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INTRODUCTION
N\

TuERE is something about a puzzle which appeals ,\
to almost everyone, young or old. Perhaps it is ;hfe K
challenge to our thinking powers, the feeling that we
must nol. be conquered by so small a thing. Perhaps
our curiosity is aroused to see what mode -of “attack
will succeed, by what clever device a guzzle may be
solved, especially if its real nature is, gkilfully con- -
cealed. www.dbraulibl\af‘y.g);'g.in

Any good text-book in Arithipetic or Algebra or
Geometry is sure to contain soniestimalating problems,
but many more such probl mé. interesting and amusing,
as well as instructive, lie aclittle off the beaten track.

Our course through(the early years of mathematical
study is apt to be gather clearly mapped out, resembling
the plan of a European tour —so many days for
London, soymany days for Oxford, ete.; quite the
right sighis 6 see, but many tourists come home with
no notioi)of the delightful sights which they have not
seen forlack of time or lack of guidance.

_This little book is meant to play the part that some
\af the more detailed or specialized guide books play for
the tourist. You have made a trip through Arith-
metic, but here are some sights you may have missed,
something new about counting or division or decimals.
Here are a few side trips, away from the main traveled

[1x ]



INTRODUCTION

roads, into some of the fields that border on your path
through Algebra and Geometry. They are not the
chief sights of such a journey, but they may add some
pleasure and profit to your trip.

Next to an abundance of poetry stored in our minds,

1 believe that there are few things that add more to -
our abhility to divert and enjoy ourselves than a good \

supply of mathematical puzzles.

Perhaps you have heard that Lewis Carroll, author

of “Alice in Wonderland,” was a mathematlclstn He
was a poor sleeper, and used to amuse himisélf when
wakeful at night by working out probleth&\in his head.
Some of these midnight amusements weré published in
Vo SO ORI  Pillow Problems.” We might be
made wider awake rather than(soothed by thinking
out problems in the dark, but4t is a fine thing to have
some on hand for entertaa@ent while one waits for a
train or a dentist’s appmntment or is shut in with a
“cold.
A professor of Zpglﬁgy once told me that, if she were
shut up in prlSOIl\EIIld could have only one book, she
thought she wéuld ask for a book of Geometry originals,
because théy“would give her entertainment and keep
her hrmnTrom getting dull.

Mast-of the mathematical books which are not text-
bagks are written for rather learned people, but this
ook is not written for the learned. All the mathe-
Jmatical knowledge that it calls for is some Algebra and

Geometry, enough to show you that those subjects

can be very entertaining. Ome pleasant feature of

Mathematics is that we do not have to know a great
[x]



INTRODUCTION

deal about it in order to get amusement from it, and a
still more pleasant one is that the farther we go the
more we find to surprise and entertain us.

There are many different kinds of problems in this
book. Anyone who has an interest in such subjects

furnish mental exercise, and fo give a little notion of

what may be found farther on along the mathematical

N

road. \
As I take up the various topics 1 mean Ao talk to
you very informally, as if you were right, héré“with me,
putting questions to you which T hope\you will try to
answer for yourselves before you goy0n to see what 1

L

By 11 answer. www.dbraulibPar lorg.in

Perhaps some of the problems will prove to be posers.

e

An occasional hint has been given, but it seems a pity
o give too many and sd¥o spoil your pleasure in
wrestling with these puzzles. Answers to maiy of the
problems are givenybut on a different page, so that
you need not seethem unless you wish. .

These pagés contain only a few samples of what is
to be found’in the inexhaustible storehouse of Mathe-

matics. .\

NS
. 3.\\
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CHAPTER I

~N

ON DIVIDING N\

It is usual in Mathematics to say that one nuniber

is divisible by another when after division there s no
remainder. Of course, any number may be\divided
by any other number, but in most cases the result is
either a fraction or a mixed number, We shall use
the word divisible in its usual sense ohesactly divisible.

We are going to m‘hg}gmﬁﬁw&eﬂ without going
through with the process of dj\flislgﬂ whether a number
is divisible by 2, 3, 4, 5, 6, 718, 9, 10, 11, 12, 13.

A principle that we need to use is that, if each of
two numbers is divisible by a certain number, their
sum and their difference are both divisible by that
number. &«

For example, 42 and 56 are both divisible by 7, and
so are theif/sum, 98, and their difference, 14

Or, im géneral, if both a and b are divisible by ¢, s0
are {K-{—b and ¢ — b.

"\

..\ . .
NDivisibility by 2. A number i divisible by 2 if its

< (ast digit is divisible by 2.

Take, for instance, a general number of three digits,
100a + 10 b + ¢. Whatever the values of a and b
may be, the first two terms are divisible by 2, and so,
if ¢ is divisible by 2, the general number is.

[1]



MATHEMATICAL EXCURSIONS

Divisibility by 3. A number is divisible by 3 if the
sum of jts digits is divisible by 3.

This may be proved algebraically for a number of any
size. Take, for example, 1000 a 4+ 1006 + 10 ¢ + d,
and let a + b + ¢ + d be divisible by 3.

99 a4 995+ 9, ig divisible by 3, O
a4 b4+ ¢4 dis divisible by 3,(and
1000 e + 1003 + 10 ¢ + d, their sum, is thérefore
-' divisible by,\ﬂ’.'\\ ’
Is 722 divisible by 32 No, since 7 43 2 = 11.
Is 258 divisible by 3 Yes, since 2.{{—,;5 + 8 = 15.
It is also true that, if any numbeértis divided by 3,
the remainder is the same ag Wheih\kbe sum of the digits
wwew ioivided- by 3in For example, when either 722 or 11
is divided by 3, the remainder is 2, Tt is interesting
to notice that the same conclusion is reached when the
sum of the digits of 1Lis divided by 3.

For example, whatis'the remainder when 735,869,542
is divided by 3 3¢ Zhe sum of the digits is 49, the sum
of the digits 049 15 13, the sum of the digits of 13 is 4,
and 4 whep(divided by 3 leaves a remainder of 1.

Hence the ‘original number when divided by 3 leaves a
remaindtgz'of 1.

"\
Bivisibility by 4, 8, 16, . Since 100 is divisible by
~4) any multiple of 109 i divisible by 4, so that it is
reerely a question of the divisibility of the number
made up of the last two digits.

For instance, is 57 »372 divisible by 4? Yes, since 72
is divisible by 4. o '

[21
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MATHEMATICAL EXCURSIONS

Reasoning in the same way, since 1000 is divisible
by 8, any number is divisible by 8 if the number made
up of the last three digits is divisible by 8. This
principle may be carried as far as we please for powers
of 2. . \\
Divisibility by 5 or 40. This rule is so well known)
that it is unnecessary to state it. But do you notiée
that it is almost exactly like the rule for 2, and dotyou
see the reason why ? \ o

Divisibility by 6 and 12. This rule yon'can easily
find for yourselves by noting the factors)of 6 and 12.

Divisibility by 9. The, test for, 905 Hka that for 3. A
number is divisible by 9 if the sum of its digits is
divisible by 9. Can you prave it?

For example, 8577 is divigible by 9, since §+54-747
is divisible by 9. Instead of the sum of the digits, 27,
the sum of the digi,t@"}f this last number, 9, may be
ey e ER
Also 825 is not divisible by 9, and when it is divided
by 9, it gives"a‘ remainder of 6, since 15, the sum of its
digits, give$ a remainder of 6 when divided by 9.
Furt.he\n,\\&‘is the sum of the digits of 15.

Diwsibility by 7, 11, and 13. A tule for 7 is less
<widely known than these other rules, but there is a
good way to test at the same time or 7, 11, and 13,
depending upon the fact that the product of these
three numbers is 1601. Let us first use the test on a
special number, 173,299. Since 1001 is divisible by 7,

' [3]



MATHEMATICAL EXCURSIONS

to use only one of its three factors, 1001 X 173, or
173,173, is divisible by 7. I then the difference be-
tween this number and 173,299 is divisible by 7, this
last number must also be divisible by 7.

Let us write it out in full.

(1) 173,173 is divisible by 7. _

(2) 173,299 is to be investigated.

(3) = 126 is divisible by 7.

But since (1) and (3) are each divisible by{?, thelr
sum, (2), must also be divisible by 7. .\

If now we substitute 11 or 13 throughout this dis-
cussion for 7, we find that 126 is not divisible by 11 or
13, and so the sum of (1) and (?Q ca’nnot be divisible

WWW. th a%‘ltthﬁry org.in L4

You see that in a sn:—ﬂgure number this test amounts
to finding the difference between two numbers, one
made up of the first three the other of the last three

7
N P

digits, and seeing w}\ether this difference is divisible °

by 7or1lor 13., I?‘the number has only four or five
digits, take the” aiﬂ'erence between the number made
up of the last{three digits and the one made up of the
other one ortwo.

For example, is 85,176 divisible by 7 or 11 or 132
176\3\85 = 91, which is divisible by 7 and 13, not by
1L,

o) Agam, 8151 is divisible by 11 and 13, not by 7,
S since 151 — § = 143.

Numbers of more than six digits may he tested by
blocking them off in threes from the right end, and
alternately addmg and suhtractmg these smaller
numbers.

[4]
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For example, to test 78,362,495, we have only to
reckon 495 — 362 4+ 78, and see whether this is
divisible by 7 or 11 or 13.

This last form of the rule can be proved easily, and

I shall use a number of nine digits or less. Let the-
number made up of the last three digits be represented
by ¢, that made up of the next three digits by b, and*

that made up of the remaining digits by a. Then the
number N is equal to 1,000,000 a 4 10060 b -} s.\ TThis
puts a into seventh place, or farther if it has\more than
one digit in it, the three digits of & willNoccupy the
sixth, fifth, and fourth places, and ¢ Wiﬂl fill the three
end places. To illustrate, O

1,000,000 wv#vmmrylhfmwisatming tested.

Suppose that @ — b cis divisible by 7 or
o 11 or 13.

Then 999,999 a + 1001 b is divizible by that
\ same number. -
For, 999969°= 3% X 7 X 11 X 13 X 37,
1001 7 X 11 X 13,

and so, if {z - b + ¢ is divisible by 7 or 11 or 13, the
given nwniBer must be divisible by it.

T ls\\test for 7, 11, and 13 is very easily applied to
some numbers. Take the following as examples. You
can write others as easily tested.

135,245, 630,645, 708,695, 99,127, 524,538,
361,373, 986,426, 783,761.

\<

3

You can surprise friends by using this test; and seeing

If they can guess how you do it. For example, an
[5]
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is either O or a mu!tiplq,gf.l’l. Then combine the two
_so that d disappears. .{¥ou will find that all the coeffi-

MATHEMATICAL EXCURSIONS

automobile with five or six figures on its license plate
is standing by the curb. After a casual glance, you
remark that the number is divisible by 7 and 11, but
not by 13. Try it and see what happens. Your
friends will perhaps say, “What of it3” But very,
likely they will be curious to know how you did it.C%,

Another test for 14, For 11 there is a still simpler
test. Combine the digits of the number in,order, tak-
ing them with signs first + then —. If.fhe result is 0
or a multiple of 11, the number is divigible by 11.

For example, is 7293 divisible by /11?2 Yes, since
7-24+9-3=1L Y

You can (ﬂprpve this by taking a general form like
510 c+d, and'assuming that a—b+c—d

cients are &ﬁsmliby 11.

- Lewis Carroll tells in his diary of finding a method by
which he conald ‘tell by inspection not only the remainder
when a,niiniber is divided by 9, but also the quotient.
The mothod is not given, but, it might be interesting
tOg"‘“ to see whether you can find such a method.

..\
N\ Now we shall ask how we can write a general expres-
(0 sion for a number which is divisible by 2 or 3 or 4, etc.

You can see that, if n stands for any integer, 2 n means
a number divisible by 2, that is, an even number,
3 n means a number divisible by 3, ete.
Is th.ere any convenient way to represent a number
which is not divisible by 2, that is, is odd? We know
[6)



MATHEMATICAL EXCURSIONS

that, if 1 is added to or subtracted from an even number, -

the result is always an odd number, and so 27n + 1 or
2n — 1 stands for an odd number. This means that
every positive integer belongs to one or the other of
the two classes, 2nrnor2n — lifn = 1, 2, 3, ete.

In the same way we can make up a general form for .
all numbers according as they are or are not divisible ™

by 3, for 3 n represents all numbers that are divisible
by 3, and 37 — 1 and 3 n 4+ 1 ali numbers nqt\ﬂi'\?isi—
bleby 3. If we wish, we may take the two nuxabers that
follow a multiple of 3 instead of the twblthat lie on
either side of it, that is, instead of 3n »3and 3n +1
we may choose 3 n + 1 and 3 n +2.\"

So for 4; 4n Stang%ﬂi:roa‘b%%l{hrar s E]rl;ﬁSibIe b)?' 4,
while 4n + 1, 4n+ 2, 4n+3 mﬁiﬁr%or all pumbers
not divisible by 4. Diﬂ'eren‘t{”sélections may be made
for the last three forms, sich as 4n — 1, 4n + 1, and
4n+ 2, 0ordn—2 45— 1,4n+1

How many forms.aife\needed to represent all numbers
that are not divisible by 5 or by 67 What different
selections may-he’ made for these forms? How many

forms will represent all numbers not divisible by 93 or,

in general! Dy k, any integer? _

In general it is best to choose those forms which use
the siiallest numbers; for instance, 5n-—2,5n-1,
56+ 1, 5n+ 2 are apt to be easier to use than
Sh+1 5042 5n-+ 3, 5n -+ 4, but it makes no
very great difference.

Prime numbers. A number which has no divisors

except itself and 1 is called a prime number. Others
[7]



MATHEMATICAL EXCURSIONS

are called composite, because they are composed or
put together by combining different factors. Thus
the factors of 13 are only 1 and 13, but 6=1X6=2X3.
- How many of the first twenty numbers are prime?
Many mathematicians have tried to work out:
formulas which will give prime numbers. One of these
is n* + n + 11. If you substitute values for n, {Jotting
it successively be equal to 1, 2, 3, 4, etc., youwill find
that you get quite a list of prime numbexs’)> It can be
proved without much difficulty that; o matter how
many nunbers you may substitute er n, even into the
thousands or millions, you will gej; no result that is
~ divisible by 2 or 3 or 5 or 7, ax)d 80, of course, no result
worw dakiis diyisible, by anything leéss than 11. If nis a
multiple of 11 (n = 11 &),cthé result is divisible by 11,
and also if n is 10, 21,.32} etc. (n = 9). :
~ The expression n? P n + 17 is rather like this one
for producing primes when different numbers are sub-
stituted for r, { Substitute any value you please, you
will never ﬁnd a result that can be divided by any
number les ‘than 17.
Some. (Bave tried to find prime numbers that differ
)%2“ The only case of three such numbers in a row
ig°9; 5, 7 (or, if 1 is included, 1, 3, 5). Other “twin
A\primes,” as they are called, are 11 and 13, 17 and 19.
" ﬁ’ You can easily add to this list. The farther out we
go, the less often they occur. There are none at all
between 700 and 800 and between 900 and 1000.
Sometimes you will see the statement that two num-
bers are “prime to each other.” This means that
they have no common factor except 1. For instance,

(8]



MATHEMATICAL EXCURSIONS

12 and 35, neither of which is a prime number, are
prime to each other, since 12 is not divisible by 5 or 7,
nor 35 by 2 or 3.

To reduce a fraction to its lowest terms amounts to
changing its form so that numerator and denominator .

: N

are prime to each other. P

Here is a trick that is explained by some of the things->
in this chapter. A gives three dice to B and sdys:
“Put these in any order, and write down the)top
numbers, then write after them in the sameforder the
numbers that are on the opposite faces.”\\\v/

Suppose B arranges them thus: .\

L &

LU

* brw v.’dhraﬂlli ar‘j.o.l' in

%
- » agi e =
P d
k 23

then he writes 254,523. NOW A says: “Divide this
six-digit number by 3%, Divide this quotient by 3,
and tell me the t. I will tell you how you
arranged them without multiplying at all.”

254,523 + 37756879, |
6879 .3 = 2293, the number which B reports to A,

Whatever this four-digit number may be, A subtracts

7 from it, divides the remainder by 9, and gets a three-
~digit number, which gives in the right order the three
N\ umbers first written down by B.

In this case A is given the number 2293. He sub-
tracts 7, getting 2286. Dividing by 9, he has 254, and
the numbers originally chosen by B were 2, 5, and 4.
This trick is rather easy to do, but not easy io guess.

[9]
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PROBLEMS
1. Are the following numbers divisible by 32 731,

- 825, 1674, 48,572,

2. Are the following numbers divisible by 4 by 89
7648, 96,464, 733,136, 92,592, 83,754.

3. What numbers less than 7 will divide the fr:)llow-
ing? 913,428, 72,524, 9255.

4. What numbers less than 16 wﬂl th\nde the
following ? 973,822, 373,835,

5. The following numbers are eagh d1v131ble by at
least two numbers less than 16. Find such divisors.
8365, 543,907. SO

www.dbrulibfatyer siambers have, fhe same nglts but in

N

\‘:

opposite order, prove that Xheir difference is always
divigible by 9. For mstance try 8367 and 7638,

7. If b has an even humber of digits, and ¢ has the

same digits, but m\o})pomte order, prove that b 4 ¢ is
always divisible®by 11.

8. Prove that n(n® + 1) is always even when 7 is
any mtege&

9. Take any prime number greater than 3 and show
that\lt ‘belongs to one of the two following classes :
‘a. If 1 is added, the sum is divisible by 6; for ex-
b Ii‘ 1i is subtracted, the_dlﬁ’erenoe is divisible by 6;
for example, 13, 43, 61.

10. It is easy to give a proof of the statement in
No. 9, which, in other words, states that every prime
number has the form 6n -+ 1L or 6n — - 1. What five

[10]
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forms represent all numbers not divisible by 6 Which
of these can always be factored? The others must be
the only possible primes. Of course 6n + 1 is not
always a prime number. If, for instance, n =4,
6n 4+ 1 = 25. Butif a number is prime, it can always

be written in one or the other of the twoforms,6n 41 °

oron — 1.

instances of three consecutive odd numbers t;hgtf‘aare

prime. : & O

12. Show that the sum of two twin primgs greater
than 3 is always divisible by 12. N

13. If a fraction is in lowest terms{its square, cube,
fourth power, etc., arevalsibﬁwlﬂ;v@dmfms.

14. H an even number Whe.ﬂ’:d‘i.\}ided by 3 leaves a
remainder of 2, its half, when divided by 3, leaves a
remainder of 1. \J

15. If an even nungier when divided by 3 leaves a
remainder of 1, what does its half leave when divided

by 37 \ '

16. Show j,tigit'the product of any three consecutive
integers ig.always divisible by 3, that the product of
any four gonsecutive integers is always divisible by 4,

and ttkg, in general, the product of any n consecutive
integers is always divisible by n.

“\\M7. The number 1234 is not divisible by 11. How
fnany numbers divisible by 11 can be formed by chang-
ing the order of the four digits? For instance, 1243 is
divisible by 11, and you will find that there are seven
others. .

i1}

2\
<™

11. Prove that 1, 3, 5 and 3, 5, 7, are the ofly
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18. The number 12,345 is not divisible by 11. How
many numbers divisible by 11 can be formed by
changing the order of the five digits? Try in the same
way the numbers 123,456, 1,234,567, 12,345,678.

18. If a cube is not a multiple of 9, the remaindef,
when it is divided by 9 is either 1 or 8. O\

20. If n is not divisible by 7, either n® — 1 or;né +1
is divisible by 7. For example, 2° = 8,8 — 1 is
divisible by 7; 3* = 27, 27 - 1 is divisibleby 7. It is
not hard to prove this statement bygaking general
forms for all numbers not divisible by\7, cubing them
and either adding or subtracting Loy

21. The sum of all the factompf i20, including 1 but
WWW%&M}LF&';%MO' A\ if" .
22. The sum of all the factors of 672, including 1 but
not 672, is 2 X 672. &N
23. The sum of all the factors of 6 is 6,
6=A%X2x3=1+2+3.

The mathematicians of early Greece called such num-
bers perfect & the product of all their factors, including
1, is equal%o the sum of the factors. Show that 28 is
a perféet number, also 496, The next perfect number
is 8128, and the next one contains eight digits. All
these perfect numbers end in 6 or 28, but no one knows
S Whether this is true of all such numbers, or how many
<‘§ “ perfect numbers there are all together.

[12]



CHAPTER 1II

DIFFERENT WAYS OF WRITING NUMBERS =

Perhaps you have thought sometimes how luckyﬁi“"
is that you do not have to write numbers as the Roman
boys and girls did. Even addition looks hardsin such

a form as this: P "\
DCXIV ’

CCCXLI 0

And one would be W%ﬂﬁ;ﬁdﬁﬁ%ﬁ%lﬁg to subtract
or multiply when numbers are written in this form,

while division would be far worse

As a matter of fact, thet Romans did not use these
written numbers in actial computation, but had a
method of calcu]ating'\\with pebbles, the Latin word
for which is caleuli

Why is it thapour modern method is so much better ?
Why can we (eadlly use the written numbers in all the
usual comb{natlons addition, subtraction, etc. ?

There are two special reasons: one is that we have a
ZEro,, \éhch is most useful in many ways; the other is

thatithe value of a number depends on the position of

“jty/digits. In the Roman notation V, for instance,

\always meant 5 wherever it might be placed, as in XV

or XVIII. But in 85 and 85,111 the first 5 is really

treated as 5, while the second 5 is really 5000, that is,

changing the position of a digit changes its value.

[13]
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Just what does 329 mean? - Notice that there is no
special reason why it must mean one combination of
3, 2, and 9 rather than ancther. When the Romans
wrote MDC, they understood it tomean M + D + C.
When we see abe in a problem in algebra, we understands
it to mean a X b Xec. Now 329 means neithe;r\
3+249nor 3 X2xX9. Itis not so simpla.f"'lt
means 3 X 10?2 + 2 X 10 + 9, that is, it is the snm of
the digits, each multiplied by a power of A0, that in-
creases by 1 as we move one space to_the left. The
final digit is multiplied by 10°, the next’by 10!, etc.
The usefulness of zero is seen in sgch a number as
32,009, which means 3 x 10¢ —IT:Z")( 10 +9. In a

.. I;euﬁ%r}e%%lfo%n, if a _umnbt;}r\sdnsists of four digits
in the ordes a, b, ¢, d, the number is written 1000 ¢ +
1006+ 10¢ + d.

This method of writing numbers, known as the
Hindu-Arabic method, was introduced into Italy in the
13th century, bu‘pip\many parts of Europe the Roman
numerals werelsed until the 16th or 17th century.

Now let ug'sarry a little further the principle on which
this methéd depends. Why should powers of 10 he
used invthese numbers rather than 8 or 12 or some otlier
numbér? Why should not 526 mean 5X8242X 863
T;é&‘ is, why is 10 chosen rather than some other

,ofumber? The answer is that other numbers might
“\perfectly well be used instead of 10; in fact, it is
doubtless true that, if men had six fingers on each hand,
526 would mean 5 X 12! + 2 X 12 4+ 6. But if they
had four fingers on each hand, 526 would mean 5 X 8+
2X8+6. Asa matte{ of fact, any positive integer

14 ]
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except 1 might be used as a base in writing numbers,
and it is inleresting to experiment with different bases.

What does 283 written to the usual base 10 become
when 5 is taken as the base? You have only to remem-
ber what 283 really means to find what must be done.
What is the highest power of 5 that is less than 283 2,

Evidently 125. 283 = 2 X 5° 4+ 33. What is the.‘:

highest power of 5 that is less than 33? 33 = 5° +~
Again 8 = 5 4+ 3. So that 283 to the base 5 is ertten
2X5+45+54+3. Or, omlttmg each Eli JUSE as
we ordinarily omit 10, the number is 2113.\'It 1s easy
to check this result.

You will see that, while this wa),r of changmg the base
is easy to follow, the work can be &done quite fast by

ibr ary org.i
division, as will now be one. .\

5283 .
5/ 56+3 i.e...z’33=56><5+3
5 11 +1 A\ 56=11X5+1
24100 1= 2X5+1

Hence this numl}ar is 2113 to the base 5. You see
that this amounts to writing the remainders in order,
beginning, @th the last, after carrying the d.lVlSlO[l as
far-as 1hle.

Asamother illustration, let us find to the base 5 the
d@iﬁiﬁ%f the discovery of America.

“\™ 5[ 1492
N\ " 5] 298 2
5 59 3
5 11 4
2 1

g—
et -
1]
fa—



MATHEMATICAL EXCURSIONS

The required date is therefore 21,432,
Proof: 2X 54+ 5 +4 X 5 +3 X 5+ 2 = 1492,

If men had four fingers on each hand, show that the
date of the discovery of America would probably be\\‘
2724, | | A

When 5 is taken as the base, the only digits nepded
are those less than 5, just as, when 10 is the base,
no digits beyond 9 are needed. To the base,5 the first
twelve numbers are written as follows. _\"

1, 2 3, 4,10, 11, 12, 13, 14,.20; 21, 22.
2

Of course, 10 means the base and\11o units, 11 means
ww e baserandods wnit, 20 means\2 times the base, etc.
At first this seems queer, but*if we had always been
used to it, it would seemperfectly natural, and one
would think it strange.tp use any other base.
The larger the bas¢, the more digits are needed. For
the base 12 two ,mlﬁt be added to stand for 10 and 11.
- As a base 12 Has certain advantages over 10, since it
has more fadtors, and there are many who believe that
it would*be’ worth while to make the change to the
“duodédimal system.” But if you think of all the
aksy instruments, charts, ete., in which numbers are
used, you can see that such a change would be very
L. (\psetting for many years. '

.  The need of two more digits for the duodecimal sys-
tem appears if we try to write several numbers to the
base12. Forexample, 1492 = 10 X 122 4 4 X 12 + 4.
Suppose X is chosen as a single symbol to stand for 10.
This number then becomes X 44,

[ 16 ]
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Write 1709 to the base 12. The result is 11 X 12% 4
10 X 12 4- 5. If we let E represent 11, this becomes
EX 5.

If a number in the decimal system ends in 0, we
know it is divisible by-10, and therefore by 2 and 5.

If a number in the duodecimal system ends in 0, it is ,
divisible by 12, and therefore by 2, 3, 4, and 6. L

In some advanced work it is often helpful to write
numbers in what is called the “dyadic systern,™ in
which the base is 2. Of course, no digit beyond 1 is
needed. The smaller the base, the larger:thé form of
a given number. While 1492 to the base 12 is X 44,
it becomes, when 2 is taken as the base,*10,111,010,100.

Do you see what the mmmoqgglnshow about
its divisibility ? o\

In the dyadic system the“ﬁi‘éﬁ“twelve numbers are

1, 10, 11, 100, 161, 110, 111, 1000,
1001, 1010, 1011, 1100.

It would be vei‘y\:aésy to make mistakes in copying
numbers that dré so much alike, and the size of the
numbers makés them awkward to use. But if, instead
of 25 cent$>we should write 11,001 cents, just think
how wéalthy we should feel with so much money!

1 higpe you see now that the only reason why it is
_edSy to multiply and divide by 10 is that 10 happens

10 have been chosen as the base of our number system. .

If 8 or 12 or some other number had been chosen, it

would have had the same pleasant character that we

now associate with 10. We should divide or multiply

by it merely by shifting a point or by annexing a zero.
[17]



MATHEMATICAL EXCURSIONS

This point, by the way, shonld not in this case be called
the decimal point, but perhaps the duodecimal or
octonal point.

We know that 9 and 11 have some special properties,
as, for example, those proved in Chapter I, but we shall
now show that these properties are due to the fact that
they differ from the base by unity.

If b, an integer greater than 2, is the ba,se‘{ a nmnber
ig divisible by b — 1 if the sum of its ng\ts 18 divisible
by b ~ 1.

Suppose the number has four digits, p, q, r, s, then
it will be written pb* 4 ¢b® + rb & s. Subtract from
this p - ¢ 4+ r + s, which by hypothems i8 divisible by

- www.dbrgylibriry.org.in

..\

n\' ;

\‘;

(1) pb® + gb* + rb 4;—.,;3‘13 to be investigated,
p +q +r '—I—SIdelmblehyb -1,
@) p* ~ 1) +\q(b2 — 1) + r(b — 1) is divisible by
b— 1. C
&

Therefore, (1), which is the sum of (2) and (3) is
divisibledy b — 1.

In/the same way you can prove that, if a number is

'w{;tten to the base b, and the number obtained by

Qltemately adding and subtracting its digits in order
\either is zero or is divisible by b + 1, the number 1tself
is divisible by b+ 1

- Begin as in the last proof :
pb® + gb* + rb + s is to be investigated,
p —q +r —sisdivisible by b + 1.
‘Should you add or subtract
[18 ]



MATHEMATICAL EXCURSIONS

Do you see why in the first of these two proofs we
said that the base must be greater than 2? Does it
make any difference in the second proof if the base is
equal to 2, or is the statement still true when b = 29

There are several tricks that depend on the dyadic

system of writing numbers. Here is one of them, for ¢

which you will need several small objects — coins OF,
cards or checkers will answer — and some saucerg..\ If
the number of objects is not more than 60, you will
need only 6 saucers. The trick is to guess the;number
of coins, say, that some one has chosen,'and has
arranged according to your instruc‘rjonsﬁhile you are
out of the room. '.I‘his REFSGIL A A ,ygoagynnumber of
coins he chooses; if the number }s.oad, e puts 1 just
beyond the first saucer, and h?.lf ‘the remainder in that

O

HOBOOO

saucer, the re:syin’a box. Then he takes the coins in
the saucer, dud, if the number is odd, he puts 1 just
beyond .the‘second saucer, half the remainder in that
saucer,@& half in the box. This will be made clearer
by a\figure. Suppose he takes 43 coins. Then he
uts’'] beyond the first saucer and 21 in it. Since this
mber is odd, 1 is placed beyond the second saucer
and 10 in it, 5 in the third saucer, 1 beyond the fourth
saucer apd 2 in it, 1 in the fifth saucer, and finally,
1 beyond the sixth saucer. This disposes of all the
{19]
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coins, and the person who is to guess the number is
then summoned. Since the coins are laid above the
saucers numbered 1, 2, 4, 6, he has only to compute
142+ 2%+ 25 = 43, which is the number chosen.
Since 39 coins have been put in the box, it would sagfn
to anyone that there is very little to guess from,\But
you will see that what has been done in arranging’the
coins is really the same thing that you.have been
doing in turning an ordinary number info a dyadic
nurcher, only it has been greatly campnflaged, so that

it is not easily recognized. '
K7
PROBLEHIS
] - i i‘,~ :
www.dbraullpraggerivs the base 3 the first twenty integers, also
30’ 62’ 100. )’.. -

2. In the decimal‘system ; is written .1. Sup-
pose that we agrée to write %; as :1. Then -; will be
written :5, efc)” With this understanding write as
duodecimals'y; 4, 1, 52.

3. Sh\qivcr ‘that an even number (that is, one divisible
by 2) does not in all systems of notation end in an even
igit” Try writing 116 to the base 5. Can you find

N,
4

& er numbers to itlustrate this?

4. Does an odd number necessarily end in an odd
\' v digit In all systems of notation p -

5. H the base is 10, 234 is divisible by 13. Show
that this is not true if the base is 5 or 6 or 7. That is,
2X10°+3X104+4 is divisible by 10 4 3, but
2X54+3X5 +4isnotdivisihleby5 + 3.

[20]
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MATHEMATICAL EXCURSIONS

6. If the base is any number greater than 3 (why
can it not be less?), show that 231 is divisible by 11
and by 21.  This can be proved by taking a as the base,
231 becoming 2¢* + 3 a -+ 1.

7. The following statements are true if the base is

~N

N

10. Are they true to other bases? 156 is divisible ]337“ ;;:

13; 102 is divisible by 34.

