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PREFACE

IN tHE early fall of 1948 1 visited the University of Iilinois at the invita-
tion of Dean Louis N. Ridenour, Dean of the Graduate School, to give a
short series of lectures on calculating instruments and machines. These
lectures, with only minor modifications, form the content of this book.

These lectures were to be devoted primarily to recent developments in
the subject. But Dean Ridenour invited me to give some attention to its
historical side, and T have been glad to do so if only to pay tribute to the
remarkable vision and foresight, as it now seems, of two pioneers of thought
in this field, Charles Babbage and Lord Kelvin.

Like the lectures, this book is intended as a general introduction/to
those who have no specialised knowledge in the subject, not as a detatled
account for those already expert in it. To anyone who is, or h\aé' Been,
engaged in development work on any of the equipment mentioned, or on
similar projects, this account will probably appear sketchy and“mmadequate;
and probably no one group will consider that its own coptrlbutmn to the
subject is adequately represented, All T can hope is théf this survey will
be a useful introduction to the subject for those to\whom it is primarily
addressed. ’

In a series of lectures such as this, it scems ,aﬁpropriate for the leeturer
to draw on his own first-hand experienee, afid Yo follow his own bias of
interest, to a greater degree than would hevaitable in a formal text-book,
and this I have done, particularly in Chapter 3 and parts of Chapters 7, 8,
and 9. If T am thought to have given. oo ‘much prominence in Chapter 7 to
two particular machines, the Harysird “Mark I Caleulator” and the Eniac,
I must explain that this promn;ncr}ee is deliberate; not because I happen to
be better acquainted with theése machines than w1th some others, but be-
cause I regard them as being outstanding steps in the development of
automatic general-purnpgg® machines, the one as the first praetical realisa-
tion of such a maching-and the other as the first electronic digital machine.

The subjects of ®glculating instruments (analogue machines) and caleu-
lating machines’ %hgltal machines) are here treated almost entirely sepa-
rately, and thé reader who is mainly interested in the latter can omit
Chapters 2) 3 and 4 without missing anything important to the later argu-
ment. 1 ha\?e regarded desk machines and standard punched-card equipment
as outside the scope of these lectures; the only digital machines with which
I have been concerned are the automat-ic general-purpose machines,

In this field particularly, the subject is a live one, in which vigorous
development is taking place. Since these lectures were given, a gimple form
of machine using Professor Williams’ form of electrostatic storage {p. 96)
has been put into operation at the University of Manchester {ref. 117).
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Also quite recently the EDSAC at the Mathematical Laboratary of Cang.
bridge University (p. 97) has been completed and proved to work satis-
factorily, confirming that for this purpose a storage based on the use of
mercury delay lines (p. 95) is a practicable project, and reports of satis-
factory tests of a machine using the same form of storage have come from
the United States. There is little doubt that the next few vears will see
further substantial developments in this field.

I wish to express my thanks to the Institute of Electrical Fnpineers for
permission to draw on some of the material of my Kelvin Lecture to the
Institution (ref. 90} for parts of Chapters 3 and 4; to the I\flctrqutan-
Vickers Electrical Co. Ltd., to the Director of the Mathematical Labdatory,
Cambridge University, and to Professor S. H. Caldweil for the ph{;mgmphs
of differential analysers; to Professor H. H. Aiken for the plotographs of
the Harvard Mark I and Mark II Calculators; and to~the U. S War
Department for the photographs of the Eniac. A

Last, but not least, I am glad to take this opportnﬁizy to thank Dean
Ridenour for the opportunity of giving these lectuies at the University of
- Illinois, and to express my warm appreciation of :tl%'hospitality and friendly

kindness I met there. 1 also wish to thank Br. Wilbur Schramm and the

sfaaﬁ' of the University of Ilinois Press fortheir cooperation in the produe-
tion of these lectures in hook form. o

’ ..};" D. R. HarTREE
Cavendish Laboratory, N
University of Cambridge, )
England, RN
#\J
May, 1949 O\
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I.WI'SH 1‘39} ;t’mnk f,he Cambridge University Press for undertaking the
Publicationt of this book in England, and the University of Illinois

Pressfor agreeing to this course. I ha . .
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re-ep\uk:]ication to make & © opportunity ol this

i ome corrections in the text and itions
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Chapter 1
INTRODUCTION

- It is convenient to distinguish two elasses of equipment for carrying
out numerical caleulations by mechanical or electrical means. One elass
consists of those devices which operate by translating numbers into
physical quantities of which the numbers are the measures, on specified
scales, operating with these quantities, and finally measuring some physieal
guantity to get the required result. For example, a produet zy may be
evaluated by adjusting a variable resistance to have the value z ¢hms,
then adjusting the eurrent through it to have the value ¥ milliamps ) and
measuring the potential difference across the resistance in  millivolts
{fig. 1). Other examples of devices of this class are the inde-I:thle, ‘Various

O ¥

R=x ohms®

=y ma ; .u : m'\§
w\,/

—| Bj&

{“.> Fra. 1
,\’\u
forms of planimeter, igtegraph and harmonie analyser, the isograph,
differential analyser, aud cinema integraph. ' :

The other clasy-consists of those devices which take and operate with
numbers ciirec]\{'ﬁii their digital form, usually, but not necessarily, by
counting disecg@te objects such as the tecth of a gear wheel, or discrete
events suchjg';s electrical pulses. Examples are the Brunsviga, Marchant,
and other desk caleulating machines, and standard 1.B. M. equipment as
used fox computing purposes. :

I have found it convenicnt to distinguish the two classes by the
terms “instruments” and “machines” respectively; a corresponding dis-
tinction is made in the Eneyelopaedia Britannica (14th Edition), in which
the two classes of equipment are considered in different articles entitiod
“Mathematical Instruments” and “Caleulating Machines” respectively.
In Ameriea a similar distinetion is made between “analogue machines’
and “‘digital machines,” but the former term is, I think, usually restricted
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to the larger and more elaborate instruments; I have never heard a slide-
rule referred to as an “analogue machine,” though in my classification it
is certainly an “instrument.”

Of eourse, a single large piece of equipment may contain components

of an “instrumental” character and others of a “‘machine” character, so
that the whole may be of & composite character. But at the present stage
of the art and science of the design and use of computing equipuient, the

distinction is a convenient one.

The two kinds of equipment have their characteristic zi{l\r’nllt:-l:gt'r* and
limitations. Any one “instrument” is restricted to a rather naredw® range
of kinds of caleulations; for example, a slide-rule to muitiphetion, divi-
sion, and the evaluation of powers and roots; a differential \:'umlyrwr to
the integration of ordinary differential equations. And furthe® the nceuracy
of an instrument is restricted by the mechanjea] and elgetrical aceuracy of
its components and by the attainable aceuracy of physical measurement
of the result. On the other hand, it is possiblesto design instruments to

deal with continuoys variables, and in particulabto carry out integration
&s a continuous process. fO

A “machine”

chine can be designed to work to

any finite degree of accuracy{without difficulty; in order to get, on a desk

ﬁﬁ:;:ilé)le to n‘;lflﬁipl _ .5 ne can do is to multiply a
" er i thé Tange 2.000':|-_ 0.002, say, by one in the range 2.500 1 0.002,
and get,a result‘pe:rhaps In the range 5,000 + 0.005. On the other hand,

answer to the question
the point of view of how it i ) . 5.9 by_ 1.41421,” but from
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machines in the last twenty years. In the field of instruments the out-
standing development has been the differential analyser, an instrument for
evaluating by mechanical means the solution of ordinary differential
equations. In the field of machines the main developments have been in
the direction of large digital machines designed to carry cut, rapidly and
automatically, extended sequences of individual arithmetical operations.
The developments in these two fields have been almost independent,
and their characters are so different that they can best be considered
separately. The differential analyser will be the subject of Chapters 2 and
3, some other instruments will be considered in Chapter 4, and varigus
machines will form the subject of Chapters 5 to 8. .
A ¢
:".\f\&“"\'
Y Nl



Chapter 2
THE DIFFERENTIAL ANALYSER

2.1, The Nature of the Problem of Instrumental Solution
of Differential Equations

Before considering the differential analyser, it will be as well to examine
the general nature of the situation with which it deals, and what are the
characteristic features of problems giving rise to this situation.

In many applications of mathematics to preblems of pure and applied
science, there oecurs the idea of a rate of change, usually with redpect to
time or to space, of one or more of the relevant quantitics, and then the
idea of integration is involved in the process of finding the tefa) c]umgc in
a time or space interval from the rale of change, which \wit!l usually be
varying through the interval. In contexts of this natafre Sthere are two
different kinds of situation which may arise, of whichishmple examples are
provided by the responses of two different circuifs'te an applied voltage,
varying in a known way with time (fig. 2).

Y,
; L ; oL ”
LT TE AW
£ ofF : . ¥
di D di
L= = E() AN L—r +Ri = E@)
i = (/L) fE@)dt o) i= (/L) f [Ew) — Ri)at
Fia. 2a N\ - Fia. 2b

_If the voltage is applied to a circuit with inductance but with negligible
resistance (as in g 2a}, the time rate of change of current at any

‘Moment depen@g\)hly on the value of the voltage at that moment, which
of the value the current itself happens to have.
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integration up to that time. For example in the ecireuit illustrated in
fig. 2b, the equation for the current ean be written

i = (/L) S[B@) — R &,

and in the integral here, the eurrent 7 to be found oceurs in one contribu-
tion to the integrand.

This aspect of a differential equation is not prominent in the econven-
tional formal treatment of such equations, but it expresses rather closely
the way in which it is often best to consider their mechanieal solution.
Indeed, from the point of view of mechanical Integration, it is jus€ ‘this
feature which distinguishes the evaluation of a solution of a differéntial
equation from the evaluation of a simple integral of a known f\{ﬁi‘e ion of
the independent variable, Thus the essential points in » meechanieal instru-
ment for integrating differential equations are an integratitig mechanism
and means of furnishing to that meehanjsm as integrand’y quantity de-
pending in a definite way on the value of the intedtal caleulated by it.

2.2, Integrating Mechanisms N

Any continuously variable gear ean be ugeij\ as an integrating mecha-
nism. For suppose that in fig. 3 the reetangle represents any mechanism
giving a continuously variable gear ratiQ, 1:n between the rotations of
driving and driven shafts. Then for & retation dx turns of the driving shaft,
at gear ratio 1:n, the rotation of theriven shaft is » dz turns. If the gear
ratio n is changing as the driving shaft is rotating, the total rotation of
the driven shaft is the sum .Qf‘{ihe elements of rotation ndz; that is, it

is f'ndz turns. \\ -
O ; 1 Driving
O 4 [
a2 o) Shaft
Drivan AN -
Shaft & L
b}w

3*’\ 16. 3. Continuously variable gear as integrator.

To ‘bﬁ}; itabje for incorpora-.
tion in§ differential analyser, such
a mechanism should be able to be
set accurately to any gear ratio
in its range and should include both
positive and negative values of n,
including » =0, in this range. The
form used in most differential ana- ~
lysers consists of a vertical wheel Y

driven by a horizontal dise (fig. 4}, Frs. 4

l»r X
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the wheel and dise being so mounted téhat tthe tdlsft?}?gpwll}:[l{\;:::}TI: :::Trllt];f;
i i he point of contact of t ith it ¢
xorfa;i(:et; tl%ﬁeo{g::: glifoaliﬁ:veenpthe rotations of dise a‘ml wheel 151}:1*01}0}:'-
tional -to this distance, which iz usually called t}.m. “dl.\';llsi}(!l"|1.1¢‘t|:II.. ni],fdt 05;
integrator; this must therefore be made. proportmn{xl to t |‘( ”1:} ..i]pd of
the integral to be evaluated. The rotation of the‘ dise, usually (,;‘ ]. th
“rotation” of the integrator, represents the }rarmble of lut.(‘-gm tn; (‘ed
must be made proportional to it. It is interesting that a planimeter Jis;re
on this integrating mechanism is considerably older than the oY t
familiar Amsler planimeter (see ref. 31). \
& N\
sphare e,

dlye
- eytindar

l‘ ‘)

S = ‘l
e | N +
1 4 r

END ELEVATION

Another form of integrator (fig.
5), devised by James Thomson,
brother of Lord Kelvin, consists of
an inclined disc, a horizontal eylin-
der not in contact with it, and a

T Trmae sphere in contact with both (104).

