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PRETACE

TaE main object of this book is to provide a reasonably concise
introduction to algebraic geometry, requiring no more hackground
than the usual honours degree courses in projective geometry and
algebra. We have tried especially to satisfy two needs: (i} to give
the reader an adeqguate idea of the developments in the past
hundred years, and (ii) to provide him with every opportunity,dn
the form of examples, for acquiring self-reliance and technical
ability. We hope that in consequence it will be much gasier’ for
him afterwards to read more formal treatises and original’memoirs
on whatever particular branches he may elect to staey.

Chapter I is introductory, but is also a convenignt’compendium
of generalities and explanations to which we often refer later; the
beginner is advised to read it only lightly at.firat, returning to it as
occasion demands, and to pass quickly to‘Chapter II. Chapters
II-V form the first main section of the /book and comstitute an
elementary course on higher pla,ne,qu’r\r’es and rational ecorrespon-
dences. Chapters VI-VIII are a_§omewhat detailed exposition of
the properties of linear systems ‘and of the general technique of
transformation and representation. Chapters IX and X are fairly
self-contained accounts of the projective characters of surfaces and
of line-geometry resp%‘\‘h:ely; and Chapter XTI exhibits the applica-
tion of the eondition‘calculus to enumerative problems, while
touching only br\leﬂy on the deeper theoretical questions which it
involves. Finally, in Chapters XII and XIII we have given short
introductory, @ccounts of the invariantive geometry of curves and
suﬂaeeg‘;&ith such applications as best serve to illustrate the
generalidevelopment of the subject.

~If nay be desirable to mention here one feature of our exposition
which may trouble the minds of some readers: we refer to 2 certain
degree of informality of language, sacrificing precision to brevity,
which we have allowed ourselves, and which has long characterized
most geometrical writing. Most particularly we refer to the
recurrent use of such adjectives as ‘general’ or ‘generic’, or such
phrases as ‘in general’, whose meaning, wherever they are used,
depends always on the context and is invariably assumed to be
capable of unambiguous interpretation by the reader. Our
justification for such informality, in an introductory work, lies in
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the resulting economy of expression, which is fully worth while;
the danger, at this stage, of serious ambiguity is slight. For ex-
ample, in- Theorem I of Chapter I, the phrase ‘» general points’®
can only mean ‘r points whose coordinate-vectors are linearly
independent’. But in less simple cases, we should point out thas
every use of the word ‘general” (or ‘generic’) implies, strictly
speaking, the concept of & certain irreducible algebraic variety of
objeets, e.g. points; and that a ‘general’ point of this varichy is
one whose coordinates do not satisfy a certain set of relations
(indicated by the context} which are not satisfied by allgpoints of
the variety, O

In a work of this kind we cannot try to list all thesources from
which we have drawn our material ; but neithe ¢an we forebear
o mention the long-standing debts of inspirg€ion and instruction
that both of us owe to Prof. H. F'. Baker a,nQ te his great Principles
of Geometry. LD

Our warm thanks are due also toMr. D. B. Seott, of King's
College, London, who read the pageiproofs and made many useful
last-minute suggestions ; and to,thjé officers of the Clarendon Press,
who have been most helpful afid efficient throughout.
"LONDON, N
May 1949 gj g'_
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CHAPTER I
INTRODUCTION

In this chapter our main purpose is to make a preliminary survey
of the foundations and basic ideas of our subject before com-
mencing the more systematic development. We begin, then, with
a brief and rather informal introduction to projective space of any
number of dimensions, ~

§ 1. THE GENERAL PROJECTIVE SPACE S, A

1. We shall suppose that the reader is already familiar with the
algebraical basis of plane and three-dimensional projggﬁ've geo-
metry, so that the extension to the case of an r-dimensional space
&, is only formal. The basic algebraic entity of tl’iis’; geomnetry is
the homogeneous coordinate vector (x,,...,,}, thigbeing defined as
an ordered set of 41 real or ¢omplex z;u@bers, not all zero,
whose ratios only are to be regarded as significant.

The points of 8, are to admit a dbfinite class of coordinate
representations, by any one of whichthey correspond, without
exception, to the totality of effectively distinct homogeneous
veotors (w,,...,,); and the différent representations of the class
are to be related to each other by the group of non-singular linear
homogeneons tra.nsformaftilﬁ;ns of the form

PY; = Gy Zoen @y +...dau, (= 0,..,7),
whero p is a factop.6Eproportionality and ;] # 0.

It will then foflow, exactly as in the three-dimensional case, for
example, tha,j;ﬁfly one coordinate representation is completely
specified by @) its Jundamental stmplex, and (ii) its unit point, the
former g the set of 71 points A,..., A, which are to have the
basioedordinate vectors (1,0,0,...,0), (0, 1,0,...,0),..., {9, 0,..., 0, 1),
anid the latter being the point U whose coordinate vector is to be
(L1,1,...,1).

1.1. Linear spaces. The aggregate of oo™ points whose coordi-
nates satisfy a single linear cquation _
@y ToFGy X+ ... F-a, 2, = 0 (1)

is called a prime. We denote this by S,_, or by [r—1]; and we

call ay, ay,..., @, the coordinates of the prime. Tt appears, then,
4574 i)
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exactly as for Sy, that corresponding to any linear homogeneous
transformation of point coordinates , there is an associated linear
homogeneous transformation of prime coordinates a,. This means
that with the r-dimensional space of points there is associated an
r-dimensional projective space of primes; and by interchange of
point and prime coordinates we have a principle of duality for g,

THEOREM I. T'here is ¢ unique prime containing r general points.

For if the r points have coordinate vectors (el 2D, ..., 2L, ..,
(2, 2{",...,2), then there exigts in general a unique set Qf: ratios

@g:0y ... 4, Which satisfy the equations A\,
W tmat . te,a =0y (O
(2}
G2t 2 . Faaf) = 0 JO

Dually we have
THEOREM II. In general r primes intergectin @ unique point.

For » simultaneous linearly indepepd:eﬁt equations of the form

(1) will have a unique common solution z,:x,: ... 1z,

L.11. For spaces of lower dim@nsion we have first the

DEXINITION. The totalityof ‘points common to two primes is
called & secundum, and is denoted by 8._, or [r—2).

Hd=0R=09 are{he equations of th
then the sscundurn @¥iden
whose equation i;;

© two primes in question,
tly lies in every prime of the pencil

it is, in fact, thébase of this peneil of primes, and from this remark
there fo]lq\z(a’

- THEOERM T, There g
POIREEN

P \Forr if the prime (1) is made %o pass through r—1 general points,
(NI coefficients are subjected to 7—1 linearly independent condi-
tions, We may therefore write (1) in the form 4 +AB = 0, where
A -and B are fixed lineap forrs and A iy an arbitrary parameter,
and the primes 4 — ¢ ang B 0 themselves pags through the
given points. The required secundum is the bage of the pencil
of primes thus determineq. '
1.12. Linegr sub-spaces in general
DEFINITION, The totality of ¥
independent primes (0 < } « r}i

@ unigue secundum through r— 1 general

points common to r—j linearly
8 8 k-dimensiong] space S, or [%].
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By immediate analogy with the result and method of proof of
Theorem III, we have

THEOREM IV. There is a unique [k] through k-1 general points
of 8.

The following particular cases are to be noted:

A space [1], called a line, is uniquely determined by two given
pointa.

A space [2], called a plane, is uniquely determined by three,
non-collinear points.

THEOREM V. If a prime is made to contain k41 Iingqﬂ}/.\m-
dependent points of a [k], then it contains the [k). >

For the k1 given points impose &--1 linearlyjiiu:ﬁépendent
conditions on the general prime containing them, aid the equation

of such a prime must therefore be reducible tah& form
\/
0,

}'1A1+A2A2+"'+Ar—kA?‘—fﬁ:;%
- where the equations 4, =0 (5 = 1, 2,..,,?:.—‘-.%) represent r—Ek fixed
linearly independent primes through the’given points. Since these
intersect evidently in the unique &} defined by the given points,
any prime through these points fhst contain the same [£].

COROLLARY. Any [k] whick contains k41 points of general
position in [k] (b > k) condmns [k] entirely.

For the space [A] 8. common to r—h primes, each of which
contains k-1 points bf general position of {&].

1.2. Interse{tié;ns and joins of spaces. Given two or more
spaces, we miay require to know the space of greatest dimension
common ;&them all, called the ¢ntersection of the spaces. Or we
may with to find the space of minimum dimension, termed the
joz?jw\hich contains all the given spaces. In the first place we
hawe’ .

THEOREM VI. Two spaces [k] and [k] in general meet in a [h-+k—r]
(Bk 3= 7). |

This follows from the definition of the spaces concerned.
Through [#] and [%] respectively there pass sets of r—h and r—k
linearly independent primes. The complete set of these 2r—h—k
primes have in common a space [h4-k—7], provided that

htk—r =0,
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COROLLARY 1. 4 (k] and a [r—k] in general meet in poini.
COBOLLARY 2. In general, n given spaces [k1), [g)en., [X] meet i

& [by kot ooty — (n—1r] (? ki > (1)),

This last is proved by applying the above theorem 7—1 times,

As regards the join of two given spaces, we have

THEOREM VII. Two spaces [h] and (5] (A% < r—2) in general
lie in a [h4-k+- 1]. Q)

If we take h+1 linearly independent points in [A] andy k+-1
linearly independent points in [£], we can draw through\these a
unique [h+%k+1], provided that k41 < r—1% Jand, by
Theorem V, this will contain both spaces entirely,. R

COROLLARY. If the spaces have q space [s] z'n%dénmon, they le
wa [h+k—s].

For we may take 841 of the first set .of\?a:—!—l points to be in
[s]; and it is then sufficient to take k~gfurther points of [k] to
define a space [A--k—s] which containg*both [%] and [4].

In the above formulae two spaees ‘which do not intersect may
be regarded, formally, ag havinghah intersection gpace of dimen-
sion —1, N

Exawpreg

L In space of four dj:iée}sions we have the following set, of spaces:
point, line, plane, priixkés‘r For these we obtain the incidence relations

shewn in the table NThus, in general, a line and a plane do not mest;

prime plane | Iine
, .,; ,\ 3 Prime plana Lne
) ;x" ' Flane line point
N line point —
N

13. In_ [4}: thers is, in general, a unique plane meeting three given skew}
peanes in lines. To prove this we observe that such g plane must lie in -
& prime with each of the given planes, Wi Ty Wy, S8Y. Draw the umnigque

T A spaee [3] is frequenﬂy.termed & solid,
i Two planes in [4] are skaw i they meet only in & point,
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prime through =, which eontains the point common to w, and wy; this will
meet o and ar, respectively in lines 7, and I, whose join is the required
plane.

4. In [#], the spaces [k] form a system of freedom (r— k)k-- 1}. For a
[£] is determined by k-+1 arbitrary points, and each of theso, regarded
as & point of [r], depends on r distinet parameters; again each of them,
regarded as a point of [k], depends on % distinet parameters; and the first
total, (1), must be diminished by the second, (&} 1)}, since the k41
points may be chosen anywhere in [k].

In particular, the lines and planes of [4] form systems of freedom 6 \
and the lines of [] form a systemn of freedom %(r—1),

N

5. Bhow that in [4] there is a duslity 2 AN
point, line, plane, prime \"
prime, plane, line, point. A\

Establish & similar result for a space of any number of dlmecn.smns

6. In goneral, a [&] and & {r—k— 1] do not meet; if they‘tio ‘neet, a single
condition is implied, namely, the concurrence of theweetuplete set of 7 1
primes which serve to define them. Similarly, if a\[k] and a fr—k—2]
interscet, two conditions are implied, and so on//Thus in particular if a
[#] is to pass through a given point, then r-\k distinet conditions are
imposed on it. )

§ 2. COLLINEATIONS AND c'OBRELATIONs oF S,

2. We next introduce the rea,d,(,r {ao linear transformations of &§,,
this being a subject which mist plainly be of fundamental im-
portance throughout the \gvhols of projective geometry. The
algebra of such transformhabions is most conveniently expressed in
the notation of matnc&* and we shall therefore employ- this nota-
tion, without assummg, however, any more than the elementary
facts about matnx products and inverses. We shall also nse a
simple operamgna,l symbolism for transformations.

We use Q&rendon type for matrices. Also, if A is a matrix, we
shall den@te its transposed matrix by A, and its determinant (if
1t is & s‘quare matrix) by |A|. Thus we shall have, for example,

AB — BA, |AB| = [A[|B]|,
(A)t = (A7), A1 = |A]L
The point (wg, %;,...,,) of 8, will always be represented by the
column matrix
%o

-
x=(")

&y
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and the prime whose equation is
g+l ol = 0 (1)
will be represented by the row matrix
1= (.., 1)
The equation of the prime may then be written in the form
Ix = 0. @)

If A = (a,,) is & square matrix of 7+1 rows and columng{then
Ax is the column matrix y whose elements are the L linear

funetions Y = Zaﬁx:' (¢ == 0,..,7) . O
3

ot

of those of x; a (scalar) product such as RAX' ig \bilinear form
] "‘,\\
zarswrms’ \/

_ 78 \ : .
in the elements of x and x’; and iA{{?}epresents the quadratic
form 2N\

D Uy Ty 78
¥, 8 « \
We begin then with the folloding

DEFINITION. If X and, y Tepresent general points of two
r-dimensional spaces I afd 3, and if A js any non-singular
square matrix of order™-1, then the linear transformation defined

by the equation \\ ¥ — Ax (3)

is called a, co@li@;aatz'on of 2 on 5.

To any point x of 5 there correspends plainly a unique point
¥ of 2 &ad conversely, since A is non-singular, we may write
'\\“ X = A-ly, (4)

Ygﬁiéh shows that the reverse tfansformation is also a-collineation

\CAITYing any point y of %' into 4 unique point x of .
Equations (3) and (4) are respectively the equations of the
forward correspondence (from X t0 ') and of the backward
correspondence (from ¥’ to ).

If P denotes the forward transformation, we may write,
symbolically, :

Y=T(x), x=1-Yy (8)

If the point x of T describes the prime 1 whose equation is (2)
then, by {4), the corres

ponding point ¥ of £* describes the prime
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m whose equation is 1A~'y = 0: so that the correspondence
between primes 1 and m of £ and X’ is given by the equation
m =IA-1 or = A&-; (6)
and, conversely, .
I=mA or 1= Af. (N

THence: A collineation between two spaces can equally well be regarded
as a linear fransformation of primes into primes.
1In fact, if 1 passes through the fixed point X of X, then

0 = 1x = mAX = my,

.\'

so that m passes through the corresponding point y of 2" and
vice versa. Thus the duality is complete.

o
N

2.1. Products of collineations. 1{ we now asmi’me that the
space T’ is superposed on X, we obtain a colliheation of I info
itself. The transformation T will then in genexal carry a point x
into a different point y, and the repeated tansformation, which

is represented by z = T{y) = Tﬂ(x) {8)

will in genersl give rise to a point zZdifferent from both y and x.
However, it may happen that, *fmr a given transformation 7,
7 always coincides with X0 such a transformation is called

snvolufory. '\

THEOREM viO. The prbduct of amy number of collineations is
a collineation. Y A\

This follows af once from the fact that if y = Ax and z = By,
then z = BA xhe square matrix BA having determinant equal
o the pro%lﬁt ‘of those of A and B.

C\
2.2. Gorrelatians With the previous notation we have the
followmg
pkFrvrrion. If xisa generic point of %, and m is a prime of ¥,
then the transformation :
fl =Ax or m=%&, ' (9)

defines a correlation between I and X'; in other words, & linear
transformation of the points of the first space into the primes of
the second.

From (9) we derive the reverse transformation

x = A-lffh. (10)
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Suppose now that x describes a given prime whose equation
is'Ix = 0. Then X{ = 0; whence, by (9), and the rule for trans-
posing a reciprocal, we obtain mA-1 = 0. This relation shows
that all primes of %' corresponding to points of 1 pass through the

point y defined by y = A-1. (11)

This point is said to correspond to the prime 1. We may write
(11) in the form ¥ == IA-?; go that

I=FA. {12)

Equations (9) and (11) are thoso of the forward corresponglerice 7'
from 2 to X'; and equations (10) and {12) are those qfsthe back-
ward correspoudence. They may be written as

g
T
< %

T(x) = %A, (1) = Ajzgz" - (13)
T-Yy) =FA,  T-(m) =AM, (14)
N

23. The coincidence quadrics. We.'ow assume that the
spaces X and L' coincide. If x* is ahy point of the primo corre-
gponding, by the forward transfqr»ﬁ;aﬁion T, to X, we have

| %ARH = o, (15)
which is & general bilinear rélation between the coordinates of X
and x*. By transposing the product on the left we obtain

XN X*AX =0, (18)

which means, by\12), that x lies in the prime corresponding by
T-1to x% O\

If the pqla}bx lies in its own corresponding prime 7'(x), then
N YAX = Sa 2,0, =0, (17)
"This the locus of points having this property is a quadric (§3),
termed the first coineidence quadric @, of the correlation. Points

of this quadric lie on the primes which correspond to them either
by T or by T-1.

1}1 the same way, the envelope of primes I which pass through
their corresponding points (1) or T-Y(1) has the equation

A" = S a7, — o, (18)

Tl?js ?,gain defines a quadrie (envelope) which we call the second
covncidence quadric @, of the correlation,
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2 4. Polarities. It is clear that the effect of operating twice

with 7' is to give a collineation; for, by §2.2, :
x' = T¥x) = T(XA) = A-1Ax. (19)

Thus the collineation 72 has matrix A-1A. The reverse trans-
formation {7®)-t has matrix A-1A, which is easily seen to be
identical with that of (T-1)%

The eorrelation 7' may be said to be involutory if the collinea-
tion 77 is simply the identical transformation px’ = X, where p
is a scalar. This implies that if a point x* lies in the prime T

then x lies in the prime 7(x*}. O\
If 7 is involutory, we must have R\
AA =,
where I is a unit mafrix. Thus m'\l" .I
A = pA, \N% (20)
so that Qpy = Py {fOT a:ﬁ‘éufﬁxes r and s).

We assume now that a,, is not zero {of some particular pair of
the suffixes, say, the pair 7;, 8. Y '
 If 7, = s,, then it follows at oneetbat p = 1.

If 7y 5= 8,, then it follows first tha't B, 5, 18 al80 nOL zeTO; SO that,
besides @, ; == pg,n, WO have also the relation @, ,, = p.,q,
Combining these we obtain(p?'= 1, which therefore holds in either
cage. (\J
If p = 1, we haveud,y = Gy the matrix A i trical, and

P , we have.g,y = a,: the matrix A is symmetrical, an
the coincidence quadrios @, and @, are one and the same quadric
Q. The correlation 7 is then a polarity, namely, the relation
between & Qc;ii;st and its polar prime with respect to the quadric Q.

If p = =17 we have @, = —a,, and @, = O: the matrix A is
skew-symmetric; and the quadrics @, and @, are non-existent,
for.£he) condition ¥ a,,,x, = 0 is satisfied identically. This type
ofcorrelation, for which every point kies in its corresponding prime,
is called a null-polarity. Since any skew-symmetrie determinant
of 0dd order vanishes, a null-polarity in space of any even dimen-

sion is necessarily singular {i.e. degenerate).

§ 3. ALGEBRAIC MANIFOLDS. PRIMALS
3. 8o far we have considered only those manifolds which are
r‘“:Pl'esented by one or more linear equations; we turn now to the
discussion of non-linear manifolds.
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DEFINETION. A primal in [7] is the locus of points whose coordi-
nates satisfy an equation of the form

' Flzy, @y, @) = 0, (1)
where F is a polynomial. _

If F is of degree u, the primal is said to be of order » and is
denoted by a symbol .of the form V7, If F is of degree 2, the
primal is called a quadric.

" The number of disposable constants on which a VP, depends

i (n+?') —1, this being one less than the number of coefficients in

r : ~\
~ (1). Hence, since the condition on ¥?_, fo pass throngh a given
point ig linear, we deduce N

THEOREM IX. A unigue primal VP_, can be mlsde to pass through

& generict set of (ﬂ—l-?‘)"l points. O

r OV _

Thus, for example, a guadric cam~be made to pass through
3r(r+3) arbitrary points. - O

3.1. Polar primals. The ﬁii;iciémental property of the primal
is expressed as follows: o)

THEOREM X. .dn arfftm@; line meets & V7_, in n points.

Let P and Q be points whose coordinates are {@g, X1y, 2,) and
(Yo Yrrenr ¥y respéo%ively. A general point of the line P¢ has
coordinates (xy~-AYy,..., Z,-+Ay,) for a suitable value of A; and this
point lies o\FP_, if
\"\‘ F(xﬂ'—f')‘yﬂa‘--:xr—]"hyr) =0, (2)

_Thig(is‘an equation of degree n in A, so that PQ meets V7_, in n
points, as stated.

»\} JWe now exp&qd (2) explicitly, as an equation in A, in the form
Pl@) 42, Fl2)4+ 31242 Pla)+-... - Fy) = 0, 3)

where F(z) = F(x,,,...,2,), and the symbol A, is the differential
operator

bej 7 2
y“axo+ylfi—a:1+"'+y’55::'
If P lies on Vi, then F(z) = 0, and one root of (3) is zero. If

T Except where the contrary is expressly stated, the word generie will be used

throughout this boeok in a sense equivalent to that of & 1
position. Bee preface, 4 o thet of tho phrass of genera
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PQ is a tangent to V2, at P, then a second root of {3) must be
zero, the condition for this being

oF _
oz,
By regarding the y; in this equation as current coordinates, we
obtain

oF  BF
AL F(@) = yo—F+ Yo+ T U 0. {4)
8z, oy

THEOREM XI. If P is a generic point of primdl Ve, then the
locus of lines tangent fo Vi_, at P is o prime. A~

This is called the fangent prime to Vi_; at P. An exceptiendl
case oceurs when 8F/éx,,..., F(ox, all vanish at P: the tangent
prime is then illusory, and P is called a singular point oL V]_,.

We may now interpret (4) quite differently by keepmg ) fixed
and regarding the x; as current coordinates. Thef equation then
represents a primal of order n—1, which w¢ pall the first polar
of @ with respect to V_,; and any point ROEV}_, which lies on
this polar primal is such that P@ has twolofits intersections with
V2, coincident at P. From this we deflnce

THEOREM XTI. T'he first polar of ,qﬁ@'arbz’tmry point Q with respect
to & primal V*_, i3 a primal of eider n— 1, which meets Vi 4 in the
locus of points of contact of tangent lines from Q. Tangent primes
Sfrom @ have the some contt{cﬁ tocus.

Returning now tog(8)which we suppose already to have two
zoro Toots, we obsgxye that this equation will have a third zero
root if s

gi’(w) = yo—a--l—...—!—y,.— 2};?‘(x) =0 (5)
o, oy,

In this g%\s'e' 'PQ will have three-point contact with ¥V7_, at P.
Still regarding the , as current coordinates, equation (5) defines
a primal of order n—2, which we call the second polar of @ with
tespect to V'; and we can assert

THROREM X1t T'he second polar of an arbitrary point @ with
respect to V_, meets the intérsection of this primal with the first polar
of Q in the locus of points of contact of inflexional tangents drawn
from Q to V2_,.

3.1, Multiple points. A point of multiplicity k of ¥y, is &
point P such that a generic line through it meets the primal in
only #—% points elsewhere.
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If () is such a point P, then it appears by .(3) that all th
expressions

Flz), A F(z), ALF(), .., AF'F(x)

must vanish for arbitrary {y,) = @; and for this it is both necessary
and sufficient, in virtue of the homogeneity of the function:
involved, that all the partial derivatives of order k—1 of ¥ shoulc
vanish at P,

Furthermore, the first polar of any point ¢ has then a (k—1)fold
point at P; for every (k—2)th x-derivative of A, F(x) is a Knear
combination of (k—1}th w-derivatives of F; and by (exactly
similar reasoning we derive the general result: >

N\

Every k-fold point of V2.5 18 (k—s)-fold al Zeast ot the stk polar
of every point of 8,.

EXAMPLES

\.
o\

"1. 8how that an orbitrary plane meets V3, iu’a curve of order », and
that an arbitrary S, meets it in a surface of arder #.

2. The class of Vi _,, defined as the nuMber of its tangent primes which
belong te an arbitrary pencil, is in genezaln{n— 1)1,

3. Prove that, in general, V .y ebntains coltr-5~# lines, provided
2r = ntd .

3.2, The intersection of’primals Bézout’s Theorem. Inf,,
r given primals have n\general & finite number of common peints
whose coardmate{:are found by solving their eguations siroul-
taneously for xy3, .. :x,. When the primals are generally situated
with respeet t@ each other, we obtain the following result:

THEOREQ 34y, In 8,, r generic irreducible primals Vi, (i = 1,
s Ty of orders ny, fig,..., Ny, ROTE 9y Ny.. M, COMMOnN poinis.
THis is the simplest case of Bézout’s Theorem. We give TwWo
proofs, one based on the theory of elimination, the other on &
e apecla.hzatlon prineiple.

¥FIRST PROOT: Consider two curves VP and V? which lie in the
same plane S;; let their equations, when arranged in powers of &,, be
fle)) = agal+-a 224 ta, == 0, (6)
$lwy) = byaf4-byaf-t+-... kb, = 0, (7)

where @,, b, are homogeneous of degree 7 in x, and X

If ay, By, ¥y are the roots of (6), the condition that (6) and
(7) should have a common root is

B = ¢(on)(B)dlys)... = 0
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Now this resultant R is of weight m=n in a; and 6,; that is, Ris a
sum of terms such as adoa... bﬁ«-bi‘x...,

~where Ap+22gF it 2pp+. == mm
Hence R is homogeneous and of degree nm in 2, and @, so that
the condition B = 0 will in general determine mn values of the
ratio #;: 2, The curves V] and V7 therefore meet in mn points.
Consider next the case of three surfaces in 8, V3, Vg, and V2
whose equations, arranged in powers of , and x,, are \

f{xz: 5'53) = 0, ?5(552: xa) = 0, ‘}}(xzams) = 0. ) '\.\\

We have seen that the first two equations have in .ge;lera,l mn
solutions, say (o, g}, (Bas Bs)s {¥es Vshro-. - Then the oondition that
the three equations should have a common Solut;'(on’is

B = ifi(aty, )b (8o, Be )ty ?3)

This condition is expressible as a omogeneous equation of
degree mnp in x, and %y, so that the sarfaees therefore meet in
marp points. g ™

Proceeding thus by successive Stwes, we may establish Bézout’s
Thecrem, in the simplest casa,.for primals of any dimension 7—1.

SECOND PROOF: Lot usassume that the r equations defining the
primals V72, V72 ,,... have a finite number of solutions and, further,
that, if we vary coﬁt{kmously the coefficients in those equations,
this number will femain unaltered, provided always that it does
not hecome infififte. We then choose the coefficients so as to make
each of the squations resoluble into a set of distinet linear equa-
tions suel_phat the linear equations of one set are all different
from tHose of any other set. Thus we take each primal V3%, to be
a seb-0f n, primes, generically situatod with respect to each other

i Jwith respect to the remaining sets. The points common to
bite » primals ave now the intersections of ¢ primes, one from each

set, taken in all possible ways; so that the total number is
nlﬂgna...%,..

§ 4, TH® GENERAL IRREDUCIBLE ALGKBRAIC MANTFOLD

4. From a consideration of primals, we pass on now o algebraic
manifolds in general; and more particularly, since the concept is
fundamental, to a consideration of those which are irreducible in a
sense about to be explained.
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If (z;} is such a point P, then it appears by (3) that all the

expressions

Fl), A, F(x), A2F(), .., AE-1F(z)
must vanish for arbitrary (y,) = Q; and for this it is both necessary
and sufficient, in virtue of the homogeneity of the -functions
involved, that all the partial derivatives of order £—1 of ¥ should
vanish at P. '

- Furthermore, the first polar of any point ¢ has then a (k—1)-£0id
point at P; for every (k—2)th z-derivative of A, Fix) is asdinear
combination of (k—1)th z-derivatives of F; and bylexdctly
similar reasoning we derive the general resulb: AN

Every k-fold point of V3?_y is (k—s)fold at legst onft}ié s-th polar
of every point of 8,. ¢
Exameres

1. Show that an arbitrary plane meets Ve, .inta;’curve of order %, and
that an arbitrary 53 meets it in 8 surface of orderh,

2. The class of V2_,, defined as the nurndbbe of its tengent primes which
belong to an arbitrary peneil, is in general aln— 1)1,

3. Prove that, in general, Ve, Goniaing ooer-n-s) lines, provided
2r» nt-3. . )

"

3.2. The intersection of primals. Bézour's Theorem. In S,
7 given primals have in geéberal a finite number of common points
whose coordinates are{found by solving their equations gimul-
taneously for 2y, \x,. When the primals are generally sitnated
with respect o gaeh’ other, we obtain the following result:

THEOREM X(Vy {n 8,, 1 generic irreducible primals Vi, (5= 1,

o T
2y 1), Of ptﬁ{ié*s R, Ngyees By, hve ) g Ty COMMON poings.

'Thjs. j&the simplest case of Bézout’s Theorem. We give two
progfgifzone based on the theory of elimination, the other on g
Specialization principle.

FIRST PROOY: Consider two curves ¥* and V3 which lie in the

same plane §,; let their equations, when arranged in Powers of z,, be
F@) = agaPtayag-it..ta, — o, (6)
Blwe) = boaf+by 2=t 4, — 0, (7)
where a,, b, are homogeneous of degree r in %o and o,.

If o, By, sy... are the roots of (6), the condition that (6) and
{7) should have a common Toot is

B = $()d(Bold(ys)... = 0.
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Now this resulfant B is of weight m» in @, and b,; that is, Ris a

sum of terms such as aah... bﬁﬂﬁi"l...,

where A+ 2Ag-F+ .. py F2pep+... = mn. :
Hence R is homogeneous and of degree nm in z, and wx,, so that

the condition B = 0 will in general determine mn values of the

ratio @;: x;. The curves V7 and V§ therefore meet in mn points.
Consider next the case of three surfaces in 8, V7, ¥, and V2

whose equations, arranged in powers of x, and x,, are

J{xa, 23} = 0, @y, 23) = 0, dilwy, 25) = 0. ‘\' N
We have seen that the first two equations have in gegei‘al mun
solutions, say (o, oa)s (Be, Ba)s (Yas ¥a)s-. . Then the condition that

the three equations should have a common solutionis

B = dilo,, 0‘3)‘[‘(5»33)‘!‘(?’% Ys)-—:\f.().

This condition is expressible as a hom'(igeneous equation of
degres mnp in 2, and x,, so that the stefaces therefore meet in
mup points. R\

Proceeding thus by successive gyagés; we may establish Bézout’s
Theorem, in the simplest case, foryprimals of any dimension r—1.

SRCOND PROOF: Lot us agsuine that the r equations defining the
primals Vs, V7 ,.... hayé 3 finite number of solutions and, further,
that, if we vary contjn\ﬁusly the coefficients in those equations,
this number will rethdin unaltered, provided always that it does
not become infinite™ We then choose the coefficients o as to make
~each of the qqga\ﬁons resoluble info a set of distinet linear equa-
tions such that the linear equations of one set are all different
from, those'of any other set. Thus we take each primal V7%, to be
a seb ofn; primes, generically situated with respect to each other
an ith respect to the remaining sets. The points common to
the 7 primals are now the intersections of r primes, one from each
set, taken in all possible ways; so that the total number is
E Tig Tog P

§ 4. THE GENERAL TREEDUCIBLE ALGEBRAIC MANIFOLD

4. From a consideration of primals, we pass on now to algebraic
manifolds in general; and more particularly, since the concept is
flmdamental, %0 a consideration of those which are irreductble in a
Sense about to be explained. '
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A primal, being given by the vanishing of a polynomial, is
irreducible if the polynomial in question is irreducible.
On this then we bage the following definition:

DEFINITION : A point-locus in §, is said to be an irreducible
algebraic manifold ¥, of dimension k if its points can be shown to
be in algebraic (1,1) correspondence with the points of an irre-
ducible primal 37, of a space 8

Algebraically this means that if (z) = {%ps-.» ,) Is & general paint
of 8, and if () = {Yos--» Yr41) 19 & general point of 8, ,,, themthere
exists a set of -1 polynomials Fy, F,,..., F,, homogeneous.and of
the same degree in Yo» Y110~ Ypaq, 80d a further irreducible homo-
geneous polynomial M, (#0s++» Y41}, Suich that ag ) fdé'scribes the

primal M = 0 the point (x) given by px; = F,describes ¥,; and’

the correspondence is such that the generic point’of ¥, arises from
only one point of 3, )
The equations ¢

\%
.loxi == ‘F;f(yl]d"'lyk-i-l} :@"'L_""; O)"'JT)! ) {1)
My, yl’":!’gﬁ.::f—l) =0, (2}

are called the parametric egu@mm of V. The parameters are the
k41 ratios Yitth (0 = 1,2, 5h+1), of which, however, only k are
independent in virtue of the relation (2). Ttisin general impogsible
to dispense with the fedundant parameter without introducing
funetions other thanpolynomials into the representation,
Asinf, a¥, is'edlled & curve and a ¥ is called a surface.

4.1. Gengral’ composite algebraic manifold. By eliminat-
ing all € parameters y,/y, from the equations (1) and (2) of an
irredugj: V: we should obtain various homogeneous relations
between' the »; representin primals of 8, passing through ¥;;
Andthe final aim of this elimination is the die
Jundamental set of primals through Fes
0 common points other than thoge of
set of primals, since it does not involye
is often more convenient:
metric representation.

On the. other hand, the totality of points common to a finite
88t of primals of 8, while it must be regarded as an algebraic

manifold, may break up into many irreducible components which
may even be of different dimensions,

such, namely, as have
Vi- Buch a fundamental
an auxiliary primal M,
a8 a description of V. than the para-
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We may agree then to interpret the torm algebraic manifold, in
the broad scnse, as referring to any combination of irreducible
algebraic manifolds in the same Epace, such manifolds being
allowed to count multiply in the combination and being not
necesgarily all of the same dimension, '

The dimension of an algebraic manifold is the greatest dimen-
sion of any one of its irreducible components,

An algebraic manifold is said to be pure if all its components,
are of the same dimension. R
ExsmerEs K\ -

1. In &, the points common to two quadrics may form (i) an i{ra{:l\ucible
quartic curve, or (ii) a line and a twisted cubic curve, or (iti) a sifigle conic
(of contact); and so an. X7

2. In 8, the points common to three quadries may form fi)'% set of eight
isolated points, or {it) a line and four isolated points, or {ili)s twisted cubic
curve; and go on. Casge {ii) iz an example of the acyrrenco of a inixed
or impure algebraic manifold of dimension 1. €8sd” (iii) shows that a
twisted ¢ubic can be specified by a funda-mqnﬁ;l’ set of threo gunadrics
passing through ft. Tt will eppear lator, howe¥ver; that, in general, a curve
in 8y requires & fundamental set of four surfacss to specify it completely.

42. Order of a manifold. Tu\What follows the manifolds
considered are supposed to be ,:ffi:é’ducible; but the extension to
algebraic manifolds in generalis immediate and can be left to the
reader, ~ '

The system of equatiohs formed by combining (1) and (2) with
an arbitrary system of?}ﬁnear equations of the form

‘ \'20%53’{ =0 (J=12..k) ' (3)

wiltin goneraXbhve a finite number 7 of solutions; and this number
% cannot vary with the coefficients @;; 6x0ept by becoming infinite,
which .Y\((ilﬁd mean that the §,_, defined by (3) had some special
I‘e]@ﬁ.ﬂ:ﬁ with 7,, Hence:

THEOREM XV. A generic Si_i meets V, in a finite number n of
Points,

This number » is called the order of the manifold. We shall
write P¥ to denote a manifold of dimension % and order #.
COROLLARY 1. 4 generic 8, 4., meels Vi in a curve of order n.
_ Foranyg, , lying in 8, ;.. is a prime in that space and meets V9
10 % points; hence the locus of these points is a curve of order .
f Bee Ch. X1, § 6,
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By anaiogous reasoning, we deduce
COROLLARY 2. If k > h, a generic S,y meets Vi in a Vi
In particular we have
COROLLARY 3. T'he section of a primal VI, by a space 8, is a
primal of order n in S,

Note. The above results refer of course only to generic sections
of V1. Any particular space may happen to meet V2in a manifold
of greater dimension than we should normally expect, even tb.the
extent, in special cases, of Iying entirely on V. ¢\

4.21, Multiple points A

DEFINITION. A point P of V% such that & generip8._, passing
through it meets V% in n—4 points not at PAis a simple point
if i = 1, and a maultiple point of order 1 (or i-F5ld point} if 4 > 1,

A locus of oot such points on V2 constifutes an ¢-fold manifold
V,of V2. S

4.3. Intersections of manifolds$\)In 8, let a point P be a
function of % independent paramigbers, so that it deseribes a J-
dimensional manifold ¥; and m\the same way let @ be a function
of h, parameters, so that it desctibes an h-dimensional manifold W.
If we require P and @ telgoincide, we impose ¢ conditions on the
kR parameters, theréby reducing the number of free parameters
to k-4+-h—7; 50 tha:t,\ﬁl general, the fotality of points commeon to
V and W is a manifold of dimension k4+-k—y. This proves

THEOREM XV, In 8, the points common to fwo manifolds, of

dz'mensim;a;k}md h respectively, form a manifold which is in general
of dz'mf‘@oﬁ kt-bh—r (h+k =)
Atofitst sight it would seem natura) to define the ingersection
oftwo manifolds merely as the totality of points commeon to them
Nbéth; but in algebraic geometry, where manifolds are considered
less as individuals than ag mernbers of families, the concept of
intersection multiplicity enters, and the above definition is suffi-

cient only in straightforward instances. Tn the first placs, if ¥,
and V; are two algebraic Marifolds in §,, they are regarded as
having a normal intersection, only if the totali
points has the norma] (minimum) dimension k-+1—r; a dimension
higher than this makes the intersection abnormal or tmproper.

And in the second place, even when the manifold common to ¥,
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and ¥ is a V.,;.,, cortain of its components may have to count as
multiple components of the intersection, in order to secure, for
example, that when ¥} and I are made to vary continuousty, at
least the order of their intersection manifold shall not alter. We
cannot &t this stage give a rule for assigning multiplicities—that
ranks as one of the major problems of the subject; all we can do
here is b0 state, without attempting to prove it, the theorem
fixing the order which a normal intersection of two algebraig
manifolds must possess.

THEOREM XVII {Generalized Theorem of Bézout). If two qlg}eﬁ%aic
manifolds intersect normally and have orders m and n respectively,
then their intersection is an algebraic mawifold of ordeF .

Broadly we may regard this theorem as assertiﬁg”(i) that when
Vi and VP are generically situated (a term teghiting special ex-
planation here), their intersection, taakep\\as their totelity of
common points, is of order mn; while (i), “when VI and V¥ are
not restricted as above, their intersectiony'duly interpreted accord-
Ing to some universal fixed rule, ig'still always of order mn. As
particular cases of the theorem,.ﬁjhiéh will be required later, we
note the following: N\

(1) In 8, a generically situated curve Vi and surface V¥ meet
in mn points. o)

If we suppose, namweiy,"that the curve, by varying continuously,
can hreak up into giydistinct lines, then each of these would meet

the surface in mpoints; and the result wounld follow at once.

{2) In 8, ﬁw\jﬁ"x’,urfaces Vi and Vg, generically situated, meet in
mi pointa )

Q . .

Herq apain the result would follow at once if, by continuous
varigtion, the surface V3 could be made to break up into s distinet
Blades, each of which would meet V# in n points.

In each case, therefore, the theorem follows if we assume that
;such variations are possible. But the proof of these agsumptions
15 exceedingly difficult and at present incomplete.

44. Conesin 8,. Corresponding to the type of surfacein ordinary
Space which we term g cone, there exist in S, various types of
conieal manifolds, namely, point-cones, line-cones, plane-cones,
and generally Sy-cones (b < #— 2), whose definitions and modes

of Seneration we now proceed to lay down.
{1
o
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DEFINITION. Any manifold in §, which is generated by a variable
Sy through a fixed S, is called an §,-cone of §,.

To generate an §,-cone, the general procedure is to join a fixed
space S, to every point of a fixed k-dimensional manifold F,
(b < r—h—2): the joining [2+1]’s gencrate an 8;-cone which we
denote by S,(F;), and we call 8, the vertex of this cono, ¥, its
directriz, and the [2--1]'s its generators.

In general, the dimension of S} 18 A+k+1; so thatNf
k= r—h—2, 8,(V,) is a conical primal. \

As to the order of §,(F;), we now prove R\

THROREM XVILL. If S, does not meet V,, then the ordek of S,(V,) is
equal to the order of V. : A

7

Let ¥, be of order », so that an arbitrary S,:k meets it in »
points. Since §,(F,) has dimension h+k+1, ite'order is the number
of points in which it meets an arbitrary Space 11, of dimension
r—h—Ek—1; in other words, its orderig"the number of its genera-
tors which mest II. A generator of 8,(V,) meets II, however, if
and only if it Yies in the space IF’,%f dimension »—k, joining 11 to
8;; which means that it must.Be one of the n generators joining
8, to the n intersections of I%ith 7, none of these intersections |
being situated in 8, sineé) by hypothesis, §, does not meet .
Thus 8,(,) is of orde;\%,\as was to be proved.

In the above, We\@nfe that if 11 is made to meet 8, in a point,
then it will not, dn general, meet 8,(V,) in any further points ab
all; so that eyery’ point of §, is an n-fold point of 8, (W,). Thus the
cone has itgypertex S, as n-fold space, '

EXAJ@LES

L In:. 9, there exist suwrfaces wh

- : ich are point-cones, primals which are
poiitscones, and primals which are line-cones,

i
. )2 Show that in &, the equation f(zg, ,...,%,_, 1) = 0 is that of an
Sy-cone whose vertex b

) a3 equations @y == 0, ®, = 0,..., #, , , = 0, and
whose directrix has equations @, ; = Ot @ = 1(), F=n0 e
3. I_’rove that Ha4+-1){h-+2) linesr
quadric of 8, in order thas it should he

A oy N S |

conditions must be imposed on &
an Sy-cone,

4.5. Projection.
DEFINITION, The projection of g point P from a vertex &,
O<h<<r—2) on to a gpace S

. o r~p-1 18 the intersection of that
8pace with the S Joining P tg the vertex,
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Assuming that Sy, and §._,_, are generically situated with respect:
to each other, the projection of P is a point P’, This leads to

THEOREM XIX. Projection from a veriex S, 15 equivalent fo h--1
successive projections from point vertices.

Let Xy, Xy,..., X be A+ general points of 8, and let S,_,_, -
be the space on which the projection is to be made. Then there
is a unique prime §, ; containing 8, ,_; and X, X,,.... X,: let B,
be the projection of P from X on &,_,. Similarly, in S,.; there'ig
a unique 8, , containing §,_,_; and X,, X,,..., X;: let P, be(the
projection of Py from X; on.8,_,. Continuing thus, weobtain
finally a point F, which is the projection of P, frorm X, on
Sr—h—i' g ‘

Now the space Sy, containing X, X;,..., X,.aaid 2 contains

‘also By, which is eollincar with X, P, and hencbalso P, which is
collinear with X, F,..., and finally F,, whiehis collinear with
X, B_;. Thus P, is the projection of P fgolxh‘Sk on 8 _p_q.

DEFINITION. The projection of a mianifold 7§ from &
(h < r—k—2) on 8,_,, is the manifold U, described by the
projection P of & variable point Plof V2. The projection is proper
if the generie point of U, is the grejection of a unique point of V.

THEOREM XX. Any progg(}amjection U, of V§, from a vertex S,
which does not meet V2, hlgorder n. The sections of Uy, by primes
of #s own space are gro ebtions of prime sections af Vi which pass
through 8, AN,

Let S, ;1 e bg'; generic space, of the dimension indicated, in
8._s_1; the points P' where it meets U, are projections of the
points P imwhich V2 is met by the 8,_,, passing through S, and
Sr-kﬂ—mf If the projection is proper, to a point P’ there corre-
spond b single point P; and if 8, does not meet V3, there are in
general » points P'.

Again, an arbitrary prime of 8,_,_, lies in a unique 8,_, passing
through §,, so that the manifold in which it meets IJ, is the
Projection of the manifold in which 8, meets V2.

4.51. Note. The reason for the restriction h < #—k—2 now
appears; for if A = r—k—1, every S,., through the vertex 8
meets VZ in n points, so that each point P’ is the projection of
% different points P. Thus the projection is not proper if # > 1.

The projection may, however, be proper when the vertex S
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(b < r—Fk—2) is specially situated with respect to V3. If S, meets
%, the projection U, will be of order less than n. For example,
the projection of V% from a point of itself is in general a /-1,

4.52. Normal manifolds

DEFINITION. A manifold V¥ is normal in S, if it cannot be
obtained as a proper projection of a manifold of the same order
in 8 {t >r). V% issaid to be supernormal if it cannot be obtained

by projecting a manifold U, from & vertex meeting U, in oily a
finite number of simple points. \

£ X
2N\

§ 5. ALGEBRAIC CORRESPONDENCE | o
5. Definition. An algebraic correspondence betfedn two irre-
ducible manifolds U, ¥ is & set of relations enabling’the coordinate-
ratios of a variable point of either manifoldvéo be expressed as
algebraic functions of the coordinate-ratios 0f a point of the other.
The correspondence is uni-rationald (from .U to V), if to a
generie point of U there corresponds’a unique point of V. In
this case, if the coordinates of a’,;pbﬁ:[t of U are x,, 2,,..., x,, and
if those of a point of V are Yo} Y1 Y5 the equations of the
correspondence can be written In the form

P = Ffpg, @y, ) (= 0,1,..,3), )
where the F; are homopeneous polynomials of the same degree.

The correspondence is birational if to a generic point of either

manifold there¢égrresponds a unique point of the other. In this

case the -uﬂigé,tfonal equations (1) can be rationally reversed to
give :

\ %y = G{¥o, #1aee 9, (§=0,1,.,7), (2)

Whe{'e}%hé @, are likewize homogeneous polynomials of the same
deggee.

o * Transformations such as the collineations and proper projections
W

e ha,v'e already considered are simple types of birational trans-
formation. Another special clags in this category is the class of
the so-called Cremona transformations, defined as follows.

DEFINTIION. A Cremona transformation is a birational trans-
formation of g linear space S,

, into another (or the same) linear
space §. _

The genera] idea of birational
is fundamental.

tnoariantive algeb

' correspondence, as above defined,
It. 1s, namely, the root idea of what we ecall
e geomelry, in which we try to regard all
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manifolds which are birationally transformable into each other .° - .
as a single abstract algebraic manifold, and in which, therefore, - -
, we are only interested in those properties of manifolds which are
birationaily invariant. : “

5.1. Rational manifolds
DEFINITION., A rational manifold ¥, is one which can be bi-
- rationally transformed into a space S,
It is & simplo matter to state various types of sufficient condi- /A
tion for the rationality of a manifold. Thus for curves we give,

THEOREM XXI. A4 curve VT is necessarily rational if it lies i S
but not in any space of lower dimension than n. >

To prove this, we construct the §,_, through n—1 ﬁxfe(f points
of general position on V7, and we consider the penbil”of primes
through this 8, ,, no one of which, by hypothésis) contains the
curve entirely. Fach of these primes meets, J@'in one variable
point; and conversely, through a generic point’of V7 there passes
one prime of the peneil. The points of V¥ Aretherefore in birational
correspondencoe with the primes of the, pencil; and these in turn
may be made to correspond birationally with the points of a line.
This proves the theorem, 3 \y

COROLLARY. A curve Vi of(S, cannot have ¢ multiple poini.

For if 7} had a double(dint P, the prime containing P and
#—1 other points of T{Ntmld meet the curve in a1 points in
all and hence contajnhib entirely.

For surfaces therés a similar result:

THEOREM X,Xi;r..\;é[ surface V2 of S, is necessarily rational if an
8,3 can be ,fa}\md which contains so many points or curves of Vi that
@ genericodetundum through it meets the surface in only one further
poent, (N :

Pop/in this case the points of V2 are in birational correspondence
with the secunda through an 8§, 4, and therefore also with the
points of a plane.

Examprzs

L. Bhow that & primal P8, with an (n—1)-fold point is rational. Also,
that & V2 with an (n—1)-fold point must Li in an Sg,..

2. Prove that, for any Vg of 8, {and not in any S, ,), 7 < n+k~1..

_3- Show that the projection of a surface from a simple point of itself con-
taingaline corresponding to the ncighbourhood of the vertex of the projection.
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NOTES AND EXAMPLES ON CHAPTER I

1, Some incidence properties of lines. It is a familiar fact that in ordinary
space & single transversal can be drawn from a given point to two given
lines. This result can easily be extended to any space [2r--1] of an odd
number of dimensions. Thus, if in [2r+1] we take two spaces «, § of
dimension #, we can draw throngh a given point P the two spaces (Pya)
and (F, ), each of dimension r-1; thess meet in a line which meets both
o and ﬁ, :

Tx. Show that in [2¢] & unique transversal can. in general be drawn from
a given point to two given spaces [»—1] and [7]. "\

2, In ordinary space, two transversals can i general be drawsi\te four
given lines. In [4], three given lines have in general a single Qf'zfﬁs%er&al;
for the prims or solid conteining two of the lines meets the ‘$hird line in
& point from which the transversal in question can be drawn,

The former result can he suggested by the specializagiofyprinciplo already
used in §3.2. Let I, I, I, I, be the given lines and-asstime that 2, 7, inter-
sect; the number of transversals then remains fnibehone of them being the
unique transversal to Iy, I, from the common }\biﬁt of I, I, and the other
lying in the common plane of I, . &

In the four-dimensional problem, hoquép, we observe that the method

of specialization fails; for i we suppose¥o of the three lines to intersect,
the number of transversals becomes infinite.

3. Incidence relations for spa{:eé; *In §1.2 we saw that the freedom of
gpaces (k] in [#) s (r—k}{k-+ 1% We consider now the number of conditions
imposed on these spaces by various incidence relotions of simple type.

{1} In general +— & pri:}ies intersect in a [k]; and we may consider the
number of condition{{fequired to mnake a larger number h of primes meeb
in & k). Clearty\wemust meke each of A—r4& of the prﬁnes contain
k41 points of the/[%] defined by the rest; and the required number of
conditions is dlierefore (b 1)}A—r-+E).

) (i) Themumber of conditions required to make two spaces [k] and [k]
infer t'fh'a. (), where ¢ > ht-k—w, is (¢4 1)(¢-r—h—%). For by (i) the
sets of w—n and r—& primes defining {k] and [k] must be subjected to
{ERIN2r—bh—k-—-r11) conditions in all.

\@i1) An imsportant particular case of (ii) ocours when ¢ — 0; thus the
yIambher of conditions for & paing intersection is #—h—k,

{iv} The freedom of spaces [k] which contain a given space [f] i

(T—Tk}(k-t]. For ¢-+1 of the k41 points which defins [%] may be takon to
lie in ft], whence the freedom of the spaces [k] is

(=Bt V)~ (r—E)e-+ 1} = (r—E)(h—0).

4. Harmonie inversion., We have shown i Ex. 1 that & unique trans-

vereal { ean be drawn from an arbitrary point P of {2r4 1] to two given
spaces o, f§ of dimension ». Suppose now that  meots a, fin 4, B respec-
tively; and let P.’ be the harmonie conjugate of P with respec’t to.4, B.
The transformation, (P, P) is called s Aurmonic tnversion with respect 50
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« and 8; we now show that it is a collineation (of a special kind). Suppose
then that the equations of o, g are a; — 0 (§ = 9, L...r} and @; = 0
(7 = r+1,742,..., 2r+1) respectively. If P is the point (Yo 150 Yarga s
it is clear that any point on I has coordinates (Yos W1seves Urs Mlepaseeer N, 1k
The point P’ is obtained by teking A == —1; and the transformation is
therefore & collineation in which every point of «, g is invariant.

Ex. Obtain the equations of & harmonie inversion in [2¢] based on
spaces [r— 1] and [r].

5. Bhow that in 8,, if P’ iz the projection of P from & vertex X on 4o
a space 11, then the coordinates of P’ are linear fanctions of those of B:
but that the transformeation is mot a collineation because its matriz is
singular, , ,“ \

6. Quadric and cubic primals in [4]. Tn later chapters we shall be'tpecially
concerned with two primals—the guadric and the cubic—of '[4]’; at this
stage the following introductory remarks may be noted, <}

{i} A guadric primal V3 of [4] contains co? lines; for the lines of [4] form
a system of freedom 6, and three eonditions are imposéds on & Hne if it is
to lie on & given quadrie.

(it} Conversely, any primal of [4] which conta'pﬂs\\oés lines, and which is
not generated by ool planes, must be & quadrie..'\For through an arbitrary
Ppoiut of the given primal ¥, there must pass g lines, Iying on the primal
and forming & cone I'; and the section of %7 by a prime II containing g
generator of I' is a ruled surface v, since $Wery prime seetion of ¥ must be
tuled. Now, if ¥ is not a oquadric, ngis.n’ot a quadric surface: and it has
therefore only one generator through a generic point of itself. Hence IT
cannot contain a second generagor of I'; and T' must therefore be a pencil
of lines whoso plane lies on T«’j',i

This result js due to Severit

(iii) In general 732 doé&\not contain any plane; if, however, it does
contain & plane o, thd pencil of primes through zr meet, the primal again
n & pencil of planegysil of which pass through a point O of w. Evidently
0 is a double Point, 8f the primal, which is therefore & cone with vertex 0.
Thus 73 containg.in general two systerns of planes, all passing through 0;
any two planesof the same system meet only at O, while any two of opposite
Bystems moet'in a line, the primo containing them being tangent to ¥

The Jatfor rosult follows also from the generation of the cone by lines
jojping fhe points of & quadric directrix surface fo the vertex 0.

iy) If, however, V3 is & line-cone {§4.4), the two systems of generating
blanes coalesce, In this case an arbitrary prime section of ¥} is a conical
surface V3, while a soction through the vertex consists of a pair of planes.

7. The general cubio primoal ¥ of [4] contains an co? systern {or com.
gruence) of lines. Sinco a generic prime section of V% is a gencral cubic
S}Jrface of ordinary spage, it follows that 27 lines of the system in question
lie in an arbitrary prime (Ch. VII, §2.2). To find how many of the lines
Pass through an arbitrary point P of 7%, we observe that such Nnes must

+ Rend, Palermo, 15 (1901), 33.
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form the complete intersection of the primal with the first and second
polars of P’; and since the former is & quadric cone and the latter is a prims,
there are § lines of the system which pass throngh P,

Binee the second polar of P is actually the tangent prime thers, its
section of ¥} ix a cubiec surface having & node at P. We have thus verified
incidentally that a nodal cubic surface contains 6 lines passing through
the nodo, '
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Baxwmr, Principles of geomelry, i, i \
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CHAPTER IT
PLANE CURVES

§1. ELEMENTARY PROPERTIES

L. A Prax® curve C* of order = is represented by an equation
f{x,y,2) = 0, in which f is a polynomial of degree n, homogeneons
in #, y, z. Since the number of terms in f is $(n+1}¥n-12), the
curve depends on the ratios of that number of coefficients, ‘and
therefore, effectively, on the values of in(n-+3) arbitrary(para-
moters; and since to make O pass through a given point imposes
a linear condition on the coefficients, it follows that, there exists
a O (in general unique) through 1n(n--3) given pqiﬁts. We say
therefors that curves of order » have freedom Jufn~-3).

1.1. Multiple points. In the previous chapter we defined the
term ‘multiple point’ for algebraic man;'@la‘s in general. Before
continuing, it will be convenient to xepeat and amplify this
definition for the case of plane curyes,

DEFINITION. A multiple pointof drder & (or &-fold point, & > 1)
of % is a point P of the curvessuch that a generic line throngh P

~Ineets the curve in only n—=k further points.

To investigate more selosely the behaviour of a curve at a
multiple point, let us4hke the point under consideration to be the
vertex Z of the triahgle of reference, and let us write the equation
of the general ¢"n the form

MR f(“éay:z) = u’uzn+ulzn_1+'-'+un = 01 (1)
Where u, %ui’(a:, ¥} is homogencous of degree {in x and y. A gencric
line th?:qﬁgh Z has an equation of the form 2/¢ = y/%; and the point
of this¥ine whose coordinates are (p€, pm, 1) Hes on O™ if p is any
oue of the roots of the equation

Yo Fpria(€, n)Fp (€, )+ p ua(E, ) = 0. (2)
To make G have a k-fold point at Z, we have to make equation
(2} have & zero roots for every value of the ratio £/%: this requires
that wy, ..., %y—y should vanish identically. For the equation
then to have an additional zero root, the ratio £/% would have to
take one of the particular values given by the equation u,{¢, 3) = 0;
and such a value would correspond to a line having at least L1
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of its intersections with 0" coincident in Z. Such a line we call
a nodal tangent to ¢ at Z. Thus, if Z is a k-fold point of C%, the
equation of € ig of the form

z?‘4kuk(m, y)—l—z“—k‘lukﬂ(x, ?f)+ . +‘u’n(xa y) = O’ (3}

where w,(z,y) = 0 is the equation of the % nodal tangents, distinct

or otherwize, of O™ at Z.

A multiple point of a curve is said to be ordinary if the.gurve '

has all its nodal tangents distinct at that point,

From (3) it appears that the imposition of & %-fold péing on C»
at Z implies the vanishing of $h(k+-1) coefficients; audh el&arly the
same number of linear conditions will be implied by';-ﬁe imposition

of a k-fold point on (O at any given point ofiphe plane. This
leads to . ;~.’\\

THEOREM Y. If all the linear conditions inwolved are independent,
the curves C* which contain « set of assigied points Ky, Ky,..., K,, fo

wssigned multiplicities &y, k..., kg f@@aéctiveiy, form a system of
freedom r, given by &)

r=dn(n+882% S bk, 1), @

HM@

- The word “freedom’ i uSed here, as elsewhero, to denote the
number of points of geheral positior: which determine a unique
curve of the systez;kfp&ssing through them.

In special cagesiithe actual (or effective) freedom may be greater -

than that indicated above. Kven then, however, the expression
on th..e r.h 3. 0f (4) is significant as & known lower bound for the
effectivesfivedom 7: we refer to it therefore as the viriual freedom

of th%é}s:fem.

2. Number of intersections of two curves. According to
g the 31311plest case of Bézout’s Theorem {(Ch. 1, §3.2), & C™ and
\ & C% in Fhe plane will meet altogether in mgp points; but as these

now a few ituitively pl
multiplicity.
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Thus, for example, a point of simple eontact of C™ and CO» will
gount twice in their intersection group; and a simple contact of
the rth order (as usually defined) will count (r-+1)-fold. Of special
importance, however, is the following rule: '

If & point P is h-fold on O™ and k-fold on O, and if ¢ is the
maultiplicity of P in the group of mn intersections of the two curves,
then always 1 2= hk; and if the nodal tangenis of O™ at P are distinct
from those of O", then 1 = hk. ' ~

Thus in general, then, if ¢™ and €™ meet altogether in poinits
0; (¢ = 1,2,...,s), whose multiplicities on (™ are , and (wilipse
multiplicitics on €™ are %, and if, at each of these poit:fﬁs, the
nodal {or ordinary) tangents of O are all distinct from those of

O, then e 4,
mn = > kL. “\
T

1.3. Polar curves. Asin Ch.1,§3.1, ifP,ii}fhe point (%, ¥, 24)
the curves obtained by equating to zeroghe coefficients of A, A2,...,
AL in the expansion of f(2-Xzy, y-£My. 2-+-Mz,) are called the
polar curves of P, with respect to, @& 1f we write f for f(z,y,%),
and f, for f{zy, 1/, 7,), and if we ri¥e\the operators

a8 8
A= Fy,—tz—,
i.“§6m+ °3y+ rw
L AL
&AO xaxo_}-yayo-*-zazu,
we obtain succesdive polar curves -1, -2 . T2 I™ whose
equations ma{y’\be written either in the forms

.\’\“‘ Af =0, Af=0, .., A=f=0

reSP?Glﬁi;ély, or in the alternative forms

S

U Ao =10, AF¥H =10, .., Ayfy=0.

These curves are respectively the first, second,..., (n—1)th polars
of y with respect to O or, alternatively, they may be called the
Polar (n—1)ic, the polar (n—2)ic,..., the polar line, of P, with
tespect to O, If the n intersections of the line joining an arbi-
trary point P to F, aro expressed in the form P+ A, Fy (i = 1,...,n)},
then I is the locus of those peintg P for which vanishes the sum
of products of the A;, taken r at a time, and any such relation of
P and F, to the n points P--A, P, is invariant. Thus all the polar



28 PLANE CURVES 11, §1

curves are what we may call geometrical covarianis of F, and O%:
that is to say, they are loci dependent only on 7, and O™, and
independent therefore of any particular system of homogeneous
coordinates in terms of which their equations may happen to be .
expressed.

By the argument of Ch. T, §3.1, if F, Hes on C#, then its polar
line is the tangent at that point; and for arbitrary position of B, -
the points of contact of tangents from B, to " lie at thelnter-
sections of O with the first polar of B, O\

Concerning the behaviour of the various polar curves-of P, at
a multiple point of ¢, we have the result (cf. Ch, J,§3.11):

THEOREM 3. A k-fold point of O is (k—r)gfald (at least) on the
r-th polar of every point of the plane (k = r)NCN

1.4. Class of a curve. The class m,of\é ourve O is the number
of proper tangents to C* which pasy through a generic point
of the plane. (The word ‘proper’ i§ wled here only to exclude lines :
through multiple points, which\we do not regard as tangents,
though some of their interseetions with the curve are coincident.) -

To evaluate m, we usajighé result statod in § 1.3, namely, that |
the points of contact,gf, tangents from the generic point F, to
C" le ab the interseetions of C® with the first polar of B; only
we now have to exelude those of these intersections which fall ab .
multiple pointg'ef C*, since the joins of such points to F, are not
proper tangénts. To find how many of the n{n—1) intersections
of the twe eurves fall at a k-fold point of C”, we suppose this point -

to h%@ vertex Z of the triangle of reference ; so that, by §L.1,
the &quation of O is of the form '

O [l y,2) = Ryl s, = 0.

In this case, the first polar of F, has equation

Af = zﬂ—kvk_l—i—z“-k*lvk—]—..,—f—vﬂ_l = 0,

where, in particular, Vg = x‘,%u—“‘—}—yu%

- vy
all distinet, so that the multiple point 7 is ordinary, then no one
of them coincides in

: general with any factor of »,_,: whence, by
§1.2, precisely k(k—1) intersections of the two curves fall at Z.
There follows from this, then, the resuls:

- If the factors of u; are
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THEOREM I If the multiple points of C* are oll ordinary and
of multiplicities ky, ky,..., k; respectively, then the class m of On is
given by s '
m = #(n—1)— 2 kil —1). (5)

1

L5, Inflexions. The Hessian of Cr. If P{z,y,2) is any poing
of ", the equation of the tangent at P (in current coordinates
XY, %) is

P o  yef o

=LY 4 Zd 0,
X6x+ d + &z

If this tangent is inflexional at P, then, in addition to the a{b’m%,
any point (X, ¥, Z) on it must satisfy the further condition
8 8 8\ Y
X 4Y_ - ZVFf=0, D
(Fatrgrag)i=o &
which is the equation of the polar conic of P; and his means that
the polar conic of an inflexion breaks up into ,ﬂ{& inflexional tangent
and another line, ¢ :
To find the inflexions of €, we considertherefore, to begin with,

the locus of all points Pz, y, 2) whosepolar conies are degenerate.
If the polar conic of P is a line-pair Whose vertex is (X, ¥, Z), then

Xfrm_l_yfzﬁr"[’:zfm =0, *

Xfyx_;iyfyyﬁ_ Zfi,rz = O!

X P Tyt 2 = 0.

If we eliminate X }\, Z from these equations, we obtain the

condition \ O forfuds) _ 0+

o\ éw,y,2)

this is the eqfation of a curve of order 3(n—2) which we call the
Hessian, Qf%ﬂ. It is the locus of points whose polar conics are
degenerage. _

On the other hand, if we multiply the equations by z, y, z and
_ a{i}g then, by Kuler’s Theorem on homogeneouws functions, we
obtei

taln Xf L ¥f, -7, = 6.

Hence, if P lies on O, 50 that all its polars touch O at P, either
: fX, Y, Z) lies on the tangent at P, in which case P must be an
lnf.lexion, or f.., fy» J» all vanish at P, in which case Pisa mauitiple
Point of 0", Hence:

Th.e inflevions of O™ are those of the intersections of C* with ifs
Hessian which do not Jall at multiple points of O™,
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Thus if O™ is non-singular, it has 3n{n— 2) inflexions; but if O»
has multiple points, the behaviour of the Hessian at these is rather
complicated.f In Ch. IV we suceeed in by-passing this difficulty.

ExampLES

1. Prove that if P lies on the rth polar of , then ¢} lies on the (n—r)th
polar of P. '

2. Prove that from an ordinary -fold point of C% thero can be drawn

m— 2k tangents to touch the curve elsowhere. N\
3. Show that the curve (z+y+2)® = 27zyz has & node at (1,1,1}\and
find the equation of the nodal tangents. 2 AN

4. A cusp is & node (double point} at whick the nodal tangents are
coineident. (A stricter definition will be given in Ch, HI.)Q'Sh\c’:w that the
equation of & cubic curve with a cusp can be reducded $o the form
¥r+falzy) = 0. (&

§2. SUB-ADJOLNT OURVES. APPARENT GENUS OF A CURVE

2. Definition. A curve ¢ is said to bé& sub-adjoint to a given
ourve C'if it has a point of multiplisiEy"k—1 (at least) at overy
multiple point of order & of ¢, If all.the multiple points of €' are
ordinary, ¢’ is simply adjoint] toX0.

It follows from (4) that the xibual freedom of sub-adjoints (-2
%o a curve (% is D—1, whera*

D = 3e=1)(n—2)—1 3k, (k,—1). (6)
The number D so defireéd is called the apparent genus or deficiency

of C*; when the niwltiple points of O™ are all ordinary, it is identical
with the genug ;1o be defined later in Ch, I11,$3.3. Wenow prove

THEOREMAY. For an irreducible curve, D >= 0.

Cons}'(ief”the sub-adjoints (-1 to g given curve ", Plainly
such Burves exist; for the first polar of any point of the plane is
of-order n—1 and it satisfies the conditions of sub-adjointness.

{"Also, by {4), they can be made to pass through a set of arbitrary
Poinfs of O numbering at least

Hr—1)(n+-2)—1 3kl 1) — D+2(n—1). (7}

T At an ordinary k-fold point of (%, the Hessian hag in general a (3k— 4)-fold
poing, a_.nd its )Emdal tangents are the & nodal tengenta of (™ together with the -
2.4;—_4 lines wh_lch form the Hessian group of those k lines., For this and other
special properties eof, Bneyk. der math, Wiss. ITI, 4, 33943,

] i I.t‘ O has multiple points which are not ordinary, then i may have implieit
(infinitely near) multiple pointe aswell as explicit multiple points {ef, Ch. FIT, § 3.1} ;

and C” is adjoint to ¢ if ib hag & k—1)-fold poi * - 1)
or implicit, of ¢, { J-fold point at every k-fold point, explicit
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If ¢nis irreducible, this number plainly cannot exceed the number
of mtersections, remote from the multiple points, of a sub-adjoint
"t with (%, Now this number, by the rule given in § 1.2, cannot

exceed n{n— 1)~ kylk—1) = 2D+2(n—1),
and it follows therefore that
D42n—1) < 2D+ 2(n—1),

ie. D= 0.
COROLLARY. An drreducible curve C" cannot have more thaw ™\
#n—1)(n—2) double points. R

A\

For if the only singularities of ¢ are d double points) the
theorem and equation (6) give n—1)(n—2)—d > 0. _\ >

Examrres

L. An irreducible G2 can have at most one node Whicl’i‘.ﬁ;‘y be a cusp.
An irreducible quartic may have at most three nodes, 5duie or all of which
may be cusps: if the three nodes lie at the Velx‘t'\ées‘ of the triangle of
reference, the equation of the curve is ’ '\ &/

Y E+ bR oaPyR o 2aya( fo-Pgyt-hz) = 0;
and if £ = be, g% = cq, B2 — gb, the three natos are CuUSpa.

2. The apparent genus I may be defined &s the virtual number of linearly
independent sub-adjoints of order n— $-possessed by CO® Thus if a quartie
has two nodes A4, B, then the lino«dB is the only sub-adjoint of order 1,
sothat D = 1. P

o

7
<

2.1. The following t b@ sl}ows the virtual freedom r,, of the sub-
adjoints of order m, i?}*djﬂerent values of m; and it gives also
the maximum number 4., of their free intersections with O, where
by free intersectio’p% we mean such as do not cccur at the multiple

#

Points K, of C.”.;,\
&

\ T T,
AN 2(n—1)+D 2(n~—~1)+2D
a\ 4 -2 n—240 ' n—2-20
\/ n—3 D—1 2(D—1}
n—4 D—nt1l 2D—n+t2

It thns appears that
(1) when D = 0, there may be no sub-adjoints €3, but the _
sub-adjoints (-2 always exist for » > 2; moreover, if O is
irreducible, their effeotive freedom is 7.,_p since, if it exceeded
this, we could make & curve O*~2 meet C* in more than
in-s assigned points:
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(2) when D = 1, there may be one sub-adjoint C"3 but no
more, while the sub-adjoints "% always exist;

(3) when D == 2, there is a pencil of sub-adjoints "3, each of
them meeting C* in at most two free points.

§ 3. RATIONAL CURVES

3. Sufficient condition for rationality, A curve is rational if
its poinfs can be placed in algebraic (1,1) correspondence (or
birational eorrespondence) with the points of a line. - For plans
curves we now establish the following sufficient conditioh, for
rationality. o\

N

THEOREM V. If D = 0, then O is rational.

To prove this, we consider sub-adjoints C“‘%,'(o”b'serving that,
by §2.1, if D = 0, these curves have freedom 'w+-2 and meet O
in 7—2 free points. Those of them whichJpass through n—3
generically chosen fixed points of O wilktherefore form a pencil,

S 3}

given by an equation of the form . X\
U4AT.300, (®)

such that each curve of this pﬁpéﬂ meets O™ in only one variable

point. The curves of this penteil, and hence also the values of the

parameter A, are clearly in birational correspondence with the

points of C; and si OQ‘A’may be regarded as the eoordinate of &

variable point on a,%ven line, it follows that O™ is rational.

It is of interestybo'note how the actual Pparametric representation

of O would ke:&)tained from the above. Let O have the equation

N fwys=0 ®)

and'le'»ﬁ PELqytrz = () (10}
bg.ain arbitrary line. The resultant of (8)
“thte condition that the line (10) should

points common to (8) and (9). By the theory of elimination, the
resultant will be of degree n in A, and of

degree n(n—2) in p, g, 7.
I‘t mus:t, then, be rescluble into the product of n{n—2) factors,
linear in p, ¢, #, but not all distinet;

. ' and since only one of the
mters-ectlons of (8) and (9) is variable, only one of the factors will
contain A. Let this be

AX)p-+BR)g+CQ)r.

» (9), and (10} expresses
pass through one of the
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Identifying this with (10), we obtain
' wry:z = AQ): BO): O, (11)

where 4, B, ( are polynomials of degree n in A
Finally, it should be added that the condition I — 0 is not in
fact & necessary one for the rationality of a curve: a condition
which is both necessary and sufficient will be obtained in a subse-
quent chapter in the form p = 0, where p is the genus of O,
Q"
3.1. The rational normal curve of order n. The definition of
rationality implies in the first place that a rational curve Cadits

= - - .\
a parametric representation in the form « \

xiyiz = AQ): BQA): O(), 0 - {11)

where 4, B, (' are polynomials; it implies also, lié\n?\?ever, that this
representation can be so chosen that, to a\generic point: of the
curve, there corresponds only one valug)of the parameter A.
Supposing then that this condition is sgtisfied by (11), it is clear
 that 4, B, ¢ must be of degree < =, 'e'x’pe‘pt possibly for a common
factor which may be discarded; for' the equation obtained by
making the substitution (11) inhe equation of an arbitrary line
must be of degroe # in A. Hende:

The parametric equations of any rational C™ can be writien in
the form (11), where x&'\B,’C’ are polynomials of degree n in A.

We now prove

THEOREM VI. A7y rational O™ in the plane is a projection of the
projectively whggue rational normal curve T of order nin S,

We &'S.?%»f(?' that C7 is represented parametrically in the simple
form just' explained; only we now write ¢, ¢y, ¢, for 4, B, O
- Tespedtively. Let us choose, then, as is always possible, n—2
father polynomials B3y Pasenes by, also of degree n, such that all
the polynomials ba» F15ees P, are linearly independent. The equa-
tiong -

: i Ty i iy, = Poibrien iy (12)
d\_?ﬁne & curve I'* lying in space S, but not in any space of lower
dlmensio_n (whence, by Ch.I,§5.1, " isrational). The curve O can

t Th& significance of this condition is sufficiently illustrated by the parametiric
®quationg iz = A1)2:1, in which each point of the conic #z = y? corresponds
to ::;o values 4 of the pargmeter.

4
D
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be obtained from I'* by projecting the latter from the .S, _; whose
equations are x, = z; = ¥, = 0 on o the plane

x3=x4:---=xn=0’

and by identifying =,, #,, 2, with =, y, 2. Also the projection is
a proper one, since the points of both ¢* and I' are in birational
correspondence with the values of the parameter A.

To show that the curve I'* is projectively unique, we show that
its equations can always be reduced, by a change of the framee

reference in §,, to the fixed canonical form ¢\
N\S *
XXy X, = Amdn 1 oxl, A7 ({19)

We solve the equations px; = ¢, (i = 0, 1,...,%);\;{“01' the ratios

ATARL: cAilip,
' AN

noting that the solution is unique, with p 4446, since the coefficient-
matrix of the 4, is non-singular; ahdvthis yields immediately
equations of the form (13), in which’the X, are n--1 linearly
independent linear exprossions in“the x,. By taking these latter
to be proportional to new cgortiinatos in a different system of
reference, the result stated follows at once.

The curve I'* whose 8guations, in canonical form, are (13), is
called the rational ‘H%‘?%W‘Z curve of order n in 8. '

Examries N\

1. Prove direc:ti“y, from the parametric represénta.tion (11}, that the class
(.)f ;{m gen?:ggﬁﬁtiﬂnﬂl " is 2(n—1), and that the number of its inflexions
].S Fl— A 3 )

2. ?0?&13 CUrve 2, (@, y)+u,lw,y) = 0, the sub-adjoints "2 are all
re@ug{ble, consisting each of n—2 lines of the pencil ¥ = Az. The pare-
’;\n‘ei“ahc representation is obtained by putting y = Az in the oquation.

\ )3, Bhow that any nodal cubic can be reduced to the form a8yt = awys
and hence find a parametric repregentation.
4. The quartic y%? +-2%® = 22%® bas nodes at the vertices of the triangle
of refereneel, 50 that, having D = 0, it is rational. To obtain its parametric
representation by the method of §3, we use the peneil of conics

ya—zy = Mzaw—ay),

whose base points are the thres nodes and the fixed point (1,1,1) of the
curve. Bhow that the barametris equations of the quartic are

B8 = Q11420101084 142 1): X — V1.
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3.2, Nodes of a rational C*. We have seen in § 2 that a curve
¢ cannot have more than §(n—1)(n—2) nodes; we now show that
this limit is attained for the rational curve O* given by

_ x:y:z = AQ): B(A): C(x), (14)
when 4, B, C are three general polynomials of degree % in A,

A node of the curve defined by the above equations is a point
to which there correspond, in general, two distinet values, A and
v say, of the parameter instead of only one. Such pairs of values,
must satisfy the relations R

AQ) A BR) _ B K\
N " 0w’ o o AT O8N )
which have, in general, a finite number of solutions,. < "

We assume in the first place, without incurring thérchy any loss
of gencrality, that the particular line = 0 mgete'the curve in #
distinet points: the equation C(A) = 0 has then » distinct roots,
Y1r Yarens ¥y 88Y. Resolving 4(A)/C(A) aq}(( 13(.&)/0(?() into partial
fractions, we obtain >

AN, 4, BN . & B
-O_{}‘_} B A0+ Z /\—"jf,-’ "m o 'BD+ Z )t"‘yr’
r=1 &N =1 .

8o that (15) are equivalent to. 4%

2= Zp-3k. o

and henee to two equﬁt}ons for Ax and A4y, namely,
S o S B
Ap—y, () 2 Ay, (A-p)+y2
There are %3{({!;;1) solutions of these equations, with A =y,
K =y, (r,2&), which arc to be rejected. To find the others, we
take Awand A+ to be coordinates X and ¥ in the plane, so that

Y

th equations (17) represent two curves of order n—1 intersecting

M, (—1)* distinet points. Of these, 3n{n—1) correspond to the
rejected solutions, so that the number of required solutions is

(n—12—in{n—1) = }{n—1)(n—2).

=0. (17)

Examprrg
1. Find the parameter pairs corregponding to the nodes of the quartic in
= 4 of the previous sot {p. 34} '
2. 8how that, for the curve given by (14) to have a node at the point
(0,0,1), the functions 4, B must have the special forms

APy = Q=2A)A—Ady,  BO) = A—A)A—A)By;
and th&t,_if A = Xy, the node is a cusp.

E
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. 3. Show that the parametric equations of a quartic having cusps at the
vertices of the triangle of reference and passing through (I, 1, 1) are
Tz = (A—bP{A—c):(A—e)HA—a) (A —a)2(A—b)2

§ 4. Corves roB wHICH D = 1

4. Transformation to a plane cubic. In the preceding soction
we saw that every curve} for whick D = 0 could be birationally
transformed into a straight line. In the same way, we now discuss

. curves having D > 0, in order to find out what arc the eurves
of lowest degree into which they may be transformed; @and we
begin with those for which D = 1. N\

If a C has unit deficiency, it follows from §2.1_that its sub-
adjoints ("2 have virtual freedom n—1, and tha,tf they meet C#
in sets of at most n free points. If these sub-adjoiﬁts have freedom
greater than n—1, or if they meet O in fewer. than n free points,
then the reasoning employed in §3 shows that O is rational
Excluding this case, we suppose that fhe' Cn-2 in question have
effective freedom n—1 and meet Oanesets of » free points.

We choose now n—3 fixed points 6f general position on C*, and
we consider those of the sub-adjoints C"-2 which pass through
them. Tu the first place, the freedom of these curves is 2; so that
the system formed by thprﬁ’i’s a met, whose equation is of the form

| M+ = o, (18)
And in the second*place, the curves of this net meet O in sets of
only three variable points, all their remaining intersections with
G" being atyibe/multiple points K; and at the fixed points just
imposed. /5™

Cone{({ér‘ now another plane, in which the coordinates of &
ger{egza}s point are ', ', z'; and let us denote by T' the curve
des@ribed in this plane by the point P'{a’, 4, 2"} whose coordinates

exe proportional to the functions [F , V. W of a variable point
P(@,y,z) of ™. The equations :

x’ ¥y
Ue.y2) Viw,y,9)~ Wwy,2)’
together with the equation J@,,2) = 0 of O
regarded as s parametric representation of I', employing the ratios
@Y :2 as two related parameters, instead of one independent pata~
meter. Since U, ¥, W are polynomials, any given point P of O*

T We suppose here, and in the sequel, thab the curves wa eonsider are irreducible.

(19)

, may evidently be
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has a unigue corregponding point P’ on I'; we wish now to show
that, eonversely, a generic point P’ of I corresponds to only one
point of C™.

To show this, we suppose that, if possible, at least two points
Pla,y,z) and P¥*(x*, y*, 2*¥) of " always correspond to the same
point P’ of I, In this case, clearly

Uz, y,2) Viz,y,2) _ Wiz, y,z]

Ul*,y*,2%)  Vie*,y*,2*) Wt y*, %)’
so that those curves of the net z\U—}—,u,V—]—vW = 0 which pass
through any point £ of 0 must all pass in consequence throug}l a
further point P* of O, Such a situation will certainly, rieb occur
in general in the type of transformation here emploged, In the
present instance it is impossible in view of thé(fact that a
unique curve of the net can be drawn through)two arbitrary
points P, @ of O™, and that this curve would then have to pass
through two farther points P*, Q% of Q {whereas the generic
curve of the net has actually only three variable infersections
with (r,

Thus T' is in birational corresponﬂence with C".

The order of T is the number: ‘of its points which lie on an
arbitrary line X'+ uy'+ve’ =0 and, by equations (19), this is
the number of variable pomts in which €" is met by a generic
eurve of the not given by | }8}, which is three. Hence I is a cubie
curve, general or nedal;*and this proves

THEOREM VI, Any curve for wkw}'z D =1 is birationally trans- '
formable into q Plane cubic.

It cen be“shown (cf. Ex. 9 below) that the coordinates of a
variable &mt of a plane non-singular cubic are expressible
I‘&tlona]ly in terms of elliptic functions of a single parameter; and
it follows therefore that also the coordinates of a variable point
ofahy curve transformable birationally into such a.curve are
likewise expressible rationally in terms of elliptic functions of a
Parameter. For this reason all such curves are called elliptic.
Here again it is worth while recalling that D =1 is only a

suflicient, condition for a curve to be either elliptic or rational.

4.1. Elliptic curves in higher space. There is no immediate
#nalogue for elliptic curves of the derivation of all rational C* by
Projection from g unigue curve in [#]. This is due primarily to

~
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the fact that two plane non-singular cubics are not in general
birationally transformable into each other. For them to be so,
a certain modulus, defined in Ex. 15 below, must have the same
value for both curves; so that whereas from the invariantive point
of view all rational curves are identical, from the same point of
view there exists & single-parameter family of elliptic curves.

We may, however, note the following fairly obvious result.

THEOREM VIII. Any curve of order n in [n—1] (and not contaized
in any space of lower dimension) is elliptic or rational. A

For if I'» is such a curve, its projection from a poitth of ‘itself
Jis a curve I'"1 in [n—2]; similarly the projection.of-the latter
from a point of itself is a 22 in [n—3]; and so on,flintil we obtain
finally a plane cubic I's, o\

4.2. Reduction of C* for the values 2,3,4, of D. By methods
very similar to that employed in the pregeding case, we can reduce
curves for which the deficiency has other low values besides 0
and 1, W

I D = 2, the sub-adjoints C2=2'f ¢ have virtual freedom 7
and meet C* in sets of at nt;qst::&',-{—Q free points; and here again
Weé may suppose these numbers to be effective, since, in the
confrary case, the previdus methods show that O is elliptic or
rational. Those of, thege curves which pass ﬁhrough n—3 fixed
points of O'= form,‘lﬁs 2.1, a net, \U~uV +-vW = 0, whose curves

meet O™ in setg.of four free points, and the equations
AS

A\ ey =0V W

transfori O as before into a curve T

of thelfixed points on O»

ap;%fw}ﬁch is now of ord
ointo plane quarties.

" (Actually, though it does not emerge easily from the above
method, the plane quartics so arising are umi-nodal, being them-
selves therefore of deficiency 2, as one would expect.)

D=3 ¢m has, by §2.1, a net of sub-adjoints (/»~3 which
meet it in sets of 4 free points, Using this, in the Preceding manner,
as the basis of & transformation of G», we find that in this case

also, if 0" is not rational op elliptic, it is transformable into a plane
quartic,

(In this case the plane quartics w

which, for generie choice
» 18 in birational correspondence with ¢,
er 4. Thus these curves are transformable

hich arise are normally non-
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singular, being themselves of deficiency 3; they may, however,
have one, two, or three nodes, the last two cases occurring if ('
is elliptic or rational.)

If D = 4, (" has sub-adjoints ("% of freedom 4, meeting the
curve in sets of 6 free points. They form a system—called a web—
whose equation is of the form

AUApV 4y W4pT = 0,
If we apply to C" the transformation
oy =0V W T, \\‘\
we obtain, as birational transform of €%, a curve of E);[:(%él" 6 in 8,
Collecting these results, we have N 3

# '\ 2 N
THEOREM IX. Curves of deficiencies 2 and 3 cah be birationally
transformed info curves of order 4 at most, and¥kose of deficiency 4
inlo sextic curves in ordinary space. ,:',\\’

NOTES AND EXAMPLES :QN 'CHAPTER II

L. The standard rational cubic. The Yaduced equation «®44° = amyz of
a nodel cubie admits the parametricwgpresentation

x:y:z.f:fat:ai":l»{—ﬁ.
Establish the following deduetibns:

() If ¢, ¢, ty arc (the nga}netem of) three collinear points of tho curve,
then ¢#,¢, = — 1. Dedude that from a given point of the curve there can
be drawn two tangenbs to touch the curve elsewhere, and that the curve
has three inflexiongsrHich are collinear.

(H) If the curg®,i& met by & comie in the points & (¢ = 1,..., 6), then in
general ¢, ¢, ..,ﬁé&" 1. Deduce that, if the conie touches the curve at &, &, &,
then ¢, ¢, 25 =\l; also that therc cxist three proper sewfactic conics (having
6-point .?&rtact with the curve).

(iif) 981, ¢, ¢y arc the roots of the cquation ¥+ A#+ Bt—1 = 0, prove
1‘,]“1?»\13 the tritangent eonic whase points of contact are &, &, # has equation

N/ a%4 2y (424 2Byt 4 2 A B— 2wy +(B— 24 ) — 0.
2. General porametric cubic. For the general rational cubic whose
equations aro
Y2 = Bt a B aytag by By e B e,
Prove that the condition for collincar points 1, £y, £y 18
Pot D1 2440 Gt petitaty = G,
When? Por P1s Py, py ave the third-order determinants extracted from the
matrix whose rows are (a;be;} for i = 0, 1, 2, 8. Deduce an equation giving
the parameters of the three inflexions and verify that thess are collinear.
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Bhow alto that the node of the cubic eorresponds to the two values g
the parameter given by

(Dot 111 P1+ 15 t) = (p, +pat)h
(If 2, £* are the two paramoters required, then tho points ¢, ¥

are collinea
with an arbitrary point of the curve,)

3. Bhow that the curve zf +3t = 28 may be represented parametrieall:
by the equations

e = (12860 (1 41207,
and find ita multiple points. N\
4. Obtain parametric representations for the curves whose eqq?xtjons ir
polar coordinates are
(1) r=a(l+eosp), (ii) ricos}f = af,
Prove that, in cage (i},
& point of itself and that t
(Solutions. The curve (i
parahbola #Pta{dx—q)

"N

(iii) 7% ="a?cos26.
four tangents can be drawn,.{a, the curve from
heir points of contact are dbllinear,
) is tho inverse in the eivele’ x84 y? = a? of the
== 0. The curve (ii} is the Rddal cubic

27ay® = {Sa—{-x)z[aT.:'rf}}'
Pt ¥ = #(8a+x). The curve (ili) is the, ghartic {2497 = a”(w’“y”?’
nodal at the origin and at the cireular poisy s suitable rationalizing pencil
of sub-adjoint conies js o talrky) giving

Tz = A W var(t— 1) 1,

and the four Points o byy by, 8y 3-\1"?013;1'1]‘1163-1‘ if By futafy = 1 and E bit; = 0.)

5. Show that the curve (9;2—}-’3}2—-@)9 =z
and (1, 14,0, By means{of the
parametrie reprosentation o

2(x2+y2) has cusps at (0,0,1)
penell of conics 22 49¥ = #yz, obtain &
the curve,

6. The quartic yzzﬁx\a:‘—x%
{point of self-contgwﬁ); and tho ¢
it in the nade and’in the point (
Show that ¢ GOTVe is met r
in the Poing for which

+#%* has an ordinary node and a tacnods
onics which touch it at the latter and moeb
1L, 1,1) form the pencil x(z—z) = #{wﬂ—yz!'
esidually by the generic conie of this pencil

R\ Eys = (33—-1)(23—1):[t“—l—l](#-l):(%—l)z-
Verily that the pairs of values of the

i Parameter corresponding to the
ngdedand tacnode are {1, —1) and {2,

20} Tespectively,

» Prove that the first polar (and there-
P with respect to ¢ touch € at P.

al type of tringdal quartic whose equation, roforred to
the nodal triangle, is of the

Bods form g S22 b S e/ = 0, prove that the polar
cubic with respect to ¢ of any poing on ¢ breals up into a conic and a line.

{The curve (iii) in Bx, 4 reduces to the above form by writing X = a4
¥ = T—y; honee itg goometrical Property thore noted, )
8. Rational normag om, Prove that the rational normal O in fn] may be
defined g the locus of the Point of intersection of eonespoﬁding primes
of n related Peneils; also thag the bases [n— 2] of the pencils are cach
(n—1)-gecant o an,
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9. (eneral plane cubic; parametric representation. In order to obtain the
sirnplest parametric representation of the general plane cubic 0%, we muss
first reduce its equation to one of the simplest possible forms.

We choose cur triangle of reference so that the vertex (0,1,0) is one
of the points of inflexion of 03%—hy § 1.5, the curve has ning of these—and
such that the line z = 0 is the corresponding inflexions! tangent. This
reduees the equation of 8 to the form

2yt 2Apz+aRlyz = folz, 2),
where f; is a cubic polynomial, homogeneous in 2 and 2. Writing
ytretez =Y,

we obtain tho modified form O\

2¥? = uy(w, 2), .\’ N’
which in turn reduecs, after a further simple alteration, to the form

V4 = 4K g X2 —q, 77 or (Y]Z) = UX[ZY — g X[Z)—gs

whera g, and g, arc constants. This is the first eanonical fori 6£the equation
of the general plane eubic, )

The above gives & parametric representation of 6’3’, In terms of Weier-
stragsiarn elliptic functions, by putting 7, \ :

X:Y:Z = pupugdn N
We denote the periods of pu by 2w and 2L\

10, Intersections of CP with a G™. Medny ‘geometrical properties of the
cubic are casily dedueiblo from the aheve representation, Thus, consider
the ntersections of (% with a curvenG™ whose equation is F(X, ¥, Z) = 0;
the values w;, wy,--., 4y, of the paratooter ¥ at these intersections are the
zeros of the function F(gpu, %, 1). Since F is a polynomial, its only poles
are at the points ¥ = 0 {méd 2w, 2w’), so that the sum of gy Hgeee. MUSH
likewise be congruent to . Thus

Uttty = 0 {mod 2, 3’).
1_:Ienco: The last pqiﬁ.b of intersection of & C™ with a plane non-singular cubie
¥ uniquely detergfngred by the remaining 3m— 1.

11. Geombuical properties of €% From the preceding result we may
deduce thelf owing properties of 0%

(i) Fxdin a genoric point of % there can bo drawn four tangents to touch
thg J:’fﬂ;?‘o eisewhere.

1)) The tangents to O3 at three collinear points meet the curve again in
thres collinear peints,

(i) ¥ & conic passes through four fixed points of €7, the chord joining
the twa remaining intersections meets the curve in & fixed point, (A similar
result for the intersections of €% with curves of any order should be
established, )

{iv) If, of the 3(m+n;) intersections of ¢ with a curve ¢™*%, 3im lie on
& curve 0, the remainder lio on a curve O™,

) Thero oxist thres gystems of proper econics touching (% at three
distine Pointz, and the six points of contect of any two conics of the same
Fystem lie on & conic, :
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{vi) Tho cubic has nine inflexions which lio by threes on twelve lizes;
the points of contact of the three tangents that can be drawn to (3 from
any inflexion are eollinear.

(vii) There exist 27 proper conies having six-point (sextactic) contact
with O%, and their points of contact are those of the tangents drawn
from ths inflexions,

12. Second canonieal equation of €%, In accordance with {vi) above, we
may choose a triangle of reference whose sides ¥Z, ZX, XY contain hy
threes all nine inflexions of €3, Remembering always that any join of 2
pair of inflexions contains « third, we mey select one line meeting ¥, £X,
XY¥ in inflexions and take it to have oquation x+-y+2 = (; and 1t ¢an then
be shown that the remaining six inflexions lie at the intersettions of Y3,
ZX, XY with the lines &

Tteytels =0, zlelyter= 0L

where ¢ Is an imaginary cube root of unity. The egu@ition of €% is therefore
of the form )

@tyta)etey+e)otety +a kaye,
or, say, Pyt = Smayz )
This last is the second conondeal Jorm of Qie\equ&tion of a general plane
cukbie. Y

Deduce that the Hessian of (7 is atdther cubic H? with the same nine
points of infloxion; that the pencil oficubics determined by C? and Ff* con-

tains the Hessian of each of its qurves; and that every cubie s the Hessian
of threo others, A

X

13. Geometry of anet of conics. By inspecting the three partial derivatives
of a general cubic Polyniemial in «, ¢, z, we find that three quadratic
Polymornials {(a;, b;, e fo 9ir By 3, 2)% (4 = 1,2,3), are the derivatives of 8
cubic polynomia] ifland only if the following eight conditions are satisfied:
b? =y o :'.9.;!” Gy =hy, ¢ =f, =g, by=fo fi=g =
Given any n§t of conics having equation pU+4-¢V 4-+W = 0, wo try to
oo thage eombinations ;= p,U-+g,V 41, W (i = 1,2,3), to satidy
all eightof the above relations; the unknowns p;, g;, #; are thereby subjected
to elghirfinear conditions which are sufficient in general to debermine their
rqi{:gbs unicuely, We conclude therefore:

\The general net of conics is the net of

_ If W;a take this cubic to be L T . 3mayz, its net of polar conics
o D)+ gy’ —mez) 412 —may) = 0, and this i« thorefors tho
¥ woal g wation, of & general net of conics. The Jacobian curve of the neb
{cf. Ch. VI) is the Hessian of the above cubic,

'147 Nine associated Points. Cubic eurves which pass through eight given
poclim; of the planc form pencil whose equation is of the form UA+EV =0
an, .tt ey‘therefore. pass through a ninth comrmon point, namely, that which
Umuai ‘r‘;lﬂ';‘the hgwen eight to form the complete set of intersoctions of

+ 1r this reason the nine intersecti { . ‘0 ourves
are =aid to form a ge roons of & pair of cubic ¢

b of nine associated points, boing such that all cubics
through any eight of them Pass through the ninth. ¢

polar condcs of a unique cubic curve
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Most of the properties given in Ex. 11 can be proved, without the aid
of elliptic functions, by applying the ahove property to various special and
limiting groups of nine associated points.

15, Modulus of o plane cubic. In virtue of the fundamental theorem of
algebra, every algebraic functiont which is not a eonstent must take every
assigned value &t least once; and, conversely, if it cen be shown that a
given elgebraje funetion can never take a given particular value, then it
will follow that this funciion i a constant. On this is based & proof (due -
to Zenthen) of the following theorsm:

The four tangents which can be drawn fo o general plane cubic from a point 2
of itself form a pencil of constant cross-ratio. (Salmon’s Theorem.) N

For the four tangents drawn from a variable point P of €% are alyayy
distinet from each other, evon in the limiting case when P is an mﬂoklon.
Bence their eross-ratio can never take any one of the three v&lueaO 1, oo,
which characterize coincidenge. It is therefore’ a constant. ~.\

In the usual notation, if e,, &,, €, are the zeros of the eubls\wmggx U3
it may be shown that the cross-ratio iz (e;—e,)/fe; —eg)i )

This is called the modulus (in its irrational form) of\the curve,

16. 8how that the curve whose parametric eql\ho are
zyz = Pl piu 1~.
is a binodal quartie; while the curve given by
TiYw = U g)u Yot
is a taenodal quartic. Show also that, these curves can be transformed into

planc eubies, 2\ N

T If Plw, 2} is a polynomial in z4nd w, then the equation F{w, z) = 0 defines
Wz a (many valued) elgebraic funed?}m of 2z, The definition of an a,lgabzmc fonetion
of several variables is on siroilsr Yinies.

1 Abzdhienden Methoden dsr vometrie, pp. 83-5.
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Cooroem, Algebrdgo-plane curves, Book T.
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CHAPTER III
THE QUADRATIC TRANSFORMATION
§ 1. RATIONAL TRANSFORMATIONS

1. THE reader will be familiar already with the concept of a place
collineation (Ch. 1, § 2), a transformation in which to any point P
of the plane there is made to correspond & point § whose, coordi-
nates are proportional to assigned linear homogeneous funetions
of those of P. Such transformations leave the projective pi'oi)erties,
and in particular the order and singularities, of euryés unaltered.
In advancing beyond such properties, our first stcp 18to introduce
other transformations of the plane into itself.Ciwhich establish
relations between curves of different orders and'pbssessing different
sets of singularities. O
The most general rational transformidion of the plane, which
makes correspond to a generic point " P{x,y,2z) a unique point
Q' y,7'), is defined by equations\of the form
Fx’ = ‘ibl(x’ ¥, %), Py, ?";z(xa Y, z): Pz’ = ‘f’s(x: i:h z)s (1)
where ¢, §,, ¢ are homogepgous polynomials of degree » in =, ¥, 2.
We assume that ¢,, ¢,, ¢, ave lincarly indepéndent, and we denate
the transformation by(E." Thus we may write
Consider now the net of curves ® defined by the equation
<" Ay tpbgt-vy = 0, (2)
where A, p, v iire arbitrary parameters. As P describes any given
curve, @ythe corresponding point @ evidently describes a line.
Thu.ﬁ’éhe curves of the net are correlated by the transformation
Wip];othe lines of the planc: and conversely, given any net of curves
o~\Euch as @, 3 linear representation of the curves of this net on the
lines of the plans is equivalent to a rational transformation of the
plane.

'The curves ® may have buse poinis 0; common to them all.
Sinee each such point is a common zero of ¢y, ¢, $,, the equations
(1) to determine its corresponding point 'T(0,) are illusory; and
conversely, any point, termed a singular point, which renders
equations (1) illusory is a bhase point of @, Hencge:

THEOREM k. The singular points of any rational transformation
are the base points (if any) of the ussociated net of curves ®.
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Any two general curves ®;, @, of @ define a pencil of curves
@, -0, of the net. Let us denote by N the number of free inter-
sections of @y, @y, not occurring at the base points O,; and let us
denote by G the group of such intersections, B,,..., Py say. The
nunmber N we shall term the grade of @,

To curves of the arbitrary pencil ®,4Ad, of @, there correspond,
by the transformation, lines of a pencil I, +AL,; and if the vertex
of the Jatter pencil is @, then, clearly, every point P, of G¥ corre-,
sponds to the same point . Conversely, it is easy to see that if
any two points of the planoc have the same {ransform @, thenthey

belong to the same free intersection-set G of some pencil in @.
Thus: N

THEOREM II. In any raiional transformation of thé plane into -
itself, whose generating net © is of grade N, an axbadrary point Q s
the transform of N points P,,..., Py, which together form the group
of free base points (cacluding those of ¥) of afpéncil of curves of .

Symbolically, if T-1 is the reverse of :1;1;(’5 x’l;;t'zmsforrm’sion T, we
vrite T-4(Q) =@,

L1. Cremona transformatigns. The genoral rational trans-
formation of the plane is,f'as we have just seen, an (N,1)
correspondence hotween the'points P and @; and this means that,
when the ratios of 2, %2 are given, the equations (1) have in
general N distinct selutions for the ratios of @, 3, 2. If N =1,
however, so that, thiese equations have only one solution, the
ratios x:y:z will'Be rational functions of z':y’:z. In this case
the eqllati&gs:ﬂ‘of the reverse transformation will be of the
form LN\ ‘

ﬁ?%ﬂ%ﬂ,w=%%%ﬂ,m=Mﬁ%ﬂ {3)
whete i, o, ¢r; are polynomials of degree n’, say. _ _

DEFINITION. A (remona transformation is a rational trans-
formation whoge reverse is also rational.

Thug if T is 3 Cremona transformation, so is T-L

DEFINITION. A homaloidal net of curves in the plane is one
Whose grade ig unity. _

Equations (1) define a Cremons, transformation if and only if the

het gi“?n by (2) is homaloidal. On the other hand, from any given
“maloidal net we can derive many Cremona transformations;
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for if ¢,, ¢, & are any three independent linear combinations
of ¢y, $a, ¢y, the net given by (2) can also be expressed in the

form PhyHabatrds = 0,
and the transformation defined by

pz’ = ¢y, oy = Py, P2 = by
is based on the same net. It is easily seen, however, that R 4
are fixed linear functions of &', 3', 2'; and we may cxprésd this
resuit by saying that the socond transformation is obtained by

superimposing a collineation on the former. We enuleiate there-
fore L

~

THEOREM III. With any Cremona tmn.y“ormatz’frm‘tkere 18 QSSOCi-
ated o homaloidal net of curves ®; and conqezfée?y, any homaloidal
net of curves generates an infinity of Crempnd transformations, any
one of which is the product of any other bipat plane collineation.

A collineation is itzelf, of courseatt}e‘ simplest kind of Cremona
transformation whose homaloidal™nst is composed of the lines of
the plane; it is, however, of q,oty“_pé which we agree to regard in
this eonnexion as trivial. Bwo' Cremona transformations will be

considered as being essep}’cia'lly the same if one of them is the
product of the other bya collineation.

DEFINITION. Thevorder of a Cremona transformation is the
order % of the cltryes of its generating homaloidal net ®.

Thus also, the order n’ of the curves of the reverse homaloidal
net ''is the arder of the reverse transformation T-1. If the number
of intergeetions of two curves 4 and B is denoted by 4B, and if
L a,m\i’}}’ are lines, then '

O 2= L0 = T(L)T@) = VL — »’.

THEOREM Iv. A Cremona transformation and its reverse trans-
formation have the same order.

1.2. Quadratic tfransformations. A Cremona transformation ,.
of order 2 must be based on a homaloi

i dal net of conics; and sueb
a net must consist evidenbly of conics through three fixed points,

for thesia form a system of freedom 2 ang grade 1. Let the three’
fixed points be distinet, and let us take them as points of reference
X. Y, Z The equation of the net then takes the form

D = Myat-pawt-vay = 0,
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and the simplest Cremona transformation derivable from this net
is that whose equations are

px’ = yz, Py’ = #x, pa’ = zy. )
These equations may also be written in the form
a' iyt = Yx:1fy:1/z; (4

and hencoe this transformation—which is evidenily self-inverse—is
called the reciprocal transformation. If we denote it by T,, and
if we denote any other transformation based on @ by T, then <
T = AT,, where A is a collineation. : O\

DEFINITION, Any transformation of the plane whose equgtions
can be reduved by suitable choice of the reference systgmﬁté the
form (4) will be called & standard quadratic tmm;formatalon {.q.t.).

Such, in particular, is any transformation of theife

'y 2 = aye: bae:cxy, N

for this reduces to the reciprocal form whﬂzix the coordinates are
multiplied by ~a, 45, ve respectively. AWV

For the s.q.t., the reverse homaloidal nét W' is identical with @,
and their three bhase points 4, B, 'G.{{é,re called the base points or
fundamental points of the transformation. The transformation
carries conics through A, B,/C into lines, and carries lines into
conics throngh 4, B, €. N\

€ 3
L 3

ExamprEs N\

L. Prove that the transférmation which makes correspond to any point P
the interseetion of it Polars with respect to two fixed conies is, in general,
& standard quadra.!;\'é'“bra,nsforma.tion.
_ 2. A quadratiftransformation which transforms conics through 4, B, C _
1nto lines, andgrhich transforms lines into conics through 4, B, €, is either
& standard ',tiuadrart-ic transformation with A4, B, (f as base points, or it is
the Progwgt of such a transformation by & collineation which interchanges
o ,"algazll threo, of 4, B, O,

{Hieh: If A is either of the collincations

w2’ = mimy or &fiyir =y,

&?J:d fTisa #.q.t. having its base points at the vertices 4, B, C of the
triangle of reference, then the transformation AT has the property in
question.) i
3 . I_’rmre that if I, J are the gireular points at infinity, then ordinary
iiversion with respect to a point © is the product of a 8.q.t. whose base
Points are 0, 1, .7 with a ecllineation which leaves 0 invariant and inter-
changes 7 ang 7, -



48 THE QUADRATIC TRANSFORMATION I, g5

§ 2. PROPERTIES OF THE STANDARD QUADRATIC TRANSFORMATION

2. For a more detailed discussion of the s.q.t., we take its equatio
in the form (4), the reverse equations then being

pr=y?, py=22, pr=2zYy. {8}

Its base points are X, ¥, Z, and oonics through these will he;
referred to as ®-conics, |
As a point P degeribes an irreducible curve O, its corresporkding |
point @ in general describes an irreducible curve D which ‘we call
the proper transform of C, writing D = T(C). ¢\
Exceptionally, however, we note that the transfi?rm of any
point on & line joining two base points, ¥, Z say;s fixed at the:
third base point X, unless indeed the point cqiftoides with one of
- Y, Z which have no transforms. The lines ’Z)Z X, XY transform
therefore into the points X, ¥, Z respectively; and for this reason
they are called the fundamental lines of $Xe transformation.

" Aline through X has an equationefbhe form my-nz = 0; using:
(5} and rejecting the factor 2’ = §,)we find that its proper trans- i

form has the equation mz' +ngfi= 0. Hence:

A line through  base posut(other than a fundamental line) tm’.*%z?'é

Jorms to another line throudh the same base point, ;

- 2.1, Neighbourhoods of base points. A base point has itself
1o transform; bug re’may consider the behaviour of Q — T{P) a5
P approaches the' base point X, for example, along a path £
The point Qis"the vertex of a pencil of lines, L+ AL, whidh
corresponds o a pencil of conics, @, 42D, whose base points are
X, Y,4feand P. As P tends to X along %, the pencil &, 420
tﬁl;l.(\i&ﬂ).the peneil of conics passing through X, ¥, Z and touching ’
t;ie,tangent, tsay, to Lat X. Q tends simultaneously, therefore,
~ to'the vertex §, of the pencil of lines corresponding to this imiting
’ peneil of condes. :
Now the tangent at X to the conic whose equation is ?
Xyzpae vy = 0

is pz4vy = 0; and if we fix the ratio u:v, the corresponding linB_
Az’ py'+v2' = 0 passes through the point (0,v, —p). Hence, 83
P approaches X in an assigned diroction t, its transform @
approaches a definite point @ of Y. Tn particular a pair of corre”
sponding lines through X meet ¥Z in points corresponding i
versely to the directions of the lines at X. In conclusion then:

k
E
;
E:
E

E
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To every divection £ at X there corresponds a definite point O of
YZ, such that +f a curve C has a branch issuing from X in direction
t, then the proper transform O of C' passes through 0. Conversely,
also, 3f O is any point of YZ, other than ¥ or Z, then any curve .
passing through O transforms to a curve which has a branch 18SUING
from X in the dirvection corresponding to O.

2.2. Transforms of curves. For convenience we introduce the
following notation: .

(@) We use the symbol (X, Y8, Z¥) to denote a curve of order
7, having points of multiplicities «, §, y respectively at X, ¥, 2

(6) We use the symbol (CD) to denote the set of points {other
than X, ¥, Z, in which two curves € and D intersect. (J:;. o
. (¢} We use the symbol CD to denote the total mubénof points

in the set {OD). N

Consider now a curve ¥ — C7(X*, Y5, Z7), and Jeb s investigate
its proper transform %” which we may suppgse}t{) be of the type
Cr(X Y, ZY). We suppose throughous thatno branch of € at
XorYorZhasa fundamental line as its ta}ngént there, so that ¥ Z,
for example, meets € in n—pB—y pgﬁits" (distinet or otherwise)
remote from ¥ and Z. o

The order »’ is the number ‘of intersections of ¢’ with an .
erbitrary kine L. Henco N

&

AN
n = L% = T,(LQT’(?’) = 0¥ = 2n-—a—p—y,
since g, general @-conigmeots % in 2n points of which « fall at X,
Bat ¥, and y at Z, O
e index o ig,bhé number of intersections absorbed in X when
¢’ is met byﬁ']iﬁe L, through X. Hence
V=K — w (L) = L% = w—(n—a)
-
for the' trangform of L, is another line L] through X. This proves

THEOREM v, The transform of a curve of the type C™{X*", Y8, Zv)
??f & stondard quadratic transformation whose base pointsare X, Y, Z
8 @ curve of the type

Con—c—f—y(Xn-p-y, Yr—y-« gn-o-p),

& We may verify at onece that, by applying the same rule to the
T&“l:ffomed type, we arrive back at the original.
;)
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We note further that at X, for example, the n—8—y nodal
tangents to ¢’ arise from the #—p—y intersections of ¥ with ¥Z
at points remote from ¥ and Z. If € touches Y'Z at a point 0,
then €' has a cuspidal branch at X whose cuspidal tangent is the
transform of OX. On the other hand, if % has an ordinary double
point at O, then ¢’ has two distinet branches issuing from X in |
the same direction—a type of singularity which we term a fac- |
node. This insight into the difference between a cusp and a

tacnode is a first example of the use of the s.q.t. in the analysis
of singularities, O

2\

~ The following are some examples of the application of

Theorem V: £
Original curve ] Tm:;s_fm
Line Conic through J\¥, Z
Line through X Line thraugh XV
General conic Quartic th nodez at X, ¥V, 2
Conie ingeribed in X¥Z Quartic with“cusps at X, ¥, Z
Con%c through X - Cubic throfigh ¥, Z, nodal at X
Cubie through ¥, Z Quartig’through X, nodsl at ¥ and Z
Quartic through X, ¥, Z Quintic with nodes at X, ¥, Z.

As a last example, we eonsidéﬁ % curve % which has an inflexion
at X. The inflexional tangent, XO say, meets & in two points
consecutive to X; henee,if 0’ is the point of ¥ Z corresponding
to the inflexiona) direction at X , the transformed curve %’ touches
X0 at 0. |

Moare generaﬂy,\} two curves % and 2 have r-point contact ab
X, then theig\ipansforms have (r—1)-point contact at a point
of YZ. A\© '

(07§ 3. THE RESOLUTION OF SINGULARITIES

3. '(\)ie“of the most fascinating branches of algebraic geometry i
that which doals with the analysis of the various types of singu-

.. (Jarity which an algebraic curve or higher manifold can possess.
\J In this section we deal only with the case of plane curves, and we
attempt no move than an elementary introduction o the idess

mvolved, together with an elementary proof of one important
theorem,

3.1. The standard resolution. We have already explained it
the preceding chapter the distinction between multiple points of
8 curve which are ordinary and those which are hot ordinary.
Actually a curve with only ordinary multiple points presents, i
many connexions, scarcely greater difficudty than a curve with n0




I, § 3 "THE RESOCLUTION OF SINGULARITIES &I

singularities at all. It is our purpose presently to show that any
plane curve can be transformed, by a series of quadratic trans-
formations, into one whose singularities are all ordinary.

Consider now the case of an arbitrary s-fold point O of a given
curve ¢ of order »; and let vs choose a standard quadratic trans-
formation of which one base point lies at O, while the other two,

4, B say, satisfy the following conditions:
(i) 4, B do not lie on €,
(i} 04 and OB each meet % in n—s distinct points, remote N
from O, A\

({iii) AB meets € in n distinet points. A\’

A s.q.t., applied to a multiple point of a curve, and satisfying
all the above conditions, will be called a single standardpesolution
of the point. A\

The above resolution transforms % into a curte %', of order
2n—s, with ordinary multiple points of ordergdn, n—s, n—s,
tespoctively, at O, A, B; and %’ will meet A K{m & points, distinet
or otherwise, remote from A4 and B. Suppese that o, of these &
intersections coincide at 0y, o, coincide 8t°0,,..., o, coincide at O,
k being the number of distinct nodal tangents to % at 0. Then
at any one of these points, say Q3% may have, for example, a
simple point and o4-point contact with 4B at 0,, or it may have

-2 g;-fold point at O,, or it mayhave a lower singularity with one
or more hranches toachi%ﬁ’B at O,.

Only of all the points O, corresponding to directions of nodal
tongents to € at O, a(é:simple for €', do we say that the singularity
of € at O 4s eompka?sely resolved.

We may regaid the points O; as corresponding fo fictitions
Points of - ,f}i}ﬁnitely near’ to 0, in the dircctions of the % nodal
t&ngentg;:wﬁ denote these fictitious points by the same symbols
0; ag tieir explicit ‘transforms’, and we say that they are in the
Frsfeighbourhood of 0, since they are made actual by a single
Tesolution. If the explicit points O; have multiplicities s; on %",

r.:
then cloarly ‘1? 8; < 8; whence the following theorem:

THBOREM VL. [fq curve % has an s-fold point ot O, then it possesses
% mumber ; of ( fictitious) points, O,,..., Oy, in the first neighbourhood
foq sk < 8); and these points have, on €, definite multiplicities

i
S1vens 8 (defined by a resolution of 0), such that 1 < . 8; < 8.
1
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Thus, for example, % has two simple points in the first neigh-
bourhood of an ordinary double point; it has onty one simple point
in the first neighbourhood of a cusp; and it has an ordinary double
point in the first neighbourhood of & tac-node.

When we have resolved the s-fold point O of € into the set of

explicit points O, of €', we may proceed fo resolve any one of these
latter in the same way into a set of explicit points Oy (§ = 1,...,%)

on a curve €”, and these points may be regarded as representing
points of % in the first neighbourhood of O, and therefore i the
second neighbourhood of O. Continuing in this way 's.‘We can
describe, evidently, the sets of multiple points which %) possesses
in successive neighbourhoods, first, second, thirdg ™y ‘of O. The
crucial question is whether the process always gbmnes to an end
with the final complete resolution of the original singularity into
a seb of simple points. The answer “'hiG}Kf:OHOWS is one of many
famous theorems due to Noether. D

3.2, Noether’s tmnsformation.‘t The fundamental theorem
we now prove may be stated asdgllows:

THEOREM ViI. Any irredugible plane algebraic curve can be frans:
formed, by a finite succession'of standard quadratic transformations,
into @ curve whose mu@jple potnis are oll ordinary.

Let the eurve LQ'é(ief* consideration be €, of order #; and among
the multiple pdints of € which are not ordinary let O be that
of highest, ¢F €qual highes, multiplicity s. Also let 7y,..., %
b? ;he mulfiplicities of all the remaining explieit multiple points
o
: s&m"the preceding section, we apply to O a standard resolutiol
with base points O, A, B, satisfying the conditions there stated:
N\ Any multiple point of € other than O gives rise to a similat
’ multiple point of the transformed curve €’; but %’ has név
ordihary multiple points at O, 4, B, of multiplicities n, n—s, #-*
respectively, and points 0,,..., O, of multiplicities s,,..., &, o0 AB,
?emote from 4 and B. These points 0;, representing points of ¢
infinitely near to 0, need not be ordinary on %”; but we now prove
that unless every one of them is actually simple on %, the deficient
D" of € is less than the deficiency D of €. Thus:

D = j{n—1)in—2)—3s(s—1)—1 % ri{r;—1),
T
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and
i .
D' = {{n—s—1)(2n—s—2)—% g rd{r,—1)—in{n—-1)—
—2.3{n—s8)(n—s—1}—K,

%
where K = £ > s,(s;—1). On reduction we obtain
3

»
D = Yn—1)n—2)—s(s—1)—} 3 ri(ri—1)—K,
1
50 that D'=D—K,

Hence, unless s; = 1 (£ = 1,..., k), we have K >0, and n §Dg\ '

Thus if the multiple point O is not completely resolved by the
transformation, the deficiency of % is diminished by, i, On the
other hand, the deficiency of any irreducible curvetcannot be
negative (Ch. 11, § 2). Tt follows therefore that onlywyinite sequence
of resolutions will be required to transform %into a curve with
only ordinary multiple points; and this p:p‘\vies the theorem. We
note the following corollaries incidental $0$he proof:

COROLLARY 1. Any singularity of as trreducible plane algebraic
curve can be completely resolved, byteh succession of s.q.t., into @ sel
of simple points of @ transform of dhe curve. The process of resolution
defines o decomposition of the(singularity into one explicit multiple
point and @ number of simiphé>or multiple implicit  fictitious) points
of which the latter lic $h warious successive neighbourhoods of the
former and of each other.

COROLLARY 2\ Ey.ea{:h resolution of a singular point O of €,
- o >4 k ’
the deﬁcwne,zﬁﬁf'%” is diminished by Y sfs;—1), where 8y,.... 8y
ONY, 1 ,
are the mpltiplicities of the points of & in the first neighbourhood of O.

N\
. {:? “The genus of a curve. From the theorem just proved and
is ¥rollaries it appears at once that if a curve % is transformed
mto €* (with only ordinary muléiple points) by a Noether trans-
. formation T, then the deficiencies D and D* of ¢ and € aro
tonnected by the relation

D¥ = p_; S s(s—1), {6}

Wher.e 1;.]1.? summation extends to every implicit multiple point {of
?ﬁlﬁlphmty &) which may be assigned to the neighbourhood o_f an
- “xelicit multiple point of ¢ by any one of the simple resolutions
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of which 7' is composed. This implies that D* is equal to the
number p given by

P = Hn—1)n~2)—} 3 ri(r,—1), {7
where the summation now extends to every multiple point {of
multiplicity ), explicit or implicit, of €. '

In the next chapter (Ch. IV, § 5) we shall prove that any two
birationally equivalent plane curves, such-as, for example, any
two different Noether transforms of %, have the same defielency
if their multiple points are all ordinary; and this means that the
number p defined by (7) hag a unique value, ie. its\vilue is
independent of the particular Noether transforma,tig;l\impﬁcit in
its definition. : 7.\

The number p is therefore a well-defined, character of % and
we call it the genus of the curve. Tt is a refitiethent of the cruder
deficiency hitherto employed, AN

For a curve with only ordinary multipie points, the genus and
the deficiency are equal; and we shall vefer to their common value
henceforth as the genus p of the\ciitve. A curve with multiple
points which are not ordinary, hay also have its genus equal to
its deficiency, provided that ke points in question, as, for example,
if they are simple cusps, have no implicit multiple points in their
neighbourhoods. RN

+{.)

3.4. Intersectio‘n\\thultiplicity. For a satisfactory rounding
off of our remarks on multiple points it would be necessary to
Prove, as is nfact the case, that the implicit multiple points in
the neighhenshood of an arbitrary singular point of a curve %,
and the{madltiplicities of thege points, are independent of the
sequerfed of resolutions used to define them. In simple cases, such
as that of a tacnode, this is sufficiently obvious; but a complete

) ‘pjrg\of of the general resultt presents considerable difficulty and we

shall not attempt it here. I3 depends on the fact (Theorem of
Puiseux) that if any singular point of % is taken as the origin 0
of non-homogeneous coordinates =, ¢, then the points of ¥ in a
neighbourhood of O belong to a finite number of branches which
each admit a parametric representation of the form

T=V,  ye=aytmto g
where the indices » and ty << peg <.

T Sea the referen,
this chapter,

-« are positive integers; and
ces to Enriques-Chisini and ven der Waerden at the end of
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the result can be proved by a direct algebraic estimation of the
intersection multiplicity of € at O with any other curve %" which
has one or more branches originating in O,

We may, however, indicate very briefly how the method of
resolution may be applied, in simple cases, to the problem of
estimating the number of intersections of a O™ and a O which
coincide in a point O which is s-fold on C™ and ¢-fold on € (of,
also Ch. IV, §4.1).

We write mn — d4-8, where d is the total number of mter-
sections of the curves remote from O, and § is the reqmed
mntersection multiplicity at O. :

On applying a resolution to O, as in §3.1, the (Qm—rs)(Zn—t)
intersections of the transformed curves fall into the following
groups: (i) intersections at 0, 4, B, totalling mn+2(m-s)(n —i),
which we regard as irrelevant, since they do ngt correspond to
interseetions of O™ and O%; (ii) intersections, Pefmote from O and
from the line 4 B, which we assume to corre}pond to the d inter- .
sections of O™ and O remote from O;%@nd (iif) a possible total
number 8, of intersections on 4B, remo‘ce from A and B, occurring
when the nodal tangents to O at fhgre not all distinet from those

of C®. Thus we may write N\
443, = (2m—~s){2n-—5)\ n—2{m—s){n—t) == mu—st;
whence (= st+3,. |

Thus §, represents, the excess of & over what the intersection
m“lth]lCIty at O Would be if the nodal tangents of £ were distinct
from those of C'{ If the 8§, intersections on AB are simple to
eNumerate, then &is found; in the contrary case, further resolutions
wil] eventu\ “evaluate § in the form

: 8 = Et"{— E Eiti_i_ EE S{jt{j'i"
Whemthe summations extend to all the common 1mp]1mﬁ points
of C%and C» in the first, second,... neighbourhoods of 0, and the
;‘ and {-symbols represent the relevant multlphcltms at these
oints,
thThus for example if O™ has a cusp at O, while O Passes simply
N m‘;gh O and touches the cuspidal tangent, then 8 =1, and
Similarly, if O’"' has a tacnode at O and O touehebs the tacnodal

?ﬂgeﬂt then O passes simply through two consicutive nodes of
L &Ild S =4,
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NOTES AND EXAMPLES ON CHAPTER IIT

1. The irinodal quartic. By using a s.q.t., prove that the class of g tri.
nodal quartic is 6; show also that the curve has 4 double tangents and §
peints of inflexion,

If two of the nodes are at the civeular points I, J, prove that the curve
has two systems of bitangent eircles and four foei.

