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Preface

THE WIDESPREAD BELIEF that calculations involving elhpt@
functions are difficult is due not to the nature of the caIcu}a{anﬂs
themselves but to the lack of suitable numerical tables where-
with to perform them. Caleulations involving sines, and‘ cosines
would present analogous difficulties in the absenéctof tables of
trigonometric functions. Elliptic functions are’ but natural
generalisations of trigonometric functions OQ the one hand and

$

hyperbolic funetions en the other. 0>

Elliptic functions arise in every brasch of applied science. To
give an cxhaustive list would be lmposmble but a few instances
will make the peint. The pendul’um performing oscillations of
finite amplitude or making edmplete revolutions (see p. 38);
Tuler's equations of motiondf's rigid body {see p. 22); resistance
of projectiles; capillary plenomena; the potential of a gravitat-
ing or elecirified elliqo”s}id; the mutual inductance of circular
currents; the ben&ihg' of an elastic rod; #n ellipsoid moving
through fluid; the flow of a viscous fluid in a convergent or
divergent channel wind tunnel mterference*, conformal trans-
formation \%ce p- 33).

Th n:kd for interpolable tables of elliptie functions is there-
fore €lear. The first systematic tubles of Jacobian functions ever
to. be published appeared long sincet and the present book is the

7~ natm al successor to that pioneer volume. ;
) The problem of the scientist who wishes to perform a numer-
icalealeulation is to find a number. In so far as elliptic fnetions
are concerned the present tables are 80 arranged that the number

*Milne-Thomsor, Theoretical Aerodynamics, London, (1948). :
tMilne-Thomsen, Pie elliptischen Funktionen von Jacobd, Berlin, (1931).
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may be found with simplicity, directness, and speed. For cach
value of the parameter m (i.e. the squared modulus) the valyes
of the three Jacobian elliptic functions, sn u, ¢n o, o ou, are
arranged in columns for values of the argument u progressing by
the interval 0-01 up to a value in excess of the corresponding
quarter period K, which is printed at, the foot of exch ecoluma.
The values of these funetions are all five-figure decimal rumbege,
so that the decimal point is unnecessary and is omitted, To
make interpolation simple for intermediate values of » }3?"mﬁbd
differences are given. The section on Numericsal examples, p. 6,
explains in detail the method of using the tables. ™

The limitation of the tabular values of sn U ery eg, dn w to five
decimal places has the advantage of rendering” interpolation
easier, and of allowing compression of the tables without sacri-
fice of efficiency, since five-figure accuracysuffices for all but the
most exceptional caleulations. Should, an isolated value be re-
quired to a larger numher of figures/bhiis can be found from the
trigonometric series on p. 13, N\

Itis worth noting that when #h= 0, snu = sin H, O W = cOS U
and therefore the columns heatled 0.0 provide tables of these
trigonometric functions. Agiin when m — I, 80 # = tanh 1,
en % = gech u g0 that the columns headed 1. provide a table
of these hyperboli¢ fdnétions.

While the thre:e(}acobian functions suffice for caleulation of
elliptic integriais‘?“{)f the first kind, the inclusion of a tahle of
Jacobi's zetaiinetion Z {u) enableg elliptic integrals of the second
and thjr§ Xinds to be evaluated, This table is here given to
sevenu{ep}'mal places ag originally published, *

THe\ables of the complete elliptic integrals K,K', E, E' and

tlié;’nome ¢ are adapted from ten-figure tables of these func-

y m;tions.’[ They are here given to eight figures to allow scope for

‘special calculations. It jg interesting to note how the adoption
of the parameter and its complement M = I — m allows
compression without sacrifice of clarity,
"Miln&Thomsan, Proc. Royal Soc.,,-Edinburgh, 52. (1932} pp. 236-250.
TMlln&Thomson, Proc. London Math, Boe, (2) 13, {1932) p. 162;

~ Journ. London Math, Sec. 5 (1930) P. 148,
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A comprehensive collection of formulae is included. These
have been carcfully chosen with a view to facilitating calcula-
tions which may present theraselves. Thus, for example, we can
evaluate Weierstrass's p-function as well as the Jacobian elliptie
functions for complex values of the argument, and for all real
values positive or negative of the parameter. Negative values of
the parameter correspond to a purely imaginary modufus.

The inclusion of formulae special to particular branches of\
knowledge would have been not only invidious but alsgain-
practicably extensive. An exception has been made in faviourof
some conformal transformations which cover ground sommon
to several sciences. N

This small volume is intended as a practical toglfor the user
of elliptic funetions. Those who wish to learn abput the theoret-
ical aspect could not do better than reackl\,?eville’s* attractive
account of the theory. 4D

In conclusion, T wish to thank Dovﬁr}Publications for the care
and attention which they have gi}refyfo the production which is
of major importancein the preseptation of mathematical tabular

matter. o0

. ' L. M. Mine-THOMSON
Royal Naval College £
Greenwich e\J

&

November 1949

) .\ ?
*E. HyNeville, Jacobian Elliptic Punctions, Oxford, 1944.
NV
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The Jacobian EHiptic Functions
N\

We begin by noting the equivalence of the integrals ,1:\’

v = f * dt - f ? do W
L TG BG = w7 T =m0
which are related by the substitutions o\
{ = sin @, T = Si!l:g;\\;

The Jacobian elliptic functions tab}ﬂ%}téd in this bock may
be defined by the relations o\

- R Y ’ .
snw=sinpg, enu=cosgn dnu= (- m sin® )"

N
L2

* or by the equivalent set 3
su=2  onu=@a-—2)" dou=({- ma™)"?,
where the posit.ivé\s\gﬁé,re root is to be taken in every case.
The numbe,rﬂa:‘will he called the argument and the number m
the paramefer@f the functions.
- The qo\arﬁp!émentary parameter is the number
& {\\” m =1—-m
:-~\‘"When it is required to call specific attention to the dependence
\"\; 6f the functions on the parameter, instead of sn ¥, cn %, dn 1 we
write

on (ulm), onuim), dn (| m)

with & vertical stroke separating argument and parameter.
At this stage we note in passing that it is usual to regard the

I



Jacobian elliptie functions as dependent on the modifus k,
where k° = m, and in this notation they would be written

sn (u, k), en {u, k), dn {u, k)

with a comma separating argument and modulus. We ziso
observe that when the parameter is negative, the modulis is
imaginary. The complementary modulus is k" = (1 — k*)'*.
Since in applications it is the parameter rather than the
modulus which is given, we shall adopt the notation sn (u | m
The three Jacobian elliptic functions are one-valued funci:i@ﬁ':-}
of the argument w and are doubly periodic. The numbers\Aand

K’ given by a3
B B /2 e ”"\'\’
K = Kim = fo (1 — msin® IV
K 'K! T ‘{3’\\
2 = 1 (m) = %L (I f~’f711“3i112 8)1/2

are the real and imaginary quartgp.'pe}iods. In fact it can be

proved that if pq u is any one of the Jacobian elliptic functions,
then - N\

pq (u + 4K | m) ={lﬁ (u + 4K’ | m) = pq (u| m)
so that 4K and aiK’, a{é.ﬁeriods.

_ K is clear from t.hghv definitions that K’(m) is the same func-
tion of m, ag K (m)35 of m, and therefore that
NS

.',\:“' Kim) = K'(t —m).

. &
When\@..’= 0, we have K(o) = ix, K'(0) = e, while ¢ = %
50 tl;a.p\

'N\S{l\.(i& | 0) = sin w, en (u | 0) = cos u, dn{m|o) =1
Thus when m = o the elliptic functions degenerate into circu-

lar functions with quarter period 3r and period 2ar.

Shnilarly when m = 1, we have K(1) = o, i
while sin ¢ = x = tanh u s0 that

sn (1| 1) = tanh y,

(1) = §im,

en (u| 1) =sechu =dn (u| D

2



and the elliptic functions degenerate into hyperbolie functions
with quarter period }ér and period zir.

Just as in trigonometry in addition to the functions sin « and
¢08 % it is usual to consider their reciproeals cosec u, sec » and
their ratios tan u, not w, so with the clliptic functions swe con-
sider their reciprocals and ratios written

I I . I
ng U = - , ne # = , ndu=—
s en 1 dn
o
A
g0 # en u _ dn g™\ °
8G 1 = ——— 68 U = . ds uw = —w
cn U anou SINT
. S 3
7 {.'
8N % dny - A\ el U
sd u = —, dey=——, edVie )=
dn w enu dn %

comprising, in all, 12 Jacoblan elliptic Iﬁ@@ions.

Again the inverse functions obtaingd as solutions of equations
suchassnu = g, edu = b are w;-}&-ﬁen wo=sn"au=cd’h,
and so on. SN

The above definitions suﬂ?{}‘é: for the numerical applications
of the functions, but a hetter insight into their structure is at-
tained by considering thenl as functions of the complex variable
z = & -+ 7y. The %ilo’wing brief outline offers an alternative
definition, to whigh\t e foregoing can be shown to be completely
equivalent. o\

The Jacobia' elliptic functions are 12 in number and tay be
readily ‘d\eﬁdéd with Tespect to the following doubly infinite
rect-ag%\u‘lzir array of lattice points.

