly. If more unkfiowns remain (in the final
equation), the method of the pulveriser (should be
employed). (Then proceeding) reversely (the values
of other unknowns can be found).™

Prthfidakasvimi (860) has explained it thus:

“In an example in which there are two Oor morg O
unknown quantities, colours such as ydvar-tivat, ety
should be assufned for their values. Upon them should
be performed all opetations conformably to the State-
. mient of the example and thus should be carefully framed

two or more sides and also equations, Egbiclearance
should be made first between two and twod-of them and
50 on to the last: from one side one unkdewn should be
cleared, other unknowns reduced to:déommon denomi-
nator and also the absolute numbets should be cleated
from the side opposite. - The gesidue of other unknowns
being divided by the residual coefficient of the first un-
known will give the yilfebsfubkeafiter sinknown.
there be obtained 'seﬁ;a%ruch values, then with two and
two of them, equations’should be formed after reduction
to common depominators, Proceeding in this way
to the end find\éut the wvalue of one unknown. If
that value bé (ih terms of) another unknown then the
coefficients Of those two will be reciprocally the values
of the &wo unknqwns. If, however, there be present
more \anknowns in that value, the method of the
pulveriser should be employed. Arbitrary values may
<then be assumed for some of the unknowns.”
It will be noted that the above rule embraces the
indeterminate as well as the determinate equations. In
fact, all the examples given by Brahmagupta in ilustra-

-t BrSpsi, xviil 51.
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tion of the role are of tmdeterxmnate character.  We
“shall mention some of them subsequently at their proper
~ places.  So far as the deteriinate simultaneous equatlons
are concerned, Brahmagupta’s method for solving them
will be easily rccogmscd to be. the same as our present
one. 3
Mahivira’s Rulés. Certain  intetest problegns
treated” by Mahdvira lead to simple simultaneousfetpua-
tions involving several unknowns. In these pmbiems
certain  capital amounts (¢, ¢, ... ) atelstated to
have been lent out at the same tate of in\tercst (r) for
dlffcrent penods of time (#; %5, Foww). I (G, 4,
) be thc interests accrued on the\several capitals,

rtlcl ; n‘gfg ,,\1\ O risfg
1™ o0’ 27 Too 160%%3 100
(1) If zl—i—xg—l—za -,_J ¢ and -7, be known -

(for — 1, 2,...), we have
. W dbrauhbl a%t} g-in _
. “ - \€1f1 + afs + 2 R
with similat v‘a{ues for 73, 5, .
(i) Or, 1f€1+(2+€3 '—-C,:,.andz‘ ‘be known
(orr= 12, ..), Wc:have |
: \\'\“ ' o Gl
anﬂ N on. 31/3'1‘3‘?2/’24— |
(‘111) Or, if we are given the sum of the perlods 5 —!— ty
\‘-{—\ —T,: and: then
o . Thfe S
o - flf"z + 32/52 Foean
Wlth similar values for #y, #5,. ...
Mahévira has given separdate rules for the solution
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of problems of each of ‘the “above three kindsl
Bhiaskara’s Rule. Bhiskara II has given practically
the same rule as that of Brahmagupta for the solution-
of simultaneous linear equations involving several un-
knowns, We take thé following illustrations from his
woiks. R
Escample 1. “Eight tubies, ten emeralds and a, ()
hundted pearls which are in thy ear-ring were putchased\™ -
by me for thee at an equal amount; the sum of the price”™
rates of the three softs of gems is three less than the\half
of 2 hundred. Tell me, O dear auspicious lady,if'thou
be skilled in mathematics, the price o’tP each.”2\ v
If x, 3, ¢ be the prices of a ruby, emerald and pearl
respectively, then ' (V. )

8¢ == 1oy = 100%\
)by FT =47\ _

Assuming the equal amougtto be », says Bhéskara

IIB we shalt gCt_ o wwmahraﬁljbl‘ary,OL‘g,in
x = w[8, Jo= wlio, g ==wf100.

Substituting "in, ¢He) remaining equation, we easily
get w = 200. Theretore :

' \.xs 25, y =20, g =12.

FExampls,p> “Tell the three iumbers which become
equal when ‘added with their half, one-fifth and one-
ninth paits; and each of which, when. diminished by
those patts of the other two, leaves sixty as remainder.”®

~(Here we have the equations

xpxz=y4als =2+l

IR R X XD (2).

. 5 9 __}' . 9 . lz. Z 2 5 C ()
1G858, vi. 37, 39, 42. o ¢ BB, p. 47- |

¥ BB:, p. 52. -



§8 . . . ALGEBRA

Bhiskara ‘puts w for each of the equal quantities
i (1) so that ) a
. = §3’}~-gw, Z—*m”’ __
Substmltmg these values in (z), any one of them *
will glve - _ . QN
w6 N
. : o ’ . . . ¢\
whence # = 150, - Therefore ' o\ b

% I\“O

X = 100, ¥ == 12§, g =135,

_ Tt should be noted that the eqm\tlons (z) are-
sufficient for the deterrmnatxon of theunknowns,

Examp!e 3. Anothes type of thoblem is: Three -
port:lons (x, 3, g) of a.sum of piomey () were lent out
at three different rates of itderest (ry, 7y, 7y per cent

- per mounth) for three different petiods (#,, %4, %, months).’
* The intetests accrued on, fhem severally were “the same,
What were those gomons o

. W, rau.hbl ary or :
ie., +3 SL (1)
PR . |
A Irfe Xk g (2)
_ 100" 100 . 100 '
Ftom\*(z)’ . o
V- ool 100l 1001
o R . _
) 714y ' Faly Fals
\ Substltutmg in (1) we get
. \ ”
@ o0 [(—F -+ Y=
N/ ( 1&‘1 + rztz + r3t3 ) &
Therefore - I_ ﬁ-\' : ¢ .

r 1“1 Tty 73ts

100( +1+1)

1L, p. 22,
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Iooi( 1 vy
Hence X == ibié! ,
X 1IooX1 | 100XI | I00XI
R R A
with similar values for y and g. Bhaskara II says: O

“The arguments multiplied by their respective (N,
times are divided by the fruit taken into elapsed timesy <\ ™
They being divided by their sum and multiplied by the™
total amount give the portions severally lent outl’h

10.” QUADRATIC EQUATIONS '

Early Tteatment. - It has been sh’“’rn\ before that
the altar-construction of the VedicyHindus involved
the solution of the complete quadratic-equation

- ax? 4 by=c, @
as well as of the pure _quadmg 'i‘gle?l:'= ¢. 'The equation
that had to be solved \x\r"fa“gw' radiibraty-orgAn

CopsE i =i+,
which gives '1x~=_\'1§(\/ 841 + 112 — 1),
ot x? '~_~‘,¢§i¢'{s4z + 11222 — 2V 841 + 1127},
Simplifying atid“neglecting higher powers of 7, we get
Y
I_.‘s\\_" Joxt=14 i—;i’, approximately.
Kﬁty:ﬁ;}'rém gives the _Vaiueﬂ_

. . m'
¥ ==y
. + 7

_ 1I,J,'pp.-zlf. See alsd GT, 123. If the rate of interest be
, given as » per p pet months, then p is the argument, ¢ the
time and # the fruit. Cf. Part I, p. 204;also pp. 225-226. :
? Datta, Sulba, p. 167, S :
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 The ge(_Jmetrical_ solution of the simple quadratic
equation R
L 452 — 4db = — ¢®

is found in the early canonical works of the Jainas (5co-

- 300 B. C.) and also in the Tatwdrthidbigama-siitra of,

Umisvati (¢. 150 B. C.), as

b=yd—VvE=A., O

P . ) . '\\

- Bakhshali Treatise. The solution of the quadratic
equation was certainly known to the authorofithe Bakh-.
shall treatise (r. 200). In this work théte¢ are some’

- problems - of - the following .type: . ¥A\eertain person

travels ¢ yojapa on the first day an%\é} Jefapa morc on
each successive day. Another(Who: travels at the
uniform rate of ' yojapa per dagi has 2 start of # days.
When will the first man overtake the second ?-

" If x be the number 6f days after which the first

_ ovettakes the second, then we shall have

www,djarauﬁbral_‘y_,org,_jn . o

S(i‘—_}_- xﬁ)’\:zx{ur—i— (X:I) b},

of . BTN (2(S — ) 4 bl — 245,
Therefore \ N : :

.y

e B AT T+ (25— ) 4 5
N O Y !

AN
which

agtees exactly with the solution as stated in the .

Bakhshall treatise.

“The daily travel [5] diminished by the march of the
first day [s] is doubled; this is increased by the common
increment’[5]. ‘That (sum) multiplied by itself is desig-
nated {as the £sepe quantity}. The product of the daily .

1 Dattz, “Geometry in t_hc Jaina 'Cos_mogréphy,” Ouellen und
Studien Zur Ges. d. Math., Ab. B, Bd. 1 (1931), pp. 245-254.
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travel and the start [#] being multiplied by cight times
the common increment, the &seps “quantity is added.
The square-root of this {is increased by the ‘&sepa quan-
tity; the sum divided by twice the common increment
wiil give the required number of days}.”?

Neatly the whole of the detailed working of the
particular -example in which S=3, #=6, s=3 and ,O)\
b = 4, is preserved.? It is substantially as follows: ¢~ -

St==30; S—s=5—3=2 2(§— )+ b=%
{2{5 ——5) +- 512 =064q; 852 = 240; 857h =960; {2(Fs- )

b 5)% - 83th = 10243 V1024 = 32; 32 4-8= 40;
40 -+ 8 = § = x., _ oo B
For anothet__ problem® S = 7, 7 = 5,’&,%‘ 5, b =13;.

o PHVEEg - 2O
——6"'_'0 .".

Q!

then

The formula for ,detemﬁning::.’t’ﬁe number of terms
(#) of an A.P. whose first term (4), common difference
(&} and sum (s) are -knowﬁ‘,“’-i%’@iﬁiﬂhhﬁ?r@hgfdﬂn

o .\/Q;b._r,f{i‘(za — Ié)ﬁ - (22 — b)
B\ 28 . ’

The working of thé:partic1ﬂar example in which s = 6o.
@==1, b =1 ig'preserved substantially as follows :4
8bs = 4§Q;.\zg = 2; 24 w—_b-'—; 5 (2a— 6 =15
8ks —[{@g} — b= 481; 7= 3(— 1 -+ V48D, etc.
Mﬁbhaga- I. To find the number of terms of an
A{’», “Aryabhata I (499) gives the following rule:

" 1 BM:, Folio s, tecto. o _ .
? BMs, Folio 5, verso; Compare also Kaye's Introduction,
PP- 37, 45. .
2 BMs, Felio 6, recto and verso. -
1 BMs, Folio 65 verso. Working of this example has been
continued on folios 56, verso and recto, and 64, tecto,
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_ “The summ of the series multiplied by eight- times
the commori diffetence is added by the square of the
~ difference between twice the first term and the common
difference; the square-root (of the result) is  diminished
by twice the first term and (then) divided by the common
difference: half of this quotient plus umty is the numbgc™
of terms.”?

That is: to say, o L A

{\/WGEEW -%1}

The solution of a certain interest problem involves the
solunon of the quadratic

BV px_'.".14ﬂﬁ-wb

ﬁtyabhata gives the Value of ¢ x in the form?

\/Apf £ (PKZ)z —bl2

\\

o~\’

Though Arvabfi'a”fa f?ﬁfme%g iﬁdlcated any method
of solving the quadtatic, it appeass from the above two
forms that he dollowed two_different methods in ﬁrder""
te make the un\known side of the equation ax? L fx =

a perfect squate. In one case he  multiplied both th(': -
sides. of theequation. by 4a and in the other simply by 4.

agupta’s Rules, Brahmagu ta (628) has |
glv&x two specific rules for the solution of the quadratic.
His first tule is as follows :

O “The quadratic: the absolute quant1t1es muitiplied. .
\ by four times the coefficient of the square of the un-
known are increased by the square of the coefficient

of the middle {ie., unknown); the square-root of the '
tesult being diix iinished by the coefficient of the middle. -

-4 zo.
2 A i 23; Vlde PartI pp 219f
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" and divided by twice the coefficient of the square of the
unknown, is (the value of) the middle”

\/4a€+bz—b

.24

i,

The 5cc0nd rule runs as:

“The absolute term multlphed by the coefficient of \
the square of the unknown is increased by the square™ '
of half the coefficient of the unknown; the square-opt
of the result diminished by half the coefficient of the
unknown and divided by the coefficient of theﬁséparc
of the unknown is the unknown,”® '

_ Vet G o -_(sz>\'

ie.,

The abo»c two rnethodh qf Brahmagupta are
identical with those employed before him by Arya-
bhata 1 {499). The root of the? quadrauc equation for
the number of terms of dﬁ"’ ﬁdﬁ"aithgﬁ‘ehob?“?;mhma—

gupta in the ﬁrst form \ y

\/ i<—1:(za— by? — (za—-b)

For the 1ut10n of the quadqatlc Brahmagupta uses
also 2 third férmula which is similar to the one now
commonli\user] Though it has not been expressly des-

crlbed m any rule, we ﬁnd its apphcatlon in a few
\

N DrSpSi, xviil 44. It will be noted that in this rule Brahma-
gupta has cmplo) ed the  term madbya (middle). to imply the
simple unknown ‘as well as its coefficient. The original of the
term is doubtless connected with the mode of wtiting the quadratic
equation in the form

ax? 4+ bx+o=ox 4 ox 40,
so that there are three terms on each side of the cquatlon
2 BrSpSi, xviii. 45. 8 BrSpSi, xii. 18.
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instances. One of them is an interest problem: A certain
sum (p) is lent out for a period (#,); the interest accrued
() is lent out again at this rate of interest for another
period (#) and the total amount is -4. Find x. :

The equation for determining x is A
. P . | .
Hence we have l.

x = ‘\/ (.Pf 1. Ap’l &1
23‘2 N _- 2.?5\
which is exactly the form in Whlch Brahmagupta states

the result.!
There is acertain asttonorméai problem which in-

- volves the quadratic equauon3

.
\¥
\ )

" as stated b;r Brahmagupta. This result is given also in

G2+ @t T 2dapolic= raa(5-—~ ),

Whﬁte a == agrdo mlp.fmt}@. litude of the sun),
b = palabhd (the egitinoctial sha(gow of a gnomon 1z

aniguli long), R =sadivs, and x = kopafaniky (the sine of
the altitude o{\the sun. when his altitude is 45°).
Dlwdmg oug: by (72 + 4%, we-have

N, x4 :F 2% == 1,
where '\ I :
A - 2 V2
07w 144(R? /2 — 1)
'_\_\___.m 72—!—42”? 71—}—a2
\Thexefore we have '
N o= \/mz + ] i ”,

the Swyaﬂda’bam‘ﬁ (. 300) and by Snpatl (1039).2

1 Br.S' pSi, xid, 15. V1dc Part I, p. 220
® Bripsi, il 54-55. : 3 8444, di. 30-1,
€ 8iSe, iv. 74. Lo :
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Sridhara’s Rule. Siidhara (n. 750) expressly
indicates his method of solving the. quadratic equation.
His treatise on algebra is now lost. But the relevant
portion of it is preserved in quotations by Bhaskara 1I*
and others.? - Sridhara® method is : - .

“Multiply both the sides (of an equation) by 2
known quantity equal to four times the coefficient of the
square of the unknown; add to both sides a known
quantity equal to the square of the (original) coefliciefit

of the unknown: then (exttact) the root.”® =
That is, to solve - ax? 4 bx =y, D
we have y 4252 - qabx = 4avy )
. a__ 32
ot . (zax —i- b 4a£ ) b—
Therefore . - a5 b =N 4ab" - b2
Hence x :Mﬂ"z;;___b

An applicatidﬁ of this .rulels found in Sridha;:a’s
Trisatikd, m connection. i foding. the, npmber of
terms of an A. P4 :

%.——-—-—b—-_——
: VDY (a— b —2at b
it -.‘I—Q N —7 ,

L BB, p. 600/ _ o
. 2 Jiianatgja{isos) in his Bj dgapita and Stryadisa (1541} in his
commentaznbn Bhiskara’s Bijaganita.

3 “Cagirrihatavargasamai ripaih paksadvayam gunayet,

L\ Avyaktayargaripairyuktan pakgau tato molam.”
Thig\is' the reading of Sridhara’s rule as stated by Jfidmataja 2nd
Slsyadisa and accepted also by Sudhakara Dvivedi. But according
10 the reading of Krsna (¢, 1580) and Ramakrsga (o 1648), which
has been accepted by Colebrooke, the second line of the verse
should be - G _ .

“Parvivyaktasya krteh samarGpéni ksipet tayoreva” _
or “add to them known quantities equal  to the square of the
original cocfficient of the unknown.” ' :

A Tr¥, R.41

3
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where 4 is the first term, b the common diﬁ'erence and
s the sum of # terms,
~ Mahdyira. The only work ‘of Mahivira (850)

‘which is available now is the Ganita-sdra-sangraba. As
it is admittedly devoted to arithmetic we cangot

expect to fifid in it a rulé for solving the quadranc.
But there are in it several problems whose salutions .

. presuppose a knowledge of the roots of the quadrauc

N

One problem is as follows: N

“One-fourth of a herd of camels wa8 seen in the
forest; twice the square-root of the hetd had gone to the

: mountam—slopes three times five cantels were on the bank

EES S

of the river. What was the number\of those camels ?
If x be the number of camelé in the hetrd, then

-+ 2\/3(-1— 1§ =X,

' Or in genem} the equntmn to be solved is

ey
'.\ . -
\\ (I — —-)x — r\/x*—

| MahAvica gwes the fo]lowmg rule for the solut1ors of .
- this egbation:

M the coefficient of the"root (of the unknewn).
the absolate term should be divided by unity

'f.’mmus the fraction (7.¢., the coeflicient of the unknowa).
The square-root of the sum of the square of the coefhi-

cient of the toot (of the unknown) and the absclute

term (treated as before) is added to the coefficient

of the root (of the unknown treated as before). ‘The

- sum squared is the (unknown) quannty in this wila
type of problems”? - .

IGJ'S',ziv. 34. 2 GSYS, v, 33,
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. . ¢fz _: _ cf2 2 d 3

2 x_{l-«—afb—l—\/(x—a/&) +1—af_." ?
which shows that Mahavira employed the modern rule
for finding the root of a quadratic.  His solution for the

interest problem treated by Brahmagupta is exactly the
same as that of the latter.! We shall presently show,

that he knew that the quadsatic has two roots. )

Aryabhata II." The formula for the ‘nunfber
of terms (#) of an A.P. whose first term {4), céfimon
difference (b) and .sum () -are known is ¢given by
Aryabhata IL.(c. 950) as follows :2 - (&

VTG b=t bz
#== . : . b .‘\‘ =

which shows\ that for solving the :ciﬁﬁdraﬁc he followed
the second method of AtyabhataT and Brahmagupta.

Sripati’s Rules. Sr:""iljgu / ircg ) indicates two
sethods of solving themfl':zéi}aratll%. é%ﬁlé‘%é“is a lacuna

in our manuscript inthe'rule desctibing the first method,

but it can be easil recognised to be the same as that

of Sridhara. © A\ ,

“Multi,pljf Hy four times the coefficient of the square
of the unkhown and add the square of the coefficient
of the Giknown; (then extract) the square-foot.........
divide%‘ by twice the coefficient of the squate of the
unkiftown, is said to be (the value of) thel'unknown.”
v “Or multiplying by the coefficient of the square of
the unknown and ‘adding the square of half the coeffi-
cient of the unknown, (extract) the squase-root. Then
(proceeding) as before, it is diminished by half the
coefficient of the unknown and divided by the coefficient

rGSS, Vi 44 . . . 2 MSi, gv. 500 '

Q!
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of the squate of the unknown. This (quotient) is said to
be (the value of) the unknown.”?

i.¢., o Cax?4bx=c,

ot @ oabx - (B)2)? = ac 4 (b]2)%

_Theréfore - ax + bl2 =V ac+ (/2)2. .
\/af + (&12)2 — b/z \‘\

N

Bhaskara II’s Rules. Bhaskara 1 (1130) says :

“When the square of the unknown\éfc., remain,
- then, multiplying the two sides (of “thy’ equatlon) by’

Hence

* some suitable quantities, other suita >quantities should

be 2dded to themso that the side confaining the unknown
becomes capable of yielding a oot (pada-prada). The
-equation should then be formed again with the root of
this side and the root ofofbe known side. Thus the
~value of the unknown is: obtained from that equation.”

This rule Hﬁ‘s"bééﬁafﬁ‘ﬂﬂ‘i’éﬂ eiﬁdidated by the author
-in his gloss as follgws :

~ “WWhen a%li perfect dlearance of the two sides,
there remaim oh one side the square, ete., of the un- -
known and on the other side the absolute term only,
then, both the sides should be muitiplied or divided by
some.guitable optional. quantity; some equal quantities
should’ further be added to or subtracted from both
the.sides so that the unknown side will become capable
~of yielding 2 root. The root of that side must be equal

\ Mo the root of the absolute terms on the other side.
_ For, by simultineous equal additions, etc., to the two
equal sides the equality remains. So formmg an equa-

tion again with these roots the value of the unknown is
found.*’3 :

1.5'zfe xiv. 17-8, 19. 33}3:', p. §9.
- $BBi, p. 61. P. ?
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It may be noted that in his treatise on arithmetic
Bhiskara 1 has always followed the modern method of
dividing by the coefficient of the square of the un-
known.! o

JiiAnarija -(1503) and Ganeéa (1545) describe the -
same general methods for solving the quadratic as’
Bhiskara II.  ~ - . S A

Elimination of the Middle Tetm, The methofl™”
of solving the quadratic was kaown amongst the Hindu
algebraists by the technical .-designation madbyimi-
harapa or “The Elimination of the Middle” (from
madhyama = middle and’ Zharapa = removal, ot destroy-
ing, that is, elimination). ~The origin, ‘of the name
will be easily found in_the principle (nnderlying the
method. = By it ‘a quadratic équdtion which, in its
general form, contains three terms.and so has 2 middle
term, is reduced to a pure quadgdtic equation or a simple
equationt involving only two terms and so having no
middle term. Thus thevmitidieiltbrany of g ithe. otiginal
quadratic is'.elinﬂmtg%’tljy the method generally adopted
for its solution.. f@d’ ence the name, Bhéskara II has
observed, “It i alsb specially designated by the learned
teachers as the wadbyamibaratia. For by it, the removal
of one of the-two? terms of the quadratic, the middie
one, @;ﬁ:s\iﬂaoe).’.’s_ The name is, however, employed
also ithan extended sense so as to embrace the methods .
fog,solving the cubic and the biquadratic, where also
N pp- 15l '

2 Referring to the two terms on the unknown side of the com-
plete quadratic. Ot the text varga-rdsdvekasya may be rendered as
%of one out of the unknown quantity and its square.” Accotding
to the commentators Saryaddsa (1541) and Krsna {1580), it implies
“of one between the two square terms,” #iz., the squate of the

unknown and the square of the absolute number.
& BBi’ P' 59' .

Lo
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' certain terms are eliminated. 't occurs as early as the
wotks of Brahmagupta (628).1 '

“Two Roots of the Quadratic. The Hmdus recog-
nised early that the quadratic has generally two roots.
* In this connection Bhaskara I has quoted the followjng,
-rile from an ancient writer of the name of Padmanfibha
.whose treatise on algebra is not available now: (L))

“If (after extracting foots) the squate-rook.of the
ibsolute side (of the quadratic) be less than tieinegarive
absolute term on the other side, then takigg>it negative
as well as posnm‘: two Values (of théyanknown) are
' found 2

" Bhaskara points out with the, thp of a few specific
illustations that though thcsc ~double roots of the
quadratic are theotetically coftect, they sometimes lead
to incongruity and hence-should not always, be accepted.
" 80 he modifies the rule agfollows:

TSI the sqwajﬁwmmﬁl shog known side (of the
quadtatlc) be less(than the negative absolute term
occurting in thesquare-toot of the unknown side, then
- making it nefative as well as positive, two values of
the unknown should be detenmned This is (to be
done) occasmnally 73 :
i Exvmp!e 1. “The eighth part of a troop of monkeys,
ated; was sklppmg inside the forest, being delight-
'fuﬂy attachcd to it. Twelve were seen on the hill

\dehghtmg in scrcammg and tescreaming. How ma.ny .
Jwere they P4 :

1Br.5‘p,5‘:, Vil 2, _

- % «“Vyaktapaksasya oenmula.manyapaksarmrupatah :
. Alpash dhamarnagatin kstva dwvldhotpadyatc mitih’ —BB:,
P"" T .
3BB:, p. 59; also comparc the authors gloss on  the same -

" AR, p. 6s.
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Solution. “Here the troop of monkeys is x. ‘The
“square of the eighth part of this together with 12, is
equal to the troop. So the two sides are!.

_6135;2'_._1: b_’:‘f + 12 = ox? -} x + o. | _ _
Reducing these to a common denominator and then
deleting the denominator, and .also making clearance,
the two sides become . - ' '

X% — b4 + .0 =ox4 ax— 768 K

Adding the squate of ‘52 to botl sides and (cxttagtlgé)
SUATE-TOOLS, W get' - 1 T
Coxia=d {8 20
In this instance the absolute term on the kgown side is -
smaller than the negative absolate tenglbn the side of |
the unknown; hence it is- taken peSifive as Cwell as
negative; the two values of % arg fonnd to be 48, 16.”
_ Example 2. “The Gfth’ p;:ii,‘t’bf a troop of monkeys,
leaving out three, squared, has' enteted a cave; one is .
seen to have climbed onvthie-Beamchbofry tigin Tell hbw

fnany are .th-ey-?”z “< N T o . :

Solution.  “Inghis’the value of the troop is x ; its
fifth part less thtcﬁ\ﬁ 3x — 33 squared, P X% — §x 4+ 9
this added _with the -visible (number  of monkeys), -
e x® — §x&xTo, is equal to.the tro0p. Reducing to
2 common denominatot;: then deleting the ‘denominatof
and m,a\\l&rig clearance, the two sides become x

x2— §5x + 0= ox? 4 ox == 250, ",

ngﬁ}iip;ying' these by, 4, adding the square of .55, and

1\We have here followed the modern practice of writing the
two sides of an equation in a line with the ‘sign of equality intet-
posed, at the same time, preserving the other salient feature of the
Hindu method of indicating the' abseat tecms, if any, by putting’

zeres as their coefficientst - -~
2 BBi, pp- 658,
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extracting roots, we get _ o
- | 2x — 55 = = (ox + 45). |
In this case also, as in the previous, two values are
‘obtained: 5o, 5. But, in this case, the second (value)
should not be accepted as it is inapplicable. People have -
#o faith in the known becoming negative.” .
The implied significance of this last obserydtion is
this: -If the troop consists of only 5 monkeys, its
fifth' part will be 1 monkey. How can we then leave
out 3 monkeys ? - Again, how can the remdihder be said
to. have entered the cave? Tt seemsito have also a
-wider significance. O _
- Example 3. “The shadow Q(‘a,\ gnomon of twelve
- fingers being  diminished by\@ third part of the
-hypotenuse, becomes equal, ¥6 fourteen fingers. O
mathematician, tell it quickly.’ :
. Solution.. “Here the® shadow is (taken to be) .
This being dimitishiF By A ehA §iet of the hypotenuse
becomes equal to fourteen fingers. Hence conversely, -
- fourteen being{subtracted from it, the remainder, a
" third of the hy%)tenuse, is ¥ — 14. ‘'Thrice this, which
is the hypgtenuse, is 3x — 42. ‘The square of it, -
9% — 252x + 1764, is equal to the square of the
“ hypoteguise, x% 4 144: On making equi-clearance, the
twonsides become _
N 8x% — 2525 + 0 == ox? -+ ox — 1620.
<) Multiplying both these sides by 2 and adding the square
- 7. of 63, the roots are _ : : :

L 4% — 63 = £ (ox + 27).
On forming an equation with these sides again, and
\Proceeding) as before, the values of X ate 45(2, 9.

1 BB/, pp. 66f.
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(Thus) the value of the shadow is 45/2 or 9. ‘The second
value of the shadow is less than 14, so, on account of
impracticability, it should not be accepted. Hence it has
been said ‘twofold valucs occasionally.” This will be an
exception to what has been stated in the algebra of
Padmanibha, »iz...> . ' '

Known to Mahivira. It has been stated before,
that Mahévira (850) knew that the quadratic: has 4o
roots. We shall now substantiate it by the following -
rules and illustrations from his wotk, SO

“One-sixteenth of a collection of peacdcks multi-
plied by itself, was on the mango tree ; } of the remainder
multiplied by itself together with r4>were on the
tamdila tree. How many were they p210 . '

If x be the number of peacocksin the collection, the
problem leads to the quadratic geqiration

x 155 .08 15X

-
ELRAE TR T I s el
This is-a patticular €asé of the type of equations con-
templated by the\@tho ¢
O far_xte=—o.
0O 3 :

The following rule has been given for its solution.

{I‘B«é’ uotient of its denominator divided by its
num'e\rator,%ess four times the remainder, is multiplied
by\that denominator (as divided by the numerator).

'"‘:’1%'18 squate-root of this should be added to and subiracted
N\ ‘from that denominator (as divided by the numerator);
half that is the total quantity.”?

Thus peg %_/“_:i: \/(3’14 — 4€)b/ar.

1 G55, iv. 59 . 2GS, v 57
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I'_Certain other problems? lead to equations of the type
(%_x Fd )2—f—__€ — .

" The solution is given-as. I :

- “Half the denominator divided by its numeratof, is,
increased or diminished by the quantity to be subtracted
oradded. The square of this is diminished by the square
of the quantity to be subtracted or added and by the

- remainder. The squaré-root of the result added 7o or
subtracted from the square-root (of the squise Obtained
before) and divided by the fractional patt, will be the
“value (of the unknown)}.”2 SR\ '

b oy 2 . a
e 5 ={ (s £ ) £\ (kD) — =} =
- ' We need not add furthgf" instances to prove that
. Mabdvira recognised both¥the roots of a quadratic
~equation.®  There are, However, a few problems in
. which he has Ak HPGIESHIGERB on only one of the
~ toots.t _,Eor instance; take the equation on page 66,
' RN LR VR ) '
or O  Ex-—2yx=15.
thddiore V= {2\ /@ 42,
Qo VR =G = 60—
LAY x = 36. o
\ “The oot can not be negative, hence the negative value
. of the radical is neglected in the rule. T o
Brahmagupta. The existence of two reots of a

1 GSS, iv. 62-4. S 2G5S, iv. 61,
8 More instances will be found in G5, vi. 29ff.
- 4 See GSS, iv. 33-52, - - ' i



- quadratic equation appears to have been known also to
Brahmagupta (628). In illustration of his- rules for the -
sclution of the quadratic, he has stated two problerns
involving practically the same equation.

(1) “The square-foot of the residue of the revolu-
tion of the sun less 2 is dimiinished by 1, multiplied
by 10 and added by 2: ‘when will this be equal to(®),
the residue of the Ievolutlon of thc sun less 1, of °
Wednesday-?"2

. (2) “When will the square of one—fourth theremduc
of the exceeding months less three, be equN‘ to the
residue of the exceeding months P72 - .

Following Pythtidakasvami let us takém Exampl.e I
the residue of the revolution of the ‘sun to be x2 - 2;
then by the question . . '

IO(X—‘I)+2=‘—‘.‘X‘2—]—I,
or - X 1de= — g

In Example 2, put 4x‘f'r5‘f‘t‘ﬁé @dshiwoﬂghe exceedmg
months; then - _

X~ 3)2 = 4.9(', )
ot \é‘._ Tox = — 9.
Now, by the sc;cond rule of Brahmagupta, s:etammg both
the signs oﬂthe radical, we get .- :
: \\‘\ x-—ji‘\/zj—g_-g;orl _ :
As_showa by Prehtidakasvimi, the first value is ‘taken
,ﬁor\ExampJe 1 and second value for Examp!e 2. Thus
\ivappears that Brahmagupta uses sometimes the positive
and at -other times the negative sign with the radical. -
Hence it seems that Brahmagupta knew that a quadratic
equation has .two roots, though from considerations
of utility in his problems, he retains only one of them.

1Brs p.S'z, xviii. 49. . . & BripSi, xvili. 50,
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1. EQUATIONS OF HIGHER DEGREES

Cubic and Biquadratic. The Hindus did not
achieve much in the solutipn of the cubic and biquad-
tatic equations. Bhiskara II (1150) attempted the

- application of the method of the madbyamibarana (elis,
mination of the middie) to those equations also sogs
-~ to reduce them by means of advantageous transfofmia-
tions and intreduction of auxiliary quantities to~gintple
and quadratic equations respectively, He this “antici-
pated one of the modern methods of solving,the’ biguad-
ratic. “If, however,” observes Bhiskard TI, “due to -
. the presence of the cube, biquadrateyete!, the work (of
- reduction) cannot proceed any furthefy after the perfor-
miance of such operations, for wafit of a foot of the
unknown side (of an equation},?%ien the value of the
unknown must be obtained by the ingenuity (of the
‘mathematician).”? He hasigiven two examples, one
of the cubic and the othér*of the biquadratic, in which
such Iedl‘_lCtiOl‘J. \&Sv‘pﬂ.‘lﬂj‘iﬂﬂbrary,org,jn ’

Example 1. “What is that number, O learned man,
which being multiplied by twelve and increased by the’
cube of the gﬁﬁber, is equal to six times the square of
-the numbestadded with thirty-five.

) Sb!m??ﬂ. “Here the number is x. ‘This multiplied
by twg:l\*e and increased by the cube of the number be-
comes' x¥ - r2x. Itis equal to 6x2 - 35. On making
cleatance, there appears on the first side x% — 6x®

¥ 12x; on the other side 35. Adding negative eight
{\to both the sides and extracting cube-roots, we get
. ' X 2= ox 4 3.
And from this equation the number is found to be 5.72
Example 2, “What is that number which being

‘BB, p. 61 BB, p. 6a
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multiplied by zc0 and added to the square of the number,
and then multiplied -by 2 and subtracted from the
fourth power of the number will become one myriad less
unity 7 ‘Tell that number if thou be conversant with the”
operations of analysis. . - -

Solution. “Here the number is x; multiplied by
200 it becomes 200x ; added to the square of the number, , ),
becomes x2 4 200x; this being multiplied by two;
~ 2x2 L go0x ; by this being diminished the fousth powet
of the number, namely, this x4 becomes x*-\2x?
— o0, ‘This is equal to a mysad less unity.{ Equi-
clearance having been made; the two sides willvbe
o af m 2% — 400 = ox* 4 ox? 4 ox9999.

Here on adding four hundred x pluscunity to the first
side, the root can be extracted, but 0a'adding the same
to the other side, there will be no¥oot of it. Thus the
work ' (of teduction) does not\ proceed. Hence here
ingenuity (is called fot).  Hegg ad  both

four times the square ofw, four hundréd®cand unity
and then extracting r09t$, we get C

x2 4 oxde 1 = ox? |- 2x + 100, _

Again, - forming,éqhation with these and proceeding as
before, the valié of x is obtained as 11I. In similar .
instances th@walue of the unknown must be determined
by the ifigenuity of the mathematician,”? '

Higher Equations. Mahdvira considered certain
simple equations of highex degrees in connection with
T freatment of the geometric series. They are of the
type : ' S o

ég adding to both the sides

(3) ax”"__..é;
) a’;’::ap;

1 BBi, pp. 64f. '
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whete « is the first term of a G.-P., g its gupadhana, i.c.,
(#-1)th term, p its sum and x the unknown common
.-r_atio_. - : N .
’ To solve equation (/) Mah4vira says, “That which -
on multiplication by itself as many times as the numbe
“of terms beccomes equal to the gunadbana divided by the

first term, is the common fatio.”” O\
e, x=vR . OV
In other words x is the #th root of g/p. But how to
find such 2 troot he does not attempt todadicate. His
mle for solving an equation of the typei#)'is as follows :
“That by which the sum divided by the fitst term
is divisible again and again, 'SQhﬁa-cting unity every
time, is the common ratio.””® W\ '
. The method will be hetter understood from the -
solution of the followingexample : - -
© “YOf a certain seties in G. P.) the first term is 3,
niumber of terthy ¢ FAPCHIFL6YR What is the common |
ratio 7’8 \ S - '

3

-

S 4 ,“ XB—-. - . ]
Thus ',"\\ 3= = 4095,

X — I

ot o O3 3(x5 4 8 - a8 - 22 x b 1) = 4095,

© 2’ quinfie equation. - Here dividing 4095 by 3 we get

I 5":\.“N'0w.lct_ us try with the divisor 4; we have
5 5 —1)[4 = 34T; (341 — )[4 = 85; (85 — 1)/4 = 21;

L Mer— D4 =536—1D/4=1 (1 —T1)/4=0. Sothe

e &

N

) number 1365 is exhausted on 6-successive divisions by 4,
_in the way indicated in the rule. Hence x = 4. What -

suggested the method is cleasly this

Xt— 1 0 xt—1 X"-—1
. - _Ta::_ ;
X —1 N—1" x—1

[

o exml—a
iy = :\.( s )
A GSS, i 97, e GIS, il 101,

8 GSS, ti. 102; compare also Rangacarya’s note thereto.

¥ -
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which is divisible by x. However, the solution is
obtained in every case by trial only,. - -

Mahivira has treated some-equations of the fol-

lowing general type: |
: ,gl\_/io__& + az\/m L

4 R=x | N
or (v — o VER) eVl —ay b L0
—a\ /bl — @ Vh¥) = AP IATS)
If there be r terms on the left hand side, then. on
rationatisation, we shall have angguation of 27th degree
in x. By propet substitutidps, the equation will b
ultimately reduced to m@}lﬂdﬁt&&hﬁ%@?&ﬁf the form
CX—AVBX =R,
whose solution is giveti by Mahavira as

At VA 4R/IB-}’:'>'< B.

. N

'&fi;%,\ult has been termed. by him, the “‘essence”
(sdrd) ofothe genefal equation.!’ Mahivira gives two
probléghs involving equations of the above type.

~O0) “(Of 2 herd of élephan:cs) nine times the square-
oot of the two-thitds plus six times the square-root
of the three-fifths of the remaindér (entered the deep
forest) ; (the ‘remaining) 24 elephants with their round
temples wet with the stream of exuding ichor, were seen
by me in a forest. - How many were the elephants (in

1GSS, iv. 5T, 52

ag\ fin{e— V) — Ve — eV

Q!
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| the herd) ; 3”1 ' .

O

J£ 5 be the numbet of elephants in the herd, then by
the statement of the problem

\E‘I‘ 6\/ (X*9\/ )+24~v~

Put Y= —9 \/— then the equatlon bc;%omes

/ .

S

~ 6V37]5 = 24. W;\x‘:

“Therefore _' y==60 01 %
~ Hence  x—09 \/—i 6o,
© whence X == T30 24.

_Again : wa.-d%r&&mra F?in: 53,5,"
whence O S = 361 o 33%).

* Of the four values of x obtained above, only the value
x = 150 gasatisfy all the conditions of the problem;

~ others asednapplicable. That will explain why Mahi-

VJIaQﬁS tetained in his solution only the posltwe sign
Of the radical.

¥ (2). “Four times the squate-root of the half of a col- .
lectlon of boars went into a forest where tigers werc at
play; twice the square-root of the tenth part of rthe
remainder multiplicd by 4 went to a mountain; g times
the square-root of half the remainder went to the bank
of a river; boars numbering seven times eight were seen
in the forest. Tell their number. 2

- 1GSS, v 54-5. ; 2GS, iv. 56,
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If x be fhe total 'numbé_r of boars in the collection,
4\/;/: + Bvllﬁ(x_ 4\/;/?) .
+ 9\/-;{@« ~ 4V~ 8V (5 — 4V2)
+ 56 =02 - .. : s.:

Rn_y—x—4vxﬁ then D
— 3\/}/10 — 9V (y— 8y »/10)/2 —wle s
Agam put =y~ 3\/)’/10’ then \‘
= 9VRa =16 >
Therefore x= - (2 +\/81 —[_4 2 56) X &= 128.

Then — p- 8\/_}'/10 _ 123
._.___._e_‘—._
8 +\/64+‘1o 4. 128) X 25 — 160.

W, dﬁ'l. -aulibrary .org.in

Again  x— 4Vxfe= 1605
' AtV I6F g.2.160\2
hence e = (- o ) X § = z200.

Note that, aci:&ﬁfanéto the problem the positive
value of the, ;sgdical has always to be takcn

\whence y= (

121 '§MULTANEOUS QUADRATIC EQUATIONS

Common Forms, Various problems involving
:Nnultancous quadratic equations of the following forms
have been treated by Hmdu writers : ‘

_X—}"—.} () .x—i—_y } (xz)

=0 xy="0
22 2 __ R S I .
N RO R
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For the solution of (7} Aryabhata T (499) statcs the
following rule :
“The square-root of four times the product {(of
two quantities) added with the squateé of their difference,
-~ being added and dmnmshcd by their difference and
' halved gives the two multl.phcands 1

1.e., —-g(\/d~+4b—l—d) ¥ *-4-(\/53"—{—4:3\—— a’)
Brahmagupta (628) says: N
“The squate-root of the sum of thc\Squate of the.
difference of the residues and two.sguared times the
- product of the fesidues, being added and subtracted

by the differénce of the resld%s\ and halved (gives).
the desired residues severally :

Nérdyana (1357) writess-

“The square- root of; "fh‘é square.of the difference of |

two quantitie u rodua their
o quanti s pl dt’b Hu gll_g(nglsg their product is thei

“The squage‘of the difference of the quantities to-.

- gether with twice their product is equal to the sum of |

their squaresy, The square-root of this result plus twice
the produet is the sum.”4

Fox the solution of (i) - the followmg rule Is given
by\mhawra (850):
(O ¥Subtract four times the area (of a rectangle) from
\the square of the semi-perimeter; then by sankranapa®
\ “between ‘the square-root of that (remainder) and the
seml—pcrlmeter the base and the upright are obtained.”®

‘/f . 24. ¢ o 2 BrSpSi, xviil. 99.

3GK, L 354 ' 1 GK, i. 36.
5G1ve.n 2 aud b thc process of mnkmmzm 1s the finding of

5GS.S‘ vii., I:9§
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e x—y(a+ VaE— av), ?—:(a—\/az 4b).
Nardyana says :
“The square-root of the square of the sum minus
fous times the product is the djﬁercnce P1
For (i) Mahavita. gwes the rule :

“Add to and subtract twice the area (of a ractanglc) D)
from the square of the diagomal and extract the squater
roots. By saskramana between the greater andlesser .

~ of these (roots), the slc_lc and upright (are f01.u‘u;l)\’§2

. . K
ie., x =Y Vet 26+ Vo280

=W Ve+ 25— Vo2t —20).
For equatlons () Aryabhata T wsites :

“From the square of the.sum, (of two. quantltxcs)
subtract the sum of their: squatc’s Half of thc temain-

*

det is their product.”® = A%

_ The remaining opmdhrwllbtbwmgﬂnr to thosc
. for the equations (u) & that

x = (a +V\2\z\— 42), J= -}(a —\/zfﬁ- a"‘)
B:ahmagupta 5ays:

“Subtr,'{c’c »the square of the sum from twice the
sum of thé(Squares’; the squate-root of the remainder
being ded to and subtracted from the sum and halved,
(gives)the desired residues.”® -

- OMahivira,® Bhiskara 1I° 'and Narayana" have also
\(re ated these equations.

Narayana has glven twd other forms of Slmul-

L CK, L oas. - & GSS, vil 127§
34 . 23, - ‘Br.fp.f:, xviii. 98.

BGES, vilo 1254 - fL, p.o39
*GK, i 37, ' .
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taneous quadratic equations, namely,
X2 pR = CoxF—=m .
_ x——y:d}"'_@ . x_y:b}“' )
For the solution of (v) he gives the rule :

““The square-root of twice the sum of the squafes
‘decreased by the square of the difference is equal o, the
sum,”1 : O

Ny

it C xd =V &
. Thcre_f_orc’ ' ) \\
- =3V TR d), y= YV P — ).
For (#/) Ndriyana writes : \\ '

“Suppose the square of th&product as the product
(of two quantities) and the difference of the squaes as
their difference. From theth by sasikrame will be
obtained the (square) guantities. Their squarc-roots -
severally will givertHierelibrmitiess {sequired).”™ '
We-have im< ' '
o Nt 2=
Thesesre of the form (/). Therefore
=BV AT G ), P = YV 4B ).
Wihence we get the values of x and y. |
5% Rule of Dissimilar Operations, The process
\vof solving the followmg two particular cases of simul-
taneous quadratic equations was distinguished by most

Hindu mathematicians by the special designation visema-
karma® (dissimilar operation) : '

1GK, 1 33. 2GK, 1 34. _

9°Fhe name wifama-karma originated obviously in contra-
distinction to the name safkramapa. 'This is evident from the term
visanta-sarkramana used by Mahdvira for visama-karma.
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x2—y¥=m) N xXP—i=p .