8. Whatever the base may be, 16,101 is dl\ns}hle by
111. ¢

9. If any base greater than 4 is used,v40,001 is
divisible by 221. PNY

10. If any base greater than 2 m‘used 121 is a per-

fect square. www.dhbr auhbrm 7Y -OTg. in

11, If any base greater thaf; *3 is used, 1331 is a
perfect cube.

12. If any base greater than 6 is used, 14,641 is a
perfect square, '..\\

13. If any base'greater than 9 is used, 10,009 — 300
is divisible by 133,

Note. The ‘mext problems, though interesting, seem to
have little Gonnection with systems of notation. Their re-
lation to\the subject of this chapter will be shown later.

14.) 3& druggist wishes to know what is the smallest
,:Luﬁlber of weights that will enable him to weigh

Sarticles of any integral number of ounces from 1 to 40.
How many weights does he need, and how much does
each one weigh?

15. How does it alter the results in No. 14 1f the

druggist uses a balance, and can put one or more
[21]
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weights in with the object he is weighing? For in-
stance, if a 3-cunce weight with the package that is
being weighed exactly balances a T-ounce weight, the
package must weigh 4 ounces.

16. With five 1-ounce weights, five 10-ounce weights,™
five 100-ounce weights, etc., show that one can w&;g
with a balance an object whose weight is any m‘begral

number of ounces. A
o °
N\
O
O
O
www.dbraulibrary.org.in Q\,«
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CHAPTER ITI e
MULTIPLYING WITHOUT THE MUI.TIPLICA{I‘ION
- TABLE z,\\

Multiplication was carried on for years ‘before any
multiplication table was thought of \To multiply
was at first only to add a number €3 1tself a certain
number of times. T\meuﬁﬂnlﬁbﬁllw 3 meant to add
three sixes, 6—|—6+6—3><6 ‘But after a time
it was noticed that it would-save a lot of trouble if
some of these results of continued addition were kept
on hand for use, and so “the multiplication table came
into existence. E}riljiéﬂtly the product of any two
integers can belfound by addition. Bat, while it
would be quite, possible to multiply 465 by 342 by
writing 465, down 342 times and adding the ¢olumn,
it would /bé-a very slow process, and one thing which
mathe@a‘tlmans particlarly like is short cuts. No
lon,g‘p}eces of computation for them if they can shorten
thiework. You will see on the next page how this piece
““of work can be shortened if we suppose that one knows
how to multiply by 10 and 100 only.

This is better than adding a column of 342 numbers,
but it probably makes us glad that we know the multi-

plication table.
[23]
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46,500
46,500
4,650
4,650
4,650
4,650
465 .
465} — 2465

159,030 = 342 X 465 0"

300 X 465

4-6,500]

= 40 X 465

»

"\
What is known as the Russian Péasants’ Method of
Multiplication makes it possible (6 find the product of
vt R heE¥ e pPovided one, canl multiply by 2, divide

by 2, and add. Here is
method.

s’~

Multiply 27 by 38, %'
Write 27 at the.]s(éa\d of one column, 38 at the head

of another,

aniexample worked by this

In oné column — i makes no difference

which — multiply by 2, and in the other divide by 2,
throwing .away & if the dividend is odd. The last
quotient\iivi\]l always be 1, and the last product will
oorr%p’(}nd toit. The work below will make this clear.

O e 38
S 54 19
- 108 9
216 4
A3 2
_864 1

1026

[24]
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Cross out in the first column every number that
stands opposite an even number in the second column,
as indicated, and add the numbers which remain. This
sum is the desired product, as you can readily
show.

Here is another one that is a little longer. '\Q\
Multiply 47 by 89. O\

A7 89 O

o 44 SO

- 188 22 R
376 11 N
752 - 5, Y,
008’ w.dbra uh%ﬁ\i’:g .:;r g.in
1183 \

At first this seems vqgﬁi’ﬁysterious, but if you look
carefully at the second. column, you will see that we did
something like it &i.f:}\\Chapter II. Let us take if by

itself. AN

A, REMATNDER
JO7 2|38
~C 219 0
Nl 29 1
A\ 2| 4 1
o) 2| 2 0
1 0

This means that 38 in the dyadic notation is 100,110,
that is, 2° 4 2% + 2.
[25]
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Now look at the first column
1% 27 =27
2 X 27 =54
28 X 27 = 108 A
2! X 27 =216 N
24 X 27 = 432 RAY,
25 X 27 = 864 WV

This makes it clear that what we have ,d'g)\ne is to
multiply 27 by 2% + 22 + 2, that is, by'\x38. Some
terms were omitted because they do not, dappear in the
expression for 38, i.e. 2%, 2%, and thelast term. This
accounts for the numbers which, w& crossed out in the

wiirdbréglthty ore-in O :

You may like to try the other example too by this
method, expressing 8% in¢powers of 2. You will find
that 47 was multiplied by this very number.

Probably the peasints who multiply by this method
have never heard ‘of the dyadic system, and have no .
idea why it works, but any process is more interesting
if we know_ the-reasons which underlie it.

There, sa puzzle or trick that is so closely connected
wit this work that I mention it here. A table like
theione shown here is easily prepared. Ask anyone to

~JSchoose a number in this table, and to tell in which

\/columns it occurs. Then you can tell him what

number he chose by adding the topmost numbers in

the columns in which the number appears. Suppose,

for instance, that the number is found in the first,

third, and fifth columns. The numbers to be added
[26]
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are then 1 + 4 + 16 = 21, which must be the required
number.

You will find that each number occurs according to
its form when written asa dyad. Thus, 21=24-22+1,
and so it does not occur in the second and fourth .

columns. R N
1 1 I v v,
1 2 4 8 16
3 3 5 9 NIt
5 6 6 10 LY 18
7 7 7 1K\ 19
9 10 12 }é ) 20

11 11 13 28" 21
13 14 N L 22
15 15 www.iiéraul{}:t\%i@ry}'bg g.in 23
17 18 204 24 24
19 19 25 25 25
21 22 R\ 26 26
23 23 A ~23 27 27
25 26 \\ 28 28 28
27 2780 29 29 20
29 30 30 30 30
31 31 31 31 31

N4
If yowwould like a smaller table with only four
colun\ﬂﬁg"each will end in 15, as you can readily
show."

0 you can, if you wish, make this trick more elab-
\m \orate by putting in a sixth column. This will begin with
39 and contain the next 31 integers, the last number
in the column being 63. This means that all the other
columns must be lengthened according to the rule
followed in writing them, which you will not find it

' [27]
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hard to discover. For instance, the column that begins
with 4 contains four comsecutive numbers and then
skips four. Finally each column will end in 63 instead
of 31. \\
If the druggist in the problem on page 21 had had
this diagram hanging near his scales, he couldmﬁa"vé
told easily just what weights to use to add up, #6 any
desired number of ounces. Do you see how he could
use it ? P x\ v

A diagram may also be made to Help“the druggist
who puts his weights in either or bothsides of the scales.
Putting a weight with the tlnng\tq beé weighed amounts
to subtracting it from the weight on the other end.

v rfé’,l each welght may beused in either of two ways,
as positive or negative, \depending upon where it is
put. Weights which stand in the negative column go
with the thing that\is being weighed, those in the
positive colmnn,goﬁn the other side of the scales.

In this diagfam 7 stands in the columns headed 9,
— 3, and 1{and 9 — 3 +1 = 7. This means that,
if a 3-ounce’weight with the article to be weighed bal-
ances &’9-ounce and a 1-ounce weight at the other end,
the\article must weigh 7 ounces. Any number of
guinces up to 40 may be read from the table in the

. (“fame way. The table is less regular in form than the
. one to the base 2.

The principle used here makes it possible to write
any number to the base 3 without using 2 at all, but
introducing negative terms. For example, instead of
writing 8 as 2 X 3 + 2, we may write (32 — 3)+-(3 — 1),
substituting for 2, wherever it occurs, 3 — 1.

[28]
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1 11 111} IV k'l L' | YII
v (=1 @ (=3 © =9 @)
1 2 2 5 5 14 14
4 5 3 6 6 15 15
17 8 4 7 7 16 16 A
10 11 11 14 8 17 17 S
13 14 12 15 9 18 18 O\
16 17 13 16 10 19 19\
19 20 20 23 11 20 207
22 23 21 24 12 21 X\’\'zl
.25 26 22 25 i3 220 22
28 29 29 32 32 O 23
31 32 30 33 33\ 24
34 35 31 34 34 25
37 38 38 AN 26
404 39 www,dbrauljb;%}.org.in 27
40 o 37 28
oY 38 29
O 30
N 40 31
‘..’\\\ 32
e 33
QD 34
) O 35
P, 36
::\;..f 3
~\z.. 33
.\i“' a
O\ 9
.s\\ 40

‘tiﬁre will illustrate this, taking a larger number than

N hose in this table.
T4 =2 X3P +2X3242

—@3-DF+3-DF+3-1,

=P P+ P-—324+3-1

=3 —34+3—1
1291
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Any number may be written to the base 3 in the
usual way, and then, if desired, changed to this form by
substituting 3 — 1 for every 2.

This method of writing makes it possible to carry
out the process of multiplication when one knows how\\
to multiply by 3, divide by 3, and add. The Wor,k i§
similar to that when 2 was used, and if the remamdér
after dividing by 3 is 1, it is disregarded as\in the
former case. But if the remainder is 2, the\\quotlent
is increased by 1, and the remainder m?called -1
It makes no difference whether we gay 14 = 3 = 4
with a remainder of 2, or 14 + 3 = Swith a remainder
of — 1. In other words, 4t = 4&-% =5—3%

WS TY tRe Hhultiply 23 by 46. Except for the
difference already noted, we hegm Jjust as we did when
working with 2. )

Bxéimmnm
23 =23 46~ +1
3=69~.'\’\~1‘5 0 _
32><23=2Q7. 5 —1 46=3"—3 —32 41,

$X23=621 2 —1
34><23\W1863 1 +1

Jcan see now what must be done. Add the
nul}nbers in the column headed 23 which stand opposite
\1— 1, subtract from this result the sum of those which

\ stand opposite — 1. Those numbers which stand
opposite 0 are to be omitted,

Here is one more product which we found by using
2 as a base.

{30]
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Multiply 47 by 89.

47 89 -1

141 30 0

423 10 +1
1269 3 0 A
3807 1 1 N
4183 &

i”\\ A
It is evident that 2 and 3 are the only numb 3 )ti\,at
can be used conveniently in this special kind‘ef multi-
plication, since in division by 4, for instante, there may
be any one of three remainders, while ihyusing 2 there
is only + 1, and in using 3 only +"1\’%1 -1
www_dbraulibz‘\q}’}.org.in

- g
N
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CHAPTER IV B

2\
S

MOSTLY ON SQUARES O

Many centuries age a man who wasxoiix:ﬁous as
mathematician, philosopher, and traveler’ made a
discovery which seemed to him so wonderful that we
are told he sacrificed a hundred ox¢n’to celebrate it.
But if Pythagoras had been able “to look down the
wesnduries tamdy seg.ithe millions Who were to know and
use his theorem, he might.have had an even greater
celebration. For few statements are oftener repeated
and used, even in quites advanced mathematics, than
“In any right triapgle the square on the hypotenuse is
equal to the sum gf\t e squares on the other two sides,”
You may be interested to know that more than one
hundred proofs of this theorem have been discovered.
Indeed, jt.is' quite possible that some of you may dis-

cover brand new ways to prove it.
itwhat I wish to speak of now is not the number of
pg@fs of this theorem, but the number of triangles of

¢~ certain kind to which it can bé applied.
<)~ The most familiar numbers which can measure the
sides of a right triangle are 3, 4, 5. Of course any
multiple of these will also answer. Thus, if a triangle
is drawn with sides 6, 8, 10, it will be a right triangle,
But this triangle has the same shape as the other, and
[ 32]
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it is quite possible for two draftsmen to choose scales
so that a triangle with sides 3, 4, 5, drawn to one scale,
shall be exactly the same size as one with sides 6, 8, 10,
drawn to the other scale. But suppose we ask how
many right triangles of different shapes can be drawn
with sides all represented by integers. We may know
already of the combination 5, 12, 13, or 7, 24, 25. 180y
the number limited, or is there an endless supphy_of
cuch sets of numbers? And is there a means by ‘which
_they may be found? Of course we know théat; when
we are looking for a general answer to suchia question,
nothing gives quite so simple and usable)dn answer a8
Algebra. A formula has been found which gives a
general value of threevsidesbef antight, friangle. The
three forms m? — n%, 2mn, and “m2 + n? are readily
shown to represent numbers\Which measure the sides
of a right triangle, since {3

(m? — nep N2 mny? = (' + 0

If integral vaftes are substitated for m and 7, an
endless serie;-‘..:(if solutions of the type which we are
seeking will e given. For instance, let m = 2, and
n=1, .th}ksides are 3, 4, 5; letm=3, n= 2, the
sides~awe 5, 12, 13. In order that different shaped
triai’%les may in each case be found, m and n should

~Jigt both be odd nor both even. (What will happen if
N\Ahey are ?)

Perhaps it is a surprise to you te find that there is
no end to the number of integers which gatisfy the
equation * 4yt = 2% It might interest you to see
how many right triangles you can find with sides

[33]
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measured in integers, no side being greater than 100.
That will be a nice little problem to investigate.

And now for some further discussion of squares. In
all this chapter it will be assumed that we are dealing
with integersonly. Youmay, by the way, be interested <\
to learn that a quite difficult branch of Mathematids),
called Theory of Numbers, is a study of integers Gnly.
Perhaps you have not realized that so muchean be
done with these simple quantities, 1, 2, 3, 4,4%" .

Can you tell at a glance whether a gi\:r%n number
can possibly be a square? For example, which, if
any, of the following numbers might possibly be a
square O

www.dbraulibramm.iiﬁg& 435?’ 743’ 933,

Only a glance is neededyto' show that not one is a
square. And why? The\reason is evident if you will
notice the last figure~of the square of each number
below 10. N

¢. &\
Number . . . . 1 2 3 4 5
Last figureof square 1 4 9 6 5
X

This shi)‘ws. that no square can end in 2, 3, 7, or 8.
But @‘y" about 5 Take any number ending in 5,
square it, and you will find that it ends in 25. In gen-
_exal, 10 a + 5 represents any number ending in 5.
O~ (10 e + 5)2 = 100 a® + 100 a + 25.
The coefficient 100 in the first and second terms
means that the last two digits are 2 and 5. So then,

unless a number which ends in 5 ends in 25, it has no
chance to be a square.

[34]
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Note how the numbers in the above table run: the
square of any number ¢ ends in the same digit as the
square of 10 — ¢. Why? _

Try a table of cubes, like the one for squares, and see
whether it is easier to detect a non-square that has

accidentally strayed into the company of squares or a ,

non-cube similarly out of place. \)

* There is another test of squares which is interesting.
If the digits of any square are added, and, in c@e ‘the
sum is greater than 10, the digits of the sum ate‘added,
and so on, until a sum less than 10 is teached, this

final sum must be 1 or 4 or 7 or 9. N
Take, for example, these three nu:\.;nl\)'ers and add their
djgits. www.dbraul:ibr’ai'y_org_in
NUMBER St S]i}t‘b{.\‘ﬂ)" Sum Tmrp StuM
8,573,984 44 N8
9,545,079 39 12 3
5,975,281 3T A0 10 1

The first two n,ug‘lha\ers cannot be squares. The
last result simplj.means that nothing against the
" squareness of this number has as yet come to light.
As a mattep ol fact it is not a square.
The prifitiple involved in this test is treated in the
Theor%of Numbers under the somewhat imposing
title of° Quadratic Residues. Like many pompous folks,
Lhi§ is much more ordinary than it looks, for it means
Cthe remainders that are left when squares are divided
by some given number. For example, what are the
quadratic residues of 3?2 These are found by dividing
1, 4,9, 16, - - by 3. You wiil think it odd that 2 is
pever left over when a square is divided by 3, no
[35]
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matter how many you try. Every square is either
divisible by 3 orleaves a remainder of 1. The quadratic
residues of 7 are 1, 4, 2, and there is no difficulty in
making out the list for any given number. a

Take the squares in order and find the quadratic:
residues of several numbers. You will see some iu-

- teresting arrangements; for example, using @) the

remainders are N
14224101422 4P0....
The reason why these numbers répeat you could

easily find for yourselves. 7\
Now the quadratic residues of\9 are found to be 1,

v A R 568 Sthers (except g, which, although a re-

mainder, is not counted ameng the residues). These
numbers, if we remembér that a remainder of 9 in
dividing by 9 really migans no remainder at all, give
just the set of n s which I gave you for testing
the squareness ({{I& umber by adding its units — 1, 4,
7. 9. )

This conniestion may seem a little hard to see, but
here arectlie reasons in an orderly arrangement :

.(If/any square is divided by 9, the only possible

remainders are 1, 4, 7,9 (or 0).

A 32, If any number is divided by 9, and the remainder

is not 1, 4, 7, 9 (or 0), that number is not a square,

3. The easiest way to find the remainder when a
number js divided by 9 is to add the digits, and divide
that sum by 9.

4. Therefore, unless the final sum of the digits 1is
1, 4, 7, or 9, the number is not a square,

[36]
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Notice that we have proved in the course of this
chapter that, when a square is divided by 3, the re-
mainder is never 2, so that a number that is just 2
greater than a multiple of 3 cannot be a square. This

is really very easy to see, but notice what airs it puts -
on when we dress it up a bit — “Prove that a number,
of the form 3 n + 2 cannot be a square.” Plenty bf -

college seniors would have a hard time proving it; if
It were sprung upon them without any lntrqchmtxon
but you see that, with some facts to pave, the way, it
is quite simple.

- Another way to find the quadratic residues of a num-
beristouse a prmmpl&iaum&mﬂhﬂgtﬁrgm Forexample,
every number falls under one of (the three heads, 3 n,
3n+1, 3n—1. The squarey of 37 is, of course,
divisible by 3. The square.t t)f each of the other num-
bers gives two terms whith are divisible by 3 and a
remainder of 1. But sdppose that, instead of 3n — 1,
we use 3 n + 2, ho%)does that come out? We can
use this same meth\od for any number, and it shows
clearly why: zmy "number ¢ never has more than g

quadratlc rés1dues

No\v\}et us look at sguares from still another point
of; wew Did you ever notice what happens when you
ﬁldd consecutive odd numbers, beginning with 12

1+3=41+3+5=91+3+5+7=16,---.

These sums are all squares, and the sum of two terms
gives 22, of three terms 3%, etc. Will the sum of the
[37]
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first ten odd numbers be 10?? And will this rule hold
no matter how far out we go?

Again Algebra gives a satisfactory answer to our
question.  If you have studied the subject of Progres:
sions, you know that ’\\

P4+3+54.0.+19= 1+19><10 ;mz

or, in general,

143+5+-++@n-1)= —?”—Dix:;—nﬂ

Perhaps some of you have nop &liched Progressions

wwwr. d N R £y &R IE you have, you muay Tike to see a different

way to prove this formula Another method is given in
Chapter VI. R

The table of cubes ‘i'ivhich T suggested earlier shows
that it is not an €asy matter to decide whether a given
number is a_chbe. Suppose you continue the table
farther. Make a list of the nine digits, then under
each wr]:be the last digit of its square, under these the

 last digib of its cube, etc. See what it tells you about

f%rt,h and fifth powers. .
“CNine digits 1234567809
\ Second powerendsin 1 4 9 6 5 6 9 4 1
Third powerendsin. 1 8 7 4 5 6 3 2 9
Fourth powerendsin 1 6 1 6 5 6
Fifth power endsin . 1 2 "

Here is still another question about squares. We
have found that there is an endless number of integers
[38]
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that satisfy the equation ? 4 y® = 22 If we select
some special value for z, are there always corresponding
values for y and z9 It is readily scen that, if z = 2,
there is no corresponding pair of values for y and z.

For if 4 4- y2 = 2%, there are two squares which differ
.by 4. Now 4 and 1 differ by 3, 9 and 4 by 5, and any ')

other two differ by more than 5. It follows that z2 ;y2
cannot be equal to 4.
But every odd number except 1 is a posm}{le\value
for z, for
33 + 42 i 52 D
52 4 122 = 132, 7
T%V&W%%‘aﬁigézr‘\y;c\irg.in
92 4 402 = A1%
112 + 60 =617,

Do you see a law. by which these numbers may
be found? 32 = 9;‘4 + 5, 52 = 25 = 12 + 13, ete.
This seems to show 'that, if one squares the odd num-
bers, and dividés the square inte two parts differing
by 1, thesetwo form the values of y and z. Let us see
whether thig'is in general true.

Any&d number, 2 n+1, squared gives 4 n°+4 n+1.
This-may be broken up info 2 r?+2 n and 2 n?+2 n+1,
and-these three numbers satisfy the equation 22+y*=2%

\since
Cn+ 124+ 2r2+2n=02n+2n+ 1%

In the above solutions, giving odd values to z, ¥ is
always even. We may obtain even values for z also
391
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by multiplying any of the above results by 2. From
the equation 32 + 42 = 52 we thus derive the equation
62 + 8 = 10%, and so in general any even number
except 2 may be substituted for z or y.

For z the case is different, its range of values is moN\,
Limited. It is mever divisible by 3 or 7 or 11,“for
instance, unless = and ¥ are each divisible ky that
number. You can prove this yourselves, \(If?h a hint
to guide you.

To prove that, if # and y are not hothal\rls,lble by 3,
z cannet be divisible by 3.
~ If 2 is not divisible by 3, it mﬁt have one of the

worw.dipygalifopmso8edint 1 or 3 n —>I{) Similarly ¥ must be

of the form 3% or 3%k + 1\ or’'3k—1. (Do you see
Why we use both n and'k?) Now square and add,
using all possible combinations of signs in z and y,
and see whether 3 will divide any one of the sums
which you get, \You can try other numbers in the

same way.

We geé then that some numbers cannot be written

- as the)sm of two squares. It is, however, an interest-

ing{fact that every number can be written as a single
are or as the sum of two or three or four squares.

/~*More than four are never needed for any number.

Often a number can be written as the sum of squares
in several different ways. But you will notice as you
experiment that a multiple of 3 or 7 or 11 is never the
sum of just two squares unless these two squares each
contain that same factor. Here are several illustra-
tions :

{40]
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1=1,

2=1+1,

3=141-1,

4=4=T141+1+41,

9=4+4+1,
12=4+4+4=9+14+1-+1,
28=25+1+1+1=16+4+4+4=9+9+9+1, |
55=49-+4-+1+1=25425+4-+1=36+9+9--1

225=81-+144. A multiple of 3 is the sum‘{if.\only
two squares. Why? Voo

3
\? Py

PROBLEMS . .\"
www.dbrauli bralj\y@rg_ in

1. Show that by arranging the digits 1, 6, 9 in differ-
ent orders three different squaresimay be obtained.

2. Show that by arranging the digits 1, 4, 6, 7 in
different orders two diﬁ'e{ent‘ squares may be obtained.

3. x4 y2=24 ai(d\ x, y, and z are integers, prove
that either z or y,ié a multiple of 3; also either x or y
is a multiple of\éﬁ +’also ¢ or y or z is a multiple of 5.

4, Prove-fhét the following method of squaring a
number-yhich ends in 5 is correct. Take the number
left whén'5 is cut off, and multiply it by the next larger
nuptber. To this product annex 25. For example,
£6\square 35 take 3 and multiply it by 4, annex 25.

e result is 1225. To prove this method correct
in general square 10 ¢ + 5, and factor the first two
terms.

5. Prove that if a number ends in 5, its square has

an even digit just before the final 25.
[41]
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6. Prove that a number that ends in 425 or 825
cannot be a square. You will find ‘the reason in
example 4.

7. Prove that if a square ends in 6, the digit just:
before 6 is always odd ; if it ends in any other numbf},
the next to the last digit is always even.

8. Show that it is impossible to find tWQ consecu—
tive odd integers the sum of whose sgua\res is the

same as the sum of the squares of two coﬁsecutwe even
integers.

9. Prove that the difference of ;NO squares is never

www dirpimeBusabex, except that 3\3 22 — 12,

10. Show that every square “has-one of the two forms
4nordn+ 1. A\

11. Show that no.%jéfiiare can be made up entirel'_qr
of odd digits. W\

12. All squar es made up entlrely of even digits, and
not endingyin ‘zero (which is generally included among
the even, dlglts), end in the same digit. What is it?

13, \Prove ‘that the sum of two squares is never
dkigible by 7 or 11 unless each square is so divisible.

Js'the same kind of statement true of 13 or 177

" 14. Find a square made up of four digits, of which

" the first and second are the same, and the third and

fourth are the same; that is, it has the form aabb.

Suggestion.  Find a reason why 4 is the only possible
value for b. TFor instance, if b = 1, the square ends
in 11, which is impossible. Why ?

: [42]
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16. Find a square whose digits in order are ¢, ¢ — 2,
c—2,¢+4 1, _

Suggestion. 'The final digit, ¢ -+ 1, must be 4, 5, 6,
or 9, so that ¢ must be 3, 4, 5, or 8. Try 3. The
resulting number, 3114, is not a square. Why? Try

4, and you will obtain 4225, which is a square. The .
next problems are solved in a similar way. Note thiat,'

if a perfect square is divisible by 2, or 3, or any prime

number, it must contain that factor a second t’,n@\
16. The digits of a square in order are k:,\;k +1,

k+ 2 3k k+ 3. Find the square. ¥ '

17. The digits of a square in qugler_arem’ + 1,643,
t+5 ¢+ 2 Find the'sgaare. woq¥ "

18. Find a square whose digits in'order are d, d + 1,
d + 1, d + 2) d - 2, d + ]—- »"::""

19. Find two numbers which have the same digits
but in opposite order, and their squares have the same
property. For exa;t{p]e, 12 and 21 have as squares
144 and 441. Find ether instances. '

20. Find a squére which consists of four digits, and
when the digit< are written in opposite order this new
number is\also a square.

Sugg‘%ﬁbn. Show that the sum of these two numbers
mg,{:fjbe divisible by 11, then use Example 13.

“\21. Use Examples 19 and 20 on page 12 to make up
¥ test that can be used to tell whether a given number
has a chance of being a perfect cube.

[43]



CHAPTER V N
THE CHARM OF DECIMALS

"It is probable that when you were learnifigyto tarn
fractions into decimals you thought it mg;@‘(h;onous and
uninteresting. In fact very few peoplé enjoy dividing
unless their attention is called to_some interesting
.~ sights along the way, and some of Fhose sights I hope
Www'dbﬁ?)%]bﬁgrgij%@“l?rou. We shall take it for granted that

the fractions which we use aré'in their lowest terms.
You know that when you change fractions into
decimals, the division semetimes comes to an end, and
sometimes can be contiued indefinitely. For example,

&\
iz.-%%f A = .05 %=.333....

In the fizgt, two cases the division finally comes out
exact, in,the last case it never will, however long the
processis continued. 1Tt is clear that when the de-
nominator is a factor of 10, or 100, or 1000, etc., there

~ wilMfinally be no remainder, but in every other case
~there will always be a remainder. This means that
\'\; ~ the division comes to an end only when the denomi-
nator has as factors no prime numbers except 2 and 5.
1 5 5 5
FXE x5 16 Togg ~ 05
[ 44]
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This shows that, if the denominator is a product of
twos and fives, it can be turned into powers of 10 by
multiplying numerator and denominator by some power

of 5 or of 2. This is the only case in which a fraction

can be represented by a decimal with a definite number

of digits. In all other cases, that is, when the denomi- ,
nator contains a factor which is not divisible by 2 or( ™D

5, division may be carried on mdeﬁmte]y This may
at first seem rather discouraging, but it is not reaily S0
bad as it sounds, for after a time the digits begin to
repeat, and every such fraction leads to what.is called
a circulating or repeating decimal. Lewis Garroll once
said that a department.of Jtathemair ;. qught to own
a lantern to exhibit circulating depimals in the act of
circulating. That is what I shall try to do now, show
how these decimals circulate. «

In a circulating decuna]kt‘hé ‘numbers which repeat
are called the period of, {he decimal. In } the period
is 3, in 2 the period/8+.037. This is often indicated
by drawmg a Ime\z\ibove the perlod for instance,
31=.333.--- =3 & = .037037 .- - = .037. Whyis
it that in such*forms the digits hegm to repeat after a
time ? The\mswer is that they can’t help themselves.
- Supp \that you are changing 1 to a decimal. The
only possible remainders as you divide are 1, 2, 3, 4, 5,
6, and so, after at the most six divisions, one of the
‘e@ﬂier remainders must appear, and so the numbers
in the quotient are repeated. Perhaps this will be
clearer if we actually do this by long division, noting
the remainders.

[ 45 ]
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7)1.000 - - - (142857

7
30
2 :
20 &
14 O
60
56 ~\
40 O
35 S
50
9
www.dbraulibrary org.in I \“

/N

Beginning with 1, the s,uéceésive remainders are 3, 2,
6,4, 5, and then 1 appears'again, and so the six figures in
the dividend are repeated. Whenever the division does
not come to an end\leaving no remainder, this sort of
thing is sure to.\hﬁopen; the numbers will begin to re-
peat. If you'ere changing 14 to a decimal, there cannot
bemore then)1 0 figures before the numbers already found
begin tp.repeat, and in the case of 4 there cannot be
more/than 12 digits in the period. You will find by
experimenting that, while the number of digits cannot

«Dbe greater than a certain fixed number, it may be much
(SVess.  For example, there are two possible remainders

O

when one divides by 3, but } gives .3, only one digit

in the period. In dividing by 9 there are 8 possible

remainders, but 4 =1, only one digit in the period,

17 has only 2 digits in its period, while ¥r has 6. In

fact you will find that 7 is the first denominator to give
[46]
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a period of maximum length, and that the next one is
17; that is, if & is expressed as a decimal, there are
16 digits before repetilion begins.

Now I shall show you some interesting facts about
the period to which } leads. I am using chiefly frac-

tions with 1 as numerator for the same reason that inf N -

Geometry or Trigonometry we study triangles mare
than polygons — the harder forms can be §t@d§ed
readily through the simpler forms. \\

3 = T42857.
Multiply the period by 2. A
2 X 142,850b==2855Hdbrg in
The figures are just the same but rearranged, and
you notice that they are not{badly mixed. Suppose
we put them around a cindle’ in clockwise order, and
multiply by 2, 3, 4, 5,6, beginning at the end, that
is, with 7, each time,":\\
¢. &\
3 )

AN ¥
< You see at once that these multiplications do not
change what we call the “cyclic order,” that is, the
order on the circle; and if these circles were wheels
that we could turn around, each multiplication would
simply turn the wheel a little.
: . [ 471
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When you try multiplying by 7, something different,
happens, as you see must be the case,
You may like to experiment further, trying 8, 9, ete.,

but in this case you notice that there is something to

- carry from the following period, which is not the c@é
with smaller numbers. :

Another interesting result is obtained hyéddfng
-99999 - - - to the period. - \ &~

g

142857142857 . .. O
999999999999 . . ..\ )

As you begin to add note tha‘!;;ﬁhér(—‘: is 1 to carry.

. i "y i WX \.. - .
v b will try another experiment with the period
142,857. Divide it into two parts, 142 and 857, and

add the first digits of ‘gﬁ‘li)}i; then the second digits of
each, and then the third.
1 +,K¥\4+5 =2+47=09,

Take the sigh of all the digits,
..;::i.‘+4+2+8+5+7 = 27.
| Now\:éi;lslnge the period in sets

anck@d&.

O 14 + 28 4 57 = 9o,
" \"\ * Or, taking a different cyclic order,

WV 42 + 85 471 = .198.

And finally let us add the two 3-digit numbers which
we gel by separating the period into halves,
' [48 ]
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142 + 857 = 999
428 + 571 = 999
285 + 714 = 999 _
You notice that every one of these sums is divisible
by 9.