NN ¢ .8 ¢ ‘s ‘¢ -8 ¢ ‘8

R -d -1 -d 1 -d - -d ‘N



The pattern is repeated indefinitely on all sides. If we dennte
by the (complex} number X, an arbitrary point labelled &, we
thereby define adjacent points labelled ¢, », d situated rospec- _
tively east, north, and southwest from s, We denote these points
by the complex numbers K., K,, K,.If we tuke K, as urigin,
it is plain that X, = o and that

K.+EK+K,+K, =o

o AN
We shall suppose that the seale of the above lattice 1s suel: that,
with properly chosen axes of reference, L)\

K=K K= K=-kK-ix O

Now let the letters g, 7 1, v be any permutation Qf,fthéi lotters
8, ¢, d, n. Then the elliptic functjon qr 2 is defined fi™the follow-
ing statements: ' \/

(i) qrzis a doubly periodic function witha'simple zero al K,
and a simple pole at K, . o‘;,\

(i) The step K, — K, from the zgi‘f);\to the pole is o half
period; those of the numbers K, , K\ K, » Which are different
from K, — K, , are only quarter.fieriods.

(i1} The coefficient of the Igag}ing term in the expansion of
qrznearz = o isuaity. o

With regard to {1i1), the leading term at the origin is 2, 1/,
I, according as the origilg\is & 2€r0, a pole, or an ordinary point.

The following tal{k’éhows the poles and periods of all 12
functions: \

Peri.ods.:f\i'x Pole K, Pole K, Pole K, DPoleK,

2\
2K, 418 ()" . csz se 2 dn z nd z
D
45;"2’4'1( o s z dez 8n z ed 2
NAK, 2K + 2k dsz ne z en z sd z

It follows from Liouville’
function devoid of poles iz s

(Pq 2)(qp 2) is such a funet

8 theorem that g doubly perindic
mply a constant. Now the product
ion, since each factor has a simple

4



zevo at the (simple) poles of the other. Thus the product
{pa 2)(gp ) is a constant, and, in view of {jii) above, this con-
stant is unity, Thevefore the functions pg z, gp 2 are reciprocals.
f we agree that pp 2 is to be replaced always by unity, then &
gimilar argument shows that

pqe = prz/qrz

however, p, g, ¥ may be chosen from s, ¢, 4, n. )

A more ambitious application of the same prineiple is to shog, >

. K

that O\
A,

(snz dn z)2 _1-— cn2z O

cn 2 14+ ez’ N

)

which can be done by showing that the quoticqt@ﬁjhe two sides
ig a function devoid of poles. v

Of the above 12 funetions, the 6 which.have a pole or a zero
at the origin are odd fuhctions of z, t}@ {remaining & are even
funetions. Thus, for example, P\%

es 7 = — GBS (—z),“j:ﬁ. ¢hz = en (—a).

To see this, obsarve that e's;}:' and cs {—2z) have the samuo poles
and zeros, and therefore 3z + cs (—2) is a constant which
must be —1I in virtyglk property (i) in the definition.

Just ag a cire la’éﬁmction such as sin z repeats its values

. In infinite strip.sLbf‘ breadth 2w, so an elliptie function such as
sn z repeats itsvalucs in a chequer pattern of rectangles whose
sides are ﬁlg%@t-hs 4K and 2K’. (A similar remark applies to all
12 functigns). Thus sn z assumes the same value at the congruent
pnirzts\g(z"# p. 4K 4 n.2¢K’. Within such a rectangle sn zhasa
simiple pole at the point which is eongruent with 7K, residue

w\;“ﬁ}gf'”z, and a simple pole at the poini congruent with 2K + (K',
V Tesidue —m o
The following list gives some critical values.

cs 1Ky = —1, ns K = 1, ns (K + ik = m'”?

1

ds (iK'} = —im"?, s K = m}”?, s (K +iK) = —im;".

5



The effect of a quarter period step in the lattice is clear from
the diagram. Thus, for example,

en (K 4+ 2) = constant X sd 2,
for the step K (or K,) to the right changes ¢ to s and » to ¢,

To discover the constant put z = — K then
. I = constant X sd (~K) = — constant X sd &, -~
80 that from the ahove table of critical values we et A
en (K +2) = —m!gd 2. \ \“

Similarly, we ean show that

A
?

MK A2 = ~m™ P dss,  en R 4 Q& m s g,
| (K +2) = cd 2.

w\,/

Consideration of the lattice also lead. 'fle.\.I acobi’s imaginary
transformation (p. 21) as follows, TheMnterchange of m and ™,
interchanges K and K’ This interchdnge can be effected by
rotating the axes of reference thgdugll a right angle, and at the

same time interchanging the labiels ¢ and 7 in the lattice, and so
s (iz | m) = isc (z] ,mf)v,:; en (iz | m) = nc (z | m,),
dgi{e?":] m) = dec (z | m,)
Simple reasonir}g\&}hf;uch lines will serve to det,

of the fol‘mulaejr; the pages which follow.
\Y;

N\ Numerical Exampleg

AW _
I:Qp}fa), e+ o) he suceessive tah
W&Je‘n third order

ermine many

ulated values of & function.
differences are negligible, we have

R L B - mar),

Where A is the first, and A% the second, difference taken with
their proper signs. Altematively

B flo+ & — 2 =flat o) - zia 43 z)a”}.

6



Tn usizg the five-figure tables it 13 generally not important to
distinguish beiween forward, backward, or mean values of the
gecond differenae™®

The existence of the two formulae (A) and (B) implies that
we can slways suppose that z < o-35. In either formula the term
i1 — x)4" may be regarded as a correction to A’y it is quite
simple 10 make a critieal table showing this correetion. T
Interpoiation down the table (i.e. for u) is everywhere simples

Interpolution across the table (ie. for m) 1z generally eagit{r
when © is lesa than K. We can always replace u by w — Koouby
w -- 2K by means of the formulae given on p. 15, . sn\
{1y ¥iod sn {o-54027 | 0-7). ~‘ 3

The argument lies between 0-54 and 0- 35, neatar the latter 50
we use (RB) with &7 = 784, A" = —7and 23 o-073. Treating

the tabuiated values as integers the 1‘et11}j{QsL‘number is
50715 — 0-073{784 + % X9+927 X (=7}
= '50715 —0-073 X ?§Oj:18 — 50638.
Thus su {n- 54027 | 0<7}' = Q§%3658.
(2) Find s (47| 0-7)N
The argument lie’s;“c,l\tsirle those tabulated so we reduce it.

From p. 10\8, 47 \\Q‘K’ = 47 — 4-15073 = 0-34927 ahd from
axemple (1) «q{i 707 = —0-50658.

(3} Find gl l0°54 | 0-9604).

’\\:\ en (0054 | 0-8) = 86763
. R\ . + 121
AN c (0-54 | 0-9) = 86884 - 1.
O
\™ + 120
N\ en {0-34 | 1-0) = 87004

7 H = 1. H
For a full discussion of formulac and methods of interpolation, direet

lé,nd ir;vcrse, see Milue-Thomson, The caleulus of finite differences, London
1933). , ,

TMilne-Thomson, Standard table of square rools, London, (rgz8).

7



Thus A" = 120, A” = —1 and therefore
' en (0-54 | 0-9604) = 0-86056

(4) Find en (1-15564 | 0-gg).
We first calculate cn (115564 | 0-9) = 55704
en (1-15564 [ 1-0) = 57202
80 that A" = 4-1588, Instead of forming en (1-15564 [ 0-8) in N\
order to caleulate A” we observe that in this and similar cages, .
it is sufficient to form the second difference of the nearcst taiflir

- valuesin this case en (1.16 fo-8),cn(1-16{ 0-9), en (1164 -0)
giving 4” = — 28 and N

o (115664 | 0-99) = 57202 — 0-1{1588 + 3 307 n(—28)]

= 0-57134 AN
By similar steps we find dn (1 - 15664 | Q.§9)' = 0-5772I.
(5) Pind sn (2-54 | 0-99). \
e have _ N\

_ th -
ONGn (K — o)

From p. 106 K(o-g9) .\%}\-69564, K — u = 1-15564. Using {4)

B i

sn (253 0-99) = g—g%% = 0-98983.

P\

(6) sn[o-75,00 )] = g (075} 0-4) = 0-66316.
' :

7) Givets = 0.6, m = 0-25, find dn (u | m,).

,'If"?fe M =025 m = 075, dn (06] 07 = 0-88986,
AZ'?’__ISSO! A" = Sanddn (0'6 I 0'75) = 0.88210

& Find en (2 | 5

I_{ere the parameter exceeds unity. We therefore reduce to the
reciprocal barameter, p. 19, which gives

en (2% | 2) = gn "X 2" |1 =

dn (2 | 0-5) = 0-71086.