RLAN The sphere can be moved along t.he

O _ eylinder, and makes contact with

Fe. 5, Jan}?sﬁhomonys integrator. the disc along its horizontal diame-
AL

ter. It gives a drive from dise to
oportionately to the distance fro.m
ich the sphere is in contact with it.

cylinder ja;t A gear ratio which varies pr
the centte of the dise to the point at wh
2}. "The General Idea of the Differe

The differentia] analyser consists eg
mechanisms whieh can be connected

ntial Analyser

sentially of a number of integrating

together 5o 2s to evaluate solutions
of ordinary differentig) equations,
The idea of conneeting together Integrating mechanisms for this pur-
Pose is not b

¥ any means new, It was
in considerable detail, by Kelvin in tw
1876 (108, 107). But the realisation of
working instrument Was an achievem.
working with him at MLT. nearly t

originally formulated, clearly and
0 bapers published as long ago as
this idea in the form of a practical
ent of Dr. Bush and an able group
wenty years ago (17) (see also refs.
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27, 47, 49, 58); and it should be added that their conception of such a
machine was independent of Kelvin’s,

It is interesting to follow in Kelvin's papers the development of his
thought on the subject. His brother, James Thomson, had recently de-
signed the integrating mechanism shown in fig. 5, and Kelvin had seen
how it could be adapted to evaluate continuously the integral of the
produet of two functions, and had outlined its application to & harmonie
analyser (105).

His first paper on its application to the integration of differential
equations is coneerned with the equation _ - Q)

d 1 dy 0 Ke

[F(x) dz}” ’

N
\

dr

of which he says: “On account of the great importance: i)f ‘this equation
in mathematical physies” (of which he gives exampla§),"‘l have long en-
deavoured to obtain a means of facilitating its praetical solution. .. .”
After some general remarks he continues, “A ready means of obtaining
approximate results which shall show the ge érg character of the solu-
tions . . . has always seemed to me 2 desidgraﬁuum. Therefere I have made
many attempts to plan a mechanieal integrator which should give solutions
by successive approximations.” He thenshows how an instrument con-
sisting of two of James Thomson’s int&grators, connected together so that
the result of the integration performied by the first forms the integrand for
the seeond, will provide such adesult by an iterative process, as follows.
If an integrand y, is fed to ﬁha\ﬁrst of the two integrators of such an in-
strument, the output from<¢he second. is

ﬁiz; SF@) [c - Sy dz] dz;

if this is r'ecordec!,@.‘n\d: subsequently fed as integrand to the first integrator,
the output fropii\'th'e second is '

RN\ v2= SF@) [c — Sy de] dx
and so'on. The process is continued until there is no appreciable difference
between input and output, and the common input and output is then the
solution of the equation,

* Then comes the inspiration, and here again it is worth quoting Kelvin’s
own words. “So far I had gone and was feeling satisfied, feeling I had done
what I wished to do for many years. But then came a pleasing surprise.
Compel agreement between the function fed into the double machine and
that given out by it.” He then shows how, in prineiple, this can be done
by making a second interconnection between the two integrators so that
the output of the second is used continuously. as the integrand of the
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ﬁrst,'hand that this interconnected system of integrators evaluates the
solution of the equation directly. He continues: “Thus I was led to g
conclusion which was wholly unexpeeted: and it seems to me VITY re-
markable that the general differential cquation of the second order with
variable coefficients may be rigorously, continuously, and in o single
process solved by a machine.”

It is"elear from the context that here he has in mind only linear seeond-
order equations. But in a second paper he is concerned with the exten-
sion to linear equations of any order, and in an addendum ineludes in
prineiple the further extension to non-linear cquations, even inelding the
idea of three-dimensional ecams for feeding in functions of two inde-
pendent variables. R\ s

Harmonie analysers using James Thomson's integratingnechanism as
suggested by Kelvin have been construeted (108). Bif™4s far ux I have
_been able to ascertain, no steps were taken at thectisie for realising his
coneeption of an instrument for solving differential cquations. and, as
already mentioned, it was left to Dr. Bush and his team at M.LT. to

develop in the differential analyser a machige which could be built and
which would be accurate and reliable in ‘ePeration.

2.4, General Structure of the Earlier Forms
of Di!_ferential Analyser \\

- A differentia] analyser consist of a number of units, each of which

earries out an operation which can be regarded as a translation into
mecl}anical terms of g gl;ctg\ess (integration, addition, etc.) which may be
required in the mechaﬁ'@ﬂ integration of a differential equation, and some
means of interconneting these units. Each unit is driven by the rotation

-of one or more shafts, and the result of its operation is the rotation of a
shaft driven b)(it’. Ea

in the equationto be solved
. the correspoliding quantity,
between\the units are Inade i
rq@?.tinh’s of the various shaj
of the equation to be solved,

On an assigned scale. The interconnections
1 such a way that the relations between the
ts form g translation intg mechanical terms

which T personally hg, )
stalled at the Tpj ¥ have been most closely as

1935 e ) versity of Manchester, England, in
tions (gr) ,\vvt}?‘lﬁhlEzi of Fhe carlier type with burely mechanicai interconr’lec-
7 168 1t will serve ag an example. A similar instrument, at the



THE DIFFERENTIAL ANALYSER . 9

Mathematical Laboratory of the University of Cambridge, is illustrated
in fig. 6.

The main units, the integrators, are arranged in pairs in cases along
the near side. Means must be provided for supplying the instrument with
information about funetional relationships between variables oecurring in

NS
Fie. 6. 'Iliﬂe'rent_ial Analyser at Mathematical Laboratory,
N\ University of Cambridge.

&
the equationyas for example the relation between voltage and current in a
non-lingax fesistive element in a cirenit. In some cases this ean be done
by gerferating the required relation by the solution of an auxiliary equa-~
tion. In others it is necessary to supply the information from an “input
table’’; four such tables are on the far side of the main frame in fig. 6.
Means must also be provided for recording the result; this can be done
either in graphical form on an “output table” or in numerical form on a
set of counters.

The shafts directly driving or driven by the various units lie across the
length of the main frame, and sre connected through cross-drives and
longitudinal shafts. Adding units can be incorporated in the various gear
trains in these interconneections. '
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Some close-up views of individual components are given in figs. 7, 8, 10.
Figure 7 shows two integrators with associated equipment. Each inte-
grator is a precision form of continuously variable gear of the dise-and-
wheel type already mentioned (fig. 4). In the interconnections between
“the various units required in the solution of a differential equation, the
output irom an integrator may have to drive several other units, and this
may form much too heavy a load to be driven directly by the friction
between the dise and wheel of an integrator. Hence on the output side

‘.{"m. 7. Integrator and torque amplifier.
</ : '

there is a torsué amplifier, which drives the
a5 the in egrating wheel, but with a mych

ment il]us* ated in ﬁg 6 a8 in B : igi i
§ - 0, l].Sh T i
ug : l- ) g8 0 lglna.l dlﬁerentlal ana]-:; 501 H

output shaft at the same speed
Breater torque. In the instru-

urely meehanical serve operating on the capstan

Y .
pri fg‘,}fﬂe- In some other more recent instruments this has been replaced

by an electri

alglr ogtfc:fts?::;lszzgé fqr e)ia};mpie by an amplidyne system controlled by
: uring the angular error betw iti he
1ntegfat1ng wheel and of the output shaft, "o the positions of

brig _ ' ength by the input shaft to the table. The
rotafiz ﬁu(ﬂpzrgsasdfamage Which can be moved along its length by the
the fnformatior et,) and which carries an index. A graph, representing

© e fed to the differentis) analyser, is placed on the
8ed across the table by the rotation of the in-

le 50 as to keep the index on the
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curve; the human operator may be replaced by an automatic eurve-
follower (11, 65). A drive from the handle is taken to one of the cross
shafts of the machine which forms the output shaft of the unit, from
which the information expressed by the curve can be taken to the input
ghaft of the unit where it ean be used (for example, to the displacement
of an integrator).

The output table is similar, but earries a penml or pen whose motions
in both co-ordinates are driven by the rotation of input shafts, so that it
draws a graph of the solution of the equation.

A unit incorporated in both the differential analysers built in England,
but not, as far as I know, in any other, is a speeial input-output tablé hy
means of which an index can be made to follow, in the course of a soiutzon,
a curve drawn earlier by a pencil in the course of the same- Soltion.
This unit is similar to an input table, but is spanned by w0 parallel
bridges which can be moved mdependently Each bndge supportb a car-
riage whieh can move zlong its length; one carriage calme% 4 pen and the
other an index. By means of this unit it is possible {olevaluate solutions
of equations in which the rate of change of a quantity, say x, at time ¢
depends not only on what the value of z is at timé@ but also on the value
of z at a previous time t — 7, where the “tlm:&ag” 7 may be constant
oT variable. «

Fre. 8. Input table,
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5 pivet ad A
L2 {similar triangles), w = f}i’: ;
¥y ooz 25D
Frc. 9. Multiplier-divider unjt.
\\’
This unit has found another use, for wi{ic‘i& it was not originally planned.
Its three independent inputs and one output make it very convenient for
use as a multiplier-divider unit using'the principle of similar trinngles as
in the multiplier of Bush’s differential analyser. In a piece of sheet sieel
of L-form, 2 slot is eut in one leg of the L and g line is seribed at right
angles to the slot on the other leg: the wh

ole is pivoted at the interscetion
of the line and the axis of the slot (fig, 9). The pen of the special table is

replaced by a rod Whic{{'&ﬁ close fit in the slot; then if the index is moved

F. 10, Interuonneeticrns.
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F1c. 11. Model version of different-ia{\analyser.
\§

50 a8 to He on the line as the three mputs :c., Y, z vary, the ordmate of the
index is xy/z. N

Figure 10 shows some details of the 1nterconnectlons between the
various units, helical gears for the \connections between the longitudinal
and eross shafts, adding units, and s “frontlash” unit for compensating
backlash in the gear train between the ouiput shaft of one unit and an
input shaft of ancther. me longltudmal shafts are on a different level
from the cross shafts, 50 that the cross shaft driven by one unit ean be
conmected to any owerof the longitudinal shafts, and this again to any
eross shaft driving a}ly unit. This freedom of interconnection is very im-
portant, and one&esult of it is the very wide range of equations to which
the leerentl\Lanalyser can be applied. The whole set of mterconnectlons
required foi the solution of a given equatlon is called shortly the “set-up”
for that e{;uatmn

Another important feature is that the relations between the rotations
of the different shafts of the analyser are purely kinematical, and are
independent of the actual specds of rotation. Hence the operation of the
analyser is independent of the speed of the shaft whose rotation represents
the independent variable, and it is not even necessary that this speed
should he eonstant,

In its accurate form, the differential analyser is a large and costly
instrument. Various smaller and rougher versions of it have been built
(8, 14, 59, 79), the first by Dr. Porter and myself. This instrument (fig. 11)



14 . CALCULATING INSTRUMENTS AND MACHINES

was constructed largely of standard Meccano parts, and was suecessfyl
beyond our expectations. It gave an accuracy of the order of 29, and
could be, and was, used for serious quantitative work for which this
accuracy was adequate.