If you change % to a decimal, you will find its period;’

to be 076923, and you get exactly the same kind of
results when you combine the digits in the same\wfay
Isn t this remarkable ?

© What we said in the former case about, muitlplymg
‘by 2, 3, 4, 5, 6, does not hold exact]y for Y’;— because its
period. is only half as 10 might be expected. to
be. You will find that, w eﬁ%bﬁa i%pfy by 1, 3, 4,
9, 10, 12, you get the same digits in cyclic order, but,
if you multiply by 2, 5, 6, 7, 8, 11, you get a new period,
153,846, from which you oan ‘get the same results by
addition as before.

Addthedlgltssmg\y\ 14+54+3+83+4+6=
Add them by twos; 15 + 38 + 46

[l

53 + 84 + 61
Add then{b’}’threes, 153 + 846 =
538 + 461 =

&"” 384 4 615 =

dtice a result that you can get from each of those
\sets ‘of multipliers:
1 3 4 9 10 12
256 7 811

The two numbers at the ends add up to 13, so do
those next to the ends, and the two middle ones.
[ 49 }
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You will find the same kind of results for other repeat-
ing decimals when the denominator is a prime number ;
o for instance, has 16 digits in its period, and you can
make the same kind of combinations with them. If
the denominator is larger than 10, the period st
begin with one or more zeros, When you have half
the digits, it is easy to write the other half without Tur-
ther division, owing to the fact that we found in the
period of 7, and saw to be true also in thé‘%hdrt period
of 13, that, if the period is cut in halves, the sum of
two corresponding digits in each half¥s 9. So, if you
know the first eight digits of thgfriod of 17, you can

e first ten :
_ 0588235294,
You can fill in the othet\six, and try the same experi-
ments which we tried\with the period of 7. Arrange
these digits aroupd, a circle, and multiply by 2, 3, 4,
-+ - 16, alwaysp@u\ntin,g 0 as the first figure. You will
find that the‘product is already there on the circle,
but it is revelved into a different position,

Alsopifyou add the digits by ones, twos, fours, eights
— albypossible combinations that divide them into

oups containing the same number of digits in each —

_Fou will find that each sum is a multiple of 9.

N

5+8+4+8+24+3+
58 + 82 4+ 23 452 4+
a4+8+4+23+52 4+
588 + 2352 -
5882 4 3529 4.
“ete.

f 50])
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Not only the quotients but the remainders, too, have
special properties. We found, page 46, that when we
divide by 7, the remainders are 1, 3, 2, 6, 4, 5. Divide
these into two groups, and take the sum of the corre-
sponding digits in each.

132645; 14+6=3+4=24+5=T. 5?&

Or, adding every other one,

1+24+4=71, 3+6+5=1¢Q§’

The sum of all six is
14+34+2+6+4+5=2"

www.db liby
Take them by twos, e ; U

13 +'26 + 45 = 84, 32+64+51—147
Take them by threes, \
132 + 645 = 326 -4—\451 = 264 4513 = 777.

F is quite evident ﬂ@t ‘these remainders have something
to do with 7.

You Wﬂl-@i’lﬁ. the six remainders when iy is changed
to a decimal to be 10, 9, 12, 3, 4, 1. These can be
ireat the same way as the remainders for 7, but
no the number which keeps appearing is 13.

en the remainders are not all single digits, it is

& litlo harder to handle them, and so T will write

out some of these combinations. You see that when

two single digits like 3 and 4 come together, we use 34

as one of the numbers to. be added, that is, we really

use 30 + 4. So now, when 10 and 9 come t.ogether,
[51]
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we must write 100 -- 9, that is, 109, and when 9 and
12 come together, we use 90 + 12, that is, 102. So,
though it looks different, it is really done in the same
way.

109 + 123 + 41 = R
102 + 34 + 20

It

Notice how many times each of these s 'Y contams
13 as a factor, and compare this result with the corre-

sponding forms for 7. \
' : 1102 + -
www.dbraulibrary org.in + 426
¢\209 =

\
3
4

You will enjoy ﬁ]]mg out the, blanks, and finding
how the sums are ralateﬂ to 13.

Since 25 leada\to a sixteen-figure period, there are
wonderful déhances to make combinations with itg
remamders each sum obtained by the same methods
as in these two cases will have 17 as a divisor.

x\“
\Now we ask how it is possible to find from a given

~.1ee\peat1ng decimal the fraction which gave rise to it,
A » For example, suppose the gwen decimal is .777 -

Let o= 777,
“Then, 10z = 7.7777 -
92z =17, the decmlals bemg exactly alike,

z =4

[52]
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To reduce .3535 - - - to a fraction.

Let z= .3535---
1002 = 35.3535 - - -
99 z = 35
x = §3.
To reduce .370370 - - - to a fraction. <:;~
Let x = .370370 - - - O
- 1000 2 = 370.370370 - - - \.
999 & = 370 2
, 310 _ 310 3700 7 1

999 ~ 9 X 111 9><\3><37 T

From these examples “{:\gblﬁhbrffl%dﬁ‘ 8"a rule for
changing a repeating decimal to afractlon Take the
period for the numerator, and for the denominator
take as many nines as therere dlglts in the period.

This result may also be*obtained by using a geomet-
ric progressmn For {xs\unple, the repeating decimal
77 - - is equal to\f,he progression

.fﬁﬁ.‘{‘m"f‘—tﬁ)— + -

Here a —\%\r = J5, and n is indefinitely large. In

this ca,%\the formula becomes S = i . =-;£*

Ip The second Hlustration,

V — 35,8 | 38 . ..
-35 = g0 00" T 1007 T

Now substitute the values of a and r, and find the

value of S, :
[531]
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In case the repeating decimal is preceded by a whole
number, asin 2,777 - - -, the repeating decimal may be
used alone, and the fraction found from it may be

added to the whole number; thus, 2.777... = 2-3-\.
But the method which we used before will work. N\
| = 2777 - <O
102 = 27.777 - - - O
= 25
92 _ o 2’
= 21 L6

If there are digits immediately aftér the decimal
point before the repeating. decimal™Mbegins, the same

www.d%@n“M’ﬁéﬂg.i‘Hﬁl’k' For exa!@le:’let us reduce to a
fraction .85323232 . . ., Y

z = AV853232. ..
100 x ="85.323232 - - .
10000 z°~'8532.323232 - -

9900\¢ = 8447

3

W =% z.

We now (Bave enough material on hand to try to
answer ‘the’ question, why do some numbers give a
repeating decimal with the largest possible number of
digits’in the period, while others have a shorter period ?
I we know the number of digits in a given period,

o) we have shown that we must use the same number of

. 9'sin the denominator. Aud so we see that if in some

way we could find the number of 9’s in the denomi-
nator, we should know just how long the period is.

Let us, for example, investigate the period of .
Suppose z stands for this period. Then

: [54]
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1 &
11 9999

the number of 9’s in the denominator being exactly

the same as the number of digits in z If we di-

vide the denominator on each side of the equation by . £\
11, the left side becomes 1, and therefore the rlght side

must be 1. Now, how many 9's are needed in ord,er'“ ’
that the right-hand denominator may be dJWSlble hy

113 Clearly only two. Therefore, z = 1} = ,QQ\ :

Let. us try 1 in the same way. ' \
LR S ’
7 -4

tﬁn auhbra; y b‘rg in
Now see how many 9 s are needéd 'in order that the

second denominator may be dlvzslble by 7. You will
find that six are necessary, »&nd so the period of % 1s

six digits 1 N
igits long. ;4\,
75999999
Factor out 7 from bach denominator,
o e T '
e 142837

S .
There or&m = 142,857, our old fI'lBIld

This" iakes it easy to see why } and 3 have each
nly one digit in the period. It happens that both 7
and 13 will divide 999,999, so that they each have a
six-digit peried.
999,999 = 9 X 111,111 = 9 X 3 X 37,037
=0 % 3 X 37 X 1001
=P XTX1l X 13 X 37
[55]
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You can see that this looks as if 37 also would have
a six-digit period, but it happens that it does not
require so many 9s; it will divide 999, and so 37 has
only a three-digit period : & = 027. '

Instead of using 9, 99, 999, ete., these numbers are
usually written in the special form 10 — 1, 107 -3,
10 — 1, ete., so that the rule may be stated in“this
way:

The length of the period of the fractiouj\:}%g\

\
a prime number, is determined by theldwest value of
-k for which 10* — 1 is divisible by )
www'dbl‘a%gariydﬁro%ng table of pritg factors of 10+ — 1,
whenk =1,2,3, ... may be-of interest.

101 —_ 1 — 32 ‘\"’.:“

107 — 1 = 323011

10° — 1 = 88X 37

104 — 1 =32 % 11 X 101

10° = 32 x 41 X 271

10°51 = 39 X 7 X 11 X 13 X 37
Wi~ 1 = 3% X 239 X 4649

L ¥
N

when n is

m.\:ms_-1=3==><11-><:r_:-;_><101><1§z
NOTIO — 1 = 36 X 37 X 333,667
SO 100 -1 = 32 % 11 x 4T 971 x 9091

, \i D When a number is underlined, it appears for the first
N\ time, and the number of digits in its period is the corre- _
. sponding exponent of 10. '
Notice what short periods some quite large numbers
have; 271, for instance, and 333,667, If 1; is ex-
[ 561} '
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pressed as a decimal, instead of 100 digits in its period,
as we might expect to find, it has only 4. You may
like to try some of these numbers and see that this rule
really works.

There are only nine numbers less than 100 that have
the full-length period, the last one being 97, so that ¢, ¢
has 96 digits in its period. Of course this means that™

&, &, - - 3§ have periods of the same length, and each
is made up of the same digits in the same cydligrorder.
. L

All these statements about the periods and remain-
ders of a decimal are true. in-gemeral, by, when the
denominator is prime. For examplg;\f}’ = .047619, a
period that lacks the special charaCteristics of 142,857.
You will still find in many cages\ that the sum of the
digits is a maultiple of 9. N\

2 = 025641, 2+§54—6+4-+1=18
A = 012987, o+ 9=1+8=2+7,

Y 142+9+4847=27.
Sir = 004329, 4+ 3+2+9 =18

N

And now,what can we say about decimals which
neithersdoiie to an end nor repeat after a period of
certaint, length? Of course there are such decimals,
and it is easy to write down any number of them. Take,
Q‘br" instance, this decimal, 212112111211112 - - -, not
énding and not repeating. We have shown that a
fraction always leads to a decimal which either comes
to an end or repeats a certain set of digits, and that,

conversely, the fraction which corresponds to either

[571
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kind of decimal can always be found. So it is clear
that a decimal in which the digits follow each other
without periodic repetition cannot be a fraction; it
must belong to that other kind of numbers which we call
irrational. -+

Take, for instance, V2. The root may be extr:aq%d
by the usual methods, and carried out to as‘inany
decimal places as we please. With each new digit
that is found we have a number which, when Jsquared,
comes a little nearer to 2 than the one{ast before it.
These digits never repeat in regular order ; this number

Www‘dlﬁhﬁﬁ H}f.fpe“od- H it had, we couldhextract the square

Toot of 2 exactly. To seven. décimal places V2 =
1.4142136. Now this doesn’{t\leé)k at all different from
some repeating decimals, but“we have no doubt what-
ever that, however fa};'»the calculation is carried out,
even to hundreds orsthousands of decimal places, no
periodic repetition-ef the digits will oceur.
| O

1. Ren;lﬁée to fractions the following repeating deci-
mals. ™

.3{!&’}‘.6, .63, .018, 3.370, .2542, 1.534, 657, .857142.
» \\2 The following are the first nine digits of the 18-

PROBLEMS

o) ‘digit period of . Complete the period, and experi-
O ;

ment with some combinations of its digits.
052631578
3. Here is the first half of another period. Com-

plete the period and experiment on its digits, and see
[58]
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if you can come to a conclusion as to the fraction from
which this period comes if its denominator is prime.
04347826086

4. In reducing a certain fraction to a decimal the
remainders are

10, 8, 11, 18, 19, 6, 14, 2, 20, 16, 22, 13, 15, 12, A

and eight others. Find the others, and decide what
the fraction is if the denominator is prime. ) \\

The following examples in division are iﬁ}eresting
because such a small amount of information enables
us to get a rather long\ﬂ‘%gﬁ‘élﬁl%a@“ﬁ*%y long —
answer. They all have to do with shifting a digit
from the beginning to the end\of'a number, as, for
instance, changing 43,926 intg39,264. I will give you
some suggestions on one aghich will show you how
simple they really are. & '

6. The first digit, 68 number is 2. If it is shifted
to the end, the nf;vir}umber is half the original number.

If the result-ofmultiplying the new number by 2 is
to give a miibber whose first digit is 2, the first digit
of the newaiumber must be 1. That is, dividing 2 by
1 giVQS\\bh'é second ‘digit of the original number, which
thgrgfgre begins 21 - - . If we continue to divide by
2{se see that the third digit must be 0, 210 - - -, the

\gext one is 5, 2105 - - -, and you will have little difficulty
in getting the rather long result, 210,526,315,789,473,-

684. If you shift the initial 2 to the end of the number..

and multiply by 2, you will get this number of 18 digits.
{59]
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It is just as easy to begin at the other end. The
final digit after the shift is made is 2; therefore the
final digit of the original number must be 4, since it
is twice this new number. For the same reason, the
figure before 4 must be 8, ete.

6. The first digit of a number is 4. If it is shlftéh
to the end, thé new number is one fourth the ongmai
number.

You will find this easier, as there are onlg; mx digits
in the answer. \

7. Try this same example, using, ingtead of 2 or 4,

WWW dbm&lfiﬁgpﬁ é’gﬁh 6,7,.8,9. y \\w’

N NS
O

There is evidently a close chsnectlon between these
problems and the repeatlng {decimals which we have
been investigating in thj,s whapter. In Ex. 5, for in-
stance, the result contams ‘18 digits, and 1t will be found
that the sum of the-first and tenth, the second and
eleventh, etc., is 9.\ " These digits are the same as those
that are founddnreducing #5 to a decimal. When 3 is
used, the digits are the same as those found in reducing
25 1o a declmal and the others in order may be found

16 25 36 72
by usmg 30 49, 5o and in general ——— when

@”2, ;. 10z—1

There are many other problems like these with which
Yyou can experiment, as the following examples show.:

8. Find a number beginning with 6 which gives

a-number one fourth as large when 6 is shifted to the
end.

[60]
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9. Find a number beginning with 4 which gives a
aumber one haif as large when 4 is shifted to the end.

10. Find a number beginning with 7 which gives a
aumber one third as large when 7 is shifted to the end.

11. Find a number beginning with 3 which gives a .
aumber one seventh as large when 3 is shifted to the end,., N

Try other problems of this kind for yourselves, a:i}\d“"’

see how easy it is to make them up. At times y‘t\)ﬁ.Wﬂl
probably run across very long numbers. \‘{

WY

Www,dbrauljbrgrzy\:ff:g,m
S

VD
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CHAPTER VI &

IS THIS FORMULA TRUE?

I am going to show you a quite simple way.{o find
out whether a formula which you may have found to be
true for several numbers that you havf:»\tried in it
really is true; that is, to find out wl{ather it will hold

sww dbrEQTiBNeEy Agmber which you may substitute in it.

You probably know that the fact that a certain
formula is true when you substitute 2 or 3 for a letter
in it does not prove that it troe for 4,

Take, for example, thjg 'formula,

12428 432 4. +n2 =nt4+9n— 22
and let n = 3, 'Ilhﬁ?l
Pb 283 40x3_922-14
Now try letting n = 4:
"’\iz'+22+32+43 =449 X 4 — 22 = 30.
In QQ B these cases the statement is true. But now
!et,}q, =5z

O P+ 22t oxs 9
" While one side gives 55, the other gives 48, and so we
are quite sure that the formula is not a true one, For,
in order to be accepted and used as a formula, it must
be true for any numbers which any one may choose to
[62]
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qubstitute in it. For example, in this well-known

formula,
(@ + b)? = a2 + 2ab + ¥,

we may choose for @ and b any numbers we please,
positive or negative, fractional or integral, and the
two members of this equation will have the same value.

~

N

Now there is a method by which we may prove a O

given formula to be true or false without any gredt)

expenditure of time. In Chapter IV we proved that
the sum of the first n odd numbers is always n¢"(*ere
is another way to prove it which has the advah}age of
being more general than that earlier method.

Let us ask whether it is s1SProu BATERSA the sum of
the first n odd numbers is n*; thal “js) is this formula

true® -
1+3+5+---—li,(2'n‘—1)=n2.

Do you see why we stop’ with 2n — 1? If this
statement is true, then(it'is just as true when we go
one step further, th.at(rs,‘ to2n + 1. Ifweadd2n 4 1
to the first member, we must add it to the second
member also.‘\-".“'

14345407 +@n—D+@n+D=n+2ntl

Butcthis means that the sum of the first n + 1 odd
numbers is (n + 1% and so, if this formula is true for
any particular number of terms, it is true for the next

\arger nurmber of terms; that is, it is true when we go
just one step further. Be sure you get this. But now
cee what we have here. We know that the formula
is true when n = 3, because Wwe actually added the

. [ 631
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frst 3 odd numbers and found 3% Therefore it must
be true when r = 4, because we have shown that, if
it holds for any number, r, it holds for the next larger
number, n + 1. If it is true for 4, it must, for the
same reason, be true when n = 5, and since we call A
reach any integer by continuing to add 1 to thesea\\
earlier values, it holds for any number of terms. And
so we have established the fact that the sum of the'first
n odd numbers is always r’. AOY
This method of proving a formula is called “ Mathe-

matical Induction.” \%

. dbrauliadd GF@UnCAD prove by mathematical induction a
formula that you have probably\proved by another
method : o\

>

14243+ o= tD
Tn order to continud'the formula one step further
add r 4+ 1 to each Kis:le. " Then factor the right side after
reducing its termsito a common denominator, and you
will see that,you have the same formula as before, ex-
cept that now it goes out to n 4 1 terms instead of n.
So, if you show that this formula holds for n = 2,
this proof by induction shows that it holds for n = 3,
. q@ﬁﬁerefore for n = 4, ete.

~0" You notice that this method does not enable us to
./ discover formulas, but we can test by it the truth of a
relation which has been noticed in several cases, and
which therefore seems likely to be true.
Be sure that you do not make the common mistake
of thinking that the use of a few special numbers is all
[64]
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~ that is necessary. Take a general number n, in the
formula which you are testing, and show that when
n + 1 is used, the formula still holds. This does not
prove that the original formula is true. It means
simply that if you can find a special integer for which
it is true, it will hold for the next larger integer. For
instance, the formula 1 43454+ 2n—-1)=nt
states that the sum of the first n odd numbersisn?. We

showed that, if this is true, then the sum of the ﬁrjs,t:}

2 4+ 1 odd numbers is {(n + 1)z After this ger@!‘a}l
step has been taken, but not before, we are It dy to
use some On:n pariicular instance in which the formula
holds, gener: trying n = 2. I it is truéNfor n = 2,
it has been shgwn truge for'm PG %yr‘:}kﬁ‘}% true for
n = 3, therefore it is true for 7o 4t or 4, and so on
without end. ™ :

Some very important formulas can be established
by this method. One of the ‘most important is the
Binomial Formula when® the exponent is a positive
integer. . \\\

" PROBLEMS

4 _
Prove thesfellowing seven formulas true.

L1@§49+w+-~+@n—m=n@n—n

M%Y+4+7+~-+@nem=£@%zﬁ.
OV, | T
P nataatenat e T etl

4 12+22+32+.._.+nﬂ=%n(n+1)(2n+1).
. : [ 651
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6. 1°4-32452 ... +Q@2n-1)2=3 n{2n—1)(2n-+1).
6, P+ 29434 ... L p2 = Hn(n + )2

TP+ 45404 201 = n¥2 n? — 1)
8. Show that the formula (n+1)2=2np—pn43

istrueforn =1and p = 2. Doss it therefo

re follm\’v'\\
that it is a correct formuia »

&
9. The formula 2 + 4 +6+ - 4-2n = n? %}10"}13
+36 5% — 49 n + 24 will be found to be tr eif 1 or 2
or 3 or 4 is substituted for n. 1Is it therefére correct ?

o NOH)
N’
»
) t:\\w
) \ ¥4
-ww.dbraulibrary.org.in . \\.i\
- O
t:: ¢
N
R
«:‘,‘“
NS
<
¢ & t\,}
N\
\4
:2\“}
Y
\»/
Q
A\
Y
<> N/
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CHAPTER VII
MAGIC SQUARES -

Magic squares are made by arranging the first 9, 16, ~

95, etc. integers in the form of a square, so that the

£ 3

sum of the numbers in each row or horizontal ling, in
each column or vertical line, and in each diagenal; is
exactly the same, . R\ N

Here is a magic square made up of the first nine
integers. It is said to be Qf | l_gu’[f}%il‘d order.

81 6
3 5 7.0
4 9 3%

You will find that each»,bliieﬁ of the three rows, the
three columns, and the two diagonals adds up to 15.

8414 6=3-L60T=4+9+2=8+3+4
—1%5 +9=6+7+2=8+5+2

=@+ 5 + 6. |
Here is gi,\m:;g'lc square of the fourth order.
Xﬁ’ 16 2 3 13
O 5 11 10 8
) 9 7 6 12
4 14 15 1

~O
N/

You will find that in this case, too, the sum of the

numbers in each row, column, and diagonal comes out

the same. .
[ 67}
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It is a rather simple matter to write a magic square
of any odd order. The rules for those of even order
are much harder, and I shall show you how to write
one of the fourth order only. First, write the first
16 integers in a square, taking them in their nagural

. N
order. 1* 2 3 4’ K \

5 6” 70 . 8 s‘.,} , -
9 10° 117 12 \+
13° 14 15 16* o0’

: '\Qt
"Now let the numbers that are niarked in the same
way, for instance 1 and 16, change' places with each
other. You will find that you gét the square of the

v dbrefelit 6F8dP already given. 3\

In writing a magic squgre of any odd order the rule
is to make the numbers follow each other, as far as
possible, in a northeast direction, that is, they move
diagonally upwérd toward the right. Further rules
are needed gnly’when this one cannot be carried out.

It is well to arrange in advance an outline of the
square, wsing dots, thus —

SO
Sl o
A »" Put 1 in the middle of the top row. It is impossible

\‘;

to move from this point in a northeast direction, so
one of the extra rules is needed at once. Here it is:
When the top row is reached, but not the last space,
the next digit goes down to the bottom row, one space
to the right.

[68]
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The same sort of difficulty arises when we reach any
point in the last column, and so can go no farther
toward the northeast. The rule then is: Go to
the first column, but one space upward.

There is just one more question that arises. Suppose-

the space in which we should normally put the next

number is alfeady occupied, or there is no column to %

the right and no row above. What then? In this
case we go to the space directly under the one we have
just reached. : 7\

If you look over the square of the third ordepalready
given, yon will see that it obeys these riles, but the
direction has to change ‘gggf}ggufﬁkq%}t%“f?ﬁuy easier
to follow the rules on a larger squm:@f‘ fook at this
skeleton of a square of the fifth order, and you will find
an illustration of each of thes’a:ij}iles.

- N
K0 03
KO R 2
- We put ]\:iﬁ‘the middie of the top row. Since no
northeast-motion is possible, 2 falls in the bottom row,
one spg}ewto the right, 3 follows the regular course, but
4 go3'to the first column, one space higher up, 5 follows
thie regular course, but 1 is already in the space to which
Ne'would naturally go, so 6 takes the place just below 5,
and then all goes on merrily. These rules Work per-
fectly, and it is fun to write out magic squares of the
seventh, ninth, or higher orders.

. 169 ]
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I write this same square once more, putting in a few
more numbers, in case you have difficulty at any point,
and would like to refer to it.

1 8 15

16 O

N
I
. 18 . . . ,u:’; -

You will probably have no trouble at %{B\iﬁ complet-
ing the square, or in writing more e]abarate ones, but,
just to make suare, I give an outli eof a square of the
seventh order with some of the harder places filled in,

www . dbragdébghat Féuican refer to it in\¢ase of need.
O

29

MR\ AR
A1
({21

T |
Youwwdll find that by this method the last number
always-comes out in the last row directly underneath 1,
; i) that the main diagonal, as it is called, is never
_Jinterrupted. Perhaps you will alse notice for your-
A »'selves what number stands in the center of the square,
¢~ and a connection between the numbers which stand
4 at the same distance from that central number and on
opposite sides from it,
The next place to be used on reaching the edge can
be determined easily by writing an extra row above and
[70]
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an extra column to the right of the form on which you

are working, and using as before the northeast rule.

The numbers thus located are readily shifted to the
bottom row and the left-hand column of the original
square. In using this method the only rule needed | A~
besides the one in regard to northeast motion is the . N
one about the place directly beneath an occupied place, { D
Here are two illustrations: VU

e
e

9 2 L1825 2 9 o
17 24 1 8 154AF
93 5 7 14 16423

4 6 13 20022| 4
10+ 121bp0likgAry o8 fnl0
1118 202 9

L2 89
DO
[R-REN =)
(L —=]

How can we find out what tfig number is which gives
the sum of each row, column, and diagonal of a magic
square? We know haw ‘to find the sum of all the
numbers in the square) (page 64) and by dividing by
* the number of rows, that is, by the order of the square,
we find the sunpof the numbers. in each row.

For examgl{a;\ in a square of the third order,

Oa . _9X10=

and:3
~d\ 45 + 3 = 15.

\ W

_In a square of the fourth order,

1+2+3+---+16=£>§<—lz=136,

and 136 + 4 = 34.
[71]
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_ MATHEMATICAL EXCURSIONS
~ In general, if a square is of the nth order,
-1+2+3+...+n2=n_2£'f2:’_‘.9.
This is the sum of all its numbers. If it is djvide@ by

n, the result gives the sum of the numbers in any row
or column or diagonal of g magic squarey that is,

2 3
| n{n 2+ D s You can check the corre\g‘tiacss of any

Square very easily, p x\
There are many arrangements of @ magic square of
any given order. I have given-you the method that
I like best for Constructing sqaares of odd orders, but
%s, one, for instance, that

is based on the knight’s miove in chess,
The square of the third order which I gave you can
be written in eightdifferent ways, but they are not
really very different, since the same sets of three ocour

In each one. Heére are two of these different forms, and
You can find the others,

PRGN I 4 3 3
N 15 9 95 1
R 6 7 2 2.7 6

's.‘fz’fol.-ll"‘th order, which lead to 7040 different forms by
\*  Writing the sets of numberg in different ways, turning

rows into columns, for instance, ag we have just
done with the one of the third order, The total

number of magic Squares of the fifth order is more
than 750,000, /
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There is a magic square of the fourth order which
has such unusual properties that I shall show it to you.
Tt belongs to a certain class called pandiagonal, pan
being the Greek word for all. You have heard of Pan-
American conferences, which are planned for all

American  countries. A pandiagonal magic square

must give the same sum, not only on the two maipi. )

diagonals, but also on what are known as the broken
diagonals. Here is a picture of all the dia,gon;ﬂg"bf a
square of the fourth order that run upward to {héright.

a b c d

S S S P\

b e d a AW
/ﬂW)d.d/M'aul)b\ﬁgry_org_in
c/d/a/b o

d d B

The four d’s form the nshal diagonal reading upward
from lIeft to right, tj&e}fbur a’s form a broken diagonal
and so do the b’s‘and’the ¢’s. '

You see that ghere are four numbers in each diagonal, '

broken or Whpl’é, and there are just as many diagonals
drawn upward to the left. It seems, then, a large order
to hayelall these diagonals satisfy the usual conditions,
instead of only two of them. '
__(Sometimes these pandiagonal squares are called
 perfect, sometimes diabolic. 'The Hindus first investi-
gated magic squares more than two thousand years
ago, and these special squares are often called Nasik,
from a town in India where they were investigated
by an Englishman who lived there. This special
[731]
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Nasik square which I shall now show you is carved in
Sanskrit characters on the gate of the fort at Gwalior,
{ndia.

15 10 3 6

4 516 9 N
M1 2 7 N
1 .8 13 12

\..:

You will find that the sum 34 comes not oﬁly from
‘the rows and columns but also from all th}e diagonals,
whole or broken, and, still more surprlsm\gly, from every
small square that can be made frpm*this square by
taking adjacent numbers, for instance,

www,dbrauljbrary,oIs.in10 10 3 - \' 4 5

4 5° 516" 1 11 ¢

See if you can find} twenty-ﬁve different ways in
which this unusual sqliare gives a sum of 34, instead of
the ordinary tgxways.

A magic Square need not necessarily be made up of
consecutive numbers from 1 on. Any square arrange-
ment #fnumbers in which the sum of the numbers in
eac]:l\*ow, column, and dlagonal is the same is called
,@aglc Here, for instance, is a magic square. Do you

_«\ 5¢e how it is made from the regular magic square of the
()" third order?

~O 10 3 8
N\ 5 79
6 11 4

In Albrecht Diirer’s famous picture called “Melan-

cholia™ there is a magic square of the fourth order
[74]
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hanging on the wall. An interesting thing about it is
that the two middle numbers of the lowest row are
15 and 14, and the date of the picture is 1514.

In ancient times these squares were thought to have
magical properties, and they were engraved on metal

or stone, and were worn as amulets to ward off evil A
spirits. They are still used in India for this purpose.~

An old puzzle which might make one think of Igaglc
squares is the Fifteen Puzzle, which would e very
useful in experimenting with squares of\the' fourth
order. Tt is often for sale in toy or puzzle shops. A
shallow, square-bottomed”bxiPjastbldrgeredough for
sixteen blocks, contains only fifteenabeled 1, 2,3 - - -
15. They are placed in the box jn haphazard order,
and the puzzle is solved whenaby shifting the blocks
about, without taking anyteut of the box, they are
arranged in regular nusaerical order, 1, 2, 3, 4, ete.
1t is really quite a pu,z’g:lé, and it cannot always be done
if the blank space S left at the end. Sometimes, in
spite of all our efforts, it comes out with all the numbers
in order except that it ends in 15, 14, instead of 14, 15.
In this ca,sé}t still can be done, that is, the blocks can
be arranged in regular numerical order. if the vacancy
occursiin the first space instead of the sixteenth., This

fag{;“ié not generally known by those who have worried

wver this puzzle. -

A certain mathematical form which resembles these
squares is known as a determinant. Magic squares
are often written framed by lines on all sides, or even

[751
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with sets of parallel lines separating the numbers from
each other. That is a maiter of individual choice.
But a determinant is always written with a vertical
bar at each side, thus, —

o <\
35 7 N
6 ]' 9 '::.:x.
8 3 3 ot

The rows and columns do not have to give the same
sum, and in general they look less interesting at first
sight than magic squares. But theyare remarkably
useful in advanced as well ag ; srather elementary
mathematics. However, that is@nother story.

N\

www.dbraulibrary org.in :.\\\\3
N/
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CHAPTER VIII
A FEW REMARKS ON MEASURING AND ON

TN

N

INCOMMENSURABLE NUMBERS <O\

What does it mean to measure a straight ]irgeﬁi“l‘t
means that we take some convenient length whieh will
not change while it is in use, and mark it-off ‘on the

~ line as many times as the length of theline allows.
Perhaps we choose an inch length to measure with,
and find that when we roadhrthebendrof ghe line which
we are measuring we have markgad;oﬂ; the inch 15 times.
Then the line is 15 inches long® “But perhaps there is
still a piece left over, less thanan inch in length. Then
we might divide the inehi‘into two equal parts, and
see whether one of thése parts will complete the meas-
urement. If something still remains, we might take
quarter-inch measurements, or eighth-inch, ete. We
might ﬁnaﬂy\’ﬁﬁd the measure of the line to be 15%
inches. O

But, isitpossible that the measuring will never come
to amend? That is, we measure in inches and some-
th\mg is left over, in half inches, quarter inches, etc.