2. The tricuspidal quartic. In the same way, prove that a trieuspidal
quartic has one double tangent, that it has no inflexions, and that its ~&{ass
iz 3. Prove also that the cuspidal tangents concur in the harmoric pole

of the double tangent with respeed to the triangle of cusps. O\
If two of the cusps are at J and J » Prove that the curve hgeonce/system
of bitangent circles and one focus. &

3. Deducs in the same way the class and number of inffeﬁuns of a nodal

or cuspidal cubie, ‘&

4. Binodal quartic. By transforming it into a cubic, prove that from
either nodo of & binodal quartic a tetrad of tangen{s can bo drawn to touch
the curve elsewhere; also that the two totrads So arising have the same
cross-ratio. (Use Ch, II, Ex. 15.) v N\

Show that a bicircular quartic (nodal™et' I and J) has 16 foci which
belong by fours, as limiting pointdircles, to four distinet systems of
bitangent cireles of the curve. (Use'€h. I, Ex. 10.) '

8. 4 special quadratio transforghation. Discuss the propertios of the trans-
formation whose equations are®h:y’ 1z’ = z2- ¥2:xz, or, in non-homogeneous
coordinates, &’ = gz, Y = g

If @ is & net of conlicg‘w%ch have one ordinary base point and one fixed
point of contaet, profsphiat any transformation based on @ is the produet
of a transformatiop such as the above by a eollineation,

6. Form the ¢quitions of a quadratio transformation based on & net of

A

conics which have a fixed three-point contact.

7. Buppesing a curve to have only ordinary singularities, prove that its
dGﬁCiBHQR“(gﬂnus) is unaltered by any standard aquadratic transformation
whig]}: does not introduce tot-ordinary singularities of the transformed
curve,

\'8. If G, has an ordinary cusp at O, and € is & variable curve constrained
1o havo only a simple point at O (and not, to coincide with Cy)» prove that

¢ cannot be made to have more than three eoineident intersections with
Cy at O.

9. The apecial quadratic transformation as instrument of resolution. When
a given curve has & special singularity which we wish to analyse, it is natural
to take the point at which the gingularity oceurs as origin O of non-
homogeneous evordinates z, y, and to toke 0X to be the nodal tangent,
or ene of the nodal tangents, at 0. This last assumption, however, exeludes
the use of the regiprocal transformation & — %, ¥ = 1fy as an instru-
ment of resolution; for this transformation has OX as fundamental line.
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In this case we ma.y conveniently resort to the special quadratic tra.nsfom);a.-
tion & = &, ¥’ = y/x (Bx. 5) as a means of resolving the neighbourheod
of O, this having OY, but not OX, a5 a fundamantal line. Iis vclevant
propertics are ag follows:

(i} It transforms directions through O (pomts of the first neighbourhood
of 0} into the points of OF;

{if) Tt transforms the particular direction OX through O into the point
0 of OF; '

(iif} It transforms every point of OX (except O) into itself. Only the
fundamental line OY must not be a nodal tangent at 0. O\

Thus, for example, if € is the ecurve y? = a3, its transform €' (obtained ™
by writing xy for ¥) is ¥® = x, and it touches OY at O; thus ¢ has a ms};
at 0. s 3

Again, if C hes equation (y—aa®)(y—ha®) = «5, C* has equatm.ti

(y—az)y—bx) = «*

and, if @ # b, it has an ordinary node at O; thus € has's Wode at 0.

Analyse in this way the singularities at the origin Of the curves whose
cquations aro \f

() —asp =25, (i) yp=at, um* yy—aw) =
(iv) (y—ax®iy—ba*)y -fmz) = .

BCOKS RECOMMENDED FQB I"URTHER READING

Berrmvr, Oomplements, §§ 5, 6, 8. 08

CGOLIDGE, Algehraic plane curveg; Book II.

ENrIQUES-CHisiNg, Peoria geomqtrm .+, vol. ii, Book IV.
SEvER-LOFrLER, Vorlesungendiber algebraische Geometrie, ch. ii.
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CHAPTER IV
. RATIONAL CORRESPONDENCES

§1. CORRESPONDENCES ON A LINE

1. The general {m, n) correspondence. If F(x,y) is a poly-
nomial of degree m in x and of degree % in y, then the equation

Flz,y) =0 _ Y
¢\

determines an {m, n) correspondence between the varigbles z and
y, such that to any x there correspond n values, gl.;’;“.., Yo OF 4,
while to any y there correspond similarly m valugs\; By sees Ty OF 2.
If we think of 2, ¥ as parameters fixing thepositions of points
P, § on a line I, then the equation establishes an (m,n) corre-
spondence between P and € on 1. Ky NY

Instead of points on a line, the paramieters x, y may, of course,
fix the positions of points on a ratgbnal curve, lines of a plane
pencil, curves of a linear pencil, at\genecrally the elements of any
simply infinite rational field: t;-u}.{ theory therefore includes corre-
spondenees in every such field,

A coincidence of a poimt P of I with one of its corresponding
points €y,..., ¢, occups.when one of the numbers y, is equal to
the & from which it\&-ises. Such ceincidences are given therefore
by the equatior'l‘. Plz,z) = 0, )

which, is evi@é;n\tly of degree m4-n in general. Thus:

A m&a’%&}?&? (m, n) correspondence between poinis P, Q of a line has,

in gengrel, m-+n united points U,..., Ui

_(We may denote the correspondence from P to @ by T, and tha
\ﬁw"m @ to P by T, o that

T(P) = g Q  TUQ) = ﬁ P,

A branch-point P* of T'is a point such that two of the » points
Q; corresponding to it coincide; and similarly a branch-point @
of T-1 is a point such that two of the m points P, corresponding
to it coincide. If we write (1} in the form

FeXgp+ X gnlp X — o, )
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where X; (i = 0,1,...,n) is a polynomial of degree m in x, then
this equation in y has two coincident roots if

% = nX,y" 4.+ X, = 0. ()
"Thus the parameters x of the branch-points P* are obtained by
eliminating ¥ between (3) and (4). We may exclude the irrelevant

power of X from the eliminant by replacing (3) by the equation

nF—y% = Xyt o X,y taX, =0 (5)

L\
the eliminant of (4) and (5) is then of degree n—1 in the\:éoeﬁi-
cients of each equation and therefore of degree 2m{p=<l) in x.
Thus: K7, \

In o general rational (m,n) correspondence betwéjc% points P,
of a line, there are 2m{n—1) poinis P* which are branch-points of the
forward correspondence T and there are %ﬁ(}a—-l) branch-poinis
Q* of the backward correspondence T-1 )

L1. The image curve of the cqgsresj)ondence. If we denote
by € the plane curve whose equaﬁcin, in Carteglan coordinates,
is Flz,y) = 0, then € is calléd the image curve of the corre-
spondence T. Any point (€y) of C represents a pair of points
(P, ) which correspond dn™T; and accordingly O gives a picture
of the fotality of all“such corresponding pairs. By using this
image, the results of $he preceding section may be interpreted as
follows. \O~ '
‘ In the first pl,zieé, ¢! is in general of order m+-n; and by augment-
lng it, if n '@éi-y, by a convenient multiple of the line at infinity,
1 may ]O.e'ﬁmsidered to be always of this order.

A ling “parallel to the y-axis OF represents a definite position
Of"f’\;&fn’d it meots ! in » points corresponding to the n pairs (P, &)
of‘the correspondence; similarly a line parallel to O.X meets ¢ in
™ points corresponding to pairs (P, @). Thus ¢ has the point at
Wénity on OY as m-fold point and the point at infinity on OX
a8 n-fold point,

The united points U; correspond to the m-n intersections of
C with the line z — Y.

The branch-points P* are associated with tangents to ¢ which
are parallel to OF; or, more precisely, with lines drawn through
the m-folq point of €' to meet the curve in two coincident points
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in the finite plane. Now the class of €, taking account of its two

multiple points at infinity, has ordinarily the valune
{(mtn)mtn—1)—m{m—1)—n(n—1) = 2mn;

and of the 2mn tangents from the m-fold point along OF, 2m are

absorbed by the m nodal tangents there, Thus there remain

2m{n—1) tangents parallel to OY, to which correspond a similar
number of branch-points P* as already found.

1.11. Representalion by an {(n,m) curve on o gquadric. Anoth\ecr
elegant representation of all the pairs of the correspondence is
obtained by regarding z and y as parameters of gefierators of
opposite systems on a quadric surface § (cf. Ch. VIL'§1). Aany
Ppair of points (P, @) will then be associated with/Fhe interseetion
of the z-generator corresponding to P with the’g}:geneI'&tor corre-
sponding to @; and the curve, D say, whose\points represent the
pairs of the (m,%) correspondence will ’bex\an (n,m) curve on &,
meeting generators of the two systemsixn‘n and m points respec-
tively. Conversely, any (n,m) curv€ ofi 8 defines an {m,n} corre-
spondence between » and y. %\ :

The relation x = y definesta particular plane section of 8,
meeting D in the m+-n poinits corresponding to united points.

The branch-points P*and Q* are associated with generators
of the two systems whioh-touch D, From our previous result there
follows the corollasy'that, in general, an («, B) curve on a quadric
is touched by 2008 —1) generators of the firsd system and by
2B(x—1) generators of the second system.

EXAMPLE /)0 .

A gergreél‘(m,n) correspondence has 3{m2-+nt—m—n) fnvolulory pairs
(£, Q),(such that P bolongs to the set T(Q) and also @ helongs to the
set TEP).
. 1§‘jﬁftion= The involutory pairs will have parameters sstisfying the two
\Guations F(z,y) = 0 and Fly,x) = 0, representing ¢ and its reflection
€ in the line . — y. In general thege two curves mect in a number

(m+-n)*—2mn = mEn2
of points not at infinity; and these will inclnde the s 4n united points

The temaindor correspond, in symmotricat pairs, to the stated number of

involutory pairs of the corresponderice.

1.2. In?o{utions. Among correspondences with equal indices,
we may distinguish two important special types as follows.

A eorrespondence T is said to be symmetrical if the corre-
spondence in T of any pair (P, P’) implies the correspondence in
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T of the reversed pair (P, P). If the equation of T is #(x,2") = 0,
then the polynomial F(w,z’) must remain unaltered, save possibly
in sign, by the interchange of  and #'.

A correspondence T may also be cyclically symmetrical. To
explain this very special type, we suppose T to be an (n—1,n—1)
correspondence, and we denote by G™ a typical group of # points
(P,,..., P,) formed by adding to any point F the n—1 points
P,..., P, which correspond to it by T. Then T is eyelically sym-
metrical if every such group G” arises symmetrically from eachy
of its points; in other words, all the points of (® must corre®
spond mutually in T. <N\

Thus, for example, any symmetrical (2, 2) corresponde,nef; on a
conic % is generated by chords P@ of k which touch angther conic
¥ but if and only if % is triangularly eircumscribedo k', is the
correspondence ayelically symmetrical. The grqupg e in this case
are the triads of points of & whose joins touck %" :

A eyclically symmetrical {n—1,%—1) co fespondence on 4 line I
cloarly separates the points of £ into coliubually exclusive groups
of n points; this leads to the idea of an/involution of order » on
2 line, which we define as fo]lciws,::‘f: ' _

DEFINTTTON. A series of sets G ‘of m points on a line ! is said
to be an involution of order s if (i) the points of a generic set Gn
of the series are all djstinc{ wnd all variable, and {ii) an arbitrary
poins of I belongs o précisely one seb of the series.

We now prove the?glowing fundamental theorem:

TEROREM 1. Thésets of any involution on @ line form a linear
series, given byaw equation of the form U-4-AV == 0, where Uand V
are polynopGils in the coordinate & of a point of the line, and X 8
a mriab{e%mmeéer. '

Tosprove this, we consider first the oyelically gymmetrica
{5¥n—1) correspondence on the line, which is determined by
the’ condition that two points correspond if they belong to the -
samo group of the involubion; and we suppose the equation of this
correspondence to be F(z,x’) = 0, where F is a polynomial of
degres n—1 in 2 and in .

The equation (@—a')Fiz,2') = 0 - (8)
defines & set G* of the involution if either ' or  is regarded 8s
fized and the equation solved for  or #’. We may write if in the

form ol -y (2 Y1 e (x) = 0, (7)
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where each coefficient a,(#') is a polynomial in 2’ of degree not
exceeding n; and we observe then that, since all the roots of {T)
vary with «', the coefficient a,(x’) is not identically zero (for this
would give a fixed infinite root), nor can all the ratios

&y Oy @y
E&;’ a‘_‘aa ey %’
be independent of &’ (for this would fix all the roots).

Choose now any one of the above ratios which really does yary
with o', and let this be, for example, a,(x’):a,(x"). I @y,..,o x> are
the = roots of (7), one of them, say 2, being =’ itsolf, thent this

equation by hypothesis remains unaltered (as an equation for )

if o is replaced by any ome of z,,..., ,. Thus ™ '
() | ay(,) ay(x,) &t
—— = e = L e =D XK.
o) ay(e,) aolLn) N 2; ¢
Hence ,,..., 2, are roots of an equation’.’\\”
a0y (%) — Aty =§0 (8}

for some value of the parameter A; and they are in fact the only
Toots of this equation since theyrare in general distinet, and oy, &
have degrees not exceeding 225This proves the theorem.

A point of the line which‘counts twice in the sot G to which
it, belongs is called a doudle point of the involution; and the set
of all such double 0'{1&31 18 called the Jacobian set of the involution.
This set comcidep%mdently with the set of united points of the
assoclated (n—-ha-—1) correspondence; and it follows therefore
that an inval}ftion of order » has in general 2n—2 double points.

() )
1.3.\11313‘01?!1’3 Thearem. The theorem of the preceding section
leadg?\at onee to the following important result.

ASHEOREM 1. Any curve which is capable of a rational parameiric

We need only consider the cage of a plane curve €, as the proof

for a curve in space of any dimension is exactly similar, Suppose
then that € has a parametric representation

Yz = fi{E):£oll): f5(0),
where f,, f,. £, areé polynomials in the parameter . We have to
show that the points of O are in (1,1) correspondence with the

points of g line, or say, with the values of another (or the same)
parameter A,
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To any value of ¢ there corresponds certainly a unique point
of O : bub it may well happen (as, for example, with the parametric
equations x:1y:z = $4:¢2:1) that every point of € is given by more
thsn one value of #, so that the correspondence between poinis
of ¢ and values of ¢ is not one-one but one-many.

Suppose then that a general point of €' is given always by each
of o values of £ (in general all distinct), forming a group G, so
that the points of € are in (1,1} correspondence with the co!
groups G so arising. These groups @7 clearly form an involution; \
and hence, by Theorem I, they are given, for various valugssgf

the parameter A, by an equation of the form N\

N

w{f)—Av(t) = 0. AN

3

The groups G¢, and hence alsq the points of €, are; (1, 1) corre-
spondence with the values of this new paramisler A = u{f)/e(f);
and this proves that (' is rational. A~

The new (uniformizing) parameter ) if ®vidently a rational
funetion of ¢, which takes the same valubaiovery point of a set G°.

Nofe. It js an interesting fact that the above theorem has an
anilogue for surfaces, but not forithreefolds or for manifolds of
higher dimension. This means,}léfféctively, that although every
involution on a line or in a Plaih’c is necessarily rational, yet there
exist spatial involutions shose point-sets cannot be put in (1, 1}
correspondence with t;kq pbints of another space.

§.20 CORRESPONDENCES IN A PLANE

2. The fundameéntal form. In regard to pairs of associsted
points (P,Q7ii'a plane, we adopt, for greater generality, & slightly
different{point, of view, The theory of a correspondence on & line
can begegarded as the geometry of o' ordered point-pairs on the
linej\and the immediate analogue of this in the plane would be
thf?-’geome{;ry of a simply or doubly infinite system of ordered
Point-pairs in the plane. With a plane point-pair, however, there
1s asgociated in general a joining line; and & more complete theory
s evolved if we take this formally into consideration.

We introduce, therefore, as the basis of our plane theory, a
fundamental form, consisting of a line  and an ordered pair of points
(P,Q) on I; and wo denote this combination by the symbol
.o I p , @ coincide, the form is not defined till the line
through the point of coineidence is assigned.
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We shall consider below the geometry of (i} a simple infinity,
(ii) a double infinity, of fundamental forms (P, ¢; I}, embracing
thus the theory of plane correspondences of a simple infinity ot
of a double infinity of pairs of points.

2.1. One-dimensional correspondence in a two-dimen-
sional field. Consider a simply infinite (algebraic) system Z; of
fundamental forms (P, @;1). Such a system has evidently three
characteristic indices, namely: Q)

(2} the number o, of forms of ¥, in which P lies on a giyep.line,
(b) the number , of forms of X, in which @ lies on sygiven line,

(¢) the number g of forms of Z; in which I pa,gsés iahrough a
given peint. 7

- A form becomes specinl if, I remaining deﬁlﬁté,. P and ¢ coin-
cide; we denote by ¢ the number of such, special forms—hricfly
called coincidences—which occur in Z,, {ﬁ& we proceed to prove

THEOREM II. A4 one-dimensional eorrespondence whose indices,
in a two-dimensional projective field; are (ay, oy} p) has @ number
of coincidences £ given by N
T e @

To prove this, we estdblish a correspondence between rays u,?
through a fixed poinj:kﬂ}by the condition that «,» contain, respec-
tively, the point, Pand the point @ of a fundamental form of Zy.
The indices of thiy correspondence are clearly (x,, o,): and a united
Tay arises ejther from a coincidence of P with @, or from a form

of X, whage axis [ passes through 0. Hence {-+-p = a;+o, which
proves, £he thecrem,

Géneralization. The above theorem and its proof can be

gqﬁei"a,lized at once to apply to a one-dimensional correspondence
\'an r-dimensional field. The indices «,, «, ate now the numbers
of forms (P, @;1) of ,, in which P and @ respoctively Lie in an
arbitrary [r—1]; and p is the numher of those whose axes I meet

%n arbitrary [r—2]. The number ¢ of eoincidences is still given
y (9)-

2.11. The symmetrical case. The expression of the above results
must, for convenience, be modified when the correspondenc®
between P and ¢ is symmetrical, i.e, when, for every form (P , @50
belonging to X, the associated form (Q, P;1) likewise belongs t0

;
;

e s
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3,. Inthis case @y == ap = x82y; but we must distinguish between
the index g of X, and the number, v say, of joins P§ which pass
through a given point; for each such join iz associated with two
forms of X, so that p = 2v.

If [P, ;1] is used to denote a modified fundamental form con-
sisting of a line I and an unordered pair of points P, ¢} on I, then
any simply infinite family 2} of these modified forms defines a
symmetrical correspondence of the type under consideration; and
the number ¢ of coincidences (forms of £ in which P, ¢} coincide) '
is given by £ = 2a—v), < 69"}
where « is the number of forms of S in which one of the points
P, @ lies on & fixed line, while » s the number of formgdn which !
passes through a fixed point. R4

This result admits of the same generalization &s/Theorem IIL.:

ExsanrrEs 7o

1. Tn any (a,o’) correspondence between the I}(}}dﬁs of twe curves C, ¢,
of orders #, n’ respectively, the class p of thnvelope of joins of corre-
sponding points is given by "
M= m’—l-@tfi?:“’”’&s
where { iy the number of mterseetieﬁé Wf € and ¢ which correspond to
themselves. N

2. In any unsymmotrical (enfR) correspondence hetween points P, @ of
& curve O of order n, the 13@8 n of the envelope of P@ is given by
AN p = nat-B)—9,
where § is tho numkdp’ef the united points of the correspondence on .
For a Symmet-ri{a,L X, ) correspondence, the formula is
a° = no— 3.

S I 813}9% éa are three general conies, discuss the correspondence' of
the %" paiss of points which are conjugate with respect to all three conics.

4o Ii\éun-'es 0, ", of orders n, »’ rvespectively, lie on & ruled surface of
. erf;c and meet the generators in o, of points respectively, prove chet
they intersect, in ipoints, where
. 1 == no’ +n'a— koo, \'
gﬁl‘lfy this resylt independently for curves on & quadric. [Use the exten-
on of Theorem TIT to point-pairs of space.]

se(i'ioihow’ by means of a correspondence, that the 190115 of points of n:;:e;-_

respe t'Of cor.reSpondiﬂg curves of two rolated pencils of orders 7, 8NG %z
SPLG tvely, is a curve of order ) -1

the c?l“’: more generally, that if thers is an {rys7a) corresponde.nce. be’_oween

4574“ &8 of two simply infinite systems, of orders »;, % and indices pas e

F
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respectively, then the locus of intersections of eorresponding curves is of
order pi,r my+py7ey. (The dndew p. of & simply infinite system is the
number of curves of the system which pass through an arbitrary point.)

6. If ©, ¢’ are two plane curves of classes m, m”, prove that the locus
of the point of interscotion of tengents to ¢ and ¢’ which make a fixed
angle with each othor (in a fized sense) is in general of order 2mm’. H ¢/
is identical with O, prove that the corresponding locus for O is of order
2m{m— 1),

7. A plane curve C is of order »n and clase m, and P@ is a variable chord
of it which passes through a fixed point. Prove that, in gencral, the erder
of the eurve described by the point of intersection of the tangents at P

and Q is Im({2n— 3). How must this result be modified for & curveposscssing
cusps ¥ >

8. A correspondence of oo pairs of points (P, F) in the ‘plane is such
that (i) to arbitrary points P;, F, there correspond v, pginté B, and y; points
P, respectively, (ii) an srbitrary line contains », pointsiF, and n, points B,

(iii) the number of pairs (P, B} whose joining line.passes through an arbi: |

trary point is ¢. Show that the number of cqims}dences of P, with F; iz
' nlvl—f—'ngva—g:x\ )
Btate the corresponding result for oot p}:-mtpaars in space.
9. A plane curve ' has order n and:élass m. Show that, in general, it

touched by ny-+my curves of any §ywtem of indiees p and v (i.e. such thet
# curves of the system pass threugh & peint and » touch any line).

10. Find the number of(lines of a regulus which touch a surface of
order #. \

£ 3

2.2 Two-dimghs}ona! correspondence in a two-dimen-
sional field. MWe>consider next a doubly infinite system X, of
forms (P, Q:%%n the plane, Tt will normally happen that every
point of the plane is the point P of one or more forms of £, and
similafly.for Q. Thus the geometry of 3, is the geometry of &
cor;-q?jpondence which normally extends over the whole plane.
Afindices of T, we take the following:

) {a) the number «; of forms of %, in which @ is fixed,

(b) the number «, of forms of 2y in which P is fixed,

(¢) the number ay, of forms of 3, in which £ lies on one given

line and § Kes on another given line,

(d) the number p of forms of T, in which 1 is a given line.

-We expect a simple infinity of forms of 2, to have P coineident
with ¢, and we refer to the Iocus of such points of coincidence of
P with @ as the coincidence-locus of Z,. Similarly we refer to the
total envelope of coincidence-lines I (associated with coincidence-

AR

T i T et i B
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points) as the coincidence-envelope of 2. It should be remarked,
however, that %, may possess a finite number of isolated complete
coincidences U, sach that if 1 is an arbitrary line through U, then
(7,71 is a form of Z,. Such points enter as component curves
of order zero into the coincidence-locus, and give plane pencils as
components of the coincidence-enrvelope.

We now prove the following theorem:

THEOREM 1v. A fwo-dimensional correspondence, of indices (xy, ,
ag 003 ), 00 @ two-dimensional projeciive field has coincidence®
locus of order £, and a total coincidence-envelope of class {, where)

"N\ .

(1) &= ogp—ns (ii) Ez oyt oy e Y \,

Let the form (P, ;1) vary, in Z,, so that P desczziﬁes a line L.
Then @ describes an associated curve-locus K apd ¥ describes an
envelope A. ‘The order of K—the number of i@ intersections with
a line I'—is equal ovidently to oy, But Kmeets L itself in p
points @ belonging to the u forms of Bydor which § = L, and in
the ¢ points in which I meets the, ceincidence curve. Hence
£+p == a,,, which proves (i). ) '

Furthermore, the clags of AJ~.*ﬁz]iich we may denote by A, is
evidently the number of forms'ef =, whose point P lies on L and
whose line ! passes through\an arbitrary point; by taking this
arbitrary point to Iie o{'\ﬂ,’ we obtain at once

) A = wytphe

Now consider(thé correspondence between rays #, v through
a fixeqd point~0\0f the plane, such that there is a form of %, for -
Wh.j(‘h P i\i&(ﬁﬁ u, Q Hes on v, and [ passes through a second fixed
point QANIF 4 is fixed, the number of corresponding rays ¢ is
cl?’ﬁﬂ?“ = ay+p; and similarly, if » is fixed, the number of
Qrresponding rays u is «-bp. Coincidences axise from (i) the
{ lcﬁl'llcidence—]ines through ©O’, and (ii) the ray 00’, which
¢vidently counts as a u-fold coincidence. Thus

ag oy fp = L
§ = oytogtpe

This somplates the proof of the theorem, which, like the proceding
g;lg-’ ean be extended (with slight modifications) to systems 2, I
Inary or higher space (cf. Ex. 3 below).

ie,
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ExAaMPLES

1. In the most general plane collineation, o; = oy = &y, = = L. By
Thecsrem IV, then, £ = 0, { = 3. Thus there are three complete isolated
coincidences. '

2. In any plane collineation, oy = oy = oy = 1. Then § = 1—p, so that
cither p = 1, £ == 0, as above; or p = 0, £ = 1. In the latter case £ == 1,

= 1; and the eollineation is an homalogy in which the coincidence curve
iz & line and there Is one complete ecincidence in addition.

3. For a system X, in {3], if the eoincidence eurve is of order § ntd ‘the
coineidence-lines form a ruled surface of order £, then formulas smalogous
to those of Theorem IV are A

(i) €= op—p, (i} £ =oqte+p—ry >
where g, is the number of forms of T, in which Q lies in‘ti arbitrary line,
@y hag & similar definition, ay, is the number of forngs @t which P and ¢
lie in assigned planes, 4 is the number in which I 1iegn a given plane, and
v ig the number in which I passes through an arhit®ary point.

4. An interesting special cage is that in Wh'ich}here are only ool points P.
Suppose, namely, that P always les on g fixed eurve ¢ of order , that to
any pomt P of ¢ there correspond all the ﬁaoints Q of & curve ¢ of order &,
and that as P varies on ¢ the curve gdeseribes & system of index 8. Then

m=f =0, o ":.}}"“:' a, £=10, {=ptas
’I.‘he coincidence envelope consigtsin this case of the B+aw’ points P which
lie on their corresponding civves g; and if g alse is a fixed curve, the
envelope consists of the o{ Intersections of ¢ with g.

‘Thesq.e results a.drniy{"f; immediate generalization to space of arbitrary
dimension, and we h{by ‘deduee, in particular, the following uscful resulb:
) Iff m. speice 0.)': gy dimension r = 2, the points of & curve ¢ of order o are
in birational catrespondence with the primes of a developable of class B, then
the number Qf”'pozms of ¢ which lie on their corresponding primes is o+

\ §3. ZEUTHEN’S RULE

3. Multiplicities of the coincidences. The chief difficulty in
Applying the correspondence principle to the solution of geo-

{\metrical problems lies undoubtedly in reckoning the multiplicities
?f the coincidences, particularly when these separate themselves,
n any given correspondence, into distinet groups oceurring 1o
qu‘lte.dlfferent ways. In the geometric ropresentation of §1.2, the
coincidences of an (m, 1) correspondence on a [ine were represented
by the intersections of the curve ', whose equation is F{z,y) = 0
with 'the line x = 5. In any given case, the curve ¢ may have
multiple intersections with % = y, arising either from tangencies
of € with this line, or from multiple points of € on it, or from
combinations of these two possibilities. Unless therefore we have
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some rule enabling us, in any case of doubt, to estimate the precise
multiplicity of any given coincidence, it is oftén impossible to
arrive at an exach conclusion. In the previous work, we have
implicitly assumed the possibility of verifying that the multiplicities
of coincidences were what they appeared to be.

Suppose then that the point givenbyx =y = @ is & coincidence
of the eorrespondence represented by Fx,y) =0, and consider
the correspondence (z,y) in the neighbourhood of . To every x
near @, there will correspond a values of % of which one or more, -
SAY §y0r0, ¥, Will likewise be near to ¢. To caleulate the multiplicity:
of ¢ in the group of m--n united points, we may apply the follow-
ing theorem discovered by Zeuthen: O

THEOREM V (Zeuthen’s Rule). The multiplicity of any united
point a in the group of united points of a correspandonte (x,y) on &
line is equal to the sum of the orders of the infinitedmals

Y1—% Yo%, Y& ‘\‘?s_'x
as compared with x—a (as unitary infingtesimal), where Yy,.., Y 0T

those of the values of y, corresponding\jo o giver &, which tend to a
with x. .

Before proving this formally} we indicate briefly how it operates.
What is wanted evidently(ie'the number. of intersections of the
line 2 —= 5 with the curved at the point (z,a); but what is available
usually, from the gegnietrical constructions setting up the corre-
spondence, is o knowledge only of its algebraicity, its indices m, 2,
and the way inGyhich coincidences of different typos arise.

It is POSﬁilaiiia\usuall3?, in the case of any coincidence @, fo see
how ma‘-"}bﬁmlznt-s of the set T(z) tend to & a8 & > &; but this may
be difiexent from the number of points of the set T-1(y) which
tend™$0 ¢ as y — 0; and it is important to realize that either or
'h?tk these numbers may be quite different from the required coin-
cadem:e-mult@g.ic,ity at a.

Consider, for example, the following diagrams showing whab
ey happen in the geometrical representation:

Pig. 1 represents an ordinary simple coincidence in which one
Y tends to ¢ as a — .

Flg 2 simple coincidence; as @ — a, two values of  tend to &.
anﬁ‘;g. 3 double eoincidence; as ¢ — a, one value of y tends to &,

AR Y~ g, one value of x tends to a.
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Fig. 4 double coincidence; as x -+ @, three values of % tend tog,
and as y — a, three values of 2 tend o «.

x=y
Y e
a
i |
o A~ }
0 & AN ‘
Fia. 2 '\:\

0 a2 x Xe 0 ax X
Fie. 3. AL Fra. 4.

Thus the numbt{rgo bf% which tend to ¢ as x tends to « is no

certain indication of the multiplicity of a; for any one of these ¥

may count, as ifswere, as a multiple, or as a fraction, of & coinci-

dence. Thenetessity for a closer inspection, on the lines of

Zeuthen g’ rle is apparent.

Retitthing now to the proof of Zeuthen’s rule, we prefix the
following lemma,

o :;EEBIMA. If O(X,Y) =0 is the equation of an algebraic curvé
Npassing through the origin, and nof containing the line X = 0 as
component, and if, as X - 0, @ set ¥,
of Y tend to zero, then the multiplicity of the intersection of the curve

with .Y = 0 at the origin is equal to the sum of the orders of the
nfinitesimals ¥,...., Y, relative to X.

wes ¥, of corresponding values

To prove this, we write the equation of the curve in the form
OX,7) = A+ A, ¥+, 4,77 = 0, (1)
where the 4; are polynomials in X. By saying that @ has ap
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intersection of multiplicity p with ¥ = 0 at the origin, we mean
simply that the polynomial $(X,0) has X as p-fold factor. Thus

pissuchthat 4 Xp 4 (o> 1, 4(0) 5 0).

Let ¥,,..., ¥, be the roots of (1); and suppose that, as X — 0,
T, 7, tend to zero, ¥,....., ¥, remain finite, while ¥ g Yo
tend to infinity. Since X is not a factor of @, the equation
®{0,Y) = 0 is not illusory and its roots are the limiting values
of ¥,y ;. It follows from this that X is a factor of 4,,, 4, 1.0,

4,y bubnot of 4,. Now
Aa’ = i“{ﬂ 2 (1/_’;05), ) '\:>
where p_ is a typical product of any o of the n roots. As >0,
the partioular term 1/(¥;...¥,) in the summation is evidently of
& greater order of magnitude than any other; and 'y{nc’e, since 4,
does not vanish with X, \/
.., = K4, = K'XP, N0
where neither K nor K’ vanishes with X, .Jl?xif‘f&]ly, since ¥, 4q5- Yo
have finite non-zero limits as X — 0, it follows that
;... ¥, = KX,
where K” is finite non-zero ab X: "0; and $his proves the lemma.
Zeuthen’s rule now follows ffom the lemma by a simple change
of axes. Thus, to evaluaié the multiplicity of intersection of the
curve Fiz,y) = 0 wit 4;318’ line # — y at the point (a,a), we write
XK= z—a, Y =y—=x,
and the problem¥éduces to that of the lemma. If ¥p.s % are
those values Q’f}j, corresponding to given z, which tend to @ with
%, then the Yetpuired multiplicity is equal to the sum of the orders

of ¥; =¥~ (i = 1....,5), relative to X = z—a; and this proves
the Aheorem.

\GOROLLARY. In a correspondence belween rays u, ¥ of o pencil,

th maultiplicity of any coincidence ray a is equal to the sum of the
orders, velative to the angle @ as unstary infinitesimal, of the in-

ﬁn%tmml angles o~ * -
u'vl, u'vg, wnry Iu’vg;

:"{;?:}:‘" Y1,y ¥ Gre the rays v, corresponding o which tend 1o &
. -

Thil-‘l follows at once by taking a scction of the pencil by a
gemeric line of the plane; if this line is p and if the vertex of the

O



.
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pencil is O, then any small segment of p subtends a comparablet
infinitesimal angle at 0.
If the vertex of the pencil is at infinity, Zeuthen’s rule will be
applied, of course, directly to a section.

3.1. Modification for a one-dimensional correspondence in
the plane. In§2.1 we considered a system £, of co! forms (P,Q; 1)
and by joining P, @ by rays u, » to a fixed point O and considering
the correspondence (u, v}, we found the number £ of coincidenegs.of
@ P with Q. We wish now to extend Zteqthen’s

role to enable us to calculate themulti-

;7 Plicity of any coincidence U i;n.such a case.
We choose 0 so that the™ coincidence

“ ray @ = OU satisfies the twotfollowing condi-
tions: (1) @ contains no¢eintidence besides U,
(i} @ is not the joiming line I, limiting or
otherwise, of anydapm of T,. In virtue of
these conditioni bhe multiplicity of I, as a

Fre. & coincidence in\¥,, is equal to that of o as s
coincideneerhy in the correspondence (¢, ).

Of all the points P, belonging to forms of 2, which lic on 4,
a cerfain sub-set 7%,.., Pywill approach U/ as w — a; and of
the companions Q,..., G, of these points, a certain sub-set, say
Qoo @ (1 <8 < o, Will ikewise approach U7; and in virtue of
(il) no companion peint Q of any other point P of % can tend to U\
Thus, of all the ¥a¥s v corresponding to w, the set 0¢,,..., 0Q,, and
these alone bend to @ as u — g, By Th. ¥, Cor. 1, the multipeity
of ¢ is theim of the orders of the angles 4%, relative to 4. Now
if & 1s\t\huar perpendicular distance of U7 from w, 8 and @& arc like
infinftésimals (0T being finite); and if @, corresponds to B, their

join, by (ii), tends to a limit distinet from @, so that the length
VF/Q; and the angle %¥; are like infinitesimals, Hence the multi-
plicity of U—equal to that of a—is the sum of the opders of the
lengths of such joins, relative to §. This proves the following rule:
THEOREM vI. The mult
spondence of ool
We take a line
neighbour fo g

iplicity of a united point U of any corre:
point-pairs in the plane is to be evaluated as Jollows.
L; passing close to U, at distance § from. it, and not
ny join (limiting or otherwise) of a pair of the corre:
T We gpeak of two infinite

A alk of b simals as being comparable or Fke if their ultimabe of
limiting ratic is finite and NON-Zero.
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spondence; and we consider pairs (P, Q) of the correspondence, close
to the united point U, such that P lies on L. Then the multiplicity
of U is equal to the sum of the orders of the infinitesimal distances
PQ between the points of every such pair, relative to 8 as unil
infinitesimal. :

Instead of 8 we may take, as unit infinilesimal, any one of the
distances PU, provided thot L is not neighbowr to the limiting join
of Pand U. :

§ 4. APPLICATIONS OF ZEUTHEN'5 RULE

4. Zenthen’s rule opens the way to a series of elegant and rigorous
applications of the correspondence principle to the solutien of
fundamental enumerative problems. Foromost among tiiese appli-
cations is the following proof of Bézout’s Theorem ehthe number
of intersections of two curves of orders m and.s{Ch. I, §3.2), and
the interpretation of the theorem in the case whep the intersections
in question are not all distinct. el

4.1, rHROREM VvII (Bézout’s Theore-m}.: ) Twa irreducible plane
curves of orders m ond n ?’especiéwely’méet' in mun points, distinct or
toincident. N

Let the curves be €™ and G‘”:;:a]nd let O be an arbitrary peoint
not on either curve. Also Jet "El be the system of fundamental
forms (P, ;1) such that A2 lies on O, @ lies on €, while [ passes
through 0. There a-r(\"ml' points P, on an arbitrary line; and to
these there correspehd mn points @; on the rays OF,. Thus the
ndex «, of the gyebom (cf. §2.1) is mn; and similarly o has the
same value. }greover, any ray through O contains mn pairs P,
and one Sl@i‘i'ay passes through an arbitrary point; so that the

tlh]ir d indéxy of X, is likewise mn. Hence I, has ¢ coincidences
where O -
N

*

o § = aytop—p = mn-Hmn—mn = M.
8inge any coincidence U is necessarily an intersection of £ and
%, the theorom is proved.

Of more importance than the above proof is the fact t]}a‘o
Ze“t?eﬂ’s rule now enables us to assign a definite intersection
Ig:ltlpﬁcity to various types of multiple intersection of ¢ and
- We employ the rule in the form given in Theorem VI. Thus:
Hin(ll}llf U Is an ordinary intersection, at which €™ a,n.d ¢ have
N p '3 POmt:q and distinet tangents, then only one pair of corre-
Ponding points (P, Q) tends to U; the lengths PQ and PU are
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comparable infinitesimals {of. Fig. 6); U counts simply therelore
as a coincidence of P with @, i.e. as an intersection of ¢ and (*.

(i) If U is a point of simple contact of O™ and C™ (cf. Fig. 7},
then only one pair (P, ), with P on L, tends to U; but the length
P@Q iz an infinitesimal of order 2 relative to PU. Thus U counts

L Cm
¥

[}
______ P
4] Q 0 »

a/npP O
cr RS
Fra. 6. Fic. 7.

AN . ‘
twice as an intersection of O™ and Cn. More generally, if U isan
ordinary confact of order r—1, thqn‘P is of order r relative to |
"PU, so that U is an r-fold intersectien. '

(iii) If U is an i-fold point of €™ and a j-fold point of C%, and
if the nodal tangents of Cmard all distinct from those of ¢ at U,
then L contaius ¢ points P close to U, to each of which gorrespond
j points @ close to Udand all the lengths PQ and PU are like
infinitesimals, Thqg\iU’ counts j-fold in the group of intersections
of O™ and O™ X

In the sameway we could evaluate the intersection, multiplicity
in more gomplicated cases. The method reduces the problem i

each case %o a local estimation of relative orders of magnitude of
certain\nfinitesimal segments.

(42 Plilcker’s equations. A plane curve may in genersl be
{ yregarded bofth as a point-locus, given by a point equation
Plx,y,2) = 0, and az an envelope, given by a tangential equation
(I, m,n) = 0; and in many cases, by shifting from one of thes®
aspects to the other, we may usefully apply the principle of duality

to derive new formulae from such as we may have already ¥
covered, Before attempting to do $his, however, we must recognizé
and overcome one difficulty, namely that, as regards the point and
tangential equations involved, a goneral point-locus is a special
type of envelope, and a

e ¢ general envelope is a special type ©
point-locus. -
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Consider a point-locus € represented in homogeneous coordi-
nates by F(z,y,2) = 0; and consider also the envelope ", repre-
sented by F(I,m,n) == 0, which is dual to €. To a doubls point
of € there will correspond a double tangent of ; and if the
double point becomes a cusp {(by coincidence of the nodal tangents),
the douhble tangent becomes an inflexional tangent (by ccincidence
of the points of contact).

Now a point-locus, given by a general equation of order # in_
%, ¥, %, has no double points or cusps, but has in general sorie
double tangents and inflexions; and dually, a general envelopgthas
double points and cusps, but no double tangents or inflexors.
Hence in order to apply the principle of duality, we must allow
the eurves under consideration 4o have both classes of: giﬁgularitiea,
point and tangential. For simplicity, we supposeghetypical curve
€ which we propose to study to have no highet\dirigularities than
those we have just mentioned; that iz to say;%vé suppose that the
enumerative properties of €' are sufficiently described, for our
present purposes, by the following six Characters:

R

the order of O, ANY
the class of C, O8N
the number of double“points of €,
the number of dowble tangents of C,
the number of Q‘ugps of €,

the numbenof\infiexions of C.

These six charactdes are called the Pliicker numbers of 0. We lqok
for relationg ampng them, remembering that, from every relation
we find, ‘V{I?éy derive a dual relation by the substitution

N

j’.’; (n m & T K .r.)

o ox 9 o m s

) m n T 8 L K

m\J
& Y

4:2.1' The class m. To determine the class of , we consider
1;]31‘3 simply fnfinite system of point-pairs (P, Q) of €, whose joins

Q_ Pass through a fixed point O; this system is the analogue for
& single curve of that depending on two distinet curves in the
Proof of Bézout’s Theorem. The indices &y, o, o of the SyStel?ﬂ
:11;6 ®ach equal to n{n—1); and the number of coincidences is
Ofemfom #n—1). A coincidence is either (i) a point of contact
... proper tangent to ¢! from 0, or (ii) a double-point of 0, or
(i) o cusp of (7,



7% RATTONAL CORRESPONDENCES ' IV, §4

A point of contact T' counts once as a coincidence; for on apply-
_ing Theorem V, with. the line I as shown in Fig. 8, one pair (P, ¢)
tends to 7', and the distances @, PP are like infinitesimals.

A double point .D connts twice as & coincidence {cf. Fig. 9); for ¢
two pairs (B, @,) and (P, @) tend to D, and the lengths concerned 2

are comparable as infinitesimals.

L
O\
.\:\’
P Q O ’
o T A\
RY
Fre.8. (O
&K
N, L
KQ 1
/1B
0
o~ . : Fre. 10.

Al \sp K counts thrice as a coincidence; for again two pairs

(B34,) and (B, @,) tend to K (cf. Fig, 10), but cach of F; & and

N 3 @, is of arder 3/2 as compared with P, K or B, K, as call é

N\ verified immediately by taking the local equation of the curve in
the form y = axi--.... Thus

n(n—1) = m+28+ 8. (1
This, and the corresponding dual equation, can be written in the
forma

m = nln—1)--28— 3« {2

n = m{im—1)—2r—3u. {3)

4,22, A fuﬂh?'r relation. To find a further relation, we conside!
another simply infinite system of point-pairs of €, defined bY £he

LM
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e
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ot pr—
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condition that ¢ is any one of the n—2 further points in which
the tangent at P meets C. For this system, o; = n{n—2); and
since m—2 tangents can be drawn from a point @ of the curve
to touch it elsewhere, w, = n(m—2). Finally, p = m{n—2); for
every one of the m tangents to € through an arbitrary point

g
F L\
(NS
Q O
e
Fra. 11 v
D
S\
o {5
N K
&
2
\:‘ > 7 L
g, 12, Frc. 1.

c?nta'hls“i?;>—2 pairs (P, §). Thus the number § of coincidences is
Ziventhy

SV dntom — Sn(a—2)— 45

¢ coincidences occur evidently ab infiexions, double points, and

tusps of ¢,
v Aninflexion iz a simple coincidence; for, in applying Thef) ot

> One pair (P, @) tends to [, and PI, P are like infinitesimals
whose ultimate ratio is actually 3 (cf. Fig. 11). .
. A double point D connts fwice (cf_ Fig. 12); for two pairs (Pp Ql)
cnd (P, Q,) tend to D, and each of the lengths P, ¢; and 3 Qa 18
Omparable with P, 1D or B, D.

A cusp K slso counts twice (of. Fig. 18); for the application of
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the rule leads to the same state of affairs as in the case of a doubls
point. Thus § = -23--2«, and this gives the formula

3n(n—2) = 1+ 684 8« (4}
to which we add the dual relation
3m(m—2) = w678, (8)

4.23. The relations (2), (3), {4}, (5) are not independent, as

appears by multiplying the first pair by 3 and adding; but any
three of them are independent and suffice, for example, to express

m, 7, v in terms of n, §, x. In fact all possible relations 'bﬁerﬁ%veen
the six Pliicker numbers are consequences of (2), (3}, Jand (4).

Among such relations we note in particular RO .
Hm—mn) = 1—=x; \\ . (6}
and if we introduce the genus p of ¢ {of. Ch,) IIi, §3.3), given by
p = Hn—1)n—2) 2%, M |
we can derive a dual formals for the’{;eﬁus namely
p= (m—l}(m—g)—-r—r, (8)
Finally the reader may derwe “the particularly simple formulae
mes 2n+2;p 2—x, )
(P = 2m-2p—2—.. (10)

\
4.24. Plane cué@é By means of the Plucker equations obtained

above, we m&y ch&rac’senze the three different types of plane cubit
as follows:

\
\ 5
‘A\_" [ # m & ® k T 3 | P
& yNon-singular cubie . | 3 6 0 0 0 9 1
b Nodal cubic 3 4 1 0 0 3 0
i ), Cuspidal eubic |, 3 3 ) 1 0 1 0

O
It may be noted that the dual concept—the curve of clags three

(or class-cubic)—is in general of order six with nine cusps. Only
the cuspidal cubic is self-dual, with order and class both equal to

three.
Examrres _
1. Find by the above methods the class and number of inflexions of &

cwrve of order n possossing only ordinary multiple points O; of ol
plicities 2. \
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2, Obtain from Plilcker’s equations a proof that the generie rational
curve of order # has }n—1){n—2) double points.

3. Enumperate all the quartie curves which have only Plilcker singu-
larities, and find their Plicker numbers, Show that one such fype is
self-dual.

§ 5. THE GENUS OF A QURVE

5, Invariance of the genus. In this section we propose to give
an elementary discussion of the fundamental invariant of any
irreducible algebraic curve, namely its genus p, already mentioned
in Ch. III, §3.3. A quite independent and more far-reaching,
discussion will be given laterin Ch. X1II. O

We recall that when a plane curve C, of order =, :hé,s only
ordinary multiple points, the genus p of ' is to be idebtified with
the deficiency; and we note the useful fact that ifi"this case the
class m of €' may be expressed in terms of » ang p.by the formula

m = nt2p—2. (O (1)

We begin by proving -

THEOREM VI -If the poinis of mao.‘ié‘re;hwible plane curves, with
only ordinary multiple points, cande put in (1,1) algebraic corre-
*pondence, then the genera of the-éurves are equal.

Let the eurves be €, €”,.0f orders », #' and genera p, p’, and let
the variable points P ¢ 4 ¢ and P’ on (" be in algebraic (1,1)
trrespondence. Plaiuly the genus of either curve will not be
altered by applying 16 it an arbitrary collineation of the plane,
or indeed any s@ﬁdard quadratic transformation which does not
mirodnee mulﬁple points which are not ordinary; so weé may
Suppose, @‘lﬁut loss of generality, that the multiple points of O
are distingt from, amd not specially related? to, those of . Our
Proof Bmploys an intermediate curve I' which we construct as
folloﬁm,

We chaose two points of the plane, namely 4 and B, which
e generally situated with respect to ¢! and ¢ and also with
To8pect to the correspondence (P, P'); and, in particular, we sup-
Pose that (i) 4, B do not lie on either ourve, (ii) the join 4B meets
no:-,n ™ distinct points and ¢” in »' distinet points, (iii) AB does

tontain any pair of corresponding points P, P', {iv) no pair of

T w . s i
Toing off)‘ éuay assume, in particular, that to the ¢ positions of F at any ’ir_fﬂld

there correspond £ simple points £ of €.
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rays through A and B respectively touch ¢ and " at correspond-
ing points P and P'. We then define I' as the locus of the point
of intersection @ of corresponding rays AP, BFP'.

We observe first that I', being generated by an (n',n) corre
spondence between rays ¢ = AP and b = BP’ of the pencils (4)

is the number of coincidences of

a, b on an arbitrary line. Secoudly,

T has an ordinary n'-fold\point ab

A and an ordinary n-fold poiat at

Tee. 14. B; for to the ray (B4 through B

there correspond(p’ rays through

A (distinct in virtue of (ii) and (ii)) which{are tangents to #'

branches of T at 4; and simitarly for B.\ N\

Since 4 and B arc ordinary multipiﬁoi'ﬂts of I, the numbers

ti1s o Of proper tangents from cacOf them, drawn to touch the
curve at simple points clsewhere,' are given by

p = =200 g == p— 2,
where p is the class of Tydch nodal tangent at either multiple
point counting twice in bhe limiting set of u tangents from that
point. Our proof wﬂl\consist then in showing that the sets of
proper tangents‘ﬁ\zﬁ A to € and to I are identical, as also those
from B to (" and to T'; for this, by (1), would give us the relations
\‘ p—2n' = +2p—2,
' O~ p—2n = 20’4 2p"—2,
sigt%}Xhe multiple points of €, " are ordinary; and these fmply

fat p’ = p.

V" Consider then proper tangents from 4 to € and to I'. Any 18y
a of the first pencil meots C' in » points P, (i = 1,...,n), t0 which
there correspond successively n points P; of €', n rays BP; of the
second pencil, and eventually = points @; of T" on a. Ifoisa
proper tangent to C, two of the points P, are simple consecutive
points of . The pair of points Pj corresponding to these will in
general be simple consecutive points of ¢”; their join will not pas
through B (condition (iv}); the ray joining one of them to B will
not in general contain any other point Pj corresponding to &
different, original point P, on a; and hence they project from B

and (B), is of order n-+n'; for this |

the correspondence determinedby

T L = = b, T AT T Tt L AT
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into simple consecutive points of T on a. Conversely also, it is
easy to verify that, in general (using the full degree of generality
available), a pair of simple consecutive points @;of I' on a can
only arise from a similar pair on ¢’ and eventually from a pair
of simple consecutive points of € on a. Thus the proper tangents
from A to O are identical with those from 4 to T'; and, by what
we have already said, this proves the theorem.

We observe now that the above theorem, as pointed out in
Ch. II1, § 3.3, justifies us in defining the genus of any irreducible {
plane curve C as that of any Noether transform {with ordingry
multiple points) of ¢, Also, with this, we can remove immediately’
the restriction that the curves ¢, (" referred to in the thecrem
should have only ordinary multiple points; for any pa;ir~off Noether
transforms of ¢ and €” will be in (1, 1) correspondenge i € and '
are, and their genera, equal to those of ¢ and ¢l must therefore
be equal. N '

Tt should be noted that the abave thedtém provides only a
necessary condition for the birational eguivalence of fwo curves.
A curve of genus p > © has, in fact,Jother birational invariantg
besides its genus, namely, certain, ihvariant parameters called
moduli. Thus, for example, it cagﬁ.b'e shown that $wo non-singular
plane cubics are birationallytransformable into each other if and
only if a certain modulus hs the same value for both eurves, this
modulus being a functk{i'x F the constant cross-ratio of the tetrad
of tangents drawn frol & point of the curve to touch it elsewhere
(see Ch. IT, Ex. 1a)0

_ 5.1, Genqsﬁ@f a curve in space of any dimension. Any
Fre&ucib}g@we ¢ in r-dimensiona} space (r > 2) can be pro-
lected imyhany ways into & birationally equivalent curve ¢ in
th?«?l.@né; but all such projections, being birationally squivalent
Yoeach other, have the same genus. We therefore define the genus
Ef‘O to be that of any plane birational projection of itsolf; and
his leads at once to the following extension of the preceding
theorem
ma'-zHEOREM IX. The genus of any curve, defined where necessary as
e of any plane birational projection of itself, i invariant Over
Mationg] transformation.
al snlote in conclusion that every simply infinite and irreducible
gdfumc family of entities has a genus, which is that namely of
G
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any curve whose points are in (1,1) correspondence with the
entities of the family. Thus, for example,

(@) the tangents to any plane curve of genus p form an envelope
of genus p (ef. equation (8), §4.23);

(b) any ruled surface, regarded as a simply infinite family of
lines, has a genus, equal to that of the prime sections of the
surface;

(¢) any simply infinite family of planes in ordinary space has
& genus, equal to that of the envelope of lines in whicl\he
planes meet a fixed plane. - O\ ;

1

Tt A RN T T VRS T T

N
ExamrLE

\

Prove that the genus of a generic («, 8) curve on a _quadric surface i

(e—1)(B—1).

&
§ 6. CORRESPONDENCES BETWERRNCURVES

6. Zeuthen’s formula. As an immediajﬁ@ extension of Theorem |
VIII, we may investigate on the same\;}ihes the relation between
the genera p,p" of two curves ¢, (¥ whose points are in algebraic |
{a, «') correspondence. Such a g:gﬁ:espondence will have in general
& number § of br&ﬂch"pomtéjﬂ on U, to each of which there
corresponds a set of o pefitts of €' of which two coincide in
coincidence-point I' of £%; and it will have likewise a number &
of branch-points D,’{Oﬁ ", each associsted with a coincidence-

point I on . Th&theorem of Zeuthen which we now propose t0
prove is as follows:

THEOREM X, If there exists between the points of two curves C, 0,
of generg Py p’, an (a,o) correspondence having S branch-points o
C andi&ibmmk-;points on ', then

S (% —2)+8 = o2p'—2)+ 5. (@
e . i
o \Since we are evidently dealing with properties of curves which
‘N\vare invariant over birational transformation, we may suppose that

€, " are plane curves of orders », ', with only ordinary mll_ltiple

points; and since any particular s-fold point can always he vesolved
into s distinet points, we may Iegitimately assume that none of th¢
. branch-points or coincidence-points of the corregspondence lie ab
the multiple points of either curve.
Proceeding then as in §5, and keeping to the same notation, #°
construct as before the curve I which is the image of all pairs of
corresponding points (P, P') of the (a,a’) correspondence.
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To this end, we choose A, B as before, but subject to the addi-
tional restriction that their join must contain no branch-point or
coincidence-point; and we define I' as the locus of the point of
intezsection Q) of corresponding rays @ = AP and b = BP' through
4 and B. Any ray @ meets  in » points P, (i = 1,...,m), to which
corvespond na’ points P; (j = 1,...,«"); and the joins of these to
B are na' Tays b;; which meet @ in ne’ points @, of I Thus the
correspondence betweon @ and & has indices #'a, na’; and T' is
therefore & curve of order n'a+moe’, having ordinary multipled
points, of mulbiplicities #'a, 7o/, at 4 and B respectively.

Consider then the proper tangents from 4 to T. If two of the
points §; on a arc simple consecutive points of T, then theymay
be assumed, for general choice of 4, B, to arise frémjsimple
consecutive points of C” in the set Pj; referred tolabove., Now
bwo such points of €* may arise either from epdsecutive points
of € belonging to the set P, on @, or from thegsime point of this
set. In the former case @ is a proper tange;ﬁ 46 (' and the set Py
containg o coincidences af points corrégponding to the point of
. contact of ¢; and in the latter case a gmibéjn.s one of the & branch-
points I and the set P;-,j contains g Siﬁgle coincidence at the point
I" associated with D. Thus, of the proper tangents from 4 to T,
o arise from each proper tangeént to C from A, and one arises
from each join of 4 to a banch-point . If p is the class of T,
the number of propept@lg’ents from A to T is p—2n'x; and it
follows therefore that N\

N = 54 (2nt2p— 2.
tn the same }va:jy-\{ve deduce that

~:’§“ = 2no == 8+ (20 - 2p" —2)er;

{

W}}‘?Pﬁf’;’dn eliminating u we obtain the relation

(2p—2)a' +8 = (2p"—D)at+5.
The invariantive theory of curves provides an alternative proof
of the above theorem, based on ideas of a different order {of.
Oh‘- X171, §3.3); and it gives also general properties of the sets o.f
::'nted Points in correspondences on an irrational eurve {of arbi-
ary genus). The seope of the present chapter is limited because

© only Instruments we have as yet at our disposal are corre-
Pondences in a, rasional field.

£

8
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Examrrs 1. If a plane non-singnlar cubic curve C*is projected froma
point O of its plane on to & line Z, then there is a (3, 1) correspondence -
between the points of €? and I. Here p = I, " = 0, § = 0; so that, by °

the formula, 8’ = 6. This agrees with the fact that six tangents to ¢ pan
through 0. :

Tf O lies on G%, the resulting (2, 1) correspondence has four branch-points
on .

ExAMPLE 2. If ¢gpen, by ate n+ 1 linearly independent polynomialsof -
order n in a parameter #, the general plane parametric curve C whose
pGUAtions are %1%, 1%y = by gy Py can bo considered as the projectim{of .
the rational normal curve I'* whose equations are px; = ¢ (4 = Dyoutth

. from the [n— 3] joining the points of reference Xj,..., X,,. If the gi'Qject-ion
is mot birational, suppose that ¢ points of I'® project into g.gmgle point

of € and that C is of genus p. For the (o, 1) correspondence-between I"
and €, wo have § = 0, and hence N

§ = —2—(p—2). LY
Sinco 8 = 0, this gives p = 0. Thus ¢ is rational (;:ff §1.3).
Ko

§ 7. CHARACTERS OF$PACE CURVES
7. The general non-singular qﬁri?e in &. In spacc 8, of any
dimension r, the two ch&rae@e,r’si of & curve which we regard 8
most important are its ordériand its genus, a curve of order 7
and genus p heing denotéth frequently by a symbol of the form
2O* When a 0" is projected from a vertex V in S, into a pgm
in 8,, then the sets'\of free points in which it-is met by primes
through ¥ project'into the sets of points in which the projected
curve is met /by-primes of 8, ; so that n, = n—d, where d 18 the
number of p}ﬁ‘nts_ of 2C" which lie in V. On the other hand, p = #1
by deﬁ:JJi‘iiL%n, provided only that the projection is birational.

Cgs@id’ar now a non-singular curve C, of order n and genus
inyardinary space S;; and let €' be its projection from a generic

... (potnt O of space on to a plane TI. Then C” is also of order  and
\Jjgenus p. :

The rank r of ¢! we define to be the number of tangents of ¢
which meet an arbitrary line. This number is equal to the class
of (; for tangents to C' which pass through a point O of II ar®
projec.tions of tangents to ¢ which meet O0’; and hence, by
equation (1) of § 5, r— 24 2p—3, (1)

'];ha number of apparent double points of C, which we denote by
h, is the number of chords of ¢ which pass through an arbitrary
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point. Locating this arbitrary point at O, the number in guestion
must be the number of double points of ¢'; and hence
h = n—1)(n—2)—p. (@)
The dass n' of C we define to be the number of osculating planes
of ¢! which pass through an arbitrary point. An osculating plane
of ¢ which passes through O elearly projects into an inflexional -
line of '; and hence, by equation {4) of §4.22, in which we write
=} and » = 0, we obtain the relation )
%' = In(n—2)—6k = 3(n—2)+6p. [E'})
Finally the number of bitangent-planes of ¢ which pass thraugh
an arbitrary point, & character which we denotet by 7, is edfual to
the number of bitangents of C’; whence, by equation (3)of §4.21,

n = r(r—1)—27—3n/, {4

P\

or = %n—2)(n—3)+-2p(2n-+p-2T) (4)

7.1. The developable of planes. A st Iilg‘inﬁnite algebraic
system' A of planes in ordinary space—dtal of a curve—is called
a developable of planes. For such a system it will be convenient
to introduce certain terms o reprqs&it’ notions derived by duality
from a curve €. 'Thus: RN "

A focal lime of A is a ling of intersection of two consecutive
planes of the system; it is il to a tangent line of C.

A focal point of A is@ipeint of intersection of three consecutive
Planes of the systemyit is the dual of an osculating plane of C.

Anazis of A is ’a{'l'ine of intersection of any pair of planes of the
system; it is theldual of a chord of €.

Any ouryeQdefines an osculating developable, generated by its
Osc'ﬂa‘til}g‘@éines; and dually, any developable A has a cuspidal
edge, logus'of its focal points. (The significance of the latter name
‘j’l H‘hﬁe\ apparent in the sequel.)

&developable has a genns p, identical, for example, with that
Of‘ its cuspidal edge, whose points are in (1, 1) correspondence
with the planes of the system. Its mos fmportant characters
besides this are its class #'—the number of its planes which pass
through an arbitrary point—and its rank r—the number of its
focal lines which meet an arbitrary line. :

1t a developable is non-singular—in the appropriate dual sense
—then four relations between its characters are provided by the

1 Tu the systematic notation of § 7.2, this character is renamed »".
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duals of equations (1),..., (4) above. Thus, for example, its rank g

is given by r = 20 +2p—2. (B}

7.2 The Cayley-Pliicker equations. For a curve (' in space, it -
is well known that the osculating planes at simple conseeutive |
points P, P’ of ¢ meet in the tangent to € at P; also thab the

osculating planes at consecutive points P, P’, P meet in P.
Hence

~

The cuspidal edge of the osculating developable of a curve £ '€
itself; und, dually, the osculating developable of ihe cuspidabedge of
any developable A is A itself. « M

Thig means evidently that a space curve can be.réé’ﬁ-rded, when
we find it convenient to do so, as the cuspidal édge of its own
osculating developable; and this forms the hagis of the extension
to space curves of the duality method eleoyed_ in obtaining the
complete set of Pliicker equations of a,,glane curve,

As in the ease of plane eurves, hpwever, a non-singular point-
locus ' has not in general a non;siﬁgular osculating developable.
In fact € will have in general a finite number of stationary osculah
ing planes, each of which Iﬁfzeﬁs the eurve in four consecubive
points; and each of thege will he a stationary double plane (ctual
of a cusp) of the osculating developable, counting twice in any sob
of n' concurrent e@lafting planes to which it belongs. Dusally;
a non-singular deyelopable will have in general a finite number
of stationary, fgcdﬂ points which will be cusps of the cuspidal edge-
In order to\'hbe able to apply duality in the desired manner, ¥
must allowtthe curve € which is to be the subject of our discussion
to b’qi)o“ssessed of a finite number « of simple cusps; and for
ii-fjlgglicity we suppose that it has no other multiple points of a1y .

JLind.,
) We define therefore, for the curve (! and for its osculating
developable A, the following sets of dual characters:
Curve-locus O

£

Qseulating developable

n = order B
. - ' = clag
r=ramk ¢ — rank
b= n\ln“anl‘: of chorda through an R = immber of axes Iin an arbitrary
arbitrary point : plane

v = number of points in 5 plane

- V = mumber of planes through &
through which pass two tangenta g

point which contain two tBT"
gents .

«’ = number of stationary osculabing
planes

« = number of cusps
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We denote by 7' the ruled surface generated by tangents to C,
noting that its order is . This surface hag a double enrve—Ilocus
of intersections of pairs of distinct tangents to ('—whose order is
evidently v.

To obtain relations between the nine characters defined above,
we employ two processes which are dual to each other; namely,
projection from a point O, and section by & plane II. To lines
of the cone V which projeets ¢' from O there correspond dually
the lines of the envelope W in which IT is met by osculating planes
of €. The point-locus enveloped by W we denote by w. To
tangent planes of ¥, which join O to tangents of C, there 0OTTEr
spond dually points of w; and hence w is the section by ITCof the
tangent surface 7. To osculating planes of ¢ through(O5-which
are evidently inflexional tangent planes to ¥, sincegagh contains
three consecutive generators—there correspond by duality the

intersections of € with II, which are therefore dgsps on the curve
w. Thus: \\

The section of the tangent swrface T byran arbitrary plane has
cusps ai the intersections of this planewith C. In other wards, O s
o suspidal curve on its own longens Surface.

This explains the name cuspi&ﬂl edge for the locus of focal pointa
of a developable. 2

Continuing the ar, uni{a\nt, we obgerve that ¥V has % double
generators, which arg,g}x}mely, the chords of ¢ which pass throngh
0; and hence, dually; w has A’ double tangents. Also F has '
double tangent plahes to which correspond by duality v double
points of W, JFinally ¥ has « cuspidal generators to which corre-
spond by Bnelity « inflexional lines of w.

We g¢ah how write down all the usual Plitcker numbers of a
genoritplane section of V—which is a plane projection of C—and
608 Yoneric plane section w of 7. Thus: :

Double In- | Double
— o Order | Olass | points | Ousps. | flewions | bangents
Proi?etion of €, ) n > h K n 4
Section of 77 : , n v 5 « K
ool T | < 3 r

By applying Pliicker’s equations to each of these curves we obtain
SX independent relations between the nine assumed characters
* C. For convenience, however, we adjoin the genus of the
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curve as an additional variable; and we may then take a funds-
mental set of seven relations to be as follows:

p = Hn—1)n—2)—h—x, )
p= Hr—1)r—2)—n'—v/, | () |
p = §r—1)r—2)—v—mn, 8
P = Hw' =) —2)—w'— P, ©
r=In+3p—3—x, (@} }
r o= 20 4-2p—2—x’, O\ ’

ntn' = o 4+2p—2. PRI

Either (7) or (8) may evidently be replaced by .\ N
n—n' = v -1 , NIk (13)

_ S,

The modification of these results which beedtne necessary when
C possesses actual double peints, inflexigns, double osculating
planes, or double tangents presents no sheeial difficulty (cf. Ex. 4
helow). O)

Examprus

.\

1. For a twisted cubie n = 3§ a-ndjﬁ “ §; and v, v, &, x” are all necessazily
zero. The formulae give n' = 3% 4, and h = A’ = 1. -

2. If C is the eurve of interSsetion of two general quadrics, then n = 4
k= 2, and « = 0. The fgrmulae give .

p=1, r=8)n =12 v=16, v =8, « =8.

The tangent surfage 15\an octavie ruled surface having (7 as cuspidal curv®
and having a further ordinary double eurve of order 16. .

3. Find all)the /Cayley-Plicker characters of & general rational quartit
curve in space. '

4. If asoubve C'in spaco has § ordinary double points, 8’ double osculating
pla,nes.,tmdouble tengent lines, and ¢ inflexional lines, thon these give rise

to qh§ foliowing additional special points or tangents of the projection and
gagtion: . _
“\M{a) Projection of €1 § double points, ¢ double tangents, ¢ inflexions.
N/ (8) Section of T': 3’ double tangents, o double points, « cusps.
Calculate the values of the characters of 8 curve of intersection of t%¢
duadrics which has {a} s double point, (5} a cusp.

§ 8. SPACE OUEVES DEFINED AS INTERSECTIONS

8. The most straightforward way to define a curve in space is t0
define it as a complete or partial intersection of two surfaces; that
is to say, we describe the curve as the complete intersoction of
two given surfaces, or we deseribe it as the residual curve of inter-
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scotion of two surfaces which pass through one or more assigned
curves, In either case fhere arises the problem of determining the
characters of a ourve so defined in terms of the orders of the
surfaces and the characters of the assigned curve or curves. In
what follows we apply the Correspondence Principle to the solution
of this problem.

We shall find it most convenient to apply the Correspondence
Principle in the form of a theorem which is the space-dual of the
space-generalization of Theorem III, to which we have aiready ,
referred in § 2.1; this theorem may be stated as follows:

If (o, 0} ) 15 the set of indices of any simply infinite fam@g}'(;f
puirs of corresponding planes (p,q) of space, then the nuntber of
coincidences of p with q is o ap—p. o

Strictly speaking, the theorem refers to a simply-infinite family
of forms (p,¢; I), each consisting of a pair of Pldnes p,¢ inter-
secting in & line L (limiting or otherwise)ythe index o, is the
number of forms of the family in which.p-passes through & given
point; o, is the corresponding number a@sbciated with g; and g is
the number of forms in which L meets‘a given line.

®

8.1. Complete intersection ¢f two surfaces. If two surfaces
E, F, of orders N,, N,, meet inn a curve ¢, then this eurve, by
the theorem of Bézout, will be of order n = N, N,. Supposing
to be free from multip §£)0h1ts, we propose to calculate its rank 7,
genus p, and numbenk of apparent double points. -

_We consider thépair of tangent planes py, pp t0 F,, F, respec-
tively at any peiné P of C, these planes intersecting in the fangent
lire L to.@ gt P. As P describes C, the fundamental form
(P1, py; LYAescribes a simply infinite family % of such forms. The
index o}of ¥, is the number of tangent planes to F) at points of €
}V‘h’igh\Pass throngh an arbitrary point O; but this is the same as
"h/mumber of points in which the first polar of O with respect
to ¥ meets ', Hence oy = n(N;—1); and similarly o, = n(N,—1)-
The third index p of 2, is the number of fangent lines L of ¢ which
eet an arbitrary line; so that p = r. Now since ¢ bas no multiple

Points, p, never coincides with p,; and hence, by the theorem
quoted ahove, _

0 = n(Ny— 1)+a(Ny—1)—,
r = (N N—2) = NN+ N2 O

or
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From the formula » = 2n42p—2, we deduce that

2p—2 = N Ny(N,+N,—4); (@)
and by projecting € on to & plane we find that

B 3N, Ny 1) (M 1). )

If F, and F, touch at any point U, then their curve of inter-
section has in general a double point at U, and their common
tangent plane there is a true coincidence of p; with p,; huthic
coincidence occurs in two distinet forms of 2, in which, £l lines
L are respectively the two nodal tangents to € at UCA simple
application of Zeuthen’s rule shows that such a co:il}ei}:j[ence counts
twice. Henoce if ¢ has & ordinary double points, the formula for

"‘\
becomes r = N, Ny, Ny—2)— 2850 (4)

and there are consequent modifieations inthe formulae for p and h.

8.2. Intersection of two surfaces'ist two curves. We suppose
now that F, F, are surfaces of assigned orders N, N,, which are
made to pass through a giveniren-singular curve ¢ of order 7,
rank 7, and genus p. The sunf;a’@eé willin general intersect residually
in a curve ¢’ which willmeet ¢ in some points. Assuming that
' iz also non-singulaz 4nd that the intersections of ¢ with ¢ are

all distinct, we propose to calculate the number i of these inter-
sections and the 03§r n', rank ¢/, and genus p’ of

The value fjf’?'@i is given by the equation

N ntn' = N, NN, (3)

To e{aﬁuate %, we consider the correspondence between the

tangent'planes to F,, F, at a variable point of ¢/; and we find, ssin

the-preceding case, that the indices of this correspondence have
\'"’bhe values given by

@ = n{N;—1), ay = n(Ny—1), =

The only coincidences of the correspohdence arise from the con-
tacts of B, F, at the intersections of ¢ with €’; and the coincidence
arising from each such confact iz a simple one. Thus

i = n(N - Ny—2)r,
or i = (N +N,—2). (6)
Similarly rbd = (V- Ny—2), (7)
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From (6), writing r = 2n-}-2p—32, we obtain

i = n(N Ny—t)— (2p—2), (8)
which determines ¢; and from (8) and {7) we derive the relations

r'—r = (' —n)(M+N—2), (9)
and Ap'—p) = (W —n} NN —4), (10)

whieh determine » and ¢’ as required.
From (8) and (7) we obtain by addition

NNy, O

and this agrees with (4}. It snggests alzo, by eomparison.ﬁjfﬁh (1),
that the system of tangents of the composite curve (/456" may be
taken to consist of (¢) tangents of ¢, (b) tangents.pf.¢”, (¢} i plane

pencils, each counted twice, at the intersectiondof ¢ with C'.
~NY;

83. Numerical charactersof a compo;{ﬁe\curve. The method
of the preceding section may be employed, with only trivial
modifications, in the general case\in” which F#, F, intersect
in s+1 non-singular curves Oy (qu% 1,...,8--1), which meet each
other only in distinet points. ‘If’,‘“’re denote the order, rank, and
genus of C,, by n, 7, Py, and the number of intersections of C,,
Cgby iap then the correspandence of tangent planes to Fy, F; along
0, gives the relation \\ v '

igd 3 dox = nol M+ Mo 2); (12)
WS AER

and the s+-1 equations of this type suffice to determine the rank
of O,y and B numbers 4,y (A = 1,..., ), all the other numbers
being supposed to be known. _

. We\mary also use the above equations to investigate the way
Lrwhich an arbitrary composite enrve ¢ behaves, when it fune-
thoms as & partial intersection of a pair of surfaces. To this end
¥e take €' to be the curve composed of the s curves Ch..., G

. . 5 .
tesidual to C,,,; so that it is & ourve of order #n = > 7,. We write

. 1
¢ for the total number of mutnal intersections of components of
» We write I for the total number of points in which (! meets

s:1) and we introduce the number » which is defined by the
Squation
(13}

"'M“

7o+ 2.

¥y =
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The result of adding all but the last of the g+1 equations such a5
(12) may be written in the form

r+1 = n(N+Ny—2),
and the last of these equations is
feut I = n8+1(l\rl+l\72—-2).

Comparing these with (8) and (7), it appears that when € functions
as a partial intersection, it behaves enumeratively like a curve of
rank r. The number r defined by (13) will therefore be chlled the
numerical rank of O. Writing r = 94-2p—2, we e for the

numerical genus p of € the formula N
. g 457
-2 = 3 (@, )20 L (19
T )
8 \
or P = gpa-f—fé—v.gr‘e}: (15)
(V"

These results may be recorded as follgws:

THROREM X1. A composite cuelie C, composed of s distinct non-
singular curves €, which intedsect each other im 3 distinct PORES,
behaves, as a partial intersectibn of two surfaces, like a single (non-
singular) curve of rank *r\ and genus p given by

d 'i”t . g .
¥ :~ g\\xm"{_zz: p= gf’cx“f“?'_"'g‘f—l-

This theort?rgjiapp]ies of course to disconnected as well as to
connected Qumposite curves; and it is quite independent of the
Possibilipy 0r impossibility of generating (' ag the limit of a variable .
irredu\e{ 1e curve. If C is such a limit, however, the formula for
admits' of & simple limiting interpretation.

S j}f'lie numerical genus of s skew lines is 1—s, indicating that for

\.@ composite curve P may be negative. Conversely, if a residval

intersection curve is found by calculation to have a negative genus
then it must be composite,

8.4. For purposes of illustration we add a list of all non-singula®
space curves of orders 3, 4, and 5. A curve which is the residual
intersection of surfaces of orders m and n passing through assigned
curves , ... will be represented symbolically in the form
Fm e (04 €”...); the curves O, (’,..., are non-intersecting, a8d
the symbols I, I represent lines.
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(1) Twisted cubic C? = FE P2

(2) Rational quartic *C* = F2. F35—(141).
(3) Elliptic quartic 10¢* = F2 Fe,

(4) Rational quintic °C% = F3, F5—(]1003),
(5) Eiliptic quintic 1C% = F3, Fs_(00%).

F2 (1),

Fa_Fs—_(104), '
There exist: non-singular sextics of gonera 0, 1, 2, 3, 4, Ifp ='4,
the curve is the complete intersection of a quadric and a cQbie
surface; while if p = 3, either 38 == F3F3_(0C8) o B0%Ns a
(2,4) curve on a guadric. NG

T
<

Exanrrus O

L. If surfaces of orders IV, N,, N, pass through a non:éingular curve of
arder % and genus p, prove that the number (mp\ppsed finite) of their
residual points of intersection is Ny N, N,— E, wher®," :

B = a(Ny+ Ny+ Ny— 4) <204 2.
{Eis called the equivalence of the curve for thirfaces cancerned. )

2. ¥ surfaces of order N arc passed, ti’].rough & non-singular cwrve
(possibly composite) of {numerical} order's and genus p, and if these surfaces
do not possess any farther cornmmon, Etitve, prove that the genus 7 of the
residusl intersection curve of two Of them and the number y of residual
mtersections of any three of thém are given by

™ = PPN —2) (N2 —2n),
R=MVE—n{3N—4)42p—2,
rand y are called the Goar genus and grade of the system.)

3: Exhibit, after thb fornner of § 8.4, the sextic curves of genera 1, 2, 3, 4
which o partialntorscetions of two cubic surfaces.

4. Bhow é-g.\'a, skew polygon of n sides has numerical genus 1 or 0
mordiﬂg; 85 16'is closed or open, '
0035‘ J—f.\fﬂiﬁértic surfaces are drawn through generic mon-singular curves

~80dP0Y, prove that two of these surfaces meet residuaily in a 3¢?, and
tha the mumbers of points in which this meets *C? and 0% Show also

tree of the surfaces meet residually in 12 points.

{6) Quintic of genus 2 2% = {

BOOKs RECOMMENDED FOR FURTHER READING
ZEUTHEN: Lelrbuoh der abziihienden Methoden in der Geometrie.
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Em:RT’ Ralkil der abuiihienden Geometrie.
Cooprg > Complementi, § 7.
8E, dlgebryic Plane curves, Book I1, ch, iv.
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CHAPTER V
SYSTEMS OF PLANE CURVES

$ 1. NoeTHER'S THEOREM

1. In special cases we have already had oceasion to assume that
any curve through all the »? intersections of two curves of the
same order n necessarily belongs to the linear pencil of curves.of
order » defined by the two curves. This result, as it happens, s
itself only a particular case of a general theorem, of fundamental
importance for the whole of algebraic geometry—zthe) so-called
Af+ B¢ theorem of Noether. It ig our object in this chapter to
introduce the reader to this theorem by proving ii 1n the simplest
case, by indicating the method by which £Ke)theorem may be
extended to the so-called ‘simple case’, and by using it to prove
some other results of geometrical intetest. For complete and
detailed discussions of the theorem w'vefer the reader to Severi-
Lofiler, Vorlesungen #ber algebm:@'spﬁei Geometrie, ch. v, and to van
der Waerden, Einfihrung in die’olgebraische Geometrie, ch. viil.
‘The simplest easo, which.$e now prove, may be stated as

™

follows: N\

THEOREM I. JIf @ Uf’f{md @ O% whose equations are U = 0 and
V = 0 respectively, infepsect in mn distinet points, then any C" which
passes through a‘]'@\b% tntersections of the O™ and the O" has an
equation of the fowm AU BV = 0, where A and B are polynomials
of degrees r—2ni-and r—n respectively.
We pxjox:fe\the theorem in three stages: (i) for sufficiently large?,
{ii) for%} m--n, and (i) for » < m-tn.
(.i‘)';::[n the first place, for sufficiently large values of #, exactly
,Jigw, conditions are imposed on O by its passage through the points
SOUV). To show this, it is sufficient to observe that mn—1 lines,
each containing ounly one of these points, constitute a curve of
order mn—1 which passes through ma—1 of the points (UV)
without necessarily containing the remaining ome; whence, if
7 > mn—1, the independence of the conditions is certainly assured.
The equation of 0" must therefore contain Hr+1){r+-2) —mn athl-
trary coefficients,
As against this, we have to consider the freedom of curves whosé
equations can be written in the form A U-+ BV = 0. The arbitrary
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coefficients in the expression 4 U BV are those oceurring in the
polynomials 4 and B, which are of orders »—m and r—n respec-
tively; but this expression s associated with the same curve ‘a8
is associated with any expression of the form

A=V X)U+(B4+UX)V,

in which X is an arbitrary polynomial of degree r—m-—mn, Allow-
ing for this, tho number of arbitrary coefficients in the equation
of & 0" which can be expressed in the required form is g

Hr—wet Dr—mA-2) - r—nt 1)r—n+2)— O\
—Yr—m—n+1)r—m—n42) = Lr+1 )(r—t?)?—mﬁ.

This proves the theorem for values of 7 exceeding mne'-‘i'."

(ii) Next, supposing that r > m--x, we shall shéw that the
theorem is true for ourves of order r— 1 if it holds for curves of
order RN

Let F (or F = 0) represent a curve ¢ ‘Grder r—1, passing
through the points (UV) and let L (or i\ 0) represent an arbi-
ary line. Then LF is a curve of or er r which satisfies the

tonditions of our inductive hiypothesis, so that

LF = AU-BV = (4> VX)U4(B+UX)V,

Where X is the arbitrary pOlyhomial of degree r—m—n already
teferred to and containg\4(r—m—n-1)(r—m—n+2) arbitrary.
toetfivients, g humbey which is at least equal to r—m—n4-1,

The line 7, meets-Lhin m points not lying on ¥; so that, by the
a'?o?ra equation, #héy must lie on B and therefore on B+ UX.
Slrmlaﬂy L }I{eﬁé V in n points lying on 4 and therefore on
4-7%, Nowehoose X so that 4 — ¥ X passes through r—m—n-1
f}lrther Romts of 7, and thus, in all, through r—m-1 points of this
line. &b curve 4 VX will then contain L as part, so that we

ey yite A—VX = L4’

Where 47 ;4 of order r—m—1. Tt follows now that
B+ VX = LB’>

Where B'. is of order r—n—1. Hence
F=AULBYV.

induetion Pbrocess thus established proves Noether’s -
forem for m-4n—1, '

The
Th
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(ili) Lastly suppose that r = m—+n—y, where y >0 and # i

not less than m or n.

Let C* have equation F — 0, and let F’ — 0 be the equation
of any curve ( not passing through any of the points (V)
Applying the previous result to the curve # F’, we may write

FF' = AU+ BV = (A—kV)U+(B+-ET)V,

where 4 and B are of orders n and m respectively and & ;is,\ an
arbitrary constant.

The my points (UC¥) must all lie on B and therefore off B-+EU;

hence, if we choose & so that the latter curve mects €7 in one

further point, it must break up into 7 and a cursier B of order
m—y. 1t follows then that 4—kV must breakxip’into €7 and
a curve A’ of order n—vy, so that T\

= A’U—}—B’V.\ \
, N .
This completes the proof of what we ‘have called the simplest

case of Noether’s Theorem. The gocealled ‘simple case’ may be
~ stated as follows: \ o

")

THEOREM 1g. If U = 0 andV = 0 are curves of orders m ol

n, and if these curves are sullp that at any pornt P awhich is common
to both and which is h-folthon U and k-fold on V the branch tangents

of U are all distinct from those of V, and if 7 is any curve which

has an (o+k—1)-fald point, at least, ot every point such as P, then

the equation of Chmay be written in the form AU74- BV = 0, whert

A and B are, wolynomials, of degrees r—m and r—mn, such that the
curves 4 = and B = 0 have points of multiplicities h—1 and
h—1 aﬁ@a’st at every point P. '

\.\ L] r
The proof of this result can be constructed on almost exactly
bhésame lines as that already given, the main differences being

< “i'the more complicated estimations of freedom due to the assigned

maltiple points of ¢*, and also (in this case) the less trivial verifica-
tion of the fact that for sufficiently large r the conditions impOSed
by these assigned multiple points are independent.

We state, finally, the most general form of the theorem for plang -

curves, based on the conespt of infinitely near intersections ©
curves:

THEOREM 18, The conclusion of Theorem I a remains valid for oy
al

gebraic curves U gnd V, intersecting in any arbitrary manneéh
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provided only that U and V have no common part and that O hag
en {(h+k—1)-fold point at least at every common point, whether
explicié or smplicit, whick is h-fold for U and kfold for V.

ExaurrEs

1. Ifa O and a C® meet in mn points of which nr lis on & %, prove that
the remaining {2 —rn lie on a (',

2. Deduce Pascal’s theorem for & conie from this result.

3. If & variable eubic is drawn through seven fixed points of & fixed cubigh

1, show that the line joining the two remaining intersections Dasses thrqu&h
a fized point of ¢, N

N\S ¢
{Solution: Let €, and €, be two of the cubies through the sayen fixed
points, and let I, be the join of their two remsaining intersottions, with
similar meanings for Ly and L By Noether's Theoré;fn we have
L0 = A0+ B¢, and we identify A and B a8 L, an,d*}s. Hence the
thres points (L, () Lie either on C or Ly. Bince Ly, Gyhand ¢, mest only
in two points, it follows that Ly and L, meet on G;,b,‘

L1, The Cayley-Bacharach Theorem: Our first applica-
tions of Noether’s Theorem are to problems on tied systems of
points, ie. sets of points such thatwthe passage of curves of a
cortain order through some of thefm implies the passage of these
turves through the regt. .

From the last pazt of the pfoof of Noether’s Theorem it appears
that, when < m-n, thé’g]rve " can in general be made to
coutain afl the points XUV) by imposing on it fewer than mn
conditions. For, if & m—+n—y, the number of arbitrary coeffi-
vtents in the fornn 487+ BV is

é{?“m‘H)i’*“?@@\.F 2)+-3r—n+1)(r—n-1-2)
N = 4+ 1)+ 2)~mat Hy—1)(y—2)
Hhus W]\len ¥ > 2, the number of conditions imposed on € is less
thmt"m‘ In particular, taking y = 3, we may prove
EOREM 17, Eﬁiéﬂ_/ curve Om+n-3 ywhich passes through mn—1
% the poinis (OV), assumed distinet, passes through them all.

| Suppose that the curve in question has equation W = 0, and
het L= 0pg any line through the last of the points (UV). Then,
Y Nosther’s Theorem, |

3

. . LW = AU+ BV.
mmce L meets 7 in p points, of which one only lies on U, n—1 .
?ii lie on 4 which is a curve of order n—2. Hence A4, and

H
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therefore also B, contains I ag part. Writing 4 — £4' and
BZL_B,WEha;Ve WE.A’U“}—BEV,

which proves the resuls stated,

1.2, Consider next the case r — m~+n—y, where y > 3 but s
80 restricted that r is not less than morn. We prove then

THEQREM III. Byery Cmin-y (y > 3) which PSS tquu\gh
mR—i(y—1)(y—2) of the points ( UV) passes through the remangde,
except when these remaining Fy—1){(y—2) points lic on a, s

Denote by P, P,.... the (y—1){y—2) points (U V') thagh which
the Om+2-y i3 not assumed to pass. Through all bgb’onc of these,
say B, we can draw a curve (v-3 which, with C#e*y, constitutes
a (fmin-3 Passing through all but one of (UV)sthence, by Theoren
IT, it will contain F. \

There are now two possibilities: if F ’li’es\nn €73, we have the
exceptional case mentioned in the theorem; but if not, £, must Lie
on Omin-y, o\ |

We now repeat the argument, taking P, instead of F;; and again,
if B, B,,... do not lie on a Cv-3uit follows that P, also must e on
Omtny. And so for B, P\

The above two theorerng were originally enunciated by Cayley

in a single statement whieh took no account of the exceptional
cagse. The hecossaryrodification is due to Bacharach (Math. Ann.
26, 275), \ N\ '

It m:iy be IlQﬁGéd that both the theorems in question admib

immediate extensions by use of Theorem I g in place of Theorem I.
Thus, for gxarple, we have

THEQREM X1a. Jf some of the indersections of U and V are multiplt
and obllers simple, eqeh, multiple intersection, h-fold on U and k-fold
0?3,1'/‘, being such that the branch tangents of U are distinet from those
f )V, then every Omin—8 gopiog passes (ht-k—1)-fold through each

1. AN curves ¢ Passing through
Hr—1}n— 2) further Poinis,

2. If two quartios meet in 16 distine poiuts, any other quartic which
basses through 18 of them will eontain the remaining 3, unless thess happed
to be collingar, g this exceptional ¢ase, prove that quartics through the
13 points form g net {instead of g poncdl), thet eny pair of them meoh

#(n13)~1 goneral points pass through
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residually in three collinear points, and that the line of collinearity may
be any line of the plane.

3. Show that, if more than {y—1)}(p—2) of the points (UV) lie on &
(3, the remaining points have the property that the curves G752 which
pass through all but one pass through afl.

4. If two quartics, nodal at @, meet in 12 further distinet points, prove
that thesc impose only 11 conditions on gquinties which have an assigned
triple paint at O. _
§ 2. SERRET'S THEOREM

2. The Cayley—Bacharach Theorem, and other properties of tied,
pomt sets, can bo established by an analyfical method, due‘{oo
Serret, which is based on the following result: N\

THEOREM 1V. The necessary and sufficient condition zkat cmy curve
Cr, of given order », which pusses through ¢—1 of @ gel of q given
points should pass through them all, is that there Qho%ﬁi exist o linear
relation (or syzygy) commecting the rth POWETS: of the tangential
equations of the g points. \\

Let the given points be (a,,b,,¢,} (s \1 2,...,q), and let the
equation of " ho w4 Bty —I-; .

If C* passes through the first g—l’fpclﬁnts of the sef, we have
o+ Bat bt 20 (5= 1,2,..,=1). (1)
Then if, by virtue of (1), the equatmn
aé"a\hﬂa" T

holds for all values ‘0}\&, ﬁ ~we must have an identity of the
form

EA wwrﬁaf ht. } = Ayloaf By gt ) (2)

for all V&h\@s of @, B,..., where Ay, Ag,..., A, are constants and A, # 0.
Equ&tmg eoefhclents of «, 8,..., we have
\ .. ) = 3> A at~p = Asa'r_lbss
“{@&oon. 2 M, Moty = T A%
These equations can be combined into a single identity. For i
a.uthvtew =20

is the tangential equation of the point (4, b,¢,), we bave the
Syzygy .
2 k(o u-byv-t-c, w)" =0 : (3)

—an identity in v, », w-—in which the constants k;, k... ate the
SN 8s Ay, Ay, except that the sign of the last is reversed.



100 SYSTEMS OF PLANE CURVES V.§2

The necessity of Serret’s condition is thus established; to prove
its sufficiency, starting from (3), we have merely to reverse the
steps of the argument.

It is clear from the nature of the proof that the theorem extends
at once to primals in any number of dimensions,

Exavrres

L g=Hr+i)rs+ 2}, Serrot’s Theorem evidently expresses the eondi-
tion that tha ¢ given points should le on a €. .

2 o, B9.5, ¢ 7 are the parameters of sjx points an the conic (3,4, 1,
and if u, = 0, uy = 0,... are the equations of the points, prove t?m{

2l fla—yde—de—ea—y) — 0. A\
8. Prove that, if Fla, y,

z) is any homogeneous polynomialNef degres ¢
in z, y, z, then N
F(Z,2 %) att-bo-t-ewy] = 1 Fiadd)
0’ 70’ o) UauHbvtew)] = 7! ?gfé,\c .

Deduce the sufficiency part of Serret’s Theorem,

AY; :
2.1. It was first pointed ont by Ricl;q’nand‘i’ that the Cayley-
Bacharach Theorem is a'simple conséquence of Theorem IV.

Let (a,, b,,¢,) be any one of the points (UV}. If we can establish

the existence of a SYZyoy I\
T &y . )
2, k(@ utBp+ o, wynin-s = 0, (4)
§=1 "

then Theorem IT will follow. Actually the required relation (4)
was obtained hy J c@i,’j: who showed that

— o JAUY) _ 0,7y, )
ks :-j\alq/ (b e, ) o bﬁ/a(cs’ a&‘) o cs/a(Q;SJ bs) '

Again, sinjbé“(4) is an identity, i can be differentiated repeatedly
with reap@ct to u, v, or w. Then, if F(a/ou, 8/ow,8/2w) is a homo-
gene9qé\polynomia]_ of degree v in the operators, wo evidently have

.

) ¥
4

/N

bz
sgj_ks, F{a’ss bs: cs)(ag #- bs v+ C, w)m+n-3—v = 0,

n particular, taking y — y—3,
mu
(2o @by 0, ut-byp-po,wynin—y — o, )

Heunce, if F,9,2) = 0 is the equation of g (v-8 passing through

certain of the points (UV), F(a, b, ¢} vanishes at these points,

8o that (8) reduces to g SYzZygy among the remaining points.
T Proc. Lond. Math. Soc. (2) 19 (1921), xxix, t Weﬁca, iii, 285, 610.
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A ourve C™+7~7 which passes through all but one of the latter
will therefore pass through all. This proves Theorem TiT .

2.2, The following extension of Serret’s Theorem is due to
Clifford. '

THROREM V. Lef « and B be the quotient and remainder when r is
divided by n, and let

N = Jan(n+8)+ (84 1)(B+2).
Then, in order that N points should lie on ¢ O®, it is sufficient thay

N . \
i syzygysglks(as u-f-b, v, w) = 0 should hold befween tkgm.,,}

'\

For if F(x,5,2) = 0 is the equation of a C# pasging through
3B(8+3) of the pointe, and we operate on the givenﬁdé‘ﬁtity with
F(ofou, /e, 8/6w), we are left with a syzygy of grder an between
fon(n+3) points, Operating on this x—1 timesby curves ( each
of which passes through ln(n43) of these woints, we reduce the

Y238y to one of order # between (n4<l}{n+2) points, whence,
by Serret’s Theorem, these lLie oz’ a C»  But since these
Hn+1)(m4-2) points may be any of thie N given points, it follows
that all the Iatter lie on a Cn, 3

) Exavpre. Taking nn = 3, » =“4:;’,;&;e havee = # = land ¥ == 12, Then
f 2 syzygy 3 k{agu-t-byv e m = 0 holds between 12 given points, these
will lie on 8 eubic, N\ :

E Aj&PLEs ON CHAPTER V
L (i) If six of the ntersoctions of a cubic and & quartic lie on a conie,
Prove that the reng:aim"ng six {assumed distinet) lie on another eonic; an.d
that the fouy I‘eg]’la\,ﬁ]mg intersections of the two conies with the quartic
a8 collinear, Z\™
{1} I¢ k@;}af the quarties through twelve given points meet in four
frther gigts of which throo are collinear, prove that every pair of the
duarties\hing the same property, and that the fourth remaining intersection
ilf*’: o8l the cnpves, s
S %4 line T, moets g curve O in n distinet points, the tangents at which
© Ty, T, Prove that every curve of order n which touches (' at its

"erssetions with 7, has an equation of the form

LA4+ T\ T,... T, = 0.
Deduoe thay the #{n—2) simple intersections of the T; with €* lie on a
UU.I‘VG of Ul‘der -
3. A binoda] quartic is met by a cubic through the nodes in eight further
Pointy of which four lie on a conie through the nodes, Prove that the

T —_— . .
SMaining fouy lis on another conic through the nodes.

T Math, Papers, 119,



CHAPTER VI

LINEAR SYSTEMS OF CURVES AND THEIR PROJECTIVE
MODELS

§ 1. THE GENERAL LINEAR SYSTEM

1. IN this chapter we propose to discuss some general charac-
teristios of linear systems of plane curves, but more particularly
those which relate directly to the construction and properties\o
the rational surfaces which serve as projective models gfguch
systems. In Chapter VII the results here obtained willforii the
basis for a discussion in some detail of all the moxs, important
types of well-known rational surfaces, as also for omr remarks on
plane Cremona transformations and involutiong-\The reader may
well find it advantageous to study some of thapplications in con-
junction with the generalities here discussed,’

1.1. Definitions. We begin with & f(jr\ma,l definition of a linear
system and a series of further definitions of qualifying terms.

Kfo=0.fi=0,.,f=0 arpithe equations of 7---1 linearly
indepen_dent curves (', then ﬁhé.’ turves given by

)‘ufu'i:alff“l— A S =0, (1

. for all possible sets dfiﬁr}blues of the parameters A, A,,..., A, are

said to form a lz'newr\{g}etém of freedom 7, and we denote this system
by (f).

We say that @) is reducible if and only if its generic curve i8
reducible. This"will he the case if every curve of (f) breaks up
into a ﬁgd\p&rb and a variable part, or into a number of variable
parts. AN -

Wensay that (f) is simple if it does not possess the peculiarity
thaBall those of its curves whick Ppass through a generic point of

“the plane pass in consequence through one or more other variable
points of the plane,

In the contrary case, if the points of the plane arrange ther-
selves, relative to { f), into sets of J points (£ > 1) such that
eurves of (f} through any point P contain the whole set to which
P belongs, then (f) is said to be compound, and the sets form a
plane involution of order k.

The actual base of {f) consists of all the points (or fixed com-
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ves) common to all curves of (f), together with a
» of their multiplicities for a generic curve of the

hat (f) is complete if it is not contained in any more
- system of curves of the same order and with the same

results of Chs. IT and IIT we know that all the curves
» order # which contain a set of assigned base points,
ily distinet, to assigned multiplicities form a linear
This system is necessarily complete; but its assigned
less than the actual. It may be found, indeed, that
of (f) possess additional base points, or even fixed
which were not assigned, or they may have greater
than the assigned at some of the assigned base points.

s notation, we shall use two forms which are more"

1an the general notation O%(k,). Thus:

mbol  O*(0fx 0f:...0%) will represent, pﬁma;;i,b(,‘a

otual or assigned multiplicitios %,,.... &, at 0f,.%

lbO be used to represent a linear system Witk actual
), or the complete linear system Wlﬁh (0”"1 0k as

2, as the context will indicate. o\

mhol C=[%$, kgs,.. « k5] will represent i the same way,

rder » with s, specified k,-fold points, s, specified

g8, and s0 on; or it will refrésent—as the context

—a linear system with aQ\actua,l or assigned base of

1i's Theorem. Ope of the first questions which
f is whether bhe\generle curve of a linear system
rinble multlﬂs “point. The answer-—due origmally to
 follows, an,d it represents an essential simplification
nent thebry

If the generic curve of a linear system has & mulmple
«St be @ base point of the system.

ve give is due to Picard. Consider a pencil of curves
the system, and let the equation of this pencil be
e coordinates being non-homogeneous. If the carve
nultiple point at P(x,y), then

¢x+2‘u‘|b.c =9, ﬁéy‘i’)"ﬂll’y = 0.
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If P is not a base point of the pencil, so that ¢ and ¢ do not both
vanish there, we can eliminate A; between these two equations
and ¢4-Xy 4 = 0, obtaining _

‘ﬁ?sx_'fé'ﬁ:c = 0, ¢¢y_§55[‘y = 0,
. a a
that is ZOD =0 L=

Thus ¢/4, regarded as a function of the independent variables z, ¥,
is a constant, so that P could only vary, if at all, along a cupye
of the pencil. It follows that if the generic curve of the peéxeil
has & multiple point, this must be 3 base point of the nengil, at
which ¢ and ¢ both vanish; and the corresponding r(-j,su:I’b for the
Hinear system follows at once, 3

1.3. Characters of a linear System. The pritnary characters
of a linear system (f) are its freedom » (already defined), its genus
» which is the genus of a generic curve of ¥f), and its grade »
‘which is the number of free intersectig.(s:of two generie curves
of {f). N\

When we attempt to caleulate these’ numbers for the complete
systera C*(Ofx O%...0%) defined by an assigned base, we are held
up by two considerations: {) j’:h:e' actual base may differ from the
assigned, and (i) the linear~conditions apparently imposed by
the assigned bage may 16{ be independent. We may, however,
write down formulae far)virtual characters defined as follows:

The virtual genys'm® and the virtual grade v’ of the complete
system C™(O%.. Q¥ are defined by the formulae '

%

&= 3 —1)(n—2)—} 3 kyk,—1), @
\:\ - 1@,2——2 k,?; . (3)
so that gb%: P and v’ == y when the actual base is the same as the
assigged.
~The virtual freedom +* of the same system is defined by

v gt 3)—1 S bk, 1), 4
so that 7’ = r if the conditjong imposed by the bage points are all
independent. Tt jg important to note that always

=, ' - (8)

If r = ¢, the system is said to he regular,
Ifr >+, the system is said to be superabundant, and the excess
r—7" is called its superabundance with respect to the assigned base.
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Exaurrus

1. The system G%0102) is reducible, being composed of the conics
0%0, 0,} each augmented hy tho fixed line 0,0, We have » — =1,
p= —1I, in agreement with {8); while for the conics alone we have y — 2,
# = 0. The syatern 0%(09) is also reducible in & different way, boing eom-
posed of triads of lines through 0.

2. Any system C%[17] is compound since all curves of it: which pass an
eighth arbitrary point Pass also through the associated ninth. More
generally, any linear net of eurves iz compound if its grade excecds mity,
The really interesting compound systems, however, are those—compaza: >
tivaly rare—which are of freedom « = 2, Such, for example, iz C°[28], &
gystem of freedom three, for whick the goneric set of free intersections of
& pair of curves of the gystem consists of two #ed point-pairs, :‘

3. Bhow that there exist superabundant peneils of $-nodal sexbies.

§2. PLANE REPRESENTATION OF A RATIONAT.SURFACE

2. Projective model of a simple linear system. If a linear
system of curves is (z) simple, (3) irreducibledand (c) of effective
freedom 7 > 2, then we can represent, it§\cirves birationally on
the prime seotions of a rational surfaceNiy'the following manner.
We suppose that the system (f) giyen by (1) has the properties
i question; and we consider the st of equations
To @yt N fuifiif {6)
Since, by hypothesis, f,, &,, J, are linearly independent, so also ~
M8 Ty, By, henge, e may take these to be homogeneous
coordinatey of g poitin 8. To any point P{x,,2) of the plane
there corresponds inbhis way a point Qg 255, 2,) of S,; and as
P describes the Felidle plane, ¢} will describe a surface F of which
(6) are the Pargmetric equations. )
If g des\i(ib‘es the section of ¥ by the prime whose equation is

QN @y Tgt-tty Byt -, 2, = 0, (7
t.'h'e*nf}?'describes the curve of ( f) whose equation is
@ fotoy fi+...+a, f, = 0. (8)

’_PD % generie point P of the plane there corresponds clearly B
UNIque poing ) of 7, Suppose now that, if possible, to a generie
POIE @ of P there correspond several points P, P’,....of the plane;

? {6), these points would each give the same set of values to the
T&tlo’s Joifiiif,, and they would therefore impose the same
o lion on eurves of (f) to contain them. This, however, is
*XProsily excluded by the condition that (f) is & simple system;
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hence to a generic point of ¥ there corresponds a uniquoe point
of the plane,

It follows that F is rational. The curves of (f) are therefore
in birational correspondence with the prime sections of F and
have the same genus .

The order of #—the number of points in which it is met by an
arbitrary secundum 8,_,, represented by two equations such ag.
(7)—is evidently the grade v of (f). )

These results may be summarized as follows: \

THEOREM 1. If (f) is simple, irveducible, and of freeddmdy > 9,
with genus p and grade v, its curves may be represented Girationally
on the prime sections of a rational surface which is~situated in 8,
i of order v, and has section genus p. .,

We shall denote the surface by #7v whenGge wish to indicate
its order and section genus, or by 2F[r] ‘When we wish also to
indicate the space in which it is siby ted. The surfacc may be
described as the projective model (0F immage) of the given linear
system. \J

2.1. Curves on a rational sij:ﬁ;ce. Given the system of plane
curves (f) which represents the' prime sections of a rational surface
F, we can determine all the other curves lying on #, the number
of their mutual intersebftons, and other geometrical propertios of
the surface. To _tl{(é\;eﬁd we suppose that the curves of (f) are
of the type O"(Qk0k...) which specifies all their base poins.
Then to any entve Ow(0k Of:...) of the plane there corresponds
on F a curve)™, say, whose order i is the number of its inter-
sections with an arbitrary prime section of F. It follows that §
is equalfo the number of variable (or free) intersections of
O“{.O.}f'l 0%...) with a curve C™(0% Ofa...), whence
O .8
\™ . = np'— .Elki . ' (9

In the same way we ses that any other curve ', which i
represented by On"(Oki OF...), meets [t in N points, where

N =ww'— S I, -9
1
From this formula, by putting #” = ', i = I, we may deduce

: t.h_e (virtual) grade of the curves T'*, assuming that they form &
linear system of freedom one at least,
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Agaip, the curve in which F is met by a primal of order pis
represented ovidently by a curve of the type Crn{Ofk: Ok s for
the primal may break up into p primes, in whigh case the curve
in question is & set of p prime sections,

It remains, finally, to examine the images on F of the neigh-
bourhoods of the base points 0. To the point O, itself, of course,

 there corresponds no definite point of F ; for all the polynomials kA

vanish at O, so that the equations {6) become indetermjnate..
However, to the cot Points of the first neighbourhcod of 0,, which
18 a eonvenient wayt of referring to the oot directions in Whiqh
a curvilinear branch may pass through O, there will corzespond
the points of a curve Q on . Now, in the first place, the Points
of Q are in birational correspondence with the lines @f the pencil
whose vertex is 0;; so that Q is a rational curve. Neéxt, if we sup-
Pose that the generic curve of (f) has &, distingh-slodal tangents
at 0, which are all variable, the corresponding generic prime
section of F will meet () in k; points; sodthat Q is of order
Whence \\/

THEOREM Iir. 7o the newghbourhood of o k-fold base point of (f)
there will correspond in general a rational curve of order by on F.

The same argument shows Jhat if a number £ of the nodal
tangents to the generice curyé of {f) at O, are fixed, then the order
of Q is reduced to k;—t. €Al the nodal tangents are fixed, then

the firgt neighbourhoodMof 0, is represented on F by a single
point, :

22. Fundameiéal curves, The existence of exceptional
PoRts O; of $Hé plane which transform, in a certain sense, into
Girves of l%ﬁﬂggests the possibility of the reverse phenomenon,
namely, #he existence of certain exceptional curves of the pla.cr{e
Wi{lfh'fi‘énsform into points of F. If a curve @ of the plane is
b t8nsform o a point & of the surface, then every point ?f Q
S5 present the wame linear condition to curves of {f) required
9 tontain it; in opher words, ® must be a fundamental curve of
7) aeording to the following definition: .

ﬁ.)_c “ndawmental curve of (f) is a eurve which presents but a single
ndition o curves of (f) required to contain it as component..
Such CUrves may also he characterized by the obvious fact that

T Ror the ¢ . . . aning of its
fon g oept of the meighbourhood of a point and the me
2 . I € neig !
Solution fiy 4, an oxplicit curve, we refer the reader to the anelysis of Ch. I1L.
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they must have no variable intersections with curves of (f). The
simplest example is provided by the system of conics through two
fixed points 4, B, for which the line A B is a fundamental lige.

Supposing then that © is & fundamental curve of (f), we may
ask whether the corresponding point ¥ is simple or multiple on F.
This may be answered in two ways.

In the first place, sections of F by primes through E are repre-
sented, effectively, by curves of the system (f,) residual to 64ith-
respect to (f). Hence, if (f;) has grade vy, the generic seeundum -
through & will meet the surface in only v; further poinds;s6 that
B is a (v—;)-fold point of F. A

Alternatively we may argue that, if & is a J-40ld Ypoint of F,
then the section of F by a generic prime throngh # will have a
J-fold point at E with, in general, j distinct wedal tangents. Since
© is the image of the neighbourhood of B, thts means that j must
be equal to the number of variable points in which @ is met by -
a generic curve of {f;}. Hence: \/

THEOREM V. T'oany fundamentl curve © of (f) there corresponds.
@ single point B whose multiplitity for F is the excess of the grade
of (f) over that of the system, (A) residual to © with respect to ().
T'his again is equal in general to the number of variable infersections
of curves of (f,) with 0,8
L 4

+$ ) i .
2.3. Projection bf\arational surface. Consider now the linear
sub-system (f), O£ (f), obtained by imposing on the parameters
A; which occur}in’ (1) the fixed linear condition
R au)co-{—al)t,_—lF...—}—a,Ar =0, (1)
To theNeurves of ( /) there will clearly correspond the oo™
sectiong of F by primes through the fixed point 4 of S, whose
GQW,dﬁ‘&teS are (&, ay,...,a,). Now if s > 3, the surface F may be
Projected from A into a surface ¥ in a prime S,_,, sections of F
By primes through A Projecting into prime gections of F’. Hence
assuming the projection to be s proper one,t the curves of the
represent birationally the prime sections of F';
and conversely, any surface F’ which iz a proper projection of
F from a point of 8, 13 represented on the plane by means of a sub-
system of (f) such ag (e
If 4 does not lie on F, then I’ will have the same order v and

the same section 8OnUS p as F'; this corresponds to the fact that
t This ia tquivalent to the asgumption that { fh

N

is itself & simnple system.
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the grade and genus of (f); aro the same as those of (f). If, how-
ever, 4 is a generic simple point of F, the section gemus of ¥’ wil}
still be p, but its order will be v—1: in this case {11} is the special
type of linear condition which is equivalent to imposing an addi-
tional simple base point 4, on ( F), so that (f), is of grade y—1.
By Theorem ITI, the neighbourhood of Ay is Tepresented on F”
by a line; and this is none other than the projection of the tangent
plane to F at 4 which contains the first neighbourhood of 4 on F',
. N\
These results may be summarized as follows.

THEOREM V. Any proper projection of JF Jrom an external oint
on to @ prome S,y (r > 3) is represented on the plane by linear
sub-system of curves of ( I), having freedom r—1 and, grade v.
A proper projection from an ordinary point of F is fre};resented by
the curves of (f) which have an additional simplebase point; and -
it contains a line, arising from the tangent pland af the point of
projection, which represents the neighbourkood.of the new base poind.

Provided that » is sufficiently large, #lie process of projection
may be continued, each projection itnposing one further linear
condition on (£},

~

2.31. Rational normal surfacess *In accordance with the defini-
tion of Ch. I, § 4.52, a surface-which belongs to §,, and not to any
Space of lower dimension e said to be normal in 8, if it is not a
Proper projection of any)surface of the same order in a higher
Sace. The surface, Fpeferred to in the preceding theorem will
eertainly not be ngimal unless the linear system {f) is complete.

owover, if (f)ig*éomplete, then it is certainly not a linear sub-
System of angPwiore ample system of the same grade; and F is
therefore r\drﬁ[&l in 4.

meth\fs and the equations of §1.3, we deduce :

TE:[F‘F’gEM VL. A rational surface is normal if and only if the linear
&t representing its prime sections is complete. If this linetfr
e ds also requlart then the resulting surface 2F» is normal in
[—p+1]. .
 Surfaces tepresented by regular systems are termed non-gpecial;
Lop iy hormal in space [»—p+1--8], where 8 > 0, it is called
Special. _

24. Rational surfaces in §, and 8, 1f F is sibuated in 8,

" >4), then it will not in goneral possess any multiple points;
T Wo are Supposing here, as we may, that the actua! base iz assigned.
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but if it is situated (though not necessarily normal) in S or in 8,

then it will in general possess such singularities as are indicated
in the following theorem.

THEOREM VIL. If F lies in S,, then it possesses in general only
@ finite number of improper double points. If it Lies in S, then il
possesses in general a double curve which hus o number of triple
pornts triple also for the surface.

In the case 7 = 4, the parametric equations of F are of the
form '

N

P = fiw,5.2) (i =0,...,4). O

As in Ch. I, § 3.2, we obsorve that s double point of fwill corre-
spond in general to a pair of points, {z.y,2) and {&y,2"), such

 that Ji#,y,2) — File', v, 2)
fl)(m’ Y, z) fo(x’s y:; Z’)

These are four equations for the ra,tiosﬂ:B}.y:z and a':y':2'; and
they will have in general a finite nunihe of solutions, other than
wyiz =2"1y':2", leading to a finite mitmber of double points of F.
A double point of F, of the géneral type under consideration,
corresponds o a pair of point8ef the plane, which has ¢vidently
the property that curves of () through either of the points also
Pass through the otheryéach a pair of points is said to be neutral
with respect to (f). Aremrve of ( J) acquires no additional multiple
point by passing through the points of a neutral pair, so that the
section of F by @\prime through the corresponding double point
has the same\genus as s generic prime section of the surface. T or
this reasonspeh double points are said to be improper or accidental.
In spe ial) Cases (f) may possess fundamental curves to which
thergxrb%r correspond proper multiple points of F, such as diminisb
the.genus of prime sections passing through them.
oM the case r = 3, we find similarly that { f) possesses co! neutral
Pairs and in addition g finite number of newtral triads (P, Q, B,
such that curves of (f) which contain any one of P, @, R contaill
also the other two. The neutral pairs will correspond to the points
of a double curve D of F; and the neutral triads will correspond

to triple points of F which will evidently also be triple points of
D, as stated in the theorem,

&
(t = 1,9, 3, 4).

2.5. Freedom of primals through F. If r > 4, we may wish
to find the freedo

m, p; 88y, of primals M, of any given order L
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through a given rational surface F. This amounts to finding
the posiulation of F for primals of order I—a number, ¢, say,
which is defined as the number of conditions to which primals M?
are subjected by being made to contain F. Evidently

o= (H?-f)_l*@_ (12)

Primals of order I will meet F in a system of curves ¢, whose
freedom, 1y say, is that of the system ¢} which images G in = (thé\
plane of the representation). This means thast a primal #* cgn he
made fo pass through 7y, generic points of F without contai;ﬁ@gt\he
surface; but that ry+-1 generic points of F present: to M { the same

™

condition as the whole surface. Hence : "3
(;63 = ?‘a)—]— 1. . ’\\ {13)

By §2.1, and retaining the notation there usdd, ()} is composed
of curves of the system (f;) = C™(O% QB).Y; but we have no

guaranteo that ¢ is the compleie 53’813?*:'.1‘\(-}‘;) -+ If this latter has
freedom 7,, we must write \ v |

fp = Tz—‘;;* (ﬁf = 0),
where A, i¢ the deficiency from j’completeness of ¢; and therefore
aigo of G, o

If the base points 0, &1 all of genera] position in w, then we
H&y suppose that ( j})\?‘s a regular system and 7 is given by the

fo O
mla 2 Yn(in+-3)—} 3 Uey(lh,+-1),
which reducegpily virtue of (2) and (3), to the form
pus

§ = (E ‘*2‘1) v—lp—1).

Heyee b= (Hé I)v—z(;v—l)—amtl- T

For# > 4, all we can safely assert about A, especially for low
velues of 7, j5 that A; 2 0; beyond that, cach case has to be
Mvestigated on its own.

Of =4, F possesses in general a number & of improper
do_uble points represented by neutral point-pairs in w; these will
*Vidéatly be neutral for %, but not for the complete system (f;)
f1> 2; and hence A = 8.

™



<

N

112 LINEAR SYSTEMS OF CURVES VI, 49

Combining these results with equations (12), (13), and (14}, we
arrive at the following coneclusions:

THEOREM VIIL. If 2F¥ is g rational surface in S,, representable on
a plane o by means of a linear system of curves whose base points
are of general positiont in w, then the freedom p; of primals of order
[ through the surface is af least equal o

(ET) — (I‘; l)y+l(zﬁ«1)-—2 “(5)
if v > 4, and is at legst equal to R O
(Jf?)—(i*;l)v#@*l)*ws A7 g

ifr=4,38 being then the number of impmper dfa:abble pornts of PEY.

In either case, the lower limit given in\the theorem is called

the virbual freedom of primals of order Iphivough the surface.

\N
§ 3. BiraTionar, EQUIVALENCY OF LINEAR SYSTEMS

3. Birationally equivalent systems. When the linear system
{(f) of §2 is taken %o be a hemaloidal net, ie. a (simple) linear
System of freedom 2 and grage 1, the transformation which arises
is & Cremona transformation of = into another plane = {cf
Ch. II%, §1). We shall fidstpone till Iater (Ch. VIL, §7) any detailed
consideration of g sh'transformations ; but we must point out here
the important IiolgeXhey may be made to play in the classification
of linear systetntof curves generally.

We note i the first Place that Cremons transformations of 8
plane irzth‘i}self form a group; for all inverses and products of such
trans\f@:mations are of the same type. Also it is evident, by simple
subgtitution, that every linear system of freedom » > 1 ig trans
formed by any Cremong, transformation into another lnear gystem
of the same freedom, grade, and genus,

We may therefore group together ag birationally equivalent all
linear systems which are transformable into each other by Cremond

transformation of the plane, the relation so defined being reflexive,
symmetrical, and transitive,

1 If the bags Points in the

plane ropresentation are not of general position in
wr, then (£} mugt be SHppose ae

d %o have superabundanca g > 03 in this ease

b= (z-zl)v—l(p—l)—}—q—ﬁri“ 1,

from which it ig no longer possibla to infer any lower bound for p,.
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3.1, Invariant projective models. Tf F, in the notation of
§2, is & projective modol of {f), then any projective transform of
F is again a projective model of ( /) for it is easy to see that any
general collineation of the [r] in which F lies is equivalent, in the
plane, to choosing a new set of r--1 linearly independent reference
eurves for (f), in place of the original set f;, f,...., f,. Hence:

THEOREM IX. T'he model of any simple linear system, of freedom
r 2 2,48 @ projectively invariant rational surface in [7].

Suppose now, on the other hand, that the rational surfage ¥ is
given, and let us consider all possible representations of Foh the
planew. Clearly any one such ropresentation, by mea,l}s\(;)\f a linear
system (f) say, will be transformed, by any Cremonstransforma-
tion of the plane, into another representation I)y’ means of a
birationally equivalent linear system (f'); and aln:y two representa-
tions of ' must be related in this way. Henee:

THEOREM X. Buvery rational surface Qﬁee wmage of ¢ complete

class of birationally equivalent tinear Sistems of curves in the plane,
Thus every property of a ratidnal surface represents an in-
varient property of linear systetus of curves in the plane.

N 3

§ 4. COMPOUND\SYSTEMS AND INVOLUTIONS

4. Characteristic set:isz\ We find it convenient at this stage to
introduce another téem of general usage in eonnexion with linear
Systems of curveg: ) .

A characteristfe’ set of any linear system (f) is the set of free
ltetsectionof two curves of (f).

Tt (f )\.{3:5’: complete system defined by an assigned base, it is
Sﬂmqti,ﬁlbs hecessary to distinguish between effective characteristio
BEtS{.Wﬁose Points are all variable, and wirtual characteristic sets,

@ ih may contain unagsigned fixed points.

Consider now a compound system {f) of freedom ¢ = 2, such
Fha,t‘ all enrves of (/') through a generic point P, of the plane pass
. lonsequence through k—1 further points Py..,P, (k3 2).
With Tespect to such a system, the points of the plane evidently
arrange themselves into mutually exclusive sets 6% = (B,..., 'P};),
cach Presenting but a single condition to curves of (f) required

% contajn it; and these sets G* form a plane involution of
ordey j
1574
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Clearly any characteristic set of (f) must consist of a number
v of complete sets G%; so that if {f) is of grade v we shall have

v = kv,. (17)

For the obvious type of compound system in which (f) is a Linear
net of grade v > 1, we shall have y; = 1, » = £,

A double point of the involution is a point which counts twice
in the set G¥ to which it belongs, and the locus of such dQl{blB
points is called the coincidence curve of the involution.

4.1. Image surface of the involution. Equationé"(é) atill
define a surface F which is a rational transform of“the plane;
but now all the points of any set 6% are seen to\be represented
by a single point of F, so that w is in (k1Y correspondence
with F. The sets G%, however, are.in biratipnal correspendence
with the points of F, so that F is the\\projective vmage of the
involution. kL

The order of F is evidently »,; for'liis is the number of sets ¢*
which make up a chara,cteristicoaef:“éf (f). Thus, for example, if
(f)is a net, then Figa plane, 0N

The branch curve of F—g ‘term which originates in the concept
of P as a k-sheeted surfaceof total order »—is the locus of points
of F which represent double points of the involution, or rather
the sets G contaﬁ].g“ng these double points. The points of this
curve will be inybirational correspondence with the points of the
coincidence cuzve of the involution,

It can beshitwn, though we are not at this stage in s position
to do sp,{ﬁ)é,t overy surface such as F is rational; or, in other
word?&h&t every plane involution is rational.

A § 5. JACORIAN sysTEMS

3. We shali conclude this chapter by investigating certain other
properties of linear systems, of a kind very different from those
so far considered, but which have nevertheless very important
applications to the theory of rational surfaces in general. These
concern in part the more immediate problem of determining the
repregentation in the plane of the double curve of a rational
urface in [31; but they will also open the way later for the direct
caleulation, from the plane representation, of the numerical
characters of any rationa) surface (of. Ch, IX).
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5.1, Jacobian curves
pxrINITION. The locus of double points of curves of a net is
called the Jacobian curve of the net.
If the equation of the net is
Af+ug+vh = 0, {18)
where f, ¢, and % are of degree n, the Jacobian iy evidently given
by the equation

fo 95 Dy ~
Ty O hy |=0. (19)
fz g. kz 7 \:\
This curve, which we denote by J{f,g, %), is of order (1),
We observe that PAY

The Jacobian is also the locus of contacts of curves Gfiéhe net. For,
ak a point where two curves of the net touch,“’t;here is a pencil
of curves of the net in contact, and, of these)one has a node.