§



(9) Find dn (377 [ —1).
Here the parameter is nega
~we have
= % =% p= 8V x 2 =14% and

7

tive. With the notation of p. 19

ey = DR SE
dn (874 | —1) = nd {0'5 [ 0-5)= g g T 1 O%S:

N\
{10} Find gio-5; 16, 0), Weierstrass's p-function. Ko §
From p. 23 wo see that e, , €; , €; are the solutions of theequa-
tjon 42* — 15z = 0, s0 that A\
JO)
eg ‘e I
=2, 6=0, &= "2 m ==
& — 6 2

AW

@lo'5; 16,00 = —2 -+ 4ug’ (I';’O\“f 0-5)

X

-803)"

.

- or .
2 —1:, (dﬂ 4 2034
. o
(11) Find pic-2; —32, —1360°
Here ¢, , ¢, , ¢; are the solttions of
42" + 52z + 346'= 4z + 2)(=" — 2z + 1) = 0,
\’\\J

gom —z PR = ot =L _ 3 _,.
3 PO 26 46, 25, m 2 4H 0-8
PN\Y;
D 1 4+ cn (0804427 | 0:8)

5"(&3’? 752, T130) = ~2 1+ 5 [ on (0-804427 | 0-8)
A

:"\‘::;Q; I '68641
mJ = —2 E oy ——— =
\"\ 5 531359

/

24-88g

The foregoing examples concern direct interpolation. We now
consider fnverse interpolation. Taking formula (A) the problem
is essentially to find @ + zw given f(a + zw). We shall use the
method of successive approximation as follows. Let

fla + zw) — fla) = .

9



The number b is known and cannot exceed fla + o) — i {a),

Le. A If we call z, the first and 5 the second approximation
to z, we have -

b b

R =
The process can be continyed by writing z, for , in the de-
nominator of the second fraction to yield a third approximation
%z . In general 3 third applieation is unnecessary and i1'1dee;1\§:};
is often sufficiently aceurate. Similarly given f(a 4 o 7
formula (B) leads to the Suceessive approxima,

(D) Ty =

),
tions. .
£ = _C
& MTATIG
where ¢ = f(a 4 o) — fla + o — z4), N
{(12) Find 4 = sp! (0-62 | 0-6). S\

Here sn u = ¢-62. Searching the tabieg we find

- I Af’"}f\ ~

su (0-69 | 0-6,}.’#" 61344

sn (070 }§%) = 62035 -

with A’ = 601, A = — 7'\.““The required value of w is therefors
hearer 0-70, We _there\fm:é use formula (D) with ¢ = 35. Then

= 35 N =35 _
A 6015 0105065, 2, = 687.7 = 003089
Bince w = (,)""{')t'; the corresponding approximations to u are
"\.s. )
AN = 0070 — g, X 0:0I = 069949 (4)
A = 0770 = 2, X 0-01 = 0-69949 (1)
'"\\’ N/
\Thus to five ﬁ_gures % = 0-6gg4q.
(13) Find 4 = go! (0-55512 | 0-6).
Here ¢ 4 = 0-53512 but it iz not hecessar

; Y to perfdrm caley-
lations with se . From p. 17 '

Io



t 1

a2 g mm mmem— g = ey 6 H
I A g (o 5512) O7RAS

en fu lo-6) = 0-87432, 3= 0-52

{02 d »
(14) j; |_{1 - x?:)(l _1_: (3;.-’5)3:2)]1/_2' = 51 (0‘62 | 06)

= 0-69g49 from {12)

oA\
9 [ e = l(oslo)\\

(IO) j (1 — sz (1/4) sz 8)1/2 o) \ W
WY
= 053562 4

47 d \\
X

(16) Evaluate [ = f =+ Dz + Q@\“_ kG

,\3
I = f f o.fthe game integrand.
47

“

Comparing with the ta,ble ’»of mtegmls with denominator
[z — &)z — Bz — 'Y)}w we see that

= —I, K@z y=—3, A=2"% m=o0-35
Thercfore I :-.'\j'““}{. (o505 —sn(o-2 05
.»\xé:;z‘”{ogg,sﬁz — 0-20204} = 0-47175.
% ez z dx
,.\(155 Froute ! = | wme s waer

A% This is an elliptic integral of the second kind, and is reduced
by the substitution appropriate to the pattern of the corre-
sponding integral of the first kind, cf. (14), namely

t = sn (x| 0-6), 062 = sn (v] 0-6),

Ir



which give v = 0-69949, from {12), and

I= fasnzuduz if (1 — dn®w) du = 3 fo — A6y
o 3 Yo 3

_s{ _ E_ ‘
23{3; v Z(yfoﬁ)} N

in terms of Jacobi’s zeta function. From* p. 108 we find £ el K
for the parameter 0-6 and E /K = 0-6660082. From il Py,
Z(0-69949 | 0-6) = 0:1744699 and so [ = 0-09859 {Th 1ive
places. This is the greatest number of places justiﬁex&{ Ly the

.

calculation, since v wag obtained from five-figure tabies,
' o\
¥ % 3
(18) Given J;L = ;E, find m, K, K. g
A\
(N
We have ¢ = exp (=rK'/K) = exp (£57/4) = 0-01G70287,
From the table of ¢, by inverse intéxpolation using successive
approximation, we get m = o-gzo},t)gﬁg, and now from the
same table, by direct interpolation,

K= 1-697033.2.;';‘“ K' = 2-1213116,

That K, K’ and m can allbe determined from the ratio of K to
K’ is an important {ath which has mary applications (see for
exatnple p. 33). \\_'

\ W

N

O Complete Elliptic Integrals

i»\:I.
' \{Kﬁ'mr =T m, k= =gt
A ! dz
\J K_-_f T ——
7 o 10 =30 = mae

r ! dx )
R e

*In this case the table on P. 33 could be used,

Iz



KES - K — KRN =

o K’_) ,\.,(_T r’)
q == [..;.}_J‘\ o) = 0N} T

o &N\

1 1 l I . H(‘[ — F_f *\
loyry = Ll — — 1-80152 28319 R
iy if1 ’ <.>§

~ ¢
Series (‘V,& ¢

C ; Q
o = _ZT : ‘;ﬂ _{;]_— 00 (9'\:‘} I.]jﬂ}

m g A\ 2K
\
N
T, uT e [7AEN 2
dny=— 4+ =- 5 . PN vos T
71\ £ 1T ;23 !\.

O ém; ? + (1 4 1gm b oY :r
o -

; - Lo T
4+ 135m b 133m” + m‘) = SR
;-

N 7L L o 1
c:és =] o+ (1 4+ gm) ? = (1 -k 3am 4 1605 ;. + -

L}

dnuE[—-.--"_’j o o
mo + mim + i

— min’ 4 w4 16) ;ii + ...
a.

3



Periods, Zeros, Poles and Residues

8N W on u dn

Petiods | 4K, 2iK' 4K, 2K 4 2ik 2K, 4R

YA o, 2K K, 3K K 4K K+ yK’

Poles W, 2K 4 K7 iK', 2K 4 K’ K i O

-1l LI ) =3 g
—m —Im ,im —41

Residues {m~1/2

&
All points congruent to the above poles and ze@}by the sddi-
tion or subtraction of any integral multiples@the periods are
\/

likewise poles and ZEros, 7o\
¢*
81 % 18 an odd function of U le snfow) = —gn 4
°n u, dn u are even functions of %8 en (—y) = cn 4,
dn (—%) = dn 4 AN
N
N
N
e 3
-
&
L\
N\
L)
O
AN/
.,Q..?
¢ &
\»/
&
D

4



Change of Argument

% +\g1(\+“ 2¢K’

Argument sh en dn

U S V) cn dnu

—a —8I % cn dn u
1w+ K ed % —msd u | my”* ndu\’

’ \

w— K —cd # my" sd u mq‘ ndu

K —u ed u my” sdw. mi” nd u

w4+ 2K ~81 U /SN U dn u

Fal
~...\
w — 2K —an % NY  —enu dn
»:’, -
2K — w TN N —cnu dn %
w4+ (K’ m Y ngu —im VM dsu| —icsu
N\
. N
w -+ 2tK’ g™ snu —cn# —dnu
\
- —1/4 1/2
u-}"K-}-z\ m Y2 dew |—imiZm Y new | imy scu
LN /
—sh en u —~dnu

The functions cd u, =d u, nd ¥ may often be convemently
scakulated from the formulae

cd uw = sn (K

- u):

ad u

—-1/2
:mlf

nd u = m; " dn (K — u)

5

en (K — ),

N\



Special Values of the Argument

U 81 % en u dn
o 0 1 I
174 £
I K I ey mlﬂl N
. 173,173 T A7 irE }
2 a+ w7 (T w7 O\
Fo\ha
K . 1 o m;ﬁl../
N
— ".’“
2K o I \:"\\\ I
—_—— N —
1724 1./24
I, . I m 2 i e
_"EK’ im 1/4 (—[—'\“4?’%« (I + m‘l,—’)l
2 LLAFale
P 5,
iK’ [+ :g;: @
2tK’ o N -7 —1
~~‘.v :‘ - - - - i
K+ ix m_”zui —i(m,/m)? 0
____—__"ﬁ—————___—__————
. +£ )
2K + 2¢K \\o&' I -1
K_
E 4 *
Py d )
AN/

s AN :
Relatgnq between the Squares of the Jacobian Functions

O\
Y 2 2
NS w - en gy = dn2u+msn”u=r,
AN
I"\“l
V : dn*u — m en? 4 = m,

o . 2 i
08" % - s’ oy =g, dsz\_\uh—cs"’i.::ml,

n52u_dszu=m

6



msd®u +ed®u=1, nd’u-—msd®u=r
med®u + mond®w =1

nefu —scd u=1, dfu—ms’ u=1,
de?u — m ne® = m

With the aid of these identities the square of any function ca.:o
be expressed in terms of the square of any other. In pa,rtict{ 1:

% \’,
L3

I 1 7%

2
B U = = K
14+ ¢s u m+ ds’u [y
m\
\0
en’ u = L = L
1+ 8c®u defw~'m ’
KL
I ANV m
cdnfu = :

1+ msd® u» 1—mcd"

It follows that the tables suﬂice to find the value of u corre-
sponding to a given value ofes 1, se %, ds %, sd u, ed u, de .