2.5. A New Differential Analyser

In alater form of differential analyser developed at M1, by Bush and
Caldwell (18), the interconnections, instead of being purcly mechanical as
in the instrument illustrated in fig. 6, are electrical. The individuyal units
are still mechanical, and in principle the same as in the carlier fornythough
different in mechanieal design and in appearance; but the assegihly of eross
and longitudinal shafts and cross-drives for intnrcmnwcl‘iuﬁ them is re-
Placed by an electrical system. The output shaft of eaghliinit carries an
electrical angle-indicator consisting of a pair of var@ble condensers of
which the capacities are ¢, + Cico8 ¢ and Cy +°Cikin ¢ where ¢ is the
azimuth of the shaft about its axis, Each inpubshaft carries a similar
angle-indieator. To drive an input shaft 4 of\hl;c unit from the output
shaft B of another (or the same) unit, the ar;gl}e—’indicaturs on the two shafts
are connected so that they give an electriegh8ignal which ix & measure of the
differenee in the azimuths ¢4 and ¢a0f the two shafts. A motor driving
the shaft 4 iy controlled by this signa.l’,’(and its time derivative and integral)
80 as to keep this difference 954“‘:':@53 to a small fraction of a turn under
all operating conditions of apgilar veloeity and acceleration. A very

schematic d.iagra:m of the cirehit is given in figs. 12 and 13.
Interconmections are Q’_}a’de at a low power level, and standard auto-

. rents in these cirenits then energise relays
o) d%;\:he required connections,
l.S: .:;1 rential snalyser has 5 number of electrical and mechanieal
6 N
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Transmities Receiver
Ecos i
> LA E:o{d;-r sin §g Ny bo
awitchboard - 8ih (g~
E >— Esin 7 cgn:e:ﬁ_on: _ £ 3ig ¢y cos Py >
o -
\l | ¢T i #R
'g P Control
: ~ Circuit
B

Q

Fic. 13. Interconnections in the new differential analyser, :

4 ‘\. \5

"\
refinements such as multi-ratio gear boxes enabling any ratioexpressed
by a four-digit decimal fraction to be set up automatically§rom s second
punched tape, means for setting initial displacements oft iategrators auto-
matically from a third punched tape, and electric {¥péwriters for auto-
matically reeording results in numerical form, as well'as an output table
for recording them graphically. It has 18 inte rators, with scope for ex-
pansion to 30, and means for running simulta;;,n{eously three independent
problems if within the capacity of the avqﬂ’ﬁ:b[e units.

Three separate punched tapes are used’ to supply to the instrument
the information required in any one sghition, the information on the three
tapes being of different degrees of gjej}ei'a]ity. That on one, the “A-tape,”
specifies the required interconng@tions of the various units and is an ex-
pression of the general structure of the equation, without reference to
numerieal values of eoeffictehty or of the forms of funetions supplied from
input tables. That on anbther, the “B-tape,” specifies values of ratios in

~any gearboxes used, which are determined by the numerical values of
coefficients and by yseale factors; this is common to all solutions, with
different initial cgﬁditions, of the same equation, The third, the “C-tape,”
specifies initialdisplacements of integrators, which will usually be different
from one solubidn to another. :

Figyure(4 shows a general view of the operating and control Toom; in
the foreground are three input tables, of eylindrical form; on the left are
the reading units for the punched tapes; to the right of them are the out-
put table and control panel and to the right of this two of the electrifzal
typewriters; in the background there are monitor panels and other equip-
ment. Figure 15 shows an integrator and fig. 16 a portion of a typical
equipment bay. : ]

One of the important features of this form of differential analyser is
the ease of changing over from the intereonnections required for one
équation to those for another. On a differential analyser of the earlier
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-1

5. Integrator of the new

differantia] analyser.
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type, such as that illustrated in
fig. 8, such a change of set-up in-
volves changing by hand zll the
cross-drives, gear wheels, adding
units znd couplings involved in
making the mechanieal intercon-
nections, This takes some time,
perhaps a day or two including
the cheeking of the new set-up.
On a differential analyser of the
newer type all that is required is
to replace the A- and B-tapes for
one equation by those for the
- other. This, and the automatie
" proeess of setting up the connec-
_ tions and gear ratios from the
punched tapes, takes only a few
minutes.

This type of interconnection
is also more flexible. For example,
in the normal use of an integrator, . AN
the rotation of the integrating ) Fi. 16. Equipment bay.
dise x is an “input” and that of %"
the wheel z is an “output.” But ituis posmble to modify the econnections so
that the motor driving the dlsc*does g0 in such a2 way that the rotation of
the wheel agrees with the f@blon of the output shaft of some otber unit;
that is, the shaft representing x is driven so that f"yda is made equal to a
given rotation z, or £ #F dz/y. This, which is equivalent to driving the
dise from the whee ‘Eannot be done with an integrator fitted with a
mechaniecal torquo.amphﬁer

Another ad\\@ntage is the greater flexibility of geographical arrange-
ment of thegmponents of the machine. With purely mechanical inter-
wnnectmn‘s\as in the example illustrated in fig. 6, questions of access and
of medhahical design of the system of interconmections restrict rather
severely the locations of the separate units; with electrical interconnections
they ean be placed wherever most convenient.

2.6. Using the Differential Analyser

Though the differential analysers illustrated in figs. 6 and 14 are so
different in construction and appearance, the general way in which one
has to think of a differential equation, from the point of view of planning
& machine set-up to evaluate its solutions, is the same for both instru-
ments, and the same notation ean be used to represent the system of
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interconnections required. This notation can be thought of o representing,

in sehematic form, & plan of an instrument, with mechanical connections,
as set up to solve the equation considered.

The different units are represented by symbols shown in fig. 17, in
which the relations between the quantities represented by the rotations of
the driving and driven shafts of each kind of unit are indicated. In a

set-up diagram, fig. 18 for example, they are shown conneeted by lines

L L
N\
[t — - |- }-[am 4
@ €A A 422
N
wlv “T allp il {ath
_ (¢
Inteprator Input Teble SpecialTajut-Output Tuble
w=[udy a=f(p g =p (¢t — )
o
T (a2
(- >t p q
Ej' o ﬁ
s'ir N
Olétgl.l}' Table “\ Adding Unit, Spur Gear
=P O e=a+p plg=mn/m

' A</
::pl;elf:llll:{?tg;h ,Qg..ltlhe cross-sha.fts and longitudinal shafts, and each line
sponding shagt, he quantity represented by the rotation of the corre-
In the'g, o ) .
de?iy&th}é irfe:;:l majority of equations which arise in practice, the highest

T e dependent variable v j i i
Y 13 . Y 18 expressed in terms of the inde-
pe\ dent varmh;e T and the lower _deriva.tives of ¥, as for example in

2y dyn
der " Voos (x4 y) — (}—;) . (2.1)
Then in
the formp anning g seteup, it i convenient g
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This form shows that it is not necessary explicitly to eonstruct the quantity
(dy/dx)? in (2.1). A set-up for this equation is shown in fig, 18; the quan-
tity cos(z + y) is generated by integrators V and VI by solution of
the auxiliary equation d*w/dz® = —w with 2 = x +y, and the first of
the integrals in equation (2.2) is evaluated by integrators TTI and IV,
in the form feos (x + %) d{_f'yda: ] ; this is a standard connection for the
integral of a product. The second of the integrals in (2.2) is evaluated by
integrator II, and y =.f (dy/dx) dz is evaluated by integrator 1.

At a later stage of planning the set-up, seale factors (for example the
number of turns of the z and y shafts which are to represent one unit of z
and one unit of ¥ respectively) are introduced and arrangements are made
for obtaining the required signs in the relations between the rotatiens*of
the various shafts; but this aspect will not be considered in detailbere.
(For details, see references 17, 27, 47.) - « N

This set-up provides an example of the use of a part of thé'machine to
generate a function oecurring in the main equation, in thig #ase the func-
tion cos(z +- y), by the solution of an auxiliary differéntial equation.
This is a commen feature of the use of the differe@ial analyser, and ean
be used, as in this example, to generate funct{):'g‘s of any variable, not

o
“ws Y ™ ,
2 xey ¥ cos u:ym, ,‘F‘é_‘:"’ J'% 4
r Ll [ 1! ] ] ::l:. i | .
O[] [Or ][ [ ][] oo
\. )
‘~."
N : x
0~ . )
"™\ \'“ E x-by
N sih Ax+)
’}; €08 LX+ ¥}
— z . JrY dx
o] Jy cosix+yidx
o . & 4
* fa? Iy
A~ dy
i
- o

Fia. 18. Schematic set-up of differential analyser for equation: d
@y dy \* dy . f o,
da _‘ycos(m+y)+(£?) =0, or?x_-=fycos(z+y)dx dzd'y
(Scale factors and signs omitted.)
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only of the independent variable. Other simple functions of any variable
w can be generated in a similar way, for example 1/w, w? w!, log w,
tan—lw, ¢f* (8 being a posifive or negative constant).

2.7. Regenerative Connections

An interesting group of connections, sometimes called “regencrative’
connections, is obtained by feeding back the output from an integrator
as a contribution to its own rotation. In the connection shown in fig. 19,
the integrator displacement z and the contribution w to the integrator

rotation are fo be regarded as inputs; then N\
dy = zd(w + y) Oy (23)
s0 that the outputs are X O
N . . 1 ‘:'T’ b §
Y= dw, w4y =/—-;<g!’w. (2.4)
1 -— & 1 .-.-..z}
Y,

@]

——— z
INPUTS
w

AN y
‘_.\_ e OUTPUTS
O = wiy

P16X19. Regenerative connection (Amble),

D

. .'_ :"\s.
if ; 1es ai;verfl \Q\@stant value be!;weep ¢ and 1, use of the output w—+y gives
power m:iesg ?:rmg lﬁp a mtat“’f_l f?"ithout loss of torque (the additional
madEsal to v 1t 5o L CTIVIng the torque amplifier). 1f (1-2) is
% ‘with one ,intglves (11.0+?.;) =log w, providing a means of generating
grators are re uiredegrtor-’ Wlthout_ regenerative connections two inte-
Wty (213)}. 1. And if (1-2) i3 made equal to (w+y), (2.3) gives
Other regener g o Toeans of generating w! with one integrator.
generative connections involving two integrators can be used

A further study

of th
Miche] (84). ese an

d similar conneetions has been made by
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Another example, in which a regenerative connection was used to avoid
an inconvenient division, oceurred in connection with the equation (122)

¥+ (A +er/x)y = 0. (2.5)

This ecan be written
ay’ = — f(e* + Az)ydz — S (z — o) dy’

where a is any convenient constant. With the equation in this form, e+
can be generated in the standard way, and the awkward division b
which would appear to be required from the equation in the form {2 ),
is avoided. The oceurrence of an integral with respeet to ' in the‘qxpres-
ston for 3’ is an indieation that a regenerative cornection s reqmred
This method of dealing with this situation was devised by Miss E. Monroe,
while working with the differential analyser at the Mathema‘tlcal Labora-
tory at the University of Cambridge; as far as I am mare, it is the first
use of a regenerative connection.

¥

2.8. Automatic Generation of Any Functietr)

Reference has already been made to the generation of functions of
certain definite analytical form, such as w2 ", cos w, log w, by the solution
of auxiliary differential equations. A Huirther step is to generate auto-
matically any funetion, and so ayord ‘the use of input tables altogether.