For a precise algebraical definition of t&'J acobian, equation
(19} is sufficient; for the curve defined bynit is plainly a covariant
of the net—independent of the choi€8 6f the coordinate system
and independent also of the choige'of the three curves f, g, & in
terms of which the equation of the net is exprossod.

5.11 Singularities. We Lave now to determine the nature and
position of the multiple points of the Jacobian. For this purpose
Iet us suppose that t@cd’we f has a node at (0,0, 1), its cquation
bei

e f = a2 2bay eyt = 0.

Let # = 0 he"thé common tangent to the oo curves of the net
Which P&SS.Q&?@ﬁgh (0,0,1), so that g has an equation of the form

¢ N &'wzm - (b4 2¢ oy - d 2 .. = 0.

In, g{éneral, the curve % will not pass through the point in

gugstion, so we may write

3

h = "2 (WL "yt = 0.
We then fing that
J{f.9, k) = Ina'a’ (brtey)edn—ti-....

Thus, the tangent to the Jacobian is harmonically separated from t;_&e
SOMmOR tumgent & = 0 by the nodal tangents of the curve f. 1t will
be defined except when

(i) o' = 0, i.e. when (0,0, 1) is a bage point of the system;
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(@) o' =0, ie. when all curves of the net passing hrough
(0,0,1) have a node there:

{ii) b = ¢ = 0, i.e. when one curve of the net has either g cusp
at (0,0, 1), with @ = ¢ ag cuspidal tangent, or a singularity
of order 3 at least at this point.

Whence:

THEOREM XI. 4 point uill be o singularity of the Jacobion, if

{1) ot is a base point of the net, \

(i) @ is at least @ double point for all curves of the et \pussing
through if, NS

(1i1) it is o cuspidal potnt for one of the cwves,.,’gﬁbl all curves
through it touch the cuspidal tangent, or s ‘a singularity
of kigher order of o curve of the met,  _\*

The behaviour of the J acobian at a base Poh;t is determined by

THEOREM XII. At an ordinary i-fold Base point of the net, the
Jacobian has a | 3i—1)-fold point. O\

Let (0,0,1) be the hase point in :qﬁest-ion, and let
=2, g = z,’*i{*ﬁ’—k..., b= zn-ip/ L

where it is agsumed that £, ;q;’; and &’ have no repeated or common
factors, %

In forming the Jageojéian we need take account only of the
terms of lowest degfed’in  and y. Thus:

SS9 k) = Y gy O e
o\ I A e A T
O i R . s

The t-am'@:s}of lowest degree in  and ¥ are apparently to be foun_d

in the “determinant |fos fon F'1, of degree 3{—2; but this is

identically zero, Thus in general the required terms are of degree
_ \Bq,— I, and it is casily seen that these do not vanish.

5.12. Reducible net, We congider next the ease when all curves

of the net are reducible, with g fixed part which js counted &.
certain number of timeg, We have first

THEOREM X1, 4

' _ fized E-fold component of the net counts 3%
tunes in the Jacobian,

Let the fixed part have equa.tion F =0, 5o that
F=Ff', g=rpy, 5y



VL§5 JACOBIAN SYSTEMS 17
Then ' |

Jog W= ot RSB, f, Pyl kFOF, g, P40, | k2B 3,
This determinant may be expressed as the surt of eight others

of the same order, of which four vanish identically sinoo they have
ab least two identical columns. Thus:

J(f9.k) == FI(f" o', k’)+f’»‘F3”‘“}2ﬁﬂf;, 9o BB,
2

Now
f’) 9!5 k! B 1 \
Jfnde B0 =3 1l - hy | B, = ;J (f ’,9’,1’5’); oy
I G bk A

by Euler’s Theorem, where « is the degree of ', g, ki;';g,;id by a
second application of Euler’s Theorem it follows that ‘this ex-
pression contains Fas a factor. Thus J {f.g,h) is d’iv}sible by ¥k
and the theorem is established. !

COROLLARY 1. If, further, F is I-fold fo;r“x'g\gﬁ‘encil aof the curves,
and m-fold for one curve of the net (b < I <z wn), it counts k+i4m—1
times in the J. acobian. O

This is proved in a similar maunerBy writing f = Ff', g = F 7'
b= Fmy, | ) |

COROLLARY 2. A fundamental curve of the net is, in generol, u
simple component of the Jacobian.

For in this case J; = il‘,"f: m = 1.

Note, Tor certain*purposes it is desirable to introduce the con-
eept of the .J acolidn of any three curves £, g. k, not necessarily
of the same ordde) Tn this case we define the Jacobian as the locus
of points whoge polar lines with respect to the three curves are
voncurrent, thereby obtaining the equation (19) above.

Exaubre. Prove that. if the curves have a common point, this lies on
thg{ag}qbian.

2. Jacobian systems

DEFINITION, Let (f) be the general linear system, of freedom
" 23, defined by (1), and let .J,;, denote the Jacobian curve of
Fo f3, £ (5., % =< 0,...,7). Then the Jacobian curve of every net
tontained in (f) belongs to the linear system

. nzk)‘im i = 0, (20)
and thig linear system is called the Jacobian system (f) of (f).
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In general (f;) only contains all the Jacobian curves, and it is,
plainly, the minimum lincar system with this property; but for
r = 3, it is easy to verify that every curve of ( J;) is the Jacobian
curve of some net of (f), so that in this case ( J3) consists entirely
of Jacobian curves.

If (f) is & system Cn(k,), then by the results of the last section
(f;) 1s a system C3%-3(3%,—1); but we cannot assert, of course,
that (f;) is complete, even if ( £} is complete. QY

This result has an important application to rational surfaces.
Suppose that F is a surface situated in S,; and let = be\‘the\het of
primes passing through a fixed S,_3. Then co? of thegéprimes will
touch F, i.e. meet it in curves having a double peiith at a simple
point of the surface. The locus of these points gflsontact is called
the curve of contact of tangent primes of X, and s order is called
the rank of ¥, O

If F is rational, its prime gections oi'}eépondjng to a system
O™k;} in w, the curve of contact coresponds to the Jacobian of

the net of curves which represent\séctions by the primes of Z.
Hence: [\

THROREM XIV. T%he curves\df contact on F are represented in the

<

plane by curves of the Jagobitm system of O™k,).

5.21. Double curveoPa rational surface. If ¥ is in &,, then its
normal singularitios as already noted in §2.4, are a double curve
D together with ' number of triple points at triple points of D.
The image of & in w will be 5 curve A, locus of pairs of points,
neutral far,O%(%,), representing the points of D; and the triple
pointsill ‘be represented by triads of points, neutral for C*(ky),
Whic;!a‘§re all double points of A. This last fact, not hitherto
msﬁ;:ioned, is not difficuls to establish, and it will be made evident
By'the considerations of Ch. IX, §2.12.

" To determine the character of A, we observe that the curve of
contect of tangent planes to F from an arbitrary point P, together
with D, make up the complete intersection of  with the first polat
of P. Henge, if 7 is of order v, the curve A is in general of the

f 4
orm oDl o— 1)k} — Con"3(38,— 1)

T The freedom of nets contaited in (f}—which is the fresdom of planes in [+

is 8(r—2); whils the freedom of {f3} in (T-; 1)— 1. These numbers are equsl i
T =3.
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so far as its behaviour at the base Ppoints is concerned: and it will
also possess 3t farther double points, arising, as indicated ahove,
from the ¢ triple points of F which are alw triple points of 1.
Hence:

THROREM XV. If the rational surface F in [3] has only normal
singularities, then its double curve is represented in = by @ curve

' Co—dnt3f(y d)k. 11,231, ‘

This result requires modification if, for example, ¥ has
ordinary isolated ¢-fold point represented by a fundamental cuive
Q of 0(k,). In this case the true curve A representing the daible
curve of F is obtained by subtracting (i —2)Q from that{given in
the theorem; for the curve repregenting the section pﬁ.ﬁ’ by the
first polar of P will have Q as {(i—1)-fold componient, while the
Jacobian of & net of C7(k;) will have Q as simple'c})mponent.

- 5.3. Jacobian sets NY;
DEFINITION. Among the curves of any pencil there will be, in
general, a certain number of curveghhaving double points not
commoen to all curves of the pencil . The set of all such double
points is called the Jacobian set of the pencil.
If f+2g = 0 is the equation)\of a pencil of curves of order =,
then the points of the J: aeqbi}:iﬁ set must satisfy the equations

fﬁ—f—'}‘gx = O:.imk\fy_]_;‘gy =0, fz"l“){gz =0, (21)
and they are therefore.the points of intersection of the curves

9. | _ :'fy 9 [ = ¢ 22)
%ﬂm o= =Y ‘
other th&KﬁMse common to the curves f, = 0, g, = 0.
., Since ghe'carves ¢ and ¢ are of order 2(n—1)}, it follows that,
17 and g have no common multiple point, the number of points
hl':“}l!?\’J acobian set is
i 3 = d(n—1)—(n—1)% = 3(n—1)". (23)

Suppose now that S and g, being irreducible, have a common
#-4old point of general character, at which the tangents to the two
ourves are distinet; and let us estimate the redustion in § due to
this poing,

We take the point, ag we evidently may, to be (0,0,1), go that
the Polynomials fand g are of the forms

f=ahut.,  g=mte,
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where % and » are polynomials, of degree  in # and %, with no
common Ffactor.

The leading terms in the equations of ¢ and ¢ reduce to

n;ky(uz vy_;,xuy)zmu%—l and %’E
respectively, i.e. ¢ and 4 have (2k—1)-fold points at (0,0, 1) with
2k—2 nodal tangents in common; and it may be verified that the
contacts of the branches of ¢ and i are in fact simple. Thusthe
total intersection multiplicity of these two curves at (0,0, 1)and

(1 0y — 1, 1, )2 An=2-1

in the first neighbourhood of this point, is R\,
Q=104 (%k—2) = 42251, .

On the other hand, the curves Jo== 0, and g, =r,‘:0 Yave E-fold
points at (0,0, 1}, with distinct nodal tangentg hfiei'e.
Thus we obtain for § the formula N4
0= d{n—12—(4h2—9%—1 )—f 1)2— 2,
ie. 8= 3 —1P—(E—1)Bhp)y (24)
Henoce O’

Nt/

THEOREM XVI, The mdmg@'onfg‘géﬁ due fo @ k-fold base point of
general lype is (b—1)(3%+1), %

ad
N\
Nl *

REFER@;\TOES AND EXAMPLES
¢ ¢08ee end of Chapter VIL.)
\\



CHAPTER VII

SPECIAL RATIONAL SURFACES AND PLANE CREMONA
TRANSFORMATIONS

Ir this chapter we propose to apply the general theory of the
preceding chapter to an investigation, seriatim, of all the more
important types of rational surfaces in ordi nary and higher space:
and this will be followed by a brief account, on the same lines
of some general and special properties of piane Cremona trang.
formations and involutions, ' O\
We begin, as is natural, with the general quadric surfage \F* in
ordinary space, which well illustrates the general thegry, «

§ 1. PLANE REPRESENTATION OF THE QTADRIG ﬁﬂjRFACE

1. To obtain a birational ropresentation of F2\We have merely
to project: it from a point O of itself on to-gplane =, so that to
& generic point P of the surface there_cdufesponds the point P’
in which OP meets =. In this corredpondence, however, there
are exceptional elements in both directions; there are, namely,
the two generators Ags po of theusitrface which pass through O
and project into points A, B efiar; and there is the line 4B in
@, projection of the tangent_plane to F2 at 0, whose points are
the projections of the poitits'of the neighbourhecod of O on F2,

The_ generic plano éj;i(;n of F? is a conic which meets A, and
#o and projects intohe conic through 4 and B; so that the repre-
sentation of F2 oné is by means of the system of conics CHA1B).
In accordance with general theory, this system has freedom 3 and.
Zede 2, andrifhas 4B as fundamental line (of. Ch. VI, §2.2).

Secﬁoﬁs £2 by planocs through O project into the lines of w,
these ]i?les being the variable components of curvos of (%(41B1)
“hiel have been made to contain the fundamental line AB as
cdmponent, -

The -generators of = (of the same system as Ay) all meet p,
a:nd project therefore into the lines of the pencil vertex B;
Stmilarly the #-generators project into the lines of the pencil
Vertex 4. _

A generig (o, B) curve of F2 which meets A-generators in o points
and p-generators in B points, projects into a curve C*+H(A*BFA).
It will be observed that the latter curve has no free intersections
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with 4B in accordance with the fact that it represents a curve
| of #2 which does not pass through 0. A ‘general’ curve O 4=k
~ of the plane represents & ‘special’ curve of F2: for the former has
n—a—§ free intersections with 4B, and hence the latter has an
(n—a—pB)-fold point at O.
If the (o, B) curve above referred to has no multiple points, its
genus, equal to that of Ce+f(4>BF), ig

HatB—D{at+-A—2)—fala—1)—4B(8—1) = (e—1)B—1)
Also the number of intersections of an («, B) curve with ag&a’,,ﬁ’)
curve, equal to the number of free intersections of thgs, pi'ogected
curves, is given by & M

(Bl +-B)—an’'—B" = of +a/BA

Tho curve in which 72 is met by a surface Fé4s an (x, o) ourve
represented by (2%(4*B«), Conversely, bysihg the parametric
equations of F? in the form O

Tqily iy, = xy@z}jﬁ:zﬂ
1t may readily be shown that any &, «) curve is the complete
intersection of F2 with a surface- e,

Suppose now that ¢ > 8; theit the curve ¢ «+f(A*BF), together
With «—8 lines through B, Yorms a curve of the type C*H4%B").
Hence - "\

An (o, B) curve fordabich o > 8 is the residual intersection of F*

with a surface B> passing through a—B generators of the second
syatem.

\¥/

Examrres 0N\

L Exfﬂm”lk the systems of cubic and quartic curves which lic on F*

and showhow they may be obtained as systems of complete or partisl
mtgrsb fons of P2 with other snrfaces.

,2.8how that there are two types of quinties and three tiypes of soxtios
on 2, and determing their genera.

.f 3F 2Show that an (g, B} eurve can 'be drawn through af 4« given points
of F2,

& Show that a quadric cone may be represented on the plane by means
of the system of conics which have a figed point of contact.

5 2. THE 6ENERAT, CUBIQ SURFACE IN &
2. Plane r epresentation. The general cubie surface, like t]:fe
quadric, can be representeq birationally on a plane; but thi
representation is something mueh Jegg obvious—and much more
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striking—than the simple projection which sufficed in the case of
the quadriec. We derive the representation from the following
Iemma: ’

The gencral homogeneous equation of the third degree in x,,..., Xy
can be written in the form

Uy v oWy
A=|u v, wy |=0,
Uy Vg Wy N\

where Wy,..., wy are linear homogeneous Junctions of zy,..., ;. A

We omit, for reasons of space, a rigorous prooft of this Jemtaa,;
but we may show, by ¢ counting constants’, that the result 3¢ what
we should expect, and the procedure is interesting, as being
applicable generally to determinantal manifolds, {The equation
A = 0 apparently contains 35 disposable constants; however, its
generality is that of the equation A’ — 0, wher&A’ is the product,
by rows, of A with an arbitrary third-ordes'déterminant 4 whose
eloments are constants. Again, the gqnei'a, ity of A’ = 0 is that
0f A" = 0, where A” is the product by colamns, of A’ with a second
ambitrary determinant B, Since each of A4, B contains 8 disposable
constants, it would appear tha(tftﬁé equation A = 0 depends in
teality on 19 disposable constants, and this is precisely the number
associated with the generalléguation of the third degree.

We suppose then t % has equation A = 0, and we observe
that thig equation ih%)e result of eliminating A, yx, » from the

equati o\.J
Aiations & Nty gy v, = 0
N Migbpvgtvw, = 0 3. (1)
N Mt g vy = 0

I Perhagy the simplest proof of the lemma is that which iz based om the
redue'@\bf the equation of the general cubie surface ta the Cayley—Salmon form

N 0 p @
Pertpar =1 ¢ 0 g |=0,
r o 0

;]:eﬁp':--: v’ #re Hnear functions of 2., @;; and this form is itself derived by
thaat t]:r the_existence of at least one line on the surface, and by showing
in paine D this line there pass five planes which meet the surface residually
of Eﬁ? of lines, 14 may be added that there is one and only one special t;:pa
or g, '¢ swrface which does not admib of the required type of representa.tlgxll.
surh general aceount of thegs maiters and an extensive bibliography ?f the cubie
208, We may refer the reader to Pascal’s Repertorium, ily, ch. xxxiv; and for

:‘uagltf;emativa derivation of the lines of the surface, to Ex. I ab the end of this
T,
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In other words, there exist values of A, i, v (ot all zero) satis-
fying these equations if and only if @y, 2,, 2,, 2, are the coordinates
of a point P of F3. If we intexpret A, i1, v as homogeneous coord;-
nates of a point P’ of a plane w, the resulting correspondence
between P and P ig clearly birational.

To obtain the explicit, equations of the representation, we solve
the equations (1) for the ratios of Ty, &y, %y, 3, the resulting solution
being of the form

: To ¥y 1 Fgiy = Lo Ly Ly Ly, {2}
where L, L, L, Ly are cubic polynomials in A, s v, Heémee if
P describes a Plane section of F3, p! describes a cubiestur¥e in
the plane, and this will be non-singular since the gg;féric plane
section of F2 is not rational. o\

Since the system of eubics (L) whose equation’is

@ly+bLy+elytdL, — O ()
represents plane sections of F3, i must,hz}}ri;, grade 3. Thus, in
the most general case, (L) is the systemof cubies passing through
six distinct bage points O, ..., O; of géncral position in w; and
conversely, any such system in qpherta.inly does represent plane
sections of a cubic surface i smde'Ss. In conclusion then:

The general cubic surfuce i, can be represented bivationally on

@ plane by means of u Siaibase-po-im system of cubics C3(0,,..., Og).
2.1. Properties Oglihé representation. Aswe shall frequently

have o?casion to.make use of the representation just obtained,
e bogin by SUmarizing its general properties in some detail as
follows, ¢/

. i » Yree points of the surfyce are collinear if and
only if ‘ge“ll' l'mages in the plane form with O,..... O. a set of nine
associgted pointg, 1reees g

Next, the representing system (1) — CY(0;..., Op) has no funda-

.n:;.en?l cwrves, such as would trangform exceptionally into points

tohefe’ but to the ueighbourhoods of itg six bage points O,..., Os

’ correspond, by Ch. VI, §2.1, six lines on 3 which we denote
¥ @g,..., - Clear]y N0 two of these lines intersecs.

Y ourve I on F2 may be supposed to
curve Ok Ok . 0%), in which case
2 are given hy

£

b= n—2) 3 3 kh,—1). (4)
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The freedom r of the system to which it belongs is given by
7= dm(m+3)—} 3 kilk,+1). ~(5)
Also the number ¢ of its intersections with any other curve I,
represented by C™(Ofi... 0%}, is given by
€= o’ — 3 by ke (6)

The section of 72 by a surface of order % will he represented b{
a curve C3%(0% .. OF), :

N

A\
2.2, Lines on F®, If g line lies entirely on 3, then iv is edmifdon
to & pencil of plane sections; and it must be represented’in the
plane therefore, either by a base point (as alreadyiméntioned)
or by a line or a conic at most; if it is represented(by a line, then
this line must be a join of two base points s¢\bhat it may have
only one free intersection with curves of (Lyyand, for the same
reason, if it is represented by a conie, thﬁ&inust pass through five
of the base points. There exist, therefore, in all, twenty-seven
lines on 2, vepresented as follows: KOy
6 lines a; (i==1,..,86) repre’s:én};ed by mneighbourhoods of
Oy O, N
15 lines ¢,y (4,5 = 1,...,6,4 % j) represented by lines 0;0;,
6 Hines biij=1,.. fi\}fi’epresent-ed by coniies O¥0, ... Og), ete,

The six lines %; dompt intersect one another; and similarly the
tines b, are al] mg’ﬁia,lly skew, since their representative conics
meet only in te{'-fa:ds of the points O,; but clearly a; will meet b,
Save only when'; — J- These two sets of six lines—intersecting
only ag statod—are said to form a double-six.

The M0 ¢, vepresented by O, 0;, will clearly meet ¢; and a,;
also #'5ill meot b; and b, for the conics representing these lines
t “’B} each one free intersection with 0, 0;; and finally, since two
joms 0,0; and 0, O, meet in a free point only if 0, 0, 0, O,
are all different, ¢;, will meet ey if and only if 4, j # b, k.

All the infersections of the twenty-seven lines may be sum-
Marized therefore ag follows:

a; meets b, if ¢ 7= 7,
¢;; meets a; or b, if k =1, 7,

¢;; meets ¢y if ¢, § =£ b, k.
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Corresponding to the twenty-seven lines of F3, we have twenty-
seven pencils of conics lying in planes through the lines. These
are represented in the plane by pencils of cubies, conies, or lines
such as, for example, C%(0} 0,... Oy), C*(0, 0,0, 0,), CY0,).

2.3. Symmetry of the lines. The lines of the surface, as we
have obtained them, appear to form three distinct groups a,, by,
¢ bub $his grouping is in fact a feature only of the method of
representation and not an essential property of the configuration
&s a whole. o make this clear, we may consider the effgot of
transforming = birationally into itself by means of aquadratic
transformation whose fundamental points are three of the points
0y, say Oy, 0y, 5. Such a transformation carries (Lfinto a system
(L'} = €%0,0,0,0,0; 0;), where 0,, 0}, 0, ate the transforms
of O, Oy, Og; and this gives at once a new representation of F?
on = by means of the system (L'). For thighew representation,
however, the partition of the twenty-sevﬁh ines into sets aj, &, c;,;
is different from the original. The Bixeo lines @y, a,, @, hecome
Cags Gy, Cha3 conversely, coq, o4, ¢1 Rerome al, ag, aj; also by, by, by
become cgq, €y, ¢hs, and so on. R\

Thus, by a suitable transférmation, we may arrange for any
given line of F2 to be represented in any of the three possible
ways, and the distinetioinbetween the three groups of lines dis-
appears. Actually, t; e.bwenby-seven lines form a perfectly sym-
metrical configurgtion; and this is abundantly illustrated in the

many detailed pfapertios of the lines which are given in examples
at the end of'the chapter,

2-4_- QOthter curves on the surface. After lines and conics, we
may mquire how many systems of twisted cubics lie on F3; and
we find no less than 79 distinet systems—each a net of grade
«‘fllﬁ"y’j-represented by (a) the lines of the plane, (b) the 20 nets
9f conics through three hage Ppoints, (¢} the 30 nets of cubics which
have a nods at one bage point and pass through four others,

(d) the 20 nets of quarties which have nodes at three base points

and pags through the remaining three, (¢) the net of quintics which
have nodes at all g%

l SIX base points. These 72 systems fall into 36
complementary pairs, such that quadries through curves of either

system of a pair meet, g8 residually in the curves of the other;

thus, for example, the g .
3 3 ySter represent . . lane is
complementary to that re presented by lines of the p

Presented by C5(0%... 02) because any
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line and any quintic of the type in. question wunite to form a
%0} ... 0F) representing a quadric section of F2. Tor this parti-
cular pair of systems also, the curves of the first have the six lines
b, as chords, those of the second have the lines g, as chords, while
curves of both systems have the lines ¢; a8 unisecants; and
generally, each of the 36 pairs of complementary systems is
agsociated in this way with a partieular double-six of lnes on the
surface, ’

In exactly the same way, and supposing we had any reason tg<
do so, we could enumerate the systems of curves of any given order
and genus on F?; but we pass on now to give some illustrapions
of the way in which the representation may be used to, gi}ré' com-
plete and rapid solutions of particular intersection preblems,

Thus, for example, to find the residual intersection,of a quadric
F* and & cubic surface F® which pass throughMa given conic C%,
we may suppose #° represented as above on @i such a way that
0?13 represented by a line through 0. Sjted-the complete inter-
section is represented by C%03... 03), the'residual intersection is
Tepresented by %0, 03... 02), and it id\therefore an elliptic quurtic
‘0% which meets (2 in 51 — 4 pojriﬁs: In the same way, if F2and
F% meet in a line 1, represented, we may suppose, by C%0, ... Og),
then their residual intersection, represented by 40, ... 0;02), is
& 20" which meets I in 8—5.= 3 points, Alternatively, of course;
e night have supposed .6 be represented by the neighbourhood
of _01 and the image Qf%f' would then have been O%(05 0%... OF). -
This Wustrates g Boint which is often found puzzling at first,
namely, that, if A ctrve is made to contain the neighbourhood of
& _bf]“se poing Oy%(as a component of order zero), then its multi-
Dhoity at Q58 vncreased by unity. -

Asa last Tlustration we may find the residual intersection of
two&‘fzﬁc surfaces F3, G which pass through a twisted cubic €3
and tirough one or both of two lines Z, ¥ which meet neither €3
U0 each other, The complete intersection of (@ with F3 will be
TePresented by (s(Q2, . 0%); and if we take 3 to be represented

Y O_E(Of---OE),' as we may, there remains a curve C¥O, ... Og).

. ¢ lnes 7, U, since they do not meet O3 or each other, must then
Oz(gupposed %0 be represented by conics, say 02(03' 05? and
o g Of). I F3. &3 contain only O3 and I, their residual mt.er-
o il?n’_repr‘esented by C%(0y), is a rational quintic °C%, I:neeiiﬂ_lg
®ght point and 7 in two points. If F3, G° contain ¥’ in
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addition, then C*0,) must break up into C*0,...0,) together

g
with the neighbourhoods of Og, 0y, Oy, Og; 50 that 05 breaks up
into ' and four other skew lines which are chords of €% and
transversals of Zand ', This dogeneration eould have been deduced
from the fact that there do exist four. chords of C® which meet

‘land 7',

 Many further examples of the use of the above representation
will oceur, both in the examples at the end of thig chapter and
incidentally in other chapters, N

O\
§ 3. THE VERONESE SURPACE AND TITS PROJEC;‘LQEIS ‘

3. We propose next to discuss together all the surfdeey which can
be represented birationally on &.plane by meang’of systems of
conics, a group which includes the quadric surfaegalready discussed
separabtely in §1. The barent gurface of thig group, from which
all the others may he derived by projection)is a remarkable surface
in five-dimensional space—named afbefits discoverer Veronese—
whose prime sections imago the tot-é,]fty of conics in the plane.
This surface—the first ever to beteonstructed in higher space——is
notable for its habit of beingtan exeeption to theorems about
surfaces in general; in whatfollows we shall try to explain some
of its peculiar characterigtic Praperties.

3.1. The Verongselsitrface. Since all the conios in a plane w

form a linear system; of grade 4 and freedom 5, whose oguation
may be written.fnthe form '

A
.',Qwﬂ—i-?uyﬂ{-}lz z2+?‘3yz—{-/\4zﬂ;_’_asxy = 0, (1)
the Ve&ﬁ}s& surface of which thig system is the projective model

isa quartic surface 74 in five-dimensional space S5, and its para-
metrie equations ape
N\
o\ Ty @ @, ' .
Q S=f_B_n 5 s @
¥z oz oy
The explicit, “quations of the surfyce take the stmple form
Yy T wy
Ty &y x4 | =0 )
Ty x3owy |l

Th.e (1, 1) correspondence between the points of F¢ and those of

rections, and it carries every curve



VIL§3 THE VERONESE SURFACE AND TTS PROJECTIONS 129

of order » in the plane into a curve of order 2% on the surface,
Bence F* contains only curves of even order.

3.11. The conics A and chord locus Q of F4. To the lines of =
there correspond on F* the conics of & doubly infinite system A,
By the incidence properties of the former, any two of the conies A
meet in & unique point of F* and define a pencil of these conics
through the same point; also through any two points of F* there
Passes a unique conic of the system. The planes of the conics, A/
are oalled the conic planes of F4, and they generate a primal which
we denote by (2. R\

The co! chords of 7 all lie in the conic planes of the ,'sﬁr\face;
for any chord PQ lies in the plane of the unique conic(through
Pand ¢. Thus, instead of filling the whole of the amibient space,
as the chords of a surface in & normally do,.the)chords of F*
generate only the primal Q; i.e. O '

4 . . $ \
% kas no chord through a generic point] of 8.

I a point lies on one chord of F, then(t Ties on a pencil of such
chords in the conic plane which pasgesithrongh it.
The equation of Q may be obtaibed as follows. Let

lx—f—mﬁ%ﬁz =0

be the equation of any ]inﬁﬁﬁy; then, by multiplying this equation
Ny t]fm by z, y, z, we See that the conic A corresponding o the
line is the section of @4 by the plane whose equations are

AN
,\" lrg+-ma,+nx, = 0,
7'\W
% lagtmay +nx, = 0,
W Imydbmggnz, — 0;

4 .\" 3
Wh{ncf}ﬂ: which is the locus of such eonic planes, has equation
Ty T ay [= 0.
Ty Ty Xy (4)
Ty Xy T
The first member of this equation is a symmetrical cubic determi-

on? CE. Sa}’Bri, Rend. Palermo, 15 {1901}, 23, whers it iz shown that F* is the
alsg (o iugular surface in Sy which has the property in question. Compare

;Uha’Pter IX, §2.11 . '
T )

K
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nant whose first derivatives plainly vanish at every point of F4
hence:

The primal Q which is the Tocus of conie planes (and therefore

also the chord-locus) of F4 is a cubic symmetroid with F* as double
surface.

3.12. Tangential properties of FL Among the chords of F¢ we
must inclade the o8 tangent lines to the surface, Iying by Ppencils
In its o0? tangent planes. Henco:

The primal Q contains all the tangent planes io F* asigodpcond
System of generating planes. O

Consider next then the oot tangent primes of 74, & Which there
is a double infinity through each tangent plane. If a’prime touches
a surface, it meets it in curve which hag g-double point. Now
prime sections of 4 are the family of rational’ quartics 9C4 repre-
sented by conics in 1; and the only noddl onoes among them are
those which hreak up into pairs of $He) conics A, represented by
line-pairs of the plane. Hence: )

The tangent primes of 4 are those which meet it in pairs of
conics. ON" :

2

This property of having;té’l‘-l’g@nt prime sections which are all
reducible is another notable peculiarity t of F¢,

We hote finally t%aﬁaﬁong the conics of the plane, representing
prime sections of, £, there are op2 repeated lines representing
Prime sections mhich are repeated conics; so that, corresponding
to cach conig ofthe surface, there existg g prime which touches
£ all alqt}g;; + Such primes are termed the contact primes of F*
The Gfipédmates (Roy-.., As) of any contact prime are such that

' \.f ﬂg 2243, ¥, 244, y2-+A, 2e+tAgay = (b~ my+nz)?;

\;gd hanc_e, rEgarF!ing L, m, n as homogeneous parameters, the
arametric equations of the envelope of contact primes are

W oA
32 m2 T ng.
sujfait; ﬂ:}a;nobe Sl}of'm t’ha_t any surface which oondaing co? conics is a Veronese

o O 18 projections, More gonerelly, any surface of 83 having o

redueible plang Bect 9 B ol
This resu.lf‘: is hm(;;:n:sla éither the projection of & Voronese surface or a scroll.

Rend. Lineei, (5), 3 (1sgﬁgfmmckeb_cmehmm theorezn ; of. Castelnuovo,
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Comparing these with (2}, it follows that the eﬁvelope of contact
primes of Ft is a Veronese envelope &4, dual of a Veronese surface,

3.13. Representation of conics of the plane on points of 8;. Instead
of associating, as above, the general conic-locus k(},) given by 1)
with the prime II(A,) of S;, we may equally well associate it with
the point P{A;) of S, whose coordinates are (Agse-s A5). By doing
this we obtain a representation, intuitively more acceptable, of
the co® conic-loci of the plane on the co% points of S;; and in this,
representation the repeated lines of w, originally associated with
the primes of the Veronese envelope @4, are now imaged,' by -
duality, by the points of a Veronese surface F& Tt may Teadily
be verified then that line-pairs generally in = are imaged by points
of the chord-locus Q of F4. Any pencil of conic-legiin o is imaged
by a Iine of 8; and similarly, linear systems of freédoms 2, 3, and
4are imaged by planes, solids, and primes ofyS
_ Furthermore, if K (A;) is the conic-enve]o‘i&é in= whose equation
? AP Aymi .. Ala = 0,
the ahove repregentation of the c(jijjclloci of = on the points of
& is intimately associated with a.cértain analogous representation
of the conic-envelopes K (A£)~oii ‘the primes of 8;. We observe in
fact that any given linear eondition on the coefficients }; of & may
be written in the form \\‘ ~/ _

A Aty 41'%"2 Apt R Mg+ 30 Ay H3As Ay = 0,
which is the condition that % should be apolar to a certain conic-
envelope K (A@L\I"{ence, by associating any conic-envelope K(A,)
vith the P\I‘\J\ile'H of §; whose coordinates are :
p \Q AU! AI! Az: %’AS: %Asi’ %A&
Weeusure that a conie-loous k(A,) is apolar to a conic-envelope
h{i (sAf) e if and only if, in 8, the image point P();) of the former
i I the image prime IT of the latter. It may readily be .venﬁed

N, for example, that iu this associated representation the
(()\f*'ero{:lesel) envelope of primes IT which represent repeated .point-s
mow © Simply the envelope of contact primes of F¢, while the

e ample (cubjc symmetroidal) envelope of primes IT which
*ebresent point-pairs of w is simply the envelope of tangent

Primes of 74, ang ghe representation has many other interesting
Properties, '
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3.2. Profections of the Veronese surface. Returning now to
rational surfaces represented by systems of conics, we observe
that any such surface in S, will be represented on o by means of
anco? gystem, and any such surface in 8 by means of an 003 system
of conics. Any linear oot system consists of all the conics of w
whose coefficients A; are subjected to a single linear condition,
this condition being tantamount to requiring that the conics shall
all be apolar to a fixed conic-envelope X {cf, §3.13); and similgily
any linear co3 system consistg of conics which are apolar g dach
of two conic-envelopes &, X~ (and therefore also to every ebnic-
envelope of the tangential pencil K4+AK"). If F4 is theNeronese
surface defined in $3.1, conics of oy which are apolar $0°K represent
sections of F* by primes through a fixed point @ of S, and their
projective model is the projection of F4 frém) 'O into 8; and
similarly, conigg apolar to X and K’ represent scctions of F by
primes through two fixed points 0, 0’ of &, and their projective
model is the surface in 8, obtained by pf}jecting F2 from the line
OO0, Different cases arige according s the envelopes K, K' are
proper or degenera,te; or, in othertwords, according as the points
O, 0" are generally or specially Rituated with respect to 4.

3.21. The surfaces FA 4 and F&[4]. The conic K referred. to
ab_ove may be either ’(zlj,\& Proper conic-envelope, or (2) & point-
par U, ¥, or (3) ddepeated point A% conies apolar to K are
acc?rdlngl_y eithe’y general Jinesy «w* system, or the system of
conies which bayean assigned pair of conjugate points U7, ¥, or
the system.(.){g:om‘cs which pags throngh simple base point 4;
and the Rrejective models of these Systems are projoctions of F4

O.Illt ?";‘&S X ) which is, in the thres respective cases, a general
Ppoin L] , & J . s .y int
of % Ttself. general point lying in a cono plane of £, a poin

M0 each Of.‘ the first two tases, in which 0 is not on F 4, the
?;Irface obtained ig of order 4 and is usually called a projected
'tef-onese sm_)‘l‘ace; wte de'mote it by F4[4] or by F?l)[é‘] according as
1t 18 & generie projection of F4 op 4 Projection from a point of
a conic-plang,

The generic Projection Fq]
conics apolar 4
pointa,

The special DProjection Féol4] has a dowple line, d say, projection

is represented then by means of
® & Proper conic-envelope X; and it has no double
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of the conic of ' in whose plane the vertex O is taken to lie;
its plane representation, as indicated, is by means of the gystem
of conics which have a given pair of conjugate points U, ¥, and
we observe that this system has in fact co! neutral pairs of points
on U¥, namely pairs of harmonic conjugates with respect to U
and V, which represent the individual (improper) double points
of the surface on d. The points U, ¥V themselves, being coincident
neutral pairs, represent what are called pinch-points of the surface,
such being the name given by Cayley to points of any double
curve of a surface at which the two tangent planes to the surfage
coincide; in the present case they might also be deseribed ds
URPIOPEr CUSPS. “\

822, The rational normal cubic scroll. The surface‘btained by
Projecting F* from a point O of itself is a cubig'déroll RB?, for the -
conies of F4 which pass through O project in{odines on K% Tts
Plane representation, as already noted, is by\ip\e&ns of conies with
a simple base point A. O

The lines of = which pass through, A. tepresent evidently the
generators of R2; but the line, d sayy\0f B® which represents the
neighbourhood of 4 (and arises by-projection from the neighbour-
bood of 0) is not a generator.™Jn fact it evidently meets every
generator and is therefore(a, simple directriz line of R°. The
generators meet any conie bf B3, represented by a line of w, in
aTange related to the’rés}ge they cut on d; hence
. The rational normaleubic scroll vs the locus of joins of correspond-
g points of relate@'\mnges on a line and on a conic of 8.

Any surfacego generated, provided the line and the conic are
O_f_genera,]'}? ition in 8, is a cubic scroll; and its plane representa-
tu?n, by sighns of conics €% 4), may be obtained by projecting It
(b,n:%;i@an}’} from a generator.

323, The Steiner sutface. Coming now to surfaces in S, we
consider firgt, the projection of F* from a generic line [ of S;; the
dartic surface so obtained, which we denote by F4[3], is called
& Steiner surface, and it is represented on = hy the linear oo
Systera of conics, (k) say, apolar to the conic-envelopes of a generie
tangentia] pencil KL AK’. .
of t-he GGniE:s (k) are apolar, in particular, to the three point-pairs
exacfl Pen(?ll’ say (P, P'), (@, @), (R, R'); and it follows therefore,

¥ asing§3.21, that the joins of these pairs, which are, namely,
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the sides of the common self-polar triangle of the Pencil, represent
double lines d;, 4, d; of the surface, The point-pairs themselves,
being the united points of the involutions of heutral point-pairg
on their joins, represent pairs of pinch-points on dy, dg, d,. The
three double lines arise by projection from the three comics of F#
whose planes meet |, agreeing with the fact that the loous Q of all
such conic-planes is of order three.

In addition, however, to its three involutions of neutral pairs,
the system (f) bossesses a neutral triad, which is namely thé\gelf-
conjugate triad, (X, Y, Z) say, of K4-2E '; for the paipd ¥, 7),
(%,X), (X,Y), being harmonic with respect to (P, B0, @),
(B, R) respectively, are nentral for {k), s0 that,epnics of (k)
through any one of the three points X, Y,Z contgu'h?the remaining
two. Hence (X, 7, 4} represents a triple poing~F of the surfaee,
projection of g unique trisecant plane of 4 through I; and the
three double tines d,, s, d clearly coneurdd I, Thas:

The Steiner surface #43] possesses,t’k}éé double lines {each en-

dowed with two pinch-points) which tomour in q triple point of the
surface. ™~

~

We record also the nof un.jmb'éﬁ&nt corollary:

A umique trisecant plape of @ Veronese surface passes through
@ genere line of 8 aﬁd;(conseguently, & unigue trisecant line of o
projected Veronese &ut(m’e passes through a generic point of 8.

If we take K AL " to have equation
OGANPL Bt 2me 4 (o 2yt — o
then the:e‘gﬁtion of (k) is of the form
R “\ “ %3 (b‘c)$2+A193+A2M+Aamy =0;
'F}}e\"péjrametﬁc equations of the Stej

\‘;

ner surface are

2

) Ty _ Ty
N~ — =— -1 _— = 2
20—t = = =
and its explieit, equation is

{b—c)a2 Wt e—aj B+ (@bl 2

The fgipile’ point: ig 'the vertex of reference X, and the double lines
aﬁet}; © JOIs of this poing 1 X1 X5, X, By a convenient choice
0 & unit point, the equation of any quartio surface having

= &y %Ly Xy Ty.
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X, X, X, X, X, X; as donble lines may be reduced to the form
(given by Kummer)

2,2 2.8 | 2.0
Xp X+ xF 2]+ AT ] = m, X, 2y 2,

3.24. The cubic serall in 8;. If we project the rational normal
eubic seroll B* from a generic point O of 8,, we obtain a cubie
seroll in ordinary space which we denote by B3[3]. This surface
will be represented on «w by means of the co® system of conics (&)
which pass through a fixed point 4 and are apolar to a fixed canie
envelope K. Besides the ropeated point A2, the tangential ferisil
A* 2K will contain one other point-pair, (I7, V) say; and-hence
(k) may be defined as the system of conics which pags(ihyough 4
and have (U, V) as a given pair of conjugate points{ & :

The projected surface, like the original, has a\simple directriz
fine, which we denote by e, represented by theymeighbourhood of
4; but it has in addition a double directm'@ ﬁne, d say, which is
the projection of a conic of K3 whose plane passes through O.
The points of this double-line image co¥pairs of points of the line
UV, which, being harmonically comjugate with respect to U and
V, are neutral for {%); hence, thﬁéﬁgh any point P of d there pass
two generators of the surface which are distinct except when P is
one of the two pinch-points on this line.

If P and Q denote t a(points in which a generator of the surface
meets d and e respenti ly, then there is a (1,2) correspondence
hetween P and_ @ “whose bré,nch-points are the pinch-points.
Conversely, it imot difficult to verify that any general (1,2)
“otrespondenegibetween the points of two skew lines defines a
ebig scromang_
8e ?le F‘i@luced equation of R3[3], obtained as in the preceding

ohar
y '*13{1}'.18 Lo T8 = iy X5,

Hete the double directrix line is X,X,, the simple directrix line
* X3 X, and the pineh-points are X, and X;.

].Sy Pll'ojecting B3 from a point which lies in one of the planes
Wb G_h Join the directrix to a generﬁtor, a special type of R3] is
Obtained, on which ¢ and e coingide. :

%325' Summary. To complete the list of projections of the
8 I‘Qnes.e surface, we project B3 from a point of itself, obtaining
Quadric gurface 2, represented by C2(4.B) as in§1; and finally,
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Wo may project B from a point of itself, therchy obtaining a plane
which is birationally representable on 4 by C*ABC).

The various projections of the Veronese surface may now bhe
arranged in a table as follows:

Fys]
FY4] R4

v v\
F43] R[31 Rz
N ' 5 '\:\

plane, £\

§ 4. RATIONAL SoROILS

4. Plane representation, In regard to ra,tionaj\;croﬂs, wé pro-
Pose to prove first the foliowing general resglin"

Any rational scroll of order n may be r@ﬂ}sénted on the plane by

serolls in ordinary spage 8.

© suppose thém, for convenience, that we are dealing with a
soroll & of orde{"n'in ordinary Space, possessing a double curve )
Which is the [opus of points in which generators of R happen to
mt?l‘ﬂﬂct-:\ © shall show firgt that for any such scroll, whether
?atzoncfw not, every generator s met by n—9 others; or, in other
Worflg:,’ Cvery generator meets D in p-2 points. Consider then
’P\h.e\purve G, of order 2—1, in which R is met residually by any
\P}'&he ™ through & generator 9o- Through the generie point P of ¢
' erator g, the correspondence between
that, as g approaches g,, P must tend
will be one of the intersections of (]i

, —1 points, ga 5, AB,..., P,_,, throug
which there muygt, Pass n—1 geflera,tors gf ;3 olf nghzonly one

Lsag;);eﬁe;)ee th:’ Temaiing »-—9 must pe generators of R which
M6t go; and B, p i jons with
D. Tt follows, fu;t 1 n—2 are the intersections of o

hermore, {1t if two planes m, &' through g,

Pand g being birationa} ) 80
to. a definite poing £y which
with g,. But ¢ meets g, in »



VIL § 4 RATIONAL SCROLLS 137

meet A residually in curves €, €, then these curves meet g, In
n—3 common points F,,..., P, _,; and hence R is the locus of joing
of birationally corresponding points P, P’ of € and ¢", such that
P comes to coincidence with P’ in each of the n—2 positions
P By s

When R is a rational scroll, whose generators are in birational
eorrespondence with the values of a parameter A, then € and ¢'—
loci of points P{A) and P’(A)—have parametric equations of the, -
form Pz = ) (i = 0,.., ), P
and pr; = v,{A) (¢ = 0,...,3), O’
where the polynomials %, and v; are all of order n—2;+and there
exist n—2 values of A, say Ay,..., A,_s, for which ) and P'(})
eoincide. The resulting parametric equations of(R itself arc then

pE; —= u«z()‘)‘{‘ﬁ?f}(?\) (@ = 9:(\»‘3);
and if we interpret (X, ) as non-homogén®ous coordinates of a

point in & plane =, then R is biratiohally represented on = by
Teans of the system of curves (f) whese equation is

3 N\
% ki{ui()‘)r_]'ipﬂi()‘)} = 0.

Th.e curves of (f} are of ptder #; they have an (n—1)-fold base
Port &t (0,00) and a sifijile base point at {co, 0); and if we write

W) T ol T a0y — e G b
it is clear that, the’points (A,, ;) are n—2 further simple base points
of the systety “Flence B is represented on = by means of & system
of the type E71'“[(’*‘?»—1)'1, 1711, as was required to be proved; and
conversely, any system of this type, of freedom 7 3> 3, is evidently
okgtade n and represents a rational scroll whose generators corre-
SBd to lines of o through the (n—1)-fold base point.

4.1. Normal tational scrolls. A complete lincar system of
t}_le. bype Cnf(n—1), 17-1] represents a normal rational seroll A"
which belongs therefore fo space of dimension r given by
- 7= fn(nt-3)—in(n—1)—(n—1) = n-t+1.

onee: A rational scroll of order n is normal in [n4-1].

Conveme[y it can be shown that, with the single exception of
¢ Veronege surface F* in [5], the rational normal scrolls are the
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only surfaces of order n in [n4-1] and not in any lower space;
or, in other words, the only surfaces having prime sections which
are rational normal curves. Also, since any F"n-+1] projects
from a point of itself into a Fn=1n], & succession of such birational .
projections will lead down to a quadric F? in [3]. and thence to
& plane = on which the projections of the prime sections of the
original surface will be curves of ozder #, and those of its genera-
tors, if it is ruled, the lines of a pencil. This means that the Plane
representation of the normal scroll R?[n-+1] by means of a systeém
Co{n—1)L, 17-1] is obtainable by direct projection of the subface
from an [n—2] which meets it in n—1 general points; thgse lie on
n—1 generators which project into the simple basg“points, and
they must all lie also on a simple directrix C*-#@hich projects
into the (n—1)-fold base point. ' e

The representation just obtained is not in general the simplest
available. In fact, if O is the (n——l)-fold,bﬁ}é point and 4, B are
simple base points, then a quadratic tragsformation with 0, 4, Bas
fundamental points reduces O (n—1J01] 50 O (n—2)1, 1#-3];
and in the most general case thigweduction process can be con-
binued #ill the number of simple base points is diminished to
0 or 1. In special cases, hoWévér, and in particular when all or
most of the simple bage poiuts lie on a line, the reduction process
mey break down OWipg:ﬁO the oecurrence of infinitely near base
points in the tra,nsfchnéfed systems. If no snch stoppage occurs,
Crl(n—1), 1”‘1]~J;educes ultimately to one or other of the systems

\ Cm[(m__l)l] or O‘m-i—l[ml’ll],

in which m & 4+ 1) and m — n respectively; and these systems
represend. Serolls B™19m] and B[ 2m-1] which are, in one
sense gt least, the general rational normal serolls in [2m] and
L2mP 1],

::'FI'OL‘[.I & different point of Vview, one can agsert simply that there
exist different Species of Rup-i- 1} which are distingnished from
one ano!;her by the order of their minimum directriz curve or curves.
Indeed if A and An g any pair of rational curves in birational
correspondence, then the locus of joing of corresponding points is
11 general a rational Bt which Possesses, for A = 1, 2,..., a directris
line, a directrix conic,...; and if AX ang An-r ar.g; normal and of
of sufficiently high dimension, then the
mis an [n+ 1], so that B~ is also normal.

£
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For the seroll B*~1[2m] represented by C"(m—1)'], there is
a unique minimum directrix curve A™-1 represented by the neigh-
bourhood of the (m—1)-fold base point; and the directrix curves
of next Jowest order are A" (not meeting A™-1) represented by
the lines of the plane, The surface is the locus of joins of corre-
gponding points of related rational normal curves of orders m—1
and m respectively.

For the seroll B2 2m+1], represented by O™+ [m!, 11, there is,
a pencil of (non-intersecting) minimum directrix curves A™, reprex
sented by lines through the simple base point; and the surfaes
s the locus of joins of corresponding points of two related ritional
normal curves of order m. P\

Finally, the type of scroll Bn+1)} which possefsés a mini-
mum directrix curve A%, of order A < i(n—1), willadmit—in the
first instance—of plano representation by méahs of a system
0{(n—1), 1*-1] in which n—A of the simpla base points lie on
& line representing C?; but this system will\admit of some reduc-
tion by quadratic transformations, though not usually to the same
extent as when A has one or other gffﬁhe values {{n—1) or in.

Exavprzs Q

L Any system €921, 17] in whichdthe three hase points are distinet is
redueiblo by quadratic transformation o C2[13]; hence, as we have already
seon in § 3.22, there iy but opé’sgecies of I9[4] which is not a cone.

2. There are two specie:%\Q\f rational normal quartic seroll R46]. The first
of .theﬁe_“&nd in one sefide the more general—is the loous of joins of related
Pomts of two generallghnics in [5); and its plane representation is by means
of the spstem €320, ). The second, which is the locus of joins of related
Pomts of & line.ard twisted cubic in (6], is represented in the first instance
Ey 2 mtem\@ggl, 1%] in which the three simple base points are collinear;

ub this syStom may be reduced to a system C3[21(11)] in which the siwple
base P.c"i?tfiﬂ in the first neighbourhood of the double base point. '
& Peeve that the general rational quartic scroll in [4] has a umique
’;}?Proper double point. (If the surface is generated by related conies O, O,

o the two generators which intersect lie in & certain plene through the
bomt of intersection of the planes of ¢ and C'.)
w};}hp rove that the general rational quartic seroll in [3] has & double curve
of I8 a twisted cubic; also that its generators cut this curve in pairs

% general symmetrieal (2, 2) correspondence.

§ 5. DEr. PEZZ0O SURFACES

5. Th? Plane representation, Having considered, in the two
Preceding sections, surfaces of order n which are normal in {n+ 1],
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it is natural to ask next what surfaces of order # (other than cones)
are normal in [n]. To this question Del Pezzo found the surprising
answert that for n > 9 there are no such surfaces; while, for
n < 9, the surfaces which arise form-—with only one exception—
a single simple series F9, F5...., F?, such that F» (3 < »n < 8) is
always the projection of F*t! from a point of itself. All these
surfaces, including the exceptional one which is a second octavic
surface F§, have been named Del Pezzo surfaces in honour of their,
discoverer. ' .
The starting-point of Del Pezzo’s analysis is the obvious-fact
that any surface F*n] projects from a point of itself into &surface
Fr~1n—1], and hence, by a generic series of such projéctions, into
& cubie surface (possibly a cone) in ordinary spacg. {We may not
reproduce his arguments here; but the conclusidh reached is that
all the surfaces concerned are rational, that With one exception
they are the surfuces represented on the plar@)by means of systems
of non-singular eubics O3(1°7] (n = 9,8?., 3), and that the ex-
ception is the surface F%, which is ;é}irésented on the plane by
the system C%2']. The parent smiface of the main sequence is
Fo[9], the Veronesean of plane eithics; this projects from a point
of itself into F¥8], and so om3On the other hand, F§[8] projects
from a point of itself into #he surface F7{7] of the main sequence;
for the projection in quegtion is representable by means of a system
C122%,11], and thiz 8 transformable into a system (C9[1%] by a
quadratic transforfiption of the plane, Thus we have the scheme

F}*;FS—*F7—>F“~—>F5—:-F4——> 73,

O S
O 1
Thezﬁéﬁbers of tines and of pencils of conics which exist on
ea?{pﬁ the Del Pezzo surfaces are shown in the table:
EAENNF AN A
%:::i]s of conjc;x g i g g g 150 }g 33

The reader should work out these numbers for himself from the
glane Tepresentations, and he should investigate also the con-
gurations of the various setg of Iines, showing, for example, that

the six lines of e form a i "
ske b 4 tion
of the surface, W hexagon which is a prime sec

T Rend, Palermo, 1 {1887), 241,
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Tt may be noted, finally, that ¥7 is the surface which is repre-
sented on a quadric surface ¢} by means of the complete system
of sections of @ by other quadries; for all quadrie sections of @ are
represented, in the ordinary plane representation of ¢, by curves
of a system €22}, Indeed in this connexion the six surfaces

PY, F7, F, FS, F3, B3

form a different straight sequence, being all representable on ¢} by,
means of quadric sections through 0, 1,..., 5 points of this surface.

N

5.1. Segre’s surface F4. The quartic Del Pezzo surfagal s
also known as Segre’s surface, and it iz particularly important in
that it is the general surface of intersection of two,gnadrics in
[4]. To see this, we observe first that, if we substitute = 4,7 = 2,
v=4, p= 1 in Theorem VIII, Ch. VI, we find\that the number
of linearly independent quadrics through Fhligrat least two; and
it obviously cannot be more than two. (onversely also, if G% is
any general quartic surface of interseghion of two quadrics £, {0
in [4], then G* certainly contains sqme lines, as may be seen by
projecting it into a cubic surface fIr’E;'m’a point of itself; also, if I is
any one of these lines, then any?f)l’a.ne through I meets G4 in only
one residual point, namely the j)i)int of intersection of the residual
lines in which it meets Q,Q4 50 that G* projects birationally from
Lon to o plane z; andift 4lly prime sections of G4, sinee they are
e!liptic quartic curyes which meet I, project from ! into non-
sgular cubics in %5 and these cubics must form a linear system
C¥[2%], of grade4and freedom 4, so that G* is a Del Pezzo 4 as
stated. Tlgﬁve base points [15] are projections of five lines of
& (from ghe'total of sixteen) which meet the chosen line I

Th(?\.h;"storic association of this surface with Segre dates from
M-epoth-maldng memoirt of his about cyclides—quartic surfaces
.(m ordinary space) passing doubly through the absolute conic—-
nwhich he demonstrated that all the remarkable properties which
these. surfaces were known to possess were essentially properties of
Pen.m]g of quadrics in four-dimensional space, any cyclide being a
Projection of the base surface of snch a pencil.

I 5.2. 'ijhe Del Pezzo double plane and the Geiser involution.
en_addltlon to the proper Del Pezzo surfaces already listed, there
Hsts another improper but interesting member of tho family,

t Math. Ann, 24 (1884}, 313.
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namely the double plune F? obtained by projecting F3 from g
point of itself on to a plane. This surface is to be regarded as
8 pair of superimposed planes ,, =, which cross into cach other
all along a branch curve T', projection of the curve of contact,
T say, of the proper tangent cone to F? from the vertex of pro-
jeotion O. Clearly 7 is the sextic curve, nodal at O, in which
F? is met by the polar quadric of O; and T'is a plane non-singnlar
quartic. The general plano section of F? is evidently a double
line with four branch poings. _ A\
The surface #2 must be birationally representable, in thetknal
way, on & (simple) planc = by means of a system C3[17J-and this
representation will evidently be such that each pair of super-
imposed points P, B, of F2 is represented in = by a-pair of points
Q1 Qy—in general distinct—which form with§17] a set of nine
associated points. The totality of pairs of paihts such as Q,, Q,
constitutes an involution of pairs of pointg ofer, and this particular
involution—generated by cubie cug¥es through seven fixed
points—is known as the Geiser invobubion. Each pair of points
1 &2 Tepresents the pair of poinds'in which #3 is met by a line
through O; and the coinciden{;e;éfsﬁm of the involution is therefore
asextic K = O927], image of L on 3 and of I" on F (Ch. VI, §5.1).
The surface #2 contaigs in all 56 lines which lie, in 28 super-
imposed pairs, alon tKe)28 bitangents of T'. Each of these pairs,
with one exeeptio:r}%e such that one of its lines is the projection
of a line of 3, vihile the other is the projection of the residual
c‘mi"_ in the plane joining this line to 0. The lines of the last
remaming PairTepresent Trespectively the neighbourhood of O and
the nodal gubic in which ¥ is me by the tangent plane at 0.
The reader should investigate for himself the representation in o
sz ‘f’*\u these lines. {Compare also Ex. 1 below.)
4 §6. Burraces Wit moLTeLE POrNTS
6. .We have fx-lrea,dy referred, in Ch, V1, § 2.4, to improper multiple
points of rational surfaces, i.e. points which correspond to neutral
point-sets of the rfepresenting system (f); and we have also

represented by fundamental curves of (f), including possibly

?Eiglil}bourhoodg of hase pointg (eurves of order zero) at which
€ tangent or {nodal) tangents are fixed for all eurves of (f)
€ Propose now to gi

Ve some examples of $hese possibilities.
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6.1, A normal surface with an improper node. It is casy
enough to sec that any surface F in [4] which is a general pro-
jection of a surface Fy in [5] may be expected to possess a finite
number of improper nodes arising from chords of F, which pass
through the vertex of projection. Thus, for example, one chord
of a rational normal quartic scroll B4 5] passes through an arbi-
trary point, so that the general rational quartic seroll in [4] hag
cne improper node. It may be of interest, however, to give an
example of a normal surface in [4] which possesses an easily
detected improper node. O\

The complete system (%[22%,11], which we write here (i the
form (0921, 21,11¢], has freedom 4 and grade 7, anc}it repre-
sents a surface 1#7 which is normal in [4¢]. Now thétwo curves
C421, 11,1197 amd €411, 21, 11] are uniquely defineds they have only
two free intersections, I7, V say; and by the extended Cayley-
Bacharach Theorem (Ch. V, Th. ITa) all the/purves of the system
(24, 21, 11%] which pass through either of L%, V also pass through
the other. Thus U, ¥ represent an improper node D of 477,

L may be verified incidentally that¢F7 is the general residual
surface of intersection of two cuble primals through a pair of
Planes, the improper node heing\at the intersection of the planes;

also 4F7 contains eleven ske{v"ﬁnes and a double-sleven of isolated
conics, -~

&

6.2. Nodal cubic(3urfaces in [3]. For examples of surfaces
Possessing  propge¢double points, we pass over the ordinary
quadrie cone, aid we turn to the nodal F5 in [3).

T}.lere are Shree possible ways in which a system C%[1°], repre-
senting a§uirface F3, can be so specialized as to possess a {unda-
entabaiirve O representing the neighbourhood of a proper double
Romt ol i3; thus (i) the six base points may lie on a conic Q2
(11)‘ thres of them may lie on a line QL, or (iii) two of the base
Points may be consecutive, so that the cubics touch a fixed Iine
® a fixed point A, the neighbourhood of 4 being then a funda-
Tental curve Q9 of order zero. In each of these cases, the curves
), residual in (f} to Q, have two free intersections with €, s0

4% plane sections through the corresponding point O of F* are

todal at 0. Case (i) is that which arises when a nodal cubie

;r‘.lrface i8 birationaHy represented on the plane by direct projection
om the nDdB. 1.
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There is, it may be remarked, no essontial differcnce between
the above three methods of representing a nodal #2; for any system
C%]1%] which is specialized in any one of the three ways in question
can be transformed, by a quadratic transformation of the plane,
into another system C%1%] which is specialized in either of the
other two possible ways. By taking the fundamental curve to be
2 conie, however, it becomes more immediately obvious that a
uni-nodal F? possesses only twenty-one lines; for in this case the
six lines normally represented by conics no longer exist.

6.21. The four-nodal cubic surface. By combining 'sééeialjza-
tions of the above types, we can obtain special systems (®[19]
which represent, in various alternative ways, Subic surfaces
Possessing two, three, or four nodes. By far thg’\mést interesting

- of these surfaces is the four-nodal 2; and $le most convenient
representation of this snrface is by meang oficubic curves through
the vertices of a complete quadrilateral whoéekides are then the four
fundamental lines representing the n8des. This surface has nine
lines represented by the vertices .'afnd diagonals of the quadri-
lateral, and it has many other inte¥Bsting properties of which some
are indicated in Ex. 12, 13 atcthé end of this chapter.

§7. Praxn{OREMONA TRANSFORMATIONS

7. Homaloidal net&, £ — Cn(1,) is a homaloidal net of curves
{of freedom 2 and, erade 13, then any three linearly independent
curves of ¢ defiie’a Cremona transformation

"\‘\ ¥y e = $1ihai by
This & ey ourves of % into lines, and it carries lines into the
our¥es of a second homaloidal system i == (%(k}) assoeiated with
~1h8 roverse transformation (ef. Ch. IIT, §1.1).

\/ Since ¢ has grade 1, and sirrce its curves are necessarily rational,

we have
WS = 1, (1)
(= Dn2)—3 k1) ~ o 2
and these imply the equivalent relations
3n—1) = Sk, @)

W83 3 k1) = 2. *)
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From this last relation, and by observing that no linear system
of grade 1 can have freedom greater than 2, we deduce

THEOREM 1. Fwvery homaloidal net is a complete system of curves,
and the conditions imposed by its base points are all independent.

To construct a table of homaloidal systems (for increasing n)
we have only to find solutions of (1) and {3) which correspond to
systems of drreducible curves. If we suppose that the base points
are all distinet and that their multiplicities are arranged in ,

descending orde
g order E =k =k = O\
the elimination of reducible systems is aided by the inequalitiés

bty <my o By kgt ks < 20, kyFha ke <OBR, ete.
O (5)
expressing that no line, conie, cubic,..., should lave too many
mtersections with a generic curve of the gystem. For n <6
there exist the following types of irreducib}é{ homaloidal net:

%=1 lines of the plane

n=2 C1%] N

n=3 (2414 N

n=4 CU3L18], C428,13). 0%

"H=25 05{41, 18]} 05[31’28’ 13]’ 05[26}

n=6 (o51,10) Copalds 15], (€°[3%,21,1%], O[3 24, 11)
The irreducibility of ap}\\one of these systems is easily established
by transforming it by’a series of quadratic transformations, into
the lines of thes ‘plane, and we propose next to examine the
Question as to fehiether this test can always be applied.

7.1 W.fi’ ove first the fundamental result: '
M;Hgo@m’iu U (Noether’s Inequality). If by, ky Iy are the three
wsb-or equal highest base-point multiplicities of & homaloidal net
Omrves of order n 2= 2, then :
k1+k2+k3 > B .
deg:n ;}zppose all the base-point multiplicities %; manged' in
g order. If n 3> 2, the total number s of base points

(distinet or otherwise) is at least three; for if there were only two
%o should have '

k1+k2 £ N, 3n—3 = k1+k2:
"“'nifhege give 3n—3 < m, ie. n = L.
' L
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Thus for # > 2, we may multiply (3) by %, and subtract from
(1), and this gives

by —Fa) Hhally k)= 3 Bil—h) = 70— 1—3ky(n1).
This may be written in the form
(1= D)fEcH g (1)} 8
= (kl_‘?ﬂa)(n"l“kl)‘l‘(kz_ks)(n"l—kz}“[— ; k@(ks_k&b

whence, since n > 1, n—1 > k,, and &, > %,,,, it follows tl\l‘a@
ki-thoytky 2 nt-1, O

which proves the theorem. K N

This theorem implies (i) that the three base péilits of highest
multiplicity of a homaloidal net ¢ are not collitidar, and (i) that
if these three points can be taken as the bag points of & quadratie
transformation, then ¢ is reduced by tiR fransformation to a
homeloidal net of lower degroe (of. Ch.fffﬁ, Th. V). In particular,
if the base points of ¢ are all distinet @nd of general position, then
¢ can be reduced by a successigivof standard quadratic trans-
formations (s.q.t.) to the lines oftthe plane; and this implies further
that any Cremona transformation representing ¢ directly on the
lines of the plane can be végarded as the product of a finite number
of 5.q.t. and a collineg,tfa}x. We express this rosult by saying that
such a Cremons transformation is fuctorable.

We have showaiy therefore that any Cremona transformation
whose fund&méﬂﬁ&l points are distinet and of general position is
factorable.J0ne of the most justly famous of all geometrical
theoret%zézii‘ries this result to the stage of complete generality as
follows™\

:.'J;:H.ﬁ()REM m (Noether-Castelnuovo Theorem). Every Cremont
\""ts;mfarmam'on of the plane ean be represented as the product of &

Jinite number of standard quadratic tronsformations together with
a collineation,

The proof of this theorem, which involves rather delicate con-

sideration of clustering singularities, may not be given here. The

original statement and proof were given by Noether in 1871; and
they rel’:named unchallenged tifl 1901, when (. Segre pointed oub
a faw in the reasoning which arose from Noether’s incomplete

knowledge of infimitely near points on algebroid branches. The
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first complete proof, valid for every possible disposition of base
points, was riven by Castelnuovo in 1901, The theorem has no
analogue in ordinary or higher space.

ExamprE. Show how to factorize (into s.q.t.) a speecial quadratic trans-
formation in which two or three of the fundamental points are consecutive.

[Effectively we have to transform the special homaloidal net into the
lines of the plane by s.q.t. If the bage points Oy, O, are consecutive, while
0, is distinet, we apply first a generic s.q.t. with 0y, Oy as two of its base
points; this reducos tho special net to a standard net with three distinet{
base points. A similar procedure can be applied when O,, O, O, are con-

seeubive. ] 2 AN
"N

7.2. Base points and fundamental curves. We hayeﬁafr'eady
seen in Ch. IIT, Th. IV that if 4, ¢ are the homaloidal ugts génerat-
ing a Cremona transformation and its inverse, then' ¢ and i are
of the same order #; we now inquire how the Base of  may be
determined from a knowledge of . We a,ssumebfor simplicity that
the base points concerned are all distinesy N\ '

To the neighbourhood of any ordidary v-fold base point of
either net there corresponds a rational’funda-mental ourve of order
v of the other; and each fundamedtel curve so arising will meet
it regidual carves in the net inigne free point (of. Ch. VI, §2.2).
Furthermore, neither ¢ no 1} can have any other fundamental
curves than those arising, iﬁ%his way. In order, therefore, to find
the base of i, we ha,ve\ts}ﬂy to disecover tho fundamental curves
(¥k;) of ¢, and We.klfciw that these must satisfy the conditions

NS .
N w— > ke, = 0,
;X.f’ —1)p—2)— 3 g, —1) = 0.
Thus, ébr exarple, if ¢ is the system Cf[42, 24, 1%}, or, say,
N .
Y O C%(ALB2 B2 B2 B30, 0, C4),

Jg;en its fundamental curves are (i) the four lines 4B, (if} the conic
(4B, B, B, B,), (iii) the three cubics C3(A2B; B, B; B;C;(y); and
s therefore g, system of the type C9[3%, 2, 14}
Djf;other_‘example, of very much greater importance, is the
Cre Onguitres fransformation which is the only gencral typ:a of
netliﬁii_t?mform&tiop which exists for arbitrary order =. h.['ih]t:
hay ich generates it is composed of curves of order w whic
® an (n—1)-fold base point O together with 2rn—2 further

“Mple base points A, =1,2,..,2n—2), ie. it is of the type
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O7[(n—1)1,12%2], The fundamental curves of this net are (i) the
2n—32 lines 0A4,, and (ii} the unique curve C* Y (n—2)1, 1202,
and the reverse transformation is therefore of the same type as
the original.

It may readily be verificd that when the bage points are all of
general position, a De Jonquiéres net is reducible to the lines of the
plane by a suecession of # standard quadratic transformations:
and conversely, the product of n generic s.q.t. which have ©ne
fundamental point in common is a De J onquiéres transformation
of order . : R \J)

It will be clear to the reader by now that the enumeration of
Cremona transformations would be lttle more than{a mechanical
operation; it iz indeed largely a problem of Diophantine arithmetic
based on equations (1) and (3), and the compl’éﬁe‘ solution for all
values of » < 18 hag been given by H. P, liudsan in her treatise
on the subject. There exists, however, ve}y extensive literature
dealing with general properties of the‘eg;ﬁgura;tien of basge points
and fundamental curves, and with greitps of transformations; but
these developments, as far as the'ji‘est of geometry is concerned,

tend inevita,bly to be overshaddwed and isolated by tho subject’s
own findamental theorem, ~3*

AN
§ 8. PLANENINVOLUTIONS OF ORDER TWO

8. In Ch, VI, § 4y W\’e\ have already discussed, in general terms,
involutions I, of'‘séts of % points in the plane, and the surfaces
which serve g Projective models for such involutions. Naturally
the firs 935.5’«h‘P165 of plane tnvolutions to attract attention have
been tht{'iﬁ of order two; and indeed these have a particular interest
in tha% every I, obviously generates a symmetrical Cremona trans-
foration of the plane into itself; and conversely. We propose,
{thetefore, to give some acoount; of soveral well-known I, which

Sccupy key positions among the whole totality of their kind. The
simplest I, of all, the plane harmonic homolc;gy, will be assumed
to be sufficiently well known 4o require no special mention here.

8.1, The Geiser involution, This involution, which is gene-

rated by eubic eurves through seven fixed points, has already been
fiea,lt vn_fith in some detail in §5.2 where it was related to the
]IlV?lllthn of pairs of points of a cubic surface F2 which are
collinear with s fixeq point O of F3. To discover the Cremona
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transformation which carries each point ¢, of the plane into its
mato @, we observe that, when ¢, describes a line, its image
point B, on F® describes a twisted cubic curve T, the image point
R, of ), describes the residual sextic curve in which F* is met
by the eubic cone projecting I' from O, and the curve described
by 4, is therefore an octavic curve with triple points at the seven
base points of the net of cubics. Thus the homaloidal net asso-
clated with the Geiser involution is of the type O¥[37].

8.2. The Bertini involution. Another and even more remark.
able I, is the so-called Bertini involution which derives frgt'the
fact that a general system of curves of the type C®[28] 15 not
simple; in fact such a system, which is of freedom S,agzid grade 4,
has the property that each of its characteristie setgeonsists of two
pairs of & fixed involution I,. To see this we may ebserve (i) that
the system (%28] may be represented on @.'oﬁbic surface F3 by
the system of curves in which F is metbw gadrics which touch
3 at two fized points A, B; (ii) that if &8 are the tangent planes
“50 F2at 4, B, then conics touching ang at 4, B plainly meet #°
In pairs of points of an involutitm, and (iii) that any pair of
guadrics touching «, 8 at A, Bu{nitersect in a pair of the conics in
question, so that their sectiofis of 3 intersect in two pairs of the
involution, o)

It may be shown without much difficulty that the Cremona
transformation generfabed by this involution has the system o[ 6%]
as its homaloidal uét, and the coincidence curve of the involution
18 8 C9[3%], T!:}Q‘ifﬂ&ge surface of the involution is a quadric.

It may %Iéma,rked that there exist alternative approaches,
both to the'Geiser and to the Bertini involutions, by way of in-
volutians ‘of pairs of points of space. Thus six fixed points of
Spate determine an involution of pairs of points which augment
theix to sets of eight associated points; and this space involution
fle’EBI'IHines on any quadric through the six points & subordinate
m‘tﬂution which projects from any one of these points into 2

iser involution in the plane. In the same way, seven fixed
Pomts of space determine another space involution of which any
E’a?:; tonsists of the two residual intersections of an elliptic quar tic
dou]j] through the seven points with a quartic surface passimg

y through the same points; and here again the space involu-

ti . .
101 determineg g, subordinate inyolution on any quadric through
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the seven points, which projects, from any ono of the seven, into
& Bertini involution in the plane.t

8.3. De Jonquiéres involutions. Besides the two. important
involutions just described, there exists a whole series of Ly, named
after De Jonquiéres, which generalize the projective equivalent
of ordinary plane inversion with respect to a circle.

A De Jonquidres I,(n) is determined completely, for any value
of n 2 2, by a fixed point O and a fixod curve I'™* which posdesses
an (n—2)-fold point at Q; a pair of the involution is then any
pair of points P, @ such that P and § lie on a line thretigh’O and
separate harmonically the two residual intersectiong .6f this line
with T, "

Clearly the coincidence curve of the involutionis I~

To find the homaloidal net of curves ¢ whidh characterizes the
Cremona transformation defined by the involution, we consider
the general curve ¢ described by x@ren P describes a line A
Clearly ¢ meets any line through @n’only one point other than
O; the line X meets the first polax of 0 with respect o I in vn—1
points which all have O ag mate (as do all pointits of this curve),
50 that ¢ has an {n—1)-fold ptﬂht at O and i therefore of order »;
and finally ¢ obviously padses through the 2»n—2 points of contact
of tangents from O tolf¥. Hence the required homaloidal net is
of the type Cr[(z -1}, 12%-21 and the Cremona transformation
which permutes P)\Q is a De J onquiéres transformation of order .

84. Thedeneral result. Weo may add in conelusion that the
whole subjeet of the present section has been. rounded off by a
_ rema%aéble theorem due, in the firgt instance, to Bertini. This
asserts that every plane inveolution of pairs of points is derivable
byt€Gremona, transformation of the plane from one or other of four
bypes:
" (1) the plane harmonic homology,
(ii) the De Jonquitres involution,
(iii) the Geiser involution,
(iv) the Bertini involution,

Bertini’s origina] proof of this theorem was subjected to criticism;
but the result wag later established rigorously by other writers.
t For further detaily of this g

: ethod, and of the two involutions concerned,
the reader is reforrod to the account in Baker, vi, ch, iij.
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NOTES AND EXAMPLES ON CHAPTERS VI AND VII
The general cubic surface IS

1. Show that the apparent contour of a general F* from a point P of
iteelf, i.e. the generic plane scction of the proper tangent cone from P,
is a non-gingular gquartic eurve &t (cf. §5.2).

Show also that, of the 28 hitangents of &t (Ch. IV, §$4.2), all but one are
projections of lincs of F'%, while the last is tho projection of the tangent
plane at P which touches the tangent cone along the two inflexional
tangents at P, A
2 Prove that the general 7% has 120 tritangent plancs which méc}fl\t
in triads of lines such as (g, by €12) OF {12+ Caas C56)- & M

£
3. A Steiner trihedral is a set of three tritangent planes ~0Y F? whoso
point of coneurrence does not lic on the surface. Show that the rows and

eolmns of the array b
Cas U3 g

s Cay bl x: \\ :
b, @y O '\ w
are the traces on 3 of fwo associated Steiner Mﬁeémls which intersect each
other in these nine lines. o\ ¢
Bhow that every Steiner trihedral is agfoetated in this way with a second
Stefncr trihodral. (Cf, Pascal, Repertotium, ii. 780, where also the 120 pairs
of associated Steiner trihedrals are exhibited.) :

4. Ifthe planes of two associa,ﬁéd Steinor tribedrals have equations = o,
% =0 (i = 1,2,3), provesthat the equetion of F3 may be written in the
f'_m-ﬂ Uttty = vy vy 0, Daduce that tho equation of #3 may be reduced
(in 120 distinet ways) £6, $he form
\‘ X, X, X, =YV ,T,
fhe“_} the Xﬁ., K&re linear functions of the ecordinates and connected by
w0 linear ldéuﬁﬂ;ies, of which one may be taken to be
N X4 X, +X, =V4 51T
03;3{?'91313 Xy = &t &, Y, = —(£5+£)s ote., show that the equation
betomes
S481..F+E =0,

] .
here the £, are conmected by two identities of which ons is Elfé =0

:n;i ¥write down the equations of 15 lines on the sarface. Find also the

cq dfions of the remaining 12 lines by using the other identity. say

gm‘fi = 0, connecting the &,

pa:é ghow f:.'om first principles that throngh any line of a general F* there

8 pa ¥e tritangent planes. If o, § are any two of these plmes,.constrllct
% of associated Steiner trihedrals which contain a, § respectively-



152 SPECTAL RATIONAL SURFACES VII

8. Prove that the general cubic surface may be generated as

(i) the locus of conics in which the planes of a pencil are met by their

corrosponding quadrics in a related pencil of quadries;

(ii) the locus of poles of a given plane with respect 10 tho guadrics of

& given net.

7. Show that the general F* may be birationally represented on the
plane by drawing throngh any point P of the surface the unique fransversal
to two given skew lines on the surface.

Show also that, by this method, the Plane sections of & are reprosented
in the plane by quarties 422, 1%); and deduce from this the ordifia
representation by means of C9[19], A\

8. A double-six configuration of lines, such as was referred 16,118 2.2,
is rompletely dotermined by any set of five skew lines b1s.0s b5 'which have
one and only one transversal ;. For, on the one hand, ... Bylare uniquely
deterrained as second transversals of sets of four of b,40b,; and on the
other hand, we soe, by counting constants, that thera-exists a (unique) F3
which contains the eriginal six lines, and this necesgarily contains a,,..., g
and a sixth line &, meeting these five, A

Among the lines of P8 there are, in all, 36 doub\te:sixes.

9. Bhow, by means of a plane representétion of cither surface, that a
quadric 7% and s cubic surface F? interselh)in goneral in a sextic curve 0%
of genus 4, and prove that this ean brcak up in any one of the following
ways: {i) into a rational quartic Q¢ and two of it trisecants, (i) into &
0% and one of its trisecants, (i) ito two twisted cubies meeting in five
points, (iv) into an elliptic quartie 10% and one of its quadrisecant donics,

{v) into two triads of generatods of opposite systems of Fe,

10. Show that, in the, Planie representation of the eubic surface %, the
sections of F? by othercubic surfaces aro represented by the complete
system of eurves CI8. i

If (F) is the complote system of cubic surfaces through a non-singular
curve ¢ of orderyi’and genus p, and if surfaces of (F) irrterseet residually
in irreducibl’eﬁu}ves of order 9—p, prove that the genus & of these curves,
the numbér ¥ of points in which they meet O, and the grade y of {¥) are
given b\

ST = 8=ty t=2n—9p12, ¥ = 25— &n-+2p.
. ;Sl?o’w also how to find the freedem p of (P i}
< ‘:Dlsfzus‘a_s the cagses when ¢ is an elliptic quintic, a rational quintic, and
#n elliptic sextic, and explain why 7 is negative in the last two cascs.

!1- ¥ind from the plane reprosentation the freedoma of cubio surfaces
through (i) 8 1¢%, (ii) a 9C4, ang (iii) & 3¢5, '

’ Deduce that cybie surfaces through g 80 generate a Cremona transforma-
tion of space.
The four-nodal cubic surface

12'. Prove .tha-b the system of curves C?[19], in whieh the base points are
the mt?mectlm:ls of‘ four lines, Tepresents a four-nodal cubie surface, and
that this contains nine linas of which six are the joins of the nodes in pairs.
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3
Show that the equation of the surface may be taken to be 3 (1/x;) = 0,
o

and henee obtain the equations of the lines. Show also that tho reciprocal
of the surface is Steiner’s surface.

Preve that, in the reciprocal transformation pe; = Ife; (1 =0,1,2,3)
between two spaces Sy and 8§, planes of each space correspond to gubic
surfaces having four common nodes, and lines to twisted cubics passing
through the nodes.

13. (i) Show that the equation of any four-nodal cubic surface can be
written in the form Ju,,| = 0, where |u,,| is a symmstrical determinant of
the third order whose clements are linear functions of the coordinates, (™,

{ii} Deduce that, if the points of a space §; are projectively related 10
the eonics of & web (%) situated in a planew, the line-pairs of the wel'{and
therefore the vertices of these line-pairs) are in correspondenée with the
points of a four-nodal cubic surface F3; and that the nodes{of F9 corre-
spond to the four eoincident line-pairs of (k). *)

fiii} Show that the conics of the web which touch any line I in w corre-
spand to the points of a quadric cone having its ve,r:t& on F? and touching
F* along a twisted cubic which passes through, pheiodes. Prove also that
any two such cubics form the complote intersbetion of F2 with a quadric.

{iv}) By means of the same representetiefl, prove that the tangent cone
fo F* from any point of itself breaks up:iilto a pair of quadric cones.

™
~ 3

The Veronese sgfwce and its projections

14. By using the equat'ofé'{;f the Veronese surface (§3.1), write downt
the equation of the linegr §5 system of guadrics through the surface.

Show that these quadzics form e homaloidal system, i.e. that any five
of them intersect in ohly ons free point. (This follows from the fact that
the rational t-rmsf{)ima,tion of 85 which they define 15 I'&'BiOIl&lly reversible.}
_15" Gi"en.Xcdnic Q in a plane 1, prove that w may be represented
bm‘tl?na*],lyfﬂn & projected Veronese surface F4[4] in such a way that all
tho iads.of points of w which are self-polar for ( are rcpresented on Fe

}:ﬂgg triads of interseetions of this surface with its co® trisecants.

m;r&a. tihow that any non-singular elliptic sextic curve in [4] whi.eh possesses
8 cub; a0 two trisecants possesses an infinity of trisecants which generate
7ubie seroll. Deduce, by the method of Ex. 15, that if & plane cubie is
cgil‘-m thmu,gh the vertices of three triangles which are self-polar for &
© then it contains an infinity of such inseribed triangles which are
felf-polar for the ‘Gonic,

‘in_ﬂl;;iigw 131:1:3,1; & projected Veronese surface Fi{4] c?ntams a (un_igug -

n Ex. 15 rational normal quartie curve K—-corresp_on(.img to the comc;1

Flog p —such that (i) every trisecant through a point £ of K touches
»and (ii) every tangent to K is an inflexional trisecant of I,
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18. Show that any plane which meets a projected Veronese surface Ft
in a conic k meets the surface résidually in a single point P, that the
trisceants of the surface which pass through P constitute tho pencil, vertex
P, in the plane of , and thai the relation between P and may be regarded
as that of pole and polar with respect to the mflexional curve K of the
surface,

I8. Bhow that the parametric equations of a eubie seroll T in [4] may
be taken to he Tyl 1T kT, = iyt e iz
Deduce that the surface lies on a net of guadric cones, N\

20. Prove that in [4] any quadric which contains a plane is & cone with
vertex in the plane; and that two such cones with a plane in\'c‘o.rﬁmon
intersect residually in a cubie seroll, \,

21. Show that the general cubic seroll in [3] may be genefated by setting
up a {1, 2) correspondcnce betweon the points of two skelw.lmes and joining
corresponding points; and obtain its roduced equation e this way.

Rational scrolls and Del Peggo?ael-rfaces

22. Prove that the paramciric equationg tﬁ‘i;he most general rational
normal quartic sercll " R4[5] may be taken'te'be

iy Wyl Wy 1y 15 = WYLyt e B 1 et
Show that there are 08 quadries threugh the surface.
23. Bhow that the oguations DN

Bo 10y ¥y 10y = LW ays i@ L y+2) MLy b-2) 1P
Iepresent a scroll 0R[4] ygrh%h is a projection of ¢R4[5], and determine the
vortex and prime of projection.

Prove that the prejected scroll is the intersection of the quadrie cone
To¥y = ¥y %, withthecubic prima] &y Byl oy} = a3, 2, (w0 — ), Tesidual to
& pair of planeg\ ¢

Prove alsa’dht the serofl has an improper node which corresponds, in
the planwe“pi-esentation, to the peir of points (0, 1, —1) and (1,0, —1).

24. 8how that thero are bwo distinet types of "R4[5], of which onse is
the‘lq?us of joing of Lorresponding points of two Projectively related conies,
‘yghge. the other is the logus of joins of corresponding points of a lino and
a jtwisted cubic which are projectively related. Show that the first is
Tepregented by a general system C9[2L,317; and that the second may be
reprfasenffzed either by & system of cubics which have onoe fixed node and
ons infinitely near simple hage point, or by a system C4[31, 13] in which the
three simple bage Points are collinear,

205-s Obtain, s in the last example, two types of "RS[6] and three btypes
of 'R {7], and, discuss the p]a.ne representations of thege scrolls.

" 28, Show that, on the quintic Del Pezzo surface F5, the ten lines mey
be arranged as follows:

(i} six lines forming a gkow hex.agon,
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(ii} three transversals of pairs of opposite sides of the hexagon,

(iii} a line meeting these transversals.

Show that the surface contains five pencils of conics such that any two
conics of different pencils have one cornmon point, that it containg alse
five nets of twisted cubics, and that the surface lies on five linearly inde-
pendent quaddries of [3].

Show alzo that tho equations .

Tyl e 1 Xy 1y = 2Py —2) iyt z—x) M e —y)iyrly—e)izw(z—x)
reprosent a projecied Del Pezzo quintic surface in [4].

Prove that this surface has an improper node which corresponds to thed

peir of points {w,w?, 1} and (w? w, 1), where «w is a complex eube rookof

Dllity. 2 AN
NS ©
21. Prove that the equations of the sextic Del Pezzo surface 11{"5&] may
e written in tha paramstrie form N

1, 10} 1 1Y g g — wym Yyt ot gty
and that its chord locus is the primal o)

Ty, z; @ |=0,

Ty X, @

T, Ty @ ~ .
th()se two systems of gencrating solids are thbsé which moet the surface -
In twisted cubie curves, o\ ¢

Show that the surface projects doubly frera the plane
3 = mp-+af = ok = aal = 0

~

into & four-noda] cubic surface. -~ !

23. If all plane cubics are répresented by the points of Sy, prove that
& threefold line is representéd’by a point P of a certain Del Pezzo *F¥,
that all cubies which havé%w same line as double component are repre-
sen od by the points off ﬁhe tangent plane to 1F* at P, and that all eubics
which have the sefgelline as simple component are represented by thoe
Pownts of the osc@@tij;g [6] of 1P at P.

2.9. Prove thé\ﬁﬂlowmg results:

(l}‘A curyeof order n in [r] is necessarily rational, normal, and without
multipls P";{ints.

(i) :A\..E‘m'fﬁce of order n in [n-4-1] is necessarily radional with rationsl
el prime sections.

EBCfJi) A surface of order n in [n] is either rational or a cone, and ite prime
;108 are either rational or elliptic.
(¥) A surface with normal prime sections is necessarily normat.

7

N

S

Surfaces of section genus 2
%0 Surfaces of section genus 2 wore first discussed systematically by
whsizihluon as part of a wider problem. He showed that those of them
o 4re not ruled are rational and represontable on the plane by systems
Tuertics ([, 17} (r = 0, 1,...,8). The parent or supernormol surface of

t Rend. Palermo, 4 (1890}, 73
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this type is evidently *F1*[11], and from it we derive by projection a series
of surfacos *F" (4 < #n « 11) normal in [n—1]. The most noteworthy are:

(i) *Fe[4] = %21, 17], residual intersection of a quadric cone and a cubic
primal which have & plane in common. The surface contains 14 lines, a
pencil of conies, and a pencil of plane cubics residual to the conics.

{ii) *F4[8] = C€¥[2%,1%]. This surface hgs a double line whose points
corregpond to pairs of points of the eubic 1Y, 18], Plancs through the
double line meet the surface residually in conics of which eight break up
into line pairs.

. O
Surfaces of section genus 3 A
31. The rational normal surfaces of section gonus 3 have likewise been

classified by Castelnuovot who has shown that they fall intg the foliowing
three classes: N

(@) *4rn—2] = CUI] (5 < n < 155D
() *rln—2] = CU[I, 18] (5 < AENB),
{€) *x"[n—2] = C{34,1%9] (5 < = 16).

- The sextic surfaee of tho first class, namely, @947 = C4119], is called the
Bordiga surfuce, its properties having bequfirst investigated in detail by
Bordigai snd later by F. P. White.§ It @\0ssy to see that the locus of the
point of intersection of corresponding\primes of four collinear nots in [4]
iz a surface of this type; and convapsely. The surface contains in genoral
10 lines and 10 plane eubic curvesy dach member of ejther set meeting all
but one of the other; and theRistence of the surface therefors implies

the existence in [4] of doublatten configurations of lines and planes analogous
to double-six configuratiods in [3].

32. Show that, by(gherializing the 10 base points, a Bordiga %6* may bo
made to have {g) a.d&ble line, or {b) five distinct double pomits,

33. Prove thab w general surface of the type 545 possesses a double
twisted cubic/éurve; alzo, conversely, that a general quintic surface in [3]
which bas #80Gble twisted cubic curve is a rational surface of the type *6*

34. Show t.:hat each of the surfaces %" eontaing a neb of elliptic q‘larti“}
curves 0f ‘which airy pair meet in two points; also that 2" contains & penecil
of plane cubics with ouly ons base point.

P SS how also that the normal surface 546 Poasesses a double line, and that
%% possesses thres concurrent doubls lineg,

Show also that a]l the surfacos 4" 1o birationally representable on the

(I:QI‘I;’ZIZO:Z dso)uble Plane 'F2 by quadric sections with + simple base points

thzf s I;rm;e that sach of the surfaces Sx™ eontains a pencil of conics, end
X Possesses a tripls line whish i : tation
to the curve Ci[21, juj, eorresponds in the plane represen

T At Aee. Torino, 25 (1500), g9s.
1 Mem. Ace. Linces, (4), 4 (1887), 182.
§ Proc. Comb, Phil, Soe. 21 (1923), 221.
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Plane Cremona transformations

38, Find the fundamental curves and reverse systems of all the homa.
loidal nete listed in § 7. .

37. Diseuss homaloidal nots of order # which possess an (n—2)-fold base
point.

48. fhow that the Jacobisn of a homaloidal net is composed of the
fundamental curves of the net.

39. Show that if the maximum base point multiplicity of & homaloidal
net iz 2, then the order of the net does not exceed 5. .

40, A homaloidal net is said to be symanetric if its base point multiplicities
are all equal. Prove that the only symmetric homaloidal nets, exeliuling
the lines of the plane, are s W

02[ i 3J’ 05[28], O&{ 37}, 017[65]_
Discuss the fundamental curves of these nets, and prove, ph.at’each of the
nets has fewer baso points than any other hormaloidal nétafthe same order.

(Uso the identity 3 13 3 1—(3 &:)* = 3 3 (y— k%)
a4 {

N
N\
NOTE ON A CHARACTERISTIC ZEB:OPERTY OF THE
VERONESE SURFACE

We have already remarked that a saﬁ;fa.ce which eontains co? comics is
the Veronese surface or ome of its :j;irtujectians. This property may be
established as follows, N

Ifa surface F contains an irr@ueible system 3 of oo? conics, then & finite
number of eonics of 3 pass tArdtgh two given points of F. If we suppose,
i the first place, that any*two conics of T meet in a single variable point,
then only one of the corios will pass through two given points of F. More-
over, In this case, 4H6’£5! conics passing through a point P of ¥ forma
ratmr}a-l pencil { P){fpr they can be pub in birational correspondence with
the d-lra.ct-ions inthe tangent plane at P. :

Uonsider foswyin a planew, two pencils of lines having centres at @ and
&, r.espfétiti?e ; these we denote by (@,) and (@,). We relate (€),) end ('Qs}
£§?9t33315’ to two pencils of conics (F) and (F;)—dsfined by two points
e t;g;}.l- such a way that the conic common to (F) and () corresponds
i ine common to {Q;) and (@,). To a gencric point P of 1?', through
inte, Passes a single conie of each peneil, there corresponds a point @ of =,
m&m%lqﬂ Of_ the corresponding lines of (@;) and (€,); and conversely,
wor agel_‘llfemc Pomi’i & ofwr there corresponds a unique poin't Pof F. ]d:‘urther:
and if PQ des‘_’nbes a generic line of 1w, then P descrlhef; a conic of EE‘
order 2 .degeﬂbeﬁ & generic prime section of F, @ deseribes a curve O
& » 1. & conic, of w. Thus F is rational, and representable on =@ by

S‘fste'm of conics; and it is therefore & Veronese surfacc or one of its
Projections,
toiupposmg, in the second place, that the conics of I are not unisecarnb

ach other, wo observe that they must be bisecant; for if they met each

W,
7 %G
3
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other in more than two points, they would all be coplanar. Two conies
of X lio therefore in a space [3]; and this, moreover, containg all the eonics
of Z, for theso meet the [3] in four points. Hence a guadric surface of 37
which contains two conics of F and one further point of ¥ will contain
entircly. Thus F is a quadric.

ADDITIONAL READING AND BOOKS OF REFERENCE
ON THE SUBJECTS OF CHAPTERS VI AND V11

Coormer, Algebraic plane curves, Book IV. I\
Bawnr, Principles of geomelry, iii—vi,
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Barroaa, Complement, §§ 9-13. e N

s Introduzione, ohg. v, Xv, Xvi. &7

Teruwe, The Rational quartic eurve in space of three and four dimensions,
{In this work the genera} projected Veronese Sﬂl’%&é"m [41 is derived
~ from its unique rational normal inflexional 'R
CoNroRrTo, Superficic razionals, )
Hupson, Cremona transformations. o NG
Ener, Ruled sutfaces.
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CHAPTER VIII

LINEAR SYSTEMS OF SURFACES, RATIONAL MANI-
FOLDS, AND HIGHER, CREMONA TRANSFORMATIONS

§ 1. LINEAR SYSTEMS OF SURFACES

1. In passing from the consideration of linear systems of plane
curves and their projective models to the analogons theory fory
linear systems of surfaces in [3] or of primals in [7], there is mych
that admits of immediate generalization—at least in theory s bub
thero is one essential difference, namely, in the existence-—for
these higher linear systems-——of base manifolds, as disfinet from
mere isolated base points, common to all members(ol’a system.
The essential novelty of these becomes particulazly apparent when
we proceed to construet the projective models)of such systems,
or to consider, for example, how a multipla\'eurve of a surface in
_[3] may bo ‘resolved’. What is essentially'new is quite sufficiently
ilustrated by the case of linear systems. of surfaces in [3], and we
shall therefore confine our a,ttent,i;’m: largely to this case. The
zeader should have no serious diffieulty in estending the results
to higher space as required. . ) .

. L1, Linear systems.bf.\ surfaces. If Fy,..,F, are Jinearly
independent homogene}n}s polynomials, of the same degree 7 in
%, 4,2, ¢, then the eq‘,]:&tion '

: ‘ \':‘\"uFo+7tlF1+..-+ArE, =0, (1)
which we uphose to be irreducible, defines a linear system of
uacos [F%f freedom » in an ordinary space S;. These surfaces
M4y hayeMbase points, simple or multiple, and base curves, simple
°zaltiple,

Alharacteristic curve (or F-curve) of the system is a free inter-
"ection curve—residual to the base curves—of a pair of F-sur-

29%8; and the genus of the generic characteristic curve is called the
“Urvilinear genus of (F). |
to thﬁhfimczm"%ﬁc set of (F) is the set of froe intersections—residual
nﬂm!: ase Ptfmts and base curves—of three F-surfaces; and the
of { F)e ™ of points in a generic set of this kind is called the grade

The system (F)is simple if all the F-surfaces which pass through
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a generic point of 8; do not pass in consequence through any
further point of §;. _
If r > 3, the equations
Xy X, X

S )
. F ¥
make correspond to any general point P(z,y,2,¢) of 8, a point
(X, Xy, X,) of fr]; and as P describes 8,;, ¢ will describe, in
general, a threefold V in [r], which is the projective model of+the
system (F), _ B X
Ifr = 3, then (F) is ealled a web, and three possibilities-apise:

(i) If (F) has grade N > 1, then i is complex (not,simple), and
1ts characteristic sets G form an involution of s6ts ‘of N points
of §. The projective model ¥ is another spacé ¥ whose points
represent the sets GV of . \%

(i1} If (F) has grade 1, then it is simple, and' equations (2) trans-
form 8; birationally into another space $8.” Such a system (F), of
grade I and freedom 3, is called g homw%@daﬂ web,

(iii) If (F) has grade 0, then E-sutfaces through an arbitrary
point have necessarily a curvebi'xi"common; this is the case, for
example, with quadries through’ two skew lines. The projective
model in such cases is a surfade whose points ropresent the curves
of a congruence (doubl W¥finite system) generated by (F).

If 7 > 3, then (F) is Usually simple, and V is a rational three-
fold which is biratitnally represented on 8;. 1t may happen, how-
ever, that (¥) is Gomplex, generating an involution of sets of points
of Sy; if thig ek, then V is the projective image of the sets of

the involution; and if ¥ is rational the space involution is said
to be %ﬁ)ﬁ&l.
QN

L2, Rational threefolds, Suppose now that (F) is simple so

13t the correspondence between V and 8, is birational. To F-
surfaces there correspond prime sections of V: to F-curves there
correspond sectiong of 7 by secunda, or, as we shall say, curvilinear
sections of V; and to characteristic sets of (F) there correspond
the sets of points iy whigh V is met by spaces [r—3]. Hence

THEOREM . If (F) is a simple lineqy system of surfaces of freedom
r gm:de N, and curvilinear genus p, then the surfaces of (F) represeﬂ:t
6}1‘&3@0?&&33@; the prime sections of a threefold V of order N and curvi-
linear section genus P in r-dimensiongl space.



VIIL, § 1 LINEAR SYSTEMS OF SURFACES : 161

Those properties of rational threefelds which are fairly obvious
extensions of analogous properties of rational surfaces will now
be stated, the proofs being left to the reader.

{1} The manifold V is normal (not a projection of any manifold
of the same order and dimension) if (F) is complete (nob contained
in any more ample linear system with the same base).

{2) If Q is a simple point of ¥ representing a point P of S;, then
the projection ¥; of ¥V from P is represented on .S, by means of the
sub-system () of (F) which has P az a simple base point.

The tangent solid to V at @ gives rise, on projection, ¢ a
plane Iying on ¥;; this plane represents the neighbourhgod of
Qon V. A\

(8} If V is projected birationally from a [k], 7' say,,v?’]iich meets.
Vin a simple curve €, then the projected manifolddn [r—&—1]
is represented on §, by means of the sub-system¥H) of (¥) which
has a new base curve ) corresponding to C‘\\

The tangent solid to V at any point@ef ¢ meets 7' in the
tangent line to ' at ¢, and it projects thetefore into a line Iying
on ;. Thus V] contains a seroll of sugh-lines, each representing the
whole first neighhourhood of a paifitof C.

(4) To any curve €, of §, thete*corresponds in general a eurve
C'on ¥ whose order is the nufhber of free interseotions of C) with
& generie ¥-surface. , O :

To the lines of Sy the}e\dbrrespond oot rational ¢? on V.

(6) To any surface 4;1 in 8, there corresponds on V a surface ¢
whose order is the'fimber of free intersections of ¢, with a generic

-Curve, N

Prime sections of ¢ correspond to the free curves in which ¢, is
I];let. by E;slh'faces; and from this, when ¢, is rational, there can

® dedueed the plane representation of 4.
h‘;a)a:iﬁ'le planes of 8, there correspond on V the surfaces of a
of o oidal web, each represented on a plane of §; by the system
trves of order # in which this plane meets ().

.1'21‘ Limit points of V. The equations (2) which determine the
PO{m @of ¥ corresponding to P in 8, break down if P is a base
‘P;-?;Iﬁt of (F); but there will then be limit points of V asaociaf;ed
st E{')Pproa,ches to P in &, To discuss these our point of view

& ° that the correspondence between the surfaces of (F) and

witmes of [r] is fundamental. From this aspect, & general

M
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point of [#] corresponds to & general linear condition on (F); while
8 point of ¥ corresponds to a special linear condilion which requires
P-surfaces to pass $hrough a fixed point. Lo every limiting special
linear condition on {F) there will correspond a limit point of ¥;
and conversely, any limit point of V represents a limiting special
linear condition on {¥).

1.22. Neighbourhood of « simple isolated base point. If O is a
simple isolated base point of (F), the condition on F-surfaces to
touch at O a given line through O is a limiting special“linear
condition; and to this condition there will correspond {herefore
a definite point of V. Thuns we may say that to every direction
ghrough O there corresponds a point @(f) of V. As} varies about
0, Q(t) describes a surface F which is in fact &‘pfa,he; for a secun-
dum K meets it in the unique point @(f) whish\eorresponds to the
direction at O of the F-curve associated wish’ K. Further, to any
line of E, intersection of B with a primde'Tl, there corresponds &
plane pencil of directions at O, lying Mnvthe tangent plane at O to
the F-surface corresponding to I} and it follows that the corre-
spondence between the star (O)‘ﬁnd the plane E is hormographie.
Hence N\

~

THEOREM 11. To the néighbourhood of a simple isolated buse point
O of (F) there correspoiils a plome E on V, the correspondence between
directions through Oumd, points of B being homographic.

Similar congiﬁl.ei:at-ions show that if O is a A-fold base point of
{I) through Wwhich pass « linear branches of simple base curves,

then to themeighbourhood of O there corresponds, in general, & rational
swfazc}of order A2—o on V.

¢ 2123, Neighbourhood of & simple non-singular base curve. Let 0
{"\be a simple isolated non-singular base curve of (F}, and let 7 be the
tangent to € at any point P. Then all directions f at P (other than
7} which lie in a plane « through 7 impose the same limiting special
linear condition on (), namely, that of touching « at P; and to
this linear condition there corresponds therefore a point €{x) of V.
f&s. o varies about 7, Q(x) must describe a curve on V; and this
isin fact a line 7, for a prime meets it only at the point correspond-
ing to the tangent plane at P to the associated F-surface. AlsO;
as P deseribes C, r describes a scroll R lying on V; this seroll
represents the whole neighbourhood of ¢ in S;; its order—the
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aumber of its intersections with a secundum—is given by the
number of points in which a general F-curve meets. (. Hence

razopEM ML To the whole neighbourhood of o simple isolated
non-singular base curve C of (F) there corresponds on V a scroll R.
Buch generator v of R represents the neighbourhood of a pownt P of
0, and each point of v represents a pencil of direchions through P,
lying in o plane touching C at P. The order of B s the number
of intersections of C with an F-curve.

If O is an isolated A-fold base curve of (F), a similar argument
shows that to the neighbourhood of each point of €' there gp\ﬁ‘e,—\
sponds a tational curve of order A on V¥, and that this generates
s surface whose order is again equal o the number of intérasetions
of ¢ with an F-curve. Y o

1.24. Algebraic veriﬁcation. Taking non-homqgeﬂeous coordi-
nates (x,%,2) for a point of §;, we may supge'ge the equations of

¥t
b X, = Ffng) =G )
If the origin O is a simple base poinj;,’o:f (}_f"}, we may write

Filz,y,2) = a; ’wj‘rF,bﬁf-l-G@: 246,

?fhel:e every term @, is of dégrée 9 nt least. Then to a point
Infinitely near 0, in direction A:p:v, there corresponds the Jimit
pomt of ¥ given by W\

pX; =t At b ey (6= 0,1,.7). (4)

. AN
FU? varying valpes.df A: po:v, equations (4) represent a plane whose
pomts.a,re i%%jb}nographic corregpondence with rays through 0.
Again, If¢7 is a simple base line of (¥), we may write

4

~O Fw,y,%) = 2UsryV; (5)
Wk@fé. U, ¥; are polynomials in @, y, #. If = and y are gmall,
®quations (3) become, to a first approximation,

PXi = xﬁi"&'yﬁh (6J

th @re I/, and ¥ are polynemials in z only. For any assigned value
3 lz’ these equations represent a line whose points correspond to
&& uIes of the ratio #:y; and for varying z, equations () Tepresent
ofr;;d surface on ¥ corresponding to the whole neighbourhood

The general case of a simple base curve of () reduces to the



184 LINEAR SYSTEMS OF SURFACES VI, §1

above by introducing curvilinear coordinates u, v, w such that the
eurve in guestion is given by # = v = 0.

1.3. Fundamental surfaces and curves. A surface or curve
is fundamental for (F)if it has no free intersection with F-surfaces,
so that it imposes only one condition on these surfaces to contain
it entirely. To any such surface or curve there will correspond
a single point of V. '

If O is the point of V corresponding to a fundamental sutface
E of (F), and if the multiplicity of O on V is x = 1, thenl the
curve in which ¥ is met by a secundum through O willin"general
have o branches passing through 0; and hence the surfaces residual
to ¥ in (F) will intersect each other in free curwes which each
meet E in o free points. ' R4

Again, if & fundamental curve L (not lying’on a fundamental
surface) transforms to a f-fold point O of ¥} then the section of ¥
by a secundum through O correspond{ t0 & curve T in S which
is the intersection of two F-surfacesbhrough L, residual to L and
the base curves; and 7 must in g&:ﬁerél meet L in B points. Hence

THEOREM Iv. To any fund@mental surface B whose residual
surfaces in (F) intersect inJree curves having o free intersections
with B, there corresponds_an a-fold point of V; and to any funda-
mental curve L (not lyjnd on o Sfundamental surface) whose comple-

mentary curves, in the-System of F-ourves, meet L in B points, there
corresponds a Bifold point of V.

Tt should, & rioted that a fundamental curve of the above type
may be ?sglated, or it may belong to a simply infinite family of
such Curyes, representing a simple or maultiple curve on V.

O
Q § 2. SOME IMPORTANT RATIONAL THREEFOLDS
~ \2} By way of iltustration and application of the preceding theory
’'we proceed to deseribe briefly some of the more important Tational
threefolds with known 8pace representations.
_ We shall use the notation V¥ to indicate the order » and curvi-
linear genus p of the threefolds eoncerned.

Nearly all the manifolds we discuss are representable by means

?f systems of quadric surfaces (of freedom # = 4}, and they fall
mto three groups corresponding to systems of quadries which

possess (a) a base conio, {0) a base line, or (c) only base points ab
most., We consider thege groups in turn.
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2.1. The general quadric primal in [4]. If a general quadric
primal ¢ of [4] is projected from a point of itself, say O, on to
2 solid &, then its prime sections project into quadric surfaces F
passing through a conie % which is the projection of the quadric
cone of lines of ¢ through 0. The representation is in every way
analogous to that of the quadric surface (Ch. VIL, §1). Conversely,

Quadric surfaces of Sy which pass through a fixed conic k represent
prime sections of @ quadric primal @ of [4].

The F-curves are conics meeting % in two points, and the
characteristic sets are the unrestricted point-pairs of S;. ThePline
of k is fundamental for (F) and represents the neighbouthpod of -
0 on @, and the neighbourhoods of points of % represefi the lines
on ¢ which pass through 0. &6 _

If £ i5 a pair of intersecting lines, @ is a point—éoﬁe; and if & is
a repeated line (of contact), @ is a line-cone,.\J

22. The planar °V4 of [6]. Considé¥iext the system (F) of
all quadrics through a fixed line « of Sp-"This has freedom 6 and
grade 4; and the F-curves are twis'ﬁed cubics meeting u twice.
The projective model is therefore’® °V4 of [6].

To any plane 7 of 8 which, passes through « there corresponds
a plane lying on 7 for th€ \F-quadrics meet = residually in $he
lines of this plane. ThuS'\V.is generated by a simply infinite family
of planes corresponding to the planes of the pencil (). The whole
teighbourhood of e represented on ¥ by a quadric surface ¢
{(ef. Th. 1IT), the yonerators of one system of ¢ representing the
neighbourhood<of points of u, while those of the other system
Teprosent S@étfons of the neighbourhcod of u by the planes =
Any ling 9f 8, represents a eonic on ¥ which meets every generating
pl.a‘.??'i‘ﬁ’one point; and hence, plainly, ¥V may be defined as the
l6ou5'of o plane which joins a variable point of any one of these

GHonjcs to a corresponding generator of the second system On ¢-
ENGe

Quadrics through a line u repreéeﬁt prime sections of a planar °V3
of [6], which is generated by @ projective correspondence between the
Bouts of o conic and the lines of o regulus.

Ofrgh.e reader should verify that whereas the general prime section
. " I8 arational normal quartic seroll, a prime through a generat-

g plane meety 7 residually in a rational cubic serell, and a prime
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through two generating planes meets 7 residually in the unique
surface ¢. .

The birational representation of ¥ on &, is equivalent to a direet
projection of the manifold from any one of its generating planes.

2.21. The projectively generated °V3 in [5]. Of far greater im-
portance, in many ways, than the manifold just discussed is the
planar °V§ in [5] which is the projection of 0F% from a generic
point of itself. This new manifold ¥ is represented on & by
quadrics F through a line % and a point P; and, besides the
generating planes « represented by planes through U, \if:"tz}mt&ins
o® directrix lines A represented by lines through P\The planes
through « cut related ranges on lines through R, and the latter
meet the former in collinear fields. It follows ’eri{f that V is (i) the
locus of planes joining corresponding points offhree related ranges,
and (ii} the locus of lines joining corregponding points of two
collinear plane fields. Hence 4D

W

Quadrics through o line and a ﬂoi?;s;t’ represent prime sections of
@ °V§ of [5), locus of planes whickjoin corresponding points of thres
related ranges. N

The generic prime sectio;f'c’)f V is evidently a cubie scroll in [4].
If we take 4 to be thesine XY and P to be the vortex Z of the
tetrahedron of refergnge, then the equation of (#) is

M BN Ay ezt Azt Ay — 0,

and the pa,ralglétfic equations of 7% are

o7 % 5 X X,_x_X,

N\ W t2 _—— = = ——

% oy zt X yz
The;: explicit equations of the manifold are
% N
~O X, X X,
N\ X X, X
and these lead at onge to
to above,

The representation of ¥ on Sy I8 equivalent to a projection of
the manifold fr?m a line  in one of its generating planes. The
igolated base point, P is the Projection of this plane, and the points

oi % are the projections of the directrix lines through the points
of p.

the two projective generations referred
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2.22. The planar °VE of [4¢]. The planar °V3 which we have just
described contains a net of quadrie surfaces i, namely, those whick
are reprosented in S; by planes through the isolated base point P.
Each of these quadrics ¢ meets every plane of °F3 in a line, its
other system of generators being composed of ! directrix lines
of 'V3; and the solids which contain the quadrics, being given by

AN+ puX +vX, = 0 =X +puX,+vX,,

aro such that one and only one of them passes through a generi¢
point T of [5]. O

Now project °V3 from T into a planar cubic threefold Vof [4].
The unique quadric surfacey whose containing solid pasgesthrough
T projects into a double plane 3 of ¥, its generatingdisies’of both
systems projecting into the tangents to a conie kih 5; and each
plane of 9¥%, since it meets i in a line, projectgahto a plane of ¥
whieh meets 8 in a line touching . Hence 70

The general planar °V3 of [4] Possesses @‘d@\ubie plane which is met
by all the generating planes of the manifold'in the tangents to a condc.

2.3. The Del Pexzo threefolds.' We consider next the set of
rational threefolds which are répiresented by systems of quadrics
With ab most a finite number bf base points. The first of these—
the common ancestor of @)l threefolds representable by quadrics
—~is the octavic manifo 178 in [9] which is the projective model
of all quadrics inyy$%. This manifold, by analogy with the
Vell‘(}nesf; surface)\¥ called the Veronesean of quadrics in S;. Its
Prime sectiongdbeing representable on quadric surfaces by all
quadric sections of these surfaces, are octavic Del Pezzo surfaces
of the S‘%@Dnd species (Ch. VII, §5), and its curvilinear sections
axe shiptic. To the planes of S, there correspond on 7§ oo
Vertmiese surfaces intersecting by pairs in co? conics.

. lme 'V we obtain by successive projection a series of three-
olds Wer (1 < ¢ < 5), sitnated in [9—r] and represented by
;y::ems (F) of quadrics through + base points 4, (i = 1', Dy Th
hoogaeh 7, 'V§~ contains r planes corresponding o the neighbour-
N S,Df the points 4,, and » doubly infinite line systems corre-
tﬁmlc]mg to stars of lines with vertices at A, If & plane joins
1% base points A, then it represents an additional plane on
1

V85 80 that this manifold contains v+ (;) planes in all. Finally,
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each join A4;4; of two base points is a fundamental line of (F),
whose complementary curves are twisted cubics bisecant to A, 45
hence, by Theorem 1V, each such join represents a double point

of W5, which therefore possesses (r) quadri¢ nodes.

2
These results are summarized in the following table:

_ Normal Lineg- ~
Manifold! space | Nodes | Planes systema Remarks
- 13 (%1 0 0 0 Veronesean of quadfich
i (=] 0 1 1 O
Wi [7] 1 2 2 | The two plaass: meet at the
node, .\ 3
173 (8] 3 4 3 Onse plﬁ{@'\iaeb by the other
three in lines.
V3 (5] 6 8 4 Double-four of planes.
w3 [4] 10 15 6+ lfSBgrb eubic primal.

We add notes on the last two of the‘éerzies.

2:31. The tetrahedral quartioGhrecfold. Let the quadrics which
represent prime sections of 14 have base points at the vertices
of the tetrahedron of referénce in Sy, 50 that (F) has equation

. z\oyz—]—kl':fae}e?tz YAy wt-L Ay A 2t = 0.
Then the par&mqti\'i(v\eﬁu&tions of V% are

@& _X_x,_x,_x,

' j\:“' yz Zr yt

from \Rhibh we obtain

. \ XBX3:X1X¢:.~X2X5.

o The pl‘imf»' seetions of thig threefold, which is normal in [5], are

N\ Begre quartic surfaces (Ch, V1T, §5.1). Four of its planes oy, a, as 1

eorrespond to the neighbourhoods of the points X, Y, Z, T, while

the other four g, B Bas By correspond to the faces of the funda-
mental tetrahedron; and thege eight planes form a double-four

X
2t’

B %y oy oy

Pi B2 B B

1 The sixth line-gystiern representa

; t ' ics through the
ve base points, as explained i tre s he system of twisted cubics g

guel,
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such that every oy meets 8; (1 % j) in a line. The planes «; meet
in pairs at the six nodes, as do also the planes §;.
This 174 is the base of a pencil of quadrics in [5], given by

aX Xy bX X, +eX, X; =0,
whera at+-b~4c= 0.

If one of these quadrics is regarded as the quadric Q whose points
represent the lines of [3], then 1V} represents on Q a tetrahedral
complex of lines of S,.

2.32. The Segre cubic primal.¥ The primal 73 of [4] whibh i
represented on S5 by guadrics through five fixed points 4, is valled
the Segro cubic primal; and it possesses many remggkable pro-
perties. It has 10 nodes, and a symmetrical system\Of 15 planes
of which 5 correspond to points A, and 10 to the'planes 4, 4; Ay
The symmetry of the planes appears by obsgeying that each of
them contains 4 of the nodes; for instance, the‘plane corresponding
to 4, eontains the nodes correspondingte 4,4, 4,45 4,4,
4, 4;, while that corresponding to &y 4,45 contains the nodes
Tepresented by 4, A4, 4,4, A, Al, ‘A, A, Also every plane 18
met in lines by six others, namely, by the planes corresponding to
A4, 4,4,(i,5 + 1) for the firstsmentioned plane, and by the planes
sorresponding to A,, 4,, ‘Aé A A A, A, 4,4, A A4, for the
second, ™

Besides the 5 lingsystems represented by the stars (4;), V3
tonfaing a eixth gyStem represented by twisted cubics through
A"Z"’ 4;; for any such cubic has one free intersection with an
a’rbltfa'ry €irface. This sixth system is exactly on a par with
the othexj.ﬁ\r , for if we apply to 8, a reciprocal transformation

«“\ &'y = e lfy: 1z 1)z,

:ﬁiea on Al-:zleaAi and leaving A; invariant, the system (F) is
StMunamltenea, and the twisted cubies transform to .the lines of the
a (4;). The same transformation carries the nelghbourhood of

'Gl‘l V.el“tex of reference into the opposite face, and vice versa.
Sel;l:iﬂng the .Iine~system represented by the cubics as typical,l we
nam Ia.t the lines of this system all meet five skew plancs of 173,
: ©. those represented by the points A;,..., 45; and, it f&ct,'a-ny

1ein [4] which meets four of these planes must lie on the unique
t Mem. Ace. Torino {2) 39 {1888}, 3.
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cubie primal V3 containing them, and meet the fifth plané of the
set. Thus:

A Segre cubic primal contains siz pentads of associated planes,
such that all lines which meet Jour planes of a pentad meet the fifth,
and it is generated simply by the doubly infinite system of iransversal
lines of each of the pentads.

2.33. Double solid with Kummenr quartic branch surface. By a pro-
cedure exactly analogous to that by which the rational Del Pt&zo
double plane was derived from the cubio surface (Ch. VIT,§5.2),
we can derive from the Segre V3 a rational Del Pezzodouble solid
V3 which is at least ag interesting as any of the 9,1=di}iary three-
folds of the series. We project 173, namely, fromya simple point 0
of itself an to a solid IT, the resulting projegtibnl’being regarded
a8 a manifold V3 consisting of two superitaposed solids IT,, TI,
which cross info each other all along a bm@ch-swface i, projection
of the apparent contour of V2 from O..'\The prime sections of 173
are, of couirse, Del Pezzo double Plangs.

The cone of proper tangents fromt O is of order 4 (as appears
by considering a Pplane section through 0): furthermore, it has 16
double lines which are, namely;the lines Joining O to the ten nodes .
of 1¥3, and the six lines of this primal {one from each generating
system) which pass thedugh O. Thus i, which is the section of
this cone by II, is a 16 nodal quartic surface, of a type known as
Kummer’s surfaqe'.\ﬁ‘he six line-systems on 1F2 project into six
distinct systemg\of bitangent Lines of i

In accorddnte with the general theory, the double solid 1V} is
birationg}%y\f'epresentable on & simple solid &, being in fact the
projective model of a system (F) of quadrics through 6 points 4.
This‘weans that characteristio sets of (#) are pairs of points
(R3¥%) of an involution 1y of 8,, these pairs being such, namely,
asform with the six points 4, sets of eight associated points; and
each pair (B, B,) represents 5 pair of superimposed points of 173
The branch-surface ¢ ropresents the locus of coincident pairs (P, P}
of I,, Thus '

The o0 quadpics through 6 buse Points of Sy represent prime sections

of @ Del Pezzo doupls solid W2 whose branch-surface is a 16-nodal
Bummer quartic surface,

The following are some of t

‘ he more interesting properties of 1V3:
() Let T denote the in

volutory correspondence between the
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.points of a characteristic set (P, ) of (¥). Then if 4 is any locus
in 8, the corresponding locus 7'(4) is said to be conjugate to Ain
the invelution f,, and the images of A and T'(A) are superimposed
(but in general distinet) Ioci on *¥3. If A and T'(4) coineide, how-
ever, 4 is said to be compounded of I, and the image of 4 is a
double (i.e. two-sheeted) locus on V% Clearly F-surfaces and
F-curves are compounded of 1.

(i) If U is any united point of I,, the F-quadrics through U all
touch o certain line at U, and hence one of them is a cons. Thus{
the coincidence locus of I, is also that of vertices of cones of (&},
ie. the Jacobian surface \

S(FB:FI!FZJFE)_ — ,‘.1; N
. oAz, y, 2, t) O 7
where |, eto., are linearly independent quadrics of (%Y. This locus
is & quartic surface W known as the Weddle surface, having nodes
- 8t the 6 points 4, and containing the 10 Lxdeg*of intersection of
pairs of planes through these points. Te the points of W there
correspond birationaily the points of the(Kummer surface ¢ on 178,
{ii) 7% possesses
16 nodes, corresponding to, jshé'joins A A; and the twisted
eubic 4, 4,... 4,, N '
32 planes, forming 16 gWerlapping pairs, of which 10 pairs ate

opresented in S b {f)]fa:ne-pairs such as A, 4,45 4,454,

while each of the rgmaining 6 pairs is represented by a point 4,

and the quadricjoone which has its vertex at 4, and passes

through the okﬁ:er hase points, :
?2 33'??6-%3;@6??13, forming 6 overlapping pairs, of which any

Paiz is répiesented by lines through a point A, and twisted cubios

thrf{l;gh the other base points. :
Th&x?amplet{’ symmetry of these systems follows as usual b

“Dplying reciprocal transformations to & with four of the points
4, a3 fundamenta) points, .
ofrizshlﬁ.nodes of V2 are, of course, the nodes of ¢ The pli?ne

g of the 16 overlapping pairs contains 6 nodes of ¢ lying
44 jmc; _fOr if such a pair is represented in 8, by the planes
'}Olllicz 8 44{15 Ag, the line of intersection of these I'BPI'ESGDF& 4
of theﬁ'zl # which passes through the nodes represet}ted by the sides
by Tiangles A1 Ay A4; and A, A5 Ag; and 2 similar result hold's,

Symmetry, in all the other cases. Each of the 16 planes in

2N\
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question must therefore touch ¢ along a conic, i.e. it is a trope
of i, dual of a conic node of the surface. .
Finally, the 6 systems of overlapping line-pairs of 172 arelocated
in 6 gystems of bitangent lines of 4 (distinet from lines lying in
the tropes); for any such line-pair is represented by an F-curve
which consists of a line through one base point and its conjugate
twisted cubic through the other five; and these meet the coinci-

* . dence surface W in the same two points, which shows that the

corresponding (double) line of 1¥32 is a bitangent of ¢ In'eon-
clusion, then, )

The Kummer surface i has 16 planes which touch_#%_along 16
conics, each of which contains 6 of the 16 nodes. The 32 planes of
V3§ overlap in pairs along the 16 planes in question gnd the 12 line-
systems overlap in pairs along 6 systems of bitangents to .