These equations are found to have been regarded by
them as of fundamental impostance. The solutions
given are: : :

 for 0 :'*fr('::— T ), jt %('{:5' — ) &

for (i) x=4p+75), "‘y=_%‘z-(_z>— %}f”

Thus Brahmagupta says: ' :

“The difference of the squares (of xﬂ;}e‘ unknowns)
is divided by the difference (of the unknowns) and the
quotient is increased and diminished’by the difference
and divided by two; (the results will be the two
unknown quantities); (this ig)\dissimilar operation.”

The same rule is testdttdaQbdigoquna different
occasion in the course Of solving a problem.

“If then the -’diﬂ’é:rénce_ of theit squares, also the
difference of theri}X}rc given): the difterence of the
squates is -dividedby the difference of them, and this
(latter) is added”to and subtracted from the quotient
and then dﬁi\iﬁ:&ed by two; (the results are) the residues;
whence tHe’numbes of elapsed days (can be found).”

Mahivira states: -~ S

(SThe sankramana of the divisor and the quotient
Of the two quantities is dissimilar (operation); so it 18
called by those who have reached the end of the ocean -
of mathematics.”® - :

Similar rules are given also by other writers.*

1 BrSpSi, xviii. 36, © 2 BrSpSi, xviil. 97.
3GSS, vi 2. S
4 MSi, xv. 22; 5ise, xiv. 13 L, pp. 13, 37 GK, i, 32.
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- Mahavira’s Rules. Mahdvira (850) has treated
certain problems involving the simultancous gquadratic -

equations : _ |
- ;;..I_x:_——;._’ LB = ax, |
at+y=b ww=oaj A -
| r X a-— #
Here At O
‘ | s J — NS
b — sa
Thetefore - . w=— e RS

.“’.’\'\: v
e (2 Y

| I-Ie_r.ice' x -'—-—_I({-z-_.—b)f:_ J :(fT'E_{J;) rh — su

J— J"
T N
Tn the above equations x, paee.the interests accrued
on the principal # in the petigdy 7, s respectively and
w is the rate of interest Br;f“cf. . -
 Mahfvira states thegesult thus @
. “The differenesibfeslibmixedgsums [4, /] multiplied -
by each other’s pexivds [r, s}, being divided by the -
- difference of the petiods, the quotient is known as the
- principal [#]75 '

Againg tiere are problems involving the equations:
: N\ 2
oy Etx =), uxw = o,
\\ S t+y=49 oWy = on.
N . . -
Where x, y are the periods for which the principal #
_ (18 lent out at the rate of interést » per a and s, # are the
4 V" tespective interests.

HC‘IC 2 =

T',l'l.crcfore = ng — np.

1G58, vio 47
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Hence x:(‘z::—q }fz, )‘=(‘P—'—g)ﬂ,

\m—n w—n
o amap
- (P lmg—np)”
Mahivira gives the rule : - N

“On the difference of the mixed sams multiplied.
by c:achl other’s interests, being divided by the difﬁ':rengé‘m\
of the interests, the quotient, the wise men say, is ‘the
principal.”’t L N
13. INDETERMINATE EQUATIONS OF FHE FIRST

DEGREE AN o

General Survey. The eaﬂicst'f>Hindu algebraist
to give a treatment of the indeterminate equation of the.
first degree is Aryabhata I (botaia76). He gave a method
for finding the general solution in positive integers
of the simple indeterminateilequatiaty org.in

v é:;v\’— ax ==« __
for integral value Q\f 4, b, ¢ and farther indicated how to
cxtend it to get ‘ps&ltive integral solutions of simultan-
eous indetermihate equations of the first degree. His
disciple, Bhskara. I (522), showed that the same
method diight be applied to solve &y — ax == — ¢ and  «
furtherthat the solution of this equation would follow
frog hat of by — ax = — 1. Brahmagupta and others
sinply adopted the methods of Aryabhata I and Bhs-
“Kita 1. About the middle of the tenth century of the
Christian Era, Aryabhata 1I.improved them by point-
ing out how the operations can in certain cases be
abridged considerably. He also noticed the cases of
failute of the methods for an equation of the form

1GSS, vi. 51,



88 _ . ALGEBRA .
. *
by — ax — + ¢ These results reappear in the works of
fater writers.t I o
Its Importance. It has been observed before that
the subject of indeterminate analysis of the first degree
was considered so” important by the ancient Hindu,
algebraists that the whole ‘science of algebra was once
named after it. ‘That high estimation of the subjeet
continued undiminished amongst the later Hindu diathe-
maticians, Aryabhata II enumerates it digtihetively -
along with the sciences of arithmetic, algebra, and
) i 5
astronomy.2 So did Bhdskara II and.ethers: Ashas
~ been remarked by Gane$a,’ the separatelmention of the
subject of indeterminate analysis of7the first degree is
designed to emphasize its difficulty” and importance.
On account of its special impopfance, the treatment
of this subject has been included by Bhaskara II in his -
treatise of arithmetic alse}® though 1t belongs parti-
cularly to-algebra.fw Ivisulsernesgmprthy that there is-
a work exclusively devoted to the treatment of this
subject.. Such a’sgé}mal treatise is 4 vety rare thing 1n
the mathematical litcrature of the ancient Hindus, This
work, entitled\Kuftikdra-siromani, is by one Devardja,
a commentgtot of Aryabhata I.
O : .
it '.jff:‘Indja_’;\; Contribution to the Theory of Indeterminate
Equatiohs of the First Degree,” see the comprehensive article of
" Proféssor Sarada Kanta Ganguly in Journ. Ind. Math. Soc., XX,
.«1:9‘5\&, Notes and Questions, pp. 110-120, 129-142, ScC also XX,
1932, Nofes and Owestions. Compare also the Dissertation of
D. M. Mchta on “Theoty of simple continued r.uctions (with
special reference. to the history ot Indian Mathematics).”
ML, .
8 Vide his commentary on the Lilrati of Bhaskara 1L )
4 Bhaskara’s treatment of the pulvetiser in his Bijaganita 15
repeated nearly word for word in his Léldrasi. ]
8 There are four manusctipt copics of this work in the Oriental
Library, Mysore. ’
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Three Vatieties of Problems. Problems whose
solutions led the ancient Hindus to the investigation
of the simple indeterminate equation of the first degtee
were distinguished broadly into three varieties. The
problem of one variety is to find a number (IN) which
being divided by two given numbers (s, b} will leave

two given remainders (R;, Rp). Thus we have .
N =ax+$ Ry = by + Ry R\
Hence by — ax =Ry~ R, A
Putting ce=R; ~R,, O’
we get L by —ax=As O~

the upper or lower sign being taken actording as R,
> or < R, In a problem of the second kind we are
required to find a number (x) suchythiar'its  product with
a given number (a) being increased  or decreased by
another given number (v} andithen divided by a ‘third
given number (§) will leaveino ‘remainder. In other
words we shall have towseldbraulibrary.org.in
ey
in positive intgg&. “The thitd variety of problems
similarly leadg?to equations of the form :
o by ax=Fe
Tetmiinology: 'The subject of . indeterminate
analygis® of the hrst degree is generally called by the
Hindls Anttaka, kattikdra, kajtikira ot simply - £apta.
"¢ names Auftdkdra and kaffa occur as eatly as the
Muhi-Bhdskariya of Bhiskara I (522)3 In the commen-
tary of the Arybhatiya by this writetr we find the terms-
kuttaka and kuttikdra. ‘Brahmagupta has used kuttaka*
kuttikira3 and kattaA Mahidvin, it appears, had a

1 MBA, 1 41, 49, - © 7 2 BrSpdi, xviil. 2, 171, etC
8 BrS§pSi, xvili. 6, 15, etc. - ¢ BrSpSi, xviil. 20, 2§, €t



oot léﬂff “to crush”, “to grind, ”
g
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preferential liking for the name Auttikdral

Ina problem of the first wvatiety the quantities
(a, &) ave called “divisors” (bhdgabira, . bhijak, cheda,
ete.) and (R, Ry) “remainders’ (agra, Sesa, etc.), while
in a problem of the second vanety,ﬁ is ordinarily
called the “divisor” and v the ° mterpo]ator” (ksepds®
£sepaka, etc.); here ais called the “dividend” (&b{:{)g)
the unknown quantity to be found (x) the “mulgiplies”
{gunaka, gupakdra, etc.) and y the quotient {phalg),” The
unknown (x) has been sometimes called by Mahavira as
rd$i (number) implying “an unknown nuber.”’2

Origin of the name. The -Sanskipvwords Autta,

kntiaka, kuttikdra and /éﬂﬁxz%am are aQ\ detived from the

to pulverise” and -

hence etymologlcally the}r mez the act or process of

“breaking”, “grinding”, pulverlslng as well as an
instrument for ‘that, that 18" “grinder”, “pulveriser”.

Why the subject of thee fdeterminate analysm of the

- first degree camete. Yedtdipmareck by the term Auftaka =

i g

is a question which\'will be naturally asked. Ganesa

- {1545) says: “Ku#laka is 2 term for the multiplier, for

multiplication ix\admittediy called by words import-
ing ‘injuringf ¥killing.” A certain given number being
multiplied\by another (unknown quantity), added ot .
subtractédby a given interpolator and then divided by a
givendivisor leaves no remainder; that multiplier is the
knfigka: 50 it has been said by. the ancients. 'This is 2
Qpe(:lﬂ.l technical term.”® The same explanation as to the
origin of the name &utfaks has been offered by Sorya-

dasa (1538), Krsna («. 1580) and Ranganitha (1602)*

2 GSS, i 708, et 2 GSS, vi. 1153fF.

3 Vidé his commentary on the L#dreti of Bhaskara II.

% Vide the commentatics of Slryadisa on Lildrati and Bija-
Lanita, of Krsna on Bjjagasita, and of Ranganitha on Siddbinia-
Siromani.
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But it is one-sided inasmuch as it has admittedly in
view a problem of the second variety where we have
indecd to find an unknown multiplier.  But the rules of
the easlier algebraists such as’ Atryabhata 1 and Brahma-
pta were formulated with a view to'the solution of a
problem of the first varety. So the considerations
which led those early writers to adopt the name &uffaka,

must have been different. Mahivira has once statedh))

that, according to the learned, &utfikdrais another ndnie
for “the operation of praksepaka” (lit., throwing, seatter-
ing, implying division into parts)? In fact, Bis writ-
ing ied his transiator to interpret. Futiikdrdngs ¥ propot-
tionate division”, “a special kind of divisien'or distribu-
tion.”? Bhiskara I, who had in view,@problem of the
second vartiety, once remarked, “thesnhmber is obtained
by the operation of pulverising ((€h#ana), when it is
desired to get the multiplier (guiakdra). ... It will
be presently shown that the Hihdu method of solving the
equation by — ax = £ cisisaeatially-hased qn a process

of deriving from it suéCessively other similar equations

in which the value§)of the -coefficients (4, by become
smaller and smallerd Thus the process is indeed the
same as that,.6f>breaking a whole thing into smaller
picces. Infofif opinion, it is this that led the ancient
mathemafitans to adopt the name Autfaka for the opera-
tion, N '

V:i’reliﬁlinafy Opé_ratidns. Tt has been remarked

.\bj’;.'r'nost of the writers that in order that an equation

1 “Pmkscpaka-kamuaniidadi. .. .kuttikiro budhaissamuddis-
tam "G5S, vi. 794 .
2 Vide GSS {English translation), pp. 117, 300-
2 "Krta—kuggana—labdha-rééimesﬁm )
Gunakiram samusant. ... .- "__MBh, i 48.
£t has been expressly stated by Stryadeva Y_a]:r?; that the
process must be continued “yﬁvaddharabhé]yayomlpata. .

Q)
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of the form - -

_ Cby—ax=+4r¢ ot Ey—}-ax-—j—.f
may bg solvable, the two numbers @ and § must not have &
a common divisor; for, otherwise, the equation would
be absurd, unless the number s had the same common\'_._.

divisor. So before the tules adumbrated hexcs{ter
can be apghed the numbers «, &, ¢ must be mad@\pnme :

Adrdba = firm, miccheda —. havmg no dmsor >mirapa-
varta = 1rreduc1b1e) to each other. . RS ;
Thus Bhaskara I observes: ~A\*

“The dividend and divisor will Betome prime to
each other on being divided by thevtesidue of their:
mutual division. The operatmtx ‘of the puh eriser
should be considered in relatlon to them 1 :

Brahmagupta says:  _w\° s
“Divide the mult1phcf ‘and. the divisor mutually.-

and find the lasmmkdﬂﬁurthasg «aantitics being divided .
by the fesidue wﬂl e prime to each other,”?

Aryabhata IIi}ms made the preliminary operations -

" in successive gtiges. These will be described later on.3
Stipati states: : : ;

_ “Tha dividend, divisor and interpolator should

be dividée by their common divisor, if any, so that it

y “possible to apply the method to be described.” N

W If the dividend and divisor have a common

-~ dmsor which is not a divisor of the interpolator then
Sthe problem would be absurd.””®

Bhiskara 11 writes:

“As prepatatory .to the method of the puiverxser

1MBb i 41' . o 2Br.5'p5:, xvitl, g.
3 Vide mﬁ'd, P. 104, . 4 Sz.fe, xiv, zz.
"J"zfe, xiv. 16
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ahe  dividend, divisor and interpolator must be
divided by 2 common divisor, if possible. If the
nurber by which the dividend and divisor ate divisible,
does not divide the interpolator then the problem
is absurd, The last' residie of the mutual divi-
sion of two numbers is theit common divisor. The
dividend and divisor, being divided by theit common ),
divisor, becorge prime to each other,”™ N\
Rules similar to these have been given also) by
Niriyana,? Jhdnarija and Kamalikara® . So s\ our
subsequent treatment of the - Hindu methods) for the
solution in positive integers of the equatio’ by o ax
== - ¢, we shall always take, unless. oghieswise stated,
a, b prime to each other. - .. _L°

S 3
)

Solution of by — ax= + ¢

‘Aryabhata I's Rule. Thérule of Aryabhata 1 (299
is rather obscure inasmuch s dirabiébosserarions intend-
d to be catried out havewiot been described fully and
clearly. So it has beennisunderstood by many writers.”
Following .the interptetdtion of the rule by Bhiskara
1(525), a direct distiple of Aryabhata I, Bibhutibhusan
Datta has .rec\egﬁly given the following translation:

11, p 76: BB, pp. 24f. " 2 NBi, I, R. 53-4.
8 5:'131)\‘:, xiii. 179ff. T4 A, i 3243,

53 Rodet, “Legons de calcul d’Aryabhatta,” JA4, XIII,
1828, )pp. 303f; G. R. Kaye, “Notes on Indian Mathematics.
No, 2— Aryabhata,” JASB, IV, 1908, pp. 1115 BCOMS, 1V, p. 535
N.'K. Mazumdar, “Aryyabhatta’s rule in relation to Indeterminate
Equations of the First Degree,” BCMS, I, pp 11-9; P.C, Sen
Gupta, “Aryabhatiyam,” Jowr. Dept. Let. Cal. Univ., XV, 1927;
reprint, p. 274 S. K. Ganguly, BCMS, XIX, 1928, pp. 170f;
V. B. Clatk, Aryabbatiya of Aryabkata, Chicago, 1930, pp. 42f.

"% Bibhutibhusan Datta, - “Elder Aryabhata’s rule for the
solution of indeterminate equations of the first degree,” BCMS,

XXIV, 1932, pp. 55-53+
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“Divide the divisor corresponding to the greater |
 remainder by the divisot corresponding to the smaller”
remainder. The residue (and the divisor corresponding
to the smaller remainder) being mutually divided,
the last residite should be multiplied by such an optional *
integer that the product being added (in case the number

- of quotients of the mutual division is even) or subtsasted
(in case the nurmber of quotients is odd) by the difference
of the remainders (will be exactly divisible by the last -
but one remainder. Place the quotients ofthe mutual .-
division. successively one below the othegin a column;
below them the optional multiplier 4ad’underneath it
the quotient just obtained). Any nbmber below {ie.,
the ‘penultimate) is multiplied by¢the one just above it -
and then added by that just below it. Divide the last -
number (obtained by doing so sepeatedly?) by the divisor *

~ corresponding to the smalfer remainder; then multiply
the residue by the diviseX corresponding to the greater

© remainder and.edd dheugreaterosgmainder.  {The result ')
will be) the numbes(eorresponding to the two divisors.”.".
He has fusther shown that it can be rendered also

as follows:. N

“Divide~the divisor corresponding to the greater. -
remaindét) by the divisor corresponding to the smallet -
remainder.  The residue (and the divisor corresponding .
t9‘~§bhe smaller remainder) being mutually divided -
until the fremainder becomes zero), the last quotient -

~Oshould be multiplied by an optional integer and then -
./ added (in case the number of quotients of the mutual
division is even) or- subtracted (in case the number of -
quotients is odd) by the difference of the remainders.
(Place the other quotients of the mutual division succes-

1'The process implied here is shown in detail in the working
of the example on pages 113f ) ' E
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sively one below the other in 2 column; below them the
result just obtained and underneath it the optional in-
teger). Any number below (ie., the penultimate)
is multiplied by the one just above it and then added
by that just below it. Divide the last number (obtained
by doing so repeatedly) by the divisor corresponding
to the smaller remainder; then multiply the residu€’),
by the divisor corresponding to the greater remainder”
and add the greater remainder. (The result will .Ie)
the number cotresponding to the two divisopsX
~ Aryabhata’s problem is ¢ To find 2 nomber (N)
which being divided by two given numbets’ (s, #) will
leave two given remainders (R,, Rs).}’:’\\]:" his gives:
" N= ax + R, :Egy+ -
Denoting as before by ¢ the difference between R, and
» We get T\
(!) Zgy Z\Mb{:ﬂlﬂﬁbgf?ol%m
or () ax&My+ 6 if Ry> Ry
the equation beingésé written as to keep ¢ always posi-
tive. Hence the problem now reduces to making either
) "\ 3 P b + .
A S e PN S Ao
\:»\,, : b 74

according as R, >R, or R, >R,, a positive integer.
So-Atyabhata says: “Divide -the divisot corresponding
\"tt) the greater remainder etc.” '

2 Tt has already been stated (p. go) thatina problem of the
first variety which gives anequation of the above form (and in
which By > Ry). - i

4 = divisot cortesponding to greater remainder,
b = divisot corresponding to lesser remainder,
R, == greater remainder,
R, = lesser rernainder.
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Suppose R, > R, ; thenthe equation to be solved

will be
o ax—i_—c—-—_-fgy . (I -
4, b being prime to each other.
Let. . I\
{})a (? '::“\\
by §
ry b (4 N
N ON )
)y {4, \\\V
Tt E \\\ 4
fs x*\\\/ J
...... R
r m—1)'r m—2 x’j,”;(?m—l
- wdfrs
& ~~k ‘rm) rm—-l (qm
db Tmdm
LAV I‘a‘lﬂlbl ary.orgim ——
m-.—;
Then, we getl -”\{\
‘\& 2= &f + 7y
). N .
"\:\.} = 1?1 + rﬂ’.
NY L =g
P n=ratn
A cee e
&

Fog = rm—1?f_fs—1 —i_ L

Q\/ : Py = Tl T Py :
Now, substituting the valuc of « in the given cqua-.

tion (1), we get
by = (bg +-ryx + ¢

J= g%+
*Whena < b, weshallhaveg = o, ;= a.

Thercfo.re
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where L y=rxHtoe ,
In other words, since = bg+ r,, on putting
 y=gxtg, ()
the given equation (I) reduces to o
o=t @)
Again, since b=rg,+ 7, (\)
putting similady  x =g, + x O
the equation' (I.1) can be furtkl_er reduced to | R, N
=Ty =6 o 'WS'\V(I. 2)

" and so on, _ _
Wiiting down the successive values\and reduced

equations in columns, we have
(1} o =atn by =t (L 1)
(2) x=gqytx, ! XTI 6 d. 2)
(3) n=qxatin rde=rgxy + 6 (L. i)
(4) % = gaye b Xy oLaxy =gy,  (La)

(5 Hu = X+_}f, NNy Yy = 6, (I‘S)
& BIIVL ABDEee o

(22 —1) Y1 = Fan—2%n 1"’&%1, fan-g¥n="an-1%n+ 6 (1. 20— 1)
(3?") HKp-yg = gzn—l.}’ngk\-"fm Pon-1Xn =Fga ¥ — ¥ (I 2”)
(2 -+ 1) Fa = 42512(11'}1"_)’?:4-1; Tognns1 = Fang1Xn +e (I 21+ I)
Now the’fdtual division can be continued either
() to the fifilsh or (#) so as'to .get a certain number of
quotientsand then stopped. In either case the number
of quetients found, neglecting the first one (g), as is
-usuabawith Aryabhata, may be even or odd. ,
“\“Cuase i. First suppose that the mutual division
is"continued until the zero remainder is obtained.  Since
a, b are prime to each other, the last but one remainder
is unity. T _
Subcase (i.1). Let the number of quotients be
even. We then have o

Pon=Ts Toet1 = O §ou = Ton—r
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The equations (1. 2#) and (L. 271 + 1), therefore, become

. jn:: Smxn'{_f' . B
and _ Fann=F¢
respectively. Giving an agbitrary integral value (t)\'.'_:'__,i
to x,, we get an integral value of y,. From that we.. -
can fod the value of x,_, by (27). Procceding Hagk- - ;
wards step by step we ‘ultimately find the valugstof x -
and y in positive integers. 5o that the eguation (I} .
is solved. B o . ’

Subcase (7. 2). If the pumber of guiotients be odd,
“we shall have ' =
. Top—a = 1, ¥y, = O,. .qz““ 'TA_, 5’21_3-. .-
The equations (zz+ 1) and X2z T1) will then be :
absent and the equations- ({\z# — 1) and (L. 24) will be -
reduced respectively to (™ . L
.. www,ﬁnaﬁ‘%ﬂ‘g&n—‘ [

L\, = — ¢.

and

. . ...\: o h

Giving an,@dbitrary integral value () to y, we .

get an integss ue of x,_,. Then proceeding back- .

wards as before we can calculate the values of x and y. -

) Case 7. Next suppose that the mutual division

is stiop'{}ed after having obtained an even or odd number -

 ofguotients. . o

AN Swhease (id. 1). I the number of quotients obtained
~O be even, the reduced form of the original equation is

_\ o ' FonYatr = Tontr™n + ¢
ot : — fg?,lﬁﬂ_if
Ratiag ntl r .

.l En

Giving a suitable integral value (#) to x, as will make
_Tmnf T .

am-

St = an integtal number,



SOLUTION OF &y — ax = J- ¢ 99

we get an integral value for ¥ by (zr;—l— 1). The Vaiues
of » and y can then be calculated by proceeding as
before, _ _ . .

Subcase (6. 2). - If the number of quotients be odd,
the reduced form of the quotient is '

Fon—1%n = Fantn —=-by
ot . X = fﬂjw_‘y n 'f_
. * © Tonny % s
Putting , = #, where 7’ is an integer, such that ™
= fﬁ":'—_-—f = a whole number{";.\\
we get an integral value.of x,_, by (an), Whence ca
be calculated the. values of x and y ia-jntegers.

If x=ou, y=p be the least Gptegral solution of

ax -+ ¢ = by, we shall have 8
. aa-{-xff-"'—- . . -

Therefore - a(bm - @)cpbeasliblany-$rgin

m being any integer. Therefore, in general,
. ' \\.7&': b o

But we have calc@lated before that
LOT xR
AT G = bm + @. _

Th&;if is found that the minimum value a of x
is equal to the remainder left on dividing its calculated
valie by #. Whence we can calculate the minimum
Sefue of N(=ax+ Ry). This wilt explain the rationaje
of the operations described. in the latter portion of the
tule of Aryabhata L. .

Bhaskara I's Rules. Bhiskara I (522) writes:

“Ser down the dividend above and the divisor
below. Write down successively the quotients of their

n‘.—!. B
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mutual division, one below the other, in the form of a
chain, Now find by what number the last remainder
should be multiplied, such that the product being sub-
tracted by the (given) residue (of the revolution) will - -
be exactly divisible (by the divisor corresponding to
that remainder). Put down -that optional mumbet™ .
below the chain and then the (new) quotient underngath.
Then multiply the optional number by that qqénﬁ‘ty- -
which stands just above it and add to the product the
(new) quotient (below). Proceed afterwards &lsp ir the
same way. Divide the upper number (7g.{ the muiti-
plier) obtained by this process by the divisor and
the lower one by the dividend; tg.n temainders will
sespectively be the desited ahargana AR the revolutions.™

The equation contemplated in this tule is?

: ax — ¢

= a_positive integer.
This form of the equation seems to have been chosen
by Bhaskara T &’eﬂfﬁ%y%ﬁri§%’1§upplcment the form -,
of Aryabhata 1 ifi\which the interpolator is always
made positive b-hecessary transposition. Further & is
taken’ to " be, Ereater than 4, as is evident from the.
following sule, So the first quotient of mutual division
of z by O\ always zero. This has not been taken.
into cofsideration. Also the numbet of quotients in

theiq'hﬂin;is taken to be even. - '

\'r oY 1 MBh, L 42-4. : -
The .above rule has been formulated with a view to its ~

x gpp]_ication in astronomy.

% As aiready stated on p. o, when the equation is stated in
this second form ' -
4 = dividend,
- b = divisor,
¢ = interpolator,
. x = multiplier, '
. ¥ = quotient.
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He further observes: _

“When the dividend is greater than the divisor,
the operations should be made in the same way (V..
according to the method of the pulveriser) after delet-
. ing the greatest multiple of the divisor (from the divi-
dend). Multiply the (new) multiplier thus obtained by

. that multiple and add the (new) quotient; the fresult \J

will be the quotient here (required).”’ \

That is to say, if in the equation

' axc=by, ~\‘
@ = mh + 4, we may neglect the portion #B0f the divi-
dend and proceed at once with the solution of
C dx ko= SO
let x=oa, y=pbe a solution o’f.'tiu's -equatibn. Then
da+ o SbB;
(mh + a)g A AT Bhin
ot . @_{:]:'c__—_b(mu%--ﬁ. :

Hence x=a, .\'&’%—’mu 4 B is -a solution of the |

given equation. )

Brahmagufta’s Rules, For the solution of Atrya-
bhata’s problem Brahmagupta (628) gives the following
rule: 'S .

«\hat remains when. the divisor corresponding
to thegreater remainder is divided by the divisor corres-

onding to the smaller remainder—that (and the latter
ENisor) are mutually divided and the quotients are
severally set down one below the other. The last
residue (of the reciprocal division after an even number
of quotients has been’ obtained?) is multiplied by

1 MBb, 1. 47.

2 Compare the nest role: “Such is the process when the

. quotients (of mutual division) are even ete.”

N

A
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such an optional .inte_ger fhat f_he product beihg addé.d”.-.‘.ﬁ
with the difference of the (given) remainders will be..

‘exactly divisible (by the divisor corresponding to that .
" tesidue). That optional multiplier and then the (new)

quotient just obtained should, be set down (underneath -
the listed quotients). Now, proceeding from the lower--
most number (in the column), the penultimAatd is
multiplied by the number just above it and thefi)added -
by the. number just below it. The finalsfalue thus

- obtained (by repeating the above process) i divided
" by the divisor cotresponding to the sipallcr remaindet, .

- The residue being multiplied by the divisor correspond-
'ing to the greater remainder and.added to the greater .

remainder will be the number infytew,”
X

He further observes:  ¢\»
“Such’is the process when the quotients (of mutual |
division) ate .even in amamber. But if they be odd,

- what has been sta beﬁ re as negative should be made -
ER A il . L

I ot A WL Ta rary .ol +
positive of as’ posiive showid be made negative.”

Regarding (the" direction for dividing the divisor-

" corrésponding #0- the greater remainder by the divisor

corresponding to the smaller remainder, Prthadakasvimi '

(860). observes that it is not absolute, rather optional;:

“so thagithe process may be conducted in the same way

&

bwtm‘rting with the division of the divisor correspond-
ing o the smaller remainder by the divisor cotrespond-.

- &ng to the greater remainder. But in this case of inver-

o XBrSpSh, wwiiie-sa o

() sion of the process, he continues, the difference of.

N\ o
»

the remainders must be made negative.
That is to say, the ¢quation
Sy =axt e

~..van be solved by tfanstorming it first to the form

ax = by — ¢,

2 BrSp$i, xvil. 13.
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s0 that we shall have to start with the division of b by a.
Mahavira’s Rules. - Mahivira (850) formulates his
rules with a view to the solution of '

ax ¢
b =D

in positive integers. He says: o

~ “Divide the coefficient. of the unknown by thel
given divisor (mutually); reject the first quotient and
then set down the other quotients of mutual di<ision

1 one below the other. When the residue has¢become’

sufficiently small, multiply it by an optiogdl) humber
such that the product, being combined with"the intet-
polator, which if:positive must be mad@iegative (and
vice versa) in case (the number of qu.o?}cnts retained is)
odd, will be exactly divisible (by the divisor cortespond-
ing to that residue). Place that\optional number and
the resulting quotient in ordefrunder the chain of quo-
tients. Now add the lawemost Lm})ﬁllf)er to the product
of the next two upper gumbers.

obtained by this process) being divided by the given
divisor, (the remaifder will be the least value of the
unknown}”? ¢ '

This metliod has been redescribed by Mahivira
in a slightly“modified form. Here he continues the
mutual division until the remainder zero is obtained
and fufther gakes the optional multiplier to be zero.

;'Q"§Wid1 the dividend, divisor and remainder reduced
(b their greatest common factot the opetations should
Ke performed). Reject the fifst quotient and set down the

other quotients of mutual division (one below the other)
and underneath them the zero? and the given remainder

X GSS, vi. 115 (st portion).
2 \We have emended ségra of the printed text to khigra.

¢ nutnber (finally.

N
p ¥

.\‘ \
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(as reduced) in succession. ‘The remainder, being muiti-
plied by positive or negative as the number of quotients is
even or odd, should be added to the product of the next
two upper numbers. The number (finally obtained by

the repeated application of this process) whether posi- -
tive or negative, being divided by. the divisor, the i«

remainder will be (the least value of) the multiplier.”,

~ Aryabhata 1L The details of the process adopted
by Aryabhata 11 (950) in finding the general solutiba of
(ax -k 0)/b = y in positive integers have been deseribed
by him thus: =~ . (O :

o\

~ “Set down the dividend, interpolatotvand divisor
as stated (in a praoblem): this is the ﬁr{f\\gperatx'oﬂ.

“Divide them by their greate$t™common divisor -
Y g :

50 4s to make them without a cofamon factor: this is the
second operation. \ o

“Divide the dividend.ﬁ-ﬁﬁa interpolator..by their -

greatest common, (ivisetuiiia Hiird inperation.

“Divide the inwrpolator and  divisor by theit
greatest common divisor: the fourth operation.

“Divide tl}&\ﬁvidcnd and interpolator, then the
interpolator (thus reduced) and divisor by their respec-
tive differepegreatest common divisors: the fif#h eperaion.

“OnJfoiming the chain from. these (teduced
numbets), if the remainder becomes’ unity, then the
object (of solving the problem) will be realised; but

_ifithe remainder in it be zeto, the questioner does not
{know the method of the pulveriser.

“Divide the (rédiced) dividend and :divisor reci-
procally until the remainder becomes unity. (The quo-

- tients placed one below the other successively will form)

1.GSS, vi. 1364 {first portion). Our interpretation diffcts from -

" those of Rangacharya and Ganguly. o L
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the (auxiliary) chain. Note down whether the number -
of quotients is even-or odd. Multiply by the ultimate
the number just above it and then add unity. The chain
formed on replacing the penultimate by this result is
the corrected ome. Multiply by the un-destroyed
(7.c., cortected) penultimate the number just above
it, then add the ultimate number; (now) destroy
the ultimate. On proceeding thus (repeatedly) we D
shall finally obtain: two numbesrs which are (techni-
" cally) called Astza. 1 shall speak (later on) ofthose
two quantities as obtained: in the case of an odd‘fumber,
of quotients. If on dividing the dividend by¢he divisor
once only the residue becomes unity, thenthe quotient
is known to be the upper Atz and)the remainder
" ({.e., unity) the lower Asfta. N
“The upper-and lower guzfa thus obtained, being
both multiplied by the interpolator of the given equation
and then divided respectively.By its dividend and divisor,
the residues will be the qugtient-andmmitiplige respec-
tively. Y o
- “In the case Qt?:the third oper tion (having been
performed before) Tultiply the upper &/ by the inter-
polator of the gaestion and the lower nffa by the inter-
polator as rediced by the greatest common divisot. The
same shouldibe done reversely in the case of the fourth
ope rati@{ft;f"f In the case of these two operations, the &ufza
after Jeihg muitiplied as indicated should be divided
respdetively by the dividend ard divisor stated by the
idestioner, the residues will be the quotient and multi-
pler respectively. .

“In the fifth operation, multiply the upper &ufa
by the greatest common divisor of the dividend and the
interpolator, and the lower one by the other (e., the
greatest common divisor of the given divisot and ‘the
reduced interpolator). The. products are the inter-
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mediate quotient and. multiplier. Multiply the divisor -
of the question by the intermediate quotient and alsor
its dividend by the intermediate multiplier. Difference of
these products is the required intermediate divider. The .
intermediate quotient and multiplier are multiplied by the
interpolator of the question and then divided by the{

- intermediate divider. The quotients thus obtained bejn,

divided respectively by the dividend and divisor of\the
question, the residues will be the. quotient and muluplier -
(required). k _ LN A
‘“The quotient and multiplier are obtaified correctly
by the process just described in the eise-of a positive .

* interpolator when the chain is even andyh the case of a-

negative interpolator if the chain is@dd. In the case of
an even chain and negative interpSlator, also of an odd
chain and positive interpolator, ‘tHe quotient and multi-.
plier thus obtained ate subtraéted respectively from tne
dividend and divisor made'prime to each other and the
residues give them eprreulys P org.in o
" The rationale of these rules will be easily found to

" be as follows: ¢\

(7)) It will Je noticed that to solve

NG p=axde, | (1)
in positiveintegers, Aryabhata 11 first finds the solution
of O e :

Q by = ax + 1.

: Efx —a, y=0 be a solution of this equation, we get

bp=aa -1,
ot - WeB) = afre) + <.
Thetefore x = ce, y = ¢B is a solution of (1)
(#) Let a=14dg, ¢=17g then (1) teduces to
~ -éf}":(lfx;_!:f',
1 MSi,; xvill. 1-14,
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where ] = y[f.
Let x=a, y =P be a solition’ of
b_y =a'x 41,
" so that we have .
bf = d'a - 1.
Hence bgt'B = d'gd’a + gy ¢
or ' - b(aB) = a(c @y e N &

 Thercfore x = a’a J= rB is a solutiop of (1) N
@iy Let b=g¥, ¢= g’ ¢”; then (1) redueés to

57 ly = ax’ 4 0%,
where x' == x[¢’. W x' = a; p=§ bc'\a\soluuon of
 Hy=ax :I: 1, \
we have _ "
' .. ’b"B = q.ps,;{:’x.
T b ”'-__". ’);‘ o
herefote 'g’f ﬁbl'ad:l:lﬁl rar’y.org.in
or f;(c”{i{# a(ca) ¢

Hence, x = ¢, J& Z'ﬁ is a solution of - ().
() Let a=4% ¢= ‘g, b = " and 7 = ¢"g".
Then the g\véd cquatmn by =ax £ ¢ reduaces to
VW ¥y = ' j: e,

mhcr{.\§x = w;‘g _y’——y’g NOW, fx=uy=8
be\a Solution of
¢ Y = ax 41,
we shall have, multlplymg both sides by g2”;

g =dge e |
or gy = (g7 +28"

or . {‘(Eﬁ)} \ {‘”(g'“)}:l:c
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‘Since . gg” = a(g"0) ~Ib(‘gﬂ), we get -

oy a(;g";ggf)bcgm} | {a(g"i(igiazxgﬁ)}

| _ Therefore ,.~\

«{g’a) o(£P) \ ¢

Tag’n) ~ Mgy T T g "a——aj> ~
is a solution of the given equation &y = ax “Since
¢ = ¢"gg" = ¢"{a(g" ) ~ b(gB)}, both these, values ate
integral, \ '
In each of the above cases the 1 rmmmum values of

| x, y satisfying the equation by = ax/37 are given by the

residues left on dividing the valpes\of x, y as calculated
above by # and 4 respectwely, prowded the two quo-

tients are equal -

Let =P, y=0. be the solution as calculated
above ; further S%Rﬁsé tEamyorg . ,

~auli

mb—i—p,Q-m-{—g,

_ thre ", n ar {ntegers duch that p <b g<a

If ” # ) the minimum solution is eithet

x={(m—mb+pl.,
= (,N,,,)qu}(x) °f y=gq. }()

X

'acqo}ding as m < ot > ». Now, if the interpolator ¢

isypositive; it can be shown that (z) is not a solution.

ifFor if it were,

bg——r

—— = x, an integer,
== (ﬂ;_ —mb4p> b
But ¢ < 4, therefore,

'.bg—_f.%'b" %
a | :
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which is absurd. Therefore, (x) must be the minimum
solution in this case, not (2).

Similarly, if the interpolator ¢ is- negative, it can
be shown that (2)is the minimum solution, not (x).

Hence the following rule of Aryabhata IL:

“If the quotients (7, n) obtained in the case of any
proposed question be not “equal, then the (derived)
value for the multiplier should be accepted and that ‘of
the quotient tejected, if the interpolator is positive“On
the other hand when the interpolator is negati¥e, then
the (derived) value for the quotient should be accepted
and that for the multiplier rejected. Hown'to, obtain
the quotient from the multiplier and the faultiplier from
the quotient correcily in all cases, 1shall ex}ljlain now,
Multiply the (accepted) value of e multiplier by the
dividend of the proposed questiom, add its interpolator
and then divide by the divisoref the proposed question;
the quotient is the correctedone. The product of the
proposed divisor and M€V (Heaptet) yqatient being
added by the revetse ofthie interpolator and then divided
by the dividend oféthe”proposed question, the quotient
is the (correct) aultiplier.” - o

He has futher indicated how to get all positive
integral sebutions of the equation by =ax ¢ after
having «obtdined the minimum solution.

<«ihe (minimam) quotient and multiplier being

N

L X\

N 3

added respectively with the dividendand divisor as stated -

(inythe question or 'as reduced, after multiplying both

by an optional number, give various other values.”®
That is to say, if x = «a, J= B be _'ghe mi_nirnurn

solution, the general solution will be

x= g;;g+_a, y;am-i—'ﬁ.

1 MSi, xviil, 1'5.—8'. - 2 M xviil. zo.

:
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 Sripati’s Rule. Sripati (ro39) writes: :
“Divide . the dividend and divisor reciprocally
until the residue is small.. Set down the quotients
one below the other in succession; then underneath.
them an optional number and below it the corresponds,.
ing quotient, the optional number being determined
* thus: (the number) by which the last residue mwse’be .
multiplied such that the product being subtraCted by .
the intérpolator and-then divided by the divigos (corres- |
nding to that residue), leaves no remaiiider. It is .
to be so whefl the number of quotientsdisieven; in the
case of an odd number of quotients\the interpolator, -
if negative, must be first made posisive and conversely, -
if positive, must be made negative}\so it has been raught
by the learned in this (branch gf#nalysis). Now multi-,
ply the term above the qptional number by it (the -
- optional number) and thén add the quotient bclow,
Proceeding upwards such operation should be pet- -
formed again amdegimWteihrtweogdnmbers are obtained.
The first one being divided by the divisor, (the residue)
will give (thecleast value of) the multiplier; - similatly -
the second be\h‘lg divided by the dividend, will give -
{the least yaldc) of the quotient.” : '
Bbaskara II's Rules. Bhiskara II (1150) des-
crib%tthe method of the pulveriser thus:
{¥Divide mutually the dividend and divisor made
~ptime to each other until unity becomes the remainder
{\“n the dividend. Set down the quotients one under
_the other successively; befieath them the interpolator
and then cipher at the bottom. Multiply by the
penultimate the number just above it and add the

1558, xiv. 22-2'5.. : . :
This fule is the same as that of Bhéskara I and holds under
the same conditicns.  (See pp. 9of),
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ultimate;. then feject that ultimate. Do so repeatedly
until only a pair of numbers is left. The upper one of
these being divided by the reduced dividend, the remain-
der is the quotient; and the lower one being divided
by the reduced divisot, the remminder is the multiplier.
Such is precisely- the process when the quotients (of
mutual division) are even in number. But when they (N,
ate odd, the quotient and multiplier s0, obtained must<
be subtracted from their respective abraders and the
residues will be the true quotient and multiplies™®,
Bhéskara'II then shows how the process Qf‘fsélving
a problem by the method of the pulverisef\can some-

times be abbreviated to a great extent. Hesays:

“The ‘multiplier is found by the ‘method of the
pulveriser after reducing the additive and dividend by
' their common - divisor. O, if the additive (previously
reduced or not) and -the divisor be so reduced, the
muitipliet found.(by the miethod) being multiplied by
their commeon measure Wl Beaditbreue wgsn
. «Guch is. the progess of finding the multiplier and

quotient, when thédinterpolator is. positive. On sub-
tracting them from ‘their' respective - abradets will be
obtained the teslt for the subtractive interpolator.”?
K;gg@(d Y580) gives the following rationale of these
ruless N\ . ' '
We shall have to solve in positive integers
O o p=axde - @
<) Suppose g is the greatest common measure of»a
and ¢, so'that @ = d'g, ¢= ¢’g. Then

' by = dgetes -

ot . W =dxtd, - (D) x
where ¥ = /g 1 x= a, 3 == f bea solution of (1.1)y {

~ 1BBj, pp; 25%; L p 7 . * BB, p. 26; L, pp. 78 7%
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then clearly x = «, y = gp is a solution of (1).
() Let b=gV, ¢ =g""; then equation (1) re-
duces to - , :
L Wy =ax" L7, (1.2) .
where . x" = x[g’. W x" =0, y=p" beasolution of
(x.2), then clearly x = g’a, y = p is a solution of (59\

ey

(i) Leta=4d'g, ¢ =¢'g also b=10"g", =g
then equation {1) reduces to A\
| __ . '._5"_)’.':‘&2’.9':"_-_}:5”,- ) “ } (1_3) .
where & =.x/g”, ¥ =y/g. Thenif =u, 3’ =p be
a solution of (1.3), we shall have x =24, y=¢p as a
solution of (1), E \\

Now, let the minimum solutien of by == ax -+ ¢ be
xz==a, y=f. Then . O T
_ LB aate

Hence bla — Bph—= a(b — o) — .
Therefore, N b= y=a-—pis 2 solution of
by = ax — 4. mcé.c,[-bagi?,y Fea provided ¢ < a, b,
this solution is positive. Thus we find that the minimum
solution’of the équation by = ax — ¢ can be derived from
that of the eqhation by = ax +- ¢, as has been stated by
Bhaskara yI00 :
Bhéskara II further observes :*
;"'*Ih‘ﬁbtading the (calculated values of) the multi-
pji;cr\a_nd the quotient (by the divisot and the dividend
_xespectively) the intelligent should take out the same
~\naltiple (of them). o
N eThe multiplier and quotient may be found as
" before after abrading the. interpolator by the divisor;
_ the quotient (obtained), however, must be increased by .
the abrading quotient in case the interpolator is
positive, but, if it is negative, the abrading quotient

1BE/, p. 26 ; L, pp. 79, 81.
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must be subtracted. _

“Or the multiplier mﬁy be_ found'as before after
abrading both the dividend and the interpolator by the

divisor; from (this multiplier) the quotient may be tound

by multiplying(it) by the dividend, adding (the inter-
polator) and then dividing (the sum by the divisor).t

“Those (minimum values of) the multiplier and the, Oy

quotient being added by any (optionally chosed))
multiple of their respective abraders become manifold.”
We take the following illustrative example with' the
different methods of its solution from Bhﬁskarg’}l-: :
To solve, in positive integers, -
| C10oxt90 (O
R H"?:‘tf\
First Method, Statement: -
Dividend == 100 _Opvd 1:0im
. Divisor = 6308 Additive = 90
Dividing mutually 190/BW30 06 R8¢ in

74\

63) 100 (1 &

O

63 \.J o
23 &\
3})})‘5 -
N/ AT
A0 28)37(1
e 2;6,
\\” ‘11) 26 (2
',,:,’ . .22 .
N 22
o\ ' . 4) 11 (2
\: . S __8-
.34

3

I

Lie, by substitﬁt-ing the wvalue of the multiplier in the
" original equaticn. - ' '

8

N\
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Then, forming the chain as directed in the rule, we get

1
1

1

.