Q
S
Double and Half Arguments
‘.\1
on 2y = pemuenu-dnw  _ 2sn y-cnu-dow
\"\, 1 — msn'u en® u + sn° u-dn’u
Q |
Cﬁ{;‘:&;* m’uy —sn’udn’y _ enu—snudn’u
o\ 1 — msn*u ' en’ % - sn’ u-dn" u
dn 20 = dn?u — men?u-cn® w _ dn®u - en’u{dn’u — 1)
1 — msn'u dn® » — on® w(dn® uw — I)
T —cnzu _snudn’u 1 —dnzy msniu-en’u
I+ enz2u em’u 1+ dn2u dn” %

7

'



qu I— chu cnzI"u dnu—f—\nu
SR° —u = -
2 I+ dnwu ’ 2 I+ dnw
2 0 m - dnu - menuy
dn® -4 =
2 I+ dnu
Addition Theoremg O\
{ N3
‘”;\ 4
« \J
snu-cnv-dnv+snu-cnu-dnu\x.
m(u+v)=‘—““—~—-—z——2—~—4\~s
I - msn”w-sn’ v 2\

A7
%%
S
Cly-cny — gn y- dnu sn dn v
ot = I —msn’u-

Yol 4

v
dn (u + o) = dnu-dny ~ m st en u-sn p-eny
I h.m‘Sﬂ2u'Sﬂ2‘U
%
B o ?
sn (w4 g) - ooy — )= Uy
I man®y-sn®e
."\
f'nv dn u
& (u+ ) - Cn(u\\t}) SR % cn - dnv+snv
I — msnu-sn®y

..,i../
» N\
O 8nu-dn % ‘dnv-cnu
Sﬂ(u+v)‘\n(u—-y)= 0w cnv+2snv§1_
e s I — msn® u-sn v
'S
'\w .
O e’ % — sn? y.dn® u
(st ) . cn(u—z;)_-_——-———-—-_f___r_
e N . I — man®u-sn°p
l“\,,l

0+ - dn w—p)=D%wdnucnydny — msny-sny

I —msn®u-an’yp

dn’y — en® u-sn®p
I — men®y-sn’y

I

dn(u 4 ) . dn (u — )

i85



Change of Parameter
Negative parameler
- Let m be a positive number and write

I I~|—m’ 233 1+ m’ p:/z

N\
Then

o] —m) = il sd @), en ] —m) = od (iR

dn(u| —m) =nd | '“'4 N

Thus ellipflc functions with negative pammete'béﬁn be made
to depend upon elliptic functions with a pogitive parameter.

Note thato < g < 1. PN
Rectprocal parameter NNO
sn(u | m) = m ”"’sn(um”z[m“),

en (u | m) = dil(um”glm‘,

dn (u ) m)\"ﬁ: en (uwm? | mh)

This is Jacobi’s ésd‘ immformaéwn Ifm> 1, thenm™ <1,
and therefore elhpmc functions whose parameter ig greater than 1
can be made, to’dépend upon those whose parameter is less than
I. It ollgm(s “that there is no loss of generality in supposing
0 <

‘,I
Decxmse of parameler
\ ? 1/2

2
" I—Mm 23
\s' — (-——"lt) v = e
N/ PN+ 1+

(14 x| )

sn(u!m)=l+ Iﬂsnz(ﬂ|,u)’
d
en(u|m = @ (v [ Lﬂz 2n(§v| I;)

19



1/2 2 i
L= w7 sn" (!
dn (u | m) = — ;= &)
_( lm =3 + 1" (o | w)
_dner W)+ % en (ol
T T

This is Gauss’s transformation or the descending Landen
transformation, whereby elliptic funetions are made 10 depend
upon elliptic functions with a smaller paramcter. The rate ok,
decreasc is rapid, Thus ff m = 0-64, we find p = 1 /16, A

&)y
o\
Increase of parameter O
a9 z’s:’
(I — mm)z 4m'” A\ Ju
= | ————3 = —r , piy = -
1 1+ mw ’ M (I + - e ...'\\’ + Iui/z
N
\ 2
o S0 {0 ) A0 (| u)
SNy | m) = {1 — a | sy
Chm = @447 e o) ’
4
1400 N e v
I — (I PN G
cn(ujm)=_,. ( +.U1:_,’\ .flfwz,
dn (¥ )

a\ " -
I~ (=9 dens i
dn {u | m) = — Es B2 L)
st dn (o)

This is the ascending Landen trznsfonmation, whereby de-
pendence on & largi(pa‘rameter 1s sceured, The rate of increase
18 rapid. Thus if.m 0-64, we find = 80/81,

A/
i\ _ Approximaticis

‘EVh’e\ the parameter m is so small that its sguare may be
p@g{eqted, ’_ohe following approximations ma ¥ he used to calcu-
(\:ia‘ﬁe the elliptic functions in terms of circular funciions.

0 (| m) = sin y — im cosu (v — sin u cos 1),

o (u | m) = cogy + imsinu (v — sin w cos ),

dn (u|m) = 1 — lmsin? 4

20



When the parameter m is so near unity that thoe square of the
complementary paramoter m, may be neglected, the following
approximations may be used to caleulate the elliptic functions
in terms of hyperbolic funections.

. osn (w | m) = tanh w 4+ Im, sech® u (sinh « eosh ¥ — w)
|

fh en (u | m) = sech w — 1m, tanh u sech u (sinh u cosh u — u) ~

f dn (u | m) = sech u + 1m, tanh uwsech « (sinh % cosh « -1-@\

- . . . ',0 \ s

The above results combined with onc or more a,pph(,atl(lu}z of

Tanden's transformation afford a means of direct calcu}a:taon to
any required degree of accuracy. >

Complex Argumentsx
\\
Jacobi’s tmagmary iransformatwn (segs p. 6) is
sn (iy | m} = isc(y | m), .},f‘fn Gy | m) = ne (y | my),

o N
¢”s

dn (iy | mi)= de (y | my)
If z = z + 4y, the add&hon theorems then give with
8 = \\(m [m), &= sny|m,

.61\# ('.D. (x | m)) ¢; = €n (y ‘ ml))
\;:\;:'dl = dn (x.| m), dy =dn(y]|m)
‘\ s cdatte - d 8 e

"\,. sz | m) = ¢z + ms - %

7

P
) 2
4

Cl'cz_isl'dl'SZ'dZ

(| m) = ¢z -+ ms) - 5
. Cz . d;; i imﬂsl " Cl b 82
dn (z | m) = A ms &

27



Differentiation

d
Snu= cnu-dniuy, —cmu= —snu-dow,
e du -
d
—dnu = —msnu - enuy
du
d d
T, u=—dsu nsu, —nsu= —csu-dsu,
du du A
d ;\’v\
@dsu=-csu-nsu O
. N
——8cu= dcu ncu —@-ncu—scu dc'"x‘\‘
du 7 du Xw

p RA\S
Et—‘dcu= My BCH - ncq\\>_

2%7

&/

—d~sdu ed 4« nd u, icd,u‘;} —m, 5d ¥ - nd =,
du au O

ind = (f:‘;- d
Jendu = m:;s& - edu

L Y
>

To solve Euler’s equations of motion of a rigid body under
no forces; Q

X QO i
Ap~ (B - O¢'=o0, Bg—(C~ Ayp= o,
N .
t"’}":CT —(d - Bypg = 0,

where p, g, gzsfi;e>gngular velocitiesand A > B > C, put
pRb = 0 |l g= ke lnte — 1) [
:”\Q’g‘ ‘ T =rodn [n{t — 1) | m].
“Substitution of these values in the differential equations gives
’ B _ A4 -0 _A—-B Ap;

P BB-CG) "TE_¢ o
: A -OB -0,
n ——Tm.