This can be done by using partiof the differential analyser, or a special
unit, to aet as an interpolatidg, mechanism, so that if supplied with any
funetmn f(w) at a set of tabular values of w, it will interpolate f(w) as a
continuous function of w\for intermediate values of w. There are various
ways of doing this; the\following method is based on one shown to me by
Dr. Perry Crawford then of the Centre of Analysis, M.LLT. It will be
supposed that f (w)ls tabulated at equal intervals of w; the “central dif-
ference” notaan will be used for the finite differences of f(w) (see fig. 20).

N\
~\J oy
/ X _ LT b1
N\ oy T ey
Xo Yo s 8% o fi)
T L vt % " a4 ete.
811 Sy,
Ty ¥ o, iy . B4
I3 i3 v s Sy
ete.
. BYfnsd = Yni1 — Unj 8%e = Uy — St s
1n general

Sy = 8 Wnyt — g

F1c. 20. Central difference notation for finite differences.
¥ tabulated at equal intervals 8z of 2.
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If an interpolation formula correct to third differences is used as the
basis of the interpolation, then between any two tabular values, f(w) is
represented by a cubic in w, and such a function can be generated by a

' .set of three integrators.

~For interpolation in the interval w = wo to w = wy = wy + 5w, the
Newton-Gauss interpolation formula, correct to third differences, is

Fwo + 86w) = fo+ 68y + §0(6 — 1)8%e + %66 + 1) (8 ~ 1) &%, (26)

and for interpolation in the interval w = w_, = w, — éw to wy,, the cor-
responding formula is

Jlw-s 4 00w) =7 + 08, + 3006 — 1)5% .+ 369 + 1) (8 '-1:1')’:53}\_,. (2.7)
If we differentiate formula (2.7) and put # = 1, we ge't-':.f"}"

Guw)fy =8, + +8%_, + 3 asf;;';;\\ (2.8)
whereas if we differentiate (2.6) and put § = 0,% get

{(ow)fy = 8f, — % 6%y éfé\aafi. (2.9)

The difference between expressions (2.8) and (2.9) is —§ #%f,. Thus as v
Increases through wy, a change Afj@iven by

DA, = —3 59, 2.10)
\

oo 28
has to l?e made in F) 1I\&1‘der to change from the interpolation formula
appropnatg to the intdrval w_; to we to that for the interval wy to wi. The
corresponding changtas"in " and £’ aye

R (w)? Afy = 0 (2.11)

N . (Gw) Afy” = &%, (2.12)

#
s S

€ Integrators, with Provision

) em by the amountg 2.10
tabUlar value, will o

of the interpolation formula, (2.6).

I N
2(5w;tft;?r;l;;0(fathi 1"”:313 figure retained in f as unit, the quantities f, 6(5w)f’, -
. w)*f must all be integral at each tabular value of w, and

Thus N;ir;
tW0 ‘of th

al analyser itself has been

sed in one form of automatie curve follower on
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the differential analyser at M.LT., and a continuous interpolator has been
built as & separaté instrument by the Reeves Instrument Corporation.

2.9. Other Forms of Differential Analyser

The “differential analyser” was the name originally given to the
mechanical instrument for integrating differential equations, developed by
Bush and his group at M.LT. But other instruments, considerably dif-
ferent in principle, can be designed for the same purpose, and it is con-
venient to use the term as a generic name for such instruments. Two will
be mentioned shortly here. _

One uses an electromagnetic method for carrying out integration; By»
an application of a component, developed for radar purposes during, the
war, called a “velodyne” (119). A AN

velodyne consists (fig. 21) of & v :_ Q Fieutpuns
generatar I ¢ Motor. #

split-field motor and tacho-gener-
ator (a generator designed to be
used as a tachometer) on a com-

mon shaft, the field current to v 5 ¥ tinpur)
. . 5 Ooatul P
the motor being supplied by a T o | clreuit
. . tvr ke IS
control eircuit which takes the _
difference between an applied Fic., 21, )Frinciple of the velodyne.

voltage V and the tacho-genera- oY _
tor output, and drives the motor so@§%o keep this difference within a
small range of tolerance. Thus if 4 is the*angle turned tl_lmugh by the motor,
B s—bsve 2.13)
dt \\ )

- where k is a constant. T the velodyne, regarded as an integrator, tal'ces
an electrical signal for:ﬁ]e integrand and gives out a mechanical rotation
to represent the intégral. This rotation can then be transformed into‘an .
electrical volt-ag%qignal by means of & potential divider. Multiplication
can be carr ied}.:out. by means of potential dividers, with electronic buffer
eireuits 80 :al;j'anged that no curreni, only a voltage, is taken off by the
- Variablétapping on the petential divider.

It will be noted from (2.13) that integration is always with respect to
actual time ¢. In this feature this instrument differs cousiderably from the
mechanical differential analyser in which, as already mentioﬂeds_th? rate
of running of the machine in actual time is (within limits} irreleva’ﬂt to
its operation. Normally t is taken as a measure of the inc;ieF"mde_'flt variable, )
and integration of a quantity z with respect to any other variable of'the
broblem, say ¥, has to be carried out in the form fzy'di. However, since
& voltage proportional to the product of $wo of the variables of the pr_obleﬂ;
¢an easily be produced by potential-divider circuits, the evaluation o
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such integrals offers no difficulty. A four-integrator instrument of this type
has been built in England by Dr. Uttley.

Another type of differential analyser is one using purely electrical
methods for carrying out the various operations required. Feedback am-
plifiers ean be used to obtain integrating and differentiating eircuits, the
independent variable being actual time ¢ as in the velodyne integrator;
and multiplication ean be carried out by potential-divider cireuits as in
Uttley’s electromechanical differential analyser.

An instrument of this kind, using d.c. amplifiers, has recently been
put on the market by the Reeves Instrument Corporation (947: 10 this
instrament, the variables in the equation are represented by tiMigcvarying
voltages. Addition, multiplication by constants, and integratien’are car-
ried out by electrical eireuits. Multiplication of two varig,};i’l'e\é, each repre-
sented by a voltage, is carried out by applying one volbdge’to a potential
divider, and using en electromechanical servo t-o‘.lf),éate the moveable
- contaet af a position which depends linearly on thawother voltage. Similar
servos, operating non-linear potentiometers,‘c\w be used as automatic
. input units. . . RS

2.10. Boundary Conditions in Nnmqri;:ai and Mechanical
Integration of Differential Equations

Both in mechanieal integratiotvof differential equations by the dif-
ferentjal analyser, and in numeérieal integration whether by pencil-and-
paper methods or by the useOf one of the large automatic digital machines
to be considered later, orle’meets in pronounced form a point which is
searcely mentioned in the conventional formal treatment of differential
equations. This is the’difference between the situation in which all the
conditions which/lie’solution has to satisfy are houndary eonditions given
at one point [(usially one end) of the range of integration— these will
be called 'DQ&-’point boundary eonditions— and the situation in which
some cquifi-ons are given at one point and others at another — these will
be ca.]{ed two-point boundary conditions— or in wbich the solution y as
a:vf?h:ole. has tlo satisfy some integral relations, such as a normalising con-
ditien like j; y'de = 1 or relations of orthogonality to other functions.

The reason for the difference of emphasis on this point is that in the
forma:I treatlment a solution of a differential equation is thought of as a
functlonE existing over the whole relevant range of the independent vari-
able, which satisfies the equations at each point of the range. The purpose
01T the f(?rmal treatment is to find such a function; and the idea of the
fihﬁ'erentlal equation describing a process in which the independent variable
increases ‘a.nd the dependent variable behaves in conformity with the
equation is secondary. In mechanieal or numerical golution, however, this

aspect is most prominent, as it is just by followi .
a solution is evaluated. ! ¥ following out such a process that
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Such a process has got to start from somewhere, with numerical values
of all relevant quantities given there. If the conditions to be satisfied are
one-point boundary conditions, the solution can start from the point
where they are given, with everything known, and ean proceed from there,
normally without difficulties, except possibly those arising from singu-
- larities or of instability of the process of solution.

But when the conditions include two-point boundary conditions, or

- integral conditions on the solution as a whole, it is usually necessary to

estimate one or more initial conditions at the point from which the solu-
tion is started, or perhaps one or more parameters in the equation itself,
and to run a number of trial solutions with different values of thesé“esti-
mates until one satisfying the conditions is found or can be interpelated
with sufficient accuracy. N\

Sometimes when the equation is linear a solution satisfyin\g two-point
boundary conditions can be obtained by evaluating a particular integral
and a sufficient number of eecmplementary functions;{all satisfying the
boundary conditions at one end of the range, and\forming a linear com- .
bination satisfying the conditions at the other endt‘of the range. But my
experience has been that this is usually a purely formal possibility and
not a practical one, beecause of the sensiti\%ness of the solution to the
initial conditions, whieh would lead to thé ¥alues of the final solution being
evaluated as the small differences of twoé sets of large numbers. In such
cases the use of trial solutions is preferable, and for non-linear equations
it is the only way. N\ )

The use of trial solutions miay mean that a large number of differential
analyser runs are required jq}‘ each useful solution obtained. On the other
hand all these trial soluttons refer to the same equation so that ne changes
of set-up are requireddh evaluating them; in most cases the only changes
required between o€ trial solution and another will be changes of initial
displacements of/jntegrators.

2.11. Appli@a ions

The differential analyser evaluates solutions of differential equations
witheud\reference to the particular physical, chemieal, technical, or otl}er
problems in which the equations oceur. The range of problems to wh}ch
it may make a contribution is correspondingly wide. It has been &pp_hed :
to calculations concerning the structures of atoms (45, 78) and of stars,
to the motion of electrified particles in the magnetic field of the.earth in
interplanctary space (75) and to running times of railroad trains (5(?),
to the effect of a time-lag on the performance of automatic control cir-
cuits (19, 20), to problems in non-linear clectrieal cireuits (33, 60, 199);
fluid motion (46), and chemical kineties (see ref. 27, p. 83), to the oscilla-
tions of the atmosphere (111) and to a wide variety of other problems (soe
refs. 27, 109),



Chapter 3

THE DIFFERENTIAL ANALYSER AND PARTIAL
| DIFFERENTIAL EQUATIONS

3.1. Introduction

There have been two main developments in connection with the dif-
ferential analyser since the first instrument of this kind was constructed
at M.L.T. One of these is concerned with the development of an improved,
more flexible and more accurate, form of the instrument itself, as repre-
sented by the new differential analyser of Bush and Caldwell deseribed
shortly in §2.5. The other is concerned with an extension of thé field of
application of the instrument to partial differential equatiod8;® this has
been carried out mairnly by my group at the University of Manchester
before and during the war. 7\

The differential analyser will handle direetly only erdinary differential
equations. Before applying it to a partial differential eﬁ;uation, thiz must
be replaced by a set of ordinary differential equations which are approxi-
mately equivalent to it. Thus the application of“the differential analyser
to & partial differential equation depends estentially on an approximation.
But, as will be seen, it is possible to corl;ecﬁ for the main part of the error
involved in this approximation, and it¥s quite practicable to obtain re-
sults which, while still approximate,“are fully accurate enough to be of
practical value. The approximation involved here is similar to that in-
volved in any application of a ;:Qgital machine to the solution of differential
equations, ordinary or partial )

It will be convenienj:\bc}illustrate the procedure first for the simple
partial differential equatibn of heat conduection in one dimension in a sub-

stance with uniform*dnd constant thermal properties. In terms of reduced
length- and timg&:y}xﬁables r and ¢, this equation is

AN a0 &%

&«

A N . ot oz’
wheye«&:is' the temperature,

This equation ean be replaced by a set of ordinary differential equations

by Teplacmg the derivative with respect to either one of the independent

variables by a finite difference. The resulting situation is considerably dif-

ferent according as it is the i-derivative or the z-derivative which is
s0 replaced.