2 N
T . . :.\ w
90 ) . y W

o N

By the rule, “Multiply by the penultimate the iimber just
above it etc.,” the two numbers obtained finally ate 2430
and 1530.0 Dividing these by 100 and'63 respectively,
the remainders are 30 and 18. Henédx = 18, y = 30.
Second Method. Reducing the\ dividend and the

additive by their greatest commea divisor (10), we have

the statement: N
* Dividend ={re’ ive —
) Divisabimbears g 9
Since | ’{:}\65), 1o ©
N 1063 (6
£ ), 60

Y
L 3
$

“\ 280 - 3103
~0 9
) ‘;':"l Succcssive.operations in the application of the rule are :
IS S S | 1 {1 % 2430
1 \ 1. i1 1 ' Y 1530 | % 1530
1 E]_ i1 1900, Y 900 Y 38y
2 ]2 1 9630 2 630, 2 €8y T A
2 ! 22700 %270 2 ¥R 2 oMyl 2 W
1900 L 90/ L sy| % o8y L anj LT 9%
9 |8 ! 5y R | 8y | 98
§ 8§ ! ag SR R
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we get the chain

O\ W BNO

By the rule, "‘Multiply by the peﬁﬁltimate etc.,” we \:}'

obtain finally the numbers 27 and 171. Dividing them
respeetively by 10 and 63, we get the residues 7 andlgs.

- Since the number of quotients of the mutual division
i3 odd, subtracting 7 and 45 from the corgesponding
abraders 10 and 63, we get 3 and 18, In thid case we
neglect 3. . S0-x == 18; whence by the given equation
2= 30. Or, multiplying the quotient 5" as obtained -
above by the greatest common divisor’ 10, we get the
same result y == jo. R -

Third Method. ‘Reducing th€ divisor and the additive
by their greatest common digisor (g), the statement is :
- '___ ww‘\&ndbraulibrary,org.ln
Diend =% Addiive = 10
Since - \\’ . '
Dot

g

DN 4 I L
:’\f“: i 2)7 (3
:..\:;' - . 6 .
o7
we %,éﬁzthc chain N
~N\ T4
A% 3
10
By the rule, “Multiply by the penultimate etc.,” we
obtain the two numbers 430 and 30. Dividing them
by 100 and 7 respectively, the residues are 30 and 2.

’

N



1i6 - © ALGEBRA

Multiplying the latter by the greatest common divisor
9, we get x =18and y= 30. B

Fourth Methed. Dividing the divisor and the addi- «
tive by their common measure (9) and agaia the dividend
and the reduced additive by their common measure, -
{10), we have :

N

Dlﬂdcnd — 10 e \\
Divisor = 7 Additive = 1 O
Since .- Pro(s A0
7 SR
3)7(2 v
s N
1 1 "\ v
we get the chain - NV
. . ’:' »
'-»r

T owWwWw, dh,rau@bl ATy . Org.in -

' By the rule, “Mul@rﬁly by the penultimate etc.,” we have
finally the numbers’s and 2. Dividing them bv 10 and
7 respectively, e residues are the same. Multiplying -
them respcctwcly by the common measure 10 of the
dlwdch\and reduced additive, and g of the divisor and
add& ; we get as before x = 18 and y = 3o.

dding to these minimum values (18, 30) of (x, )
__ optional multiples of the corresponding abradets
\ {63, 100}, We get the general solution of 100x +-90 = 637 -
v 'in positive integers as x == 63w + 18, y = 100w + 30,
whete # is any integer. .
Rules™ similar to those of Bhiskara 11 have been -
given by Narfyana! Jidnardja and Kamalakara.?

C 1NB£, L, R. 55-6o. ° 2 5iTV4, il 183-190.
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Solution of by = ax + I

Constant Pulveriser. = Though the simple indeter-
minate equationn &y = ax 4 1 is solved exactly in the
samc way as the equation by = ax 4 ¢ and is indeed a- - O\
particular case uf the latter, yet on account of its speciala,
use in astronomical calculations! it has received separate™.)
consideration at the hands of most of the Hindu algebra-
ists. It may, however, be noted that the separate ticat-
ment was somewhat necessitated by the physicalicondi-
tions of the problems involving the two'tyges: In the
case of by =ax 4 ¢ the conditions are such\that the value
of cither y or x, more particalarly of theslatter, has to be
found and the rules for solution are’formulated with
that object. But in the case of the\other (by == ax -+ 1
the physical conditions require the vilues of both y and x.

The equation by = ax Lwa\is generally called by the
name of sthira-kuttaka or the“constant pulveriser” (from
‘sthira, meaning  constty IBTAUMFTEY PE&IRdakasvami
(860) sometimes desigtates it-also as drdha-kuttaka (from
drdha -= firm). Bufthat name disappeared from later
Hindu algebras Sbecause the word rdba was employed
by later witers¥as equivalent to micheds (having no
diviser) or ~?if;'apawrtg_(irreducib]e). The origin of the
name “jeonstant pulveriser’” -has been explained by
Pret t.dakasvimi as being due . to the fact that the inter-
polatht (4 1) is here invariable. Gane$a® (1545) exp]gins
itdn detail thus: .In astronomical problems involving

1 Thus Bhiskara I observes, ““This method of calculation is
of gheat use in mathematical astronomy.” (BBi, p. 31). He
then points out how the solutions of vatious astronomical
problems can be derived fror}'i the 35(;1!.111011- of the same indetet-
minate equation. (BB, p. 32; L, p. 81).

2—Thcils speci‘ag tcchI;licaal.uscpof the word drdba occurs befere
Brahmagupta (628) in the works of Bhaskara I {522).

3 Vide his commentary on the Lildvazi of Bhiskara II.
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equations of the type by —ax =+, the physical
conditions are such that the dividend (2) and the divisor
(b) are constant but the interpolator (¢) always varies; so
 for their solution differens sets of operations will have |
o be performed if we start directly to solve them alley
But starting with the equation 4y — ax = & T, wecan’
derive the necessary solutions of all our equations¢feom | ',_
a constant set of operations, Hence the name {3 very -
significant. A similar explanation has beeg-given by
- Kirsna (¢. 1580). | R
Bhaskara I's Rule. Bhaskara 1 (522) writes :
““The method of the puiveriseg,'{s,applied also after
_subffacting unity. The multiplier’and quotient are -
respectively the numbers aboverdnd underneath, = Multi--
plying, those quantities by the desired number, divide by
the reduced divisor and d®idend; the residues are in .
-this case known to be theXelapsed) days and (residues of)
revolutions feS{l@Qti;B[ﬁ’a}]i’i’érary.org.in .
- In other word§\it has been stated that the solution
of the equatio{\‘u’ :
. \ Cax— ¢

o0

Z”\.. : an — T .
& =,
m;'\’,b’);'c_and then abrading as’ before, In general, the
\ 5 solution of the equation by == ax + ¢ in positive inregers,
‘can be easily detived from that of by ==.ax 4- 1. '
x =a, y==f be a solution of the latter cquation, We
“shall have ' : o
_ B =cat 1.
Then = b{cp) = afra) £ c.

' O :
can be,obtained by multiplying the solution of

2 &

1 MBb, i. 45-
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Hence x =ca, y =¢f is a solution of the former. The
minimum solution will be obtained by abrading the

- values of x and y thus computed by & and « respectively,
as indicated before.

Bmhmagu]ité’é Rule. To solve the equation
- by = ax — 1, Brahmagupta gives the following rule :

“Divide them (f.e., the abraded coefficient of thé >

muldpliet and the divisor). mutually and set down, the
quotients one below the othet. The last residue (6fthe

seciprocal division after an even! number of guotients .

has been obtained) is multiplied by an optiofial integer
‘such that the product being diminished by unity will
be exactly divisible (by the divisor wﬁespon&ng to
that residue). The (optional) multiphier and then this
quotient should be set down (dndérneath the listed
quotients), Now proceeding fron the lowermost term
to the uppermost, by the pendiltimate multiply the term
just above it and then add tiégj;g]}#{_ Imost. _Ii_ulirr{lbcn (The
uppetmost numbet thuscalculated) beihg divided by the
reduced divisor, the fesidue (is the quantity required).
This is the method'of the constant pulveriser.”?

Bhaskara II’s Rule. Bhiskara I1 (1150) writes ;

“The ;ghultiplier and quotient determined by sup-
posing the additive or subtractive to be unity, multiplied
several§ by the desired additive or subtractive and then
divided by their respective abraders, (the residues) will
béthose quantities cotresponding to them {i.e., desired

imterpolators).”® -

This rule has been reproduced by Nariyanat We
take the following illustrative example with its solution

1 In view of the rale in BrSpSi, xviii. 13. :
3 BrSpSi, =viil. g-11. . 3 BB, p. 31; L, p. 81
£ NBi, 1, R. 65. S

7\
4
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from Bhaskara IT:1 -

221X + 65
— =
199 \ .
On dividing by the greatest common divisor 13, -
we get - - Ay
w.s —_'-J.', ,:\:'\'

" I Ij :,.\: o .
Now, by the method of the pulveriser the solution™of the
equation . " AN 3 '

I7x 41 _ . \
.._.._.__I._._,_.___ :Jl v, .}
5

is found to be x=-7, y=S8, I\-Iu-ltip'lyi}}g these values by
5 and then abrading by 15 and 1z\tspectively, we get
the required minimum solutiof\x=5, y==6.

Again a solution of )\
17X -.5~ i’.‘_
™

will be found”to BEWE Y SLY)  Multiplying these
quantities by s and}.brading by 15 and 17, we get the
solution of X\ '

O g
.‘}’;’ . L g
to be xﬁ;\xﬁ, y=11
N
~“\~f;" ' Selution of by + ax = 4 ¢
\\; “ An equation of the form by - ax = L ¢ was gene-
rally transformed by Hindu algebraists into the form
by == — ax & ¢ so that it appeared asa particular case

of &y =~ ax 2 ¢ in which 2 was negative.
Brahmagupta’s Rule. Such an equation seems to-

Y BEZ, pp. 28, 31; L, pp. 77, 81.
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have been solved first by Brahmagupta (628). But his

rule is rather obscure: “The reversal of the negative

and positive should be made of the multiplier and inter-
‘polator.”®  PtthéidakasvAmi’s explanation does not
throw much light on it. He says, “If the multiplier be
negative, it must' be made positive; and the additive
must be made negative:  and then the method of the A
pulveriser should be employed.” ‘But he does mot.{ ™
indicate how to detive the solution of the equation | ™

_ by = — ax + ¢ , :{I)‘
“from that of the equation o O
| L pma—e 3 @

The method, however, seems to have Been this :
Let x = @, y = § be the minimum solution of (2).
Then we get - ' AN
' o8 =va v
or  He— B = e — B+ o
Hetice s == a — b, y = a = R Wlution of
(1). This has been expregsly stated by Bhaskara II and
others, S\ '
Bhiaskara IPsRule. Bhiskara Il says:
“Those (the/muyltiplier and quotient) obtained for
a positive dividend being treated in the same manner
give the rcg’fﬁté corresponding to a negative dividend.”?
The Greatment alluded to in this rule is that of
subttaction from the respective abraders. He has fur-
th{f;elaboratcd it thus ; s o
“The multiplier and quotient should be deter-
mined by taking the dividend, divisor and interpolator
as positive. They will be the quantities for the
additive interpolator. . Subtracting. them from their

 Br¥pSi, xviii. 13, . . PBB,p.26
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ﬁespcctive..abradets, the quantities for a negative mtex.
polator are found. If the dividend or divisor be nega-
tive, the quotient should be stated as negative.”* -
Niardyana, Niriyana (1350) says: e
“In the case of a negative dividend find the mult, -
plier and quotient as in the case of its being positive -
‘and then subtract them from their respective abtaders.
One of these results, either the smaller one of thé.greater .
one, should be made negative and the other positive.”? .
Illustrative Examples. Exampleséwith solutions
from Bhiskara II:3 '\ C
- Exampler.  1y=-— 6ox < 3.
By the method described b¥fore we find that the .

: ) 1 3,_y;£—-~60x + 3
is 5 =11, y = 51. Subkfacting these values from their

respective abraderss Aty 4-a0d 60, we get 2 and 9.

'.\'.

N
B °
\:

Then by the m “In the case of the dividend and
divisor being, of different signs, the results from the
operation of “division should be known to be so,” .
making the(uotient negative we get the solution of
: O 13y = — Gox + 3
as x=<L2, y = -~ 9. Subtracting these values again from ;
t}le}s‘respective abraders (13, 60), we get the solution.of -

13y = — Gox — 3

\Jasx = 11, y= — SI. .
 Example 2. — 11y = 18x 4 10. )
- Proceeding as before we find the minimum solution
of 11y = 18x 4 10 ;

1BBi, p. 2. 2 NB;, I, R. 63.
% BB/, pp. 29, 30.
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to be x =8, y=14." ‘These will also be the values
of x and y in the case of the negative divisor but the
quoticnt for the reasons stated before should be made
negative. So the solution of . o
— 11y =18%x—+10 -

isx =8, y=— 14." Subtracting . these (i.e, their A
numerical values) from their respective abraders, we get\\™
the solution of Yoo AN
: — 11y == 18X — 10 o O3
s x=3, ¥y—=—45% o . \\

“Whether the divisor is positive or negative, the
numercial values of the quotient and multiplies remain
the same: when ' either the divi_sor.,gs_l;%the dividend
is negative, the quotient must alwaysvbe known to be
negative.” P, Sy .

The following example with its solution is from
the algebra of Nariyana:t &8~ :

) 7_}’ g\aﬂﬁ.-_%ltoas?uji:bg?l'y,org,in'

N .
| Kgy=sox+3 .
s s = 2, y = 9, Subtracting these values from the res--
pective abradgr§/namely 7.a0d 30, and making one of

The solation of

the remaind@ss negative, we getx =3, J = — 21 and
e “t'\:) = 21 respectively as solutions of
Q 7y = — 30Xt 3

.. (Particular Cases. The Hindus also tound special
fypes of generat solutions of certain particular cases of
the cquation gy + ax == ¢, For instance, we find in the
Gapita-sdra-samgraba of Mahivira (850) problems of the
following type: ' E . _

“The varna (or colouts of two pieces of gold
‘weighing 16 and 10 are unknown, but the mixture of_

P

NE;, 1, Ex. 29.
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them has the zarge 4; What is the sarpa of each '.piece
of gold »* _

If 5, ¥ denote the requlred varpa, then we shall have .
16x + 10y = 4 X 26;

or in general Q
. - ax+ by =la+ ) O\
Therefore a{xc — &) = ble — y); O
* whence x=cdmla, y=cFmp\

where m is an arbitrary integer. ¢
Hence the following rule of Mahivira

~ “Divide unity (severally) by the wmghrs of the two .
ingots of gold. The resulting vaqm b{.mg set down at
two places, increase or decrease’it at one place and do

&

teversely at the other place, by~the unity divided by its

own quantity of gold (the $esults will be the corres-
ponding varpa).”?

_ He has alwgemﬂmdrﬁmb fassuming an arbitrary
value for one of tl:ke varpz, the other can be found as .
before.””3

A varlano}r of the above ptoblem is found in the
Lilgvats of Bhidskara 11 :
Qg m1x1ng up two ingots of gold of zarpa 16
and je.48 produced gold of varna 12 ; tell me, O friend,
_ th \vmghts of the original ingots, 2% L

" That is to say, we shall have to solve the equation
SN

AP et o= e )
Voot in general ' _
- ax 4 by = e(x - ).
Hence x=mle—b), y=mla— ),

where # is an arbitrary integer.

1G58, vi. 188, ' - 2GS, vi. 187,
3GSS, vi. 189 . %L, p. 26,
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Hence the rule of Bhaskara -'I:I__:.'_ ' _
“Subtract the resulting varpa from the higher
. garpa 20d diminish it by the lowet sarps; the temain-
ders multiplied by an optional number will be the
weights of - gold of the lower and higher sarga tespec-

tively.”"?

in the above example ¢ — b _ 2, 4—c=4 SO

that, taking # =1, 2, or-1/2, Bhiskara Tl obtains the

\.

values of {x, y) as (2, 4), (4; 8)-or. (1,2). Hecthén

observes that in the same way ‘nhumerous oth@h"sets
. ; . W
of values can be obtained. * N .

14, ONE LINEAR EQUATION IN MORE THAN
TWO UNKNOWNS ()

" To solve a linear equation iawolving moze than two

unknowns the usual Hindu' method is to assume arbi-

trary values for ali th¢'unkﬁ6ivns- except two and then

to apply the method of /e polimeniidnar ddugsi Brahma-

gupta remarks, “The<method of the pulveriser (should

be employed), if fifete be present many unknowns (in

. an equation).”® MSitilar directions have been given by
Bhiskara 11 .a:n;d*o'thers_? S R .

One of > the ___a_s.tr\onémital problems proposed by

_Brahma@;}ita‘l leads to the ‘_equati_on: _

| Q:Z\ 197x — 16447 — X = 6302,

e Yo4ay 3t G302

The co_mmentator.’-ﬁé;sumes %= 131. Then

v -~ 1644 Y +.‘6433;-

AN _
'"\; . Hence

* L., p. 25, 2 B:_"SPS{_, xviii. 51
3 BBz, p. 76 o -4 Brip&i, xvidl. 55
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| hence by.. the method of the 'pulveriscf

X=41, y=1. _
 The following cxample with its so]utlon is from
the algebra of Bhiskara II: ' :

“The numbers of - flawless rubies, sapphires, and
peatls with one person are respectively 5, 8 and 7 ; and”

O friend, another has 7, 9 and 6 respectively of the sarﬁe

gems. . In 2ddition they have coins to the extenf df
and 62, They are thus equally rich. Tell quigkly O -
intelligent algebraist, the ptice of each gept/#

If x, y, g represent the prices of & xu\by, sapphire

and peazl respectively, then by the cLucstIon

'w+v+n+w~m%w+®+%
-~y+z+zs

™| z

Thercfore X =

_ Assume T=1; then

Cwww, dbr aulth’aﬁ;;giﬂu,

B whence by the m,e{fﬁbd of the pulveriser, we get

\ 14—~m, y=2m+1,
where 7 is an’ arblttary integer, Putting m—=o0, 1, 2, 3,..
we get the\values of (x, , %) as (34, 1, 1), (13, 3, 1)

- (12, 5,30 (11, 7, 1), etc. Bhiskara II then observes,

€«

By.wirtue of a variety of assumptions multiplicity of
val&es may thus be obtained.”

Sometimes the values  of most of the unknowns

) bresent in an equation are assumed arbitrasily or in terms

of any one of them, so as to reduce the equation to 2
simple determinate one. Thus Bhiskara I says :

“In case of two of more unknowns, x multiplied
by 2 etc. (7.¢., by arbitrary known numbets) or divided,

BB p.77-
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in'cteascd or decreased by them, or in some cases
(simply) any known values may - be assumed for
the other unkhowns. according to one’s own sagacity.
Knowing these (the rest is an equation in one un-
known).”1 o .

The above example has been solved again by

| Bhiskara 1T in accordance with this rule thus 2 O\
(1) Assume x= 3%, J =72 “Then the equation.
reduces to S N\
Cstgpgo=4xt b (D

Therefote g = 4.. Hence x =12, 5 = 8.\
‘Then'the equation
v
sy X153 == 7K A2
Whence X =13, - . - &% e

(z) Orassume y=73,% =3
becoines : :

ey

1+, SIMULTANEOUS INDETERMINATE EQUATIONS
OF THE FIRS REgEY org-in

N T
Sripati’s Rulés~ We have described before the rule
of Brahmaguptayfor the solution of simultaneous equa-
tions of the frst degree®  In the latter portion of that
tule thergpare hints for the solution of simultaneous
incletexr\nijtﬂ‘ate equations by the application of the method
of di@\pulveriser, Sianilar sules have been given by
~ latég*Hindu algebraists.  Thus Sripati (1039) says :
~\\ “Remove the first unknown from any one side of an
\ equation leaving the rest, and temove the rest from the
other side. Then find the value of the first by dividing
the other side by its coefficient. Tf there be found thus
several values (of the first unknown), the same (opera-
1 BB, p. 44- © 1 BB, p. 46,
% See pp. 54f
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tions) should be made again (by equating two and two
of those values) after reducing them to a common deno-
minator, {Proceed thus repeatedly) until “there results
a single value for an unknown. Now apply the method
of the pulveriser; and from the values (detetmined in’.
this way) the other unknowns will be found by pro{
ceeding backwards. In the pulveriser the multiplier -
will. be the value of the unknown associated with ‘the -
dividend and the quotient, of that with the divisox”!

Bhiskara II's Rule. Bhiskara 11 {1159) writes :

“ Remove the first unknown fromthe\second side -
of an equation and the others as wella¥ the absolute-
‘numbet from the first side. Thea\én dividing the
second side by the coefficient of thé first unknown, its
value will be obtained. If therevbe found in this way
several values of the same unkfiown, from them, aftes
reduction to 2 common depdominator and then drc_)ppi::ég
it, values of baknown Sill'_IIOUId be determined.
In the, final sgt‘?gg‘]g gf %%%;?ﬁ(fo&ss, the multiplict and
quotient obtained {by the method of the pulveriser
- will be the values«ot the unknowns associated with the -
dividend and, %ve divisor (respectively). If there be
several unknOWns in the dividend, their values should be
determined after assuming values of all but one arbitrati-.
ly. Substituting these values and proceeding reversely,.
the yralues of the other unknowns can be obtained. If on
soudoing there results a fractional value (at any stage),

r

) ';’ihé method of the pulveriser should be employed again. -

“\“Then detetmining the (integral) values of the latter
unknowns accordingly and substituting them, the values
of the former unknowns should be found proceeding
reversely again,”? o :

A similar rule has been given by Jiidnarija.

1578, xiv. 15-6. 2 BB;, p. 76.
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Example from Bhaskara 11

“ (Four merchants), who have hosses $» 3,6 and 8
“respectively ; camels 2, 7, 4 and 1 ; 'whose mules are 8,
2, 1 and 3; and oxen 7, I,zandrmnumbcr arcall
ownets of equal wealth, Tell me mstantly the price of
a horse, etc.” O\

If x, 3, 3, # denote respcctlvely the pnces of 2
horse, a camel, a mule and an ox, and W be the to’cal
wealth of each merchant, we have: N\

okt w=W )
Xt Rtw=W & (2)
bx+ 4yt gt =00 ()
Wty tw=R0" (4
Then x =4y — bx— 6w), From (1) and (2)
=¥y + 31 ®)  from(2)and (3)
= ‘}(v wﬁltbl Qﬂll&g ;}g and (4) I,
From the fitst and secodd values of x, we get. '
g SYaox + 169);
and from the second and third values; we have
T = (82— 5¥).
Equatmg thqse two values of » and simplifying, _.
\'"\" _ 207 + 169 '-“'24{ - ij

'I'}:lerefo:e =- z—?
\ Take"_. W= 4f; then

_ __g._.gzr y = 764, "x—’—S;t '
Special Rules.’ ~ Bhiskara 1I observes - that the

physical conditions of probleiiis miy sometimes be such
that the ordinary method of solving simultancous in-

1 BB, p. 79
9 )
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determinate equations of the first degree, which has
‘been just explained, will fail to give the desized result, -
One - such . problem has been described by him as-
follows : .
“Tell quickly, O algebrmst what number is thit™
* which multxphcd by 23 and severally divided by \Go
and 8o leaves remainders whose sum is 10071 '
Let the number be denoted by x ; the quczt’cnh by
#v; and the remamdets by s, 2 Then wg hive o

; N
ii_’i:“_iu,, zsx——-rh_:;v_
S . . 60 i) ._ .8.({\: H
also L sk 2=<360.
'Ihe:;efore k= Gow +‘ , Y gov |- ’
LR TS =
. Hence <Gow +- Bov 544

Jowww dﬁ “salibrar ¥. org46
Ky 30# -+ 400 + 50
| i —
For the(golution of the above he observes : _
' “Here (although) there is more than one quotient .
(ﬂ v} irthe dividend, the value of any should not be. ;
j\t;(aﬂly assumed ; for on so doing the process will
fail*® “In a case Xike this,” continues he, “the (given) .
~sum of the remainders sh.ould be so broken up that
'\ \“each temainder will be less than the divisor corres- .
ponding to it and fusther that impossibility will not.
arise ; then must be applied the usuai method.™ '

 In the present example we thus suppos:, 5= 40
= 60 Hencc we have : ‘s

'Goa-i— 40 . sov—}- 60

or.

1 BE;, p. 91. . * BB, p. g1f.
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“__Sov—i— 20 441

o IR T

whence by.th_e method of the pulveriser, we get
vt 2, a=4w-| 3.

=7 240+ 220
Therefore  x= —4——-—~{l— A
. . 23 ¢\

Agein, applying the methbd of the pulveriser in orde.r\ to

obtain an integtal value of x, we have R,
w=23m+ 1, x=240m} 2"
If we take 5 = 30, # = 70, we shall fibd, by proceed-
ing in the same way, another value of x.s.240m + go.
General Problem of Remaipders. One type of
simultaneous indeterminate equatiofis of the first degree
js furnished by the general «problem of remainders,
vi%., to find 2 number N which being severally divided
bY @y, dg, dg, ..v, 4, leavesp semainsdery oy din 7as «+vs o
tespectively. . A _ '
In this case, we-have the equations
N = ay o 05 = agXy + 73 = ag¥g + 13 = o0
. . ”,"'. E - B =a‘ﬁx’l+f“.
The method of solution of these equations was
known 0> Aryabhata 1 (499). For this purpose the
term digecheddgram occurting inhis rule for the pulveriser
mugst'be explained in 4 different way so that the last line
_ofithe translations given before (pp. 94-5) will have to be
¥eplaced by the following: “(The result will be) the
remainder cofresponding fo the product of the two
divisors.” ‘This explanation is, in fact, given by
Bhiskara I, the direct disciple and earliest commentator
of Aryabhata I. Such a rule is expressly stated by

e

1 See Bibhutibhusan Datta, BCMS, XXIV, 1932.
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' Brahm‘dgupt_a_.l_ .

The rationale of this method is simple : Starting
- with the consideration of the first two divisors, we have -
N =apy + 1 =apet 72 -
By the method desctibed before we can find the™\
minimum value a of x, satisfying this equation.. Then -
the minimum value of N will be a0 47y Henée the
general value of N will be given by A
N=aag+ &+ 0 3
i =01a2t+ dlﬂ 'Jr' rl’ .m}\\ i
‘whete 7 is an integer. Thus gy - £\ the remainder. = -
left on dividing N by 42y, a8 stated}ﬁ%’ﬁryabhaga Tand -
" Brahmagupta. Now, taking intoconsideration the third
condition, we have O _ s
which can be solyedin . same way as before. Pro-
ceeding in this way s'uccessn%eﬁ' we shall. ultimately
atrive at a value of N satisfying all the conditions.
Prthidaka vami remarks:
“Wherever the reduction of two divisors by a
- common Migasure is possible, there ‘the product of the -
- divisorshoshould be understood as equivalent to the -
proddes”of the divisor corresponding to the greater
refiainder and quotient of the divisor -corresponding
X" the smaller remainder as reduced (e., divided) by
~lthe common  measure.® When one divisor is exactly
\/ divisible by the other then the greater remainder is the -
(required) remainder and the divisor corresponding to- -

1 BrSpSi, xviil. 3. . ) :
2., if p be the LCM. of 4 and a, the general value of
N satisfying the above two conditions will be
N=pit+aat+n
instead of . N = gayt + a0 + 1y
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the greater remainder is taken as ‘the product of the -

divisors:® (The truth of) this may be investigated by an
intelligent mathematician by taking several symbols.”
Examples fromvBhﬁ_ska'ra-I: . :
() “Find that Sumber which divided by 8 leaves s
as remainder, divided by 9 leaves 4 as remainder and
divided by 7 leaves 1 as remainder,” '

3 N
\

That is to say, we have to solve O

N=8x+ts§= 9+ 4=13+ 1. .»’.;\
Tke solution is given substantially thus : The minjmbm
value of N satisfying the first two conditiong~\"

-  N=8x+s5s=9+4 N
is found by the method of: the pul ériser to be 13.
This is the remainder left on dividifig' the number by
the product 8.9. Hence L0

Ne=q2t+ 13-—_7{4- 1. | :
Again, applying the same,mafhod Wafngd the minimum
number satisfying all the, conditions to be 85.

(2) “Tell .me atsonce, O mathematician, that
sumber which lea%és unity as remainder when divided
by any of the numbets from 2z to 6 but is exactly divisible
by 7.7 \@&7 ' 3

By the same method, says Bhéskara I (s22), the
number, (§“found to be 721. By a different method
Stryadeva Yajvi obtains the number o1, It is in-

A

teresting to find that this very problem was afterwards .

séated by Ibn-al-Haitam (s 1000) and Leonardo
Eibonacci of Pisa (¢. 1_2_.02_).2 _ o
To solve a problem of this kind Bhiskara II adopts

1 See his commentary on 4, ii. 323 :
31, E. Dickson, History of the theory of Numbers, Vol. II,
referred to hereafter as Dickson, Nauwbers 1L, pp. 59, Gon

N

Q"
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| 3, 2 when divided by 6, 5, 4, 3 respectively.

two methods. One is identical with the method of
Asyabhata 1 and the other follows from his general rule
for the solution of simultaneous indeterminate equations

“of the first degree. They will be better understood . .
 from his applications to’the solution’ of the following

ptoblem which, as Prthidakasvami (860) observes,” was, \

.popular amongst the Hindus: .

To find a2 number N which leaves remainders S,
S

je, N=6x-+s5=y5y+4=4ax+ 5~=3» ta

. (1) We have - ' ,,:\‘ '
sy— 14X 3 — 1

I S A |
Now by the method of the pulyéa\ziser, we get from the -
last equation B S ' '

w=4t+ 3, =3+ 2,

Faulibrary

where # is anatbijraty jinte gln;é‘mSubstltutmg in the

AN

V

second equation, we.get
: PRSI & ol
- N\ s .
To make this, integral, we again apply the method of
the pulverisef, so that ' : : o
N L pe=st+ 4, y=1254 1L

"\
This.value of y makes x a whole number, Hence we;
have finally ' . :

O =205 +19,% = 155 + 14, ¥ =125 4 11, x =108+ 9.

_ ;. N = 6os + 59.
(2) Or we may proceed thus :
Since. = N=6x+5=35y+4

1 BB, pp- 85L& '
¥ Vide his commentary on BrSpS7, xviil, 3-6.
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Lo y—1
we have | _x—__—ji-y-s .
" But » must be intégral, so y=6:+35, x=s5t+ 4
Hence . N= 304 29, |
Again = N= 502‘+ 29 = 43+ 3.
Y k5 )
. SRR & *

Since £ must be intégtal, we must havé g == 1§55+ 14’;
hence # = 25 + 1.. Therefore ~ A\
~ . N == 6os 4 59. : 7,

The last condition is identically satisfied, th1 idaka-
svami followed this second method to -solt(c the above
problem. - : Lo \x\\ v : _

Conjunct Pulveriser. ‘The fotcgoing system of

indeterminate equafions of the first’degree can be put

into the form? _ O
o b=akal,
R Sa Al A
| pRatal
C \\'.’.".'.a,_.-."...--;,'..'.... R

N

\

On account of ite important applications in mathematical -

astronomy thi$/ modified system has received special
treatment (&t~ the hands  of Hindi  algebraists from
Aryablefd TI (950) onwards. ‘It is technically called

IFor, we have
~

~\. #%6,} "1:J"axi+ ’-'s =y .'.i.'.."a_ = i == dydy 1 T
"\ Then ayéy = @y + (11 — T '

)’
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- samilistakuttika or  the _“éonjunct pulvetiser” (from,

~ related), -

Eutiaka = pulveriser and samSlista = joined together,

For the solution of the 2bove system of equations . ’

* Aryabhata 1T lays down the following rule : -

" equation

B+ 0+ <)+ ay o ) ()

N
P

\J
N\ W
) 4

“In the solution of simultaneous indeterminate
equations of the first degree with a common diyisor, g
the dividend will be the sum of the multipliers! and)the - -

‘interpolator the sum of the given interpolators.t®

A similar rule is given by Bhaskara II".'z"He says: -
“If the divisor be the same but the” multipliers
diffetent then making the sum  of the/muitipliers the -
dividend and the sum of residueshthe residue (of a :
pulveriser), the investigation is cgr?icd- on according to
the foregoing method. Thisrike method of the pul-
veriser is called the conjunct'pulveriser.” o
Rationale. 1f the cquations (1) are satisfied by
some value @ of x, dg;aeti&jyghc same value will satisfy the

Fary.org.in

Thus, if ‘e can find the general value of x satis- :
fying equatfon (2), one of these values, at least, will
satisty alldhe equadons (1).. - o

Tovillustrate the application of the above Bhiskara .

- H\\g\&es the following example

63y = 5% — 7 - )
. 65)!; = 10X — 14} (A) .
Adding up the equations and dividing by the common.,
factor 3, we get _ ) “
C 1Y =§x— 7,

' 11n the equations (1), 4, 4, ... are called multipliers.
2 MY, xviii. 48. : 8 BB, p- 33; L, p- Bz
¢ BB, p. 33 ; L, p. 82. '
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where ¥ =y + Ja- By the method of the pulveriser
the least positive value of x° satisfying this equation is
x == 14. This value of % isfound to satisfy both the
equations (A). - :
| Generalised Conjunct Pulveriser, - A generalised
case of the conjunct pulveriser is that in which the
1dlivisors as well as the multipliers vary. Thus we

ave L R . A

by = ax Loy | O
oy —=ayias N
by =axte (O

TR LR L R N . 3

N

2N\

Simultaneous indeterminate equations of this type have

been treated by Mabdvira  (850) and)Stipati (1039).
Mahévira says: C \ "

“Find the least solations of the'first two equations.
Divide the divisor correspondidig 0 the greater solution
by the other divisor (and as\ih the miethod of the pul-
veriser find the least valigsHyrthébmuliplien with the
difference of the solutiéhs as the additive. -That multi-
plied by the divis6t" (cotresponding to the greater

solution) and thertadded by the greater solution (will be .

* the value of thelunknown satisfying the two equations).”t

A simildy rule is given by Sripati:

“Find the least solutions of the fisst two equations.
Dividisig' the divisor corresponding to the greater solu-
tioeby the divisor corresponding to the smaller solution,

5@ residue (and its divisor) should be mutally divided.
N Then taking the difference of the numbers as the addi-
 tive, deterrnine (the least value of) the multiplier of the

divisor cotresponding to the greater solution in the
manner explained. before. Multiply that value by the

L GSS, i 1153, 1364 (last lines).
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_1&&_61: divisor 4nd then add the solution (cosresponding
to it). The resulting number (severally) multiplied by -
the two multipliers and divided by the corresponding

- divisors will leave remainders as stated.”®

. The rationale-of these rules will be clear from the
following : : : '
" Taking the fisst two equations, we have

O\
hyp=axt6, O
by ¥y = dgx -k Co N

Suppose a, to be the least value of x satisfying the first
equation as found by the method ofhe pulveriser.

en bm -+ a,, where # is- an arbittary integer, will
be the general value of x satigfyitig that equation.
Similatly, we shall find from the\second equation the -
general value of x as by 4 ag)"If the same value of x
satisfies both the equationsgwe must have '
. _ . \é&ﬁwﬁhggtﬁﬁafég;tgi%’
ot , .bzn.:;' - (o, — ay);
supposing. «, > g5 Solving this equation, we can find -
the value of #\and hence of by + & of x satisfying -
both the eqhations. The gencral value of x derived

* from, this (fady be- etéluated to the value of x from the

third gqudtion and t
and so'on.

{N\In iltustration of his rule Mahévira 'proposed'

e resulting equation solved again,

,\Cs,évcral problems. One of these has already been given
..’(P_art I p- 233). Here are two others .

(1) “Five (heaps of fruits) added with two (fruits)
were divided (equally) between nine travellers; six
(heaps) added with four (fruits) were divided amongst
cight ; fout (heaps) increased by one (fruit) were divided

1 5ife, xiv. 28.
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amongst seven, Teéll the’ number (of fruits in each
heap) 71 RO DR _ _

This gives the equations:. . _ _

gy =§¥+ 2, 8y =0x 4 TYg=4%+ 1.

(z) “The (dividends) are the sixteen numbers
beginning with 35 and increasing successively by three ;
divisors are 32 and othets successively increasing by 2 3¢,
and 1 increasing by 3 gives the remainders positive anth”
negative, What is the unknown. multiplier #72

This gives the equations: . 7
320 = 35x b T, 34% = 38N 4 30 = A%+ 7, ...

Alternative: Méthod.  In four' paloileaf manus-
csipt copies of the Lilgvati of Bhiskaga U Sarada Kanta |
Ganguly discoveted a rule describing an alternative
method for the solution of the ‘generalised conjunct
pulveriser.® There is also andllistrative example. The
genuineness of this rule and example is accepted by
Rim; but it has been qUeStOHE By A Al Krishna-
swami Ayyangart whorattributes them to some commeny
* tator of the work. ;{5 arguments are not convincing.
The chief point’s.\.%ainst the presumption, which have
been noted alsoy Ganguly] are: (1) the rule and example
in questiop\hdve mot been mentioned by the earler
commentdtofs of the Lijivati and (2) they have not been
so far‘tfated in any manuscript of the Bifaganita, though
the_teeatment of the pulvetiser ocouts nearly word for

AOress, viotzot. . Y 2GS, i 1384 .
)" 35, K. Ganguly, “Bhiskaricirya and simultaneous .indeter-
minate equations of -the first dcgtec,”:_.:BC'M, XVII, 1926, pp. 8¢
.8. . . ' s A . La
’ UA, A. Krishnsswami Ayyangar, “Bbiskara and samslishta
Kuttaka,” JIMS, XVIII, 1929, T
® For gmguly’s reply to ﬁyyangar’s criticism see JIMS, XIX,

:931_ B - T . . . .
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word in the two works, Still we are in favour of
accepting Ganguly’s conclusion.! 'The rule in question .
is this: - '
“If the divisors aswell as the multipliers be different,
find the value of the unknown answering to the first
set of them. ‘That value being multiplied %y the second -
dividend and then added by the second interpolator wiil
be the interpolatot (of a new &wgfaka); the product ofithe
second dividend and first divisor will be the dividend
there and the divisor will be the second divisotf. The
value of the unknown multiplier determined from the -
kuttaka thus formed being multiplied by-the first divisor
and added by the previous value of thewunbknown multi- -
plier will be the value (answering tothe two divisors).
The dividend (for the next step) hds been stated to be
equal to the product of the ¢wo’ divisors. So proceed
in the same way with the third divisor. And so on

- with the others, if there be-many.”

The rationgle, ofithis ryle. igas follows 1 Let «; be -
the least vﬂuﬂf@ﬁsﬁlﬁ;@gﬁtﬁ%ﬁt equation oflthc |
. system, 7., - "..’\ ' _
D \\ b_)_,h-:dﬁf &+ 6. . :
Hence the general value is x = b7 4 a;, where / is any
integer. , Substituting this value in the second equation,
we geh N\ _ ' |
(®) by ¥g = aghyt + (as0y = 63}

JE Y= 1 be a solution of this equation, a value of ¥

1 Of the fous manuscripts contalning the rule and example in-

' " question two are from Pur, in Oriya characters, with the com-

mentary of Stidhara Mahdpitra (1717); the other two, in Andhra
characters and without any commentary, are preserved in the
Otiental Libraries of Madras and Mysore. So tEcsc four manus-
cript copies do not appear to have been drawn from the same
source, ‘This is a sirong point in favour of the genuineness of the .
rule dnd example. ' T
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satisfying both the equations will- be = b+ a

a5 stated in the rale. Now the general v:.fue ot # will
be #=bm+ 1, where #-is an integer. Hence
x = byt + o = by + bty = bybym - ag.  Subs-
tituting this value in the tilixd_equzﬁon we can find the
least value of # and hence a value of x answeting to the

. three equations. :And so; ont for the other equations.

The example runs thus:~ . ' '

«Tell me that number which - multiplied by 7 asd
then divided by .6z, ledves the remainder 3-\That
number again when multiplied by 6 and divided by 101

teaves the remainders 7 and when multipliedvby 8 and
divided by 17 leaves the remaindet 9. {leo (give) at
once the process. of - the pulveriser '}@_t {finding) the
nmumber with the remaindets ‘all positiye.” :
Symbolically, we have | o\ ¢ B
(1) 62y, = 7x — 3, 1oL = GX 15,_,];17,15# 8x —9;
(2) 623, — 70+ 3, 101pp 6 TS, T EFEX + 9.
16, SORUTION OF Nett 1=y
Square-namte‘Ihc ‘indeterminate quadratic
equation 0 T L
G0 Nage=p :
is calfed by the Hindus Varga-prakrti ot Krii-prakrti,
mezning the - “Square-nature.”* Bhaskara 11 (1150)
(States  that the absolute aumber should be rt,??q,ﬁ
Nvhich means “unity’” as well as “absolute number” in

general. 'Kamaiﬁkafa (1658) says:
P].C,” “origiﬂ,"’_'-‘.gtc. CDIethOkC has rendered t.hc tem !-gma.

raketi as “Affected Square.” - . )
P 2 “Tatea Iﬁpnksepa?adﬁlm ta_.v‘t —:BB’, P 53-

1 Va.?gd-_——; b‘fi.-——r‘“sque,' Sﬂd Prg&fﬁ —_ “l:latutc,"- “Pfiﬂd-
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 “Ieqr first the nature of the varge- rakrii : in it the -
square (of 2 certain number) multiplie by a multiplier-

and then increased or diminished by an interpolator -

becomes capable of yiclding 2 square-root.” )
Tt was recognised: that the most fundamental equa-

o Nix? —I—. 1'=3%% & O
where N is 2 non-square integer. A _

‘Origin of the Name. As regards thiporigin of
the name varga-prakrti, Krsna (1580) sayse  “That in -
which the. verga (square) is the prakrsi (patute) is called -

‘the varga-praksti ; for the square ofyydvat, etc., is the

 prakrti (origin) of this (branch of)“mathematics, Or,

it isthe coefficient{of the square of the unknown.

" because this (branch of) mathematics has-originated from -

the number which is the pragrsi of the square of ydvat, -
etc., so it is called the vaggaprakrsi. In this case the
number-which i, the, mliinlics, of the square of ydvas, .
etc., is denoted by the term pmgrﬁ_. (In other words)

3
This double in%{fwtétation has been evidently sugzgested -
by the use ofithe term prakrsi by Bhaskara II in two -
contexts. . Hevhas denoted by it sometimes the guantity
N of the(above equation as in  “There the number
which,i§{associated) with the squate of the unknown is -

 the jprafrtiy”® and at.other times x2, as in “Supposing the -

‘sqiiare of one of the two unknowns to be the pra&r#i.”*

~Other Hindu algebraists - have, “however, consistently

1 877174, xiii, 208. _

% See his commentary on the Bifaganita of Bhiskara I .

3“Tatra varpavarge yo'tkah si prakrtih”® (BB, p. 100)-
Compare also “Tatra vavattdvadvarge yo'ikah si prakrtih”
(p. 107); “Istarh hrasvath tasya vargah prakrtya ksungo...”” (p. 33}

4 “Tatraikdrh varpakstih prakrtith prakalpya...” (BBi, p. 166}
Compare also “SarGpake varpaketi tu yatra tacrecchaikérm prakrtim

- prakalpya...” (p. 105). _ :

e
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ernployed the term prakr#i to denote N only.! Brahma-
guptd (628) uses the terin gupsks . (multiplier) for the
same purpose.? - This latter term, together with its
vagiation gepa, appears occasionally also in later works.®

We presume. that the name varge-prakesi origi-
nated from the following consideration: The principle
(prakrify underlying the calculations in this branch of ()
mathematics is to determine a number (or numbets)
whose natute (prokrti) is such that its (or their) square
(or squares, parga) ot the simple number (or numbers)
after certain specified operations will yield{ another
number (ot numbers) of the tature of 2 squate: So the
name is, indeed, very significant. ' This\Interpretation
seerns to have been intended, at any rate, by the earlier
writers. who used the term in aswider sense It is
perhaps notewortliy that we do not find in the works
of Brahmagupta the  use of theiword. prakrsi either in
the sense of N or of x2.. o3 o :

Technical Tetms. - Pl vanous "téchnical terms
which are otdinarily péed by the Hindu algebraists in
connection with -the\ Square-nature. we - have already
dealt with the mosthotable one, prakr#i, together with -
its synonyms. ~Others have been explained by Prthé-
dakasvimi (86d)ythus:

“Hepe are stated for ordinary use the terms which

L Foe instance, Pethéidakasvami (860) writes: “The multiplier -
(of the 'squaré of the unknown) is known as the prakrsi;” Sripatk
(1d39) +  “Krter-gugako  pmakrtirbhrsoktah”™ (SiSe, xiv. 32);
Kdmalikara: “Guno yo ri§i-vargasya saiva prakrtiracyate.