2.4. The general intersection of two quadric primals in [5].
Having already encountered, in §2.31, afspecial case of the inter-
section of two quadrics in [5], namely, the tetrahedral threefold, we

- Bow turn our attention to the mogtgeheral threefold of this type.
The intersection of two general gitadrics Q, Q' in [5]is a 'V§ whoss
Prime sections are Segre qualj*i;ic’surf&ees ; and it contains there-
fore a doubly infinite system of lines, of which 16 lie in any prime
section. I ¢ is any one of\these lines, then the manifold projects
birationally from ¢ 1w bo’a space S; for any plane through g meets
Q, &' in residual li&s which intersect in a unique point of V3.
The same argument, incidentally, proves the rationality of the
intersection {)f \two quadrie primals in space of any dimension
rzd O

In the projection from g the prime sections of 1P4—since each
of th“@n tneets g in one point—project into a system (F) of cubic
'Sllﬁffaees in 8, and these will have g base curve I' whose points

{88 projections of lines of 'V} which meet y. Now two of these

F-syrfaees will mees, residually to T, in an elliptic quartic curve,
brojection of a curvilinear section of 173; and it follows therefore

(by Ch. TV, §8.4) that I' is 5 205 which is met by ¥-curves in
8 points, Hence -

' Th.e complete intersection 174 of tuo general quadrics of [5] prajects
birationally from a fine of tself inio @ solid, its prime sections being

represenied in this solid by cubic surfaces through a quiniic curte of
. genus 2,
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By Theorem ITI the whole neighbourhood of I" represents an
octavic seroll of lines of *F§ which meet g.

The curve [ is a (3,2) curve on a unigue gquadric surface con-
taining it; and it therefore possesses a regulus of trisecants which
are evidently fundamental lines of (#). To these trisecants there
correspond the points of g; and conversely, the tangent solids to
174 4t points of ¢ project into the trisecants of I'. '

Since the prime sections of 174 are normal in [4], it follows that

the manifold itself is normal in [5]. \

The special importance of the above representation is inits
application to line-geometry. For if we take the quadric{Q<to
represent the lines of ordinary space, then 7§ Tepresents’on {
a general quadratic line-complex; and our representation s there-
fore equivalent to a birational representation of the {ines of such -
& complex on 8, (cf. Ch. X, § 2). N4

Other examples of rational manifolds and. {)heir representations
will he found in the examples at the end of this chapter.

§ 3. RESOLUTION OF ' CURVE

3. As a further application of the Wiethods of the present chapter
We propese to consider the gqnéfa;l resolution of a curve in S, i.e.
the transformation of its neighbourhood into an explicit ruled
surface on o suitable tranpform of Sy; and we apply the method
bo derive some properftiol of double curves on surfaces which will
b of use in the nexd chapter. ' '

Le.t € be an drféducible non-singular curve of S, and let (¥)
consist of all ghrfaces, of some sufficiently high order », which
Pass simp]%’thmugh ¢. Then the projective model of (F) is &
thmeff)ld; in higher space on which the neighbourhood of Cis
Tsolvediinto a scroll R whose generators represent neighbour-

LeodSof points of ¢ .
and ?fsa“'r in §1.23 that if ¢ is the tangent to C' at any point P,

&I 7 is the generator of R corresponding to P, then every
f}?:mt Q of 7 represents a pencil of directions at P in a plane =
b Eugh t. In other words, the section of the neighboyrhood of
n ¥ = corresponds to the whole neighbourhood of & in V. We

oW show further that _

“Pj;{;ﬁtzk; individual directions (ather tham t itselfywhich issue from
they of C and Lie m @ plane 7 through the tangent t to C t.lt_ P,

¢ Correspond, in V, sections of the neighbourhood of the point @
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of R associated with o by planes thiough the generator r associated
with P.

This means, in effect, that if B approaches P in a gonerie
assigned direction « at P, then its corresponding point ¢, ap-
proaches the point @ associated with the plane (fu) in some
direction lying in a definite plane through r.

To prove this we note first that any F-surface which has a conic
node at P transforms to the section of ¥ by a prime through'r;
for its nodal cone contains, besides {, one free direction @mevery
plane through ¢. Now all F-surfaces which are nodghat “P and
whose nodal cones contain an assigned direction w.at +P intersect
each. other (unless their nodal cones coincide) invehrves of which
one branch at P is in direction u: and the qoﬁréspondjng prime
seetions of V' therefore intersect each other JiN*and in one branch
passing through the point Q correspondingto the plane (fu) at P.
Hence these prime sections must toudh % fixed plane through r
at @, lying in the tangent solid to Ja this point; and this plane
therefore corresponds to the diredtion u at P,

Thus to the oo individual djijébtions w at P (exclnding ¢ itself)
there correspond o2 planegé’;ﬁhrough r, each lying in the tangent
solid to ¥ at some pointof 7. A prime through r contains, as we
have seen, ol of these\planes, associated with directions « at P
Aforming a quadri é@né containing #; hence the planes r meet a
seeundum in pgints of a surface represented on the star (P) by
quadrie coney tiirough a line, and therefore on 3, plane by means
of conics through a point. Thus the planes -~ form a line-cone,
vertex 9;,~,j:v oze base iz a, cubie scroll; the generating solids of this
cone éli"r'tiaﬂflfgl‘el:lii to ¥ at points of r; and its directriz solid—eorre-

Sp?l}ﬂf.ng exceptionally to 4—is the solid joining r to its consecutive
Eeuerator on B. This gives

| THEOREM V. The tangent solids to V along r generate @ cubic-scroll
line-cone whose vertex is ¢ and whose directriz solid s that which
contains the tangent planes to R af all points of ¥,

Clearly any simple directrix curve of B may be regarded as
corresponding to a simple curve ¢ infinitely near to ' in 8y; and
this provides a basis for the discussion of eurvilinear contact and

curvilinear singularities generally in S,

3.1. Application to surfaces with a double curve. Consider
oW & surface ¢ of § which has € as doubls curve, At a generic
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point of €, the surface is assumed to have two sheeis with.
distinet tangent planes; and its image on V it a surface &'
which mects R in a curve ' intersecting the generators of B in
two points, The double curve C' of ¢ is thus resolved into the
simple eurve I' of ¢'.

At a finite number of points of € (called pinch-poinis) the two
tangent planes coincide; these correspond evidently to generators
of R which touch I'. )

Let P be a pinch-point on O, having a pinch-plane = passing
through the tangent to €' at P; then I' touches the generat@Ty
corresponding to P at that point § of  which corresponds‘to'fr.
Hence also ¢’ touches r at @; and its tangent plane at’t}}’is;'pomt
contains 7 and corresponds, by what we have said jai)ovea to a
particular direotion y at P in w. This directionyis called the
eotangent to ¢ at P.

If ¢ is of order N, an arbitrary curve ¥ of 8y of order », meets
¢ in N points; and in general ¢’ meets the.jmage %' of # on ¥ in
the same number of points. If % pasdes through a point of C,
however, two of its intersections withh & are absorbed there, and
%’l’ has only Nv—2 intersections with (ﬁ’ in V. If ¥ meets C at the
pinch-point P and touches the-pihch-plane o at P, then @ passes
throngh @ and meets ¢’ in N> 3 points elsewhere. Lastly, if and
O?I‘F it % touches the cotafigent at P, €' touches ¢’ at @ and meets
¢'in Nv—4 points e]g;e\ﬁlére. Hence

THEOREM VI. Ay curve which passes simply through @ pinch-
Pownt P of ¢ and'touches the pinch-plane = at P has three coincident
iersections aoith & at P, unless it touches the cotangent i when
the number3f intersections which coincide at P is four.

ini\;:oz%‘ "The restriction that ¢ should be non-singular is obviously
'nexfmnt’ provided that P itself is a simple point of C. In the
ordinch-apter we shall deal with surfaces ¢ whose double curves
res(ﬂjmy Possess triple points 7' which are triple allso for . If we
it © any such ourve €, the F-surfaces passing sunply. t'hrough

v all nodal at the points 7', with nodal cones containing the
orfs b;&n“h tangents of C' at each of these points; and the trans-
&ugmeotthe neighbourhood of €' consists in la,ll of a seroll f
lﬂt:um-h(fL (;d by & number of planes correspending to the neigh-
conclu;i) s of the_ points 7. But this does not affect the above

ous, provided that P is remote from every 7.
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§ 4. CREMONA TRANSFORMATIONS OF SPACE

4. We propose next to give a short account of the Cremona trans-
formations which transform a space 8; into another space h
Such transformations are certainly not without interest for their
own sake, and they have various theoretica) applications, as, for
example, to the resolution of singularities of space curves and
surfaces. Perhaps, however, their most obvious significance is that
—like their analogues in the plane—they classify linear systents
of surfaces into classes of birationally equivalent systerns¢all the
systems of any one class having the same projective,miedel. It
should be noted, however, that there is no analogue\for space of
the Noether—Castelnuovo reduction theorem for "t:he' plane, and
the development of the subject tends accorflitigly to be an
enumeration of cases of specia) interest or impbrtance.

4.1. Generalities. If T is any Crerqoni}':oransformation of §
into a space 8, then T ig generated by a homaloidal web of
surfaces @ in &, representing planeg™wt S;; and 7-1 is generated
by a homaloidal web of surfaces Win 8, representing planes of 8.
To @-curves in §, there correspond lines of S, and to W-curves
in 85 there correspond lineg ofS;. Hence follows

THEOREM VIL. In any gpace Cremona transformation with gene-
rating systems O, ¥, ’t‘he,\order of ©-surfaces is equal fo that of ¥-
curves, and the orderof V-surfaces is equal to that of @-curves.

Thus, when (IJ. has been chosen, the orders of the W-surfaces and
¥-curves are défermined; our knowledge of the base elements of ¥
is then to, be’ derived, in simple cases, from the fundamental

surfaceya]pﬂ curves of ®. In particular:

ga‘)..s’lb any fundamental surface 4 of @ there corresponds a base
PO O of ¥; and if @, is the system of surfaces rosidual to 4 in

¢ @ tepresenting planes through O in 8), then the multiplicity of

0 for ¥ ig equal to the difference between the orders of the

P-curves and the O, -curves,

{6} To any simply infinite family of fundamental curves -2 of
order A of @, there corresponds a A-fold base curve of ¥'; the order
of this curve is equal to the number of curves & which lie on 8
generic O-surface, .

Lastly, it is clear that any ¥-surface is represented on a plane 7

of 8, by meang of the system of curves in which = is met by
G-surfaces,
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42, Construction of homaloidal systems, For the syste-
matie construction of @-systems in Sy, two standard methods are

available:
(i) by use of postulation and equivalence formulae,

(i} by the method (due to Cremona) of using a presupposed
$-surface.

In (i) the procedure is to impose on surfaces of any given order
u sufficient base curves and base points to reduce their freedom:
to 3 and their grade to 1. We thus require postulation formaulag,
giving the diminution of freedom imposed on surfaces F''by
various types of bage condition, and equivalence formu!a@,éstimat-
ing corresponding reductions of grade in systems of\F". The
construction of such formulae is in general a matterofeonsiderable
difficulty and delicacy, which we do not attempt: here; so that this
method is available only in the simplest cagesh.™

In (i) the essential consideration is that\the generic (rational)
surface @ of & homaloidal web is met by the other surfaces of the
weh in a homaloidal net of curves £odwhich. correspond, in the
plrstue representation of @, the cur%ies of a plane homaloidal net.
Wo begin then by choosing some ‘rational surface ®F which is, if
PPSSﬂ?IG, to be a generic @- deface. In the plane = in which @, is
blratlona,]ly Iepresented,w%:e construct first the system of curves
L) which Tepresent tll\e\free curves of intersection of @y with
sutfaces of order » witich have the same multiple points and curves
* ?“; and we thén“teduce (L} to a homaloidal net (L*) by im-
Ehosmg fized ?Qm\};;bnents A* and base points Of on (L). It will

®n be thé\ease that surfaces of order # which have the same
mudtiple p:oints and curves as ®,, which have further simple base
gg:feﬁ'on ®, corresponding to 4* on m, and further b&se. points
) linéar (;ozzact-s at p(?mts 0, of tI)D' correspondmg to OF, “EH form
orres ony‘ em § which meets ®, in the homalmdal'net o ourvei‘
the Pt dmg to L*. As @, is supposedly a generic member ©

) 5;2 em, it follows that @ is a homaloidal web.
alsg beay he mentioned that Cremona transformations of S may
generated by

(i} direct geometrical construction,

" li:’PI‘esentmg a rational threefold in two different ways (6.
LY two different projections) on spaces S and S5
N .

437



18 LINEAR SYSTEMS OF SURFACHS . VIIL, § 4

4.3. Special transformations. The following table shows some
of the simplest and most useful Cremona, spaco transformations;
each of these is denoted by a symbol T with appropriate suffixes,
showing the order of the surfaces ® and .

T-sierfiees Buse of @ D-eurves T-surfaces Base of T eyrves
Ts | Quadrics, | Conie , potut 0, Conies through | Quadries. | Conic &', point | Condes throegh
U meeting % [ O meeting ¥
twice. twice.
Ty | Quadries, | Line , pojnts A, | Twisted cubics § Cubic Double Iine ¥, | Conies méang
B0 through 4, B, serolls. lines @, B, c| g, b &
¢ having I as which meet J'. | £,
chord. ) LW
Ty | Quadrics, | Poind of eontact Quartics Steiner Concurrent .s‘ Confes meeting
T, points 4, B, | through 4, B,| surfaces. | double lineg oy [ @, B, ¢, 5
o8 ¢, nodalat 7. B, ¢, eonic\k

—_——

s meetiing, b, ¢.
THh | 4nodal | Nudes 4, B, €, ¢ Twisted cubies | 4-nodal dil?bal’, £, (0, Tisted cubics

euhic D, six joing of | throngh A, B,{ cuble Skix joins of | throush A",
surfaces, | these nodes. c, D, surfaces. \these noder, E, o, D
Tea | General | Sexiic qurve ¢ of | Twisted eabics Gencrad, M Sextic curve ¢ Twistod oubics
cubic | genus 3, meeting ¢ in | cullled) | of genus 3. menting ¢ fn
aurfages. B polnts. ced, B points.
X 3

The homaloidal character of all'the systems concerned can be
verified directly by the method™{ii) outlined above, for the plane
representations of all the aifaces concerned have already been
given. We now eomment‘brieﬂy on each transformation in turn.

T,;. This transformation ig symmetrical. The fundamental
elements for @ axe(@.)’the Plane of %, and (b) the lines joining 0
to points of k; andMo these there correspond respectively 0" and
the points of AAIE 0 is the point (0,0,0,1) and the equations of
k are ¢ =’Q:§ (%, 9, 2),, then

“\ D= 0BHA Y+ Xy 2y (w, Ys2)y =0,
andsﬂ’)e equations of T (similar o those of T-1) are

'.\’.

\/The transformation may he generated by projecting a quadsic in

[4] fml'ﬂ tw? distinet points of itself into spaces 8, and S, Ordinary
Inversion with Fespect $0 a sphere is an example of Ty, A mosh
tmportantspecial case is that whose equations, in nen-homogeneous
coordma,tes, are

iy wh:ytiet: (2,9, 2),.

’ .
& = €, y! -— ?J/x; 4 Z/ *
a tra,nsforma,tion used

in the resolution of singularities of space
curves,
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Ty, Here @ has three pencils of fundamental lines, with vertices
st 4, B, C respectively, and one pencil of fundamental conics
through 4, B, € and the point of I coplanar with these three; they
give tise to the three simple and one double base lines of V',

T, Here @ has three pencils of fundamental conics touching
the assigned contact plane # at 7 and passing through two of
4, B, ¢; and it has also a pencil of fundamental lines through 7,
Iying in 7, of which two lie on every ®-guadric. These systems
give the three double lines and the base conic of W'

T%. This is the reciprocal transformation ‘O

iy et = ey 1/e: 1/t O
already referred to in §2.32. Here @ consists of cubié Strfaces
?rllth nodes at X, ¥, Z, T which contain in consequence the six
Joins of these points; it has four fandamental planes—the planes
of reference—which transform info the base nodes X', ¥', 2/, 1"
of ¥'; but in this case the neighbourhoods of £he'six base lines of ®
Fransform abnormally into the neighbourhbeds of the correspond-
g base lines of . It should be noted"that this transformation
turvies all the lines of space indo twisted cubics through four fived
pownts; and conversely. In fack, .1f ‘P describes the line whose
Parametric equations are ~

o x:y:z.:t = (a1+AE{1)::1a2+Abz) (@ 2bg) : (@ Abg),
D, ;deSGI‘lbes the twisted cubic whose equations are
'I'w"‘r Yy l‘z'.;t’ = (ali%(bi)—l: (@y+Abo)1: (%'—I"Aba)“l:(%—l-}lbg_;}'l-
mosia‘hihls is. thersiandard cubo-cubic transformation of space, the
$pecial Cemst}ngmd useful perhaps, with its large variety of
etrica] afs?{’igf all Cremona transformations of ;. Tt is sym-
rau%f&fﬁ en. fofﬂﬁlﬂldal system consisting of eubic surfaces
e i%ﬁgjfﬁ 0%, To establish the existence of the transforma-
Plané @ b © representation of a general cubie surface'(IJ on &
¢ of genuz 3& system O%[1¢]; and we observe that any sextic curve
Grve CS[L?,s] Olé ® may be supposed to be represented on = by a
homaloida) . t16&rly _then cubie surfaces through ¢ meet @ in the
and i fo]lgne of twisted cubics represented by the lines of @
50 we gep :is that they form a homaloidal system. -From.thls
ing Pointe: once that the ®-curves are twisted cubics meeting ¢
S; and further that each ®-surface contains 6 trisecants

0 cs Ila.]]]_
rePresent:agc;nt,hose corresponding to the base points in its plane
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The trisecants of ¢ are the only fundamental elements of @, and
they transform into the points of the base curve ¢’ of Y. Also
since the V-curves meet ¢ in 8 points, the trisecants of ¢ muss
form a seroll B of order 8; and the trisecants of ¢’ a similar seroll
£’. Further, since ¢ projects from any point of itself into a plane
trinodal quintie, it follows that 3 trisecants of ¢ pass through each
point of the eurve; and this means that ¢ is a triple curve on R.
Henee to the whole neighbourhood of either base curve there egrre:
sponds the trisecant scroll of the other, this scroll being of ordei8 and
passing triply through the base curve concerned. ¢\

The transformation also admits of the following définition:

The general Ty, vs the resultant of three correlations between S, and
83, in which, to any point P of 8y, there corresponds the intersection
P’ of the three corresponding planes of S, O

In fact, lines and planes of §, are obviously carried by such a
transformation into twisted oubics a; ‘Gitbic surfaces of 83; and
the base curve ¢ in 8, is the loous of Points P whose corresponding
planes intersect in a line instead of in'a point. The transformation
admits evidently of immediategehera-ﬁzation, giving a T, (r 2 2)
which is the resultant of s corrélations between S, and S,.

If we make S coincide with 8;, and take the correlations to be
polarities with respect/fo three quadrics §;, S,, 8, we obtain the
particular result; »\

If P’ is the d?z:tés\ectz'on of the polar plancs of any point P with
respect 10 three given, quadrics 8y, 8y, S,, then the correspondence
between P apd P’ 15 an vnvolutory transformation Ty, of space.

The PQ@D}:P&il‘S (P, P so arising are the pairs of points which
are conjugate for all the quadrics of the linear net defined by
81,.5"%, s> and the use of the transformation is of eardinal 1m

. portance in investigating the Properties of such a net. In parti-

{etllar, the bage eurve ¢ of the transformation is the Jacobian curve

(locus of vertices of cones) of the net; and the trisecants of ¢ ar®
the exceptional lines corresponding to the points of this eurve.t

§$5. A QUADRO-cUBIO TRANSFORMATION OF S,
5. As regards Cremona, transformations of higher space, we may
say that the main interest tends, even more than for Sy, to be con-
fined to special cases of some particular simplicity or importance.

For # ils i . i
ch.:. 1,21'13‘-11"0]131‘ details the reader may consult Reye, Geometrie der Lage, 1l
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Thus, for example, Ty, of S; generalizes immediately to a ‘T, of
8, (embracing inversion with respect to a hyperspbere) whose
generating ®-system consists of quadries ¥7_; through a quadric
72, and a point; likewise Ty, of S; admits of easy generalization;
and Ty, generalizes, as already stated, to the T,, of §, which is
the resultant of r correlations of S,.

Instead of enlarging further on such general types, we propose
to limit ourselves in this section to describing one particularly
simple transformation of §,, namely, a quadro-cubic transformas™\
tion in which the @-primals are quadrics through an elliptic quintio
eurve 10% while the ¥-primals are all Segre cubic primals thtough
an elliptic quintic scroll 1R® It will be seen that there Is/much
inferesting geometry associated with this transformatién;and this
is equally true of several at least of its specialized forms.

3.1, The general transformation of S, By btraightforward
generalization of previous results, we nqte\\tﬁat any Cremona
transformation of 8, will transform a homaleidal system of primals
@ in§, into the solids of 8}, and anothérsuch system ¥ in 8 into
the solids of 8;; also ®-primals, ®-serfaces, and ®-curves (corre-
sponding to solids, planes, and liftes of S7) will have orders equal
tespectively to those of W-efirves, W-surfaces, and ¥-primals
(corresponding to lines, plafies, and solids of S,).

f%ny simple base poinj:{Os\)f O may be either (i) isolated, or (ii) a
Pomt of a hase curve b, er (iii) a point of a base surface f; and its
nmfghbollrhood trankferms in these three cases into & fundamental
solid, plane, op lifie of ¥ respectively; also the points of this
f‘fnd&menta,l' logus correspond homographically to lines (linear
directions thiough O, planes through the tangent line to b at O,
or SO]i‘%S.ﬂﬁ‘ough the tangent plane to § at O, as the case may be.
To t}uzw hole neighbourhooed of a curve such as b there corresponds
¢ P@nar threefold in &), and to the whole neighbourhood of &
Ij_il]se surface such as 8 there corresponds a threefold locus of o

es.

We now proceed to apply these results to our particular case.

05.2. Quadrics through a (% in 8,. We have already remarked
(b, ‘TH’ §5.1) that two general quadrics of 3, intersect in a Segre
gllllzl’_tlc surface 1F%, representable on a plane = by curves 0-3[15];
oct lt- follows from this that, any third quadric ® meets 1f4 in an

WVie curve, base of a net of quadries, which is represented in
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by a eurve C%2%]. Now plainly this octavie curve can hreak up
into an ciliptic quintic T, represented by a 0925, and a twisted
cubic °C3, represented by a line of 7, which meets I in five points.
If wo now fix T, all the quadries ® which pass through it will
evidently meet 174 in a homaloidal net of twisted cubics, & net of
the quadrics passing through each cubic; and they will therefore
form a system of freedom 4 and grade 1, i.e. a homaloidal system,
Thus the quadrics of S, whieh, pass through an elliptic quintic cugpe T
(normal in 8,) generate a Cremonag trunsformation of S, wpio o
space S, Ko
"N

5.3. The reverse transformation. For the ,sysf;ém @ just
deseribed, the ®-surfaces are Segre 1§14 throughfI‘, and the -
curves were seen to be twisted cubios mecting’[" in five points.
Hence, by §5.1, the W-primals are of order & the F-surfaces are
of order 4, and the Y-curves are conics, Hence ¥ must have a base
surface, R say, of order 5. 8

Kach ¥-primal is represented on’h¥olid IT of 8, by the system
of quadric surfaces in which IJ i3 met by the primals @, ie. by
quadric surfaces through the 5, i}foints in which IT meets T. Hence,
by §2.32, the primals T are Segre 10-nodal eubic primals.

Again, each W-surface~js represented on a plane 7 of 8, by the
o0! conies in which thie D-primals meet this plane; so that the
Y-surfaces are pro& od Veronese quartic surfaces.

Consider nexty, then, the c0? chords of I, which arc evidently
fundamenta] ]j\ﬁes of @, and correspond therefore to the poinis of
the base surfiee B of ¢,

By P]%OJ'ZF" ing I (i) from a generic line of §, into a plane 5-11001?_1:1
qujnt\iq}and (i) from a wmisecant of T' into & binodal quartic, it
appears that the chord-locys of T is a quintic threefold B3 which

\pms&s triply through T.

) Also, simce an elliptic quindic curve in [3} lies on a qua,dl'iﬂ
surface if and only if it possesses a node, it follows that a point
of 8 is vertex of g quadric cone through T if and only if it lies 0}1
a chord of the curve. Henee M3 is the locus of vertices of quadrit
cones through I'. From any point 4 of T itself, I' projects into a
0% base of a peneil of quadric surfaces; and this means that 4 i
the vertex of a pencil of guadric cones through T', and that through
4 there pass in Particular four lines which are vertices of line-
cones of the pencil, ang from each of which I projects into a
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repeated conic. Kach. of the lines in question must therefore be
met by infinitely many chords of I', forming a rational normal
cubic scroll p with the line as directrix; and hence I' possesses an
infinity of chordal cubic scrolls p whose directrices—unisecants of I'
and vertices of line-cones of ®—concur by fours in the points of 1.
Returning now to the correspondence between chords of I' and
points of R, we remark that the order of the curve r of B which
comesponds to a chordal scroll p is given by the number of chords
in which p is met by a quadric @; and this is plainly 1, since p and
O both contain I'. Hence: :
The base surface B of W is a quintic scroll whose genet'aio;“s
represent the cubic chordal scrolls p of 1. L™

Fimally, to the neighbourhood of each point 4 of I ghere corre-
sponds, by § 5.1, a fundamental plane o of ¥, whofsﬁ"POiIltS cor-
respond homographically to the plancs through thetangent, £ say,
toI'at 4. Now a point of « lies on B if and.gnly if its associated
plane through ¢ contains a chord AP of I;%whence, since all such
planes form the elliptic cubic cone projdeting I' from ¢, it follows
that « meets B in an elliptic cubic cutye homographically related
fo the cone in question. Thus: )

The seroll R is elliptic, possessig oot elliptic cubic directriz curves
whose planes represent the ndghbourkoods of points of T

The locus of the planed 3 is a quintic threefold Q3: for any line
of 8, meets the five p]hhes « which correspond fo the five inter-
Sections of the eorzdsponding ®-curve with I'. Plainly, alse, any
two planes o infexséet in a point of R; so that Qf has B as ifs
douhle surface’¥The scroll B and the planar threefold QF aze, in
fact, four-dimensional duals of cach other.

In conclusion then we have

,,{E.E?QREM VIl There exists o quadro-cubic Cremondg transforma-
Won oF Sy with the following properties: (1) © consists of quadrics
E??‘Ough & 10% which we denote by T, ®-surfaces are Segre quartics
"ough T, and ®-curves are °C® quintisecant to T (il) W-primals
are Segre 10-nodal cubic primals through a seroll R, or say B,
S -sarfa{:ef are projected Veronese quartics, and V-curves are quiniti-
St conics of R (iii) @ has @ Fundamental primal M3, chord-locus
o T, which, transforms to B, and ¥ has o fundamental pr imal Qf,
thcm of planes of ol directriz cubic curves of R, which represents
© Whole neighbourhood of T,
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Exampres

1. Show that § eoprime points of T correspond to 5 associated planes
of Qf.

2. Bhow that an arbitrary line meets 5 associated Planes of O, and an
arbitrary plane meets 5 associated lines of R.

3. If u, v are the parameters of P, Q in a suitable elliptic parametric
representation of T', show that the cherd PQ describes one of the chordal
scrolls p if and only if w+» = k, where % is a constant.

4. Show that each ¥-surface meets & in a 01,

3. Discuss the special cases of the above transformetion in which F.bzéaks
up into (i) a rational normal °C4 and a chord, (i) a twisted cubic and.a dehic,
which meet in two points, ¢(\A

(For further details of this transformation the reader is refle'i‘red to the
account in Phil. Trans. Royal Soc. A 228 (1929), 331-76.3.\ <

s Y

|
EXAMPLES ON CHAPTER VAT

Rational M am:folds\\.‘

1. Show that the projective model of the sy8tétn of cubic surfaces through
& rational quartic curve (4 in S, is a 1§ mormal in [6]; also that, if the
'C* degenerates into three skew lines andwa transversal, then 1V} becomes
identical with the Del Pezzo quintic.threefold of § 2.3.

Show that the ool trizecants of ®€* represent the points of a conde
from which ¥} projects birationally into 8; and that the points of °C* arise
from a scroll of lines B which has % as triple curve,

2. Show that cubic supfdeeh through three skew linos represent a 'F§ in

{7}, and that this efqi‘ol’d represents unexeeptionally all the triads of

planes through three given lines, or, dually, all the triads of points of three
given lines. S

3. Prove that\tHe general quadric V3 of [4] can be represented on S by
means of cublg Surfaces passing through a curve 105, the trigscants of this
curve 00$‘§andjng to the points of an elliptic quintic curve on the quadric.

I._Fo,r\. €T examples of threefolds representable by systerns of cubie
surfages; including several nodal cubic primals of [4], see Semple, Frot.

Cemb. Phl. Soo. 25 (1929), 145,)

)4. The determinantal quartic primal of [4]. Prove that if four primes in
[4] desc_ribe rolated point-stars, then their point of intersection describes
& quartic primal *V§ which is rational, being reprosented on §; by means
es which pass through a 11(%°. Assuming, as may be
shown to be the ease, that this curve possesses 20 quadrisecants, show that
these correspond to 20 nodes of the primal.

5. Rcztwnal planar thr eefolds. Show that any irredueible V12 of [r] is
& rational threefold which i8 either the loeng of ool planes, or, if r = 6,
& C?Ile.pmjeeti_ng 8 Vercnese surface from an external point. Show by
projection that in the first case the threefold is representable on S; by
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means of serolls ™2 which have & cornmon (r— 3)-fold line and r— § simple
base lines meeting it. Show also that the Veronese cone is representable
by means of quadries touehing a fixed plane at a fixed point.
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6. The V] of [8]. Show that the projective model of the system of
quadrics through two fixed lines of S, is & rational *¥¢ of [8] which POsSosses
two distinet doubly infinite systcms of generating planes; also that the
above representation of this manifold on S, is obtainable by direst projee-
tion from a [3] which mests V¢ in a quadric surface. Show thet 78 is
image, without exception, of the pairs of points (P, P’) of two planes m, #';
sud identify the surfaces of 1¥§ which represent collineations of 7 en 77 N
(Bee Segre, ‘Sulle varietd che rappresentano le coppie di punti di due piani
o spazi’, Rend. Cire. Mat. Palermo, 5 (1891), 192.) s

"N

7. The Perazzo primal in [5]. Show that the cubic primal in {5}whose
equation is o ™
Ty Xy Ty agay = 0 AD
Is representable on [4] by means of quadrics which pag@$hrough a fixed
skew quadrilateral and one further fixed point. Show that this primal has
nine double lines which form the sides and di&gon@ve of a skew hexagon;
alse that it is met by any tangent prime in a Sq@e 3

Cremona T'ransformdtions

8. Special cases of Ty, For some_purposes, and in particular for the
reduction of surfaces with multiple eirves, the special cases of & Cremona
iransformation-—in which the bage Burves are composite—are at least as
IMportant a5 tho original, To ¢btdin such cases of Ty for example (§4.3),
the obvious course is to usp(the plane representation of the cubic surface
and to allow the Flano m:lbgB of the base sextic ¢ to degenerate in different
®eys. It may be verifidd, then, that the following important cases arise:

') Intersections of @-curves Reverse trans-
— 00”‘@9"9}035 of ¢ with components of ¢ Sformation
TR | ogs, Nl ; —
u A\ 8 with °(s, Similar
T ?u‘?dﬁsec&nt hine { 0 with I i
B | 4Gy 7T with 10%, TE
pan( Fisecant { 1 with
WO, 6 with 3C°%, Similar
Tiw chord 2 with I
W o0 6 with °C*, Similar
| dsecans conic k 2 with &
w | o, 4 with 08, Similar
T | %0 skew chords , 2 each with 1, I’
R 5 with 105, ™
qpy | Eisecant conie & 3 with % _
“ e, npa 4 with each curve Similar
Tiay {four Intersections) .
% | Four skew lines 1,, 2 with each I, Similar
_ two traneversala my 0 with each m;
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9. Bhow that by wse of T any quintic surface with 4 triple points may
be transformed into a eubis surface, so that such a surfaeo is in general
rational; and obtain its plahe representation.

Show, on the other hend, that a quintic surface with 5 triple points i
in. general irrational; also that it can be rational if it possessos a doubls
twisted cubic through the triple points.

10. Surfaves with multiple eurves. By means of the transformstions listed
i §4.3 and in the preceding examples, establish the following cxamples of
reduction of surfaces with multiple curves to well-known simple surfa-c@:

Tt
Tyy:
T'aq:
TR:
TS:
TR:

{7},
TE:

Fik?, O] — eubie surface.

s, A, B, C'7 — cubic seroll. 2 AN
P9 with double *0% — quedric. "\
B, (1C%%] — cubie surface. A\ .
FO[i2,12, (L0%)'] — cubie surface. &

FHE, (10H?] — eubic surface. QO
B[00 003 > eubic surfacey "

Deduce the plane representation of the surfaces eancmed.

= 11. Enumerative problems for tuisted cubz'cs.*g’?kwis’oed cuhic in ordinary
o

space has twelve degrees of frecdom; and waéw

1d therefors expect a finite

number of these curves to satisfy six cordibions of woight 2, such as, for
example, the condition P that the {,ugve should pass through an assigned
point or the condition L that the grve showld have an assigned line as
chord. We consider therefore the ‘Problems repeesented by the ecompound
conditions P*L? (x4 £ = 6) whieh express that the cubic should pasy
through o assigned points apd have B assigned lines as chords.

Ta solve the sevon proBlems of this group we may apply threc of the

transformations alre

“described, namely, T3, Ty, and T, of which the

last is generally known as Wakeford’s transformation.

Tn the first plage, T4 transforms all the cubic curves through 4 fixed
points of &, intd\the lines of 83 and the lines of &, into cubics through
4 fixed poiI;{ss"@f’ 8;. Thus the problem PS¢ transforms to that of drawing
a line thedugh 2 points of 8}; and PSL transforms to that of drawing
a chorgl' a twisted eubie through a given point. Henco P¢ = PiL1=1

Nexty T, transforms enbics satisfying a condition P21, into linos of S

and \lines of &, into a

{Psra

systemn of comics in 8f. As before, we deduce that

= 1; but the problem P2 transforms to that of drawing & 1in®

?hmxfgh & given point 4 to interseet a given conie % in 2 points, and this
is evidently poristic with no solution or an infinity of solutions according
as.d .lies off or on the plane of k. The problem PEL? transforms to that of
dra.v‘vmg a8 common chord of two conies; whenge, obviously, P:L? = 1.

_Finally, Tf transforms all tho wisted cubies which have four given
lines L;..., I, as chords into the lines of S}, and the lines of S, into cubics
of 8¢ whieh have four lines Hay 1] as chords. Hence P2L4 is reduced 0

T For the general problem of twisted eubies satisfying 12 assigned conditions,

see Todd, Proc. Boyal Soe, A,

131 (1931), 286,

1 Proc. Lond. Math. Soc. (2), 21 (1922), 98,
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the operation of joining two points of 8§; JPLLS is reduced, to that of drawing
a chord from a given point to a given twisted cubic; and L* is redused to
that of inding the rumber of additional common chords of two twisted,
cubics which have I[,..., & as assigned comumon chords, Now two twisted
cubics have in general 10 comnmon chords, as may be proved either (a) by
a correspondence argument, or (b) by allowing each curve to degenerate
and using the principle of Conservation of Number (of. Ch, XTI}, or {¢) by
the result of Theorem XX of Chapter X. Tt follows therefore that P2IA — 1,
PUS = 1, and 75 = 8.

[The problem for elliptic quartic curves analogous to that here considersd
for twisted cubics has been discussed in detail by Welchman, Proc. Camb)
FPhil. Soe. 27 (1931), 20; soe also Todd, ibid. p. 538, for further enymera-
tive results about these curves. | "\

12. Monoids and monoidal transformations. A manoid in ordjpaiﬁr space
8 is any irreduciblo surface of order # which possesses an (n = 1}-fold point;
and a monoidal transformation is a Cremona transformation’ in which all
the @-surfaces are monoids of order # with a fixed (n~1)¥old point.

If @ is & generic monoid of order » with O as its {n>51)-fold point, then
@ has a nodal cone K , of order n—1, which meetg'é\in n{n—1) lines; and,
by projection from @, the surface is representahl, on a plane 7 by a system
of curves O 1811 for which all the baso pointsdio on an (n—1)-ic curve &,
Projeetion of K. If @ is another monoid of ovder n with the same multiple
point, then @’ meets @ in 8 curve of‘ﬁl}'e system whose image in 7 is
CUI1m—1), and this eurve has & poifk of multiplicity (n—1)% at O; but
¥ and @ have the same nadal cbre at O, then the image in  of their
Intersoetion eurve sheds off as~coniponent and is reduced in consequence
to & free n-ic curve of s an&hce this eurve has n{n—1} intersections
with £, the curve of :inters@tibn of ¢ with @ has in this case a point of
multiplicity n(n—1) at 0.\ '

The two simplest mdndidal transformations which arise from the above
are obtained by redl‘miﬁ;g' the image systems -1[1%%1] and O™ to the
lines of the plans 73an the first case, when, the nodal cone at @ is variable,
there is & simple.base curve of order 72— n with an (n—1)(n—2)-fold point
at 0; in the&cdnd, when the nodal cone at O is fized, thero is o simple
0336 eurvaof ‘order nf—n with a point of multiplicity (n—1)? at O; and
1o POt?l.gaéés the @-curves are plane curves of order n with an (n— 1)-fold
Point 540, '
 Ex/ Disouss the monoidal involution in S, (anslogue of the Do Jonquidres
Wvolution (Ch. VT, §8.3)) defined by any surface of order n with an
tn~2)-50ld point.

13. The general Ty of 8. Bhow that the four-dimensional Cremona

“nsformation which is the reswltant of 4 correlations of S, on Siisa

Marto-quartic transtormation T,y whose homaloidal systems ® and ¥ each

°onsist of doterminantal guartie primals through a fixed projectively

genera.ted LB, lacus of points of intersection of corresponding primes of
relatod point-stars.

Show also that the ®-surfaces and ¥-surfaces are Bordige 57 (cf. Ch. VII,

fr
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Ex. 81}, and that the @-curves and W-curves are normal € which meet
the base surface in 15 points. (Todd, Proe. Camb. Phil, Soc. 26 (1930}, 323.)

14. A Ty of S;and a Ty of 8,. If a, b, ¢, f, g, b are the coordinates of &
general point of 8 and if 4, B, O, F, ¢, H are their cofactors in the
determinant .

a h gl
A b f
g fc
prove that the transformation
af bf k! \
A=B=""§m N>
oA
has the inverse transformation e\
a b h G\ et
yial kil 2 Oy

Henee deduce the result: Quadrics through o Veroa’;eéé surfave generate
@ symmetrical Cremona transformation Ty of S5, N :

If any one of the above quadrics, representing.a ‘prime S, say, is projected
from & point of itself on to a space S}, show,that the resulting representa-
tion of 8, on 8, may be characterized as follows: The guadrics of S, which
pass through a normal °C* and a peint genertida guadro -quartic transformation
Ty of Sy whose reverse system conaists Of quartic primals passing doubly
through @ quadrie surface and stmplnthrough a projected Veronese surface,
theae two surfaces meeting in the getiion of the latter by the prime containing

™

the former. N
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HUDSOJ\QZQfémom transformations.
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CHAPTER IX

PROJECTIVE CHARACTERS OF CURVES AND
SURFACES

§ 1. Curves

1. Elementary projective characters. In the previous discus-
sion of plane and space curves we had occasion to introduge,
various characters of a eurve (in connexion, for instance, with the
Pliicker equations). Among these there are two, the 'orc\i’ér and
the rank, which are of fundamental importance; for, as will appear,
the definitions given of these characters extend imgiediately to
eurves in any space [7] and, moreover, the characterg are invariant
under projection. We shall call them the elémanitary projective
characters of a curve. \

For surfaces in higher space we shall'l?hita,m a set of four
charaeters which are likewise invaariainﬁ}lnder projection. The
Position is somewhat obscured if we \bégin, as the analogy with
Space curves might suggest, by colisidering surfaces in ordinary
gpace: first, because proper projeéﬁi’on of such surfaces is impossible
and, secondly, because one of the four characters of a surface
sitnated in [#] (r > 3) hagho precige analogue for a surface in 3],
These characters, whigh e shall call the elementary projective
characters of o surfae@,\wﬂl be deseribed in § 2. .

The elementary. ];irojective characters of a curve or surface are
ot of course $h&-sole projective characters of the manifold in
f]ueetion_, But’they have a twofold importance in the theory; for
1 will appgar in this chapter that (i) a wide group of problems
require far* their solution & knowledge of these characters alone,
and: {i)certain birational invariants of a manifold (as, for example,
B \sens of a curve) are expressible in terms of the elementary
Projective characters. The case of surfaces is considered from this
Pomt of view in the concluding sections of this chapter.

.1.1. Curves in [r]. The definition of rank of & space curve,
Ve in Chapter IV, extends immediately to a curve € of [7]
(r > 3), Thus, of the ool tangents to €, a finite number u, will
Teet & generic secundum [#—2]; this number is called the rank of
1(1.7'- The order #o of C is of course the number of its points which
©I0'a generic prime [r—1].
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It follows, then, that if € is projected on a prime II from a
generic point O {not on the curve), its projection €’ will have
order 1y and rank y, ; for the number of tangents to ¢ which meet
a given [r—3] in II is clearly the number of tangents to € which
meet the [r—2] which joins the [7—3] to 0, while the order of 'is
preserved by the projection (see Ch, I, §5). :

If ' is without singularities so -also is €'; for a multiple
point of " could arise only if a chord or mnltisecant of ¢ passed

-through O, and this will not happen when O is in gereral
position, O\

By suecessive projections from point vertices, we ﬁnaﬂy:'bbta-in
& curve in [3], of order u, and rank u,, which, if ¢/ is non-singular,
is of general character. It follows from Ch. IV, § 7, hat the genus
p of € is given by the formula R4

1 = 2pg+p—1). O {1)

9 N
We may also, ag in Ch. IV, inftroduce ths character %, ropresenting
the number of apparent nodes of C, 1.8 $He number of chords which

meet a given [7-—3). As before, then, we have the relations
b = HpaS1)(p—2)—p, 2)
b —Gualpo— 1), (3)
\

1.2. Intersectiont problemns Jor curves. In space [+], r—1
irreducible primals, generically situated with regpect to each other,
will meet in an irreducible curve; and r—1 primals which are
drawn throgh a given curve will in general meet in a sccond
ourve. AhE problems (already solvéd in the case 7 — 3) of
deter?\ g the characters of these curves will now be considered
in tlie\general case.t

m;':],]et fi=0 (i = L2,...,7—1) be the equations of r—1 given
\ primals, in penera] position, having orders n, (8 =1,2,..,r—I)
The curve ¢ common to them all hag order

o = Mgty . (1)
The tangent at any

tangent primes to the
number p, will meet 5,

pomt P of ¢ is the line common to the #—1
primals at P; and of such tangents, a finite
given secundum I1.

T The results which follow are dus to Veroneso, Math. Ann. 19 (1882), 161
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To determine the character 1, we suppose that It is the inter-
section of the primos A, B whose respective equations arc

4= au; =0, B=3 b =0, @)
=0 i=0

and we consider the Jacobian primal J = J{ fufoenfoy, 4, B)
whose equation is

£ Gy

5:_{:;, LELY '%01'3 a'l]) bl) N\
T S e
oy » rrey 3 1 1 7N ~
Gy i

This is evidently the locus of a point P such thasghe »—1 polar
primes of P with respect to f; are coneurrent With the primes A
and B. If P lies on ¢, this means that tk\e tangent to C at P
must meet the sccundum IT = 4.B. Th®Tank g, is therefore
equal to the number of intersections o‘f"J,\with . And since J is

—1 L
obvionsly of order rz (r;—1), we Qbtdin the result
iy AN

P =7 nﬂ:e'??r'—;{z (ni—]‘)} (4)
1.3. We pass now to the, second problem. Suppose that the
7—1 primals considered-above are drawn through a non-singular
curve f of order u, &id tank - In general their residual inter-
section will bo an jdrreducible curve € of order po and rank pf.
The curves ¢ and/6” will interscet at & certain number e of points;
3% each of thege’the r— 1 tangent primes to the primals f; have
1 commoncthie plane of the tangents to ¢ and ¢’ there.
The qrii'%fof ¢’ is given by the equation

3

N Ho T iy = 7y Rty (5)
\@o“nsider how, as m §1.2, the Jacobian of f; and an arbitrary
Setundum IT = A, B. This meots O in the points P such that the
tangent to O at P meets IT; and it also passes through the ¢ inter-
sections of ¢ with ¢ since, at cach of these points, the tangent

Primes to all the f; have a plane in common, and this plane
Mmeatg TT, _

. —1
Sinee the Jacobian is of order rz {n;—1}, it follows that
i=1 .

tte = po{3 (n,— 1)} | (6)
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In a similar manner we deduee that

pyte = pfd (m;—1)). (7)

These equations determine the numbers u) and e; from them
we derive the result

Hr—t = (e— )2 (n— 1. (8)
From this equation it follows that, if gy = 4, then p! = g,

1.31. The generalization of the previous results is now obhvidus:
Suppose that, in [+], the r—1 primals J meet in a set of(Syon-
singular curves CW, 0@, . (@ having orders p{’ and ganks uf?
(i =1,2,....5), and that the curves C®, (% meet ih ‘é,,;j points
0=1,2,,8j=12.,81i #j) e \

Then we shall have .m:\'\
3 = gy, S o)
10+ 3 ¢ = p(S (n,—1)) (\3;%}'1, %s).  (10)
J ~

From these equations it follows thatyif the orders, ranks, and
mutual intersections of s—1 of the Lurves are given, then the order
and rank of the remaining curw{é’, ‘and the numbers of ite inter-
sections with the other curvesyate completely determined. These
are extensions of the resulty obtained in Ch. TV.

1.4. Equivalence of Q curve. In general, r given primals in
[r], of orders n; (g s2,...,7), meet in nyn,...n, points; bub if
they have in cornon a curve ¢, thoy will meet in a certain number
N of points extérnal to C. The difference Ry g, — N is called
the equivalohte of C for the primals in question.

The value of ¥ is immediately deducible from (6); for, with the
Previols notation, the points common o the # primals, external
to Liare those in which the rth primal meets €, other than those

\T“y};rg on C itself,

Hence, N = pyn,—e.
That is, N =mn, Myee Py —prg{ > (1~ 1)} oy — g (1)
ExavpLes

., 1- Show that three quadries of [4] in general meet in a °C%; but that,
if they have & eommon line, their residual intergection is a *C7? mesting the
line in threa points.

2. Determine, the residual interseotion of three quadrics of [4] whick

ha‘lre in common (a) a conic, (b) two skew lines, (¢) a line and a conic, sKe¥
or intersccting. .
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3. Find the equivalence of (a4} a line, () a rational cubie, (o) an: elliptic
quartie for four quadrics of [4].
4. Two surfaces of [3], of orders = and n respeetively, have ag partial
intersection an irreducible curve of order Mo 8nd genus p. Prove that
2p < (mn—2ud)(m-bn—4)+ (g — 1) (s —2),

where pf = mn— . -

5. Oy, Gy Cp,... ure & set of irreducible curves, without singular points,
of geners gy, Py, By, . The curves interseet only in pairs, the total numhber
of such intersections being N, Show that the composite curve ¢4+ 4.,
may be formally regarded as o eurve of genns p, whers :

p—1=3 (@~ 1)+N. O

§ 2. SurFaCEs O\ R
2. The elementary projective characters of a\surface. Con-
sider & surface ¥ situated in [7] (r > 3). This is\met by a generic
secundum [#—2] in a certain number po of points, whore y, is the
order of F'; thus the section of by a generie prime is a curve of
order py; the rank g, of this curve is defined as the rank of 7.

Let us suppose that F is irreducibley and lot f denote its pro-
jection on gpace [3] from a generalwertex [r—4]. At a general
point of itself f possesses a unigie tangent plane; and, since f is
likewige irreducible, its tangenitsplanes form an irreducible aggre-
gate. Assuming, then, as weshall do in the sequel, that Jis not
developa,ble, 1t follows ‘b}i&ﬁ at a general point of # the surface
Dossesses 3 unique tapgent plane, and that the tangent planes of
F form gn irreducihie“aggregate of dimension 2. Hence a finite
humber of tangeny planes to F ecan be found to satisfy two
given conditiofiy In particular

() A m;gx’n%r fz of such planes ean be found to meet a given
[r~2] ind¥ine. This number is called the class of F, _

?hejcl\sms may be given another interpretation. Consider any
Pmllﬁ through 5 tangent plane of F; its scotion of F is a curve
having 5 node at the point of contact of the tangent plane. We
:ha,ll 03_]1 any such prime g tungent prime to ¥ ; then we may say
hat py i equal to the number of tangent primes of F' which belong
t0 & genera] Penvcil,

(2) A number va of tangent planes will meet a given [r—4]; this
charactey i called the typet of 7.

T In Ttelian, ceto {i.e. rank),
o

4654
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The numbers puy, py, ia, v, constitute the elementary projective
characters of F. In terms of these, many other important charac-
ters of the surface may be expressed.

In particular, for a surface in [4], p, is the number of tangent
planes of F which meet a given plane in a line; and v, is the number
of tangent planes {or tangent lines) which pass through a given
point. .

If we attempt to formulate similar characters for a surfacesin
ordinary space, we shall obtain the order, rank (of a plane sgotien},
and elass, i.e. the number of tangent planes through a giverline.
But the previous definition of the type will not exténd to the
present ease; we shall, however, see shortly how™~to define a
suitable character to take its place. &O

2.01. The curve A. In order that a tangend plane to F should
meet a given space [r—3], a single co;;.d%i;)n must be fulfilled;
hence there are co! such planes, and eg4 corresponding points of
contact, lying on a curve A. We shall Yiow prove that

The points of contact of t@nggn{@anes which meet a generiec space
[r—3] tie on a curve A of order . Also any two curves A correspond-
ing to generic spaces [r—3) meet in py-Lv, points.

Let II be a given space [r—3] and A the corresponding curve
of contact, Then thie 6rder of A is the number of tangent planes
of F which meet\T and have their points of contact on a given
prime Q. Smde’any prime Q will meet A in the same number of
points, weamay suppose that Q contains I1: in this case the number
of tangatit ‘planes satistying the required conditions will be equal
to the\bumber of tangent lines to the section of F by Q which
me&®1; and this, by definition, is g, ‘

oo Again, let IT, 17 be given spaces [7—3], and let A, A" be the
corresponding curves of contact. The number of points common
to A and A’ is equal to the number of tangent planes to F which
meet [T and 11", In order to calculate this number we shall assumef
that it remains unchanged when, by varying IT continuously, ¥¢
make it come to lie in a space [r—2] passing through I The
tangent planes which now meet I and 11’ consist of those which
meeb the [r—4] common to IT and IT’, and those which meet ["'"'2]
in a line; the required number is thus Mot e

T For remarks upon this type of argument see Chapter X1.
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ExavrLEs

1. Show that the o' tangent planes to F at points of a prime section
generate & manifold ¥y of order 1,. What is the order of the ¥, generated
by tangent planes which meet a given [r—3]%

2. Show that, if F is situated in [+], whore # > 4, its prajection on [r—1]
from en external point has the same characters fhos fh1y pos ¥y 88 F. (Hence
the origin of the term projective charaster.)

2.1. Generic surfaces in [r]. Inall that follows in this chapter,
we must for the sake of simplieity confine ourselves to surfaces/
which are free from what we may call proper singularities; and
to make this restriction precise, we look for a basis on which.to
decide what accidental or improper singularities a surface riukt he
assumed to possess in order to secure a reasonable mieasure of
generality. This will lead to the concept of a surfa{cé pogsessing
only normal singularities, a phrase which is usuddfy ‘abbreviated
to generie surface (the term generic here bein% bised in a special
sense). D
Ifr = 5, we define a generic surface to be @newhich has no multiple
Points of any kind. This is based on thel gonsideration that, in 13|
(r 2> 5), a surface, regarded as a two-parameter point-locus, cannot
in general be expected to intersegtiitself; or, in other words, that
there will not in general bo any\Bets of solutions u,, v, %,, v of
the equations 2

T, 01) Gl o) ol n)
Zo{g, ’5’22 1 (U, Vy) Zy(ts, V)

Other than those foy\Which u, = uy, v, = v, (of. Ch. VI, §2.4).
The assumption iy question is supported, as it happens, by the
fEfCt that aﬂ},&;&}‘g“ebmic surface is Ikmown to be transformable
blrationaﬂy\;(mé a non-singular surface of S, (r = 5).

Ifr < 8 we take for normal singularities those which are in
) genﬁT%L@OSSBSSEd by surfaces obtained by gencral projection of
Bof-Singalar surfaces in [6]; and this convention will apply also
to SUFh surfaces as are not themselves obtainable by projection
In this way, Tt is easy to verify 'that this principle does in faet
lead o the same results as would arise from considering the

Surfaces, 1 [3] or [4], from the point of view of their parametric
Tepresentations.

2.11. Generic surfacesin[4). A generic surface in [4] is one which
b 8 t?t most @ finite number of improper (accidental) double points.
v if F* g 4 non-singular surface of [5], the cot chords of the

4
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gurface in general fill the ambient space,f so that a finite number
of them pass through any given point 0. If F* is projected from
0 into a surface F of [4], any one of these chords—OPF, B, say—
will project into a double point ¢ of . Clearly F will in general
possess two tangent planes at ¢—projections of those at P, and
Py—which meet only at @.f And the section of F by a generic
prime through @ will be a curve of the same genus as the generie
prime section of F. A node of F having this last property will be
defined as an improper node of the surface. O

2.12. Chord-cone and chord-curve. Consider next the ¢honds of
a generic surface F in [4] which pass through a gener@D point 7.
There will be a simple infinity of such chords TQ@Q, forming a
chord-cone K; and the locus of @, Q, 15 a curv\e—{-intersection of
K with F—which we may call the chord-curvex.

Among the chords from 7, there will i\'general be a finite
number of trisecants 7'Q, @, @,; for a, Gmface in [4] ordinarily
possesses c0® trisecant lines, and thegey v\‘,rﬂl usnuglly fill the ambient
space. Any such trisecant is a triple’generator of K; in fact it
will be approached along three‘séparate sheets of this cone by
three variable chords ™

T @, QG TQ0::
and since we have twedistinct points @}, Q] approaching ¢, (and
lying on djfferent\alieets of the chord-cone) it follows that the
chord-curve has wodes at each of the three intersections of F with any
trisecant from @;(ef. Ch. VI, §5.21).

Finally,~thé chord-cone will evidently contain auy line T2
joininigixm any improper node D of F. The chord 7'¢, @, which
tendg™td T'D will have one of the end points @, on one sheet of
F. &% D, and the other end point @, on the other sheet. Hence

) ~~§7?./.3 chord-curve on F has o node at each improper node of F.

2.13. Formula for the improper nodes. We shall now obtain 2
formula expressing the number of improper nodes of ¥ in terms
of the elementary projective characters.

With the notation of the previous sections, the chord-cone K

1 As already remarked in Chapter VII, the Veronese surface is an exceptiot
in that its cht_ardﬂ generate only a 1.

1 For special positions of 0, the tangent planes ab @ may be cospatial or £V
coincident, When the tangent planes meet only at @, @ is called an BDPrOPe

node of the first species; in the other eases we say that it is of the second BpeCies:
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will be of order % (cf. §1.1). Then, taking a section of ¥ by a
prime through 7', we see that the chord e¢urve o is of order 25.

Now fix an arbitrary plane o, and consider the symmetrical
correspondence between primes I1,, 1I, through = which con-
tain the end points €y, ¢, respectively, of some chord 7TQ,Q,
through 7,

If1l, is given, €, has 2A possible positions: there are 25 positions
of the associated point @, and therefore 2% positions for IT,. Thus
there is a (2%, 24) correspondence between I, and II,. O

The 4 coincidences of I, with II, arise as follows: O\

() If 1, passes through the point of contact U of oneyof the
vp tangent lines from 7 to ¥, then we can take U= ¢, = Q,,
and one of the primes corresponding to I, epihcides with
II,. Each such coincidence is simple. N
(i) IfII, passes through an improper node)6f F, then D, as
we have seen, is a double point of Hpand therefore counts-
twice among the set of points Qﬁiﬁ' which II, meets £
furthermore, if @, = D, then Qz < D, and hence two of
the primes corresponding teMI, coincide with IT;. Each
such coincidence is therefore double. .
(i) IfII, contains one of thgafli chords of ¥ which pass through
T and moet =, say the chord T4 B, then I, =1, if ¢ is
taken to be eithes\A or B. Thus every coincidence so
arising is doub\lg'x N
. The application §fZenthen’s rule in checking the multiplicities
(i)~{iid) is immedists. Hence, if d is the number of improper nodes

of F, we havethe formula
\Y

N vyt 2d -+ 2% = 4h,
o by §81, va 2 = prglpg—1)—pey.
T AN
XAMPLES

. If F s & non-ruled surface situated in [4]. show that & tangent plane
to F in general meets the surface in p,—4 points other than the poink of
Contact, and hence that Ho—4¢ tengents at that point meet F elsewhere.
2. With the same hypotheses about P, prove that the trisccants of F,
which pasg through a simple point 7 of the surface generate a frisecant-cone
{analogue of the chord-cone for T not on F) whose order #’ is given by

P 20 = (py=1)(po—2)— (11— 2).
;?ve also that the risecant-curve & in which K meets F has a multiple
Pont of order ju,—4 at 7, and that o is of order 2h'--(ug—4).
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3. Applying the correspondence method of §2.13, and using the above
- results, prove that v,—4 tangents can be drawn to F from 7.

4. Deduce that, if a generic, non-ruled surface in [r)s where r = 4, 49
projected from a point of itself, its projection will be o surface of order py—1,
rank p;—2, class py, and type vy— 4, where s €ie., denole the characters of the
given surface,

- 2.14. Generic surfaces in [3]. We now apply §2.12 again to
the problem of characterizing normal singularities for a surface
in [3]. O

When the generic surface F in [4] is projected from # into a
surface f in {3], the chords 7'Q, @, of F evidently projedt into the
points of a double curve T of f, the pairs of points (€1Q;) of the
chord-curve " being in (1, 1) correspondence withsho points of T,
If TQ, @, projects into the point R of I, thenéhe tangent plane
to K along the generator 7'Q, J, projects inte the tangent to I’
at f; and the two tangent planes to F a &, Js, since they con-
tain the tangent lines to " at @, Qg'\'mspectively, project into

_ the two tangent planes of f—in general distinct—which intersect
in the tangent to T at R. R®

There will, however, be va,j:’a,ﬁgents T6Q, ¢, of F which pass
through 7'; these will give rige'to pinch-poinis of f on T, i.e. points
of the double curve at which'the two tangent planes to the surface
coineide (cf, Ch. VIIL,§8.1). The tangent planes at these points
are called pinch-planes!

Next we obser\% that the improper nodes of F project into
ordinary poinjs'ef T Tinally, the trisccants of F, in number f say,
which pass through 7, Project into triple points of f which are
also triplé on T For, in the notation of §2.12, the variable point-
pairs ~®“Q'z), (@2 @), (Q5 Q%) project into three points of T' which
appi:@ach the triple point of f along separate branches of I" as the

'\thijee chords such as 7@ &, tend to the trisecant 7'Q, Q, Q5. At
$he triple point f possesses three distinet tangent planes which are

the joins in pairs of the three nadal tangents to I' at this point.
Our conclusion then is that

- A generic surface in [3] is one whose only singularities are (i_) @
‘501{53‘3 curve I, (ii) @ finste number v, of pinch-points on T', and (iii) &
_ﬁmte number ¢ of triple points which are also triple for T

Clearly the surface J has the same order Egs TanK gy, and class pa

as F; the type v, of F passes into the number of pinch-points on
the double curve of I
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§ 3. TaE CAYrEY-ZEUTHEN EQUATIONS

3. Given any irreducible surface f in [3], with normal singularities
and known characters p,, py, pa, vy, we shall show that other
important characteristics of f, such as the rank of its double curve,
the number of its triple points, and so on, are thereby determined.
The formulae which give these numbers are particular cases of
more general results, first obtained empirically by Salmon, and
later established by Cayley and Zeuthen. O

Notation, The order and rank of the double curve I' are denoted
by € and ¢, respectively; t is the number of triple points. -Of the
o' tangent planes to f at points of T, a finite number vl pass
through a given point; this number is called the cluss fimmersion
. of'in f. R4

The tangent cone drawn to f from an arbitrary point P touches
Jalong a proper curve of contact A, which js\gf order p, (§2.01).
Among the tangents from P, there are sorg(ﬁ%ich have inflexional
comtact with f, and others which have Wowble contact with /- We
denote the numbers of these tangents by « and 8 respectively.

3.1. Sinco the first polar of F\passes simply through I' and
mmeets f residvally in A, we have

p,g(p,(g—l) = Zeqtpy. (1)

Consider now the ipt\e}sections of I with the second polar of P.
A poiut Q of f liss on.both the first and second polars of P if, and -
only if, PQ hash¥ée of ibs intersections with f coincident at Q;
and if @ lies.,({rﬁ it satisfies this condition in general only if one
' ?f the twoMangent planes to f at @ passes through P, or again
£91s oue of the triple points of f, which are all gimple on the
Se?ﬁqd\‘Pﬂl&r of P. Hence :

vV eoltio—2) = p-1-3t. 2)

Comzsider next the intersections of the second polar with A.

: &5 Include, evidently, the « points of contact of the inflexional

“ngents from P; but it is clear that A will also pass through the

i Polnés mentioned above, which are the points of contact of

angent planes at points of I' which pass through P. Hence these
A1 included in the required intersections. Thus

Palpg—2} = x+p. G
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3.2, Tangent planes at points of I. The next cquation i
derived from eorrespondence principles. Consider the cc! pairs of
tangent planes to f at points of T, and apply the method of Ch. 1V,

§82.1, 2.11, to find the number of coincidences of the planes of
@ pair, i.e. the number », of pinch-points of f.

Since the correspondence between the planes is symmetrical, the

appropriate formula is (9') of Ch. IV, §2.11, generalized (and

dualized) in the manner laid down in §2.1 for correspondence in
- space. This gives vy = & = 2a—), A
where o, the number of plane-pairs in which one plans“passes
through an assigned point, is evidently equal to pj while », the
number of plane-pairs for which the line of ini;ejrséction of the
planes meots a fixed lne, is evidently ¢,. Hengde*
vy = 2p—2¢;. (4)
3.3. In order to establish the remainjng\\e’quat-ions we have first
to examine more closely the behaviourof the first polars and the

contact curves A at the singularities» of f. We begin by proving
the following

LEMMA. Let P be g genericf;'abint, and ¢ a point of T. Then
the tangent plane ot Q to the irst polar of P with respect to f is the
karmonic confugate, in agtrd, to the tangent planes to f ot Q, of the
plane joining P to the{fangent to T at (.

This may be Plzﬂ}ed geometrically by regarding P as the limit
of a ehord PQ,'@; which intersects the two sheets of f at @ in
@1, €3, and Py applying the original definition of the first polar.
The fo].lg}giﬁ‘é simple analytical Proof may also be given.

Usip@'\nbn-homogeneous coordinates, let ¢} be the origin and P
the.EP'lnt (@0, 90, 25). Let the tangent planes to f at @ have equa-

| Liop8 2 = 0,y = 0; then the equation of fis of the form
\: zxy_]—'fS(ny}z)_l_'“ = 07
where fi(z,y,2) is a homogeneous cubic polynomial in the three

coordinates, and the omitted terms are all of higher degree.
The tangent plane at @ to the first polar of P is represented
by the i '
v equation Yo+ == 0. .
The harmonic conjugate of this plane, with respect to the planes

# =0, y = 0, is the plane Yox—2xy = 0; and this establishes the
lemnma,.
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We now apply this result to find all the intersections of T’ with
the curve of contact A of tangent planes from P. If ¢ is any such
intersection, the first polar of P—since it contains I’ and A—must
touch one sheet of f &t ; and this, by the lemma, is only possible
if either (i) one of the tangent planes of f at Q passes through P,
or (ii) the two tangent planes of f at § coincide. The points arising
from (i) are among those (already considered in §3.1) which lie
on the second polar of P; while from (ii) we deduce the result tha\t

All the contact curves A pass through the pinch-points of FA

3.4. Formula for the bitangents. Consider now theleone K
of proper tangents to f from a generic point 2. This cone, of order
f, meets fin A counted twice, and in a residual curv@- A¥, of order
talpe—2), which meets each generator of X in o2 points.

Let U, V be any pair of points of A* whish-lie on the same
generator of K ; and let us calculate the nunitber of coincidences
of the symmetrical correspondence hqis'viveen U and V by the
method of Ch. IV, §2.1, 2.11. This jig\the number £ given by

£ = 2(atW),
where « is the number of (unqrd;?i‘éd} pairs (U, 7) for which U lies
on g fixed plane, so that , ™

?&:’:'Y\P1(5‘0“2)(Pn“‘3)a

while v ig the nﬂmbé\of pairs for which UV meets a fixed line;
thus RS
O P = S — 2) e —3)-

Henge ¢ ‘\'" & = pylpo—2)pts—3).

The ,‘i‘)\méidences oceur in two ways, as follows:

(_i).gﬂ_\,.’ny one of the & bitangents which can be drawn to f from

) 2 fSﬁbvident-ly an intersection of two distinet sheets of the cone K.
LEwe denote such a bitangent by 5, and its points of contact by
U, ¥, then one branch of A* (lying in one sheet of K) will touch
bat i » while another (lying in the other sheet of K) will fouch &
at M - Thug each bitangent furnishes two coincidences.

(1%) If X is any one of the intersections of X with I' which are
ot Intersections of A with T, then X is evidently a double point
of A* and coincidencs of the correspondence; also, by an argt-
Went exactly similar to that given in Ch. IV, §4.21, it appears
that each suoh coincidence counts twice. Since K meets I' in the
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vy pinch-points and touches I' at the p other points where A meets
F, the number of its residual intersections with T is P €g—vy—2p.
Hence we have '

Falitg—2)ptg— 3} = 2842y €g— Zp—,). (5)

3.5. Formula for the class. Consider finally the curve ¢
which is the intersection, residual o ', of the first polars of two
general points P, P’, Tts order is (10— 1)2—¢q, and its intersections
with I" fall into the following groups: O

(1) The triple points. Kach of these is simple on C; for egoh firsh
polar has a node at these points and, of the four generators'esimon
to their nodal cones at a triple point, three are tangents’to I,

(i) The ¢, points, § say, of T" at which the tangdots to I meet
PP’ For at any such point € the first polars touch{by the lemma
of §3.3), since the planes joining PP’ to the samgént at Q coineide.
Thus the common curve of the first polarg\has a node at ¢), one
branch being I and the other €',

{iii) The », pinch-points. Each of theso counts for three inter-
sections of C with f. This result has béen established in Ch. VIII,
§3.1, by resolving T’ by a systgm':df surfaces passing through it;
there it was seen that a linea# branch approaching a pinch-point
in the pinch-plane has thres ‘intersections there with J, except
when it approaches in ongdefinite direction (that of the cotangent).

The remaining intetséctions of O with f are evidently the g,
peints of eontact Othe tangent planes. to J which pass through
PP'. We thus ghtain the equation

\':fiz = Pu{(#u_1)2““5n}_3t* Ze;— 3wy, )
Thisg formala’shows the reduction in the class of f due to the double
corve, Ats pinch-points, and triple points.

36, Summary of results. The formulae (1)—(6), which consti-
(tuve the Cayley—Zeuthen equations, may be used to determine the
8ix characters e, €1, %, p, &, 8 In terms of the elementary projective
characters y,, Mas pas 5. In practice, however, it is generally the
case that a surface with normal singularities is specified by the
characters Fo: €0; '€y, and #; and so it is convenient to expross

the remaining characters in Serms of these. The solution of the
equations will then proceed ag follows:

From (1), = polpig—1)—2e,, 7
From (2), P = eypy—2)—3z, @
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Substituting in (4) from (8), we have

Py = 250(#0"2)—63"‘261- {9)
Substituting in (6) from (9}, we have '
o = polptg— 1)~ (Tpg—12)e;+ 4,4 15¢. (10)
From (3) and (8},
K = pro{prg—1)(py—2) ~~3{ppg—2)e, + 5. (11)
From (5), (8), and (9); ' O
8 = ‘%ﬂo(ﬂu_l)(:‘{o— 2)(ptg—3)— Zeg(prg~ 2)(peg—3)— O

—2e;—126+2¢,(cq— 1) (12)

Other formulae deduced from the equations are gitefhin Ex. 1
helow, RS

Exanprrs
1. Deduce from the Cayley-Zeuthen equationg ‘;bﬁe‘ foliowing formulae:

e ‘\
K= ot 2py—pu;3 ¢ = (3)—%&13;‘0;“%(24“14'2”3‘4‘#2}5

€1 = Papp— ‘%1’2"",“2; .‘.P.L: o fg— 1 — Zva— hp-

2. Prove that the curve A has \ vank R = k+py and hence that
= 2,4 %,—p,. (If Pis the vertex of the cone corresponding to A,
tonsider the tangents to A whieh meet any line through P.)

.3. Bhow from Arst princip}i{s that, for a surface of order p, without
singularities, s = yoof0— Wliug—2),  — Ry — 1)iee— 2)pto— 3).

4. Bhow that, for a.cuhi seroll in [3], gy = 4, vy = 2, k = 3, and that
the eurve A iz g ra@:ief}a,l quartic. Deduce also that a cubie seroll in [4]
has no Improper nodas,

5. Bhow tha-t,{ér o quartic surface with a double conie, v, = 4, e = 12,

=4 k= 12585 4. Deducs that the guartic surface, which is the com-
blete intorsgaion of two general quadrics in [4], has no improper nodes.

8 For Stelner’s surface (uy — 4, ¢ == 3, ¢, — 0,2 — 1} show that v, — 6,
= ’3{’9"“‘— 3, k= 9,8 = 0; and that A is an elliptic sextic. Deduee the '
°h“{a@tl‘r1"s of Veronese’s surface in [5] (see Ch. VII, §3).

'Exx. 4-6, obtain the image of A in the plane representation of the
Burface,

. I.Jsing.: the method outlined in the examples following §2.13, prove
%, if & non.ruled surface of [4] is projected from one of its Improper
nodes, then, with the usual notation, the projection heas order u,—2, rank
k 1;4’ class 1, and thag the double curve contains v,— 8 pinch-points.
cho;-dBy considering the (1, 2) correspondence hetween tho points of a
e '01.11’\7(? of & surface situated in f4] and those of the double curve on
o Projection, prove that 24—2 = H2p—2)+v,, where p, ¢ are the

SPective goners of the double curve and the chord-curve,
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9. From the fact that the Del Pezzo quintic can be projected into the
surface of BEx. 5, deduce thet its characters are py = 5, gy = 10, py, = 12,
, = 8. Proceed similarly to obtain the projective characters of the other
Del Pezzo surfaces (see Ch, VIL, §5).

§ 4. SOME PROPERTIES OF SCROLLS

4. In Ch. VII we encountered various types of rational serolls and
discussed certain of their properties. We shall how see that some
of these properties are true of scrolls in general. )

Let R denote a scroll, ie. a non-developable ruled sutfice.
Through a generic point P of R there passes a unique ggorator
lying in the tangent plane to B at P. As P moves along the
generator, the tangent plane will in general vary hom@g}aphieaﬂy
with P; and if B is situated in [r], where r 3> 4, thetdngent planes
to R at points of a generator will form & penciljn'the solid joining
the generator to its consecutive generator.

As regards the singularities of R, we make'the same conventions
as for non-ruled surfaces: if R is situa:teﬁ in {r], where r > 4, we
suppose that it is free from singulaf\points. If B is situated in
[4], it possesses in general a finite number of improper nodes,
given by the formula of § 2.13. Through each such node there pass
two generators, in general distinot. And if R is situated in [3],

we assume it to possess mormal singularitics in the sense already
defined.

4,1. Suppose np%\\ﬁhat R is a scroll in [3), of order p, and rank
ps, having normal’singularities. Through a generic point of the
double curvebti-R there pass two distinet generators, each defining
a tangen.t. Phﬁe there. At a pinch-point, however, the two genera-
tors cqtgciﬂe in a torsal generatort of R, along which the tangent
pla.nef:to the surface does not vary. Through each triple point of

“th@;"dou’nle curve there pass three generators, in general distined
{ Tet one another.
The following properties of R are particularly important:

I. Ea'ch generator is met by po— 2 others, al points of the double curve.
" This result hag already been established in Ch. VIL, §4.
IL. Tke class of R is equal to iis order, i.c. thy = fhp-
For the ts{,ngent planes to B which pass through a given lin®
[ each contain a generator which meets I; 50 that the number pa.

t The name forsul generator was given by Cayley to any generator of & geroll
which rects its conseontive generstor (necessarily in a pinch-point).

3
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of such tangent planes is equal to the number of generators which . . '

meet [, L.e. gy,
ITI. The number of pinch-points is 2(py— ).

Let w, w' be any two planes through a given line I. On I we
define & correspondence in the following manner. Through a point
P of I there pass py tangents to the curve in which o meets RB;
the generator of B through a point § of contact meets =’ in a

- point ¢, and the tangent there to the section of R by =’ will meet
lin a point P'. The correspondence between P and P’ is sym>
metrical, with indices p,; the coincidences arise (i) from the v,
generators at the pinch-points (for if @@’ is such a generartt::f, the
tangent plane is the same at all points of it); and (i) ffom the
points in which B meets /. When P is at one of these pbints, two
points ¢, and therefore also two points P/, coincidéﬁrith . Hence
vy == 21, —2u,, as stated above. ’

4.2. Projective characters of scrous.,Né:ft suppose that R is
a generic scroll of [#], where » > 3. Itwwill project from a gereral
vertex into a seroll of [3] having norfal singularities, and to this
the results of §4.1 will apply. Whende
IV. For a generic seroll m't*z;aé'ekf tn [r] (r >3), ps= o and
¥a = 2py—pg)- ) '

It follows that a generig'seroll situated in any space is specified,
a3 regards its elementelry projective characters, by the order g,
and rank p1, alone. \

4.3, Representation on a quadric of [5]. Tt is interesting to
obtain these régults from the representation of the lines of {3] by
the points ofld quadric Q of [5] (see Ch. X). Suppose that R is
8 Scm]}, ?ﬁ?’]a Possessing normal singularities; then to the genera~
tors of B correspond the points of a curve ¢ lying on Q; € is of
ordet i, and rans ti, and, moreover, is frée from multiple points.

MWVe fixst vecall that, if two lines of [3] intersect, their representa-

tive points are such that their join lies entirely on Q. To determine,
then? how many generators of B meet a given generator g, we
Tequire o know how many generators of Q ean be drawn through
the mage point & of g to meet € elsewhere. All such generators
:f Q lie in the tangent prime to Q at @; and this prime, which is
“DBENt $0 €' also, therefore meets € in uy—2 points elsewhere.

28I, the pairs of consecutive generators of B at the pinch-
Bomnts obviousty correspond to tangents to ¢ lying entirely on Q.

£
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Now, since ¢ has rank g,, its tangenis generate a scroll X of order
i1, on which €' is cuspidal; and since such tangents already meet
Q in two points, the residual intersection of Z and £ must consist
of tangents to ¢ which lie on . Since the order of this residual
mbersection iy 2, — 2p, it follows that vy = 2(p—pg)-

ExavzLEs
1. If a seroll B is of genus p {this being also the genus of a prime section)
show that v, = 2(|u£,+ 2p—2), ~
2. If R is a generic scroll of [4], show that the number 4 of 1 Imipfoper
nodes is $pefp,—5)—3(p—1). O\
Show also that at a general point of B there are puw3 ta.ngant‘s which
meet R elsewhere.

3. In the previous question, show that the trisecant, eur’ve based on a

general point P of R is of order 2h—p,+1, and that itAaga mulsiple point
of order py—3 at P. \

Using the eorrespondence method of §2.13, deduce that the projection
of I from P possesses v,— 2 pinch-points on the.doubls curve.

4. Prove that, if a generie seroll of [#] (r § 4), having characters gy, iy
Hzs Yy, 18 pro,]ecbed from a point of 1tsel£, the characters of the projection
are uy—1, pr1—2, uy—1, v, —2.

5. Bhow that the rational quartic ~scr011 has characters Ho = Hg = 4

M2 = 6, v, = 4, and that the ra.tmnal quintic seroll has characters

Ho = sz-ﬁ =8 w=6

4.4. Curves on a Xsc:xall. It has been shown in Ch. IV how to
obtain the numbérlof intersections of any two given curves ol
a soroll B. Weddenote by the symbol (a, 8) a curve of order « on
R which meets séach generator in 8 points. If then (o, f’) is any

" other curgg.oh E we find that it meets the first curve in ¢ points,
where 7\

O i = o/ 1y )

We may use this formula to find thé number of pinch-points

{t)r ‘the type) of R. Consider the curves A of contact introduced

\ Jin §2.01; there it was shown that any two such curves meet in

Hatvy points. Now Ais a curve with the characters o = p, B =1
whenee, from (1), py+vy = 2u,—p,, or

vg = 2{u;— ). (2)

Next we obtain: & general formula for the genus p of a curve
(@, 8). For, considering the correspondence (1,8) between the
points of the curve and the generators of R, we have (Ch. IV, §6)

2(p—1) = 28(p—-1)+3,
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where § is the number of generators whick fouch the curve and
p is the genus of B. To find & we consider the involutory corre-
spondence (f-—1,8-1) hetween points of the eurve lying on the

game generator: as above, we derive the result
0 = 2a(f—1)—po B(B—1). {3)

It follows that

2p—1) == 2B(p— 1)+ (2a—py B)B—1). (4)
Exawrre. Verify the formulae (1), {3), and (4} for eurves lying on the

rational seroll which is represented on the plane by the systern of eufvpa
eHo™). O\

7'\
§ 6. INTERSEOTION PROBLEMS FOR SURFACES, \.

5. The complete intersection of r—2 primalsf (#&'8). Let F
denote the surface of intersection of r—2 primalg of [r] (r > 3)
whose equations are f; = 0 (¢ = 1,2,...,r—2\and whose orders

8I6 7y, Mly,..., My, TESpectively. We suppoge\\t-hat at each point of -

F the primals possess tangent primes and $hat these arc linearly
independent; then F will be irredueible and without singular
points, *A

The order i, and rank , of F 3ri=;“'itﬁmedja,tely found by applying
§l.3toa general prime sections of the whole figure. Thus we have

W

i o
Po = My gy _gy KN iy == 25 nz---”wa{ g {ni“'l)]- (1)

5.01. To determh;ta\t\hé class u, of F', wo take two general primes
4, B whose equations are
/- ¥
45 za€x£=0, BEEb@m};:Os
N\ o ¢
a‘“d_WG cousider the Jacobian manifold J == J(fy, fas-ersfrop 44 B)s
of dl{@?@smn r—2, whose equations are '

~O o o

N/ oz, oz,
o, %, || = 0. )]
g . - . @
b - . . B

ToLﬂThe Temults of this and the following sections are duo to Severi, Mem. Accad.
% (2), 52 (1903), 61, . '
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This is ovidently the locus of & point P such that the —2 polar
primes of P with respect to the primals f;, together with 4 and B,
form & linearly dependent set of » primes, i.c. meet in a line. If
now P lies on F, this means that the tangent plane to ¥ at P
meets the secundum 4. B in a line. The class g, of # is therefore
equal to the number of intersections of J with F.

We write for convenience m; = n,—1 {i == 1,2,...,#¥—2), and we
denote the order of J by &, (#y, Mg, My_y). In order o calculate
this number we observe, first, that in the matrix {2) of r rowgénd
r+1 columns, all the elements in the 5th row (i < r—2) are , poly-
nomials of degree m, in the coordinates, while the elements of the
lagt two rows are constants. Ny

Extracting the two rth order determinants ~Wh1t3h have in
common the first »—1 columns of (2), we see_that”

(ibr(mlsmm--' My, 2) = (2 m£)2_¢r(m1’ mz': - mg-—g)s (3)
where ir,(my, my,..., m,_g} denotes the Drdcr ofthe ¥ _, represented by
” _a'.fl ifg L gf FB @, by
1 0x,  fx, WA SO, :
L. .,;;’; e . .. B=0. &
oh o XN O a b
axf_g axr _a :. . - . 3:5,._2 T3 r—2

Dealing in a similar {ﬁ@y with this matrix, we obtain
Sb'r(ml’ mﬂ! !mr 2)
(ml‘kmz“l‘ 1)y gL 4+mr-—2)

O (1, Py sy Myt
We thlks:hﬁ’ve the relation - Fralfas e

o\
‘ﬁr(’ﬁ'@ 'ma,---: m,——z)

SO =t matbm, )t
w _(ml+m3+"'+mr—3)(m1+m2+—--+m,-—4+mr—2)+
+(161'—-2(m'1: Mgyanny mr_4). (5)

Now ¢y(m,) = m§, and
¢4(m1’ mﬂ} == (m]_ + mg)_z ‘—ml My = m% —I— mg -]" ml My,

Using these particular cases, we deduce from the recurrence
relation (5) that

$eltg, M. m, ) = S w4 S mym,. (6)
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Henee, from (3},
P (070 Mgy M) = D w010 "N
Tt now follows that the class of F, i.e. the number of inter-
sections of # with J, is, by Bézout’s Theorem,

pg = 3o My ol 3 (n—1)%4- 3 (n—1)(m;— 1)} (8)
5.02. To determine the type v, of F we have recourse to the
curve A, already considered in §2, which is the locus of points
of contact of tangent planes to F which mcet a given spacd &
of dimension r—3. Consider now, in conjunction with ’Ag\the
Jacobian of the r—32 primals f;, and three primes.jassing
through a generic space 8, of dimension r—3. The Jacobian,
which is a primal of order 3 (n,—1), meets A in $liuse) points at
which the tangent planes to F meet o and 8. L ¥
Since, by §2.01, the number of such planes idvi,+v,, it follows
that

patvy = pr{ 2 (ni".l?}‘\: {9)
Hence, by (1) and (8}, we obtain thp"f&mula
Vg = My Mgy _of 2»{’{3;;1)(?@5_1)}- (10)

5.1. The intersection of 4532 primals in two surfaces
{r >4). Let ¥ be a generie! {non-singular) surface of [r|, where
>4, having characters gy j1;, g, ve; and let f, = 0 (i = 1, 2,...,
r~2) be the equation{"ef —2 primals of orders n; which pass
through ¥. These phimals will in general have for residual inser-
section a surface (B whose characters B P Ko ve we wish to
determine, | \X/

By hYPQF-théiS, F iy free from singular points, so that the primals
Ji are H?@Bﬁ}strained to possess any singular points on F. If we
SUPPQEQ\t‘hem to be of general character, the surface #' will also
be wifhiout singularities. By taking a prime section of the whole

\'g‘?ﬁb, and applying § 1.3, we obtain for the order pf and rank y

F’ the expressiong

Mo = Ty Ny y_y— iy, ()
1= (g B By —2p) 3 (1) (2)

It follows also from §1.3 that F and F’ intersect in a curve ¢
whose order € is given by
€0 = g 2 (m—L)— - (3)
:&s?t any point P of ¢, the tangent planes to F and F’ have in
P
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common the tangent to €, and the space [3] containing them is

common to the r—2 tangent primes to f; at 2. We shall now show

that ¥ and F’ have no common points other than those of €.

For, supposing that F and F' meet at a point O not on €, con-

sider a gencric prime section of the figure through O; then the

corresponding curve sections of F' and F” will meet in only ¢)—1
" points elsewhere; whenece O must lie on €,

5.11. We proceed to find the remaining characters of F'; the
formulae obtained involve certain auxiliary characters conneste
with the curve ¢!. These are: O\

The rank ¢, of C. O

The order X of the ¥, generated hy the ool spaces-[8} common
to the tangent primes to f; at points of O, K7

The ordezs z, 2’ of the manifolds T generated\ﬁy the tangent
planes to ¥ aund F' respectively at points of (& These characters
are called the classes of immersion of € in Aoand F'.

Consider first the Jacobian of f; andfour primes 4, B, €, D
passing through a given space [r—4].\This is the ¥_, defined by

o ofs A pogi®
1 e D d
P, B, R bo o do
Coe e NY L L, =0 {4
8 8 \
f1 fa 'i...\ 3fr—2 a. b ¢ d

o, ox, (4N T ow,
It is clear from § 501 that ¥]_, is of order tpalimyg, ﬁ?»g,---, My, 0,0);
ie ¥ {n,— 1)(7@5;441). It meets ¥ in the v, points of contact of the
tangent planes’to F which meet [r—4], and in the X points of
eontaet{f it spaces [3] above defined which meet [r—4]. Thus

O X = 3 (0= 1)(m—1). (®)
. Similarly, wo obtain
O WX = 3 (1) 1), X
Hence, by subtracting (5) from {6},
Ve = vak (my mge .y —2p0) 3 (- 1)(my—1). (7

5.12. Consider now the curve A and the Jacobian J already
defined in §5.02 in association with the spaces o and f of dimen-
sion r—3. J is of order Y (n;~1), and contains the curve C, since
at each point of ¢ the fangent primes to f; meet in a [3] instead
of in a plane. Evidently J meets A in the Ya—Fva points of contact
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of tangent planes to ¥ which meet o and B, and in the 2 points
eommon to ¢f and A, Hence i
PatvetE = gy 2, (n—1). (8)
Stmilarly, patrite = i S (n—1). (9)
5.13. Next, consider the col! point-pairs P, P’ in which the
tangent planes to ¥ and F’ with a common point of contact on ¢
meet a fixed space IT of dimension r-—2. Taking a fixed [r—4], o,
in this space, we definc a correspondence between the peneil of.
primes in I which contain «r by associating with the prime (P,
the prime (P’,w). The indices of the correspondence are z{and
7; the coincidences arise from the X spaces [3] which fdét =,
and the ¢ tangents to ¢ which meet II. Hence N
X+e =z+2" O . (10)
5.14. ¥inally, we apply a similar method to-thetangent planes
to ¥ and the tangent primes to J along the wommon curve C.
In the fixed space II of dimension r—2, (é\a-ssocia,te the points
P in which these tangent planes meepfL) with the spaces £, of
dimension #—3, in which the tangept'pi‘imes to J meet it. The
former deseribe a curve of order Zrand the latter a developable
of class {, where [ is the class @f tmmersion of €' in J, i.e. the
number of tangent primes.to®J, at points of ¢, which pass
FhTOugh a given point @, {Since this is equal to the number of
Intersections of ¢ wit {he’ first polar of @ with respect to J, we

e D= afS 11 )
The points Pland the spaces X are said to correspond when
they are the xespoctive traces on Il of a tangent plane to F and
@ tangent prithe to J having the same point of contact. Thus in
Il we ha¥e“a curve of order z, whose points are in (1,1) corre-
spondence with the spaces = of a developable of class {. Hence,
by‘(jh 1V, §2.2, Ex. 4, it follows that the number of points P
wl."-"h lie in their corresponding spaces = is z-+{. The coincidences
atise n two ways:
(}) from the €, tangents to ¢ which meet II;
() me the points of ' at which the tangent planes to F lie
I the corresponding tangent primes to J. Clearly these are
the points of contact, in number z, of tangent planes to F,
at points of ¢, which mect the space B. Tt follows that

2+{ = ¢tz
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Hence, from {11),
€ = gf 2 ny—r-1). (12)

5.15. Solution of the equations. From the above results we can
obtain explicit formulae for all the characters of F' and (. The
characters py, p3, vh, €, have already been given by equations (1),
(2), (7), and (3) respectively. Next, to obtain ¢; 'we substitute for
€y in {12), whence

& = {po 2 (=) —p }( X my—r+-1). 113}

It therefore remains to determine pj. To this end we first'add (8)
and (9) and then substitute for z-2’ from (10). Hence~

Fbh = () 3 =) —(utr)— X, (14)

We now caleulate X and ¢ from (5) and {13); ahd since p} and ¥
have already heen obtained, the value of pjfolléws. The method
of procedure is illustrated helow. N

Examrres ?)

1. Using the equations of §5, show pﬁa:t' two quadries of [4], in general

position, meet in a surface whose chatacters are
' o =4, p; =8V =12, =4

2. Caleulate the characters of $He surface common to a quadric and cubie
primal of [4], in general pogition.

3. Show that three quadrics of [6], in general position, intersect in &
surface whose charac%:gai-o Fo =8, 1y = 24, vy == 24, n, = 48.

4. Buppose now that'the quadrics have a common plane F; the characters
of F are o= 1, g5 = He = vy = 0. From (1)—{3} above we have at onecs
pe="17 uf =18 =3 Thus O is a plane embic; from {13) we obfain
€1 = 6, 50 theb.C is non-singular. From (7) it follows that v, = 18, And
finally, in/order to determine p) we first nse (5}, which gives X = 3,and
then subgtitate for X, ¢,, and v; in (14), obtaining pa = 27, .

5. ,S}flow that three quadries of [56] which have a quadric surfaee in
comimon meet residually in a sextio surface whose characters are p, = 6

(=14, py = 20, v, = 12, and which meets the guadric surface in &n
elliptic quartie,

6, In the examples following § 3.6 it was shown that a Veronese surface
of [5] has characters Bo=4, py =86, v, = 6, f: = 3. From the pla,.ne
representation of the surface (see Ch. VII, §8) prove that three guadrics
of [5] can certainly be found to contain the surface, and that the residual
intersection has the same characters,

7. Using the results of §4,-show that & ratjonal quartie seroll in [5] has
characters pi, = 4, p, = 8, Hy= 4,7, = 4, Deduce from the plane repre:
sentation that three quadrics can be found to contain the surface, and find
the characters of the residual intersection.
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5.2. The case v = 4. Discussion of the case r = 4 proceeds on
somewhat different fines: first, because a surface ¥ of [4] possesses
in general a finite number of improper nodes and, secondly, because
—as we shall see—a primal containing it also possesses in genera)
a finite number of nodes, not only at the nodes of ¥ but elsewhere
on F.

If f is any primal through F, then f will clearly have nodes at
the d improper nodes of F; for if, as we shall in future #851INE
these nodes are of the first species (see §2.11), the two tangenht
planes to F at such a node do not lie in a prime. We must{how-
ever, also suppose—and it will in general be the cagef~ythat f
possesses a number 3 of additional nodes st simple pdints of F.
For two conditions only must be satisfied if [ is tovhave a node
ab an assigned simple point of F; and it is therefore:tij be suspected
that these conditions will in fact be fulfilledNit"a finite number
of points of F. PN

Suppose that f,, f, are two primals, .Of ‘orders 7y, Ty, Passing
through F' and meeting residually in a\gurface F which meets F
ina eurve €. At a node D of ¥, thé.oomplete intersection ¥+ F'
will have a fourfold point, with giartic nodal cone o which is
the intersection of the quadrie\nodal cones X, K, of f;, f,, at D.
Plainly 2" will consist of the two tangent planes of F (these inter-
secting only at D) and of $wo further planes (likewise intersecting
only at D) which form®ith the fivst two the quadrilateral of planes
common to K, K, Mlence ¥’ has an improper node at D, with the
second pair of pines as its tangent planes; and the curve ¢ has
four branches a\t.D, with the edges of the quadrilateral as tangents,
along whickthe two sheets of F* meet the two sheets of 7.

At a gembral point of the curve C, the tangent planes to F and
F" li it % prime [3]. This means that f, and f, touch along C.
We fay thus expeet the primals to have a number of nodes on ¢,
at S}mPle points of the curve: and we denote the numbers of such
nodes for f, and Ja by & and & respectively. As in §5.1, we can
syow that F and F’ have no intersections external to ¢; and
Similarly we can show that if Jf1 0t f, has o node on F, it is either
a0 improper node of ¥ or a simple point of C.

t The simplest example is that of quadrics through a rational normel cubic
Bc]_'g).:[l, which are g comes; and the reader will also recall, for example, thab
cubie primals through an elliptic quintic. scroll 2R% have each ten nodes on the
Surface (ef. Ch. VIIZ, § 5.3).
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5.21. Using the notation of the previous sections, we may now
quote a number of results already obtained.

In the first place, the number d of improper nodes of F is given

by 2d = olptg—1)—p13 —vp. (1)

Next, the order uy and rank p} of ' are given by
to = #oy ooy = {1y —2p ) (gm0 —2) gy, (2)

The order ¢, of (' is given by W
€0 = folfq-tng—2)—p,. : \:\ (3)
We also have the equations O '
Xte = 22, RS (4)
Ha btz = py(n-n,—2) }'\\ (5)
Fatvata = pi(n,+n,— SN

Since ¥' has the same number of improper nodes as F, it
follows from (1} that \

va = vyt (ny np— 2#‘&)('”';— 1){ny—1). (6)

5.22. Consider next the intg;:’ga’éétions of F with the first polars
of & generie point P with regard to f, and fa; of these, v, are the
points of contact of tangent planes to F which pass through 2;
X are points of contact(of commen tangent primes to fyand f; at
points of €; and 2¢ Qé.é,t the improper nodes of F. Thus

Mt X424 = py(ng—1){n,—1). {7}
Hence, by (1:),:\('21 and (3), we derive the formulat
~O X = popy—ey - ®)

5.2&‘?1’53 tonsider now the intersections of ¢/ with the first polar

of Rith respect tof,. Ofthese, X are points of contact of common
~tangent primes to f, and Jo; 4d lie at the improper nodes of ¥
\[#ince these are simple on the first polar and quadruple on C); and
the remainder § are at the nodes of f; which le at simple points

of ¢. Thus X +4d-+3 = epfn,—1). @

For the final equation we have to introduce the character A
representing the number of lines through a fized point P which meel
U and meet F again elsewhere, If F is projected from P on [3], the

t This i3 a particuler cage of & formula, due to Pieri, for the number of

.iﬂte.’.rs?ctlons of two surfaces of [4] with a common carve ; the number in guestion
By —e—X. Soe Beker, vi. 251, |
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double curve of the projected surface mests the projection of Cin
A4-4d points so that, considering the first polar of an arbitrary
point in [3], we have

2R A4 = ey{py—1). (10)
Similarly, the corresponding character X' of F” is given by
2N 4d = egfpip—1). (11) -

Now consider the cone projecting €' from a general point P; this
meets f; in ¢ and in a residual curve O’ of order ,{n,—1); and\
any intersection of C” and f,, which does not lie on €, furnishe$
a line through P which meets € and F or F” again elsewhére?

The curves €' and " have the following intersectionsy ™

() at the 8 nodes of f; which are simple for F; 4\ °

{ii) at the d improper nodes of ¥, which are qﬁaﬂruple for
and double for f;. These are evidentlyguadruple for ¢,
and thus absorb eight of the intersections of ' and fy;

(iii} ab the X points of contact of commioh tangent primes to f;

and f, which pass through P.>These intersections count
twice sinee " touches f, thers, .
We thus obtain the relation N

7
|

AN 4548 49X = e(n,—1)m, (12)
and this gives, by (9), 24 :
AR - XPU = egfny—1)ng—1). (13)

Hence, by (4), (10), (1\}\} and (13), the value of ¢, is given by
€1 = Ro{tty g 2Y0t, -+ g — 8 Zyeqpig— 1) — pry {10y -+ 11— 5)+- 2,
: O (14)
'\..

,3-24. Knying X and ¢, we can now, by means of {5), express
s in tgnmE‘of the given characters. .
Fmg‘(ﬁ)) we derive a formula for the number of nodes which f;
ﬂ{mf fave at simple points of F, namely, .
8 = Feofry (g — 2) — pob—pog g+ B pag st Fva)- (15)
Thus, in conclasion, the characters of #* and €, the immersion
tharacters of ¢, and the number of nodes of f: (and, similarly, of
f2) are all determined by the above equations.
' t' is clear that the formula, {13) is of general application in [4];
16 gives the number of nodes which a primal of any order

3¢quires, at simple points of a surface F, by being made to -
Gontain P, . '
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ExAMPLES '

1. Prove that, if the primels f; and f, have & commeon plane, their residual
intersection has characters

Po =11p— 1, g = (nyn,—2){(n+ny—2), »y = (n, #g— 2)(n; — T){n,~ I},
g = By Myf(ny — 124 (g — 1)2 -+ (n; — 1)(ny— 1) 1} —3{n; +ny,—2)2—1.

- 2. Tt follows from (1) that the intersection of two quadrics of [4], residual
to a plane, is & cubic seroll, The quadries, which are necessarily cones,
each contain two systems of planes; cne aystern mects the scroU\in
generators, and the other in conics.

3. Show that the intersection of a quadric and cubic primal of [4] ‘residual
to a plano, is a quintic surface having characters j, — 5, u; =42, = §,
2 = 20. Show also that one system of planes of the gquadtic’ mests the
surface in conics, and the other in cubics; and find the @itmpher of nodes
posgessed by the cubie primal. ) :

4. If the quadric and eubic have in common two.gkew planes, show that
the residual intersection is & rational quartic serdll) Meeting all the planes

. of one system of the quadrie in lines, and the, ames of the other system

in cubics with a node at the intersection ©of the two planes. Find the

number of nodes en the cubic primal, $ x\

5. If through this scroll a pair of cubip primals are drewn, show that
the residual intersection has charactery g, — 5, g, = 10, v; — 8, py = 12
This is & projected Del Pezzo quinrie; 1t meets the seroll in a curve of order
€ = 10, and rank , = 26, havitg's quadruple point at the common node
of the two surfaces. Fach cubie primal has 7 nodes on this curve.

7

5.3. Imersectiqn.df’\a surface and a primal, There are two
problems to comqiﬁbr in this connexion: (i) the intersection of a
primal f with a,sarface F of [¢], when fand F are generally situated;
and (ii) the ifitersection of f and F residual to a common curve C.

Since the femilts for case (i) can be deduced from those for (i) we
shall th’y"treat the latter. :

S,lz:glpose that F is a generic surface of order pp and rank gy, and

) that C is & non-singular curve, simple on f, of order ¢, and rank ;.
¢ L&t the residual intersection ¢* be of order ¢ and rank e, meebing
C in 7 points. We have further to assune that the class  of im-
mersion of € in F is given; its class of immersion in f—which we
denote by &—is found at once by eonsidering the interseetion of €
with a first polar of . Thus, if [ is of order n, we have

£ = epfn—1). 1)
The order of C” is given by the equation

Gu“F*‘B = #0 . (2)
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Algo, if ', £ are the classes of immersion of ¢’ in F, f respec-
tively, we obtain, by the method of §5.14, the relations

z+& = 14, 2'+E& = g+i. (3)
Next, we consider the curve A of contact of tangent planes to F
which meet a given space [r—3]. This curve, which is of order p,,

meets f in the points of contact of the tangent planes to ¥, at
points of ¢ and ¢, which meet the [r—3]. Hence

z+a& = pyn. (40N

In a similar manner, congidering the curve of contact of ta,ggmf
primes to f which pass through a given point, we obtain thevesult .

E+€ = ponin—1). AN ()

From (2} we now deduce ¢; from (1) and (3) ‘ge; find ¢; and
from (3), (4), and (5) the characters ¢}, «’, & ma¥ e deduced.

5.4. The intersection of r—1 primals of [#] with a common
surface. The preceding results may bhegpplied to determine the
curve of residual intersection of *—1 Pritals of [r] which have
a common surface F. If, for simplieity, we suppose that F is
without nodes, even in the case = 4, the results obtained will
apply for all values of r (> 3) :.' '

Let f1, forr-n fi-1 be the pfimals in question; and let ¥’ be the
surface, residual to F, itywhich f;, f,,..., f,_p intersect. In the
notation of §5.1, we s“sg\ﬁhat the required curve €’ is the inter-
section of f,_, with ") residual to the curve O common to ¥ and
F'. Now the projective characters ¢; and ¢, of € are known, and
lts class 2 of intr¥ersion in ' may bo found from §5.12; its class of
Immersion i f,”, is of course €4(#,—;—1). Thus, from the previous
section, efand « may be caleulated.

EPB{H?‘, we may calculate the equivalence of F for r primals
fls’fh{m;f,. which containit. For, if the curves ¢, (" meet in 7 points,
theéquivalence ¥ in question is given by the formula

N = egn,—1,
where the number ¢ of points common to O, € is found as in §5.3.
Examrres

. ; Find the character for a rational normal €4 on a Segro surface.
- A guadric primal intersects the rationsl normel scroll, represented by

tho plane curyes C™0"-1}, in p generator; find the characters of the residual
Interseotion,
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3. Verify the above formulae for tho case of threo quadries of [4] which
have a common plane. What is the equivalence of this plane for four
fuadrics containing it ?

4. Show that three cubic primels of [4] which have a Begre surface in

- common meet elsewhere in a septimic carve of genus 3. Hence find the

N

N\

equivalence of the surface for four cubic primals eontaining it.

5.5. Table of surfaces. We conclude this section by giving a
list of generic surfaces in higher space, up to and including those of
tho sixth order, with their projective characters and other inforqnaf
tion. The following notation is employed:

? Feo and # Rie denote surfaces and serolls respectively{of order
ttq and section genus p; r is the dimension of their ngrutal space,
and ¢ the number of improper nodes possessed by, ‘t};'e‘surface, or
its general projection on [4]. If the latter surfa,ge?éan be obtained
a8 the intersection of two primals, of orders myand n, residual to
a surface ¥ Fii, we write P Fre = (m, n)—2#, For this purpose
we denote a plane hy F, :1\\"

The results are shown in the accomﬁsﬂjﬁ_ng table.

41 ] ¥a N " - d
g3 4 3 2 N4 0 (2, 2)—F!
0Rd 8 4 FAN 1 (2, 3)—2F1
i 6 3 1. % 5 0 (3, )RS
i 8 12 4 4 4 ] (2.2)
i 8 § 6 6 3 (3, 8)— R —F*
RSO 10 | % 10 4 0 {3, 3}—0Fs
ips 106,12 8 5 1 {8, 3)— R
s B2 N 20 8 4, 0 (2, 3)—F1
"R 10 6 3 7 i (3, 4)—"E*®
R\ K12 6 12 5 3 (3,3)—38m
AL N E I I T P 8 3 (3, 4}—1R"
: Wil 14 | 90 | 12 5 2 | (3,3)—Fi_F:
\::%F'“ 18 | 27 | 14 | 2 0 | (3,3)—tRe
EN\YF 16 28 12 4 1 (2, 4)—2
A\ I 18 | 42 12 4 9 (2, 3)

AN
\W“We add a brief description of these surfaces.
(i} °Rt and 1Res are respectively rational and elliptic scrolls.

(ii) "F*is Veronese’s surface,

(i) *F# are Del Pezzo surfaces.

(iv) 2Fre are of the species known as Castelnuovo surfaces,f
which are representod on a plane by systems of nodal
quartics; the two surfaces shown are given by C%(2,17) and
€42, 1%) respectively. '

T Bend. Palermo, 4 {1890); of. Ch. VIT, Ex. 30.
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(v) 3F% is the Bordiga surface,} represented on a plane by the
gunartics C*{1*%). It maay also be defined by the system of

equations
! A1 Gyp g Oy
Byy « « i Gy [ =0,
1 - - . fgy

in which a;; are linear functions of the ceordinates in. [4].
(vi) ®F§ is a rational surface, represented on the plane by thé\

curves (/3(3,119), It is the surface of lowest order whigh i

normal in [4] and which possesses an improper nodet N,

§ 6. THE PROJEOTIVE CHARACTERS OF A RATIONAL §UBFACE

6. Plane representation. We consider now, asjn‘ Ch. VI, the
general rational surface ¥ whose prime sections ¢orrespond to the
eurves of a given simple linear system (f )Anthe plane, and we
Propose to express the projective characters of ¥ as characters
of (). Wo specify (f) as a system C2(dy); bub it is to be under- .
stood that (f) is not necessarily the'complete system that would
be so specified. O

Let us suppose then, in the figdt Dlace, that F is a generic surface
of [r], where » > 3. Its or(.fl’erﬁo is given by

=3k (1)
and, from the farmqla,\,}l = 2po+2p—2, we deduce that
@ Snn—1)— . ky(3k,—1). (2)

This last formmile’ may also be interpreted directly; for y, is the
order of cx}:iﬂ;a-ct- curve A, and equal therefore to the number of
free int@;’%bions of a curve O*(k;) with the Jacobian curve J of a
net of fnirves of (f); and, by Ch. VI, §5.1, J is a curve of the type
ag‘?f})(%sﬂl]- The system (f) may, of course, possess funda-

Atel enrves, which wonld, by Ch. VI, §5.12, be simple com-
bonents of J; but since these have mno free intersections with
aurves of (f), they do not affect the formula.

In what follows we shall assume, for the sake of simplicity, that
the base points of ( f) are all distinet; and we shall assume, further-
more, that, the fundamental curves of ( £}, if any such exist, are
all irreducible, and correspond only to simple points of F. Any

undamental curve of this simple type is called an exceptional curve
T Mem. Accad. Eincei, (4), 4 (1887); of. Ch. VII, Ex. 31,
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in the plane, just as any one of the curves on F which represents
the neighbourhood of a base point of {f) is called an exceptional
curve of F relative to the representation.

Suppose then that Q = C¥(8,) is an exceptional fundamental
curve of the plane whose points represent (birationally) the points
of the first neighbourhood of a simple point P on F. We have,

Plainly, na— Y &, B; = 0. (3)

Also, since the section of F' by a prime through P is represénted
by a curve O7~%(k,—f,) and meets the neighbourhood of, £ in one

2 \s

point, it follows that N
(n—aja—3 (b—Bf: =1, ~\* (4)
whence, by (3), o?—3 Bl = —1 \\ (5)
Hence: The virtual grade of an exceptional fuﬁd&menﬁal curve of (f)
ts — L. AY;
. . . a)
Since £ is necessarily rational, we hive
(a—1)(a—2)— 2@8—1) = 0 (6}
whence, by subtracting (5) frpxﬁ:fﬁ), we have
B> By = 0. | ™
Finally, if C%(8)) is al3econd exceptional curve, we must have
(O -3 am—0, (®)

which exprosses\that the curves represent distinet points P, P’
of . O
AN

6.1. Class and type of F. We now proceed to find the remain-
ing characters of F.

'l{g)?ind the class p,, we have to consider ovidently the Jacobian
PEBAGE a generic poncil of curves of (f), j.e. the set of (free) nodes

\"\pf nodal curves of the pencil; for these will represent in gﬁn"rfbl

the points of econtact with F of tangent primes in a given pencil
Now it was shown in Ch. VI, §5.3 that the number & of points in
the Jacobian set is given by

8= 3(n—1)"— 3 (k,—1)(3k,+1); (@
and hence,. if { f) possesses no fundamental curves, we have g = &
However, if () possesses an exceptional fundamental curve C%(B):

this curve, together with a residual Or—a(k,—B,), forms one of ‘oklle
& nodal curves of the pencil; but this reducible curve will not i
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general represeﬂt the section of ¥ by a tangent prirt_ie: Hence,
if {f) possesses ¢ such excoptional fundamental curves, we have

pp = 3a—12— 3 (k— D(3k+1)—e. (10)
In order to determine the type v, we observe, as in §2!01, that
two curves of contact, A, A', meet in p,+v, points; we have thus
to find the number of free intersections of the corresponding
Jacobian curves, from which, however, the exceptional curves—
fixed components of all Jacobian curves—must first be removeds
If the ¢ exceptional curves are C®(8), OB . we have
O

ety = Bln—1)— 3 PP > (31%_1_ ;ﬁ?))g ¢ :( .

i

= Y- 1 3 (31— 2{300—1) S0 3 (@B 3 )+

N2 e
) +(Z o) é(g\@?)'
Now, by (3) and (7), R |

H—1) 3 o 3 (3K, 1) ‘jz BPE3 S a3 S B

V= —e.

«ay

2
~

Also, by (5) and (8), \
SRS (I = e
~N

Thus pz+v2\£'g’(n_1)2_ S (3k;—1)2+e,
whence, by (10); ~w.‘e: deduce the formula
o SBm—1P—2 3 Gk Dk~ D+B42e (1)

N &
62, lfa\\tiiohal surfaces in [3]. We now assume that F is
sittated I [3], and that the surface posscsses only normal singu-
lﬁ}itiﬂé: In this case analogous reasoning will lead to the same
\Q)ﬁnulae for gy, 31y, and tto; while (11) now gives the number of
Pinch-points on the double curve. As regards the double curve I'
Yself, we have seen in Ch. VI, §5.21, that this is represented in
the Plane by the pairs of points of a curve y of order {ue—4)n-+3,
¥ing & multiple point of order (u,—4)%;-+1 at each k;fold base
Polt of G(k;). We have also seen that each of the ¢ triple points
of P torresponds to & triad of double points on y, such that any
glll*ve C%(k;) passing throngh any one point of the triad passes
Arough all three.
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EXAMFPLES

1. From the planc representation of Veronese’s surface we deduce the
characters py = 4, gy = 6, pi, = 3, = 8; whenee, by the Cayley—Zeuthon
equations, § = 1. The double curve of the projection on [3] (Steiners
surface) js represented by the sides of a triangle, whose vertices correspond
to the friple point.

2. For the cubic scroll (%(0Y) we have gy =ty = 3, py == 4, v, =32,
More generslly, for the rational scroll represented by C™(G%1) wa have

to = 2m—1 = pa, g = Ape—1h vz = Apy—pn) A
verifying the resulta of §4.

3. For the Dol Pezzo surfaces represented by ¢ 3(1s %), show Lhall P = 1,
p1 = 2n, pp = 12, v, = 4{n—3). Show also that the oetavie gifeface of the
second species, which Is represented by the system 04(22) Has the same
characters as the surface represented by 3(1). \

4. Show that, for the projection of Segre’s surfa,cq on [3], the double
curve corresponds to a curve C3(1%). Show also thad, for the projection of
the Del Perzo quintic on {3], the double eurve it\dn elliptic quintic with
one triple point, corresponding in the plane repreéentatmn to 8 curve C%(24)
with a further triad of nodes,

5. Detormine the characters of the Casﬁelhuovo surfaces, corresponding
to the systoms of eurves 042, 15-%) (0 < W < 8). Show that, forn = 0, the
surface is a guartic, situated in {3],and possessing & double line.

8. Determine the characters efithe Bordiga surfaces, corresponding to
the systemns (#1117 (0 < n < 1.1) Find the order and renk of the double
ourve in the case n = 11, and the curve corresponding to it in the planc.

7. Prove that, for a suffave F of [3), the genera p and g of I and y are
eonnected by the relation’y, = 2(g—1)—4(p—1).

\fi{ g—1)—4(p—1)

N

§ 75, THE NUMERICAT, INVARIANTS OF A SURFACE

7. Arithmeétic genus of a surface. Tn Chs. ITT—IV we defined
the genfisiof a curve and established its invariance under birational
tr&naférmatmn If now we look for characters of a surface and-
logoﬁs to the genus of a curve, it is natural to begm by geocking
“\bo'extend the definition of genus already given. At present, how-

ever, we ean do no more than introduce such characters and
illustrate some of their properties, leaving further discussion of
them $o Ch. XITI.

We first recall that the genus p of a plane curve " having
ordinary k,-fold points is defined by the equation

P =3n—1)n—2)—1 3 Ei(k;—1). M

We see from (1) that the number p—1 is the wirtual freedom of
the curves of order n—3 which are adjoint to O™
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Tt is possible to define the genus of a surface in a similar way.
If F= is a surface of [3], it is found that the virtnal freedom of the
adjoint surfaces of order n—4, suitably defined, is a birational
invariant; this is denoted by p,—1, where p,, is called the arithmetic
{or numerical) genus of F». For a surface having normal singu-
larities it may be shown that, with the usual notation,

12(pat1) = 1208+ 2pg tra. (2)

7.1. The Zeuthen-Segre invariant. A different line , of\
approach is afforded by the definition of the rank of a cprve.
If (' iz a plane curve of order » and genus p, its rank r is\"git}en

by the formula r = 2n-tp—1). A \, (3)
Here r is the number of coincidences among the series of co! sets
of points cut out on € by a pencil of lines with.ageneric vertex;
in other words, » is the number of points in the Jacobian set of
the series. 2 \d

Now let F be a generic surface, situa-tgdfifl [7] (r 2 3), and con-
sider on F a pencil of prime sections{\The curves of the pencil
have , base points, and s, of the ggi'véé possess a node. We then

define the character I by the equation

where p is the genus of a prime section. Since 2(p—1) = py—2p,
it follows that )
‘(‘F #r— 21 +-3pp— 4. ()

More generally, we may consider the peneil of curves cut out
on F by any pendilil/—AV = 0 of primals of a given order, which
Mmay possibly hawe base elements on F. Assuming, for simplicity,
that no curg® ‘6f the pencil has a multiple part, we may compute
the exm]és\aén
) d—oc—4p,

W&W’B is the number of nodal members of the pencil, o the
“umhBer of base points, and p the genus of a generic curve. It can
Pe Sh_c'“’n that this number is equal to I, and hence that it is
"variang for all pencils of curves on F which satisfy the condition
stated. [ jg called the Zeuthen—Segre snvariant of F.

me the invariant property of I we might expect that, when
F is transformed birationally into a surface F, the values of I,
calcma‘t?d for pencils of curves on F and F, would be the same.

(l;]&t this is not always true is seon by comparing the values, given

oW, of I for various rational surfaces, e.g. the plane, quadrie,
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and cubic surfaces. A rcason for the discrepancy is suggested if
we caleulate I for any generic rational surface F’ and its Plane
representation F. Using the results of § 6 we have

I' = 3(n—1)"— 3 (k;— 1)(3k;+1)—e—6n{n—1)+
+2 3 b8k~ 1)+ 3(n2— T k¥ —d = —14¢ —,
where e and ¢’ are the numbers of exceptional curves on the two
surfaces. It may be shown that a similar relation holds hefmween
any two surfaces in birational correspondence: that is, if\F, I

denote the Zeuthen—Segre invariants of the surfaces dh.and I,
and e, ¢’ the numbers of exceptional curves on F, E’;fhen

I—e=F_¢, 0N (6)

Thus I is a relative invariant for birational traifms‘formation.

7.2. The Castelnuovo-Entiques invapiant. We may obtain
& third invariant in a manner which i oﬂc?t, however, suggested by
analogy with the theory of curves.\C(onsider the net of curves cub
on F by primes passing through agiven [r—3]. By §3.8, Ex. J,
the curve A of contact of tang@fit“ primes belonging to the net ha_.s
rank B = 2u,+v,—p, andpsince A is of order py, its genus 7 i
given by o)

Hm—1) = B2y = 2y Zvp— Bpun. (7)

We now define thef@\hara-cter w by the equation
N = 1 1)~ o(p—1), ®)
where, as bf{fgré'; 10 is the genus of a generic eurve of the net. We
thus find Sy~ _ V- g v 611, - O, g

& . i
Mote generally, for any net of irreducible curves on F, with ané
logq])s characters p, 7, and with B base points, it can be shown that

_ theroxpression @ = 14 (r—1)—0(p—1)+f (10)

Nhas s value independent of the net. It is generally known as
the Caste]nuovohEnI‘iques invariant of F, or the wirtual lnedr
genus of F,

By calculating the value ' of this invariant for a rationsl
surface F’ we find, from § 6, that o’ = 104-¢~¢’. And since, bY

(9), the value of « for a plane is 10, this result may he expressed
in the f
in the form w' Lo = e, (11)

Thus w is a relative invariant for the rational surfaces considered:
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In fact it may be shown that w is a relative invariant for all
birafional transformations of a surface,

It follows from (8) and (11} that the expression I+ is an
absolute invariant for birational transformation. Moreover, from
(2), {6) and (9) we obtain the identity

IT+ew = 12p,19. (12)
ExamprEs

L. Using equation (2}, calculate the invariant p, for the plane, quadrit),
and cubie surfaces. By means of § 6, ealéulate p, for the generie rationel
surface. (These results suggest that p, = 0 for all rational surface; khis
is actually s0.) N

2. Using the results of §4, show that, for a generic scroll“gf\genus Ds
Py = —p. ' o\

3. Show that, for a non-singular surface F» in [3],-4he invariant I is
equal to (n—2){n%—2n 4 2), and hence that for the plane, quadrie, and
cubie, 7 takes the values —1I, 0, and 5 respectively, )

4. Prove that, if 7 is caleulated for a pencil Q‘f.%&ne curves of order n,
having an ordinary k-fold base point, the valaé —1 is obtained.

6. Show that, for a generis scroll of geqﬁ&j), I=—4p.

6. Prove that, for a non-singular sgrfiiee F% in [3], o—1 = nin—4)2.
{Thus ew—1 is equal to the grade af the systern of curves cut on F* by
swfaces of order n—4. A similay ‘property of this invariant may be
established for surfaces in gengral.)

7. If the net of curves ‘is,\deﬁned as the intersection with F* of the

surfaces, of order ma, #yé'n by the equation U4AV-+pW = 0, then
B~1 = {mnf{m-} n—4), The Jacobian curve is the intersection of F'® with

the Jacobian surface)df’ ¥, U, ¥, and W. Henco
OVF—1 = n(3m+tn—4)(3m-+2n—8).
With thes ":&11}3\8}13 is found, as before, that w—1 = n{n—4)2
8, Sho&r@wﬁt, for a generic scroll of genus p, w—1 = —8(p—1).

% C.{ﬂb}ﬂate the invariants p,, I, and w for the surfaces given in § 5.5.

N\
QU
Q3

EXAMPLES ON CHAPTER IX

L. Serolls which are generated by secants fo curves. In [3], the lines which
mE.mt three peneral lines generate & guadric surface; or, what is the game
thing, there aro two lines which meet four given lines in general position.
i o5 .fa.ets may be used to determine the orders of certain serolls, as the

ollowmg examples show.
anflbf' ’c.lz‘ ?OnSider a eurve ¢ of [3], of order #, with % apparent nodes,
N(@ (; - ¥ be two lines in general position: it is required to find the order
’-’E ) of the serolt generated by the secants of (0, I, and I'. )
ﬁ::denﬂy the order in question is the nwumber of such secants which

Q
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meet a third generie line I”; that is to say, the numbcer of paints in which
C meets the scroll of secants to I, I/, and I"; or, symbolicaily,
N(C,LV) = aN{I",LT).

Binee N(I",,I') = 2, we have N(C,L,I') = 2n.

1t is clear that C is a simple directrix curve ont the scroll. To find the
multiplicity of, say I, on the seroli, we have to determine how many secants
of ¢! and I pass through a general point P of I. Now the plane (P, V') meots
U in n points, whence the required multiplicity is n. _

Ex. 2. With a similar notation, consider two curves 0, O and a lipe i
all in general position. Then the order N(C, ¢",7) of the scroll gengrated
by secants of €, €, and I is the number of such lines which meet, a_generic

) ¢ 2 N
line . Thus N(C, ", 1) = w'N(O, 1, 1) '\ e

= 2nn’, by Ex. 1. _\ by

Evidently the multiplicity of € on this seroll is n, whils that of § is nn.

Ex. 3. With a similar notation, show that N( ({,»Qk,i?”) = Znnn” and
find the multiplieity of each eurve on the seroll. 4

Ex. 4. Consider next’ the scroll generated h¥ ehords of ¢ which meet
a given line I; denote its order by N(C, C,@.:. Jo first observe that the
multiplicity of I on this scroll is A; now, dkihg any planew through I, we

see that preeisely (?;) generators lie ik it. Hence, since w meets the seroll
in & composite curve of order h—}—{;), wo have

32?(0,'0, = bt (?2‘)

The mmltipliclty of %é't}ie seroll is clearly n—1.

Ex. 5. Find thesrder N(C, €, ) of the scroll of chords of € which meet
¢'; and determineMhe multiplicities of ¢ and ¢’ on it.