~May it happen that, no matter how long we keep this
up, something always remains unmeasured ? You can
see that in actual practice this can hardly happen if
we are working with the unaided eye. For; by the
time that we get beyond thirty-seconds or sixty-fourths
* C 177 '
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of an inch the differences are almost imperceptible,
But is it really possible in every case to measure a
line exactly in terms of any given unit— an inch, for
- instance, or fractions of an inch? The answer, as you
have probably proved in Geometry, is an emphatic-No.
Suppose you draw a right triangle with its peﬁen—
dicular sides each one inch long. How longjs the
hypotenuse® If it can be.éxpressed
exactly in inches og,gfiétions of an
inch, suppose tha‘:l}‘it measures %
inches, both a and b being integers,
and the frac’ﬁbn reduced to its low-
est termsi,) Do you see that this is
possibleif the measure is exact ?
Now our best known theorem tells us that
™S

%‘= 2,0ora = 2P,

i

fary.org.in

/

www.dbrauliby

It follows(that a? is an even number, and so ¢ must
also be gven. If a is even, it must be 2 times some-
thmg! 8o'let @ = 2 ¢, and substitute 2 ¢ for a:

m\ 4¢ =20 or 2¢2 = P2,
&Q‘f]ﬁs means that & is even, and so, of course, b is even.
()" Since ¢ and b are both even, the fraction 7 1s not in its

N lowest terms, but this contradicts the hypothesis, and
therefore the hypotenuse cannot be exactly measured
by a fraction. This proof is due to Euelid.

This proof means that, no matter how small a unit
[78] ‘
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you take — a millionth or a billionth of an inch — you
can never measure that hypotenuse exactly. This
fact we express by saying that the side and diagonal
of a square are incommensurable, that is, have no
common measure. Any length that exactly measures
one of them cannot exactly measure the other. The

hypotenuse of this triangle is represented by the .

symbol v/2, and you know that, no matier how long'""’

a time we may spend in extracting that square root
1.4142 . - -, we shall never come to a point thne we
can drop our pencﬂ and say, “There! Tha.t. is the
exact answer.’

But if we can never EXpress the square root of 2
exactly, why do we say & t ﬁ ! lﬁ% ¢ This
number represents an attempt to g@t "8 near as possible
to a number which, when squaréd; gives 2 as a result.
Since 12 = 1 and 22 = 4, werknow that this number
lies between 1 and 2. If now’wé square 1.1, 1.2, 1.3, -
we shall find that one éf\these squares is less than 2
while the next is g::qafelr than 2. We thus find that
1.4% = 1.96, which\is less than 2, while 1.5> = 2.25,
which is greater: than 2. Next we try 1.4, 1.42, and
find that the/nfimber we are seekm,g Jies between them.
You see that we are really carrying out the process
which Q\called extracting the square root of 2 just by
experithenting, not having any definite rule for doing
tlte ‘work. The farther out we go, the nearer the
square of the number comes to 2. It is interesting to
watch the approach when the numbers are written out
in full. Those smaller than 2 are on the left, those
larger than 2 on the right.
: [79]
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13 =1 2 2 =4

1.42 = 1,96 2 1.5° = 2.25
1.41* =1.9881 2 1428 = 20164
1.414* = 1.999396 2 1.415* = 2.002225
1.4142? = 1.99996164 2

1.4143* = 2.0002444{(

While it is impossib]e to arrive thus at a- ﬁumber
which when squared gives exactly 2, we may® comme very
close to it by continuing this process, getllsmv at each
step two numbers between the squarqa\;zf which 2 lies,
and which keep coming closer and ¢lbger to each other
at each step. These successive,ntmbers are called

werw dbr E‘JIP roximations to the square] ‘root of 2. Not only

o these numbers never come\to an end, but the dlglts

pever repeat in regular c:rder for reasons found in
Chapter V. N

Cube roots may also be found by this method, but
of course it takei{nuch longer.

Besides Sqﬁe\lfe roots, cube roots, etc., you have
probably ®iade the acquaintance of logarithms, and
of sings Cosines, and tangents of angles. Most of
these\numbers are incommensurable, that is, they
‘a{mot be expressed exactly as a fraction or a mixed

«\pumber, which means that they are not repeating
% decimals.

The same is true of that famous number i, perhaps
the most famous number in the world, though a number
called e is a rival, and may be considered by some even
more famous and useful. You will hear more about =
in Chapter IX.

[ 80]
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Do you know that it is possible to represent geo-
metrically the square root of any integer? We have
seeri that, if the side of a square is 1, its diagonal is
V2. Similarly, if one side of a right triangle is 1 and
its hypotenuse is 2, the third side is V3, etc. "
Here is an interesting way to make a scale which
gives the square root of as many integers as we pleases \))

G N NE Dod

7
;//‘

\\J

ww.ghraulibrdriiorg.in

I

A B R

AR is the side of a squares and represents 1 unit.
With A as center and the diagonal AC =V'2 as radius
strike an arc cutting AB produced in D. At D erect
a perpendicular cutting.the opposite side of the square
produced in E. With A as center and AE as radius
strike an’arc cutting AB produced in F, and continue
this processy@Then AB =1, AD =V?2, AF =3,

AH = Vi spte. -

Yoq\%}ﬂ]' find that using graph p\a;ger you can measure,
withfut drawing any lines at all, V2, /5, v10. What
others can you add to this fist ? o
* \/Faurther, you will find that additional lines are needed
to measure on graph paper V3, V6, V7. What
others can you add to this list? :

[81]



CHAPTER IX N\

SOME FACTS ABOUT =« N\

N

The number which we call « attractei 1’:he notice
of mathematicians thousands of yeags \ago When
they tried to measure the area of atirele or the length
of its circumference, they found smany difficulties in

www.dbraghérgayers Bor the fact that thielboundary is curved,

“.\
N
~

the very thing that makes; it mrcle, makes it hard
to measure. It was dxscove‘red quite early that there
is a connection between the circumference of a circle
and its diameter, that if the diameter is increased to
two or three times-its original length, the circumference
also becomes Juét\so many times as long And so the
important duestion arose: Just what is t]:us relation
between the circamference and the diamédter of a
circle ®\ m: in other words : What is the constant number

that.l} given by the relation circumference
N\ diameter

You could get some idea of its value by rolling a
circle on a sheet of paper along a straight line. Mark
a point on the rim of the circle, and measure carefully
the distance on the straight line between the two points
at which this mark on the circle touches the paper.
If the number of inches in this distance is divided by
{82]
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the number of inches in the diameter, the result gives
an approximate value of this ratio, and if you try the
same experiment with a circle of different size, the result
should be about the same. The cover of a baking
powder tin or a round bottle can be used for the pur-
pose. Or, instead of rolling the object, you can measure

the length of a narrow strip of paper that just goes()

3
N

around it.

Of course these measurements are very rou'g‘ﬁ, but
they may be more accurate than some of the early
attempts to find this ratio. For instance, we are
told that a great basin.jn fAelomoy3demple meas-
ured 10 cubits across and 30 culiaits‘;around (I Kings,
7:23). O

The Egyptians, earlier tl;gxiiﬁ"(()() B.C., found the
value (32)? = 3.160 - - .. 0N

Ptolemy, the famous astronomer, in the second cen-
tury a.p. gave as the yalue of this ratio 314%.

And so there cafe’to be more and more accurate
estimates as the ‘centuries went by. Archimedes’
efforts to compute this value are especially interesting,
and you magy-Jike to see how it can be done by a method
similar, 16yhis. But when we remember that Archi-
medeggﬁ'd no such means of computing with figures
as We*have, it is quite wonderful that he was able to
“prove that this ratio lies between 344 and 33¢, that is,

tween 3.1428 and 3.1408.

Take a circle with diameter equal to 1 unit, and draw

two squares, one inscribed and one circumscribed.
Represent the circumference of the circle by C, the
[83]
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pertmeter of the smaller polygon by p, and that of the
larger by P. Then it is clear that p < € < P. Now
let us measure p and P, as
we can easily do, since

A0* + 4B = OB* = 3¢~

]

AO = AB, .
AB2 — %, w?'”;,
0 AB = 1V2.

This means{}\hiit p=
8 AB = 22)= 2828 . . ..
We havelthen this result
from J,h:e}two squares,

2.828 < Q4.

Now bisect the arcs which subtend the sides of the
Inner square, and constritet two regular octagons, one
inscribed and one circurn-
scribed.  C evidently lies
between the tw@ perime-
ters. We .can® measure
these perimeters quite
readily by Trigonometry.
in th@,}finer octagon, for

in\s\\bénce,

e g =

www dbraulibrary . org.in

(S angle BOA — e =22°30".
\ ) . .
. Knowing an acute angle and the side OB, we can solve
for AB, and p in this case is 16 AB. This work takes
time, but it is not difficult to get successive values of

' [84]
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. p and P as the number of sides is doubled. Here is a
table that gives their values to 5 decimal places, using
polygons of 4, 8, 16, - - - 512 sides.

Numeer or SipEs P P .

4 4.00000 2.82843 . §
8 3.31371 3.06147 A
16 3.18260 312145 LMD
32 315172 3.13655 . \J

64 3.14412 3.14033™\

128 3.14222 3.14128

256 3.14175 3151

512 3.14163 314157

O

Now if you recall thatr(r]‘xéslﬁmysab}mvgen pand P,
you will see that we have an dpproximation that is
correct to two decimal placegiwhen we have carried
out the bisecting process only*four times. Of course
it is more accurate the longet we continue this process.
It was only the fact that, Archimedes had a very clumsy
notation that kept hiih from getting a surprisingly close
value of this ratigh. “Since we took the diameter as 1,
we have found that this ratio is approximately 3.1416.

N
As is ofter'the case with a new arrival in the family,
there was some difference of opinion as to what this
ratio{should be called. Some called it ¢ because of
itsseonnection with the circle or the circumference ;
“some called it p, the initial of perimeter; but finally we
Seem to have agreed to call it =, the Greek equivalent
of the Latin p, and the first letter of the Greek word
perimeter. The letter = was first used for this purpose
in the 17th century. '
[85]
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There are many methods by which an approximate
value of = may be constructed with rather simple
geometric figures. Some of these may interest you.

Let the radius of the circle with center at O be 1.
Inscribe in it a square. The side AB =v2. On 4B

2.7

A B * + - Et‘.} . c
\o , 7\

I_____..---"'".' ‘-F. "’\“

) '..\\,,'

produced lay off AB four txmé‘s " Then AC = 5V2,
www.dbraQprafry off AE = AO, =7, and join E and C.
From C on CF lay off CF, 4.

EC: = EA" 1+ AC? =1 + 50,
EC iﬁ/—l = 7.141428 -
Therefore, EE\ V5] — 4 = 3. 141428

This \ralue of EF differs from the true value of = by
less than 000165.

\Here is another rather easy construction which gives

. l’& still more accurate value of «.
O Draw a circle of diameter I. Let AB be any diam-
N/ eter and OF a radius perpendicular to it. Tangents
' drawn at A and E intersect at F. On AB produced
lay off BC = {5 and BD = %. At D draw DH per-
pendicular to FE and . meetmg 1t at H. Join A and H.
With F as center and radius FC cut off FG on FA pro-

L3861

aﬁ'/,



MATHEMATICAL EXCURSIONS

duced, and through G draw a line parallel to AH,
meeting FH in P.

F E

H _ Ly
el
A ° K

\V
RS
- R
‘Ql ¢ % ’}
Then '\\w
_G£ — _FE www_dbrau\ki‘b*@r}.org.in
AH FA x\>\'
Bllt :”:‘ ’
A = AP+ FH = ()54 ()" = 188
Therefore R\ \
AH = 13, QN
FG2 = FC* = FADY AC* = (f)" + 49)* = H3.
FG = J;V1a6)"

FA =1 O

Therefom;:t\)ﬁ substituting these three values in the
first eq{ajpfon and solving for GP,

&GP = 3vVIE6 = 314159 - - -,
\\ This is a remarkably close approximation.

Just as with ruler and compass we can mark off
lengths corresponding to V2, V3, etc., as accurately
as mechanical constructions allow, so, by the use of
[ 87}
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more elaborate machinery, the distance » may be
measured off. One such machine is called an integrator.

Different values of » are used according to the
- accuracy needed in the result.- For elementary~use
w = 22 does very well. One rarely needs a more accu-
rate value than 3.1416. But the value of .2 been
computed to hundreds of decimal places,far more
than could possibly be needed in anygéﬁmputation.
One man, Ludolph van Ceulen, coinputed = to 35
decimal places, and the result <was carved on his
tombstone in Leyden. In German books one often
sees 7 referred to as “Ludolph’s number.” An Eng-
_— dbrauhb]l.igrh%ggiglamed William ghai]ks found the value to
707 decimal places. -
One reason why so much time and energy, worthy of
a better cause, were'spent on these long computations
was that men thonght that if they only went out far
enough they 'wnﬁld find that the digits would at last
begin to repéat, and if ‘they could only find a repeating
decimal, they would have an exact expression for the
value, of 7 in fractional form. But comparatively
recently it was proved that  is an incommensurable
%}nber, so that even if any of you were ambitious to
(beat Shanks’ record, and should carry = out to 1000
o\ decimal places, the digits would follow each other
“\\/  without ever beginning a regular repetition,
Some people who are interested in such reckoning
do not know this fact, and are still trying to find an
- exact value for . Such people are generally called
“circle squarers,” because if one could find & exactly,
[ 88 1] .
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one would have an exact expression not only for the
circumference of a circle, but also for its area. In
other words, one could solve the old problem — To
draw a square equal in area o a given circle.

Several rather clever schemes for rememheﬁng the
value of = have been devised. The simplest is “Yes,

" I have a number,” in which the number of Ietters in the()

successive words — 3, 1, 4, 1, 6 — gives the digitswitf
7 t0 4 decimal places. A similar scheme gives/a
12 decimal places : _ { ,\ '

“See, I have a rhyme assisting
My feeble brain, its tasks ofttlmes r&?lstmg "

A still longer French vméitgﬁvéﬁ“f"w‘ 30ndecimal
places :

“Que j’aime & faire apprendre un nombre utide aux
sages |

Immortel Archiméde, s lﬁhme ingénieur,

Qui de ton jugement, pent sonder la valeur?

Pour moi ton probleﬁle eut de pareils avantages.”

Have you eyek heard that = is useful for anything
besides measumng the circle? The fact that it enters
into this \theasurement makes it seem quite natural
that we should find it in other rounded areas, like the
ellipse;and in volumes like the sphere, cone, cylinder,

‘Tmany other forms. But in reality = has far more -

rtant uses than its connection with the circle, and

11; occurs in many other subjects besides Geometry.

In Calculus, and other branches of Mathematics which

‘belong to that great division known as Analysis, = is
i 891
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constantly putting in an appearance. For instance,
an important but very simple-looking series,

L—g+4-3+---

proves to come as near as we please to the value = by
combining enough of its terms. Also the series .

N\
1 ,1.,1 D
Ltgatatet O
) .
can be made to come as close as we pleasg to % by
combining a sufficient number of its terms,> ’

One important use of = occurs in wi]'\at is known as
Probability. If you should look up)this subject in the
Encyclopedia Britannica, you .w'fo\uld be surprised to

v dbrauliggedyoiFedfien o occurs in thevarticle.

A famous English mathematician, De Morgan, was
once explaining to a friend a mathematical formula
which gave the probability that the number of persons
in a large group swho would be alive after a certain

- number of years would lie between two given numbers.
The symbol g Gecurred in the formula, and De Morgan,
when asked what it meant, gave the usual definition
— the réti6 of the circumference of a circle to the
diameter. His friend was much surprised, and was
suréythat De Morgan must be mistaken in thinking
that there could be any connection between # and the

S number of persons alive at a given time,

} "There is a way to determine » roughly which depends

upon its occurrence in probability formulas. Take a

series of parallel lines, each % units from the next,

drawn on a large sheet of paper, or perhaps the boards
£90]
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in the floor are regular enough in width to serve the
purpose. Take a stick of length ¢, shorter than &,
the distance between the lines, and drop it on these
lines again and again, keeping a careful record of the
number of times you try the experiment and the
number of times the stick falls so as to Ke across one of

~

N\

the lines. The formula for the probability, p, that 11; O\

will cross a line is

p= number of times it crosses a line 25\

number of experiments

H you find a value for p by carrying out th.ls experi-
ment a good many times, you can computéar from this

formula, = = %5- SeveIM%mYﬁsMg@ﬁ experi-
ment, One made 1120 trials an‘d found x equal to
3.1419. As a general thing tbe \greater the number of
trials the more nearly correct'the result will be.

Here is another simpletuethod of computing = from
a probability formula }f two numbers are written
down at random, the probability that they will be

prime to each other is ~6-. This means that about 6
out of 9 of such pairs are likely to be prime to each

other, or,(thore accurately, 600 out of 987. Fifty -

students\\once tried this, each writing down rapidly,

without"* stopping to think of their factors, 5 palrs of

Wm It was found that 154 pairs were prime to

each other. That is, % = ;gé is approximately true.
™

This gives » = 3.12, This experiment could probably

be tried more easily than the preceding one.

[91]



CHAPTER X
GEOMETRICAL ARITHMET{(}

In your work in Plane Geometry ;&éu have learned -

10 solve many problems which sound’ as if they belong

in an Arithmetic, except that you are working with

segments of lines instead of Mutmbers. I shall make a

collection here of some oifﬁ:ése geometric solutions of

www.dbraulibithiigtieal problems, most of which you have met
already, but some may be new to you.

Addttwn ‘]‘\mfmd the sum of two given segments,
aand b.. ¢

"This mius that a single segment is to be found equal
in length to the cornbined lengths of @ and b, a very
easy ’ohmg to do.

The process is sometir_fws described by saying that
the initial point of b is placed on the end point of a,
both lines going in the same direction. ‘The sum of the
two extends from the initial point of a to the end point
of b. -

[92]
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In the first figure b is added to ¢ in this way, in the
second a is added to b. The resulting length is evi-
dently the same in each case. If the lengths of ¢ and
b are measured, and the results added, the sum should
be the same as the measure of the length of @ + b, the
same nmit of measure being used in each case.

given segments, a and b.

g
<«

a—k L a-b @ D
- R
\)
o VO . S o ......_._'.;:_6 ..... O

WW W raulﬂ&f%ry org.in
. librdry .org.

This means that a third segnient 1S to be found, such
that, if b is added to it, the sumkis equal to a.

Let @ be drawn in the positive direction, and from its
end point let b be drawn i the opposite direction. The

result is again the djstaice from the initial point of a

to the end point.ofih. In the first figure @ is longer
thfm b, in the second b is longer than g, and the result,
hfmg negative)js'read in the direction opposite to that
ol q. {N”

\w’
Mlgi{t}hication.
I To multiply a segment a by a given integer .

\This amounts to laying off the segment @ along a
straight line n times. '

2. To multiply a segment a by a given fraction g
[93]
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Sublraction. To find the difference between twp.\™
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Let z = —2 then == B, and the construction can
be made as foﬂows usmg smular triangles.

If p = 1, we have solved t,he\ problem To divide
W dbla”hbs'égﬁié‘iﬂ‘hy an integer. §v

3. To multiply a segme;nt a by another segment b.

This really means ﬁndmg a segment whose measure
in terms of some urut.eha]l be the same as the product
of the measures of\the two given segments, the same
umt being used ’bhroughout

Let = = ffb\ then i = 5’ and the solution is readily
carrled &ut by stmilar triangles.
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Dwision. To divide one segment a by another seg-
ment b.
This means, finding a segment whose measure is the
quotient of the measures of the two given segments.
a_

=2 a _ T
Leta:—b,orb 1

@ \
S
Involution. Given %%Qgﬁb%@mﬁ,%% segments
which shall represent a?, @?, ete.() R
This is merely an extensiontof multiplication. Since

$
7

o8 1_a
the required proportion nozw’ has the form i there

is a good way to find ™
the successive seg-
ments which repi-fkent
powers of ¢, \/Using

a protracton,“you can
lay off gux% accurately
severalequal angles of
apj\,i’; convenient size
~With the same vertex,
\the terminal line of
each being the initial
line of the next. On :
the first, initial line mark off one unit, on the next line

{951
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a units, and complete the friangle. The second tri-
angle, with one side #, is to be made similar to this
one. The figure makes the construction and the results
clear.

The work is simpler if
right angles are used, for\\
then each mew line(is
drawn perpendiculay® to
the preceding one.\ Why ?

If a is greaft;e} than 1,
the lines a¥"¢?, - - keep
growing longer, while if a
is less/than 1, they grow
shorter Do the figures
www dbighdilreleaity that, if ¢ = 1, a]l‘the powers of a are the

same?

»,'

Evolution. To exj,ra'df the square root of a given
segment a. &\

This amounts’to solving the proportlon -1 that is,

z is to be g mean proportional between a and L. We -
recall two \theorems about a mean proportional, each

co:if&md with a right triangle, and we shall try them
bo

} If a perpendicular is dropped on the hypotenuse

of a right triangle from the opposite vertex, either side

\ " of the triangle.is a mean proportional between the
whole hypotenuse and the adjacent segment.

We must then use a and 1 as the hypotenuse and the

segment laid off on it as in subtraction. Whichever
[ 9}
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is the larger will, of course, play the part of the
hypotenuse.

X . \\\
7 O
...... S - SUURR O3
€ 3 . ’x’\\
. . . .\c" 1 _ =«
The construction is readily carried out. Sin e =3
T :‘\/E. . ’x;\';

2. The perpendicular let fall oﬁ\*qﬁhe hypotenuse of a
right triangle from thevopposiibreries:isa Mean pro-
portional between the se trts’ of the hypotenuse.

“This theorem is perhapg\easier to use than the other.

(dnstruction is readily seen from the figure. As

before, z = V. :
O T ruler and compasses are the only instruments to
Jbe used, it is impossible to give an exact consfruction
for a cube root or for any higher roots, except, of course,
fourth roots, eighth roots, etc. How can you find

these ? ‘
On page 81 I showed you how you can make a ruler
1971
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to measure square roots of integers.

These roots may
also be found by a quite different construction.
Beginning with a right triangle with two sides each
equal to 1, iis third side is V2. Take this as one side
of i/_ght triangle whose second side is 1, the hypotenuse
3. This construction may be continued as far QQ

one wishes. How many square roots do you suppgse
you will have constructed before the drawing begms 10
overlap the first triangle?

«

A

Some algebraic constructions. Thesg ‘r}eit construc-
tions belong to Algebra rather t.har.\m Arithmetic.

ab | 4"
www . dbray il
a* ab
A
)
[ 73 AY

1. To rov“e geometrically that
(a—l-b)‘—*4:="~l*2trrb+1:>2
The: ﬁgure shows very plamly
that ‘the square whose side is

&M b is made up of the two

squares whose sides are ¢ and b
and two rectangles with @ and b as

adjacent sides.

2. The correspondmg figure for
2 ab 4- b? is perhaps
ngrgmm s0 easy to understand.

\The square on @ — b may be ob-

(a..._ 2_a2

o

“tained by taking first the sguare on

\\;w’ a and adding to it the square on b,
then subtracting two rectangles
whose adjacent sides are ¢ and b.

Thereare other ways to carry out this

bﬂ‘
(@-b6)
b
ab
a

construction with which you may like to experiment.
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3. To prove geometrically the formula
(@ + b)a ~b)=a — b

The wide rectangle has its adjacent sides equal to
¢+ band ¢ — b. It may be obtained by taking first
the square on a, sub- _
tracting from it the
rectangle whose ad-
jacent sides are @ ab D
and b, and adding , \\
to this the rectangle Ll
whose adjacent sides |7 \
area-—bandb.f_ et S P
Thatis, (a+b)(a—b) ‘\.:';.‘
=o' —ab+ (@~ 77 dbraulibigbrgin_ >
= a? — b, \

To find geometrically the
tions of integers. N\

1. To find the sm{‘\of the arithmetical progression
1+243+44,0+n

Let each unitbe represented by a square. Then the

sum of any ngnber of terms may be arranged in a sort
o __ of stair. Here is a

P drawing of the sum of
a Nl 5 terms, arranged in
two different orders.

«sums of certain combina-

/]

@ i These two figures can

be fitted together so

as to form a rectangle

which measures 5 by 6 units, that is, it contains 30

square upits. Since this gives the sum of the first
{99 ]
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5 terms twice over, the sum must be 15 That is,
1+24+3+4+445=15
If another term, 6, is added, the rectangle measures

6 by 7, and the sum of 6 terms is seen tobe6 >2< 7. 21.

And, in general, we see that if n terms are added3 Bhe

sumwﬂlbeM s':";’
5

2. To find the sum of the aﬁﬂmeticql@égression
1+3+5+...@n-1. &

As before, we represent, each unit by a square. You
will readily see that each sum canbe arranged in a

SN square. Begin-

r.dbraulibrary.org.in 1 Ilillg with 1, the
first figure, we

] AN form the second

N

A\ figure by taking
1 and putting 1 on\';(t each of two adjacent sides and at
a corner, as showty in the figure, making a square with
2 units on a side: Then 2 units are put on each of two
adjacent sides’and 1 in the corner, thus adding 5, and
making a\gyuare of 3 on each side. The next number,
7, will &¥idently fit in in the same way, on this square ;
that s, when we have 3, weadd 2X 341 to get 47,
amd, in general, when we have n?, we add 2n + 1, or

. ;\‘:the next odd number, apd get (n 4 1)2,

/3. To find the sum of the squares of the first n in-
tegers, that is,

P+24eipy.. . 4
[ 100 ]



MATHEMATICAL EXCURSIONS

Let us arrange the small squares which stand each
for one unit first in squares, and then as the sum of
consecutive odd numbers, as shown in the first two
columns. Here we see that the single square occurs
as many times as the number of terms we are using, in
this case 4 times. A row 3 units long occurs once less, \\\
in this case 3 times. A row 5 units long occurs twice, ¢

N

(] N
O

Ny
7 NI
N L&
% 3
n R
S &4 B R
L stk | e e
— i -1
www,dbraulﬂaga_r_&;u&} i 5t - _:
g Ny o ! 14
SIS S S
N Yo L g
- ‘.’. N ke \ 1 :— T
Ve 7
S S S N
Q PR -a-
...:_ H ‘-: L)
—tr i T
%N poot -
\ l I ) H
' 1

QN

and one 7 units long occurs once. So we rearrange the
whole thifig“once more in a sort of skyscraper effect.
Now I fit in the unit squares about this so as to
form 3'rectangle, as shown in the last figure.

“On each side the same number of squares has been
deed, and you will see that, adding from the bottom,
we have fitted in on each side 1 square, then 4 squares,
then 9 squares, then 16 squares; that is, in this last
figure the sum which we set out to find, 12 4 22 + 3+ 45

[101]
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occurs 3 times. But this rectangle measures 9 X 10,
and so the sum of these four squares is 30, as is easily
verified.

To go into greater detail, the height of the rectangle
8 1+243+4, and its width 2 X 4 + 1. the
next square is added on in the same way, thesheight
will nowbe 1+ 2 4+ 3 + 4 + 5, and the width*2 X 5
+ 1, as you can easily show by sketching the figure.
And so we see in general that, if the squares’of the first
n numbers are added, the area of the, r‘;éc‘tangle is meas-
ured by the base, 21 -+ 1, timeg\thie altitude, 1 + 2
+3+ - +n. This last formwe have shown to be

equal to ﬂgn_;:_l) And‘sg a general formula for

www dbrauflragy IR iR the squares, of the first n integers is

N NS

N7

>

n{n + 1)6(2 n - 1)_‘::!1151;;; formula was suggested for

verification in CQaiyfer VI.
4. To ﬁn(kﬁh}sm of the cubes of the first n integers,
that is, o °
P4+ 20 43 4 ... 4 ps,

This'is much easier than we might naturally expect
if\to be. Using the same representation, 18 is repre-
QO sented by a single square, 2¢ by 8
squares, which may be arranged as in
the second figure. These can be fitted
O together so as to form a square, except
for a hole in one corner, and so it is

clear that 15 4 25 — g2
You will see at once that 3¢ or 27 = 3 X 9, and these

[ 102 ]
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three squares can be arranged in such a position that

the former square just fits in; that is, '+ 20+ 3" = 6

Now we will arrange 4* =
64. As before, take out
4 = 16, leaving 48, and 48
unit squares can be ar-
ranged in two rectangles,
each measuring 4 X 6. And
so the figure leaves just A\
Toom enough for the square which we had hefore to slip
in, and we see that 184+ 24+ 3+ 4* = 1025 NFhis makes
us suspect that this large square, 10 alnits on a side,
Wﬂ:i fit into the space left Whenxge{ atrange 5° = 125
units in the same genersl, Way,. L6 U experiment with
ft. Take out 52 = 25 for the corner qul(ig.ll' . This leaves
100 to be arranged in two zeetangles on the two sides

S of the square, which is
readily done if each rec-
tangle measures 5 by 10,

N/

[ LR

N

or fits in exactly, completing
: \ > a still larger square with
N\ 15 units on a side.

\\\” The sides of these suc-
RN\ cessive squares which we
) have built upare 1,1 +72,

TETmEEmem—— 14243, 1+2+3+4,
142+3+4+5 And it is true that, if we con-
tinue to any desired mumber of terms, n, the sum will be

13+23+3s+,_,+n3=[ﬁ(£%l)]2..

{103 1
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Triangular numbers. -

The numbers 1, 2, 3, 4, + - « are sometimes arranged
in what is called a triangular formation, as shown below,
and 1,3,6,10,--. are therefore called triangular num-
bers, since forms that represent them can be arrange@
in triangles. We have already a formula for triangoiar
numbers, since we know that 1 +24+3+. Hn
= ﬂ(ikzil—) For each value that we maxy{'gi’ve to n,
n=1,2 3, etc., we get from this formqla:\é’triangular

number. The properties of these numbers were studied

2> o

www dhbraulibrary.orggn o & \s o o o

e
e [»] [+] O NO 0 [+] o] (] [+

by Pythagoras and~his followers. You may have
noticed that flocks-of birds often fly in this triangular
or wedge-shaped\fdrmation, and scientists have found
that such an sarrangement makes a long flight much
easier. Reérhaps you have seen several airplanes when
flying together arranged in this same formation,
T@ts’ﬁm of two consecutive triangular numbers is
always a square, as you can easily prove by Algebra.

:,,{t’may alsc_) be shown to be trye by Geometry, by fitting
the two triangular forms together, as the figures show.

‘The general formula for triangular numbers may also
be .found geometrically, Arrange the circles or dots
which represent any one of these numbers in the tri-
angular form, placing beside it the same triangle in-

[ 104 )
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verted, thus forming a para]lelogra:t{. The one drawn
here contains 5 rows of 6 units each ; that is, 30 units.

o
O c O
o o © 00 O A\
o o o o © o o © 9
o o o o o © © 0 o ©° 0O\0
o o _ e o o o o o .
® o o d ."\;‘.’
. ol

~\
The number corresponding to either i}l‘iain;glé is therefore
5—>2<-§ = 15. This oonstmctio\r\l‘ {s ft\{uite general. If
any such triangle wiﬂkhr\bamajg} :\gr'gf,s@l,g;'uent triangle
& .
° oooogﬁgl‘;b...-.
009‘\3\0‘0 .. o & O
O'c o o & & 0

inverted and placed beside it, the parallelogram which
is thus formeéd contains 7 TOWS of n -+ 1 units each, 50 -
that thgyumber represented by the given triangle is
n(n 1)

R

) . . :
"\ The following geometric construction solves a problem

A which might be worked algebraically with three un-

known quantities and therefore three equations. -
Find three numbers such that the sum of the first and
second is 50, the sum of the second arid third is 60, and

the sum of the third and first is 70.
[105]
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Construct a triangle with sides 50, 60, and 70, and
in it inscribe a circle. Since tangents to a circle from

www.dbgaulibrary.org.in .
x AN =
any point are equal, thgfﬁgure may be lettered as shown,
z, ¥, and 7 each quufring twice. But these values,
. ¥> 2, are evidendly the solution of the problem.
¢ '\\

Y

PROBLEMS

1. Provéthatif q triangular number is multiplied by
an%!,ﬁs%idded to the product, the result is a triangular
number.  In other words, if ¢ is a triangular number,

Wﬂn%t +1 =
5 This is proved by taking the formula derived for a
\”“/ “iriangular number, Fnn+ 1), and showing that
e+ 141 is also triangular. Reduce this form
to a fraction and factor the numerator, Notice that
all that is necessary to prove a number triangular is to
show that when the denominator is 2, the numerator

_ [ 106 )
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is the product of two consecutive numbers. For ex-
ample, 33n+1L3Bn+42), #5n- 3H(5n - 2),
1{8 n + 6)(8 n + 7) are triangular numbers.