2 Br¥pSi, xviii. 64, - - ] )

3 For instance, Stipati employs the term gvpaka _(S:.fs, xiv. 32);
Bhiskara 1T and Nariyana use g#pa (BBi, p. 42; NBi, I,R. 84). -

2 For instance, Brahmagupta seems to have considered the scope
of the subiect wide enough to include such equations as

. x+_y_=&",'x—;?:'=ﬁ’, xy+ 1 =98

amongst others (cf. BrSpS7, xviil, 72). _
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are 'well known to people. The number whose |
* squate, multiplied by an optional multiplier and then
increased or decreased by another optional number,.
" becomes capable of yielding a squate-root, is demgnated
by the tetm the lesser root (kanistha-pada) or the first,
100t (ddya-mila). 'The root which ICSu}ts after those\
operations have been performed, is called by the ndtne -
- the greater root (jyestha-padaz) or the second-1o6t -
{amya-milz). 1f there be a number multiplying™both
these' roots, it is called the augmenter (ndvaréaks) ; and,
on the conttary, if there be 2 number d1v1d1ng the roots,
it is called the abridger (apavarfaka).”” <\

Bhaskara 11 (1150) writes : ..\\.’

““An optionally chosen numbed s taken as the lesser
100t (brasva-m#la). That numher)y positive or negative,
whlch being added to or subttacted from its square
multiplied by the prakrsi {multipkier) gives a result.
yielding a square-toetuitircalleds the interpolatos
{ksepaka). And this (resulting) root is called the greater
root’ (_zym‘ba—mﬂla) S

- Similar pass@ges occur in the works of Nﬁmvana, '
~ Joanardja and Kamalikara 4

The temis ‘lesser root” and greatcr root’ do not
appeat t&\be accutate and happy. Forif x =m, y==n
be a‘sglutlon of the equation Nx? 4 ¢ =2, m» will be
less‘than s, if IV and ¢ are both positive. But if they .
Reit of opposne signs, the reverse w111 sometimes happen.®

1See Prthﬁdakasvﬁmi’s commentary on Br§pSi, zviii. 64. In
the equation Nx® L ¢ — 4% x = lesser root, y == greater root, '
N = multiplicr, and ¢ = mterpolator :
' BB, p. 33. .

+NBi,LR.72. |

' ‘S:TV:,xm 209, -

$ For instance, take the fu&lawmg cxamplc ftom Bhéskara 1

(BB, p. 43):
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Therefore, in the latter .case, where m > a, it will be
obviously ambiguous to call # the lesser root and #
the gredtet toot, as was the practice in later Hindu
algebra, This defect in the prevalent terminology was
noticed by Krsna (1580). He explains it thus : - “These
terms are significant. Where the greater root is some-
times smaller than the leser oot owing to the inter-
polator beifig negative, there also it becomes greater(y
than the lesset root after the, application of the Principle® -
of Composition.” - The earlier terms, ‘the firsg goot’
(idya-m#la) for the value of x and ‘the second 4oot” or
‘the last toot” (antya-mild) for. the value of\gyare quite
free from ambiguity.. ‘Their use is found inthe algebra
of Brahmagupta (628).2 The later tepms-appear in the-
works of his commentator Prthadakasvami (860). -
The interpolator is. called by, Brahmagupta &sepa,
praksepa ot prakepaka® Stipati ‘occasionally employs
the synonym &gipst Whertaegative, the interpolator
is sometimes - distinguishedbbi dubtractive? (fodhaka).

Gue solution of it isigiven by the author as x = 1, y = ;.50 that
here the lesset roob. i_\'sg‘greater than the greater root. . The same is
the case in'the solation x'= 2, ¥ = i-of his example (BB, p. 43)
N ok e L S >
Brahmagupm\gjvgs_'the:exampie_.(BrJ‘pS:'; xviii. 77) -
ONY L st —Boo = J*, S - _
whi‘:h&é solution (% = zo, y = 20} Whete the two roots are equal.
4For example, by composition of the solution (T, o) of the
e¢tigtion 13x% — 13=7% Wwith the solution (3, %) of the equation
%2 + 1 =% we obtain, after Bhiskara II, a new solution (%%,
53} of the formes, in which the greater oot is greater than the lesser
toot. Similarly, by compdsition “of the solution (z, 1) of the
equation — sx+ 2t =)% with -the solution (4, %) of the equation
x4 1P, we get 2 meW solution (1, 4} of the fg;g:e_r
satisfying the same condition. -~ ' L
2 BrSpSi, xvill: 64, 66f. © 8 BrSpSi, xviii. 6.
4Si.f£, Xiv. 320 RN S

10

]
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- The positive interpolator is then called ‘the additive.t
_ Brahmagupta’s Lemmas. Before proceeding t6
“the general solution of the Square-nature Brahmagupta
has established two important lemmas. He says:

“Of the squate of an optional number multiplied.
by the gunaka and increased or decreased by another\
optional number, (extract) the square-root, (Proceed) .
twice. The product of the first roots multiplied Ay the
gunaka together with the product -of the second“roots *
will give a (fresh) second root ; the sum of.their cross- -
products will be a (fresh) first root. The (cerrespondmg)
interpolator will be equal to the product @fithe {prev 1ous)
mterpolators 72 N :

The rule is somewhat cryptié Jbecause the word.
dvidhi (twice) has been emp]oyed with double zmpl;ca-
- tion. According to one, the eatlier operations of madlng
roots are made o two optional numbers with two
optional interpolators, agy qjmth the resuits thus obtained -,
the subsequent "Sperations of their composition ate’
performed. According to the other implication of the
word, the earlier operations are made with one opuonall}f
choscn number\‘md one interpolatot, and the subsequent
ofies are catned out after the repeated statement of thosc
roots for the’second time. It is also implied that in the
composition of the quadratic roots their products may -
“be a,&;led together or subtracted from each other.

That is to say, if x = a, y = f bea solution of the .
equatlon

Nx3+;é—-j, ,
and x ='o’, y=p’ be a solution of
S Nx2+‘éfh}

tben accordjng to the above,

. 1Br._5'p§':, xvm. 64-5. . EBrSpSi, xviil, 64-5.
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is a solution of the equation o -
) ' Ny2 _I_éé’ __:.-},2'_
In other words, if . o .
" Nea®t k=§
| No* 4 ¥ =§%
_ then o S S\

N(of’ & a'B)? + kK= (B’ £ N, o) ~AO
In particular,” taking o = @, g = p’, and, B= £,
Brahmagupta finds from 4 solution x = &, ¥ <8 of the
equation I o AN
o Ned kgL
a solution x = zqﬁ,_. y = f? 4 Nead ﬁf;\t'he equation

o N kR R
That is, if ~ . o GO
L aNaB bk = B2,
then _ ‘ - W wg«};({graul?bi‘ar y.org.in

N@opp 80 = (B2 + Naf S (D,

This result will ‘be_hereafter called Brahmagupta’s -
Cerollary, - W.K e e .
Description” by  Later Writers, Brahmagupta’s
Lemmas have'been described by Bhiskara I (1150) thus :
«“Gef Hown successively the lesset root, greater root
and ifiterpolator ; and below them should be set down
in.p¥der the same of anothet (set of similar quantities).
“Hrem them by -the Principle of Composition can be
Sobtained numerous toots. Therefore, the Principle of
Composition - will be explained here. (Find) the two
cross-products of the two. lesser -and the two -greatet
toots ; their sum is 2 lesser root. Add the product of
the two lesser: toots multiplied by the prakrti to the
product of the tWwo . greater roots; the sum will be a
greater roet. In that (equation) the interpolator will be
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*the product of the two previous mterpolatore Agam
the difference of the twa cross- products is a lesser root
Subtract the product of the two lesser roots multiplied
by the prakrt: from the product of the two greais r roots
(the dlffcrence) will be a greater root. Here zlso, the:
interpolator is the product of the two (prewou )mtep §
,polators »1 A

Statements similar to the ‘above are found jn th
wortks of Narayana2 (1350), . Jfianardja (1501) and:
Kamaldkara® (1658).

Principle of Composition. The abdve cesult
are calléd by the technical name, Bhdvang\{decmonstratio
ot proof, meaning anything demonsl}rated or j)1‘0\??.(1;

- hence theorem, lemma; the word- also means composi
tion or combmanon) They ard further distinguished as
Samdsa Bhivani (Addition Lemma or Additive Composi-’
tion) and Antara Bhdvand, (Subtractlon Lemma or Sub
tractive Compeositianyauligeinovghen the Bhdvard is made
with two equal setscof roots and interpolators, it is

. called Tulya Bhdvang (Composition of Equals) and when

* with two uncqual'séts of values, Asulya Bhivand (Compo
sition of Uneguals). Kisna has obgetved that when it

'is desired toderive roots of a Squate—nature larger in
value, ope'should have recourse to the Addition Lemmia -
and fof)smaller roots one should use the Subfiactioli
Lem . .

Btabmagupta s Lemmas wete rediscovercd and-':_

srccogmsed as important by Euler in 1764 and by’ R
Lagrange in 1768 :

Proof. 'The proof of Brahmagupta’s Lemmas has -
been given by Krsna substantla}ly as follows : :

1 BB, p. 34. - . oo NBi, I, R. 72-754.
STV, xiii. 210-214. ' : 7t
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We have T
| o Net k=R,
| L NaP R =
Multiplying the -ﬁ'_I_s_t_'equation by B2, we get
. . N&Eﬂ?g 4 : ,€ﬁ’2= ﬁzﬁu- ~
" Now, substitﬁ_ﬂhg"thc'_-'vaiﬁﬁ:'df the factor $’2 of the (),
~ interpolatot from the second equation, we get N\
Natp? | MGt + &) = 8%, o\
. or Nazf}'3—§— .:_N)éd"? + kA = (22 \:
Again, substituting the -value of & from thefirst equa-
tion in the second tefmi of ‘the lefi-hand side‘expression,
we have BT \\
“Na2p'? o Na'2(g? —~ Nofjd- k& = %,

or - N(a2'Ff o’2p%) - kKL= 22 + Neota2,
Adding < iNu{Sa"{i’}pQ;_bogh sides, we get. '

- N(op £ AR Ak R o o)

Brahmagupta’s_gg\réﬂary follows at once from the
above by putting gt=o, B’ = B and &' = k.

General Sohition of the Square-Nature. It is clear
from Brahmagupta’s Lemina (1) that when two solutions
of the Squateinature, B :

" arc kitown, any number of other solutions can be found.
Fotoif the two. solutions be (4, £) and (', &), then two

\'?i;hi:r solutions will be. o

- . x=ab 4, y = b & Nad'.

Again, composing this solution with the ptevious ones,
‘we shall get other solutions. Furthes, it follows from
Brahmagupta’s Corollaty that if (s, &) be 2 solution of
the equation; another ' solution of it is (2ab, B2 4 Na?).

Hence, in order to Obtain a set of “solutions of the
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Square-nature it is necessaty to obtain only onesolu-

tion of it.- For, .after having obtained that, an infinite

numbet of other solutions can be found by the repcated
application of the Principle of Composition. Thus

Sripati (1039) observes: *“There will be an infinite (set,

of two roots).” Bhiskard II (1150) remarks: “Here

(i.¢., in the solution of the Square-nature) the roots(ate
infinite by virtue of (the infinitely repeated applieation -
of) the Principle of Composition as well as\of (the -

infinite varicty of) the optional values (of\ the first

roots).”’? Nardyana (1350) writes, “By thel Principle of -
Composition of equal as well as unequal\sets of roots, -

- (will be obtained) an infinite number of ¥oots.”?

- solutions. was  clesrigibisetitionydrbir Hindu algebraists

P

N\

Modetn historians of mathernatids ate incorrect in

stating that Fermat (1657) wasithe first to assert that

the equation Nx?+ 1 =32 where N is a non-square .

integer, has an unlimited pomber of solutions in inte-
gers.d  The existence afian infinite number of integral

-long before Fermat:" _
Another I_lema Brahmagupta says :

“On dividing the two roots {of a Square-nature) by
the square-faot of its additive or subtractive, the roots’

"~ for the igtetpolator unity (will be found).”s

il‘i;}af is to say, if x = a, y=f be a solution cf the

equation -
N Noct | g2 ==y

.\’~ 3

Nx? 41 =2

- This tule has been restated in a different way thus =

1 $ife, xiv, 33, o : '

2 “Thinantyarh bhivanibhistathestatah™—BB+, p. 34.
* NB:, I, R. v8. Compare also S/T17, xiil. 217,

4 Smith, History, I, p. 453. 8 BrSpSi, xviii. 65.

\it_hen x == afk, y=pkis a solution of the equaticn =



o that its interp_olﬁ;or : pga’ is._exa_étly &i{riéible' by the A
square p%. Then, putting therein | »= x/p, v =[N

SQ'LUT‘ibN_ OF Nx2\+ 1= j,z 15%

“If the intetpolator is that divided by % square

then the roots will be ‘those multiplied. by its square--

toot.” _ ‘
That is, suppose the Square-nature to be
Nict 4 prd =y,

b e

we derive the equation . -
Nadfd=d 7

3 . ,. ! .'- < ”‘\.\ . . -
whose interpolator is equal o that of ;the) original

Square-nature divided by p%. It'is clear.thiat the roots
of the original equation are p times tho\é.’@}o’f the derived -

equation, L
Bhiskara Wwrites .~ M~ © -
“If the interpolator (of @ Square-nature) divided

3

by the square of an optionalinumbet be the interpolator - )

(of another Square-natutd)y 185 Fedts (of the
former) divided’ by tHab optional number will be the
roots (of the other),~Or, if the interpolator ‘be’ multi-
plied, the roots sh uld be multiplied,” - o

The samé rule. has been stated in slightly different

words by Nﬁrﬁyaga?_"agd:_:}{gma}ﬁkm.i._ Jidnaraja simply

- observegt\"

/

N\

$E the inte;-l;oll_é;:ar_'_(qfé-S_ﬁuare-nat_ur;) be divided
byadhie square of an. optional sambey then its 100ts will
“he/divided by: thit, oj?'ti_qha_l__' qum'ber.’-’ ,

solution -of the equation ™ -~ . =
C T N A=A

1 BrSpSi, mo, L 2 BB, Pe 34 -
8 .l\;B):b, _f, IX{V 76-;6§. S ‘__SiTV:', xiif. 215. -

Thus we have, in. genéral, if x:&, y =p be s

Q
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»

| x=am y B /b_:_ is a 'soli:at_i(.m' of the equation
. . . I\sz :t é /ﬂi‘.z _—_-_ yg;
and x = se, y = #f is 2 solution of the equation
Nx?® - n%k =5,
whete m, n ate arbitrary rational sumbers.
‘By this Lemma, the solutions of the Square-natuses
. R 4 . . '\ .
(). 6x% 412 =57 Av
(7)) 6xE-4- 75 =% N\ )

_ and (i) 6524 300 =7, \‘ o
can be derived, as shown by Bhaskdra 11! from
those of - Y, '

) BT R
since 12 = 223, 75 = 523, and)go0 = 10%3. How to |
solve this latter equatjon wilkbe indicated later on.

. Rational Solution.o¥n order to obuin a first
solgtion of NxZwjeudbrgfiterHirglus generally suggest
the following _ten@t_ive method : Take an arbitrary’
small rational nuiber o, such that its square multiplied
by the gwpaks N and increased or diminished by 2 .
suitably chosety rational number £ will be an exact -
square, - 3nCother words, 'we shall: have to obtain
smpiricaily’a relation of the form:' -

2\
T Netxk=pE o
whicre a, £,  are sational numbers. This relation will
.. (be hereafter referred to as the Amxiliary Equation. 'Then,
) by Brahmagupta’s Corollaty, we get from it the relation
- N(zap)? + 2= (B2 4 Ne2)2,

2

ot | N(i}‘g?)ﬂ"l_%(ﬁ—zjgf)-

~

- ' BBiip: 41
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ance one ratxonal solunon of the equatlon Nt d-1
= )% is given by _
: zuﬁ B3+ N2 S
X = & .J' = —E""_ (A)

Sripati’s Rational Selution. Snpatl (IO 9) has
- shown how arational solution of the Squatt-natufe)
can be obtained more eéasily. and directly w1thout “the’
intervention of an a.uxlllary equation. He says:~

“Unity is the lesser toot. Its square multiphed by
the prakrti is- increased “or decreased . by, “?;}15 praksti
combined with an-(optional) aumber whose square-root
will be the greater root. From them\%ﬂl be obtamed
two roots by the Principle of Cotpdsition.™

If 2 be a rational numbcr opnonally chosen, we
have the identity L

N4 (wz N) ﬁﬂ
ot - Nit— (NW Wyl tylry org.in
Then, applymg Brahmaguptas Corollary to either, we

aet \ _
NP+ (o8 ~ NJ = (4 N
022 - N\ 2
'\ N( N) + 1 _(ms--N

.- o 21 N .
'ﬁence X = ,,Izzf N I K%N’ . (B)
there is any ratxonal nurnber 1s 2 solutlon of the
equatlon
- X2+ 1 ‘yz

The above solunon reappears-in the works of later
Hindu algebraists. ‘Bhaskara IT says :

1 $55e, xiv. 33.
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_ “QOr divide twice an optional number by the differ-
etfte between the squate of that optional number and the

- prakrti. This (quotient) will be the lesser root {of 2
Square-nature) ‘when unity is the additive. From that
(follows) the greater root.”™

Narayana states :

“T'wice an optional number dl\qded by the diﬂ'ermée '
between the square of that optional number afgd the
gupaka will be the lesser roof. From thatewith the
additive . unity determine the greater mot.”2 "

Similar statements arc found also j¥ the works of

' -]nanara]a and Kamalakara 3 O
) : 2752

If 7 be an optxonal number 1t is ‘stated that praoand '
is a lesser root of Nx?4- 1,== y Then, substituting
that value of x in the equagﬁm we get '

p wy&w.det(lL_n%& or, r_l_]_ I

( - N)
Hen(;gi\'the greater oot is '
N 4+ N

‘,\ T~ N
3 4 The same solution will be obtamed by assuming
) ¥ = mx — 1. :
.\_ Krsna points out that it.can also be found thus
' 4Nm? = (m2 4+ N)Y2 — (m® ~ N)2, identically.
Jo 4NmE A (et~ N)2 (m* 4+ NY,

1 BB/, p. 34. e NBi, 1, R. 7jf..
® §iTV, xiil. 216. L
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: 2+ N2
or N(m=~N) + 1 ----(:jfl )

His temark that this method does not require the help
of the Principie of Composition shows that Bhiskara 11
and others obtained the solution in the way indicated
" by Sripati. _

The above rational solution of the Square-nature has{\™
been hitherto attributed by modern historians of mathe-
matics to Bhaskara 1. But it is now found to he due
to an anterior writer, Sripati (1o039). It \wiaQ\ICLlls—
- -coveted in Europe by Brouncker (1657). 30

Ilustrative Exar.riples In 111ustrat105{ of the fore-
- going rvlés we give the followmg exar‘{p s with their -
- solutions from Bhiskara II.

Examples. “Tell me, O mathcmatxaan, what is that
squate which multiplied by 8 becomes together with
unity, a square; and what square multlphed by 11 and
increasec by unity, beconieya Maautieraty. orgin

T hat is to say, we haye to solve
(1)\\ 82 4 X wJ’ )

(D 11?1 =~
Solutions, “In the second example assume 1 as the

lesser root, I\ﬁ}inplymg its square by the prakysi, namely
11, subtracting 2 and then extracting the square-root,

- we get the gredter root as 3. Hence the statement for
COI‘anﬁlflOﬂ is? ' '

N

\v?z_n =1 =3 z':—z
I=1 CZ=3 | i=—2
- 1BEj, p. 35. - .

2 The abbrevlanons are ;- m == multiplier,: / = lesser root,

'8 = greater root.and /i = mtcrpolator In the original they are

- tespectively pra, ka, jye, and Age, the initial syliables of the cot-
l'eSpondmg Sanskrit terrs.
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Proceeding . as before we obtain the roots for the
additive 4: /=16, g= 20, (for) /= 4. Thenby the
rule, “If the mterpolator (of a Squate-nature) divided by
the square of an_optional number etc.,” are found the
soots for the additive unity: /=3, g= 10 (for) 7 := 1, ..
Whence by the Principle of Composition of Equalb we
get the lesser and greater roots : /= 6o, g = 199 or)
i=1 In thls Way' an infinite number of roots ¢yt be -
-deduced. \ Y _
- “Or, assurmng 1 for the lesser root, we/get for the
additive 5 : /=1, g=4, {for) i = 5. Wh}nce by the -
Principle of Composltlon of Equals, the.yoots are /=3,
g=127, (for) /i = 25. Then by thestule, If the inter-
polator (of a Square—nature) dxvi\ded by the square = -
of an optional number etc.,” wking 5 as the optional ~
number, ‘Wwe get the. toots fot™ the . additive unity:
= 8/5, = 27/5, (for) /'5t. “The statement of these .

- for composmon w1th the\Brevious roots is
WAL bT‘ﬂUr rary.org. in

=L 3—8/5 g=127/s i=1
' W= 3. g—*xo: P=1

By the Prmuple\of Cornposnmn the roots ate obtained
as: 1= 16y g— 534f5 (for) i = 1. .
“Or\composmg according to the rule, “The differ-
ence of\the two cross-products is a lesser root ete.,” we
get the” roots : /=1fs, g==6/5 (for) i=1. ‘And
$ONOn in many ways.
~ D" “The two roots for the additive anity will now be
\Jfound ia a different way by the rule, ‘Or divide twice ..
an optional number by the difference between the square - -
of that optional number and the prafsti etc” Here, in
the first example, assume the optiona! number to be 3, o
Its square is 9, _multlpher is.. 8; thexr d]Herence is1;

A Vm’e .r:gpm p- 151
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dividing by this twice the optional number, namely .6,

~we ger the lesser root for the additiveé unity as 6.

. 'Whenc:, proceeding as before, the greater root comes
out as i7. s o _

“In the same way, in the second example also, ds-
suming the optional number to be 3, the lesser and
- greater roots are found to be (3, 10). P & N
- “Thus, by vittue of .(the infinite vatiety of) the
optional values as well as of (the infinitely repeated

" application of) the Principle’of Additive and Subftactive
Compusitions, an’ infinite number of rootg\(may be
found).”! L \

Sotution in Positive Integets. Asﬁs been stated
before, the aim of the Hindus was tonebtain solutions
of the Square-nature in positive {f€gers; so fits first
solution must be integral. But\fieither the tentative
method of Brahmagupta noeithat of Stipati is of
‘much ;ﬁelp in tiug dltecmfd@}gd §EnA9., pot always
-yield the desired result,N\Ihese authors, however, dis-
“covered that if the intespolator of the auxiliaty equation
in the teatative mefliod be + 1, - 2 ot 4 4, an integral
solution of the equation Nx® 4 1 =3 can always be
found. Thus, Stipati (1039) expressly observes, “If 1,
z or 4 be thé.additive or subtractive (of the auxiliary
equation{;ﬁhe lesser-and greater roots will be integral
(abbinngp 2 ) ; : :

' \(z) If £ = + 1; then the auxiliary equation will be®

~O7 T Nexi-m

V _.
L' The original is, “Evamistavadit samisintarabhivanibhyish
ca padiniminantyam.” (BBi, p..36). . . -
© 2*Dyyekimbudhiksepaviodhanibhyim _
Syatamabhinne ‘laghuvrddhamille.”—578s, xiv. 32.

. The Sanskrit word abbinna literally means “non-fractional.”

3 The special treatment of the equation N — 1 =y is given
later oq. - Co e S



- lary, we get.

‘equation Nx?- 1 =3%

By Brahmagupta’s Cotollary, we have ¢
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where a, {3 are integers. ‘Then by Brahmagupta’s Corol-

x:zaB,-j:ﬁz—i—'Na“". . e

as the required first solution in positive integers of the ~

" (i) Let &= 4 2; then the auxiliary equation N
|  Nettz=p O

L N(eByr4 4= (8 4 Notp, L
of . N(aff+1 (B NET |

2,6
4

- Hence the -iéquired' first 'sef)lutio_fl: is

x=af, y= é‘(32'+ Na?),

_Since - Nt p? F 2, g
‘we have - 3B NaBitesrBfybrg e 2 whole number.

(#) Now supp0s¢ £ =+ 4; so that
() N2+ 4 = B2

. With an auxiliaty equation like this the first integral

solution of {the equation. Nx* + 1= 32 is

7 xmaeh o

N =M
- if :gi'\i‘s even; ot : _
& x = a(p? — 1),
. =B — 3)
if p is odd. ‘ ¢ ' )

Thus Brahxﬁﬁgupta says .

“In the case of 4 as additive the square of the second
root diminished by 3, then halved and multiplied by -
the second. root will be the (required) second root;
The square of the second root diminished by unity and
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then divided by 2 and multiplied by‘l the first root will
" be the (requited) first root (for the additive unity).”L
The rationale of this solution js as follows :

Since No2 4 4 = p2, (1)
. NCEY (B
we have i\(?) + 1= (?) . (2 ¢
- Then, by Brahmagupta’s Corollary, we. get RS
52 X 2. :\}‘
( ) +=( +N—) D
Substituting the value of N in the nght “handside ex-
'+ pression from (1), we have : - \\,
af p*
N( ) + T == ( ) (3)

‘,o

Com posing (z) and 3, \».I:.,

r B 2 _ ‘}2 '
([3 - I)} wwn,{”d ml(b[?‘m;’“oé )

Hence Cx = Eaﬂx\j = P — 2);
and = Ja(B? i\&) y== éﬁ(&z — 3%
are solutions of O
\l Nx’ + I =

If 3 be exP&n " the first values of (>, ») are integral.
If B be odd{ the second values are integral.

() \i"mally, suppose ,é: = — 4 the auxlhar} equa-
tion 15\
Q¥ Na?— 4= 2
Theén the requlred first soiutlon in posmve integers of
Nx?2 4 1 = PPis :
- ¥ =daB+ DE T,
= (B* + 2)1$(F* + 5)',52 n—1}

ot Br.S' pS7, xviit, 67.
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Brahmagupta says : :

“In the case of 4 as subtractive, the square of the
second is increased by three and by unity; half the
product of these sums and that as diminished by unity
(are obtained). The latter multiplied by the first sume

Iess unity is the (requited) second root; the formers
multiplied by the product of the (old} roots wigl Jbe
the first root corresponding to the (new) second Eght.™

'The }-gﬁanaf_e of this solution is as follows}

U Ne—g=p 0@
- B a a . _ [:_" DAY
- ON(j) - .-"(sz_\l}
Hence by Brahmagupta’s Corollaty, we get
- 0.5'2 . :ﬁ2~ " a2 2
Nt?y+T%T+NT) X
T et an N
- Again, applyinﬁ“fﬁ:&'ﬁ iz ;o%fihave - o
N{JaB(B? £@)}* 4 1= (3B + 48+ 2))" ©)
Now, by the Eégiina, we obtain from (2) and (3)
N{3ap(p?+ 3)(B* + D} + 1

N =l e+ @+ - ol
Hen?e{:} = Jap(E+ 3)(B* + 1),
A y=E+ B+ 01
,<i§"a'501ution of Nx24 1 =32 '
\\ J Itcan be proved easily that these values of x, 7 -

are integral.  For, if p is even, p2+ 2 is also even.
Thercfore, the above values of x, y are integral. If on

. the contrary-B is odd, 2 is also odd; then Bz + 1 and
B2 4 3 are even. Hence in this casc also the above
values ate integral. = - . :

t BrSpSi, xviil. 68.
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Putting p = af, g= 132~|— 2 we can write the
above solution in the form _

X = -ép(q' - 1)
=Ygl — 3)

in which it was tound by ]j,uler L O\

7. C_YCLIC METHOD -

A

Cyclic Method.: Tt has been just shéwn that
~ the most fundamental step in Brahmaguptals method
- for the general solution in ‘positive mgegers of the

equation '\ $
Nx2 41 = y2

where N is a non- squate 1nteger, i$to form an auxiliary
equation: of the kind

Na? + )é = b2, -
W dbraulibrar Ty.org.in

where 4, b are positive{ategers and £ =4 1, 4-2 or
‘+ 4. For, from that@uxiliary equation, by the Principle
of Lompomnon applicd repeatedly whenever necessary,
one can derive, ds shown above, one positive integral
solution of thc original Square-nature. And thence,
again by means of the same principle, an infinite number
of other s6ittions in integers can be obtained. How to
form gis[""\\tcu‘(llrary equation of this type was a problem
- whichcould not be solved completely and satisfactorily
by Brahmagupta In fact, he could not do it otherwise
\h a by trial. 'But..Bhaskara 1T succeeded in evolving a
very simple and elegant method by means of which
onc can derive an auxiliaty equation having the required
interpolator <+ 1,'+ 2 ot 4, simultaneously with its
two integral mots from another duxiliary equation
empirically formed with any simple integral value of the
interpolator, positive or negative. This mcthod is called

IT
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by the techhiqal name Cakravila or the “Cyclic Method. "1
The putpose of the Cyclic Method has been defined
by Bhiskara II thus: “By. this method, there will
appear two integral roots corresponding to an equation
with 4+ 1, 4 2 o1 4- 4 as -interpolator.”? N
Bhiskara’s Lemma. The Cyclic Method of Bhs-
kara 1] is based upon the following Lemma ¢ O
1If . Na? + &= b, : <‘~:§,

v}a;here a, b, k are integers, & being posigiy\ré;~or negative,
then O

7, S
where  is an arbitrary whole ;}i.j%}bcr.
The rationale of this Lestma is simple :  We have -
- Na* 4 £ 502,
and Nm}?vj_bggﬁal;ﬁaw})iﬁ.i{{‘ﬂ’ identically.
- Then by Brahmagdpta’s Lemma, we get
- N{am \iﬁx Vi K(m® — N) = (bm + Na)*.
. 'N(\m L0yt s N bt Noy
WGy & 7T TR T TNk
Bhiskara’s Rule. Bhiskara IT (1150) says :
\Considering the lesser foot, greater toot and intet-
pé&or (of a Squarc-nature) as the dividend, addend
_and divisor (respectively of a pulveriser), the (indetet-
~\\ minate) nltiplier of it should be so taken as will make
the residue of the prakrs/ diminished by the square of
that multiplier or the latter minus the prakrss (as the case:

N(zm;— (5)2+ wt— N ’f?J —i—-ll\'?zz)i .

o
o

v 1The Sanskrit word Cakrard/a' means “circle,” especially
“horizon,” The method is so called, observes Sitryadésa, because
it proceeds as in a circle, the same set of operations being applied
again and again in 2 continuous round. - '
' 2 BBi, p.38. .



CYCLIC METHOD 163

- may be) the least. That residue divided by the (original)
interpolator s the interpolator (of a new Square-

-~ pature) ; it should be reversed in sign in case of sub-
traction from the prakrsi. The quotient corresponding
to that value of the multiplier is the (new) lesser root ;

 thence the greater toot. The same process should be -

' followed repeatedly putting aside (each time)the previous s
goots and the interpolator,  This process is cailv}d‘".
Cakravila {or the ‘Cyclic Method’)l By this method,
there will appear two integtal foots correspongdiiy to
an equation with + 1, £ 2 or + 428 interpq]{to‘r. In
order to derive integral roots cosresponding to an
equation with the additive unity from, those of the
‘equation with the interpolator - 2 o1 474 the Principie
of Composition (should be applied)*®

Suppose we have an equation of the form
Na? + £ j-;»ﬁ“,’ : . (1)

where 2, b, £ are simple {ategess, telatively prime, £
being positive or negatives '1%% 5? l‘lﬁﬁ{&i};{" s Lemma

A -
N(ZEDRG N (PR )

where 7 is an‘arbitrary integral number. In the above
tule, » hasybeen styled the. indeterminate multiplier.
~Now, hg@héans of the pulveriser, its value is determined
so that(\" '
) ,\~: :; i + b
e . Z

.
) 2

is a whoie number. -

- 1'The original text is cakravdlamidan: jaguh. The commentator
Krsna explains, “4ciryi etadganitatin cakravdlamiti jaguh” or “The
learned professors call this method of calculation the Cakravdla.”
So Bhiskara JI appears to have taken the Cyclic Method from
eatlier writers. But it is ‘not found in any - work anterior to
him so far known. '

2 BBi, pp. 36ff. ' -
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Again, of the various such values, Bhiskara IT chooses \
that one which will make |#? — NY as small as possible.
Let that value of # be n. "Now let :

(}‘1 — a&t—b,
bnd Na = . N
bl — T} : ) .\’ \".\
- =N A\
| o =" '\Z’t .
The numbets ay, by, 4y are all integraldlThe cquation
(2) then becomes RN
‘ Na? + & < B (3)

Proceeding exactly in theSame way, we can obtain

from (3) a new equation oftthe same kind,
 Nagt &y = by, ,

_ . . www.dbratlibrary.org.in
‘where again 4y, by, #, af¢ whole numbers. By
repeating - the precess, we shall ultimately arrive at an
equation, stat é‘Shﬁskara 1L, in which the interpolator &
will reach théwalue 4 1, - 2 0t & 4, and in which («, 5)
will be int€yers. - '

N@‘iﬁjrax_la’s Rule. The above rule of Bhiskara IT
has;\l{’c,?:li reproduced by Niriyana (1350). Hewrites:

W\ “Making the lesser root, greater root and inter-
_ (olator (of a Square-nature) the dividend, addend and
) divisot (respectively of a pulveriser), the (indeterminate)
shultiplier of it should be detetmined in the way des-
ctibed before. The prakrti being subtracted from the
‘square of that or the square of the multiplier being
subtracted from the praés#i, the remainder divided by the
(original) intcrpolator is the interpolator (of a new
Square-nature); and it will be reversed in sign in case
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of subtraction of the square of the multiplier. The .
quotient (corresponding to that value of the multiplier)
is the lcsser root (of the new Squarc-nature); and that
multiplicd by the mulitiplier and diminished by the
product of the previous lesser root and (mew) inter-
polator will be its greater root. By doing so repeatedly
will be obtained two integral roots corresponding to the'),’
interpolator 41,4 2 or -4 4.~ In order fto derwe'
lntegtal roots for the additive unity frorm those al;lsw”cr-
ing to the interpolator 4 2 or 4 4, the Pnnclpfe of
Composition (should be adopted).”t m\

Tt will be noticed that Nariyana doesiot expressly
- state that the value of the indeterminate multipliexr »
should be so chosen as will make |#25 Nj least. - It is
perhaps patticularly noteworthy thﬂt he recognised the
relation R

by =mn— £a. W\

<

N

bﬁ 4 Nd www dbrauhbl ary.org. in
N
"\

ﬁ%@* 2’0 + Nﬂ ’ [ ;;;,é = an+ B

27 RNy
G (22,

W0
N =an— Fa
‘,\\ v A

For by =

..' P d]ﬁ — é
O™ ‘ Sk
\§1mﬂarly, it will be found that
bln — I\ml '
b = ——F
Ft)r o f)lff - ‘?1?" — élaﬂ, :

1NB: I R 7}8;

&
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= a, (N + &k)) — kyan,
. ’ ' . [.."éélzﬂz—N]
:.alN kb, [0 mk=an-t- b

p =l — Na

. N\
1 . : i
Illustrative Examples. 1In illustration  ofthe
Cyclic Method, Bhiskara II works out in detail ghe Fol-

lowing examples : . -

“What is that number whose square ’mﬁl;:‘i;plied by
67 or 61 and then added by unity becorey’ capable of
yielding 2 squate-root? Tell me, O fijend, if you have
a thorough knowledge of the meghod of the Square-
mture,”t SR 2 :
That is to say, we are t_(_);sf,)l{re
@) 67X 15505
(i) 61x? 430 = )2 _
Leaving oﬂ‘t‘“"t’l‘fﬁb"éié‘&?ﬁs"wfr&ﬁfe operations in con-
nection with the proeess of the pulveriser, Bhiskara’s
solutions are s@lﬁta:ntially as follows :
WO 61 =R
' We take-the auxiliary equation
N b .
A 67.12 — 3 = 8%
Thea;\by the Lemma,
N w8 26 82 + 67.1)? |
& Gty b (Y

'\N" .
\“\3 By the method of the Kattaka the solution of
' m+8 L .
—:-'5— = an 'Integef,

© 1BHi p. 38. ' _
It is remarkable that the equation 61x% -} 1 = ) was proposed |
by Fermat to Frénicle in a letter of February, 1657. Euler solved it
in 1732, : S
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is m=— 3f+ I Puttmg f=—2, WC get m=
which makes [72— 67| least, On substltutmg this
value, the equation (1) reduces to

67.52+ 6= 417
Again, by the Lemma, we have
' 572 + 41 — 67 _ (41n -l— 67.5 &
_ ( ) +Z 4 ( ) (2) .
The solation of : - - O

2{46—'41 a Whole number; X (Y

s # =65+ 5. | #*— 67 | will be least fot E}le value
f= o, that is, when z==13. The equation (z) then
'becomes : e \’\\ : .

6? 112— 7= 902‘;"' :
Now, we form _
11 042 -6 II N
67( "L_:ti ) ' . w‘ydbl auLL?f;t: ;-et‘g-{n (5)

The solution of ¢ i\ .
1 ‘P_i an mtegral number

is p == t+‘ Takmg f=—1, we have p =9
and this Vpéﬁe ‘akes | p2 — 67 ] least,  Substituting that
() e
: 67 27% — 2 = 2212, .
\Bx, the Pnnaple of Composmon of Eqmis wo get
\(ram this equation -
67 (z.27. 211)2 + 4 == (221 + 67 27 )
‘ot 67(x1934 + 4 = (97684 ~
Dividing out by 4, we have
67 (5967 + 1= - (488422,
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.'H_ence_;x'— 5967, y = 48842 is a solutioﬁ of (#).

) G1x2 + 1=~
Here we start with the auxiliaty equauon

61.12+4 3 = 8%
By the Lemma, we have O
' ' 8 mt— 61 8 + 6142 O -/
61(7L =~ S). G
( 3 ) L | 3 ) O @
Now the solution of . N
fz——;’; == an mteger \\

ism=3t+ 1 Puttmgt— 2, We ththe value w =7 .
which makes | % — 61| least \On substituting this
value in (1), it becomes.

61.5% — 4 ~59%
Dividing out by 4, we get N -
| RO D (2)

By the Principle of Qompomtlon of Equals, we have
Su@ A+ x = (R G
or (5 6I(1§N 1 = (8RR )
'(:omblmng () and (3),
' QO 61(3805)2 — 1 = (29718)%
C@osmg this with itself, we get
.,.\u.’ - 61(2.26155980) + 1= (1766319049)"

) “Hence x — 226155980 y_~ 1766, 19049 is a.solution
of (i).. =

The followmg two examples have been cited by
Nairiyana :

(i), myf?%r r=g%
() o+ 1 =7~
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" Their solutions are given substantially as follows:
For (/i7) we have the auxiliary equation
103.1% — 3 == 10%
By the Lemma, we get _ _
-+ 10\2  #?— 103 10# -+ 1034\2
103( — ) + e R (_ 3

— 3 —3 77 Oy
. o N\
The gencral solution of __ WL
: . zfx‘s
ZTI° _an integer ":"\
. - 5 . .\:\s\\
18 m = — 3¢+ 2. Puttlng f=— 3, wiget #w = 11.
" Then _ 703
' 103.72— 6 —712 \
Again, by the Lemma,- ' ,x hd
-+ 71 L —J;c»; 714 -+ 103 .7
los( — ) + Wvﬁ:lbrauh laryt:it'geln
The solution of \ '
—%& aw hole number
is n=— 6¢ +\1/ Takmg f=—1, we get

\'{\w 103.20% +- g = 203%,

‘Next @have , _
20, —|— 20 2 — 103 203p + 103.20\%
,\*}3( P 5) P 9 ( 9 ) :

N/ |
. Now, = an integral number

- ﬂ)+.205

9. E '
for p = 9¢ - 2. When t=1, p==11. On taking this
value we ﬁnd . ' '

103.47% + 2 = 477%
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Applying the Pﬂncxple of Composition of Equals,
we get
103(2.47.477) + 4= (477 + 103479
or 103(44838)% -+ 4 = (455050)".

Hence 103(22419)2 + 1 = (227528)% N

which gives x = 22419, ¥ = 227528 as a solution oﬁ(z'x'é).-
For the solution of (/%) the auxiliary equatfon is

97 12 + 3 —_— 102 :\.‘s
Therefore D
???-+~ o mt— 97 _ 182 + 9712
(oY 9T ey’
- | AN
The solution of R, &
d t 1 — g dteger,

is m = 342 Taklngf.— 3, we have #'= 11. Then .
W Wﬁ?ﬂ Hrafly=er égpz :

Néxt we have <\\
e — 6
(?ﬂ+*59) + 7 897 (?9ﬁ+_"£_7)_

“The solgt\igr_t of

{\\ '7:’5__";_(’9 == an integer,

AN o .
iS} = 8¢+ 5. Taking £ = 1, that is, # =13, W¢ get

7.202 +9 = 197%
thncc 1 ? ?
97 (20P+ 19?) +P2~97 (197P+97 20)

9 9

The solutlon of

20p + 19? =g W hole numbct
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is p=o9t+ 5. Putting £=1, we getp—* 14. With

this value of p we have )

' 97-53%+ 11~—5zz2
_ Whence

| (554+522) +q ?97 (522§'+9? 55)
'The solution of . : | AN
] 3?;1; 2% — .an integet, : K :"'7’«.\“
is g =117 8. The appropnate value of g«i}» gwen
: by t=o. So,taking g = 8, we have

862—w =8
97 3 47% \s

© Next, we find .
— 86
97(86r 847) L7 59:1 )\ (847f + ?7 ). |

The solution Of www’ dbrauhbl ary.org.in

86r +- 847 =aa whole number

Isr=3f+4 1. Putt}h\gt—- — 3, we get 7 = 10, . Tak-
ing this value, we, Mave _
7 1975697 — 1 = 5604 -
By tl\e Principle of Composition of Equals, we find
97(6377352) + 1 = (62809633)%
ch.cs % = 6377352, = 62809633 is a solution of ().
' \ YProofs. It has been stated by Bhéskara II that:

(1) ‘when 4 is an integer, &, and-§ are each a
whole number;

(2) his Cychc \ricthod wzll in every case lead to
the desired " result.

He has not adduced proofs We pres‘ume that he
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knew a proof at least of the first proposition. For
. he must have recognised the simple relation

by = ap — Kya,
which has been expressly stated by Nariyana (1350).
This shows at once that # will be a whole numbety,
if &£, is-so. This is also evident from the equation,
Na? 4 &, = b itself. Hence, it now remains £k Drove

that 4, is an integral number. O
Elimipating » between - O
' ' b &Y
a]_ - k > \J .
. ' : b P N B
and . - b= —_;QI—E‘}
we have £ (ayn 8 = a(® — N),
' kNP )
or . = fan— b)y=nr— N.
www_dgfg:ﬁlibl'ary.OI'g.in
& . i
Thetefore LENS gy — Dy). is an integer.
s 7 14 ’ S

. R AN
.- Since % "afid 7 have no common factor, ¢ must .
divide g~ &,; that is ' :

A\ .
L)) — 2 I\I
- P\l by _7 Y .k -= an integer
3 §"\;s. a . ‘é i ! g .
.‘El%ce' b, also is a whole number.®

S

™

N \, "1 Hankel’s Proof : Harkel proves these two resules thus :
N/ Since ' apk =an+ b and k = B — N&,
we get a(b® — Na*) = an + b,
or . —:E:v_(a1 b— 1) = (n + Naay).-
Since 2, 'b'h_ave no common factor, 4 must divi&e ah — 1; that isy
wb— San :

I .
= an integer.
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18. SOLUTION OF Nt - ¢ = y#

" The general solution of the mdetermlnate quadranc
quatlon .

Nx® o ¢ = 32 :
in po sitive integers was first given by Brahmagupta (62 8) A
He says:

“From two roots (of a Square-nature) with any )}
given additive or subtractive, by making (combination).
with the roots for the additive unity, other first dnd
second roots (of the equation having) the glven addltive
ot subtractive (can be found).”l .

Ehmmatmg » betwecn = . y \\ 4
ay & —zm-i—b bl —bm—[—m

we get b — aby = 1. _

Hence by = _%___I = a“:tir_;iolc'number_:.

Now H— N = library.org.in
’ af Q ~ zb.éal +k

\é\alz & — zbai + 1)
P

Therefore .. { (al% — 2ba) + 1) is a whole aumbet,

Since a,\é \.have no common factor, it follows that

a“%_zbal.u- ®_N

NS a2 Tk _

N nt— N al% 244, +1
\.A]so A — —s

= k, == an integer.

| ,,ls(bﬁ N — zbal + 1
- @

= ) — Nag.