22



Weierstrass’s p-function

48 — gx — gs = 4x — ez — e)x — &), A= g — 2753

S dz ‘
u= g xr= (4.1:8__921‘.__93)1/21 T = ?(uJ 92;9’3)
N
Pl gs , g3) = APQA'"; g7, g7, )
O
? 3 "\\ v
97 = 49" — g2 U ~ g O
/’x“'

Half periods , , w; , w5, Where po, = &1, @Puy = ';}godg = ¢

andw;"‘w;‘i—w;;:o _’\\”>
I . %>\g.)’u z
plu -+ o) + pu + gv = -[M%—' z ]
4 ('Qf& wv
PN,
LD
Posttive discriminant &> © "
NS
€ , € , & are real and we ta}g%’ef > ey > e
_ N
\;"
N £ 8 — € ey — &
Pu = e + (e, — &) ns’ NG; - 33)1/2 £ q}r m = :
<j\ € — €3 € — &
o & 7
N\
t, — \t 372 _ i/2
Pu = _”\2\3;1 - 33) <n {u(el 33) }
NGO '
L >
”\:'{:\’“ cdn {ule, — )} 8" {ufe, — €)'}
\J
z<\ K 1K’
N = Wy = 7 17z
"i‘;; @ en — 33)“2 ! : {er — 33)1” ’
N/

m=@—@%ﬂ*& ﬁ

€ T 6

73 = —ile, — ea)l“{}j‘jF + & K’}

€ — &3

23



Negative discriminant A < 0
Two of ¢, , e, , e; are complex, Take ¢, to be real. Write

2 ¥ i
H2=(62—61)(eg—ea)zze2+£;, m_—_;_i_H
4 g Lten GuB”)
PU = ey + " 1= n (Zquﬂ)
¢
372 1/2 172 “'\\....
ro . 4H sn (2ull"®) dn (ouH'P) e
pu= {1 — en (cuH"")}* ,‘

Real half period w, = {i,g , imaginary half pe QQ\(B" = —5ns
H A, H
R\
Zero discriminant A = o Z‘}
Two cases arise, either (A) e, = 4, —(—l\’el go that

= 2% - 8 L) . I ¢ =
9’2—'3\‘31:9’3—31;(01:(66)1/2f~1§"_;W:K =0, wy =@
1 ol
-

N
A
N 5
L . s
2
Pu ='"?\ u 5 -+ 20,
g\&\x I2¢,
N\ 2ey
\,

'S
N/ AT : I
CLTi"\‘%\(lzel)m y K=o, K = om m =

</:’ pu = —2¢, + 3¢

tanh® {u(3e,)"*}
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Integration of Jacobian Elliptic Functions

The following list wherein In z denotes the natural logarithm
of z and sin™! z, cos™" x denote inverse trigonometric functions,
gives the indefinite integrals of the 12 Jacobian elliptic functions,

f snudy=m " In{dnu — m""enw,

f enudu = m % cos™! (dnw), ’\:\
A
« \J/
f dn u du = sin* (sn ), \:\5

O
f nsudu = In (dsu — esu), \\\\
'x’\ w
-\
f dsudu = In(su — éam,
. :\x o
f cstdu = In (‘ngfﬁ‘:‘— ds ),
f deu d-u.mgjl {ncu + sew),
g\&\w

N
f pew du = mi'* In (dewu + my’” scu),

A S

LD

1/2

\‘3? seudy = m;In(dew 4+ mi"" new,
*\
f cdudu= m " In@ndu 4+ m*sdw,
f sd wdu = (mm) 2sin™ (—m'? cd w), .

fnd wdu = my*? eos! (cd w)

25



The integration of any rational function of the J xi:obian
functions can be made, by substitution and reduction, to depend
upon the above 12 integrals together with the functions

‘ * : In @ sn’
Etw) = f dn®tdl, T a) = [ TSN cmadnas’ .
¢ o

which are known respectively as elliptic integrals of the second
and third kinds.

Elliptic Integrals of the First Kind N

An elliEt-ic integral of the first kind is ope o‘f“ tht form

I dt/({f)”‘ » where R is a cubic or quartic polynemialin £ In the

follo_wmg list if a, b, {a* + %2 7 are all posifive, the value of

the inverse elliptic function is that which ligs. Between 0 and K.

The value of each integral also indié\aites the substitution

hecessary to obtain it. Thus the first mbegral is obtained by the
substitution \/

N N b?

)

b2 ' <
EE) .’iét‘ t=5 sn(av

v=1 sn"l(E
a b

which gives

AN
dat ——.\~ia.b cn (av) dn {aw)dp,
[(a® — B — M = 4 dn {av) b cn (av),
and the integrz’?l‘.i-educes to
"\x’?u dy =y where x = p L
‘\\9.' o ’ &l aid 0.2

N

w\m)_(%—‘“f)]w = éfm_‘(% | z—j), z<b<a
fw___z______cit_________ = I —l(E E’E)

: [~ Y7 == = g0\ =), b<a<uw
fb“"‘“*ﬂ—-—m= Loa{z ¥

@ - B = F/E = e b 55), z<b<a
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’ at — g%
fa F—dE " &t (b

> ) dt
. 1@+ a0 — _tz)]””

1 o b*
T @+ HrE® (E &+ bz)’

f[(z a)(a b))

_ I ~if%
Y (b

= dt . ,:}\
. [(,:2 + az)(bz — 12)]1”2 ‘..’}\
P\
B 1 Sdﬂz{x(ff _j_”:hsg)uz b? }
= (az F bz)u'). A}gag &+ b
.?::3
f” di P~
[( + o — b@‘@
. ‘ s dﬂ { x ag }
= ( Fl _L;s})ajw 3 (az ¥ ba)uz 0:2 + ek
f.t y \‘}wdﬁ _ lndul(g‘- a,2 — bz)
b [(@‘\v O — O a bioa /S

di

]E @ *t)(t bZ)]Uz_:clzd“'l(E & )
)

(a + O+ bg)_l”"

(
[ @ratTor=. (55

b<a<uz

o<b<zx

b<e<a

b<z<a

hb<a

b <a



To evaluate | dx/(R)'”* where
B = ar* + a2’ + 2" + ayx + a,
we resolve I into two real quadratic factors €, €. Thisecan he
. done by inspection or, if necessary, by solving the higuadratic
equation B = o by Ferrari’s or other methods, (see p. 373, We

can then find two numbers A, and Ar such that @, + A, iz a ~
perfect square say \

’ Ql + 3\1Q2 = A(x - a}2, Q1 —+ )\2Q2 = B(:c — ,8)2: o >\g\“\
It then follows by sclving for @, and Q, that A
Q= A,z — a)® 4 B.(r — ﬁ)?, ,\~

Q: = Aufe — @)* + Box — 8 NN
The substitution £ ~ (z — a)/(z — 4) then fiyes
de _ 1 I "
By~ a—BHAF F BX A5 + By
and the integral is reduced to degéﬁif. on one of the canonical
forms given ahove. N
The same method can be applied if o, = o, provided that (23
js replaced by 2 linear fagtgr.
Eyample R = 33* -&'\‘rﬁ'x"‘ + 242" — 162 + 4. We find
B = (32" — 4z + (=™~ 42 + 2) and therefore

Q. + thx(s +N2" — 41+ Nr 4 21 42

This is a pganfé}t"‘square if 16(1 + A = 83 + M + 0w,
whence R,%i'br ~Tand @ + @, = 4(z — D% Q, — Q, = 22°
Thus N\

LO@=26 =10 +2, Q=g
Pupt = {# — 1)/z. Then

dr f d¢
@) M = Def e

I

- 1

dt
f(
28



When the denominsator ‘involves the square root of a cubic
polynomial let :

X=—az—Bk—7), a>8>7,

_ 2 88— a_—f
- . 1/2 3 _ .
{ee — %) @ =y @ =

./;w idl_?ﬁ = A Sn-l{(j : 1)1zz

NS
f_w (_—% =X S“_l{(z = Z)i\%\, f}'
[ = a{lez o)

)

¢ dr ~§3?£1{(x — )“2
f, (wX)",??f «— B

N\
\\
}

L) C} _1{(0_, _ 3)1/2
j; T%\'; A dn .
:\7"" dr -i{(ﬁ — 7)”2
:}‘/ L —X) A dn PR—

§




If the cubic equation X = 0 has only one real root ssy «, let

X=(&:—a)(:-:2—2bx-f-c),c-b2>0,112:cz"'-—2[ﬁ;+c

_H—a+1p __H—I—a;_f{

m= 20 ! = 2l
N

dr 1 —x(z ~—H -« m) &

. X727 e T+ H — o ' o\
. (‘}&

. S T P
—o (= X)VP T n (a +H - xl B

)