2. If 9 is chosen as the base, prove that 1, 11, 111,

ete., are triangular numbers. Find a connection be< {

tween this problem and the preceding. . A
3. If 9 is chosen as the base, prove that when:i is
annexed to any triangular number, the result\ls.a tri-
angular number. For example, 6 is a triangylar num-
ber, show that 61 is triangular; 16 j$(a ‘triangular
number, show that 161 is also triangulax:
4. If 3 is chosen as the base, rg')ir; that when 01 is
annexed to a triangulay ﬂdhihdf})t%&msa}bis triangular.
5. If 5 is chosen as the hase, prove that when 03 is
annexed 1o a triangular nuriber, the result is triangular.
By this general mey‘,hc;d‘ triangular numbers may be
obtained from any (riangular number written to an
odd base, 2 & + 4. Multiply by (2% + 1)* and add
YRR+ 1), It 15 ot hard to prove this rule correct.

[ 107 ]
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- CHAPTER XI

ODDITIES OF NUMBERS

The numbers that we shall deal with in this chapter \*
are not all odd numbers, but they do odd things or have
odd characieristics, as you will see. It will, I thmk )
give you more amusement if 1 do not work out, every-
thmg in full. It is generally pleasanter to see@process
going on than to look at the finished resu}( That is
one reason why most young folks like to use‘their hands,
and enjoy making things themselves, .\

wwrw dbradisiamefaats about 37. (S

Take the arithmetical progres&mn 3,6,9 12 15, -
and multiply each term by 374

One number which solves! the following problem is 37.
Find a pumber of two dlglts which, when multiplied by
the sum of its dlglts\:gwes a product equal to the sum
of the cubes of itsdigits. This is not easy to solve, but
you can see that 37 meets the conditions. Can you
find a second answer? 48,

2. Mu{tiply 230,769 by 341.

230769
®
N 341
AN 230769
~O 923076
N 692307
Do you see how unusually easy it is to add up the
columns » '

[108 ]
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3. Multiply 142,857 by 326,451.

Here again you will see something unusual about the
columns to be added. The partial products make a
sort of parallelogram. Notice the digits running up its
right side, 142 - - - . Does that sound familiar ? "

"\
4. Multiply 76,923 by 68,275. A

5. Multiply 143 by 161 or 196 or 812 or, in genéral,
by any multiple of 7 not greater than 6993, and see"how
the digits follow each other. The reason can/be found
without much difficulty if you notice the;}onnection
between the digits in the product and\the number of
times 7 goes into the multiplier. )"

6. How to get pra\éﬁgédﬂ‘awy}ﬁ%r 'dartain digit.

“Which digit do you write gost illegibly > you ask
a friend. Perhaps he replies ““Five.” Then tell bim

* to take the number 12345679 and multiply it by 45.
In each case the mu{tipiiér'is to be 9 times the number

mentioned. e

7. Some mmil}ars may be divided into four parts
which havecodd properties. For instance, 100 may be
divided u{t.o\ four parts such that, if one is increased by
4, o&diminished by 4, one multiplied by 4, and one

dix{'\ by 4, the result in each case is the same. -
N\ . 1244 =16
"\{ w4 20 - 4 = 16,
A% 4% 4 = 16,
64 + 4 = 16.

This same kind of thing can be done with 45. Divide
it into four parts, such that, if one is increased by 2,
[ 109 ]
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one diminished by 2, one multiplied by 2, and one
divided by 2, the results are the same.
You will find that 64, 75, 80, and, in fact, any number
- that is divisible by a square, can be divided up in this
way. For example, 80 may be divided into four parts ~

as follows: 18 — 3 = 15, ,.~\
12 + 3 = 15,
5% 3 =15,
45 + 3 = 15. A\

The nine digits, with or without zero, can%é combined
in all sorts of clever ways in writing numbers, as the next
ﬂlustranons show. \\'

e the nine digits once each in writing numbers
Up to 225. O
One solutlon is 1 4 25 4 43+ 69 + 87 = 225. You
can find other arrangements which give this same sum.
If the nine digits are“to be combined to make integers
that shall add apde 'a certain number, that number
must be a muliiple’'of 9. Why?
If other forms are allowed, such as fractions, roots,
or any oox\nbmatmns that employ a.lgebralc symbois,
. the nu:Qber of possible arrangements is greatly in-
creased;as the following llustrations show.
Q\ Using the nine digits once each, and zero also
ofice if desired, write numbers whose sum is 100.
\‘ O One solution is 74 + 25 + § + & = 100.
T have found over twenty SO]I]thIlS There are doubt-
less many wore, using integers and fractions only. |

Here is one in which roots are used,

54104 78 +V9 +v/64 = 100,
[ 110 ]
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10. Using the nine digits once each and zero if de-
sired, write numbers whose sum is 1.

One solution is $& + 4% = 1.

11. As in No. 10, write a fraction equal to 4. \<

One solution is £3%%. You can find others. O

12, Asin No. 10, write fractions equal to 4, ;, & %, 1,

1
+ §

D
As an illustration, &%% = §. There afe“at least

two other fractions with numerator endigg+in 1 which

are equal to 4. By \&

In the following puzzles the aﬁ?ni:ﬁols +,' - X, =,
( ), may be used. wiw.dbrqulibrary org in _
13. Writing 1 five thneg;élﬁéin 100 as the result.
1l 11 = 100,
14. Writing 3‘.@@}@% obtain 100 as the result.
15. Writing’5 five times obtain 100 as the result. -
16. Wrifig 5 four times obtain 100.
17._ Wetting 5 six times obtain 100.
;g&ifﬁﬁng 9 four times obtain 100.
\"\19 Writing 9 six times obtain 100.
A% 20. Writing 3 five times obtain 31.

21. 16 is a square. Insert 15 between 1 and 6;
1156 is a square. Insert 15 again in the middle of this
number; the result is a square. Insert 15 again in
the middle of this number, etc. As is to be expected,
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the numbers of which these are squares are formed by
a regudar method.

This may be stated in a general form as follows,
Write 1 n times, then write 5 n — 1 times, and end
witha 6. Theresult is a square whatever the value ofn.
See if you can find a general form for the square mdt\of '
this number. : D)

o~

i b 2
22. The same kind of statement as in Nej 21 can be

made about 49. Tt is a square, and if7A8 is inserted
in the middle, the resulf is a squareys \bc; Show that
this is true.

In both these cases the reason %ﬁiy it comes out this

wa is clearl; seen when one acmally finds these squares
ww . dbrggulitpiication.

23. Take any number wnte below it the same num- |
ber, putting the firkt: digit directly under the fourth

digit of the chQsen number. The sum is always
divisible by 7,(8}; ‘and 13.

For examp}e
RS, 39842
2 39842
PRS0 - 39881342

\'\\If the chosen number has less than four digits, fill
*out with zeros.

s .

\V 24. Multiply each of the following nine numbers by
7, and notice the products.

15,873, 31,746, 47,619, 63,492, 79,365, 95,238,
111,111, 126,984, 142,857.
[112]
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25. Take the “nine times” table, and note the way
the digits change: ' '
09, 18, 27, 36, 45, 54, 63, 72, 81, 90.
Each number has its first digit increased by 1 and its

second digit decreased by 1 to form the next number.
This same thing is true in other products of 9 besides ()
the numbers from 1 to 10. Take any ten consecutivey" ~

integers ending with a multiple of 10; as, for instande;
241, 242, 243, 244, 245, 246, 247, 248, 242,(2 X
and multiply each by 9. The products areX\"

2169, 2178, 2187, 2196, 2205, 221@,\\2223,
2232, 2241, 22? Yol

WS, raullpranre org.an
The same rule holds as befores ’jTﬁe last digit de-
creases by 1 each time, while thie number made up of

the three digits in front of it increases by 1. This

makes it very easy to wribe a set of such preducts after-

the first one is found..u‘:Fbr instance, find the product
by 9 of each of the tén numbers 361, 362, - - - 370, the
first one being 3249, .

26. The lelBiving squares give some interesting

numbers, as,you will see if you multiply them out.

<\\ P =

:..\‘: N ) 992 =

@ M 9992 =
N 99992 =
960992 =

Can you find from this a rule for squaring a number

that is made up entirely of 9’s?
[ 113 ]
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27. The powers of 11 will recall to you the coeflicients
in the expansion of (e + b)?, (g + b)%, ete.

' 112

118

134 .\

You will fmd that higher powers of 11 will also follow
the binomial theorem if in adding the partial pmducts
you keep the entire number without carrylng anythmg
to the next column, thus: N

146 41 =
11
1 4 6 4 L~
14641\\‘\

www.dbraulibrary org.in ZW\/

1 51010 5\1 = 11°

Of course, if the adﬂltwn were carried out in the
usnal way, the lasttsum would be 161051. But if
written to a larg\\base than 10, it would be 15X X51.

28. Find %@e followmg squares,
1®
N }./ 112
A0 111

§ : 1111

) 111112
O 11111
QO | 11111172
111111112

If this is carried on further, does it continue to lead
to the same kind of result ?

[114 ]
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29, Find the value of

8
7
6
987 X 9+ 5
9876 X 9 + 4
98765 X 9+ 3
. 987654 X 9 + 2
9876543 X 9 + 1
98765432 X 9 + 0 _
987654321 X 9 — 1 = \‘

0876543210 X 9 — 2 =\~

30. Find the value \Qtfw,dbrauljbl_%{; "g.in

1 X841 =

12345 X 8 -+

\1‘23456 X8 +
1234567 X 8+

' \, 12345678 X 8+
,\v 123456789 X 8 +

31., ’E\md these products :
9% 6 24
~O 99 X 66
Y 999 X 666
9999 X 6666

Will it work further?
[ 115 ]
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Can you write a formula for the product of two num-
bers made up of n nines and n sixes respectively P

If in the second number 5 or 7 or any other digit were
substituted for each 6, would the results be similar to
these .

AN

32. Here are some questions about squares. ()

Of the squares that contain two digits only, how many
are made up of even digits? how many of-odd digits?

How about the squares which contain;fglirée digits ?
Do any of them consist of even digitsonly ? or of odd
digits only® Zero is to be included-among the even
digits. : \\“

Now let us find all numberscwhose squares consist of

www.dbfydibererPdibits, Perhaps you will see at once that

80 must be one of them. .3

This puzzle will be sstly experiment for you, but
some hints will shorten' the work.

A number that{(i';las four digits in its square must lie
between 31 and@00. The square of every number from
32 to 44 begins with 1: the squares of numbers from
55 to 63 begin with 3, from 71 to 77 with 5, from 84
to 89 with'7, from 95 to 99 with 9. These facts reduce
greatly the amount of experiment needed. Including
E}\Q{\'tﬁere are four such numbers,

Q) "' 33. Find a square whose last two digits are its square
"~ root. There are two such squares.

34. Find a square of four digits such that its first
two digits and its last two digits taken in order form
two numbers which are both squares. There is only

[ 116 }
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one. such square, if numbers such as 1600 are not
counted.

85. Find three consecutive odd numbers the sum of
whose squares consists of four identical digiis.

This is quite readily solved. How do you write three \\
consecutive odd numbers? What is the sum of t}xeu-:
squares? This sum must be equal to 1111, or 2222,
or 3333, etc. Now 12n2 4 12n 4+ 11, the re ol ‘that
you will probably get, is an odd number. WHy® This
rules out four of the possible sums listéd above. I
11 is subtracted from any one of the rémaining sums,
the difference must be divisible by 12/)Why? All this
makes it easy to find’ tﬂé%ﬁ%”ﬂﬂfﬁ‘ﬁ%ﬁ‘ﬁlﬂch solves the
problem, \

Now we turn to some qué’étions about cubes.

36. Take the following sets of numbers, and- show
that the sum of the(Tiimbers in each row is the cube of
the number of the.row.

2T g,
Reod (2) 3, 5,
o\" (3) 79 99 ]-19
O ) 13, 15, 17, 19,
"\ (5)

\ Hint. Show that the nth row begins withn® — n + 1,
and ends with n? 4+ n — 1. The rest is then easy,
since in each case yon are to find the sum of an arith-
metic progression,
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387. Take the following sets of numbers, and multiply
each in the first set by 1, each in the second set by 2,
each in the third set by 3, and, in general, each in the
nth set by n. Show that the sum of the numbers in
each of these new sets is the cube of the number of@‘e
set. . A

N 3

Py

1 1, m 1,
@ 1, 3, - @ 26 N

(3) 1, 3, 5, 3) 3, 9, 15,

41 3,5, 7, 4) 4, ~12;3 0, 28,

®)1,351%09, 5) N
Vo \d

Hint. The nth set on the ~sight beging with - - -,

www dhgelilidingy org.imumbers, whi¢h"differ by . ... Their

sum can be found by using-the formula - -
For a different proof.ise a formula on page 63.

- 38. Take the oll‘cm;ing numbers, and show that the
sum of the nuribeérs in each group is the cube of the

number of T:h‘e\group.
27w,
N (2) 3, 5,
\3:’:‘. (3) 6! 9, 12,
O . 4) 10, 14, 18, 22,
G - - . ..

The first number in each group is a pyramid number,
and the numbers in each group are in arithmetical
progression. This, of course, as in the questions just
before it, is not really proved until we have shown that
& general row — the nth — adds up o nd.
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CHAPTER XII &
EQUATIONS WITH MANY ANSWERS (D

You have found that you can always solve anequa-
tion of the first degree in z, and that there isJast one
auswer; that if the equation is of the se@oﬁd degree
in z, there are always two answers, equdi or unegual
to each other. You may guess from thls that if you
knew how to solve an equation of g third degree, you
would probably find {hfse GhawliY s

Also you have learned that ~an equation with both
and y in it needs a second eqﬂatlon to be used with it
in order to find a deﬁmte spair of values for # and y.
There is, however, s ethm.g that you have learned
to do with a singlecégbation in both ¢ and y, and that
is to draw its graph Now this graph is really a picture
of all the many pairs of values of ¢ and y which are
solutions of the equation. Take, for example, the equa-
tion 4243y =15, We know from our study of
graphs-that for every value we give to x we shall find a
corresponding value of y, and that, if we plot these
.ptf'hts (z," ) in the usual way, they will all lie on a

\sifralght Iine. Also we know that after we have drawn
this line carefully we have only to measure off on the
z-axis from the origin any distance we may choose. for
the value of z, and the length of the perpendicular to
the z-axis drawn from that point and cut off by the
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line gives the corresponding y. If, for instance, in the
figure we let ¢ be 2, we can see that y has a value between
2 and 3.

Now a question that is often of interest and impor-
tance is this: How many points on this line have\ﬁ-
tegral values for both 2 and ¥? Or, in other, weords,
How many points on the line have integral cosrdinates?

\
ad
\ N
) )
Ry
{
N

www.dbraulibrary org.in

Sinceﬁ:a‘nd 15 have a common factor 3, it i1s clear that
y i.ia@x}integer if z is any multiple of 3. And so, when
:Q?ﬂ, 3,26, £ 9etc, yis integral. You will see
\that these special points can be represented by the gen-
WO eralform (37,5 — 4n). Thismeans that there is no end
N\, o the number of solutions of this equation in terms of
integers, both positive and negative. But suppose
there is some reason why the solutions must be not only
integral but also positive. For instance, take this
problem. A boy bought some apples at 3 cents each,
{120
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and some oranges at 4 cents each and paid for all
I5 cents. How many of each did he buy? Do you
see that there is only one solution d.

There are amusing problems leading to equatlons of
this sort in which there are too few equations for a’<\
definite solution — one equatlon in two unknowi),
quantities, or two equatmns in three unknown gdan--
tities, etc. —but owing to some restrictions ,on the
answers, generally that they shall be integral, énd often
that they shall be positive too, the number/ofsolutions
is decidedly lessened. Sometimes the sma]lest positive
integer that meets the conditions is asked for.

Before showing you how to undertake the search for
integral solutions, it wil'bdhwall p§8aPE8 Your attention
some simple facts about the sohmon of these equatlons
with their many answers.~Fhe fact that there is no
one special solution, but that in general there are many
solutions, accounts fo the usual name of such equations
— indeterminate eguations.

In the equatien which we were using, 4 z + 3y = 15,
we noticed that the terms 3 v and 15 are divisible by 3,
and concludéd"that integral values of both  and y are
possible‘eﬁy when 4 x is also divisible by 3. But now
SUpPOB};ﬁ?e have such an equation as this, 10z + 5y
= It is impossible to satisfy the equation by

.lntbgral values of z and y. For the first member is
Sdivisible by 5, and if 17 is equal to it, it should also be
divisible by 5, and itisnot.. Let us show this in another
way by solving for y.
_ 1T =10zx 17
B 5 5
[ 121 ]
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and for every integral value of z, ¥ is fractional. If the
graph is drawn accurately, it will never pass through
the points in which the ruled lines cut each other, for
such points always represent pairs of integers. In
general then, in the equation ez -+ by = ¢, there i&\ﬁo
integral solution if @ and b have a common factor, not
contained in ¢, but if a and b have no common fattor,
there will always be solutions in terms of intagers.

Now I shall solve an indeterminate equation, using
a method which you will find it easyto use on any
equation of this kind. Let it be required to find inte-
gers which satisfy the equation 4 ?,\\._._ Ty = 53.

Solve for z, the unknown quantity with the smaller

www.dbreo¢ffichentrg.in

@ = @_‘2_71:13 +y+ l-;i;ii!

. 2 ~ 1 + 3y
If z and y are imbegers, )

must be an integer;

let it be repi'eégﬁted by 2.

Thep‘i\';"l——%g—y =z,0or 1 4+3y =42

As,liﬁ‘ore, solve for the unknown quantity with the
er coefficient. '

I\chairletz_:a1 =u,thenz — 1 =3u,0orz=3u+ 1
Every integral value of u makes z an integer, and
therefore = and y will be integers.  Here are some of the
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many possible solutions. You will find it easy to check
them.

u= 0 1 2 3 4 -1 -2
z=1 4 7 10 - -2 -5
y=1 5 9 13 . -3 -7 A
=15 22 29 36 - 8 1 &~

Do you see that when z varies by 1 each time, zvanes
by--yby---,zby---? Evidentlya geneié] form
for a]l integral solutlons can be written, fordfin is equal
ton, the value of zis 3 n + 1, 0fy,4q—i~ 1, and of
7n + 15. For any integral value 6f>n, positive or
negative, mtegral values of & and y@re found.

Of course it is ofter! ¥asy" a"éé%%&tgv‘ﬂlue of zoru
or some later number that you ‘may have to introduce
makes a fractional form ¢ eqixal to an integer. For

instance, it is clear tha,t\—l is mtegral wheny =1,

and that Z 3 1s \integral when z = 4. But the regu-

lar method W1}1 always work, whether you happen
to see the Keasu]t in advance or not. _
3¢z + 3 is to repre-

Sup%o\se for examp]e the form

sens *a\n integer. [ is easy to see that z = lisa possible
ﬁ(llﬂt.lml that # must be odd, and that 5, 9, etc. are
other admissible values of z.

In the regular method you will notice that the de-
nominator decreases at each step, and therefore the
coefficients in the numerator decrease, and that at last

1 is sure to appear.
[ 123 ]
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PROBLEMS

The first of these problems are quite easy, some later
ones are harder, and the last one will keep you occupied
and amused for some time. N

1. A man came into a postoffice and said, ““I(i‘itgm
some 2-cent staraps, 10 times as many 1-cent &tamps,
and the balance from this dollar bill in S-CQKQ:’sj;amps.“

How could his order be filled ? o\’;,\

2. A man who wished to cash a $200 check asked
for some 1-dollar bills, 10 times as mahy 2-dolar bills,
and the balance in 5-dollar bills. ¢ How did the cashier
carry out his request p N

g R fweker hought 100 gems for $1000, paying

$100 each for diamonds, $30 each for sapphires, and
$5 each for turquoises,™ How many of each did he
buy ? Q )
4. Find an iI}t\eQer of two digits which is 7 times the
sum of its digits.™
5. How _faany pairs of positive fractions are there
whose dénpminators are 3 and 5, and whose sum is P
GTl\le numerator and denominator of a fraction
comsist of the same two digits but in opposite order, and
the fraction is equal to 4. Find the fraction.

N

N

\‘;

O 7. A number consisting of three digits exceeds the

sum of its digits by 180. If written in opposite order,
it exceeds the sum of its digits by 378. Find the
number.

8. Find all the pairs of unequal positive integers

which have the property that the difference of their
[ 124 ]
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squares is 5 times the difference of the numbers them-

. selves.

9. Two numbers which differ by 54 are composed of

the same two digits but in opposite order. Find the

numbers.

10. A certain number, less than 200, is divided mto

four parts, such that, if the first is increased by 7,\the
second diminished by 6, the third multiplied b 5\ ‘and

the fourth divided by 4, the results are all equal? Find

X

the number. .

11. A man emptied a barrel containing 126 quarts of
oil, using a two-quart, a three-quart and a five-quart

measure, filling each measuaefallipach simeit was used.
He noticed that the amount that he drew with the three-

quart measure was 5 timestas much as what he drew

with the two-quart measiire. How much did he draw

with each measure® ' : '
12. Find two,'@;%ers, p and g, such that 31p +

73q=1. W '
Following the’usual method,

AX
71134 1—1l¢g
~OP = 3173 =—29t— >
=11 g C1-3lr__ g, L1=09r
AR T U A §1 R

~\ "u\fhe coefficient, of r in the numerator decreases more
rapidly if instead of the last form we write
1+2r
. q == 3 r + 11 2 .
and in general we can in such a case take our choice
between writing a smaller quotient and having the
[125 ]
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similar term in the numerator with like sign, or a larger
quotient with the similar term in the numerator with
the opposite sign. It is better to choose that form
which reduces the numbers in the fraction most rapidly,

and so we will use this second form. &
i+2r_ _Hs—1 AN
11 ’ 2 N\
and any odd value of s will make r integral. Complete
the solution. ¢ \\
Two pairs of values are p = 33,q = = 1}, p =— 40,
g=17.

Y,
13. In a patriotic parade-tha\ﬁfgrs and girls in all
www diResehoolsofithe town were ilgﬁtéd to march, and each
school was told o form itg\piipils in a column, with
the same number in each“row. In each school the
number of pupils was;le.ss than 1000, and no two had
the same number enrolled. Three schools had the
following experignce when the pupils were formed in
a column : firsf\they were arranged by twos, and there
was one left over; then by threes, and there were two
left overy \then by fours, and there were three left over;
then by\‘ﬁves and there were four left over; then by
sixes,.and there were five left over; but finally, when
were arranged by sevens, it came out exactly right.
Ko "'In the other schools, when the pupils were arranged
\ “two in a row, three in a row, etc., up through six in a
row, there was one left over each time, but, as before,
when seven were put in each row, none were left over.
How many schools were there, and how many pupils

in each school ?
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14. Five sailors had equal rights in a pile of cocoa-
nuts. The night before they were to divide them one
sailor, afraid of not getting his share, found that, if he
gave one cocoanut to the pet monkey, the remainder
was divisible by 5. He therefore threw one cocoanut\\*
to the monkey, and carried off his fifth. Soon aftets
ward the second sailor decided to make sure of hiy
share. He too gave one to the monkey, thus makmg
the remainder divisible by 5, and carried oﬂ'\\vhat he
supposed was his fifth, This same thing, ﬁ’as done by
each one of the five sailors, each gave gne'cocoanut to
the monkey and carried off one fifth efthe remaider.
In the morning, when they met tgdawde the cocoanuts,
each looking as inndB¥ift 48 PHNMIE thénumber in the
pile was found to be divisible? hy 5. How many cocoa-
nuts were there in the ongmal pile?

You will find that these sailors must have been very
strong men. The s might be a little more credible
if the nuts were, ts instead of cocoanuts,

You might Jik ¥§o try this puzzle first putting 2 or
Sor4d whereVer 5 occurs, The method is the same,
but the \@ﬂi is shorter and therefore clearer.
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CHAPTER XIII

DRAWING A STRAIGHT LINE WITHOUT A
RULER ne,

€ W3

Have you ever noticed how differently yooq;éd”about
drawing a straight line and a circle o 3

If you are asked to draw a straight.Jine, you look
about for something with a straight edze which you
can follow with a pencil — a ruler pgrliaps, or the cover
of a book, or a folded sheet of pajér. '

wrw.dbBUkEEa¥PY-anG asked to drawavcircle, you do not look

about for something with 4 circular edge which you
can trace with a pencil —-a coin for instance, or a box,
or a saucer, If compasses are handy, you take them
and draw a circle of\any size you please, Or you may
. N\ . .

take a small shp.\'o} Paper, pin one end of it to a sheet
of paper, and make a hole in the other end for the pencil
point. A very satisfactory circle may be drawn in this
simple WRY./

Do yoursee how different these two methods ared In
onegase you insist upon having a straight line before you
Qaﬁ\construct a straight line, in the other case you can

~draw a circle without even looking at any other circle.

If you were asked in a Geometry class to construct an
equilateral triangle, you would not think your solution
of the problem very satisfactory if you found such a
triangle somewhere and traced its outline. It is easy to
see that you are not sol ving the problem geometrically.
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Now suppose this problem is proposed: To draw a
straight line without making any use of a straight line.
We have an apparatus for drawing a circle without
making any use of a circle. Is there an apparatus for _
. drawing a straight line without making any use of a<\
straight line O
This question, though it may sound rather simiple,
yet proved very puzzling. One difference bétween
drawing a straight line and a circle is thatx;fi}e. circle
may be drawn completely, but, since the:i}ne has no
end, only a part of it can be drawn. \
A Russian mathematician, named“\\'[’chebichev, in-
vented a machine which drew .a(short line, approxi- .
. ww.dbraulibrafy . org.in
mately straight. ou « \J
can easily make a rough 3% ¢
~model of his machine. N7
Take four narrow stripa™s
of stiff pasteboard, din,
or any material¢which
seems suitables Two are
to be of the game length,
one shorter, and the
fourththe shortest of
a]l.& ake a hole near
eath end of each strip so
~Jthat the lengths of the **
N\ ‘strips, measured between the holes, shall be in the ratio

13:10:4. In the figure
AD = BCand AB:BC:CD =10:13:4.

Join these pieces as shown in the figure, using paper
[ 329 ]
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fasteners or any attachments that will let the strips
swing about. If now AB is held fixed on a sheet
of paper and a pencil point is put through a hole at P,
halfway between C and D, and is made to move, the
pencil will draw a rather straight line. . \\“
This kind of device is called a linkage, because the -
pieces are linked together. Perhaps you think that we
are really using straight lines in this linkage for'drawing
a straight line. T have used straight lines jn'the figure
because they make it simpler, but it makes'no difference
at all how the edges of these strips arg out, they might
be scalloped, or cut in any shapes, »All that is neces-
sary is to measure the distances-between the holes as
www.dﬁf@@‘i&dary_org_in : {: N
Soon after this machine was invented a French en-
gineer, named Peaucellier; devised a linkage which
draws a really straightJine. This linkage, too, you can
make easily. You need seven bars or strips with a hole
in each end. II),\’f&ur of them the distances between
the holes are the same, the fifth and sixth are longer,
but the distances between the holes in these two are
equal tojedeh other, and the seventh T will describe
Tater. Oy _ :
As'the figure shows, the four equal rods are to be
jointed together to form a thombus, the two longer
_(Yods are to be jointed together and then attached to
) “opposite corners of the rhombus so that all the rods
- can be swung easily. The point 0 is to be fixed, then
You can see that A and B can move only on arcs of a
circle about O as center, but P and P’ can move much
more freely. You will also find by experiment that
[ 130 ]
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if you move either P or P’, the other one will be com-

~ pelled to move. Now if P is made to-move on an arc
of a circle which passes through O, P’ will describe a

segment of a straight line. This can be accomplished -
by putting in another bar, the seventh, pivoted at the’
moving point P and a fixed point E, lying halfway
between O and P, as indicated. P will then deseribe

a circle with center at E, and if the machinery did-not
Ao
R

N\ B _
get in théﬂ\vay, this circle would pass through 0. But it
can gwinig about through only part of this distance,
a{J\d * will meanwhile describe a segment of a straight

~line. '

\/ These facts are of interest even if you do not care to
learn the reasons why the line described by P’ is
straight. But the proof is not difficult, and so I shall

put it in, in case anyone wishes to know why this very

simple machine solves this really difficult problem.
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I shall prove a series of statements leading finally
to the desired proof.

1. In every position of the linkage OP - 0P’ is a
constant.

¢ '\
Draw the dia

intersect ab.right angles. Call their point of inter-
secl;ioq\{j,"Then'

onals of the thombus APBP". They

AN

\OOP - 0P’ =(0C - PCY(OC + CPY)
Q& =(0C - PC)(0C + PC)

N . = 0C* — PCe

=(0A? — ACY—(AP* — ACY)
= 0A* — AP,

Since 0A and AP are constants, the difference of their

squares is also a constant, That is, OP-0OP’ is a
constant, ' '
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2. The constant found in the above proof is positive,
since by construction 04 is longer than AP. It is
usually represented by r2; r is evidently one side of a
right triangle with hypotenuse OA and the remaining

~

side AP. The length of » may also be found from the <\

linkage by swinging A and P until QAP is a right trio)

angle. You will find that P and P’ will then oomcggle,

and the thombus is pu].led out unti! two pairs of\sides

coincide. If a circle is drawn with center@t'0 and

radius r, the points P and P’ are said to b# nherse with

respect to this circle.

- 3. Problem. To any position of P \o find its inverse
point P/, >

wwi.dbr aull?t‘a?y.org.m

l‘t'a\s not necessary for the entire linkage to be drawn.
*Fc}r wherever P may be, 0, P, P’ are in a straight line,
and OP - OP’ remains equal to a constant which we
have called 7% and we can easily construct r. Let us
draw a circle with radins r and center 0, and take any
point P. If it is inside the circle, P’ must be outside,

for since OP . OP' =2, if OP < r, OP’ > r. DPraw -
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through P a perpendicular to OP, meeting the circle
in T, and at 7 draw a tangent to the circle. The point
in which this tangent meets OP is P’. For, by a
familiar theorem about a right triangle, OP : or =
OT : OP', that is, OP - OP’ = 2. If the point ch@ge

lies outside the circle, the figure looks just the Same,
but the tangent is drawn first from the outshde point,
and then the perpendicular to OP”.

The problem is therefore solved. Yo, Ml find that
if P is taken nearer to the clrcmnferenbe of the circle,
P’ also moves nearer to it. As P woves nearer 1o 0,
P’ moves farther and farther ;m%y What happens
if P is taken on the left side 0{0 )

www.dbraglitbpy Frad @ he any, two pomt:ons of one point,

and P’ and @’ be the correspondmg inverse points.

The two angles OPQ and 0Q’P’ will be shown to be
equal. '
The two triangles OPQ and OQ'P’ are similar since
[ 134}
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they have a common angle and the ad_]aoent sides are
proportional. For

OP - 0P’ = 0Q- OQ’ =
Therefore  OP:0Q = 0Q': OP".