- 1 BrSpdi, xvii, 66.
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_Thus having known a single solution in positive -
integers of the equation Nx® £ ¢= 32, says Brahma- -
gupta, an infinite number o. other integral solutions:
can be obtained by making use of the integral solutions -
of Ni® + 1 =32 If (p, g) be a solution of the formet

- equation found empirically and if (o, B) be an intégrak
solution of the latter then, by the Principle of Corhe

position, _ <\ ..
| x=ppgue, y=gptNps O
will be a solution of the former. Repcat.‘gngf the opera- -
tions we can easily deduce as many soiutions as we like.
This method reappears in later Hindu algebras.:
Bhaskara T1 says : R\ o
“In (2 Square-nature} \x{it}ifx\the additive or sub-
tractive greater (than unity), one should find two 100fs
by his own intelligence only;' then by their composition.
with the roofé“’d‘b%ﬁﬂéﬁlﬁf@thegﬁddiﬁve unity an infinite’
aumber of roots (will*be found).” v
© Nardyana weites similarly : N
“When ,tﬁs\additivc' or subtractive is greater than-
unity; two-foots should be determined by one’s own
intelligenige, 'Then, by combining them with the roots:

“for the/additive unity, an infinite number of oots can be

obtined."*

We tzke the following ﬂlustrative examples with:

O solutions from Nirdyana :

Example. “Tell me that square which being multi-

plied by 13 and then inicreased or diminished by 17

or 8 becomes capable of yielding a square root.”

1 BBj, p. 42. ' .3 NBi, I, R. 86.
8 NBi, I, Ex. 44. :
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That is, solve
(1) 13x2 2 17 =%
(@) =0
Soluzion. “In the first example it is stated that the
multiplier = 13 and interpclator = 17.

«“Now the roots for the interpolator 3 ate (I, 4).
And for the intespolator 51, the roots are (1, 8). “For 2

the composition of these with the previous roots (T 4)
the statcme 1t will be — RS
m=13 l=1 g=8 §=3514{V
So, by the Addition Lemma, we get the “toots cotres-
ponding to the interpolator 153" a8 Ar2, 45). The rule
“says, ‘If the interpolator {of a Squatehature) be divided
by the square of an optional painber etc.” Now take
the optional pumber to be g3\s0 that the interpolator
- may be reduced to 17. wifgslbrdulibyanad g333 /9 = 17
Thercfore, dividing the roots just obtained by the
optional number 3, wé\get the requited toots (4, 15).
“Applying theé\Subtraction Lemma and proceeding
similarly we get’ the roots for the interpolator 17 as
(4/3, 19/3)- N& -

“In tgpccond example the statement is : multiplier’

== 13, j‘x\’tﬁcrpoiatoz — — 17. Proceeding as before we
get (b}'\t ¢ Addition Lemma) the roots (147, 530); and

(byehe Subtraction Lemma), the roots (3, 10).7"
) Form Mn?x* 4- c == y* Brahmagupta says :
“If the multiplier is that divided by a squarc, the
first toot is that divided by its root.””

10ur MS. does not contain the solution of the equations
1350182, ’
& BrspJi, xviil. 70.

Q"
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That is to say, suppose the equation to be o
- Mt =37 o)
so that the multiplier (.e., coefficient of x%) is divisible
by n2 Putting nx == #, We get -
| ' M + ¢ =% 0
Then clearly the first root of (1) is equal to the first 00t
of (2) divided by 7. - The corresponding secondyrodt
will be the same for both the equations. ~\* '
The same rule is taught by Bhéské‘Ta T and
. Niriyana. The latter says: : %) >
“Divide the nultiplier (of a S.ql\lgremature) by an
atbitrary square number sO t_hag;\t ere is left no
remainder. ~ Take the .quotient(as the multiplier (of

© another Square-nature). The lesser root (of the reduced

equation) divided by the square-root of the divisor will -
be- the lesser toot (of the-gtiginal cquation).”

wwii.dbraalibraty org.i .
Form a’x? j:c,,::‘;é. For the solution of a

Square-nature of thi§'particular form, Brahmagupta gives . '
- the following : u{é.:’ .

“If the uultiplier be a square, the interpolatot
- divided hygafr optional number and then increased and -
decreased by it, is halved. The former (of thesc results)
is thesséeond root ; and the other divided by the square- »:
rQQQ@f the multiplier. is the first root.””® :

',\J % Thus, it is stated that

\ ' B A

x=——0="—m),
'za( b4 )

= ) )
74

=3

1 BB, p. 42. : 2 NB;, I, R. 84.
3 Br§psi, xviii. 9.
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where 7 is an arbitrary number, is a solution 6f the
equation : S
o axtd o=
The same solution has been given by Bhaskara II
 and Nirdyana!l Bhiskara’s rule rans as follows :
“The interpolator divided by an optional numbet is
set down at two places ; the quotient is diminished (3t0),
one place) and increased (at the other) by that optiofial -
‘mumber and then halved. ‘The former is again divided
by the squate-root of the muldiplicr. (The guotients)
are respectively the lesser and greater roots8." '
The rationale of the above sohrtion has Been given -
by the commentators Stiryadasa and Krsnz substantially
as follows : s RV
n =(_y—-ax)(_y—}~ax) L _
Assume . y— ax = m, gz beitg, an abitrary rational
number.. Then WCFb Ribh yorgm
Pae=EL
S\ R
Whence by the ule of concurtence, we get
T mul
AT e
R A _ -}' == .‘g(:—b’”—-—lﬂ‘m).

\m )" Form ¢ — Nx2== .Kﬁ. “Though the equation of’
the form ¢ — Nx? == j* has not been considered by any.
Hindu algebraist’ as~ deserving of special treatment,
it occurs incidentally jn examples, For instance,

Bhiskara 11 has’ proposed the following problem :

1 NBi, 1, R 85. VBB p. 42
12 ' o
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What is that square Wthh being multiplied by —5
becomes, togethet with 21, a square ? Tell me, i you
know, the method (of solvmg the Square-nature} when
the multlpher is negative.”

Thus it 1s required - to solve - . . \
. . ) C— 5x2+ 21 _J o \(I)
Narayana has a simila¢ example, g, R
' ' = 11x% 4 6o = 2, AT @)

__ TWO obwous solutions of (1) are (1, 4\ and (2, 1)
Composmg them with the roots of -

=
' says Bhaskara 11, an infinite numt)er of roots of (1)
can be derived.
Form Nx2? — k* =y~ »Bhaskara IT observes :

“When umtzvls the suELfractWe the solution of the
problem is impossible urﬁféss THe  Ellltiplier is the sum-
of two squares.”’®

Nardyana w r@s

“In the cz%¢ of unity as the subtractwc the mult-
plier mustybé the sum of two squares. Otherwm_e
the solutl&g 1s impossible.”4
T‘kkus it has been said that a rational solution of
AN Nx.__x-—_y, o
»\an‘d consequently of ) L
o AN A% — 4
is not possible unless N is thé sum of two squases.

BB, p. 43. A 'NB:,IE-x4;

® <«Rapaduddhav khlloddlstam vatgayogo guno na cet”—wBB: -
. 40- s
& NBi, 1, K. 8;.
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- For,if x =plg, y = — rls bc 4 poss1blc solu'uon of
the equation, we .,have
’MMF“ S e
or = (gripsr + (9"é P)2
Bhaskara 11 then gocs oh :
~ “In case (the solution is) 1 not 1mp0551b1e when unity, \
is the subtractive, divide unity by the roots of the two) "
squates and set down. (the’ ql:IOHentS) at two pLaces
They are two lesset roots. en find the corgespond-

ing greater roots at the two places. Or, whcn‘}:mty ‘18
the subtractive, the roots should be found ag\before.”

Thus, accordmg 0 Bhaskara II tv(o}atmnal solu-
tions of - :

~where N = »?2 -|— Wlll bC‘

y WW\«‘; dbraui]b ary.org.in

50 two ratio’nai SOlU.thIIS of -
O R
will be Q _

The £ollowmg 1llustrat1vc examplc of Bhiskarz -
11t is also reproduced by Natayana
'_ 15:&* — 1= j’

IBBf,pa;:;l._ . INB!{ 1, Ex' 18
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The forrner solves it substantially in the followmg
ways:
1} Since 15 = 22 + 32 two rational solutions are

(1/2(3/2) and (13, 2/3):

(2) An obvious solution of

o 1357 4 =) O
is x == 1, y==3. Then dividing out by 4,. as shown-__.i;-:
before, we get a solution of the equation I&Xz 1= _yﬁ

as (1/2, 3/2). o
(3) Again, sincé an obvious so\utlon of
130% — 9 =4
is x = 1, }ru_ 2, we get, on dwl,dmg out by g9, 2 solutlon
of our equation as (1/3, z[;’)

. {4) Fromwtbnga,ﬁ;gpaq?g@% oots, We may denv
integral roots by the ALyehic Met . Since

}3(%)2 — 1=

we have, by ] Bﬁ&skata s Lemma, 7 being an indeterminat

O\

multlpher, a
1«5(”12 + 3/2 m2 —~113 (37)2/ : 2)2’
' \“\OI 13(’” -+ 3) _-—_Ilé (3!?! + 13) _. .\_._:

~ The suitable value of » which will make (m—{—;)/z an-
mteget and |72 — 13| minimum is 3. So that we have:

S 1333 4 =112

From this again we _get the telation

3m -+ 1T\2 #e— 13 112+ 13.3 LR
() T = ()
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The appropriate value of the indeterminate multiplier in
this case 1s # = 3. Substituting this value, we have
13,53 — I_"=—_- 182,

Hence an integral solution of our equation 13x2 — 1= 4
is (5, 18). S
“In all cases like this an infinite number of roots

- can be derived by composition ‘with .the roots for fhe)

additive unity.”? - L e
Niriyana states the methods (2) and (3) only."

19. GENERAL INDETERMINATE' EQUATIONS OF THE
SECOND DEGREE: SINGLE EQUATIONS .

The eatliest mention of the -solugoh“ of the general
indeterminate equation -of the seeond degree is found
in the Bijaganita of Bhaskazadl' (1150). But there are
good grounds to believe that he was not its first dis-
coverer, for he is found ¥y Huvelibgkenofrom certain
ancient authors'a few ffhustrative examples the solutions
of which ptesuppose@knowledge of the solution of such
equations.? Neither those illustrations not a treatment
of equations gf)those types occurs in the algebra of
Brahmagupta or in any other extant work anterior to
Bhiskara I~ - . IR '

B}tisléaraII distinguishes two kinds of indeterminate
equations : Sgkrt. samikarapa (Single Equations) and

Asikrt samikarapa (Multiple Equations)?

) Y

Solutijon. - For the solution of the general indeter-
minate equarion of the second degree, Bhiskara Il
(z150) lays dc}wn' the following rule :

1 “Tha sarvatra padinddi rOpaksepapadibhydth bhivanayd'-
tiantyam™— BB, p. 41. et

2 Vide infra, pp. 267f. BB, pp. 106, 110
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L}

“When the squate, etc., of the unknown ate present.
(in an equation), after the equi-clearance has been made,

“(find) the square-root of one side by the method des- .

cribed before for it, and the root of the other side by
the method of the Squate-nature. Then {(apply) the
method of (simple) equations to these roots. If (the
other side) does not become a case for the Square-nature,
then, putting it equal to the square of another upkuown, -
the othet side and so the value of the other (7.¢.; the new)
unknown should be obtained in the same wayas in the,
Squate-nature ; and similatly the- value of ‘the first un-
known. . The intelligent should deviseivarious artifices

-so that it: may become a matter fog {(tjhe application of) -

the Square-nature,”? RS
... He has further elucidateds the rule thus ;
“When, after the cleargnce of the two sides has been

made, there remain the squate, etc., of the unknown, -

then, by multiplying dhswlitrstdesaith a suitable number -
and by the help of‘Other necessary operations as des-
ctibed before, . the) squate-root “of one side should be
extracted. = If there be ptesent on the other side the -
squiare of théinknown with an absolute tetm, then the

- two' toots\bf that side should be found by the method

of the Sqware-nature. There the number associated with -
the .'S{;i-lliare of the unknown is the prakrsi (‘multiplier’),
and. the absolute number is to be considered as the-

Anterpolator. What is obtained as the lesser rootin this

et on

“\“way will be the value of the unknown associated with the

multiplier (prakrti) ; the greater root is (again) the oot -

~of that square {formed on the first side). Hence making.

an equation of this with the square-toot of the first~
side, the value of the unknown on the first side shouid
be determined. ' '

" 1 BB, p. 95,
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“But if there be present on the second side the
squaze of the unknown: together with (the first power
of) the unknown, or only the (simple) unknown with
ot without an absolite number, then it is not 2 case for
the Square-nature. How then is the root to be found
in that case? So it has been gaid: ‘If (the other side)
does not become a case. for the Square-natutre etc,” .
Then, putting it equal ¢ ano
the square-root of one side should be found in the Wiy

indicated before, and the two roots of the othériside
should then be determined by the method of the/Square-
nature., There again the lesser root is the <alue of the
unknown associated with the prakr#i and the greater £00t

is equal to the squate-toot of that side/of the equation. -

' Forming proper equations with the yoots, the values
of the unknowns should be deterfnided. _ )
“If, howevet, even afterthe ‘second side has ‘been
so treated, it does not tugmibut to be'a case for the
Square-nature, - then "thaf!_\?iﬁtelligﬁﬁ&r')(mﬂgthpmatiqians)
“should devise by theif,own sagacity all ‘such artifices
as will make it~ -@sg'for the method' of the Squate-
nzture  and thgk determinie - the values of the un-
knowns™™ | ot L
Having"thus indicated in a general way the broad
outlines~of his metiiod . for the solution of the
gr;ner’z)\\'i:ddetenninate equation of the second degree,
Bhagkara II discusses the different types of equations
_seuerally, explaining the hles in evety Case In greater
C Actail with the help of illustrative examples.

) ~Solition of 4P+ b 0 =*

For the .-gehéréllgolﬁtiqn_éf the quadratic indetes- -

minate equation . ..o o _
el e e =05 (D)

i BB, p. 100. o

al to the squate of another unknown,

Q
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- Bhiskara IT gives the following. particular fule :

“On taking the square-root of one side, if there be
on the second side only the square "of the unknown
together with an absolute number, in such cases, the

~ greater and lesser roots should be determined by the~
method of the Squate-nature. Of these two, the greates® -
toot is to be put equal to the square-root of the fufst
side mentioned before, and thence the valug ©f the
first unknown should be determined. The lesser will
be the value of the unknown associated witl{Re prakrsi.
In this way, the method of the Square-mature should be -
applied to this case by the intelligent,”

As an illustration of this rule h’é‘;kata 11 works out
in detail the following examples’()

“What pumber being doubled and added to six
times its square, becomes capable of yielding a square-
root? O ye algebraist, &ell'it quickly.”®

 Solution, “TIEE TR be ». Doubled:
and together with! six times its square, it becomes
6x2 + 2x.  ‘Thigdis’a squate. On forming an equation”
yith the square of y, the statement is -

_ 'ij"?li— 2x + o2 = ox? + ox + )2
On makiflg equi-clearance in this the two sides afe
Gk and

\“Then multiplying these two sides by 6 and '
.. Goperadding 1, the root of the first side, as described
Jbefore, is 6x - 1. _ o
“Now on the second side of the equation remains
652 4 1. By the method of the Square-naturc, its roots -
© are: the lésser z and the greater's, or the lesser 20 and
the greater 49. Equating the greater root with the
*squage-toot of the first side, #ix., 6x -+ 1, the value of -

- 1BBi, pp. 100-1. ' ~ 2BBi, p. 101,
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- x is found to e 2[3 or'8. The' lesser root, 2 or zo,
is the value of y, the unknown assoaated with- the
prakrii. In this'way, by viftue of (the multiplicity of)
the lesser and greater 1o0ts,. many solunons can be
obtained.”t v

In other words the method descnbed above is this :
Completing: the ‘square on the left-hand side of the O
equation ax® -+ bx + ¢ -—_yﬂ we have o O
(ax + 15)2 qy2 + ;(333 4ac), . ~
Putting g = ax +'35, K= R qae); w\e get
gph=2 3 (@)
y=/g=mbe found empirically tO\be 2 solution of
this equanon another solution of it; Wlll be .

y =g Empsc
_ mqj:afp, R
where ap? -{— I = qg Hegc W%”%r&fﬂﬂbﬁr bf"(ﬁ)fls
x—g\i’-i-—-*('f’?':l:ﬂ@)
_ JSHEm
Now su,gpose X =7, when g= m; that is, let

= ar—+ b2 Substltutmg in the abovc expressions,
we get phéreqmrcd solution of (1) as’

~O xé—r(bq b)+qrﬂ:49,} )
Nyt G Yooy
where ap3+ 1 -g2and ar® -+ br+ce=1

“Thus having known one solution of ax“ 4 bx+-¢
= _)" . an mﬁmte number of other solutmns can be

1BB:, p 101. '_ s
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easily obtained by t_h'e method of Bhiskara I szc_
method is, indeed, 2 very simple and elegant one. It .

D e

a

has been adopted by later Hindu algebraists. As the
relevant portion of the algebra of Nirdyana (1350)"
is now lost, we cannot reproduce his description of the, .

‘method. Jhdnarja (1503) says:

: “(Find) the square-root of the first side accordin;;‘to :

the method desctibed before and, by the method(of the

Square-nature, the roots of the other side, ¢wlkere the

coefficient of the square of the unknown,ig)considered -
to-be the prakrti and the interpolatos(is' an absolute -

term. Then the greater root will be“equal -to the

‘previous square-root and the other/iz., the lesser £O0t)

to the unknown associated with the prakrsi.”

The above solution (1. 'z},:lbiit with the upper sign *

-only, was rediscovered in 3733 by Eluer.! His method -

is indirect and cumbrouss® Lagrange’s (1767) method

begins in the eamelbmaibmsy thginof Bhiskara ILby -
completing the squage on the left-hand side of the

_equation ? "

W

(&) 5013{:‘2'&*\%} o2+ bxde=aP+by+

Bhﬁskg;g’d 1 has treated the more general type of:

quadratic\'indcternﬁnate equations :

ax® 4 bx+ o=yt 4 by o (2)

Hig\sule in this connection uns as follows :

(Y “If there be the square of the unknown rogether
with the (simple) unknown and an absolute number, put- .

ting it cqual to the square of another unknown its root

(should be investigated). Then on the other side (find) -

1] eonard Euler, Opera Mm_‘bémai:’m,_vol. II, 3915, pp. 6-17; .

Compare also pp. 576-611.

© % Additions to Elements of Algebra by Leonard Ey!._er, translated

into English by John Hewlett, sth edition, London, 1840, PP«
5376 S o
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the roots by the method of -'the:-.Sqtiate-natur-e,.as has
been stated before.  Put the lesser root! equal to the

- yoot of the first side and. the greater oot equal to that
- of the second.”® T

He further elucidates' the rule. thus ;

“In this case, on taking the square-root of the first ,
side, there remain on the other side the squate of the\)
“unknown and the (simple) unknown with or withéut
an absolute number. ' In that case forming an equation
of the sccond side with the square of another unknown,
the roots (should be found). Of these.\(toots just
determined), making the lesser equal to thé\root of the
first side (of the given equation) and/thé greater to
the root of the second side, the valugs\of the unknowns

~

- should be determined.” -

Example. “Say Whatls '_théj-”g;;mber”.of terms of a
series (in A. P.) whose fitst tetfivis 3, the common differ-
ence is 2 ; but whose sum.muksiplied- &y, 3.5 gqual to the

sum of a different numb\e"t iof terms.”®

Sofution. “Hegec'she statements of the series are:
first term = 3, gothmon, - difference = 2, number of
terms = x ; firsh “erm =3, common difference = 2,
number of tefms = y.. The two sums are. (respectively)
xT 4 2x, S 2y, Making three times the first equal
to the second, the statement for clearance 1s

A\ e =4
£fet the clearance, multiplying the tvtzg) sides (of th?:
equation) by 3 -and superadding 9, the square-ro0
of the first side is 3+ 3.. On the second side of the

1 The meaning of the terms ‘flgsser root’, ‘greater root’, etc.,
as used here, will be ‘clear from the illustration and the general
solution given below,: .7 ,;» 70 -0 :

* BBi, p-Iod 8. BBi; p. 104, -

s -
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'équatioh stands 332 4 6j 4 9. Forming an equation of
" this with 22, and similarly multiplying the sides by 3

and superadding — 18, the root of it is 3y -+ 3. Then

the roots of the other side, 332 — 18, by the method of

the Square-nature are the lesser = 9 and greater = 13,
ot the lesser = 13 and greater = 57. Equating the lessér\"
‘root with the square-root of the first side, namely; -
3x + 3, and the greater toot with the square-regs of .

the second side; namely, 3y -+ 3, the values of x, yare
found to be (z, 4) or (16, 18). So. in everyiease.”
In geperal, on completing the squareyon the left-
hand side, equation (2) becomes \
 (ex+ MR = ady? 4 ally + g’;}\y (& b a0).
o Pt ax + 3 =g (2.1)
‘and then complete the square\on the right-hand side.
Thus the given equation jg¥finally reduced to :

= W\d{[’g&rﬁlﬁn’ﬁ?mg.in (Z-Z) .
where w = adlyd'§ b, ' (z.3)

and B =58 + (352 — ac) ad’ ~ (el

Now, if (== /, w = m be a solution of the equation

(2.2), anothet’solution will be

:"\'}'\ 3 = lq + mp,
N w—mgtalp; |
where #ap® +- 1 — g% Substituting in (2.1) and (2.3), -
<‘wc get :

2 &

' b 1
X = —27-4— ";(_19' 4 »p),
¥

24’

(2 !4)

+ 2 (g =t adlp).

N.ow, let / = ar + AE? and m = ad's -+ }ab’. Substi-
tuting in the above expressions, we get the required

Ly
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solution of (2) in the form- o '

xﬂm(?bipdb'—b)+qripa:

, (2.5)
7 (gh iﬁﬂ'ﬁl’ By + g¢ :5:})4?,
-where } aa;ﬁ + 1 —_92 R o O
and ' dr2+br+f~'a.fz+b’.r+: ‘l:\ '

The form (2.5) shows that havmg found emp‘mcally
one solution of ax? 4~ bx- Fo=ay¥ 4 ¥y + Q\BhﬂSkm
could find an infinite number of other solutions of it.

]nanara]a (1503) saysii - NG :

“If on the other side be prescﬂt \he squate as well

- as the linear power of.the unkndwn together with an
absolute term, put it equal tolthe square of another
unknown and then determitie the lesser and greater
roots. The Jesser root.wilk A:sa-&gmla  the iﬁtst square-
root and the greatet to the second squate-root

He gives mt{ olutmn the followmg ﬂlustratwc

example :

: . 5(x2+4x)‘*j2+4)', :

or '-.'..Kzf Gx A+ =3t + 1y + 36

mg 33 6=1, where z is the ““first squarc-
root”‘ JAdnarija; ‘we get
~C a =30+ 10+ 36,
\‘ of 3z2ﬁ(5y+ )2+?2 . o
Now put 4 6=, whetc w is the sccond_
squate-root.’ i%‘h : S '
=R,

Thetefore. by ‘the nethod of the Sqtmre-ﬂature,
g =18, w=30 Whencc x= 4, ye=8, 152 soluuon.
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(m) Solution of ax?® - by? + ¢ = g°

Bhaskata I3 followed several devices for the solunon ;

of the equation
R T G

In every case his object was to transform the eq quation’
into the form of the Square-nature.  He says: L™ N

“In such cases, whete squares of two unkhowns- .
with (or withont) an absolute number afk “present,
supposing either of them optionally as¢ the prakrii,
the rest (of the terms) should bel con51dered as
the 1nterpolat0r Then the roots s wnld be investi- |
gated in the way described befor f there be more
quuatlons than one (the proccss wﬁl be especially help-
ub).”1 :

He then exp}ams further :

“Where on findin e squate root of the first side,
there remain on the' ‘{éeafgf’d’é Sfigrds of two unkaowns
with or without an.4bsolute number, there consider the
square of one ©f the unknowns as the praérii; the
remainder wills h&en be the interpolator. Then b; the .
rule: ‘An optionally chosen number is taken as the
lesser ro »etc.,”® the unknown in the interpolator
multiplied by One etc., and added with one, etc,
or nety” accordmg to one’s own sagacity, should be
assm;ned for the lesser 100t ; then determme the greater

. 0P8

.  There ate thus indicated two amﬁces for solving ;
“ the equation (3).  They ate: o

{#) Set x = my; so that equation (3) transforms into

1 BBj, pp. rost.
. 2'The reference is to the rule for solvmg the Square- _natute
Gide ppra p. 124) (BBi - 33).
3 BBi, p. 106,
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3= (an* + 5))'2-1- ¢
—apfo, T

whete a=am?+ b, . Hence the rcquxred solution. of
axt 4+ Pt e=2is

xwy“m@ﬂfﬁ TN
=rq :'.__P'fs ' ._" o ' '.\‘\“. . -
z =sqgtapr; .. ’ A

where 52 = ar? - ¢ and qz— ap2+ I. Y\

(zx} Set x = my ;f: n; thcn ‘the equatlon teduce\s\to '
P2=uy j:zamgy+v .\\;
whete a == am? - ba,nd Y= wzzélw'
Completing the squa.te on the nght-hand side of ~
this, we get . . :

_ q{ﬂ_ﬂ 1;}?' :
wheee  w = ay & amn amﬂ" dlﬁra"h{’&a—y 3%9?:2 == a(bn?
-l i 3)—;— be,- - s\
fg=1y w= ’H\:,be a solutlon of thJs cquauon,
ano*her solution wlll

Ke ‘z'— 5q + fP=
;~\’.‘~~\ w=rq+ aspi -
where ‘gﬁx— ap2+ I Henoe the solutlon of ax® -+ by

o2 s

N

¥

\‘ L '._..:”_("Q:E wpq:am”)i”’
| .yz—(finP:Fam)s
:q:;:rp, : | '
where g2 = ap2+ 1, 7= as By a=am’+ b and

f = a(bn?® + fmz):-f'-*b;. B L
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In working certain problems Bhiskara II is found
. to have occasionally followed other artifices also for
the solution of the equation (3). For instance :

(i)t Set w2 =y*+¢. 'Then equation (3) becomes

, P w2 = ax? QN
Whence | = %('——i—m)x, \‘\
and v= 3% —m)s ,,‘“E’s .

where 7 is an .arbltrary number, Therc?c‘)re'
e 2P N
ey i
_ @ Hm
1= (m)"’
Now, if y =/, » mr*be a solution of
WOWW (ﬁﬂ‘&u_hby&r;{__pks in
another solutxon Of\lt will be
\\ Jy=lq & pr, -
w:rqj:&;;b; _ T
where ,@‘2\4- Y = g% Therefore, the solution of (3}
will bel ] .

\\\ R __x‘i—* s (rg <k bip),
\"\\ | " fq + 77,
gt mz(rqiwp)

where ap? + 1 = q* and !;[2 +c= e

. ()* Suppose =0} then the equation to be solved
will be. _

1 See BB, p. 108, 2 BBi, p. 106.
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et =gt

Inthmcase setx—w_zgi, z zy,sothatﬂ,vm]}be
given by © - o :
' au’—l—b 93

which can be' solved’ by the method of the Squane- ~
natuge. Some of these devices wete followed also by,
later Hindu algebraists; for: mstance ]nanara;a (1503} )

" and Kamalakara (1658)1 S -C
Exaniple from Kamalikara? O
R T T

This is one of 2 double cquatlon by Bhi{lmra s

To solve ax2 4 by% +e=2 Kamai;kam observes:

“In this case, suppose the coeﬁ-icxent of the square
of the first unknown as- the pfaén‘: and the coefficient
of the square of the otler utknown together with the
absolute number as the mm 0, ik, The two
roots can thus be dete\rmmed in scveral ays 4

And again:

“(Suppose) th§ coefﬁcmnt of the squate of one of
the unknowns; as'the praketi anid the rest comprising two .
terms, the. @quate of an. unknown and an absolute
number ca8/the mterpolator Then assume the value
- of the':tesser root to, be‘equal to the other unknown
.tbgethcr with an absolute term.”

) He seems to hawc mdlcatcd also a slightly dlﬁemnt

\method :

“Qr assume ‘the Value of the lcssct foot to be equal
to anothcr uuknovm plus or mmus an absohlte number

1 $iTVi, il zéo AR '_ ' ’S:?I'V:_, xii. 258,

3 BB, p. 1006, . 4 5TV, xiil. 164.

8 STV, xiii. zﬁ';f ' S
T 13 .
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and s1rn11ar1}r a.lso the value of the gtcater root. The
remalning operations should be performed by the intel- -
~ ligent in the way described by Bhaskara in his algebra 1

That is to say, assume
. x=myto, T=m+tp. S
Subst1tut1ng in the equation ax? + by? -i- &R
weget -
(am? — n¥yp? | + 2 (ama F nP) + },.j _
' “I‘(é‘-{—(ﬂ\ ﬁz)uo
Putting & = am® — n% n = ama T B, vt + g0 — gs .
this equamon can be reduced to Y
— 15_},2 4 (ni— v;:}_ #2,
- Where xx_*?.w;i:p. .

- Kamalikara gives alsq: some other methods which -
are applicable only in pamcular cases. -

www.dhbr

Case i, Supposent that" 5 a1 are of different .
signs.?” Two sub-eases arise: '

(x) Form ax? —“}\\@2 — =
' F1rst ﬁnd %, v, S4YS Kamalakara such that

'\*' o a =10t
Assn%mg .- . N o= ___b_.zg;_‘_”’
-m:wehave
NV axt+ bt — =§ 2+z\/—-wy+fzy2

(zm2 —& e
= _._(432 — f)]2+ 2\/__ W_}"l" @2_}__ yk |

1 .S'zTV:, xiif, 265 8TV, xiii. 285-7.
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The following 111ust:at1ve examplc and its solumbn
are given 1 A\

u\

_5x2—1—; 162 —20=2% SO
Iis solution is 0 :

_ By 4 oV
g=22p+y (&

where §#* — 20 = 2. An obvxous solutlon of this

equation is given ‘by #=3, #5=5. Hence, we get a
~solution of the gwen equation”as '

: WW‘W-J Lﬁibl’al org.in
o \% =6y + 5 d _ ¢
Therefore fy) — (5» 1)’ (7s z)’ (9: 5): reresas
(2) Form ax ——ﬁyg—i— .«:——'
In thlicaSC first solve
S d#’z -+ &= = p'%,
Them@e required solution is .

SO
\' i x—\/——-v’ +“s
"G 7

Example from Kamalakara
) 5x~-—zo_y2+16-—z. : .

i .S'S'T-Vi,;iii_. 2};9; L - S:TV:, xiil. 279
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~Then - :
' ' x=3'y+ 4,
L R=wyEs -
- where 5:/2 + 16 = »’2. One solution of this equation
< is =2, 0" = 6. The ‘corresponding solution of the
- given équation is O
x'-_ 37+ ' O\

| =5y + 6. O
Therefore . (¥, y)_ (5, 1), (8, 2), (11, 3); . .
© Casei. Let the two terms of the mte:pQ}ator be of
the same sign and posmve _ .

g Example from Kamalikarait /0
| sx2+sy2+z§—z B
- Assume atbittarily a value of\xor y and then find thc i
 other by the meghodipf. SN %%.ge;,mmrc §
' (w) Solution ﬁf 22x? by + ¢ =

Let the coeficiént of x2 (or y?) be a square nurnber.'
The equanon 1s\ef the form i

a4 P o=
For his ¢ase Bhiskara 11 observcs :
“Ifhe prakrsi is a squate, then obtain the roots by

the (rule:  “The interpolatot divided by an optlona.l'
nmnber is set down at two places, etc.” 3

&) Thus, according to Bhiskara 11, the solution of the
N above equatlon is '
| (bﬂ + ¢ ) -

Zd F:/4

a

15TV, wifi. 296. 2 SiTV, wiil. 298
3 BBI, . 106. .
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z__l(b)' +€+m)

where # is an za.r’tntrf,u:yr number
| Kamalikara divides equatlons of this form into two
classes according as ¢ is ot is not a square. o

(1) Lete be a square (— d%, say). Thatis to say, we . {\
have to solve - - A

) 42x2 __E_ Z?y + dg z ) . \' \ 7
The solution of th]s paxtlcular case, says Kmina—

lakara, is glvcn by o @

‘ zad O
For, with- thls value, we have | \ o
= _~—— + b)" +d’
TWW tmau ry.org. in
44.;. G w’*ﬁg
Hence -' z _|.. d..
(2) Whencis not a squatc, Karnalakara first finds a, B
such that P\ ' .

x"..\"; '__‘ uz_{_‘-_ﬁs _
He nex&)btams " such that ‘the value of
'..\.. ] - aﬁy.— b]z
Q ' ""-a‘a/a

is'also & H and then says that . -

.x___,!y3+._,

1 V:de his gloss onsrrm,nn 275
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. whence will follow the value of z :

Smce an — 0jz _ biz n,
AR 2a(p — @)’ Qo
.'SO that ’z__._b-22—-— + el O\
7 A S
Therefore R=at+ 2t .'\‘-‘7‘5
St e “\Jg\ P
by?
- 4(@5—@)_ +(ﬁ )+J'+‘
By ﬁ@ ]
4([)—a)é+(ﬁ 3 a)+ﬁ
23y-
ﬁ@ﬂﬂu{f@ﬂl}} Pg}m
2y
Hence '. z:;@{)y_ Ej+ f}

Ex’amp:’e ‘ﬁ;\@m Kamalakara _
ol ,\:’;w‘ 4% 448 4 20 = 2.

8112@'42 + 20 = 62 and the solution of
\\‘3 1 — 24
8 8

N
Q“

~\ Js #=6, we get the reqmted SOluthﬂ of the given"_
/ cquatxon as

=8

X 6—)]2—!— Z,
=12 +6. ‘
It may be noted that the solation stated by Kamali-

kara follows easily from that of Bhaskara 11, on putting
thetein - w = § — a, where. - a® 4 ¢ = fi.

A
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~ In particular, if we put c% o anda =1, Bhiskata’s '
solution reduces to .. '

__ x= %(—y“rm)
whete m is arbltrary S _ ,
If b = af, takmg m —'zﬁ_pz we casﬂy amve at
: x_—._ ag? ﬂ;ﬂ | y:
| Z a§”+ ﬂP” SO
whete p, g are a.tbm:a.ry 1ntcgers as the, {Qlunon in pom-

tive integers of 2= . %24 éy ’I&ys solutlon was
given by A, Desbovacs (1879) 179N e

Taking = 2v8, we " edn denvc Matsunago 5
(v. 1?35) solutlon of % M&ﬂi@ﬁbm}. prgin AT
'-_:-*'bu-—v __ o
\,,,._ s
\\ =t

where g, v a:tc arbmary mtege:s, o
@. Solx:mrx vf ax® A bxy + gy -—z
Eqn Othe solutlon of the equatmn :
syt oi= T o 0)
thaskara 1L lays down the, followmg rule .

“When there are. squa:es ‘of two unknowns together

duct, -havio cxtracted the square-root
ffl téln;h;a{; p17:‘:)5}1]3)!.11(:'1 be Pugt equal to half the difference

.of the remanung patt dnuclc by an opnonal number

1 chkson, N:mber.r, H\ p 4.05
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and the optional number.”1
It has been aga.m eluc1dated thus ;

“Whete there exists' also the product of the un-
kndwns (in addition to thc1r squares), by the rule, “when
there are squares etc.,” the square-root of as much -
portion of it as affords a toot, should be extracted. The' .
remaining portion, divided by an optional numbef and -
then diminished by that optional number and; halvcd :
should be put equal to that square-root.” .

. ‘The above rule, in fact, contemplates; i partlculzu:-
case of equation (5) in whichaor cis a squate number.

{®). Supposes = p. The equation {o. be solved is then
| Pt bxy +of = %3" (5-1) -
Thetefore | (px+ ) j*ﬁ(c 4}53) = g2, |

' Putt]_ng px + \-.szat d:blwlnbymlge'grg in

.c,\z — = (o= )
Whence 5N g—w=4,

Vo DndiP . . 2 .
RS o Y

wherql\is an arbltrary tational number. So

”tf;\"::; - T 1}{ A ( 4}92)u k }
\{ 25 stated in the rule.. Therefore,

LV oo
?7$Fﬂ,ﬁ**F5@

1Y Mikami, Tk Developmens qf Matbematics in Clmm mwd
Japan, BLelpmg. 1913, P. 231.
By, 6.

. 10
-
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. o o
wd o emdg (o)
Now, if we suppose y = min, whete m, n are
arbitrary integers, we get the solution of (5.1).2s

x =g Pzﬁz . {m? (4rp2 —_ bg) — 41.2])2;:2 ~— ahbmn},
” o | O
J= _;“‘s . o :-' . _ . A l,\
m® (4cp® — 24242 »

Since the given equauon 18 hotnogenf:c;»u%:l tly muluple
of these values of x, 7, g-will also be its §olution. There-
fore, multiplying by 8ip¥?, we get: the following
solution of thc cquatlon PR —1— bbgy + ¢yt =2 m in-
tegers )
) .%" - mg (4‘?2 H\b\'\’lfﬁbﬂg@wm Y. QMW’
. )'_ = 3MWP2 s . (5.2)
g =t (4cp2mé< bz) + 47@%
whete m, 1, ate arb‘it}ary mtegers e
In partlcula):, pumng a=b=¢=1, and A=p
=1 in (5. zkwcget_ ' :
\,x\- syt 4::(::-1— w)
Ny = 8mn, :
\’ z_.._ 5,”2,_;_4”2
s the solution of the cquatlon
x4 xy =
- Dividing out by s;: the abovvsoluﬂon caft be put into
. the form R

ey

x=% ( —fl—-ﬁ) | | B ":Q..';_."- |
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X y
R= g, 7+ 4

as has been stated by Niriyana:

" square,

“An arbitrary number is the first. " Its square ffsd
by its (squate’s) one-fourth, is divided by an ogtignal
number and then diminished by the latter and also'by the -
first. Half the remainder is the second numiber. The
sum of their squares together Wlth the1r product is a
EE m\ .
It is noteworthy that in practice Narayana approves ‘
of only-integral soluﬁons of hls equ}mon For instance,
he says : NN

“ “Any arbitrary number is whe first. Suppose it to ':'
be 12, Then with the opt ional ‘number unity, are

- obtained the numbe auqu}ral )@Jﬁl i For integral values,

.m‘
%
\:

they are doubled (24 e optional number -
2, are obtained (3£)20). It being possible, these are
reduced by the common factor 4 to (3, 5). In this way,_'-

_ owing to. the'Yatieties of the optional number, an

nite numbetef solutions can be obtained.”
(i) NI neither z not ¢ be a'square, the solution can_.j

be obgé}ned thus :

~Multiplying both sides of the equation () by 4 and;f
- ¢hen completing 2 squate’ on the left-hand sxde the..
equation transforms into :

(@ + 4+ (o0 — 332 =
Putting  ax + }by = wand p = }(b* — 4.:1.:")
weget:  wE a3t + B2 G 5)
S GK, i. 53. :
2 See the example in illustration of the same.



sownom OF a.:é*” +§mj+ ot = g’ . 203 '
The method of the' solutlon of an’ ‘equation of this form,
according to Bhask;n:a 11, has been described before.

Assume w = gy, 2= lgy, so that the walues of #, v
w111 be given by

.92'_"”‘2+ﬂ _ o (5 4)

Y u=m v=mn bc x solutlon of (j 4), anothe::\
solutlon will be S A

g
Cw=ngkampy . (O
- where ap? 4 1= g Thercforc aso]unon of (5) is
o\
{Z(M i MP) - 5}\ v
z .7(’”'? :EP”); Q_»..-; -

wheze ap + I q m\&f{\ffuw?d’d! Ehbla‘ry org.in '

Put # _ar—[— -g& and_yhh—» “then we have

‘\Iult.splymg by 12at, We, gct the fol,lowmg solution
Bf ax? + &:gy —L— gx“‘ *.zl,am mtcgcrs
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| 20. RATIONAL TRIANGLES

 Rational Right Trimglés:hmly' Solutions. The
earltest Hindu solutions of the equation o
L x2 4 52 =gt (1)
are ‘found in the S#/bsz. Baudhiyana (r. 8co B.C.},l
Apastamba and Kitydyana (¢. 500 B.C.)! give a pieshod
for the transformation of a rectangle into a“square,
which is the equivalent of the algebraical idﬁ:l'l}jtjf

. _ 2 — A2
oy — (”7‘"‘”}2 ?‘2) _(W_2\_ﬂ\) ]

where 7, 7 ate any two arbitrary nymbers. Thus we get'
— W — aNEAN T 2
(Vmrf + (= 1NE () -

2 2

.Substituting 22 ¢° for my respectively, in order to

eliminate the irvationslquidntifiss; we get
_ 2% g2 \2 2L g2 \8
2 +£m(<ﬁ_~z_) :(_f’_z_ﬁ’_) ,

which gives a ¥ational solution of (x).

For findidg a square equal to the sunt of 2 number
of other/sfuares of the same size, Katydyana gives a-;
very c}sg\aht and simple method which furnishes us with
another solution of the rational right triangle. Katyi-.
ygu)a\says 3 ' - '

AY “As many squares (of equal size) as you wish to

AN

\‘

‘tombine into one, the transverse line will be (cqual to).
one less than that; twice a side will be (equal to) one-

~ more than that ; (thus) form (an isosceles) triangle. Its
- arrow (7.2, altitude) will do that.”’2 S

BSL i 585 ApSl, ik 7; K84 diica. For details of the cons--
truction.see Datta, Sulbs, pp. 83f, 178f. = s
2 XS/, vi. 5 ;:Compare also its Parifista, vetses 4o-1.



Thus for combiningn squates of sides z each, we form the
isosceles triangle ABC, such that AB=AC=(#+1)q/2,

. |

and BC = (9—1)a. Then AD?=ns®. TS ‘gives the
formula =~ S P\ C
e = I\2 e I\2
E 02(_\/#).2{62( 2 '.)‘ =“2t” )
Putting #* for » in order to make the sides of the right-
angled triangle free from, thawadical..ye have

Y O
which gives a rational solution of (1)

Tacit assumption of the following further general-
isation is mglt:x\arith in certain constructions described by
Apastampat* _ L

1£.4he sides of a.rational right triangle be increased
by any tational multiple of them, the resulting figure will
bel2 right triangle. 3 S .
\ ' In particulir, he notes ~ -
. L Rt 4= .

G+33P+H @+ at=0+53%
G+ 3.4+ @+ 4.4P=0+ 547"

3 ApSt v '3', 4 Also compare Datta, Suba, pp. 651 -
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R . 52 4 122 = 13%
e G+ 5.22+ (124 12.2)7 = (13 + 13.2)%
Apastamba also derives from a known right-angled °
triangle several others by changing the unit of measuse
of its sides and vice versa.! In other words, he recognised, :
the principle that if (e, 8, ¥) be 2 rational solution ‘ef -
x2 |- y% = 2, then other rational solutions of it wilbybe - ;
~ given by (Ja, /8, Jv), where / is any rational fuimber,
© This is cleazly in evidence in the formula of Kétyiyana in
which « is any quantity. Itis now known thigball rational -
solutions of x%4- y2=2g% can be obtgined withoue
duplication in this way.. i o

Later Rational Solutions. B@.ﬁmagupta (628) says:

“The square of the optiatdl (is7z) side is divided
and then diminished by anloptional number; half the .
result is the upright, andshat increased by the optional
number gives the %}*ﬁl’o ehuse”'86"a rectangle.””?

In other words; if #, # be any two rational numbers, -
then the sides.\({f‘.zi tight triangle will be '

N 2 2
Poox %(——f:’) 1(—+ﬂ).
SO Ay T B,

_ Tﬁé\Sanskrit wortd 7s#z can be interpreted as imply- -
ing~“given” as well a5 “optional”. With the formet .
meéaning the rule will state how to find rational fight

~(riangles having a given leg. Such is, in fact, the inter-
\ pretation which has been given to a similar rule of".
Bhiskara 11.2 ' : :

1 Datta, Sulba, p. 179.. 2 BrSpdi, xii, 35. .

8 Vide infra p. 211 ; H. T. Colebrooke, Algebra with Arith-’
metic and Mensuration from the Sanscrit of Brabmegupta and Bhaseara,
London, 1817y, (referred to hercafter as, Colebtooke, Hfﬂd{f_
Algebra), p. 61 footnote,. ; :
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A similar rule is given by Sripati (1039):

“Any optional number is.the side; the square of
that divided and - then: diminished- by an optional
number and halved is the upright; that added with the
previous divisor is the" hypotenuse of 2 right-angled
triangle. For, so it has been cxplamed by the learned in
the matter of the rulcs of geometry.”t

Karavindasvami 2 commentator of the Apa.rx‘amba

Sulba, ﬁnds the solution o K
(rzg 1 zn) (ﬂ2 2w z) ‘
28+ 2 mm+z \‘

by gcnerahsmg a rule of the Sulbe.?