Ex. g, Df,’d'-iﬂs that the number of chords of ¢ which meet ¢’ and €',
when the ﬁ;ives are in general position, is n'n” [k—!— (2)] .

E}i{*"7\. Find the numbor of lines which meet four given enrves in gener
pqs\it.jon. {Usa Ex, 3.)

“\MEZ. 8. Given & ecurve € of order n and with b apparent nodes, situated

it: {r], show that the c¢hords of ¢ which meet a given space [r— 2] generat®
a seroll of order A+ (g) By eonsideriug the (1,2} correspondence betweent

C and the curve in which this scroll meets [#— 2], find the genus of the latter
curve, :

2. Some formulae for surfaces in [3]. Lct f be & surface of (3], lm‘:mg
normel singularities, for which we employ the notation of §3. Let f b.a
& surface of order ! passing simply through the double curve T' of f; thi®
implies that §* is constrained to have ordinary nodes at the f triple points
of £, but is otherwise supposed to be free from singularities. Let ¢ denote
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the residusl intersection of f and f'; suppose that it has order ¢ and rank €
and that it meets T' in ¢ points; at these points f and f* touch.

Evidently we have ¢f = Ip,—2¢,. In order to find ¢ and ¢ we consider,
first, 8 correspondence (P, ') of points on a generic line gy such that
the tangent plane to f at & point of (' passes through P while the tangent
plane to f* at the same poiné passes through F*. The indices of the corre-
spondence are the classes of immersion of ¢ in f and f’ respeetively, i.e.
ejite—1)—4, and l—1). The ecincidences of the correspondence arise
from the €] tangents to ¢ which meet g, and the ¢ common tangent planes

to fand f. Thus el (ot I—2)—i = elt-i. ~

Consider next an analogous eorrespondence defined by the tangent planés
to f and f* at points of I'. The classes of immersion of I' in f and f"&?@ P
and ¢l—1)—3¢ respectively, and tho indiees of the correspontlence are
therefore p and 2¢,(I—1)—6. Of the coincidences, Z¢; arisg from the
tangents to I' which mect g, and 4 from the common tafigent’ planes to
fand f. .w\‘ '

Hence p+2e(l—1)— 6t = 2e;-+i. ’
Now, by the Cayley—Zeuthen equations (§3), we isbv:e

p=c¢€+¥, and H= en{‘u};@)—p.
Inserting these values, we obtain the resplts;;’('lue to Severi,t
€l = fug Uprg+1—2)— 2ep @I~ prg} — 26, — 3vss
7= 250(3*#0'1"1):{?'91":%1’2- .

The grade of the system of gurves |C[, i.e. the number of intersections,

not on T', of € with g su_rface{f, is then
v= Ie",—ué'\-é..ﬁo B— eo A —pep+ 1) e — 20y

The genus p’ of O s g}en by
@ 2w =2

Bx. 1. Showt*{hsit, when I = p,—3, the characters of the system <l
#Xpressod g:mns of the charactors [os fh1s s V3 fo, are given by

v M) F et 2P 1) = 10pe— Bt 2pat )

. EX:\"Z' Show that, when [ — po—4 p is the Cestelnuovo—Enriques
MVALIent o (§7.2), and that p = w—1.

(Note. When tho surfaces f* of order py—3 or g,—4 do not exist, the

:urfleric“l results just obtained may be interpreted as the characters of
virtual system of curves traced on the surface f.)

m;hfz‘;temecﬁgn of surfaces with & common muit@'ple_ curve. By similar-
in [3; 8 we may find the characters of tho intersection of two sturches .
provio residual to a common multiple curve. Suppose that, with- the
#,-fol, Us notation, the emrve T is without multiple points, and that it 18
wiold on & surface of order n, and r,-fold on a surface of order ny. We

t Beveri, op. cit. (§ §}.
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then obtain for the characters of the residual intorsection O the formulas
€ = T My—T1 7 €q
© = &o{f g1y — 2y ) — 1y Fays :
€1 = Ry {0y 11y — 2) — ep 7y #o{t0y -1y — 2+ 2r roe—
— 2eg(ry ny oty 1y — 2y 1),
From these results it follows that three surfaces Ji of orders n; (i = 1,2,3)
passing through IT' with multiplicities ry (i = 1,2,3) meet residually in
a finite number N of points given by
N= ‘?’i,ae;—-‘-?'s’!: . \
= Py oy Mg — (3, Ny Py vy — 21y 1y Tyl 7y Yot , .\? \
4. Degeneration methods for intersection problems. We maz:bbtain the
latter formula more readily by = degeneration method dug, to-Balmon and
afterwards used by J ames.t We shall assuine that the mumber N will be
unaltered by any particular choice of the surfaces Ji, provided always that
ib remains finite. Let us suppose thon that each siaface J; breaks up into
ry surfaces F; of order oy, each passing simply shrcugh the given eurve,
together with n,—r;a; arbitrary planes ;. THe humber N is then given
by the symbolical expression \N
N =3 RFF+ 3 F P+ DN my o+ I wwswye
. Now the number F, ¥, F, has already hegn obtained (cf. Ch. IV, § 8.4, Fx. 1),
and the remaining terms are easﬂf"evaluated. When all the results are
added together it will be found (thet the numbors «, disappear, and the
provious value for N is reobtaihed,
Tn view of the formal chétacter of the work it can be argued that the
surfaces F; need not effgct}vely exist; they may instead bo considered as

7

virtual entities. \

Ex. Using the degeneration mothod, show that, in [%]. & primals of
. orders n;, which/ehtain an refold eurve I (i = 1, 2,..., %) meot elsewhere
in N points, whers

2, —
N P Pogen iy —&(3) 1y s by e Ly 7y )y 74 PP

Hence s&aw that the residual eurve of intersection of the first &< I primsls
meots\R i ¢ points, where :

oY P = (2 Tty —F—Lry ) —e, Py e Ph1e

-\
\Peduce the rank €] of the residual intersection,

5. Composite surfaces i [7]. Consider, in [r] {r > 4), a set of k-]
irreduciblo surfaces 7% (i = 1,2,..., k—1), each froe from multiple points.
Let Fi, F¥ meet in a curve ¢ of order eff and rank ¥, whose class of
immersion in F¥ ig 4, Ty X* denote the class of the developable of
common tangent spaces [8] to F%, #¥ 54 points of O, Suppose also thab
4, F? have no isolated intersections, i.e. cormon points not on ¥, bub
that C4, O, Ok meey, in #i5k points,

t Proc. Camb. Phil, So

) ¢. 21 {1923), 435. For % of the assurpptions
lnvolvgd gee Ch, XT, { : ) . or an fecount o
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Through this set of surfaces are drown +-—2 primals of orders 7
(¢ =1, 2,.,r—2), meeting residnally in an irredueible surface F%,

Ex. 1. Denoting the characters of F* by uf, ete., establish the following
results: Tub =N, i+ 2‘: &t = pid, :
Wik ZX = T, XPpelf ey,
potva+ g w2t = ui S,
&t 368 = (S—Dep?, ~
where o, B = 1, 2,..., &, and ,\:\
Ne=nnghy_y =3Fm—1), T=3 (m—l)(nj—l.zfx

Exz. 2. By comparing these equations with those obtainfad}én $5.1 for
the intersection of r— 2 primals in two surfaces, show thatithe ‘composite
surface -F14- F24 ...+ F*1 may be regarded as a surfacd with virtual
chareeters g, gy, 4. g given by the formulae \/

k-1 \
o = z P%, ,".\\'
i H\ W
Lt ¢ k=1 “' 3
F1=§p1+2_215§, O
k-1 Lt} - .‘.”“
nm=3ute 3 x9, OO
1 t,j=1
kSt ko1 B k=1 E—1
Me= 2 pi+8 3 g2 ¥ - T XWpe 3 fim,
1 Li=1 O\ =1 =1 fim=1

What interpretation of th% )systoms of técngent lines and planes to a
limifing composite surfaees suggestod by those results?

Ex! 3, Thess results:a-re due to Bornple, T who has also obtained analogous
formulae in the more/ difficult case r — 4, Here it must be supposed that
eéach surface lf‘f\ha's in general a finite number of improper nodes which
may bo nodes\of other surfaccs of the set. To make the situation cleat
consider t&q"fmrfaces F1, F4 of [4], meeting in a curve (" of known
characters.aind in & numbor i of points not on (2, which are simple for

boﬁh.gm*faces. If two primals of orders n, and s, arc drawn through the
suzfaces, their residual mtersection F® will meet A, F? in curves O13, 0%,
\Qd'wijj have improper nodes at the {12 common points of F* and F?; these
Will be double points of (1% and O%. With regard to the other nodes, in
order to obtain o completely symmetrical scheme, we assume they are
distributed ag follows: '
On 71: g2 eoramon to and F2; d13 isolated; {28 at simple points of %,
On F% &% oommen to I* and F?; d% isolated; ¢1° ab simple points of F1.
It follows that we shall have .
On P2 18 10des comnmon with F1; d2% common with F2; 1% lying at
*mple points of F1 and e,

T Proc. Roy. Irish Acad. 41 {1933), 70.
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The curve C'* will have d'? 4-fold peints st the common nodes of F°
and %, and ¢1*4-4% doubie points at nodes of either of these surfaces which
are simple on the other. Similar results hold for 1% and €25,

Finally, the three curves, and hence also the three surfaces, mest in o
certain mmmber § of points which are simple on all of them.

There are seven sets of equations betwoen the varipus characters, of
which the following arc typical. (The notation is as befors.)

BTl = 1y g,
et el = pitn,+n,—2), N\
X23+.3:28 —_ F’g ‘Mg_ega’ N
Vot 211 428) = gl — 1) —pd, LN
X4 g8t — 2325 (328 ‘\ o
pat 12341018 pi(nl-l-ﬂzr;@s
(7 ~F1p— 3B — 4ef28 . 2412 _ 912 _ eB+E N

Ex. 4. Deduce from the previous equations t-ha.t,"t})(; composite surface
£+ P24 F3 may be regarded as having the virtdal characters pg iy ¥
and pig, Where A\

[ S T 3 $ .\
o == po it i R
#1 = el A+ O
va = Y vh+4 3 (A 444) 1.9 > X,
#2= S 23 i +3 3 T X464 4(S AL 3 i),

Ex. 5. These results admit pf \8n obvious extension to the ease of &
composite surface in, [4] having'-—1 components; and again, they may be
applied to find the virtugl“eharacters of a surface consisting entirely of
planes, provided they have the kind of intersections contemplated above.
For further details Senapla’s Paper may bo consulted.

Another probleny t%a arises in this eonnoxion is the following. Suppose
that an irroducible Jurface F tends to g limiting form F14 F2, where F!
and F? are irrgducible surfaces: then is is required to determine the limiting
form of the systém of tangent planes to F. This problem has been solvedt
in the simple caso where F iz g generic surface in {#] {# = 3) and where
P and Winterscet in a, non-singular curve ¢. In the previous nobation,
it n;a{y be shown that the limiting envelope consists of

/~3) the tangent planes to Fi ang 2
\m y i) the tangent planes to ¢ which are cospatial with the tangent planes
to J* and F?, thess planes being counted twice;
(ifi) & pumboer N = 2ey+e;—X of solid point-stars whose centres lic 8t
N distinet points of ¢, the position of these points depending uped
the particular Passage to the limit.
Roth has also discussed the limiting envelope of a non-singular surface
of [3] which breaks up into a set: of planes in general position.
Analogaus problems concerning manifolds of highor dimension are treated
in & paper by B, Begre.§

 Roth, Proc. Camb. Phil. Soe. 29 (1933') 88 1 Tbid. 28 (1932), 45-
§ Proe. Lond. Math., Soc. (2) 47 (1942), 351. N
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6. The apparent nodes of a surfoce in [5]. A goneric surfaco F situated
in [5] has a finite number of apparent nodes, due to the chords of F which
pass through a general point. If this number is zero, the et chords of F
will generate a primal ¥, which mects a generic line [ in a finite number »
of points F;; and since no chord of F passes through a generic poiné of I, it
follows that through each of the points F; there passes a cone of chords.
Tt may be provedt that this cone is in fact a plane peneil; intuitively the
result is elear since, if the cone were of order g > 1, any prime through I
would meet ¥ in & eurve having the property that, of its pu» chords which
meet #, . pass through cach of the points F;. Heneo Fy is generated by oo®
planes, each of which meets F in 8 curve; and it may be shown that this
property is characteristic of the Veronese surface (zee Ch. VII, §3.11,

The above result is due to Severi,i who has also determined .f{hé‘tjfpes
of mrface for which d = 1. These are (z) the rational quartic scroli, and
{b} the Del Pozzo quintic surface. £

7. The apparent triple points of o surface in [4]. Asgefdarked in §2, &
surface F' of [4] has in genoral wo? trisccants, of whichh\d ibite number £ will
pass through a genmeral point, Unless F is a cubicserall or Sogre surface
{in which cases it lies on an infinity of guadrieghat will cortainly possess
trisecants; if, then, ¢ = 0, it follows from g &heorcm. of Severi (see the
Examples on Ch. I) thet the trisccants must generate a primal which iz
either & quadric or loeus of oot planes, and'thst in the latter case the planes
will meet # in eurves of order 3 at loadbs

Conversely, it is cbvious that if £ liés on & quadric, ¢ — 0. Since surfaces
of all orders can be found to lidngn a quadric, it follows that there are
swrfaces of all orders having ¢ == 0. Some familiar examples of such surfaces
aro: Q

N

(i) °B%; in this cage¢the trisecants lic in one system of planes of a
quadric cone, .:;ﬁs\tbe planes meet the scroll in eubics having nodes
at the imprope:r'node of °R¢. 'This follows from the definition of the
seroll as the@éartial intersection of & guadric and cubie primal (§ 5.5),
or from tbe’representa.tion on the plane by curves 0%2,1);

(i1} f'h%(illi]_:itic scroll 1R5; the trisecants lie in ool plenes which generate
a g normal in [4], the planes meoting the seroll in cubies ;

{ﬁ:i):?he Cestelnuovo surface 2F%, which is the partial intersection of &

N\ _) tubie primal and a quadric cone; the planes of one system of the
N4, Ctememeet the surface in cubics, and those of the other in conies.
Ph(? surfaces for which ¢ — 1 have been determined by Ascione§ and
Verl (op. eit.}. There are four distinet types:

(1) the projection of Veronese’s surface,
(i) the projection of the Del Pezzo quintic,
i) the projoction of the rational quintic scroll,

Se

) tohe' Bordiga, sextic surface, represented on the pla,n_e by the eurves
d( 110)' ' ’
§T Eee Berbini, Fntroduzione, oh. xv. { Rend. Palermo, 15 (1901), 33.

end. Lincei, (5) 6 (1897),, 162.
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8. Some properties of scrolls. By meens of the tabie given in §5.5 and
the Cayley-Zouthen squations, establish the following results:

Ex. 1. The projection of *&* on {3] has for double curve a twisted cubje,

Ex. 2. The scroll 1R in [4] is the double surface on a V§ with elliptic
eurve sections, which is the locus of oo? planes, the planes meeting 'S in
cubic eurves. The projection of LR® on (3] has for double eurve an elliptic
quintie, on which there are 10 pinch-pomts. '

Ex. 3. The projection of °R5 on 4] possesses three improper nodes, the
Plane of the nodes meoting the scroll in g trinodal guartic, which.is a
directrix of the seroll. The projection of RS an [3] has for doubls burve
an elliptic sextie, on which there are one triple point and six piglgikpuints.

Ex. 4. The projection of 1R on [4] possesses three impropernddes and
contains three binodal plane quartics whose nodes are situgted at thoss
of the sercll. 1R* may be obtained as the interseetion{ of jthree quadric
primals of [6), residual to two skew Planes. These planes meet 1R® in
directrix plana cubics; and, conversoly, LR may bi@cfned as tho locus of
joins of corresponding points of fwo generically situated birationally related
plane cubic eurves in [5]. \/

9. Mutriz curves and asurfaces. N\

Ex. 1. 8how that the curve representéci “biy the equation
™ O Nk

| 20 P, Fnik .
where a, is a polynomial of de 8e 7 in the coordinates (g, 2qs X, Hg), I8 OF
order N = m® fewn -2 4- (k) (m—t- ) - By
and that it possesses apparent nodes, where

H = ol Bn=1)4 3N — mn)m -+ n+-h— 1)(m -+l 1),

Determine, for N, 10, what non-singular eurves can bo represented in
this way, s

i,

=-.0,

A</ )
Ex. 2. SBhow’that the surface F, represented by the vanishing of all
minors oferlér n in & matrix of # rows and #-+1 eolumns, whose elements
are linl;@ Fanctions of eoordinates in [4], has projective characters

QD Fo=$nntl), p = fnn—1n+1), d=0

O ve = fn{n®~1)(3n—2), pu, = In(ni—1)(5n—8).

9 Bhow also that F, is a cubic scroll, 7, a Bordiga sextic, and that the
Jacobian of four quadric primals is an F,.

Erove that each surface Fy is residual to a surface F,_, with respect t0
two primals of order 5,

RECOMMENDED ¥OR FURTHER READING
Baxrwr, Prinsiples of geometry, vi.



CHAPTER X
THE GEOMETRY OF LINE SYSTEMS

Introduction. Up to the present stage in this book we have
confined our attention almost exclusively to the study of algebraic
peint-systems (foci) and to the dual coneept of algebraic prime-
gystems {envelopes). There is, however, a rich field of investiga._
tion which deals with systems of subordinate spaces S, of any.
projective space S,. More particularly, there arises the guegstion
55 to whether there exists for these systems amy funddmental
coordinate representation which would enable us to definé linear
systems of such §,, analogous to the primes, secur&d:f}; and other
linear systems of points of 8,. $)

In the present chapter we give some prelimihary account of
these matters, beginning, naturally enough, %ith the simplest case,
namely, that of line geometry in ordinafy space. We first intro-
duce, and then develop briefly, the_doncept of line coordinates
of &. In most elementary treatige§'on coordinate geometry of
three dimensions some account ifigiven of these coordinates and
their chief properties; so our$teatment, though logieally self-
contained, omits many of #he detailed explanations and illustra-
tions which would otherise be required.

S
§3. LINE GROMETRY IN S,
L. The coordifites of a line. If (x)= (%, &5 %;) ond
() = (y,, ylrgzy\!]a) are two distinet points of S;, their join is a
dﬂtermin\a@;ﬁhe . Consider now the matrix -

:.\f N (xo Xy Xy xz)
<) Yo Y1 Y2 U
of the eoordinates of the two points; it is clear that, if () and ()
e replaced by (a') — afu)-+biy) and (y') = ola)+dly) respec-

tively, then each determinant &’ ' |4 of the new matrix is equal to

the product, of the corresponding determinant |« y|;; by the con-
Bta‘nt_ ad—be. Tt follows that the ratios of the determinants of the
Matrix are unaltered if the points (z}, () of p are replaced by any

O.ther two points of p: that is to say, they are functions of the

line p itself.
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If we write 2 yl;; = 8, and take

P1= 8y, Py == Bg, P13 = By,

1
Py = B, Ps = gy, P = Sy, ()

then the six quantities p; may be called the homogeneous coordi-
nates of the line p relative to the usual frame of reference.

Since the lines of & have only freedom four, the six coordinates
Py cannot be independent; in fact thcy are connected by the
Jundamental homogeneous quadratic identity O\

Qop = P124FPs Ps+-pspe = O. Oy @

This follows at once from Laplace’s expansion, in ta;‘fng of minors
of tho first two rows, of the vanishing determinait™\

Ty Xy Ey Ty ;‘:\i

o % Y2 ¥

By T,y Xy X
_ Yo ¥ Ya ?‘a
Thus the coordinate representa’gipﬂbf the lines of & is by means
of such homogeneous six-vectors' (p,) as satisfy the relation (@)
This result corresponds toQ@hé"essent-i&]]y non-linear character of
the totality of these lines:for whereas two generic points of space
define a unique line which s their *join’, two generie lines of 5;
define no corresponging simply-infinite family of lines which could

in any sense bedesoribed as their © join’.

It may now\wéadily be wverified that any non-null veetor (p;)
which satisfles(2) is indeed the vector of & unigue line p; the four

points 11]\%1011 © meets the faces of the tetrahedron of reference
ha,vej{cinfdjna,tes '

' \’ ,:; {0, P Pa, Pa):
© (—p O, Po  —Ds), (3)
N\ (—p2, — P 0, P1h

(‘—_@93, Psr — Py 0).
Also the four planes joining p to the vertices of this tetrahedron
have coordinates

(o Py s Pe)»
(—"»’péﬂ 0, . L3, _”.'pz}: (4)
("—195: —Pa _03 _'pl):
(—=#s ~ pp —p, O)
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The dual coordinates m; of the line p, defined as the determinants
construcied from the coordinates {ag, oy, oy, oz}, (B F1. Be. B) of any
two planes through p, are connected with the ordinary coordinates
by the relations :
T _ Ty _Ts_ T4 __Ts __Te (5)
Pa D5 Ps P11 P2 Ps
This follows at once by identifying the points (3) or the planes (4)
with the analogous points or planes which would arise in the dual
procedure. Thus the two processes lead essentially to the shine
coordinate representation of the lines of S, O\

A
L1 Intersecting lines. If (p,) and (g;) ave the eoordinates
defined by the point-pairs (z), () and (X), (¥) respectiyely, then
the equation R4
i| ®y, X Xy X \/
Yo V1 Y2 Us )
X, X, X, Xaﬂ';:.\\s
Y, &, % RO
s evidently the nocessary and sufficient condition that the two
lines should intersect; if the determninant is expanded by Laplace’s
method, this condition clearlyftﬁ'kes the form

Qg “E\’E (P19a+ 0120 = O (6)

This is the POI&I‘izetk(lﬁrin of the fundamental relation (2, = 0.
The expression (O, on the left is called the mutual invariant of
pandg. We thusthave
, THEOREM .I,{"Two lines p, q intersect if and only if their mutual
mmm“”f\ﬁj}q’ vanishes.

It {Y«}i"]'l\be noticed that the condition Q,, = 0 is linear in the
’f‘UPJ‘\{imateg of each of the lines p and ¢.

N2, Linearly related lines. If (p) and {g) are two arbitrary
iomogeneous vectors of the type (p,...,ps), then the vector
(P)+1(g) satisfies the fundamental relation {2) if and only if

XQ,, +22uQ +pPQ,, = 0. (7)
This is true for a1 values of the ratio A:p if and only if
Qpp =0y =0 = 0, (8)

Lo 1f (p) and (q) represent actual intersecting lines p and . When
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these conditions are satisfied, all the lines A(pY-pulg) generate the
plane pencil defined by #, q; for each of them clearly meets every
line incident to p and g.

Again, the condition that A(D)+p(9) +v{r} should represent a
line is plainly '

{'Q'ppngq: Qﬂ’" Q‘qr! Slrpagpq)()ls )R =0 {9)

This condition is true identically if and only if (p), (g), {r) represent
three actual lines p, ¢, r which all intersect each other, ie, coneur
in & point P or lie in a plane 7. If such is the cage, every line
Alp)+ulg)+v(r) meets every line incident to p, g, and r;#his means
that the system of lines either forms a point-star, with ‘vertex P,
or else fills the plane ., A\ '

If the vectors (p), {g), {r) represent three aGtual lines p, g, r
which do not intersect sach other, then (9)weduces to

Qv +Q,, A-Q,, A;o\\: 0.
In this case, therefore, there are only'ed? lines which are linearly
dependent on p, ¢, », and these gouerate the regulus which con-

tains p, ¢, r, since each of them \meets every line which meets p,
¢ and 7. Hence we have o\

THEOREM II. If p, ¢ are tuwo intersecting lines, then any Z'inea.?‘
combination of their coprdinate veciors represents a line of the me;d
defined by them: and@f n, q, r are three lines which meet in @ 290”?‘
P or which lie ink\plane 7, then every linear combination of thew
coordinale veciokrepresents a line through P or a line of = respéc-
bively. If pagir do not intersect eqch other, there exist only oot lines
which aré)eepresented by lLinear combinations of their coordinate
vectog&qfﬁd these generate o requlus to which n, g, r belong.

We may add that systems of linos which are Hnearly dependent
L. o'k given lines (b — 4,5) are best considered in relation to the
. linear conditions therehy imposed on their coordinates.

Any line is linearly dependent on six given lines of general
Pposition,

1.3. The lnear complex. A complez of lines in 8, is an algebraic
system of wo® lines whoge coordinates satisfy a single equatiol

F(p;) = 0, which ig independent of the fundamental identity-

If 7 is of degree n, the complex is of order n; if n = 1, the complex
is said to be lineayr. '
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The equation of any lineatr complex % may be written in the

form 2 (agprtoypy) = 0,
where ..., a5 are constants. In the particular case where (), = 0,
the coefficients w,,..., ag are clearly tho coordinates of a certain line
v, end this is met by every line of &%, In this case, then, & consists
of all the lines which meet a fixed line; the linear complex is then
called specicl, and the fixed line is its axis.

In the general case, the lines of & which pass through any given\
point P(x,;) form a pencil in the plane whose equation is A

€ N\
2 ooy Xy —ay Xo) b ooy Xy—a, X,)} = 0, O

ie. the plane whose coordinate voctor u == (u, u,, u“u;;) is piven
by & = Tx, where #1 is the transpose of 1 and E‘\IS the skew-

symmetric matrixt
0 oy o g 3\ )
£
T T
—ag ol UEBNS-

e P 0) <0
This plane is called the polar plane of P with respect to the
complex Z Dually, the ]jnes‘@f;? which lie in a given plane =(u;)
pass through the pole P of the plane, given by x = 'T-1ii. Hence

THROREM I1. T'he gengrel linear compler generates o skew-polarity
(P, ) of space; and, cowversely, the self-polar lines of a skew-polarity
of space constituie o linear complez.

The linear ge{ﬁ‘piexes of §;, being representable by the totality
of homOge:(quﬁs coordinate vectors («;), form an co® system. It

follows thap-there is a unique linear complex which contains five
generahlines of S,

m¥3‘1 The general complex, If F(p,) = 0 is the equation of a
“gereral complex I' of order =, then the lines of T' which pass
]';hrough apoint P(x,) form a cone of order #; its equation is derived
y rePI&Gmgl the quantitics p; in the equation of I' by the appro-
Phiate determinants of the matrix :
Ty X Xy Xy
. ) X, X, X, X,J
This cone is called the complex cone of T,
t This matrix is non-singular if & is not special.
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Dually, the lines of T* which lie in a Plane envelop & curve of
class n, which is called a complex curve of T.

1.4. Line congruences. A congruence of lines of S is an
algebraic system of co? lines; of these, a finite number m, say, pass
through a generic point, and a finite number » lie in a generie
plane. We denote such a congruence by the symbol K and
call m, » the indices of the system: m is also called the order, and
7 the class, of K. Q)

If K consists of all the lines common to two complexes, of ordersp
and » respectively, then evidently m — n — pv; such a{c‘r:m\gruencﬁ
is called a complete intersection. Tt will appear from the diseussion
in § 2.5 that in general congruences are not compléteintersections.

There are three congruences of particularly(simple types:

() The poini-star, with indices (1,0); v

(ii) The ruled plane, with indices (OJ.Q};:

(iii) The Linear congruence (1,1), which is the complete inter-

section of two linear complozes.

Suppese that KD iy the intérsection of the linear complexes
whose equations are N

2 (o0 Pyt py 2 {j, 2 Bapy+B1ps) = 0.
Then K@D g cont-a-ine@ in every complex of the pencil

{281+ (g +38)ps} = 0. ‘
We observe thatin general two complexes of this pencil are special,
namely, thpgsé‘ given by the roots of the equation

:\ E (“1_]‘)‘31)(“4‘{—)‘}34) = 0 ]
Hengb,;—i} these roots are unequal, KD eongists of all the ]Jfl‘?s
meebig the axes of the two special complexes in question, This
. Bres
. THEOREM rv, 4 linear congruence KD consists, in general, of
all the Uines which meet two given lines.
These two fixed lines are called the directrices of K&V 10
particular cases, of course, they may coincide.

$2. THE REPRESENTATION ON S
2. The quadric Q. We next, proceed to develop for our live ge¢”
metry the kind of representation which is found to be almos
indispensable to ;S*ngometry in general: that is to say, its redue-
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tionto the ordinary geometry of points, with their familiar term.l.n(}-
logy and propertics.

To this end we regard the coordinates (p,) of a line p of §; as
the homogeneous coordinates of a point P of §;. Then, in virtue
of the fundamental identity Q = 0, it follows that P always lies
on the quadric primal of §; whose equation is

Dr1Pa P25+ PaPe = 0-
We denote this quadric by M3 or by the symbol () itself. Henece,

THEOREM V. The lines of [3] may be represented birationally, az%d
1S

without exception, on the points of ¢ quadric L of [5]. P

The quadric Q arising in this way is in fact a quite -General
quadric primal of [5]; for its equation may be leduced by the
linear transformation ~~\

Py = X, +iX,, p,= X1~—-%'XQ ste.,

¢

. . AN
to the canonical form z X2=0. ¥

S 3

By this representation we may_ reduce the considoration of
complexes, congruences, and sero]ls ‘of lines in [3] to the study
of threefolds, surfaces, and CuL! s which lie on the guadric  in
[5]. This, in the following sedtons, we propose o accomplish; it
will also appear that the r&presentatlon throws a reflected light on
the geometry of Q 113&:.0]{

2.1 Preliminary propertres of Q. We require first to note the
main facts conggtping polarity with respect to Q; these are such
immediate generalizations of familiar results in two and three
dimensiong €hitt we may record them without comment:

1) D‘%YY point P has a polar prime IT in regard to Q; and I1
L Weets £ in the locns of points of contact of tangent primes

\ fmm P,

(11) Every line ¢ has a polar solid T, and vice versa; t is the
join of the points of contact of the two tangent primes
which may be drawn to Q through 7'; and T meets ( in
the locus of points of contact of tangent primes through £.

(i) Every plane 7 has a polar plane =; each of these planes
meets ) in 2 conic whose points are the points of contact
of tangent primes through the other.

In cach case, of course, every point of either of the two spaces
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concerned is congugate to every point of the other. The condition
of conjugacy for two points P = (p;) and Q — {g;} is

Qe =23 (P10a+0,02) = 0.

2.11. Lines of Q. For a pair of points P, € which lie on O —and
which therefore represent lines p, ¢ of S,—the condition of con-
jugacy implies that the tangent prime at P passes through §;
thus the line PQ, which has two intersections with at P and
& third intersection at @, must lie entirely on Q. Conversely, if
P, @ are any two points of a line which lies on Q, the tahgent
prime at P must contain Q: hence the necessary and @ufficient
condition for conjugacy is that PQ should lie on Q. By'§1.1, the
corresponding algebraie condition Q,,, == 0 is precisely the condi-
tion that p and ¢ should intersect; and, by § 1.2,/thee pencil of lines

then defined by p, ¢ will be represented hy~the line PQ on Q.
Hence

THEOREM VI. Two poinis of Q repmséﬁ} ’;Intemecting lines of [3]
if and only if their join lies entirely ow'SY; and the points of this join
then represent the lines of the pencilldefined by the two lines.

We shall call & line which ];'esf on Q a generator of Q.

2.12. Planes of Q. Tt alsé follows from §1.2 that the points of
{2 which represent the lines of a point-star form an aggregate such
that the join of any tw0lies on Q: henee the point-star corresponds
o a plane o, say, Ifing entirely on Q. Similaxly, a ruled plane of
lineg is represented by a plane 8 lying entirely on (. Olearly.the
0 planes &, eottésponding to the point-stars of [3], are a distinct
system from that formed by the o8 planes B, corresponding 0
the ruled\planes. Hence

THEO EM VIL The guadric Q possesses two distinct gyiply-z'ﬂﬁ?}m
‘?yfl'%ns of generating planes, corresponding respectively to the pont-
siars and ruled planes of [3].

We shall call these the «-planes and S-planes, or planes of the
first and second systems of Q. We now determine their incidence
relations.

In the first place, any two o-planes, representing point-stars
(£1) and (), always meet in a point eorresponding to the common
oy Py F,. Similarly, any two 8-planes always meet in a point.

An a-plane and a B-plane, representing a star (P) and & nﬂ,ed
plane (7} respectively, will in general not meet at all; bub if P 1ie8
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in 1, 50 that (P) and {r} have a pencil in common, the correspond-
ing planes « and £ meet in a line, Hence

TEEOREM VIO, Two planes of the sume system on Q always meet
in o point. Two planes of opposite systems in general do not meet,
but if they intersect, they have a line tn common.

2.13. Conics of Q. Any three points P, @, R of (2 define a plane
seetion & of £2; in general this is an irreducible conic which, by
Theorem II, represents the regulus # of {3] confaining the lines
corresponding to P, @, B. If wisthe plane of £, then the polar plane #
of = meets O in a conic &’ with the property that every pointdf &
i3 conjugate to every point of %'; i.e. the join of any point gfk and
any point of 4* lies on Q. This means that cvery line of t-];e\i'egulus
# corresponding o &’ meets every line of #, whence/&% and &' are
complementary reguli, lying on the same quadric shrface. Hence

THEOREM IX. Hwery conic which is the .s*ect-a'm{ of Q by o plane =
represents a regulus of [3]; and the complemenlary requlus is repre-
sented by the section of C} by the polar plape s of = in regard to Q.

2.14. Other space sections of Q. Tt is’clear from the definition
of a linear complex that this system ‘will be represented on £ by
& prime section. The section of Qby a generic prime Il is & general
quadric threcfold VZ; if, howéver, Il touches () at P, the section
_V§ 18 & cone, with vertex & ‘and every point of the cone is con-
jugate to P. Tt follows that in this case the corresponding linear
tomplex is special, chﬁisting of all the lines which meet the image
pof P, Hence o\~

THROREM X, {lfﬁe prime sections of Q represent the linear complexes
of [3], the ta@éﬁ prime sections representing special linear complexes.

ConSi.dB}fhe lines of a special linear complex whose axis is p;
they are, distributed into ool point-stars whose vertices lie on p,
aﬁl‘% ' ruled planes whose planes pass through p. We thus see
that, on the cone V2 which is the corresponding tangent prime
Section of ), there are ool planes of each system, all passing through
the vertex P of V2. Wo therefore have the folowing results:

;I'HEOREM XI. Through each point of Q) there pass oot w-planes and
@ 18‘{93““98, lying in the tangent prime section ab that point. Through
“ny line of ) there passes one plane of each system.
se(:;[tr‘l Gonclusioy, we note that a linear congruence KV, inter-

u:;m of two linear complexes, will be represented by the quadrie

R
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surface V3 in which € is met by a solid 7. The polar line t of 7
meets {} in two points P, § which are conjugate to every point
of V§; these two points therefore represent the directrices of KD
(§1.4).

It may, however, happen that T is tangent to Q: in that case
its section ¥3 will in general be a cone with vertex R, say. The
directrices of the congruence then coincide with the lne » corre-
sponding o E.

Finally, if T touches Q along a line, the cone V2is a plane panf
(=, 8), and the congrucnce (1,1) is reducible, consisting” Qf two

congruences (1, 0) and (0, 1). O
EXAMPLES . -
1. Prove that the lines of & linear complex which t a given line also

meet & gecond line. (This is called the polar lige &f ythe first in regard o
the given complex.)

Verify the result algebraically by aqqummg tshﬁe equstion of the complex
to be L)y, = 0, the coordinates of the givenJiu&to bo (g;), and by observing
that any line, net (g;), with coordmatss {@;-+Ag;) satisfies the conditions
for the second line of the problem,

2. If the tetrahedron of referenta is A, A, A, Ay, and if A,dg dgdy
A4, A, A, belong to a given hnea;r complex, show that the equation of
the complex must be of the forml'ap, -+ bp, = 0. Deduce that the equation
of any linear cornplex can Béweduced to this form.

Dcetermine, for such a\eomplcx the coordinatos of the polar line of 8
given line {g,). \

3. Two linear complexes ave said to be conjugate if their corresponding
pr]meq in [5] &9 tonjugate with respect to Q. Prove that the polar lin
in rogard to ofte 6f the complexes, of any line belonging to the other, like-
wise belongs'\to the other,

4. Sh({‘w that tho equations of any linesr congruence with dishinct
direcgxices may be put in the form = 0,p,=0.

Shtrw that, in the casc whero tho directrices coineide, the equations may

mbe written as p; = 0, p,--kp, = 0. Show that the lincs of the congruence
\\ fouch a quadric at points of the direetrix.

5. Bhow that the equations of any regulus may be reduced to the form

= klp-p Pa = ke?s’ Py = kSpﬂ’
and that the equations of the complementary regulus are obtained b¥
changing k; into i,

6. Prove that, if X; — 0 (§ = 1, 2,...,6) are the equations of six linear
COIID.P].GXGS which are mu’oua]ly cOnJuga,te’ the equatlon of {1 may he written

as EXE’ = 0 (that is, the eorresponding primes in [5] form a solf-pola”
mmplex with regard to Q).
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7. Taking X; instead of p; for line eoordinates, obtain (i) the condition
that two given lines (X}, (¥;) should intersect, (i) the condstion that
given linear complex ¥ a; X; = 0 should ke special. :

8. Deduce from tho representation on [5] that four given lines in {3] have
in general two common transversals. What is the condition that these
transversals should coincide?

9, Prove that the expression {2, is & relative invariant for linear trans-
formations of the system of line coordinates; and that, if p, ¢, r, & are

£2p <Yy,
Q.‘Ds Qra

given lines, the expression is an absolute invariant for sueh trangs

formations.

Hence show that, if the four lineg have a single common transversal,)
"N

:E\K(ngrs)iv((ﬂqvﬂm)ﬂ: \"r(Qqus} = 0. s M
. 10. Show that the polar line (g;), in regard to the quédric surface
;a‘;xg = 0, of a given line (;) has coordinates R4
T = 3@ Pus gy = @8y, St

Prove that, if any line p meets the polar of pANithregard o a quadric
surface, then p” meets the polar of p in regard $0he quadrie.

11, Prove that, if any line p meets a line mp@nd its polar line g, in rogard
to a quadric F, then the polar line ¢ of P alsd meets p, and ¢

The tangent cone from any fixed point ‘O to F meets a fixed plane «
in the conic ¢; and any line g of qucé a9 asgociated with the ordered pair
of points (P, P’) of w in which 7 isdnét by the transversals from O to the
W0 pairs of non-intersecting genetstors of ¥ which meet p. Prove that
(i} a line end its polar line ard represented by the same ordered point-pair
{F, P'); (ii) two interseoting pairs of polar lines (forming a skew quadri-
lateral) are reprosented By pairs (P, P*), (B, P}) for which P, P, and also
', Py, aro conjugate ifyregerd to o.

Formulage the thépkem about pairs of polar lines for F which corresponds
to t%le theorem 'l{‘_’ll}!;t. two triangles PQR, 840 which are reciproral for o
are perspegtgzve_

By making\F degenerato tangentially into a-dise-quadrie, deduee d proof
of the Pefersen-Morley Theorem (cf. § 3.5, Ex. 6).

_22.The general line complex. The line systems which we
ave“Just examined are those corresponding to the manifolds of
lowest orders on Q. We now proceed to investigate the line
Systems which are represented by more general manifolds of
various dimensions, beginning with the line complex.
We_deﬁﬂed a complex T' in §1.31 as the system of lines whose
toordinates satisfy a relation of the form
F (pi) = 0, (1)
‘I‘v"h.ere Fis a polynomial of order n, homogeneous in p;. We say that
s of order %, and that it is general if F(p,) is general of its order.
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In the representation on [5], the equation (1) is that of a primal

4 this intersects (2 in a threefold V3* whose points represent the
lines of T. Any line which lies on Q will meet, V%, and thus Ven in
» points: that is to say, a general pencil contains » lines of T°. Thig
gives a geometrical proof of the fact, already noted in §1.31, that
the lines of I' which pass through a given point lie on a cone of order
%, and those which lie in a given plane envelop a curve of class #.

The complex T', as defined above, is represented by a threefold
on () which is the complete intersection of Q with a primaf, Mt
this point it is natural to inquire whether there exist ling*systems
of dimension three whose representative threefolds-gamhot be
obtained as complete intersections of primals with: O Tt will be
proved later (see §3, Bx. 10) that in fact every; «13}1réef01d on Q is
the complete intersection of Q with a primal of\some order; hence
the concept of line complex, as already formplated, is the widest
possible, at least in space S,. AN

2.21. Singular points and planeg~~The singular congruence.
Consider any point P of Vi représenting a line p of T, and le
IT, I1" be the tangent primes to @and V2 at P. Then the tangent
solid T' to V2" at P is the infevsection of I and II’.

The section of O by I.ig% cone V2 which is generated by cof
o-planes and by co! B-plames; these meet V2* in curves of order #,
passing simply thrqlggl} P, which represent the complex cones of
I at points of p and\the complex eurves of T' in planes through »
respectively. "Bl section of this cone V2 by 7 is a cone ¥} whose
generators arelthe tangents at P to the sets of curves in question.
Hence, by§2:14,

of a@i‘fre plane pencils containing a given line p of T, those for

 whichp counts twice in the set of n lines common to T and the pensil

géperate a linear congruence whose directrices coincide in .

) Consider now the case in which the cone V%, section of Q by T,
breaks up into a pair of planes o and B, representing a pﬁrti@ulﬁ
point K of p and a particular plane x through p respectively.
Since o and § lie in 7', they will now meot Vir in curves having
double points at P; and this means that p is a double line of the
complex cone with vertex K, while p is also a double tangent of
the complex curve in «. In this ease we call p a singular line of

I'; and we call K and « the singular point and the singular plant
associated with the line in question.
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The condition that P should represent a singular line of T can
also be expressed very simply in another way. For if 7' meets Q
in a pair of planes, then every prime through I—and therefore
II" in particular—is tangent to Q; and conversely, if II” touches
Q at some point ¢, then P@ lies on Q and T meets ( in a pair
of planes through P¢. Hence:

A point P of V" represents a singular line of T' of and only of the
tangent prime to V% at P touches Q2 at some point €.

There will evidently be co? singular lines of I', forming a ooni
gruence; this we call the singular congruence of I'. We now prove

THEOREM XI1. The singular congruence of I' is ?epre&enteﬂ on £
by @ surface of order dn(n—1), which meets each plaperof Q in
Znin—1) points. )

- 5\ N "
Lot us take the equation of Q in the cancni¢alform » af = 0;
and suppaose that the equation of ¥ is f{ay) = QQ Then the tangent

prime to V7 at the point {(x,;) has equaﬁ}@h Zgyi = (. The
AN\ i

s o o\ N af\2
condition that this prime should touek Q is Z 2] = 0. Itfol-
N\ i
lows that the singular congruehice is represented by the surface

which is the complete intersection of the primals whose equations
are 4
)

- Zat= ?’\Qiﬁw) —o. S(Iy=o @

This surface is of ordér 4n{n—1), and so it meets any solid section
Of.Q in dn{n—1)'points. Hence if the solid interseets Q in a plane-
Pair, each qf.,@h}a planes will meet the surface in 2n(n—1) points.

,2'22'.3%‘3" singular surface. We now consider the locus of the
Pomts ¥ and the envelope of the planes «; this brings us to

{ \ .
(BEOREM XTIr. The locus of singular points of T is a surface of
order 2nin—1)2, and the envelope of singular planes is a susface of
ass 2n(n—1)2; also these surfaces are tdentical.

The order of the locus in question is the number of singular
Points which lie on a given line I; and this is equal o the number
of a-planes of Q which touch 7% and pass through a given point L
of ), Similarly, the class of the envelope is equal to the number of

B-planes which touch V% and pass through L. Thus the order and
class are equal.



248 THE GEOMETRY OF LINE SYSTEMS X, 52

~ Since the planes of the two systems are generators of the cone
V§ in which the tangent prime 8, at L meets ©, it follows that we
require the number of planes, of either system, which touch the
section ¥} of V§ by 8;. If we project from L on to a solid 5 of
8y, the two systems of planes project into complementary reguli
of a quadric surface ¢ of S,, while the tangent planes of V¥ which
pass through L project into the tangent lines of a surface #, the
apparent contour of ¥} from L. These tangent lines will form a
complex I whose order—equal to that of its complex cones=<will
be the order of the cone of tangent planes to V% whicheontain
& given line through L; and this is plainly n(n—1)2. Hehdé/in &,
I has 2n{n—1)? lines in common with either regulusof ¢, and
it follows then that 22(n—1)® planes of either system of () pass
through L and touch V3. This proves the first pér¥ of the theorem.
To prove.the second part, it will suffice towhow that if X is the
singular point associated with any giver, singular line p, and if «
18 the corresponding singular plane throtght p, then « is the tangent
plane at X to the locus of singular geints. We do this, in effect,
by showing that any line which paséeé through K and lies in « has
two coincident intersections with'the locus in question at K.
Suppose then, in the nota,trioﬁ of the preceding section, that Pg

. is the line on £ which repréSeflts the pencil of lines (K, «); we have

\

to show that the plan€ s through PQ counts twice in the set of
2n(n—1)2 x-plan which pass through any given point L of PQ
and touch V7. Keéping to the notation of the first part of this
proof, we obserye’'that the two planes « and g through P@ touch
V% at the satheé point P and Project therefore into two lines &, .b
of 8§, whicl},ﬁiﬁch ¢ at the same point B. Plainly, then, the qﬂ&dﬂ.‘}
é, Whj}\ﬁ;" contains these Jines, touches 4 at Fj; and from this it
folloﬁﬁ}s at once (for example, from the plane representation of )

.\1".118@’5' each of @, b counts twice in the set of generators of the same
-Togulus of ¢ which touch . Thus « counts twice in the set of

a-planes through L which touch Vit and this proves the second
part of the theorem.

The locus of singular points, which is also the envelope of
singular planes, is called the singular surface of the complex I

2.23. The quadratic complex. The above results have an -
teresting application to the theory of the quadratic complexX-
This is reprosented on Q by the threefold in which Q is met by
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a quadric primal V2 In general ¥; and Q have a common self-
polar simplex; if this is taken as the simplex of reference, the
equations of the threefold will be of the form :

_ Sat=0, Xaxi=0
Then the singular congruence is represented by the surface

commmon to the primals
Sat=10, Swai—=0  Fafai=0

The singular surface of the complex is, by Theorem XIIi; A
surface of order four and class four. It may be shown that(this
is the well-known Kummer surface which has been discusged in
another connexion in Ch. VIIIL, §2.33; it possesses 1@@9355 and
16 singular tangent planes, or tropes, forming a ’(166, ¥6,) con-
figuration. For the relevant details we may refer}ﬂle rcader fo
the existing literature of the subject.§ !

o
Examerms <!
1. 8how that the general complex of order w/depends upon
. Te{n+ in-+2§(r-3)
coefficients, o

2, Show that, for the peneral qqad;é%ic complex, the singular surface is
the locus of points for which the'egmyplex cones are plane-pairs, and also
the envelope of planes for whidh\the complex curves are point-pairs.

?.. Prove that the quax;’gi&g\lmeefold common to two general quadrie
primals of [5] containg Obg\}iﬁes; and that, of these, 4 pass through a gencrie
pomnt, and 16 lie in a’generic primo section, of the threcfold. (Nofe. The
Prime eection is a, S€EPe quartic surface (Ch. VIL, §5.1).)

Give the inte;{fotation of these resulty in tho theory of the quadratio
complex. o y :

4. Defining.the quadratic complex, as in § 2.23, by the equations 3, a? = 0,
E %3} =%, prove that any plane of { which touches the quadrie Saai=10
th?; ¢ 'i)gusihes every quadrie of the system Y x3f{ay+A} = 0. (We may call

\b¥ analogy, & confoeal systom of guadries.) :
NIstorpret this result in the geometry of line complexes.
thﬁ. Prm.re thet the lines belonging to the tetrahedral complez defined by
ofa equation ap, p,-bp, ps+ops ps = 0 mest the faces of tho t.etra,hedlion

;Efermee in ranges of constant cross-ratio.
¢ Tove also that the singular surface of the complex consists of the four
iieeﬂ of the tetrahedron, and that any line through one of its vertices, or

g.m of its planes, belongs to the complex.

1scuss the representation of the complex on (L.
8. Two pencils of lines are in homographic correspondence; prove that

t e.g. Jessop, ch, vi, and Baker, iv, ch. vil.
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the linee which meet corresponding lines of the peneils generate a tetr.
hedral complex.

7. Show that, in spaco 8, there are oo® planos which mest three fixed
lines, and that these planes intersect any fixed prime in lines of a tetrahadral
complex.

s
8. Prove that the tangents to the quadric surface ¥ a;2} = 0 belong to
[F]
the quadratic complex aye pi-a,05p1+... = 0. What is the singular
surface in this caso? Discuss the representation of the complex on £,
9. Show that the complex of lines which mect the plane &iwe
S, 23) = 0,2, = 0 is given by the equation f{p,, Py, p3) = 0. Examiine
the representation on {2 of the complex of lines which meot a gi%erhconic,

10. More generally, show that any space curve may he s'p({(ﬁﬁcd by the
comaplex of its secants; and find the equation of the compiex of secants to

the twi cubic
wistod oubi Ty l®y 1 Wiy == Dodit%2g3, &

11. Using the same parametric equations, obtaii‘ths line coordinates of
& chord of the twisted cubiec. Honce show that 'ahy gquadratic complex
which eontains the chords of the curve must .b\a\tetrahedral-

2.3. The general congruence: its,'}rder and class. In §1.4
we defined a line congruence K as-an aggregate of co? lines {or
rays); we shall now develop itg pibperties by using the representa-
tion on Q. )

Evidently K will correspond to a surface # of order g, 5875
this is met by any solid\n particular one containing a plane-pair
of Q, in gy points {f..o’c and o' are any planes of the first system
on {2, there is an, Mty of planes of the second system meeting
each of these jp'a/line. Let 8 be any one such plane, and suppose
it meets F iJ}.\n points; then since each solid (x, ), (', 8) meets
Fin g, ijz?bs, it follows that « and o’ each meet F in pp—n ="
points \Fhus every a-plane meets # in m points, and every §-plane
mee@%)‘ in % points, where m--n = p,

. (“Aecordingly, in [8], & finite number m of lines of X pass through

a generic point, and a finite number » lie in a generic plane. As
already stated in §1.4, we call m the order and » the class of X,
and denote the congruence by Kimm.

2.31. The rank of K. Tn addition to its order prg, F' POSsesses
three elementary projective characters g1 gy and vy (Ch. IX, §2)
these represent the rank, class, and type of F. Since, howeve{:,
the single character o maust be replaced by the pair (m, ”){ i
would appear that, unlike the generie surface of the precedlﬂg
chapter, five, not four, elementary projective characters are re-
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quired to specify F. That the five characters are actually inde-
pendent will be shown later (sce Ex. 6,§2.35). :
As a first step towards describing F geometrically we prove

THEOREM X¥v. Of the chords of F, a finite number r = mn—4p,
pass through a given point of Q: that is, r pairs of rays of K are
concurrent on and coplanar with a given line of [3].

This character # is called the rank of K.

Let L be any point of Q, not on F; then the chords of F whieh\
pass through I must be generators of (, lying in the tangent p};‘i\me
8, at L: thus they are chords of the section € of F by S\ Now
C lies on the cone, vertex L, in which 8, meets (; and if y'is any
generator of this cone which passes through L, the‘ehords of €
meeting g must either lie in one of the two planegof< through g,
or pass through L. Since the number of chordsvef € incident to
g is equal to &, where PN '

B (m:?f—n) —%91;\

while the number of chords lying mone or other of the two planes

Is (?:) + (g), it follows that the ﬂifnber of chords passing through

) E)f) e 0

If, in [3], the ling\ corresponds to the point L, for each of these
# chords we hayed pair of rays which lie in a pendll containing I

232, The/double rays. Improper nodes of F. In Ch. IX, §2 we
defined thé.generic surface of [5] as one without singular points;
and we'showed that if such a surface, having characters po, f1,
by 938 projected from a general point, the surface so obtained

\m{ﬂ has a number ¢ of improper nodes, where

d— (*;")—épl—lgvz. (2)

These nodes arise from the d chords of F which pass through the
vertex of projection. '

¥, then, we wish to define a congruence K of genera] character,
{.”t first sight it would seem natural to say that its image FonQ
I8 to be g generic surface of [5]. But it is easily scen that such
& definition would be too restrictive; for it is the case that a surface



250 THE GEOMETRY OF LINE SYSTEMS X, 42

F which is required fo lie on () must be expected to possess a finite
number of émproper nodes.

The justification of this remark follows from the same argument
by which (Ch. IX, §2) we showed that a surface of [4] must be
expected to possess nodes. A point of Q, like a point of §, is
determined by four parameters, or ecordinates; and a surface on
Q will be obtained by making each of these eoordinates a function
of two independent variables. Hence the surface may be expected
to intersect itself at a finite number of points; and, asin(the
previous chapter, we see that these points are in fact improper
nodes of the surface. A\

Accordingly, we shall define a generic surface of £:ag-one whose
only singularities are a finite number of improger modes. This
number is readily obtained from equation (2) 4% follows.

Suppose that the surface F, with the abgve“mentioned projec-
tive characters, is projected on [4] from, & weneral point L of (.
The nodes of the projected surface atide from (i) the improper
nodes of F, or (ii) the  chords of Ewhich pass through L. Also
the total number of nodes is givgn'bj {2): hence, if 8 denotes the
number of nodes on ¥, we haye™s

S 5, )

where the value of r i ’g:iven by equation (1).

To each improper(niode of F there corresponds a dowble ray !
of K, which ooupﬁi\twice among the lines of K lying in & plane
through  or passing through a point of I. We thus have
. N

THEOREM\XV. A congruence which is represented by o generic

gu?'faf:%—fxvf Q) possesses a finite number 8 of double rays, given by
the farniila

R \ ) 8= (?;) + (;) — 3.

These correspond to the improper nodes of F.

2.33. Singularities of a congruence. General congruences. The
double rays of K may he termed accidental singularities of the
congruence; in contrast to these, there may be essential (i.e. 107"
accidental) singularities of a different kind, Thus, sSUppose that
an a-plane of Q meets Fin a curve; then, through the correspﬂﬁd‘
ing point of [3] there will pass a cone of lines of K. Similarly:
corresponding to a f-plane which meets F in a curve, there will
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be & plane confaining an infinity of lines of XK. Points and planes
such as these are called singular points and planes of the con-
gruence. :

A congruence, as will appear shortly, may possess a finite or
infinite number of singnlar poinfs and planes; in view of this
circumstance it is convenient to restrict still further our concept
of a general congruence. Accordingly, we frame the following

DEFINITION. A congruence K is general if ~\

(i) its only singular lines are double rays, corresponding, to
improper nodes of the representative surface F, %

g ™

and if

{ii) it possesses at most a finite number of mngula,r points and
planes, ~\\

It follows from our definition that the swrface on Q which
represents a general congruence is necessarilisgeneric in the above
sense, but that not every generic surfageyon { is the image of a
general congruence, O

Any congruence whicl: is not general will be called special. We
may note here that, if the congruéhee K is general, then ¥ cannot
be a ruled surface (see Ex. 105§2.35).

An important type of speeial congruence is that of the chords
of a given space curve, ') 'If C is of order n, and has A apparent

N\
nodes, the eongruo.nq}is of order % and class (g) Through each

point of C thepe‘passes a cone of chords; thus the congruence
Possesses & carye of singular points. In general there are also co?
triple linegh. eorresponding to the trisecants of €, and a finite
numb(?r.p}‘sextuple lines, corresponding to the quadrisecants of C.
Th‘f’s%ﬁf“hiple lines will be represented by singular points of the
&face which maps the congruence on (.

2.34. Focal points and planes. Let K be a general congruence,
anfl Fitsimage on Q. Consider the tangent plane to F at a generic
Pomt L; sinee this is also tangent to Q, it meets Q in a pair of
generators ¢, g, through L. These represent pencils in [3], each

tonteining the corresponding line [ and one line of X consecutive
tol. Hence,

Any ray of K is met by two consecutive rays.
The points of intersection of these lines with I are called the
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focal points (or foci) of I; they correspond to the w-planes of ()
which can be drawn through g, and g,. Similarly, the planes con-
taining / and one of the consecutive lincs are called the focal planes
of I; they correspond to the S-planes which can be drawn through
g1 and g;. We shall call g, and ¢, the focal generators relative to L,
We now prove

THROREM XVI. Thke locus of focal points of a general congruence
8 & surface of order p,—2n, and the envelope of focal plangg is o
surface of class y,—2m.

Evidently the order of the locus in question is o§ual to the
number of «-planes which pass through a given point/P of Q and
which contain a focal generator. All such plangésare contained
in one system of planes of tho cone in which thé*angent prime &
at P meets (; and all such focal generatdry) are tangens to the
curve ' in which 8, meets F. Consider,\then, any B-plane of the
cone with vertex P; this meets ¢ iif @ points. Since ¢ is, by
hypothesis, of rank g, the numbex(of* tangents to ¢ which meet
8 and have their points of contaed external to 8 is u,—2n; and
each of these tangents furnishies one -plane containing a focal
generator. In the same ’méhner we may show that there are
—2m B-planes t}u'ough‘ #'which contain a focal generator of I

It should be noted\that a special, in contrast to a genersl,
congruence, need mf):t* possess & surface-locus of focal points or &
surface—envalop’e focal planes; for example, the foci of the con-
gruence formed by the chords of a curve all lie on the curve itself.

AX
2.35. the foeal surface. Let [ be any ray of the congruencé
£, B dtg'focal points, and o, 7, the corresponding focal planes.
If glsi&fépresented by the point L of F, and if ¢,, g, ave the focal
gemetators relative to L, then P, F, correspond to the planes a;, %
N\ on Q which Ppass through g,, g, respoctively, and m,, 7, correSPond

' to the planes B, 8, which pass through g¢,, g, We now establish

THEOREM XVIL. The focal planes my, my touch the locus of ford
points at Py and P, respectively,

We have to prove that, if m is any line in sr,, passing through
B, then two of the intersections of m with the focal locus are at £
Conzider the ocorresponding figure in S;: to m there col’l‘e_sponds
a point M of Q, common to 8, and & The tangent prime 3 50 ’
at M contains 8, and w,, and therefore ¢4, g» also; henee it st
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contain the tangent plane to F at L. Thus its section ¢ of F will
have a node at L, and therefore the rank of C'is u,—2. Reasoning
now ag in the proof of the last theorem, we see that the number
of tangents to O, at ordinary points of the curve, which meet any
g-plane through M, and have their points of contact outside that
plane, is equal to p,—2-—2n: which proves the result.

Trom this follows

THEOREM xVIL. T'he locus of focal points of a general congruence,
is identical with the envelope of focol plames; and the rays of the
congruence are bitangents to this locus. O\

Congider the focal generators g,, ¢, for the surface F on @;there
are oc® such lines, and their locus is a manifold ¥, whese\order is
at once seen to be 2v,, where v, is the type of F. For; by definition,
the number of tangents to ¥ which meet a givex line is equal to
v,; and if the line lies on £, these tangents must\he Tocal generators.
It follows that 7; is of order 2v,. o

For a general congruence K, the twd :s\ystems of planes of Q
passing through the focal generators ‘are each irreducible. But
suppose that the congruence is spedal, that, for instance, it has
o singular curve: then there axe\to! x-planes which meet F in
ourves, and the co? tangents to these curves form an irreducible
manifold V; which is a contponent of ;. The identity of the focal
locus with the focal envélope no longer holds.

For a general congrnence, however, we may speak of the focal
surface ¢, regarding'id either as the loous of the foeal points or the
envelope.of the faeal planes. We see, from the proof of Theorem
XVIT, that all’rays of the congruence are bitangents of the focal
surface. Bt hot all bitangents of the surface belong to the con-
Eruence dor in general ¢ will possess co! tritangents and a finite
PuIRkeR of quadritangents, and the congraence containing them
) tonsequently possess multiple rays of types which we have
eXcluded from the present discussion.f

EXAMPLES ’

IO-MShow that the rays of K which meet & given line I generate-a scroll
F 1% and rank g,. Show also that there is a double curve on the

seroll, and thay itg order is r4- (;)

of

t For othep ) . Rl
Soc. 27 (1931), ;‘gsél.llts concerning congruences, see L. Roth, Proc. Camb. F
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2. By considering the case where I is a ray of K, show that any ray of
K is met by two consecutive rays.

8. Prove that the character v, of F is equal to the number of foeal planes
which pass through a given point and have their foci on a given plane,

4. Prove that the character y, of F is equal to the rank of the focal
surface .

(By definition, p, is equal to the number of primes of a given peneil
which touch F. Suppose that the primes all pass through the solid con-
taining fwo planes . 8 of £; any such prime must touch Q at & point P of
the line g common to o, 8. If the prime touches F ab @, the line-plome-
sponding to P touches ¢ at a focus of the ray eorresponding to Q.j

5. Bhow that the congruence which is the complete mterse\c':ﬁbﬁ of two

general complexes of orders & and &’ has characters ¢ >
m=n =k, =20kt =1), py= 2kEY(ELE N)P2—E+1),
vy = 2k (kR —~1). (&

Show also that the congruencs is general, thatabs focal surface is of order
and elass 2kk"(k+- & —2), and that it has no d%lb]e TAYS.

6. To show that the five characteors m, 7, &i,}zs, ¥y of a general congruence
are independent, )

We observe, first, that these characters are additive, i.e., if a swface F ”:
with characters m”, n”, ete., is compoéﬁd of two jrreducible surfaces F, ¥
having characters m, n,..., and Miyisusy then

m’ = m-twf, n' —ntn’, ete.

Buppose, then, that thers'exists an identical relation Jlomeyn, o, pasva) = 0
between the five charagfers. It follows that the function f must aatisfy
the equation f(m-+-m/ipn',...) = f(m,n,...)-+f(m’,",...). Now the geners!
solution of this functinnal equatbion is

.} = Amet Bt Gy + Dy + B,

where the capital Ietters denote constants. Thus the identical relation
must be {7
®) Am -+ Bt Gpy + Dpay+ By = .

In I{"(rkibﬁlﬂ-r, it must hold for the econgruences which are eompk’f"_3 mte}‘-
sectiohs of two complexes. Inserting the values of 2, #i,.. obtained in
_Bx5, wo deduce at once that ¢ — 1) — J = 0, A B = {; and, from

{ \ho last result, we have 4 — B — 0.

7. Prove from first principles that the number of double rays of & gener&l
congruence X is (?;) +(g)"%"s- (Let , 7' be two fixed planes, and co:
sider the correspondence betwoon points A, B of m such that a ray through
4 and a ray through B meet on ; then apply Theorem IV, Ch. v.)

3_- Show that the number of line-pencils, each containing 3 rays of K
which have a line in common with a given generic lins-pencil is

=)
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where ¢, the number of trisecant planes of I which pass throngh a given line
of &, is given by the formuls (Ch. 1X, §3.6, Ex. 1)

t= (")l o)+ KB+ 2oy e

9. Diseuss the representation on 2 of the congruence formed by the
chords of & non-singular space curve of order » and genus p; and detertnine
the singularities of the corresponding surface ¥,

Show that the congruenco of chords of a twisted cubic i3 represented
by a Voronese surface on {), and that the surface contains oo? eonics, among

which there are ool conies whose planes lie on (2. ' N\
Discuss also the congrnence of chords of (i) an clliptic quartie, (ii)& non-
singular raticnal quartie. (N

"\

10. If P is a generic scroll on £, show that the eorresponding vongruonee
K contains oo? pencils of rays, whose verticos and planes givetise to singular
curves and developables of K. Obtain the focal locus ahd focal envelope
of the congruence. : o\

1. Determine the characters of the singular edtgruence of a general
complex of oxder » (§ 2.21). o\

12. (i) Prove that, for the general quadtatis congruence {2,7), the focal
surface ¢ rnust be of order four, and thetefore of class 2n; also that the
Tepresentative surface F has elliptic sgetiéns, and possesses ${n—2)(n—3)
Improper nodos. RN e

i) Show that the congmencgaz’fﬁ, 9) is represented on £2 by a Segre
quartic surface (sce Ch. VII, §6.1), and hence prove that the congruence
1s the completo intersectionéfe linear and a guadratic complex.,

Prove that, to the 16 ]ineg\m the Segre sutface there correspond 16 pencils
of vays of the eongru e:amd obtain the 16, configuration of singular points
and planes. Prove also“that ¢ is a Kiwmmer surface having the singular
Polnts and planes-fov'nodes and tropes. : :

{{ii) Show that%he congruence (2, 3) is represented on by » Del Pezzo
q_umtic surfagg ¥ (Ch. VI, §5), and that the 10 lines of F correspond to
Emgﬂl&ﬂ\g{\eﬁeﬂs of the congruence. By considering the focal surface ¢,
Prove thatsthe congruence possessos in addition § singular points, through
ea.eh:of; Which there passes a quadrie cone of rays. : '

o (I8 I the equation of Q is taken in the form 3 a7 = 0, prove that the
quadratic congruences @; = 0, 3 a;a? = 0 have the same Kummer
surface for focal surface.

2.4, Ruled surfaces. Scrolls and developables. In Ch. IX,
§4‘3,' we have already used the representation on Q in order to
obtain varions enumerative properties of serolls, i.e. non-develop-
3ble ruled surfaces. The methods employed there were all based
on the following obvious fact: A scroll of order po and genus p,

Suaied in [3], is represented on Q) by @ curve of order py and genius P-
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It is clear, moreover, that if the scroll is free from muitipls
generators, the curve in question is without singularitics.

Let R be the scroll and (' the corresponding curve. Suppose
that, with the terminology and notation of Ch. IX, R is endowed
with normal singnlarities: thab is to say, a double curve of order,
{locus of intersection of pairs of distinet generators), on which lie v,
pinch-peints (intersections of pairs of consecutive generators) and
i triple points (intersections of three distinet, non~coplaQa,r
generators).

It is interesting fo observe how these singularities, @D\R are
reflected in the representation. To the points of the dowuble curve
there will correspond oo a-planes of Q@ which argbisecant to C;
among these are v, generators which touch C. To'#he { triple points
on the double curve there correspond ¢ «-plagies of £ which meet
€ in three distinet points. Since R is self*dual, there will also
be ¢ B-planes which are trisecant to Q;‘?hese correspond to tri-.

- tangent planes of R, each containing-three distinct generators.

Consider next the representatior of & developable surface D, of
order p, and genus p. Its generabors will likewise correspond to
the points of & curve C, of orfler 12, and genus p. Since, however,
any two consecutive gener&jﬁors of D intersect, it follows that the
join of any two consecutive points of ¢ must lie on Q. Thus
A developable o%r@er o ond genus p, situated in [3], 18 repres
sented on L2 by acurve of order u, and genus p, all of whose tangents
lie on Q. \J

Evidentiy" the a-planes which can be drawn through these
tangents‘p(}rresp'ond to the points of the edge of regression B on
D; tkste}'ﬁﬁ')lanes containing these tangents correspond to the osct-
lating planes of . _

OJXE D is of general character it will possess, in addition to the
puspidal edge B, a double curve containing triple points and pinel-
points; their representation on O is the same as for & seroll B

ExAMPLES

1. Bhow that any scroll in [3] which possesses two linear direqtrices 18
represented on £} by a eurve on & quadric surface. Hence establish t,lha
existonce of {i) & eubie serall with one simple and one doublo linear direff“‘x’
(i} an elliptic quartic soroll with two doubls linear directrices, (ifl) 8 Tationtl
quartic seroll with one simple and one triple directrix.

t The self-duality of R eclearly imposes severe restrictions npon the Detur? of
C; thus & generic curve on § will not in general represent a generic soroll of 5w
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2, Show that any secroll in [3] witix & linear directrix is repreéented on
£ by & curvo Iying in a tangent prime to {1, Hence establish the oxistence
of rational gquartic scrolls with 2 simple linear directrix.

3. Taking the equation of & in the form 2 «] == 0, show that the para- .
metric equations

pr; = P40 e t4d; (i = 12,..,6)
represent & cubic seroll, provided that o;, ste., satisfy certain relations.
Deduce that the scroll has in general two cuspidal generators, Hence, by
assyming that these are given by the walnes £ = 0, w of the paramster,
reduce the parametric squations of the scroll to a standard form.

4. Obtain the image, on Q, of the developable of tangents to (i} a twi,s‘gésl
enbie, {i1} an elliptic quartic. N

5. 8how that three general line complexes of orders &, &', ¥ i}}ﬁerﬁ'ect in
a seroll of order 2kk°%” and rank 2REE(E-+E --E"—2). Show alko from
fist prineiples that the scroll possesses 4kk'E"(k-+% +A{-43) cuspidal
generators, O )

6. A congruence is represented on ( by a generip'shrface of order y,
and rank p,; show that the seroll which is eommon’te the congruenee and
to & general complex of order % has order ok apd wank pq k(k—1)--p &.

§ 3. OTHER REPRESENTATIONS \OF'THE LINES OF S

3. First representation on S, Raiioﬁality of the line system.
8o far we have discussed the line\geometry of [3] by referring the
aggregate of lincs to the points of a quadric Q of [5]. But this
is only one of many reprasehtations of the aggregate in question;
and in tho present se 11931 we shall examine some alternatives.
Generally speaking, tite representation which we choose in & given
problem is determiied by its appropriateness to the situation,
Each of the methods to be described has its own special advantages.
'The moﬁlgjbvious alternative to the representation we have
hitherto ugedis obtained by projection of (. Let O be any point
of &, S given prime, and consider the projection of Q from
0 00§} This gives a birational representation of the points of Q
o those of §,. The exceptional elements of the correspondence
arise from the cone of generators of Q which pass through O; this
Projects into a quadric surface o, lying in the solid & in which 5,
meets the tangent, prime o0 Q at O; each point of w corresponds
to a gemerator of this cone. (Glenerators of £ which do not pass
through 0 project into secants of .
. Asregards the planes of Q, those which pass through O project
10 the two reguli of generators of w; the rest project into planes,

eafs}:i tontaining one generator of w; and the projections of the
8
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a-planes, for instance, each contain a generator of the same regulus
on w, which is itself the projection of a 8-planc.

It follows also that a general linear complex, corresponding to
an arbitrary prime section of , will be represented by a quadric
V% through o; a general linear congruence will be represented by

a quadric surface containing a conie of w; and a regulus by a conie

which meets « in two points, In conclusion, then, we have

THEOREM XIX. The lines of [3] may be represented birationally
by the points of a spuce Sy, so that the system of linear cOniplees
corresponds to that of the quadric primals passing throligh o fived
quadric surface. . D

N

We have thus shown, incidentally, that the dings of [3] form
a rational aggregate. We note also that thete arc oo quadris
primals of §; which contain a given gquadxie¢/surtace w; for there
are co'* quadric primals in S, and nine ednditions are imposed on

-any quadric primal which is to con u} w. Thus the freedom of

these primals is equal to that of. the corresponding finear com-
plexes. D

This representation of the Jines of [3] was first proposed b'j'
Schumachert in connexigh® with the theory of congruences; his
account of the matter, which is incomplete, was revised by James.]

3.1, .Halphen’s’ ;Tbeorem. We shall now apply the representa-
tion to prove the following result, due to Halphen:

THEOREM, X%. T'he number of rays common fo two cORgruences
(m,n) and Ie}.s’, n') in general position is mm +nn'.
Denote the congruences by K and K’ respectively; then, by

what has been said, they will correspond in S, to two surfaces
FAF', of orders m+n and m'4-n'. The surfaces will meeb each

(generator of w of one system in m, m’ points respectively, and each
’ generator of the other system in #, #’ points; hence intersects v

in & curve ' which we may denote by the symbol (2, %), a,nfd \
intersects w in a curve C* having the corresponding symbol (', ® )

Since, by hypothesis, K and K’ are in general position, S0 {113"
are F and F'; they will therefore meet in (m—i—n)(m"]'”!) P{),m.ts
in all. But among these are the points common to € and &%
number mn'-+m'n, which do not correspond to common rays ¢

T Schumacher, Math. dnn. 37 (1900), 106G, -
I James, Messenger of Math. 55 (1925), 9.
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K and K'. Deducting these, we obtain for the number of common
rays the expression
(m—t-n}{m +n')—(mn'+m'n) = mm'Fan'.
COROLLARY. The number of chords common to two space curves
of orders n, n' and ranks r, r' i3 wn general

AN [ F AN I L Yic
()= wl) 1+ G
For the chords of the first curve form a congrueneo of order A

end class (?23)’ where £, the number of apparent nodes, is glvgrfl;y

the formula » = n{n—1)—2k; and similarly for the secgmld‘éurve.

7

Examprus R4

1. In the representation of the lines on S,, obain theiwage of (i) 2 special
linear complex, (ii) & lnear complex containing the Jiwe corresponding to
the vertex O of projection, (ifi) a linear congruende gontaining that line.

2. 8how that a general guadratic comples\Gs)represented by a guartic
primal in S, on which iz a double surfacefand that a general quadratic
eongruence (2, 2) corresponds to a Seg;;e"ém'fa,ce meeting « in an elliptic
quartie curve. N

3. Interpreting the «uadric primls of S, which contain « as & system
of hyperspheres, prove that thedinesr complexes of S, may be represented
on the hyperspheres of S|, in ~{uch a way that two conjugate complexes
correspond to two orthogomral hyperspheres,

_4. Taking the section, of the figure in &, by & prime in that space, deduce
Lie’s correspondence Between the lines and gpheres of [3].

Let IT be the prigi¢t question: then, if Pis any point of 2, corresponding
to a line p of {3}the tangent prime to Q at P meets £ in a guadric three-
folc! which wefSs0fect from O on to S,. Tts section by I1 is a quadric surface
which, forsall posiiions of P, passes through a fixed conie, namely, the
section gf\ed by IT. Thus any line # can be made to correspend to a sphere
of 1L Conversely, however, to any sphere of IT there correspond two points
of Qs:_and therefore two lines of [3], which sre polars of one another in &
PENAIn lineer complex. (The proof of the latter statement is left to the
Teader, who should also show that, if two lines of [3] intersect, the
torresponding spheres will touch : and eonversely.}

f- Show that, if & goneral congruence K js represented on 8, by a surface

> then, with the notation of §2.32, F** will have » improper nodes on o,
and 3 mpreper nodes external to w.
sm?‘eserlbe the nature of the congruence for which the representative

8C8 Ineets @ in a finite number of points.
0 6-f Prove that the mumber of a-planes of Q which pass through & poind
ot £ and touch the image ¥ of a congruence K is equal to the number
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of generators of the same system on @ which are tangent to #*. Dedugs
that the focal surface of K is of order 2n{m— 1)— 2.

7. Prove that K possesses a scroll of rays with coincident foci which
are flecnodal tangents to the foeal surface ¢, and show that the seroll i
of order 2{u,—m—mn). (Let S(I) denote the scroll of rays which meet s
given line I; this is of order m-+n, and touches ¢ along a curve of order e
Consider the involutory correspondence between the foei on this curve.)

8. Show that, for a non-singular surface in [3], the inficxional tengents
form & eongruenes of order #in— 1){n— 2} and class 3n{n—2), and that the
bitangents form a congruence of order In{n— 1)(n—2)(n—3) and ‘s
in{n—2)(n*—9). O

Examine for what values of n, if any, either of these.éoﬁgfuences I
general, « \

9. By means of Halphen’s Theorem, obtain the numboy of (i) inflexionsl
tangents, {ii) bitangents common to two non-singuilar surfaces, of orders
w and »’, in general position in [3]. OV

10. To prove that any threefold on Q is the capblete intersection with O of
a primal. . \\

Let ¥; be the threefold in question; itsection by a tangent solid to{2at
any point 0, not on T, will be a curys tlyu‘ng an the quadric cone in which
the solid intersects . The generatory of the cone all meet the curve in
the seme nurnber (n, say) of points; henee V, is of order 2n, and meets sach
Dblane of Q thiough O in a curye\df order . .

Projecting from 0, we obtain in 8§, a manifold ¥} of order 27 on whic_h
w is an n-fold surface. Buppose that « is the intersection of the qmdqc
threefold whose equafien is 4 = 0 with the solid whose equakion i
B = 0; then the e%Qéd;i}on of V3 must be of the form

' N\, God*ta, A" 1B ta, B =0,
where a; ig & Homogeneous polynomial of degree 7 in the coordinates
(Fos-ers %) 018, If wo assume that the equation of the prime S, itself i
Ty = 0&,&!1\1 that O is the opposite vertex of the fundamental simples, ¥
fO]ll? 8.fhat the equation of ) is A+ Bz, = 0. Henece V, is the eomplete
i{liger%ection of Q2 with the primal whose equation iz
N G008 =ty ™ (— 1)y — O,
y “and the propoesition is establizhed.

¢

:.\m

3.2. Second representation (by quadrics through a o04). In
addition to the straightforward projection just considered, there
exists a quite different representation of Q on 84; and sinee this
possesses certain advantages in regard o some important PI¢”
blems, we propose to give a short account of it here. The repre
sentation, like its predecessor, is by means of a system of quadrics
D; but now, instead of & hase surface, the system @ has only &
-bage eurve T which ig a rational normal guartic of 8y
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The idea is a very simple one: namely, that in the equations

P _ P — P (1)
Tp¥s—Yo®3 T1ls—Y1%3 Toth—Yotn
which define the coordinates of a line, we take the «; and the y,
to be fixed linear homogeneous functions of the coordinates of a
point of S, sv that these equations become forthwith a parametric
representation of Q. The primals of §; which thereby represent
prime sections of Q form the system @ of quadrics whose equation\

. Ao Yz —Yo )+ - A As(To i — %o %) = 05 ~(2)
and this is the fivefold system of guadrics which conta.m the
rational normal % whose equations are

Ty & Xy g " .\t (3)
Yo ¥h Y2 ¥ "‘\

Conversely, if @ is the system of quadrics thvough a given °C%,
say I', then the freedom of @ is plainly 5; it’s generic d-gurface is
u Segre 1LF*, represented by a system OSLAQ_, ., A5}, and it contains
the curve I' which is represented, say, Bys curve C3(A43, 45, g, 44);
its generic ®-curve is a YC* (residual to IY), represented by
034y, 45, 4,, A2), which ewdenﬂy meets T' in 6 points; and it
follows at once that ® has grade 3. Hence

THEOREM XXT. T'he quathit Q may be represented birationally on
8, in such @ way that its prime sections correspond to the quadrics
which pass through a%@xed rational normal quartict curve L' of S
Solid sections andgbahe sections of £ correspond respectively to Segre
P through, T m‘a& fo rational normal °C which meet I in 6 points.

3.21. Demla of the correspondence.f We now proceed to set out
some of ﬁse more important properties of the representation,
Pmﬁm% these for convenience by the following simple lemma:
m?@ transform of a 4-nodal cubic surface LF® by quadrics through

NhY4 nodes is o Veronese quartic surface in [5].
This is & simple deduction from the known plane representation
of 1F%; but i also follows immediately from the fact that a

thinlfhr is taken to havo parametric reprosentation {Egperry Ea} = {05 6%, &, 8, 1},
€ explicit parametrie representation of L) is obtained by writing

IR i B 3 3

(1913213‘01.91 more detailed account, see Semple, Proc. Lond. Math. Soc. (2,3

= 0.
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reciprocal transformation based on the 4 nodes carries the linear
w0’ gystem of quadrics through the nodes into itself, and the 1f2
into a plane.

We note then the following facts which are all fairly obvious
applications of the ideas set out in Ch. VIII.

(i) T'he chords of T', being fundamental lines of ©, represent the
points of & Veronese surface o on Q2. For thesc chords generate a
cubic primal passing doubly through I', so that they are in bi-
rational ecorrespondence with the points of the 4-nodal gubic
surface 1F3 in which this primal is met by a solid; and the yesult
stated then follows from the lemma given above, s\fﬁté‘ prime
sections of ¢ represent sections of 153 by the primals'®.

(il) To the neighbourhoods of points of T thete, correspond oc!

~ planes lying on Q; and these generate o sextic thietfold W which has
o as double surface. They are plainly the ¢ehi¢-planes of ¢ which
lie entirely on Q. Y,

(i) Po the solids of 8, there correspdutd oo tetrahedral threefolds
on Q (¢f. VIIY, §2.31); and these fopmpthe complele system of quartie
threefolds ¥ in which Q is met by guadrics through o. For, in the
first place, each of the threeftildé in guestion is represent-ed on a
solid of 8, by means of the' quadric surfaces—through 4 fixed
points—in which the solid is met by ®-primals; secondly, the

1 threefold passes throg;gh o because the solid meets every chord
of T'; and, finall {ffé quadric section of Q contains o, then its
homelogue in Sﬂ’,:"“(ﬁli(}h is a quartic primal passing doubly through
', must breale fip into the cubic chord-locus of T and a solid.

(iv) Toythe planes of S there correspond co® Veronese surfuces OF
Q; b%@mong these there are some—corresponding to the vitl”imfs
types\ol secant planes of T—which reduce effectively to cubio
'ssjr.ci]ls, quadric surfaces, or planes. As to these last, we have

y \ v (v} To the oo? trisecant planes of T there correspond the oo’ planes
of eme generaling system, say a-planes, of Q. To discover the
surfaces of S, which represent 8-planes, we note that if a @-surface
consists in part of a trisecant plane of I, then the remainder 18
& cubic scroll which passes through I' and has a chord of this curve
for its directriz. Henge

(vi) There are w0 cubic scrolls p through T, cach having @ chord
of this curve for its divectriz, and these represent the o0® planes go
the second gemerating system of Q. It should be noted, howe?eh
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that the planes of W are a special system of S8-planes which
represent neighbourhoods of points of I

We may note finally the special significance of the representa-
tion in terms of line-geomefry of S;. Plainly o, being a (3,1)
surface on (2, represents a congruence (3,1} in S,, i.e. the con-
gruence of axes of a cubic envelope (dual of the congruence of
chords of a twisted cubie); and the threefolds W, whick form a
homaloidal system on Q, vepresent totrahedral complexes through
the congruence in guestion. Hence N\

THEOREM XXT1. All the quadratic complexes which coniwin o given
(3,1) or (1, 3} congruence are tetrahedral, and any five of theip. have
- one and only one further line in common. \

Y

#

ExsMprEs L&

P\

1. Show that the chords of a rational normal gquarhi® generate a cubic
primal of §; on which the guartic is a double curya\\ J

2, Show that, in the second representa-tion\'qf the lines of [3T on 8, &
special linear complex corresponds to a quatiticieone containing T'. Deduce
that the trisccant plancs of a rational nqrﬁ::d_-] quartic which pass threugh
& given puint generate a quadric coness ™

Establish this result also by taking“the cquations of the quartic in the

form N
EAL NN HES T B S A AR .

3. By considering the sysfeut of solids in S, prove that the quadrie

pr.ima]s of §; which pass t}ii'eugh & given Veronese surface define a homa-
loidal system, "

N

3.3. Associgted triads of quartic curves. The above repre-
sentation leads :iﬁcidenta]ly to an interesting property of rational
normal quasfic curves, originally due to James,} which we may
mentiqt}%ere. The result o be proved is

?‘E:;EQREM xxur. If €, and C are two rational normal quartic
FEues which meet in six points, then all trisecant planes of Gy which
Weet Cy meet @ third associated quartic C; passing through the same
8T points,
0}“‘ Proof consists in taking ¢ to be the curve I' of the preceding
E;_St:atlon, and €, to be a ®-curve ( representing the conic k in which
Bmet hy a plane «, and in then showing that the required curve
o100 Camb. PRil, Soe, 21 (1923), 673. See-also Semple, Journa! London
W“"‘- Sec. 7 (1932), 266; Babbage, Proc. Camb. Phil. Soc. 28 (1932), £21;

Mz;ihman, ibid. pp. 275 and 416; Telling, jbid. p. 403; and Todd, Proc. "
- Soc. (2), 33 (1932), 328. )
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'y is that represented by the conic & in which Q is met hy the
polar plane 2’ of =.

To show first then that any trisecant plane of I which meets (
meets the curve ¢ corresponding to %', we have to show that any
a-plane which meets & likewise meets £’. This js, in fact, obvions:
for if the a-plane meets & in P, then it lics in the tangent prime
at P, which is a prime through »', and it thercfore meets +” in s
point which lies on &' ~

The same argument, with S-planes, shows that &’ mbaets the
same six planes of W as &; so that € and ' meet T¢fnthe same
siX points, and this completes the proof of the thebrem.

The theorem has an interesting extensiont which states that the
relation between the three curves ), (), €4 is gxitrirely symmetrical,
and also that three general cubic primals ¥ith six common nodes
intersect, residually to the fifteen joins afthe nodes, in a general
triad of associated quartics such as yeliave described.

3.31. The fifth associated Eing."'V}e shall show next that the
above theorem, when ¢ degegerates into three skew lines Iy, I,
and their unique fransversal Jine A, yields the fundamental theorem
of four-dimensional line-ggdmetry, namely, the theorem of the fifth
associated line, N

To show this we olserve first that in the argument of §3.2 the
degenerate form abeve suggested is an admissible form for T'; for
it C3(43, 4,, Ay, A,) breaks up, as it may, into the lines A4y
4, Ay, A, Agpand the neighbourhood of A,, then I' breaks up &
suggested.;:s;nd the ®-curves meet each of I, I,, Iy in two pomis
buk d'oipot- meet A. Thus the quadric Q can also be represmte{% on '?4
by ?Q&d’r@'as D through the degenerate form (1, 1,, L, A) of T, and in this
c@sd 2is plane sections are represented by °C* having I, 1y, I; @5 chords.

O With this modification, the surface o degenerates into three
) wplanes, o, oy, oy say, representing the three linear congruenc®
of fundamenta) lines meeting pairs of I, l, I, together with th?
(passive) B-plane, 8, say, which meets these three planes in linés
and the general a-plane corresponds to @ plane which meets I, b Iy

} ( ,X_ford}r
SBB, for ﬂxample, Semy 16, foe, pit, d walki, Puart. J.oof Math. (
( 3), 5. P 1t., and Brono sli,

I By suitable choice of coordinates (£;) in 8,, this parametric represontati
2 may be taken in the form

on of

Pr _ Pa YA 25 s

66 LE LE LG CRGL T L




X,§3 OTHER REFRESENTATIONS OF THE LINES OF S, 265

If the conic k. in the notation of the preceding section, meets
&, g g, then the curve (' is reduced effectively to a line /,, the
rest of it (qua @-curve) consisting of the three lines which meet
I, and apair of I, I, ly; and any general line 618, can be so regarded
asl, Butif  meets oy, oy, oy, 50 likewise must &’; and hence £ is
reduced offectively, like G, to a line I; of 8;. Thus the fact that ali
a-planes which meet k also meet 4" means in this case that all the
transversal plancs of Iy, I,, Z; which meet [, also meet /;. This gives

THEOREM XXTV. With any four gencral lines of Sy there is assogic\
afed a determinate fifth line such that all planes which meet thpfirdt
Jour lines meet also the fifth. : A

The last line is called the fifth associated line 1-elg,tgiyé’ to the
given tetrad. . o\ 3

Since, in S,, the line and the planc are dual foafo’ne another, it
follows that the lines of §, which mect four giyén‘planes meet also
a fifth associated plane. N

ExameLEs \ :x\

L. Prove that the lines of [4] which mest four given planes (and there-
fore the fifth associated plane) germra{:-.é’iau cubic primal contaning the five
Plg-nes and having nodes at the tei points at which the plancs meet in
pairs, ™

(Let wry, org, 75, 7, denote tyhe"gfiven planes; then it is required to find
how many lines incident to.f, toeet a given line I. Suppose that [ is taken
to meet 7, at & point, P\ which case it lies jn a prime TI through wry.
rIl'hen there is ono line thréugh P which meets oy, my, 75, and there axe two
lines meeting I and_ 1-,}:19 three lines in which II intersects m;, 7g 3.}

2. Prove thaphhe trisecant plenes of a rational normal quartic which
mf:e-t a given lifie'sll meet a second such quertic having six points in eommon
with the %‘t},‘ '

3-‘%-';??12 representation of congruences. Returning now to
’thﬁ'iémf)jeet of line geometry in [3], we show how the present

{Tepresentation of Q on S, may be used in the discussion of certain
properties of line systems.

We have seen that a line complex in [3] may be represented by
a threefold which is the complete intersoction of Q with a primal
of some order; from this point of view its properties may be
examined. So also may those of & congruence which js the com-
Plete intersection of two complexes. However, for a general
“ongruence K@, where m o= n, the representative surface # on

is not obtainable as a complete intersection: in fact the primary
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problem in this connexion is that of establishing the existence of
& congruence with given indices. For such a purpose the repre-
sentation of the lines of [3] on 2, and the projection of Q on §,
{§3) are of little use in themselves. As we have seen, the surface
F on Q iz gsnally a special case of a surface having the same
elementary projective characters, possessing improper nodes, and
ather particular features; this will be further demonstrated by the
examples which follow. If instead of the dircet 1'epresent-a-tit¥1 on
Q we wished to use the projection on 8,, we should have taprove
that a surface of given order in 8, can be drawn to mdcha given
quadrie surface in a certain curve, on which it mugtihave a pre-
seribed number of improper nodes; and even for congruences of
low order and class this is difficult to aceomp]isli.

In the following set of examples the methgrds of representing the
simplest types of congruences are outlingdy For this purpose we
require to note how the singular poi nt-&.\}t.ﬁ d double rays of & con-

' gruence are mapped on S; when wese the sccond representation
(§3.2). O "

Suppose that the congruenge\K corresponds to a surface F on
Q, which in turn correspondsto a surface F’ in8,. Then a singular
point of K, corresponding! f:'o'a,n a-plane which meets F in a eurve,
will be represented infdue of two ways:’

{i) by a trisecaaaﬁ%lane of T which meets ' in a curve.
(i) by a poipt\af intersection of ¥ with F.
A double\ré:gf of K, corresponding to an improper node of £,
will be rc@i‘esented by
(i) ca Improper node of F, or
) (Ji‘} a chord of I" which meets #* in two points not on I
- o33 The singular planes of K will evidently corrcspond to cubic
" serolls through T which meet F’ in curves vesidual to I'; but these
are obviously more difficult to identify. i
For further information concerning the following results, s we
as for the classification of quadratic and cubic congruences n
general, we refor the reader to the paper already quoted on p- 261.
Exampres

3 a 2 1 w
1. Prove that an irreducible (1, 3) eongruence is necessarily & ¢ong
of chords of & twistod cubie.

. 3 ; w
2. Bhow that the quadric snrfaces of &, which mect T in 6% Potllj‘:&ﬁ
(2 < < 6) represent goneral quadratio congruences (2,n). FTOve
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the corresponding surfaces on £} are Del Porzo surfaces which are of general

character only when # = 2, 8. .

Show that each of these congruences is contained in at least one totra-
hedral complex.

8how that the eongruence (2, 6) of this type is represented by & Del Pezzo
octavie surface of the second kind (cf. Ch. V1T, § 5).

3. Denoting the latter surface by F, and its image on S, by @, show that
four lines of each regulus of § lic in trisecant planes of T, and that these
represent econies on F. Henco show that the corrcsponding congruence
K9 has four singular points of order four and eight of order two, so that\

it may be indicated by the symbel K£9[44, 28], N
¢. Diseuss similarly the remaining congruencecs of Ex. 2, showj{ig”t}mt
their singular points are given by the following scheme: « \\
K(z,s)[.;l’ 33,98, 1*‘], K(z,s)[ga’ 110], - & i
K[2.4)[32, 26, 16}’ K{2.2J[11I1}' \0 : 7

5. Prove that the normals to & centra} quadric surfaedform a congruence
(6,2) which is containcd in a tetrahedral complex, ‘ahd that the normals
at points of & generator lie on a kyperbolic parabgleid.

Prove that there are eight genecrators af g\sé ¢uadric for which this
paraboloid degencrates tangentially into a{parabola.

Show that the congruence is dual to the type K2 described above.

6. Show that, if the Vercnese su_rfaé:a' & degenerates into a cubio scroll &
and an o-plane containing a generabo? of B, then {) is represented on 5, by
moans of quadries passing through'a twisted cubie €° and a line  meeting
(%, Bhow also that the ¢-cur¥es’ meet I twice and C* four times; end that
the solid containing €3 porr]ésponds to an g-plane.

7. Using this reprogentation, show that a cubic scroll through I corre-
Sponds to a congruered KEO[5L, 38, 24, 11] whose image on £ is a Del Pezzo
octavic mrface of, thg firat kind,

8. Show alspythat o projected Veronese surface having ! as double line
Tepresents, affnngruence K&T[6L, 3107,

8. Usitig\the representation by quadrics throngh T, show thab & general
cubm-}?ei.?n of §, represzents a congruence K3[2%] of goction genus 2, having
?-{ double rays. '

\ 53 Show that a gencral cubic surface, lying in a solid of 8, represents

i thngruenea E#9[69] of soction genms 4, having 6 triple rays; and that,

Kls-ﬁlf‘atsu:fm? meets T' in four points, it corresponds to & congruence
+ 1] without multiple rays.

3.5. Study’s dual representation. We now describe a third

_TePresentation of the lines of [3]; this is due to Studyt and, being

Og ® Metrical character, finds its natural applications in the field
Oireal Euclidean geomstry,

T Bee Blaschke, Differentialgeometrie, i, ch. ix, for a detailed account.



268 THE GEOMETRY OF LINE SYSTEMS X, §3

For the definition of our line coordinates we shall Suppose that
the frame of reference adopted in §1 consists of the Plane at in-
finity x, = 0, and three mutually perpendicalar planes z, =0
(# = 1,2,3). As before, we assume that a given line P is specified
by two of its points (w,, 2y, %, £5) a0d (g, ¥y, ¥s, ¥3); but we modify -
stightly the definitions of p,, p,, p,, writing _

b= {ty—mig0)/d, m = (wy—a90)/d, n = (%o Y3— T3 Ho)/d,

N

where d is the distance between the points in question. Thus
({,m,n} are the direction cosines of p, and satisfy the-felation

. lﬂ+m2+n2 = 1. (s..}‘. ] {2}

The remaining coordinates of p are denoted ]CQ?Z?\, #, v, Where

A = nx,—ma,, B = lpg—nxy, == ma—lr,,  (3)
Clearly we have the identical relation PN
I Amp+agre= 0 (4)

as before. Also the condition Qf ifitersection of two lines, with
coordinates (7, m,n, A, u, v) and @ m’, n, X', ', v"), is

SV = 0. @
The condition that thelines should be at right angles is
,g“g\ll’—hmm’-{—nn’ = 0, (6)

1t thus appea;s\t\hét the 6-vector (p;), which has served hitherto
to specify the\lime p, is now replaced by the pair of 3-vectors
defined by\ (}‘] and (3). We shall write

'S ) (31 m, ??/) = P1s {)l, i, V) = Po. . {7)

In Fdﬁhe of (2) and (4), the vectors p, and p, satisfy the relations
\} (8
) pi=1, P1.Pa = 0. (®)

\m )~ We now require a suitable calenlus by which to treat real line-
geometry from this new point of view. This is provided by the
concept of dual numbers which we proceed to explain.

We define a dual number a-+eb as a symbol in which @, b ate
real and ¢ is an element such that <2 = 0; we call ¢ and b the
real and dual Parts of the number. The sum and product of w0
such numbers g+ b, a'4-eb’ are then defined by the equations

(@+eb)+(a'+eb') = (ata’) (b5, o
{ateb)a'+eb') = aa’H-elab’ +ba). (10



x,63 OTHER REPRESENTATIONS OF THE LINES OF 8, 269

1t is obvious that addition and multiplication when so defined are
commutative. We shall write the dual zero 0+€0 as 0, for brevity.

We next apply this concept to vector analysis. Combining the
veotors p, and p, of (7) we write _

P = p,4+ep, (11)
and call P the deual vector representing the given line p. (learly
any real linc specifies a unique vector P such as (11), whose real
and dual parts satisty the condifions (8): conversely, any such,
vector specifies a unigue line. R

The definitions of the sum, scalar product, and vector product
of two dual vectors P == p,+ep,, Q = q,«q, are as fallows:

P+Q = (p,+an)+e(pa-aa), O (19
P.Q = pl-q1+e(p1-qz+pz-q1),,~~}\‘ (13)
PAQ = Py A qy-+e(PyA Qo+ Padily)- (14)

We may then -verify that the dual veo{ﬁﬁ satisfy the laws of
ordinary vector algebra. Further, the tdiplescalar product P.Q AR
of three dnal vectors may be eva-lu@ﬁed by the above rules.

We observe that, by (8) and (}.3);"

P2 — piil%ep,.py =1L
Henee the vector P may besrepresented as o point of o unit dual
sphere, 2\
)

Wo now prove th A{\ -

The necessary anth sufficient condition that two lines should inter-
sect at right angles s that the scalar product of their corresponding
dual vectors shomld be zero.

~& '

Let PN@’correspond to the lines p, ¢; then, if p, g intersect
st right.iingles, wo have p,.q, = 0, By s+ Pa-dhy = O by (4
and(5). Henceo, by (13), P.Q = 0. Conversely, if P.Q =0, it

\’fozl;lo‘?% from (13) that p,.q, = 0, and P;.dp+Ds. & = 9 These
nditions express the fact that p and g intersect at right angles.

These last two results may be combined in the following
Proposition :

THROREM XXV. The lines of real three-dimensional space can be
represenied by wnit dual vectors in such a way that two lines iniersect
@ right angles if and only if the scalar product of their corresponding
dual veetors vanishes. _ '

So far ag the application of dual vectors to algebraic geometry
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is- concerned, the above result is the most important; its use js
llustrated in the examples which follow.

EXAMPLES
1. Verify that the dunal vectors P, Q satisfy the rclations
P.Q=0Q-P, PrQ=—-QnP, PAP =0
2. Prove that two lincs p, g are parallel if and only if PAQ == 0,

3. Doduce from Theoremn XXV that, if p, ¢ are non-parsllel Hines, the
dual veetor P AQ ropresents the common perpendieular iransversdl o p
and g. (In general P AQ will be non-normelized, i.e. its squage Wall not
be unity, but for most purposes this is immaterial.) ()

4. Prove that, if the lines p, ¢, » possess a common parpén&icu]a-r trans-
verzal, then P.QAR = 0. What conelusion can bc”é’h‘a-wn from the
condition P-Q AR = 07 _ , :

5. Establish the identity "‘\

PA(QAR) = (P-R)Q— (P @R,

6. The Petersen—Morley Theorem. If p, ¢/ %‘}35’, g, v* are six lines in space
Jorming a skew right-ungled hexagon, thew the three lines drawn to mes
respectively p, p’s ¢, ¢'; v, v at vight @hgles have a common perpendicular
transversal. o\ o

The following proof is due to TeaH Denote by P, Q,... the dual vectors
corresponding to p, ¢°,.... Lefim b, ¢ be the three lines in question, with
corresponding vectors A, BNC. Sinee, by hypothesis, p’ is & copmon
perpendicular transversalioP g and r, we may take P’ = Q AR, to within
a scalar multiple, and ;éﬁilarly we may write Q° = RAP, R"=PaQ )

Since ¢ meets gand p’ at right angles, we may take A = PAP.
Henee, by Ex, 8NA = PA(Q AR} = (P-R)Q — (P-Q)R, with analogous
formulae for Baad C. Adding these results we deduce that A+B+C =0
so that A-B A = —(B+C}-BAC = 0. Hence either b is paraliel to &
or &, b, AL h?‘\'e a cominon perpendicular transversal.

7. Aspuming that the dual vector P is a function of a scalar parameter &
shownthat the line p gencrates a ruled surface. Show also that the surfac®
Jsaright conoid with axis ¢ if, for all values of £, A-P = 0. .

<‘ \" 8. If P(¢) reprezents a generator of a non-developable ruled surface, show

that the vector R = PAQ, where Q — P’/~P’2, represcnts the Bgmm'ﬂﬂ
perpendicular transversal to eonsecutive generators p and p;. (The pm_nt
common to p and r is the central point vrolative to the generator o and 1t¢
locus is the line of striction of the surface.) 1

Prove that the line ¢ is normal to the surface at the gorresponding centrs
paint.

Establish the formulae

Q' = —AP4uR, R = —pQ, where A = VP2 and p = p-p/ AP/

T M {3#?;. Gazette 20 (1938), 184 : for other proofs ses Ex. 11, p. 243, and Lyons
and Frith, Proe, Camb. Phil, Soc, 30 (1934), 192,
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§ 4. LINE GEOMETRY IN S,

4. Coordinates of a line: the fundamental identities. In S,
the lines form an aggregate of dimension six; henee it is at once
obvious that the line geometry in this space will he both richer
in content and more complicated in structure than the system we
have so far studied. Also, as will appear, certain phenomena which
present themselves have no analogue in the line geometry of &,
and therefore serve to broaden our view of the problem of line
systems in general. It is clear, then, that our account of the"
subject will perforce be of a summary nature, and that the'rga&der
must be referred to the literature for more detailed information.

We begin by defining the coordinates of a line mS;; this is
effected precizely as in §1. Thus, if (&) = (x,, xl;ﬁg,&‘:’a, x,) and
) = (Yo, Y. Yo, Y2, ¥4) are distinct points of 84,..3?‘7@" see that the
ratios of the determinants ' N4

Py = % gl (0§ = 0;1,2,3,3‘; ¢ # 5

exiracted from the matrix O\

A
(930 P\ ;t:'i)
Yo AN - ¥

~

will be tnaltered if (z) ame () are replaced by any two points
of the line p joining {xyand (y). We now define the ten quantities

\\
Pors 1-"02: _i-?e.?.‘a Por Prz Pias a4, Fosz: Pass P3a

a8 the homogenéous coordinates of p, and we shall frequently
make nse ofthe fact that p,; = —py; (3,5 = 0,...,4); clearly there
18"a (1, 1) Gorrespondence, without exceptional elements, between
the ﬁl}& “and the sets of ten coordinates p;; which, taken in a
”E;“?S\.Q‘r'ibed order, form the components of the coordimate vector
\/Since the totality of lines () has freedom six, it follows that
these coordinates cannot be independent; in fact, by the method
adopted in § 1, we obtain five quadratic identities between them,

namely, 0 _ B
L) = PraPastPasPratPnPa = 0
) = Do PastDasPoatPaoPas = | '
QO = Py Pogt Pr13PoatPsePra = 0 |- ()
Of = Py Pagt-P12PoatPeaPra = 0
Qg}; = Por Pog T P12 Post P l1s = 0
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Here we encounter the first complication of the problem; for the
relations (1), though linearly independent;, must in fact be equiva-
lent to three conditions only, giving seven independent homo-
geneous parameters with which to define a line p. The geometrical
interpretation of this fact will be given in § 5.

4.1. Intersecting lines. The necessary and sufficient condi-
tions that two lines p, ¢, defined by the eoordinates (g;;) and, (Gug)
should intersect, are that all the four-rowed determinants ot the

. N
matrix 2 x ¢\
Q 4 7"\
Y1 Ya G\
X, X, O3
¥, Yo7 L&F

in which |z y|; = 9 [X Y|y = ¢;5 should Yacnish. We thus obtain
five conditions whieh, in virtue of (l)ﬁ:jso}e effectively equivalent
to two. The firsb of these is v

Q%E =2 (?1293%;1“?349'12) == 0,
which is the polarized form of Q0 the remainder are similarly

7]

obtained by polarizing Q.. O®. Denoting the set of relations

by the symbol O = 0we have
N\

THEOREM XxXVig Fudo lines p, g of 8, intersect if and only if their
coordinates saiisfg,‘\vhe relations Q) = 0 (i = 0,1, 2,3,4).

4.11. Ligeatly relaied lines. Taking, as in §1.2, a linear com-
bmatiqn\'ci}ﬁwo or more coordinate vectors, we inguire under W]fla*t
ciroystances every vector so obtained represents a line; usibg
the\relatious (1) and Theorem XXV, wo see that this will be 10
.. case if and only if the lines of the system are mutually .;‘_nter=
secting. We thus obtain the following systems, of dimension 1,

2.and 3 respectively: '
{i) the pencil: there are evidently «o® such systems, éach defined
by a pair of intersecting lines;

(i) the ruled plane: there are oo® such systems, each defined

by a triad of coplanar non-concurrent lines;

(iii) the solid potnt-star; there are co? such gystems, each defined

by a prime (solid) of §,, and a point of the prime; or P¥
a triad of concurrent, non-coplanar lines;
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(iv) the poini-star: this consists of all the lines through a given
point. There are co* such systems, and each is defined by
a tetrad of concurrent lines. Hence

TerOoREM XXVIL. In S there exist the following systems of Linearly
reluted Hnes:
(i) the pencil, defined by a pair of intersecting lines,

{ii) the ruled plane, defined by three coplanar lines;

{iii) the solid point-star, defined by three concurrent, non-coplanay™\
lines;

{iv) the point-star, defined by four concurrent lines not lying ’i’n o
prime. « M

These systems have freedom 8, 6, 7, 4 respectively. “,‘

o
N

4.2. The linear complex. We define a genergl ﬁmh‘:w complex &
as the totality of co® lines (p) whose coordinateisatisfy a relation

AY;
of the form S aypy =0, \\ (2)
where the ten coefficients a; are arpitrary and we may take
0y = —ay,. We say, instead, that the cc:mplex is special if the
¢; satisfy the conditions X
Q%—O&—QL 4). (3}
We note first that co? line@ef & lie in a given prime S, forming
a linear complex in th@-t"@ace. Next, we observe that oo® lines
of £ pass through a generic point P(z;); evidently they lie in the
Prime through P wh‘oae equation is

N 3 agle, X—a; X;) = 0. (4)
The coordmaté\'ector u = {ug,..., #,) of this prime is given by the
Bquatlon \ i - ax, (5)

Whele ﬁ is the transposed matrix of w, and a is the skew-
S’?’mmetno matrix {2,). Now the determinant A = |5/, being
shey- “symmetrict and of odd order, vanishes identically; further-
Wore, the cofactors Aﬁ of a;; in A are found to have the values

(ﬂaaaﬁy—l-ﬂaﬁ Gyt a5y Rap)s (6)
where o, g, s 3 are the subscripts other than ¢, and :
AW (a"“‘ e +a’1‘13 a’y’ax_]_ LY ) (a’j a%gy —1—&‘3‘5 Ty '{_6’5? Tap )s 7)

Where i 5 5, and «, B, v are the subscripts other than i, j.

4.”: See Cullis, Matrices and determinoids, vel, il (Cambridge, 1818), 521
T
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Since A = 0, the five linear forms given by
Uy =Gy, x; (0= 0,..,4) (8)

are linearly dependent, and they all vanish simultaneously at the
point O whose coordinates £, are given by

o/brose = —E1/Poass = Ealboyan = —&s/bo1n = Eslbprns, )

where $,0.5 = Uag Ayt oy Bgg+os g, and where, it will be noted,
any interchange of two suffixes of bapys changes its sign.‘r,\

1t is clear, then, that the skew-polarity defined by (5)s such
that the prime (4) corresponding to any point P alivays passes
throughf the fixed point O and all points on OF fhave the same
polar prime; this point is called the centre of theskew-polarity,
and of the associated linear complex. Thus wie\ have

THEOREM XXVIIE. The lines of a geneml’f@'?}em compler & wk.i'Ch
pass through a generic point lie in o priwie; but there is one point
wniquely determined by £, such t}ga\f}g};é?y line through i belongs

to 2, A4
COROLLARY 1. The lines of & which lie in a given plane form
@ pencil,

COROLLARY 2. The lei?z%é of Z which lie in a given prime forn
& special linear complew; if and only if the prime contains the centtt

of &5 and in thairense the axis of the complex pusses through fhe
centre, N\

Consider, next the case of a special linear complex, for which
the coeflitionts a,; in (2) satisfly the relations (3). In this ca%
all the’Birst minors of A vanish: hence, by a property of ske¥-
syminetric determinants, all the second minors of A Lkewi
vanish, ie. the five primes with the equations a, %, = 0 have &

¢\eommon plane. Thus the centre of the complex is no Ionger # point
\”\" “but a plane; hence '

. . g g sonsist G
THEOREM XXIX. The lines of a special linear complex consist &
all the lines which meet given plane.

This plane is called the axial plane of the complex. 1
Clearly there are oo® general linear complexes but only co® spectd
linear complexes in .

T 1f i s the subscript other than a, , 7, 5, then dog,s = =
i Forug, ~a, # €, = —{ay, £u; = 0,
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ExaMPLES _

1. Show that any line p through the centre O of a skew-polarity of 8, is
such that all points of 2 have the same polar prime IT through p, and that
p and IT meet any prime Z, not through O, in pole and polar plane of
o skew-polarity in . -

2, Bhow also that every line 7, not through O, has a polar plane &
through 0, and that all lines 7 in a planc p through G have the same polar
plane 7.

3. Deduce from Ex. 2 that the lines of a linear complex which meet a
fixed Iine » of general position meet the polar plane of # with respect to the
azsociated skew-polarity. R ¢ M\

4.3, Pencils of linear complexes. Let FU, F@ he lg\eneral
linear complexeg, in general position; and congider t-lle’éystem K,
of lines common to the pencil F®04-A¥3. Cleaply xo! lines of
K, will pass through a given point, forming a p#adil, and one line
of the system will lie in a given plane, namely)the line common
to the pencils of lines belonging to £ and’¥® which lie in this
plane. NN

Consider now the locus of centres,dfi the system of complexes;
if the equations of #® and @ &¥e Y ap; = 0, X aifpy = 0
tespectively, the centre of FUPAF® iz obtained by writing
By = aP+-dal in (9). \Veut-h:dﬁ. see that the polynomialst ¢up,s
are quadratics in A, so that“the locus of centres is a conic; and
K, contains every line Z\ymg in the plane of this conic. Hence

THEOREM XXX. Bhe'general linear co? system of lines in Sy, base
of & pencil of lingan " tomplexes, contains one ruled plane and the
locus of centresoftihe complexes is a conic n .

44. N 8{3:\0)‘ linear compleses. The linear congruence.
(}Onsme‘? Jlext the system K, of lines common to the net

O ' APO PO Ly PO
Nonmed by three general linear complexes. Evidently one line of
Kq will pass through a generic point of §,; the system is therefore
talled a fineq congriuence.

& singular point of K, is defined as one through which there
fa’e‘s‘*s more than one (and thus an infinity) of its lines. It is clear
hat such lines will form a peneil. Since a unique complex of the
?Et ¢an be made to contain any two general lines, in particular
W0 arbitrary lines through a singular point, we deduce that the

¥ It wil appear from § 4.5 that these polynomiels have no common zero.
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latter is the centre of a complex of the net. Thus, the Iocus of
stngular points of a linear congruence is also the locus of centres of
the linear complexes which define it. We call this the singular surface
of K,, We now prove

THEOREM XXXI. The singular surface of a linear congruence is

@ projecied Veronese surface, of which the lines of the congruence are
trisecants.

For the skew-polarity associated with the general co:qaplex\ of
the net has a matrix of the form Aafl+-ua® 4 va®, ofwhich the
typical element is a; = Aa{P+palP+-va. Thus, in (9), the fune
tions ¢, 5 are linearly independent homogeneous/guadratic forms
in A, g, v, and they have no common zero;7 whence, by Ch. VIL
§3, the locus of cenires of complexes of $K& net is a projected
Veronese surface F*. The wo? pencils contained in the net of com-
plexes have the 02 conies of F* ag theinloci of ecentres; and any
two of the pencils have one complexﬁn common, corresponding
to the infersection of the two conigd on F4. _

Now any trisecant of Ft hélengs to the congruence since it
containg three centres of (limarly independent) complexes of the
net. And since we know'that a unique trisecant of F'* passes
through a generic poithof §,, we may identify the lines of the
eongruence with t}{{fo}iseeants of #4, '

4.5. Webs of }\1‘near complexes. The Segre cubic primal.
The lines comipion to a general web of linear complexes fort at
0® system gy, and thus generate a ruled primal V; which may be
regarded @s a natural analogue of the regulus in ordinary spacs
We ghall show that T} is actually the ten-nodal eubic primal alroady
disaussed in Ch. VIIT, §2.392; more precisely we shall prove
AN

\“ THEOREM XXX11. The locus of centres of a web of linear complenes
t¢ @ Segre ten-nodol cubic primal containing the lines common ©0 ’l'ﬁ_g
complexes of the web; and all the lines are incident to @ seb of F%
associated planes lying on the cubic primal.

If we denote the web by AL WLy @O L@ p P9, the -1001]11%
of eentres of complexes of the system is again given parametric® y
by (9), in which the @;; are linear homogeneous functions of A, ]i;
v, p- These equations are equivalent to a representation of t

T This. also will appear from § 4.5.
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loeus ¥, on the space S; of the coordinates (A, p,v,p), by means
of the system of quadrics '

Q= 8y brasat 0 ozaat - 0y Pprzy = 0.
Now any base point of this system must satisfy the conditions

R 1 N
Poass = oz Byt gg Lag T oty = 0,

— 1 J—
Progg == Oa gt O3 ByptB1aay = 0,

o134 == (g3 14— Fgq Fr3)—Bor U5 = O, (1 OK
Porza = (2oa trg——0Cog Uaa) — Gy gy = O, A\
oA\
—Poies = (Gga U1 Goaliya)— gy tys = 0. "\

By substituting the vaiues of @y, a4, @5 given by thelast three
of these equations in the first two, we see that thoséyof the eight
intersections of the last three quadrics ¢ which @g¢'not lie on the .
plane a5, = 0 lie on the first two; and since ap = 0 plainly meets
the last three surfaces at its intersections, w‘}uh the twisted cubic

whose equations are )

G _ oy _ )

T g .,’:“"14,
it follows that ® is an co? systerwal quadrics with five base points.
Hence, by Ch. VIIT, §2.52, the\locus of centres of complexes of the
web is 0 Segre ten-nodal cuic primal VE.

Denoting the five bage\points by Oy, Os..., 0;, we recall that
the neighhourhood of @} corresponds to a plane on Vi, If we now
tompare the equafions {10} with the conditions (3) for a linear
complex to he gpgeial, we see that the coordinates of a base point
O are precisely’a set of values of (A, u,v,p) which render the
Uormspol%ding complex of the web special. Hence the five planes
on V% which eorrespond to the neighbourhoods of the points O;
are thetial planes of five special linear complexes contuined in the

y 'uie\bi\ﬂnd, morcover, these are the only special complexes in the
§ystem, '

Since the lines of K, are common to these special complexes,
they must meet all five of the corresponding axial planes. Hence
thf_}y lie on ¥3 and form one system of generating lines on the
Primal, namely, the one corresponding in the space representation

;{0 the ?YStem of twisted cubies through (0;). Conversely, any
¢ which meets four of the axial planes belongs to the system
K, and mus obviously lie on Vg; we may then identify it with
one of the generating linos represented by twisted cubics through



298 THE GEOMETRY OF LINE SYSTEMS . Xt

(0,), whence it follows that the line meets the fifth axial plage;
that is to say, the planes form an associated set.
Incidentally we have obtained the following result:
COROLLARY. A general web of linear complexes contains five special
complexes.

4.6. The elliptic quintic scroll. From the above results we
have

. F 4 \
THEOREM XXINT. The lines common lo five linear comglezes
generate an elliptic quintic scroll; and the axial planes of the Shspesial
complexes contained in the linear system defined by the given five med

the scroll in cubic curves. P !

This follows from the fact that the lines i"(x’\qﬁest-ion are those
common to two Segre cubic primals throughla'projected Yeronese
surface; by the formulae of Ch. IX, §5%2, these primals meet
residually in a quintic surface whose¢séétions are elliptic. Since
any axial plane of a special complex\éohtained in the system meets
the cubic primals in a cubic curve temon to both, it follows thab
this curve Jies on the scroll. v~j~’ﬁ "

Conversely, any plane Wh.l@h mecets the seroll in a cubic curve
is the axial plane of a gp’ecfal complex contained in the system;
for it contains a direcfrix curve of the scroll and so is met by al

the generators, . ¢\
. \? ) . IR & have
Since five generators of this seroll meet a generic plane, we

THEOREL'L%XXIV. Siz linear complexes in general have e
COMIMGY: E;[fn{egl
T}ge{e}fhes form an associated set; for four of the lines in gener 2l
deﬁm:\a linear cof system of complexes which contain them, LE.
the system defined by the six given complexes; and hence anj;
“\plane which meéets four of the lines is an axis of one of the @

special complexes contained in the system, and so meets all five
lines.

COROLLARY. Siz planes of S, are in general mel by five associated
lines. :
This follows from the duality of line and plane in S, .
¥or farther information concemning the linear complexes !
reference may be made to Castelnuovo’s original paper. T
T Atti Ist. Veneto, (7) 2 {1801), 853,

n 8
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ExsMPLES .
1. A null system is defined by the correlation w; = X ay;%; (3 = 0,...,4),
)

where ¥ wya;, = 0. Two points P, P’ are said to be conjugaic with regard
to the systomn if’ P’ lies in the prime (u,) corresponding to the point P(x;).
Prove that the totality of lines PP’ generate a linear complex.

2. Show that any special linear complex can be represented by the
equation pg; — 0, and that the cquation of any general linecar complex can
be writhen in the form apg, -| fps = 0. What is the centre of the latter?

3. Prove that the lines of a system K, which meet a given line generatp
a quadric point cone, and determine the vertox of the cone.

4. Taking the parametric equations of a rational normal quartic ’cimve
i the form etz twy ey, = 1it:82:88:¢%, show that the fangent®'to‘the
wurve are contained in a net of linear complexes. G Dy

Prove also that any general net of linear complexes is.the Eystem of
comploxes containing the tangents to a rational normel quartic.

5. Prove that the lines of a linear congruence whishpest a given lins I
generate a cubie seroll having I for direcfrix. \

By supposing I to belong to the congrience, gle'déc‘e. that all the lines of
the congruence are trisecants of the singulax garface. Also, by considering
the lines of the congruence which lie in a grnferf S5, show that the singular
surface is ent by 8, in a quartic (3,1} eprvé’on a quadrie surface.

Hence prove that the surface is o Bm'jéétcd Veronese surface.

6. Interpret the results of Exampleé 15-1% on Ch. VI in relation to the
geometry of a linear congruence ofiS,.

_7. Prove that g unicque Sefre cubie primal can be drawn to contain a
Erven projected Voronese 3§ce F and an arbitrary plane. Deduce that
there is an oo8 Tinear syétg\m“of such primals throngh F.

_If’“hjﬁ system is repigseniod upon the primes of §;, show that a general
Pomnt of Sy, which debormines a unique trisecant of F, corresponds to aunique
Poms of S;, but 'th&ib the latter corresponds to all the points of the trisecant.

8. Show that two projected Veronese surfaces have in general five
fommon frigeeants,
th:. G‘“’én that the locus of eentres of the linear corzaple}.:es of a web is
~ éhsﬁ'gm Priraal ¥§ of which one system of gcnera,tirfg lines is that common
8 complexes of the web, determine what pencils of complexes in the

Otrespond to the remaining five systems of generating lines on 71

Inm.h Discuss the system of lines which meet three given planes of S,
What respects doos it diffor from the general linear congruence ?
L1ove that the lines which meet four given planes generate a Segre cubio
Prmal, and deduce thet six given planes are in general met by five lines.

5 § 5. THE REPRESENTATION ON 8,
o The manifold M5, Proceeding as in §2 we noxt obfain .a
*Presentation of our line systern by the points of a manifold; as
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before, this is effected by taking the coordinates Py of a line p
o be homogencous coordinates of a point which, in the present
instance, will be situated in S,. Since the aggregate of lines in 8,
has dimension six, the resulting manifold 3 will also have dimen.
sion six. Its prime sections will correspond to linear complexes;
and, generally, its S, sections (3 < & < 8) will reprosent line
systems common to 89—k linear complexes. Thus the order of I,
ie. the number of points in which it is met by a generic S, is
equal to the number of lines eommon to six general lincareom-
plexes; and this, by Theorem XXXIV, is five. We shall dehote
the manifold by J3; the section genus of M3 is equa{' b that of
the scroll of lines common to five general linear .complexes, 80
that the [4]-sections ave elliptic quintic curves. JHence

THEOREM XXXV. The lines of S; can be repfestnted birationaly
and without exception, wpon the points of o wpewifold M3 of Sy, whost
curve sections are elliptic. AN

It is interesting to deduce this xesnlt independently from the
equations of §4. Fach of the &jwations (1), iterpreted geo-
metrically, represents a quadeic’ primal of Sy; and, since the
equation of each is expressédh in terms of six coordinates only:
the primals in question ar&}3]-cones.