¢
& 1 ,l(H—}-af— })
L X7 T giaom H~aj{xz‘ "),

/
. N

fa dx I ,'féli%&— a+ x
- OV T R AN .-,

S

m)
N\

S
Elliptic Integrals @the Second Kind, Zeta Function

The elliptic in:teig}M of the second kind can be expressed in
the form =~ N/

o . . )
N\ f t* dt
i : z T
AN (4.8 + BY 4,7 + By

R\

Thevarious sign patterns of the radical are the same as those of

ha Eﬁl'ptic integral of the firsg kind, and the integral is reduced
by the same substitutions. In thig way the integral of the second
kind ean be brought to depend upon the function

BG) = Blu | m) = f a0’ (z | m) ds
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and the compleie elliptic integral of the second kind is E(K) =
The function £{u) has the property that E(u +2K) = E(u) + 2E.
It follows that the Jacobian zele funciion® defined by

Z(u) = Z(u| m) = E(w) — uB/K
iz an odd periodic function of » with the period 2K. Tt is not an

elliptic function since it is not doubly periodic. By means of the
table of Z(u} elliptic integrals of the second kind are rcfxdily

evaluated, see Numerical example 17. ¢\
Observe that Z(x | 0) = o, Z(x | 1) = tanh w. The Tnction
Z{(u) has the quasi addition theorem (‘.,"

Z{u 4 1) = Z{u) + Z(v) — msnu sn,v;&'t:(u + )

This together with Jacobi’s imaginary isgnsformation namely
\\
20w | m) = Z{u | my) + mz/(zKK’) ~ dn (u | m.) sc (| m)

enables Z(w) to be evaluated for complex arguments.

The additicn theorem oan also be used with adv antage when
interpolating across th.e table for intermediate values of m in
those cases where v.J8 large enough (greater than 1K) to make
the differences L{a@aﬁageable. Thus

Zu) = Z(’w:"': K} — msn(u — K)snu,

ZQ @’%(u — 3K) + ZGK) — msn {(u — $K) sn usn (3K

III the table the sign attached to the second difference or given
"\at the head of the column is the actual sign of the difference as
) “found by giviag the proper 51gn to the tabular entry to which
that difference relates.

*The notation zn u is also used,
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The Elliptic Integral of the Third Kind -

This arises from the evaluation of integrals of the type

di
f (1 + COUAL + BYAE + By)”?

which, with the appropriate substitution indicated by the sign i
pattern of the radical, may be reduced to known functions tos <
gether with

s AN
Y sn't S
[y, C
o I +wsn® ¢ A
8 )
If we write » = —m gn? a, this integral is clearl(.{x’ constant

multiple of

L EN
s, o) = f MEN @ en azdn ?;?3"‘035
o 1= msn qenlt

which is taken as the canonical form{of the elliptic integral of
the third kind. It can be evaluatedwn ‘the form '
_ O O(u — a)
i H(u) a) = Uu Z'(a'):'"{.— 2 loge e(u + a) H
where* 0(u) = 1 — 2q (;Bs};x +2¢'cosqz — - g = xu/(2K).

4

It has the property \\
M{u, &)~ u Z(a) = Ii(a, ) — q 2.

. K/

In practical‘ applications a is usually imaginary and the evalua-
tion of Q(e) for imaginary values of the argument is necessary.
For suel] \Cases O(u) does not lend itself readily to compact
tabulation and must be found frorm the g series, which converges
RONly.

\‘:The complete elliptic integral of the third kind namely the

mtegral whose upper limit, is K is obtained at once as

(K, @) = KZ(a).

*The general term is 2(— 1)"g"2 CO8 27 2.
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Short Table of E/K
m E/K B/K my

01 09493 416 0-4285 242 09

02 -8g72 125 -5221 013 08
03 *8433 234 5982 907 007
:‘:'\\..;‘

0-4 7872 725 - 6660 082 06 )

| O
05 -7284 733 7284 733 Q%5

AY
h E'/K’ E/K < m
'::\ v 4
A\

Conformal’;g\'&apping
Rectangle on quarter-plane o?fh&lf-plane
Defermine the para@eter m of elliptic functions from
3

£

A/ ; )
where 2 atid b are given (see Numerical example 18).
Thenthe interior of the rectangle whose vertices are the points

Q‘{B, o), (a, 0), (a, B), (0, b} in the z-plane {z = = + iy)
N
“*\'i€ mapped on the quarter-plane « > o, » > 0 in the w-plane
7 (w = u + i) by :

w = sn (Az | m)

The same transformation maps the interior of the rectangle
whose vertices are (% @, 0), (% @, b) on the half-plane v > o.
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Exierior of a rectangle on half-plane

Tet the vertices of the rectangle in the z-plane be the points

(&=, +Bb). Determine the parameter m of elliptic functions from
E—-—mK FE — mK’

b - a ’

b < q
and let A denote the value of either of these ratios. Then the

region exterior to the rectangle is mapped on the half-plape
v > oby A

(\)
. N
1 ’ ﬁ,—' _ . \/
2= q N {J(a | m) + (K ml)"'}r "\,u:"
we Lo m 7
m" sn (s | m)’ \4
where ¢ is an auxiliary variable, " Fo N

Region exterior to two semi-tnfinite stm’p&‘.éh half-plane
The region is that exterior to the :sgéfﬁi—inﬁnite strips
TeSrZey2h; SMa<e<ay< b
Determine m, K , E, from _ \®

b (2 — m)K’ -~Q§’ I

T 20E - @fy r o and leth = —— mE

Then the abovq .nééion is mapped on the half-plane v < o by
A/

= Y - m‘h{zzw | m) 4 Do lm) dn o m)}’

O sn (o | m)

w :\Iﬁ; o | m).

&2

Herfe ¥ is an auxiliary variable.
Ndosceles right-angled trigngle on half-plane

The interior of the triangle whose vertices are (+27'*K o),

(0, 27°K), where K = K (0-5), is mapped on the half-plane
v >oby

w=2""gn (2% | 0-5) dn (2% | o-3).

J£.



Equilateral triangle on holf-plane
The intorior of the equilateral triangle whose vertices are
{0, 2, (@, —3'a), (2a, 0) is mapped on the hali-plane v > o by

11Mh{1+cn(z|m)}i m-—smﬁ- )\_3”‘i
Tsnlz|mdnfelm)’ 1z’ 6 !

and a is determined by

M1 + cn 2a)® = sn2¢ dn 2a

Half of an equilateral triangle on half-plane
_Lhe interior of the triangle whose vertices are (0,‘ o}, {a, 0),
{0, 3'*a} is mapped on the half-plane v > o by ™

/

25

I — w . 1/2 _ .2 48

—— = (1 — s¢”z e ein

T T3 ) > 12’
and g is determined by s¢ @ = 37* \ 4

Double half equilateral triangle on hcaU plane

The interior of the trlangle whose vertices are (o, 0),
{2(3"" g, 0), (3%, a) is mapped on the half-plane v > o by

’v

r
6 ( 1 , ) ) = 2
o\ v =
and a is determlt(xi by

’:' ) ’{Uza }
\:~'\z 48 {3(21/35 O, 1 =1
Ree zrgie on unitl etrele
Q‘e ermine the parameter 7z of elliptic funetions from

A K _K

‘"\",/ — = — = k.

\ 3

2a z2b

Then the interior of the rectangle whose vertices are (Lo, £b)
is mapped on the unit circle | w | < 1 by

_snhzdniz
en Az
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- Obsgerve that

:_ 1~ ena2kz
1+ enaxz

For a square m = o-5.

Square on unil circle

:n\ N :'
Let K = K(0-3). Then the interior of the square whnoss ver- |
tices are (27°K, o), (0, 227K} is mapped on the u;;\it,,} 5;
circle | w | < 1 by O |
2w = sd (2% | 0-5). o\
. '\\.

Ellipse on unii circle : A |
The interior of the ellipse ) \\:; :
2 z '\1 .'