Integral Solutions. Brahmagupta s the first to
give a solution of thc equanon x* —|—- )ﬁk z in integers.
It is o

m: —_ n’ zﬂm, zh’—i— # _
v, n bcmg any two unequ,a!;, m@g@,my orgin

Mahavira (850) says: ™ .

“The d;fferencc 9£ the squates (of two elements)
is the upright, " “their product is the base and the
sum of their: squares is tbe dnagonal of a gmerated
rectangle.”

He has re—stgxcd it thus o
ptoduct of the suin and dlffcrcncc of the
clemen%s is' the upright. The sasikramapa®' of their
squatecs gives the base and the diagonal. In the opera-
tion' of. genc:atmg (gcometncal ﬁgures) this is the
rocess e '

1 .S‘:.fe, xiii. 41.

1 ApST, 1.2 (Com ) also see Datta, Sﬂlba, pp. 14—16
¥ BrSpSi, xii. 33 ; vide infra, p. 222. ¢ G.S'.S' vii. god

5 For, thedcﬁmuon of this term secpp 43f.

b G.S'S, vn 93&.
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Bhaskara II (1150) writes: : _

“Twice the product of two optional numbers is
the upright ; the difference of their squates is the side;
and the sum of their squates is the hypotenuse. (Each
of these quantities is) rational (and integtal).”™ -

It has been stated before that the early Hindfs -
recognised that fresh. rational right triangles can be
derived from 2 known one by multiplying or divididg'its
sides by any rational number. The same ptinciple has
been used by Mahéavira and Bhiskara 11 in'their treat-
ment of the solution of rational trianglés ‘and quadri- =
laterals. GaneSa (1545) expressly statess

“If the upright, base and hypotenuse of 2 rational
right-angled triangle be multiplied by any arbitrary:
rational number, there will - beproduced another right-
angled triangle with rational, sides.” .
. Hence the mosty geffgtal, solytion of o? 4 )% = %
in integets 1s NNt : A .

(12 K}ﬁ)l, 2o, (- ]

- where m, n, / Ke\‘iﬁtegral.numbers._

Mahavita’s Definitions. ‘A triangle or a quadri-
lateral whoseé sides, altitudes and other dimensions cant
be cxppessed in terms of ratipnal numbers is called
Janysfmeaning generated, formed or that which is
gefictated or formed) by Mahivira.? Numbers which ..

1L, p.36. o ; i ‘
® S5, introductory line to vii. go§. The section of Mahdvira’s:

- work devoted to the treatment of rational triangles and quadri-

laterals bears the sub-title jamya-yyavahéra ( janya operation) and it
begins as “Heredfter we shall give out the janya operations in cal- -
culations relating to measurement of ateas.” Mahdvira’s treatment -
of the subject has been explained fully by Bibhutibhusan Datta in 2
paper entitled: ““On Mahavira’s solution of rational trianglcs and
_nlnadrilaterals.” BCMS, XX, 1928-9, pp. 267-294. :




are employed in forming a particular figure ate called its
bija-samkhyd (clement-numbers) or simply iz (clement
or seed). For instance, Mahévira has said: “Forming
O friend ! the genetated figure from the bijz 2, 3,71
“forming another from half the base of the figure
(rectangle) from the bjjz 2, 3,7% etc. Thus, according
to Mahivita, “forming a rectangle from the bz m, »”
means taking a rectangle with the upright, gasc and®),
diagonal as m% — #% 2mn, m® 4 4 respectively, It-is’
noteworthy that Mahivira’s mode of expression in this
respect very closely resembles that of Diophantis who
also says, “Forming now a right-angled triafigle from
7, 4, meaning “taking a right-angled «tsjangle with-
sides 72 — 42, 2.7.4, 724 42 or 33, 56, 6538 It should
~also be noted that Mahivira never speaks of “right-
angled triangle.” What Diophantds ealled “forming a
right-angled triangle from a, ,” Mahidvira calls “form-
ing a longish quadrilateral orectangle from », .7,
_ Right Triangles HuVifig 4 'Givenr:Side. Inthe

Sulba we find an attempe, t6 find rational tight trianglés
having a given side,\that is, rational solutions of

- KA =1
In .patticular, W find mention of two such right
triangles having a common-side 4, 1%, (4, 34/4, 54/4)
and (s, safy2, .134{)1'2).4 The - principle underlying
these solttions will be "casily detected to be that of
the réduction of the sides of any rational right
triangle in the ratio of the given side to its corresponding

™\

Q

' 1 “Biie. dve teini sakhe ksetre janye tu sathsthdpya”—GSS, vii.
923, - T .
2¢He dviteibijakasya ksetrabhujirdhens cAoyamuithipya™-—
GSS, vii. 11y - - L : .
3 Arl_'t)&métka, Book IT1, 19 ; T. L. Heath, Diophanins of Abxan- K
. 4 Datta, Sulba, p. 180.

14 - ...
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~ side.- This prmc:lple of ﬁndmg rational right trianiples
having a. given side has been followed explicitly by ~
Mahavira (850). )

It has been stated before that one rule of Brahma. -
gupta? can be interpreted as giving rational solutions of\
_x2+a2_?2as o

2 %(———n) W),

where # is any rational numbet. In fact, h has uned this .-
solution in finding rational isosceles trdngles hwmg a
given altitude.® - This solution has be\en expressiy stated
by Mahavn:a (850). He says: .\; y

“The sankramapa betweenany optional divisor of _ -
- the square of the given upfight or the base and the -
(respective) quotient gwes \the diagonal and the base
(OI' uprlght) s5g www.d Lau library. org.ift :

N
’\\

He has restateg\the solutlon thus :

“The .ramér@mamz between any (rational) dmsor
of the upright) and the quotient gives the clemegts;
or any (rational) divisor of half the side and the quotient
‘are the ei‘sments 75 ' .

: 'rhe right tnangles formed a.ccordmg to the first half
of: thls tule are 8 -

o
A _.a,._i( _ Pz) W e+ ),
1 V:de mfm, p. 213 - © 7 R Vide supra, p. 200,
. ® Vide infra, p. 223 _ 4 GSS, vil. 973
© 8 GSS, vil 033,

¢ The “elements” here are, Q(a/j.‘a + £), Q(a[p — p) where p is .
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and those according to the second half are ;1

a2

R 2 afi_J(_ g -
At 7% 7. q-.

Bhiaskara II gives twb_ solutions one of which is
the same as that of Brahmagupta. He says:

“The side is giirem: from that multiplied by twice ,

an optional number and. divided by the square 'of that\J)

optional aumber minus unity, is obtained the upright;
this again nmlitiplied . by thé optiona] number~land
diminished by the given side becomes the hy{@tenuse.
This triangle is a right-angled triangle. .0

“Or the side is given™ - its square dizided by an-
optional number is put down at two plades'; the optional
numbeyr is-subtracted (at one plaef) and added (at
another) and. then halved ; these résmlts are the upright
and the hypotenuse. Similarly.frem the given upright
can be obtained the Sida@db'gbﬁigyggtg%ujsﬂeg,z

That is to sav, the two solutions are

- ngc{",\" 20a
. a’_ﬂz\é'l_’ .'(”2___‘ I) - 4,

. ’ ’ a2 . . 72

and &%(“}}- —r) 9(7+”)-

Bhaskiyx I illustrates this by finding four right
triangle®having a side equal to 12, #i%., (12, 35, 37), (12,
16, 200 (12, 9, 15) and (12, 5, 13).% |

"}Ihe. rationale of the first solution has been given by
g\‘]iyﬂdﬁsa (1538) thus: Starting with the rational right
triangle #*— 1, 25, n® + 1, he observes that if 2, y, g

 1The é‘c:-.lf':r'\n.e:;-n:s” here are 4> 424, where ¢ is an -optional

numEci:. o "~ A
2L, P34 . . » PP 34%.

Q!
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~ be the corresponding sides of another right tmngle

“then _
x 0y . ‘
 E =T FrT — & ().
Hence  x = A(n*— 1), y=2nk, 3=k + 1) N
Therefore x-F g = 2knt = ny. AL
" If now we have x = «, then N e
a i’;}& '
é o ”2 - I. t.:i“ ’
_ AN
: . 2na )
Hence J=r-x RN
_ 72— LN
gﬂd —??}‘——-—d: ”(ﬂﬁ__.l)_

The second rule has; I:xecn demonstrated by Surya-

dasa, Ganeéa m&g%ﬁﬂﬁhﬂofhlﬂs

Since Q NP4 gt =2,
we have ) \sﬂb P—xt=R—- )&+ ).

Assume, ¥ — x = #, where # is any rational num-
ber ; then?;™

N o maf
. §\ =g
R\ 2 2
5"\’.‘;‘ Z:%(——{—ﬂ) x:‘(—-———n).
~O _
N - Generalising ‘the method of the Apastamba Syﬁm

the commentators obtained the solution!

w2 2w 2
(zm—f—z) ( 2 4~ 2 )d'

1 Datta, Sulba, p. 16.
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Right Triangies--f;aving a Given Hypotennse
For finding all rational right triangles havinl;oa given
hypotenuse (¢), that is, for rational solutions of
v .
Mahavira gives three rules. The first rule is:

“_The squaré-root of half the sum and difference of\.
the diagonal and the square of an optional numbet dee?

they (the elements).”

7

In other words, the required solution will beobtain-

ed from the “elements” \/{¢ + p?)/2 and e — Pz
whete p is any rational number. Hence dhe solution is

The second rule is : QY
“Qr the square-root of me;diﬁ'icnt:e of the squares
of the diagonal and of AnaRRIONAL number, and that
optional number are tl}efﬁ%%ggfgﬁaﬁﬁ'?ﬁ%“basa”z
That is, the solgt}ibn is |
$p VE=P, -

. These solntions are defective in the sense that
Vet — p* 6> V/ ¢ — p? might not be rational unless
pis suitgbi} chosen. Mahavira’s third rule is of greater

impogtance. He says:.

AN %Each of the various figures (rectangles) that can

~be’ formed from the elements are put down ; by its

\diagonal is divided the given diagonal, The perpendi-
cular, base and the diagonal (of this figure) multiplied
by this quotient (give rise to the corresponding sides
of the figure having the given hypotenuse).”?

1 GSS, vii. 958 3 G55, vii. 974
3 GS5S, vil, 1225

N\



» : -

T 214 ' ALGEBRA

Thus having obtained the general solution of the™
rational right triangle, vig., #R2— 2 2mm, A
Mahédvira reduces it in the ratio ;f(m2—|— r;i) so-that
all rational right triangles having a given hypotenuse .
¢ wﬂl be gwen by '

e — 7 2mn "

(mz__]ﬂ rz‘) (ma+ ﬂz) £ Oy

By way of llustration Mahdvira finds  fotr rec-
tangles (39, 52), (25, 6o}, (33, 56) and (16 “63) having
the same diagonal 65.1 RY .
This method was latcr on redis¢evercd in Purope-}é

- by Leonardo Fibonacci of Pisa (1 20@) and Viera, Ithas
been pointed out before that thQ Srigln of the mcthod.ij
can be traced to the Swlbs. '

Bhiskara II {1150) sa},s ;

“From the given by otenuse multipticd by an-
- optional numbBEY AE" i‘i‘&l&ﬁg %8 then divided by the::
square of the optiopal number added to unity, is obtained
the upright ; this\N8 again multiplied by the optional :
number ; the @ifférence between that (product) and the
given h} potéguse is the side. £
“Opdivide twice the hy potenuse by the square of |

an optmnal number added to unity. The hy potenuse :
minds)the quotient is the upright and the quotient
mtﬁtiphed by the optional number is the side.”’? T

A% Thus, according to the above, the sides of a right-
\” \“angled tr1angle whose hypotenuse is ¢ are : )

2me ( 22¢ )
w2 -1’ w1
: 27 2¢
or s € ‘. -
/73 L—- 1 ??22 ‘J{‘ 1 LB

A G5, vil. 123-1243. - 2L, pp. 55; 36.
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By way of illustration Bhiskara II finds two
right triangles (51, 68) and (40, 75) having the same
hypotenuse 851 . .

. Stiryaddsa - acmonstratcs- the above substantially

thus: - : i S
If (x, 5, %) be the sides of the right triangle, we
have ST T .
' x Yy _ O
CHE—1 awm m23- 1 =4 (?aY)’_., O’
where # is'any rational integer. Then
L %= A(m*— 1), y = amk, g = K(@A+ 1)
Therefore - e 2k =
Since ¥ is given to be equal 104 W have
_ i . N
‘é"*_ m“'-{-1
Hence ° L ngdﬁfimﬁral‘y,or‘g,jn
ehee )' Y o S
and = R m'( m“‘+.1) “

" problems Ihvolving Areas and Sides. Mahévira

proposes ta find rational rectangles (o squarcs) in which
the area/avill be mwmerically (sarkhyayd) equal to any
multiple-or submultiple of 1 side, diagonal or perimetet,
og’,,(’)f any linear combination of two or mote of them.
. Expressed symbolicatly, the problem is to solve
: \ } . . x2 4yt =24 } | (1)
mx + Y+ pPR="7%J; ,
" m, #; p, r being any rational numbers (7 £ o)., Fot the
‘solution of this ptoblcrn'hc gives the following rule: -

o rLppenst

Q
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“Divide the sides (or their sum) of any generated
square or other figure as multiplied by their respective
given multiples by the area of that figure taken into its
given multiple. The sides of that figure multiplied by
this quotient will be the sides of the (required) square
.ot other figure.”?

That is to say, starting with ahy rdtional solution of

Mgt=h Ot
we shall have to calculate the value of A\

mx '+ p = 0,5y, (O (3)
‘Then the tequired solution of (1) will helebtained by
reducing the values of %/, ', ¢’ in the \m,tio of Q/rx"y".
Thus ' €
x = x'Qrxly = Q¥
=YLy =G, b (4)
X=3 Ly (SN

e . rw dhrgidibrary. org.in
Mahivira gives”¥cvEHE HRISE6E examples some

of which are very intereSting:

“In a rectangle ,kﬁe\area is (numerically) equal to the
perimeter ; in anpther rectangle the area is (numerically)
cqual to the diagonal. What are the sides (in cach
of these cases)@” :

Al qbﬁa}éally, we shall Have to”solve

. .’\'\ : ~2 -+ Jrz - %2’ S
\ _.Z(X +x3= s } . (I . I)
(\} » and . . )
: x?+-y2:{2’ } : (r.2)
Xy =z ' .

Starting with the solution 52 — 2 251, 2+ 2 of (z)
and pufting m =n =2, p=-0, r=1 in (4), we get

LG5S, vii. 1128, 2 GSS, vii. 1153

Q
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the solution of (1.1)as .
2(% = A 45t 2(F— 1) 48t
- 28t '_’_\._'52.'-._.32. 3 g
S (2 — D)+ 48 g
- { “252 (82— #%) }("2 + ﬂ)

And putting 7 = n=0, p. = r = 1, in (4), We have
the solution of (1.2)as B : .
§2 _.1'__.f2 .1'2 + fﬁi ‘ (.!'2-1{— t2)2 '. £
a5t = 23K — 0] O\
Bhaskara 11 solves a problem similar to.the Second
one above: . - _
'Find a right triangle whose area equals the hypote-
nuse.l - I o
"He statts with the rational sight triangle (3%, 4%
5x); then by the condition, af¢a = hypotenuse, finds:
the value x = §/6. S%&h&ﬁﬁ?auﬂg%.ytﬁgﬂg}ﬁf of the
required type is (5/2, 10[33% 25/6). b ﬁ:ngh observes :
«[n like manner, by ¥iftue of vatious assumptlons,
other right trianglesgts:ém also be found.” The general
solution in this_cgs}s" o L '

R bk (AP
ot o E- P HE— B
Anb{ﬁer example of Mahivira runs as follows :
g.,‘.ff"(oFind): a- rcctahgle of which twice ‘the di?.go_nal, '
ghtice -the base, four times the upright and twice t}}c
“périmeter ate together equal tO the area (numetically)- 3
Problems Involving Sides-but not Areas. Mahi-

vira also obtajned xight triangles whose sides’ multiplied

2 «“Fvamistavasddanye’pi”—BB% P: 6.
s GSS, vii: b o o

?\" N
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.bv atbitrary rational mumbers have a given sum.
Algebraically, the problems require the solution of

¥ gE= 2t )

ot gt R=A
whese 7, s, 7, A are known rational pumbers. His
method of solution s the same as that described above
Starting with the general solution of A
xﬂ) _J’_]fz_ ] s N \“.

we are asked to calculate the value N

b '+ sy + 1= P, say. \:
Then, _say's Mahivira, the required solatioh is
= x' AP, y=y AP, 3 =2'A/P.
- One 111ustrat1ve problem given. &y Mahévira is :
“The perimeter of a J:ectangle is unity. Tell me
quickly, after calculatmg,what ateits base and upright.”’?
Starting with the rectagele w2 — 72, amn, m* -+ 1,
we have in this case 1:39 ks Orﬁgrl}— 2mn). lence
all rectangles having the same perimeter unity will b
glven by AN
wg\\- n? w i
2(mE En? - zmn) W — 0 2mr’
w7, n being any $ational numbers. N

The ﬁ%enmetnu right triangles will be given Eﬂ
'zﬁm (AR,
) 2 )P’ RN {zw(})}_—}l_fi)}p ’
”N}ere £ is the given perimeter.
Another example Is ;

“(Find) a rectangle in which twice the dmgonal
thrice the base, four times the upright and the perimeter.
togethcr equal unity.”?

1 GS.Y, vii. 1183, 2 IS, vil. 1194,

T



Pairs of Ret:tangl = Mahivira found “pairs of
rectangles such that . el e

) 1i'he-ir pexitﬁét&;is are equal but the area of one
is double that of the other, or _

(#) their ateas are equal but the perimeter of one _ -

is double that of the other, or ° ' \

- (/i) the perimeter of one is double that of ghe,

" other and the area of the latter is' dguble -

that of tﬁe"-fqrmér_..’.’. o N\

These are particular cases of the _"foilow,'g;g general
problem contemplated in his rule: QO

To find (x; y) and (%, v) tepresénting the base

and upright respectively - of - two {%ta\nglcs which are

~ related, suchithat oo s NG .
ekl i), ] ey
where m, #, p, ¢ ate knawn dRfegers,, . -
His rute for the gélution of this getieral problem is :
“Divide the greater multiples’of the ares’and the
peritheter by the-(respective) smaller ones.  The square
of the productof. these ratios multiplied by an optional
number ig ghe uprighit of one réctangle. That diminished
by unityill be its base; when the areas ate equal. Other-
wisepiltiply the bigger tatio,of the areas by that
optional numbes and subtratt unity ; three times the
_upiight diminished by this (difference) will be the base.
\ﬂe upright and base of the other rectangle should be
- “obtainéd from its.ateaand petimeter (thus determined)

with the help.of the mle,- From the squate of half the

‘described before,”*

s The r‘e_'f"e.r_.énce,in the concluding line is - 3
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In other wotds, to solve (A4), assume :
y = s{(tatio of perimeters)(ratio of areas)}?, {r)
and x =y—1, fp=g¢q, (2)
or x =3[y {s(ratio of areas) — 1}], if p # ¢, (27)
‘whete s is an atbitraty number, and the ratios are to bel
so presented as always to remain greatetr than or cq\uql
to unity. :
Let - m>=n, g > p. Then we shall hav'e to
assume P\
2 (&
J= ;:,{?;_2’ m\
| (3)

X=3 ( Jpz .f; T\I )
‘Substituting these values m (A) we get

=245 a},p. 3~7+ 3), @)
wwdfbg ibrary.grg.in
B & L A}
Then ’\\
| _ g 95q | \T 35459
(w— v)? = ,&{(4 i —+5) +—(~f—4)}.
Novt,\f the arbitrary rnultlpher sbe chosen such that
NS s _ |
o T o (5
ghave '
Q _ i
$—v=" npa 2P 7+ 3) (6)

+ From (4) and (6) we get
; 2,2
np ap (7)
— 34mq ’
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Substltutmg the value of s from (5) in (3 a.nd 7
we have finally the solution of (A4), wh CI')I m }(ﬂz

g2pas
7= .
p - . Ear el | (I) N
— _ - g o [ %
x 3(4 -3, | oz P S

Mahawra has observed that “when the. arqak are
eq_ual” we are to assume! :

. 2 ("«:
P o
_— — &/
. T A
y .
=3 — 1,
K= NG

\\

1 B:bhuubhusan Datta - has showy/that this restriction is . -

ot necersary.  1n fact, starting w1tl; the’ assumption _ ~
' ,,;z 1 AN '
. .y ”Swp&’ .

x = IW dbrauh ral‘f o}-g?P’
and pmceedmg in the isa,;le way as above, he hds obtained anothcr

' solution of () in the'form .
“m’ . ] L
J"‘Z ”SP ‘3'_—-“';": .(H)
B v 2 s ~ ] oL s .
\"2}#- z“—f—— 1, u::-?‘—(a;% - z)- :
D a  finds two gencral solutions of (A), #iz
» f.”"_f:-;- ¢,
"\"\__ C )T
\ U . ’.wﬂg (?‘m’q’_ ,_,’,-_gl__-!- f)
: nipt /’ (1)
9="‘”9’ [
Bp
% rogd f ]
(,ﬁ“+ Yk = Z+t)i |

”2?3 . P
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Isosceles Tnangles with Intcgral sides. Brahma-

gupta says : _
“The sum of the squares of two unequal numbers is

the side ; their product multiplied by two is the altitude,

and twice the difference of the squares of those two un={

equal numbets is the base of an isosceles triangle™ W
¢\

. Mahivira glves the following rule for obtammg
an isosceles triangle from a single generated rectangle:

“In the isosceles triangle (required), tée two dia-
gonals (of 2 generated rectangle?) are the t300 sides, rwice
its side is the base, the upnght is the albtude, and the
area (of the genemted rectangle) is- t{l‘le\area 78

Thus if 7, » be two integers such that w == n, the
51des of all ra.tlonal isosceles, tr;angles with integral sidcs
are.: ’ °
| & w4 n2,ww%m}’q%ug(m%:.ﬁfgﬁj ;

Ot () A et AP amn.
d 4

\\..
“and )
fwsg _mrrg )
. j.—' kgpz 5o =\ f). ]
NS e PR L' gl A o
=T (G =) =T ) |

Wh@:e - A _q> P and r, £ are any two integers.

) See Datta, “On Mahévira’s solution of rational triangles and
quadtilaterals,” BCMS, XX, i928-9, pp. 267 294; particularly
p. 285.
© 1 BaSpSy, xil. 33 .
2A rectangle génerated from the numbers = and # has its
sides equal to #2 — #2 and 2z and its diagonal equal to »® + #%

Cf. pp. zoB- 9.
8 GSS, vil. 1084, . -
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The altitude of the former is 2mn and of the larer
w? — #* and the area in either case is the same, that
is, 2mn{m® — %), : '

- Juxtaposition of Right Triangles, It will be
noticed that the device employed by Brahmagupta and
Mahévira to find the above solutions isto juxtapose

two- rational right triangles—equal in this case—so{as)

to, have a4 common leg. It is tndeed a very powerful
device, For, every rational triangle or quadrilatetal ‘may
be formed by the juxtaposition of two or {our)fationa]
right triangles. 8o, in order to'construct$uch rational
figures, ‘it soffices to know only the complete solution
of x* 4 y? =22 in integers.. The beginning of this
principle is found as eatly as the Besdbiyana Suiba' (800
B.C.) whetein is described the fOgmation of a kind of
brick, called abbayi (botn of twa),: by the juxtaposition
of the eighths of two suitable) Tectangular bricks of the
same breadth (and ﬂuckx&eﬁs d‘la}}at of different lengths.
. TYsosceles Triangles with a Giveti. Altitude.
Brahragupta gives(® rule to find all rational isosceles
triangles having the.same altitude. He says : '

. “The (giv@n) altitude is the producer (karapi). Its
square dividedt' by an optional number is increased and
diminishéd by that optional number. The smaller is
the basé-and half the greater is the side.®

‘That is to say, the sides and bases of rational isosceles
_tfiangles having the same altitude & are respectively,’

UG (e m e (P5T),

‘whete m is apy rational number.”

Q.

‘B\fi, i, 1223 Compan; Détta,;fsr&a, p- 45, Where necessaty

figures are given. =
. "st_p 7, xviil. 37+

- - -
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In parncular 1et the given altitude be 8, Then
taking # = 4 Prthiidakasvimi (860) obtains the rational
isosceles triangle (10, 10, 12).

Pairs of Rational Isosceles Triangles, Mahdvira
gives the following rule for finding two isosceles tti-,
angles whose perimeters, as also their areas, are related
in given proportions : - (O

“Multiply the square of the ratio-numbers, 6P ‘the
perimeters by the ratio-numbers of the areas{fmyitually
and then divide the larger product by the smaller.
Multiply the quotient by 6 and 2 (severaﬂ}) and then
diminish the smaller by unity : again (find" severally) the

difference between the results, and?/twice the smaller

one : these are the two sets of elements for the figures

to be generated. From them (the sides, etc., can be

obtained in the way describedy before. .
If (57, 55} and (A, A*a) ‘denote the perimeters and
ateas of two rational iseisealsririaogdos, such that
50 sg_m\fz Ar: Ae=2: ¢ (1)
where the ratio-nﬁﬁlbers m, n, p, 4 are known integers,

then the triangles will be obtamed says Mahévira, from
the rectang{es‘ generated from

2\ 2
(6% ﬂp —I)and(.@mﬁ;-}— ,4w~2—‘;~-z)

thre 2P > m2g, when the dimensions of the first
\Ajfe multiplied by # and those of the second by ».

The dimensions of the isosceles triangle formed :
from the first set of bjz are :

side:m{(6 ) ( ﬁ_— 1)}

1 GSS, vii. 15-;1.

e
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o 25
base = 24 ;%(Z?m?__l),.
Co h__ . ﬂﬁp 9 ”2 . 2
a_mtudf = “-”{('G _é) - (25% —1) } ;
and from the second set -
) (g% 2 2 2y O
ol gy

base ;—4!?(4;:%-}-‘.1)(4;%%2)3’\5, _

.altl.tud_e.; ﬂ{(q_% + ;.)2 ~ (i% il 3)2}.

It can be easily verified that\the perimetérs and
areas of the isosceles triangles thus obtained satisfy the
conditions (1). = - SV ' '

In particulaf, putting =g # == p = g = 1, we have
two isofcc_les triangles df_sideﬁs}iﬂ%g}éia%gl altitudes (29,
40, 21) and (37, 24, 35 which have equal perimeters (98)
and- equal areas (420). This particular case was treated

. by Prans van Schooten the Younger (x657), J. H. Rahn

(1697) and others.t }
~It'is éndeat that multiplying the above values by

g2 we\g"?:'t’ paits of isosceles triangles whose dimen-
- siongiare integral.
O Rational Scalene Triangles. Brahmagupta says :
Y “The square of an optional number is divided twice
" by two arbitrary numbers; the moieties of the sums of

the quotients and (tespective) optional numbers are the

. gides of a scalene triangle; the sum of the moieties of the

differences' is the base.”?

N 11D_icksbn, Numbers, 11, p. zo1, 2 BripJi, xii. 34.
. 1% : '
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That is to say, the sides of a rational scalene triangle
are ’ .

L N g o
WS+ )4+ )35 —2) 145 —9)

whete m; p, ¢ ate any rational numbers. The altitude

(), area and segments of the base of this triangle arg
all rational. O B
Mahivira gives the rule N _ g

“Half the base of a derived rectangic is{divided by
any optional number. With this divisofsadd the quo-
tient is obtained another rectangle. 'The sum of the
uprights (of these two rectangles) will be the base of
the scalene triangle, the two diagonals, its sides and the
base (of either rectangle) its altitnde.”?

If m, # be any two ratidftal numbers, the rational
rectangle (AB'BH) '

T Y A ST U PP AT FUT U

ww,:;:lbi"au'ljbl'ary.org,in :

B AR S S NS, B . <’
1 +8 3 ! 1 ’ r e
; g :
| . i
[y H 1
: 5 5
\ &/ 3 :
L SN O . T S, :

R H B ¢

Ay Fig. 3 | Fig. 4
Mormed from them is *
wr— n2, z2mn, w1 n2

If p, g be any two rational factors of mn, that is, if
mn = pg, the second rectangle (AC'CH) is .

B PP 2pg, PR
C1GSS, vil, 1104
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‘Now, juxtaposing these two rectangles so that they do
not ovetlap (Fig. 3), the sides of the rational scalene
triangle are obtained as |

PP A (e )+ (0 — ),
where mn — pq. Evidently the two rectangles can be

juxtaposed 50 ‘as to ovetlap (Fig. 4). So the generdaly' .
solution will be- ' ' ' N

_ -Pz +- 9'2, P +\ﬂ2,_ {(p2— ?2)':}: (m* — ﬂa)}
The altitude of the rational scalene triangle thas-obtained
is 2mm ot 2pq, its atea pg(pt — ¢%) - migm® — »%) and
the segmenis of the base are p? — 4% and® — o +
 In particular, putting 7 = 13{5:.6, g==8in

Brahmagupta’s general sojution, Pithidakasvimi detives
a scalene triangle of which theisides (13, 15), base (14),
altitude (12), area (84) andithe segments of the base
(5, 9) are all integral numbers. S

In order to get the beveddtmivresof the rational
scalene triangle the-sdethod employed was, it will be
noticed, the juxtaposition of two rational right triangles
50 as to haveja common leg. In Europe, it is found
to have beefiemployed first by Bachet (1621). The.
~ credit _for\~t.he ‘discovety of this nethod of finding
' ratiohalseilene triangles should rightly go to Brahma-

%prcg\ '628), but not to Bachet as is supposed by
“Dieksont  ~ _
0 Triangles ‘having a Given Atea. Mahivira’
. S\ broposes to find all triangles having the same given area
A, His rulesate: - v = .
" “Divide the square of four times the given area by
- three; - The quotient is the square of the squate of a
 side of the equilateral triangle.”® '

1 Dickson; Numbers, 1L, p. 192,
2 G55, vii: 154_&.. S
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~ “Divide the given area by an optional number;
the square-root of the sum of the squares of the quotient
and the optional number 1s 2 side of the isosceles tri-

~angle formed. Twice the optional number is its base
and the area divided by the optional number is the,
altitade. ,

“The cube of the square-root of the sum of gight
times the given area and the square of an opftional
siamber is divided by the product of the optionakinmber
and that square-root; the quotient is diministied by half

. the optional number which is the basc (af\the required -

triangle). - The sarkramara between thi§yémainder and

the quotient of the square of thesoptional number
divided by twice that squarc-rogtiwill give the two
sides.””® _ O

The last rule has been resstited differently.®

ay

21,  RATIONAKHGUADRILATERALS

Rational Isosceles Trapeziums, Brabmagupta has
'shown how to obtain an isosceles trapezium whose sides,
diagonals, altitide, segments and area are all rational

' numbers. - NeUsays : : \
“The/didgonals of the rectangle (generated) are the
flank sides of an isosceles trapezium; the square of its
~ side i§ divided by an optional number and then lesscned
bysthat optional number and divided by two; (the
<r§:st11t) increased by the upright is the base and lessened
By it 15 the face. -

That is to say, we shall have (Fig. 5) .'

- 1 GSS, vil. 1564. T TGS, vil 184
3 GSS, vii. 1604-1614. .4 BrSpSi, xii. 36.
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CAB= (L —p) - =,

. AD>=BC=m®+n*; ’
also .o .
. DH=m*--1,

HC=4(5F - 1),

o o . ’

 AC=BD= %(4?32 ‘-I“P): Ko
 AH=2m, RS

area ABCD e 'I:?m( I3 —-p); ) \

. By choosing the values of #, ﬂaﬂa p suitably, the
values of all the dimensions of theisosceles trapezium
can be made inte%;rlzl. Thus, stécting with the rectangle
(s, 12, 13) and - ta ing p = 6, Pthidakasvimi finds, by.
way of illustration, the isoséeles trapezium whose ﬂmK '
sides = 13, base = I4,\«Md’d£ﬂ»€_ﬁlﬂi~&-'y,(lrg;ﬂlltitude (x2),
segments of base (5,95 diagonals (15) and area (108)
are.also integers. o*'ﬁ\ - o
_ Mabhivira wiites:
. “For anisosceles trapezium the sum of the pet-
" pendiculgtCof the first generated rectangle and the
: -_'pgrpcndicﬁlar._of the second rectan e which is generated
. from-aty (ratibnal) divisos of half the base of the first’
o and\the quotient, will be the base; their difference will
- g the face; the smaller of the diagonals (of the generated
-+ yectangles) will be the fank side; the smaller perpendi-
" “cular will be the segment; the greater diagonal will be
. the diagonal (of the isosceles trapezium); the. greatet
o7 - grea will be the area and the base (of cither rectangle)
© ll be the altitude.” __ S

sy : 1655, vu 993
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The first rectangle (4 A’DH) generated from m, nis

_. mt— nt, 2mn, 9P - R
1f p, ¢ be any two rational factors of half the base of

this recrangle, that is, if pg = wn, the second rectangle
~ (AB'CH) trom these factors will be
: P 2pg, PP 4 o
By judiciously juxtaposing these two rectangles,(we

- shall obtain .an isosceles trapezium of the type required
(ABCDj: : \ S

WWW.I{%‘iﬂéJ].istal‘y.O]“g,jn

CD = @) + (m* — ),
AB =(p* — ¢%) — (7 — 77),
ARG BC = w4 2, i m® + 72 < p*+ ¢
DH= m* — 2, i — < P — g
NOAC = BD = p* 4 @, if p2+ ¢ > w4
W AH = 2mn = 2pq, '
~data ABCD = 2pq (pP*—¢%), -
N T i apg (0t — gD amm(— 1),
The-necessity of the conditions #? 4 22 < p? -+ ¢%
m? — 12 < pt— g, etc., will be at once realised from a
glance at Figs. 5 and 6. 'The above specifications of the
dimensions of a rational isosceles trapezium will give
Fig. 5. But when the conditions arc revessed so that
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' m“—}—ﬁ}pz%gﬁ, M P g% 2 —_
<z2mn(m® — %), the dimcnsibn€ of qthe iggsc(gla&s t@
pezium (Fig. 6) are: =~

L)

:

:
|
e

A

. Mo B _ A__._F
1
t
1
1
H N
! oA\
! e\
] ~~
] c O
Fig. 6 AN

._'CDS(”ﬁ_ 72+ (0 — £%
AB = (m* — %) —'@’..{g{
AC=BD = o4 2O

DH = m?

N

AD = BC = m¥ 2,

. AH = zmm%’m;aulibraryﬁrg‘i.n
 area ABCD = 24t — 7).

" Pairs of mcelés Trapeziums. Mahivira gives

the following

Jor finding the face, base and equal

sides of an isoseeles trapezium having an area and altitude
exactly equalfo those of another isosceles trapezium

- whose dimensions ate

known -

. “Om performing the visama-sarikramana between the
" squdre of the perpendicular (of the known isosceles
" _tfapezium) and an optional number, the gtreater result
A _will be the equal sides of the (tequired) isosceles tra-
- pezium; half the sum and difference of the smaller result

aiid the moieties of the face and base (of the known

 fgure) will be the b
" required figure).”"

i, i

ase and face (respectively of th:
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~ Let @, &, ¢, b, denote respectively the face, base,
equal - sides and alumde of the known isosceles
‘trapezium and let &/, ¥, ¢/, ¥, denote the corresponding
quantities of the reqmred isosceles trapezium. 'Then,
since the two tmpezxums are equal in area and altltude

we must have _ N\
Ha= b, N o
2 N
4 +_ar = b + g, _:;? (1)
and 2 — ( V-4 ) '.T.f‘.}‘i
\\
or h+wmamv~w iz} =,
whence = (W = )2 =
and & () — a2 P,
7 being any rational numbesy *Then
f*é(ﬁaﬂr?') | (2)
Y _\«:wdb@m,lfbuy)mg in (3)

From (1) and (2),we get
BN A R N o e L
O = b+ a)fz— @ — 2. (s)
I 4= 4, b= 14, ¢ = 13, b= 12, taking r = Io,
we s&g | have! 5% = 54/5,5' 56/5:f = 61/5.

< Tt has been stated above that, if #, #, p, g are rational
\umbers such that 22 + »? < p? 4 4%, we must have

a=(p— g)— (n*— 1),
=G ) = )
o= m? | R, :
b= 2mn = 2pq.

LG5S, viie 1748,
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;S_ﬁbstitﬁging' these values in (2 2 " 4 we tl
the dimensions of the equivalent is(ozcel(eg,trggeziumg:s
_,3: = — )~ plr — 1),
V=0 @)+ e — )z
! :_'(4p2g_2/r~_l- r)fz. ;O\
AE 2P A > p2 4 47, the sides of the pair of is6s-
celes trapeziums equal in atea and altitude will be e
) — (P2~ go), ‘ (‘.'}" )
? ﬂg) + (P2 - qz)‘ “,'\(‘
= (22 = ) — (gm*rir )2,
¥ = (0 — 1) + (antgflr = D),
= (R )2l
-~ These two isosceles trgpeziums will also have equal -
diagonals, . . . ANV '
o ~ - wisigdbraylibracy .ors.in. - '
. Rational TrapeZiums. with Theeé Bqual Sides. «
‘This problem is medtly the same 4s that of the rational
isosceles trapeZiimy with this difference that in this
case one of the,paralle] sides also is equal to the slant
sides. Brahfnagupta states the following solution of

H

i

f

a = {n
b=
¢ = p?
a

the problem: - . - .
- <«fhe square of the diagonal (of a gemerated rect-
__ang,lg) gives three equal sides; the fourth (is obtained)
by subtracting the squate of the upsight from- thrice
"\the square. of the side (of that rectangle). If greater,
it is the base; if less, it is the face.™?
. ¢ The rectangle generated from s, # is given by

o2~ %, 2om, 2 4 AR

- .__ _l'Brj‘ﬁS‘.r'l, xii 37~
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If ABCD be a rational trapezmm whosa sides 4B, BC,
AD are equal, then

AB = BC = AD = (m* + %%,
CD = 3(2mn)? — (n® — 1*® = 142%% — m* — b,
of CD = 3(m® — n2f — (2mn)? = 300t -+ 32* — 10m%8%\

In particular, putting = = 2, # =1, Prthidaka-
svimi deduces two rational trapeziums with three equal
sides, /7., (25, 25, 25, 39) and (23, 25, 25, n)

The first solution is also given by Manavua who
indicates the method for obtaining it. Hesys :

“For a trapezium with three equal sides (ptoceed)
as in the case of the isosceles trapczm um with (the rect-
angle formed from) the quotient 0f.the area of 2 genera-
ted rectangle divided by the square-root of its side
multiplied by the diffetence, of its elements and divisor;

and that (formed) from the“side and upright.”?
W dbraulibr ary.org.in
That-is to say, Hom any rectanglc (m® — #®, 2mm,

- m ), caleulate ¢

mrx(m}}— )
Vzmn(m i '\/z.?)m 200 {12 + #).

Then frdat \/ 2mn(m — #), v/ zmn(m-1— ﬂ) form the

rectapgle”

W 8w, 4.3’?”}([32-—!12), qmn(m® %), (1)
\Agam trom zmn, % — #* form another rectangle

6 — A — b, g (m? — n2), (m® + B (2)

By the juxtaposition of the rectangles (1) and (2)

‘we get Brahmagupta’s rational trapezium with three

1GSS, vii. 1013,
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equal sides: - ] _ | . . . |
CD == 8m R + (602 it — o) = 14wt — b — 1,
AB = $mtt — (bmtnt — mA— o) = (m* + PP = AD
= BC, if mi4nt<4qmn |
The segment (CH), altitude (AH), diagonals AC
BD) and area of this trg.pezmm are a]sr)) xa’tignﬂ, fo(r ’

| CHw= 6ntrt— mA— 1ty R O

. /‘]C :BD:M”(mz + ;;2), y ”\ N
arca  ABCD = sem¥(m — . O
Rational Insciibed Quadrilaterals)” Brahmagupta
formulated a rémitkable ~proposition : To find all

quadtilaterals which will be: insttibable within circles

and whose sides, “diagonals, -pespendiculars, segments .

(of sides and diagondls by pefpendiculars from ‘vertices
as also of .diagonals by, theit intersection), areas, and
also the diameters of the-cirtarnsutibed gizgles will be
expressible in integfes. ‘Such quadtilaterals are called
Brahmagupta_q{a'\ﬂx'fl_ate;al's. D

Theso}utiongwcn by Btﬁhmag_upta is as follows :

“Theﬁpﬁghtsand “bases of two right-an ted tri-

: ar’:gles,;\"‘é:\hg._ fecipro_ca.l_-_l’yl.mtﬂtiplicd by the diagonals

As the face, and the other two sides are the two flanks.

O~

of the-gther will give the sides of a quadrilateral of
ukey 1l sides: (of these) the greatest is the base, the least

31

Tﬁﬁi{'iﬁg'"B_’rzihﬁlagupta’s integral solution, the sides

- of the'two- right triangles of reference ate given by

g R 2o, W 7”5

; PR s 2P A

. 1 "B_f'fpj'i, xii. 38.

Q
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whete , n, p, g arc integers. Then the sides of a
Brahmagupta quadsilateral are N ;

(R — NP+ gD, (P Nk,
2mn(pR + ¢, 2pqler® - D). @
Mahivira says : ~

“The base and the perpendicular (of the smaller
and the larger derived rectangles of reference) miuld-
plied reciprocally by the longet and the shorter diagonals
and (each again) by the shorter diagonal will be the
sides, the face and the base {of the required quadrilateral).
The uprights and bases are reciprocallysmultiplied and
then added together; again the produetrof the uprights
is added to the product of the bases;Cthese two sums
multiplied by the shorter diagonal‘will be the diagonals.
(These sums) when multiplied.respectively by the base
and perpendicular of the smallet figute of reference will
be the altitudes; and theydwhen multiplied tespectively
by the perpendicufar-adidadibrbasergill be the segments
of the base. .Other“{:ﬁgments will be the difference of
these and the baso\.‘..’ alf the product of the diagonals
(of the requircd figure) will be the area,™

~ If the recfangle generated from =, n be smaller than =
that from-p;g, then, according to Mahévira, we obtain .~
the ra@pal__ inscribed quadtilateral of which the sides- -
Jare (N . __ _— e
AR Bt D), (22— g+
N R )+ ), 2pg(mt+ )
whose diagonals are -
{20g(7% — %) + 2mn(p* — g Hm® + "),
(72— i — )+ amapg) o+ )

! GSS, vii. 1033,
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whose alntudes are . :
(gl — %) 4. 2m 9’)}m
{(m® — ﬂ”)(pz qﬂ) + anq}(mz ~ %)

whose segments are . - .
(rion ). + . e
{(n2 — nﬁ)(ps gz}+ ng} s '(

and whose area is™ S U

{ZP?(’”z - ”2) + 2’””(?’ Qz)} {(® *“'i”')(zﬂ‘2 — )
e \}(1222-}—,72)

Sripati wntes S N

“Of the two nght tnangles &R&“ sides and upnghts
are reciprocally’ multlphed by the hypotenuses; of the
products the greatest is the, -base, the smallest is the face
and the rest ase the twoflank sides of a quadrilateral
with uncqual sides.” - S dbrﬂ“]lbl ery.orgin

- Bhiskara II ggvbs the rule

“The - sxdw\%d upnghts of two optional right
triangles being multiplied by their reciprocal hypote-
puses beconie the sides : in this way bas been derived a
quadnl@;éral of ugiequal sides. There the two diagonals
can Be\abtained from those two ttiangles. ‘The produdt -
of the uprights, added with the product of the sides,
_glves one diagonal; the sum of the reciprocal products of

{the uprighits arid ‘sides is the other.”