Consider now the thiree cones whose equations ave Q® =0,
O® = 0, O = 0; thede intersect in a manifold V§. Writing he
equations in the form
> PuPa = PosPr—Pos Prss

\X

¢ ' 1
N Po1Pes = Poo Pra=Poa Prss w
O~ Po1Pps = Pog Prs— Pos P1z»
W?'{g‘% that V§ contains the V2 whose equations are
N ' @

2\ “\ P =0, PoalD1z = PpalP1a = Posa/Pra-
\/ We now show that the residual component M3 lies on the coné

Q0 =0, OO0,

Multiplying equations (1) bY D13, Par» Pyg in order and adding
we obtain :
Por{P1aPsa+DrsPaotPraPos) = O

T
Rejecting the component p,, = 0, which does not contalll M;

there remains QO — ¢, Similarly we may show that M3 Lies o1
o _ g,
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Next, to show that the manifold M} has elliptic curve sections
we consider a generic S;-section of the cones Q@ (§ = 2,3, 4); we
thus obtain three general quadric primals in §; passing through
the cubic curve in which S, meets the manifold ¥ represented by
(2}, This curve is rational; whence, by the formulae of Ch. IX, §1,
we deduce that the residual intersection of the three quadries is
an elliptic quintic.

As an immediate consequence of Theorem XXXV, we have the

COROLLARY. A soroll of order n in Sy is represented on Mg b &
curve of order n. N

For the number of generators of the scroll which medl s plane
7 is equal to the number of points in which the qoﬁresponding
curve of M2 is met by the prime which corresponds’to the special
linear complex defined by . S)

5.1. The lnear spaces on M;. In #hig and the following
sections we examine briefly the chiefsproporties of M. Here the
contrast between line geometry in Sand S, is marked by the fact
that, instead of using Mg as a mears to discuss the linc systems
in 8, it is at first more practigé,bld to reverse the procedure.

The only linear spaces of varous dimensions whick the manifold
M can contain are those(@erresponding to the systems of linearly
related lines in 8. F,Izc‘)h} what has been said in §4.11, there will
be two main typeg,,\q}ﬁhely, .

(i) oo Planfas\ pyrepresenting ruled planes, and
(if) oc* solidhs’ S, corresponding to point-stars.

Includedin (ii) there are oo® lines, representing the pencils of S
and og¥ planes o, corresponding to solid point-stars.
¢ Qpn'sider first the system of lines. From §4.1 we see that two
(s p, g of S, intersect if and only if the corresponding points
3 Q are conjugate with regard to the cones O® containing ME;
thmMns"leans that the line PQ lies on all these cones and therefore
on 3.
. The totality of lines ¢ which meet p, and the pencils which such
lines form with o, correspond respectively to the points and
generators of a conical manifold ¥, with vertex P, lying on M3
Th‘? order of 7, is equal to the number of lines which meet p &n_d
which Tie in a general web of linear complexes. By §4.5, this
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number is three; also all the generating lines mast Lie in the ta
space §; to M3 at P; hence

THEOREM XXXVI. The aggregate of lines which meet a given line P
of 8y s represented by o conical mansfold V3, with vertex P, which iz
the section of M3 by the tangent space Sy at P. '

Evidently F§ contains the ool Y-solids correspanding fo the
point-stars whose centres are on p; it also contains the oo2 p-planes

-corresponding to the ruled planes passing through p. These solids
and planes are the joins of P to the gencrating planes“qnd
directrices respectively of a rational normal VE of S5 (GRVIIL,
§2.21) in the tangent S, at P. O

Consider next the system of p-planes; since a ruletl plane iy
uniquely determined by a pencil of lines, it fo]]\oi}rs that a single
p-plane can be drawn through a given line of\AI3. And, as we
have already remarked, through a given peiut of M§ there pass
oo* p-planes. In general two ruled plagédyHave no common line
but, exceptionally, they may meet inaline. Hence '

THEOREM XXXVIL. Through any, liné of M2 there passes a single
p-plane, and through any point Of M3 there pass oo? such planes.

In general fwo p-planes do ngéxf}iéet; but, if they intersect, they meet
only in a point. N

ngent

The o-planes are less gigmificant in the theory since clearly they
congist of all the pl 168 lying in the Z-solids: we therefore confine
our attention to th i&tter. Their chief properties are expressed by

THEOREM XXXVIIL. Through any point of M} there pass oo
Z-sohids, and\through any line or a-plane of MY there passes 0n¢
such solide\"Any two S-solids meet in & poini.

Thefiest of these properties has already been noted above. A
reg%i"g:l‘s_the others, any Jine or o-plane of M & corresponds to a pencil

¢o1s0lid point-star, whose centre defines a unique point-star con-
taining the lines of the given system. Also any two point-stars I
& have a unique line in common, namely, the join of their centres.
Examrizs

1. Prove that M§ is the base manifold of s Jnear oot system of quacri®
[3]-conos, whose vertices are itg Z-solids. '

2. Show that, if two p-planes do not meet, thero is a unique
which meets both planes in lines,

3. Bhow that two o-planes do not in general meet; but that they ey
intersect in a point or in g line,

s1.aolid
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4. Show that & Z-solid and a p-plane do not in general meet; but that,
if they intersect, they have a cornmnon line.

5. Prove that, if & p-plane and a o-plane intersect, they may do so
either in a point or in & line.

8. Show that the oot lines lying in a solid of 8, correspond on M{ to a
quadric M3 of 8; and that one such quadric passes through two generie
points of M.

Show also that two such quadrics infersect in a p-plane, and that three
of the guadries meet in a point.

7. Prove that the p-planes which meet & given o-plane in lines of & given
pencil generate a quadric cone Vi with vertex at the vertex of the peneil.

5.2. Prime sections of M. We consider next the\prime
sections M3 of ME These correspond to linear complexts of S;;
and there will he two types, those which conespeﬁd ‘to general
and to special linear complexes respectively. "

As regards the first, we have seen that a’general complex has
& unique centre (§4.2), such that every line’ through this point

7

belongs to the complex. Hence: \

The generic prime section of M3 conlains o wnique Z-solid.

In the second case, we are carfoefned with a special complex
whose lines meet a fixed axial;lﬁla,ﬂe . Tf T is the corresponding
prime of 8, and if p, is the plane of M3 corresponding to w, then
T conteins the tangent {6} to M3 at every point of po; for, by
Theorem XXXVT, thég'?eetion of Mg by any such tangent [6]
corresponds to the éﬁ%ﬁ}gate of lines of S, which meet a line of #:
Also T containg ,i]i all oo? solids T (all meeting g in lines) which
correspond to*pbint-stars of 8, with vertices on 7. We now note
the followingwignificant property of M3:

Eﬁewwgent prime of M3 touches this manifold at every point of
a pﬂl@?@e. .

~ :FQI‘ to any prime containing the tangent [6] to M3 at a point P

’ t_}-*erﬁ corresponds a linear complex of 8, which contains all the

hnﬁs meeting the line p corresponding to P; and since, by §4.2,

8 lingar complex cannot have a central line without being special

thaving & central plane), it follows that the prime in question
touches M3 at all points of a p-plane. Hence:

THEOREM XXXTX, The section of ME by a general tangent prime
whose plane of contact is p conlains wo? Z-solids, and it corresponds

0 the special linear complex of 8, whose axial plane 8 that corre-
Sponding to p. ' :
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5.21. Seif-duality of M3. We observe now that I 2 has only
o® tangent primes 7' and that these correspond biunivocally with
the oo planes of §,. This leads us to

THEOREM XL. The tangent primes to M3 form a developable A}
(system of c0® primes, of class 5) which is dual to M3, and this duality

corresponds to that between lines and planes of S,.

To prove this we consider the plane = of S, which is the inter-
section of primes (J,....,) and (my,...,m,); and we define{the
coordinates 7;; of 7 by writing _ O\

L L

my MWy
in the same way as we defined the coordinate§ Of a line. The
line p which joins the points (%,,...,2,) and\gy»..,,) has coordi-
nates p;; and it meets # if and only if

Lyt 30y0+..:}]>\l;y4 l_ o
MLy ..., 2, muyu«i{.;.—l—ﬂt-4y4 [ '
This gives > Tii By =9,
and this means that the coqui"mltes my of o in 9, are identical
with the coordinates of the\tangent prime of 32 which corre-

sponds to the special complex with = as axial plane, This proves
the theorom, \

By a-ssocia,ﬁing_nr\t&’p]ane of 8, with its polar line with respect
to the quadrie.img — 0, plane and line having then the same

0 .
coordinates,jv\e can interpret the self-duality of M3 as a definite
(1,1} coprespondence between its points and tangent primes. _Iﬂ
this c\ciwspondence we find easily, for example, that to a p-plan®
of MR 'there corresponds a, tangent [6], and to a Z-solid of ¥ 5 there

m(f.o’“ri"ésponds a [5] which meets M 2 in a quadric M3,

' 5.3. The representation of MS on S;. To diseuss sections
of M by spaces of lower dimension than a prime, it is gonvenient
to make use of a hirational projection of the manifold on t0 &
space S, this giving a representation of tho lines of S on tb°
points of §;, analogous to the Schumacher representation of the
lines of Sy on the points of §,. The projection in the present Caﬂ?
will be from a p-plane of A3, say p,; and we proceed now 0 sho
that M3 projects birationally from Por

It we take Pe 88 We may, to be the plane corresponding to the

"\
% N
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iraded) plane = of 8, whose equations are x, = x; =0, then p, is
the plane joining the reference points Py, By, Py in S, and we
may take the Sy of projection to be thai whose equations are
Py = Pog = Pos = 0. Consider now the equations of Mg as dis-
cussed in § 5. We saw there that M3 is the intersection, other than
a V2 in the prime po, = 0, of the three quadric cones given by
equations (1); and we now chserve that, for p,, 7 0, these three
equations define pg,, gy, Doy Tationally in terms of the remaining
seven coordinates. In other words, a generic point @ of S is the.
projection from p, of a unique point P of ME, i.e. the projechion
of M3 from p, is birational. AN,
From the same equations also, we see that prime sections of M3
project into quadrics of the linear «o® system @ whosé equation
n §; is A\
b =py U‘f‘)‘(iﬂuapu'—?o:;?la)+#(Puzfp14—f3{iif’12}+
+V(Pn{15{1§l—;inuspm) =0, (1)

where U is a linear form, with arbitpary coefficients, in the seven
coordinates of a point of §. Plainly\these quadrics all pass through
the planar V3 (described in Cho¥1II, §2.21) whose equations are

Pon =0, 13902??}12 = Pos/P1s = PoalPrs> (2)

and they are the complete system of quadrics through this V3.
It follows therefore, fliat M is represented hirationally on S by
means of al] qua,d:iﬁ through a planar ¥§ which lies in a prime,
L say, of §,. oo™
Congider n\qw\ the prime I1 and the base locus V§ from the
Pﬁlillt of view of the projection. Plainly II is the projection of the
Prme Zpawith equation py, = 0, which touches M} at every point
of pg\and V% is the projection of the section of M3 by 7p. This
LS80 corresponds to the special linear complex of lines of 8§,
Weeting 7; it contains oo? Y-solids, representing stars of 8, with
vertices on wr, which meet p, in lines and project into the co?
directrix lines of 72; and it contains oo! quadrics M3 through pg,
fepresenting solids through =, which project into generating planes
of V3. Bach point of V3 is the projection of a o-plane, lying in one
of the 3-solids and in one of the M3, which meets p, in a fine. -
: t-thm the viewpoint of the representation of M§ by means of
1€ quadrics @, we note that V2 contains oo quadrie surfaces Iying
10 solids which fill T simply and completely; and these solids,
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being fundamental for ®, represent the points of £as each one of
them being the projection of the tangent [6] to M35 at one such
point. The o0® quadries VZ of II which pass through V3 are all
line-coues, T each of them projecting 7§ from a directrix line; and
they represent the lines of p,.
The co* Z-solids of M3, other than those which meet #o in lines,
progect into the solids through generating planes of VE; and the
p-planes, other than p, itself and thoqc_, which meet p,, pro;ect
mto planes through dircetrix lines of V3.
In conclusion, then, we have O

2\

THEOREM XLI. The manifold M} projects bimm'omlby\fmm iy

p-plane of itself (representing a ruled plane of [4]) 00 to S, end the
resulting representation on S ts by means of quasdrics through a
rational normal planar V3, lying in a primeJl of S;. The whole
prime } corresponds exceptionally to the ploud vertex of projection p;
and the points, divectriz lines, and gener 'n? planes of V§ correspond
ea:ceptwmlly to o-planes which meet p‘@a%mes, 2-solids which meel
p in lines, and quadrics M5 on M} wkwk conlain p, respeclively.

We pass on now to space see‘alons of MB. A generic prime section
of M} contains an infinity of w-planes; and by Theorem XXX, 2
generic secundum sectiopcontains a single p-plane. Henee, taking
sections of the previou§\ﬁgure we obtain the following results:

COROLLARY 1. m generic prime section M3 of M3 is rational,
and ©s representdble on Sy by quadrics through a cubic scroll.

COROLLARING, The generic secundum section MG of M3 is rational,
and is T‘?f??"?}éﬁmble on Sy by quadrics through o fwisted cubic curve.

The%béve method is inapplicable to the section of M§ by #
generit space S, since this section docs not contain a p-plane.

P i"or many further details coneerning Mg, the reader may copsult 2 P&PPE
by Todd, Proc. Lond. Math. Soc. (2) 30 (1930), 513, For a different metho

of deriving the above and other representations of Mg % and its projections:
soc Semple, ibid, 500,

Examrres

L. Intorpret, in terms of M}, the eondition that a given linc and plane
of S, should intersect,

T The fact that these V3 are all line-cones means that a @- quadric camnnob h&‘:
a double point outside TF without sequiring a double plane, ie. every P
which touchos ME at a peint touches it at every point of a plane.

1 These project into lines lying in generating planes of T3.
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2, Extend the duality of §5.21 to a complete table embracing all the
important spaces related to M.

3. Bhow, by the methed of duality or otherwise, that a generic {6] which
containg & plane p of ME lies in three tangent primes. Deduce that, if a
Hnear congrnence in. [4] containg & ruled plane, then it consists of all the
lings which mcet three fixed plancs.

4, Fgtablish tho converse of the result given in the last example, and
deduce thet the trisecant planes of M} are dual to the spaces [6] which
contain a plane p.

5. Prove that the M% in which M} is met by a gencric [6] throughla®
plane p is & Del Pezzo threefold, representable on S, by means of quadries
through three points. Deduce that it contains three planes ¢ chting\the
plane p in lines. QO

6. Prove that the genoric {5] through a plane p meets MJ residually in
a Veronese surface intersecting p in & conic; also that this sﬁi-face represents
tho system of lines in [4] meeting four fixed planes Whigh:pdssess a cornrmnon
transversel plane (meoting them all in lines), the linga“of this plane being
excluded. A\

7. Bix lines in [4] have a cornmon transverséé dine ).:I prove that there is
% unigue plene, not through A, which mees the six lines. (First formulate

the dual theorem in [4].) v

8, _Prove that, in general, a {5}-sg'eet'fdn of M§ residual to & plane ¢ is
& rational quartic seroll meeting o i\ conic.

9. Bhow that the generic [5]:séc€ibu of MF is a Del Pezzo guintic surface,
répresentable on the plane hyicurves G2[1¢].

Show that this surface, §iid therefore also ME, projects birationally from

any plane which meets’\'KNii a conic.

10. .ShOWs by the wiathod of the last example, that the generio [6]-seotion
of Mis o rational I4%, and that this is representable on 8, by cubic surfaces
through g 0, ()

v Obtain the ~§a€me result by asscciating the trisecants of & projected
mnese.{{rﬁcﬂ in [4] with the points in which they meet & fixed S;.

&«
&

§ 6. GENERAL LINE SYSTEMS TN 8,

O
6)'The line systems we have hitherto discussed are those which

correspond to space seetions of M3; in the following paragraphs
we shall describe very briefly the general line systems of various
dimensiong in S,. First, we consider the main characteristics of
:E:SB 8y Stert}s im their purely geomotrical aspect; the'n We'examine
) dppropriate numerical characters for their specification; &I_Ida
Atly, we state formulae for the intersection of two or more Jine
Systems in 8|,

As we have seen, there are, in all, systems of five different
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dimonsions to be considered, represented on Mg by manifolds 7,
(1 < k < 5); these we denote by the symbol {£}, for brevity.

6.1. Systems {5}: the general comples. The system corre-
sponding to a ¥} is called a complex; it may be provedt} that any
such manifold must be the complete intersection of M} with a
primal of some order m. Thus the equation of the complex, in
terms of the coordinates py;, will be of the form F(p,;) = 0, where
F is a homogeneous polynomial of degree m n py,. C]e&rlykhe
o0? lines of the complex which pass through a given point ligwon
a cone of order m, and those which lie in a given plane entelop
a curve of class m. If the complex is of general chq{facter, the
sole number m suffices to describe it completely. :‘f:.

6.2. Systems {4}. Corresponding to a mqﬂl}‘fﬁld ¥V, we have &
line system {4}. Through a given point of Sythere will in general]
pass co! lines of the system, lying on a ¢ohital surface of order #;
and in a given plane there will be a.fiftite number # of lines of
the system. We call m the order axd » the eclass of {4}, In the
representation on M, m andle are the respective numbers
of points in which ¥, is met bya g-planc and a p-plane. The oc*
lines of {4} which lie inQ:a;’,’g’iven prime form a congruence of
indices (m,n). o~ .

The order of 1] is equal to the number of points in which it 15
met by a genersah{ﬁfface section of M3; it will be shown in §6.3
that this numhehis 3m+2n. .

- The variou projective characters of ¥ will of course give Yisé
to other mbmierical characters of {4}, besides m and %, but 10
detaﬂ%lzgtudy of these has yet been made.

N\

.933- Systems {3}, General and special congruences. The
. 8ystems of dimension three are in certain respects analogows ko
S ine congruences of ordinary space; we shall therefore call thet>
congruences. Through a generic point of 8, there will pass # finite
number m of lines of the congruence; and in a generic prime therﬁ

‘will lie oo! lines of the system, forming a scroll of order ». Wo e
~ m the order and «# the class of the system. "
In order to define a general congruence we first exclude )E'hm.

oo® line systems for which m = 0. Each of these generates primas

T 8oe Note & (iv), p. 2045, :
¥ The exceptional case i the system of lines lying in & prine
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and it has been proved (see the Examples on Chapter I) that they
fall into two groups:

(i) the general quadric V§: through each point of this primal
there passes a conical quadric surface of lines;

(i) the planar primals:t in this case the lines are distributed in
o' planes, one of which passes through a generic point of
the primal,

We call these restricted congruences, since no lines of such
systems pass through a generic point; the other type we call
wnrestricted. SO\

Consider an unrestricted congruence K, represented on\ ¥ by
& manifold ¥;, and let p be a generic ray of K, corrgsgdﬁding to
the point P of ¥;. At P there are co? tangent liissvtd ¥, lying
in the tangent solid S, at P; these give mys.er)'ﬁ%cutive to p.
Now we have seen in §5.1 that there is a conb K3 of lines through
P, lying in the section of M3 by the tangent.space J; at P. Since
this cone will be met by §, in three linesiwé have

THEOREM XTI Any ray of an uniestFicted congruence is met by
three consecutive rays. R\ '

This may be compared with-ghe result established for line con-
gruences in S, (§2.34). The thiee points of intersection of the given
tay with its consecutive ¥ays are called foci of the congruence.

We may expect that fhe locus of the foci of the co® tays will in
general be a primal\Tt may, however, happen that the locus i3
3 surface or curker Consider, for example, the congruence of
trisecants to asuiface in §,; here the locus of foci is the surface
itself —in th{@xfespect the congruence is analogous to that formed
by the 'Ol@fds of a curve in 8,. _

Ifjs.l)e}e exists a focal primal, we say that the congruence is
Yeneral; in that case we may prove

LT — The rays of a general congruence are tritangent
1o the focal prival, .

The demonstration of this result, which is due to Segre,] is
outlined in the Examples below.

In the representation on M%, the congruence corresponds to &
threefolq ¥ which meets each Z-solid in m poiuts and each guadrio

ain a curve of order n. The order of ¥ is equal to the number

§ o these seo Roth, Prac, Lond. Math, Soc. (2) 33 (1932), 115, and Welchman,

T:;icamb. Flil, ec, 29 (1933), 103, 1 Rend. Palermo, 2 {1888), 148.
v .
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of rays which lie in a linear congruence generally situated with
respect to 7;. We now show that this number is m--%. The -
proof depends on two simple results:

(i) the number of rays of the congruence which meet a given
plane and a given line is m--n; this is obtained by assuming
the line and plane to intersect;

(i) the number of rays of the congruence which meet three
given planes is m4-2n; this follows from (i) by suppoai{g
that $wo of the given planes lie in a prime.

If we now assume that the linear congruence in questidn)is the
intersection of three special linear complexes, we féguire the
number of rays which meet all three of their axial plémes: and this
is m+2n, by (i). K7,

Returning to the manifold ¥, of § 6.2 which¢répresents a system
{4} of characters (m,n), we first observe that a general lnear
complex meets the system in a ebngmenbe of order m and class
m+n. By what we have proved, thesbhreefold which represents
this congruence is of order m+-2(@¥n); that is to say, F is of
order 3m-2n.

o

*

6.4. Systems {2}. Ruledprimals. We come now to systems
‘of co® lines; assuming,fthat these are not sub-systems of t.he
restricted congruences,‘considered in §6.3, we see that a finite
number of the lineg\will meet a given line in §,. Thus the 1111'_34i
generate a prirpﬁl' which we shall call a ruled primol. In certal
respects it isagalogous to a ruled surface in 8;; there may, how
over, be egsential differences between the two types of manifOI.d-
Thus “Qz“ﬁrimal may be multiply ruled, i.e. through each of 119
points there may pass a number g (> 1) of generating Iines:'vi’l3
callip the index of the system. These may form an jrreducible
(Eysiem, as on the general cubie primal, for which p = 6; OT t'heji
ay form two or more such systems, with different values of
for example, on the 6-nodal eubic primal there axe three systems
two with index 1 and the third with index 4; and on the Segr®
primal there are six systems, each with index unity. It is ﬁlea;f
that in all cases p < 6, since the number of generating lines 1(1
finite) through an ordinary point of the primal cannot exceed t ¢
number of 4-point tangents there, and these are the intersectio”

of the tangent prime with the polar quadrie and polar cuhic ¢
‘the point in question.
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We now define the ordor m and class n of the raled system as
the respective numbers of lines which meet a given line, and which
lie in a given prime. For a system of index yx i6 is plain that the
order of the primal ¥ generated by the lines is mju.

We assume henceforth that V is simply ruled, ie. that g = 1;
this is the case which corresponds exactly to that of a scroll of
order greater than two. In general V will possess a double surface
F, locus of intersection of pairs of generators; on this there will
be a curve O, triple for V and for F, locus of intersection of triads®
of generators; and € will contain & finite number of quadfuple
points, at which coneur four generators; these points are quadriple
for V and sextuple for F. A ruled primal with no othér faultiple
points than these is said to be endowed with normabsingularities;
for such manifolds there holds the foIIowing;t};léOrem, due to
James:} -

THEOREM XLIV. If V is o simply ruled @}mal of order m, with
normal singularities, then each genemtogaqu s mek by m—3 ofhers,
at points of the double surface. \ '

This result corresponds to the property of ruled surfaces estab-
lished in Ch. VII, §4; the proof'is indicated below.

The generators of ¥ will be represented on M3 by the points
of a surface whose order{ds.the number of gencrators of ¥ which
lie in the system K,¢ommon to two linear complexes. If, as
before, we assume tha }hese are special, with axial planes =) and m,,
W see that the number of generators which meet: o, and 7, is m+n.
This result; is V:Fﬂid for both multiply and simply ruled primals.

6.5, ufed\surfaces in 8, As already remarked, a ruled
B“rfaf}?‘ order m will be represented by a curve C* on M3; the
EeMUs P of O™ will bo that of the ruled surface. If the latter is

A geheric seroll its only singularities will be a finite number of
Wproper nodes, at which concur a pair of generators; correspond-
18 to these we shall have a finite number of chords of Cm which
e on 27%: om itself will be free from multiple points.

Qn the gther hand, if the given surface is developable, its image
q 18 characterized by the fact that all the tangents to the curve
Le on g 3 These results are similar to those obtained in §2 for
ruled surfaces in 8, : _ .

:T Proc. Lond, Mazh. Soe, (2) 28 (1928), 181. For other resulis conoemiﬂg ruled
+ 566 Roth, ibid. (2) 35 (1933), 380.
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6.6, The generalized Halphen Theorem. Any two systems
£}, {j} of 8, will in general meet in a third system {i+j—8)
(¢-+j = 6}; in particular, if i+j = 6, they will in genera! have a
finite number of common lines. This number is deducible from
a formula analogous to that established in §3.1.

We havoe already defined the characters (m, #) in the cages i = 4,
3, 2; now, in order to state the formula in general terms, we adopt
the convention that & complex of order m is also of class m, and
that a scroll of order m has class zero. We may then prové

THEOREM XLV. Two systems {i} and {j} (i4) = 6) 10’8 with
characters (m,n) and (m',n’) respectively, have in generdl_mm’ -+’
common lines. N

S

The result is obvious in the case i = 5, j =(1%Tor, in general,
a primal of order m meets a curve of order w.in mm’ points. For
the proof of the remaining cases we refer the reader to James's
paper on the intersection of line syster@s which is guoted ab 1th
end of the chapter. The theorem masralso be applied to determine
the order and class of the system {i4-j—6) when i+j>6;
examples of this application will¥be found helow.

Examprrs NG
1. Determine the order &nd class of the system of lines in S, which are
() incident to a giverﬂ:surface,
(b) incident to & g?s@n curve,
(¢) incident to tWo given lines, or to a line and a conic,
(2) bisecant, Qto‘a“given surface or eurve.
Describo the singular clements in sach case.
2, Show.:fh}).t a congruence (m, ) in S, projects into a complex of orde?
n in Sa&nd that a ruled system (m,n) projects into a congruence (%
in Sl
,$iBhow that a curve O on M3 corresponds in general, by the representd-
(60 of §5.3, to a curve C7 meeting the hase P2 in m pointd. ‘ al
" Deduce that a scroll of order m and genus p in S, has in gencr
Hm— 2)(m—— 3)—8p improper nodes. i Soe
(This mode of derivation is due to Todd, Journal Lond. Math. 5%
7 (1932), 194.) ’
4. Discuss the properties of the rationel cubic and quartic serolls of %
the point of view of their representation on M N !
. . e ¥
&. Examine the representation on M3 of (i) a planar primal, (I} & SImPS
ruled primal, {iii) a multiply ruled primal. . £ 8
. 6. Prove that the congruence of lines on a general quadric pl‘il_m‘1 (} S‘-
18 represented on M{ by the Vi which is the Veronesean of guadrics 0t =3

from
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7, Show that a.surface F on M corresponds in general, in the Tepresenta-
tion on Sy, to @ surface F” of the same order which meets the base F2in
a simple or multiple curve of F.

8, Determine the characters of the line system comimorn to

{i) two complexes of given orders,’

fii} a {8} and & {4} with givon characters,

{fii} a complex and a ruled systom {2},

{iv) three given complexes,

9, Prove that the rays of a general congrusnce K({m,n) which meet a
given line generate a scroll B of order m~n. What curve corresponds to
B on the manifold F; which represents K on Mg

Given that V; is free from singularities and that R has rank r, proyeshat
the foeal primal of K is of order +—2n (cf. §2.35). (Tho order of Ot’h‘& focal
primal ¢ is equal to the number of Z-solids passing through a giv\en point
L of M} and containing a tangent to ¥, which alzo lies entipely on M.
Now all Z-solids through L lie on a rational cone Vi (§ 5, lj;ftihis intersects
¥y ina curva O"+%, each of the D-solid generators meeting\(™* in m points,
Considering the (1,) correspondence botween thopaits of O+ and the
generators of V3, we deduce from the theorem.of 'Ch. IV, §6 that the
number of tangent Z-solids is 2(p— 1)+ 2m, whe'gé« 3p—1) = r—2m--n).)

10. ¥ 7is any ray of the congruence K, R F, F, the corresponding foci,
aud [y, 1,, I, the relative consecutive ragsy prove that the solid through
, b, I, touches the focel primal ¢ at By Deduce that I is tritangent to ¢.
(The proof follows the method of § 2,35:'using the preceding example.)

11, James’s Theorem. If V is i Simply ruled primal of order m, with
rormal singularities, then eagh gencrator of V is met by m—3 others.
(We use here the corresponderice theorem of Ch. IV, §2.2. Let g be the
generator in question, and\I, I’ any two primes meeting in a plane .
Let TI" cut g in Q; and suppose that « is any plane through ¢, meeting
II'in a line o through, @ and II in a line b which cuts ¥ in m—1 points L
external to g. Thetherators of V through the points L meet IT’ in m—1
Points 4 which(we associate with the lines @ through Q. Let Q4 meeta
@ 4’ and lof @{or @) meet @ in B’. Consider the correspondence (m—1,
"—1) betgean the points 4, B’. If n is the class of the ruled system,
the nupiber of pairs of corresponding points .A’, B’ which lie on a given
lme{ ofw is n—1. The coincidences of the correspondence arise either from

y Eh‘?genemtcrs which meat g, or from the envelops of lines joining coineident
\PBints in o, which is of class m-+n.)

12. Prove that the double surfaco on V is of order B—}(2n—m)m—1),
whete B is the rank of the congruence ohtained by projocting the ruled
*¥stem on. £0 a generic prime : )
_13. Prove that, if the ruled system on V is projected from a generic

iolit 0 on to & given prime, the focal surface of the congruence 50 obta.mid
fmemplgjection of the (proper) surface of contact of tangents drawn to
Sbow that, the latter surface has order s 10K g1y, a0 ClaSS fig where
#13nd s, are the rank and class of & prime section of ¥, and pg is the class
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of V. Dedues that py == p,+2(n—m), where (m,n) arc the indices of the
congiuence, .

14. Given that the ruled system {2} is ropresented on Mj by a swface
F with elementary projective characters p, { = m--n), s Jig> V3, ObtaID the
connexion between these characters and those of {2},

NOTES AND EXAMPLES ON CHAPTER X

1. Self-collineations of Q. If the coordinates of o line in [3] ars faken
in the form dy; (4,7 = 0...., 8, dyy--d;; = 0), show that the most geneal
direct and opposite self-collineations of the gquadrie Q) in S, are given by
equations of the form A
&= add and & = add, R\
where d, d’ are the skew-symmetric matrices (c;;) and (dg_,-),'sd is the mabrix
obtained from d by interchange of d,,, dys, dy; With d,,, dypid, s Tespectively,
and a, 8 are respectively an arbitrary non-singular/# 4" matrix and its
fransposed. ~"‘g\\

2. Resulis for line geometry in 8,. For the furthér study of line systems
in S the following works may be consulted ;. \.)

Results mainly of an enumerativa chqa;s{\cx:ﬁer; James, Proc. Lond. Math.

3

Soc. (2) 28 (1928), 161.
The general quadratic complex in 8, \B: Segre, At# Ist. Veneto, 88 (1929}
595, ™

Congruences of the first and gedond ordoers: Marletta, Jend. Palermo, 28
(1909), 353; Giorn. di MataB0 (1912), 17; also Bordiga, At Ist, Vendo,
(6) 6 (1888}, 019. .

3. Line geometry in S The mothod by which we have defined line coordi-
nates in §; and S exfepds at once to any space S, We thus obtain a st
of ¥r{r+1) coordiftates Py sutisfying a munber of quadratic relations
Q(;:): = 0 which ei-‘fectively raduce the number of independent coordinatﬁs
to the freadn(2r—2 of lines in S, Taking p;; to be hormogeneous coord:
nates in ‘a.\’sp’ace &, where ¢ = drir4-1)-~1, we obtain a repr.‘esenta»td':-‘m
without exceptional olements, of the lines on a manifold G of dimensien
2r <2\and 01‘{31'?,—11—(2?: 2). This is called the Grassmannian of the

ISyStém‘ The chiéf propertios of @, such as its rationality and the natur®
\ of its space represetitation,} are particular instances of those of the more
general Grassmannian which we consider below. .

Ex. Show that the gencral linear ecormnplex in S, defincs & gkew-polarity
which is singular if = is even.

4. Resulls for tine geometry in 8, 'Two lino systems in Sy of Gom%l:;
mentary dimensions 4 and 2r—2—i, will in general have & finite num
of common lines, The definition of s set of characters for such S}’Stsmsl,'
and the deduction of a formula, analogous to Halphen's, for the numbe

2
of common lines, have been given by James, Proc. Lond. Math. Sec. )
24 (1925), 859.

T For this see Semple, Proc. Lond. Math. Sec. (2) 30 {1930), 500-



X NOTES AND EXAMPLES 295

Amaong particuler results may be inentioned a study by Todd, Proc. Lond,
Math., Soe. (2} 33 (1832), 328 of doubly infinite line systems, including a
detailed account of thosc represented on the appropriate Grassmannian by
Del Pezzo surfaces.

5. Sy-eoordinates. The Grassmannian G(k,r). In S, the epaces S; form
an aggregate of freedom E = (r—k)}%k+1), end any one of these spaces
is determinod by a sct of k+1 generic points. From the matrix of their

a2
coordinates we may extract (gii) determinants of order £+ 1, which we
call the Grassmann coordinates of 8. Taking these to be l10m0geneous\

coordinates of & point in 8, where o = (Zi i) — 1, we obtein & rcpresgnta-

7

tion, without cxcoptional elements, of the spaces §; on the ppith“c} a
manifold G{%, ). This manifold has becn studied by Severi, drngalidi Mat.
{3) 24 {1915}, 89; its chief propertics are as follows: N
{i) The order of G(k,+) is 112!... /! RU(r—&)! (r—E+ 1001
{if} G{k,r} is tho manifold of least order on which, 'bl}e\Sk of 8, can be
ropresented birationally without oxceptionalleletrients.
{iii} The manifold is rational. A \J
(iv) Any manifold of dimension R—1 lying ‘@ 6{k,r) is the complote
- intersection of the Grassmannian with 8 prirnal,
The problem of represonting the Gra,ssrh;;mhian ou a space Sy has been
studied by Semnple, Proc. Lond. MathaGoc. (2) 32 (1931), 200, who has
shown that the representation may $o obtained by projecting @k, ) on

p §

P (- )(+1) -2 containod in it; this
is the generalization of the ngothod of $5.3. In this way prime sections of
CG{k,r) ave made to correspc?;& to primals of order k+ 1 of Sp.

8. 8y-geometry. Yor thestudy of lincar Sy-systems reference may be made
to Kantor, Journal foix Math. 118 (1897), 74, where the representation of
the lines of 8, is alg® gonsidercd.

Systems of ogzzﬁlanos in [4] have been considered by Segre, Rend. Lincei,
(%) 80 (1921)./85. and by Welchman, Proc. Camb. Phil. Soc. 28 (1032)
215, 416, \ L) |

The plghes of S5, and their Grassmannian M2, have boen discussed in
deta.‘{ﬁy' Segre, Annali di Mat. (3) 27 (1918), 75.

8 from a space of dimension (
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g;mn, Principles of geometry, iv.

B BTN, Complementi, §§ 14-16, and Introduzione, ch. v.

Rnssor, Treatise on. the line complew.

E.oox, The geometry of determinantal manifolds, eh. x and ch. xtii.
DOE, Ruled surfaces,
LASCHERD, Differentialgeometrie, i.



CHAPTER XI
SOME PROBLEMS OF ENUMERATIVE GEOMETRY
§ 1. INTRODUCTION

1. The typical problem of enumerative geometry, Broadly
speaking, any geometrical investigation whose purpose is fo obtain
a formula for a certain number may be called an enumerative pro-
blem. Thus, the entire contents of Chapter IX, and much of Shapter
IV, may be brought under this heading. Important exfimérative
problems of types not included in thoge chapters are{for example:

Ex. 1. To find the number of lines which meet four g\il;‘ﬁn lines in [?.,]‘
Bx. 2. To find the number of intersoctions of Ao turves of given

o

character lying on a given rational surface, - N
Ex. 3. To find the number of conic-loci of & plabe which pass through
three given points and touch two given lincs. \ _
Such problems, although differing SJ{pérﬁcially to a great extent,
may for the most part be charac¢tedized in general tcrms; and
before broaching the particular, questions to which this chapter
is devoted, it wiil be helpful todtieribe the general type of problem
with which the subject deafsi® n
Consider an algebraio dystem X of geometrical forms or entitres
{F}: for instance, theleonics of a plane, the lines of [3], or t_he
quadrie primals of (3] If the sysfem has dimension d, &_ﬁmm
number (possib]y\zxro) of its members can be found to satisfy &
set of d given'i:ndepcndent algebraic conditions I'. The pfﬂbgem
of determinigy’ how many members of X satisfy 1" 48 the typical
problem of enumerative geometry.
Th 8. any problem there are two main elements:

L, The system X of geometrical forms (F). )
4odI. The condition-figure, or assemblage of given points, .11119'2
NY ourves,... with which the forms of T are to have assigne

relations. We may denote this fipure equally well by the

symbol T; and no confusion will arise thereby. ¢

For instance, in Rx, 1 above, the condition-figure is a SBJ,D o

four given lines; while in Bx. 3, it is a set of three given points
and two given lines,

. h

1.1. Thetwo methods of calculation. The theoretical approac

to a solution of the typical problem would consist in o)
(@) cxpressing 3 in terms of suitably chosen parameters
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(whose number would generally exceed d; so that there .
would be a set of relations between them);

{#) writing down the conditions which I would, impose on them;

and hence

(¢) determining the number of sets of (A,) which satisfy the

equations so imposed, as well ag the initial relations.

But, as a rule, even in comparatively simple problems, this
methed is so complicated as to be unworkable. In fact it was in,
order to avoid these complications that the special technique of
enumerative geometry was evolved. This technique is based pn
the application of one or, more usually, both of two chara¢leristic
methods: ¢

L. Specialization of the condition-figure. O
IL. The use of degenerate forms.
We illustrate these in turn.

Ex. 1. Given four lines a, b, ¢, d in [31, to én& how many lines meet
all four, Va\

The system 3 of the lines of [3] has dimension 4; and in ordor that a line
of X should meot &, a single condition, mist be fulflled. When a, b, ¢, 4
ato in general position, we may thus, dxpoct a finite number of solutions
to the problem. . \

Suppose now that b varies contituousty until it ‘eomes to lie in & plane
™ through a; and let @, b meof'af*P. Then the number of solutions to the
Problem is obviously two: 6T\ single transversal can be drawn from P to
& d; and, if ¢, d meet, 7 ﬁ\‘G;’D respectively, the line 0D meets ¢ and b a8
well a5 ¢ and 4. \

We sce, then, that’When the condition-figure i¢ specialized in this way,
therg are prociselydwo solutions to the problem. What we now wish to
e s, tha‘t'."‘fhén a, b are not coplanar, there are still fwo solutions.
In fact wo ‘Kis}i’ to affirm that, since with our chosen specialization of the
Cmdition.‘ﬁme the number of solutions remains finite, this must be the
numl:ie;j ?f solutions in the most general case. .

{ ﬁﬁ{& tho justification of the method i easily obtained by l:efen:mg to
y fe)’epresenta,tion of the lines of [3] by, the points of the quadrie pnmal (9]
0 O X, §2). Suppose that @, b, ¢, 4 are represented by the points
> 3;, C, D of (3; then any line p which meets #, say, corresponds to a point
i o ) such that 4 and P are conjugate with respect to Q. Thus the
tzlatglgleg £ of the salutions to eur problem are among the points corE]:f&on
of the four tangent primes to Q at 4, B, €, D; and, for general positions
with o Points, tho primes will meet in a line having two_mtersectl:im;
Are oonj In our _Specia]iza-ticm of the condition-figure the points 4 an -
Clusipg Jl;gate with respect to Q; and clearly this does not aﬁect the conn
to tha{’; or there are still two intersections with Q of the line commo

Angent primes at 4, B, C, D.

%
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Ex. 2. To find the number of twisted cubics Iying on a quadrie surfasg
and passing through five given points of the quadrie.

Here the system T is that of all twisted cubics in [3], while the condition.
figare is a quadric and five general points of the surface. Since ¥ is of
dimension 12, and 7 eonditions must be fulfilled if a space cubic is to lig
on a given quadric, we expect a finite number of solutions to the problem,

We now specialize the figure by supposing that four of the given points
are coplanar. Then all the cubies satisfying the given conditions must break
up into the plano section of the quadric through the four points i guestion,
and one of the generators through the fifth point. In this case, ther, Hhers
are two solutions to the problom; and we wish to assort that there are two
in gencral. R \)

It should be noted that the specialization method docs npt mvariably
lead to valid results; overy time it is used a veriﬁea!;ioi; stroflar to that
of Ex. 1 should be earried out. We shall retarn to this\guestion in §6.

1.2. Calculation of multiplicities. Tnhe kind of argument

 illustrated above there is usually a characteéristic difficalty which

did not, as it happened, present itselffhére. Gonerally speaking,
when we attempt to calculate a numbér‘by using degenerate forms,
we shall be faced by one or more(pniltiple solutions; the problen
is then to estimate the corvect'multiplicity of cach such solution.

Ex. 3. In the enumerative plé.hb geometry of conies 1l iz often rv.qt}ll‘ﬁd
to consider the degeneratenJotm consisting of a pair of distinet lines.
Regarded as a point locus this js clearly of order two; but it hasno c.uvAelope,
properly spesking. If.however, we regerd the line-pair as the Tinit of ;-
non-degenerate co ic.',\"by forming the tangential cquation of the latter anll
proceeding to t-hej?ﬁﬁt wo obtain for the envelope of the line-pair the pent
of lines thronghit# vertex, each of the lines being counted twice.

1.3. The calculus of conditions. In enumerative gﬁomf’trﬁ
the methods of specialization and degeneration already de?c.ﬂbe
are uged in conjunction with a symbolic caleulus of conditions 1

Ltgwise is justified, as we shall show, by the circumstanee that the

N e . . -~ H bf}
~Tarious conditions I’ which are imposed on a system X maj

Jregarded as symbols which to a certain extent obey the laws of
algebra, ‘
Consider now a system X of forms (F) having dimension d;;?
connexion with this we can envisage various condition-figures
I, I”,..., each of which imposes a certain set of conditions o1 h(;
We denote the complete set of conditions imposed by I' by t to
symbol ¢; thus, if 3 is regarded as fixed, ¢ is defined relative to
1 7o of i o o, s v gt ot 02

(see the raferences at the end of the chapter
be consulted for further information . )
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a prescribed condition-figure. We speak of ¢ as a condition or
condition-symbol,

{1) With any condition ¢ there is associated a dimension: we say
that ¢ has dimension % (or is a 4-fold condition) if among the co?
forms of T there are oo?-* which satisfy c.

Two conditions ¢, ¢ are said to be independent if the two sets
of parameters which define the corresponding condition-figures I,
I" are independent of one another.¥ With this concept in mind,
we shall often find it convenient to use ¢ in a second sense; Wk
shall denote by ¢ the number of forms F which satisfy ¢ and d*k
other given conditions independent of ¢. No confusion arises¥rom
the double function assigned to the symbol. But it is evident that,
when ¢ is 80 used, its value will in general vary with jth’é nature
of these other d—% eonditions. ‘

(2) We now define the sum c+4c’ of two denditions of equal
dimension %t as the condition that = sho{}ld satisfy ¢ or ¢".
Evidently we have c4¢’ = ¢’--c. We ma-y'\ériso use these symbols
in the second sense as explained aboves By an obvious extension
we may define the sum ¢+¢’+¢"-..\of three or more conditions
of equal dimensions. RN '

(3} We define the product cc’ of any two independent conditions,
of dimensiong Lk E respee’qivél'j, as the eondition that X should
satisty hoth ¢ and ¢'; or afain, as the number of forms satisfying
6 ¢ and d—Z—k' othef piven independent conditions. It is clear
that we have ce’ — ¢'c. We may then proceed to define the product
et'¢’... of three argnocre independent conditions.

_(4) Two copditions ¢, ¢’, which are not necessarily identical, are
said to be_egusvalent when they are of the same dimension £ and
when, if @5 any other condition, independent of ¢ and ¢, of
d}mqujf,n d—Fk, the number cc” is equal always to the number
€e :.The corresponding condition-numbers ¢ and ¢’ are then equal,
nd we write ¢ - ¢

(5) We can now introduce the concepts of integral multiple and

sutegral power of a condition. Thus, if we have the set of #—1
SQuationg -
c=¢ = = ... = D,

ingét?mct algebraic definition of independence is difficult to formulate, tho;gh
imp]ici;mﬂar cases the significance of this concept is vsnally clear enough. a&;
conditig assmptlf)n in the text iz that we are primarily concemad‘ with g:j?}e:'a‘
conditior o Y> Le. we supposo that the effective parameters which specry

v “on-figure T have generic values. Specialization of I' is equivelent to

iy .
Posing internal relations on these parameters. :
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we may write “
¥ 76 = ¢+4¢ 4¢" .. D,

Again, if ¢ and ¢’ are independent conditions such that ¢ = ¢,
the product e’ may be called the square of ¢ or ¢, and written
ag ¢ or ¢’2. In a similar manner we may define the power ¢*, whers
% is any positive integer.

ne and ¢® denote classes of equivalent conditions,

1.4. With these definitions it is clear that, in so far as the
conditions concerned are independent, the condition-symhgls bhey
many of the fundamental laws of algebra. Thus, the“sum and
product are both commutative, and alzo the distribativedaw

e(c'+€") = e’ +ec” AN
is satisfied. We can also interpret the relatidfe—¢’ = ¢ as the
equivalent of ¢ = ¢'4-¢”; it being assumed fhat ¢, ¢’, and ¢ are of
equal dimensions. O
il
§ 2. THE INCIDENCE oa;dﬁ.trs OF SCHUBERT
2. Before proceeding to the maln examples we have chosen to
illustrate the methods of enumerative geometry, we wish to give
a brief indication of the, jﬁ?sﬁr in which symbolic methods hf{-Vﬂ
been applied to the solufion of problems of pure incidence, Wh?ch
our sole object is to(find the number of spaces [%] of S, which
satisfy such a set('of incidence conditions (with fixed sub-spaces
of 8,) as exact-ly\feduces their freedom to zero. The essentials of
the method are’
(i) thptqta\velopment—due to Schubert—of a formal representa-
Adan of incidence conditions by symbols, and
(iQ\'tﬁe use of specializations of the condition-figure in order ¢

. 4

w " effect systematic reduction of symboli¢ products.

(We begin by giving in ordinary notation some simple examples

o

 of how the method works; and we shall then illustrate briefly the

systematic symbolism which Schubert invented to cope with eve%
possible incidence problem that can arise.

2.1. Lines of 8;. For the lines of ordinary space we shall 'use
the following complete set of fundamental condition-symbols

L 1, 1 2] )

a2 ES-’

Herel represents the simple condition that a variable line A ghould

meet a fixed line; Ip and I, are the twofold conditions that
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should pass through a fixed point and lie in a fixed plane respec-
tively; I, is the threefold condition that A should beleng to a fixed
pencil; and || is the fourfold condition that A should be a specified
line.

There are many obvious relations between these symbols: for
example, the relations

3 .. PR
P:—I”a ’Iarr:wi

express the facts that there is a unique line joining two givenm,

points or iying in two given planes. Plainly we have alsolpl, =="0;

since there is in general no line which passes through an assigned

point and lies in an assigned plane. O
There is, however, one essential reduetion formula /4
32 = Ep_l_z'rr . m'\{' {2)

which depends on the specialization principlesithe condition 22
Fequires a line A to meet two fixed lines a,x!{,\at-nd the formula (2}
is obtained by allowing @ and b to intersgétiin which case A either
passes through their point of intersegtion or lies in their joining
plane, o\

Using this we may write .“

B= (lptl)? = B2+ 2 = [1|4+2.041 =211 (3)

This expresses symbolic iy the fact that there are two lines which
meet four assigned Eme{gm general position, in Sy
Examrrrg \

L. 8how that zzj\’; u,=1,0=2,

2. Iu’ﬁmtpretifiw'fonmﬂa I = Ip--1, in the most general manner.

2.2. Lifigs of §,. There ave nine fundamental types of incidence
Fond%ti§'ll\“’hich can be imposed on a line A of §;. The correspond-
g symbols may be grouped as follows:

\['; " RS HR g I Inps bopi e (4)
ere { is the simple condition that A meets a given plane,
b b are the bwofold conditions that A meets a line, and that A
lies in a golid respectively, .
p, I, ate the threefold conditions that A passes through a point,
and that A lies in a solid and meets a given line in this solid,
b, I p are the fourfold conditions that A lies in a plane, and

th;t A lies in a solid and passes through a given point of this
solid, :
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I p is the fivefold condition that A belongs to a plane peneil,

f{] is the sixfold condition that A is a specified line.

There are numerous relations between these syinbols, for
example, [} = |If, expressing that three lines have a unique trans-
versal, I = |I|, expressing that three solids have a common line,

In addition to such obvious results we have important reduetion
formulae, of which one is

IE — IJ‘J’_Z]\'[. '\(5)
To prove this we observe that the condition 12 requires }M@ meet
two fixed planes; if these are specialized so that thegmeet in a
line, then X either meets their lins of intersectionyoy-lies in the

solid containing them. 0N
It follows that we may writo &Y

B = (hHlg)®
= §4-38 In+ 3, B 408
= [I[+8[1]+3, 0
— 5. AV o

This means that in 8, there arer ﬁve:, lines meeting six given plonss
11 general position. (Cf. Ch.3%, §§3.4.)

Y
N

Examrrus "
1. Establish the redugtion formulae

) '
u\ﬁ tptlmy Uy =8 = L+hp,
and henee prove Ahat _
ESletaln, b= 2, +3lmp, P = 8l,.p

2. Showy*&a%, in 8, 4 planes have 3 eommon transversal lines, and theb
8 solids Hawe 14 transversal lines.

28\ he general problem. Immediately we pass from ’CEP-
abave simplo examples to the general problem of incidence for.t e
\”“{k],s of 8,, the need for a systematio approach and symbolist

becomes apparent. The general solution of the problem falls into
three stages:

(@) The invention of a symbolic form which can represent evety

possible type of fundamental incidence condition on the [4]'s }fef
8,; so that, by this means, the general incidence problem ¢l

represented in the form (M

el id ;
. . 5 0
Cm 810 symbols representing all possible yPe®

El

where ¢, c,,...,
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fundamental incidence conditions, the A, are non-negative integers,
and the total dimension of the condition is

4= E;j)t.,;di — (k1) (n—F).

(6) The resolution, by systematic specialization of condition-
fignres, of every product ¢;c; of two fundamental symbols into a
sum of fundamental symbols, ie. the construction of general
reduction formulae of the type

Q"
L2
Gyl = Z Lo Co (%7.? = 1, 2:"':m)1 N (8)
&=t ¢\

where the a;; , are integers. O

{¢} The evaluation, by repeated use of the above(formulae, of
every symbol eficds ... ¢k, of dimension (E+ 1)(n—h) to the form
Ne,, where ¢,, is the unique fundamental sytabol of dimension
(k+1)(n—k), expressing the fact that a [£] is specified completely;

- 80 that N is then the value of the symeI,;\;‘.e. the solution of the
enumerative problem. \®

The first stage was achieved With.'cbmplete finality by Schubert,
who recognized that BVery possib}léﬁtype of fundamental condition
could be represented by a piigue increasing sequence of k+1
Positive integers of the formi™ )

(@ @y B, i.w:liere 0 < ay <Oy, < S
and that every sué};{'\éymbol represents a unigque fundamental
condition. The ¢Smyosite condition represented by the above
mcidence-synthlis that which requires a [£] to satisfy such of the
following conditions as are not nugatory:

to liq‘iré".gin assigned [a.],

%o iedt in & {k—1] an [m,_,] which lies in the [,],

__(fomieet in a [k—2] an [g, 4] which lies in the [a;],
N\ to meet in g point an [e,] which lies in the (4]
r;]jhe first of these requirements is nugatory if @, = n. the second
Ina}hl = a;—1, and, generally, the (s-+ _1)13}1 if e = Gpp—pir— 1
ach any part of the sequence which is a straight run of
;z:iisut-i’ue integers, say from a;,, to a,, is entirely nugatory oxcept
e 18 extreme term on the right (if this is not equal to n} Wh_lch

(hm:,as the [£] to meot & certain [a,] in an [5]; and the require-

fent imposed by the next term a, on the left reduces simply to that
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of meeting in a [t] a certain [4,] which Hes in [65]- Thus, fn
particular:

(n—E, ..., n) Is the null condition (which is conventionally counted
as a fundamental condition),

{s,n—k+1,...,n) is the condition that [k] meets an assigned 5]

in a point,
(8—t...,8,n—k+-2-1-1,... ) is the condition that [%] meets an
assigned [s] in a [¢], N\

($—F,...,s) is the condition that [#] lies in an [s], | \
(0,..., &) is the condition that [%] is specified complesely.

As regards the second and third stages referred to above, we
shall go no farther than to illustrate, in the Case k'= 1, how the
product of any two symbols may be repl&ced.ﬁ)y a sum.

2.31. Reduction of a product of two bipe’ incidence-symbols. The
general incidence-symbol for lines of § “is of the form
(@.0) (0<&X b < n);

it represents the condition tﬁg,t“a line A should lie in a given [§]
and meet a given o] in that [6]. We have now to express any
product such as {a, b)(a’,’f}") as a sum of incidence-symbols.

We show, in the first place, that there is no effective loss of
generality by co%{ﬁiﬁg our attention to products of the form

L (@, n){a’, n).

For the geleral product may be reduced to this case by Obsel:vmg

that a Egn} A which lies in [6] and in ['] lies in the [6+4b ”'ﬂ%

com@n' to these spaces; and if A also meets the sub-spaces [as

and\a'] of [5] and [3'] respectively, then it must meet the Spﬂ’cjt

L (de4-b'—n] and [4'4+-b~—] in which [a] and [@'] respectively M
O o4t —n]. Hence '

(@, b}(a',8') = (a+-b—n, b6 —n){a' +b—n,b+b —n) g

where the bars over the expressions b--b'—n indicate that ifi
SAME space [b4-b'—n] is to be taken Jor each of the two Jfactors 7
the right. Thus the product on the right is reduced to the requl’
form, with [64-8"—#] as the ambient space, instead of ).
Consider, then, g product of the form (a, »)(a’,»). 1f

at-a’ +1 < n,
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then every line A meeting [«] and [a] lies iu the space [e-]-a"--1]
joining these two, and we may write

(@)@, n) = (a,ada' 4 1)’ a-ta'+1), (10)
which merely makes [¢-La'+1] the ambient space instead of [n].
Thus we may suppose that a-}-a'+1 = 2.

In this case [@] and [a'] would normally meet in an [a+a’-—n]
(or ot at all if a+a’—n = —1); but we choose them specially
so that they meet in an [+’ —u—+1] and lic accordingly in a
piime [1. The lines which meet [«] and [¢'] then either meet tlle
[e44'—n+1] or Lie in TT (and still meet {a] and [¢']). Thisgives
the reduction formula O

Ny

(@,0)(', 1) = (@1a'—nt1,m) - (@, n— 1)@, me=1).  (10)
I?'}’ applying this repeatedly until one or other df ?he null condi-
bions {g,2+-1), {&’, @'+ 1) appears, the symboli¢product is reduced
finally to a sutn. K7,
To iltustrate the procedure, we CAITY, «mﬁ the reduction of the
product (8,16)(10,19) for lines in [20], \)
We have, by (9), RN

R

(8,16)(10,19)% 7, 15)(6, 15);
abo, by (10), (7, 15)’(&{5) = (7,12)(6, 12).

T]len, by (11), \'\’
(7,14)(6,34) = (0, 14)+(7, T3)(6, T5)
7 =014)+(1,13)+(7,12)6,12)
N
~O° = 02 (r,14—r)+(7,8)(6,8),

5
(7.14)(6,14) = ¥ (r,14—1).

For fupip, .. ’
the aceomfr ?Xph‘flt formulae and details we refer the reader to
Quoted, W ;glllven] In Baker, vi, ch. il, and to the works there
inciden e probteere ¥ add that a complete solution of the general
. has been given by Giambelli,} whose results

o2 T Mem. Torino, (2) 52 (1802), 171.
X
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have been rendered easier of application by Welchman.t In
particular it has been shown that
2—2

. 1
(i) there are m( "

) lines meeting 2n—2 [n—2]’s in [],

and that
(i) the number of lines of [n] which meet n—1 [n—3]'s is

Zn—4 n—1\{2n—7 n—1\20—10
— — e, N
) U e e [y B
the series confinuing until the terms become meaningless.
'\

L W

ExsavrLrs
I. Transeribo all the symbols of {1) and (4) intosthe Yorrnal Schubert
symbolism, and prove dircetly, by use of (11), thati{® 4)® = 50,1} =5.
2. If o £ &, and if 4 denotes the Iessersgf $he two numbers ¢ and
f—a’—1, prove that ) \\:

(@, n)@,n) =5 a1+,
Deduce that, if a+-b" < a'-+b, t\hBIl: 1:
{a, b}’ ¥) 22“ (g&:—?}zf;;—n—'—fi, &' +b—n+14id),
where p is the lessor of the ;;c’;ﬁlﬁers b —a'—1 and a+b —n.

3. The condition reprg;sentéd by tho incidenee-syrabol (Gg, Gy o} ¥ for
s0me purposes more gohyeniontly represented by the eondition-symbol

L)
\" {180’181”"”8!:}!
where §; = n— Be-i—a;, and where '
Q7 nkzBzfiz=hh=
) % ;
Show thatythe dimension of the condition is 3 B;. Show also how the spesial
" 1

4 \‘« -
typeifgf ‘condition referrod to in §2.3 are represented in these conditiol
symnbols.

AN 4. Express the resulls of Fx. 2 in terms of condition-symbols.

N
%
\ )

{ . id of
* 5. Hxpross the order ftg and rank p, of & curve of [n] with the aid @

Selhubert symbols; and express similarly the elementary projective chare”
ters of & surface in [n].

§ 3. THE QUADRICS OF §, AND THEIR REPRESENTATION ON S
3. The three primary conditions. We shall now apply i?he
basic principles of §1 to solve various problems of enumeratl\if;
geometry for the quadrics of [3]; and incidentally we ghall _Obta'
various results concerning the enumerative geometry of comi® -
cones in [3]. _ :
T Proc. Camb. Phil. Soc. 28 (1932}, 18.
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The quadric surfaces (F)of 3] form a system T of dimension 9, so
that a finite number of quadrics can be expected to satisfy any set T
of 9 given independent conditions. The types of condition we shall
first consider are three in number, each being of dimension unity:

{1) The condition y, that F should pass through a given point.
{2) The condition v, that F should touch a given line.
(3) The eondition p, that F should touch a given plane.

Evidently the condition p is dual to . We shall call these tKe\
primary conditions; and any condition-figure I' representing a, set
of such conditions, of dimension d < 9, will be called a grary
condition-figure. Y :
In accordance with the notions of the symbolic'calenlus, as
already described, we shall use the symbol p2 for ‘the condition
that a quadric F should pass through two given points; and so
on. Thus our problem consists in cvaluating all conditions of the

~

form .u‘rvspl)-arrs’ '\
where r, s and 9—#»—s are all integer:s; positive or zero. Since the
symbol p is dual to g, a certain™atmber of the results may be
inferred from tho remainder. }IE ‘will he found that, taking this
fact into account, there aré“30 essentially distinct symbols to
t.walua-te. From these caléitations the numbers of quadries satisfy-
ing other sets of conditions may be deduced, as we shall see later.

In order to aveid unnecessary detail, we shall give in each
section the caleulations for one or more typical formulae, leaving
the vest ag ex\eie\lses for the reader.

S 3

3.1 THebasic representation: the primal A. A considerable
aid, in'the sequel, is provided by a representation of the quadrics
‘(Ii)q&'hich we shall now deseribe; besides that; the representation -
(Winteresting for its own sake. :

Any quadric F of [3] has an equation of the form

S ayxe; =0 (i,j=0,1,238) - (1)

Thus F 35 uniquely specified by the ratios of the 10 coefficients
%i = 0, in (1). Taking these as coordinate ratios, we may repre-
Pont the system (F) of quadrics by the points of @ space S, We shal
0all this the pesie representation. (The reader may compare this

With the representation, discussed in Ch. VII, §3.13, of the conics
ofa plane.) .
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If (1) represents a point-cone, we have
Qoo @g; By g

10 4y Gy gy
Ggy Gy gy gy

A

i

= 0. )

U0 Qg Uzp (g
Hence, to the cones of (F) there correspond the points of a quaric
primal A, ie. a manifold V¥ in §,. To the four points in which i
meets a general line of S, correspond the four conss of a gélem]
pencil of quadrics. O\
When condition (2} is satisfied, the vertex (;) ofrthte tone (1)is
determined by any three of the four homogeneguy equations

3
aur; =0 (j=01,28% (3
igﬂ LA (.? CQ}‘

3.11. Generating spaces and tangent gripies of A We now prove
that A is generated by o web of spacgéhB); and any tangent prime
to A fouches it at all points of @ gene%tmg [5].

Let P(z;) be any fixed point P S,: then the equations (3), in
which u;; are variable, represiit a space [5] lying entirely on &
this space corresponds tostlie linear ood system of cones having
their vertices at P. The-aggregate of generating [5]’s forms a web,
since it is in (1, 1) carfespondence with the points P.

Next, suppose that (a,;) is a given (ordinary) point of A; then,
if b,; denote cdrrent coordinates, the equation of the tangent
Prime to A af :(a,g_,,-) is 4

Ke) 2 Agyby =0,
where »;dg = —%A— is the cofactor of g in A,
“ L .
. :A’}suming, as before, that the cone (a;;) has vertex P, we obtal
-0 solving the equations (3) the result

Aij' = }"xi xj; f
where A is a factor of proportionality.¥ Inserting the values
Ag; in (4), the latter becomes

2 b%j -'I:.i xj = 0. . .
- It follows that the linear system of co® quadrics correspondfllg
to the points of the tangent prime is the system of quadrics haviig

e o

1 This sohution eorresponds to the fact that the tangential equation.

2 Agugu; =0
of the cone must represent the repested point P.
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P for base point. Thus the tangent prime (4) touches A at each
of the points corresponding to a cone with vertex at P, ie. at
all points of the generator Topresenting the aggregate of all such
cones, And, further, A possesses only co® tangent primes, each of
which touches it along a generating [5].

3.12. Multiple varielies on A. Among the cones of (F) there are
o0t plane-pairs; their images in S lie on A and form a double ¥
thereon; for in any peneil of quadrics which contains & plane-pair,
the latter counts doubly as a cone.

There is also on A a manifold 7, representing the co® planégief
§,, connted twice; clearly this manifold is triple for A. )

The manifold ¥, being the image of the unordered plapé.:pairs (or
. point-pairs) of S,, is known to be rational; and ¥ is pldihly rational,
being evidently the octavie Del Pezzo threefold ¢ounsidered in Ch.,
VIII, §2.3, i.e. the projective model of all quadries of S,.

The order of T, i.e. the number of points‘ﬁh “vhich it is met by
a general [3], is equal to the number ofplane-pairs contained in
a general linear system of oo quadri¢sy” If instead of a general
system we congider the one deﬁned,bj’r. 4]l quadrics passing through
Six given points, we see at once, .thaﬁ the number of plane-pairs is
ten; the number of plane-pair&in the general case will be equal
to ten also, provided that ndne of the solutions in the special case
Is multiple; and this wilk'be proved in§3.5. Henece we may assert
that 7; is of order ten.In conclusion, then,

The primal A repr}zsentiﬂg the cones of 8; has for double mamnifold
G rational VO, earresponding to the oof plane-pairs of S, and for
triple monifoldy " Del Pewo threefold V8, corresponding to the double
DPlanes of S\S\ J

3-13\Relations of A and V19 with V5. Since VS is the projective
odel 6f all quadrics in S; and therefore by far the simplest of the
Wi manifolds just described, it is convenient to be able to
deseribe the other two in terms of V8 alone, This we may do very
smply by remarking first that VS contains oo? conics and 008
eronese surfaces corresponding to the lines and planes of 8
TPectively; and by observing then that '
) the manifold V1% is the locus of the cot planes which meel |41
. condcs, )
() the primal A is the locus of the co® [B]'s which meet V3 in
Veronese surfaces,

N\
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gﬁt}uld be apolar to ¢, is
o\’ 3

s “Hence,
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Furthermore, it is easy to see that if any point P of P8 come.
sponds in the bagic representation to a repeated plane u of i3],
then the points of the tangent solid to V§ at P all correspond to
the pairs of planes of [3] of which « is one member; whence

(iii) V3 is the locus of tangent solids to V3, two such solids passing
through every point of the manifold and being met in Lines
by the generating plane through that point.

Finally, if wv and (u+ew'){(o+ev’) are two consecutive .%la:e-
pairs of which the first has axis ¢, then the limiting pencil\efined
by these as € tends to zero is wv+6(w'v+ur'), and Highhas g as
base line. This means that if P is the point of V1 whigh represents
uw, then the tangent [6] to ¥1® at P representsshe cof system of
quadrics which pass through g; and this [6] w3l therefore be the
same for all points of the generating plane 01}.\1/’59 which represents
all plane-pairs with axis . Hence '

(iv) V¥ has only co* tangent [6]'s ig Gil; but each of these tmm‘hes
it at every point of a generafiny plane representing an 608 §
of plane-pairs of (3), and tttepresents the system of quadries
of [31 which have g aggé’nemtor.

3.2. The condition p \We proceed to obtain the representfx-
tion in S, of the threg\primary conditions defined in §3. As wil
soon appear, it is bebh natural and convenient to begin with the
condition p. \\ h :

First, denotiug by ¢ the plane-envelope of the quadric ¥, ¥
have for ihs:\etj'uation, in plane coordinates (),

R DA uu =0, &)

Thén'the condition that the quadric ¥, with coordinates (Pih
S Ay by = 0. ©

The locus, in Sy, of points corresponding to quadrics (¢) of Sy it
are apolar to a fived quadric F' is a cubic primal, the first pola? o
the image (b;) of F' with respect to the primal A. .

It follows from the properties of polar primals eSt&bﬁShedbllﬁ
Ch.1,$3.1, that this cubic primal passes simply through the dollg ;
V3 and doubly through the triple V8 of A. The manifold ¥z ?
which it intersects A is the locus of points of contact of tangen®
to A from the point (b,,).
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Suppose now in particular that #' is a double plane whose
oquation 18 (% To—T2; )+ U %y 15 2g)* = 0, so that b; = w;u;:
then (8) becomes S Ay ugus = 0. )
This is the condition that the plane = = (#;} should be touched
by F. Since the double plane ¥’ corresponds in S, to a point O
of P8 it follows that '

The Tocus U(n) in S,, of points corresponding to quadries of 8,
which touch o fixed plane =, is the first polar, in regard to A, of the
point of V§ representing that plane. )

Thus U{x) passes simply through Vi and doubly thropgﬁ‘«l?‘g.
It is clear, moreover, that Ufx)} is a conical cubic primal; this
follows either from the fact that A is a quartic monoid{and so the
first polar of any triple point must be a cubic G()i].&;{"jl‘ from the
oircumstance that, in the pencil formed by & géxderal quadric and
a double plane, no other quadric can be found'to touch the plane
than the double plane itself. This means, {ao\netrically, that any
ling through O meets U/(z) in three poﬁn‘f-é*at 0.

33. The condition v. If lis a Jitie'of S;, defined as the inter-
seotion of the planes (u,) and (v;)pthe condition that a quadric F
should touch 1 is ™ :

~

Ty gy Aoy @pz Yo Y

- -GN . . . R
O "Gy Qg Ggg Uz V3| = O (8)
ug Uy 0 0

™ Q’n L . . 0o 0

This con(jlii:ibﬁ can be written in the form
A\ FENN
8 \ 2. By gy bu =0,
Eﬁbef&bﬁ = u;v;. Hence the corresponding locus in S is the second
\QO!M’ in regard 0 A, of the node of A which reprosents the plane-

Pal (u,4). Again, sinee the left-hand side of (8) may be ex-
Panded as a homogeneous quadratic in the variables u;v,—%;%;
It follows that the locus is the same for every plane-pair that can
be drawm through I. Thus, in virtue of §3.13, we see that
miﬁe loc.w,-, m 8, of points corresponding to quadrics of S whu_:k
Tegay; grven line 1 is a quadric primal U, the second ?‘;003&?'; .'VZ
cor T to A, of every point of the gencrating plane of Vit whic

Tesponds to the system of plane-pairs with 1 as XS,
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Thus U(l) passes simply through V3, as is othorwise éleam, since
every double plane formally satisfies the condition of tangenoy
to L

3.4, The condition t- We have seen in §3.11 that any tangent
prime to A is represented by the system U(P) of quadrics passing
through a given point P of 8. Conversely, any such system is
represented in.S, by the points of a prime 7P} which, as we have
shown, touches A at all points of the gencrating space [5]eqrme-
sponding to the system of cones with their vertices at P,

(\A

3.5. Contact properties. We shall now provesthre€ Tosulfs
which are of fundamental importance in the sequﬁ;}."

TEEOREM 1. The cubic primal U(x), repre‘fg;ﬁi@ the quadrics
which touch o fived plane , touches A a-Eong"’q} V.

Let O be any ordinary point of A Iying on U{r); then, corre-
sponding to O, there will be 2 cone K/whose vertex P lies on r.
The tangent prime to I {7) at O{corresponds to the system of
quadries F such that, in the pentil formed by K and F, two
of the quadries tou ching = cojrigide with X: that is to say, F b
pass through P. But, as e have seen, the system of quad_}‘lﬂs
through p represents the vfangent prime to A at 0. Thus Ufa)
touches A at all ordm\a}y common points. '
THEOREM TT, g é:ﬁuadric primal U(l), representing the quaf}?‘ i

whick touch g Jized line 1, touches the double V10 of A glong « Vg
Let O be ghy ordinary point of Vi lying on U(}); then, GOTITE[;
sponding £0>0, there will be g plane-pair whose axis (or dou p
line} g intérsocts . The tangent prime to U(?) at O coﬂ‘GSPon;
to thedystem of quadrios # such that, in the pencil formfid by 1
and the plane-pair, the two quadries which touch 7 coineide Wit
o ?iié plane-pair: that 18, ¥ must pass throngh the point }v‘here z
N meets L. Since af] quadrics through ¢ satisfy this eondition !

follows, by §3.13 {iv), that I7(2) touches V1" at all common points
not lying on V3,

-

THEOREM 0. The tangent prime U7 (P) fo A, » epmmmfﬂg t;}.is

quadrics which pass through a fized point P, touches the tripie 7s
of A along @ Veronese surface V3§,

: _ f
The reasoning is precisely as before; the surface of g:ont-aifj (31
ULP) with V§ corresponds (cf. § 3.13) o the co® doublo planes ¥
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pass through P: dually, we have the familiar plane representation
of the Veronese surface.

Evidently U(P) meets V3 in the points corresponding to the
ox% plane-pairs which pass through P; hence it does ot touch the
double manifold of A at all common points. This remark suffices
tio justify the method of § 3.12 by which the order of this manifold
was obtained; for it is now clear that the space common to six
given tangent prires to A will meot the double manifold in distinet
points. N\

On the other hand, it follows from Theorem I that the gpace
[6] common to any three given tangent primes to A will niect Vi
iz one or more points, each of which, by the conditiong ef ontact,
must be an eightfold intersection. And since, in [3]-4 smgle plane
can be drawn through three given points, we hawéan explanation
of the fact that the triple manifold of A is oforder eight.
ExsmrLEs i N

1. Bhew that any three gencrating spa,ces’TBj of A have in common a
point of 7§, O

2. Show that the cones whose vertice;é ]i:a on a given line correspond to
the points of a T3, locus of oot gél;{ei’a,ting spaces of A, which passes
through V&, A\

8. Prove that each qua,drig»plti}(hal U(1) touches A along & Vi

4. From the fact that iired quadrics of S, have in general 8 common

points, deduce that & ta%té‘nt’ primes ean be drawn to A through an arbitrary
Plane.

5. Show that each.6f the co? tangent primes to A from a given point
cgigesponds to asystem of quadries through s fixed point of a given quadrie
of 8. A

6. Sho“\tij&f the oo quadries which touch & given quadric of 8, corre-
"Pond ba’the points of the tangent cone to A from a given point.

f}l‘mx ind the character of the proper tangent cons to A from any point
L&)

3. Show that every quadric U(l) is a [6]-cone, whose vertex corresponds
to the system of quadrics with ! as a eommen generator.

9. 8how that ninc primals U(w) meet residually to ¥3* in one point.

T 3.6. Geometrical interpretation of the condition-figures.
he problem of evaluating a primary condition-symbol

] I = rvspa—r—s

lith&_t of finding the nurber of irreducible quadries which sabisty
18 given set T of nine independent assigned conditions. It may
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happen in cerfain cases that a number of reducible guadrics also
satisfy these conditions: for example, among the quadries which
pass through three given points and fouch six given lines there is
the plane of the three poinits, counted twice. Any sach solution as
this is, however, rejected as an improper solution of the problem.
We may interpret the given problem in terms of the basic
representation as follows. Each point (i) of I' will correspond fo
a tangent prime U(P) to A, each line (») to a polar quadric primal
U(?), and each plane (p) to a polar cubic primal U{w) (§3}).
Hence we may say that )

T'he number of irreducible quadrics which sutisfy a sek of primary
conditions p"vip?="—% is equal to the number of free infersettions of the
v tangent primes, ¢ polor guoadric primals, and 9\.—:-}'.——3 polar cubit
primals associated with these conditions in thbdasic representution,
external to the base points which they may Wodsess on the multiple
varieties Vi and V§ of A. ) \\

Such, and only such, quadrics wﬂ[ﬁe considered as sohutions
of the given problem. .

Thus, geometrically speakingsthe problem is equivalent to one
in the theory of intersectignﬂs‘fdf primals. If, as is always to be
assumed in the sequel, thievpoints, lines, and planes of I are in
general position, none. 5E. the irreducible guadrics which satisfy '

- will be cones; for thére are only co® cones in ordinary space and,
as will appear i, §\$, each condition of type p, v, or p effectively
imposes one cestdition on all cones which do not degenerate into
plane-pairs ohdouble plancs.

The fol{gwing examples llustrate the kinds of base manifolds
whic}}\{)he'set of nine given primals may possess.

ExAMrLEs

B “1. Consider the condition p°: here we require to find the number of frfe
intersections of nine polar cubie primals, residual to the simple base
manifold V3", and the double base manifold V5.
» 2. For the condition »%, the base manifold is V3, which is simple for the
two quadrie primals and doubls for the seven cubic primals.

3. Consider next the condition p2p®: here we have two tangent primes:
one quadric and six cubie primals, The base manifold is the eurve 1
which the secundum common to the two primes meets V3, and the curve
is simple for the quadric and doubls for the cubics.

4. For the condition y** the base points are the intersections W
of the 6] common to the three tangent primcs.

ith 73
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5. Consider finally tho condition u’yp®: the three cubie primeals all pass
through V¥, and the guadric primal will moet this in a ¥;, which again is
met by the [4] common to the five tangent primes in a finite number of
points; and thesa are base points for the systern.

It is clear that, for any primary condition-figure of dimension
k < 9, a similar geometrical interpretation may be given, For
mstance, the quadries satisfying the eightfold condition urvipd——s
correspond, in the basic representation, to a curve: this is the
intersection of the » associated fangent primes, s polar quadric
primals, and 8—r—s polar cubie primals, residual to any base
curve they may possess on the multiple varieties of A. (),

It will appear later that many of the primary problems”for
quadrics can be solved merely by using the &bov@..';{etéult; for
the more difficult problems, to which the following sections are
preliminary, the basic representation is, mor(}o?e':[", of essential
importance.

~
§4. THE PRIMARY PROBLEMS FOR QONES AND CONICS
4. The degencrate forms. In thé\tslculations which follow,
an indispensable role is played by those quadrics which, in a sense
10w to be defined, may be regaﬁié& as degenerate forms.

A general guadric surfacgF may be considered as an irte-
ducible aggregate of poings, planes, and generating lines in the
following ways: e

(2) as a locus of o8¢ points;

(b} as an enveldpe of co? planes; this is dual to {a);

(c) as & regu}ué of gencrators (with, of course, the comple-

mentarg regulus).

In eaeh'BQ’sé’ there is an analytical representation in terms of the
aPPI‘LeriQte coordinates, .
B H30w wo assume that () sequires a double point,

Y or that {b) acquires a double plane,

0 of or that (¢) acquires a do_uble line, '

l ol the three aggregates associated with the quadric are no
onger of general character. Tn fact they may cease to be determi-
:}:‘f:eind can be defined only by & limiting process. We call EEB
thres dyPes of quadrics which are particularized in these WTSYS (;
and ¢ efenerate forms; and we denote them by'the symbo X 1(;
condt Each of these forms is obtained by imposing & 878

100 on one or other of the three analytical representations
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of F, so that the systems (x), (¢), and () must all be regarded
as of dimension 8, We now econsider them in turn.

4.01. The form x. Suppose that a general quadric 7, regarded
as & locus of points, tends to a point-cone X as a limiting form:
for the passage to the limit it suffices to consider the pencil X +AF
of quadrics, and to let A tend to zero. The limiting form has a
double point at the vertex 4 of the cone K: and it is clear that
its system of tangent lines is the aggregate of proper tangents to

K. In order to find the envelope of tangent planes, we Rroceed
as in Ex. 3, §1.2, forming the tangential equation of #h#quadric
K-AF. We thus deduce that the envelope in quéshion consists
of the star of planes through 4, each plane beingicounted twics.

In conclusion, then: A

The points of ¥ are those of a quadric conE;'K, with vertex 4.

The tangent planes of y are the planesdlirough 4, each counted

twice. 7\
The tangent lines to y are the proper tangents to K.

4.02. The form ¢. This is daal to the preceding, and so the
results may be inferred from:thé above. We thus see that:
The points of ¢ are those'of a plane «, counted twice. .
The tangent planes of qfr are the planes which touch a fixed conic
klying ina.
The tangent linégXio ¢ are the secants to k.

4.03. The formi . A ruled quadric, consisting of two comple
mentary regull, may be obtained as follows. Consider tw0 ho.mo-
graphic gutiges of points on two skew lines [, I'; then the lines
join%gxporrespondjng points in the homography are the generator
of gud regulus, and the lines incident to all these form the complei

_Ieritary regulus. The tangent planes to the quadric consist of ol

o~ the planes through the generators. ' .

* In the general case the homography in question will be gnvez
by a relation of the form @\’ +-#A1-cA'+-d == 0, where & b, &
are arbitrary. We now suppose that ad — be, so that the relstion

takes the particular form aA—A )X’ —As) = 0. In this 0a8° o
single point A of I there corresponds every point of ¥ a.nfl o .i
single point A’ of I’ there corresponds every point of /. It 10110;1‘;
that the generators of one regulus of the quadric form W0 Pel.wt (;
with contres 4 and 4, lying in planes « and o reSPeCtWel?" In

complementary regulus then consists of the pencils (4,2 )
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{4',a). The tangent planes to the surface form two stars, with
centres A, A’ respectively. Finally, taking a plane section of the
figure, we see that the tangent lines consist of all the secants to
the line AA" == g, say, each counted twice.

This result may also be obtained from the representation of the
regulus by & conie on the quadric Q of S; (Ch. X, §2). If we sup-
pose the regulus to acquire a double generator, the conic image
has a double point, and so breaks up into a pair of intersectain%

lines. Thus the regulus consists of two penecils,

The limiting form defined in this way is called the form(h' It
has the following features: )

The points of ¢ are those of a plane-pair (x,a’). )

The tangent planes to ¢ are the planes throughponé or other
of two fixed points A, 4’ on the double linegof (x, «').
The tangent lines to  ate the secants to gseach counted twice.
We call 4, A’ the principal points and g the azis of .

Nov

4.1. Summary of results. The ‘fd}}ewing table shows the

various systems of
formg X9,y

—_—

X
¢
¢

T
note\ti;ézﬁ, i the basic representation (which is based entirely

oiht-locusg eoncept of a quadric), each point of V0 corre-
b, and each point of V§ corresponds to co®

We

on the

Spondst to 002 forms
Aotins 4,

4

o

*

points, lines, a,n,d:pla,ne-s which constitute the

Points

\ Tdngent lines -

Tangent planes

tox 4

Plane-pair o, @ meot-
ing in lme’ g

Quadrie cone K, ver-,
\

i AL
i Plano e, comted@ce’

{ Tangents to K

HBecants to a conic &
lying in o

Secants to g, counted
twice

Planes through A,
counted fHwice
Tangent planes to &

Planes through one of
two fixed poinis A,
A'onyg

2. Caley

lation of the primary conditions for y, 4, and ¢.

In the following sections we shall determine the numbers of form

X &, and é
conditiong,

the
T

f]jrectiong
forme 4 are asso

sets of

which satisfy tho various sets of assigned primary
Since each of these forms depends on eight parameters,
conditions will be of the form pm2p8——=.

Pl'imiz Ctii be shown that the wo? limiting forms 4 are associated with the co?
cugh the_ tangent [6] to ¥)° at a point P, all approaches to P in

which lie

in any one of these primes giving the same form 3. Similarly
ciated with the «o5 primes which touch ¥} st & fixed point.
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We sball also denote by x, ¢, or ¢ the condition that s quadrig
should be of type x, #, or ¢; in this notation we have thus to
evaluate all condition-symbols of the forms X3RS and
Ppu'vp® -3, since by the principle of duality we infer that
(ﬁ‘u’rvsPS—r—s — Xprvs‘ms-—f—s_

In the detailed calculations it is often convenient to denote the
points, lines, and planes of the associated condition-figure T' by
the symbols 2, 7, p, with distinguishing suffixes, if neceszary,. For
example, the condition-figure for the symbol yptu2p® will be whitten
as (I’-_’*la'"’ .Iﬁ'g; I;12 1;2; 1613162)7 or bI‘iBﬂy, as (ﬁ:s ﬁ%’ﬁg): "\\’

4.3. Multiplicity of the solutions. As in §8.8, where we
interpreted any primary problem for general q@aﬁrics as one in
the intersection of manifolds, we may state tHe‘primary problems
for the degenerate forms in geometrical teps.

Regarded simply as point-loci, the thms y correspond to the
ordinary points of the primal A; the{émns i correspond to those
of the double 7§, and the formsd\o those of the triple V3. It
follows that g

The number of solutions of. fké problem xupS—% is equal to the
number of intersections, wugtably counted, of A with the corre:
sponding r tangent primes, s polar quadrics, and 8—r—s polar F;-ub-w
primals in the basicaepresentation, residual to their common inler-
sections with Vi aad Vs,

The number of solutions of the problem fiprv*p—- is equal t0 the
number of iptghséctions, suitably counted, of V& with the car-reé‘i””m?'
ing r tangent primes, s polar quadrics, and 8—r—s polar f’f’“bw
primals i the basic representation, residual to their common Wil
sections with V3.

e number of solutions of the problem buTvSpB T8 48 equal t0 e

: f?:’i’)fﬂ;nbe?‘ of intersections, suitably counted, of V8 with the curte "

‘which the corresponding r tangent primes, s polar g%ad?”iﬁf ; aH
8—1—s polar cubic primals of the basic representation meet residudy
to V5.

; | - po obtained
From these theorems many of the desired results can be obtain®

at once, without further resort to degeneration methods; example
of their use will follow shortly. -

- When the basic representation cannot be used directly, b
question to be decided is how to estimate the multiplicity
intersections in any given case.

he first
of the
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Consider, for example, the problem xun"—7p: here we have to
determine the number of intersections of A with tangent primes
U(n), 1—r polar quadrics U(5), and one polar cubic Ulp). Now,
by Theorem I of § 3.5, the polar cubic U{p) touches A along a V§;
hence the value of y1"~p is twice the number of forms y which
satisfy the condition u*~7p, More generally, by a repetition of
the argument, we see that

I The value of the condition-symbol yp"v*ub—~% is equal to o
times the number of forms x which satisfy the conditioh, >
vasps—'?f—s. ' , "\ \

Dually, it follows that O .

1. The value of the condition-symbol $urvspd—-s @'s:eéual to 2r
times the number of forms ¢ which satisfy(Phe condition
prvSPB—-f—s' ‘\ >

Consider next the problem 5% —=: here'we must determine
the number of intersections of ¥i® with 7 tafigent primes U(g),
s polar quadrics U(5), and 8-—r—s polafCubics U(p), residual to
their base points (if any) on V5. By, Theorem IT of §3.5, each
quadric U{#) touches ¥i0 along a I’f%f”: 1% follows that

HY. The value of the conditigrasymbol Jrviet—7-5 is equal to 2*

times the number of fé??ins W which satisfy the condilion
‘ur‘vspa~r-s' \

44. Evaluation o&{hé condition-symbols for x. We come
Now to the systematic calenlation of the condition-symbols for x
(and therefore gé)\In this section we confine onrselves to those
results which cAnrbe obtained without further use of degeneration
methods: t];e;more difficult problems for y are eonsidered in § 4.6,

(1) Thefirst group of solutions is derived immediately from the
table in§4.1; there we see that if a form y is o satisfy a condition
'P»Jih?\"’ertex (or double point) of x¥ must lie on 5. Hence

For all conditions of the type xp"v udT—%, where r > 3, the number
of solutions is zerp.
vegiXW? consider next the grou;g‘]‘ _xp:’;vs,qs’s; for all thejse, til;:

of x 18 fixed at the point j,.5,.75; and, by §4.3, In ea
%se the number of solutions is eight times the number_of cOnes
o . . . ; we
it s  corrospamienis oo wtaeh il e oful age e, ond

::hiﬂh has been employed by Unsell (Proc. Lond. Math. Soc. (2) 30 (1930), 322}
%0lve many of the primary problems for guadrics.
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with fixed vertex which pass through 5—s given points and touch
& given lines. We thus have xp®u® = 8; to find xp®uly we now
consider the (1, 1) correspondence set up on the line # by the cones
of the system (p3, zf). There are two coincidences in the ecorre-
spondence, whence yp3uty = 16. Considering similarly the (2,2)
correspondence set up on the line #, by the cones of the system
(73, 23, 7), we deduce that yp®u’r? = 32. We cannot, however,
calculate yedu%? in this manner, since the plane (5,.5,.p5)f; fis 18
an improper solution. The remaining results can be inferced by
duality from the theory of conics in the plane, using the foruiulae
just established. AN

(3) Next we have the conditions of type yp*wp~"" Here the’
vertex of y must lie on the fixed line g, . 5,. ‘ R

From the basie representation we see thaf \‘

XpPp® = 4.3.3—2.10 =26;

for the [3] common to the primes U(ﬁ,}lﬁ}éets V10 in points which
are simple on each primal U({p) angl':(%uble on A. Whence, by 3
correspondence method or, equallyivell, from the representation,
we have yp?uby = 32, yplub? =164, and so on.

Thege results, as well as thode which are obtainable in a gimilar

“manner, are shown in phe: following table, which may be verified
by the reader. A

{m‘

\'\..r TarLe I
K A\, x#rvspﬁ—m—s — 96 Pr P’S—r—s

N wr =0 (r>38) | xpt =12

N7 xtut =8 xpply =24
'S X xpPuty =186 xpptv® = 48
~N - xS utvt = 32 yputs® = 98
A\ xpu® = 18 xpt =4
NS @ity = 52 v =38
{ "\. xp‘lp-lpi = B4 x‘uspg = 16
) xpPhs =96 xpubt = 32
At = 64

4.5. The primary conditions for . We come no¥ to the
conditions of the type dpnps——. We recall (§4.1) that the fom;
i, regarded as a point-locus, is a plane-pair («, «'), having @ dmlt,ed
kine or axis g; that its tangent lines are the secants t0 ¢ ’,wml i
twice; and that its tangent planes form two stars having ¢
centres at points .4, A’ (called principal points) of ¢-

d
As regards the multiplicities of the solutions, we bave prove
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in§4.3 that tho value of 7 v5p3 % is 2% times the number of forms
¥ which satisfy the conditions ur 8=, How the latter may be
determined ia illustrated below. .

(1) In the first place, since the form ¢ is self-dual, we have in
all cases Yufv'p®7=% = Yp"viud—-5. Thus one setof results may be
inferred from the other. o

{2) Next, we observe that, when r > 6, the number of solutions
1s zero; for & pair of planes cannot be made to pass through more,
than six points in general position. '

(3) Again, when s > 4, the number of solutions is zero; fo# the
axis of a plane-pair which satisfies the conditions of the groblem
would be required to moet more than four lnes in genelga]}position.

(4) In addition to the above, the number of solutisns in many
other cases iz readily seen to be zero. In fach .t“hb\procedure is
much simpler here than in § 4.4, all the problems being éssentially
incidence problems for points, lines, and plan}s Occasionally we
may find it more convenient to use the~basic representation, as
suggested by the results of §4.3. The¢ following illustrations are

typieal. _ R\
Tasrm 1
i’lf prvspsn—rﬁe . !’[, o) P{S—r—s,
du? =0 ANgat =0 putt =0
et g\\ o gptrp =0 Ypiip =0
‘*"f‘;" 5 Pus®pt = 40 Putvipt = 32
bt £ Pptvp? == &0 g’ =0
Vrsrg 50 yulet =42 | gwip =0
Plpd = 10 Ypds =0 gy =10
Bt — 0 dutip =0
(YuhEp =0 hutyip? = 48
\\\"‘“‘:"‘f =20 | gplpd - 72
AN Pufpd = 30 Pt =0
Ex{rres

-lf To evaluate s, We have to draw & pair of planes through five
f}l;:rer.l }_}Dints 80 that their line of intersection meets two given lines; and

518 in Feneral impossible. Thus gusie = 0.

2 To evaluate %%, We have to draw a pair of planes through four
g::“:;l POiIg:ﬂ 8¢ that their line of intersection meets three given lines. Hence

P=0

3. To evaluate s 2y, TUsing the basic represontation, we have to
:letem‘ine fihe nmn]fg-if free Mt%arsections of the double V¥ _Of A. with t,h_e
;rﬁlant brimes U(z), the cubic primals U{3), and the quﬁ.dru.} primal U ;(;2

‘157: tondition. Now the primes have in common a [4] which meets Vg

Y
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“in & decimic curve lying on U{5) and meeting U(5} i 20 points ot on %

Hence fuip?y = 20.
4. To evaluate i p®. The axis of any of the required planc-pairs mus
meet the lines 7; and also one of the three lines joining the points i i

pairs: the principal points of i are then uniguely determined. Hence thare
are gix distinet solutions, each of them counting 8 #imes; so that

daatip? = 48,

4.6. The primary conditions for y (continued). In §4.4wo
considered a number of problems for the form y which gm be
solved quite readily by using the basic representation. .AllMhese,
however, as well as the more difficult cases which }Etcg]ga\v,\ may be
treated by the method of degencrate forms, which ‘we now apply
to the form y itself. R N

In §4.01 we examined the system of tang{zﬁt’ planes to y, con-
sidered as the limiting form of a generaliguiadric F. In view of
the use ultimately to be made of the refults now to be obtained,
we define in connexion with a syg{eﬁl % of co! cones (K) the
following primary conditions: M\

u, the condition that a cone;.df > should pass through a given

point; . 2 _

», the condition that géone of ¥ should touch a given line;

p, the conditiont phat u cone of X should have its vertex oné

given plane. i”,\ ’
As usual, the mﬁbers of cones satisfying these conditions will be
denoted by,gh.#, p respectively.

We naw,propose to caleulate for the system of co® cones .{K)
thﬂs@..({@dition-symbols which we need to complete our previow
resitlis; the others may be obtained in a similar fashion.

R\ .61, The forms ' and ¢". ¥or this purpose we require 10 col

sider the limiting forms assumed by a cone K when, conSId;ne
a8 & point-locus, it tends (i) to a plane-pair, (i) to a doub!e P
We deriote the corresponding, degenerate forms by ¢ a1
respectively. '
As in §4 we may prove
(i) The points of 4§’ are those of a plane-pair (w,a')
The tangent lines to ' are the secants to the axis ¢ of the
pair, counted twice.

plan®”

s it is conveni’ y
T The symbol p iz here uged in a new sense ; but, as will appeat: §
not to change our notation.
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The vertex of K tends to a determinate point 4 on d.

{ii) The points of ¢ are those of a double plane «.

The tangent lines to ¢’ are the secants to one or other of two
fixed lines g, ¢ in o. '

The vertex of K tends to the point 4 of intersection of g and ¢,

In each case we call A the verfex of the form; and we call g, ¢’
the axes of the form ¢,

It will be noted that there are 0o? forms ¢, corresponding to
the plane-pairs with an assigned point on each axis, and that there
are 0” forms ¢', corresponding to the intersecting line-paifs in
space. Thus each point of Vi® corresponds to oot formg™y, &nd

each point of V3§ to oot forms ¢'. A\
The relations between the general quadric ¥ amgl\the various
degenerate forms are shown here: N
F \
SN Y
¢ x b :

¢ &

We have now to caleulato the péﬂditions of the types ¢ u?p™ "¢

and ¢'unip?~r— which are wdquired to complete Table I (§4.4).

The'multiplicity of the solitions is settled by the theorems of §4.3.
We conclude in fact thatr\

The value of the 3@’%}03 ff St~ is equal to 2° times the number
offoﬂns {{f)’ w}b’w}z‘gaﬁgfy the condition #rvsp'?—rrv—s.

The value ofthe symbol ¢’ urvp™"=5 is equal to 2 times the number
of forms Culich satisfy the condition prvsp™=%,

Th? }.ﬁléthod of caleulation is illustrated below.

EXahrrns

1. To evaluate %%, We observe that either one plane of i contains
thres of the points 5i;, in which case the other plane contains the Ifourtrh;
Or each plane contains two of the given points. Taking one plane a8 i fiz fiss
S&¥, we see that the axis of " must be the transversal from f, to 7 and 7.
hus there are four solutions of this type. Instead, if we toke one plans
Ugh i, i, and the other through figi,, the double line m}mt meet 71
a:;d *2 &nd also the line common to the plane-pair. There are six solutu:r}s
% this type. In each case, when the plane-pair is fixed, the vertex of ' is
“Jllqlitely dstermined hy the ‘condition p. Since the multiplicity of the

®olution jg 4, we have ¢fp4v3p = 4(644) — 40.
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2. To evaluate ¢%. We have to determine all possible pairs of lingg
which meet on the plane 5, and which intersect one or other of the gz
lines 4,..., %. We obtain one type of solution by drawing the two trags
versals t0 ¥y, By, 7y, 7; to meet 5 in P, g, say, and drawing the transversl
to 7, 7 from P, §; there are 28C,; = 30 solutions of this kind. Again, the
lines which meet 7,, 7,, #; and also Py, Vs, T intersect on the comnion surye
of the quadries through 7, 5,, ¥y and 7, 7, U, respectively. This curve
meets 4 in four points, each yielding one solution to the problem,

+ There are 4 10 = 40 golutions of this kind, so that sltogether yr{ahave

$v% = 70.

3. To evaluate )'u%?. The two planes f1» fy of the eond.ijsi\m\musfs pass
through the vertex of /. Hence we draw the plane throughz; efis, fa sy,
find its intorsection with 5, and fz and through this pointAlraw the plene
eontaining fi, and F,. Thus there are ten solutions i 2l

The complete set of rosults is given in the followfiAg table. It is obvioms

that all the condition-symbols containing a factgr)f,\ where r > 3, are zero,
These are omitted from the table. ’

\Y;
Tasre )
o< b

Wt =0, 7 =003 dpt =0, Hubt =2
wpb — 0, 95';1.% ,,—_:;0 ° l,ﬁ'pavap — 48, ?S’;,L:’vap =24
Wptp == 10, $usp D Wptiiph = 24, ' ptelpt = 8
Fuht =0, fuiES= #pdvpt = 6, FuSpd = ]
Eptvp = 20, Fulp =0 yns =0, $tvd = ?g
G TG =0 e =33, gty = 8
o uted = 0,{0.: uhA = ( ¥ it = 186, é,psvz'pz == ;
aj;’p‘l"zP = lf;’p—,'lvzp =10 ’1!',.”-21"2193 =4, ¢. ,uzv o® =
Wt 20, dutp? = 0 Pt =0, b = 143
Fiphae B, duted =0 Wurtp =0, e = éi
WS =0,  $ =140 | fmte® = 0, it =
4{1&?,& =0, ¢ =70 Yt = 0, puipt =6
."\1\&"%2 =0, 4% =20
CNNIEVSE =0, gt — 3
Q

N

N7, The primary conditions for cones. Since the _coﬂdlf"‘“n
~'that a cone K should be of the form 4" or ¢’ is simple, it follows
that a system % of oo cones will in general contain finite numbers
of forms ¢’ and ¢’: we denote these by &' and ¢’ respectively.
In the basic representation, X will correspond to a curve ¢ b’r g
on A; evidently ¢ meets V10 in 4 points, and V§in ¢' points; ¥
shall assume that these are simple for C. Then the character £
of Zrepresents the number of points in which ¢ meets an &Tbltrzg
tangent prime to A; that is, s is the order of C. Also p and? bic
the respective numbers of free intersections of ¢ with the ¢@
primal U/(5) and the quadric primal U (7).
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Consider the intersections of €' with the quadric U(3); since this
passes simply through V§, we have
2p = v+ (1)
Again, consider the intersections of ¢ with the eubie primal
Ulp); this passes simply through Vi® and doubly through V§;
moreover, by Theorem I (§3.5), it touches A along a V& Hence
we have 3 = o’ 26+ 2p. (2}
Now the symbols appearing in (1) and (2) may equally well\be
regarded as conditions imposed on X; they may then be combined
in ageordance with the calculus of conditions as deseribed w/§1.3:

for example, they may be regarded as simultaneous equations for
#and ». In that case, if we solve for v we obtain R&Z
3v = 2 L b+ dp. ' (3)
- We may use these relations to determine’tlé number of point-
cones which satisfy any set I' of conditiongp®®s—-¢. Geometrically
speaking, we have to determine the niiwiber of free intersections
© with A of & set, of » tangent primegad polar quadrics, and 8—#—sg
polar cubic primals: which is thensame as saying that we have to
fird the number of cones of the system X which satisfy the
condition ' = pr—2pp8~r—¢ _gmd which also satisfy the condition g.
The curve ¢ representi;;g,f is the intersection with A of the r—1
tangent primes, s polét'quadries, and 8--r—s polar cubic primals,
residual to any bads points they may possess on V3 and V3.
Evidently ¢ will@ave only simple intersections with V3° and V3,
%0 that the preyious formulae will apply. We thus have
.U."VSR \5;—"?3" = p. #f-—lpsps—r-s : _

AN = 2 gyt rs, by (2),
y ,.\f “\' — ng;’p’“lvspg_"_s—};%tﬁ'p"_lpspa_r‘s—f—%#r_ P"""‘s.

The values of the first two symbols are known from Table II1.
As regards the third symbol, we ecarry out the calenlations
Systema,tieally 80 that the 'é.ymbols containing the highest powers
of p are evaluated first, then the noxt highest, and so on.

If the symhol & does not oceur in the given condition we may
e (3) instead. Thus

V8 =y pslghs o L(2g 4o+ dphTpt
= %l‘[,',,s-lps-s +;§¢,*ps_1ps—-s _!_%VS—IPB—S_
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Here also the calculations are performed systematically in the
order described above.

ExampLEs
1. To evaluate pfv2p2.
Wo have it = M 424 2p)utvp?
= PPt 207 4 2uPripd)
= }{24+164-8),

since the value of u%?% is the number of conics of a plane whish Youch
three given lines and pass through two given points. We thus, obtain the
forrmmla pt?e® = 186, \' Ny

2. Suppose we require the value of »%; we begin by ealeulating 1% vaing
the formula v5p? = V0 340+ 85p® = 8, N

Next we have vp = Zp8 4§81 4192 = 3%‘.’\'\.'

Finally, we obtain \J

¥ = W HT e 92, '

Pually, the formula shows that there q:(QQE conics in space which meet
eight given lines in general position. \$

The accompanying table givos the sohplete set of results for cones; from
these we can infer by duality the'humbers of conics in space which touch
7 given planes, intersect o gideh lines, and whose planes pass through
8-—r—3 given points. N

. .

A Tarre IV
\"sb'ondfiiions wvipB=r—¢ for Comes

BN T it =4 wpe =6 | o =4

%.;*lvps = 92 2ot = § péop = 12 gy = 8

RS =4 | phegt — 1 pivip =24 | bt =16

(NI =4 gt 0e s, — 48 | pRf = 32

\¥ wipt = 2 lu.sv*pz = 24 Hirtp = 72 plvt = G
O v o prfpt = 14 pietp = 8 plvt = 104
N\ Vit = 8 wp =52 | pht= 128
O Vo = 34 = 116
VB = 92

N
%
\ }

4.8 Deduction of the condition-symbols for y. Ifnow WGW?Sh
to evaluate the symbol yuf#ps-r—+ by means of the preceding
results, we have merely to recall that, by § 4.3, the value of any
such symhbol is equal to 2” times the number of cones which sat
the condition pvps-r—s. We may thus complete Table I b:\;’ using
the results of Table IV: the twelve formulae which remainé
be determined are shown below.
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TasLE V
x;.L"VsPS"T_S — ‘#prvsﬁs-r—s
XpP% == 08 | yputst = 144 xphvt = 104
xpfutt =86 | xputs® = 152 xuh® = 128

¥prpr® — 36 xpprt 104 g’ = 116
xp™® == 32 xev’ =68 pt =02

§ 5. ENUMERATIVE PROBLEMS FOR QUADRICS

5. The fundamental equations. We come now to the primary
problems for general quadrics, i.e. the calculation of all I}ig'é‘fni‘d
conditions of the type py*p®—"~% As already stated, the,prepara-
tory results, shown in the previous tables, are essextial to the
work; we shall now see how they are to be utilized; [,

Consider a system X of co! quadries: with thisGe associate the
three characters g, v, p, as defined in §3. Alsd,"2 will in general
contain finite nurbers of degenorate forme of types x, i, and é;
these numbers we denoto by X, & regp]':é}ively.

In the basic representation, = will «correspond to a curve C;
this meets the primal A in x point& Which are simple on A, in #
points of the double ¥, and in $points of the triple V3. We shall
assume, as is generally the case, that all these intersections are
simple for €. As in §4.7,4%@ see that the character  represents
the order of O, and thafy, p represent the respective numbers of
its free interseetionq% 1 the primals U7(5) and U(p).

We now establish three equations which incorporate these
facts. PN

(i) Consiglqﬁﬁfg the intersections of €' with A, we have

Q& 4 = x+ 24434 (1)
b (ii.)\'gl?nsidering the intersections of C with a primal U(p), we
ave )

V.  Sp=ptdt2 (.2)
(iii) ¥rom the intersections of € with primal U(5), we obtain
2p = v+¢. ®)

The.se equations provide the link between the results already
*tablished and those we now wish to obtain.

b5'1- Evaluation of the primary condition-symbols. The
¥ Ov® relations between the six characters of £ {or C) may be
%mbined in the manner described in §4. In particular, they mey
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be regarded as simultaneous equations for the symbols #, v, and p,
When solved for the two latter they give :

dv = 2y 4424, (4)
4p = Sx+24+4. 5

We now show how these results are applied to evaluate the
primary condition-symbols for quadrics. '

Suppose that the system T is defined as that of the guadrics
satisfying the eightfold econdition uvpS—"=3. The corresponding
curve ' is then the intersection of # tangent primess \U {f),
quadries U(5), and 8—7—g¢ cubic primals T7(5), residiielo their
base varieties on A; it will therefore have only simple intersections
with A, VI, and V§, so that the formulse of § s.willapply.

In order to evaluate the symbol p vSp®="~$ fyé/have in effect to
determine how many quadrics of = satisfybhe condition p. Now

prysps-r-s — P-HTVSPB_T_‘? :'\\:
= 13x+-2p +phnvpdze)” by (5),
= TBXWVS T ST G,
Since the values of all three symbols within the brackets are known
from the preceding tables, thg*value of prvept-r-# follows.

Generally there is a choied of methods in any given case, accord-
ing to which one of the\relations (1), {4}, and (5} is selected for
use. Thus, if all thide symbols 4, v, p are present in the given
condition ;.a"v"’pg“”'&{,\\&'o may equally well write

WP E — gy r-TyspBer—s s lgd=r-s,

When twp of more methods are available for the same problem,
they canbe used to check one another. Finally, we note that, 1?.‘}'
the pﬁuc’iple of duality, prepd-—r—e — prviut—r-s. Hence, a cerfall
nm]’;\}aer of the results can be inferred from the rest.

~Examprrs
1 To evaluate ;fy857,
We have pyip? — 3y F 24t

= H3xpt%p + Niptvp + futvip)
= }(3.96+0+40), by the tables,
= 2.
2. To evaluate pirip?,
We have piyind = %(3}(@21’4,024‘2!‘!1#2?)492 |- o)
. = (3.964-2.32--96), by the tables,
= 1]2,

I
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3. To svaluate .

Using (£), V= H2x-L &f 42400
= i{2xv3+4!fm3_—l—2gﬁv3}
= }H04-4.924+0) = 92,
TaBrLE VI
;.Lrvspg‘r_" — PrVSHS—r—s
P =1 pfl = 18 g} = AR
e =2 piin = 24 #i¥p = 80
wlp == 3 nhip? — 36 phitpt = 112 A
n?t =4 pirpt = 34 piep? = 104 ¢\
pivp — 6 uipt =21 w57 = 80 7N\S ©
aipd — 9 alef o 22 it =106
phd =8 plrip = 48 pofp? = 128 ™
péip = 12 phpE = 72 prt =920
plep? = 18 phipd = 88 e = 104"
phot =17 ot =22 0 o3

5.2. Direct calculation. Many of the #sillts shown in Table
VI can be deduced immediately from the basic representation, as
in the following examples, a > :

Examrrms SN

L. To evaluate ;28, We have 0. Bnd the intersections of six quac‘lrics
Uls), each passing simply thronghs the triple ¥§ of A, with three primes
Ui}, The lattor meet, in a [#) Wwhich intersects V% in eight points. Thus
BY =288 _ 56,

_2- To evaluate g5vp“.\i’§fé observe that each cubic primal U(j) passes
“mply through the dduble 71 of A, and that the quadric U() touches
this along 5 VI (Theorem 1T, §3.5). The five primes Ulg) give a [4]-
ssction of the whild figure, whence

;\'s pivpt = 54—2.10 = 34.

3. To avi‘hrate #%%p%, Here the [6] common to the three primes U(g)
Meets E’;;fm Points which are simple on each primal U{#) and double on
¢ach Prmal U(z). Thus .

) prip? = 9.16—4.8 = 112.

¢. Establish the formulae ufv = 2, p7? = 4,..., continuing the sequence

88 far as possible. -

5. Establish t,h- fi i — T8 — @, g =6, phip =12
g _ g oo tormulae pfp =3, plp | Bvp _

8. Show that #'208 = 88, and that pvp — 80.

7‘, By means of the result pfpt — 21, caleulate the rank of the curve
Bettiong of v, )
Wh('_rhe [4] common to the five primes U{jz) gives a section of the ﬁgm:e e

**h wo have four cubic threefolds passing simply through & decimic
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curve and meeting residually in 21 points. Applying the equivalenes
formula of Ch. IX, §1, we find that V3t is of rank 28.)

5.3. Other conditions for quadrics. So far we have con-
sidered only primary problems for quadrics; in this section we
shall show how the previous results may be used to determine the
numbers of quadries which satisfy conditions of other types. We
begin with those of dimension unity, then pass on to products
of such conditions, and finally to conditions of higher dimension.

5.31. Condition of tangency with o given surface. (1) Cor\m:ide?in
the first place the case where the given surface is a quldyic; we
wish to find how many quadries of a simply infinite system Z,
with assigned characters g, », p, will touch this surfate,

Let F be the given quadric, and F any qugdtic touching if;
then, in the pencil formed by # and F, {wo of the cones are
coincident; that is, in the basic representatipit, the line correspond-
ing to this pencil is tangent to A. Hepel%} the system of guadries
touching F' correspond to the pointg~of the tangent cone K to .ﬂ
from the image point of F. And sifice the cone intersects A in
points ying on a first polar, it follaws that it passes doubly throug.h
V& and sextuply through VN

-~ Suppose, as in §5, thatlthe quadrics of T corrospond to the
points of a curve ¢, with\the characters X, ¢, ¢; then, if ¥ denot(;s
the number of intelgse(?tions of € with K , external to V0 and Vi

we have ,\\ 190 — N+ 2+ 6.

Now, by § 57 Etiuations (2) and (3),
P b=y,  f=2p—p.
Hengg\bhe number ¥ of quadrics of £ which touch the quadric
F jggiven by the formula
4 .\" 3

~O N = 2u+tv+p). _
N (2) We may obtain the same result by using specialization
- methods. Thus, suppose that F tends to the Limiting form_ﬁi;
consisting of a plane-pair {o,a") meeting in an axis g, O wh{ﬂh
lie two principal points 4, A’ (§4.03). Then the quadries of = whie
touch ¢ belong to one of the following sets:
(i) those which touch either « or a';
{ii) those which pass through 4 or 4'; .
{iii} those which touch g, each of these being counted tWice:
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Hence, the total number of quadrics touching ¢ is
N = 2{u-+v+p), as before.

(3) We may use a similar method to find the number of quadrics
of Z which touch a gencral surface F” of order #. For this purpose
we let F* tend bo a limiting form consisting of » planes of a pencil,
with axis¢. It can then be shown that the tangents to this degenerate
form consist of the secants to g, counted n(n—1) times, and that
the tangent pianes are the planes which pass through one or othé™
of n{n—1) principal points 4, 4’, A”,... situated on g. Tt follows

2N\

that the number of quadrics touching F» is equal to A
np-+n{n—1jv+n(n-—1)%. .
(4) We ean now apply the caleulus of conditiod® in order to
find the numbers of quadrics which satisfy a sebOf primary condi-
tions, together with conditions of tangency to ong or more surfaces,
For exarmple, the number of quadrios pa,sg.jng through seven given
points and touching two given quadgioshis p?(2u-v+2p)% ex-
panding the symbol in brackets and WSing the results shown in
Table VI, we may deduce the number in question. Or again, the
number of quadries tonching seven given planes and two general
surfaces F= and F» ig given.hiy the symbol '

Pt mim — 1)v+??z'\(a}q,_ 12 Hnp-tnin—1p+n(n—1)%},
which may be ev&lu{s‘éﬁ ’by means of Table V1.

5.32. Tuwofold, feonditions. Consider now a system X of co?
Quadrics; of thege, a finite number can be found to satisfy any
two given ceonditions, and a finite number of degenerate forms
contained §p) % will satisfy any one given condition. We shall now
‘:'btai%lszﬁ‘mulae for two important conditions which are dual to
One angther: :

{\Mie condition v, that a quadric should touch a given plane on
4 given line in the plane.

The condition 5, that a quadric should touch a given line ab &

given point of the line. : :

.TO this end we ohserve that a finite number of quadrios of Z
Will touch two given planes; this number is equal to the number
of free Intersections of the surface image M, of X with the corre-
*Ponding cuhie primals 7/(,) and U(5,). Now let one of these
Primals tend o the other; the corresponding planes will then tend
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to coincidence, with a limiting line of intersection. Moreover, M,
intersects A in a curve, not lying on Vg and this will meet U(5,)
in yp points. Hence

_ 2p? = 2y +xp.
Since, by §5, y = 2p—v, we obtain
Y = $p-
Daally we have v = v,

These results may be combined with the preceding so as to-give
the numbers of quadrics satisfying a set of conditions of dimetsion
nine, of any type so far considered. R, \)
5.33. Threefold conditions. We shall consider oue“example of
" these, namely, the condition ¢ that a quad.l‘imsfhd{lld contain &
given line. As shown in §3.13, the quadries wﬁiéh contain & given
line form a linear system of freedom six which' corresponds, in the
basic representation, to a tangent [6] to . Such a [6] will inter-
gect V2 in a manifold 73§ and V§ infa*conic. The latier will of
course lic on each quadric U() bubmot in a general prime U(P).
Hence we obtain the results .~

=1, &fv=2, fHAE =4, L5 =8, =16
w Z uhy Z

Since the condition & ;is’:sélf-dua], we can infer from the above
formulae that £p® = 1 ete.

By the use of corregpondence methods we may obtain an expred”
sion for £ in terms\o the symbols y, »,and p. The actual formula i3

€ = 3@ B(u-tplvi3{p2 At 2oy — 2 %)
For the..?i’bﬂf of this result we refer the reader to Schubert ,S_' book
EXA\I@:ES ' o
43, With the notation of Table IV, show that the number of 6omcs

. /aplane which touch five given conics is p3(2v+2p)°, and that this numbet
SQLERE : : .
. . o8
2. Show that the number of quadrics which touch nine given quadr
is 2%(u+v-1p)?, and that, by Table VI, this number is 666,841,088 .
3. Prove that the number of quadrics of an oo? system which cont#id
line of a given poneil is pp.
4. Show that any tangent [6] to V¥ touches A along a Vi- Jane
5. Prove that the condition e that a quadric should touch & given P
at a given point is conneeted with ¢ by the relation

2 +dew = pwp.
Deducea a formula for w from the previous soction.
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6. With the notation of Table IV, prove that the condition that & conie
in space should pass through s given point is pr—2p2,
7. By considering the imtersection of the prime U({P) with the quadric
Ui} in the case where P> lies on [, show that 2y — .

§ 6. TuE SPECIALIZATION PRINCIPLE

6. Specialization methods. In various sections of this book we
kave solved divorse problems in enumerative geometry by an
appeal to a specialization argument. Thus: ~

(1) In Ch. I, §3.2, we proved Bézout’s Theorem for the inter-
section of primals in general position by breaking ujp"eé.‘ch
primal into a set of primes; and in the Examples onnCh. IX
we used a similar method to find the numberof inter-
sections of » primals in [} residual to a cathddon multiple
curve. \ : &

(2) In Ch. IX, §2, we found by specializafion the order of the
curve of contact of tangents to a .@'r?acein [r] which meet
2 given [r—2]. : PN

(3) In the Examples on Ch. TX Wwé obtained the number of
chords of a space curve Wh.lch meet two given lines, by
supposing the lines to o coplanar. _

(4) In §5.3 of the present chapter we obtained the number of
quadrics of a simply-infinite system which touch a given
quadric, by m; I%\f_ng the latter degenerate into a plane-pair.

Since some at lgagt of the results so established are of essential

importance to 1hi&, theory, it is desirable to examine critically the
assumptions on/which our methods are based. As we shall see,
this leads:iri,evitably to a review of other questions concerning
‘numerative methods. '

f"\!:"The underlying assumption. If the method used in each
(ke above problems is serutinized, it would at first sight appear
bat, in every case, what we have asserted amounts to.this:

Gi?m.a’ system of algebraic equations of which the nun@l?er of
Solutions is i, general finite, the number of those solutions wa&? not
hange for any variation of the parameters occurring in the equarnons.

But thig staterment is certainly not true without qualification,
as exa,mples Fe&dﬂy show.

_EX- _1- Let € be an irreducible curve of order #, SiﬁlI&_fﬂd in [r). Any
Prime in general position meets C in 7 points, corresponding to the Toots
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of an equation of the nth degrce. Bubt supposo that the prime is not i
general position; for instance, lot it have contact of a specified order with
¢ or, again, let it pass through a multiple point of €. T either case the
‘prineiple’ esserted ean remain valid only if we adopt some convention as
to how the solutions of the resulting equation arc to be connted.

Bx. 2. An instructive oxample oceurs in §3 of the present chapter. If
£ is a general linear systewn of oo guadric surfaces, we can show that it
containg eight double planes. 1f, however, (he parsinsters defining I are
varied so that the sysicm has three base points, it is clear that the number
of double planes is reduccd to one. A snitable convention will enfbie us
in this ease to count the plane as an eightfold solution. N

6.2. Proper and improper solutions. A secondfacter in the
problem of counting the solutions, assuming they are finite in
number, appears from our previous work. \ '

Ex. 1. Suppose we wish to find the number of idrics satisfying the
condition u%°. Fvidently the plane of the thrse’ given points, counted
twice, will satiafy the conditions of the problemi. However, we can state
the problem in such a form as to excludd Ahis from the result: thus we
may say that we requirc the number of ibtéduc-ibﬁe quadrics which satisfy
the given conditions. In fact the douhls,plane may be termed an imp;‘ﬂper
solution to tho problem, for any \condition of type » is antcmaticsly
satisfied by such a degenerate q;!é:dﬁc.

Ex. 2. Consider the problemi.of ﬁnding the triangles which are inseribed
in one conic and eircurnscribed to another. Let &, S be conies in genersl
position: from any point® of I, draw the tangents to &, meebing § agail
in ¢, @,. From @, say{ draw the remaining tangent to &, meeting S agail
in R; and from R d¥aw the remaining tangent to &7, meeting § again 10 £
We thus set up™e (2,2) correspondence between P, B on & a‘nd bhe
solutions to, tHe,Problem in question must arise from the 4 coincldt?ncﬁs
of P with By But these ocour b the intersections of & with the residus!
tangents {038 from the points of contact with § of the common tangents
to 8 a(d“ 57, so that the required friangles arc all degenerate.

Jb should be noted that, unless we make a further stipulation,
m~ these triangles, unlike the double plane of Ex. 1, are to be Iega,rd'ed
{Vas proper solutions, If we introduce into the problem the Ci“f"hﬁ'

cation that the required triangles must be non-degenerate, ¥e

reduce the number of solutions to zero. The question as to Whethel'
we may legitimately make this stipulation is discussed 1o the
next paragraph.

6.3. Permissible and impermissible conditions. In order

to settle the question just raiscd, it may be helpful at this POiILtj;G
emphasize an assumption that underlies all our work bub W )
has until now remained merely implicit. It is of course suppe®
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throughout that we are dealing with a system of algebraic equa-
tions: that is to say, as stated in §1, that any condition Imposed
on our system X of forms must be algebraic. This essential
restriotion not only excludes problems which obviously imply
conditions of a non-algebraic type, but it necessitates a closer
examination of certain conditions which at first sight appear to be
permissible. '

Ex. I. Consider, for example, the problem of determining how many
lines meet a space curve in four points sthat are distinet from one anothéi
In terms of the parameters the restriction to distinet points of intergection
means that certain solubions must not be coineident; and this condition
eannot be expressod by means of an algebraic equation. \"

Ex. 2. On the other hand, it may be pormissible to stipulate\that cortain
solutions are to be excluded ss improper, provided thagNin the ‘basic
representation’ of the problem, aumelogous to thag afscd in the present
thapter, the points corresponding to these sclutiopsdie on an assigned
#igebraic manifold. This is precisely what we do'ilt finding, for example,
the numbor of irveducible cones which satisfy/Phe condition p%*; here we
reject the solution corresponding to any co{naho}n point in which the primes
Yls), Utg,), U(,) meet the triple 78 of & This is equivalont to assigning
V3 as base manifold for all the primals goncérned in the basie representation
of the problem. And so in general FON

Ex. 8. Suppose that wo wish tcifﬁn& the number of bitangents to & nodal
Plane quartic; in the basie représentation of the lines of the plane we assign
the ol lines passing throughthe node as a base curve, and so obtain only
the proper solutions to the\problem.

64, Tentative, f}\rmulation of principle. Suppose, then,
thet we have, decided on a convention for counting the solutions
t0 & given PI'ObTem, and that we have also decided, in the manner
descrihed,~~i‘fhjch solutions are to be classed as improper. A little
reﬂect@iﬁiil show that even now the statement made in §6.1 is
OPeRto objection.,

l “Consider, for example, a reducible curve C in [r]; by adopting

8 Suitahle convention we can say that any prime which contains
10 part of ' meets the curve in the same number of points. But
1t 8 Obvious that no convention will avail to preserve the number
of Intersections if the prime happens to contain one of the com-
Ponents of ¢,

Again, in §1.1, we determined the number of lines which meet
. ¥ We may add that, for s manifold representing & specialized condition-figure,

oerll‘t?ha?s Precantions may he necessary to ensuro the proper counting of solutions,
Foint see Beveri, Aui Ist, Veneto, 75 (1916), 1121.
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four given lines of [3] by supposing that two of the lines were
coplanar. If, however, we further specialized the figure by
making three of the lines coplanar, we should obtain an infinity
of solutions.