It follows that corresponding angles are equal ; thablg, \
OP(Q = 0Q’P’ and OQP = OP'Q". O

5. If P describes a circle passing through QP’ de-
scribes a straight line.

All the earlier statements are true for any})omtlon of
P in the six-bar linkage. Now we shall add the seventh
bar, and P will move on an arc of a.&¥cle which passes
through 0.

NS
www.dbr aulllgm‘ry org.in

Let P have as its inverse P, and when P has moved
to Q, let Q’ be the inverse point. The quest.lon is:
What path has the inverse point followed in going from

to Q2
[135]
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- Angle OQP is a right angle, therefore OP ‘Q’ is a right
angle. This means that, if a point starting from P de-

- scribes the circle PQO, and the corresponding point in

WL

each of its new positions is joined by a straight line to
P, this line is perpendicular to OP’. But since at B
only one perpendicular to OP’ can be drawn in{this
plane, the point Q’ as it moves must always be(on the
perpendicular erected at P’ to OP’; that ispas P de-
scribes a circle through 0, P’ describes a s raight line.

It is therefore proved that this appafatus of Peau-
cellier draws a really straight line, not mérely an approx-
imation to one. Of course, in any machinery there may
be slight errors which keep the\drawing from being
dabsolivvely @xait, but the more perfect the machine is
the more accurate the drawing will be, and if it could
be quite perfect, so would'the line be which the point
describes. In the machihe which is known as an inver-
sor or a Peaucelliep{¢ell a pencil is atiached at P’ so
that the line is feally drawn., You can easily make
an inversor whieh will work very well,

2 ¢ '\“
O

Ay
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CHAPTER XIV
THE IMPOSSIBLE IN MATHEMATICS o)

In work in Mathematics, and indeed in any sub]ect,
we occasionally run across something which. @3 ‘can-
not do, try as we may. Sometimes we find that later,
after our minds have had a chance to restva little, or
perhaps to grow more familiar with the’ problem, we
come back to it and solve it mthuut‘much difficulty.
Sometimes a hint from-a wisen lpqmqnohg]:ps us over the
hard place.

But are there any problems that really cannot be
solved? Tt is evidently oné thing to say that a problem
has never been solved/and quite another thing to say .
that it cannot be solv

It is very easy<to ﬁnd some things in Mathemancs
which cannot (be done. For instance, the foﬂowmg
constructions‘are impossible.

1. To diﬁw a five-sided square.

2. }S(om a point without a line to draw two perpen-
dicufars to the line.

~Each of these calls for something which contradicts

\ “giir previous knowledge. One contradicts the definition

of a square, and we must never go against a defini-
tion. The other contradicts a theorem already estab-

lished. The indirect method, or reductio ad absurdum,

is based upon the principle that facts a].ready proved

must not be contradicted.
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Another thing which is impossible is to divide by
zero. As one writer puts it, *The first law of Mathe-
matics is Thou shalf not divide by zero.” All sorts of
absurdities arise if we try to treat zero in dividing as

. we would treat any other number. For instance, &
3X0=11X0.
* Therefore, removing a common factor, ‘
| 3 =11, A
Many of the amusing “proofs” of m:gtr:u'hs, such as
that 1 = 2, that a fly weighs as muchhas an elephant,
ete., depend upon division by zero,te bring about the

.- absurd result. AV _

v Ay gigthaie llustration of (the impossible take the
proof in Chapter VIII that\it is impossible to square
a rational number and get.2 as the result.

Another illustratiodyef the same kind is found in
Chapter IX, wheredt.was stated that  is not a rational
number; that jgﬁit is impossible to write a fraction
which gives exaetly the value of 7.

You knox that you can get quite elaborate irrational
numberg\if-you combine by addition, division, ete., all
kinds G- Foots of integers; for example,

‘xw: - ,4'17 + l/‘23 _

o

R\ e B2 L E v/ BT
&£ /479 — V826

)™ But every such combination, using any roots you please,
forming fractions, adding, etc., provided you use only
a finite number of operations, can always be the root of
an algebraic equation, that is, an equation of the form
art + bt et b5 = 0,
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where every letter except ¢ stands for an integer, and
n is positive.

Now in the last century another fact about = was
proved. No matter how complicated algebraic equa-
tions you may experiment with, = can pever be one of, ¢
the roots. That is, = is not only not a rational nums<
ber, it is not even an algebraic number. It is whatis>
known as a transcendental number. This sounds
rather awe inspiring, but you may have met ‘alteady
some other members of the same family, fof-most of
our sines, cosines, and logarithms are transcendental
numbers. Some years hence you apay know more
about them. For the \yresent. it is Juteresting to know
that there are such MIMbAFS,’ lm'i’t"-ﬁ%lﬂs one to see
how foolish and ignorant these-men are who are still
trying to find an exact value for . The reason why
they still continue this.useless search is that they do
not realize the differefice between “It'has not yet been
solved” and “It .\'céunot be. solved.” And when a
mathematician Has proved that a thing cannot be done,
it is welt to.si,op trying to do it, and to spend . our
energy on omething that we perhaps can do. .

Still gdbther kind of impossibility is that of solving
a problem with inadequate means. o

Think, for example, of a tzip to the moon. We are

. (father cautious nowadays about claiming that such
)a feat can never be accomplished, but we may safely

say that a trip to the moon cannot be mad_e- in ?he Los
Angeles or any kind of flying machine now in existence.
the conditions of a problem

A misunderstanding of i :
has been responsible for many foolish claims made by
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persons untrained in Mathematics. For instance, in
many newspapers this past summer there were great
headlines of this kind: A problem that has baffled
mathematicians since Euclid’s day is solved!! The
angle is at last trisected !! AN\

Now anyone who knows anything about the subject
can tell you that the angle was trisected long agb; and
that there are many means of accomplishi “thiis feat.
As long ago as 420 B.c. a geometer narded Hippias
invented a curve called the quadrateix’ ﬁ)y which an
angle can be divided in any ratio. _I¥é also invented
an instrument, which drew this cuf¥é. Another curve
used about 180 B.c. for the same purpose was the con-

www dbboitlof- Nicomedes.  Other Girves which enable one
to trisect an angle are thelequilateral hyperbola and
the trisectrix. R\ )

The reason why thisproblem proved so difficult for
the old geometers{and so gained a reputation for it-
self, was that they tried to solve it by the use of ruler
and -compasses™\only, the use of other methods being
frowned upow’ by Euclid and other Greek geometers.
To this(day the name “Fuclidean construction” is
given-10"those constructions only which are confined
to\ﬂ;e' use of ruler and compasses. Of course you know
that by the methods of elementary Geometry you can

~Otrisect a right angle, but it has been proved that a gen-
* eral angle cannot be trisected if one’s ingtruments are
ruler and compasses only. All constructions by these
elementary means give at best only approximate solu-
tions. .
Another problem which cannot be solved by ruler
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and compasses only is the one known as the duplica-
tion of the cube. Tt calls for the edge of a cube which
shall have exacily twice the volume of a given cube.
This problem, for some reason, has proved less attrac-
tive to valiant but ignorant would-be solvers than the N
trisection of an angle or the squaring of the circle, and.)

I do not remember any announcements of its solutidn

in any newspapers. KON

Let us turn now to problems of the othe\f-:}rariety,
those not yet solved, but hopefully attackéd by mathe-
maticians. Here are some of them, one interesting
thing about which is that you can see ’ciéarly what they
mean. You have hgd many, prohlems, given you to
solve, the meaning of which was tmich Harder to grasp.

1. Is there any end to tht{rﬁlmher of twin primes?

In Chapter I, I told you that there are fewer twin
primes as one goes %t;ther out, at least as far as to
1000. The questiohyhas been investigated as far out
as 8,100,000, and twin primes are found to occur more
and more racely> But no one knows whether they ever
come to an'end, whether ‘there is a point at which we
may say, ¢*That is the largest pair of twin primes.”

Are there any perfect numbers besides the nine

alrb:&ﬁy found? Is there such a thing as an odd per-

~feét number? Does every even perfect number end
in 6 or 28, as is the case with those now known?

3. Is it true that every even integer is the sum of
two prime numbers? For instance, 18 =7+ 11,
50 = 19 + 31.

This statement, known as Goldbach’s Theorem, is
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true in every case that has been tested, but it has not
yet been proved true.

4. Are there any positive integral values of n, z, y, 2
which satisfy the equation z» 4 y» = z* when n is
greater than 27

We know that whenn = 2, there is no end to the pos«\
sible values of x, y, and z. See Chapter IV. But’it
has been proved that when n = 3, 4, 5, etc, at Teast
as far as 7000, there are o positive mt.egre&values of
%, ¥, z which satisfy the equation. Tha ‘i, the sum
of two cubes is never a cube, the sum'of two fourth
powers is never a fourth power, ete, ) Of course it is
stmn%l)gnsuspected that the answer‘}o this question is

!l])ut it s Tot yet proved. |
About three centuries ago a French mathematician;
named Fermat, announced™ that he had proved that
there is no solution when n is greater than 2, but he
did not give his proof and it still remains a famous
unsolved problem\ A large sum of money has been
offered as a pfize to the first one who gives a complete
answer o this question before the year 2007.

I haye e“trled 1o show you in this chapter some mathe-

x lmpossﬂ)lhtles Anyone who knows even a
little about them is not likely to join the army of circle-
R $auarers or angle-trisectors. There is one fine thing to
~“be said about these useless efforts. They are often
due to a noble characteristic of human nature, the kind
of ambition which sends men to explore dangerous
lands or to climb forbidding mountains, and which
made men try for centuries to learn to fly. Just
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because these are hard tests of strength and skill they
prove attractive. So when men get the idea that
mathematicians have not yet managed to square the
circle, that is, to find an exact or rational value for its

area, simply because it has proved too hard for them .
to do, they long to solve the problem, and so to beat.
all the mathematicians of the ages. The trouble ds

that they do not know embugh even to understand, that

it cannot be done. A\
There is no way of proving that Mt. Everést-cannot

be climbed to the very top, and explorers.will continue

to make the attempt, and some day . summit. may
ever find an exact rational

be reached. But no one Wlﬁliu \ !
value of , and the work- w ch 15 &P carried on in
this search is only wasted effort.) -Only last year a book
was sent to me which claira§ to prove that = = %58,
the value found in an Egyptian manuscript of about
1700 B.c. The author~of this book, so far as I can
judge, knows littlecAlgebra and less Geometry, and
" has no idea whatia proof is. Very often the less we
know the more{gocksure we are.
N
In Histovies of Mathematics you will find readable
accouts.of attempts made in ancient times to solve

some;,\f‘amous problems, and also old stories in whick

the Greeks told of their mathematical difficulties in a

\%iy interesting form; as, for instance, the story of the

duplication of the cube.
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ANSWERS TO SOME OF THE PROBLEMS

CaspTER PaceE  Numpex A \\
W a2 i 7,744 O\
15 4225 - o \ e
16 34,596 X "x at
17 45796 RS
18 455625 :’\\
20 1,089 )
YV 60 8 615384 N
XI 109 7 Let the four numboh“i)e Z, ¥, Z, u, their sum
. k, and let_c Be ‘the mmber to be added,
www.dbraulibrary.org.in Bubtracl.ed\ ., and ¢ the common Tesult.
Then , \.

EtFy+ztu=k

“;~‘::‘§:+c=y—c = ez zg =a.
~These may be written
m{{\ rT=a-c
L y=a+e
L\ 1=
N\ P
O u = ac.
{:; By addition,
‘\x’{\ z+y+z+u=g(c+1)’=k.
N/
;i\ For any specific value of % the corresponding
N values of a and ¢ may be found.
" {}‘* 116 33 The larger is 5776.
\> - 34 1681,
117 35 One number is 45.
XTI 124 5 Two.
6 8, 88 4L
i 193
- land 4; 2 and 3.
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CrapTek Paar Nuuerms
125 10 Five possible values, the smallest 61, the

largest 185,
11 6, 30, 90.
126 13 Number of schools §; number of pupils 119,
301, 539, 721, 939, _ _
127 14 H2isused, tho number s Tlor 19 or - ‘O

If 3 is used, the number is 25 or 106 or -
If 4 is used, the number is 765 or 1789 or -
I 5 is used, the number is 3121 or 18 AQ}

<Oy

- ’,

I 6 is used, the number ia 233 275,0%513 211
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BOOKS EXPLAINING SCIENCE N \\

{Naote: The books listed under this calegory are general introductions, surveys, .re\mws, and
non-technical expositions of science for the interested layman or scientist\ who wishes
to brush up. Dover also publishes the largest list of inexpensive reprintse oF books on inter-
mediate and higher mathematics, mathematical physics, engineering, chemistry, astronemy,
¢tc,, for the professional mathematician or scientist, For our compiéte\Science GCataleg,
write Dept. catrr., Dover Publications, Inc., 180 Varick Street, New York 14, M. Y.

CONCERNING THE NATURE OF THINGS, SIr William- Bragg. Royal Ingtifute Christmas Lectures
by Nobet Laureate. Excellent pla[n-]angumﬂ»ﬁrﬂbﬁﬁmlmmg}d?%ﬁnmsx crystai strue-
ture, etc, explains “building backs™ of universe, basic propestits/of “matter, with simplest,
clearest examples, demonsirations. 32pp. of photas; 57t figures. 244pp, 53 X 8.

A T31 Paperbound $1.35
MATTER AND LIGHT, THE HEW PHYSICS, ouis de Broglie. Non-technical explanations by a
Mobe! LWureate of electro-magnetic theory, relatlugty,.wave mechanics, quantum physics,
philosophies of science, etc. Simple, yet accurafe ntroduction to work of Planck, Bohr,

Einstein, other modern physicists. Only 2 of (12 chapters require _mathematics. 300pp.
5% % 8. p » T35 Paperbound %1.60

tHE GOMMON .SENSE OF THE EXACT SBIEKQES, W. K. Clifford. For 70 %fears, Clifford’s work
has been acclaimed as one of the cleafésty yet most precise introductions fo mathematical
symbelism, measurement, surface hou{?tiés, pasition, space, motion, mass and force, etc.
Frefaces by Bertrand Russell and Kagl ‘Pearson. Introduction by James Mewman. 130 figures.
249pp. 53 x &. \ Tél Paperbound $1.60

THE NATURE OF LIGHT AND COLDUR IN THE OPEN AIR, M. Minmaert. What causes mirages?
haloes? “multiple’’ suns and¢poons? Professor Minnaert explains these and hundreds of
other fascinating natural ‘optical phenomena in simple terms, tells how to observe them,

E ds of riments. 200 illus; 42 photos. xvi + 362pp.
uggests hundreds - of £245 ' T196 Paperbound $1:08

g

SPINNING TOPS thnoscaplc MOTION, John Perry. Classic elementary text on dynamics

of rofation treats Eyroscopes, tops, how guasi-rigidity is Induced in paper disks, smake

rings, chains,ttc, by rapid motion, prflceslsion, egfrth's mot‘l)%r;. %tzc.ﬁt‘gigggmslzglany easy-to-
imants. dix on practical uses of gyroscopes. . 128pp.

P orrie?(pgrnments Appentt P 1416 Paperbound $1.00

g ATHEMATICS, D. Struik, This lucid, easily followed history of
#.aﬁ.%':'n":’a'tgia"s ?:ﬂ"ﬁ:e o;nc'i'entHNear East to modern times requires no mathematical back-
ground itself, yet introduces both  mathematicians and faymen to basic concepts and
discoverles and the men who made them. Contains a cotlection of 31 portralts of eminent
mathermaticians. Bibliography. xix -+ 299pp. 5% x 8. T255 Paperbound $1.75

Born. A remarkahly clear, thorough exposition of gases,

:’:Ectrgsflfas?s, U\Egggsghdugmcles, glectronic structure of the atom, nuciear physics,
written for the layman by a Nobel |aureate. “*Much :more thorough and deep than most
attempts . . . easy and delightful,” CHEMICAL AND ENGINEERING NEWS. Includes 7 animated
sequences showing motion of molecules, alpha particles, etc. 11 ful-page plates of photo-
graphs. Totat of nearly 600 illus. 315pp. 6% X %4, T4i2 Paperbound $2.00
t, the function of mathematics, the

\ z. N. bell. The role of experimen : :
nwa'm:e '%ﬁ’gggﬁfﬁé Tawl:sam he Timitations of science, and rmany other orovgcative topics
are exparad without technjcalities by an 9’"‘"_{"5’:%33‘.}%’$¥' 13};‘; agq,g‘ie'!f“t introduction
to scientific philosophy,” H. Margenau in PH - " 543 Paperhound $1.25
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FADS AND FALLACIES IN THE NAME OF SCIENCE, Martin Gardner. The standard accoytt of
the various cults, quack systems and delusions which have recently masgqueraded as scionca:
hollow earth theory, Atlantis, dianetics, Reich’s orgene theory, flying saucers, Bridey Fiurphiy,
psionlcs, irridiagnosis, many other fascinating fallacies that deluded tens of thousands.
“*Should be read by everyone, scientist and non-scientist alike,'” R. T. Birge, Prof. Emaritus,
Univ. of California; Former President, American Physical Saciety, Formerly titled, “'in the
Name of Science.” Revised and enlarged edition, x + 365pp. 53 x 8.
T354 Paperbound %1.50

THE STUDY OF THE HISTORY OF MATHEMATICS, THE STUDY OF THE HISTORY OF SCIEHCE,
G. Sartan, Two bouks Dound as ore. Both volumes are standard introductions to their fields
by an eminent science historian. They discuss problems of historical resgarch, tesching,
pitfalls, other matters of interest to the historically eriented writer, teacher, or siudent,
Both have extensive hibliographies, 10 ilfustrations. 188pp. 5% x 8. T240 Paperbounc %1.25

development of symbolic logic and other subjects concerning scientific methodelogy, fra-
bitity, inferential validity, etc, Also describes levons' *‘logic machine,” an early ,precersar
of modern electronic calculaters. Preface by E. Nagel. 839pp. 53 x 8. S445 Paperhtund” $2.98

SCIENCE THEORY AND MAN, Erwin Schroedinger, Complete, unabridged reprintine ui “Science
ant the Human Temperament” plus an additional essay “What is an Elementapy Particic?”
Nohel Laureate Schroedinger discusses many asgects of modern physles from novei saints
of view which provide unusual insights for bot laymen and physicists, 182 pp. 53 @ 8,

T Paperbount! £1.35

BRIDGES AND THEIR BUILDERS, D. B. Steinman & S. R. Watson. Information about ancient,
medieval, modern bridges; how they were huilt; who built them; Sthe structural priccinles
employed; the materials they are built of; etc. Written by ‘epe” of the world's leading
authorities on bridge design and construction, New, revised) 8xpanded edition. 23 photos:
26 lne drawings, xvii + 40lpp, 53 x &. T431 Paperbound %1.95

IHISEOR;I" DFIMATI!EMI\TIGS. B-VGEI' "Smi.;h. hMostI comprehensive non—tefchnical histﬁ:ry fn:a." mIaTth
in, English. In_twp 5. VoL i: A chronologicale¥amination of the growth of mathe-
wwwﬂébbﬁﬂfhbﬁﬁh#nﬁ%%ﬁpts up to 1900, Vol. II: \The development of ideas in specific fields
and areas, up through elementary calculus, The livés and works of over 2 thousand mathema.
ticians are covered; thousands of specific historical problems and their solutions  are
clearly explained, Total of 510 iltustrations, 18550p. 5% x 8. Set boxed in attractive com-
tainer. RN 7423, TA30 Paperbound, the set $5.08
PHILDSOPHY AND THE PHYSICISTS, L. Sistebhing. A philosopher examines the phifnsophical
Implications of modern science by pdsing a lively critical attack on the popular science

expositions of Sir lames leans and Arthur Eddington. xvi + 2095pp. 53k x 8.
p T4EQ Paperbound $1.65

ON MATHEMATICS AND MD.T_HEMN}I&NS, R. E. Moritz, The first collection of guotations by
and about mathematicians in{English. 1140 anecdotes, aphorisms, definitions, specufations,
etc, give both mathematigians “and layman stimulatinpg new insights into what mathematics
is, and into the personalities of the great mathematicians from Archimedes to Euler, Gauss,
Klgin, Weierstrass, Inyalyable to teachers, writers. Extensive cross index. 410pp. 5% x 8.

\ T485 Paperbound $1.94

THE PRINCIPLES OF SCIENCE, W. 5. levons, Unabridgad reprinting of & milestcnc,\i;i;the

NATURAE SCIENCE, BIOLOGY, GEOLOGY, TRAVEL

i SH‘URT\\I{ETDRY_ OF ‘ANMUM\"_ANP PHYSIOLOGY FROM TME GREEKS TO HARYEY, C. Singer.
A greal medicai historian's fascinating intermediate account of the slow advance of anatom-
ical aods physiological knowledge from pre-scientific times to Vesafius, Harvey. 139 unusu-
a[[y,gn*terestmg illustrations, 221pp. 53 x 8. T383 Paperbound $1.15

#\JHE BEHAV¥IGUR AND SOCIAL LIFE OF HOKEYBEES, Runald Ribbands. The most comprehensive,
ucid and authoritative book on bee habits, communication, duties, cell life, motivations,
elc. “A MUST for every stientist, experimenter, and educator, and a happy and valuable
selection for zl! interested in the honeybee " AMERICAN BEE JOURNAL. 690-item bibliography.
127 illus.; 11 phatographic plates, A52pp. 534 x 34, 5410 Clothhound $4.50

TRAI\'ELS aF WILLIAM BﬁRTRﬂM, edited by Mark Vap Doren, One of tha 18th century's mpst
delightful  books, and one of the few fArst-hand squrces of information about American
geography, natural history, and anthropology of American Indian tribes of the time. “The
mind of a scientist with’ the soul of a poet,” Johp Livingston Lowes. 13 original llustra-
tions, maps. Introduction by Mark Van Boren. 44Bpp, 53 x 8, T326 Paperbound $2.00

STUDIES ON THE STRUCTURE AND DEVELOPMENT OF VERTEBRATES, Edwin Goodrich. The
cefinitive study of the skeleton, fins and limhs, head region, divisions of the body cavity,
vascular, respiratory, excretory systems, etc., of vertebrates from fish to hlgher mamimals, by
the greatest comparative anatomist of recent times. “The standard texibook,” JOURMAL OF
ANATOMY, 754 filus. 69-page biographical study. 1186-item hibliography. 2 vols. Total of
906pp. 53 x 8. Yol. T: 5449 Paperbound $2.50

Vol. |1: 8450 Paperbound $2.50
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THE BIRTH AND DEVELOFMENT OF THE GEOLOGICAL SCIENGES, F, D. Atams. Tre most com-
piete and thorough history of the earth sciences in print. Covers over 300 geological thinkers
and systems; treafs fossils, theories of stome growih, paleontoiogy, earthquakes, vulcanists
vs. neptunists, odd theories, efc. 81 flfustrations, including medieval, Renaissance waad cuts,
ete. 632 fuotnotes and bibltographic notes. 511pp. 308pp. 53 x 8. T5 Paperbound $2.00

FROM MWAGIC TO SCIENCE, Charles Singer. A close study of aspects of medical science from
the Roman Empire through the Renaissance. The sections on early herbais, and ''The Visigns
of Hildegarde of Bingen,” are probably the hest studies of these subjects available, 158
unusual classic and medieval illustrations. omii + 3Bhpp. 5% X 8. T390 Paperbound $2.00

SAILING ALGHE AROUND YHE WORLD, Captain Joshua Slocum. Captain Slocum's personal

account of his single-handed voyage around the world in a 34-~foot hoat he rebuilt himsels.

A ctassic of both seamanship and descriplive writing, “A nautical equivalent of Thorsau's.

account,’” Van Wyck Brooks. 67 illus. 308gp. 5% % 8. T326 Paperbound ﬂ.g\
1y

TREES OF THE EASTERM ANO CENTRAL UNITED STATES AN CAMNABA, W. M. Harlow. Stange
middie-level guide designed to help you know the characteristics of Eastarn treps and
Wentify them at sight by means of an 8-page synopiic key. More than GO0 drawings™~and
photographs of iwigs, ieaves, fruit, other feafures. xiil + 288pp. 45 x 614, 7\

T395 Papethoupd $1.35
FRUIT KEY AND TWIG KEY ('‘Fruit Key fo Mortheastern Trees,” “Twig Ke¥ 1o Deciduous
Woody Plants of Eastern North America™, W. M. Harlow. fdenbify trees fali, winter,
spring, Easy-to-use, synoptic heys, with photographs of every twig ant \fruit idenfifiad.
Covers 120 different frulls, 160 different twigs, Over 350 photos. Bibliggratifies. Glossarjes,
Total of 143pp. 5% x 8% 1511 "Paperhound $1.25

INTRGDUYCTION TO THE STUDY OF EXPERIMENTAL MEDICINE, ClaydeBernard. This classic
records Bernard’s far-reaching efferts to  transform _physiol'og%n'to an exact science. It
covers preblems of vivisection, the limits of physiological expepiment, hypotheses in medical
experimentation, hundreds of others, Many of his own famobs Sexperiments an the liver, the

pancreas, eic., are used as examples. e )i 1B ele@ife 266pp. 536 x 8,
! -‘wﬁ?(ﬁv‘&'ﬁ 1‘@{5‘9 8 T4 Paperbound $1.50

§
THE DRIGIN OF LIFE, A. I. Opavin. The trst imodern gtatement that tife evolved from complex
nitrg-carbon compounds, carefully presented according *to modern biochemical inowledge of
primary colloids, organic molecutes, etc. BeginsCwith historical introduction o the problem
of the erigin of life. Bibliography. xxv + 270ppn§3s x B. 8213 Paperbound $1.75

A HISTORY OF ASTRONOMY FROM THALES TONKEPLER, J. L. E. Dreyer. The only work in English
whicht provides a detailed picture of man's cosmological views from Egypi, Babylomia, Greece,
and Alexandria fo Coperrlcus, Tyche, Brahe and Kepler, “Standard reference on Greek
astronomy and the Copernican revolifion?” SKY AND TELESCOPE. Formeriy called “A History of
Planetary Systems From Thales tqﬁep[er.” Bikiiography. 21 diagrams. xvii + 430pp. 53 % §.

< - S7% Paperbound $1.98
URANIUM PROSPECTING, MA\L. Barnes. A professional geologist tells you what you need to
wnow, Hundreds of facts aBoud minerals, tests, deteclors, sampling, assays, claiming, develop-
ing, government reguldfhon®, eofc. Glossary of technical terms. Annotated bibliography.
x + 117pp. 53& X AN T308 Paperbound $1.00

DE RE METALLICA, JBEfrgius Agricola. All 12 baovks of this 400 year old classic on metals
and metal production, fully annoiated, and containing ail 289 of the 16th century woodcuts
which made\the priginal an artistlc masterpiece. A superb gift for genlegists, engineers,
fibrarigs, af‘%&g; historians, Translaied by Herbert Hoower & L. H. Hoover, Bibliggraphy,
survey of ancient auihiors. 289 illustrations of the excavating, assaying, smelting, refining,
and cougfless other melal produclion operations described in the text. 672pp, 6342 x 1034.
DefuxgNiGrary edition. 86 Clothbound $10.00

PE\MAGHETE, Williatn Gibert. A landmark of science by {he man who first used the word
‘electricity,'” distinguished between stafic eleciricity and magnefism, and founded a new
sGiénce. P. ¥. Wottetay translation. S0 figures. Jix 4 368pp. 53¢ x 8. 5470 Paperbound $2.00

THE AUTOBIOGRAPHY OF CHARLES DARWIN AND SELECTED LETTERS, Francis Darwin, ed,
fascinating documents on Darwin’s early life, the voyage of the “Begagle,” the discovery of
evoivtion, Darwin's thought on mimicry, plant developmeni, vivisection, evelution, many
other subjects btetters to Henslow, Lyell, Hooker, Waltace, Kingsley, eic. Appendix. 365pp.
3 X 8. T479 Paperbound $1.65

A WAY OF LIFE AND OTHER SELECTED WRITINGS OF SIR WILLIAM OSLER. 16 of the great
physician, teacher and humapist’s most inspiring writings on_a practical philosophy of life,
science and the humanities, and the bistory of imedicine, 5 photegraphs. Introduction by
G. L. Keynes, M.0., F.R.C.5. xx + Z278pp. 535 X 8. T4A88 FPaperbound $1.50
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WORLE BRAMA, B. H. Clark. 46 plays from Ancient Greece, Rome, to Indfa, China, Jjapan.
Plays by Aeschyfus, Sophocles, Euripides, Aristophanes, Plautus, Marlewe, Jonson, Farouhar,
Goldsmith, Cervantes, Moligre, Dumas, Goethe, Schiller, {bsen, many others, One of the
most comprehensive coflections of important plays from all literature available in English.
Over 35 of this material is unavailable in any other current edition. Reading lists. 2 wol-
umes, Total of 1364pp. 53% x 8. Vol. |, T57 Paperbound $2.00

Yol. 1, T58 Paperhound $2.00

MASTERS OF THE DRAMA, John Gassher. The most comprehensive history of the drsma in
print. Covers more than 800 dramatists and over 2000 plays from the Greeks to modern
Western, Mear Eastern, Oriental drama. Plot summaries, theatre histary, etc. “Best of its
kind in English,” NEW REPUBLIC. 35 pages of bibiiography. 77 photos and drawings. Deluxe
edition. xxii + 890pp. 53& x 8. T100 Clothbound #8895

THE DRAMA OF LUNGI PIRANDELLD, B. Vittorinl. All 38 of Pirandello's plays (to 1935\\um~
marized and analyzed in terms of symbolic techniques, plot structure, ete, The onlysAuthorized
work. Foreword by Pirandelic. Biagraphy. Biblipgraphy. xiii + 350pp. 5% x & \J\

T435 Paperaound $1.98

ARISTOTLE'S THEORY OF POETRY AND THE FINE ARTS, 5. H. Butcher, ed. The celebraied
“Butcher translation’ faced page by page with the Greek text; Butcher’sN\gRO-page iatroduc-
tion to Greek poetic, dramatic thought, Modern Aristotelian criticis%djscussed by loAn
Gassner. lxxvi + 421pp. 5% x 8. ¢

K742 Paperbound $2.00

EUGENE D'MEILL: THE MAN AKD HIS PLAYS, B. H. Clark. The, first/pubiished source-bodk on
O'Neill’s {ife and work., Analyzes each play from the earlw WHE WEB up to THE iCEMAN
COMETH. Supplies much information about environmental and\dramatic influences. ix + 122pp.
53 x B, R A T379 Paperbound $1.25

W
INTROBUCTION TO ERGLISH LITERATURE, B. Bobrée, ed\ \Wost compendious literary aid in its
price range. Extensive, categorized bibliography Y th entries up to 1943y uf more than
5,000 poets, dramatists, novelists, as well as histonians, philpsophers, economists, religious
writers, travellers, and scientists of |iterary stature. Information about manuscripts, impor-
tant iographical data. Gritical, historical, backghodnd works not simply |isted, but evaiuated.
Each volume also contains a long introdu’ctjon. to the period it covers.

www_MtahﬂﬁaEglMSrﬂF ENGLISH L[Tﬁlu:'l’illi! TO SKELTOM, 1505, W. L. Renwick. H. Ortofi,

7

o

450pp. 518 x . T75 Clothbound $2.50
Yol. 1l: THE ENGLISH REMAISSANCE, 15101668, V. de Sola Pinto. 38lpp, 54a x 7V4.

76 Clothbound $3.50

Vol. 11l: THE AUGUSTANS nNI:l,RQ\HANTIBS, 1689-1830, H, Dyson, ). Butt. 320pp. 534 = 7i&.

7\ J T77 Glothbound $3.50

Yol. I¥: THE VICTORIANS NB AFTER, 1330-1914, E. Batho, H, Dobrée, 360pp. Sbh x 7la.