 Bhaskara T3 illustrates by taking the xight triangles
(3, 4,°5) and (5, 12, 13) so that the resulting cyclic

quadrllateial i§ (z;, 59, 5z) The same example was

lj‘r.fe,xm 42 . 'I;, 18
_ =l.L p 52. R
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given before by Mabavira! and Prthddakasvimi.® This

cyclic quadrilateral also appears in the Trisariéd of

Stidhara® and in the commentary of the Arywbiatiya

by Bhaskara I (522). The diagonals of this quad-

rilateral are, states Bhiskara 11, 56 (= 3.12 4 4.5)
and 63 (= 4.12 -+ 3.5) (Fig. 7). He then observes:

“If the figure be formed by changing the arrapge-
ment of the face and flank then the second diagonal il
be equal to the product of the hypotenuses ofthe)two
tight triangles (of reference), i, 65.” (Fig, 8)"

& F
{“Fig. : ig. &
’:§" 7. 1g
A% By taking the right triangles (3, 4, 5) and (15, &, 17)
Bhiskara 11 gets another cyclic quadrilateral (68, 51, 40,
75), whose diagonals are (77, 85), altitude is 308/s,
segments arc 1445 and 231/s, and area is 3234.% (Fig. 9).
With the sequence of the sides (68, g0, 51, 75) the

1 G55, vil 1048%. 2 Br&pSi, xii, 38 {(Com.}.
8 Tris, Ex. Bo. _ L, pp. 458

A

N
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diagonals ate (77> 94) (Fig. Io), and with (68
they are (84, 85). (Fig.11). - (68, 40, 75, 51)

Plri. Fig. 11
~iwThe deep . significance of Brahmagupta’s results
has -fbcen dcrntmst:ated by Chaslest and Kummet.2

. 1M Chasles, -Aper;ﬂ bistorigue sur Porigine ¢f development s

" mdthodes en glomiirie, Paris, 1875, PP 436fF.
: |, B, Kummer, “Uber die"Vierecke, deren Seiten und Dio-

g . gonalen rational sind,” Jofirn. fiir Math., XXXVII, 1848, pp. 1-20w.- -

il

-
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In .fact, ‘according to the sequence in which the
quantities {A4) are taken, there will be two varieties of
Brahmagupta quadrilaterals having them as their sides :,
(1) one in which ‘the two diagonals intersect at right
angles and (2) the other in which the diagonals
intersect obliquely. The arrangement (A4) gives a {\
quadrilateral of the first variety. For the oblique variegy,
the sides are in the following order: R,
= g0+ At 4
2Pt %), 2pg(mt 4 %) ? Y@
ot (Pt — gDt -2, 20m(p®+ 4N
T R A SO
Bhiaskara T1 points out that the allagonals of the
Brahmagupta quadrilateral are in the{.d) variety,
apg(m?— 12yt 2mn(p* — g*), gmpp@t (PP — gAYt —%);
in (B), | |
2 __ g2y ey 2 2.
B ) 2R wetaey Ui 4007
and in (C), -
L amnpg + (PP — @Yt — ), (PP Y - A,
The diameter of the circumscribed circle in every case
is (p* + g% (w® £ .
Ganeda (1545 ) shows that the quadrilateral ts formed
~ by the juxtaposition of four right triangles obtained
by .mulsi%ying ‘the sides of each of two rational right-
- trianglés by the upright and base.of the other. He
- wirjtes’® '
{NY“A quadrilateral is divided into fousr triangles
by its intersecting diagonals, So by the juxtaposition of
four triangles 2 quadrilateral will be formed. For that
purpose the four triangles are assumed in this manner:
Take two right triangles formed in the way indicated

Coﬂniﬂm also L. E. Dickson, “Rational Triangles and Quadril-
at s Amer. Marh, Mos., XXVIII, 1921, pp. 244-250.
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before. If the upright, base and hypotenuse of a
rational right triangle be multiplied by any atbitrary
rational number, there will. be produced another right
triangle with rational sides. Hence on multiplying the
sides of each of the two tight triangles by an optional

number equal to the base of the other and-again by an.{
optional nnmber equal to the uptight of the other, four
right triangles will be obtained by the judicious jukfs-
position ‘of which the quadrilateral will be formed.”
' He then shows with the help of specific,examples
(see Figs. 12, 13 °& 14) that we can obtain in“this way
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from the same set of two rational right triangles two
varieties of rational convex quadiilaterals: One in
which the diagonals intetsect each other perpendiculatly;
and the other in which they do so obliquely.

. Inscribed Quadrilaterals having a Given Area,(
Mahivira.. proposes to find all rational inscribed
rectangles having the same given area (A4, say). He sdys’
- *The squate-root of the exact area is a side\of the
square. ‘The quotient of the area by an optionglnember
and that optional number will be the base 4dd upright
of the rectangle.’ N

For findingall inscribed rational isesceles trapeziums

| having the same area .4 his rule is ; £

“The given area multiplied (by” the squate of an
optional number is diminished by-the area of a generated -
rectangle and then divided by\the base of that rectangle ;
the quotient divided.by fapantional, gumber is the face ;
the quotient added witirtwice the uptight and divided by
the optional numbesgives the base; the base (of the
generated rectangléy“divided by the optional number

~1s the altitude ; and' the diagonal divided by the optional
number giveshe two flank sides.”2

That ds-to say, if 72— 2, zmn, w® —|— #* be the
upright, (base and diagonal of a rectangle formed from
w, n, the dimensions of the isosceles trapezium will be

2 A — 2mn(m? — n2) '

" O face = : ,
@) 2mns -
. 1 (24 — 2w — 1P {
A5¢ = — 2 . s
b.s S { amn + 2(m ”)}

_ A4 20 — 1Y)
o 2ns ?

L GES, vii. 146, 2 GSS, vil. 148,
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:’."_' alﬂtudc = {’f

| B

m%+ﬂ2 a

,’, R

side ':’

whete s is an arbltmry ranonal number chosen such that.
$2A > zmrz(mg—nz)

For the cogstruction of an mscnbed trapezium ©Of,
three equal sides Mahévira' gives the following rujes °

“The square’ “of the given area is divided. by the
cubc of an optional mumber and then mcreasi:d by that

_ optional num ; half the result gives the=(equal) sides

of a generated trapezmm ‘of thre¢ equalisides (havin g
‘the given area) ; twice. the optional sumber diminishé

A

by the side is the base ; and the given area divided by o

' the optional number is 'the alt1t,udc 1

‘In othet words, the dimepsions of an inscribed trape-
zium of three equal sides hiaving a gwen area A will be

. % iy w blaut rary.or, in

slde ;,-;.__é( A w libr y &
basc ;,q-xz\—«}( +;:),- 
altltude-— iﬂ»

-8

ﬁnd mscnbcd ﬂgadnlaterals having 2 g1vcn area

Mgm jiv s gwes the following rul
oAt “Break up the square of the given ‘area into any

“Four arbitraty factors. = Half the sum of these factors * -L:'_.

o \ " 18 diminished by them (severally). The temaindérs are
. ‘the gides of an (mscnbed) quadr:lateral with unequal

suics SCIER

".'-'i 1 i, 150 -
3g§§ :11 I;z This result follows from the fact that the

;- gféé of a cyclic quadrilateral is Vs — a)(s — b)(.r — c)(.r —d).
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‘Triangles and Qﬁadrilafer’als ‘having a Given
Citcum-Diameter. Mahivira proposes fo find ail
rational triangles and quadrilaterals inscribable in a circle
- of given diameter. . His solutionis:

“Divide the given diameter of the circle by the
calculated diameter (of the circle circumscribing any {
generated figure of - the required kind). The sides af
that generated figure multiplied by the quotient willS be
* the sides of the required figure.”! WO :

In other words, we shall have to find firsg-2 rational
triangle or cyclic quadsilateral ; then calcylate’ the dia-
meter of its citcum-circle and divide the ygiven diameter .
by it. Dimensions of the optional figute multiplied by
this quotient will give the dimensions’of the required
. figure of the type. NV : ___

It has been found before (g 227) that the sides of a
rational ttiangle are proportiofial to ]

w2+ 12, pPRodrgiiibdfora g hga 7 — 7°)
and its altitude is propottional to 2# (ot 2pq), 7, 1, p, 4
being any rational.ﬁ&nbem- such that mn = pg. The
diametet of the.cit¢cle circumscribed about this triangie
is proportional {0 '
RS R R CE

B T\h%l the sides of a rational triangle inscribed in a
cigele'of diameter D will be

N amnD 2mnD (Pt — 4% &+ (W — %),
R e e CE IR N
and its altitude will be - '

' D(2mn)*

@ BT P

L LGSS, vil 2214
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The dimensions of a ratlonal inscribed quadrilateral,
as stated by Mahivira, have been noted before {p. 156)
The dlamcter of its circum-~circle is

(Ps + 9’2)(”‘3 + ”’)2 : Q.
Then, accordmg to' Mahdvira, the sides of a ratmnal
quadrﬂateral inscribed ina circle of diameter D, arg!

D(5%5): Do ”E) D(Fﬁ”) D(p’;— L)
its diagonals are . I
{2]5? (’”2“" ”2) + 2mn (Pz Yz)}(?s\_}_ g’)(m’ T ,,a)s

o 9"J+4fmp9;@a : g,)(mg o
and its area 1. * . .
Ds - au T
W T ,,s){*iw sy omi — 49
| O A — (R — ¢ + 4empg);
ES that the mdes,ﬁﬁgomls and areaarca]l rational, .

R ;z.- smGLE INDETERBHNATE 'BQUATIONS
: \ _ OF HIGHER DEGREES

’I‘hc Hindus do not seem to have paid much attention

© el the treatment of indeterminate equations of degrees

| ':-'thher than the second. Some interesting examples

 igvolving such equations are, however, found in the ._
" works: of - Mahavlra (850) Bhiskara II (1150) and T
oL Nﬁrayam (x339)-- - :
_ Mahﬁvim 8. Rule Onc problem of Mah?mra is a8
foﬂows
. ‘Given thc sum (.r) of a series in AP,, to ﬁnd its
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first term (4), common difference (§) and the number
- of terms (7). N _
In other wotds, it is required to solve in rational
numbers the equation '
n— 1

{a +( 2 )&}”:I’ | O\

containing three unknowns «, # and #, and ofthe
third degree. The following rule is given{for its
solution : . R¥4

“Here divide the sum by an optiondhfactor of it ;
that divisor is the number of terms.  Subtract from the
quotient another optional number ; (£he subtrahend is
the first term. The remainder di¥ided by the half of
the number of tetms as dimigisHed by unity is the

common difference.’”? . \ _
~ . ] N A :
Bhaskara's MethodgnBhiskars, [T proposes the
problems : o, : :
“Tell those foursnimbers which are unequal but
have a common dédothinator, whose sum or the sum of
whose cubes is €qual to the sum of their squates.”

If x, 5, % be the numbers, then
(1) KB+ 3+ w =t gt
(@ P PP = g g R
Bet the numbers be x, 2x, 35, 4%, s2ys Bhiskara I
\"I‘Iﬁt_is_', suppose y == 2, § = 3X, W = 4X in the above

*

1 GSS, vil. 8. .

There are also other problems where instead of s, the given
quantity is § +a, s+ b, s+ nor s+ a-+ b+ n (GSS, ii. 83 5 .
also vi. 80). For such problems also the method of solution is the
samé as befote, /.., to assume suitable atbitrary values for two
of the unknowas so-that the indeterminate cubic eqbation is there-
by reduced to a determinate linear equation in one uakaown.
(GSS, il. 823 vi. 317). : - :

2 BB, p- 35.
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equations. Then by (1) w_e._ get ' /
_ N 7 o = yod
L ox=%
Hence sy zw=bhhd
_is 2 solutionof (1). T _ ~
Again, with, the same assumption, the equatiop
(2) teduces to L ' PR
. . . . Iooxs' = 30.5(-"2. ”"} N
_ o x= ' R
HCI]CC ' x’ .yb-. z! w= 'laﬁ’ .Tgﬁ: I%;\H’
is a solution of (2). . R D o
“T'he following problem has bicéd quoted by Bhis-
- kara TI from an ancient author 2 . .
“The square of the sumof-two numbets added with
the cube of their sum is equal to twice the sam of their
cabes. Tell,s O mathematician, | what ate those two
pumbers)”t O\ yorgm
©If %,y be the gumbers, then by the statement of the
question’ - "\_\_‘”_ . R ;
N
“Hér‘e’,{éi that the operations may not become lengthy,”
' says Bhiskara 1I, “assume the two numbers to be » + ¥
Al —.” So on putting - '
A x=atny=a—n
<) the equation reduces to
Lo M S 12007,

e 4R =1
or (z“_+ 1)2 — Iz?ﬁ_{_ I.

g ___ . 1 BBi, pvtox.
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| Solving this equation by the method of the Square-
- nature we get values of #, ». Whence the values of
~ (x, ) are found to be (5, 1), (76, 20), etc:

Niriyana’s Rule. Nirdyana gives the rule :

. “Divide the sum of the squares, the square of the ,
sum and the product of any two optional numbers by
the sum of ‘their. cubes and the cube of their surm, dnd
then multiply by the two numbets (severally). (‘The
results) will be the two numbers, the sum of) WhOSC
cubes and the cube of whose sum will be equal to the
sum of their squates, the square of thessum and the
product of them.”?

- That is to say, the solution of the\equatlons
() P =t (YA IR =3,
() 5% =(x Jr-J*)2 (@)l 9P = (e 0%

(3) W+ B =2, O (x+5P =29,
arc feSPeCtiVCIY WWW. d~b1 aullbral V. org in
[ 5o 7 S 8 (Pt
| P <=
(x.1) @2+ 2 i I e
\??fa—f-ﬁs ’ L R ;
\ (f)z -+ n)2m Ifx (m + ﬁ)2m
N B . L (m+ (4’
(2. g \{ apn O
O .7— m3+ﬂ3’ [ (m+”)s’
) r -
X = m%, [x ~3
5.1) . .”2”2 (6 '[) 4 (m+ F£3
e
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where 7, # ate rat:lonal numbers

It will be noticed that the equation (z) can be
reduced, by dividing out by x + 5, to -

.- —-"'.J"I"J’ _'x'l"‘_)"
and sumlarly (5) can be reduced to _
Bl ) O\

With =1, =2 Narayana gives the follomng
sets of pa.ttlcular values:
(I 2) X ) = F:_"DQ ' (4 2) ’.y Qa'h '&’}" - T
. -(2'2_') x’_y :':. :.[:.2' (5 2) D‘,.y '&"g: ’
G xy=85 (6. xng=d
‘He then observes: = “In this way o\ne can find by his
' own intelligence two numbers fof the case of difference,
‘ etc T Ao
Form ax®? + bxi = y  For the solutwn of an
equatlon of the form braulib .
WWW raull Ia'["y org. in
. ax2”+2 _|_ B2 _)'2, |
- Where # is an mtcga\r Bhaskam II gives thc following
rule :
. “Removing'a square factot from the second side,
if p0351b1e, {the two roots should be investigated in this _-

g case Thgn multiply the greater root by the lesser.
B iquadratic factor has been removed, the greater

rootss‘h ulg be multiplied by the square of the lesser root.
" THe'test of the operations will then be as before.”!

\”~ > Suppose ax‘3—|— b= :{2, ‘then the equatxon becomes -

I S J* -"“"% '

'-_ The method of solving ax? + % =2 in posmve mtcgets
has becn dcscnbed before ‘

o 3BB: p. To2.
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: Two examples of equaﬂons of this form ocout in .
the ‘Bfjagapita of Bbaskara 111

(1) st — 100x® = J%,

(2) 8x% 4 4wt =)~

It tmay be noted that the second equation appears in
the coutrse of solving another problem o O\

Equation ax?-- bx? 4+ ¢ =u?. One very, specml
case of this form atises in the course of solvmg another
problem. It is® R 44

' (a + x%)? + @@ = B
or x4+zax2—£—za2—'~l{3’
‘Let # = x?, supposes Bhaskaxa\ﬁ so that we get
o x® — :r"—za2+zax3
or . xt(ax?— .'I_)j— (22 + X%,
“ which can be solved %‘?‘fﬂé’ﬁﬂéﬁfé‘&'ﬁf&i&md befote.
Another equatlo.l\ Nis?
\\ sxd = 45
In cases like thi$Sthe assumption should be always suc
remarks Bhaskara I1, “as will make it possible to remove
(the cabq\of) the unknown » .So assume # = mx;
_then \ .
™~ X = %’”3
:’\.’ ’

\3;. LINEAR FUNCITONS MADE SQUARES OR CUBES

Square-pulveriser. The indeterminate equation of
the type

» e ;;Jg .

* BB, pp. 105, 107. - 2BBi, p.103; also vide mfm, p. 280-
3 BB, p. 50; also vide infra, p. 278
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is called vargi/ ;éua‘taéa or th}e “ uare-pulvcnser »1 ings-
much as, thn expressed in‘the 3) _ .

} b'f‘_"""“-'

the problem teduccs to finding 2 squate (vargs) which
being ‘diminished by ¢ will be exacily divisible by N
which closely resembles the problem solved by
method of the pulveriser (.ém‘iméa) _

Fot the solution in tntegers of an equation of tl:us
type, the method.of the earliet writers appears to have

been to assume suitablé. atbitrdty valués $0r ¥ and then =

to solve the equation for X Bmh{{‘gagupta gives tb
following problems: . .- A\

“The residue of the sun’ oh “Thiirsday is Iessened'

--.and then ‘multiplied by 5, ot-by 10 Making this
(result) an exact sciuare mthm a yeat, & persott beconzes

ta mathcmaﬂqan o dblaullb

. *The residue ofany option aia%v&?ﬁ.fﬁon lessened

by 92 and then multiplied by 83 becgmes together with

 unity a square, KA” pcrson solvmg thl& within 2 yearis -

mathematxcmn 7%
That is'to say, we are.to solvc thc equanons
Y e s =g |
\ (2)  1ox — 100 =%,
} W (3) 83x— 7635 =%
:" Prthudakasvaml solves them thus:

- x.=='10. |
1) _Suppose -y =10 ; then x = 20,
: I)'}_; Assume _y == 13 thcn X =92
.I " 1BB: p 122.- o ’Bf.fp.ft,xm 76. {
3BfSpS:,xvm -,:9. | -

. Supgose -y = 10; then x = I“Zj. _Qr, p‘}it}_f-é—‘ 53
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* He then remarks that by virtue of the muluphcn"y
of suppositions there will be an infinitude of solutions
in every case. But no method has been given either by
Brahmagupta or by his commentator Prthiidakasvimi
to obtain the general solution.

The above method is reproduced by Bhiskara IL}
He has also given the following rule : O

- “If a simple unknown be multiplied by the num\ber
which is the divisor of a square, etc., (on the othiex side)
then, in order that its value may in such cases; beintegral,

" the square, etc., of another unknown should be put
-equal to (the other side). The rest (oﬁthe operations}

will be as described before.”2

His gloss on this tule runs as f‘oliows

“In those cases, suchas the Squatc-pul'venser etc.,
where on taking the root of-one side of the equation
‘there remains on the votlighrsibragy Sigdple urgmown
multiplied by the number which was the divisor of the
squate, etc., the square; etc., of another unknown plus
or minus an absoldte term should be assumed for (the
‘value of this other side) in order that its value may
~be integral. The rest (of the operations) will be as
taught before”

thikam has also quoted from an ancient author the
fo]lown}g rule :

“¥%(Find) a number whose square is exactly divisible
'By‘ the divisor, as also its product by twice the square-
root of the absolutc term., An-unknown multlphed by
that number and superadded by .the square-toot of the
absolute term shoulg be assumed (for the unknown on
the other side), ¥ the absolute term does not yield a
squate-root,. then aftcr dividing it by the dstor the

1V:de:qu,p z;jf . 2 BBi, p. 120.
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Lemamder shcmld be mcreased Hy so_many times the -
divisor.as will make asquare.” If this is not poss1b1e,
then the problem is not soluble.™ -
Case i Tetc be. a square, cqual to p%, say. Then
we havc to solve N

| | N

The rule says, ﬁndp such that R O
. _ pz = bq, ) zﬁﬂ b?‘ E s\ %

Then assume e Pﬂ-l-ﬁ, N

whenee-we gct x gﬂz-|- ™. - '_ ..,'\"’ '

s0 that we h‘“’c' N x= bv? + '-z'ﬁ?r:\‘i"# _
L Caiedi. Tecis: not a squate, supposc ¢=bm + "
_'I'll"'-'ﬁﬂd.rsuch that ' | -

. wwwﬁalj:ultbral ¥ org.in - N

bx—{—c—(b:;j:r)’

O =R abra 1
_ \'bx—l—c—*‘ra—b’#’;[:zm _ o
R et M — = Pk
e x-—bﬂsj:zru (w__:).l .

Example from Bhaskara 2

B AT
{6) dlvldln 30 by 7 the ::emamde:_ is found to be . -
r}'also kngow that z+7.2 —.42. 'I‘herefom,_wc

’BB: Pp» 120, 125
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- assume in accordance with the above rule
- J=T4t 4
whence we get x =78 4 8y~ 2,
“which is the general solution. o
Cube-pulveriser. The indeterminate equation of

the type - _ . .
_ L bx o= <O
© is called the ghana-kuttaka or the “‘Cube-pulverisée?”t
For its solution in integers Bhaskara IT says: N
“A method similar to the above may bé applied
also in the case of a cube thus : (find) a ddmber whose
cube 1s exactly divisible by the divisor, agalso its product
by thtice the cube-root of the absolufe’term. An un-
known multiplied by that number)ahd superadded by
the cube-root of the absolute tetm.Should be assumed.
- If there be no cube-root of thedbsolute term, then after
“dividing it by the divisor, ¢a 'many times the divisor
should be added to fﬁ‘é&é@ﬁ%ﬁ%%%p%iﬁ make a cube.
The cube-root of that sl be the. root of the absolute
number. If there canniot be found a cube, even by so
doing, that problemiwill be insoluble.”
Case i, Lep¢= p%. Then we shall have to find p
such that . ' : .
. AY B =bg, 3pB = br.
Now asﬁ’&ie J=pv+ .
Sulqst;ftﬁting in the equation bx -} p3 = we get

O7 e E=rer
- =% s peB(pr + B) + B3,
or boc = bqv® + bro(pv 4 B).
- = g - r(pr A B).

1 BB, p. 1zz. _ - 2BBj, p- 12K,
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Ot, 1f we assumc y by -[~ B, we shall have
- X =B 4 3Bl 1 )

Case . ::%acube S — e then
ﬁnd.rsuch that uppose ¢ = bm + 13 then
fz—]».rb s

Now assume _y Zw—f— r, whence we gct ©
Co «-52‘1)3-{—5 lw—]—r ”—
as the genera.l sclution, .nv( ) ( )
Exmp!e from Bhaskaxa ot - \\ '
ER o 5x—-]-6-}'3 g
Sincc_ ' 6—5I+1 audx—t};;——ﬁs
‘weassume =57 -p6.) o
Therefore = x = zjﬂ" + Isl/(jf) + 6) + 42,
1is the genera.l solutlon W\

Equauon bx :};w«ayauhgig, y*%]rﬁ'%nm equation
of the type
e d_}'s = bx ‘:!: "r )

' Bhﬁskara II s*ays \\

“Where,tlze first side of the equation ylclds 2 root
.- oon bemg muitiplied or divided? (by a number), there also
. the divisgnwill be as stated in the problem but the abso-.
.-lute t& Wﬂl be as modxﬁed by the operations.”*

o .‘ '1 BB!' 122,

; 8 The I;xmted text has bisnd kgipsd (subtracting or sdding).
et tcr collating with several copies Colebrooke accepted the mdmg
o hatd ksiptd) (mulﬂpl ot adding). - But wé thmk that the

" reading should be batzj brivd (m lymg or dividing) Forin

" -gloss Bhiskata I has employed the terms gupie vibbabiv va
» % multiplicd ot divided). Our emendation is furth;t supported by
" the rationslé of the rale.

" BB p.oi2L.
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What is.implied is this : Mu1t1p1y1ng both sided of
_thc glven equation by 4, we get

. _ &%y = abx + ao“,
Put # = ‘@), v = ax. 'Then the equation reduces to
W= bv - ac,

\. whlch can be sclved in the way described before.

We take the followmg llustrative example with \n;s

" solution from Bhaskata IT ;2 : O

. _ _gp -+ 3 = 16, _ ’“’:‘-”«:
- Multiplying by 5, and putting #== 5y, v= 5x,(Ww¢ get
w2 = 160 — 15. v

The solution of this is \\“
a=wt1, SO
== q2* - W + 3

_ Therefére we have
(I) 5y = Wﬂbrauhbl ary.org.in
ot (2) sy=8p— 1.
Now, solving by, the)method of the pulveriser, we get
the solution of (1)\1

) Q; "_J’* 8:—}— Js
oV m=grs
“and tha(\f (2) as
= 82+ 3,
A - W=tz
'. \Where # is any rational nurnber

: Equation bx - ¢ = ay»  After descnbmg the
- -above methods Bhiskara T1 obsetves, ityagre’pi yopyansiti
fesah or “the same method can be apphed further on

1 BBI, p. 121.
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(i-¢., to the cases of hlgher po )”1 Agmn at geend -
of the section he has added énarf: buddbimadbbiranyeda &
yathdsambhavan yopyert, ¢ ¢, “similar devices should
apphed by the intelligent to. further: cases as far _as
pmctlcable ”2 What is 1mplied is 28 follows

) Tosolve 3{:‘ J, S
Putx_m{ié Thm
e {”f"z e =D
0 P
+M%(:I:k)"1+(izé)-i;}:

m"q :i: nm“‘lz"% + ..\+ nmz (& k.)vl} .

TSR +(:1:)"( ) -
T\IOW, 1f o w‘ww dbl aullbra\yorg in '
éﬂﬁ-gi-\— a.wholc numbcr,
. . . ) . \ 3
x”icvnll be a}mtcgral numbcr when (1) m=~hot

' b
C (2)bisa ctor : of %, 1 ap-t &, cic. Or, in othet words,

o initegral solution of (1) an infinite number:

. knéwing©
of .otht s_;ca_._n_bc eriv .
(3) Tosolve he—y

| 1BB"’ P. 1\:21. . .BB‘.’ P. Ig;, o
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Puttmg 2= agx, v = ya“*l, we have
' - cqnt

- b =Y,
which is similaf to case (1)."

24. DOUBLE EQUATIONS OF THE FIRST DEGREE

The earliest instance of the solution of the simtta-

neous indeterminate quadratic equation:of the type
x b g=42, A0
X b= AV

is found in the Bakhshali treatise. Thé portion of the
manuscsipt contaitiing the rule jsnutilated. The
example given in illustration. 3 hiswever, be restored
as follows :

“A certain mumber bemg added by five {becomes
capable of yielding @ﬁggg};ﬁlg@pﬁ}gﬂ thg same number

{being diminished byj"seven becomes capable of
- yleldmg a square—root What is that number is the
question.”! o) .

That is to s\ we have to solve
Wt s=n Viti=n
The soldfidn given is as follows :

he sum of the additive and subtractive is |12 is
it§ half |6 ; minus two | 4/; its half is {2 |; squared—“ﬁ]
($Should be ‘increased by the subtractive’; {the subtrac-
tive is) |7]; adding this we get {11} This is the
. number (required).”

From this it is clear that the ‘author gives the

"1 BMs, Folio 59, re_cto. _
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:,olutlon of: the. equ;mons
' x+ajﬂ- B e b 03

as. : \ x—-.{q(a+ E.’—-— m)} +b

where » is any mteget 1-

Bra.hmagupta (628) glves the solutlon of thc geneml
case. Hesays: =~ - \)
- ““The difference of the two numbets by the addmo‘n

or subtracﬂon of .which another number becomes a
square, 1s divided by an’ opnonal number (and then .
increased: or decreased by it. . The squarey oi‘ half the .
result diminished or increased by the-greater or s

(Of the giverl numbers) is the nambet, ( uir )”2

e -"_-_x‘-{%("“ ﬂ:fv)} o
m xF{%(

Where mis a0 atbltxaxygmtcget | .
The m;‘mﬂafe Qvery 31mplc Sin(':c' _
‘ EEERK & az_—x:i:a 9= x4 b,

O

)ny dﬂ?‘aul }ary ULg " .

_- we- have \\ e ”2 = :i:“:Fb

"\ Whete ,z?t_ is’ atbltrary Hencc

1 In t.he above solutlon " ‘is taken to be 2.
S8 BrS p.i':, . 74-



. Since it is obviously immaterial ‘whethet % s
" taken as posmve or negatwe we have

Slrmlarly L =

N

N

} :Fa.\

| _ :F ”) }\3 b
whete m js an arb1trary numbet.

‘ Brahmagupta gives another mle\}'or the patticular
case :

- Therefore | = {

. or _. x-—fg(

x4+ a= ﬁg
X — b s: ‘b‘g
“The sum of t,}mt@gpalmumq;:gsgghe addition and
subtraction of which make another number (severally)
a square, is divided(bhy an optional number and then
diminished by that optional number. The squate of
half the remaindeér increased by the subtractive number
is the number (tequired).™
QO a-+b '
ze,\l\ xm{-:(-———m)}
N\a‘rayana (1357) says:
N “The sum of the two numbers by which another
\ number is (severally) increased and decreased so as t&
make it 2 square is divided by an optional number and
then. diminishegl by it and halved; the square of the
result added with the subtrahend is the other number.”?

He furthet states :

1 BrSpS:, xviil. 73, - . 2GK, L §2.
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“The dlﬁcrcnw of ﬂ:e two numbers by which
another number i iricreased twice so as to make it
a squate.(every' time),” is-increased by unity add then
‘halved: ~'The-squate of the' result dnmmsZed by the '
greatcr xmmbcx: is the ‘other number.”

e S

isa. soluuon Of e O
T x—l—at::ﬂ -x+b=-~y3 a>b :-.‘-’lh

- ““Thes difference of - the ‘two numbers by whlch

another number is’ dithinished twice so 4§ to 'make it 2

squate’ (every time), is ‘decreased lgfumty and’ then

halved. The result multiplied by j it and added with

the grcater numbet gives the othen??

18, - XH(ﬂ——b—-I) +a
_IS 2. SOlutIOﬂOf ' www dbrauhhlar_y or m I
R x_4=”2 Tag —o g,,___.:,,z 7 c o
Thegeneralqasb I
B \\ax—!-c-ﬂ*} ’ (1) 
bx A+ d =03 ey '

L '-has been treatcd by Bhaskara II He ﬁtst lays down thc
- :--rulc o
L \K‘In those cases' wheze femains the (s1mp1e) un]mown )
s mth an absolute number; there find its value by forming
«“hh equation: with the square, etc., of another upknown
Jplus-an absolute number. Then proceed to the solution
"+ of the next. equation comprising the simple unknown "
" fwith-an-absolute number by substituting in 1t the oot
:-""obtamcd before.” s
Y ST ’GK,i-'m-', S
., P BB, pp. 1178 B
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He then procecds to explain it fusther ;

- . “In those cases where on takmg the square -root of
the first side, thete remains on the other side the (simple)
unknown with or without an absolute number, find there
the value of that unknown by forming an equation withe .
the square of another unknown plus an absolute numbet:
Having obtained the value of the unknown in this;%ly

- and substituting that value (in the next equation} further
operations should be proceeded with. If, howeyer, on
equating the root of the first with anothcr sunknown

_ plus an absolute number, no further opem\mons temain
to be done, then the equation has to bevmade with the
squarc etc., of a known number.” /0

. (f) Set = mw 4 u; then su‘tﬁtltutmg in the first
equation, we get : .

— 2 __
= www d ]“gﬂ?%l AT o?g in 6)
-Substituting this value;of x in the next equation, we have -
& m\ Y
;((fzzwg 4 z%&’—i— a® - ¢) - d = 12, {1.1)

which can be, ~S§£l%red by the method of the Square-nature.

Gi) A the ‘course of working out an examplc!
Bhﬁslﬁi{\‘ﬂ is found to have followed also a diffcrent
procedure, which was subscquently adopted by Lag-
_ range 2
: \ Ehmmate x between the two. equatlons Then
_ bu® -{— (ad — bc) = ar?,

S or o abw® 4 & :.wz, : (1.2}

whete w = ap, & = a* — abe. : -

1 Vide infra, p 265,
¥ Addition to Enler’s Algebra, p. 547.
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If u_r w'_m.r be ‘q soluﬂonof this transformed-
equation, anothcr soluuon of it w111 be -

’ l, ,'._.'

where abjz + 1 'efote, the gencral solunon \
of (1)is~ - a R
IEENT PR . {

where afypz + I -—_qz and mbr2 + a’&—- abf = .
-~ Now, 2 ratlonal solutlon of thc equation
dpp =gt o
_ P fg—‘ db’w“ﬂyf‘ﬁtgm Wyorgm o e
where tis any tatmml numbcr Thercforc, thc above
general solutlos\ eeOmes

. S . ' &

: _{r:3+aé)im‘} ——

r(ﬁ—f»a&)iut} e 'r(:..‘?).

3

. (g s_e':canddtobes uares,sothatc-—a’
. 4 ==p%.: Then We ‘shall have to solve " - _
LS ax-l—a”s#,

b A=
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e auxiliary equatlon abr? + @ — abe = 5 in this |
case ‘becomes \ .
' abr2 -+ (4%p2 — abag) = §2,

The same equation is obtained by proceeding as in
(case () with- the assumption v = &y + 8. N\

An obvious solution of itis 7 = a, s = 4f. Her{:e
in this case the gcneral solution (1.3) becomes P

¥

2
a(ﬁ o+ ) 2apr)2 <%,

“\\
"=y b) {a(s2 + ab) :!:\iafh‘},

= = g) {[3(:‘2-|— a&)} me‘},

where #is any ratlonal number. _

Putting e =8 =1, = d taking the positive
sign only, we geta pai"ﬁcu,ﬁ fuﬂ of the equations
T Aax+1—a2}
. ' bx 4+ 1 =22
as . \\
_8{0~+b) “_353—{—3? , 4+ 3b
_,; e— 02 " a—b> " a—b"

T\le 'solution has been stated by Brahmagupta (628):

2‘The sum of the multipliers multiplied by 8 and
drnded by the square of the difference of the multipliers
\15 the (unknown) number. Thrice the two multipliers
increased by the alternate multiplier and-divided by

. their difference will be the two roots.”t

t.h‘ It has been described pat:tly by Narayana (1357)
us :

_ L BrSpSi, xviil. 71,
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“The two numbcrs by whlch another number is
multiplied at two places 50 a5 to make it (at every place),
together ‘with unity, a square, their sum multiplied -
by 8 and divided b? thc squa:rc of - their difference is
the other number

We take af’ ﬂlustratwe cxamplc Wlth its solutlon
from Bhaskara 1T+ : \
“If thou be expert iri the method of the chmma!mn
of the middle term, tell the rumber which being severally
: multlphed by 3-and 1, and thenaddcd with umty, be-

comes 2 5qua i A\
‘That is ___Eavctosolve N
o ;ﬁ%&ﬁﬁ}é§~~
o s 41 =172
Bhaskara II solves these cquauons substanually as
follows : o
(I) Set H j 'lf\rl\i\ﬂ@@aﬂﬁﬂlary org. ut; equatmn,
x-— Pk
Subsnfutmg this vkﬂnc in thc other cquation-, we g°t

B the cf’ f_’he Squanc—nature we have the solu-

tlons» 1.3115 cquatioﬁ as L

' : =171 }
If_}' + 5 = 275§
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5o that the first condition of the problem (i.e., the first
equation) is identically statisfied. Then by the second -

‘condition -
gt — 1)+ 1 =172,
. Ot (54 =159 4 10,

" Now, by the method of the Square-nature, we get the

values of (#, #) as (7, 9), (55, 7%), etc. Therefore,the
values of x are, as before, 16, 1008, etc. A

&N

The following example is by Nirdyana,s \
“O'expert in the att of the Square-tfature, tell me

~ the number which being severally multiplied by 4 and 7 .

and decreased by 3, becomes capablggf}icldiqg a squate-

root.”t
- That is, solve ;- K
ON L2 .
) wwli dbealibr &y Sre.in
Niriyana says: “By.he method indicated before the
number is 1, 21, or ¥0§7.” .

| &
25. DOUBLE\'EQUATIONS OF THE SECOND DEGREE
~ First!

-degreq@h’s’ideréd by the Hindus are of two general

types. “The first of them is
w\:;\".,' ‘.axz_i_fz}ﬁ _I__‘- :”2’
Vo a’x2+b’_y2—|—c’zv_2.}

Of these the mote thoroughly tredted particular cases
are as follows :

T E Ry}
Case i. {x2 L

1 GK, p. 40.

Type. “The double equations of the second -
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BRI S A T 2
C (2 ; = 4

ase 7. {xg Z_}'-—-I-—‘j_v_g- _
It should be noted that though the caliest treat-
mene of these equations is now found in the algebra of

Bhaskara 11 (1150), they: have been admitted by him . O\
as being due to previous authoa:s (ddyodsharapam). A

WA

For’ the solution of (i) Bhiskara 11 assumest ( N

e peah O

so that both the. egumons are sansﬁcd No#w} by the -
method of the Square-natitre, the solution$-of’ the equa-
tion 532 — 1 =x2 4 (X 2) (17, 38), ;{I‘herefore, the
solutions of (z) ase . L&

ermlarly, for the selutmn of (::) hc assumes -
: RO b uth agy org.in

sz“‘ + 1
which Satlsfy e cquatlons‘ By the method of the.
Square-nature. he*values of (% X) in the equation.
sz 41 =2 ‘are (@ 9), (72 161) etc. Hence the
solutions Qf (zz are ST

OV ,‘4#9'}' : x-—IGI}
V*\\ =8 Ja=a) | o
Bhaskara L futtherisays that for the solution of-

\ equanons of the forms. (¥) and (i) a more gencral ag?
sumption wﬂl be - . L S

ﬁé#x, _yﬂ.:m?'{a,

Wh ere. p m a;e such that
Wy p + mE=a square,

1 BB:, p ros
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the upper s1gn being taken for Case 7 and the lower sign -
for Case #. Both the cquations are then identically
satisfied. SuppC'se

prm=d
p_, mz..z t2.' o »
. Whence § = -&(—E— -+ n), & )
HE. ) . zwz . N
= %(—?}— — #}, “.s
Wherc n is any rauonal number.- Therefore;
I A
Here he obsetves that 2 should be so chosen that p
will be an integer.
| Hence xR %@%ﬁraﬁ)@lﬂ_— 5 } ' (1)
92 S

the upper 51gn be&:@g taken for Case 7 and the. lower sign
for Case AR _ _

.‘ 2 . ’
Whem'\e 3:%(2{:——;—92)2, '
\\ p= g(“— — n)3.
\M\ﬁ o) 'Qf, we may pfoceed ina dxffcrer}t w_a}?, says Bhéskara
- Since : _ |
(PP E2pg
is always a square, we may assume
x% = (% + g F 1,
= 2pgw?.
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For a ratlonal value of , 2pq m t be quare
we takc J M E .8 So

- =gt
Hence we have the assumpuon - L
K= (4 A I
).2_.54”',3”2”125 } o (2) O
the up;ger s1gn ‘baing: taken for Case i and the Iowe:\ -
sign for Case 7. . . e K
" Whence e e
P n*)w, 0
Y (am? ~— i,

1t ‘Wﬂl bc IIOthCd that the equa.uon ) follow ftom
(2) on: putting # =~%/2n. So we shalltake the latteras
our fundamentgl assumption fof'the solution” of the .
uations (7) and. (#).- Then, ftom the solutwns of thc
---fm sidiary equatmns ' !
. (4”}4 +WW}?ElbLa ibr
by the method of the Squé.rc—nalglgemgbs&#‘ s Bhﬁskara
11, an infinite numb&t of integral solutlons of the
_ ongmal equationgican be derived.!
Now, one rational solution of

g (w*+»ﬁ)w’+r~x?i’ |

N - 3 b3 2’ ‘ N
N % : (AW’ + 1) —r¥
P . x 0 e 0 le ol
\ | {4 ) — 1%
- :-Thcrefore We havc the general solution of
xs'——_y —1 —-ﬂ’* -
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(2 Y 2r{2m? 4+ 1%

.x_(4’”i“[—’74)-"'"z’  (amt Ay — ()
o qmnr y 2r{2m? — 2
TR A = T e

whete », n, r are rational numbers. '

as

For r = s5/f, we get Genocchi’s solution.t R\,

In patticalat, put w=2¢, p =1, r = 87251 in
(A). Then, we get the solution N\

2

&

AN
82 — 5.2 6414___'1
x—‘%(m—zt )‘f‘l, 3‘——8‘;"2—,.
oy . A (&)
_ 821 . yu_..'.'hﬁ_' 1)2 :
"y_d.-_zf ’ _"’ T
hayv futtin_g m=ton=1,r 22f§+ 2t 41 in (A), we
ave ‘:.f‘ .
‘I/ww,dbfziulibl‘ ry.org.in
Xo= 2‘ E— . = ki
o _+.__21‘-’.~" u ii 2’ i
T e 1 (&)
:I,’ N :_“f—-—_..._
J .’\\ U= 2

Agdlng if\We Put Fr = f’ n=1,r—= 2z.2 il'] (_/1),
we get :t\’w‘ ) . .
s %
ST a9
Oy = 853, p= 42212 — 1),

™
N

. i“}Thes‘e three solutions have been stated by Bhiskara
1Lin his treatise on arithmetic. He Says,

9

1 Noup, Ann. Math., X, 1851, pp. 80-85; also Dickson,
Numbers, II, pp. 479. Fora summary of important Hindu results
in algebra see the article of A. N. Singh in the Avrcheon, 1936.

% Here, and also in (¢), we have overlooked the pegative sign
of x, y, # and . _
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“The square 6f an optional number is. multiplied
by 8, decreased. by uity, halved and then divided by that
optional number. - ‘The quotient is one number. Half
its square plus unity is the other number. * Again, unity
divided by twice an ‘optional number added with that -
optional numbet is ‘the first- aumber and unity is th§

sccond number, - The sum and differerice of the squares ‘(v

of these two numbets minus unity will be (severally)
squares.” e &
. “The biquadrate and thie cube of ah optionalaumber
is multiplied by -8, and the" formet gioduct isyagain io- -
creased by unity.. The results: will be the two numbers  °
.,Baﬂw@@wﬁms:_; ;'~.,;Q“

“The cube  of any -optional “humber is the first |
number ; half the square of its squate plus unity s the
second.  The sum and diffétence of the squates of these _ -

. two numbers minos SOiRPEROMASTIY N,

“That is, if m belan optionial number, one solution

of (i), accotding to, Nardyana, is

RER 7 B “ . R

GPo=rt . v=l T

R It will be nouced that “this solution fqlloWs easily
.+ (from the solution (¢) of Bhaskara II, on putting # = miz, .
) ‘This special solation was found later on by E. Clere
st S

KPI; o t1,p. 14 |
No;': ﬁm Mqtb.,-\IX, 1830; pp. 11685 also Dtckson. -
Numbers, 0, p. 4793 Siogh, L.e. o



Now Iet us take into consideration the equation
(4);:4—|—ﬂ‘)w2—-— 1 m:xﬁ

Its soluttons arc known to be

o L o
=3 Py -
_ 2 =7 X
T X e &

f’\

J

From these, by the Principle of Compos;tlon we
get tespectively two other solutions

_ 16mr A e ?24\
B T w= 2

_ 32m® -}-‘ Gzt | Ny _N:g&q— 312
T :7".‘ 2745

- Therefore the gcneral solutlofrs of

B’Fkij l*br’al g‘ ord.in
_ Fr=27;
. are '
20° \\ zm?' -+ 7
No= o ==, .
AR n ;
200 2R — 72 @)

J hxw ] = o ’
O\ #
\ )
R\s ;;‘5(32,”3 - 6m%nt),

. ',,\s’

w4

O o=2506m 1 m,

= %(160;4 + m(22* + #%),

y= %_(16184 4 Y zm? — 4% ;5 ]
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—2”22,__ “ : zmﬂ .’ b'
Ch T | #)
y=g = zm‘,”,' : '
and : e o .
’ . ON
(”6+3ﬂ2”74) e AL
| ‘(m4+rz4) . ".
o DT S N (9
x—-(m4+n*)(mz+nz> o v
AN
o e — ). &®

Puttmg #=1 it (a) and(a") we havc the in- -
tegral solutions . - -
s x___ 2f”2 ﬂ— mg\v'}ﬂtﬁsa [ibrary.org.in ] -
- y=2m, =201 L} e .(4’.'1.)1
and e
ox= w4(16’x(2_\11;.5),- o )
.}"_ ZMCIW+ I) (a” ]) .
L E= @ont + I)(zm2—|— 1) R
o _-;'_.;_( vmhﬁm‘* + 1)(zm?— 1). _ _
_ SMY, if we put m'==1 in (§') and (¥"”), we get
V=1, (2 + 2),
QY E y_z(,,zﬁz),} )

e
L ,32(,;4 + 5): u= "2(”4+ I) (”2 ) } b"
Co _n(fz‘-‘—i— I), v--§(n‘+ 1) (#® — 2).