3.1)

26
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3.2. Replacement of the t-Derivative by a
Finite Difference

Consider first the result of replacing the f-derivative by a finite dif-
ference (61). With an error term of order {3t)?, we have
( a6 ) B(te + 8¢) — 6(to)
ETy p— 8

and with an error term of the same order

( a0 ) _ 1 [ 3%ty + 8t) " 629(50)] Q)
axt 1,=.r,g+§§¢ B 2 dx dx? ) £ ‘\

{

Hence, neglectmg terms of order (8}, we ecan replace (3. 1)~by

O'¢
S 3

] = ? [o(ts + .a“ggé'a(cu)] . (3.2)

If the temperature distribution at time ty ig\given, that is to say, 8(t)
is given as a funection of z, this is an ordma’ry differential equation for
8ty + 8t) as a funection of x, that is to shyy for the temperature distribu-
tion at time & = § + 5. Omnce this h&s been determined, it becomes the
known initial temperature d1str1but10n for the interval & to & = & + 8,
and so on.

The procedure can be represented by fig. 22, in which the heavy lines
represent the boundary of the'field of
integration in x and ¢, @~~1§he arrow
indicates the dlrectlon{h which the
integration is carned ™ t T

Three pomts\should be noticed at
this stage: &

(i) Th \only input necessary for b
the mtesval { to & is B(f) as a func-
tion, of z afﬂ(tg) /8x* is. not required,
for\a) two-fold integration of (3.2) —
gives 8(t+6t)+0(f), and from this
and the input 6{l,}, #(lo+5t) can be
derived.

{ii) The equations for the successive f-intervals are solved successively,

and, since they differ only in the input function which is 8(t), 8(f), . . -
in succession, the same set-up can be used for them all.
(iii) The solution for each t-interval has to satisfy one boundary con-

dition at each end of the z-range.

L 4

r,,-;sf I "y

Fic. 22
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For a given point (zt} in the field of integration, the value of § cal-
culated by this process depends not only on x and ¢, but on the time interval
{8t) used in the integration. This can be expressed by writing this result
as 8!, =, 8t). The required solution of the equation is (¢, z, 0).

An analysis of the error term shows that in one interval the error in
8(ty + 3t) — 6(i) at any point « is of order (8)°. The number of intervals
required to cover a given total time T is T/(6t). So the aggregate error in
a given total time T ig of order (§1)*. The leading term in this error can
in principle be eliminated by covering the same total time T by two in-
dependent integrations with different interval lengths (5t), and extrapo-
lating the results to an interval length (5t)—0, taking 6(¢, x, 8) forgiven
(¢, z) to be linear in (8£)*. This is an example of a process proposed some
time ago by L. F. Richardson and ealled by him ”hz—extrapgl'al‘ti(\m” (95).
It is most convenient to take 3 for one solution twice as large as for the

other, say 8 = A and & = 24; and the most conveqie‘rft form for the
result is ‘

0, 2, 0) = 80, 7, &) — £ [8(2, z, 28) =@z, 1)] . (3.3)
The process is illustrated graphi- PN
eally in fig. 23. A fuller analysis of M

the error shows that in many cases W |
this process eliminates not onlythe g pi,‘f, 8t
(81)* term in the error but the (3¢)* . N }
term also (see ref. 61). N\

In practice, it appears to be Given tx, N
most convenient to take fmoq{r in-
tervals & = A and twp sinfervals

8t = 2A, to carry out‘t\e process e *
. of “R-extrapolation® Jon the re- o 81-4 52 freo
- sults, and to confitue the integra- -+
tion from the »\r@mlts 80 corrected. Frc. 23

3.3. Re];!la'\c\e“ment of the x-Derivative by Finite
D\ifﬁ”erences (32)

%";I{o' ’relplace the z-derivative by a finite difference, let the z-range be
divided into a number of ‘equal intervals éz, let x; = jér be a typical

pf:;int of division and let 8; be the temperature there. Then the finite-
difference approximation to (8%/8x%) at z; is

( 0% ) ' B — 20+ 8,
= T
dx? Towri (6x)2

with an error term qf order (32)2. By equation (3.1), this should be equated



PARTIAL DIFFERENTIAL EQUATIONS 29

to the time derivative of 8, so that we get the following set of equations

a4; 8iv1 — 26; + ;4

ot (32)? ' (34)

The original propoesal for a mechanism to handle the set of equations
(3.4) was made to me by Dr. R. J. Sarjant and Dr. R. Jackson of the
Research Department of Messrs. Hadfields Ltd. of Sheffield. They pro-
posed to couple a series of integrators by a linkwork which should make
the integrand (84/df) of any integrator depend on the outputs (§) of that
integrator and its neighbours in the way specified by equation (3.4), But
the differential analyser could already do just this; there was 1o need to

design and build a special instrument for the purpose. (\N
N\ ©
&
| 7\
K L
, A A
T SheSxaieine]

,ii'}\., Yo Xy —P2
N
O '
The integration process is illustrated diagrammatically in fig. 24 In
which, as in§ig 22, the heavy lines indicate the boundary of the field
of integratiph and the arrows indicate the direction in which the integra-
tion is Q‘a:r’i‘ied. . _
Hithe surface conditions are such that the surface temperature 1s gIven
as }f{metion of ¢, then at a value of z; one interval in fro'm‘a. surface,
9i41 or 6;_1 in equation (3.4) is a surface temperature, and is input as a
function of ¢, Surface conditions involving the surface heat flux can also
be handled, though not quite so easily (see ref. 32).
The following four points should be noted: . . thi
(a) The set of equations (3.4) has to be solved stmullaneously; this
makes considerable demands on differential analyser capacit_y, unless an
adequate approximation is given by use of only a quite small number
of z-intervals,
(b) There is only one boundary condition for each equat

Frc. 24 -

jon; this is
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given by the initial temperature at each point x;, and gives ne diffieulty;
the boundary conditions in z are input continuously as the solution pro-
ceeds, and no trial-and-error process is required in order to satisfy them.

{¢) There is no difficulty in principle to extending the method to heat
conduction in two or three dimensions in space; there is, however, a pos-
sible practical difficulty in the amount of equipment required, since one
integrator is required for each point of the space-field.

- {d) The caleculated solution is a function of 6z as well as of z and t,
and the leading term in the error at any {(z,t) is of order (5z)%. This can
be eliminated by an application of the method of “hg-extrapo@tion”
already explained.

Radial heat flow in a cylinder or sphere is formally similax’to heat
flow in one dimension, in that the temperature depends on“the time and
one space-coordinate. For a solid cylinder, let the radius be divided into
an integral number of intervals §r and let Ty =48r. Then, 't'Be finite-difference

form of A~
#1986 a8 )
Fe— =\ (3.5)
. ar? T ar ag\\
is A
e () e (1 59
a () zj)::f?k— f+( ”“23-“) Bf"l] @.
for j & 0, and
e 6~ o 3.7)
@ ey T @,

\\
For a hollow cylinder it may
of the equations (38);
space-variabie; then th
with the effestive diffu

be convenient to use an appropriate group
T it may be better to transform from r to log r as
€ equations reduce to the one-dimensional form but
sivity a eontinuous function of (log r).

. s\ ¥
3.4, Dls'g}lssion of the Two Methods

. mA\s}z. simple example, the equation of heat eonduction in one dimension
INa uniform substance with constant thermal properties, and in which
there is no generation of heat, has so far been considered. But neither
method. is restricted to conducetion in a substance with constant thermal
properties. In one dimension, the equation of conduetion in a substance

of specific heat ¢ density ivi 1 ; ; ;
#, and condustivity K
generated at g ra;;e € i ’ ¥ A, in which heat is being

. at d K o
p—=— | K
at 9z ( 6x)+G‘



PARTIAL DIFFERENTIAL EQUATIONS 31

It is convenient to take the equation in a form in which first derivatives
in z do not oceur, and this can be done by taking

¥ = Js, (K/K.)ds

as dependent variable; this ean be regarded as the temperature measured
on a distorted scale. Then, with K/cp = D, the equation becomes

Y W G
at bW |: 3z? + Kn] 38
The rate of generation of heat G may be given as a funection of x, £'or 4;
in any case the methods of §§ 3.2, 3.3 are both applicable. N

The main practical difference between the two methods is\'ﬁha\t. in the
first (finite intervals in ), each function &(t) ealeulated has.‘té.satisfy two-
point boundary conditions, whereas in the second (finite“intervals in x)
the conditions are all given at a single value of the indépendent variable.
The great difference between these two situationg<has already been em-
phasized in §2.10. In the first method, a large nurhber of trial solutions will
usually be required for each interval (8f), before one is found satisfying
the beundary eonditions; an example is given in fig. 25. A similar set of
trial solutions has to be run for each (8)} Moreover, the smaller the value
of (81) taken, in the interests of accurfiey of the solution, the more sensi-
tive the trial solutions are to the stdrting conditions. Thus the evaluation -

2
N Ofor 7-1%

— F 0forr=2%

2

3 8% D
A step in the solution of the equation —ai Ty + Bet (see tef. 25); ¢, y & are
j 0 at ¢ = 2. The thin curves

abelled with the value

Fig. 25,

rﬁdUCEd‘measures of 6, ¢, x. Conditions ¢ = 0 at § =0, 3¢/ =0
Show trial solutions for the interval = = 21§ to 2% and each is ]
of 8¢/t at £ = g,
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of a whole solution as a function of x and { may easily require some hun-
dreds of separate runs of the differential analyser, and is not a projeet to
be undertaken lightly. On the other hand with the second method, a
single run, or two runs with different values of (§z), are all that is required,
s0 that the time required to evaluate a whole solution is some hundreds
of times less than with the first method.

However, in the first method the equations for the suceessive time
intervals ean be solved suecessively, so that the demands on equipment
are limited to those required to evaluate solutions of the single equation
(3.2), or of the corresponding finite-difference form of equation, (3:8).
These will be fairly small. Exactly what they are will depend o '‘the
nature of the functions D(¢) and @, and whether these can be gentrated
or have to be fed in from input tables; they are not likely to béghore than
two or three integrators and two or three input tables. N

But in the second method the equations for the di\fférent- quantities
8; have to be integrated simultaneously. For the simtgle equations (3.4),
derived from the simplest form {3.1) of the equatioh'of non-steady heat
conduction, this requires one integrator for each\point z; of the space-
range. And for the corresponding finite-differemeesform of the more general
equation (3.8) with diffusivity a funetion ¢fyfemperature, even with no
generation of heat, it requires two intggfatc")rs for the integration, and,
usually, an input teble to give D(¥) as's function of ¥, for each point z;.
A number of input tables are wanted; since although D is the same func-
tion of ¢ at all points, it is required to feed in simultaneously the values
of D at all the various values,af\;, and this eannot be done continuously
from a single input table. z%iﬁiiiarly, if there were a generation of heat G
m the body of the matgrial, an input table would usually be needed to
give _this at each valuerof'z,. It is of eourse possible that the variation of
D with ¢, or of G @ith those variables on which it depends, could be
generated by one,of more integrators; but the integrator set-up for this
purpose Woul‘dihave to be repeated for each point xj.
cap:g;:; t;:it]::iﬁ:{:ld I.na!cef considerable demands on differential analyser
detail§ Show that ity i: g eirators ancs perhaps, Input tables; the set-up
O th¥thor hand wha'J qtma Es a eonﬁlderable demand on adding units.
are so very marked t lfar,lt l.tcai]n ;edused, its advantages over the first method
can be achieved with 11 ; -: ou al_ways be used when adequ.at.e aceuracy

omparatively small number of points z; which

must be taken to keep the equations within the available differential
analyser capacity,

However, trial solutions h
interest, results of ysefyl see
number of intervals §z or ér.
intervals in the half-thickness

ave shown that in. many eases of practical
uracy can be obtained with quite a small
For instahce four or three, or even two,
of a symmetrieally heated plate, or in the
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radius of a symmmetrically heated eylinder, are often adequate. This means
that it is practicable, with available differential analysers, to deal with
simple eases in which the temperature depends on two space variables. as
well as on the time. This is a further advantage, in principle, of this
method; it does not seem practicable to make a corresponding extension
of the first method.