T78 Glothbound $3.50

EPIC AND ROMAMCE, W. P. Ker. The standard survey of Medieval epic and romance by a fore-
most authority on\MedievaI literature. Covers historical background, plot, literary analysis,
signlficance of #ZTeutonic epics, Icelandic sagas, Beowulf, French chansons de geste, ihe
Niebelungenhs&kérthurian romances, much mare. 422pp. 53 x 8, T355 Paperbound $1.95%

THE HEART\OF" EMERSON'S JOURNALS, Bliss Perry, ed. Emerson’s most intimate thoughis,
shaq

impressians,” records of conversations with Channing, Hawthorne, Thoreau, etc., carefully
chosefi Mfrbm the 10 vofumes of The Journals. “The essays do not reveal the power of
Emefsop’s mind . . .as_do these hasty and informal writings,”’ N. ¥. TIMES. Preface by
B, Perry. 370pp. 535 x 8. T447 Paperbound $1.85
AJSOURCE BOODK |N THEATRICAL HISTORY, A. M. Nagler. {Formetly, "Sources of Theatrical
History.”) Over 300 selected passages by contemporary ohservers tell about styles of acting,
direction, make-up, scene designing, efc., in the theafre's preat periods from ancient Greece
to the Thédtre Libre. “Indispensable complement to the study of drama,” EDUCATIONAL
THEATRE JOURNAL, Prof. Magler, Yale Unjv. 5chool of Drama, aisc supplies nctes, references.
85 illustrations. 611lpp. 53 x 8, 7515 Paperbound $2.75

THE ART OF THE STORY-TELLER, M. L. Shedlock, Regarded as the finest, most helpful book
on telling stories to children, by a great story-tellef.“How to caich, hold, recapture attention;
how o choose material; many other aspects. Also includes: a 99-page selection of Miss
Shedlock's most successful stories; exbtensive biblfography of other storles. xxi + 320pp.
5% x 8. 1245 Clothbound $3.50

THE DEVIL'S DICTIONARY, Amhbrase Blerce. Over 1800 short, ironic definltions in alphabetica!
order, by America’s greaiest satirist in the classical tradition. “Some of tHe most gorgeous
witticisms in the English language,” H. L. Mencken, 144pp. 534 x 8. T487 Paperbound $1.00
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A DICTIONARY OF HYMNOLOGY, lotn Julian. More than 30,000 entries on individual hymns,
their authorship, textual variations, location of tewts, dates and circumstances of compesi-
tion, denominational and ritual usages, the biographies of more than 9,000 hymn writers,
essays on important topics such as children’s hymns and Christmas carols, and hundreds
of thousands of other important facts about hymns which are virtually impossible 1o find
anywhere else. Convenient alphabetical listing, and a 200-page double-columned index of
frst lines enable you to track down virtually any hymn_ever written. Tetal of 1786pp.
BYs X SV, Z volumes. T133. The Set, Clothbound $15.00

STRUCTURAL HEARING, TOMAL COHMERENCE IN MUSIC, Felix Salzer. Extends the well-known
Schenker approath to include modern music, music of the middle ages, and Renaissance
music. Explores the pheromenon of tenal organization by discussing more than 500 composi-
tigns, and offers unusual new insights into the theory of composition and musical relation-
ships. “The foundation on which all teaching in music theory has been based at this.
college,” Leopold Mannes, President, The Mannes College of Music. Total of 658pp, 6% x %, \\
2 volumes. 5418 The set, Ciothbound $8,00

5 GENERAL HISTORY OF MUSIC, Charles Burney. The complete history of music fm"g:: the
Gresks up to 1789 by the 1Bth centory muskcal historian who personally knew thi “great
Barogue composers. Gowvers sacred and secular, vogal and instrumentai, operatic and/sym-
phonic music; treats theory, notation, forms, instruments; discusses compasers,parformers,
important works. Invaluabie as a source of information on the period for studen&& Historians,
musicians. ‘‘Surprisingly few of Burney’s statements have heen Invalidated/ by Smodern re-
search . . . still of great value,” NEW YORK TiMES. Edited and corrected{by(Frank Mercer.
35 figures, 1915pp, Dy X 814, 2 volumes. T36 The se3,~ C thbound $12.5Q

JOHAMN SEBASTIAN BACH, Phillip Spitta. Recognized as one of the greate$t accomplishments
of musical scholarship and far and away the definitive coverage of Bach’s works. Hundreds
of individual pieces are analyzed. Major warks, such as the inor Mass and the St
Matthew Passion are examined in minute detail. Spitta also /deals with the works of
Buxtehude, Pachelpel, and others of the period. Can hg”:. ad ‘Wwith profit even by those
without a xnowledge of the technicalities of musical cumga itioh. “Unchallenged as the last
word on one of the supreme geniuses of music,”” Johng rkHam, SATURDAY REVIEW SYNDI-
CATE. Total of 1819pp. 536 X &. 2 volumes. N\ T242 The set, Clothbound $10.00

a

mISTORY
W aulibrary.org.i
THE IDEA OF PROGRESS, ). B. Bury. Prof. Bury traces tha gv&u’tﬁ:n of a central concent of
Western civilization in Greek, Roman, /Medieval, and Renaissance thought to its flowering
in the 17tk and 18th centuries. Intr \etion by Chaties Beard. xl + 357pp, 3% X 8.
'\ T39 Clothbound $%3.95
¢ L\ ¥40 Paperbound %1.95

YHE ANGIENT SREEK HISTORIANSM. B. Bury. Greek historians such as Herodotus, Thucydides,
¥enophon; Roman historiang Such as Tacitus, Caesar, Livy; scores of athers fully analyzed
in terms of sources, coneepts, influences, etc., hy a great scholar_and historian. 291pp.
i X B, \N ¢/ T397 Paperbound $1.50

HISTORY OF THE EATER ROMAN EMPIRE, 3. B. Bury, The standard work on the Byzantine
Empire from 395.4.0, 10 the death of Justinian in 565 A.D., by the leading Byzantine scholar
of our time.\Cévets paolitical, social, cultural, theological, military history. Quotg_s contam-
porary documents’ extensively. “Most unlikely that it wilt ever be superseded,” Glanville
Downey, Dufpbarton Oaks Research Library. Genealogica) tables. % maps. Bibliography. 2 vols.
Tetal of @85bpp. 5% X 8. 1358, 1339 Paperbound, the set $4.00

GA DNER'S PHOTOGRAPHEE SKETCH BOOK OF THE CIVIL WAR, alexander Gardner. One of the
farast and most valuable Civil War phetographic collections 'exactly reproduced for the first
fime’ since 1BG6. Scenes of Manassas, Bull Run, Harper's Ferry, appomattox, Mechanicsville,
Frodericksburg, Gettyshurg, etc.; battle ruins, prisons, arsenals, a slave pen, fortifications;
Lincoln on the field, officers, men, COrpses, By one of the maost famous pionsers in docu-
mentary photography. Original copies of the *'Sketch Book™ sold for $425 in 1_9%2%.{‘Intmduc--

i i E 10 photographs (original size), - 244pp. Y ¥ LS
tion by E. Bleiler. 100 fuil-page 7Fx photographs { e e eind 3600

THE WORLD'S GREAT $PEECHES, L. Copeland and L. Lamm, eds. 255 speeches from Pericles to
Churchill, Dylan Thomas. Invalﬁable aps a guide to speakers; fascinating as history -past and
present; a source of much difficult-to-find material. includes an extensive section of informal

indices: jc, duthor, Nation. xx + 745pp. 53 % 8.
and humorous speeches. 3 indices Topic, Au e Separbound $2.49

OF THE WIDDLE AGES, E. K. Rand. The lbest non-technical discussion of the
frg?lzfguirpnsaﬁon -cl;f Latin paganism’ into medieval civilization, Tertullian, Gregory. Jerame,
Boethjus, Augustine, ihe Neoplatenists, other crucial figures, phllq§oph_1es gxamined. Excel-
tept for the intelligent non-specialist. iExtrgordinarily accurate, Richard McKeon, THE
NATION. ix + 365pp. 5% X 8. T360 Faperbound $1.85




CATALOG OF

THE POLITICAL THOUGHT OF PLATO AND ARISTOTLE, Ernest Barker. The standard, compre-
henslve exposition of Greek politicat thought, Covers every aspect of the “*Republic” and the
“Politics” as well as mingr writings, other philosophers, theorists of the period, and the
later history of Greed peiiticai thought. Unabridged edition. 584pp, 53a x &.

T521 Paperbound $1.85

PHILOSOPHY

THE IFT OF LAMGUAGE, M. Schlauch. (Formerly, "The Gift of Tongues.'") A sound, middle
level treatment of linguistic families, word histories, grammatical processes, semantics,
language taboos, word-coining of Joyce, Gummings, Stein, etc. 232 bibliographical notes.
350pp. 53% x 8, T243 Faperbound $1.85

THE PHILOSOPHY OF WEGEL, W. T. Stace. The first work in English o give a tomplete, and
connected view of Hegel's entire system. Especially valuable to those who do ol harve
time te study the highly complicated original texts, yet want an accurate presgntation by
a most reputable scholar of one of the most influential 15th century thinkers Wacludes a
14 x 20 fold-out chart of Hegelian system. 536pp. 53 x B. 7254 Par@rba.und $2.00

ARISTOTLE, A. E. Taylar. A lucid, non-technical account of Aristotle written by a foremost
Platenist. Covers IHe and works; thought on matter, form, causes, logic, Ged, physics,
metaphysics, etc, Bibliography. MNew index compiled for this edition, F8pp. 535 x B

o 0 “Paperbound S1.00

GUIDE TO PHILOSDPHY, C. £. M. Joad. This hasic work describes, fhe “major philosophic prob-
lems and evaluates the answers propounded by great philogophers from the Greeks o
Whitehead, Russell, “The finest introduction,” BOSTON TRANSCRIPT, Biblicgraphy, 592pp.
5% x 8, T297 Paperbound $2.08

LANGUAGE ANB MYTH, E. Cassirer. Cassirer's hrilliant ;!’é%(mstration that beneath both lan-
guage and myth iies an unconscious ‘‘grammar’ of efperience whose categories and canons
are not those eof logical thought, Introduction a{dr\translation by Susanne Llanger. fndex.
* + 103pp. 5% x 8. W\ T51 Paperbound $1.25

SUBSTANGE AND FUNCTION, EINSTEIN'S THEORY OF RELATIVITY, E. Cassirer. This doublz vol-
ume contains the German philosopher's profeund philosophical formulation of the differences
between traditional logic and the new logicy nf science, Number, space, energy, relativity,
many other topics are treated in detail.eAuthorized transiation by W. C. and M. C. Swabey,
xii + 465pp. 5% x &, N TS50 Paperbound $2.00

ww v, AHE2RHIOFORCAL SWDRKS OF DESCARTES. The definitive English edition, in two voiumes,

A

o

of all major philosophical works and letters of René Descartes, father of modern philosophy
of #knewledge and science. TraQIated by E. S. Haldane and G. Ross. Introductory notes.
Total of 842pp. 538 x 8, A T71 Vol. 1, Faperbound $2.00

T72 Yol. 2, Paperbound $2.00

' 4 \
ESSAYS [N EJ(PERIMENJ’A[\LBI:IO, J. Dewey, Based upon Dewey's theory that knowledge
implies a judgment whichNin turn implies an inquiry, these papers comsider such topics as
the thought of Bertrand Russell, pragmatism, the logic of values, antecedents of thought,
data and meanings«Jd52pp. 534 X 8, T73 Paperbound $1.95

THEIPHILOSUPHYI,\DF HISTBRY, G. W. F. Regel. This classic of Western thought is Hegel's
detailed formylation of the thesis that history is not chance but a rational process, the
realization of the Spirit of Freedom, Translated and introduced by ). Sibree. introduction
by C. Hegel\ ‘Special introduction for this edition by Prof. Cari Friedrich, Harvard University.
xorix RN 447pp. 536 X 8. Ti12 Paperbound $1.85

IHEZ.WILI_ TO BELIEVE and HUMAN IMMORTALITY, W. James. Two of lames's most profourtd
in¥estizations of human heifef in God and immortality, bound as one volume, Eoth are
Bgwerful expressions of James’s views on chance vs, determinism, pluralism vs, monism,
will and intellect, arguments for survival after death, etc. Two prefaces. 42%pp. 53& x 8.
7284 Clothbound $3.75
T391 Paperbuund $1.65
INTRGDUCTION TO SYMBOLIC LOGIE, 5. Eanger. & lucid, generai introduction to modern
In%ic, covering forms, classes, the use of symbofs, the calculus of propositiens, the Boole-
Schroeder and the Russell-Whitehead systems, etc. “One of the clearest and simplest intro-
ductions,” MATHEMATICS GAZETTE. Second, enlarged, revised edition. IRApp. 535 x B.
8164 Paperbound $1.75

MIND AND THE WORLD-ORDER, €. I Eewis. Building upon the work of Pefrce, James, and
Dewey, Professor Lewiz outlines a theory of knowledpe in terms of “conceptual pragmatism,”
and demonstrates why the traditional understanding of the & priori must be abandoned,
Appendices. xiv + 446pp. 534 x 8. T359 Paperbound $1.95

THE GUIDE FOR THE PERPLEXED.M.Maimonites One of the Breat philusophical works of ail
time, Ma!mumdes'l formuolation of the meeting-ground between Qld Testament and Aristatelian
thought is essential to anyone interested in Jewish, Christian, and Mosiem thought in the
Middie Ages. 2nd revised edition of the Friedidnder translation. Extensive introduction. lix
=+ 4l4pp. 53 x 8. T351 Paperbound $1.85
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THE PP,I’IL[ISIIJPHIGAI. WRITINGS OF PEIRCE, J. Buchler, ed. {Formerly, *“The Fhilosophy of
Peirce.”’} This carefully integrated selection of Peirce's papers is considered the best cov-
arage of the complete thought of ong of the greatest philesophers of modern times, Covers
Peirce's work on the theory of signs, pragmatism, epistemology, symbalic logic, the scientific
method, chance, etc, avi 4 386pp. 5 J& % B. T21& Clothbound %£5.00

T217 Paperbound $1.25

HISTORY DF ANCIENT PHILOSOPHY, W. Windelband. Considered the clearest survey of Greek
and Roman philosophy. Examines Thales, Anaximander, Anaximenes, Heraclitus, the Eleatics,
Empedocles, the Pythagoreans, the Sophists, Socrates, Demecritus, Steics, Epicureans, Sceptics,
Neo-platonists, etc. 50 pages on Plato; 70 on Aristotle. 2nd German edition tr. by H. E.
Cushman. xv < 393pp. 534 x 8. T357 Paperbound $1.75

INTRDDUCTION TO SYMBOLIC LOGEC AND 195 APPLICATIONS, R. Carhap. A comprehensive,
rigorous introduction to modern logle by perhaps its greatest living master. inciudes
demonstrations of applications in mathematics, physics, bialogy. “0f the rank of a
masterpiece,” Z. fir Mathematik und ihre Grenzgebiefe. Qver 300 exercises. wi + 241pp.*
5% x 8. Clothbound $4.0D

5453 Paperbound §1;.§5,

SCEPTICISM AND ANIMAL FAITH, G. Santayana. Santayana's unusually lucid exposition gf\the. 4

difference hetween the independent existence of objects and the essence our mind attributes
to them, and of the necessity of scepticism as a form of belief and animal faith as a ‘neces-
sary condition of knowledge. Discusses helief, memary, intvitian, symbols, etc. nitng “31dpp.
5% X 8. 7235 Clothhound $3.50

T236 Papesbound $1.50

THE ANALYSIS OF MATTER, B. Russell. With his usuai brilliance, Rugs II'}nalyzes physles,
causality, scientific inference, Weyl's theory, tensors, invariants, peiig icify, etc. in order
to discover the basic concepts of scientific thought about matter. **Mosts thorough treatment

of the subject,” THE NATION. Infroduction. B figures. viii + 408p€. W% % 8.
£\ ¥T231 Faperbound $1.95

THE SENSE OF BEAUTY, G. Santayana. This important philtﬁ\puica‘l" study of why, when, and
how beauty appears, and what conditions must be fulfilled; is in itself & revelation of the
beauty of language. It is doubtful if a better treatment f\he subject has since appeared,”

PEABQDY JOURMAL. ix + 275pp. 5% x & N T238 Paperbound %1.00
THE CHEEF WORKS OF SPINDZA. In two volumes. Vab 1:*The Theslogico-Political Treatise and
the Political Treatise. Vol. ll: On the Improveaient of Understanding, The Ethics, and

Selected Letters. The permanent and enduring ideas in these works on God, the universe,
religion, society, etc., have had \rtr'enwndﬂwgm’h&;taqnymgf Hosophical works, Introduc-

tion. Total of 862pp. 53 x 8 vol. |, Paperbound $1.50
p T25¢ Woi. 11, Paperbound $1.50

N\
TRAGIC SENSE OF LIFE, M. de Unamung. The acknowledged masterpiece of one of Snain's
most influential thinkers. Betwgeny the’ despair at the inevitable death of man and all his
works, and the desire for immc&églﬁ;y Unamuno finds a “'sawing incertitude.” Called “a

masterpiece,” hy the ENCYGLOPAEDIA 'BRITANMICA. xxx + 332pp. 53 _x 8.
N\ T257 Paperbound $1.95

EXPERIENGE AND MNATURE, John Dewey. The enlarged, revised edition of the Paul Carus
lectures (1525). One ol Dewey’s clearest presentations of the philosophy of empirical natural-
ism which rzestablisies 'the continuity betwearn  “inner” experience and “outer’’ nature.
These |lectures ars®ameng the mosi significant ever delivered by an american philosopher.
457pp. 5% x BN\ T471 Paperbound $1.89

PHILOSOPHY ZAND: GIVELIZATION N THE MIDDLE AGES, M. de Wulf. A semi-popuiar survey of
medieval |nteliectual life, religion, philosophy, science, the arts, etc. that covers feudalism
vs. Catholieism, rise of the universities, mendicant orders, and similar topics. Bibliography.
viii +~320pp. 53 X 8 T284 Paperbound $1.75

PN | .
AN INTHDOUCTION TO SCHOLASTIC PHILOSGPHY, M. de Wulf. (Formerly, **Scholasticism Old
anti Mew.') Prof. de Wulf covers tha central scholastic tradition from 5t. Anselm, Albertus
Magnus, Thomas Aquinas, up fo Suarez in the 17th century; and then treats the modern
revival of. scholasticism, ihe Louvain position, relations with Kantianism and positivism,
etc. xvi + 271pp. 53 x 8. T296 Clothbound $3.50
T283 Paperbound $1.75

A HISTORY OF MODERN PHILOSOPHY, H. Hisfiding. An exceptionally clear and detailed coverage
of Western philesophy from the Renaissance to the end of the 198th century. Both major
and minar figures are examined in terms of theory of knowledge, Jogic, cosmology, psychology.
Govers Pomponazzi, Bodin, Boehme, Telesiug, Bruno, Copernicus, Descartes, Spinoza, Hobbes,
Logke, Hume, Kant, Fichte, Schopenhauer, Miti, Spencer, Langerhslcores of others. A standard

farent k. Z volumes. Total of 1159pp. 53 x 8. 7 vaol. 1, Paperbound $2.08
reference work. £¥¢ PR T118 Voi. 2, Paperbound ﬁ.uo

LANGUAGE, TRUTH AND LOGIC, A, L Ayer. The first fuli-length development of Logical
Posivifism in English. Buiiding on the work of Schlick, Russell, Carnap, and the Vienna
school, Ayer presents the fenets of one of the most impertant systems of modern philosoph-
ical thought. 180pp. 538 X 8. T10 Papertound $1.23



CATALOG OF
ORIENTALIA AND RELIGION

THE MYSTERIES OF MITHRA, F. Cumont. The great Belgian scholar's definitive study of the
Patsian mystery religion that almost vanguished Christianity in the ideological strugpic for
the Roman Empire. A masterpiece of scholarly detection that reconstructs secret dectrises,
organization, rites. Mithraic art is discussed and analyzed, 70 illus. 230pp. 534 ¥ 8.

T323 Paperbound 31.85

CHRISTIAN AWD ORIENTAL PHILOSOPHY OF ART. A. K. Coomaraswamy. The tate art hizioeian
and orientalist discusses artistic symbolism, the role of traditional cultura in enriching art,
medieval art, folkiore, phllosophy of art, other similar topics. Bibliography. 14Bpp, 534 x 8.

T318 Paperboun? %3.2%

TRANSFORMATION OF NATURE IN ART, A, K. Coomaraswamy. A basic work un Asiatic religigas
art. Includes discussions of rellgious art in Asid and Medieval Evrgpe {exemolificg by
Meister Eckhart), the origin and use of images in Indian art, iIndian Medieval aekm tig
manuals, and other fascinating, litlle known topics. Glossaries of Sanskrit angAChinese
terms. Bibliography. 41pp. of notes. 245pp, 53 » 8. T368 Paperbount, $!.7%

ORIENTAL HRELIGIONS IN ROMAM PAGANISM, F. Cumont. This weil-known stgayy trezts the
gcstatic cults of Syria and Phrygia (Cybele, Attis, Adonis, their orgies and amutitatory rites);
the mysteries of Egypt (Serapis, lsis, Osiris); Persian dualism; Mithraic, Cults; "Hermes
Trismegistus, Ishtar, Astarte, etc. and their influence on the refigious thought of the Reman
Empire. Introduction. 55pp. of notes; extensive hibliography, xxiv +{ p. 5% % A
Q:izl Faperbound 3%.7%

X 3

ANTHROPOLOGY, SOCIOLOGY, A\ND PSYCHOLOGY

PRIMITIVE MAN AS PHILOSOPHER, P. Radin, A standdrdvanthropological work based on
Radin's investigations of the Winnebage, Maori, Batak/“Zuni, other primitive tribes. Desciibes
primitive thought on the purpose of life, marital M iafions, death, personalily, gods, evc.
Extensive selections of driginal primitive documends, Hibliography. aviii + 420pp. G53& & &

\ o T392 Paperbound $2.00

PRIMITIVE RELIGION, P. Radin. Radin's thePolghgoing treatment of supernatural belisis,
shamanism, initiations, religious expression,g ete. in primitive secieties. Arunta, Ashanti,
Aztec, Bushman, Croew, Fijlan, many other tribes examined. "Excellent,” NATURE. HNew
W Hﬁmqﬂ;ﬂa‘gwttgqrgﬂ;hlmgraphrc notes; x + 322pp. 534 x 8. T393 Paperbound %1.85

SEX IN PSYCHO-ANALYSIS, S. Ferénczi, {Formerly, “Contributions te Psycho-analysis.') 14
selected papers on impotence, tfangference, analysis and children, dreams, obscene words,
homosexualily, paranoia, ete. by associate of Freud. Also included: THE DEYELOPMENT oF
PSYCHO-ANALYSIS, by Fergngzi gnd Gtto Rank. Two books bound as one. Total of AU6pp.
5% x 8. % \ T324 Faperbound $1.83

THE PRINCIPLES OF PSYCHOLOGY, William James. The complete text of the famous “‘long
course,” one of the greal books of Western thought, An aimost incredible amount of infor.
mation about _psych?ogmal processes, the stream of consciousness, hahit, time perception,
memary, emotiong,\reason, consciousness of self, abnormal phengmena, and similar topics.
Based on James's.Own discoveries integrated with the work of Descartes, Locke, Hume,
Royce, Wundt} rkeley, Lotse, Herbart, scores of others. “A classic of interpretation,”
PSYCHIAQ{:‘QUARTERLY. 94 illus. 1408pp. 2 volumes, 536 x 8,
~

ot T381 Vol. 1, Paperbound $2.50
< N T382 Vel. 2, Paparbound $2.50

THESPOLISH PEASANT I EUROPE AND AMERICA, W. I. Thomas, F. Znaniecki. Monumental
sociologlcal study of peasant primary groups (family and community] and the disruptions
..\proﬂuceq by-a new industrial system and emigration to America, by two of the foremost
?c’biologlsts of recent times. One of the most important works in sociclogical thought.
nciudes hundreds of pages of primary dacumentation; point by point analysis of causes
of social decay, breakdown of morality, crime, drunkenness, prostitution, etc. 2nd revised
edition. 2 volumes, Total of 2250pp. 6 x 0. T478 2 volume set, Clothbound $12.50

FOLKWAYS, W. G. Sumner. The great Yale socialogist's detailed exposition of thousands of
social, sexual, and religious customs in hundreds of cuitures from ancient Greece to Modern
Western societies. Preface by A. G. Keller. Intreduction by William Lyun Phelps. 705pp.
53 x 8, 5508 Faperbound $2.45

BEYOND PSYCHBLOGY, Dito Rank. The zuthor, an early associate of Freud, uses psycheanalytic
techniques of myth-analysis to explore ultimates of human existence. Treats fove, immor-
tality, the soul, sexual identity, Kingship, sources of state power, many other topics which
illuminate the irratlonal basis of human existence. 291pp. 5% x 8. T485 Paperbound $1.75

I!.LUSIDNS‘ AND DELUSIONS OF THE SUPERNATURAL AND THE OCCULT, D, H. Rawciiffe. A ra-
tional, scientific examination of crystal gazing, automatic writing, tabte turning, stigmata,
the Indian rope trick, dowsing, telepathy, clairvoyance, ghosts, ESP, PK, thousands of other
supposedly occult phepomena. Orlginally titied *The Psychoiogy of the Qccuit.” 14 illustra-
tions. 551pp. 5% X 8. T503 Paperbound $2,00
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YOGA: A SCIENTIFIC EVALUATION, Kovoar T. Behanan. A scientific study of the physielogical
and psychelogical effects of Yoga discipline, written under the auspices of the Yale Uni-
versity institute of Human Relations. Foreword by W. A. Miles, Yats Univ. 17 phofographs.
290pp. 53 x &, TS05 Paperbound $1.85

HOAXES, ©. 0. MacPouwgabl. Delighiful, entertaining, vet schoiarly exposition of how hoaxes
's'tart, why they succeed, documented with stories of hundreds of the most famous hoaxes,
A stupendous coltection . . . and shrewd analysls, “NEW YORKER. New, revised edition.
54 photographs. 320pp. 53 x 8. T465 Paperbound $1.75

CREATIVE POWER: THE EDUCATION OF YOUTH IN THE CREATIVE ARTS, Hughes Mearns. Named
by the Mational Edycation Association as one of the 20 foremost books on education in
recent fimes. Tells how to help children express themselves in drama, poetry, music, art,
develop latert creative power. Should be read by every parent, teacher. Mew, enlarged,
revised edition. Introduction. 272pp, 93& x B, T480 Paperbound $1.50

~

N

LANGUAGES R\

NEW RUSSIAN-ENGLISH, ENGLESH-RUSSIAR DICTIONARY, M. A. 0'Brien. Over. 70,000, efitries in
new orthography! Idipmatic usages, colloguialisms. One of the few dictionaries fhal Indicate
accent changes in conjugation and declension. “One of the best,” Prof. E\J. Simmons,
Cornell. Firsi names, gengraphical terms, hiblicgraphy, many other features. }_33“:. 415 x Bla.

TZUB\Paperhound $2.00

MOMNEY CONVERTER AND TIPPING GUIDE FOR EUROPEAN TRAVEL, C. Yomagka: Invaluable, handy
source of currency regulations, conversion tables, fipping rules, postal rates, much other
travel information for every European country plus israel, Egypt anKl'u,rkey. 128pp. 312 ¥ 54,

Ve \d T260 Paperbound G0g

MONEY CONVERTEA AND TIRPING GUIDE FOR TRAVEL IN HE{MERIC&S {including the United
States and Ganadz), C. Vomacka. The Information you need<for informed and confident travei
in the Americas: money conversion tables, tipping guideéy” postat, telephone rafes, etc.
128pp. 3% x 54, \ T2&1 Paperbound BS¢

DUTCH-ENGLISH, ENGLISH-DUTCH DICTIONARY, F. G.\Wenier. The most convenient, practical
Dutch-English dictionary on the market. New orthography. More than 60,000 entries: idioms,
compounds, technical terms, eic. Gender of (nouns indicated, xwill + 57lpp. Si% x 6Ya.

wwwdbrgiulibrary,org,jn T224 Clgthbound $2.50

LEARN DUTCH!, F. G. Remier. The mosi satisfactory and easliy-used grammar of modern
Dutch. Used and recommenged by thedFlébright Committee in the Netherlands, Over 1200
simple exercises lead to mastery of Spoken and written Dutch. Cutch-English, English-Dutch
vocabularies. 1Blpp. 4% x 744, #AJ T441 Clothbound $1.75

PHRASE AND SENTEMCE nll:TION}!Y OF SPOKEN RUSSIAN, English-Russian, Russian-English.
Based on phrases and complele sentences, rather fhan isolated wards; recognized as one of
the best mathods of learnimg the idiomatic speech of a country. Over 11,500 entries, indexed
by single words, withmare’than 32,000 En, lish and Russian sentences and phrases, fn_imme-
diafely usable rorm. Probably the largest list ever published. Shows accent changes in con-
jugation and declensionsirregular forms listed in both aliphabetical pace and under main
form of word. 15,0nU§b~ word introduction covering Russian sounds, writing, grammar, syntax.
15-page appentdin‘of geographical names, money, important signs, given names, foods,
special Soviet tepms, etc. Travellers, businessmen, students, government employees have
found this tHaifSbest source for Russian expressions. Originally published as U.5. Government
Technica[ anuai TM 30-944. iv + 573pp. 538 X 834, 1496 Paperbound $2.75

PHRASEAND SENTENCE DICTIONARY OF SPOKEN SPANISH, Spanish-English, English-Spanish,
Gompiled from spoken Spanish, emphasizing idiom and celloguial usage in both Casfilian and
Catim:Afherican. More than 16,000 entries containing over 25,000 idioms—the largest fist of
idiomatic constructions ever published. Complefe sentences given, indexed under single words
——Ilanguage in immediately usable form, for traveliers, businessmen, studenis, etc. 25-page
introduction provides rapid survey of sounds, grammar, syntax, with full consideratian of irreg-
ular verbs. Especially apt in modern treatment of phrases and structure. 17-page glossary
gives translations of geographical names, money values, numbers, natianal holidays, important
street signs, useful expressions of high frequency, plus unique 7-page glossary of Spanish and
Spanish-American foods and dishes. Originally published as U.S. Government Technical Man-
wal TH 30-50C. iv -+ 513pp. 5% ¥ B3 T495 Paperbound $1.75
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SAY IT language phrase books

HSAY T in the foreign |anguage of your choice! We have sold over &4 mililion copies of fhese
popular, ueful [anguage books. They will not make you an expert linguist overnight, but they
do cover most practical matters of everyday life abroad.

Over 1008 useful phrases, expressions, with additional wvariants, substitutions,

Modern! Useful! Hundreds of phrases not available in other texts: “Nylen,” “air-condi-
tipned,"” ate.

The ONLY inexpensive phrase book completely indexed. Everything is available at a {lip
of your finger, ready for use.

Prepared by native linguists, travel experts.

Based on years of travel experience abroad.