) \

Z+% =1 X v
@ b QO ?

is mapped on the unit cirele | w [ Koy '

2= csinle, = mtgn (o | m), :

Q ,
where ¢ is an auxiliary V{I‘i}b[e, ¢ =a — b A= 7/ (2K}, and

7

- m is determined by LA\

QExD (~K'/K) = (a - b) :

7 a-+ b
7
O : :
" Factorisation of a Cubic Polynomial
N

e } 7
\31 cubic equation with real coefficients has always one real
root, which ean be found by successive approximation or by the ’
method indicated below. When a real root has been found the

corresponding eubie polynomial can be resolved into the product
of a linear and a quadratic factor,

The general cubic equation ax® 4+ 3ba* 4 30z + d = 0 can be
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reduced to one of the following forms by division by @ and then
gubstituting o = y — b/a
) V¥ +pytg=0  p>0

The only real root is '
1/2 ° 2y 1/2
= (ﬂ'—p) sinh @, where sinh 38 = (?12—) .
3 P
13y

G ¥ —pyxg=o0 p>0 A
if 27¢° > 4p°, the only real root is O

172 b 21/2
= (4—:) cosh 4, where cosh 36 = G‘é%) -

AN
If 27¢° < 4p° there are three real roots namel\y'

172 39 \y J
+ (‘“1'3—?) cos 8, (ﬂ) \gos (8 + 120°),

/% W\ e
¥ (%) cos (8§ + 240°), o\ where cos 30 = (%.;g )

O\
N
.
=3
o
3

Factoﬁs&iﬁbﬁ of a Quartic Polynomial
¢ ’\ /
Let the poly;w;’ial be B = ax* + 4ba® + 602 + 4dx +eand
let M and N'bé"choson such that
agx < (ax® + 2ba + ¢ + 27a)® — (2Mz + N)?
Comﬁa‘m ng coeffivients we find - _
\’:.’ M? = B — ac + a*h, MN = be — ad 4 2abp,
\ l
N N = (c+ 2aN)° — ae
FElimination of M, N leads to the eubic equation

40"\ — (ge — 4bd + 3¢ )an + ace
+ 2bed — ad® — eb® — ¢’ = 0.
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Let 4 be a real root of this cubic. We now find M from
M = p* — g 4- @', either sign may be taken for the square
root, and then N by division of MA by M. In thig Wiy i ig
factorised in the form

R=é(ax”+2bx+c+2a;z+2Mx+N)

N\
(az® + 28z 4 ¢ + 200 — 2Mz — N)

N ¢

2\
If all three roots of the cubic are real, the method furnisheedhrée
pairs of real quadratic factors. For applications to el]ip,pid inte-
grals the pairs should be $0 chosen that their zeros A0\nat sepa-

rate one another. A\

w\,/
The Pendulum <4
The energy equation of & pendultix’xi; simple or compeund,
can be expressed in the form \\

e — 4 caf\f'= 11" — g

where 8 is the inclinationAg the downward vertical and o is the

value of ¢ when § = of This leads to
N

(1) 0 = W > msin? 1),  m= 49/(l?
If we take m adfhe parameter of Jacobian elliptic functions and
write 2o M
:“\:”.
(2) '.(\X‘in 3 =sny =g (| m, we have

,(32\ COS 30 = enu, § = 4 dp ¢

ee d(sn ) fdf = o udn oy, differentiation of (2) and the
use of (3} leads to u = 50 0T % = ol if g and u both vanish
when { = o. Thys

oy Sin 30 = (bot | m), g 49/(ls)
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whieh solves the problem of the pendulum in terms of elliptic
functicng.® : '

Case (1), The pendulum makes a complete revolution in time 7.
In this case § increases from o to » while £ increases from o to 37,
and therefore

m(%) o=k 7= -4
4 4 Z kol N
Case (i1}, The pendulum oscillates through the angle o on gach

side of the vertical. Here # = o when 8 = « and from (I) )

m = cosec” 1o, 1w cosec ia = [(gﬂl}m 3
while from (4) sin 18 = sn (et | cosec® 3@hN)

Bince m > I, we use Jacobi’s real transformation (p. 19) to

the reciprocal parameter to give \ -

sin 36 = sin dasn (;‘, (g;‘.!)”2 | sin®

H T is the period, ¢ mcreasbs from o to o while ¢ increases
from o to 17 and therefore N

Lo el

where K = K.(,éi;f %) is obtained from the tables.
. A/

*VIiIn,e{i['Emmon, Quarlerly Journal of Mech. and Applied Math. 2 (1949)
p. 4?9\\“'

\ o

"\'.t

\:
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- D
¥ive-figure Table of the Elliptic Functio(vrg}z\%‘

sn (u | m) ng
2
o
\’*S'\Q
O
e ‘:\‘;g}f’

=
=
|
d
4
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(3ther Dover Books on Science

PURE MATHEMATICS

ANRCHAULICRE GTOMETRILE by D, Hilbert and 8. Cohn-Vossen,
Yellow (Crmmdichren) Series. Text in German. Linglish translation of
table of contents, German-English glossary-index. 5-1/2 x 8-1/2.x + 314

pages. 336 Musirations, (Originally published at £10.00), $3.95
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continuity of mathematics rather than anecdabal «
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content, thoughtlul in interpretation . . ."—IL.8. Quarterly Book List.
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Index. 4-1/2 x 5-3/4 Volume §: xviil 4 123 pages. Volume}H: vi + 175
pages. 47 1i0ng, The Set—583.00
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concize . , .“-—Bulletin of the Amcrican #Tathematical Socicty. Two

volume set. Text in French. 5-1/2 x 8-1/2. ¥olume I: xxi + 524 pages.
Volume ¥1: =i -+ 460 pages. Eaah Voliwme—§4.50, The Sei—3$8.75

EINTUHEREUNG (¥ DIE ALGEBRAISCHE GEOMETRIE by B. L.
van der Weoqden, Clear, syftematic exposition of an important new
mathemati Aopment i Bulletin of the American Mathematical
Society, Yellow {{Jrundl¢heen) Series. Text in German. 5-1/2 x 8-1/2,
ix 4+ 247 pages. 15 illu&ra.tions. {Originally published at $7.80). &#3.95

EINLEITUNG ITS'\'"DI:E MENQENLEHRE by Adolf Fraenkel Third
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now one of th¢ finest.”—Bulletin of the American Mathematical Bociety.
Yellow ‘(‘Qmﬁndlchren) Saries. Text in German, Bibliography. Index.
?'U?;{-‘éi,ﬂ =i 4 424 pages. 13 figures. $4.00

ELEMENTARY MATHEMATICS FROM AN ADVANCED STAND-
\ BOINT by Felix Klein. Volume I: Arithmetic, Algebra, Analysis, Trans-
ia}tnd from the third German edition by B. R. Fledrick and . A. Noble.
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110113. TAmerman Mathematical Monthly. Yellow (Grundlehren) Series.
ndex, 5-1/2 x 81 /2. xiv 4+ 274 pages. 125 illustrationa. £23.75
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ELEMENTARY MATHEMATICS FROM AN ADVANCED STAXD-
POINT by Felix Klein. Volume II: Georneiry. Translated from the third
German edition by E. R. Hedriek and . A. Noble. “Required reading
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Bibliography. Index. 5-1/2 x 8-1/2, v 4 307 pages. 12 uklﬂtﬁmonb
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ORDINARY DIFFERENTIAL EQUATIONS by E. T\ 1
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English.”"—Bulletin of the American Mathematigfhbociety, 4 supendicss.
Index. 5-1/2 x 9. viit + 558 pages. 18 lllustrahbgé (Originaily pablisbed
at $12.00). ' 84.95
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THEORTE DER DIFFERENTIALGL T‘IL‘HU NGENby L ll‘“‘Wik, Bigher-
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man, Index, 5-1/2 x 8-1/2. xvii + 3‘0‘9 pages. 22 illustrations. {Deiginaily
published at $10.00). N $8.95

DIE THEORIE DER GRURPEN VON ENDLICHER ORDNUNG by
Andreas Speiser. Thin \gevised edition, Yellow (Crundlehren) Beries.
Text in German. Index. 5-1/2 x 8-1/2. x -+ 262 pages. 41 illustrations.
{Originally pubhqhod at, $2.00). 83.95

THEORY OF (FUNCTIONS by Konrad Kuopp. Part I: Elements of
the Gene i\[‘heory of Analytic Funetions. Translaled from the fifth
Cierm ition by Frederick Bagemihl, “There is little doubs but that
thig 1&\ ] bLat monograph on funetions of a complex variable yet writ-
tef—American Mathematical Monthly, Bibliography. Index. 4-1/4

:&1/2 xii - 146 pages. 4 ilisirations. 81.50

\'fHEORY QF FUNCTIONS by Komrad Knopp. Pact I Applications
and Further Development of the Genaral Theory. Translated from tha
fourth Cerman edition by Frederick Bagemihl. Bibliography. Index,
1-1/4 x 6-1/2. x + 150 pages. 8 illustrations. 81.50
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PRACTICAT, ANALYSIS (GRAPHICAL AND NUMERICAL METH-
0D8) by Fr. A, Willers. Translated by Rebert T, Beyer. Sociion on
caleulating machines rewritten by Tracy W, Simpsen to reflost current
methods with American-made ealeulators, . . | is to be 10 iended
as a convenient reference book.”—Bulletin of the Americrn Mathe-
matical Society. Index, 6-1/8 x 0-1/4. x 4 422 pages. 132 iVissiestions.

#6.00

PARTIAL, DIFFERENTIAL EQUATIONS OF MATHREATICAL
PHYSICS by T. Bateman. First Ameriean edition with ecrrections
“The book must be in the hands of everyone who is interested in the
boundary value problems of mathematical physies.”—-Bulletia of bho\
American Mathematical Bociety, Appendix. Index. 6 x 9. xxii \1'*—\ 022
pages. 29 illustrations. (Originally published at $10.00). 4 ..’}‘ 2495

AN INTRODUCTION 'I'0 THE MTECHANICE OF VISCODUS FLOW,
Film Lubrication, the Flow of Heat by Conductions 8 Heat Transfer
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gering, Bibliography. Index. List of symbol¥ 5-3/8 x 8. vi -~ 185 jages.