" 1This solution was glven by Drummond (Amr. Math,
- Mopn., 1X, 1902, P- z;z) )
Cis
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The solution (#’. 1) is stated by Nardyana thus :

- “Any optional_numbei‘ is the first and half its square
is the second. The sum and différence of the squates
of these two numbers with unity become capable of
yielding a squate-toot.””! - O

Case iii. Form ' O
ax? 4+ by = 42, O
@XE PR =R, \+"
For the solution of double equations Of this form
Bhiskara 11 adopts the following methody
The solution of the first equsk}on is 2=,
# = ny ; where 4
ar? 4+ b= :ﬂ?..f
-Substituting in the second equ@tiﬁn we get
(ﬂwww dbrg J?h:l;rg( 0:_ yg
which can be solved. by the method. of the Square-
‘natute. S\
Example frc}{g\ Bhiskara 11 :2
;. g -,
\.} S.y _E_ I = y?: .
He solves} substantla.]ly as follows:
Inthe first equation suppose x = 27 ; then # = G
Puttmg »x.== 2J; the second equation becomes
2002+ 1 =12
\By the method of the Squate-nature the values of y
satisfying this equation are 2, 36, et¢. FHence the solu-
tions of the given double equation are
' X =4, T2, +en
y=12,30,...

PN
< %

1 GK, i. 45. 2 BB, p. 119,
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~ Caseiv. Form :
' alxt 4+ 9+ ¢ =45,

ot e~

Puttmg Xt =g Bhaskara II reduces thc abovc .

equatlons to
+ £ = “2 _ N
. a R+ = 92 } L\
" the method for the-solution of which has been given
before.
' Examp!e with soluuon from Bhiska.ta 985, 2
2o —f) 3 = IO o
| 32—+ 3 =48
, o Set  xE—R =% then \s-
27+ 3 =%
{ - z+5*ﬁ
| E11mmatmg Z Wc get ﬁfidfvf-ll-bl ary.org.in
T ot ,@W~W+9
Whence ’.\\"'" » =6, 6o, .
. ' > 34 == 15, 147, .
o _Tliereforg g #== 5,49
=+ Hence L xB =R =g =11, 1199, ... -
’ .ﬁ%hcrefore the required solutions are

i m)] AR
=iEem] =i

 whete  is an agbitrary ratignal number.

1 BBi, p. 119
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For m = 1, the values of (x,y) will be (6,5),

(600, 599), --

For m = 11, we get the solution (6o, 49), «»

Case v. For the solution of the double equat.lon of
the general form i

ax®4- by o= 42 QO
a4V = 92}

Bhiskara II’s hint® is: Find the values of x, ®in the
first equatxon in terms of 7, and then substitute that value
of x in the second equaticn so that it will B teduced to
a Squate-nature. He has, however,X(not given any
illustrative example of this kind.

Second Typé. Another typ@f' double equation
of the second degree which hgsibeen treated is
. aﬁ.xz-i—&xylgy——zﬁ
@’x? 4 by ﬂvc’ﬁ—l—d’wzﬁ}
The solution of therﬁUh "EQUstfR has been given
bcfore to be

xw\g{»2 fﬂ_ué)_ } !2!2,
u;%{yz(c & )-i—}}

A\ ¢
.’\“\

x\"
\Vhe‘sgl isan atbltrary rational number. Putting i = ¥,
e‘l}avc
'"\:"S‘:’ ‘:l C—ET‘—I “‘!ir:a_ya
\ ) 2a ‘4¢;; _ 20°
~2e=fav o)
whete . G:i &— !}_ 1)_!9
24 4a* 2.2

Y Vide supra, pp. 1g9of.
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| Substltutmg in the second equation, we get
(@R Vet NP =0

~which can be solved by the method of the Squate-nature.
. This method is equally applicable if the unknown partin .
the second equation is of. a different kind but still of

th_e second degree. | D)
‘Bhiskara II gives the followmg illustrative example
. _togethcr with its solution :* N

xﬂ—!—x}-!—_yzé_uﬂ] | 'w:\\'
. (o + )% +1= 92 '
Multlplymg the first equation by 36, {Ve\get

(6x+ p)F+ 2-.?)" == 3642,

. Whence 6x + 5.)’—15(27} — 1),
o ’ www dbr‘auhbl ary org.in
6;: = (—J— + 1)

'Where .1 is an arbit@ary tatlonal number. Takmg A=
“we have

WO e fy =
' m}d #= gJ)-
; Subshmnng in the second equatlon, we get

Q"

| By the .method- of the Squate-natute the valucs ofy =

~ate 6, 180, ...

_(300 10y . .

BB, pp. 107

Hence thé required values of (x,y) are (10, 6), '
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. 26, DOUBLE EQUATIONS OF HIGHER DEGREES

There are a few problems which .involve double |
equations of degrees higher than the second. ‘The
following examples are taken from Bhéskara 1 :

Example 1. “The sum of the cubes (of two
numbers) is a square and the sum of their squaresisHa
cube, If you know them, then I shall admit thgt)ou
are a great algebraist.”? PN

We have to solve the equations- RA
P =at) N
X3 8 =2, } N\
The solution of this problem by Bhiskara 11 is as
tollows :

“Here suppose the t1w Snumbers to be 32, 232,
The sum of their cubes lsaléz CTYIE'Ts by itself a square
and its squarc-root is,33™

“Now the sum“ﬁf the squates of those two nurmbérs
is 57t This mus\t\be a cube. Assuming it to be equal
‘to the cube ofan optional multiple of s and removing
the factor 33from both sides ,(we get g = 25 b5, where
P is an optional number); do, as stated before, the
numbefS)are (putting p = 1) 625, 1250, The assump-
tion&hould be always such as will make it possible to
resove (the cube of) the unknown.”?

V™ In general, assume x = g%, y = #3?; substituting
in the second equation, we have :

53 4y = (P 4 7278 =
If w3 4 == a square = p2, say,
then ‘ = pRR

A BBi, p. 56. 2 BB, pp. 56E.
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F 4

Now, from the fitst. .equation, we have

S _ (w2+n2){4 %,
’ Assurne #= rg,then
Z _m"—;- ¥ _ .
Hence we get L S Ny
| P e \

- (m2 + nz)ﬂ’ J= (m2 + fx”)2 d O

Where ns any mtcger and m,n are such that \ O
ms+g?_a squate.
Ohe obwous solution? of this equatxon N = 1, n=2,
' Hencc we get the solutjon
EERRE ..re...i;?f
. 25 g o
Thls pamculat solutlon hp.s been g1vcn by Nﬁrﬁyana,

s WhO 53}’3 . wwwdbrauhbrat "Y.0

“The’ squa.re of theicube of an oﬁﬁonal numbct is ~

% ‘the one and twice ifs the othet. These divided by 25
e f_w111 be the two nub&bers thc sum of Whose squates Wlll

' 1Nm::r m*-'}-} canbemadeasquarc by puttmg :
O ke (g e
chccthesoluuon of our oquauonwﬂlbe o

*= pré
mawv |

ey = B ..
. Putting 'r_(p’+q’)(p‘+g*’)s,wchsvethew}uﬂonin-

e = B+ 0GP + P,
2=+ PP+ P

i _. whe::e p, ¢, §.are any mtcgml numbers.

e
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be a cube and the sum of whose cubes will bea square.””!
He then adds by way of illustration :

“With the optional number ¥, we get the two
numbets (1/25, 2/25); with 2, (64/25, 128/25); with 5,
(625, 1250); with 1/2, (1/1600, 1/800); with 1/3,
(x/18225, 2/18225). Thus by virtue of (the multiplicity
of) the optional number many solutions can be found.”

- Example 2. *O most learned algebraist, tell heD
those various pairs of whole numbers whose differéncc
is a square and the sum of whose squares is a cbg.”2

That is to say, solve in positive integers £ ¢

Yy x =2
92 =8, ’x.'\\."
Bhiskara II’s process of solving-this problem is as
follows : O
-« . ULet the two numbers be x:9* Putting their differ-
ence, y— x, equal to,#4LWanEst, theinvalue of x as
Y — #* Having thus found“the value of x; the two
numbers become y — ﬁi{ \y. '
- “The sum of theif 3quares = 2)% — 2y4% 1 4% This
is a cube. Making Tt equal to #® and transposing we get
,\“'_.ziﬁ—ju"——-gﬁ—_?:yuz. .
Multiplying both sides by z and superadding 4%, we get
the squaresrpot of the second side = zy — #2, and the
first side"s="24% — #%.  Dividing out by #* (and putting
-w for.29fu?—1), we get.
~O ‘ 24% — 1= p2
B\y ‘the method of the Square:nature the roots of this
equation are : \
#=13,29,
w =7, 41,

1GK, i s0.. : 2 BB, p. 103.
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., “Then b}r the rule, ‘Or ifa b1quadrat1c factor has
been removed, the greater root should be multiplied by
the square of the Iesser o0t we get

s g a=ars,
or F2y— 841_34481
Therefore L y= 100, 17661, .. - O\
- “Finding the respectwe values of the numbers,sthey '
are (75, 160), (16820 17661); etc.” - . N

- Examples. “Bring out quickly those tv(o numbcrs ‘
of which the surm of the cube (of one)apdithe square
(of the other) bccomes a‘square and WhQse sum also is a
squate.’ 72 L O
' ' R0
That is to° sa)r, solvc R
{x3 + %= #’ (r)
X +Q‘ww—dﬂmuhbl 633" org.in

Th1s problem hag been solved by Bhiskara IT in
' '?'_"two ways, which axge}ubstannally as follows :

E _.'--':;,.F_srfz‘ mtbod\\From (I) we get
62%(; “) r=45-1)
Whe \1 is an arbxtrary number, ~ Putting = x, weget -
) \. T #_ %(xg + X), ‘y %(\2_ x)
\ Substm:tmg th.ls value of y in (2), we get
: L x? e = 208,
(zx -+ 1)2 = 8%+ 1.

g Themfemnce is to the ruleonp 249.
.’-BBt,p 107, _
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. By the method of the Square -natute we have
v=06 } . 1/-—35} L
w4 1=17{"  2x+1=99} "
Whence the values of (x, y) are (8, 28), (49, 1176), --. ;
Second Method, Assume x = 222, y = w2 Then(\

ey =gt = (e - O
' So the equation (2) is safisfied. Now, substxtutmg
those Vaiucs in (1) we get
818 |- qqut = 42, ~\‘
or - w4807 + 49) = #2N -
It o 82 + 49 :K%),
then o= :{wz

Now' the values of » makmg 8% -+ 49 a squate
are 2, 3, 7... Honee. ﬂb,cam&qmged g:mmbers (o, 3) are
(8, 28), (18, 63), (98, 343), -

- Bxample 4. “Wbatis that number which multiplied
by thtee and a ded with unity becomes a cube; the
cube-root squaged and multlphed by thtee becomes
together wnbxumty, a square,”’t *

T hat"ss to say, solve

& {5x+1~ (1
» . Ui (2)
N\
7\ Tt has been solved by Bhaskara IT thus :

\‘.

, From (2), by the method of the Square-natute, \vel -
get the values of (%, #) as (1, 2), (4, 7), (15, 26) -
Whence the values of x are 21, 3374/3, ...

1 BB, p. 119. ‘This.problem is admittedly taken by Bhéskata
II from an eatlier writer. '
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Aiternauvely we . assume # =
‘the equatlon (1) we get .a w5 then from
Cx=y3P Yt )

Also from (2) we have

| 27y+18y+4 ® | O
7 Do =(my— 2% say
HenCe s J——_I%j:‘;”’ o X s,‘
L e — z-.; N
'Ihe:refore the reqmred yalue of x 15 .Q\Z'
.x' . (18—1—41"?) 14 (18-}-4”: \‘l’ (;24;4:;)

where m is a rational number gtcatet than §.
“The fisst of the prewous solations is given by m=9.
¥ . Double Equations.J jnt Several Unknowns. To
solvea double equatien 3By Iying. several unknowns,
Bhaskara 1T gives the foﬂow%n Lﬁﬂ 5
7 «“Wheén thege ‘ate square and othes powess of thtree
_ _-or more unki\mp’ns leaving out any two unknowns at
- pleasure, theyvalues: of others should be arbitrarily as- - -
- sumed add the roots investigated.”®
- For the case of a single equation, he says:
: \\“But when there is only one equation, the roots
L ;'s‘hOuld be deterrined as before after assuming opuonal
O values for ali the ,unknowns except ¢ one.’

A Ca MULTIPLE EQUATIONS

o Thcre 4re some very clegant problems in which -
'\ three or mote functions, fincar or quadsatic, of the un--
. “knowns have to be mad: squates Of cubes. The .

1SceBBz p IZ.I o _ c ’BB',P 106.
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following example occurs in the Lagbu—BbaJ,éarjm of
Bhiskara I (522):

" Example 1. 'To find two numbers x and y such that

the expressions x + y, ¥ — y, xy + 1 are each a petfect
square. Q)
Brahmagupta gives the following solution : S

“A square s incteased and diminished by anofher,
The sum of the results is divided by the square(of half
their difference. Those results multiplied {Severally)
by this quotient give the numbers whog€)sum and
difference are squares as also their product together
with unity.””? ,\:}

X )

Thus the solution is:
x = P(»* + fgﬂ)
J= J?Wd?aﬁ)hl -ary.org.in
(72 4 AT (o — 1)
[3{(7* A=) — (m* — w)}]*
any rational numbets:

where P = m, n being

Namyana ( 1357) says

“The s re of the square of an optional number is
set dowu\a% two places. It is decreased by the squate
(at onel place) and increased (at another), and then
doubled.  The sum and difference of the results arc
ana{es and so also their product together with unity.””®

That is, x = 2(pt + p%),
= 2(p'— %),
wherte p is any rational numbet.

1 I Bh, viii. 17. 2 BripSi, xviil, 72.
3GK, 1 47.
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 ‘The rationale of this solution is as follows :
Suppose 7. - . . -
T x = 2_{2(”’2 + 7, = 23%(m® — n%),
so that x -y are already squares. We have, therefore,
only to make e . o
xy 4 1 = 4xA(m® ++ #2)(m? — #%) + 1 = a square. S
Now =~ .~ - ' <Oy
4ot — ) 1 = (P — 1P o+ R — )
Herice, in order that xy+ xmay be a squate;| one
sufficient conditionis - X (0 |
i T =t 3 N
Therefore 232 = 20 = (.”}22-'_ LD — 1) .
SRR T e e T @)= (7 — )]

Agaih . x=2(m ) =2t -+ 2),

or - x=2pt pERME p=2n

Therefore -~ j=12 —9). : .
. Example 2. ¢ thou be LIS S iR nathematics,

tell me quickly thoéés two numbets whose sum and

differerice ate uares and whose product is a cube.™ ..

... ‘Thatis, $olve - . : :

RTINS M :]:_y.zsquarels, '
o xy=a cube.}

.- Bhiskara 1L says: -

L ';'ji;‘-‘\Hcre-lct the two numbers be 532 4%% They'are
C . ksumed such as will matke their sumand difference both squares. )
- \_";fj[jhe'i:_-product is zoz?. 'This must-be 2 cube., Putting
- Y it equal to the cube of an optional multiple? of 10y and
.. femoving the common factor 23 from the sides as before;
S {we _\\sha_ﬂ ultimately find) the aumbers to be. 10000, .

. 125007 ' : . B

Cammgpess . o tGKie
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In general, let us assume, as directed by Bhiskara II,

which will make x 4 y squares. We have, therefore,
only to make '

2mn(m® - n¥)zt = a cube.

Let  amn(n®+ atxh = p5%5.
Th P O
= (v oy S .

(4

Therefore X =

T {amn(m® 4 RN
2t O
_ 4 {2mn(n® 0%, Y
where 7, #, p ate arbitrary, A\
This general solution hastbeen explicitly stated by
Nﬁrﬁyana thus : www.dbraulibrary org.in

“The square of thelCabe of an optional number is
divided by the square ('j:&he product of the two numbers
stated above and then severally multiplied by those
numbers. (Thus(will be obtained) two numbers whose
sum and diffepefice are squares and whose product is a
cubet R -
_ Thetwo numbers stated. above? ate 224 #2 and
2mn whose sum and difference are squares.

~In particular, putting # = 1, # = 2, p = 10, Niri-
yapa finds x = 12500, y = 10000. With other wvalues
of m, n, p he obtains the values (3165/16, 6z5/4),
(6z500[117, 250000f507), (15625/1872, 15625/2028);
~and observes: “thus by virtue of (the multiplicity of)

the optional numbers many values can be found.”

1GK, 1. 49. . 2 The reference.is to rule i. 48.
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- Eﬁéaff:ﬁ?e 5.*'3""_1‘0 find numbets such that each of
them sevetally added to a given number becomes a
square ; and so also the product of every contiguous

- pairinereased by another g_ivcn' number. _
For in'stancc__,; _ll'ef__ it be _r'__equ_j_red to find four numbers ¢

such that = -
Jhae=q,  gtb=n, O
Rba=r o wps=p OV
L mepa=gt K¢

The method for the solution of 2 pioblem of this

-kind is indicated in the following rule guoted by Bhiskara

II (xxs50) from an earlier writer, Whose name is not
known : - ANV .

. ““As many multiple (g#pa)ds the product-interpolator

- (vadha-ksepa) 1s of the nnmber-interpolator (rdsi-ksepa),

~ with the squate-root of that as the common difference

" are assumed certain ni¥fBetsseghibsersquarad and dimi-

nished by the number-interpolato (severally) will be

the unknowns’ B
- In applying this method to solve a particular
_ptoblem, toMe stated presently, Bhiskara II-observes by
.+ way of gxplanation; . ’
. &In)‘these cases, that which being added to an
. (onkhown) number makes it a square is designated as
- th&* number-interpolator. = The number-interpolatot
~Spfultiplied by the square of the difference of the squate-
7 #50fs pertaining to the numbers, is equal to the product- -
interpolator. For the product of those two numbers
added with the latter certainly becomes 2 square. The

- products; of two and two contiguous of the squate-
" roots. pettiining to the numbers diminished by the

ROl

3B p. 6.
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numbcr—mterpolator ate the square-roots corresponding
to the products of the numbers.,”?t

Since x = p¥— q, == g% — o, we get
X+ B=@"— ) —a)+p
= (pg — @ +1{p — a(g — p)*}. N\
In order that xy 4-  may be a square, a sufﬁc&em
condition is O

a(q pr=s
or p:}:\/ﬁ/u—pi'r, w'hef&}'-—\/ﬁ/a—
Then  xy+ ﬁ (pg— o O
Hence - &—pg—a O
Similarly r=qg-+7v, s——r:‘]{y
" 'Thus, it is found that tlie SQUate-xoots p, ¢, 7,
form an A P. whose c0nmon'dlﬁ'ercnce is v (= V/B/u).

Further. we have W d:brauhbl ary.org.in
» .

xﬁ—p2— o,

\y_—(p:t 1 — o,
WO r=(p k-
=‘.\"‘ w=(p L3P —q
as stateQ\m the rule,

‘T'hese values of the unknowns it will be easily
fouad, satisfy all the conditions about their products.
or
o p = —
I B=A(p £ 4 2v) — o},
A+ b={(pL£ 2+ sv) — a}

1 BBi, p. 67.
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"I‘hus we have

289

E R(P :i:v) e,
o= ENP L) — .,,
A=k zv)@ + 37) —
as statcd by Bhﬁ$kara

It has been obsmcd byh.un that the above prin
is well known in” mathematics. But we do not ?.

in the works a.ntenor to I:um which are available to.us.

 Ivis notewotth that the above principle, will hold-- '
even -when all’ thc f’s are not equal. Fof/ suppose

‘that in.the abave instance the seeond setof condmons

is replaced by the foﬂomng . \\.f _
’ 39'+ﬁ1—-§s;\ I
ﬂ‘f‘ﬂa“:ﬂ: -
{”‘!"ﬁa’:‘g’ -
Then, p ceedmg in- the sme way, we find that
g=pk VT o= L VR Ve,
E—‘H"’“’ h=g—w L=ri—a,

_. -----B.;.shouldﬁl}? be foted that in order that xy - § S

or *-"ﬂ@’—i— + a4 pmay be 2 square, there

4 thef values of Lbeetdzs the one spemﬁcd '

_-7.: p"q’ a(p’+§’)+ﬂ’+ﬁ“§’
determinate equation itf 4.’ Smce we know onc
tu;g of it, mm?;q =pty, E=pp L)~

ethod: of the Square-natute, B
Now, suppose that anothet condition is u:nposed on -

wumbers, %%,
S ek =t

an. find an.infinite pumber of other solutions the §
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On substituting the values of x and w this condition
transforms into.

P4 £ 6155+ (9 4 20)p® oL Govp + 0 — 0B L B = %,
an indeterminate equation of the fourth degree in p.

In the following example and 'its solution Fromy”
Bhaskara II we find the application of the above
principle : . O

Example, “What are those four numbess’ which
together with 2 become capable of yielding “square-
roots ; also the products of two and twergontiguons of
which added by 18 yield square-rootsyiand which are
such that the square-root of the sum“of all the roots
added by 11 becomes 13:  Tell then to me, O algebraist
friend »1 O

Solution. “In this example, ‘the product-interpolator
is ¢ times the number-intetpolatot. The squate-root of
9 15 3. Hence the squite-ronts cotresponding to the

R s e

numbers will have,{the common rence 3. Let
them be o) _
S5, 0+ 6, x4 0.

“Now,_the-products of two and two contiguous of
these mings“the number-interpolator are the squate-
roots pétaining to the products of the numbers as
increased by 18.  So these square-roots are

SN . XE4ogx— z,
oY Stend 6,
. X% rsx 52, _
“The sum of these and the previous square-roots
all together is 3x2 - 31x 4 84. This added with 1r

1 BB, p. 67. :
It will be noticed that by virtue of the last condition the
problem becomes, in a way, determinate.’



MUL‘I‘IPLE EQUATIONS 291

becomes e.qua.l ey 169 -Hence . .
,x2 ~i—,51x + 95 = ox3+ ox + 169.

“Muluplymg both sides by 12, superad
and then extracting. squarc—rootsY we getp dics 96[

Q.
w+uﬁw+% Ay
. : x =2, : R \"-.\
“W1th the value tnus obtamed we get the vsducs of
 the squate ‘toots pertaining to the numberito be 2,
'3, 8, 11, ~Subtracting the numbet-interpolator from the
- Squates « of thcsc we have thc (required)) numbers as 2,
23, 62, 119.” - : N
Exampie 4. To ﬁnd two mm%ers such that
: —J " = 4,
X +)' N k=17,
: }.2 —wy%v-di-brémlﬁl ‘SW org.in
o +7* + £ =2, e

: 'SE Bhaskata ﬂ\sa}rs
“Assumc first the valuc of the square-root pertaine
mg to the-difference (of the numbers wanted) to be afy
unka6wn with or without -an absolute number. The -
'roe?» correspondmg to the sum will be equal to the
pot pertaining: to the difference together with the *. -
square-root of the quotient of the intespolator of the
fference of the squares divided by the interpolator for = -
¢ sum ot difference of the numbers. ‘The squa:es '
s6 two less their mterpolatot are the ‘sum and :
&hcs of the numbets. * From them the two numbers can S

‘be’ found by the rule of concurrencc "




292 * ALGEBRA

~ “That is to say, if w is any rational number, we
assume - o
y=x 4

. where wis an absolute number which may be o. | Then
b= (vt + VER

Now x2— 32+ & = (x —)x+ )+ & L2
: = (2 — B — A+ Jé' O .
== #%* — A(#? 4 %) + P + &

One sufficient condition that the right-hafd side may be

" a4 squate is )
lé(ﬂ'*—ﬂ)z—té’ .\’\
ot v=u-| V'ﬁa |4,
which is stated in the rule, . Therefore
x—Jy= (’2’ oy —

x )r SOy a“&‘wv%&/)éjz
Hence o :%{(wiaP{-(wia—f— '\/&z’/k.)g
- 7= Lo VERE — (4 o).
Now, if 1 dcnotes VH [k, weget
| ag\si*vy = 1t 298 (3v2 — 28)® -
+ 2v(v: — B)u -+ YRR A H(¥E — AP
_ S& 1t now temains to solve
Q7 i+ 29+ (312 — 2802 + 29(v2 — K
A Iy Sy L]
which is an indeterminate equation in # '

Applications. We take an illustrative example with
its solution from Bhiskara IL

" “O thou of fine intelligence, state a pair of
numbers, other than 7 2nd 6, whose sum and dJﬂ'erence
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(scvcxa:lly) added Wlth 3 are squates ; the s::m of their
squares geireased by 4 and the differénce of

increased by-.12 ‘are also squares ; ha.lfthcu: uct
together- thhthesmallcror?e is'a cube ; agmntl;ar:dmm
ofaﬂtherootspluszmaﬁqwe”l B .

That is to-say, if " x>y, we have to solve
o _..g-: “]+5—_ . K\D
S Xy = - OV
e x 3*]2-{-' 12 — 2 \«
’ X"+J” 4‘“’3, P \‘
P+ a=p, B
_ ﬂ—i—v+:+t+p+z\-g’ _
’I‘I:us prohlem has been solve&\m two ways:
o Fm‘! Mtbad As duccted in the above rule,
- S --ﬂ—-x :
"’hen o —J’ (WW @ra—hﬁraty org. m“?"’ 3
x+y=k(w-x+z)’-—-5-w’+w-—-z
'I‘bcxeforc \gs 2y = 20, :
NOW Weﬁﬂd that C
T R WEPP Y
\\ | x2+}a..4 2A,
N =1,

"'usﬁed This remaining equation now reduces to
S L wtaw—2=4g"% RN
:'f'ComPIetmg the square on the left-hand side of. tl:us e
’-"equatlon we get -

C (4w+5)”-8¢y’+=5

80" all the equations except the last one ate almdy



204 o AL&E'BRA'

By the method of the Squatc—nature its solutions are

| 4= } . 4—175}
4@*+3w15’ 4w+ 3 = 495
Therefore - w =3, 123,... :
Hence the values of (x, ¥) ate (7, 6), (15127, 246), ..
Second Method. Or assume! K ‘".\
x—y+ 3 =0 ' N
then x+y+5—w2—|~4w+4—(w+z§2
Whence o x==ptoap— 1, —zb—i—z

Now We find that :
2yt 12 = (9 + g 31,
x2 4 2 m4-(w2+zw—|— 1)%,
30+ =@+ 1>
-Then the remammg condumn reduces to
. %«fﬂ{-’.fzw_{abiaul—iﬁl éry 01% in
Completmg the squaa'\é on the left-hand side, we get

(@ 7P = 8%+ 25.
. Whence by themethod of the Square-nature, we get .

q—i] 44—175}
\w+7~—15 4w+7“495
Thﬂg{@re Cw=2, 122,
Hemee (09 = (7, 6), (1512?, 246), ...

~O" Another very interesting example which has been
\borrowed by Bhaskara I from an earlier writer is the
following:?

© tThis is dearly equivalént to the supposition, # = w,
rvr=w-4+ 2. .

2 The test is kasydpyndiharapam {*‘the example of some.one .
This observation aiﬁs ts to indicate that this particular example
was borrowed by Bhiskara Il from a secondary source ; its primary
source was not known to him.
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- “Tell me quickly, O sound algebraist, two numbers,
excepting 6 and 8, which are such that the cube-root of
half the sum of their product and the smaller one, the
squate-root of the sum of their squares, the square-toots
of the ‘sum and difference of them (each) increased by 2,
- and .of the difference -of their squares. plus 8, all bei
- added 1togcther, will be capable of yielding a squates,
root” o K\
- ‘That is to say, if x >, we have to solve .\ &
VoA VEER VAR
IR + ViFoFe+ VXY Rz=¢"
. _Tn every instance of this kind, rentarks Bhiskara I1,
" “the values of the twO anknown. atmbers should be
. .so-assumed in terms of anothet ndknown that all the
- stipulated conditions will be satisfied.” In other words,
- the equation will have to beresolved into 2 number of
" other equations all of which have to be satisfied simul-
.- tapeously. Thus we shall haweito-800¥ ¢ in
e BRC. Sl 2 =4,
| SSE gyt a=t
O =
S apen
S Ko N=

’I'he Jast equation :represents the original one.
< ing these equations. . :
LT ) Sex=wto1, Y= then we find that
R e o
Ayt 2= NS )

o 1-3&9;“0; | BN

A~

P N

o il There- have been indicated several methods of Isc;lv- - ‘-
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XL 8= (B 3)R,
xR = (4 1)

So all the equations except the last one are identically o\
" satisfied. ‘This last equation now becomes R

2 AN

. k4 g — 2 =g% %
Completing the squate on the left-hand side, we get
: - (w+3P=82+25. D
Solutions of this are O
9=5} g= 301 ,\:?:‘”}."
w43=151" w+3=851 4ot 3=495)
" 'Therefore, we have the solutions of our problem

as _
(x,_y)_ = (8, 6), (167If4o 41), (15128, 246), ..
- Or set _ ﬁb N
. o utiggbrpuliprary org.in
r@'g§w+ﬁ -
- = w.z — IW,
(ui.)“'."{] =2 — 2
X (X =t gw ot 3,
%&Q{J=W+¢
Jn" conclusion Bhiskara TI remarks: “Thus there

mdy* be 2 thousandfold artifices ; since they are hidden
~\to the dull, a few of them have been indicated here out
Nof compassion for them”?

Tt will be noticed that in devising the various arti-
fices noted above for the solution of the problem,
Bhiaskara 1T has been in each case guided by the result
that if # = w + a, then, y = w 4- a 4 /& Jk. He has
simply taken different values of a in the different cases.

1 BBi, p- 110.
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38, SOLUTION OF ay=bx+o+d

Bakhshﬁ]i Treaﬁw The eatliest instance of &
quadratic indeterminate equation of the type axy =
Fa+ 4, in  Hindu mathematics occurs in the
. “Bakhshalf Treatise (¢. 200).!, Thetext is very mutﬂated. N\
-But the: example that is preserved-is
) A\

. : _ -"‘.')'=3-"+4J:F1, e
of Whlch thc soluuons preserved are \ '
SRR~ . B RO
-_ﬁ1+3=4;-xQ'
x"'"1+4_'5: % )

y=2410 .\4I+1_H_16

- -_ Hencc in geneml, the st‘i’lu%loaﬁé e i ydation
o ' L e+ oy + dy
s whlch_ appeax 0 havc been given ate :

Cwd. Y c=mAe, )
_.\.. 'E:{Z.kli m + ‘.:} or } b@' + d+ b'} N ‘. .\ .

*rwhere m is an atbitrary pumbet. " '
. An Unknown Author’s Rule. Brahmagug (62.8)
s destribed the following metho taken r-:l--\-'; ,
_thor who-is not known now.? *
3 BMs, Folio z-;r, secto; compate also Kaye’s Int:oducdon su.
Prthidekasvimi vimi (860) says that the method . is duc
‘This is oomobon

7 wtiter other than Brahmagupta. ‘“W
3 ;nmhm:gupusstmtu:csonlt (m'lfﬂﬁ“ p- z99)
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. “The product of the coefficient of the factum and the
absolute number together with the product of the coeffi-
“cients of the unknowns is divided by an optiondl number.
Of the optional number and the quotient obtained, the
greater is' added to the lesser (of the coefficients of the,
anknowns) and the lesser to the greater (of the coeffisiy
cients), and (the sums) are divided by the coefficient(of
the factum. (The results will be values of the unkngwns)
in the reverse order.”’! A\
As has been observed by Prthiidakasvanii) this rule
is to be applied to an equation containing ‘the factum
after it has been prepared by transposingthe factum term
“to one side and the absolute term gegether with the
simple unknown terms to the otheg\Then the solutions
“will be, # being an arbitrary ratignal number,

"
X = %(ﬁ! +.€)

ﬁ&i’:l:[fahhb':éar org.in
=47,

T
J= ?’\(1
ifb>¢ and >\Q—F{imf-—b—€ If these conditions be re-

versed then:x"\'é.’rid 3 will have their values interchanged.

The, féfionale of the above solutions can be easily
shown\\(o be as follows :

ay=bx+ o+ 4,
O or aPxy — abx — acy = ad,
or " {ax — fay — b) = ad + be.
Suppose . ax — ¢ = m, a tational number ;
th_en_ . B 5:“0’—;%-

1 BrSpSi, xviil, 6o.
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Or,.we may put:

‘then we shall have”
wheng

0 T will thus be found that the resttictive condition of
:Elddl ¢ the greater ‘and lesser of’the numbers » and

\a
oA

=

5d ¢ sespectively s adumbated in the above mle s

Brahmagupta’s Rule; PRI ives the

- follmmng rule for the' solution of 2 quadratic indetes-
- minate equation inyolving a factum: '

E N .

+yith ‘thé exception .of an. op’tiélial unknows,

S assume atbitratyvalucs for the. rest of the unknowns,
¢ " the L products:
'.(,tgpecﬂ*é)"c fficients _
bselute . quantities.”. ~The continued products of the !
'Sﬁxiled-m{alilési‘and of the coefficient of the factum will -

of these (assumed. values) and

s the soliition.is effected without sormingan equation
thie factum, - Why then was it done so?™ . +.. " -
Tie. seference in the latter portion - of this rule is .~
n_:.ét_hod of_ the unknown wnm Thc Pﬂ#_ClP_le' .

G5, xvid. 63, vide 4pra, D 197-

ZE -_;Br)’/fz}-'utb__-"_*ﬁtlié!."-{ijé_s_'st:i' and greater of the umbers .

.- the, .prodaet of which forms' the factum. The gum . -

¢ the soeficiat of the optionaly (it ou) unlpown..
of
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undetlying Brahmagupta’s method is to reduce, like the
Greek Diophantus (¢. 275),' the given indeterminate
equation to a simple determinate one by assuming
atbitrary values for all the unknowns except one. So
it is undoubtedly inferior to the earlier method,
" Brahmagupta gives the following illustrative example :

 “On subtracting from the product of signg and
degrees of the sun, three and four times (respecuvely)
‘those quantities, ninety is obtained. Determining the
sun within a year (one can pass as a proficiefit) mathe-
matician.”? ' : O

If x denotes the signs and y the degrees of the sun,
then the equation is _ & 0> S '
: L XJ— 3X — 4y 90, T

Thus this problem, as that of Bhiskara II (énfra), appears
to have some relation withrthat of the Bakhshili work,
* Prthadakasvimi solves itin two ways. Firstly, he as-

‘sumes the arbitrary AP ¥ BE Y e

J"\ I+ : '
x 2\\1—(90 17 4+ 4) =10,

2g=Lar+3) =1
Ny .

Smﬂ;ig;ﬁe_ assumes atbitrarily y = 20.  On substituting
thig value in the above equation, it reduces to :
..\:’ff’ _ 20X — 3% = 170; '
N\whence x = 10, .. '

Mahﬁvii‘hfs Rule.. Mahévira (850) has not treated -
equations of ‘this type. There are, however, two pro-
" blems in his Gapita-séra-samgraba which involve similar .
‘equations. One of them is to find the increase or

1 Heath, Diapb{;x!ﬂ;, pp. 192-4, 262,
'8 BrSpSi, xvii. 61, .
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soumou op “{7=5x+g+d so1

QCC&SOffWO numbers 7) 50 that the prodaet
~the resulting numbers will lg%egunl to another opuomllo;
- gmn ‘namber (4). - ’I‘hus we ate to solvc

-@i@@iﬁ =d,

| ot to)=d-d.

e "cnforsolvmgthism T .' \

. “The ‘Jifference between the product. of the given

- bers 4nd the optional ‘number is put downy at two

" places, | Trds: divided (at one place) by one of 3hié given
. iifribers -iticteased: by. usity and (af- the other) by ‘the
- optional mimber ‘increased by the othesgiven numbez,
_ 'Ihesg will give dn- -the revetse ofderthe walugs-of the

p 'tlés to. be addad ot subtracted ol R

-

That 15 tct sa.ya |
i de ab "

.__,_.— wwwﬁbl awlm&mm
b "OI - dr~ab
J = d+a

ths" soluuons glven by Mahﬁ.m are. much
¥he othet pro oblem considered by hin is t0 -

I be the capital jnvegted and y the pcnod of
- moniths, then the interest will be mxy, where'® -
nate of interest per month Then ¢ pro

o T
_s&fﬁvma solves this equauon by assummg nhtmy

‘GSS, vic 284, . ”GJS,v't'-‘SS-“”I

.' ﬂ{e caf ml, integest ‘and time when their surm’ :s o ;_
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Sripati’s Rule. .Sriﬁati (1059) gives the following
rale: o S :

“Remove the factums from one side, the (simple)
unknowns and the absolute numbers from the other.
The product of the coefficients of the unknowns being
added to the product of the absolute quantity and the

coefficient of the factum, (the sum) is divided hylan’

optional number. The quotient and the divisor_sheuld
be added arbitrarily to the greater or smallef Of the
coefficients of the unknowns., These divided by the
coefficient of the factum will be the valags’of the un-
knowns in the reverse order.”® O

. AN
S P L ANpad 4 be
6., X = _;(m + ) X I\(

2A. i .

" +€)

. d+be NS 1,
y=1(f j,,_ §+1’)J U=+ )

www_dﬁr‘aulibl'ary.ot'g.in

Bhaskara II’s Rale. Bhiskara II (1150) has given
two rules for the solution of a quadratic indeterminate
equation contajing the product of the unknowns. His
first method js'the same as that of Brahmagupta:

“Leaving one anknown quantity optionally chosen,
~ the values’ of the other should be assumed arbitrarily

according to convenience. The factum will thus be
redaccd and the required solution can then be obtained
by the first method of analysis.’’2 o
Bhéskara’s aim was to obtain infegraf solutions. The
~above method is, however, not convenient for the
purpose. He obsetrves B

“On assuming in this way an arbitrary known
value for one of the unknowns, the infegra/ values of the

where m is atbitratry.

1 §iSe, xiv. 20-1. 2BBi, p. 123.

A
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two unknowns can be obfained with much difficulty.”

. 8o he desctibes 4 second method “by which they can

- be obtained-with:little difficuity.”
. .f;_-..-\:_"__L._.*"Ttansposing’ the factum from one side chosen at.
‘pleasure, and the (simple) unknowns and the- absolute
. simber  from the othet side (of the equation), and then

- dividing both the sides by the coefficient of the factumny)

“the product of the coefficients of the unknowns togéther
‘with the: absolute number is divided by an pptional

- stamber.  The optional number and that quotieht should .
-~ bg incréased ot diminished by the .coefficients of the.

. unknowns 4t . pleasure.. They (results thais obtaired)

hould: be kdown: as" the valaes. of thetwo unknowns - )

hé§ Bééﬁ-:__elﬁcidé.gctl i)y the 1é.uth0_r thus : ‘
qual sides the factum be<

This rule
“From one of the two,&

g tom a ) th 10w
nd the - absolute - nyietefbratspradividing the two
ides by the coefficients of the factum, the product
ed to the
tional number. ‘The optional number and the quo-

wais in the reciprocal order. That is, the one.to’

rﬁsi -iﬁﬁyete”e-BBi, p- 124.
. - BBi, pp- 1241,

v

o témoved,” and - frogi “the other _the unkpowns .

“the coefficients ‘of the unknowns on the other side - |
EKA olute mambes, 1S ~divided by an- -

¢ beiog azbicratily added ‘to the coefficients of the - e
knowjié, shonld be known as the values of the uo- = "

ich the coefficient of the kdlaka (the second unknown) . .
added, will be the value of -the ydvat-iyat (the first '
cnown), dnd the one to which the coefficient of the *
at-tdvat 1S added, will be the value of the kc_r‘lméa.ﬁ._- R
But if, after that has been done, owing to the magnitude,
el statements (of the problem) ate. a0t ffilled, then = -
. E"}E‘Aufmn'.=:1<zvs.ri-1i1'1 vyakte rifau kalpite sati bahﬁniyasembhmnm e
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 from the optional number and the quotient, the coeffi-

cients of the unknowns should be subtracted, and (the

remaindets) will be the values of the unknowns in"the

reciprocal order.” ‘ ' o
Thus Bhiskara’s solutions afe

'gz-;—im' ngj:'n’ | \\\
b P . b ’ N by
y=x7 | y=—dtm [N
where 7 is any atbitrary numbes and #” = ) §-§+ —z:) -
" The rationale of these solutions i%&oﬂdws : '
axy = bx + ¢y + 4,
" ot x_y—-ix— —c-_yéz"i .
— a 2\ @’ .
& w‘,;:lb'réu ihraré oppYH. ’
oot (’fﬂ??@j*}f}:%%%: mn’,.say.-
Then, either V. S
¢ A .\ B4
x— — =t o Cx— =t
4 : - 4 .
. b ) or b »
o T yo =t

whenge the solutions.
(O Bhiaskara’s Proofs. The same rationale of the
- <aPove solutions has been given also by Bhiskara IT with
the help of the following illustrative example. He
observes that the proof “is twofold in every case : One
geometrical (kgetragata), the other algebraic (rd$igata).”*
Esample. “The sum of two numbers myltiplied
by four and three, added by two is equal to the product

t BBi, p. 125.
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seilnumbers. Tcll mc, lf thou know&st, thosei.
utnbers,” L - :
5 lution., “Hawng performed the upcrauons as B
S statedri--thc sides are. EEREE
: s k= 4x+3r+z Coe LT L,
B oduct of the cocﬁﬁcmnts of ‘the unknowns plus
-I,:_-__;I-:_the a _solute tetm’is. 14, Dividing this by an optional
et (say) tnity; the optiondl number and the quotient:

will bey (55 11 |
wetfical Proof. “The secondside of the etpmtioo-:

‘of (10, 6.2

“To these being atbitratily added g3, the
£ 'the uhknowns, the values of\(x;)) are =~
fD1v1dmg% by {the:o tlonql numbgt) 27

: '.\;..:.ZIS-F aal:to the factom. . But the: énlmxsthea of ai " *

' 6blong quadrilateral of which the"base and. upt ht are"-

" the- pitknown quanunes ' Within. this figure ( : o

v x’§; threc  ¥s and the “absolute num o
s figure off’ takmxgv cﬁ%o 2’5 and _?mmusfour :

. he.dbynsownco ént, Gré’ 3?%bcmmes
: D .

X RSN SRR

y "o T _-\_‘:
' .
1
1
TAREN
+
‘

Flg 15 L Flg !6 )

thcr mdc of the equanon bemg so ttca&d'-thcﬁe,‘

. ' 1BB‘ PP 123,125 * BBi, p- "-5
S ae '
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results 14. ‘This must be the atea of the figure remaining
at the cotner (see Fig. 16) within the rectangle represent-
ing the factum, and is the productof its base and upright.
But these ate (still) to be known here. Thetefore, assum-
ing an optional numbet for the base, the upright will be
obtained on dividing the area 14 by it.. One of these,{
base and uptight, being increased by 4, the coefficient
of x will be the upright of the figure representing|the
factum, because when four x’s wete separated from the
factum-figure, its upright was lessened by 4. ‘Similarly
the other being increased by 3, the cosfficicnt’of y, will
be the base They are precisely the valuegof x and y.*

Algebraic Proof  “This is alsey~geometrical in
origin, In this the values of the-base and upright of
the sufaller rectangle within the #€ctangle whose base
and upright are x and y respeetively, are assumed to be
two other unknowns # apd #.2 One of them being

increased by the cocfficidntrafinsaiyillghe the value of
the upright of the auter figure and the other being
increased by the coefficient of y will be taken to be the
value of the base%of the outer figure. Thus y=# + 4,
x =7+ 3. Stbstituting these values of the unknowns
x, 9, on bothlsides of the equation, the upper side wiil
be 3;;—{7431«-}— 26 and the factum side will be av - 3#
4+ 432 On making perfect clearance between
these(sides, the lower side becomes s and the upper
sid&¥4. 'This is the area of that inner rectangle and it is
/~¢éqhal to the product of the coefficients of the unknowns
“plus the absolute number. How the values of the
unknowns ate to be thence deduced, has been already
explained.”® '

N

1 BBi, p. 126. _ '

2 In the original text they are respectively a7 (for aflaka) and pl
(for pitaka). :

3 BBi, p--127. '
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Bhaska.ra I further observes :

I - “Thus the proof of the solution of the factum has
-',_:_.been shown to be of two kinds. What has been said
- before—the product of the coefficients of the unknowns

- ... together with the absolute number is equal to the area
‘of ‘another rectangle inside- the rectangle representing
‘the factum and lying at a- corner—is sametitnes other<"),

‘wise.  For, -when the coefficients of the-unknowns ate

" -negative, the factum-recta.ngle ~will be inside\ the
.. other rectanglc 4t one cotnet ; and when the coefﬁments
of the unknowns are greater ‘than the base a.ud*upﬂ

- of the factum-rectangle, and ate positive,vthe o
_wilt beouts1de the facturn recta.ngle and\at a eomer, as

Q.

: __'(Flgs 17, 18) R, &
: t : R - PR 4 1_1' ‘('.h_....-; -
) “~ = —.
e ; .:.
. A . . .
wf:j:r dbraulibrary.sfg.in
P | . .
....... DR
L 3 N
2 ™ i
.'. — . =\ K
I B | .
£ H lgw=es X ramd
NG ¥ —
. |
Y. v E
\ [ . U &
1
1
i
— i
. Fig. 17 - ' Fig. 18

it is s0, the coeﬂicncnts of the unknowns lessened
_optional number and the quotlent Wl].l be the

of xand 37t
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