These examples suffice to indicate one correction that has ob-
viously to be made to the proposed principle. We shall therefore
amend it to read as follows:

The number of solutions of a system of algebraic equations, {f\is is
Jinste for one set of the parameters occurring in the equations, will
remain constant for variations of those parameters, provided

(i) the solutions are properly counted, and “\ N

{il) the variations are never such as to rendey(the number of solu-
. . - QY
tions infinite. NS

Numerous illustrations of this principlewill ocour to the reader.
Thus, we know that it is impossible ‘draw a chord of & Veronese
surface from a general point ofsthe ambient space; the points
from which chords can he dzawh lie on a cubie primal of
[5], and through each suchopbint there passes an infinity of
chords. ON° .

Before we subject the’principle to further examination it I8
necessary to enlarge £he scope of our inquiry by some additional
llustrations. \\‘ "/

6.5. The cgllineations of a line. Fresh light is thrown on the
nature of 2dummerative problems in general by the study of 'th"
group z'2="(aw+-b)/(cx+d) of collineations of the points of & liv®
We dbitain a basic representation of the group by taking (a,0,6 9
tg be homogeneous coordinates in §;. Each collineation then has

Abr image a single point of S; but not every point of % represents
V'8 collineation—in fact, the totality of points lying on the qua'dﬂ.c
ad—be = 0 have no corresponding collincations. We shall c.aJl e
the fundamental quadric of the representation; the solution® @
“any determinate problem concerning collineations will corI‘BSPS:ic
nS; to a number of points not lying on the fundamental qu&
(of. §6.3).

The collineations which transform a given point x into a,noﬂlzf
given point " correspond to the points, external to the fun
mental quadrie, of the plane whose equation is

&' = (ax}+-b}/{cx+d).
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There is a unique collineation which changes three distines points
2y, Ty, %y it three distinet points ], 3, 2}, namely,

(@ — ) ah—ah) _ (—2)zy—ay)
(" —3) (o — 1) (w“xa)(xz—xﬂ.

(1)

In particular, it follows that there is a unique collineation which
leaves a. point &, fixed and interchanges a pair of points a,, z,,

To the group of involutory transformations there correspond
the points of the plane a+d = 0, external to the fundamental™,
quadric. It follows from (1) that there is a unique involutory
transformation which interchanges a pair of points 2,, &, agﬂ‘alﬁo
a pair z;, ,. ' « \

Ex. 1. We consider first the following problem:fhi)'w many
collmeations of a line leave invariant a given triadlofpoints?

It is clear that there are six solutions to the problem, namely,
(i) the identical transformation, (i) the involutdry transformations
which leave one point of the triad fixed afid-nterchange the other
two, and (iii) the transformations whigh'permute all three points,

The geometrical Tepresentation of the problem is interesting.
Let us suppose, for simplicity, that the triad is given by the
equation g2+ 1 = ¢. If o' =‘(dx-'+b)/(cx+d) is a collineation of
the desired type, the equation (ax--b)>+(ca+d)? = 0 must be
equivalent to 2341 = (X NThus aB-+c® = b3+d?, a?h-+cid = 0,
b2 4-cd® = 0, Thes equiations represent three surfaces, whose
intersections give the Solutions to the problem. It will be noticed,
however, that the stirfaces intersect in a curve, consisting of the
thres lines comrhon to @34-¢* = b3+ d3 = 0 and the fundamental
Madric ad —f¢"— 0. Residually to these the surfaces meet in six
Points, giiing the solutions
=g\ =, o — w¥, ¥ =1z, o =of, @ =
whierd o, ~ grints,

EX. 2. Consider next the question of determining the number
of collineations which leave invariant a given tetrad of points.
. We know that any such collineation must change the tetrad
Into another having the same cross-ratio. Hence, for 2 gﬁ‘llf_‘fl""*I
Yetred, we deduce that there are four solutions: (i} the ideptn‘cal
Frangfﬂrmation, and (i) the involutory transformations which
Mterchange one pair of the tetrad and then interchange the

"laining pajr,
457
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Thus, for example, in the case of the tetrad given by the equa-
tion axt+a%41 = 0, the required transformations ave

=z ' =Ilfy, &=-—-2 o= ~—1jx.
Here again the geometrical aspect is illuminating. If the col-
" lineation &' == (ax-+-b)/{cx+d) leaves the given tetrad mvariant,
the equation (ax+b6) -4(ax+-b)2{cx+d)2+(ca+d)* = 0 must he
equivalent to xt+4-224-1 = 0. This leads to four relations between
a, b, ¢, d; hence, in the basic representation, we have to fid the
points common to four surfaces. Thus the problem doesioh come
within the category of typical problems as defined im§1’; for we
have no reason to expect that four surfaces will haye afry common
,points whatever. Nevertheless, in the present ingtance it is easily
verified that they meet in a curve Iyingtoﬁ"the fundamentel
quadric, and also in four points external\bovit, representing the
proper solutions to the problem. PN

Ex. 3. A still more interesting situéﬁion arises when the given
tetrad iz harmonie or equianhar;ndnic. We know that in the first
case there are 8 permutations ofthe set, including identity, which
give the same cross-ratio; thése'fall into two classes, namely, the
tetrads of the type describein Ex. 2, and those such as (2 %, %%
obtained by interchangfng a single pair of non-adjacent points and
leaving the other pair tnaltered. .

In the equianHarmonic case (when the cross-ratios are either
—w or —«w?) tHepe are 12 permutations whieh give the same cross-
ratio; for ip\dddition to those already stated, we now have suo
permutations as (z, xyx,x,), in which a pair of adjacent points &
inter¢hanged. _

:Ifhl}S, to conclude, we may summarize these results as follows:

N :,\.:Tke number of collineations which leave invariant the povmts o
‘o tetrad defined by the equation

Gy 2o, 28ty 22 tagzta, = 0
ts 4 in general but, for continuous variation of the parameters (@

may become 8 or 12,

As a matter of historical interest it may be noted that the abov®
example of the failure of the specialization principle, a8 US" son
applied, called attention to the need for a closer examina
of its range of validity.
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6.6. Conditions of validity of the specialization principle.
The principle, as formulated in §6.4, was used explicitly by
Schukert and others to obtain the bulk of the known results in
enumerative geometry; elearly it might have been invoked, with
some degree of plausibility at least, to justify our methods in the
problems we have considered in carlier sections of this. book.
Nevertheless, the conelusion of § 6.5 indicates that it is not valid
without some further restriction. o '

The guestion is thus raised: can we establish a criterion which
will enable us to determine @ prior: when the specialization methoed,
may legitimately be used ? This question was answered by Seyedi, |
and we shall indicate below the substance of his expggition.
First, however, we consider a simple kind of enumerativgproblem
in which the conditions imposed are resoluble into’.af,product of
two conditions of complementary dimensions.\NAsvwill appear,
the proof of our statements depends upon certain.general proposi-
tions concerning algebraic systems of manifoldetraced on a given
variety; for these the reader is referred glsewhere.]

6.61. The representative manifold gf :& system. Condition-mant-
folds. Consider an algobraic systedi® of geometrical forms (F)
In a space S,; in infinitoly many-Wiys we can represent the forms
(¥) by the points of a manifeld V, which we shail call the repre-
sertative manifold of the syis'iém. If T is of dimension d, so 18 V;
and if, as wo shall alwdys suppose, T is irreducible, so likewise
8 V. In order to appl;{z'the $heory we must assume that V is free
from multiple poimtetArurther, the representation may require that
Certain varieties’on’V be assigned as base manifolds, whose points

do not correspand to members of X.
Ex. i, ]Pﬂh‘ line geometry of ordinary space, V may be taken to be a
Yeneral qgadrio primal of {5].
} Exagibn the present chapter, for the representation of the qu&drics.of
s T; bas been taken to be a space Sy; for the Tepresentation o base
whm.h are nok eones, V iz a space S, with a primal A assigned as I?a.se .
tanifold; and for the reprosentation of all irreducible quedrics, V is &
Pace § with & base manifold Vi, i
Ex, 3. For the problems concerning the eollineations of a line, e
Pace 8, with an assigned base guadrie,

i“:r REM' Falermo, 33 (1912), 313; a more recent elahoration of the theory is
n L 1912), s : |
¥ Severi in Annati di Mat. (4) 19 (1940), 153. ot Aoomali i Mt

Severi, Abh. 3 as 3), 3356 (5§ 11-14)
926 (1957, 22;. ath. Sem, Homburg, 9 (1933}, 335 {5%
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With any condition-figure I' of prescribed character, there is
associated a condition ¢ (which we shall assume to he of permissible
type). Suppose, moreover, that the dimension £ of ¢ is less than d.
There corresponds to ¢ on V an algebraic manifold Uy, = U,
the condition-manifold relative to ¢; and we suppose that thisisin
general irreducible. AsT"varies continuously,inthe relative positions
of its components and in its position in §,, U will vary in an
algebraic system on V. Among the possible positions for I, some
will be of quite general character and others will be particularized
in various ways; in the application of specialization methods we
are concerned only with the latter kind, Thore argyhow four
possibilities to consider: A\

{1) It may happen that, for all specia]izatio\ns"g of I, the condi-
tion-manifold U is irreducible and of dilmension d—4.

(2) Instead, for certain speeia]izaticms\af T, & may break up

" into a number of irreducible gdwiponents, sorme of them
possibly multiple, but all of ditdension d—k: that is to sy,
the condition-manifold iz pﬂfm’ (ef. Ch. I, §4).

(3) Or, for various speciaj;"zﬁﬁions, [/ may break up into &
number of componenti-of different dimensions: we then say
that it is smpure..

(4) Finally, for cerfain specializations, it may happen that U,
though rem@‘irfg irreducible, is of dimension exceeding d—k.

-6.62. The craterion of validity. Suppose that ¢ and ¢’ are .condl-
tions, of gemaplementary dimensions & and d—k. relative o
conditionfigures I' and I which are generally situated with
respebiitd each other. Suppose also that I" and IV are of gener&i
cha;‘akter, so that the corresponding condition-manifolds E'I an
ATfare irreducible varieties of dimensions d—k and & regpectively:

{\These varieties will meet, residually to the base manifolds of V»
in a certain number of points which, counted with thelr propet
multiplicities, represent the number of forms of which satsty
the d-fold condition ce’. We now wish to determine whethe? .1;}113
number will remain unchanged as U assumoes varions positio’s
corresponding to specializations of T'. e

According to the general theory of manifolds, to which #e hjre
alluded above, this will be the ease so long as U remalns l-nl
ducible, or reducible and pure, of dimension d—#. Ib will Ce?t&l Y
not be true in case (4), and it will not necessarily be tue 1t
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(3), even if none of the components of U has dimension greater
than d—k. We may thus state the following condition as sufficientt
to ensure the validity of the specialization method:

For any typical problem, in which ¢ and ¢ are conditions of
complementary dimensions, and ¢’ iz relative lo a general condition-
figure, the number of forms satisfying the condition ¢.¢' will remain
unaltered for any specialization of the condition-figure relative fo ¢
for which the corresponding condition-manifold is (i} frreducible or
(i} reducible and pure, of the same dimension as for the generic ¢.

From what has been said, it is clear that, with similar restrictions
for the condition-figure relative to ¢’, we can apply simultdiipous -
specializations to ¢ and ¢’ in the given problem. Again, though we
do not need this fact in our work, it can be shoWn‘that the
number ¢e’ will be unchanged for spocializations\of T, even if T
and I are not generally situated with respectMo each other,
provided that U is irreducible, or reducibleyand pure, and that
it does not meet T in an infinity of pojubss

6.63. Applications and examples., We now examine, in the
light of the above criterion, variou‘s‘sijeeia]iza,tion processes which
we have hitherto used in our wotk."

(1) The intersection of primals) " Bézout’s Theorem. Suppose that
the representative manifold W is a space [#]; then the primals of
any order in that sp e'\‘ftfrm a linear system of pure manifolds
V. If we are givel r primals on V, in general position, of ordery
4> Myy..., %, Tespeetively, and we seek to determine the number
Of_their itltersectﬁgns by breaking up each primal into a seb of
Primes, we aablin effect appealing to the specialization principle
1n g Pl‘il’fx\(b'ivé form, i.e. ag part of the theory of algebraic mani-
folds mgationed in §6.6. The same remark applies to the method
Ufmﬁllcﬁi?fg the number of intersections of r primals regidual to a
E(Lm;ngn multiple curve, which was suggested in the Examples on

2) Line geometry in [3]. Taking the representative manifold ¥
to l_)e & general quadrie primal of [5], we see that '. _

(1.) The manifold corresponding to the condition of intersecting
® €ven line is the section of ¥ by a tangent prime; if is thus
aways frreducible. _

works of
Sez I't D&y be proved that the condition i also necessary; see the wor
o1 quoted ahove.
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(ii} The condition of meeting two given lines corresponds to a
[3]-section of V; this is & quadric surface, which will brealk up into
a pair of planes if the given lines intersect. Thus the condition-
manifold in this case is either irreducible or reducible and pure,
Hence we may apply such specialization methods as in the
Examples on Ch. [X, where we found the number of chords of
a gpace curve which meet two given lines.

{ii) The condition of meeting three given lines is.in general
represented by a conic or line-pair on V., But if the thres lines
are coplanar, it corresponds to a plane. Hence this(iype of
specialization must be excluded. b

(3) The projective characters of surfaces. In Ch. X we obtained
two fundamental results in the enumerative gogtetry of surfaces:

(i} The order p, of the curve of contact of “isalngent planes to &
surface in [r] which meet a given [r—3].

(i} The number p,-+v, of tangent fancs to the surface which
meet two given spaces [#—3]. NV .

These were both deduced from specialization of the respective

- condition-figures. In order ng)w':t-i) justify this procedure we need

only project the given surfage on to ordinary space, from a general
[r—4], and apply the results concerning line geometry of [3]-

6.7. Severi’s analysis. We now leave the reader to disous
the remaining mé hods used, and we pass to Severi’s analysis of
the problem. A% before, let F be a gencric form of the syster z,
and let F"sbethe specific figure with which it is to have the
relation ¢ Besides the manifold V of § 6.61 we now eonside.r the
ma;njf%q\? whose points represent all possible figures (#'} 10 5
Thex bhe condition ¢ gives rise to an algebraic correspon(élance @
betiveen the points of ¥ and V", in which homologous poins 210

~bhose for which the relative entities F, F’ satisfy ¢; @ will be
mapped by a certain manifold M on the variety which represfents
the pairs of points of ¥ and V’. It may happen that V' i3 reducibi®
and that ¢ itself is the sum of a number of conditions. We suPPo
that any one of these (¢,, say) is relative to an irreducible part 1
of 7, and gives rise to a correspondence w, between V and.bll‘;
We then assume that the manifold J, which maps e 18 ITT educ!
or reducible and pure; in this case we say that @, itself is PUre:
To a generic F” there corresponds (by w,) a variety o onhuss
this will be pure, of dimension e, say, the dimension of o f
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being d—e. Suppose now that ¢, varies continuously and that ¥’
tends to a specialization F’ which is not fundamental (i.e. one
with more than oo® homologues F in w,). Then Severi has shown
that the specialization F’ is valid. Similar considerations apply
to the other components M,, #,... of M; and Severi’s conclusion
is that the specialization process is legitimate if and only if the
correspondence w 18 pure.

Ex. Consider the condifion imposed on an involution F which is $o leave »
invariant a given tetrad IV on a line (§ 6.5); this sets up a correspondencd
between the represeniative f{irreducible} varieties V; and ¥} which is ;-q:lu—
cible and impure. For, if wo fix a particular involution F, we obtaihone
manifold W, eonsisting of the oo? tetrads F” formed by two double*points
and & pair of mates in ¥, and another (distinct) manifold W of the co?
tetrads formed by two pairs of mates in F. As P moves in'Fg W, invades
the whole of ¥{ but W, covers only the part V; which.mips the harmonie
sefs in Vi Thus the corrcspondence between ¥, and Ji0ud the sum of two
ireducible correspondences of different dimensiorgs;}blﬁis explains why, in.
§ 6.5, tho number of solutions in the harmonie c'a‘tie’ differs from the number
obteined in gencral. _ \®

From the indications we havo given it will be clear that any
analysis of the methods of enumgrative geometry must involve
deep questions of algebraic geomgtry. For a systematic discussion
of such questions we refer the reader generally to the work of
van der Waerden, and in<particular to his long series of papers
“Zur algebraischen Géduietrie’, T-XV, Math. Annalen (1933-8),

which are largely M¢oncerned with fundamental enumersative
Problems, Q N .
BOOKS RACOMMENDED FOR FURTHER READING AND
AN\ REFERENCE
Bagzn J’z:e?}c . . i
& Imeiples of geametry, vi, ch. ii.
?:;’%I’\? ke geometry of determinantal manifolds, ch. ix.
UBART, Kalkiil der absihlenden (eometrie.
UTREN, Lehrbuch der abzihlenden Methoden.



CHAPTER XIIT
GEOMETRY ON A CURVE
§ 1. SBTS OF POINTS ON A CURVE

1. In earlier chapters of this book we have heen concerned for
the most part with what we may call projective al gebraic geometry,
or the geometry of algebraic manifolds relative to the projeetive
spaces in which they are immersed. In the sequel we shall be
dealing more particularly with invariantive algebraicgedmetry,
i.e. with those properties of algebraic manifolds which are in-
variant under birational transformation. From this\point of view
we attempt to consider as a single unit all ménifolds which are
birationally transformable into one anothesyahd to regard them
as different projective representations oeNmodels of the same
abstract entity. AN

Invariantive geometry has two mein developments:

{a) the formal development of rélations of equivalence between
sub-manifolds of a givenmanifold V, and the study of
fundamental invariant a.nd covariant systems of equivalent
sub-manifolds; A\

(b} existence theoremiy and numerical relations between in-
variant numbers Which largely characterize geometry on V.

In this and thpralowing chapter we give only an mtroduc’ﬁ}oﬂ

to some of the priftcipal properties of curves and surfaces, referring
the reader bg“the classical treatises and memoirs for further
details. )"

For brevity we shall assume, without further qualification, that

all th\e manifolds under disecussion arc algebraic.

O\ J.1. Representation of point-sets. Invariantive geometry of
an algebraie curve is essentially the study and classification of:'aerg'
dimensional manifolds on an algebraic one-dimensional manifold,
ie. the study of series of sets, each consisting of a finite numbzl‘
of points, on an algebraic curve (. The curve € will be SHPPO_SBI :
here and throughout the whole of this chapter, to be jrreducib E}

The primary characteristic of a set of points (distinet or 1 !
on (! is the number of points in $he set; this we call the grade 23
order of the set. This gives a preliminary classification of all 5¢ Ill
on 0, according to their order, in totalities H,, Ha Howr Of 2
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single points, pairs of points, triads of points,... of ¢!. The first;
of these totalities has (' itself as algebraic image, We now indicate
a general method of constructing an image-manifold £2, whose
points shall represent univocally all the sets of H, for any =,

We suppose C to lie in a space Sy, so that H, is subordinate, in
the first instance, to the totality IT, of all sets of n points of 8.
Now II, is itself subordinate to the totality of envelopes W, of
class » of S; for any W, is defined by the vanishing of a poly
nomial of degree n in the codrdinates of a prime of §,, and ¢
degenerates into a set of n points when the polynomial brealks up
into » linear factors, By regarding the coefficients of the{ geheral
polynomial defining a W, as homogeneous coordinates-af'a point

of §,, where v = (nj;k)—l, we obtain an unqxqjtapﬁonal repre-

sentation of all the W, of S, on points of 8,; and in this representa-
tion, since the conditions for a polynomislof degree = to break
up into n linear factors are algebraigyil), will be represented by
an algebraic manifold in 9, ]F‘inal!y,'tlie conditions that any set
of points of S, should lie on ¢ are also algebraic; and hence H,
will be represented b:irationa,]l;@bri an image manifold {2, contained
in that of IT n Henee )

THEOREM 1. T'he totalit Nof all sets of any given order non g curve
l_f)‘ is representable bz’ra{iéna.lly on the totality of points of an algebraic
vnage manifold QN

Since €' is ixpeducible, £, will also be irreducible and of dimen-

sion s, Y

12, 473‘;65;1:1'0 series. The most general kind of series of sets
with wltich we shall be concerned is defined as follows:

~ZOFINITION. An dlgebyaic series of grado n on € i sny system

Sofsets of o points of € whose members are in (1, 1) correSponfience
With the points of an algobraic manifold U. The series has dimen-
Slon p equal to that of .

An algebraic serios of grade n and dimension p is called.a. Yo
Thus, the totality of sets of » points of € is the yj whose 1mage
manifold is Q ; and every other algebraic series of grade 7 18
presented on 0, by an algebraic sub-manifold of (. 'The indi-
vidual points of ¢ constitute a 9}, while the same points, each
“ounted s-fold, form s i o
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Axn algebraic series 42 has a further important character, namely,
its endex A; in the case where the generic set of the series consistg
of n distinet points,} this is the number of distinet sets of the
series which contain p generic points of (.

A simply-infinite algebraic series of index unity is called a penei]
of sets on €, or an involution on C. Precisely one set of a pencil
contains any given point of €, and contains it once only. The
simplest example of a pencil is the 1 of the individual pointg of
C'; but the generators of any ruled surface evidently eut, a'pencil
of sets on any irreducible curve of the surface. N\

Abasepoint of aseries is a point common to all the set&of the series.

1.3. Linear series. Among algebraic seriegfonja curve, we
now single out a special type of far-reaching inpertance, to which
we apply the adjective Fnear in recognitios of its origin and
characteristic structure. N :

DEFINITION. A linear series of sets,ﬁf}mints on a curve , im-
mersed in a space 8, is a scries of sets of points cut on € by the
primals of a linear systom of S, givén by an equation of the form

® = Ndothdito A d, =0, g
whore A, are variable para‘nﬁefers, and ¢, are polynomials of the
same degree in the coopflinates of a point of 8,

It should be note’Q‘ﬂmt these sets will in general be residual to
a fixed set I of points on C.

C'is often called the carrying curve or carrier of the series.

A linear sgiies of order # and dimension p is denoted by g
For example/if ¢ is of order 7, and if it does not lie in any prime
of 8y, th®'Primes of S, out on it, the sets of a g% ; while those primes
whichi'p w8 through generie points of ¢ eut the curve residually
in.the sets of a gk=?,
~\The dimension of the lincar series cut on ¢ by @ will not
necessarily be the same as the dimension of @; but this discrepancy
may always be avoided in virtue of

THEOREM II. The linear system of primals which is to cut &%y
given linear series on O may always be chosen so that each set of the
series 18 cut on O by one and only one primal of the system. ‘

T Mo define A in alt cases we must employ the general notion of @Tlﬁel:s?ct;;’;
multiplicity, Thus if 17 is $he image manifold in £, of any »2, and }f i -
image manifold in ), of the series of all sets of order # which contain p gone

points of ¢, then tho index A of ¥4 i& the nurnber of interscetions, suitably connteds
of U with &,
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To prove this we suppose that the linear series is given originally,
asin the above definition, by the intersection of € with the system
@ of primals defined by (1). We suppose also

(@) that the polynomials ¢, are linearly independent,

(b) that % linearly independent primals of @ contain C entirely.
By {2), the dimension of @ is r; and by (b), supposing, as we may,
that the  linearly independent primals in question are given by
$14:= 0 (# = 1,..., %), we are enabled to write the equation of\

(& in the form ® =040 — 0, \NGZ)

where O vanishes on €, and the system ®,, given by O
Dy = Mdothdi oAb = 0, N (3)
is such that no primal of the system contains €. It the first place,
then, any set cut on €' by a primal @ is cut by a'prishal @, for which
Agrees Ay, have the same values as in ®. And'in the second place, -
10 §wo primals of @, can meet € in the 08 sob; for if such were
the case, the primals of the linear pen,é}l containing the two in
question would all meet € in the same-set, and one of them would
therefore contain ¢ entirely, coptf-éiy to hypothesis. Thus @, is
the required sub-system of, P v whose individual primals cut
separately all the individugl #ets of the given series on C.
The following deductip;is from this theorem are important:

COROLLARY 1. 7 ﬁnfenmfon of the linear series cuf on € by any
’?Wﬁ?‘ system © of fPeedom v is r—h, wheve b is the number of linearly
ndependent PHpIALS of © which contain C.

COROLLARYIY [f o linear series on a curve has demension 7, then
“ictly ong($pE of the series contains r generic points of €.

In P!?ﬁér words, the index of any linear scries is unity. This
Poand simple interpretation of the dimension of a linear series

2 us to replace the word dimension, in the case of a linear
Wties, by freedom. :

COROLEARY 8. The sets of any g, on a curve can be represented
“nearly on the individual points of @ space S,, in the sense that any g
COntined in the ¢, i represented in S, by an i-dimensional space Sy

rihis follows at once from the theorem. For if each set of the
9218 cut on ¢ by a unique primal of a linear system @, of freedom

/

" ¥hose equation iy @ — i X;é; = 0, then there is 2 birational
0
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correspondence between the sets of the 9 and the points (Agsems A)
of an r-dimensional space S,; and any g% contained in the 7> being
cut on €’ by a linear sub-system of @, is represented in S bya
linear space 8; of 8,.

In virtue of the structural identity thus established between g
g and the space S, we sometimes speak of the sniersection, inside
a g7, of subordinate series gf and g2, meaning by this the Fnear
series, usually of dimension p+o—r, whose image in §, is the
intersection of the [p] and the [¢] representing the seriéin
question. In a similar way we also speak of the (miniroumy join
of a gf, and a g7 in the g}, this being usually a gh ot vhen the
dimension indicated does not exceed r. Lo

1.31, Rational functions. From amore strictlyanalytical aspect,
the bagis of the theory of linear series on a;eili"ve is the concept
of & rational function of & point on the curve.

If Cis any curve in 8, and if L, Mawé any two polynomisls
of the same degree 1, say, in the codtdinates Ly, Tyseers Eps Whi,ch
do not vanish identically on €, the\htio L: M has a unique finite
value at the generic point of Cythis ratio is said to be a rational
function # of a point of €. ™ ,

Since we are concerned, only with the values of L: M at pﬂm’?s
of O, it is clear that amy_ other polynomial ratio L': M’ which i8
identically equal to AM on € (in virtue of the equations of 0)
represents the safe, tational funetion # on ¢. Thus # is Tepre-
sentable in many, different ways as the ratio of two polynomiais
on C, <"

The fungtion % = L:M vanishes at some points of ang
becomeg infinite at others; these points are callod its zeros on
pole;r%:i)ectively. If O is of order n, each of L, M has np & eres
{orttheir equivalent) on ¢ ; and if some of these, constitubing #

~ gé:t: I‘, are common to L and M, so that they cancel each other
\,out, the residual sets, G, and ¢, say, wili be the true sets of 26108
and poles of # on . ]

We observe, however, that @, G, ave the sets cut on €, residul 0
the set I, by the primals I = 0 and M — 0 respectively. Hence

. ey 40
THEOREM IIT. Any fwo sets (without common points) belﬂﬂg’ﬂz
one and the same linear series on a curve C are the set of 26103
the set of poles respectively of a rational function on C.

For we have only to take as L and M the polynomials whoge
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vanishing defines the pair of primals of the kinear system which
eut the two sets in question on (.

The rational function £ has the same number of zeros as it has
of poles, both reckoned with the proper multiplicities. If A is any
constant, the set of zeros of the rational function #—2X is called
a set of constant level of 92; evidently the set is cut on €, residual
to I\ by the primal L—AM = 0, belonging to the linear pencil
of primals defined by L and M, Hence, )

The sets of constant level of any rational fﬁm{m, which is nol
consiant, on €, form a linear pencil (or gt). Conversely, the sebs of
any g5, on C are the sets of constant level of u rational function on C.

More generally, since any g%, can be cut on ¢ by a lingar system
of primals @ of the form '€

D = Ay g t-dy ot T A, =000
i can be regarded as the aggregate of allyZero sets of rational
functions of the form 8

R = My b-2y By -2 By AN R
where %, = b;/dy; or-it can be reg'éjrded as the aggregate of all
sets of constant level of rational Sitnetions of the form
M F 0 Ryt D, By

In applying this definition we must agree to regard all rational
funetions of the systetd' P as having the same assigned set of poles:
50 that if, for example, a particular rational function of the system
loses some of théde poles by cancellation against superimposed
Zeros, this cambellation must be regarded as not having taken
Plage, T@;}mme convention enables us to include the case of
a Ene&l‘.é“&r s With Jfixed points common to every set of the series.
, ,\1:'32-’ COriterion for linearity of an algebraic series. We now prove

TEROREM Iv. The necessary and sufficient conditions that a :Sem
Ya Should be g gL are that it should be rational and of index unaty.

The conditions in question are clearly necessary. Suppose th-en
that we are given a 32 whose sets are in {1, 1) correspondence with
the values of 5 Parameter A, and which is such that one and_ 01-11}'
%06 of its sets contains (simply) a generic point of the carrying
trve €. To each point of ¢ there corresponds a unique \'ralue
of X; and ) is therefore a rational algebraic function of a pointof
C. The points of ¢ at which A has any assigned value are thoso
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of the set of y} associated with this value. Thus the sets of ¥3 are
the sets of constant level of a rational funetion on €; and the w1
is therefore a g, by the result of the previous section,

The above theorem can be extended to show that, if r » 2,
every v, of index unity is a g%,

1.33. Invariance of lincar series under birationel fransformation.

TREOREM V. In any birational transformation of & curve, lincar
series transform inio linear series. O

This fact, of fundamental importance, is an immediate conse-
quence of the simple remark that any rational funCtled & on a
curve (' transforms to a rational funection %’ Qn}‘ahy birational
transform C* of C; for if this be so, any linear geriot g7 of O, since
it is the system of sets of constant level gf\a system of rational
functions of the form '

N Tyt Ryt N R,
transforms $o the system of sets el constant level of the corre-
sponding system of rational functions ’

NEFE AN, T,
on ', and its transform® fs therefore a g- on (. Hence, to com-
plete the proof of thé\theorem, we verify the above remark, 8s
follows. o)

The equationsiof any birational transformation of €' into a curve
(" are of the fi}rm

) Py = ilTorns By} (E = Loisf)s
where~{g, @y,.... %), (¥ .- y;) are the coordinates of general

pq'yits"of the ambient spaces of (' and ¢, and the ¢ are poly-
nomials of the same degree. These equations {in so far as they

@&

(“eoncern only the curves €, (') must be reversible in the form

Y

pty = PyYgrntyy) (i = 1,0}
where the ; are polynomials of like degree. By means of thfse
last equations, however, it is evident that any rational funfztlﬂﬂ
% on (, given as the ratio of two polynomials of like degree I Zp
transforms to a rational function on ¢’ given as the ratio of the
transformed polynomials in the y,. Thus the theorem is PI'O“?d'

This result justifies the introduction of linear series inte -
variantive geometry on a curve, and prepares the way for tIIe
fundamental role they will play in the sabsegquent theory. 1
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addition, it justifies us, when investigating properties of linear
series, In eonfining our attention to plane curves.

14. Complete linear series. A linear series on a curve is said
to be complete if it is not contained in any more ample linear series
of the same order. '

This definition at once raises the question as to whether complete
linear series may or may not overlap; the answer is contained in

THEOREM VY. Any twe linear series on a curve C which have a.seb
i common are contained in one and the same linear series of the
oA
same order on O, N

N\ °
To prove this we assume that C is a plane curve (§1.83)ywhose
equation, in homogeneous coordinates », ¢, z,is f = 0,.We suppose
that the generie set @, of the first series is cub onddY residual to
»fixed set 4, by a curve of the system \%

B = do ot My ety by 220,

while the generic set &, of the second seffes is cut on C, residual
to & fixed set, B, by a curve of the systein '

V=, oty ‘ﬂ‘l'jf;-‘-::f‘}"s y = 0.
F“f‘thﬂr, we suppose that the sef, G* say, common to the two
*Ties, Is that eut by ¢, — @in the first case and by ¢ = 0 in
the second

Y . g im 3
Consider now the sefdof peints in which € is met by curves of
the lineap systemn

U= oo ot B Aot -t by ) — O,

“ihem all th?\%‘:i.\&nd the p; are regarded as arbitrary parameters.
;ei‘;"ie"e, vterm m I' contains both a ¢, and ¢, as factor, the
o thgnfe of the syste-m passes throngh the sets A and ‘B; and,
N\ :u’f.st‘? of the factor.ss I question is either ¢, or ,, the curve
e%i setl?in also contains G‘-*. Thus curves of T' meet C in the
teduces 4 :}‘]B +G* and remduailly in a linear series of sets which
ol 2670, ] e first of the two given series by taking the u; to be
o Serijesr; to the second by taking the A; to be all zero. The
) theoremr? therefore both contained in this new series, and so

It folly > broved,
overly V};‘S at once that eomplete linear series on a curve cannot
L. Hvery linear series containing a given set of points @ on

& anrve
belongs to 5 unigque complete linear series containing G.
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It may, of course, well happen that ¢ is isolated on €, e, it
belongs to no linear series of freedom at least unity. In this cage
we preserve the generality of our previous statement by regarding

any single set of points on ¢ as defining a linear series of freedom
2€70.

1.5, Linear equivalence. In order to formalize the theory of
complete linear series, we introduce a relation of linear equivalence
as follows:

DEFINITION. Any two sets of points on a curve ¢ are shd to
be linearly equivalent if theve exists a linear series on C ebutaining
them both. N\

If A, B are the sets in question, we denote, ,tl}é' relation by
4 = B. The definition amounts to asserting phat’4 = B on
if 4 and B, after abstracting any points comihon to both sets, are
the sets of poles and zeros respectively of ddational function on C.

The properties of linear equivalence, are summarized in

THEOREM VL. The relation of lipear equivalence is (@) symmetri-
cal, (b) reflexive, (c) transitive, and{(d) additive.

Of the four properties mentioned (@) is self-evident. So also
is (b), expressing that G =& ‘where ¢ is an arbitrary set; for ¢
itself forms a linear series of freedom zero. As regards (¢}, Wo
observe that if 4 = Blgnd B = O, then the sets 4, B, (! belong
to the complete linear series defined by B; and hence 4 = C.
As regards (d), vye\z\mte first that by the sum of two sets 4, Bon
a curve we megm/the set of all the points of 4 together with those
of B, each pdint in the sum-set being counted to the sum of its

multiplicities in the original sets. Supposing then that A’, B’ ar®

sets‘sss:l)\({h that A=a4, B=R,

- thei® will exist sets X, ¥ such that -+ X, A’} X are the complete

(gets of intersection of € with curves I — 0, L’ = 0 of the S&%I:E
order, while B4¥, B'1.Y are the complete intersections of Cwi Y
curves M = 0, M’ = 0, of the same order. Since 4--B+X+

and 4'+ B+ X1 ¥ are then the complete sets of intersection of
with the composite curves LM = 0, L'}’ — 0, it follows tha

A4+B =41 F,

Thus the equivalence relation is additive ; and the theorem;s
completely established. The additive property of equivalence ¢
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- also be regarded as an expression of the fact that the product of
two rational functions on O is itself a rational function on C.
In general we use the symbol |4] to denote the complete linear
" series to which any given set A belongs. For example, |4+ B|
denotes the complete series typified by the set A+ B, which is the
same as that typified by any sum of a set of |4] and a set of |B].
Similarly | A+ A | or |24 | denotes the complete scries defined by
any sum of a pair of sets (or one repeated set) of |4]; and a similar
interpretation holds for the symbol |4 |, where n iz any positive

N

integer. A

1.51, Subtraction of sets. Virtual sets. In contrast to the.epera-
tion of addition just described, the subtraction of a. det\B from
aset 4 on a curve is evidently possible only whe;}(.B happens to
be entirely contained in 4. The subtraction QX B from. itself—
‘which js always possible—gives the unique pull-set on the curve,
a set which must be regarded as effective{ did which we usnally
denote by the symbol 0. P\ 4

Thus if we denote the whole field of éffective sets (including the
null set) on a curve by o, the opgration of addition is universally
possible in #, but that of subtiaetion is not; the situation in this
respect is analogous to that® obtaining in the arithmetic of
cardinals. A wider field o of virtual sets, in whieh both addition
and subtraction are a@fafs possible, can be defined as follows:

DEFINFFION., Anf formal difference A-_B of two effective sets

4, Bon a curve is'regarded as defining a wirtual set on the curve,
on the und;cr&anding that two formal differences A—B and
4'—F d.&@:fé’the same virtnal set if A-+B = A'+5.

Theﬁsll}a-]ity sign used here signifies, of course, absolute identity.

Theorder of the virtual set 4 — B is the difference between the
61d¢rs of A and B.

1 the field 2 of virtual sets so defined there is (2) ?.nu].l-B_Et‘-
A—4 (independent of A4); (b) a unique set A—0 (or simply .A)
corresponding to every effective set 4, and (c) & purely negative
et 0 4 (o7 —A) associated likewise with every effective scf A.
Addition and subtraction in  ave defined by he obvious rules

(A— B)+(C—D) = AF0—B+D
(A—B)—(C—D) = A3 D—B+0,

and obey the ordinary laws.

4574 AQ ’
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Finally, a relation of linear equivalence is defined for virbua]
sets by the assertion that o

(A—B) = (C—D)

if and only if the sets 44-D and B--C are effectively equivalent.

The reader will have no difficulty in verifying that the equiva-
lence relationship so defined for virtual sets possesses the four
properties referred to in Theorem VII. Thus, if o= A-4"
B = B—B,y= C—( are three virtual sets such that

=g B=y,

Q!

then, by hypothesis, R )
A+B’EAF+B’ -B‘E_O’;B’jftq:

whence, by addition and suppression of B+ li i each side of the
relation, we obtain A0 = 410,

so that o =9 x\\

L.52. Series of equivalence. From}tiie transitive property jusb
eatablished there arises the concpp{; of a series of equivalence whick
is the analogue, in the field ofwirtual sets, of a complete linear
series in the field of effectivg sets. '

DEFINITION. A series ‘of 'equivalence is a totality of mutually
equivalent virtual set§ Which may or may not contain & nuclew
of effective sets forfing a complete series.

If Ais any vigrt\&l set we usually denote the series of equivalence
defined by it.by*the symbol A itself.

It should\be noted that, although every virtual set A—B bas
an order; Qq"ual to the difference (positive or negative) between tlie
ordeQ;;ef 4 and B, it is not in the nature of such a set to h?ne
members; and although in practice we tend to ignore the distii®

Aioh between an effective set 4 and the corresponding ‘effective

) Virtual set’ 4 —0, there is in fact a sharp logical distinetion be’c-we.e "
the two. The real motive for introducing virtual sebs a-I{d serics
of equivalence is to facilitate the investigation of eqmmlenlﬁ
relationships in the effective field by utilizing the simpler symbo
caleulus of the wider virtual field.

1.6. Simple and complex linear series. A linear series %aﬁ
said to be complex (as opposed to simple) if those of its sets Wcon—
contain an arbitrary point P of the carrying curve C always

A
tain further points P’ of €. The definition is significant .for rZ
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In such a case, suppose that the number of points P’ is p—1;
then each of the p points P, P’ evidently imposes the same linear
condition on eurves (or primals) of the linear system which cuts
the g, on C; and the p points form a set of an algebraic series yj,

of index nnity.

Supposing, then, that the g7, is without base points, each of its
sets must eonsist of a fixed number, n,, say, of sets of 'y}‘, where
n == ny s and if T' is any ourve whose points map the individuab,
sets of %, the image on I' of sets of g3, is a gh. Thus, .

Any complex: series g7, without fived poinis, and of freedom 1 242,
is composed. of @ linear series of sets of a rational or irrationd péncil.

Particularly important is the case of a linear seriegcpmposed
of groups of sets of a rational {and therefore ]jngzi;r) pencil g
Examples of either kind are the series cut by b8 generators, or
by linear series of generators, of a rational Q"irrational cone on
the section of the cone by any surface of {r’gi&f e

X

Examrres O
1. The points of any rational curve arehin {1, 1) correspondence with the

values of a parameter z, say; and all §ts of any order # on the curve are

given by the equation RN e _

A+ gty A, =0,

which ig linear in the paaraclg&ﬁérs A;. Hence,

The totality of sets of ordéy » on @ rational ourve is a gi. ‘

Conversely, if & curv&g\mtams a gl (n > 1)it s rational. For it then
contains a g}, obtaired by fixing n— 1 points for sets of the gh; snd the
rationality of theylimplies the rationality of the eurve.

2. Let C bea, general plane cubic; since ¢ is niot rational, its ind‘ividual
points are mudally disequivalent. The pairs of points of ¢ fall into &'
distinet Seﬁég 4l, each generated by the pencil oflines through & fixed point
of C; apd'the tatality of pairs, which is & 3, is generated simply by tl‘lese 93-1

Thévac? triads of points of C, forming a 4%, separate themnselves into o
&orics/g3, any one of which can be obtained (in infinitely many ways) es
the’series of sets in which (' is cut residually by the net of eonies through
three fixed points of the ecurve. More precisely, if K is any set of the g
eut on € by all conies of the plane, and if X, ¥ are complementary triads
such that X-+¥ == K, then the complete series |X| and [Y| are such that
each set of either is complementary to every set of the other. The I.)a.rtl_ctﬂar
g% cut on (f by the lines of the plane is projectively, not Pva,rmntwely ’
distinguished from the others; it loses its prominence if C is transformed
into another plane cubic by & quadrabio transformation whose three base
Points lie on C. ] . ]

3. If € is a plane guartic with a node O, any two {ndlw.duaul 1:01:;:
are disequivalent; in general two point-pairs also are disequivalent,
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exception occurring for point-pairs helonging to the . g% eut on ¢ by -
lines through O, B

The wof triads of points of ¢ helong to oo? series gl any one of which g
generated by a peneil of conics through O and three other fixed Points of ¢,
These inelude the oo! series gi generated by pencils of lines through one
fixed point of ¢, which are not invariantively different from the rest,

4. If ¢ is a non-singular plane quartic, cvery individual point, every
point-pair, and also the generic point triad, is isclated as regards equiva-
lence. 7 contains, however, ool special series 7%, cach of which ia generated
by the pencil of lines through a fixed point of €. A

The generic tetrad of points of ¢ belongs to a gl; but € containid gpecial
g%, nemely, that cut on ¢ by the lines of the plane. e

3. Eliiptic and hyperelliptic eurves. Any eurve which is(ﬁrﬁhsformable
birationally into a non-singular plane cubic is ealled elliptie’ (Ch. T, §4);
such curves and—ag will appear later—only such curvés possess a simply-
infinite family of gi. Any curve, such as the uni-noddlPplanc quartie, which
is neither rational nor elliptic, and which posgesses a gl is said to be
hyperelliptic. A more general examplo of suchbufves is a plane curve of
order # (n > 4) whose only singularity is ,p@ Jn—2)-fold point. For the
properties of these curves see §4. & :

6. Projective model of a g} (r > 2): ‘If}he linear system of curves (or
primals) whick cuts a ¢}, on ¢ has squapion

' T = )lu?gn‘]ﬁ)';.?s'l‘f‘---‘f'"lr?sr =0,

then the equations o

Xﬂi“?-;or:,':’ 1@51 = o= XJp,

transform any pomnt P gf\(' into the point P, in space §,, whose }?omo-
geneous coordinatbes are (X, X,,..,X,). As P describes €, P’ describes
carve ¢ in 5, in ufq‘h a way that to the set of the g cut on ¢ by fhe
‘generic @ therc ogrrésponds the set of points eut on € by the prime whose
RS 2 MeXethKittd X, =,
‘Thus g%, becérdes the linear series cut on ¢’ by primes: € is therefore calied
the projsetipe model of g7, .

All prejective models of the same g5 on C are projectively equivalents
i.e. dransformable mnto esch other by (non-singular) collincations of S
For two different systems @ and ¥ which cut the same gf, on ¢ define the

o's:%e system of rational functions on €, and the two projective models
\Jderived from the same system @ (by different choice of base curves de-

7) are plainly related by a linear homogenecus trensformation of the 22;

If the given series is simple (§1.6) the correspondence between C andf
is birational, and € is of order n; but if it is complex, and compognded of a
Vi then each set of 3% transforms to a single point of ", and (" is of order
e = njp. ie8

Any linear series contained in the ¢ is represented on C’ by the sor th
cut out by a linear system of primes of 8,, such primes forming & star W1
vertex 8, (0 < k < r—2),

If the given g7, is complete, the curve ( is normal in S,
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7, Using the projective model for a simple series g5, show how to define
the iangent linear peneil gk at the set ¢ of an algebraic series y immersed
ina g _ .

- Prove thatb, if G, G are consecutive sets of 45, having consecutive s-fold
points P, P; respectively, ther the tangent gy to 5 ot & has P as (81}
fold base point. Deduce Bertini’s Theorem, that the generie.set of gh can’
have no multiple point which iz not a base point of the series.

§ 2. JACOBIAN AND CANONICAL SERIES

2, Jacobian set of a gt. Consider, on a curve O, a series gg
of which @ is a generic set. Wo define a double point of the gy, ag"
s point of ¢ which counts twice in the set of the series to shich
it belongs; the set of all double points of the g, is then trerméd the
Jacobian set of the series in question, and is denoted by-~J{G).

We assume for simplicity that C is a plane .Gdrve, having
equation A :

f(ﬂ;', i, z} =0, \
and endowed with only ordinary multilllg\\pbint-s 0, of multi-
plicities A;; for any plane curve can bgw‘;xa]ﬁsformed birationally
into a curve of this kind (ef. Ch. IIT)¥3.2), and so there is no
loss of generality from the invariandive point of view. If the g3 is
eut on €, residually to a fixed sétAK, by a pencil @ of eurves with
equation cp _ ‘?5 + A ¢, — 0,
we obgerve that o double{point of gL is a point of contach (13‘"-"3 in
general belonging tof \of (' with a curve of @. Hence J(@) 18 the .
set of points cutjen C, residually to K and 0;, by the curve
J(£,®) whose eduiation is
o gy 2 sd)

)™ J70) = 3,9, 7) =0
is cut on O (supposed now of

No@e.f(i\). If, in particular, the g5, :6 pOi
through a generic point

Orczlet"ﬁj by the pencil of lines L+-AL’ = 0

}2@@ Y,Z) of the plane, then J(f,®) i8 the first polar of O wikh-
gard to (0, having equation o
X @"E'Yay_i— oz

Ch. 1, §2), ie. havil{g
of C'; as we know, it
to the curve

This is a curve of order n—1, adjoint t0 O
& (\;—1)-fold point at every A-fold point 0;
Meets O elsewhere in the points of contaet of tangents

from 0, ut of the
Note (ii). dn sfold point of gh, which i not @ base o
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series, counts (s— 1)-fold in the Jacobian set of the gL. This meang
that if a particular g1 happens to possess a set in which one point
U counts s-fold as a member (s > 2), then U counts {5—1)-fold
as a member of the Jacobian set.

In the case where C is rational, the proof of this statement i
elementary, and can be left as an exercise to the reader.

In the general case, the result;follows from an application of
Zeuthen’s rule for caleulating the mulitiplicity of a coincidenee in
a simply-infinite system of point-pairs (Ch. IV, §4). Forif 1P, Py
is any pair of points belonging to the same set of the)gl, the
Jacobian set J(@) is the set of coincidence points fu’the gystem
of all pairs such as (P, £7). On a generice line passing elose to U
there is one point P; and of the n—1 points £ eorresponding to
P, s—1 will lie, with P, near 7. By the ¥ule in question, then,
the multiplicity of U/ as a eoincidence iiequal to the sum of the
infinitesimal orders, relative to PU,Qf the s—1 corresponding
infinitesimals P'T7: and this is s— I,QSI'I:I}EG the infinitesimal distances

- involved are all comparable in length. )

2.1. Jacobian series of qoé".’ Consider next a g2 whose sets

(3

are cut on (), residually ¢ a fixed set X, by the net @ whose

ti i A
equation is @\E Ay +pdy+vehy = 0.
Any g;, containe inthe g2 is cut on ¢ by a linear pencil ®* of
curves of @, haxing an equation of the form

27 e =0,460, =0, _

where @;.ﬁul é1+b, do+c, s and ®y, = aydy+bydot-ca P ﬁiﬂ# 1fs
Jacob%’;jﬂéet is that eut on O, residually to K and the multiple
points\O;, by the curve J (f,@*) whose equation is
s \ 2 J(f’q)*) = a(f)‘bls(bE)/a(x}y:z) =0..
S _Now this latter equation is easily seen to reduce to the form

*y — 8(f’ ‘?52: 553) a(f} ‘)63’ qbl) \'a(_f{qsiqb&) =] 0, .
MO = e Y b T s

where 4, B, (' are the numbers byes—bye,, ete.; so that, as the

pencil @* varies in @, the curve J(f,®*) describes & net. Heﬂg’

- the Jacobian sets of all g1 contained in the given g3 are eut 01 N

residually to K and the points O, by the curves of a linear néh
and they are therefore equivalent sets on .

The extension of this result to a linear series g7, of any froedort
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r, is immediate. ¥or we can pass from any gi in the g; to any
other g% in the g}, via an intermediary g3 containing a set of each
of the given series g5; Whence, by the result just established, and
by the tramsitive property of equivalence, it follows that the

Jacobian sets of the two series gk are equivalent. Hence

ruEoREM vIIE. The Jacobian sets of all gf contained in & gy, are
mutwelly equivalent.

1t should be noted that, except in the case r = 2, the Jacobian.
sets arc only contained in a linear series, inside which they aotuag]ly
constitute an algebraic series of dimension 2r—2. Tn defining.the
Jacobian series of a g7, we go still farther and envisage the dotrplete

.

linear series to which all the sets in guestion belong: {3

pEPINITION. The Jacobian series of a g is the somplete linear
series |J (@) | containing all Jacohian sets of gL dontained in the gy,
Ex. If (!is of order n, the Jacobian sets of gj},{soﬁtained in the‘ g5 cut
on (! by the lines of the plane form the lhlea-ys‘{eries cut on € (residuslly

1o the multiple points) by the net of first polars: its order is the class of €.

The corresponding Jacobian series is tha} tut on ¢ by sall curves of order
n—1 adjoint to ¢, and, as will &ppeal:l;i‘]sb!‘, this series is in fact complete.

2.2. Jacobian set of a gl with base points. If O is any simple
base point of a gl, belonging %o every set of the series, then one
seb of the gl _, oblained-by discarding 0 contains O; hence one
set of the gl contaitksf( © doubly. Thus O is a member of the
Jacobian set of the\gl; we now 4sk whether it is & gimple or &
multiple membee of that set. Reverting to the notation of 52,
we have to find-bhe number of intersections of ¢ and J(f,®) which

fa]_l at a g@mon zero of f, &, &' .
If 7 is(of* degree m, and if ¢, " are of degree p, the equabion of

I, ;W n virtue of the Tuler identities
£ O's‘: N mf = xf#_&.yfy_l_zfm et[c.,

can be written in the form

LTINS

|7 =0
AEOV=L| p 4, b
£, by Hu

toﬁea,tx-f—O,y:O’

Taki : o sing O .
aking z to be unity, and supposing 0 with J(f,®) will be

we ohserve that the intersections of f=
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CXTL g3
identical with those of f = 0 and the modified curve J* whoge
aquatbion is

f ¢ &
Fo by &y
On writing the equations of f, #, @', J* in the forms
f=uV4u@ J¥ = oL pge
b= v® @ ¢ = wh L] \
where each of u®, o, 4, & ig homogeneous of deggée} inz
and y, we find that S
U0 = (4 y@ 4], N\

where the second and third rows of the detem;ipﬁht are obtained
by replacing % by v and w respectively; and we see at once that
/D vanishes identically, Furthermore, N find, by using the

Euler identities, that \ ¢

UD = [ u® a4 [u® 80| £ [0® 3D 4]
= —[u® w® ul]

Thus J* has a double pom$:~'£ﬁ;0 ; and its nodal tangents, given

by U® = 0, are in general distinctt from the tangent to ¢ at 0.

The number of intersegtions of J(f, ®) with € at O is therefore
£ 3

two. Hence -
THEOREM IX. A\simple base point of a gk counts fwice as o menber
of the Jacobiap(3et of the series.

2.3. Addition formulae for Jacobian series. From Theorem
IX we deduce at once a remarkable additive property of Jacobian
serief\ NI [64] and |G| are series {of positive freedom), thon the
Jao0bian series of their complete sum |G+ G| is c(}mpletelﬁ
determined by the Jacobian set of any subordinate linear penci
and, in particular, by that of a pencil whose generic set COD?IEﬁ?
of a fixed set @, together with a set varying in a linear pencil 0
G1]. The Jacobian points of a pencil of this kind will, however

T Tho only conditions under which U hag u(® as factor are (a) that l‘?g i:
doubla base point of the Far eVery eurvo of ¢ touching C at 0, or (B thao at
& triple point of & set of the #L, the curve &% of the pencil ¢ which gouches welly
having actually three-point contect with ¢ at . These altornatives aré

. ¢ to
verifiod by taking ¢ to be 4%, and by taking the common tangent of ¢* and
bey = 0. :
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be those of the linear pencil of |, |, together with the points of the
fixed set @y, counted twice {Theorem 1X). Hence
J(G+G) = J(Gh)+26G;
whenee, by symmetry, _
J(G - G,) = J(G)+26, = J(G,) 26,

2.4. The canonical series. From #he formulae just obtained
we deduce that, if |G} and |@,| are any pair of linear series, of
freedom ab least unity, then

J(Gh} =20, = J(G)—2G,; ,\'\“.\
so that the series of equivalence J(G,)— 26, is actually independent
of ¢.. Hence o~ ™

THEOREM X. If |G| is any lnear series of pogét?vé freedom on
a curve O, and if J(G) is any set of the Jucobidnlseries of |G|, then
the series of equivalence X, defined by N
X = J(@) -6\

N\

ts wndependent of G-

The series X is called the canamiipnl series of equivalence of C,
while the linear series | X|, if it’ezfiiits, is simply the canonical series
of C; both are by nature invawiant for birational transformations
of €', : &

To caleulate the glj&déi(} X, which will be a numerical invaria..nt
for geometry on € ,‘\%}ake ¢ to be a plane curve of order n with
only ordinary muliiple points O;, of multiplicities A; and we
suppose || toghé4he g2 cut on € by the lines of the plane. 'Then
the J. af‘ObiaQtEe% J{@) of any g3, contained in |G| is, as previously
remarkedy$he set of points of contact of tangents to ¢ 'from 8
poing P‘ of the plane. Hence its order is the class m of ¢, given by

A0 m=am—-1)— X AA-1) = In+2p—2,
Where p is the genus of C, previously defined (Ch. IT, §2) by the
T

ormula p— ]z(n—l)(n—2)~—%2)‘i(’\i-”'

Hence the grade of X is m—2n — 2p—2. This resulb provides,
incidentally, a totally new proof of the invariance of p under
birational transformation, already established in Ch. IV, §5. 1
Tho set, J(G) in question is cut on € by the first polar of 2 e
therefore belongs to the linear series eut on C, resullua,lly to 1l i
points O, by adjoint eurves of order n—1. Hence, if there exis
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curves of order »—3 adjoint to €, each of these, sines it forms
with any two lines an adjoint of order n—1, meets C, residually
to 0, in a set of the series |J(G)—2@|, or, in other words, in an
effective canonical set. This proves

THEOREM XI. The canonical series of @ curve C of genus p hus
grade 2p—2; and if C is a plane curve of order n with ordinary
singular points O, curves of order n—3 (if such exist), adjoint to C,
cut C, residually to the points O;, in cffective comonionl sefs,

In Ch. II, § 2.1, we showed that the freedom of curve-s\of order
n—3 adjoint to €' is at least p—1, from which it follgwx'that the
canonical series | X | is of freedom p—1 at least. Tn &dater section
(§ 4) we shall show that the freedom of | X| is, in fact) exactly »—1,
the series cut on €' by all adjoints of order n<8'being always the
complete canonical series. )

Examrres \\

1. On any rational curve, canonical sets\'a.fe purely virtual {of order —2},
and they are equivalent to the nega,tiv{a'c:)f an arbitrary point-pair of the
curve. A\ . .

2. The canonical series of a ’p‘la‘n’e non-singuiar eubic (or any elliptie
curve) is the g whose un:iquei gety Is the null-set of the curve.

3. The canonical series of\the uni-nodal plane quartic C4(0%) is the #
cut on the eurve by lined through ©. Tho canonieal series of the Lyper-
elliptic curve C"‘(O"")“i's\cut on the eurve by sets of n—23 lines thmugl} 0,
and is therefore cdmipdtinded of the unigue g! cut on the curve by lines
through 0Q; its frgedom is n—3 and its grade 2rn— 6.

4. The canoriichl series of the general plane quartic is the g cub on the
curve by ths linés of the plane.

NS
£\

§ 3. CORRESPONDENCES WITH VALENCY ‘
3., Q:r}a of the most important applications of the mvariagﬁlVB
ge}joiiletry of curves is to the theory of correspondences, e:fthﬁf

{_"Ybetween the points of two curves or between the points of & single
curve. In an earlier chapter on correspondences the various Pg"
blems treated had to be reduced, often by cumbersome metho S;
to rational correspondences: in this section we develop an elegal
theory of correspondences on irrational curves, leading at once l';o
the solution of many geometrical problems which could only b
attacked with great difficulty by more elementary methods.

: b
3.1. The general correspondence. We consider, in the ﬁ,ﬁf

place, algebraic correspondences between variable points F, pro
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two curves ', " respectively, it being understood that, unless the
contrary is stated, everything we say applies equally to the case
when € and € are the same curve. It may be assumed in general
thet € and €’ are irreducible plane curves, since no loss of
generality is thereby involved.

DEFINITION. An {n,«’) correspondence between points (P, F’)
of {0, €), in which to a generic point P of ¢ there corresponds
a group @ of o points of €, while to a generic point P’ of. &I\
there corresponds a group G of « points of €, is said to be foruwerd:
regular if the sets ¢ are all equivalent on ", and backward-fegular
if the gefs & are all equivalent on C. y

Tt should be noted that forward-regularity, for exapaple, implies
only that the sets G belong to the same g%; they/will form a
gt only if € is rational and « = 1. In generdl'the sets ¢ form
an algebraic series yi, whose index is o Jn)bhis connexion we
note the following result: R o

N

TEROREM X1 In any (1,o) correspopdence between C and O,
any gy, on C transforms to @ ghy on s
Let the coordinates of correspgmding points (P, P') be (wp, 21, %)

and (y, y,, y,) respectively;-dpd let the g be cut on C by the

eticil L\
? Sitag = o. M
+$ ) . .
The corresponding series on € is obtained by effecting & ratxc')m'lel
substitution on zg, g, %, in (1), in terms of yo Y1, Yo hence it 13
dlear that thejderies on ¢’ is likewise cut out by & linear pencit
of curves. Mdréover, its order is obviously na’.

THEOBE:N"I’{IH- If a correspondence is forward-regulat,
backuapd-regular, and vice versa. .
a F“()a, by hypothesis, the sets ¢’ will be cut on ¢, resi:.iua.lly to
Sa fixed set, by the curves of a simply-infinite family having equa-
tlon d(y,, y,,,) = 0. Each point (% Ty, ¥a) determ'ines one group
& and therefore one curve ¢, so that the coefficients in the equation
$(¥os 1, 95) — O must be Tational functions of Z, Ty, Ze- Hence the
equation must be of the form

Oy, @1 T2 Yo Y10 ¥a) = 0 -
where @ is g polynomial homogeneous in g, and also m ;c,
(i =0,1,2). But the equation as so written defines a oor::esp;)h
dence between points P, P’ of the two curves; and, on fixing the

it ts also
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coordinates of P’, we obtain a curve which must eut O, residually
to a fixed set of this curve, in a generic set . Thus the sets f are
all members of the series cut on ¢ by the lincar system of curves
obtained by replacing the coefficients in @ (regarded as a poly-
nomial in x;) by constants. These scts are therefore equivalent
to each other, and so the theorem is established,

In virtue of this result we may speak of regular correspondences
between € and ¢,

Q)
3.11. Image curve of a correspondence. Tf the equatignavof ¢
and ", in non-homogenecus coordinates, are \)
'\

Fley) =0, F@,y)=0 >

we may represent the generic point-pair (2, P4} by the single
point B of space S, whose (non—homogene’ﬁ}\ls) coordinates are
(@, y,%",y"). As P and P’ describe ¢ and 6 respectively, £ will
describe a surface Q of §8,, the image Qf‘%he totality of co? peint-
Ppairs of ', €, o
Consider now any («, ') corresgonilence T between P and P';
the aggregate of col pairs of corresponding points (P, P’) will be
represented on Q by a curve. Piwhich we may call the image curve
of T. We then say that deorrespondence T is rreducible if its
image curve I in 8, is ifteducible.
We note further thap .
(i) the curve Okisin (1) correspondence with T, while I'i8
in (¢, 1) eOtrespondence with '
(ii) if T i‘s‘régfllar {(forward or backward), its equation i8 of the
forop®(z, y; o', ') = 0, where @ is a polynomial, Hence I
igthe complete intersection of Q with the primal @ = 0-‘
Obgervation (i) is extremely useful as it enables us to factorizt
an\.y;(a, o} eorrespondence between ¢ and ¢ into a (I,a’) corre-
~gpondence between ¢ and I and an (a, 1) correspondence betweel
I* and ¢, -

3.2. We now prove the following

. . . . SE45
LEMMA. Any rational algebraic series i of index A 32 1, of ¢ /
POV on & curve is coniained in a linear series g, (v = 1)

We may suppose the sets G of a rational yi on ¢ to b_B P“t/D ;Un
(1, 1) correspondence with the points £ of a line L. This ¢ as—
lishes an (z, &) correspondence botween ¢ and L which is 16
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sarily forward-regular, since sets of A points of L are mutually
equivalent. Hence, by Theorem XIIT, the correspondence is also
packward-regular; and the sets G, being mutually equivalent,
therefore belong to a ¢}, (r = 1}.

From this result follows {cf. Theorem X1I)

THEOREM XIv. In any («, 1) correspondence between fwo curves,
equivalent sels transform to equivalent sels.

We next prove Q.

THEOREM XV. In any (a, ') correspondence between curves &, €',
equivalent sets on either curve correspond to eguivalent sel§\on/ the .
other. S A
Consider the (1,«’) correspondence between and the image
curve M'defined in § 3.11. If I isirreducible, it foﬂm}rs’from Theorem
XTI that equivalent sets on ¢ transform to dquivalent sets on T';
and, by means of the {x, 1) correspondente’between I' and ¢,
these transform to equivalent sets on G"'\{Theorem XIV).

If T is reducible, the result still f01i0\;rs, gince it holds for each
irreducible component of T', and since equivalence is an additive-
property. "Thus the theorem igproved in all cases.

3.3. Relation between toronical sets in @ correspondence.
Zeuthen’s Theorem. Colisider, in the first place, a {1,a') corre-
spondence between, @afid . We shall denote the forward opera-
tion, of passing from 'a point P of € to the corresponding set. of
o points P’ ony67, by the symbol T, and the reverse oper&tlori,
giving a singléypoint P corresponding to a point Prof €', by T
Then, on, £ & shall have a set Qg of branch-points Of. T, any one
of whigh s such that the corresponding set on C” contains a double

POil’l’G}: The set of coincidence-points is denoted by K¢ ) .

o et g1 ho any series, without fixed points, on ¢, and G it8 :genenc
< fet. By Theorem X11, this series transforms to & Q%wc' of O Whos?

generic set ' — TG. Any double point of ¢, gives Tiso v :a

double points of gl,; but, in addition, Jho }:u?s double poin

arising from the branch-points on C, each point of K¢ bzfﬂg

double in the set of gL, to which it belongs. Thus the Jacobtan
set of the latter series iy given by

J(&) = TJG)+ Ko )

If X(C) and X(C') denote canonical sets ot ¢ and ',

J(@ = X(C)+26,  JE)= X(C)+26-

we have
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Hence TX(0)4 26" 4+Kp = X(C')+26", and
X{(C') = TX(C)+ K. (13
For the reverse transformation we may, by Theorem XV,
multiply symbolically by T-L. Then, observing that
TITX(C) = «'X((), and T1Ky = Qp,

we obtain T-1X(C") = o' X(0) Q. (2)

Hence, if 8 denotes an (o, 1) correspondence hetween € @i &,
and we write 8 == T-1in (2), interchanging €' and Q:;q and &,
we have SX(0) = aX(C)4Qe. O )

The case of a general (irreducible) correspofidence T bebween
¢ and ¢’ can now be dealt with by considesing it as the product

of a (I, '} correspondence T, between € and the image curve [,
and an («, 1) correspondence T, betwcg%E and ¢”. By (1} and (3),

X(N) = T, XU+ &,
T, X(I) = &X{0") 40,

Thus T, T, X(O) LT3 K = aX(C") L0

And since T,Ky = K, Ty'T, = T, we finally obtain
TXL)+ Ko = aX(0)+Q- W

Hence \\i

TEEOREM XV In any irreducible (x,a') correspondence between
curves O, WAhe transform of a canonical set of C with the sét of
coinm‘dgmj&"}mims on O constitute a sef which is eguivalent fo ¢y
set q@t;éEd of o canonical sets of € together with the set of branch-
poiREs on ",

o) The numerical content of equation (4) is expressed by

\J coROLLARY 1. f C, C' have genera p, p’, and if the numbers d

branch-points on C, € are 2, o respectively, then
a!(2P_2}+z — Q’.(Q})’—-Z)—}—Z’- l(a)
This, it will be observed, is Zenthen’s Theorem (Ch. IV, §6), which
has now been deduced by a completely different method. "
For a (1, ') correspondence between two curves of equal 201

P, equation {5) becomes N

(o'~ 1)(2p—2) o2 = 0.

%

N,
A
S
b
L
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Since # is non-negative, (a’'—1)}(p—1) < 0. Hence

COROLLARY 2. Any uni-rational correspondence between two curves
of the same genus p > 1 must be birational. :

3.4. Correspondences on a curve. We proceed now to discuss
correspondences on a single eurve ' of arbitrary genus. We shall
assume that the correspondences in question are not degenerale,
i.e. such that to a point of € there corresponds every point of (i
and that the set of points corresponding to & generic point P doks
not include P itself. A correspondence on € will thereforé ‘have
in general & finite number of united points, besides a set gfsl:u\ranch—
points of the forward correspondence T and a similat set for the
backward correspondence T-1. w'\('

3.41, Caleulus of operators. If 8 is an () ‘correspondence
between points P, § on (', we write, symbalically,
o o\ B
SP=>0, SO gﬂ.
1. \v/

For many purposes it is conveniént to regard (' as a pair of over-
lapping curves, loei of P and @3 respectively; the symbols 8, 871,
when used as operators, thell‘represent transformations in one
direction.

(1) Sum S4T. Itg' denotes a (8,8') correspondence between
points P, R, so phat TP = % R,, we define the operator sum

» N 1 .
S+T by the ggédtion
"\.. o .3'
\:"\.‘~ (S+T)P = @i+ ; R, (1)
™ 1

N\ oy
Thug‘é@dition is evidently commutative and assocmtwfa.
__8iite, in (1), P is related to any one of the o' 4§ points @+F

by the condition that it corresponds to such points either by S-1
or T-I, it follows that
| (S+T)t = ST (2)
{2) Product ST. In the same way, if
ﬁt o
TP = z Qi’ an‘.d SQ{ =’—j§1Rﬁ,
I
then ST is defined by the relation
| 5 S ®

STP =3 % By

j=1i=
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Kvidently multiplication is associative, and obeys the first dist.
butive law,
{T1+T2)T3 == T, Ty+ T, T

However, it is not commutative. Also T-T'P is not the point P,
but a set of 88’ points in which P eounts B'-fold. -
In (3) P is related to any one of the points £;; by the condition
that it is one of the points corresponding by T-? to one of the
points corresponding by S-1 to R, Mence :

(ST)- = T8I, O

3.5. Correspondences with valency. Correspondefices on ir-
rational curves are divided into two classes: those #hich possess
& valency (in a sense now to be defined) and those=scalled singular
—which do not. The former clags, which is rilwch’ the more im-
portant, will claitn our attention here. \\

DEFINITION. On a curve € a one-way eorrcspmdﬁnce which
makes correspond to any point P g \'&;fgup of points ;Qs is said
to possess a valency if there existd an xintegcr v (positive, negafive, -
or zero) such that, as P variesg;ﬁie set v P+ ? (), varies in a series

of equivalence on (. The;r;{lmher y is called the valency of the
correspondence,

.

Ex. If o any pOilliiP.\of a plane curve of order » we make correspond
the set of n--2 poﬁ@ @ in which the tangent at P meets the eurve_ﬁgﬂli%
then all the sets 3L+ 2 @; belong to the g2 cut on the curve by lines
the plane; thpg"y": 2.

For copgespondences on a rational curve, the coneept of valency
is nugatory, since all sets of the same order are BQUi‘ralfant’ a'].l-(.i
ev xj%fteger possesses the property required of y. As against this,
h\of\gﬁever, the following result is important:

S

Ot 'THEOREM XviL. [f ¢ correspondence on an irrational curve PO
sesses o valency, this valency is unique. ) d
For suppose that a correspondence T on ¢ has valencies ¥y an
vs. Then, as P varies on ¢ , each of the sets

1 P+TP, 4, P4TP |
varies in a series of equivalence; hence (yy—y.) P likewise W‘:‘?
in a series of equivalence, Ifwe suppose that y;—y, =t >0

means that each point of €, counted times, is a set of & gk 00 fh on
k=1, then 7 =1, and ¢ is certainly rational. If & > 1,
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7 > 1, since even on a rational curve multiple points do not form
a linear series, and the g} is certainly not compounded of any
involution of order v >> 1. Thus, if we represent the g% on the
prime sections of a birational transform O* of ', then C* will be
a curve of order k in [r] possessing the property that an infinity
of primes have &-point contact. For this to be possible we must
have r 2= k; and since r cannob exceed k, C* must be a curve of
order & in [k], and therefore rational. Henes, if €' is not rational,.
v I8 unique,

3.1, Properties of valency. In the caleulations which fono\w
we shall frequently have to express the fact that a certaimtset U,
say, derived from a point P of a curve (', varies jula eries of
equivalence on C'. We express this formally by writing'U/ = const.

THEOR®M XVIIL. The valency of the sum of tuipedrrespondences is
equal to the sum of their valencies, and the m}e@sy of their product is

minus the product of their valencies. ~~\
If S and T are the two correspondences, of valencies y; and y,
respectively, then " P+SE:;_~.const., )
_ Vo P—;{ITP'E const., (2)
whence (y;+y2) B3 (S+T)P = const. (3)

This praves the first paﬁ:’of the theorem,
Again, if @ is any };int of TP,

u\“:" 7, @-+S¢ = const.,

whence, summmg for every ¢}, we obtain

,§~' v, TP-+STP = const. (4)
M“]thl;Ylng (2) by y, and subtracting from (4), we find
\ —y, v, P-+STP = const. (5)
Mmh proves the second part of the theorem.
Examrres

valency —1. If 015

1. Th s, of course
¢ identical eorrespondence ha s ‘ntarsection of O

a fixed point of a plane eubic, and TP is the remaining
With the curve, T has velency 1, and T#P has valency —1.

2 ¥T, T, are two different correspondences of the above type, verify
&gain that T . T, has valeney —1.

THEOREM XIX. On any curve there exist composite corresponde

of every valency.
w Bb
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On a curve C' any g, (without fixed points) determines a eorre. :
spondence E by which, to each point P, there correspond the
n—-1 further points of ¢ which form with P a set of the gL. Such
a correspondence is called elementary, we observe that E-lis
identical with E, and that E has valency 1. ' x
If, then, E,, E,,..., E}, are y elementary correspondences, i
follows that 3> E;is a (composito) correspondence of valency y; also -
the product of 3’ E; by a further elementary correspondencéJhs
valency —y; while the correspondence > E,+E ¥ E, kg valeney
zero. Since y is an arbitrary positive integer, the theo\rem’is proved..
THEOREM XX, A correspondence and its reversé, have the same
valency. 7 '

7

This theorem is certainly true for a corréspondence T of valency
zero; for such a correspondence is Lqula.r {§3.1) so that, by -
Theorem XTI, T-1 also has valency ‘zéro. :

The theorem is also true forMany composite correspondence
which is constructed, as above, from elementary correspondences,
ginee each of the latter is self-iftverse. .

From these facts the ché'cirem may be proved for any come
spondence T of valency™ For if S is a composite correspondenc
of valency -, thén "S+T has valency zero; and therefor®
(8+T)* = 8§-14T also has valency zero. Since S~ has
valeney —y, it Tollows that T-1 has valeney y.

3.82. United points of a correspondence. The gagley—ﬁﬂﬂ
Jormula,,\We come now to the central theorem of the subjech
whiclcharacterizes the set of united points of a correspopdenc®
onyaeurve:

o\ . 2
o THEOREM XXT. If U is the set of united points of the corresponden .‘
T, of valency v, on @ curve C, then ' .

U=TP{T-1PyX+2yP,
where P i3 any point of 0, and X is a eanonical set.
We prove the regult by stages, as follows:
(@) The theorem is true if =~ 0. For the method of §3.1, Whaﬂ__
applied to a correspondence on a single plane curve O, shows d
the relation between corresponding points (x) = (ﬂ?a:xl’x”) "
(&) = (g, 2%, 2%) of O is given by an equation of the for® k

Fo) = 3 diwo m, xohlah, ol 23) = 0
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in which ¢, is a polynomial of degree N, say, and ¢, a polynomial
of degree N'. The sets T(x) all belong o the series eut on O,
residnally to a base set 4, by curves of the linear system

L= %F’ﬁbi: 0,

while the sets T-1(»"} all belong to the series cut on C, residually
o a bage set 4, by curves of the linear system

L = E }(i ¢i = {, N\
0 2 AN

All sets on ¢ of the form T(x)4-T-{a") are contained in ﬁl:\é‘]iné&r
series cut on O, residually to 4 A’, by curves of the gystem

ror RTs.

IF =3 Svgbith =0, A\

70 )
the polynomials ¢,, ¢; here being functions {’? the same current -
coordinates {(x). This system evidently (*Qnﬁmins the curve

r )
, F(x,x}zzo:és%-"—ﬂ

which euts C, residually to 4-+d4" \in the set 7 of united points.
Hence, when y = 0, U = T(x)’é[—T—l(x).

(8) The theorem is true for.an elementary correspondence. In this
case T is generated hy@\g}, and y = 1; and 7 is the Jacobian
set of the series. Tlufs,if & is a generic sef,

Ko U=26+X.
Andsince AN ¢ = PLTP = P+T-P,
" 0\‘. :
vomay Wite”  r — TPy T-1P+X+2P.

(c) The theorem is true for a composite correspondence of posiive
’:‘Qzﬂ%?)’ y. For if T= ﬁ T,, where T, is elementary, then

W™ 1

Q!

Fo
= 21: {7; and hence ‘
U =3 T,P+ 3 TrPHyX+P,
or U = TP+ TP +yX+yP. e valency
(d) The theorem is true for any Wﬁspm@ewe o Wm‘?:e ¢oTTe-
~v. For if T has valency —y, and if T' i & comP?ﬁlll o, b
spondence of valeney ¥, then T—}-T’ has valency Zero; ence, by
(@), its set U’ of united points is such that
U0 = (T+T) P4 (T TP
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But, by (o), = T P+T'-1P+yX L2y P.
Hence U=TP4T1P—yX_2yP.

(e} The theorem is true for any correspondence of positive valency
y. Forif T has positive valency y, we may construct a composite
correspondence T’ of valency —y. Then, as in (),

U0 = (T-FT)PH(T-1 4 TP,

whence, by .(d), we have ~
U= TP+T-1P+yX+2yP. N
Thus the theorem is true in ail cascs. o\

The numerical content of this proposition is egr.p;éésed in the
following e\

? & 4
COROLLARY. If'T is an (a,a') cowespandeq"zﬁa} of valency v, on a
curve of gemus p, the number u of cotncidences' ts given by

= oc—l—cx'—]— ?@ '
This is known as the Cayloy-Briil\formula.

3.53. Common corresponding ggirs of two correspondences. Con-
sider two correspondences (Pyog)) and (P, R) on €, having indices
(2, o") and (8,8) and valeﬁﬁés ¥1, vy Tespectively. Denoting by
S and T the respectiye, forward correspondences, we wish to
determine the set W of\coincidences of a point of the set SP with
a point of the coeriijbndﬁlg set TP. .

The correspafidence (@, R) is represented by TS-! and its
reverse (R, @by ST-1. Its indices are thus («f',fe’) and its
valency issg, v,. Hence, by Theorem XXI,

\:“}" W =TS 104 ST1Q—y, y, X—2y, %, .

Frcmff this relation follows

~ THEOREM XXIT. The number of common corresponding pairs of

Npoints of an (. o) correspondence of valency v, and a (8,8') corre-
spondence of valency y, on the same curve is o8’ 4o'8— 2y, %29~

3.54. Coincidence set of a correspondence. A coincidence.Pomt

(as distinet from a united point) of a correspondence T is one

which counts twice in a set TP. We now investigate the seb K

of such points when T iz an {w,«') correspondence of valency ¥-

If @, @ are any pair of points of the same set TP, we denoté

the symmetrical correspondence between @, @' by S. Bvidently

SQ = TT-Q—ug,
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g0 that the indices of S are a{a’—1). Also, since TT-! has valency
—?, the set TT-1Q-»2Q varies in a series of equivalence, as,
therefore, does (a—y2)@-+SQ. Hence S has valency a--y*, so
that, by Theorem X XTI,

K = 9TT1Q+(a—y2) X —24%Q.
Hence

THEOREM XX111, In any (a,o') correspondence of valency y betwee;«a\
points P, @ of a curve C, the number of coincidences OCCUTTINGNIT

N

the sets (@) corresponding to points P is in general o

Rax{’ — 1)-F-2p(—y?)- O

3.55. Note on multiple coincidences. Zeuthen’s sule’ (Ch. IV,
§4) for calculating the maltiplicities of & coingidénce for a corre-
spondence on a line (or rational curve) still holds good for corre-
spondences on any curve, provided—as cam alvays be arranged—
that the coincidences oceur at simple pvints of the curve. This
follows essentially from the differentialoharacter of the criterion,
and from the fact that the corx:egpoﬁdence is subordinated to a

R
\

rational correspondence by joiming corresponding points to a fixed
point. N
APPLICATIONS RN

" 1. Characters of a R{n; curve with ordinary singularities. In Ch. iv,
§4.2, we obtained Plﬁcﬁr *s egmations for a plane curve endowed with nodes
and cusps: we consider now the analogous problem for a plane curve &
having ordinarpwiuitiple points. We denote the order, genus, class, nu.mher
of inflexions,Zand number of double tangents by @, Ps M & 7 I:espectlvely-
In the falléwing applications of the correspondence print':iple it s?lould he
noted thag a A-fold point of general type Tepresents 2 distinet (acmdenta]]i
otrer}g,ppmg) points of ¢, so that & coincidence on the curve can fall &

_sushapoint only if & pair of corresponding points tend t0 coincidence along

L "fsa.me branch. :

(i} Let two points on € correspond if their join pesses through & genmlc
fixed point O, not on €. For this correspondence, evidently, & = & = ﬂ-_h
and y — 1, Also true coincidences arise only from tangents 10 € whie

Pass through ©. Henee
y . T which makes correspond to any
(ii) Consider next the correspondence 1;1:3 tangent to € at P meets the

point P of ¢! the n—2 points @ In which e t of
curve again, Evidently o’ = n—3 and y = 2 Alo T°F i
Points of contact {distinet from P} of tangen Plob

ta from
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The ceineidences in this case are inflexions of €, so that
t= (n—2)+(2n+2p—4)+4p = 3nt6p—a,

The set of coincidences cceurring in the sets FP iy that of points of .
contaet of double tanpents to €. Henee (Theoremn XXII1),

2r = 2(2%—{—2p—4}(n—3)-{—2;0(2%—]—23)—4——4),
or T = 2{n—-—2)(n-3)—,‘—-2p{2n+p-—7).

Ex. 1. Bhow, by Zeuthen’s rule, that u cusp (replacing a double point)
reduces the above value of ¢ by 2.

Ex. 2. Prove that, for an (o, &’) correspondence of valency 4, tha })ins
of corresponding points envelop a curve which is in generghof class
(n—1){a+a’)—2yp. Explain how this result is modified fop a sy mmetricsl
correspondence, and illustrate by reference to the plane cuble/ (ef. Ch. IV,
§1.2). N :

Ex. 3, Show that, on & curve of genus p, & g, and @)y, have in general
(t—1¥r—1)—p common pairs, N\

2. Multiple secants of epace curves. In the applieations which follow we
consider & non-singular space curve €, of ~<freier n and genus p, with
h=Hn—1)}n—2)—p apparent nodes; we Asftime further that it possesses
! trisecants and a finite number of Jnuadrisecants, The following pre-
Liminary results will be required. e 4 _

{a} If G is the set of éntersecm'on&'bf .C with a plane, and X a canonical
set, then any ORORDAL set H (cf2hépoints), eut on O by the chords through
a point O not on O, belongs to,r.fké Jixed series of equivalence

AN (n—8)G—X. .

For, on projecting Qﬁ‘km 0 into a plane n-ie curve O'* with 2 nodes,
we find that the chordal set projeets into the set of nodes; and, by §?‘4’
any eurve of ordetg— 3 through these nodes cuts, residually, a cancnical
set on (%, Vo O

It follows, hic}dentaﬂy, that any surface of order n— 8 through a chordal
set cuts residwally a canonieal set on ¢, :

(&) A@ TRISECANT sef T, cut residually on € by the trisecants which pass
ih‘»"omk\a given poing P of C, belongs fo the series of eguivalence

NN (n—4)G—P)—X. \
\'For, if € projects from P into a curve C* of order n—1, sections of f
by lines belong to the series [G—P|, and the set T projects inta the no Ff:
of C*. The required result then follows asin (). We note also that a 5‘3‘“’;;
cone of order % — 4, with vertex P and passing through 7', cuts O residually
in a canonical sot. . '

3. Common chords of two space curves. Let O, ¢ be two nOﬂ'Smgﬂa'é
space curves having characters n, n’, ete.; and suppose, first, that ¢ ?rtlo
0’ do not intersect. From any point P of ¢ we draw the chords of C .
meet the curve in 24" points P’; and from each of the points P’ we drace
chords of O, meeting ' in 47} points Q. Consider the correBP"ndenWe
(P, ) on €, with indices {o, o), say, We have o’ — 4hh’. To find o
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nate that QP is any onc of the n’(n— 1} common generabors of the cones
projecting ¢, ¢ from 0. Hence o= nn'(n—I1)}»"'—1). Further, the
corrbespondence has valeney zero; for, starting from P, the chordal set (P}
varies in a serics of equivalence {by 2(a)} and, similarly, the total set (2}

hY
O\
2 A\
Ny
Fia. 15, . N
being the sum of a fixed number of chordal sets of &, vi o3 a series of

£ P and () arise ftom common chorde

equivalence on ¢/. Tho coincidences 0
4 coincidences > Thus the required

of 0, ¢, any such chord absorbing
number 7 i= given: by 9.\
7 HARR - (n— W )

By a slight modifieation of the argumotyif is easily seel that ¢ simple

intersections of O, ¢ reduce the aboyayalue of 7 by
ifn—1)(n/Sh) — Fi—1). _
4. Suroll of joins of correspondig point-pairs o O TE (P P7)is an (o)
ire the order v of the scroll

correspondence of valency sl on €, we requ
generated by lines PP/, Tebi be a generic line; we establish & new corTe-

X\

' Fre. 16.

ion that the plane (b
orrespondence is the

again at one of the points P’. The new © ’ :
the original correspondenco (£, F) and the correspandence (P, Q) of point-
the Iatter has indices {(n— 1,n—1}

@) should meet 0

spondencs { P, by the condit
{P, Q) on by the con *roduct of

pairs whose joins meet I; and sinee ;
valency 1, the correspordence (P, Q) has indices {a{n—1)
‘;aleney —y. Bach join PP’ W ich meets [ gives &
with ’
3 . Hence . p = {n—-—l)(a-F-G )___?/yp.
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correspondence T, on €, in which any two points (P, P) correspond if they

lic on the same trisecant. By projecting € from P it s clear that through
P there pass A trisceants, whers

A= fn—2)(n—3)—p.

Thus T, (being symretrical) has indices (24, 2X). Also, by 2 (5}, the trisecant
set T P, augmented by (n—4)P, varies in a fixed series of equivalence
on C, so that T, has valency »n— 4. Finally, uny trisecant counts #%imes
as join of a pair of corresponding points in T~ twice for each paitof the
three inbersections with € since T, is symmetricul. Hence, by lix. 4,

6 = (AW a~1)-2n—a)p, O

" or = (—2)kn—Dn—3)—p). N

A finite number ¢ of tangents te ¢ will rueet t.‘}{gic.urvs again. Thess
are evidently associated with nnited points of thé\gbrrespondence T, and

hence 7 = B4+ 2An—0p = 2An—2)n>)-t An—6)p.

6. Stationary trisecants. A finite .uu.mber\E F trisecants of ¢ will be such
that at: two of their throe Intersections)\With & the tangents to € interrect.
Buch a trisecant will evidently couut twice in the set of A trisecants from
ity third intersection with C, &nd’:f:na.y thus be called stafionary. :]'1“
caleulate ¢ wo consider tho bitahigential correspondence T, on & which
malses correspond every pairtef points at which the tangents lllt:&l‘ﬁect;
Starting from a point P, the corresponding points P’ are the points o
contact of planes drawn, fhrough the tangent ab P to touch the curve else;
where; thus T, P is theWJdeobian gset of the g3, cat on € by planes throug
tha tangent at P, ce

N TP = G-2P)-X,

;s P }
where & is a Plane scction of O, 1t follows that T, has both indices equa
to 2n--2p L8, and valency 4, .

Mg & ] N B H
Consider' now the possible coincidences of a point of Ty P ‘Wlt,h & Pgl}na_
of th{:x'é@rmsponding trisecant sot T, P. Such a coin.cidcn.ce is Gl’ﬁl"{?‘r ot
poifitforming with P the bitangential point-pair of a stationary tt ltiebgint,
X (i1} the point of contact of a tangential frisecant from P » the la,t-tetl % P
\(‘)ounting twice as a coincidence sinec it oceurs doubly in the SZ t;tal

And sinee egch stationary trisscant provides two coincidences, the B

© Dumber is 2£4- 24, hence, by Theorem XXI171,

2420 = 2.9M2n4-2p— 6)—2.4. (n—4)p.
Substituting for o from Rx. 5, we obtain after reduction
¢ = 2n—2)(n—3)n— 4)— 2p{n?— 107 -1-26— 2p).

. . T Of
Ex. By considering the united points of T,, show that the yumbe!
stationary osenlating Planes of (7 ig 4(n-+3p—3).

-aluated
7. Quadrisecants. The number & of quadrisecants of € may be evalua
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by considering the coincidence sot W {as in §3.53) of the trisecant corre-
spondence Ty. Any coincidence ) of two members of the =et T, P is sithar
(i} the point of contact of a tangential trisecant from P, or
(i} a tangentiel point of & stationary trisecant, counting twiee in the
got of trisceants from P, or .

(it} & point on a guadrizecant from P.

The coincidences (i} and (i) are simple, their respective numbers being o
and 2¢. As rogards (iil), we observe that each intorseetion of a quadrisecant
P, PP, P, with ¢/ counts 6-fold in W for the point F;, for example, counds,
twice in the trisecant set fromn I, as belonging to the trisecants Py P, Fy andl
P,B, P, through F,; snd tho formal set of points belonging with 7, ,tq?aqnw
triseeant set T, P, since it consisés of the trisecant sebs, dimgmghed by
B, of all points of the trisecant set of P, clearly contains Pl’théld. Thus
243, coimeidences arise from the guadrisecants, and hengé, by Theorem
XXIIT, we have (&
o+ 26+ 245 == 2. 202\~ 1}4-2p{2A—(n2)}

Substituting for A, o, £ we find on reduetion .\\,’

8 = L(n—2)(n—3)n—4)— bpaBETn+13—p)-

The curve of {east order with a qua,driséca.ﬁt is the rational quintic, for
which § — 1. 'The oxistence of this quddrisecant can be verified by repre-
senting on a plane a cubic surface wﬁi’cll‘contains the eutrve.

A non-singular curve of order n &hd genus p, situated in [4], b
a finite number of trisecants, Bysmethods similar to the above,
shown that the number in gstion is

Anfo>4)(n—5)—(n—H -1}
otable (symmetrie) eorrespondence on
which a plane ean be drawn to

be drawn a number 7 of planes to
r of bitangents to the prejected

as in general
it may be

8. Tritangent pldres. Another n
C iz that betweqn Pdints P, P’ through
touch ¢ twice elséwhere. Through I can
touch O twia@eléewhero; this is the numbe
eurve, sa hat'r — 2n— 3)(n—4)+2p(2%+39"9)' The correspondence Ty
n quesi hes indices (n— 5yr. Tts valency may be caleulated from: t:h:
factsethat (i) T, has valency 4, (ii) the correspondence between & pon
_PZeoritact of a bitangential plane and one of the n— 4 ordinary intersections
O£ this plane with C has valency 2(2n--2p—10); 80 that the revarSi; ?Frr?;
spondence has also this valency. It follows that the _va-lency om: ; .
T~4(2n+ 2P_ 10). The wnited POjIltS of 'I's giVB the pOl‘ﬂtS of eon
the o tritangent planes to C, whence
31 = 2r(n—5)+ 2plr—4(2n+2p— 10k

This gives
w= 8("_3-)+4(P) +4p(n—5)in—5+P):

3 3 _
For the curve 405 which is the complete intersoction of 2 qua'dt:: :Eic}:
cubie surface, we have w = 120; thus there are 120 triads of pzntlho curve.
counted twice, form sets of the (canonical) gt cut by planes o _
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9. Correspondence withowt valency, Tt will bo shown in §5.1 that a curve
of genus p (p > 0) possesses a finite number of moduli, 1.e. birationally
Invariant continuous paremsters such that two curves of equal genus ara
birationally equivalent if, and only if, these parumeters have the same
values for both curves. For an elliptic curve there is g single modulus
which, for a plane cubie, is the (rationalized) cross-ratio of the foup tangenty
that can be drawn to the curve from a point of itself, :

We may then speak of a curve of genus p with gencral moduli, in contrast
to curves of genus p which, in virtue of special values of the moduli, or
certain relations between them, have gearvetrical properties not, pgisgssed
by the general curve. It can be shownt that, on a curee with gengrabanoduli,
every correspondence has a walency. On the other hand, singler corre-
spondences may exist on curves with special moduli, a{;"the Tollowing
exemples show. A\

Ex. 1. 8how that, if the equation of a plane cyhits is reduced to the
form y* = x{x—1){@—X), one of the six cross-ratioz;‘éi'”the peneil of tangents_
referred to above is equal to A, \/

Ex. 2. Show that, if A = —1 (the case of thé\harmonic cubic}, the curve
carries a singular eorrespondence of period'}l} given by @’ = —a, ¥’ = .

Ex. 3. Prove that the equianharmonje Subic 4® = 23— carries a singular
correspondence of period 3, given by &)= wz, ¥’ = ¥, where o3 = L.

Ex. 4. Prove that, on a curve. 8fgenus p > 1, every birational trans-
formation of the curve into itgalf is either generated by a gi, or a corre-
spondence without, valency. w)

§ 4. TAE Riemany—Rocs THEOREM

4. Character iSﬁ{:\"p’roperty of the adjoint curves. In what
follows the furdamental problem is that of constructing, on &
given curve,&he complete series g%, characterized by a set G of #
given points! Suppose now that f is an irreducible plane curve
of ordet™y; having only ordinary multiple points, and that noneof
the points ¢ lies at a multiple point of f. We then proceed' 28
follows: through ¢ we draw an adjoint curve ¢, of sufficiently 'thh
~order 7, meeting [ elsewhere at the multiple points and in a residual
’set H; and through H we draw all the adjoints of order 7. We
shall prove that these eut the complete series gf, containing G
For suppose that ¢ is cut on S by a curve i of a lincar ;sysﬁeliﬂ
() and that & generic set G’ of ¢, is cut out by a curve ¢ of the
same system. The curves i and i’ will in geperal have a number
of ecommon points on #, but we assume that none of these B
included in 4. . i
Let P be a typical k-fold point of f which is A-fold for g an

t Hurwitz, Math. dnn. 28 (1886), 561.
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. nence also for . Since P is (k—1)-fold (at least) for the adjoint
* ¢, the composite curve 4’ has at least an (h--k—1)-fold point; at
P; so that, by Noether’s Theorem (Ch. V,§1),

_ ¢ = ¢'+tf, M
where ¢’ is a curve of order I, baving a {k—1)-fold point at sach
%fold point of f which lies on . Now let @ be s k-fold point of f
which is not on ¢; this certainly is (k—1)fold for the adjoint @,
so that, by (1), it must be (k—1)-fold for ¢'. Thus ¢’ also is an,
adjoint curve. Moreover, ¢’ euts out the set G for, by (1), all
points common to ¢’ and f must lie on 4’ or ¢, and, by hypotHesis,
no point of G lies on ¢. : O

Suppose, then, that the series g}, is cut by the lineap system

| )‘oﬂbu‘f“}‘l’;&'f—---"i‘)‘r‘l’r: 0. \ (2)

Each of the curves i, (i = 0,1,...,r) will determiné & curve ¢, as
described above, giving the relations Ny :

b, == by-B.f (@ = O (3)

From this we obtain, by addition, ()
95{}‘0 ‘!’o++h-r !ﬂf} — ﬁﬁ{xuqﬁo—{——}-h Eﬁ,-}—]-@f, (4)
where the A; are arbitrary p&r@'ﬁétem’ and © =3, ;.l"g’:'
Henee, in conclusion, the series g, defined by (2) is egually well
defined by the system

KA hbt b =0 @)
which establishes#he result. It is easily seen that this holds everf
if ¢, i, and ¥

when the ¢7, hak fixed simple points; for, by (1),
have such a/eommon point, it must kie on ¢' also. Hence
THEQ \imzxm_ The system of ol adjoint curves of any grven
Wd&?“l;.:cuts on f, residually to the multiple po?nts and (possibly) @
gj‘mw ‘of fixed simple points, @ complete series. Conversely, ony
{eomplete series can be cub out by adjoint curves of some arder. .
COROLLARY 1. The system of all curves of order L, having o b
point at ench k-fold point of f, cuts & complete series t?.nf . ¢ onder
For this system is obtained from that of the &dlomﬁ,o sxl;lma-
by imposing > k linear conditions on the curves, where the s
tion extends to all the multiple points. . tant
Applying this result to the case | = m, We have the 1mP0;
COROLLARY 2. The CHARACTERISTIC SERIES of any comP lete

system of plame curves 4§ complete.
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4.1. Freedom of a complete series. The Riemann-Roch
Theorem. Let ¢, be a complete series cut on f by adjoint Clrves
¢ of a given order I, and suppose, in the first place, that these
curves have no fixed points at simple points of f. The grade x of
the series is thus given by

n=ml— > k(k~1). : (1)
The genus p of f is given by
p = tm—1)m—2)—3 ¥ k(k—1). S

In evaluating the freedom r there are two cases to cansider:

() I 1 > m, we must allow for the fact that ¢rmiay break up
into f and a residual curve of order I—m. Thus N

72 HOA3)— 3 kb~ 1)~ J0—m)(iBm 43—

It will be noted that (3) holds also in the edsds | = m—1, 1 = m—2,
so that the inequality is valid for I = 2.

Now, by (1) and (2), the second Member of (3) is identically
n—p, whence we have N

r >nsp.

(i) 1 <m—3, we have injtead

r > Hlh3)—1 3 k(E—1).
By (1) and {2), we th@réféie have
r SR p- ym—1—Dm—2—1)
X\Z n—p.

Hence, in bath cases, r = n—p. .

Supposeh§econdly, that g7 is cut out by curves ¢ having a certain
numhqli Pof fixed points on f; then, if p is the freedom of the con-

Pletéseties g +v 0t by the curves ¢, we have, by the previous
restif

p = ntv—p.
”\; Also, since the sets of g7, are all contained + in sets of g4, it follo¥
that r > p—v,
whence r>n—p.
Henee '

THEOREM XxVv. [ [ g%, is a complete series, then v 2= n—1

. . i gt ppighid
4.2. This result can be made more precise by d-lbtlng‘;lb]:dﬁ
between thoge series which can be cut out by adjoints of ©

t We shall say, briefly, that g, is contained i gh
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1< m—3, and those which cannot be so obtained. Since the
adjoints of order m—3 cut out the canonical series (p > 1), we
may state the distinetion ag follows.

DEFINITION. A series is special if its sets are contained in those
of the canonical series; in $he contrary case it is called non-special.

It should be noted that the order of a special series will in
general be less than that of the canonical series; in this case there
will be a residual series of some order. - - ' Q"

In what follows we shall refer to the adjoints of order m—-3 s
the @-curves, or the canonical adjoints. ' R, W

With each complete special series there is associated an’ inder
of speciality, i.e. the number of lineazly independent (d-curves
which contain a generic set of the series. A non-special series has
index of speciality zero. Since, for the canonicel feties, n = 2p—2,
a special series has order not exceeding 2p—~2

Before proceeding to the Riemann-— ool Theorem, which re-
places the inequality of Theorem XX V\by an equation, we require
the following preliminary result: Y

THEOREM XXVI (Noether’s Red:i;’ctifon Theorem). If G is any set
of & complete special series ghaapt if P is a pont of f not 39’?”9 on
all the ®-curves through Gythen the complete series |G+ P is also
of freedom r, i.e. it has ‘P)as fiwed point.

Suppose that the égﬁé's g%, is cut out, by P-curves P&SSin_g thr()}lgh
a set H of ﬁxed.imints; and let |u| denote the 13‘31_7“3‘l of lmt?s
through P whicl meet f in residual sets 4 of m—1 points. If G is
a generic setpof ¢f, there is, by hypothesis, at least one Cb-'curve
through~@ 3nid H which does not contain P; adding to this the
line @, %® obtain an adjoint curve of order m—2 whose complf?te
intersetion with f consists of G-+H+F +4. Hence the sene;

AESP| is out by adjoints of order m—2 passing throu’gh th.e fixe

Points H+ A. Hence P must be a fixed point for this series; for
the adjoints all contain the m—1 points 4, and therefore break

up into the line ¢ and a curve O.

4.3. From this follows the Riemann-Roch Theorem: )
rhEommM xxvir If g, is a complete series having index of
S 1 - L] — J— ..
peciality 1, then v = n—p-+1 #n—p; hence, to prove

We have already shown, in§4.1, that 7 = k
the theorem for § — 0, we have to show that, if r >n—p, the
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series is special. This is obvious when r = 0, for then n < p—1,
so that we can always draw a ®-curve through the set of points
since, by §4.1, the system |®| has freedom p—1 at least.

The general result is now obtained by induction: we assume that
it holds for any g7} and prove it for a g,. We suppose that
# > n—p, so that r—1> (n—1)—p. Let P be a point of f
not common to all the sets of ¢7, and consider the serie
l9n—P| = gi=1. By hypothesis, this is special; and, by.’{heomm
XXVI, if P is not eommon to all the ®-curves throtgh & sst §
of ¢7=1 the series |G+ P| is a complete g7, But bhis series is
contained in g5, so that P must be common to(alt the @-curves
through @, and ¢, is therefore special. A\ '

Thus the theorem is completely establish®dor the case i = 0.

Next, suppose that ¢ > 0; then, by deﬁn\ifion, a unigue @-eurve
can be found to pass through a set @I g%, and i—1 arbitrarily
assigned points of f. Hence, if 1 ;,j}}ﬁo ®-curve can be made o
contain the set G4 P, so thas plie series |G+ P| is non-spaciall.
Also, by Theorem XXVI, its fieédom is » ; and since its order 18
#-+1, it follows from what hds iust been proved that

<@ D—p = n—pil.

Thus the theorem is e when i — 1. Now assume that it h?ldﬁ
for series of index(—1. Let g% be a series of index ¢; then, if ¢
is a generie s t@f ‘g7 and P any point of f, the series |G- P has

order n-1 andindex i—1, so that its freedom #' is given by.
\" 7=+ —p+({i—1) = n—p-+i, _
And giuce P does 1ot e on all the d-ourves containing 6 !
LQE?‘& from Theorem XXVI that »" = r. Thus the Riemen

fo
) R'& Theorem is(bstabl_jshed for all values of 4.
AN ’

m )

COROLLARY 1. 4 coﬁ@lete series g7, is non-special if r ="
and special if r > f—p. -
COROLLARY 2, The ca,n{mical series has freedom p—1.
Fori=1and n — 2p—2.
. -
COBOLLARY 3. A complete serics g7, is nom-special if ® > 2
orif r > p—1, and it 45 special if n << p.

o} e IO

The first case has already been noted; in the second it is Obv:.?gs.
that .the system [O|, of freedom p—1, cannot cut oub the =
And in the third, since » = 0, we must have 7 > 0.
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Nole. An alternative method of developing the theory of series
on a curve, which. is independent of Noether’s Theorem. and the
consideration of adjoint curves, has been given by Castelnuovo.t
A third method, based on an essentially different definition of
the genus, has been evolved by Severi.

ExAMPLES

1. Show that the adjoints of order [ > m—3 form a regular systern.

2, Show that the number p-41 is the minimum value of n for which
a generic set of » points on f belongs to a gl (This result s taken as'the
definition of p by Welerstrass.) O

4. On & rational eurve, every complete serios of order » > ¢ is ofifreedom
n and, on an clliptic curve, it is of frecdem n—1. Conversely; prove that
& eurve containing & g7 is rational, and that a curve containing's complete
g (n = 2) is elliptie. ¢*Q

4, Prove that, on a curve of genus 2, cvery completes
has frecdom n—2. \

. Prove that a curve which containg twg ﬂh ek geries g3 is eitl}er
elliptic or rational. (Transform the curyezinto a plane curve on which
the sories aro cut by peneils of lines.) HN ' )

6. Show that, if the series ¢ has index of speciality i, then & < 2-

< &
embs of ordern > 2

4.4. Some properties of, ;s’pébial seties. We begin by con-
sidering the ecanonical se;ieé iteelf.
THEOREM XXVIL. Tie canonical series is the sole gly-2y ewisting
on f; amd it is witholit fized points.
In the first plplée, a series of order
r = p—1 is Héeessarily special, since #
curves cub Oub coP-1 canonmical sets, 1
coinei \mth the canonical series. In the second place, if th{? series
had ajfixed point P, the series gt te— Pl = ghy% would, with 'the
, éd(ﬁ%ion of another point ¢, give & g5, distinet from the canonical
{ séries, and this we have seen to be impossible. _
he canonical series can

Next, we inquire under what conditions o
be compounded of an involution. Tt has been shown 1 §1. )

if a series g7, is compounded of an involution y;., 7 mu.st bih:
multiple of . On the curve I’ which maps the mvo?:blc;lr;,m .
series g7, is represented by a seties of order njp end ee "
from which it follows that n/p 27 Moreover, if nfp =71

t Aiti Accad. Torino, 24 (1889), 346 Memorie scelte, 19.
{ Traitate di geomeiria alyebrica, ch. ¥.

n = 2p—2 and freedom
~ p—p; and sinee the @-
the ¢4 in question must



\

384 GEOMETRY ON A CURVE

curve I' must be rational, and in that case t}
is a linear series Ta-

Applying this result to the canonical series, for which # = 2p-2,
7 ==p—1, we have n/u > n/2. Thus, if the series is complex,
must have the value 2 and, since the sign of equality holds, the
involution is a g,

Conversely, if a curve of genus p > 1 contains a g}, the latter
must be special. A ®-curve passing through a point of one set
must pass through the residual point; hence the canorrical series
itself is composed of the involution g3, It is clear, ’b\egides, that
there can be one and only one g} on the curve. -\

We know that a rational and an elliptic curye ¢tntain respeec-
tively a double and a single infinity of series gh Ithe case p = 2,
the canonical series is a gi, but for » > 2.8lere iy in general no
such series on the curve. As has already kioen stated (Ex. 5, § 16}
a curve of genus p > 1 which cont-ain%a’ g3 is called hyperelliptic.

In conclusion, then, we have A

XI, 44
e algebraic serieg v

THEOREM XXIX. T'he canonical\deries of a curve is simple except
when. the curve is hyperelliptic;dnd in this case it is composed of o gk

4.41. Clifford’s Theorem We pass now to special series of lower
dimension. We first prgve the following

LEMMA, The sets Qf & special complete series g, each tinpose n—r
conditions on the Dclirves which are required fo contain them.

Suppose tha,t\t e series has index of speeiality 4; then the

number of eounditions imposed on the ®-carves in question 15
clearly N\ . .
"o )1 = p—i = n—r,

by t']{é:Riema,nnmRoch Theorem. From this we now deduce
" ?JI\EOREM XXX (Clifford’s Theorem). For any special series fo

rw = 2r,

\

For » generic points of the carrying curve, imposing r conditions
on the ®-curves, fix g et of the ¢g7; and this set cannot therefo}'e
impose less than » eonditions on the ®-curves required to ?ontam
it. Hence, by the lemma, n—s > ¢, if the given series g, 18 COP
plete; s0 that » = 2r. If the series is incomplete, with freedorn
p<r,thenn > 2 o Jortiori, ing

It will appear from the next paragraph that, if the cartyiils

T ip the
eurve s not hyperelliptic, then n > 2r, except of course iz th
case where r = p—1.
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4.5, Canonical curves. We have seen that, for any curve f
which is not hyperelliptie, the canonical series is simple; its pro-
jective model (§ 1, Ex. 6} is therefore a projectively unique C%-2,
normal in [p—1], which is in birational correspondence with f.
This curve is called a canonical curve of genus p. Evidently its
projective properties correspond to invariant properties of all
enrves birationally equivalent to f. Conversely, any curve of order
9p—2 and genus p, situated in [p—1], is necessarily a canonical,
curve; for the primes of the amhient space cub on it a series g2,
which must be the canonical series. O\

Suppose now, if possible, that f, and therefore C?7-2, oOnbains
a special g7, with » < p—1. Any set of such a series would impose
r conditions on eanonical sets required to contain itj(ﬁ 4.41); this
would mean that all the primes which pass through r generic
points of 02 would contain the whole set of\the gj, defined by
those points; in other words, the [r—1] joining r generic points
of (%»~2 would always meet the curvejiv further points. This
is manifestly impossible for any r <(ps=1, as may be seen, for
example, by projecting the curve fyam 7—2 of its points. Hence

The sign of equality in Clifford s Theorem is only altained, for non-
hyperelliptic curves, in the case'of the canonical series.

This result leads at oncg’be an important property of canonical
curves: o)

THEOREM XXX1. . Adunonical curve has no multiple poinis.

Suppose that R k-fold point of €27—%; then the co?~? primes
through P cut“a special series g%z on the curve, whence, by
the result justlestablished,

P\ 9p—2—k > 2(p—2)
50 tl}a,jb‘f'. k<2 .
< ‘l‘h;s means, in other terms, that the canonical series confains
no’neutral pairs, such that sets containing one point of a pair will
antomatically contain the other.

The proof of the above theore
cerning birational transformation can
the canonical model, into the language ©
Another important result which may be @
Ineans is the following:

A non-hyperelliptic curve of genus P

of birational self-transformations.
4574 ce

#\J

m shows how questions con-
be translated, by means of
f projective geometry.
stablished by similar

infinit
> 2 cannol possess an finity
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This is deduced from the propositiont that the only algebraic
curves possessing an infinity of self-collineations are rational. Thig
in turn is a consequence (for non-singular curves at least) of the
formula of §5.2 below, which shows that the number of hyper-
osculating primes of a non-singular 0 of [r] is '

wr--1}-Hr{r4-1)(p—1).
If p» > 0, this number is not less than n(r+1), but in any case is
finite. ~

1f the points of contact of these primes are all distinct,‘er form
asetof N > r41 linearly independent points, there iy ho’eollines-
tion, other than identity, for which they are unitéd; " Moreover,
any self-collineation of the curve must leave inyariant the set of
N points taken as a whole; hence the number Pf. thiese collineations
cannot exceed N!. )

For further details, and for the discussien of the case in which

the eurve possesses singular points, the'teader is referred to the
treatise by Enriques- Chisini, .

"

ExamrrEs K%y

L If g is & complete special_séries, and #he is its residusl with respeet
to the canonical series, prove that n4n' = 2p—2, n—n’ = Ar—r).

2. Prove that a hyperellipbic curve of genus p can be represented on
& double curve €71 nopfdl in {#—1), and hence upan a doukble line; and
that there are 2(p+1' )"b}ancbpoinm in the representation.

3. Show that a g@efal hyperelliptie curve is birationally equivalent to
& curve with an gquation of the form

D7 8= e—ae—ay)@—agp,,).

4. Showthat, for p — 3, the general non-hyperelliptic ca-noniniJ curve
is & plane ‘guartic; that, for p — 4, it is the complete intersectlon‘ of &
quadx'\ d & cubic surface: and that, for p = 5, it is the complete inter-
seqtion of three quadrics of [4].

6. Show that the goneral canonical ¢C% can be projected into a plane

< “\jbilr__noda.l'quintic, or a plane gextic with two triple points. Show also that

‘the general canonical 5% Projects into a plane sextic with § nodes bub

that, if the curve containg & g5, it can be transformed fo & plane nc".jal
qQuintic,

o §6. Curves v S, '
5. The results obtained by considering linear series on a plan
curve have many important extensions to curves in general; 10
some of these the present section is devoted.

1 Bes Enriques-Chigini, iii. 239,
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Let € he a curve of order » and genus p, situated in [7]. The
primes of the ambient space cut on (' a series g7; if the series is
complete, €' is normal, while, if it has deflciency 8, C is the pro-
jection of a curve of the same order, normal in {r--3].

The curve C is said to be special or non-special, according as
the series g7, is special or non-special. Then the Riemann-Roch
Theorem, applied to gy, gives :

THEOREM XXXII. A non-special curve PC* is normal in [n—pk>
 a special curve of index i is normal in [n—p+i} O

COROLLARY 1. A rational curve of order n, situated in [}, where
r < m, 18 the projection of & O of [n]; and an elliptic curye of order
n, situated in [r}, wherer << n—1, 15 the projection o_f o O of [n—1].

The first of these results was obtained by a different method in
Chapter IT. O

COROLLARY 2. Any curve of genus p‘@n\b’e birationally trans-
formed to a non-singulur curve of orderth.> 2p, normal in [n—p)-

For, taking any complete, non;gpécia,l, simple series g;, on the
curve, for which # > 2p, wé can'tepresent it pirationally on a &%
of [+], whiere r — n—p. If this ourve had a k-fold point (k > 1)
the primes through thig poi:i{; would oub on € a ik which wc.mld
be special, since r = 7~ »»and henes 7—1 > n—k—p. Butsinod
n > 2p, we have r Sy whence r—1 > p—1,80 that g7~} cannot
be special. This proves the result.

5.1. Modul}\6f a curve. Wehave already alluded to the m?dulh
of a curve of genus p > 1, and remarked that there 18 & s:ljilg_e
modulys\n the case p = 1. For p > 1 the number of moduli 18
detel‘-l‘ifljined by
< ~THBOREM XXXTI, 4 gemeral curve of genus p =
3p—3 moduli. _ S

First 2; and let the given curve of
ented e moresin O situated in s I

represented by a non-singular curve great, we have
space §,: if, as we assume, 7 i sufficiently :

i i from r—2 generio
?=n—p. If O» is projected on to a plaa{e "y
points, we obtain a curve I'® having 4 ordinary double poln
where d = 3(n— 1){(n—2)—P-

It can be provedf that, if » is qufficiently large,
| I Vorlesungen, Anhsng Q.

¥ See Severi,

1 depends on

the generic plane
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curve of order # with d nodes will be trreducible and will depend
on precisely p parameters, where

We shall assume this result in what follows. Now the Pprojection
I'* was obtained by selecting a vertex [r—3]in 8,; and since, by
Ch. I, §1.2, the freedom of spaces [r—3] in §, is 3(r—2), each
curve O gives rise to co3®-P-2 projections. Again, C" was obtained
from the given curve of genus p by selecting a particular g from
the totality of such series on the curve ; and such a selettion can

be made in co"~* ways. The number of possible repfesentations
by curves I'* is therefore oo”, where >

v=3(r—2)4-(n—r) = 3n—2p-LH)

If, then, C” does not possess an infinity of Birational self-trans-
formations (which, by §4.5, is certainly the case if p > 2), two
series g7, will give rise in general to proj tively distinct curves. On
the other hand, since there are o8 callineations in the plane, each

9 gives rise to co® projectively eftivalent curves. It follows that
the number N(p) of moduli is y

N

N(p) =pv—8 = 3p—3.

Suppose, finally, that = 2. As remarked in Ex. 2, §4., the
curve may then be pépresented on a double line with 6 branch-
points. Since ther;e"a}e o0? collineations of the line into itself, we
have N(2) = 3. X

Ex. 1. Use thelabovo method to show that N(1) — 1, adopting a plane
cubic for mbdéi/

Ex. 2. Slhiow that N (2) = 3, by using a plane nodal quartic.

5.2{{?719 (r+1)-fold points of a g%. Let the sets of a simple
SQUEs g7, (r > 1) be represented on a curve (" of [r]; then the

((r=+1)-fold points of the series correspond to the points of contact

with 20 of the hyperosculating primes of [r]. Now the co' spaces
[£](t < 4 < #—1) having (i4-1)-point contact with #C* generat®
& manifold ¥, of a certain order %11, 52y. Moreover, th? primes
which pass through a given [r—i—1] in generic position _cut 01}
?0" a series gi whose (i+1)-fold points are the n,,, points o
contact of the osculating [¢]’s which meet [r—i—1]. .
Consider now the section of Viz3t by a generic plane a; this
& curve whose order #y and rank p, are obviously #.1 a,n.d‘ o
respectively, The curve has g certain number « of cusps arising
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from the #,_, osculating [7—31’s which meet =; and its inflexional
tangents are the section by = of the n,,, hyperosculating primes.
Applying Pliicker’s equations (Ch. 1V, §4.2) to the curve, we

have
av Tyyy = K— 3(pt1— o)

whence Ryppy = Mgt (4, —Npyq)- (1)
From this relation #,,, can be found by induction, starting from
the known results ny = », ny = 2(n+p—1). Let us assume, then,\

that 0, = intiti—1)(p—1), foralli<r. A
From (1), : \ N
By == {r—2)+3r—3¢—Ljjnt N\

2 r—3)4 8rlr—1) =3 <=2

== (r4+1n-trir+1)(p—1)-
Thns the result holds also for ¢ = r-+1. ,Hﬁ')’ée

THEOREM X3XIv. The number of (‘{vF}):me points of & simple
¢% on o curve of genus p 3 in general @ Dn+rip—1)

COROLLARY. The osculating,@};dées [i] of @ non-singular © on
generate o manifold of order {i‘-ﬁ-i}‘li{n—I-i(?—l)}- :

This result is due to V@roﬁése,’r who first gave the relation {1),
which clearly holds f?r}the curve sections of all manifolds Vin1
(i =r—3,r—4,... B i

Ex. 1. Establish(the above forrula for the (r-1)-fold
of a valency cq:respandence on the curve.

Ex. 2. Prgy‘@ﬁha.t the rank of V1 18 2ngpu+o—1k

53 ; postulation of a curve. Another 'problem whose

solutigh depends on the Riemann—Roch Theorem L the.a.t of deter-
_minfig the postulation of a given curve for primals of a gtven order.

S Let € be an irreducible non-singular curve of order n and genus

P, situated in 8,. The primals of any given ordz?r m out Z!;his:
serie . thi : not be complete, but m a0¥ cas ;
$ gB,,; this may or may no s of (' thereby contaln

primals which contain p+1 arbitrary point - a)s VR, 08
it entirely, so that the postulation P(m) of C for prima’s rTl;la
p--1. Tt should be noted that all such primals may b‘? reduct r

If the series gf,,, is special, we canmot in generfa,l Pbta;n ;ﬂ ;Il’g’s
limit to P(m) unless we know the index of speciality of ¥ e2 —2,
But if it is non-special, as is certainly the case when mn = 2P0

+ Math. Ansi- 19 {1881) 161.

points by means
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an upper limit to P(m) is given by mn—p+1, by the Rismann-
Roch Theorem. Thus we may write
Plm) =mn—p+4+1-8 (5> 0).

We shall now consider the case where O is known to be the
intersection, complete or partial, of #—1 primals of S,; here it is
possible to state a precise value for P(m) for all m > N, sy,
Beginning with space curves, in the first place we prove

THEOREM XXXV. If C is the complete intersection of twe Surfaces
F, and Fy, of orders N, and N, respectively, situated in 3], ihe compleie
canonical series is cut on O by surfaces of order N = Vo4 N4
and if C is residual to @ curve €', the canonical 30015 is cuf on ¢
by surfaces of order N contatning ", \ '

We may confine our attention to the second part of the theorem,
which includes the first as a particular cade)"We shall agsume that
' is an irreducible curve, of order n’ anﬁ“éenus ', and we suppose
that it meets € in i points (J ), whete i > 0. We denote by 14|
the series of plane sections of C';then a Jacobian set J (4) of |4]
comsists of the points of contadt of tangents to ' which meet &
given line I, N

We now have recourse tothe method by which, in Ch. IX,§1.3,
the formula for the rank of ¢' was obtained: we consider, that is

“to say, the J acobiapmof I, 7, and any two planes through . This

is & surface of ofder” N,-- N,—2, which meets ¢ in the points {I)
and in a set J{d). Thus surfaces of order N,4-N,—2 cut sets of
the seriess [(J{4)4+ 7] on €, and therefore surfaces of order
N = N3:Ng—4 cut sets of the series [J(4)—24+1f on g. 'Sun.h
surfa.%:;’:therefore cut on (' a series of order 2p—2-i, which &
nonspecial and of freedom '

a3
\$

N p=p—=24{—-8 (8§ =0 .
) Similarly, surfaces (F) of order N cut on ¢’ a non-gpecial series

of order 2p'—2--i and freedom pl=p'—2i—8' (& = 0). I—,Ien(-’?
the surfaces (F) which contain p'-1 generic points of € vl
confain it entirely. Such surfaces will cut canonical sets on Os
forming a series of freedom p—1—38" (" > 0); and if they 8%
made to contain p—§” generie points of ¢, they will contain th;
composite curve C'+C”. Such surfaces form a system |F| O

freedom
(3 ) 1ptim g5 v
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Now by Noether’s Theorem for surfaces, which is established in
an analogous manner to that for plane curves, all surfaces (F)
containing ¢ and € have an equation of the form '

F=AF+A4,F,=0 (2
Computing the number of arbitrary coefficients in the form {2),
we find that the freedom of F is :

(N;S)—l—{%l\& Ny(N;+N,—4)+1). 3,
Now the last term in (3) represents the virtual (or numeﬂcal),ggnps
of the composite curve ¢+’ (Ch. IV, §8); and this, agdin;is
equel to p+p'+i—1. Hence, comparing (1) and (3),.%e deduce
that §' = 8" = 0. O

This proves the theorem (which is due to Neether) on the
assumption that the curve € regidual to € dirreducible; but in
fact such an hypothesis is unnecessary,'foi\v’ve may extend the
concept of canonical series to the casg, of 4 composite curve, and
then reason precisely as before (cf. Ch XI11, §8.4).

COROLLARY. Surfaces of ovder Ngohich pass through the points (1)
eut canonical sets on C and C'o3°

With the same notation and methods we can prove

TEROREM XXXVL If-6%s the complete infersection of Ty and b,
the postulation fom%la/fm' O, namely, P() = n—p +1, ho!ds for
all gu?'faceg of ofde?' = N, and ‘Erf O ’3-8 & p@?‘ttﬂ-l nilersection, the
Jormula holdsferall 1 2= N.

For we ¢an-show that, in each case,

complete(npn-special series on C. ] .