W F8.70

INTROCDUCTION-TO THE THE()B{? dF_FOURIER’S SERIES AND
INTEGRALS by H. 8. Carslaw, Third revised edition. *. . . needs little
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edition) . . . clearly and apfraclively written.”—Nature. 2 appendices.
Index. 5-3/8 x 8. xiii —l—ﬁﬁ} pages. 39 illustrations. $3.485

DIE I\IATHEMAT{S&EN HILFSMITTEL DES PHYSIEERS by
Erwin Madclung! Third revised odition. “Standard . , . collection of
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theoretical L And applied physies.’—Electronies Industries. Yeilow
(Grundighrén} Series. Text in German. German-English glossary. Bibli-
Ogl‘ﬁ-pﬁ}QJndcx. 6 x 8. xvi - 384 pages. 25 illustrations. {Originally
publishied at $12.00). 33,55

LNUMERICAL SOLUTIONS OF DIFFFRENTIAL EQUATIONS by
\ ) H. Levy and K. A. Baggott. Chapters on graphical integralion of differ-
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5-3/8 x & viii + 238 pages. £3.00
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Werner Helsenberg, Translated by Carl Fekert and Frank €. oyt
sorpuscular theory, energy measurements, the statisticsl
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Cemplon-Simon experiment, quantum theory of wave fields,
Indes. 5-3/8 x 8, vili + 184 pages. ' $2.50

:’mnm\,{v

SPHERICAL HARMONICS, An Llementary Treatise on Harmom(\
Funciisue with Applications: by T. M. MacRobert. Second revisbd
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problems way be attacked.”-—Bulletin of the American Mathematlw.l
Sceiaty. index. 3-1/2 x 8-1/2. vi + 372 pages. (n}‘ 84.50
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6§ xiv + 439 pages. 18 illustrations. Ta.bl(é.nf Laplaco transforma-
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recommendsation.”—Nature. 2 appendices. Bibliography. Indexs. List of
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8. xxii 4 492 Pabe $4.56

A TREATISE, ‘()N' THE ANALYTICAL DYNAMICS OF PARTICLES
AND RJL:’ID BODIES by L. T. Whittaker. Fourth rmlsed edition.
“. . . exlbits great mathematieal power and attainments, . ."—Bulletin
‘Jf hé Wiherican Mathematical Bociety. Tndex. 6 x @, xiv + 156 pages.

( riginally published at $6.00). £4.50
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N

. exposition which deseribes both the accomplishments and future possi-
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Bibliography. Index. 5-1/2 x 8-1/2. x + 122 pages, 70 illustrations. £1.95

INTRODUCTION TO THE DIFFERENTIAL EQUATIONS OF
PHYSICS by L. Hopf. Translated by Walter Nef. “'There i= a surprising
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Tndex. 4-1/4 x G-3/8. vi 4 154 pages. 48 illustrations. §1.95
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THE THEORY OF SOUND by Lord Rayleigh. With an Historics! Intro-
duction by Robert Bruce Lindsay. Second revised edition, “, | . makes
this outstanding treatise svailable again, and furthermore, at a popular
price."—Review of Seientific Instruments. Appendix. Index. 5-1/2 x
%-1/2. Volame I: xlii 4 408 pages. Volume 11 xvi + 504 pages. (Grig-
inally published in two volumes at $8.00).
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A TREATISE ON THE MATHEMATICAL THEORY OF ELASTIC-
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Monthly. Index. G x 9. xd + 643 pages. 76 illustrations. {()x-igiha!ly

published at $10.50). _ ) ‘.’:.‘ 25495
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ATOMIC SPECTRA AND ATOMIC STRUCTURE Gy Gerhiard Herz.
berg. Franslated with the cooperation of the a.uthxh‘ by J. W. T, Bpinks-
Seeond revized edilion. *. . . the vector m()dei,ggfi't.hc qus;n buns meabhan-
ical view are skillfully blended togetherig a unified description of
alomic processes . . —Nature. Bibliography. Index. 5-1/4 x 8-1/4,
xv -+ 257 pages. 80 illustrations. 21%tkbles. (Originally published st
$5.70). : N £3.35

COSMIC RADTATTON. Rdited by W. Heisenberg, Trunsinted frem the
German by T. 3. Johnsons48articles on recent aecomplishments in the
field writhen by eminen@gdvnan physicisis during World Wer T1. Male-
risl well integrated 'it:Ll Yumerous cross references and consistent nota-
tion. Bibliographiy Intlex. 6 x 9. xvi + 192 pages. 36 illuerrailons, 13

tables. P 235.05
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DESIGN OE\CRYSTAL VIBRATING SYSTEMS by Williem J. ¥ry,
John M."Q"aylor and Berlha W, Henvis. Sccond roviged edition, Proce-
dure M’dcsign of projectors involving a general set of curves based on
fundarrental piezoeleetric relations, “Contains mueh valuable materiak
) .t“\t‘.léiiscd for the first time for general publieation.”—FEleetronic Engineer-
#\idg. 4 appendices. 6-1/8 x 9-1/4. viil 4 182 pages. 126 graphs. §3.50
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TARLES OF FUNCTION® WITH FORMULAL AND CURVES
(TUNKTIONENTATELN}Y by Fugene Jahnke and Fritz Fmide. Tourth
revised edition eontaining 400 corrections of errors and a supplementary
bibliography of 43 titles. Texé in CGerman and Fnglish., Bibliography.
Todes. 3-1/2 x 81/2, xvi -k 382 pages, 212 illustrations, (Originally
published at %6.003. ' 34495
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eirees, Author index. Subject index. 5-3/8 x 8 xi -l 239 page.\.s}"
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NETEIN by A. d’Abro. ©. . . cOvors Marny warg topics than any
napular book
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special uses.’—Review of Scientifle Instruments. 6-1/8 x
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TTYDROLOGY. Edited bff'Okear T. Meinzer. Chapters by 24 experts on
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complete treatment of the subject . - __Bulletin of the American Asso- .
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ave mechanies and the philesophical

b 4-7/8 x T-3/1 v + 300 pages.

N A - - . - . -
W\ implications of scientific achievemen
£8.95

\

(Originaily published at 33.50].
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POLAR MOLECULES by I. Debye.
mation on electric dipoles, but

for the first time the accumulated nfor

also points out the gaps which still exist in theory and experiment.”’'—
Wature. Index. 5-1/2 x 8-1/2. iv + 172 pages. 43 illustrations, (Originally
published at $8.00). 23.60
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THE NATURE OF PRHYSICAL THEORY by P. W, Bridgmsn, “If can
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Index. 5-3/8 x 8. xi + 138 pages. £2.25

THE PHASE RULE AND IT& APPLICATIONS by Alexsoder Findiay.
Tighth revised edition. “Th has established itself as the stunciard work
¢n the subjeet, . . —Nature. Index, 5-1/2 x 8-1/2. s -+ 313 pages.
163 illusirations. £3.95
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MATHEMATICAL FOUNDATIONS OF STATIRTICAT, MECHARS

1CS by A. 1, Khinehin, Translated by G. Gamow. "Tho most TIOTRLS

mathematical discussion available. Daver Series in Mathemgtide dnd

Physics, Appendix. Notations, Index. 5 x 7-3/8. viii + 179 pagcs! £2.95
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MATHEMATISOBE GRUNDLAGEN DER QUANTINSIECHANTE
by Johann von Neumann. Yellow (Grundlehren) Ser'ics)\\ o1 in German.
German-English glossary. Index. 6 x 9. vi + 260\pakes. 4 fiustrations.
{Originally published at $7.85). , \\; £3.95

LES TENSEURS EN MECANIQUE E'I}h\*"El,-.-‘\E%'I‘iC':}".E.'E by Leon
Brillouin. #. . . first comprehensive trea;is,c'ii'l any languags o which the
main emphasis iz lald on the t.en‘aioria’.l formulation of the classical
{(nonrelativistic) laws of physies . &% Review of Betentife Tnstruments.
Text in French. Index. 6 x 9. xx 5 364 pages. 114 figures. 23.0%

TERRESTRIAL MAGNEELISM AND ELECTRICITY. Xdited by J. A.
Fleming. Chapters by :Lfl(@a.ding geophysicists, “Animportantand suthor-
itative production, . s { thaking available . . . the present séalo and fasci-
nating and djﬂiclﬁQ\Jroblenm of this branch of earth science,”-—Fro- .
cecdings, Physidal Soeiety of London. Physies of the Igrih Beries.
Bibliography(#ith 1,523 entrics, Index. 6-1/8 x 9-1 /4. xit - 794 pages.
296 illustratiens. (Originally published af $8.00). $4.85

TIME,(RNOWLEDGE, AND THE NEBULAE by Martin Johnson.
“Féteword by Professor E. A, Milne. . . . sucrinet and lueid summary of

_he new cosmology involved in Professor Milne's theory of relativity, of

S “\ its physical background and of its possible philosophical significance.”-—
<) Lendon Times. Bibliography. Index. 5-1/2 x 8-1/2. iii + 189 pages. $2.75
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