A feature of {he situation which makes either method practicable is
that the field of integration is open in the time direction; there are initial
conditions a1 the starting time ¢ = 0, but no eonditions to be satisfied
when the solution reaches some later time ¢ = T. This is an essential
feature. If some conditions had to be satisfied at { = T, it would be
necessary to estimate a set of quantities, or a whole function, a4t = 0,
and to run trial solutions with different estimates until one\was found
satisfying the conditions at ¢ = T; the amount of work involved would
make the proeess impracticable. N

The difference between a closed field of integratiohr and one which is
open in one dircetion is similar to the difference\in ordinary differential
equations, hetween two-point and one-point heuhdary conditions whieh
has already heen emphasized (§ 2.10). Theform of the boundary condi-
tions ix often related to the character.of“the equation itself, namely to
which of the types named ”(‘.llipt-ic,”.‘“Iiar"abolic,” or “hyperbolic” it be-
longs. An equation of “‘elliptic” type’_.j}”or example Poisson’s equation

3% Vo
=¥
o Y’

= f{z,y)

~\
is usually assoeciated 't,{f’c}losed-boundary conditions, ¥or such equations
use of the differentialgnulyser is inappropriate. A more suitable technique
is the usc of soméAorm of Southwell’s “relaxation” method (101, 1Q2).
;rPara.lat;licfl\iqulations, for example the equation of heat eonduction

&
a6 3%

Q& Y D@ —
™3 ot ox?

') .
3@“‘;hyperbolic” equations such as the wave equation
¥ 4%

z —_— = 0
¢ dr? ot

are usually associated with boundary conditions on a boundary open 1
one co-ordinate, which physically is often the time co-ordinate. Consider-
able success has been achieved in applying the diﬂ'eren’ﬁi&! analyser Itlo
equations of “parabolic” type; some examples will be consxdered ’111 t Ef'ﬂ
next section. A few attempts have been made to apply it to equations 0
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“hyperbolie” type, with only partial success, but as this is a field of appli-
cation of the differential analyser which seems to deserve further explora-
tion, and on instruments of capacity greater than those so far available in
England, a survey of this work is given here in §§3.6-3.9.

3.5. Examples of Application 1o Equations of **Parabolic’® Type

Most of the work that has been done has been on the equation of heat
conduetion, and most of this has been concerned with heat conduction in
steel, taking account of the variation of the thermal properties with teQ-
perature (32, 71).

Figure 26 shows a comparison of calculated and observed tefipera-
ture in a cylindrical bar, the experiment being carried out under conditions
designed to give a good approximation to axially-symmetzical heating
uniform along the bar, so that the heat flow was mainly radiah The surface
and centre temperatures were measured by thermocouplés, the surface
temperature as a function of the time, and the thermal\pfoperties as fune-
tions of temperature, being the only data used in the calculation of the
central temperature. \

In the caleulation, the sbnormal thermal\properties of steel in the
neighbourhood of 715° C., associated with, the « — v transformation of
the iron lattice, were represented by a Iatent heat of transformation at
this temperature; actually the transforination is a more complex phenome-
non, and at high rates of change of“temperature such as those oceurring
in this experiment, it oceurs ovéia range of temperature. This accounts

for the departure of the caleulated central temperature from that observed,
in this temperature region.

Qs
A > ] y
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Figure Nfows the results of calculation of the internal temperature
of a large forging during forging and reheating operations.

Flgl}t?' 28 shows a result of the most ambitious application of t:he
differen'tial analyser to problems of this kind, one concerning the cooling
of an ingot in a mould. When molten steel is poured into 2 mould, the
outer surface of the cast ingot soon solidifies, and then as the mopld heats
up and expands and the ingot cools down and eontracts, a gap 15 formed
between the outside of the ingot and the inside of the mould. Heat transk;
fer is then by conduction through the material of the ingot and throug
the mould wall, and by radiation across the gap between them. I_t was
possible to set up on the differential analyser the equations _"f radiative
heat transfer according to Stefan’s law, as well as the equations of heat
conduetion in finite-difference form, and so obtain solutions of this rather

complex heat-transfer problem.
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Figure 2{5}10\#3 some results ealeulated for the temperature distribu-
tion in a\Substance in which there is s generation of heat increasing ex-
ponentially with the temperature, so that the equation of one-dimensional
he{’%‘g}oﬁduction, in reduced variables, is

dp %

at azt

+ Be.

For given boundary conditions, there is a critical value of 8 above which
this equation has no steady state solution; for the conditions ¢ =0 at
¥ = t1, to which the solutions shown in fig. 29 refer, this eritical
value is § = 0.218. This equation is of great interest in connection with
' the thermal behaviour of solid dielectrics in alternating electric fields. For

many such substanees the power loss, for a given amplitude of the electric
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stress, increases approximately exponentially with the temperature (41).
The ealeulated solutions show good general agreement with the main fea-
tures of the actual thermal behaviour of suech substances, with the final
catastrophie onsct of thermal instability, and the long period which elapses
before the temperature rise becomes catastrophie if the stress is only
slightly above the eritical value. Some solutions of this equation were first
obtained by application of the method of §3.2 (25); later, solutions were
obtained using the method of §3.3 (49), and showed very markedly the
advantages of the latter method when adequate differential capacity
is available, Q)

The equation of the laminar boundary layer in fluid dyramies, though
third order, is formally of hyperbolie character, and the botnddry condi-
tions are of the corresponding “‘open” type, in that (to the approximations
of boundary layer theory) the solution has not got tos8tisfy any condi-
tions at a distance downstream. An application of £¥e method of §3.2 to
this equation was suecessful though very lengthy<(48).

3.6. Hyperbolic Equations \\

The only work on the application of ﬁhta\ differential analyser to hyper-
bolie equations of which I know is that\chrried out in England during the
war. On account of the pressure of sar conditions, very little preliminary
exploratory work on simple hypetbolic equations was done, and the at-
tempts to treat more complicatet equations were only partly successfil.
This work is mentioned here)since as far as it goes it suggests that this
field of appliestion of tha'tﬁ“ﬂ'erential analyser deserves further study, and
with instruments of ?;&aiter capacity than those at present available
in England. O

The simplesthbiperbolic equation is the wave equation in a uniform
medium in whieh”’the veloeity of sound is constant. In terms of reduced
variables %nd‘ t, this equation can be written '

N\ ' .
Q) e _ 8% (3.9)
~NO ot dz? :

Normally the boundary conditions are given on the same sort of open
boundary as for the equation of heat conduection, and it would appear
~ practicable to replace either derivative by a finite difference. The general
character of the resulting situation is much the same as in the case of the
equation of heat conduction, If the {-derivative is replaced by a finite
difference, we get a set of equations which can be solved successively for
the successive time intervals, but for each é-interval we have to satisfy
two-point space-boundary conditions, and so have to evaluate a large
number of trial solutions for each useful result obtained. Whereas if the
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p-derivative is replaced by a finite difference, we have one-point boundary
conditions in ¢, and the boundary conditions in x are satisfied continuously
as the solution progresses, without any process of trial-and-error; but the
set of equations for the various points ; have to he solved szmultaneously,
and this leads to demands on differential analyser capacity which are
still more severe than for the equation of heat econduction, since the equa-
tion for each 8; is now second-order in .

Neither of these methods has been tried on the simple equation {(3.9),
but both were tried on a more elaborate equation, or rather system of
equations, namely those for the propagation of a spherical compréssion-
wave of large amplitude, under anisentropic conditions, and n€ither led
to a practicable procedure. It should be said, however, thatrattempts to
treat this problem by other methods led to the conclusion., that it was not
easily amenable to any method of treatment, and that ~the ‘evaluation of
a solution is a major computing operation. »s\‘

3.7. Use of “Characteristics” \\

A different approach to the treatment o‘f\‘hyperbohc equations was
successful in one application, and it seemed that only the restrictions set
by the eapacity of the differential anp.ly;er% available in England at the
time prevented its success in applicatign to a more intricate situation.

In the theory of hyperbolic egu’a’tions, two sets of curves in the plane
of integration, called “characteristies,” play an important part. If the
equation is

. \ 2 2
H—=M 2K o +Lae =M (3.10)
de’ dxdy ay?

i Q.
where H, K, L, and M may be functions of any of the variables a8/dx,

88/dy, 9, x and\gy the characteristics are curves in the (x,y) plane whose
slope at any.point is given by

&«

. \' @_ dy
O H(dx)~2K(d)+L (3.11)

For a hyperbolic cquation, the roots of this cquation are real and
d;Stmct 80 that there are two sets of characteristics, and one characteristic
of each set passes through each point (z,5). On a characteristic, equation

{3.10) becomes
dy a9
H—d ( ) Ldl— ) =
&a P + r» M dy. (3.12)

te I: ot dK L are independent of 4 and its derivatives, then the charac-
risties epend only on the equation and not on the 'partzcular solutton con-
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stdered; the evaluation of the characteristics and of the solution ean then
be carried out successively, the characteristics being determined first by
solution of (3.11) and the solution of (3.12) by integration along the
characteristies being carried out subsequently. But if one or more of H,
K, L depend on ¢ or its first derivatives, the characteristics depend on the
partieular solution evaluated, and the determination of the characteristics
and of the solution have to be carried out simultaneously.

The equation for the axially symmetrical, isentropie, motion of a com-
pressible inviscid fluid, around a solid of revolution, is

u?y 3¢ 2ur 9% v\ o » N
(1 **—) + +{1 ——) +—=0N03.13)
a* J dx? a®  Jdxdy a / 3yt ¥,

7'N\S ©
where x and y are the axial and radial co-ordinates, ¢ the veloeity potential,
u = d¢/dx, v = d¢/dy, and a is the local velocity of sgﬁﬁ&, given by

a? = gt — % ('Y — 1) (u® + v?)r;\"

This equation is hyperbolic where the flow Ag\stipersonic (u? + v > a%).
What is wanted is the veloeity (w, v), rathér‘than ¢ itself, as a function
of (z,y). P \%

It is convenient to write dy/dz = 1/py,"1/p; for the two roots of (3.10),
from which it follows that H = Lgys™Then for one set of characteristics,
which will be called set 1, namelyf'th"at for which

& dz = i dy, (3.142)
it follows from (3.12) f;laiaﬂf“t
N du + dv = (M/L)dy (3.15a)
and for the otPgr\:a;é\t {set 2)
\\\ iz = o dy | (3.14b)
and 3 \ \ '
O wi du + dv = (M/L)dy. (3.15h)

Equations (3.14) define the shapes of the characteristics, and equations
(3.15) define the veloeity distribution along them. It is convenient to use
the term “corresponding points” for points on the various characteristies
of one set where they are cut by a single characteristic of the other set.

Now suppose we try to solve these equations by integrating successively
along a sequence of characteristics of one set, say of set 2, using finite
differences between successive characteristics of this set. Let 4 and B be
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two characteristics of this set (see fig. 30). Then the finite difference
forms of (3.142) and {3.15a) are

zp — &4 = % (s + #5) Yz — yo) (3.16)
and '

3 (ua o) (up— ) +(es—va) =% [(M/L)a+(M/L)sl(yz~ya). (3.17)

For any point =5, y5 on characteristic B, the quantities in equation (3.17)
referring to characteristic A are to be taken at the corresponding point
(x4, y4) given by (3.16). Given the
characteristic 4 and the <&locity
distribution along it, that\s, given
T4, Wi, and ¥4 A8 funetions of ya,
equations (3.11) (which gives i,
u2), (3.14b), (3.18h),(3.16), (3.17)
give the shapeldf characteristic B
and velocity distribution along it.