This handy phrase book may be used by Itself, or it may supplement any other ?5}1 or
course; it provides a living element, Used by many colleges and institufions: Huntem\Caltzgs;
Barnard College; Army Ordnance School, Aberdeen; and many othars, Y

Available, 1 book per [anguage: N

Danish (Y218} 75¢ |gauéu1 (TE0E) &oc
Dutch T{817) 75¢ quahlgs‘e (TBO7) 806
English {for German-speaking people) (TRO1) 60¢ Norwegian (TB14) 754
English (for Italian-speaking people) (T81B) 60¢ {Russian (T810) 75¢
English (for Spanish-speaking people) {T802) &0t Spanish (T811 &0¢
Esperanty (T820) 75¢ Turkish {821y 75¢

7

'e)

French (TBQ3} &0¢

German (T804) 60¢

Madern Greek (T813) 75¢ : \\
Hebrew (T805) 60%

Yiddgish (Y815 75¢
Swedish {T812} ¥5¢
Palish (T808) 750
Portuguese (T8G9 75¢

W W

LISTEN & LEARN;lan’g'uage record sets

)

LISTEN & LEARN is the only language recotd® course designed espeuially to meet your fravel
n ) %sentia! foreigp, language quickly by yourself, er in conjunction with

N ns of thesaulomatle associztion method, Each set containg three
33% rpm fong- playlng record$e— 132 hours of recorded speech by eminent native
speakers who are professors ats€olumbia, N.¥.U., Queens College and otfier leading univer-
sities. The sets are priced farSbelow other sets of similar quality, yet they contain many
special features not found jn\other record sets:

* Dver 800 selected ph’rahs and sentences, & basic vocabulary of over 3200 words.

* Both English and foreign language recorded; with a pause for your repetition.

* Designed for pesSens with limited time; no time wasted on material you cannet use
immediately., 3/

* Living, madérg expressions that answer modern needs: drugstore items, “air-conditioned,”

ete. {
* 128:196"\page manuals contain everything on the records, plus simple pronunciation
guidesh,

* Ma?ua is fully Indexed; find the phrase you want instantly,
*ifigh fidelity recording—equal to any records costing up to $6 each.

(The 'Phrases of these records cover 41 different categories wseful to the traveiter or student

“\Jinterested in learning the iiving, spoken language: greetings, introductions, making yourself

understgod, passing customs, planes, trains, boats, buses, taxis, nightclubs, restaurants,
menu items, sports, concerts, cameras, automobile travel, repairs, drugstorss, doctors,
dentists, medicines, barber shops, beauty parlors, laundries, many, many more.

“Excellent . . . among the very best on the market,' Prof. Marjo Fei, Dept. of Remance
Languages, Golumbia University. “Inexpensive and well-done , ., ., an ideal present,”
CHICAGD SUNDAY TRIBUNE. “More genuinely helpful than aaything of its kind which | have
previously encountered,” Sidney Glark, well-known authar of '“ALL THE BEST" travel books.
Each set containg 3 33% rpm  pure vinyl records, 128- 196 page with fufl
rgﬁcrq text, and album. One language per set. LISTEN & LEARN record sets are now avail-
able in—

FRENCH the set $4.95 GERMAN the set 3485
ITALIAN the set $4.95 SPANISH the set ;4.95
RUSSIAN the set $5.95 JAPAMESE * the set $5.95

* Available Sept. 1, 1859

UNGONDITIONAL GUARANTEE: Dover Publications stands behind every Listen and Learn record
set. If you are dissatisfied with these sets for ahy reason whalever, return them within
10 days and your money will be refunded in full.
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ART HISTORY

STICKS AND STOMES, Lewis Mumford. An examination of forces influencing American archi-
tgcture: the medieval tradition in early New Englacd, the classical influence in Jefferson's
tlme,"the Brown Decades, the imperial facade, the machine age, etc. "A truly remarkable
tock,” SAT. REVY. OF LITERATURE. 2nd revised editfon. 21 illus. avii + 228pp. 5% x 8.

© T202 Paperboutd $1.6¢

THE AUTOBIDGRAPHY OF AN ||i£n Louis Sellivan. The architect whom Frank Lloyd Wrigh
called “the master," records the :ievjempment of the theories that revolutionizedﬂyﬂmerig'g
siyline. 34 full-page npiates of Sullivan's finest work. New Introduction by R. M. Line.
xiv 4 335pp. 53 x 8. T281 Paperbound $1.85

THE MATERIALS AND TECHNIQUES OF MEDIEVAL PAINTING, D. V. Thompson. ;:'\n invaluable
study of carriers and grounds, bindi i i ts, metals used in painting, al fresco

and al secco technigues, burnisl
Berenson. 239pp. 535 x 8. T327 Paperbpund $1.85

PRINGIPLES OF ART HISTORY, H. wéliflin. This remarkably instructive work demonstrates, the
tremendous change in artistic conceplion from the 14th to the 18th centuries, by analyzing
164 works by Botticelli, Direr, Hobbema, Holbein, Hals, Titian, Rembrandt, Yermger; etc,,
and pointing out exactly what is meant by “baroque,” “classic,” “primitive,” “picturesgue,’”
and other hasit terms of art history and criticism. “A remarkable |esson inthe art of
seeing,” SAT., REV. OF LITERATURE. Translated from the 7th German ediffon, 350 illus.
Z54pp. G4 x G, 1275 Fa ound $2.00
FOUNBATIGNS OF MODERN ART, A. Ozenfant. Stimulating discyssion of frogan creativity from
paleotithic cave painting to modern painiing, architecture, decoratjve ‘arfs. Fully illustrated
with works of Gns, Lipchitz, Leger, Picasso, primitive, modern artifacts, architecture, indus-
trial art, much more. 226 illustrations. 368pp. 6% X 8 ... ) Y215 Paperbound $1.95
AN

HANDICRAFTS, APPLIED ART,'QRT'.I"SOURCES, ETC.

. w
WILD FDWL DECOYS, ). Barber, The standard work o this fascinating branch of folk art,
ranging from Indian mud and grass devices to realistit” wooden decoys. Discusses styles,
types, periods; gives full information on how tg Ymaké decoys. 140 illustrations (including
14 new plates) show decoys and provide full sets ofiplans for handicrafters, artists, hunfers,
and students of folk arf. 281pp. 7% X lﬂ%ﬁ'bel.uxe editfon. T1i Clothbound $8.50

METALWORK AND ENAMELLING) W -wabpgiiubibianlyytioageih book ever written on the
subject, Tells everything necessary for the home " manutacture of jewelry, rings, ear
pendants, bowls, efc. Covers materigls) tools, soldering, filigree, setting stones, raisin
patterns, rep & work, d ]ng, niello, cloisonné, polishing, assaying, casting, an
dozens of other techniques. The hest Substitute for apprenticesttip fo a master metalworker.
363 photos and figures. 374pm ¥ 815, Ti83 Clothbound $7.50

SHAKER FURNITURE, E. D.‘and F. Andrews. The most illuminating study of Shaker furnifure
ever written. Covers chronblogy, craftsmanship, houses, shops, atc. Includes over 200
photographs of chairs, tables, clocks, beds, benches, etc, “Mr. & Mrs. Andrews know all
there is to know abeutd Shaker furpiture,” Mark Yan Doren, MATION. 43 full-page plates,
192pp. Deluxe cloth {binding, 7%& % 10%. T7 Clothbound $6.00

PRIMITI¥VE AR?,..,Fr’y}; Boas. £ great American anffiropologist covers theory, technical wir-
tuosity, styles,( synibolism, patterns, eic. of primitive art, The more than 900 illustrations

wiil fnterest artists, designers, craftworkers. Over 800 illustrations. a?epg. 53 x 8.
T35 Paperbound $1.95

KO

OGN THE LAWS OF JAPANESE PAINTING, H. Bawie. The best possible substitute for lessons
from7 2n “uriental master. Treats hoth spirit and technique; exercises for control of the
wrushs./inks, brushes, colors; use of dots, lines to express whole moods, etc, 220 illus.
132pp. 64% X 9. T30 Paperbound §1.95

HANDBOOK OF ORNAMENT, F. $. Meyer. One of the largest collections of copyright-free tradi-
tional art: over 3300 ling cufs of Greek, Roman, Medieval, Renaissance, Barogue, 18th and
10th century art motifs (tracery, geometric elements, flower and animai motifs, etc.} and
decorated ¢bjects (chairs, thrones, weapons, vaEses, jewelry, armor, etc.). Full text. 3300
iNustrations. 562pp, 53 x 8. T302 Paperbound $2.08

THREE CLASSICS OF ITALEAN CALLISRAPHY. Oscar Ogg, ed. Exact reproductions of three
famous Renaissance calligraphic  works: Arrighi's OPERINA and L MOQDO, Tagliente's LO
PRESENTE LIBRO, and Palatino’s LIBRO NUQVO. More ihan 200 complete alphabets, thousands
of |ettered specimens, in Papal Chancery ang other heautiful, ormate handwriting. Intro-
duction. 245 plates. 2B2pp. BLe x 9544, 1212 Paperbound $1.95

THE HISTORY AND TEGHNIGUES OF LETTERING, A. Neshitt. A thoraugh history of leftering
from the ancienmt Egyptians to the present, and a 65-page course in lettering for artists,
Every major development in lettering history is illustrated by a complete alphabet. Futly
analyzes such masters as Caslen, Koch, Garamont, Jenson, and many more. &9 alphabets, 165
other specimens, 317pp. 53 x 8. T427 Paperbound $2.00

media, p '
hing, etc. used by the medieval masters. Preface by Bernan\\

~



CATALOG OF

LETTERING AMD ALPHABETS, ). A. Cavanagh, An unabridged reissue of “lettering,' containing
the full discussion, analysis, iflustration of 89 basic hand ieftering tyles based on Casion,
Bodeni, Gothic, many other types. Hundreds of techaical hints on construction, strokes,
pens, brushes, etc. 8% alphabats, 72 |ettered specimens, which may be reproduced permizsion-
free. 121pp. 5% = 8, * T53 Faperbound $1.25

THE HUMAN FIGURE IN MOTION, Eadweard Wuybridge. The largest collection in mini of
Muybrigge's famous high-speed action photos. 4789 photographs in mare than 500 »ction-
stripsequences {at shutter speeds up to 1/8000th of a second) illustrate men, women,
children—mostly undraped—performing such actions as walking, running, getting uvp, lying
down, carrying objects, throwing, etc. “*An unparalleled dictionary of action for all artists,”
AMERICAN ARTIST. 390 full-page plates, with 4789 photographs, Heavy glossy stock, reinforced
binding with headbands. 734 x 1034. T204 Clothbound 310.08

ANIMALS N MOTION, Eadweard Muybridge. The largest collection of animal action phptos
in print. 34 different animals {horses, mules, oxen, goats, camels, pigs, cats, lions <gus,
deer, monkeys, eagles—and 22 athers) in 132 characteristic actions. All 3913 photbg phs
are taken in series at speeds up to 1/1600th of a second, offering artists, biologisis, car-
toonists a remarkable opportunity to see exactly how an ostrich's head bobs wien sunning,
how a lion puts hiz foot down, how an elephant's knee bends, how a hird flaps Rig’ wings,
thousands of other hard-te-catch details, ‘A really marvelous series of platas"" WNATLRE.
280 full-pages of plates. Heavy glossy stock, reinforced binding with headbands. 7% 1034,

TZ0asClothbound %16.00

THE BOOK OF SIGHS, R. Kogch. 493 symhbols—crosses, monograms{ )G\mlogical, biologicat
symhols, runes, etc.—from ancient manuscripts, cathedrals, coins catacombs, potlerv. May
be reproduced permission-free. 493 illustrations by Fritz Kredel/™204pp. 6% x 9la.

v T162 FPaperbound $7.0G0

& HANDHOOK OF EARLY ADVERTISING ART, G. P, Hornung. T\% Jargest coflection of copyrighi-
free early advertising art ever comnpiled. Yol. 1@ 2,000 i rations of animais, sid auiemo-
biles, buiidings, a[legcrical figuras, fire engines, Indians(ships, trains, more than 33 other
categories! Wol |1: Over 4,000 typographical spegimens; 600 Roman, Gothic, Barnum, CGid
English faces; 630 ornamental type faces; hundredS df scrolls, initfals, flourishes, etc A
remarkable coilection,”” PRINTERS' INK. Ny

Yol. I: Pictorial Volume. Over 2000 illustrations. Z56pp. 9 x 12. T122 Clpthbound $16.0Q

Yol. 1I: Typographical Volume. Cver 4000 spesiments, 319pp. 9 x 12, T123 Clothbound $1£.00
o Two volume set, Clothbound, only $18.50

T8 . GR&FTSMEN':’I.I Wolchomok. The most therough course on ihe
Wwvgmm#gﬁi@wﬂnnesigns. SHows you step-by-step, with nundreds of examples and

e

113 detailed exercises, how to,creafe original designs from geometric patterns, planis,
birds, anlmais, humans, and mamsmade objects. “A great contribution to the field of design
amnd crafts,” N. Y. SCCIETY  BF “CRAFTSMEN. More than 1300 entirely new illustrations.
xv + 207pp. 7% x 1034, ne . T2T4 Clothbound $4.35
HANDBOOK OF DESIGNS ‘nkb DEVICES, €. P. Hornung. A remarkable working colfection of
1836 basic designaand\variations, all copyright-free. Variations of circie, line, ¢ross, diamand,
swastika, star, scroll, ‘shield, many more. Notes on symbolism. ‘A necessity to every
designer who would>be” original without having to labor heavily,” ARTIST and ADVERTISER,
204 plates. 240pR, 63 1 8. .
A\, T125 Paperbound %1.90
THE UNIVERSAL PENMAM, Gesrge Bickham. Exact reproduction of beautiful 18th century
book of Randwriting. 22 complete aiphabets in finest English recndhand, other scripts, over
2000 elaborate flourishes, 122 calligraphic iliustrations, etc. Material is copyright-free. “An
esseptialdpart of any art library, and a buok of permanent value,”” AMERICAN ARTIST. 212
plates. “224pp. 9 x 133%. T20 Clothbound $10,00

AN ATLAS OF ANATOMY FOR ARTISTS, F. Schider. This standard work contains 189 full-page
plates, more than 647 illustrations of all aspects of the human skeleton, musculature, cutaway
purtions of the body, sach part of the anatomy, hand forms, eyelids, bressts, location of
muscles under the flesh, etc. 5¢ plates illustrate how Michelangeio, da Vinci, Goyva, 15 others,
Eirew human anatomy. Mew 3rd edition enlarged by 52 new illustrations by Cloquet, Barcsay.
‘The standard reference tool,” AMERICAN L!BRARY ASSOCIATION. “‘Excellent,”” AMERICAN
ARTIST. 188 plates, 647 illustrations. xxvi + 192pp, 77a x 10%&. 7241 Clothhound $6.00

AN ATLAS OF ANIMAL ANATOMY FOR ARTISTS, W. Ellenberger, H. Baum, H. Ditirich. The largest,
richest animal anatomy for artists in English. Form, musculature, tendons, bone structure,
expression, defailed cross sections of head, other features, of the horse, lion, dog, cat, deer,
seal, kangaroo, cow, bull, goat, monkey, hare, many cther animals. “Highly recommended,”
DESIGN. Secand, revised, enlarged edition with new plates from Cuvier, Stubbs, etc, 288
illustrations. 153pp. 113& x 9. T&3 Clothbound %6.00

ANIMAL DRAWIRG: AMATOMY AND ACTION FOR ARTISTS, C. R. Knlght. 158 studies, with full
accompanying text, of such apimals as the gorilia, baar, bison, dromedary, camel, vullure,
pelican, iguana, shark, stc., by one of the greatest modern masters of animal drawing.
Ionumerable tips on how to get life sxpression Into your work. “‘An excellent reference
work,' SAN FRANCISCO CHRONICLE. 158 illustrations, 156pp. 1036 x 815,

T426 Paperbound $2.00
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THE CRAFTSMAN'S HANOBOOX, Cennino Cenniini.
DELL" ARTE, the 15th century Introduction to art

The finast English translation of IL LIBRO
technique that is both a mirrar of Quatro-

cento life and a source of many useful but nearly forgotten facets of the painter's art.
4 jllustrations, xevii + 142pp. D. V. Thompson, transiator. 674 x 914. T54 Paperbound $1.50

THE BROWN DECADES, Lewis Mumford. A picture of the “burled renaissance” of tha post-
Civil War pericd, and the founding of modern archlfecture (Sullivan, Richardson, Root,
Roebling), landscape development (Marsh, Olmstead, Eliot), and the graphic arts (Homer,

Eakins, Ryder). Znd revised, enlarged edition. Bi
53 x 8.

bliography. 12 illustrations. xiv <+ 266 pp.
T200 Paperbound $1.65

STIEGEL GLASS, F. W, Hunter, The story of the most highly esteamed early American glass-

ware, fully illustrated. How a German adventurer

, “Baron" Stiegel, founded a glass empire;

detalled accounts of ingivideal glasswork. "This pioneer work is reprinted in an edition
even more beautiful than the original,” ANTIQUES DEALER. HNew introductian hy Helen

McKaarin, 171 illustrations, 12 In full celor. xxii

+ 33Bpp. F¥ x 10%. X
Ti28 Clothbound $10.Q\

THE HUMAN FIGURE, ). H, Vanderpoel. Mot just a picture book, but a complete courseé by @

famous figure artist. Extensive text, illustrated

by 430 pencil and charcoal drawings” jof

hoth male and female anatomy. 2nd enlarged edition. Foreword, 430 illus. 143pn. £ug\ L.

T432 Paperbound $1.45

PINE FURNITURE OF EARLY NEW ENGLAND, R. H. Keftell, oOver 400 illustiations, over 50

working drawings of early New England chairs,
tables, other furniture esteemed for simple bea

benches, beds cupboardsiymirrors, shelves,
uty and character. “Rich/ store of illusira-

tions . . . emphasizes the individudlity and varied design,” ANTIQUES, “313 illustrations,

55 working drawings. 475pp. 8 X 10%.
BASIC BOOKBINDING, A. W. Lewis. Enables both

how to collata a book, sew it, back it make

<7145 Clothbound $10.00
beginners and eXpérts to rebind old books

boards, ef v illus.” Appendices. 155pp.

pr bind paperbacks in hard covers. Treats materials, tools; Ri\i%&step-hy-step instruction in
4

535 X 8.

T169 Paperbound $1,3%

DESIGN MOTIFS QF ANCIENT MEXICO, ). Entiso. Nearlf ?03(: of these 766 superb designs from
Aztec, Oimec, Tetopac, Maya, and Taltec origins{ are’ dnoblaingble elsewhere! Contains

pfumed serpents, wind gods, animals, demons,

darieers, -monsters, etc. Excellent applied

design source, Originally $17.50. 766 [Nustrations, \thousands of motifs, 192pp. 6% % 94,

T84 Paperbound $1.85

SN
AFRICAN SCULPTURE, Ladislas Segr.ah&? ful-page plates illusirating masks, fertility figuros,
i SOl

ceremenial objects, etc., of
34.page introduction to African sculptures “Mr.

ﬁaﬁibﬂ%ggégi%qqﬂsﬁ% never befare illustrated.
1

ne of [ts top awthorifies,” KEW

YORKER. 164 full-page phutographiciplates. |ntreductlon, Bibliography, 2d4dpp. 6% x 9la,

T396 Paperbound $2.00

N\
THE PROCESSES GF GRAPHIC nwmnucﬂuu ¥ BRINTING, H. Curwen. A thorpugh and prac-
tical survey of wood, Iino!euﬁ\ and rubber engraving; copper engraving: drypoint, mezzotint,

etching, aquatint, steel«engraving, die sinking,

stencitling, lithography (extensively); photo-

graphic reproduction utilizing line, continupus tone, photoengravure, coffotype; every other
process in general Lses Note on coler reproduction. Section on ‘bookGinding. Over 200 illystra-

tions, 25 in color\143pp. 5% x 8%2
CALLIGRAPHY, 1. G, J$chwandper. First reprintin

7512 Clothbound $4.08
in 200 years of this legendary book of

heautiful handwrﬁiﬁg. Over 300 ornamental ipitials, 12 complete calli raphic_alphabets, over
150 ornate frames and panels, 75 calligraphic pictures of cherubs, stags, lions, etc., thou-
. sands of ishes, scralls, ete., by the greatest 18th century masters, All material can be
copled B\ apted without permission. Histerical intreduction. 158 full-page pliates. 358pp.

9 x 1%

T475 Clothbound $10.00

~\.J * % *

\

A DIDEROT PICTORIAL ENCYCLOPEDIA OF TRARES AND INDUSTRY,  Manufacturing and the

Technical Arts in Plates Selected from “Encyclup

&die oy Dictionnaire Raisonné des Sclences,

des Arts, at des Métiers,” of Denis Diderot, edited with text by C. Gilliisipie. Over 2000

illustrations on 485 full-page plates. Magnificent
and children working at such trades as milting flo
silverplating, shoeing horses, making fine plass,
of machinery, different steps. in sequence, etc. A
collection of werklng figures in print, copyrigh
Two vols. 920pp. 9 x 12. Heavy library cloth.

18th century engraviigs of men, women,
ur, cheesemaking, charcoat burning, mining,
printing, hundreds more, showing details
remarkablie art work, but also the largest
t-free, for art directors, designers, etc.

T421 Twe volume set $18.50

* % ¥

SILK SCREEN TECHNIGUES, J. Biegelelsen, M. Cohn. A practical step-by-step home course in

one of the most versatlle, least expensive graphic
silk sereen, prepare stencils, print, achieve sp

arts processes, How to bulid an ingxpensive
ecial textures, use color, etc. Every step

axplained, diagrammed. 149 ilustratlens, 8 in color. 20lpp. 6% x B4

T433 Paperbound $1.4%



CATALOG OF
PUZZLES, GAMES, AND ENTERTAINMENTS

MATHEMATICS, MAGIC AND MYSTERY, Martin Gardner. Astonishing feats of mind readirg,
mystifying “‘magic’” fricks, are often based on mathematical principles anyone ¢an learm,
This book shows you how to perform scores of tricks with cards, dice, coins, knots, numbers,
etc., by using simple principies from set theory, theary of numbers, topology, other areas
of mathematics, fascinating In themselves. No special knowledge required. 135 illus, 186pp.
S3g x 8. T335 Paperbound 31.00

MAYHEMATICAL PUZZLES FOR BEGINMERS AND ENTHUSIASTS, G. Mott-Smoth. Test your
problem-solving tachnigues and powers of inference on 188 challenging, amysing puzzles
based on algebra, dissection of plane figures, permutations, probabllities, etc. Appendix of
primes, square roots, etc. 135 jilus. 2nd revised edition. 248pp. 53& » 8.

Ti98 Paperhound' $10

LEARN CHESS FROM THE MASTERS, F. Reinfeld. Flay 10 games agsinst Marshall, Brun?m_n,
Najdorf, other masters, and grade yourself on #ach move. Detailed annotations reyeal prin-
ciples of play, stratedgy, etc. as_you proceed. An excellent way to get a real insighfNintp the
game. Formerly titled, “Chess by Yourself." 91 diagrams. vii + 134pp. 53 LS N

T362 Paperhound $1.0¢

REINFELD ON THE END GAME IN CHESS, F. Reinfeld. 62 end pames of #Alekbine, Tarrasch,
Morphy, other masters, are carefully analyzed with emphasis on tragsition from middie
game 10 end play. Tempo moves, queen endings, weak squares, other basie principles clearly
illystrated. Excellent for understanding why some moves are weak arSipcurrect, how to avoid
errors. Formeriy titfed, "Practical End-game Play." 62 diagrams. #iN-+\177pp. 5% x B.

v T417 Paperbound %1.25

101 PUZZLES IR THOUGHT AND LOGIC, C. R. Wylie, Jr. Brand newPpuzzles you need no special
knowledge to solve! Each une is a gem of ingenuity that wil) really ch¥lenge your probiem-
sglving technique. fntroduction with simplified explanatiof of scientic puzzle solving. 12Epp.
5% x B, N\ T187 Paperbound $1.0D

THE COMPLETE NONSENSE OF EDWARD LEAR. The {onl' complete edition of this master of
gentle madness at a popular price. The Dong withthe Luminous Nose, The Jumblies, The
Ow! and the Pussycat, hundreds of other bits gfowbnderful nonsense. 214 limericks, 3 sets
of Nonsense Botany, 5 Nunsense AlphabelsMed6 fantastic drawings, muth mare. 320pc.
5% x 8. R T167 Paperbound $1.0Q

w28 QHENCA i FIETIDN, STRRIES OF W, & WELLS, Two complete novels, “Men Like Gods” and
Y ERiGY Eegguﬂ[{'an,'; ?:Irus short storieSShy the master science-fiction writer of all time,
Stories of space, time, future ady®nture that are among the all-time classics of science
fiction. 928pp. 5% x &. \\ T265 Clothbound $3.3%

SEVEN SCIENCE FILTION NOVYELS, H. G. Wefls. Unabridged texts of “The Time Machine,”
“The Island of Dr. Moreaw,™ “First Men in the Moon," *“The Invisible Man,” “The War
of the Worlds,” "“The Fapd of the Gods,” 'In the Days of the Tomet.” *One will have to 20
far to maich this for entertainment, excitement, and sheer pleasure,” N. ¥. TIMES. 1015pp.
5% x 8. - N T264 Clothbound $3,93

MATHEMAGIC, Mn{im‘\PHZZLES, AND GAMES WITH HUMBERS, R. ¥. Heath. More than 50 new

puzzles and stuntSwbased on number properties: multiplying targe numbers mentally, finding

the date of any/day in the year, etc, Edited by J. S. Meyer. 76 iilus. 129pp. 53% x 8.
T110 Paperbound $1.0D

FINE ID\\'&TURE NOVELS OF H. RIDER HAGBARD, The master story-telfer's five best taies of

mystery “and adventure set against authentic African backgrounds: “She," “King Solomon’s

M!ne$,". “Allan Quatermain,”  “Allan’s Wife,” “‘Maiwa’s Revenge." B2lpp. 53& x 8.
N T108 Clothbound $3.95

o~
w}!ﬂ AT CHECKERS, M. Hopper. (Formerly “Checkers.”) The former World’s Unrestricted
Zhecker Champion gives you valuable lessons fn openings, traps, end games, ways to draw
when you are behind, efc. More than 100 questions and answers aaticipate your problems.
Appendix. 75 problems diagrammed, solved. 79 figures. x - 107pp. 5% x 8

1363 Paperbound $1.00

CRYPTOGRAPHY, L. D. Smith. Excellent introductory work on ciphers and their solution,

history of secret writing, techniques, etc. Appendices on Japanese methods, the Baconian

cipher, frequency tables. Bibliography. Over 158 problems, solutions. 1680pp, 53 x 8.
T247 Faperbound $1.00

CRYPTANALYSIS, H. F. Galnes. (Formerly, “Elementary Cryptanalysis.'’y The best hook available
on cryplograms and how to sclve them. Confzins all major techniques: substitution, transposi-
tion, mixed alphabets, muitafid, Kasiski and Vignere methods, etc. Word frequency appendix.
167 problems, solutions. 173 figures. 235pp, 53 x 8. T97 Paperhbound $1.95

FLATLANB, E. A Aubot. The science-fiction classic of life in a 2-dimensional woeld that is
considered a first-rate introduction to refativity and hyperspace, as well as a scathing
satire on society, politics and religion. 7th edition, 15 illus. 128pp. 5% x 8.

T1 Paperbound $1.60
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HOW TO FORCE CHECKMATE, F. Reinfeld. (Formerly “‘Challenge to Chessplayers.”) No board
needed 1o sharpen your checkmate skill on 300 checkmate situations. Learn fo plan up to
3 moves ahead and play a superior end game. 300 situations diagrammed; notes and full
solutions. 111pp, 535 x 8. T439 Paperbound $1.25

MORPHY'S GAMES OF CHESS, P. W. Sergeant, ed. Play forcefully by following the techniques -
used by one of.the greatest chess champions. 300 of Morphy's games carefully annotated to
seveal principles. Bibltography. Mew introducfion by F. Reinfeld. 235 diagrams. x -+ 352pp.
535 x 8. T386 Paperbound 51.75

MATHEMATICAL RECREATIONS, M. Kraitchik. Hundreds of unusual mathematical puzzlers and-
zdd bypaths of math, elementary and advanced. Greek, Medieval, Arabic, Hindu problems;
figurate numbers, Fermat nutbers, primes; magic, Euler, Latin squares; fairy chess, latruncles,
reversi, jin%, ruma, tetrachrome other positional and permutational games. Rigorous sofutions.
Revised second edition. 181 ilius. 330pp. 5% x &. T163 Faperbound $1.75

MATHEMATICAL EXCURSIONS, H. A. Merrill. Revealing stimulating insights into elementa’nk\
math, not usually taught in schael. 90 problems demonstrate Russian peasant multiplication,
memaory systems for pi, magic squares, dyadic systems, division by inspection, many {moge.
Sotutions to difficult problems. 50 {Hus. 5% X 8, T35¢ Paperbound $4.06

MAGIC TRICKS % CARD TRICKS, W. Jonson. Best introduction to tricks with cdins, bills,
eggs, ribbons, slates, cards, easily performed witheut elaborate equipmentg \Protessional
routines, tips on preseniation, misdirection, etc. Two books bound as one J52Siricks with
cartis, 37 tricks with common ohjects. 106 figures. 224pp, 536 x 8. TQUQ R@wrbound $1.00
MATHEMATIGAL PUZZLES OF SAM LOYD, selected and edited by M. Garﬂnerxg.?? most ingenfous
mathematical puzzles of America’s preatest puzzle originator, basedNonjarithmetic, algebra,
game theory, dissection, route tracing, sperations research, probapility, etc. 120 drawings,
diagrams. Solutions. 187pp. 53k x 8 T498 Paperbound $1,00

THE ART OF CHESS, ], Masan, The most famous general stydy\n “chess ever writien, More
than 90 openings, middle game, end game, how to attack, sarrifice, defend, exchange, form
general strategy. Suppiement on “How Do You Play Chesse™ by F, Reinfeld, 448 diagrams.
356pp. 5% x 8. N\ T463 Paperbound $1.85

HYPERMODERN CHESS as Developed In the &ames gf.its”l;rea‘lest Exponent, ARON NIMZOVICH,
F. Reinfeld, ed. Learn how the game’s greatestlifnovator defeated Alekhine, Lasker, &R

many offiers; and use these methods in your\own game. 180 diagrams. 228pp. 53k x 8.
N T448 Paperbound %1.35

A TREASURY OF CHESS LORE, F\;\’E&Mfdhf&illfhmﬂg?s.mf%aﬂin_ating stories by and about
the masters, accounts of tournaments, and® famous games, “hphorisms, word portraits, littie
knewn incidents, photographs, etc..{that will delight the chess enthusiast, captivate the

beginner. 49 photographs (14 fufl- lates), 12 diagrams. 3i5pp. 5% x 8.
€ i y p{?ﬁ r T458 Paperbound $1.75
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A NONSENSE ANTHOLOGY, colle}ted by carolyn Wells, 245 of the best nonsense verses ever
written: nonsense puns, absurd ‘arguments, mock epics, nonsense ballads, “sick"” verses, dog-
Latin verses, French non§ense verses, |imericks. Lear, Carroll, Bellog, Burgess, nearly 100
other writers. Introduction™By Carolyn Weils. 3 indices: Titte, Author, First Lines. xeedif 4
279pp. 53 X B, AN - T48% Paperbound $1.25

SYMBOLIC LOGIC/ant~THE GAME OF LOSIC, Lewis Carroll. Two delighiful puzzle bogks by
the author of A&lice," bound as one. Both works concern the symbalic representation of
traditional doficand together contain more than 500 ingenigus, amusing and instructive
syllogistle puzzlers. Total of 326pp. 53 x 8. ) T452 Papsrbound $1.50

1S A
PILLOW, RROBLEMS and A TANGLED TALE, Lewis Carroll. Two of Carroll's rare puzzle works
boundsas ‘one. “Fillow Problems’” confain 72 original math purzies. The puzzies in A Tangled
j{glg”\are given in delightful story form. Total of 291pp. 5% X 8. 7493 Paperbound $1.50

PEEK'S BAL BOY 4ND HIS PA, G. W. Peck. Bath volumes of one of the most widely read
6i7all American humor books. A classic of Americap folk humor, also invatuable as a portrait

of an age. 100 original illustrations. Introduction by E. Bleller. 347pp. 5% x 8.
T497 Paperbound $1.35
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