Finga%,“ by 1;1])13 same methods, and with the aa'd of Nolet:}']er 8
Thedtem for primals in §,, we can prove the following Tesuts:

{13 . . . _-1 primals F Of orders
ONNF C is the complete intersechon of r—1 P e don
N (i—1.9,..r1) in S, the complete canonical e el 10 6
C by primals of order N =2 j—r—-1; and i o w'ﬂl of order
curve O, the dom;plete canonical series 18 cut o C by primais
N through C'. - . o

In the first case the postulation formula holds f os:iaul I;nﬁm /
order 1 = N and in the second, for afl primals of or0%r = L0

Tt has further been shown by Qeverit that, if 0 is fz} non.som lote
curve, and if €' is any curve which forms with & & © P

T Rend. Pulermo, 17 (1903), 72.

surfaces of order ! cut a
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intersection, then primals of any order through ¢’ cut a complete
series on !. Such primals may therefore be termed adjoint to ¢,

Ex. Exemine, by means of Theorem XXX VY, the validity of the formuls
P(l) for all non-singular curves O (n < 6) of 5.

NOTES AND EXAMPLES ON CHAPTER XIT

Y. Specification of space curves. In space 8,, three surfaces of orders ny
{z = 1,2,3) which pass through a non-singular curve " will in general
meet olsewhere in a finife number N of points, given by the formula
(Ch. IX, §1.4) ~

N = mngng—nlny +ngtn,—4)+2p—2, A
We may show that, for given » end p, it is not in general possibletto choose
#; 50 that ¥ = 0. Consider, for example, the eurve (5; smoe it does nob
lie on & quadric, we may write n; = m;+3 (m; > 0). Welthus obtain
N = mlmzms—[—3(m-2ms—[—maml-{—m-lm2)+4[wb:+;m,+m-3)-]-2.
Sinco this expression is always positive, it follgWws that a space curve
requires in gencral a system of four equations i0xits representation.

2. Monoidal representation of spuce curves! Q’rove that any space curve,
sitnated generically with regard to the fimdamental tetrahedron, lies on
& surface having an equation of the form\id—yf = 0, whore ¢, ¢ are home-
geneous polynomials in the coordinatey’s, %, z. Show that this surface is
rationel, and obtain its plane represehtation. '

Prove also that, if the givensqiitve is of order n, then ¢ and i may be
assumed to be of orders n—8%nd n— 2 respectively.

3. Parameters of a curp€din [r]. By means of Theorem XXXIIT it can
be shown that the nomespecial curves 2C% of [r] (n 2 p-rr) depend of
(r+1)n— (r—3)(p—sk)'\cii3iinct parameters. The proof rests upon the follow-
ing considerations:

(i) All birationslly equivalent curves »(0% of [»] are obtained from one
and the sargé\eurve by selecting on it a gf; and since, by hypothesis,
% > p+r,£ach set of n points on the curve defines a unique complete g
The nurdber of parameters on which the latter depends is n—(n—p) =P

(i) s freedom of series 5 contained in a given gi—? is that of spaces
[r] ity [n—p], that is, (»4- I¥n—p—r). (Ch.I,§1.2.)

L (i) Each g, gives rise to aot*1 projectively equivalent curves. i
<. ) "(iv) Finally, cach birationally distinct curve depends on 3p— 3§ modull
(p > I}). Thus, if p > 1, the number N of distinet parameters is
N = p+r+I)n—p—r)+(r+1)—143(p—1)
= (r<+1)n—(r—3)p—1). _

Ex. Prove that this formula holds also for p = 0, p = L, and, it the
case p = 0, deduce the result from the generation of a rational norm
curve by the intersection of Projectively related peneils of primes. _

L. The postulation of a curve. Let € be a non-singular curve of orderi;l%
and gotius p, situated in [#]. If the primals of order m ent a non-sPeC 1
series on €, its postulation for these primals will be at most ma—P +
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and‘ it, will bo precisely this if the series cut out is complete. In this con-
nexion we note the following theorems, due to Castelnnovot:
The primals of order m > n—2 cul a complete non-gpecicl series on C.
The primals of order m = n-—;‘
—_
Tt follows from the first theorem that the postulation is exactly mn—p+1
for all m = n—2, and, from the second, that it iz ot most mn—p—+1 for

n—r

cut @ non-special series an C.

mz_—
Fro—
Ex. 1. Bhow that the postulation of & rational normal 07 for guadricas
is 2n+ 1.
_ Ex. 2. Show tha the postulation of a general 40 for the quadrics@B{3]
is precisely 9. : N
_ 5. Mawximum genus of @ curve. U
in the proof of the last two theorems,
for the maximum genus p of a curve containing a gi,

thing, of & curve of given order # in [r]; his result ig that

P < xin—r—Hr—Dx—Dk)
Wl}ere ¥ is the Ieast integer not tess than (n— )}’(r\-—l). In the case # = 3,
this formula gives p = (n—2)%/4 or (n— 13304, according as n is even
or odd. In the first case, the eurve is the do}:ﬂi)lete intersection of & quadrie
with a surface of order n/2 and, in thet gecond, it is the intersection of the

quadrie with a surface of order (n;}«l}]ﬂ?, residusl to a generator.
For y > 3§ and » » 2r, the cﬁj.:vS Hes on (f; l) ¥nearly independent
we have a canonical curve of genus p.

the stated orders, lying on & quadric
Also determine the maximum genus of

sing similar methods o those eiaployed
Castelnuovo} has obtainedia formula
o;:,(whixt is the same

gmadric primals; when n =(2%,

Ex. Verify that the dutves of
surface, have m&Xi.'(m.ﬁsq\g’éner&.
a curve of given order on a quadric.

8. The projeptive characlers of a curve.
systematic clagsification of space curves, wh
only as farede those of order 6, was first atb
Halpheya\Their work reveals the following facts: )

{1) ¥or o given value of the order n there does not in general exist &
nopgsngular curve for every vaue of the genus b between zero and the

™éximum 1 Thus, consider the case 7 = D, p = 1l: a curve with these
characters could not lie on & quadric and, since cubic surfaces would cut

om it 8 non-special series gy of freedom not exceeding 18, the curve ?vo_uld
hic surfaces; which s 1an-

be the complste intersection of at least cof cu
Possible.

(2) There exist distinet families of curves,
the same characters n and p. Consider, for example,

I Rend. Palermo, T (1893), 893 Msmorﬁ; soelte, 995;: 19

Y Atti Accad. Torino, 24 (18889), 346; emorie scelte, 13 X

$ Borlin Atad, Abh, (1882), 1. Il Journ. Hoole Polytecknique, 52}){13323;1;
1+ Although Comaessatti (Afsi Iat. Veneto, (8) 17, (1915), 1885) hias bowa

there exish nodal curves of every genus betweeh these values.

Classification of curves. The
ich hed hitherto been carried
empted by Noether§ and

of equal generality, hsving
a curve for which
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% =9, p = 10; through it there pass at least co! cubje surfaces so that,
if the curve does not lie on a quadrie, it is the complete interssction of two
cubic surfaces. If, however, it lies on & quadric, we see that it is the
intersection of the guadric with a sextic surface, residual to three skey
lines. In the first case the series cut on the curve is the canonical series,
while in the second it is non-special. Both types of curve depend on 3§
paramoters: the first, because there are o3t pencils of cubie surfaces, and
the second, because every quadric conteins o0?? such eurves, a8 we find
from the plane representation of the surface.

It is, however, possible to distinguish between these curves by, Antro-
ducing an additionai projective character; thus, if » denotes the minimurm
order of & cone which contains the #Hr—1)(n—2)—p chords o{?the curve
issuing from a gencrie point, Healphen finds that v = 4 forthe first type
and that » = 5 for the second. A\ by

(3) Halphen has shown that even the additional chargéteridoes not suffice
to distinguish in general between the various types af ¢urves; for example,
inthecasen = 15, p = 28, = 9, therce exist two Widtinct families of curves
which require & fourth character for their speeification, It thus seems
likely that no finite number of projective characters will prove sufficient
for the classification of space curves. ANS '

7. Limiting forms of ourves in [+]. Farshor progress in the classification
of curves has been made by Severi,f, by considering the degenerate forms
of a eurve, in particudar those fortis which consist of » lines having &
suitable munber of simple intersedtions (connected polygons). Severi shows
that every family of non-spedial irreducible curves in [r] of order » and
genus p containe as limiting forms afl possiblo types of connected #-gont
with n-+p--1 vertices. This result has not, however, been extended to
special curves, excepty foP certain restricted rangos of #. There is{ moze-
over, a further djﬁic& : two non-isomorphie n-gons may each be a Inm_tmg
form of one and'tljl'e same irreducible curve, so that the elassification into
families by megk® of these polygons is not readily achieved.

8. The p.o&(uldﬁon of @ multiple curve. Let O™ be a non-singular eurve
in [3], awd\sGppose that it is required to find the postulation of ¥" 85
an +-fold ¢urve for surfaces of a given order m. By using an inductive
metliod Campedelli} has shown that the postulation, for all sufficiently
lasgs values of m, is ' '
“\./ .

' : %(%:1){(3m-4e:+ 4hn—(2i+1)(p—1)}.

By assuming that 70 can dogenerate into an n-gon with n4-p—1 "Oftic;i;
Todd§ has extended this result to primals of order m in any space [r] W]'}Jhe
are to contain as ¢-fold curve a given non.singular #C® of the space
virtual postulation is found to be

1fitr—2 T

r ( re1 ){{’m’“(*— Wr+1)n—(2i+r—2)(p— 1)}

8.
1 Beveri-Loffler, Vorlesungen, Anhang (3., i Rend, Palermo, 55 (1931), 19
§ Proc. Camb. Phil. Soc. 36 (1940), 27.
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B. Segrot has subscquently obtained the abeve formula without resourse
to a degeneration argument.

+ Tbid. 38 (1942), 368,
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CHAPTER XIII
GEOMETRY ON AN ALGEBRAIC SURFACE

THE subject of the present chapter is a very large one indeed, and
the literature behind it, extending over most of & cenbury, is hoth
vast and varied in its many different methods of approach, In
the limited space at our disposal, we shall attempt no more than
an introduction to basic ideas of which some are foreshaddwed
in earlier chapters of this book, and we hope that this inteeditction
will make it easier for the reader to approach the mahy classical
memoirs which give the main results already achieved. In the
first part of the chapter we show how the concepts of linear series
and linear equivalence on a curve may readily be extended to
surfaces, or indeed to algebraic manifolds\of arbitrary dimension,
and we exhibit as clearly as we can the itndamental novelty of
exceptional curves arising in biratiogdl transformations of one
surface into another; and in the résb.of the chapter we give some
account of the eanonical systemyof’a surface and of some simple
types of surface singularities, ¥

§ L.OURVE sysTEMS
1. Preliminary obsetvations. In investigating the invariant
geometry of an algébraic surface F, we are concerned, for the
most partt, with pr perties of systems of curves on F. Many
such propertied.are immediate extensions of corresponding pro-
perties of seMEs of sets of points on a curve ¢'; and where this is
the case Wesshall often’ content curselves with a formal st'ﬁften:.lent
of restlbs; leaving the reader to make the necessary modifications
of thie, broofs given in Ch. XIT.
~¥n’ certain fundamental respects, however, the theory for sur-
ates is radically different from thas for curves. Thus, for example,
we were able to prove quite simply that a plane curve with arbé-
trary singularities could be transformed, by a succession of aue
ratic transformations, into one with only ordinary singularitios;
and hence (Ch. XIT, §5) into a non-singular space curve. Jor
surfaces, on the other hand, the problem of transforming a Sllrfa.ﬂ;}:
with arbitrary singularities into g nen-singular surface is one ©
extraordinary complexity and quite outside our present scope-f

. it
t For the history and fina} solution of this problem, ses Zariski, Algebrad
surfaces, ch. i, § 6 and Ann. of Math, (2) 43 (1942), 583.
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We are compelled, therefore, to limit our discussions, for the most
patt, to non-singular surfaces or to surfaces which possess only
normel singularities, i.e., in ordinary space, to surfaces which
possess at most a double curve with a finite number of triple
points, triple also for the surface. '

We shall, however, be able to include—at a lster stage—surfaces
which possess certain simple types of resoluble singularities, 1.e.
singularities which we know how to remove by & finite sequence
of simple resolutions. The question as to whether any surface,
singularity is resotuble in this sense is still open, even though'the
general problem of removing the gingularities of a surfage, by
other methods, has now been solved. ~\ y

1.1, Algebraic curve systemns on ¢ surface.ngf. an algebraic
curve €, lying on a surface F, is defined by agysiem of equations
E in which some of the coefficients are allowed to vary. subject

to a set of algebraic relations &', then 4118 equations B and B’

together define an algebraic system(C) of curves on F. From

the relations E' there can be cqnstrﬁcted an algebraic ﬁna,g?-
manifold U/ of the system, such-that the curves of (O} are in

birational correspondence with the points of U. The nlla.nifolc.l U
may, of course, be reducihlé‘and may consist even of irreducible
therefore the

components of different, dimensions; we introduce
following definitiongs ™

(i) (€)is a camignuous system, i
pair of,pioiits of U can be joine
(i) (C) isYiwreducible, if U ig-irreducible;

(ifi) (O)Has dimension p, equal to that of U. .
Thus, {or example, if ¥ is an ordinary quadrie mfrface, the totality
of sikaight lines (curves of order mnity) on ¥ is the sum olil' two
,"d\iScbnnected' irreducible systems—the A-generabors and the p-

generators—while the totality of eurves of order two on F I:iomls:;lt:
of three irreducible systems, namely, those containing all T
. and all pairs of p-generalor

sections, all pairs of A-generaters, ively
these systems being of dimension 3, 2, 2 1eSPee WOV ducible
Besides the dimension p, defined above, the generaéndm'll:::tal
f-t]gebraic system {C) on F hasin general three futher
invariant characters which are ) posed
(a) its grade v, which is the number of m“frsewm feop
finite) of a generic pair of curves of (C);

17 is connected, so that every
d by a continuous pathon U;
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(b) its genus «, which is the genus of a generic irreducible curve
of {C;

(¢) its index A, which is the number of curves of (), properly
reckoned, which pass through p generie points of 7.

A pencil of curves of F is any irreducible algebraic system for
which p = A = 1. If F is ruled, its generators evidently form a
pencil.

An isolated curve of F is one which belongs to no continnons
system of positive dimension. Thus, for example, each.of'the
27 lines on a general cubic surface is isolated. N

1.2, Linear systems of curves. The preceding Hefinitions
apply in particular to linear systems of curves 01’1':,3?", which we
define ag follows: N\

DEFINITION. A linear system |C| on a surface F, immersed in
space S, of dimension & > 3, is a system Jof\€urves ' cut on F,
residual usually to a fixed curve I', by the primals of a linear
system @ of S, p x\ _

In a manner exactly analogous £o,that used in Ch. XII, §1.3,
it may be shown that the lineak system cutting {C'| on F can
always be so chosen that eachwurve of || is cut on F by a unique
primal of @; that, when @80 chosen, has freedom r, |C] is also
of freedom (dimension) rand is representable linearly on the points
of a space §,; and thab. |C| is such that one and only one of its
curves passes thrduéﬁ"r generic points of F. ]

Ii ® has base points or base curves on F, other than the asmgl_:led
curve I, thenl@uch points or curves will give rise to base pounls
(simple or/mltiple) or base curves (simple or multiple fixed com-
ponents) ot |C'].

1.3 Linear equivalence on a surface. In the development
) Qf\'j;hé theory of linear curve-systems on a surface, we can _133:1(9
{_gver, with little more than the appropriate verbal modifications,
(z) the whole theory of rational functions on a curve and the
deductions made from it (Ch. XII, §1.31);

{b) the theory of complete linear series and the combinatory
properties of linear series under the relation of equivalente

(Ch. X11, §1.31). ,
Thus, in regard to (a), we note that a rational fanction % (rati0
of polynomials) of a variable point P of a surface F has a cur®
of zeros and & curve of poles, as also, more generally, a set of curves
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of constant level on F; that these latter form a linear pencil of
curves on ¥, every linear pencil being capable of such a charac-
terization: and, more generally, that any linear system of curves
on F can be regarded (with suitable conventions) as the set of

ka .
level curves of a linear system Y A; % of rational funetions, where
1

the A, are arbitrary parameters. The theorems for surfaces, ana-
logous to Theorems IV and V for curves, are as follows:

THEOREM I. In order that o simply-infinite algebraic system o,
curves may be @ linear pencil il 16 necessary and suﬁc‘ient'ﬂm‘ﬁ
should be (i) rational, (i) of index unily. O

THEOREM IL. In any birational transformation of @ suifage, linear
curve-systems transform always into linear curve-systems.

The general truth embodied in this last thageeth requires, and
will receive in the sequel, careful interpretation in relation to
fundamental poings of the transformatiofi\ )

Under the heading (b) above referred to we have

THEOREM TI. Every curve C onpisurface F belongs to & unigque
complete linear system (possibly-of conventional freedom zero) on F.

, This theorem, as in Cha X_'[’I’, §1.5, is the basis of & relation of
(linear) equivalence of chirves on F, by which we write 0 =D
whenever ¢ and D délong to the same complete linear system of
curves on F. Also\pwo linear systems || and | D] havsa a unique
complete sumssdystem |C-+D|, and. the relation of equivalence 18
additive with \xéspect to this operation. . cF
We noté) inally, that from the class of all eﬂéectwe curves.omz

we may derive, exactly as in Ch. X1T, § 1.5, a wider clas's of wirt :
curvégof F, defined as formal differences (—D of effective curves;

p 'ﬂ%is\'contains, in particular, the unique nwdl-curve ¢—C of the

surface. In this wider class, in which Subtmi‘ﬁon as; enceasis&::illi
o § X .on. the relation of equivaien
fon is a universal operation, "¢ of mutually equivalent

a well-defined relation, and each totality ; urves
virtual curves is called a system of equivalence of (vmu? Bf;eme
of F. Any such system may of may not have & core 0

gystem. '

d linear systems. By 8

Ch. VI, §2,4) for plane
linear

curves, forming a complete linear

1.4. Simple, complex, and compoun

method exactly analogous to that usfad (© of
systems of curves, we may distinguish different types
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systems |C'| on a surface F by reference to the projective models
of such systems. Thus if |C| is of freedom =Z2and iscuton F
by primals of the system @ whose equation is

D = A do+Ay b1+ +A b = 0,

. X, X X,
then the equations “9—-Z1_. 2
$o b by

transform F into a locus F* which is the projective model of (O]
on F; and the character of the representation of F on F* specifies
the type of |C|. In particular A

(@) |C] is simple if the correspondence between F.4n@ F* is

birational, AN
- (b) 10} is complex if F isin (, 1) correspondengewith F*, where
# > 1 and \
(¢} 1C| is compound if F* is a curve instedd of a surface, each
point of F* corresponding to a cugye’of F.

If € is simple and of grade 5, theg.:F* is a surface of order y,
and this surface is normal if |C ig's0mplete. If + = 2 then |Cf
must be homaloidal (y = 1), and\amy surface containing such a
net is necessarily rational. &\~ K

If |C] is complex, then E*is of order y/u, and the points of P¥
are in birational correspgndence with the sets of an involution L,
on F (cf. Ch. VI, §4), and |C| is said to be compounded of I,. Any
surface which is ndtrational and which yet contains a rational J;
is said to he hyperelliptic; it is representable on a double-Plfme
with a branch.erve whose points correspond to coincident point-
pairs of 1. o0

It | {s)compound (and free from fixed components), then all
curves(of" |C'| which pass through a generic point of I contain a8
component & whole curve, L say, through this point, and &.]1 the

(eurves L which so arise form a peneil (L), rational or irrational,

“of F. In this case each curve of |C] consists of a set of curves
of (L), in number v say; the projective model F* of |¢/] is & curve
of order v, whose poinis are in birational correspondence with the
curves of (L); and the system [C] is said to be compounded of e
pencil (L) on F. The simplest example of such a linear systent
of curves is that provided by any linear ‘series’ of generators 0
a ruled surface (¢f. Exx. 2, 3, 4 below).

1.5. Adjoint surfaces. If F is a surface with only normal
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singularities in ordinary space, then any surface through the
double curve D of F is said to be adjoint to F'; this is a particular
case of more general relations of subadjointness and adjointness
to which we refer later (§9.2). By a straightforward generalization
to surfaces of Noether’s 4f+ Bé Theorem and by the method of
Ch. XII, §4, it may be shown that adjoint surfaces have the
following property:

'-Adjoim surfaces of any given order intersect F, residually to DO\
in ¢ COMPLETE linear system of curves. A

X

It follows, of course, that the complete system |C| co:\m,'iﬁ'ing
any given curve C on F may be constructed by meang.of adjoints
of any sufficiently high order which contain a fixed ‘curve A

2
o\

residual to C. i N

REMARKS AND FXAMPLES Y,
1. Linear conditions on curves of @ linear 833%-\3 €] is‘a linear system

. out on F by o lincar system of primals @, e envisage & linear com'!ltl:;l»
or set. of linear conditions, applicable tofcurves of |C’|.as demfed’ mf(; .
first instance, from a linear condition or Eﬂndjﬁof'ﬂ applied %o pmma.alg o
But the results, as they affect |Jlplare so similar to those ob gdl.;l
regard to linear systems of curveg.in's plane thet we (It):an regard tho con®:
tions as being imposed directly on | instead of on ©.

To justify this we roay cofisider the linear system, |Ly| say» cut;ﬂ F ‘I;y
all primals @, of order MW._[This has, as its projective model, a suriace %4
in space 8, of dimension' given by

RO (N;:k)—-l-'aw,

X i

O\ . ; linear

where oy — l/i8 the freedom of N-ic primals ?hmugh By a,nd_;‘:;:z model

systern |C{ Wwlich can be cut on Phby N‘f" primna s has & 1::'1?}

F* whighlis & projection of {2y from & suitable linear SP&‘;J_ tjo.n on primes,
In ggtioular, to amy point O of S, regarded 85 8500 . esuming
there torresponds a simple linear condition on 'LN,]E o cn Qy; and if |C] 18

{th&character of a simple assigned base-poin® lf O Lies o thg’condition in
the linear sub-systema of |Ly| O?wined ol tmn 11: (;S;J:f from .
question, its projective model F* is the projee l.z'old bage point 0, on Lw,

Sirnilarly if |C] is cbtained by imposing 1 & sponding point 0 of this
IT is the s-tangential space of {ly &b the co sion of Qy from I
surface (cf. Ex. & below); and 'F:* is the Pm}Jch.ge curve Iy on Ly II is the
Again, if |¢] is obtained by imposing & ding curve I' of {y-
least (linear) space containing the cog’rrespm'i ast space containing all the
In the general case the vertex IT is the le jons individual conditions
separate wvertices corresponding 0 the vark
imposoed. . . il of irreducible
2. Generation Of cmguﬂnd SySMo If {L) is any Pan
4674 nd
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curves (irreducible pencil) of F whose members are mupped by points of
a curve [, then the sets of v eurves of (L) which correspond (o sels of a Lineny
series on I' form a linear system of (composite) curves of I,

To prove this it is sufficient to ohserve that any rational funetion of
& point varying on I' defines a corresponding rational function on F whose
value is constant on each curve of (L). The composite eurves ¢ are clearly
the Ievel curves of a linear system of such rational functions on F. As
a particular case we note the result:

Any linear series of sets of generators on a ruled surface is a linear systom
of {composite) curves of the surface. L

3. Reducible pencils. If (H) is a pencil of sets on the curve Rof the
previous example, then (H) defines a reducible pencil of ghrdes of F.
A linear series on T" which is compounded of (F) defines 'gi\lzine'ar gystem
on F which is compounded directly of the reducibl@}‘péncil and only

7

indirectly of the basic irreducible pencil {L). A

4. System compounded of @ linear pencil. If :ﬁ—bﬁqﬁ“ = 0 is the equation
of a linear pencil |L{, without fixed components, then the mosbt general
linear system compoundod of ecurves of (L] $Aan equation of the form

N

5. Tangential space of a surface at @pdwnt. If F is a surface in S, the
homogeneous eoordinates =, (i = 0,..5&) of a variable simple point P (?f F
may be taken to be analytic functiond w;(y, v) of two parameters u, v in &
limited region R of F: and wo may write

S8 = (i, 0))

In R a relation of the form, Ylu,v) = 0, _
where i is analytic, inigeneral defines a curve on the surface; and this
curve has an s-fol ﬁémt at P if iy and its derivatives of all orders up to
those of the {s—4)th'vanish at P. L

Applying thig\té the section of F by the prime 7 whose equation 1
E \X
% a;x; = O\WB take .

O~ Plu,v) = 3 a;a(u, v),
\“ 0

a.n‘d.’{vé find that the section hag an s-fold point at P if = contains all the

ot p OP &P PP P 1P
<\3 . Touwt B B By T ol b
If 5 is emall enough to allow these 3s(s+ 1) points to be in a proper st

space of S, they define s space IT® (of dimension }{s+ 2){s— 1) in genel"&l}

which wo call tho s-tangensial space of F at P. Hence:

A necessary and sufficient condition that a prime should meet I in @ cza:;’;
having an s-fold point at a simple point P of the surface is thal the pr
should contain the s-tangential space of F at P. allv

Evidently 11" is P itself; ITi® js the tangent plane at F; and gener u;J
LI contains the complete neighbourhoods of P on F of every order S
to the (s—1)th. Also II*) contains the osculating [s— 1] at P of evety oW
on F through P and can be defined by this property.
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Trom the fact that the osculating [s—1T1's to a curve at consecutive
points P, P’ meet in the osculating [s—2] to the curve at P we deduce
the result:

The s-tangential spaces af conseculive points P, P’ of a surface F meet in
the {3— 1)-tangential space of F at P or in some space containing it,

6. Bertini’s Theorem. By applying the preceding theorem to the projective
model of a linear system |C[, of froedomr > 2 and not compounded of &
pencil—restrictions which are ensily removed afterward=—wemay show that:

If any olgebraic simply-infinite curve-giysteit (), immersed in o linear
sysiem |C), is such that consecutive curves U, Cy of (C) have congecutive s-foldy
points P, P respeetivelyy, then the ‘tangent’ linear pencil to (et C has\P a3
{a—1)-fold base point. AN

From this we may deduce \‘\

Bertini’s Theorem. The generic curve of a linear system h,as:;nd muliiple
points whick are not base poinis of the systen {ef. Ch. VL § 2N

As regards the restriction r > 2 imposed above, vye}:\éw only remark
that, any pencil, when augmented by & cuitable fixad\eomponent, can be
regarded as immersed in & linear system of '@fﬂer freedom; and the
previous preoof then applies. \ {

. An important corollary of Bertini’s ;[‘ﬁcorem atates that .

Any Linear system |C], without ﬁxed,pbuipmsﬂts, whose generic curve 8
composite is compownded of @ pencil (N

§ 2. EXCRPTIONAL CURVES
2. One of the main difficulties in the theory of biratioyal trans-
formations of surfacf;%;@s_compared with the corresponding theory

for curves, is that inany birational transformation of a surface F

into a surface F™there may be (and usually are) certain points
rves of F” and certain

of F which trafisform exceptionally into cu '
curves of # which transform into points of F’. The existence of
these fuhdamental points and curves, at which the g.;en?rai (1,1)
eha,ra,éﬁmf of the transformation breaks down, makes 1t d?ﬁ‘icu!t to
Y,Qgéhfﬂ F and F’ as, in any ordinary sense. abstractly identical;
~but if we wish to pass freely from geometry on F to geometry
on F', it is essential to have some systematic interpretation of the
phenomens, which will enable us to use 2 common formal sym-

bolism for both surfaces. '
birational transformations of one

The general mechanism of us of one
surface F inko another surface F' has already been exP. a:mnal d
ase when the snrfaces are ratio (cf.

amply illustrated for the ¢ , . :oa]
Ohs. VI and VIT); and sinee this work, so far as it goes, :igll’:":a
of birational surface transformations in general, we cal

a starting-point for the analysis to follow.
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2.1. Birational transformations. We suppose in the first
place that we are dealing with the case in which F and F' are
both non-singular surfaces. The surface F” is then the projective
mode] of some simple linear system |C| on F; and we suppoge—
for the sake of simplicity—that |C| possesses only a finite number
of distinct base points O; of multiplicities &; (i = 1,...,5). In the
gsame way F is the projective model of a simple linear system |}
on F', whose base points O; we suppose to be distinet and of
maultiplicities & (7 = 1,...,¢). Then O

(i) the neighbourkood of 0; on F (i == 1,...,s) transfetws into
a rational fundamental curve E}, of order ;. of [€], ie.
I has no variable intersections with the cqm{;;é’ of |0’| and
imposes only one condition on curves of this system which
are required to have it as a componenb,,

{ii) the neighbourhood of O; on F (f=='1,...,t} corresponds
likewise to a rational fund&meptﬁ}"curve E;, of order &,
of [C], o\

(ili) the two sets of fundamentdl)curves, %; and Z, are all of
index 1, i.e. each X; hasi dne free intersection with itz
residual curves in |C|;And each E; has one free interseetion
with its residual cuxyes in |C'].

We say, then, that gny curve of F (such as E;) whick can be
transformed into #h€ neighbourhood of a simple point of a bi-
rationally equivsyl&ﬁ surface F’ is an exceptional curve of F.

To sum up thest we may say that any birational correspondence
between twoNton-singular surfaces ¥ and ' may be expected to
possess a. gertain number of fundamental points O; on ¥ which
correspond to exceptional curves E; on F, and a further set of
fundamental points Of on F’ which correspond to exceptional
gurves E; on F. This leads to a classification of all such trans-

N oo . -
. Formations into

() unexceptional transformations, in which there are no funda-
mental points O; or O;

(b) transformations of the first kind, in which none of the curves
E; passes through any of the points O, and none of the
curves K passes through any of the points 0};

(c) transformations of the second kind, in which the eondition of
the previous case is not satisfied.

The significance of this classification rests on a remarkable
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theorem, which we do not prove here, to the effect that the only
surfaces which admit birational transformations of the second kind
are those which are either rational or birationally transformable
into ruled surfaces.

2.2. Resolution of a point of F, In order to study exceptional
curves, it is convenient to define a standard operation by which
any one given point of F may be transformed into an exceptional
line of & surface 7, while the correspondence between F and BN
is otherwise unexceptional. Such ¢ standard resolution of & povhi
O of F is defined by taking F to be the projective model of the \tétality
of curves in which F is mel by quadricst through 0. N

By this transformation, namely, the neighbourhood of O is
transformed into a line E of F', and we say tha& O is resolved
into K. )

If we consider now the more general birational transformation
of the preceding seetion, with sets of fi Jdamental points O; on
F and O} on F', the surfaces, F, antl\Z§ say, which are obtained
by resolving successively all the 'pdin'ts 0, and all the points ¥
respectively, will plainly be g almexceptional birational corre-
spondence. Thus any biratignal transformation of the straight-
forward type defined in § 9% can be reduced to an unexceptic.mal
hirational transformatien by Tesolving & finite number of points
of each of the surf:aﬁé\éﬁoncerned. This will be found to be & useful
result,

2.3. The Wﬁ}'iant transfor

now in mére detail the consequences of resolving &
into aibxceptional line & of F'. o
If &, ourve C of F passes simply through O, then 1tslordzmry

(?iﬂﬁ@r ) transform is a curve C ‘which meets Ein the point c;rre-
'\!‘Pdﬂding to the direction of ¢ at 0. Butif ¢ is a member : an_z

continuous system () whose generic member does 1}110 prf:z-

through O, then its invariant transform, a8 & mem?er oé t ; cc:l‘he

sponding system on F', i the composite curve ¢ = +f. e

order of €, in fact, is less by one than that of the tra;lsl ;rn;inb

a generic curve of (C). Tn the same Wy, if ¢ has a A-fold P

at O, its invariant transform is 0' = O+AE.

+ The dimengion of the spaceé containing 7 will Patmafgseb}yecg e projec

than that j}ontsining F; but this is ml:“;?;;a t;.;:;ltlino :;yAlao B o ot quadrica.
gy it 5 s 23 St 2l s

m of a curve, let us consider
point O of ¥

mueh l_:igher
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To reconcile the two aspects, we make a distinction between
projective curves of F, which are curves in the ordinary sense, and
wnvarignt curves of F, which are neighhourhoods of projective
curves, i.e, curvilinear origins of curve-branches on ¥, In the
above example, then, since every branch on ¥ which has its origin
on C transforms into a branch on F’ which has its origin either
on C or on E, the composite invariant curve 0 I is seen to be the
actual transform of the invariant curve !, The neighbourhood of 0,
then, which we denote by 0, is to be regarded, in the invariantive
sense, as a latent curve of F' which is transformed to, theactual
(invariant) curve E by resolution of 0. )

The curve C—0O, which transforms into the (prgp\ér) invariant
curve C of 7, is an example of what we call an improper curve of F.

W

24. Fictitious points of F. The poinfsiaf F, as we have scen,
correspond to directions at O, in the sepgethat all curve-branches
on F’ which originate in a point Q,{0f E correspond to curve-
branches of F which originate in Oa,nd have a fixed tangent at O.
It is convenient then to regardevéry point such as O, as corre-
sponding to a fictitious point, oﬁs'u&lly denoted by the samo symbol
Oy, in the first neighbourheed of O on F. (It is a little unfortunate
that the word neighbourhood has to be used here in two quite
distinet senses, (a) gale" totality of curve-branches, and () as &
class of fictitious{gomts of a certain rank.) The neighbourhood
O, of O, on F’, which is latent in the first degreé on F’, corresponds
to the totalitg’of curve-branches through O and 0, on F; we call
this totalisythe neighbourhood of 0, on F, and it is to be regarded
as an juvariant curve which is latent in the second degree on F.
By wesolving the point O, of F into a line B, of a surface F”, we
ohtein a realization of the doubly latent curve 0, of F.

-~ Plainly, now, the ahove process may be extended indefinitely s0
as to define a striot hierarchy of formal neighbourhoods of O on F ;
the first consisting of ot fictitious points O,, the second of o0
fictitious points O, of which each belongs to the first neighbout-
hood of & definite O,, the third consisting of the oo® fietitious
points Oy in the first neighbourhoods of the points 0y, and so O
each point O, of the rth neighbourhood has a unique traitt ©
ancestors 0, 4, O, _,,..., 0,, O, and it is representable by an actual
point of the surface F® ghtained by successively resolving 0, QI’
++» Opy. The neighbourhood (in the other sense) of O, is an 1
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variant curve (J, which is latent in the (r4-1)th degree on Fand
is first realized as an exceptional line E, on a surface F+b. If O,
is a generic point of the rth neighbourhood, then O, represents a
totality of curve-branches of F' which have (r4-1)-point contact
at 0: but every neighbourhood of O after the first contains special
points (of ever-increasing complexity) whose neighbourhoods
represent totalities of singular (non-linear) branches at O {cf.
Notes and Examples at the end of §2.6). '\

2.5. Structure of an invarignt curve. 1t is important te
realize that an invariant curve € on F is not merely the ‘sum”of
the neighbourhoods of all its points. If O is any simple point of €,
then there is a definite consecutive sequence of points(ON0s, L -
on ¢, such that the generie curve-branch through O{0,,-.., O, has
(r41)-point contact with ' at 0. We observe thén that the latent
curve O, (r = 1,2,...) is contained r-fold in O\ For if 0, 01, Oy
are successively resolved, the successive ingariant transforms of C
are composite curves of the forms  A¥

C,+ E, where E-and C, megt n 0y,

(Cy+- By}’ +By), where E, and C; meet in 0y,

(O B+ 2{E’1+Eg)z]iE”, where J, and Cj meet in s,
and so on, and the result follows at once. o .

The above result\iﬁ:fﬂies that the subtractions indicated in &
symbol of the foxm* ¢ —0—0-0y—-.—0 1 be regarded 2s
effective; the qje:mbol, in fact, represents an actual {though im-
proper) cqr(e'of F which is transformed into !;he proper {u're
ducible) Komologue of C on the surface FO+ obtained by resolving
succesfively the points 0, Oy, 0,

Similarly, if Ois a A-fold point o

~f.£; and the improper curve O—A
\proper homologue of ¢'on F'. . i

To sum up we may say that all possible proper curves on &
birational transforms of F are actnal transforms,in the mvla.n?,nf:tl;g
sense, of proper or improper or latent curves of F. In this 1‘111; ”
sense, then, we may regard all birational transforms o

abstractly identical with F.

2.6. Linear systems and
a free linear system on & surface as on
ponents and no base points.

'f C, then O is contained A-fold
0 of F transforms into the

£

their bases. We begin by defining
¢ which has no fixed com-
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If [C] is any linear system of positive freedom on g surface F,
which has base points O, of multiplicities k; (some of which may
be fictitious) but no (proper) fixed components, then [C| may be
regarded as having a set of latent fized components Y k; O, If we
discard these, we are left with a linear system

Gl = 10— Sk,

—improper on F—which is a proper free linear system on the
surface F’ obtained by resolving successively all the points Q,yand
it is often convenient to replace || by this reduced system JC) .

To represent symbolically systems with an assigned base, we
proceed as follows. We regard any complete linear systém |C| as
being virtually free, and its base elements—if it happens to possess
any in spite of being complete—as virtually diheXistent. Those
curves of |C'| which contain an assigned basg ®—assigned points
and fixed components to assigned mu]t-ip'l'gities—a,re said to form
a linear system, {0'] say, which is com;qlg\i‘e'relative to the base ©.
The virtually free reduced form of |€ 8hiorn of its assigned proper
and latent base curves, is |C—@Y,and we may express this
symbolically by writing N

10l KiC—0|+0.

The system |C—®[ is often used in place of {C|. It should be
remembered, of eourge,\that |C|, by being made to contain @,
may have acquired\hd‘djtional base elements, either in the form
of extra multiplicity (beyond the assigned) at base elements of @
or entirely new'base eloments; but these again are to be regarded
as virtuallysinexistent,

Norzsg %m ExaMrrEs

1. dE% point O (= 0,) of F is resolved into & on F’, and O, on ¥
,({Gfix'eésenting a fictitious point 0, of F) is then resoclved into El_ on F°, f}l;
proper (irreducible) transform of B an F” is a curve e, and this meets By
It a point which we may denocte by Of, This represents a special satemﬂ;
point OF in the first neighbourhood of 0, on #, distinguished from &
the ordinary points 0, of this neighbourhood by the fact that any lm_Ba’;
curve-branch of F” with 0% as origin corresponds to an ordinary cuspids
branch on I, with 00, as cuspidal tangent (cf, Ch. IIT, §2.2). )

The composite curve e-+E, reprogents the isial neighbourhood 0, while ¢
represents the diminished neighbourhood G0, If |€”] is the linear system
o F” representing primo sectiong of F, then the systerns !C’”—"B'Ei| ano
|G"—e~2H,} ropresent respectively seetions of # by primes through
and by primes through O and O,.
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9. Show that in the first neighbourhood of the point O of the previous
example there are two satellite points O and OF which lie respectively
in the (irreducible) diminished neighbourhoods (on F*) of O and Op; and
show generally that any point O, (except 0 itzelf) has either one or two
satellites in its first neighbourhood according as it is & free point (non-
satellite) or a satellite.

3. A simples sequence O (= 0,4}, 0y, Og. 00 F is a sequence of points
of which each, after the first, is in the first neighbourhood of its immediate
ancestor (predecessor in the sequence). ‘We may suppose the points to be
suceessively resolved on surfaces F, ¥ ..., and we dencte by &b, &f,..., PN
the irreducible curves which represent the diminished neighbourhoods of
0, Oppener 04, on F), the last of these curves being the (undiminished)
exceptional line B,_,. We say then that O, is prozimate to 0; {j € 9)if and
only if the corresponding point O, of E;_; lies on &b, AN\

Verify thet any point Oy {i > 0) is always proximate $9,its immediate
ancestor O; ,, and that it may be proximate (if it is aledtellite point) to
one remote ancestor O, (0 < « < 4—1);also that the points of the sequence
which are proximate to any given point 0, are & g6t 0,10 Oagrrerrs Ot
{s > 1) following without a bresk after O O

4. Puiseus expansions. In the ne'ighbuu’rh)od of any singuler point
(% ¢o) of & plane curve O, the points of (e 6n a finite number of branches,

of which any one has a parametric ;gpi’esentatiun of the form

¥— o ,;f;x,,i”—i—alﬂ*"’:i-... ([t] < &)

no common factor (ef. Ch. 111, § 3.4}
erPansion of the branch, and the
p{cf. Severi, Vorlesungen,
.., ii, Libro quarto,
f a surface F, when
§ — Yo BIE suitable

r—y = i,

where @, v, ... are positive integéz:'s'with
This representation is called & Puiseus
order of the branch is the'esser of the nurabers p,
Kap. fi, §3, and EnfiguesChisini, Teoria geomelrioa .
cap. 1}, The same'result holds at any gimple point G 0
0 is a singular poi:'[l‘b.of g curve ( lying on P, and 2—%p
intrinsic paramatérs of a point of Fonear 0. ¢ the
By f»a-kil.l‘g‘ﬁg = 4, = 0 and applying resolutions, of one or othergo e
forms :=“"x, y! — yfx and # = :v,r"y, yi =y (l}f. Ch, 111, Exx. 5; },ri L
the ge;siéml Puiseux expansion of 2 hranch which passes through t 1: 0 h%
0, $he peint Oy of the z-axis in the first neighbourhoo(cnl} of O, a.r: whi
i prir ite poi 0, 0y referred
i p\mnjtive at one or other of the three sa‘oelht:e pomtf; o, A : e oform
\\ & in Ex. 2. {A branch is primitive &t & Setitious point 0; if 188
on Fii s a linear branch in generic direction through Oi-)
[Solution: The three types of branch required are
(l} x = t3, y = a“f.a-f—ﬁa -t ... (@q # 0}
(iy z=12, y = ty B0 $Fpa. (@70
(i) z=12 ¥= PR (s 7 O]

5. Show that the general rhamphoid cuspidal branch
z=1 y= azts"'“a#‘{'ﬂsts'i‘"- (as # o}
’ int i i d o

is primitive &b the satellite point in the first neighbourhoo

free point 0, (following 0, O1)-

f an ordinary
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§ 3. CHARACTERS OF |4 }-B|

3. The three primary numerical characters of a linear system on
a surface are its freedom, grade, and genus. If thess have the
tespective values 7, n,, 7y and r,, ny, 7, for two complete systems
|A| and |B|, we may inquire how these numbers are related to
the characters 7, n, = of the complete sum-system (A4 B|.

For the freedom r of [44- B[, we have only the inequality

r >t 1)

expressing that |44 B] certainly includes every composits curve

consisting of a curve of |4| and a curve of |B[; and the equality

sign is only attained if |4+ B| consists entirely of slich eurves.
The grade » of |4+ B| is given by 7

<
7 = Ny +ny+ 21, \/ (2)

where ¢ is the number of intersections, su’@’osed finite, of a generic
curve of |4] with one of |B|. Thisfellows at once by selesting
two composite curves 4,4 B, and A+ B, and enumerating their
intersections.

To find the genus = of [A3WB!, we consider the more general
problem of estimating thelgenus » of a non-singular irreducible
curve (! which tends eghtinuously to a limit composed of two
curves 4, B, likewige ?ﬁ'reducible and non-singular, which have
genera. u,, m, and whieh intersect in ¢ distinct points P, (& = 1,...,%).
We denote by  the surface generated by ¢'; and we suppose, as
we evidently\mdy, that ¥ lies in {3].

If %, ky7h; are the numbers of chords that can be drawn to
C, Aagfrom an arbitrary point O, and if N, N, are the orders
of Aand B, then

e Dm = HN— IV —=2)—hy, = J(Ny— D) (Dy—2)— P
7 = N+ N,—1)( N+ N,—2)—h.

- As O approaches 4+ B, the congruence of chords of ¢' tends to
a limiting congruence which clearly includes (i) chords of 4,
(ii) ehords of B, and (iii) lines which meet 4 and B in distinct
points, or which pass through a point P, and lie in the t:ang'ent
plane to F at this point. The exclusion of the totality of lines
through P, is based on the evident fact that any chord of ¢ whose
end points both tend to P, can only tend to a tangent to F ab By
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Now the number of chords from O to € remains the same as the
limit is approached; and hence, plainly,

b == byt (8, M),
From the four equations written down, there follows at once the
I‘e]&tion 7= Wi—l_ﬁg"‘i—‘i—'l, (3)

and this gives us, for the special case in which C varies in a linear
systemn on F, the relation between the generat of |41, |BI, and™
|4+ Bl O\

(learly the relations (1), (2), (3) continue to hold for s¥stems
which are complete relative to a seb of assigned base paints; for
they apply directly to the corresponding free sysbenis gob by
resolving all the base points. Lo LY

3.1. Canonical number, If C is any cUI¥e of the surface for
which the complete system [C| has & wéll-defined genus = and
orade n, then the number & = 2m-—9=m is called the canonical

number of €, and it has the same_valus for all curves equivalent

to . Tts significance depends dnithe fact, easily deduced from
and |A-+B| are

(2) and (3) above, that if ita:value for |A], {B),
3y, By, and &, then & = Fy +4,. Hence:
The canonical numbépsis an additive character of curves on &

+% 3

surface, N\
§ 4, VIRTUAL OHARACTERS OF cuRvES ON F

4. A virtualdwmerical character of one or more curves on F (vu'tua:‘

or effectiye) is one whose value depends only on the systems o

equivalence to which the curves belong and not on the curv]t:a
themselves. The first guch character we have to define is the
> o curves 4, B, & number

M\rl‘l;ﬁl’ml number of intersections of tw
Which we shall denote by AB-
ffective curves of F,

- . d B aro e
4.1. Definition of AB. 1f A an Intent, then we

even though either or both ma; be improper O -
ough eithe ed{ by such resolutions as may

may suppose them transform 7SI )
necessary, into proper curves of & birationally equlvgl;;:hlﬂtf:::
7. On F' the complete systems 4| and |B| mey havt

in & finite number of pointé;

enerio curves of |4 | and | Bl intersect n & 1 1
a o ber the virtual inferseciion ¥

and if so, we call this num -

! . . £ Of mﬂh
+ In & later section (§ 8.4) we ghall give an independent proo
for the genus of & composite curve.
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of A and B. We have now to extend this definition to the cage
when 4 and B are not restricted in any way whatsoever,

We observe first that product symbols such as AR, in so far
as they are already defined, obey the commutative and distributive
laws of algebra. Thus in particular A(B+4C) = AB+AC; and
formula (2) of § 3 may be written in the form L

(A-- B)? = 42124 B+ B2 (1)

For any pair of effective curves 4, B to which the ordinary

definition of 4 B may be inapplicable, we define 4 B as the value of
| A(B+X)—AX, R\,

where X is any curve such that both A(B+X) an@:AX are already
defined.t To justify this definition, we obserye$hat if X' is any
other curve such that A(B-+4X’) and AX*':,\a,re defined, then
A(B+4X+X') is also certainly defined (ii\the restricted sense);
and :'\\' .

ABHX4X) = A(B+X)$AX" = A(B+X')+AX,
whence - A(B+X)—-4AX SQA(B+X)—AX"
Also if X is chosen such thap! X i defined, then
(A+X)(B+X)—AX~BX—X
o\ = A(B+X)—AX ~ B(4}-X)—BX.
Having thus cle}}s\led A B unambiguously for any pair of effective
curves 4, B,and in such a way that the product symbols con-
cerned still 0bey the commutative and distributive laws, we extend
our deﬁp.tﬁﬁ)n to virtual curves by assuming forthwith the complete
unive@li’ty of these laws. Thusif 4 — A,— 4, and B = B,—B» _
W];.f{tfe 4,, 4,, B,, B, are all effective, we write
~O AB=A,B,—A,B,— A4, B, 14, B,
observing that AB, as so defined, is invariant as 4, B vary io
systems of equivalence on . Hence: ,
Any two curves A, B on a surface have a uwique wvirtual e
section number AB; and the product symbolism involved obeys the
commutative and distributive laws,

Thus, for example, even an isolated eurve (f on F has & virtual

T In this and similar instances we leave it to the reader to prove that ot
auxiliary X with the required properties can always be assumed to exist.



XIIL, § 4 VIRTUAL CHARACTERS OF CURVES ON 7 . 413
grade C?, equal to (C4+X)0—X0 for any X such that (C4-X)C
and X C exist in the restricted sense. More generally:
The virtual grade of any curve of the form 3 A, C;, where the C; are
effective and the X; are integers, positive or negative, ts given by

n = 2 Afﬂ,i—{—gigjl‘i)lj d/,;j, (2)

where n, is the virtual grade of C; and dy is the virtual number of,
intersections of C; with Cj.

4.2. Virtual genus =(C). We begin by defining the virtaal
genus #(C) of any curve O of a complete irreducible linearsystem
|C|, free from base points,as the actual (efective}genus df thegeneric
curve of [(]. The actual genus of any particular éurve ¢ may
be less than #{(C) by 3 3 k;(k;—1), where k; i the multiplicity of
& typical one of its multiple points; and C may also, of course, be
composite so that it has no actual genus.g have now, as in the
preceding case, to extend the scope of, this restricted definition.

To cover the case.of any effective gurve C on F, we apply the
formula (3) of §3. For a pair of-proper curves 4, B, such that
the complete systems |4|, |Bfy |4+ Bl are all irreducible, the
formula gives N
w{A-{:iBI\': ﬂ(A)—}-?r(.B)—['AB'—l:

i being assumed thab generic curves of |4 and | B| meet in distinot
points. We gleﬁné 'the virtual genus w{C) of any effective curve
( as the constéﬂis value of

D7 p(e4X)-m(X)-CE+L )

whera X is any eurve such thab each term in this exprea?ai?n is
. that this value is inde-

defingd in the restricted sense. To verify _  indo-
/bendent of X, we observe that if X, X’ both give & meaning

the expression in guestion, then the complete system 10+ X4+X|
is certainly also irreducible and
O+ X+X')= w(C+X}+1r(X’)+X'(G+X)—1
= 17(0+X')+17(X)+X{C+X')-—-l;

go that _
O+ X)—n(X)—CX+1= w{C+X

Having thus defined 7(C) for any eﬂ-'ectib\;le ﬂe,
" our definftion to virtual curves by agsuming the

(X}~ OX'+1-
we extend
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of (3}, Thus if 4 and B are effective, we obtain =(4— —B) by
writing A = (4— B)+ B, so that, by (3},

#(Ad}) = 7{d— B)+n({B)+- B(4—B)—1,

whence

7(A—B) = w(d)—=(B)— B(4— B)41: {4)
and it is easy to verify that «(4— B}, as so defined, is invariant
if (' = A— B varies in a system of equivalence. Hence:

Bvery curve on F has a virtual genus obeying the addition lan(3).

From (4) we deduce incidentaily that .

(i) the null curve, 4 —A, on ¥ has virtual genns ur}it3§§'~,\

(ii) any negative curve, — A, on F has virtual genus 24 —n(d).
Also, as in § 3.1, we may define for any curve ( a mrﬁmﬂ canonical
number M), given by R4 _

HO) = 27(0)—2— CBNY (5)

whose additive property—a consequence'c}} (1) and (4)—still holds
good. If (' is any curve of the form E 3}01_, this additive property

gives HO) = 3 ANH(C) (6)
and this gives the following gener&l result:
The virtual genus #(C )“of any curve O — > A O where the A are
Tniegers, posilive or negative, is given by
(V&2 02 — S \fon(C)—2—C3). (7

§ 5. NUMERICAL PROPERTIES OF NEIGHBOURHOODS
5. Let O bs\any simple point of F, and E the exceptional line
into w xeh\it is resolved on a surface F'; and let |C| denote the
systepd“of prime sections on F and also the transform of this
syslaem on F'.. Then |C—FE| on ¥, representing the system of
“s¢ctions of ¥ by primes through 0, consists of curves which meet
E in one point; and we have, plainly,

CE =0, (C—BE =1,
whenece B — 1,
The virtual genus of B, equal to its effective genus, is 0. Hence

TEEOREM 1v. The virtual grade, genus, and canonical number of

wny total neighbourhood of a point (proper exceptional curve) are
—1, 0, —1 regpectively.
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From the identities : |
(C—A0) = C2—NCO+10% = 0PN,
HC—A0) = HOY—xH0) = HCO)+A,

we deduce

TRROREM V. An assigned A—foﬂd base point reduces the virtual
grade of a linear systemn by A® and its virtual genus by PA—1).

The results in Theorem IV aTe applicable to the most general
composite exceptional curve obtained by resolving a point O and
any sebof neighbouring points. A converse theorem—characteriZiug

the most general (composite} curve of virtual grade —1 and virtual

genus 0 which is exceptional—has been established by, Barber and

Zariskit and by Du Val (Lc. on p. 417). D

Tt should be remembered also. (cf. §2.1) that gn surfaces which
are rational or transformable into sorolls, therdpan exish improper
exceptional curves, €.g. 2 line of the lﬁ'diminished by the
neighbourhoods of two of its points i3S b s ourve (of. Exx. 4, 5
below). O

5.1. Orthogonal property. of neighbourhoods. If C is any
proper curve of F, and 0-88ny actnal or fictitious point of F
which is not contained in\C, then plainly 00 = 0. Rather sur-

prisingly, this result §ti holds if O is contained in C. For if 0
is an actual A-fold : tation of 0, € becomes

ho\tnt of O, then, by reso: s
a composite caive of the form CAAE, where O meets & 1t
points; whem}é

00 — (CLAE)E = GEAAE = AR =0

and_ the f;ase when O is fictitious can be reduced to the above by
) Tgas'o}ﬁtions. This gives ] i
O sriually no

) ramorEM VI. A proper curve of F has ¥ v, ke

with the (total) neighbourhood of any actual or fictitious PO¥ of |

surface. _
The above theorem leads to an import e a8
total meighbourhoods—the orthogonal property—which

tfollows:

ant genersl property of

If 0, 0" are any we distinct PoInEs: aciual or

7, then 00" = 0-
7. of Math. 57 (1935}

THREOREM VII.

latent, of @ surface
d 4 119.

+ Amer.
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To prove this we note first that if O and O’ are actual distinet
points of F, or fictitious neighbours of two such points, then the
result is obvious by resolutions; and the same is true if the above
sitmation is reached after the resolution of any ancestors which
O and 0’ may have in common. The only other possibility is that
O, for example, may lie in some neighbourhood of 0; and then
& suitable series of resolutions transforms € into an exceptional

curve and O into a point of this curve, whence, by Theorem VI,
the result follows at once. O

COROLLARY. Assigned base points 0; of multiplicitigs e reduce
the virtual grade. and genus of o linear system by 3k and
£ 3 ky(k—1) respectively. N\

Tor we have the relations

3

7

|

612, = —1, 063' =0, 6'503 2’0 | (@ #‘?)’ |

whence (C—3k,0,)2 = C2n 3 1

wd - HO=E10) = HO) T (0, = MO+ 3 &,
whence O~ 28,0 = af0)—3 3 k,(k,— 1).
Nores aNp Examrres o\

1. Find the virtual grade atidigenus of AJ, where A is any integer, positive
or negative, 2 '

2, If Oy is & first neighbour of 0, discuss the composition of the proper
exceptbional curve, %;ﬁs orm of &, obtained by resolving 0 and 0,. Prove
that the diminished eighbourhood 0—&, becomes a proper irreducible
eurve of virtual sride — 2,

3. Doduce' 6 Ex. 2 that the projective model of quadric scetions of

F throughy@lend 0, has & double-point corresponding to 0.

4. ngfdne, asaparticularrational surface, containsno properexceptional
curves\put an infinity of improper ones, Thus, for example, I — 0,—0yis
an improper exeepticnal eurve, where L is any line of the plane and O, Oy
are Bither actnal points of I or an actual point of L and its consecutive
Point on Z; for any such Improper curve is transformable into the whole
neighbourhood of a simple poing of g quadrie or quadric cone.

5. In a general guadratic Cremona transformation of the plane, the
Precise invariant transformn of the system of lines is a system of diminished
cormies ]2L—01-—(72- G,|, L being & line, and 0y, 0y, O, the fundamental
points. .

Deduce from this and Fx, 4 that any conic of the Plane, diminished by
the neighbourhood of 5 points of itself, is an exceptional curve.

6. Any generator of ¢ ruled surface B has virtyal grade zero, For if O is
& prime section and [, g generator of B, then, clearly, 0L = I; end since



XIIL §5 NUMERICAL PROPERTIES OF NEIGHBOURHOODS 417

any prime theough I meets B residually in another simple directrix curve,
{0—L)L = 1; so that L2 = 0. Each generator of B is an isolated ¢orve
{for linear cquivalence) if R is irrational, '

7. Projectton of a ruled surface R. If R is projected from a point O of
the generator L into a ruled surface &, it follows easily from Ex. ¢ that
L projects into a simple point Oy of R,; and the tangent plane at O projects
into the generator L, of B, which passes through 0,. More precisely O
transforms into the improper exceptional curve L —0, on R, while O, ia
the transform of the improper oxceptional curve L—0 of B. Iu general
it ean bo seen that: . N

Any generator L of ¢ ruled surface {not a plane), diminished by the neigh-
bourhood of an actual point of itself, is an fmproper exceptional cm:v\é of iths
surface. ’ « \

8. ke general A-curve on a ruled surface. Any curve wh{eh‘nieets eVery
generator of B in. A points is called a A-curve of B, By jeonstructing a
saitable rational function on B, it can be shown thaty\\

If K is any A-curve of a ruled surface B, then K 3=A€C+G, where Ciga
prime section of B and @ is o set of generators ej?q@ﬁle or virtual.

9. Using (2) of $4.1 and (7) of §4.2, dedues d.following corollaries from
¥x, 8: N
If B is of order n and gens p, then the vhetikal grade y and the virtual genis
w of & A-ourve of erder k of R are given. 6y : ’

= N2h—nY),  meAp—HA-1)(2k—2-md)
and the number © of intersectionsaf a M-curve of order oy with & Agcurve of
order by 19 given by Q\z Ay gt Ag by —mdy A

10. On 2 general cu ié:s'u}fa,ce of &, the proper exceptio'nal cu;'lve:h are O;Ihe
27 lines of the surfage;’and on the rational normal cubic scroll, the only
proper oxceptional eurve is the directrix line. ' . -

11. Tf a nod-Suigulsr quartic surface in S contains & line, verify that

this line hag' }ﬁr‘"tual grade —2. . ] Lot
12, C:'h‘im’bzefiaﬁc matrices of & consLCubive SeqUENCe of ?W‘:;ti o8

0 (=), Oy O be any simple consecutive sequence O P ol
supfage I (cf. §2, Ex. 3), and let Hy,..., F, be the (cﬂ?&gsi‘;’ o red on
'8@1‘)}68 into which the fotal neighbourhoods of 'hhe. p;‘.ldm e ouen of F*
Na/surface F# (— D), Also let egmes & DO the ‘”‘5 w"o Co. the neigh-

which represent the diminished neighbourhoods oi a:;;u s 1 ‘;ent pointa

bourheods of these peints diminished by those of any baed|

which are proximate to them. ponents a7 E; and

i _column matrices whose com
If E and e are the single-co n et e

¢; rospectively, then there oxist
mairiz of the sequence—such thab

e = mE,
my = 0§ < and 7y
proximate to Oi
of Math. 58 (1938), 285,

N = —1 or O! ifj - .-'
where my; = 1 if § =1
aceording as O; is or is not
+ Of. Du Val, Amer. J-

4574 . ERe
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There exists then also an inverse triangular matrix n — -l ghe
mudtiplicity matriz of the sequence—snuch that

E = ne,

where ng; = 1ifj = 4, ny; = 0if§ < 4, and #y; 1s 8 positive integer ify =g
Plainly the numbers in the last column of m represont the wnultiplicities
at the points O, of a primitive branch through O,: roore generally, n,; in
the multiplicity at O, of primitive branch through 73
By tho orthogonal properties of neighbourhoods we have
(8, E;) = EE = —7, ™\

where B denotes the transposed of E, and I is a unit matrix;.an\d henee
the énfersection matriz 1 of the irreducible curves ¢; is given bk N

i = eé = mEEﬁ] = —"mﬁ-:[. L ™

13. On any cuwrve-branch through @ simple sequence of pgi-nzs Oy, Oy,
the rultiplicity of the branch at 0, is always equal to t?z@“‘s(%m’of its multiplicities
at pointa proximate io 0, RAS

Prove this result, and show that, if the proxithity relations of a simple
sequence O,,..., O, are known, the above rulg 'iﬂ\smﬁicient t0 determine the
multiplicities at all the points of g branch which is primitive at 0,.

14, Verify that for an ordinary cuspidal branch, primitive at the sateilite
point O, we havo DY

1 -1 1 ST 2 -8 0 1
m = =1l agd¥ 1), i={ o —2 1}
1 - 1 11 —1

and find the comsp()in@g' characteristic matrices of the sdquences
(0, G, 0P, 0"} on €uspidal branch of order 3, and {0, 0, 00, OV) on
& eubo-quadratic euspidal branch (cf, §2, lxx. 1, 2, 4).
15. Show thaby¥he sequenco (O, 01,05, 01") on a rhamphoid cuspidal
braneh {cf. § 2N\x, 5) has characteristic matrices
7, 1112 e

AS 0 0
1 —1 1 -3 0 1
m = N . no| 112 e 1 —3
o 1 —1 11 0 0-—2 1
o) 1 1/ 0 1 1-1
) 3

§ 6. BNevLARITIRS OF SURFACES

6. The general subject of surface singularities is extremely in-
teresting, but vastly more complicated than the corresponding
theory for curves; and many of its problems are still unsolved.
In this section we can only touch on the general theory and
exhibit some elementary or especially interesting simple cases.
We classify possible singularities of F, to begin with, into
(@) singular curves, ie. multiple curves which may have other
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multiple curves of F in their neighbourhoods; (b} isolated point
singularities, i.e. multiple points, not lying on any multiple eurve,
which may have other multiple points or multiple eurves of F in
their neighbourhoods; and {¢) special point singularities which are
special singular points on one or more singular curves of F.

Resolution of @ point O of F consists in transforming the whole
ambient space 8, by means of all guadrics through O; the result-
ing T, projective model of the quadrics in question, contains a
linear space II;_;, on which the whole first neighbourhood of o
is homographically represented; and F is transformed into-a
surface 7’ on which the whole first neighbourhood of O, on P is
represented by the curve in which F' meets II;_;. ;E}:!‘e\brder of
this eurve is equal to that of the nedal cone at O, and equal there-
fore to the multiplicity of F at O. S

Resolution of @ curve T of F consists in transforming the whole
ambient space 8, by means of all primalg.of some sufficiently
high order I, which pass through I'; the resulting ¥, projective
model of the primals in question, egnbaing a ‘scrollar’ manifold
R, Iocus of col spaces IN,_,, whieh Tepresents the whole neigh-
bourhood of T', the individuah :j;i(jints of any II,., representing
(homographically} sections gf" the neighbourhood of one point of
I' by planes through the tangent to [' at this point; and F is
transformed to a surfg.cb ¥ an which the whole first neighbour-
hood of I" on F is $éprésented by the curve in which Ry, meets
F'. This curve, N\ is of multiplicity A on F, meets every genera-
tor IT,_, in A paints, distinet or coincident..

The two eodcepts just defined, resolution of a point and of
2 curve\h}‘rxre already been discussed, for the case & = 3, in Ch.
VIIT, g3, _

0. The general singular curve. We consider first the
general gingular curve T', of multiplicity A, on ¥; and we suppose
this to be irreducible and free from multiple points, since such
could be removed by poiqlt-resolﬁtions. We resolve I, as ahove,
into & eurve I}, section of F' by B;.g and we suppose, for
generality, that the irreducible components of I} are (a) simple
curves I} , of F' which may count multiply in I as 0111*"95_ of
contact of R, , with F/, and (b) multiple curves Lg of F' which
may likewise count morve than their multiplicities because of
contact conditions, '
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_ Any I , represents one of the distinct curvilinear branches com.-
- posing the curvilinear singularity of F along I, and this branch

- is completely resolved on F'; the multiplicity of the branch iy
equal to the number of points, Ay, 82y, in which I},« meets & space
My, or it may be a multiple of this number if LN« 18 a curve of
contact, the branch being then cuspidal; and finally, if [C] is the

- 8ystem of curves on ¥ which represent prime sections of F, the
sets of A , points in which I, eets the spaces Il,_, (or muitiples
of these sets in the contact case) are neutral for |(|. .

Any T} g, of multiplicity Ag for ¥, represents a (fictitioud) curve
of F, of multiplicity Ag, in the first (curvilinear) neighbourhood
of I'; and further resolutions are required to separate out the
component curvitinear branches of # (and ) \,tIirough Lg

The whole process runs parallel with sk@, ‘resolution of the
singular point on & generic prime section QR at any one of the
points where the prime meets r, acnd\;’b terminates when all
the ecurvilinear branches composing phe original singularity of F
are separated out and resolved intg' simple curves of a hirational
transform of F. i

6.2. The general isolated point singularity. If O is any
point of multiplicity A of ¥, not lying on a multiple curve, then
the resolution of O trahsforms the first neighbourhood of O on F
{cone of ‘nodal dieétions’ at 0) into a curve I' of order A of F".
We regard this gurve I' as corresponding to an infinitesimal curve,
also denoted Jy,T, in the neighbeurhood of O on 7.

The curyd I’ of 7’ may have multiple points or multiple com-
_ponents mwhich may or may not be multiple for F'; but since I
is the epiplete section of by the space IT,_;, which represents
the weighbourhood of 0, it follows that

o ;I’?ie multiplicity for F’ af any point or component of ' cannot
Nexeeed ).

Any points or component curves of I' which are muitiple for F’
are regarded as corresponding to fictitious multiple points or in-
Jindtesimal multiple curves of F in the first neighbourheod of 0;
and no one of these, by what we have just said, can have greater
multiplicity than that of Q itself.

If no point or component of T' js multiple for #, we say that O
is an isolated Afold point of P; and the singularity may be in-
vatiantively described as an (infinitesimal) fundamental curve I’
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of the system |C| of prime sections of F. The multiple point is
ordingry only in the very special case when I is irveducible and
non-singular, '

If F has multiple points or curves in the neighbourhodd_of o,
then these too may be resolved; but it is not yet known whether
any isolated point singularity can be completely removed by
resolutions alone. Any singularity for which the process ia known
o texminate is said to be resoluble.

6.3. Construction of point singularities. So far we have
only sketched very briefly a tentative method of resolving given
surface singularities into simple curves of a birationally agui%'alent
surface. We propose now to reverse this procedure, ievyve starb
from & non-singular surface i, and we discuss the bi\a‘ﬁ:‘stionai trans-
formations of 4 which give surfaces F possegsiig) various types
of point-singularity. ' O

Any birational transform F of ¢ is the/projective model of a
simple irreducible linear system |C| oh(f;* and we may suppose
that |C'] is free from base points, sinte these latter could be
removed by resolutions. Let Q beld total fundamental eurve of
|C|, composite possibly, with cpniponents of various multiplicities;
and let O be the point of Mwhich corresponds to L. Further,
let [C,! = |C-—C}| bo the gystemt residual to Q in |C|; this is of
freedom one less than flab of |C], it is without fixed components,
and we suppose it tp%e free from base points.] Since |C| is free
from base pointsy\we have CQ = 0; and since the curves ()
represent sectiohg of F by primes through O, the multiplicity A
of O on F ig;gﬁ%n by -

s§ A= (2 (C—Q)p = 2000 = L%

HGI!CQ:: v A total fundamental curve of grade —X of |0 represents the
#eighbiourhood of a A-fold point of the projeciive model of {C).

We now consider the composition of the gingular point of F
at O; and for this purpose we construct the projective model
of the system || = |20 —CQ| which represents all sections of ¥
by quadries§ through 0. Any curve£), (possibly composite) which
is wholly contained in Q and which is a total fundamental curve,

t Wo need not suppose, naturally, thab either of the systems |C] or |G i=
cormploate, . .

1 7 |C,| has a base point A, the neighbourhood of 4 should be added to (3, .

a5 & latent component, to preserve the totality of Q as a fundamental curve.
§ Here also the systemn || need not be the complete system 120—-Q)|.
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of grade —2; say, of (], represents a Ay~fold point of #, 0, say;
or it may be regarded as representing a fictitious A,-fold Ppoint 0,
of F infinitely near to 0. Of necessity, as already remarked,
A <A If Oy s resolved, its neighbourhood will hecome a curve
on & surface P, projective model of a systern () = [20°—0 s
and any curve £, subordinate to Q,, which is totally fundamenta]
for |O"f will represent a second fctitious multiple point of F,
consecutive to 0); and so on. .

We return, however, to another possibility, namely, that sbme
part, A say, of O may represent a muitiple eurve of Fly corre-
sponding to an infinitesimal multiple curve I' of F in themeigh-
bourhood of O; this happens if A contains an infinjpyvof sets of
points which are neutral for [C"f. The resolution of T% by primals
of sufficiently high order 7 which pass through §t{Avill exhibit its
. first neighbourhood explicitly on a surface which is the Projective
model of 2 system |0"| = HO'— A, \

By procesding in this way, we have, é(t\\[ea,st & tentative pro-
cedure for analysing any singularity(of F arising from a total
fundamental curve Q of #; but fhe’possible complications are
manifold. AN

6.4. Improper and folidte singularities. Two special cate-
gories of point singularitics may be distinguished as follows:

(i) A singularity of ® at O is improper if the section of F by
a generic priméthrough O has the same genus as a generic
prime sectioh of F.

(i) A singulatity of F at O is Jfoliate if the total neighbourhcod
of Ozon’F can be transformed into & finite sum of latent
(excéptional) curves on a non-singnlar transform of F.

If a@on-singular surface in [5] is projected from a point of one
of ii..é.j’ehords or of one of its tangent lines, the improper double
/PGt or improper cusp 8o arising is an example of an improper
singular point (which happens also to be foliate},

An example of a foliate singularity which is not improper is
obtained when any non-singular non-ruled surface in higher space
is projected from g generic line of one of its tangent planes; this
gives, on the projected surface, & point of multiplicity 4 (with a
repeated quadrie cone a3 its nodal cone), and the genus of the
section of the surface by a generic prime through the point is one
less than that of the generic prime section.
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¢.5. Simple types of singularity. We now proceed to deseribe
in detail some of the simpler well-known types of singularity of a
sueface. We suppose in all cases that the surface F possessing the
singularity is the transform of a non-singular surface i, and that
prime sections of P are represented on i by the curves of a linear
gyster |C'| which is free from base points.

() An irreducible double ourve D of F corresponds to a curve A
of s containing an involution y} of pairs of points which are neutral
for |¢']. The genera p, P of D and A are related by ~

2P—2 = 2(2p—2)+, O\

where v is the number of pinch-points on I (cf. Ch. XII,§33).
(i) .An irreducible cuspidal curve K of F correspondg 't a curve
A of §, such that the curves of 1| through any mmt of A have
a fixed tangent at that point. AL
(iii) An isolated A-fold point O of F correspondsto a fundamental
curve Q, of grade —A, of |C|. Since Cﬁkz\o and Q2 = —A, we
deduce that (0 —Q)Q == A, and hence NO

7(0) = w(c—mﬁ-(h}ﬂq.

Tt follows that the deficiency ofth”e genus of prime sections through
0 (as compared with that of general prime sections) 18

\o\iia\ = m(Q)A—1,

and the multiple oint is improper if Q) = 1A

If F is in [3},9 has its maximum possible value IMA-T1), and
() = $ALAHA—2), which is the wirtual genus of the nodal
cone. O :

(iv) ’~T%o consecutive multiple points, 0, 0y, of multiplicities A, A
f,Dr: A, << ), correspond on 4 to a total fundamental curve O of

\«7&] vof grade — A, and to a total fundamental curve of 120 —C,
hich is part of Q and of grade —A;. '

We consider only the simplest ease in which I is in [3], the line
00, is the only multiple generator—-—and of multiplicity A,—of the
nodal cone at O, and the neighbourhood of 0, is non-singular
and therefore of genus 1A, — Dy —2)- In this case the eurve
w = O, represents the original nodal cone at O, and 1t will
therefore meet Q, in A, points and have {virtual) genus

m(w) = FA—-1A— 2)— M —1)-



424 GEOMETRY ON AN ALGEBRAIC SURFACE XII%, § 8

By simple calculation we find that
o= Ak, Q) = H—1)a_2),

and that the consecutive multiple points O, O, behave in many
ways like a pair of distinet multiple points of the surface,
(V) An ordinary binode O of a surface F in [3] is an isolated
double point at which the nodal cone s & pair of distinct planes , B
intersecting in a line. The singularity is therefore represented on
¢ by a pair of rational curves, o and w,, which meet in g pointaand
together constitute a total fundamenta] curve of | ], of gradens2,

The section of F by a generic prime through O hag a.double
point there, with one branch touching « and one touqhiilg B. Thus

1 = {C——wl-_—wz)wl == (O—(—Ul—wz)%;‘
and, since w, w, = 1, it follows that L

o] = wl= 9,

(vi) Binode B, of order 5. A point sipg‘nh&rity of F which eon-
sists of o consecutive double pointggwhich lie on a lnear curve-
branch is either a binode of even ordgM B, with s = 20, or a binode
of odd order B, with s — 201, acebrding as tho lagt node, on being
made explicit by resolution, is\an ordinary conical node or an
ordinary binode. An ordinat¥ conical double point (though not a
binode} is included in the series as a B;; the ordinary binode
discussed in (v) is & B\

We find it convérisnit in this case to denote the first (actual)
node by 0, and the others of the sequence by 0,,..., 0,.

The nature, ¢Pthe total fundamental curve () which represents
this singul@x@y on ¢ is easily found from the Process of resolution;
for as sopn‘as any nods 0;, excepting O,, becomes explicit, its
nodal eené—a pair of planes meeting in a line—is resolved into a
pairof lines which intersect in 0414, and finally O, is resolved into
A (conic or into an intersecting line-pair according as it is an

\of‘djnmy conical node or a binode. Tt follows then that Q, is 2
‘simaple open chain of s—1 rational curves, say
s—1
Ql = '&21 Wiy
where wyw, ) = 1 (5 — Lews—2) andw ey, = 0§ = 1,...5—3,
e > 1): This whole curve is fandamental for |C and of grade —2.
Si:mila.rly the curve —2

L
Q, = Z Wy
i=a
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represents the B,_, obtained by resolving 0,, and it is therefore
fmdamental for [C'] = |20 —0Q,! and likewise of grade —2; and

generally -
Qﬂ - z g (Ot = 1,--.,0’)

is of grade —2 and fundamental for [0~V = | 20D, 4]
Observing that w? = w?_, by symmetry, and that

0yQyp = 1= TZI O T Wy g = 0 (« <o),

it follows that ™\

N

-2 =£32 = (Qaﬂ—i-wa—}—ws_a)ﬁ = 24 %02, O\
50 that w2 — —2, this result still holding for o = o. Hénpe:

A binode B, of F can be represented on i by @ simple tpen chain
of 5—1 rational curves, each of grade —2, which t‘?géghé? Jorm a total
Jundamental curve, of grade —2, of 101 \4

Binodes of any order s oceur naturally-inAarious connexions.
Thus, for example, if a variable surfach, i [3] is made 0 have
contact of order s—1 with a given durface along a given curve,
then it will have, in general, & finite number of variable binodes
B, on the curve. N
. (vil) The general proper uﬁ;}dé. A general unode of a surface F
in ordinary space is a deiible point 0O of F whose only speciality
is that the nodal eoneila,\ﬁ 0 is a repeated plane. If we take O to
‘the equation of F in the form

be (0,0,0, 1) and W}'ﬁe
¢ N0 = 2t 3L,
and if we resolve O by a Cremona guadratic transformation with
0 as is%??@‘d fundamental point (cf. Ch. VIII, § 4.3), we find jshat
F hflﬁs"'m general, 3 conical double points, 04, 0y, O inﬁmte]y
nearito O, in different divections in the unodal plane; on this basl;
) ber g
F which has three other ordinary

dimensions, as a double point of
plane

{eonical) nodes in its first mighbowhood, these three lying in G
through the first (the unodal plane). _ _
By resolving 0, Oy, Oz O WO find that the total fundamental
curve of |C| which represents the singularity is of the form
Q = 2w4-Q, +Q,+L2;, where Q,, Q,, (1, are the three no:_‘L-mjm*-
secting rational curves (of grade —2). which represent the neigh-

T Cf. Hudson, Cremona transformations, P 243, and Sernple, Proc. Roy. Irish

Acad. 43 (1936), 40-71.
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bourhoods of 0,, 0,, 0;. while w is ancther rational curve, meeting
cach of 0, Q,, Q; in one point, which represents the pencil of
directions in the unodal plane. This curve e is casily found to
be likewise of grade —2, and this completes the deseription of Q.

(viii) The tacnode. A surface ¥ is said to have a tacnode at O
if it has a double point at O and an infinitesimal double line I’
in the first neighhourhood of O {with no further complications).
The nodal cone at & is the repeated tacnodal plans OT.

If 3 is the genus deficiency of a generic section of F by'a prime
through O, then § is always 2 if F is in [3], but it can be either
2, 1, or 0 if F isin higher space. We have, therefore, thredspecies
of tacnode: (a) the proper tacnode, for which § — 2, (b} thie tacnode
of deficiency 1, and (c) the improper tacnode, for whi:clizﬁ = 0.

To resolve the tacnodes completely we first reolve O, so that
I" becomes an explicit double line on a surface?F’, and we then
resolve I', as in (i), into a simple curve Of‘a surface F*. Tt
appears then that the tacnode can be repz;esg\n%ed on a non-singular
transform i of ¥ by a fundamental curve ( of ||, of grade —2,
which contains a rational involutiog g% of pairs of points which
are neutral for a system |("| = j?Q;Q!. Also

8 = m(0)—r(0—0) =) —Q2r 1 = m(Q)+-1,
so that Q is elliptic, rational  ar of virtual genes —1 according as the
tacrode 13 proper, of defigiency 1, or improper.

For the improper tacnode it is eagsy to see that Q consists of
two non-intersecting, exceptional curves, transformable into the
neighbourhoods, 6f%two points, and that tho neutral point-pairs
are given by A hémographic correspondence between the points
of these twedeitrves.

An exafnple of a tacnode of deficiency 1 is obtained by project-
ing any eonical node of a surface in higher space from a generic
po@n\ﬁ of the solid containing the nodal cone, °

VAN example of an improper tacnode is obtained by choosing a
sutface in higher space which Possesses a bitangent solid (solid
containing two fangent planes) and projecting it from a point of
the chord of contact of this solid.

§ 7. THE CANONIOAL SYSTEM
7. The Jacobian curve of a net. We propose now to extend to
surfaces the theory of Jacobian series and the canonical series for
& curve, and the essential foundation for this extension will be
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the definition of the Jacobian curve J(C) of a linear net |C] on
o surface F. The definition and properties of J(C) for the case
when F is a plane have already been discussed (Ch. VL, §5.1).

The preliminary definition of J(C), of restricted application, is
that J(O) is the node-locus of |C]; or, which amounts to the same
thing, that it is the locus of coincidence points of characteristic sets
of |CL ' : :

To obtain a stronger definition, we take a parametric repre-
sentation of F, valid in a region E on the surface, by which the
coordinates x; (¢ = 0,...,k) of a variable point of F are propor-
tional to analytic functions fy(u.v) of two paramebers A, vy and
we suppose that the curves of the linear net |C'| are given by the
equation N

O(M,@)EA1¢1(u,@)+ha¢z(u,v)+a3¢3gu§v§'= 0, | (1)

where ¢, ¢y, ¢ are analytic in B. Any auble point of a curve
of the net must satisfy the three conditiéns”

a0 ¢
= —_ —— = 0
0(1{" 'U) au’} ..av »
and we therefore define J (C),’ii;;'ai? as the curve whose equation is
1y 3‘#&1*0 9
J(O}\-— b ow vl @

the values i, 2,3 t\ﬁ"éiving the rows of the determinant.
If |C! has a simple base curve I' whose equasion is o(u,v) = 0,
we write ¢, sl&; (1 = 1,2,3), and then

do &l

o o, G,
J’(Okéilﬂ'lll“ g‘%¢4+a% %ﬂbt—}“(}'—a?}— = Gslll’bi E..'{‘! ,_i!{'i’

ou  ovl

e

anfjts
y 0\‘ '3 : <
~rEEOREM VII. If the linear net {C| has o simple base curve 1,

then J(C) consists of the Jacobtan eurve of the residual net |C—T,
together with T counted threefold.

7.1. Jacobian system. Suppose NOW, 38 We IAy, that F is
in [3], with equation F{z,y,2,t) =0, and that it has (at most)
normal singulaxities with [ as its double curve. Also let |O] be
cut on F, residually to a fixed simple curve 4, and possibly also
to D, by the linear net of surfaces @ whose equation is

Q= Ayt PotAghy = 0.
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A node O of a curve of || is either (@) & point of D, in which
case it must in general be regarded as virtually inexistent, op
(b} a point of contact of F with a surface of @ s and hence, applying
Theorem VIII, we may define J {€) in general as the curve in which
F is met by the surface '

O F B by
"N\

residually to D and to the curve A counted threefold.
From this we deduce, asin Ch. XIT,892.1, KO\

N\ ©
THEOREM 1X. The Jacobian curves of all linear nets of curves of
any lLinear system |C) on P belong to one und the samecomplete linear
system on F,

~\

The complete linear system just referred tadwalled the Jacobian
system {J(C)] of [C|; but if |C| has an assigried base, this definition
must be modified (cf. §7.2) by assigningacorresponding base for
the Jacobian system. P N\%

By a simple extension of the method of Ch. X11,§2.3, we deduce
from Theorems VII and VIIT an addition law for J acobian systems,
namely, J(A+B) = HA)+3B = J(B)+34. (4)

We note finally that..igrﬂ is any irreducible fundamental curve
of |C'|, then every ~a'chEia,n curve of a linear net of {C| contains
Q; for the generigipolnt of Q formally satisfies the condition that
curves of |('| pagsifig through it should have a fixed tangent there.
This does noff imply, however, that the complete Jacobian system
[/{C)] hagL¥as fixed eomponent {cf. §7.5),

7.2.}:R\elative covariance of Jacobian system. The Jacobian

Ejﬁt@m [J{€)] is only relatively covariant over birational trans-

omations of F, ie. it is absolutely covariant for unexeeptional
birational transformations but Liable to he augmented or dimi-
nished by exceptional curves in transformations which are not.
unexeceptional.

To show this, we suppose, for simplicity, that one point O of F
is resolved into an exceptional line B of F, and that O is not &
base point of |(]. The generic curve of (] through O transforms
into a composite curve CGi+E of F', and this has a formal double
point at the intersection (variable in general) of ¢, with . Thus
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E is & new component of the Jacobian curve, relative to F', of
a generic net of curves of |¢']; and if we denote corresponding
curves (in the invariant sense) on F and F’ by the same symbols,
we may write J’(C) — J(O)+ E, . (5)

where J and J' refer to Jacobians relative to F and F' respec-
tively. We shall return to this subject in §7.4.

73. The canonical system. If |A] and |B| are any pair of
linear systems of freedom not less than 2 on F, it follows from ()

/

that 2N
J(4)—3%4 = J(B)—3B, = A\

and this means, evidently, that the system of eqqi!i&iénce X

defined by X = J(4)--34 (6)

is independent of |4]. We call X the canonidal3ystem of eguiva-
lence on F'; and if X has any effective me s forming a linear
system |X |, we call this the canonical systent of F. In addition
(i) the geometric genus pg of r is:deﬁned as the number of
linearly independent canonieal ‘curves on F,
(ii) the canonical genus  of, s defined as (X)), and
(iii} the canonical grade of Jis defined as X®
Suppose now that F iy surface of order » in ordinary space,
and that it has (at mosi;)%rdjna.ry gingularities with D as double
curve. If |C] denoj:&,\\ﬁlie system of plane sections of F, any net
in | will be gederated by planes through a point A of space,
and its Jacobii-curve will be the locus of points of contact of
proper tar!geﬁf planes through A. This is the curve in which F
is met, rénidtially to D, by the first polar of 4; and it follows then
that the'vesidual curves cut on F by surfaces of order n— 1 through
D allBelong to the complete Jacobian system |7(0)|. From this
& deduce, by (6), that surfaces of order n—4 through D (if such
eXist) meet F residually in canonical curves. Hence

raRoREM X, If F is a surface of order n in ordinary space and
possesses only. normal singularities, then surfaces of order n—4
through the double curve (if such surfaces exist) meet F residually in
canonteal curves.

Tt is, in fact, the case that the surfaces in guestion cub the
complete canonical system on F. This follows from the theorem,
to which reference has already been made in §1.5, that the surfaces
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- of any given order which pass through the double curve of g, surface
such ag F cut 5 complete linear system of curves on the surface,

ExAMPLES

1. Theplane, If Fis s plane whose lines form a linear net [ L[, then J{L)
I8 the null-curve and X is the system of equivalence defined by — 387, We -
bave p, — 0; ang by applying (2) of §4.1 and (7} of §4.2, we find that
X)) = 10, Xt = g,

2. For a general guadric we verify that X = — 20, where € is & plane
section, Alsom(X) =9, X2 = g, By = 0. N\

3. The non-singular F+ in [3] has one adjoint surface of order, n—4,
namely, the null-surfaee ; and it has therefore one (offective) canoqicéjl curve,
namely, the null-curvo, Hence p, = 1, and we find that w(X) L., X2 — .

4. The quintic surface with o double line has a canonical systam consisting
of the peneil of plane cubies in which
the double line. Thus z, ~ 2, ) = L = 0. N

5. A quintic surface wigh, @ double conic has g unigue effective canonteal
¢urve, namoly, the residual line ¢ in which the.pldne of the double conic
meots the surface, Thig surface is the projection of a sextie interscction
of & quadric and s cubie primal in [4] ffem) b point of itself, the line !
representing the neighbonrhood of thoiigoﬁ:t of projection. We have
p,tl,n(X):O,Xi‘:__, A

A
<N

7.4. Relative invariance OFthe canonical system. To see
how the eanonica] systery, behaves under birational transforma-
tions with findamenta) POints, we consider first the case in which
& non-gingular surface s transformed into another non-singular
surface F’ in Such avway that there are #, distinct points 0,
vy O Of B which fransform into exXceptional curves E,..., B, of
F', but no pohate of F* which correspond to eurves on #. The
argument of§7.2 shows they, that if .J is the Jacobian curve of
any linga.{'gét [C'] withont base boints on F, and if J' denotes the
Jacol?ign curve of the vorresponding system | | on ¥’ then J' is
the trghsform of J sugmented by all the ourves E,..., E, as new
- disjeint components. TIf vwe follow our usual plan of representing

cwrves which correspond (invariantively) on ¥ and by the
same symbol, we may write

I'=J+3B,  Jp—o
and, if X, X’ are canonical eurveg of F, B respectively, we have
X430 =X+30+ 5 &, (X+30)8; = o,

80 that X=X13m, (7)
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and, by using CH; = 0 and BE = 1,

X'E,=—1 (i=1.,m) (8)
Also, from (7) and (8) we deduce that
Xtin =X aX)}n= w{X). (9)

Consider now the type of birational transformation in which
there are ¢ irredncible curves H; of F which transform into points
Opof F' (i = 1,2,...,€), and ¢ srreducible eurves Ej of F' which -
correspond to points Oy of F (j == ,...,¢), this being the f;y’pe
of transformation considered in §2.1. If F,, Iy denote the swlaees,
in unexceptional correspondence, into which F and( " are
transformed by resolving the O; and the 0 respectively, then,
by (7)) .'\\
X—ZEjE_(Xlrzm)-—ZE% '

x-S B = (X SERY E

where X,, X; denote canonical curvgé:}f F, and Fj; and since
Xl = X;_ by the mexc,eptiona,]_ qoﬁeépondqnce bhetween F1 and
FY, it follows thab N

_

X SH=X—3 I (10)
In the same way, fromm@“) and (9) we deduce that
+8 J
Xote SXe, wlX)te= m(X') e (11}

These results gi\vé"
THROREM X1, In any bivational transformaiion between NOR-
‘9‘:“9“-307’\:&1&_1'&888 F and F in which e srreducible exceptional
curved &, of F transform to points of ¥’ and ¢ irreducible curves
Epof F' transform to points of F, the relaiive invariance of'tkc
coionical system and of its virtual grade and genus are characterized
by {10) and (11).

Tt appears incidentally from the above proof that if E' is one
of the exceptional curves on F, then XE = ~1 {cf. equation (8) _
and hence (X—E)E = 0. For 2 suiface which possesses ai
effective canonical system (X |, these relations imply that B 18 &
fixed component of |X] and that ¥ has virtually no intersections
with curves of the residual system |X _E|; also the number of
such exceptional curves ¥ must be finite. The system X— 2 Bl
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where the summation extends to all {proper) exceptional clurves
of F, is called the pure canonical system 52| of F. We have then

THEOREM XIT. [f a surface F with an effective canonical System
| X | contains only irreducible exceptional curves E, then these gre
Jinite in number and they are all fized components of 1X1; also the
pure canomcal system || = | X— > B (when it exisis) is absolutely
muariant,

' If the canonieal system (X | of F happens to have an unassigned
base point O (simple and isolated), then the netghbourhood of O
is a fixed component of the pure canonical system of Fy amd this
means, for example, that if O is resolved into a curve)® of b,
then £ counts twice (as fixed component) in the cagponical system
[X'} of F". - ) _

7.5. Jacobian system of a system with dssigned base. We
consider next & relatively complete lineax wystem |, obtained
by imposing assigned base points O, of multiplicities ; on a com-
Plete linear system [C] which is free from base points: and we
‘Propose to define a suitahle Jacoblatt system for IG1. For this
purpose we substitute for |7 thedibar system [('— 3 k.0, = (C,]
“which is proper and virtually £€8 from hase points on a surface #
on which the O, have been resolved.

We have then, by (4)4

J'(0) = {(Oﬁ 2k0) = J(C)+33 k0,
and since \,
SO X430 = X+ 20430 = J(C)+ 30,
we have O3 710 = J(0)— 2 (3k,—1)0,. (12)

P]aipl)i J'(C,) will contain the proper transform on F of every

Jacobidn curve of a net of IC|, and hence

e define the formal Jacobian system [H()| as that derived from
F(O)| by MPOsing an assigned (3k— D)fold base point at each
assigned k-fold base point of 10]. . '

This definition may be confirmed by observing that when the
parametric definition of §7 is used to find the multiplicity of the
Jacobian curve of a pes of |C1, ab any isolated k-fold base point
of [T, this multiplicity is found in fact to be 3k—1. As against

this, however, it can happen (cf. the example below) that when
[C] has consecutive bage Points, the observed multiplicities of a
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Jacobian curve at these are different from those formally assigned
in the above definition; and this is due to the fact that in the
observed Jacobian curve there should have been included one or
more latent components which would have augmented it to a
curve of the formal Jacobian system,

ExAMPLE

If 0] has consecutive k-fold base points, O and Oy, then the visible
Jascbian curve of & net of curves |Cj has a 3k-fold point ab O and & (3k—2)-
fold point at Oy; but this becomes a curve of the formal Jacobian systern,
with (3k— 1}-fold base points at each of 0, Oy, when it is augmented\Dy
a latent component ¢ = J—0,. To justify this we resolve O and Qinto
exceptional eurves B = e4-H; and B, of a surface F’; and we nbgewe theat,
whereas ¢ is merely a fundamental curve of tho formal systend, )

|0y = [T~ (3k—1)(B+E)}, | »
the same curve e is necessarily an actual component of ‘i?he Jacobian curve
of any net of |C—k(E+E,)|, since it is in fact & fuidadental curve of this
system {cf. §7.1). Hence the latent curve O— Oy st be added, a9 2 fixed
component, to the apparent Jacobian of a.n,j\net of I?}|, and this clears
up the diffieulty, - PN '

' §8. ADJOINGACURVES
8. Intersection series. Fromithe definition (by rational func-
tions) of the relation of equiwdlence for sets of points on a curve
and for curves on a surfagé, 1 follows at once that if two equivalent
curves cut determinatt géts on an irreducible curve (' of F, then
these sets are equivhl}nt on C. We deduce from this the follow-
ing result; PAY,

If L is anl wurve (effective or virtual) on a surface F, then the
system O{B::q:uwalence defined by L determines an ntersection series
of equipalence on any irreducible curve Cof F.

ngshaﬂ denote this series of equivalence on C by L[C]; and
& gelation of the form

4 I[C} = M[C]
_ will therefore signify that the sets (effective or virtual) cut on ¢
by any curves equivalent to L and M respectively arc equivalent.
" The symbol C[C] will denote the characteristic series of equiva-
lence on (',

8.1. Definition of adjoint systems. If Uiz any effective curve
on a surface F, then all the curves (virtual or effective) Whlc'h
belong to the system of equivalence AC) = C+X, where X is

4674 Ff N
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a canonical curve of F, are called free adjoints of C, and A4(C) is
the adjoint system of equivalence of ¢. If the complete systems | (|
and [A(C)| are effective, then [A(()] is the linear system adjoing
to |C|. Finally, if |'] is the system obtained by imposing assigned
base points 0, to assigned multiplicities k;on |0, then the system
|4(C)| obtained by imposing the same base points to multiplicities
k;—1 on |A(0) is called the linear system adjoint to |C} with
assigned base, “

8.2. The principal theorem of the present section is

THEOREM XOI. If |C| is any (proper) irreducible linedr, Syfstem
on F, whose base points (3f such exist) are all regarded as-assigned,
then curves of the adjoint system 14 (O, if this exists, neeh the generic
curve of |G|, apart from intersections at the base points, in canonical
sets of this curve. \Y%

The proof of this theorem is by three stages as follows.

(i) Suppose first that |C| is free from. Q&ée points and of freedom
r 2 2. Wo consider then a general linéar net N of curves of [C';
and we denote by J(C) the Jacohian carve of the net, and by
a generic curve of the net. 1f @1k the grade of ||, the curves
of N will cut a gL on (; and $his will have a Jacobian set, T say,
whose points must lie on_J((Y, since the latter is the locus of all
points of coincidence in‘characteristic sets of N Algo, plainiy,
every intersection 0‘\{({'6') with € is a point of T, since N is free
from base points. ~Hence, on the one hand,

‘\ I'= XU(C}+20[O}:
where X (Cydénotes a canonical set on (7 ; and, on the other hand,
=00 = (&) +20)0] = 40)[0]+20[C)
By comparing these, we have the required result

O
W™ A0 0] = X (0).

(ii) Suppose next tk_at IClisa system with base points, all regarded
as ussigned, but that |0\ has still Jreedom r 2> 2. Let the base points
of | be 0; (i =1,...,8), of multiplicities Z;, and let the corre-
sponding complete system (free from assigned base points) be [C].
On resolving the neighbourhoo_&ds 0, into explieit eurves of a surface
F’, we obtain in place of {Cl the system [C)] = |C— 3 k; 0
which is proper, irreducible, and free from base points on F';
and the generic (), is therefore met in canonical sets by curves
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of the adjoint system 1A' as already shown, such canonical
cets corresponding to canonical sets on the associated Con F.

Now X =X+ 30,
and hence

A0) = X'+0 =X+ SO0+C—2 k0,
= A(0)— 3 (k;—1)0;,

<0 that [A’(Cy)] corresponds to the adjoint system jA(C)| on F,
as already defined for a system with assigned base. It follows
therefore that curves of 14(C)) cut canonical sets on those of [€}
apart from interseetions at base points. ' O

(iii) Suppose, finally, that |C) has freedom 0 or 1. We' may
assume here that the generie C (or O itselfif r = 0) is nonssingular,
the eontrary case being reducible to this by resolutions.

We choose then an auxiliary gystem | K] ok that (a) the
complete system |\C+ K| is free from base points and of freedom
r > 2, and {b) the generic K meets thel oneric ¢ in a finite
number ¢ of points. Let 4K be an; \Gomposite curve consisting
of a generic ¢ and a generie K, a,.nd qot |L| be a general linear
pet, containing ¢+K, from the sgitem |O-+K]- I£ s the virtual
grade of |C|, the curves of I,L[I‘léut a gt onC; and the Jacobian
ourve J{L) of |L{ will meef C in (@) the Jacobian set I of the
gL i, and (B) the set Ki(}] of intersechions of K with C; for any
point of either of these ots counts twice in the characteristic sot
of |L| to which ibybelongs. Hence, as in (i), We have the two
relations &’

R X (0)+2L{0] = X0 +2KIC A
P4 KOS JLI0] = (X-+3L10) = A(OC]+20[C1-3KIC)
' Vj’}l?nce, by subtraction,
' A 0] = X(O)-
This completes the proof of the theorem. In applying it 0.
obtain canonical sets on any particular (irreductble) curve of

F, every k-fold point of ¢ must be accounted an assigned (k—1)-
fold base point of the appropriate adjoint curves.
8.3, Virtual cenonical series. We have just shown in the

preceding section that if an irreducible curve Cof F has any
multiple points, then the curves of the u_nrestricted adjoint system

N\
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A(C) do not cut canonical sets on €'; but for many purposes i
18 convenient to consider the series which they do cut on ¢, This
leads us to the definition

The virtual canonical series (or virtual canonseal series of equiva.-
lence) on any eurve ' of F is the complete series (or series of

& free adjoint curve A(C)= ¢4 X.

From now on we shall use the symhol X o{C) to denote a virtya)
canonical set of ¢, in the sense just explained: and we shall
distinguish this from an effective (i.e. true) canonical set ofrC. by
denoting this latter by X, (C). The grades of the corTgspofiding
series are 2m(C)—2 and 2#{C)—2, where 7(C) and #(Yare the
virtual and effoctive geners, of U, equal only whéi™(! is non-

of '; but in order to bring out the consequ‘é«ices, in certain limiting
cages, of the arguments leading to Thebretm XHI, it is convenient
to give it an interpretation also for composite curves. This requires
S0me convention as to the meaning* of equivalent sets and linear
series on such curyeg, Ry

To define equipnlon sets. on' any composite curve C of F, we
Proceed as follows: KA

(i) We regard the .'r@dﬁcible Gomponents O (§ = 1,.... 4) of C
as all completely se}mte, whether they merely intersect or
whether some of Ahem verlap to form a multiple component of
03 50 that anyNgins sommon to i, 0 (5 + 4) represents two
distinet poinés\c)“f' .

(i) Welsay that two sets @ 2 6;and ¢ = 3 @, where @,
and @ :a}re sets of (., are equivalent on ¢ if '
on Gefor ¢ — 1,2
{Oni“this basis we may define fhe virtual canonical series on ¢
exdctly asin §8.3. Ifgy irreducible eurve ", varying in |C), tends
continuously to ¢, thep the virtual canonjea] sets cut by [4(C)]
ou (" tend to virtyaj canonical sets on (7; ang the grade of | X,(C)]
18 still given by 2x(C)—a. This remaing true, likewige, if O is
isolated or if 10 is reducible, for we can still apply the usual
arguments employing an auxiliary system K| such that |K [and

and only if @, = @,

IC4-K| are both irreducible,
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Tf we consider now the case in which €' = C,4C,, where C; and
¢, are irreducible and intersect in ¢ points, we have

X0 = O+ G+ X0 = (01+02+X)[01]+I(01+02+X)[02],
le. Xy(0) = {Xn(01)+02[01]}+{Xu(oz}+o1[oz]}-

Hence

A virtual canonical set of the composite curve O+ 0, is equivalent
io the sum of virtual canonical sets of Gy and O, together with the seis
cut by each of Gy, Cy on the other. ~

If we equate the orders of the sets concerned, we have

2r(Cye O —2 = 2n(G)— B+ (G~ B 2

whence w(Cy+05) = A(C)+mC)Hi—1 A4 \
and this constitutes an independent proof of the forpiula for the
{virtual) genus of a composite curve on & surfaeeef. §4.2)-

We note finally that the (virtual) numberyef points in which
any eurve ' of F' is met by a canonical duve i3

X = (X4 0)0—0* = 2m{€)2—C2 = HO),

i.e. the canonical number H{O) of cmy"au;'ve on F is the virtual numnber
' F. This explains,

of intersections of C with a cquigmical curve of
evidently, the additive property of .

8.5. Curves adjoint-do plane sections. Consider now, in [3]
a surface F™ of or&é;-"n with normal singularities. The adjoint
P-4 (passing throwgh the doubie curve) meet ¥, as we have seem,
in canonical gu¥ves X; and hence adjoint Fr-% meet F in curves

of the systpml €+ X, where O is a plane section of F, i.e. in ourves
&djointjt{')ﬁhe plane sections. Hence:
I F "‘\MS plane sections of genus Ps the Fa-8 adjoint io :F” cut
,{Miﬁf{émface in curves of order Ip— 2 adjoint ©0 the plane seclions.
/More generally, the adjoint Fr-itl meet F* in curves adjoint
to the eomplete sections of F» by surfaces of order [; and we note
that all the adjoint systems 0 obtained are complete (ef. §1.3)-

To caleulate the canonical number HK) of an arbitr‘ary curve
K of order ¢, on F», we make use of the class of immersion § of
in F=, this being the number of tangent planes to F at p})mts c')f
K which pass through an arbitrary point O of space. Pls.»mly § 1}31
the number of points, not on the double curve of .F %, i Whlc
K is met by the first polar of 0; In other words, L is the nuniber
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of intersections of K with the Jacobian J () of sections of pr
by planes through 0. Thus

{ ={J(O}K = (X+-30)K = XK+30K — HE)+3e,;
and this formula, which is independent of any possible singu-
larities of K, is true for a surface in space of any number of
dimensions, since { is unaltered by general projection. Hence:
The (virtual) canonical number $(K) of any curve of order ¢, a,n\d
elass of immersion { on a surface F is given by ${K) = {—3e¢,.

8.6. Relation between the grade and genus of X, Acfutther
deduction from Theorem XIIT is that the virtual genug Ay M w(X)
and virtual grade X2 of the canonical system of a gutface are not
independent invariants. For the system adjoins, 01X is 12X;
so that, if | X} is effective, O

Xy(X) = 2X[X], O

and by equating the virtual grades of \ﬁs?h sides we have the
numerical relation w—2 — 2 QO

When the canonical system is thﬂy“virtual, the above relation
still holds, as can be proved in flieusual way by use of an auxiliary
system |K| such that | K- X}is effective; and this proves

THEOREM X1V, [fw =n(X) is the virtual genus of the canonical
system, then the virtyal grode of this System g w— 1.
This result is confirmed by the examples given in §7.3.
By use of the-abéve relation and the formulae of §84.1, 4.2, we
obtain the furt}fer useful numerical results:
(i) the g@e Y™ and genus w' OF THE PLURICANONICAL SYSTEM
I?.\grare given by o™ = 52{, 1), & = In(n41){w—1}+1;
(ii)obte grade v’ and genus o’ of the system |A(C)| adjoint to ¢ given
S " system |C| of grade y and genus = are given by

Y =227t 1, 7' = 3m— 1)+t w—y.

£

§ 9. SUMMARY OF FURTHER DEVELOPMENTS

9. We shall now conclude this brief mtroduction to the invarian-
tive geometry of surfaces by giving a short summary of a few of -
the further developments which cannot here be discussed in detail.
It is hoped that this may stimulate the reader’s interest and serve
in some measure as a guide to his further reading. The summary
can make no pretence of being complete; but it will indicate some
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of the many directions in which the invariantive theory of surfaces
has been developed.

0.1, The definitions of adjoint and sub-adjoint surfaces.
We have already referred to the fact that for a surface F with
normal singularities in [3], surfaces of any given order through
the double curve cut a complete gystem of curves on F, the basis
of this result being -a straightforward extension to surfaces of
Nocther’s Af-+ B¢ Theorem for ourves.

To extend tho scope of the theorem, by the same method, 3.
surface is first defined as being sub-adjoint to a surface F with
arbitrary singularities in [3] if it passes (i—1)-fold (at 1éast)
through every explioit ;-fold eurve of F; and this leadd b0 the
theorem: N

The sub-adjoint surfaces of any given order of & grface F cul
a complete linear systent of curves O% F. )

The definition of proper adjoint surfaces af\& Surface with arbi-
trary singularities is a much more delicatefpicblem: bub & criterion
cufficient to define them is that whick Juns as follows:{

The surfaces ®, of order 1, adjointlo-a given surface I, of arder

in [3), are to be defined in all cases 0 such @ way that they oub on F
- here | O] is the system

the system of curves adjoint toJi—nA-4)CL w
of plane sections of F. {

On the basis of this ﬁi:it\erion it is found that (i) adjoinb surfaces
must pass (i—l)—fqla\}hrough every ¢-fold cwrve of F (including
those which are infihitely near bo explieit multiple curves); (i) if
0 is any isolated s-fold point of F, the adjoint surfaces must 1ave
an (8——2)—f01d\i)oint at O; (iif) successive multiple points, 0, O,
say, of\]iﬁlﬁpjjcities s, g, on F, impose the same conditions on
adjoiu, surfaces as if they were distinct; (iv) adjoint surfaces
pa simply through an ordinary tacnode of F; (v) more generally,
GE W has an s-fold point at O and an s,-fold line y infinitely near

to O, then if s, < s, the adjoint gurfaces pass (s—2)-fold through
0 and (s,—1)-fold through. v but if 84 = ¢, they pass (s—1)-fold
through O and (s—2)-fold through -

The adjoint surfaces of order n—1%
canonical system on F; and we shall

9.2. Plurigenera of F. The multiples

canonical system. are called the pluricanonic
TPeoria delle superficie algebriche,

of F, if such exist, cut the
call these the & -surfaces.

2X1, 13X 1. of the
al systems of F (cf.

T [ Enl‘iqueg.-Campede]]i, P 1235.
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§ 8.6}, and their effective freedoms augmented by unity are ealled
the plurigenera B, B,... of F.

In particular the hicanonical system [2X|, of freedom B,
is cut on F by biadjoint surfaces of order on— 8. Biadjoint surfaces
of any order are determined by the conditions, for example, that
(i) they pass doubly through a double curve of F; (i) more
generally, if ¥ has an ordinary i-fold curve, the biadjoint surfaces
pass i-fold through this curve and touch (1—2)-fold each of the
sheets of F along it; (iii) if O is an isolated s-fold point of F, they
are subject to no conditions if § — 2, they have a double\,\point
at O if s = 3, a 4-fold point at Oif s = 4 and if s = 5,§hey have
an s-fold point and contact with F of order s— 5 at Oy and (iv) if
F has a tacnode at 0O, they touch the tacnodal planeat 0.

9.3. The arithmetic genusp,. Let I be a sinfabe with ordinary
singularities in [3], its projective characte being o, py, e, Ve
and let its double curve I' be of order € @nd rank e, with ¢ triple
points which are triple also for 7. 2

The postulation of I" for all surfaces’of sufficiently high order !

(l.e. the number of conditions_ that must be imposed on such
surfaces to make them contai"F) is found to be

lf,n“—‘(%ﬁ—'eo}‘— 2t
and for unrestricted Z, this formula defines the virtual postulaiion
of I', which may he ®ither less than or greater than the actual.

For I = py—4, the above formula gives immediately the virfual

freedem of spacial adjoint surfaces ®; and if we denote this by
Pa—1, we haxe

NS
£\

A\Y —1
.s§ Pe Z('uﬂ3 )_(#0“4)50‘;‘%51“504‘2-3-

N,

Tlf({\hﬁmber Pq 80 defined is called the arithmetic genus of F;

‘it ds equal 0 the geometric genus p, if and only if the postulation
formula for T is valid down to 7 — trg—4.

By using the results of Ch. 1X, §3, we can exXpress e, e, £ in
terms of yg, py, py, v, and so obtain the formula '

Po == pp—1 “32#1”}‘31#2‘1‘%”2-

The fact that p,, as so defined, turns out to be an absolute
invariant of F is one of the magt surprising discoveries in the
theory of surfaces; but such is in iact the case, and 1, takes its
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place beside p, as one of the two most important invariants of
‘o surface #. A surface for which p, = p, is said to be regular.
For an irregular surface the difference g = Py—P, 18 always
positive and it is called the drregularity of the surface,

The invariance of p, follows at once, for example, from the
justly celebrated

THEOREM OF PICARD, If (| is any linear system of srreducible
curves on F, of freedom » 2= 1, then the DEFICTENCY of the series i,
on the gemeric curve of |C| by the adjoint sysiem |A(C)] (i.e. e
deficiency of the freedom of this series as compared with that ‘of sthe
complete series to which it belongs) is always equal to the irfegularity

Dy=Paof F. N

This remarkable theorem was proved by Picazdd in 1905 by
transcendental methods; later, however, a ptobd of an algebro-
geometrical character was given by Severi,] based on the concept
of eontinuous non-linear systems of curves.,On the generic curve
of such a system the proximate Curves citt a linear series, called
the ‘characteristic series’ of the system; and in the course of
Beveri’s demonstration it is a.sstéd that the characteristic series
of any complete continuous systenpof curves is complete. The validity
of this assumption, however, #nd of the varions attempts to justify
16, is still open to question;and in the algebro-geometric develop-
ment of the theory of ‘ssirfaces, the invariance of p, is usually
established by provj@ he theorem—weaker than Picard’s—that
Pg—Pq is the least wpper bound of the deficiency of the series cut
by {4(C)} on the generic curve of an irreducible system |C/1.

The theordt of Picard implies that on any regular surface, the
system [%{G’}{ adjoint to a given system |C| always cuts the
Gomp%eté canonical series on a generic curve of |O].

¢ 9.4\ Irregular surfaces. 1tis easily verified that every rational
sivface is regular, with P, = Py = 0; snd every non-singular
surface in [3] is likewise regular. But for a ruled surface of genus
P, with normal singularities, we have p, = 0 (the existence of
special adjeints @ in [3] being easily seen to be impossible), while
it is found that p, = —p. Hence: :

Every ruled surface of genus p > Ois drregular, with irregulority p.

T Picard, Journal fiir Math. 129 (1905), 875 ; of. alao Picard and Simart, Theéorie
des fonctions algfbriguas de dews variables indépendantes (Paris, 1906}, vol. i, ch.
=iii, § 18, 1 Rend. Lincei, (5), 17 (1808),, 465.
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For the rest, irregular surfaces which are not birationally
equivalent to sorolls are rather hard to find; but it is known, for
example, that any surface which containg an trrational peneil of
curves of genus # has frregularity ¢ > ». Thus it is found, for
example, that the surface in which a general cubie line-cone in [4]
is met by a general cubic primal has p, = 3, p, = 2. Again any
surface of order 2n which has n-fold points at the eight inter-
sections of three quadrics P — 0, =0, B= 0has an squatitn

of the form+ JP.Q R) — 0 A\

and for this surface Py=3n{n—1), p, =n—1. Finally(ib can be
shown} that the image surface of pairs of points PRP’ of two
curves /, (", of genera 7, 7 has ,

Py = 7777', Pl = (17—-1}(77'—1), W == 2(271‘;\'2}{27?"—2)_}“1

9.5, The Riemann-Roch Theorem.»Fhe Riemann-Roch
Theorem for curves admitg of generalizatiert for linear systems on
& surface, hut only in the weaker fm;m: of an inequality, and by
arguments of mueh greater depth. We.define the index of speciality
¢ of a linear system |Cf on F dg“the number of linearly inde-
pendent curves of the canonical §ystem [X | which contain a generic
C (as component), and the.theorem in question for surfaces may
then be expressed as follgws: '

THEOREM. If |C| és\‘any complete linear systemn of curves on F of

virtual characters notued 7, index: of speciality i, and freedom r, then
ANV > B—m-Lp, 1.

The nm;n\b.e} T = r~—(n—w+pa+1-£) is called the super-
abundanch\\'of |C). The system is said to be regular if o = 0 (cf.
Severi, }g‘ondamenti di geometrin algebrica, p. 106).

_ Thesuperabundance of the canonical system itself is casily seen
0 We'equal to the irregularity of the surface, '

Plainly regular systems are particularly simple, and in this
connexion we have g, very useful result (which depends on Pieard’s
Theorem):

Buery system which, is adjoint to some wrreducible system is regular.

This means that irredyeible linear systems which are more ample
than the canonical systen, {i.e. contain it partially) are regular,

T Castelnuove, Rend, 1 st. Lombardo, (2) 24 (1891), 137.
i Cf., for exampls, Balker, Principles of geometry, vol. vi. 2825,
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Another important result which can be derived from the
Riemann—Roch Theorem ig the celebrated

THEOREM OF CASTELNUOVO.T OUn every surface F, the deficiency
of the characteristic series of any complele linear system does not
exceed the irregulurity of F; and there exist systems Jor which this
mazimum deficiency is atlnined.

Tt follows from this, of course, that on a regular surface every
complete linear system has a complete characteristic series,

9.6. Exceptional curves. We mention here, for completeness,
a resul, due to Castelnuovo and Enrigues,} to which we-bave
already referred: \

The only surfaces from which it ¢s impossible to remove all excep-
tional curves by birational transformation are those birationally
equivalent to (rational or trrational) scroils. ’

One incidental result of the method of propf of this theorem is
that on any non-scrollar surface any 1&'@’51011&1 irreducible curve

.

must have negative grade. O\N

9.7. The problem of ratiotla'lit_i!. The problem of finding
necessary and sufficient condifions for a surface to be rational is
plainly one of fundamental importance; but its solution has not
proved to be easy. It wds 8001 found, for example, that it was
not even sufficient to kave p, and p, both zero.

The first stage m\‘lshe solution of the problem was Noether’s
Theorem,§ to the efiect that if F coniains e linear pencil of rational
curves, then it §s mzaoml and then Castelnuovo proved the stronger
result that i contains a net of elliptic or hyperelliptic curves whose
churactewi§ie series is non-special, then ¥ is rational, the method
which e 'used being that of representing such & surface on &
doublé.—pla,ne
"@maﬂy, on the basis of the above results, Castelnuovoe solved
tte problem completely; and the result is expressed in

CASTELNUGVO’S THROREM.|| The necessary and sufficient condi-
tions for the rationality of F are that p, = B = 0.

The fact that the conditions p, = p, = 0 do not involve £, = 0
Is illustrated by the existence of a type of sextic surface which

T dangli di Mat. (2) 25 (1897), 235 ; Memorie scelte, 381,

i dnvoli di Mat. (3) 6 {1901), 165; of. also Enrigues, Teoria delle superficie
olyebriche, p. 262, § Math, Ann. 3 (1870), 16L.

[t Mem.della societd itationa perle seienze {3) 10 (1896), 103, or Memorie scelte, 307.
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"passes doubly through the six edges of a tetrahedron; for the
geometric and arithmetical genera of such & surface ave both zero,
but the faces of the tefrahedron fcurm a unique biadjoint surface
of order 4, so that P, = 1.

A further result of Castelnuovo’s,t this time a generalization
of Liiroth’s Theorem (Ch. 1V, §1.3), states that all plane invely-
tions are rational; this implies that if the coordinates of a point
on a surface F are expressible as rational functions of two para-
meters, then F is rational. N\

9.8. The postulation of a surface for primals. If Fs'an
irreducible surface in [r] (r > 3), without multiple points,)proper
or improper, and if the system |C| of prime sections\6f F has
grade n and genus p, then the virfual postulation, F(l) of F for
primals of order I {equal to the actual postulatiohi for all sufficiently
large I) is given by \

.H-l
Pll)y=mn ~1 13~1H<10a+ L.

The difficult problem here is to ﬁnd a uaeful lower limit to the
values of I for which P{J) is alug’ the effective postulation.

One useful eriterion is thak¥f |kC| is reqular and cuts a non-
special series on O, then P{)\is the effective postulation for 1 = k.

But Beveri, with ﬂ}g"]}elp of Pieard’s Theorem, has obtained
much more vseful and remarkable. results for the case in which
F ig defined as a partial intersection of primals, residual to another
non-singular sm:{a’c“i&a ; thus:

smvnm’s@ﬁmomm.i If F and F' are trreducible surfaces, with-
out mult@e ‘points, which together constitute the complete intersection
of r—2primals of orders m; (5 = 1,...,v—2), then (i} the complete
cgz@eohwai system |X| of F {@f this emsts) is cut on F by primals
of prder S n;—r—1 which pass through F', (ii) primoels of the same
order cut canonical sets on the curve of mtemectwn of ¥ and F',
(iif) premals of any order I >3 n;—r—1 which pass through F’ cut
on F the complete system of adjoints to o multiple of the system of
prime sections of F, and (iv) the formula for P(l) gives the effective
postulation of F (or F') for 1 2 n,—v, and, also, if F and F’ are
both regular, for 3 = 3 n;—r—1L.

t Math, Ann. 44 (1894), 125.
1 Rend. Palermo, 17 (1903), 73.
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In the case when r = 4, F (and therefore F'Y has a number 4
of improper nodes; and it may be shown then that, for

= Ny +ng—4,
the effective postulation of F is

P() = n(“r )—z(p Wepat1od;

and here again, if F and ¥’ are reguler, the formula holds also
for I = n,+-n,—5. O
NOTES AND EXAMPLES ON CHAPTER XIII \ \\

1. We have already referred, in Ch. IX, §7.1, to the szkm—Segre
invariagnt I of a surface, given by £

L= py—2py+3po—4 = 124:'0—"—“"‘?:'\\
If two surfaces F, F' are in bimtional correspondeneenprove that
I—e=1'—¢, \’
where ¢, ¢’ are the numbers of exceptional m{_wes of F, B/ respectwely
which transform into points of the other.\\J

2. Obtain the following values of Pa for the sextic surfaces of [3] whoze
double curves are respectively R :"

(1) a conie: p, = &; .':f‘
{ii) two skew lines: p, = £}

(ili) three concurrent liness pa = 3;

{iv) the edges of a tetmh\sdmn Pg=

(v} an elliptic quan Qaand & line not meeting it: p, = —1.

3. If two surfaces\F, ¥, of arithmetical genera p,, p; respectively, have
for partial intersesgion a curve (f of genus , prove that the arithmetical
genus of the conipbsite surface '+ F* on whick ¢ is included in the double
curve iz p,-+ Pt

4. Prowg{ that two irreducible systems of curves which are mutually
regldualsxgth respect to the canonical system have the same virtual
dimengibn and the same superabundance.

P \Show that the postulation formula for a surface is valid for all I'in

‘*@@ casbs where P is {i) a gnadrie, (ii) & Segre guartic surface, (iii) the
complete intorsection of a quadric and a cubic primal.

Show also that if F it the complete (non-singular) intersection of primals
of orders n,, ny in [4], then, except when n; = n, = 2ormy = 2, 1, = 3,
the eomplete pluricanonicsl system [¢X | is cut on by the primals of order
i(ny +n,—5), and deduce that

P, = $ili— o—D+pat1.
6. Show that the postulation formula is nniversally valid for the following

general surfaces of [4]: (i) the eubic seroll, (ii) the rational surface 2F%, {iii) the
intersection *F% of two cubic primals residual to & cubic seroll.
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Show also that the modified formula, allowing for d improper nodes, ig
vadid, for all valnes of 7, for the following surfaces in [4]: (i} the genera}
projected rationel quartic seroll; (ii) the surface 7% residual, for & quadrie
and a quartic primal, to two skew planes; (iii) the elliptic quintic scroll 2 RS,
(iv) the projection en [4] of the normal elliptic sextie scrofl *R® in 51
(v) the projected Del Pezzo surface 173,

7. Show that the intersection of twe cubie primaly in [4], residual to
8 plane, is a surface F® having p, = p, — 2, w = 1, on which [X|isa
pencil of elliptic quarties.

8. In [4]. two cubic primals containing the projeetion "F4 of a Verofidse
surface meet elsewhere in & scroll 1RS; the curve common to °F4 and>1RS
is & °C, On this the primes cut & gf, which is special and thdrefors of
deficiency 1, equal to the sum of the irregularities of 74 and(; %RR ’

9. Determine the character of the canonical systern for,th’g intersection
of a cubic and a quartic primal of [4] residual to (i) a seroll’* 73, (ii) two
skew planes, (ili} a Begre 1F™, {iv) a seroll 9K, S

10. A canondeal surface @ is one whose prims segtions form its complete
canonical system. Verify that the following surfacés'satisfy this definition:

for py = 4, w = B, O is a general quintic, B'y'ﬁ‘féee;
for p, = 4, = 7, ® is & sextic surf&c‘e'}ith & double plano cubie.

If primals of orders ny, n, in [4] interséth in a surface F, show that F is

& eanonical surface if #,+n, = 6, and.bxtend this result to higher space.

BOGKS RECOI\IMENDED FOR FURTHER READING
BagER, Principles of geomettiy vi.
Conrorro, Le superficie pugionali.
ENRIQUES—CAMEDEXQ%‘ Lezioni swulla teoria delle superficie algebriche.
Lerscrnre, Lanalysis situs et la géoméirie algébrique.
Froamp and Siwaw®, Théorie des Jonctions algdbrigues de deuw variables
indépentidntes, i and ii.
SevERY, Foyrdarments di geometria algebrica,
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