For aslender body, a useful ap-
proximaftion for some purposes is
given by taking v as eonstant and
2 8% zero in the coefficients of the
. (“sécond derivative terms in (3.13).
_ U087 In this approximation, the charac-

Fro. 30. Characteristics for supersﬁon‘ic«' teristics are independent of the

flow past a shell, . . .

R particular solution, and are indeed

) ¢ \" straight lines, and the applieation

of the differential analy&%s to the solution of equations (3.15b) and (3.17)

was quite successful, This application was carried out by the differential

analyser group at\fWle Mathematical Laboratory of the University of
Cambridge (ref/ 27, p. 106).

Previouglyy.an attempt had been made, by my group at Manchester,
to deal “fh%h\the more general, but considerably more involved, situation
n “fhi:ch'ﬂie characteristics depend on the solution being evaluated. With
the capacity available, it was not possible to set up and solve simul-
te?,n.eous]y the whole set of equations (3.11), (3.14b), (3.15b), (3.16), (3.17)
giving .the shape of characteristic B and the velocity distribution along
it. An iterative process was tried, in which the shape of a characteristic
was f_irst estimated and the velocity distribution along such a charae-
teristic evaluated on the differential analyser by solution of (3.15b) and
(3.17); this was used to evaluate H, K, L and hence better values of
#1, g from (3.11) and a revised shape for the characteristic obtained, and
80 on. The proeess turned out te be very long and tedious; further, the
part of the‘ work for which the differential analyser was used was quite a
small fraction of the whole. The attempt to use the differential analyser
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for this work was therefore abandoned for other work on whieh it eould
be used more efficiently. ' _

From this experience, it eannot be said definitely whether it would
have been practicable to earry out solutions by this method if there had
been available a differential analyser of adequate eapacity to handle simul-
taneously the whole set of equations (3.11), (3.14b), (3.15b), (3.16), and
(3.17), or whether the method has other weaknesses which would vitiate
it as a practicable process. The impression of those who actually took
part in the work is that the former is probably the ease, and it would be
very interesting to earry out further work on this problem on a differential
analyser of adequate capacity. : ) ) Q.
3.3. Another Application of Characteristies R \J)

Another possible method is to use finite differences with Tespeet to one
of the independent variables, but to make use of the ehiracteristies to
express the relations between guantities at the beginting and end of this
interval. This treatment leads to a remarkable differential analyser set-up.

Yor sound-waves of finite amplitude undg\feonditions in which the
density is the same function of the pressure At)all peints of the fluid and
all times, there is a standard transformation, due to Riemann (74, 96),
which, for waves in one dimension, gives\the following: '

If u, o are the gas veloeity and thé ‘velocity of sound at any point, let

HanS Sado/e

NP = flp) +u
O Q=) —u
A\ .

then \

apP @5 . T

—— = 0 f0r 4 point travelling with velocity — = u + «,
di 9\ dt .
G
and \/
A
aQ B

N “\Ha? = 0 for a point travelling with velocity _dt— =1u—a
) 4
The curves dr/dt = u + a are the characteristics, in the (z,0) plane, of
the equation of propagation of waves of finite amplitude.
For spherical waves of finite amplitude, the charaeteristies are the
same (r being replaced by the radial co-ordinate r), but the equations
dP/dt = 0, d@/dl = 0 are replaced respectively by

dpP 2au dg _ 2au

?

dt T dt r
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Now suppose P and @ (and hence f(p) and %) are known as functions
of r at time # (see fig. 31) and consider a later time ¢, = t.n + &t. Let
A be s point in the (r,f) plane at {=t;, and let the characteristics through
A cut the line £ = & in B and €. Then we have approximately

ra—7rp =+ a)s+ (u+ a)s| & 1
ra—1c=3[(u—a)s+ (u—a]d
Py — P = —|(au/r)a + (au/r)s] 3 L (3.18)
Qs — Qo= —[{au/r)a + (au/r)c] 8
S Quy =Psi+Qu Q.
2(p4) = Pa — Qu o
7'\ "
“‘%IP—G! ‘.2 N
a is 9 givan function “.' N
of {Pe@) '.\.\
) \ g' (T+a)
\ bap. zov
¥ 'y ’
' >
/B - 'g-}[ o = {g-u}
” ge _ zow
-l ar r
N

R ty f;,i- 114 —p ¢
Fic. 31. Ché}écferistics for spherical sound waves of finite amplitude.
."\‘~
and «a is @zg:@fmite function of f(p). Given v and a as functions of r at
time f, these equations are adequate to determine % and a as functions

of T\ﬁltitiine t. The third and fourth of equations (3.18) are most con-
ent

~ veni ly used in the forms

[P + (au/rstls = [P — (au/Mit]s
1Q + (eu/ndtls = [Q — (au/r)st]e.

A differential analyser set-up is given in fig. 32; it is remarkable for
involving no integrators, only a rather intricate interconnection of input
tables and the multiplier-divider unit, for producing a continuous solu-
tion of this set of non-linear algebraical equations as r, varies. It has
never been used, but provides another application of the differential
analyser which would probably be worth further exploration.
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F16. 32. Spherical sound waves of finite amplitude.



Chapter 4
SOME OTHER INSTRUMENTS

4.1, Introduction

A considerable number of instruments, in addition to the differential
analyser, have been developed for various purposes; the present chapter
is Iittle more than a summary, indicating the main prineiples of some of
them and giving references to fuller accounts of their construction and use.
{For other references see 67, 86.)

As already mentioned, a single instrument is usually restricted.to a
single kind of caleulation, so that one instrument may be used for solution
of sets of simultaneous linear algebraic equations, another for fiarmonie
analysis, and another for the evaluation of integrals as a fanetion of a
parameter. For carrying out any one kind of calculationt‘{f@rious instru-
ments, mechanieal or electrical, may be available, and/igstruments may
be classified acecording to the kind of calenlation for wh;\a?l they are suited,
or aecording to the kind of mechanical or electripdl"means by which it
is carried out. The former emphasizes the fungtion, the latter the strue-
ture, of the instruments, and, in accordance with the balance to be adopted
in discussing machines (see §6.2), the instrturents will here be considered
primarily from the point of view of fungtion, that is to say, according to
the kind of caleulation they carry ogtl;' .

4.2. Solution of Simultancous Tinear Algebraic Equations

Various instruments haye been developed for the solution of simul-
taneous algebraic equaticns, The prineiple of an a.e. electrical instrument,
due to Mallock (77), isshown in fig. 33. In this, the unknowns z;, . . .
are represented by, the, Thagnetic fluxes in various transformer cores, and
the coeflicients 55 hy the numbers of turns on the various eores. On each
core there is aswinding S which can be connected to an a.c. source, and

a'nother wb\' “can be connected to an a.e. veltmeter. A representa-
tive equatign
4 ¢\' '3

w\'“’ Ejag_; X = b; (41)
- 3
 is sen Gp as
Ziaya;—bu=90
by takil}g @i turns on the core in which the flux is to measure z;, and
EOItme.ctmg up these turns, for a given 4, in series in a closed cireuit with
¢ turns on another core, which will be called U. When all the equations

hiwz‘ been set up in this way, an external voltage is applied to the S
winding on one of the cores and adjusted so that the flux « in the core U

44
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has some convenient value, which is taken as the unit of measurement;
then the fluxes in the other transformers, measured in terms of this unit,
give the values of the unknowns. This instrument can also be used to
evaluate linear forms and determinants, and to obtain characteristic values
A and corresponding solutions of equations of the form

Z;i (ay — Ny} z; = 0. (4.2)
EEE_’ U =EE—, 2 g \
-:Eﬂ dpr L___:E s :::__"-:t—ri.} ‘\' n.\.
I/l Wi .

),.'
@i+ aupdy > b =0
Genln ‘l;' .ﬂ.a‘exe — batg =
Fr:. 33. Prineciple of Mualiock’s a.c. instrument for solution of
simultangous linear algebraic equations.
+8 )

k™ _ .

In the instrument aﬁs\actua]ly constructed there is capacity for handling
10 eqguations for,lﬁ' unknowns. The number of turns representing any
coefficient can heset to any integral value from 0 to 1000, with sign. .

On aceoudtysf the limitations of any instrument, the set of values
z; = & obtdined as a solution will be only approximate; and, if the coeffi-
cients inthe equation of which the solution is required are given to more
thamt\hr\ee figures, there is a further approximation involved in replacing
these éoefficients by three-figure numbers in the instrument. But unless
the equations are so ill-conditioned that this approximation in the coeffi-
cients affects the solution considerably, a solution to any required accuracy
can in prineiple be obtained in the following way. From an approximate
solution &, the quantities

¢ =b — Zia k),

with the correct values of ay;, are evaluated by other, more exact, means;
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for example with a desk machine. The corrections {z; — &) to the ap-
proximate solution  satisfy the equations

Ty (2 — &) = o (4.1a)

with the same coefficients as those of the original equations (4.1}, and
approximate values of these corrections can be found in the same way.
This procedure can be repeated as often as required. It is not, of eourse,
restricted to this instrument, but is a standard procedure in various
processes of evaluating solutions of simultaneous equations

In another form of instrument (1, 42) the z/s are represent\'d by
the voltage outputs of a set of amplifiers, and the coefﬁclmms‘qU by the
settings of resistive potential dividers. The output from a~ tetwork pro-
ducing a voltage representing (Z; a;z; — b} is fed back ¢0 the amplifier
of which the output represents x;. In a stable statey £Lhe? outputs of the
amplifiers satisfy the equations (4.1). (If the gain Qf'\t‘he amuplifiers is not
large, a ‘modifieation has to be made in the sottings of the potential
dividers representing the diagonal coefficients Q}, Such an instrument can
also be used to find the characteristie valu’gs % and corresponding solu-
tions of the set of equations (4.2). The stability of such a system of coupled
feedback amplifiers has been mv%hg&ted by Goldberg and Brown (42}).
Another study of feedback methodsiin the instrumental solution of simul-
taneous equations has been given ‘by Taylor and Thomas (103).

Another form of a.c. instruinent for linear simultaneous equations is
the network analyser (66, 7{ 89). This instrument was originally intended
as an analogue in the gimplest form of & model, in this case a model
of an electrical powgf\ransmlssmn system; it has a number of adjust-
able connections andweircuit elements, so that it can be set up to represent
different transmidsjon systems, but it is not restricted to networks repre-
senting sueh ﬂ;y\atems A number of these instruments have been built in

the Unlted\State% One has recently been cempleted in England, and at
least ong'other is under econstruection.

4-‘3‘.; ri‘ he Isograph

The isograph is the name given to an instrument for locating complex

roots of polynominal equations, whieh was built by Bell Telephone Labo-
ratories (29, 83).

If J@) =gz + ayzvt 4 | .+ an,,

.then on & circle z = re# . oy = ']a:.-| eive
Ref(z) = Avcos (08 + vo) + A, cos [(n — 1) ¢
— + ‘}’l] + ... ]
Imf(z) = Ay sin (nﬂ + 'Yn) + A, sin [(ﬂ _ 1) 6 + 7]} . J(43)

where 4, — |t1;.-1 yrmk
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The instrument evaluates the quantities (4.3} mechanically and draws
the locus deseribed by the point representing f(z) in its complex plane (see
fig. 34). The quantities k8 (1<k<n) are obtained as rotations by me-
chanical gearing, and the quantities A, cos (B04-v._.}, Ax sin (B84, i)
as linear displacements by resolving mechanisms. The addition of the
termns in the expressions (4.3) is aiso carried out mechanieally.

J 12— plane
Z— Flons ———

0 \ y 2

#(2) = 0 has 3 Toota With |z|<r
Fla.foi:'

*

ON

The value of r is determined by trial and error. An indication of the
way in which to alter a trial\walue of r is provided by the theorem, in
complex variable theory, that if 2 is taken around a closed curve, enclosing
n roots of f{(z)=0, in th}z plane, the eurve described by f(z2) in its com-
plex plane encircles/4hé origin n times {see fig. 34). Thus if for a given
value of 7, the outpiift curve drawn by the isograph encireles the origin »
times, if f0]lOW&'%ﬁt f(z) =0 has n roots with |2} <r.

An electrieal form of this instrument, using electrical resolvers, multi-
pliers and\adders, was planned in England towards the end of the war,
but ’yvas{jnot constructed, largely on account of inadequate supply of
conxgbh'ént.s.

4.4. Fourier Synthesisers

In the proeess of working out the results of X-ray analysis of erystal
gtructures, it is necessary to evaluate sums of the form

Zw Faecos (he + ky),  Zw Fmsin (hz + ki) (4.4)
Zinii Fri cos (h.'c + ky —+ Iz), b Firp sin (hx + ky + IZ) (45)

for a number of sets of values of (z,y) or (2,y,2), the sums being over integral
values of (h,%,0). The evaluation of the double and triple sums can be re-
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duced to the evaluation of a number of single sums of the form Z, A, cos &g,
ZuAs sin kf. Such sums are evaluated as continuous funetions of ¢ by the
isograph in the course of its operation, but in the structure-analysis con-
text it is usual to aim at calculating the sums for discrete values of (x,y,2),
usually at 3° or 6° intervals. '

An a.c. electrieal instrument intended speecifically for use in structure-
analysis work has been designed by Haegg (44). In this, a table of cos 8
for a set of standard values of # is built into the instrument by means of
a set of tappings on a transformer. The values of hf are ohtained by con-
nections from the contacts on a ganged set of multiway switches, and the
values of A are obtained by means of resistive potential dividers:

Another piece of equipment, designed by Story at Cambridse’and at
present under construetion, works on a different principle, ;ma evaluates
the double sum (4.4) as a conténuous function of x overgthe set of lines
3¥=0.02(n+z) in the area 0 Cx <1, 0 <y < 1. A marker tFfayels over a piece
of paper in such a way that its position at any t-ime.l’épi'esents the value
of (x,y) for which the value of the sum is being cartied out, and a mark is
made on the paper whenever the value of the sum{zl‘B) becomes an integral
multiple of some specified quantity. Thus the.results are furnished in the
form of a map of contours of constant valug'ef the sum (4.4), which repre-
sents the distribution of eleetron densityprojected on the (z,y)} plane.

Another instrument, devised by Répinsky (92}, uses electronic means
of modulating the beam current intg eathode ray tube in sueh a way that
the eurrent to the point (z,y) imthe plane of the sereen is given by a sum
of t.he. form (4.4). This gives-on' the screen a direet visual display of the
projection on the z—plane@ the electron distribution in the crystal.

N\

4.5. Integrating In§ti'ﬁments

Beveral Instrumerits have been construeted for the evaluation of in-
tegz:als, or theelution of differential equations of particular types, such
2 lm?&r equations with econstant coefficients. Such instruments have not
been 1.110.19@3(1 in the chapter on the differential analyser, sinee one of the
mosufﬂj)o_rtant- features of the differential analyser is its freedom from
such\a/restriction to a particular type of differential equation.

c @ i"_rfecham:cal_fntggmpks_ A continuously variable gear, such as used
]101:a t-lklle éilfferentlal a.na_lyser., is not the only kind of component that can
knife?-?ad 2?1 . };Iln@lc han}cal integrator. Another is based on the use of a
paper afd gf. ce th!“: when move‘d over paper, cuts slightly into the
tom of fta : 1 is cor}sltl-ramed t0 move in a direction given by the intersec-
such a w-hila?e With the plane ‘Jf_ the paper. In a mechanical integraph,
plane, and thes mOun{:,ed 56 thf*t it can turn about a vertical axis in its
ean move i b mounting of this wheel is supported in a carriage which

. © in the y-direction along a bridge which can move in the z-diree-
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tion. If the planc of the wheel at any time makes an angle tan—'z with
the = axis, the path of the wheel is given by dy/de = 2. In the simple
integraph (110), z is constrained by a linkwork to be proportional to
the displacement w of an index, so that if the index is made to follow 2
curve y = w(z), the wheel describes the curve y = Sw(x)de. A graph
of this integral curve is drawn by a pencil carried on the carriage which
suppotrts the mounting of the knife-edged wheel. By means of an adding
linkwork, the slope dz/dx of the curve desceribed by the wheel can be made
to depend lincarly on the displacements ¥ of the wheel and w of the index,
giving a means of obtaining grapbically solutions of equations of the form

dy . A

— = gy + b, (\A

dx _ 'S\

N

Myers has developed further the integraph type of insj;}ﬁi’rﬁent-, and has
built one comprising two knife-edge integrating wheelé’and connecting
linkwork, for obtaining graphical solution of lineax differential equations
of the second order with constant coefficients (86{1.}.

(b) Electrical Instruments. Another type Distrument for evaluating
solutions of linear differential equations th’}::v constant coefficients is one
which depends on setting up an electrigal-€ircuit representing the equa-
tion to be studied. A particular e{ca:ﬁiple is provided by an electrical
instrument, due originally to Beuken'(10) and suggested independently
by Pasehkis (90, 91), for evaluating transient heat flow (see also ref. 71).
If in the equation of beat cqz\(}uction in one dimensijon

#\J

\\ a8 9%

ot o
</ . .
the space-int-erval\is replaced by a finite difference (see §3.3), one obtains
the set of simultameous equations

O dd; B — 20+ 8

ad

N di - (62)?

This\seé of equations is identical in form with the set of equations for the
time varistion of potential in a resistance-capacity ladder network (see
fig. 35), so that, to the approximation represented by the replacement of
the partial derivative by a finite difference, the temperature distribution
in the heat flow problem can be obtained from a study of the potential
distribution in the network, under initial and terminal conditions corre-
sponding to those of the heat flow problem. This can be extended to heat
flow in two or three dimensions (see fig. 36). :

It may be possible to extend this method of treatment to heat flow in
substances for which the thermal properties vary with the temperature,
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Temp:-9, 6.1 8 G4y by changing the resistances (nof the
' capacitances) appropriately in the

course of a solution. Unless the thermal

properties vary considerably, it would

probably be best not to try to evaluate

a solution in a single run, but to use an

5 5 / iterative process in each stage of which

x 7 the thermal properties are input as

Surfoce %, & Xy, given functions of time, obtained from

% ow the time variation of temperajQqre ob-
o tained in the previous stage.'of the
. R ¢\
Finite differences in - iteration. AN\ *
8 B — 2+ 6 If variations of texninal voltages
at (5z) to represent boundary)temperatures,

and variations of{ dircuit parameters,

4 O R f
Vi "’}\ Viss
c “—¢

P T T T

dV; J i — 2V 4+ Vil

diA CR
Fia. 35. Eleetrical a‘na.lofg:l}e for non-steady heat flow in one dimension.
. \\
B
N
N/ 5s
by
bs

ot
5 =B+ + 0, — 48]/ (ssy

All resistances R; all capacitances €
aVy Vit Va4 VoV, -4V,

di R
Fic. 36. Electrical analogue for non-steady heat flow in two dimensions.
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Fiw. 37. Principle of the photo-electric integ@’éh‘

are made manually, the time constant of a lop]{\df the cireuit must be of
the order of seconds, otherwise the operatjon“of the instrument will be
too fast for these variations to be made aceturately enough. Thus the re-
sistanees must be of the order of megohm¥ and the capacitances of micro-
facads, with correspondingly high lea,}{aée resistances.

{¢) Evaluation of Definite I nt.ggi‘];il:s Whieh Are Functions of ¢ Parameter.
For evaluating integrals of the type S2 f(z}g(z,£)dz as continuous fune-
tions of a'parameter £, it ia{ecessary to have a means of evaluating the
integral for each wvalue f\z:by an instantaneous process, as distinet from
a method which build$wp'an integral from contributions evaluated during
successive int-ervals.\’o'.ver a period of time, as is done in the differential
analyser, integrag‘ﬁ,s, or integrating cireuits. A method of doing this is to
measure the_light/flux through an aperture or set of apertures, which can
in Drineil)le;b\\e'done by the use of a collecting lens and a photocell.

An insi;ument of this kind is Gray’s photoelectric integraph (43),
- later, déveloped into an instrument called the cinema integraph (64). In
thib\li’g"ht from a uniform line source parallel to the y-axis is passed
through two apertures in different parallel planes, the x scales of the aper-
tures being such that ordinates of the two apertures at the same value of
z are coplanar with the source (see fig. 37). Then the light flux through
an element of dydx of one aperture and y:(z)dz of the other is ya(z)dydr,
the total flux through ¢, (z)dz of one and y{z)dz of the other is yi(2)p(2)dz,
and the total flux through the two apertures is fyi(z)y(z)dz. If all this
light is collected by the photocell, and this is equally sensitive to light
incident in any direction on the lens, the photoeell current will be &
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measure of this integral. By displacing one aperture in the x direction, the
integral fy{z)y:(z — £)dz can be evaluated as a function of &

Another instrument of this kind iz one devised by Born and Fiirth
(13) for evaluating Fourier transforms of non-periodic functions. For this
purpose it is necessary to evaluate Sf(x) cos kx dx and JSf{x} sin kx dx
as functions of k. In this instrument a beam of light is formed with a
sinusoidal variation of intensity over the wave front, and passed through
an aperture cut to a shape determined by the curve y = f(x} of the func-
tion whose Fourier fransform is required. The light passing through this
aperture is collected by a lens and focused on a photoeell. The space-
period of the sinuscidal variations of intensity can be altered contimguusly,
and the voltage of one pair of plates of a cathode-ray tube i{made to
vary correspondingly. The output from the photocell controlé'the voltage
on the other pair of plates, in such a way that a curve.bf the Fourier
transform of f(z) is displayed on the cathode-ray tube sereen.

A difficulty with this method of carrying out.nfegration by an in-
stantaneous process is that negative values of thé\integrand cannot be
handled as such. 1t is necessary either to determiné separately the contri-
butions from negative and positive values ofthe integrand, and to com-
bine them at a later stage, or to bias theNitegrand so that it is always
positive and later to subtract the additional contribution thus.included
in the integral actually evaluated. Either method is likely to lead to the
~ final result being determined as agotparatively small difference of large
eontributions, with consequeqplﬁh’itation on its accuracy.

4.6. Directors O

Ano_ther class of ipsi;r\uments, whieh should not go unmentioned but
for whieh a bare mention must suffice, consists of the directors used for
control of artillery fire against moving targets.

. Consider_thegimplest case of a target moving on a horizontal plane
through tl}g@n, and approaching the gun with constant speed V. Let
T{&) be the time of flight of a shell 1o range £ If at any time the range to
the taxfet'is z, and the gun is then fired at elevation for range £, the dis-
tante bf the target at the time of fall of the shell is x — VT(&), and for

a hit,this must be equal to the range ¢ for which the gun was elevated
(see fig. 38): that is

T~ VT(E) =&
or
£+ VI{E) = 2.
Thi . .
N Whicilis lieit equation must be solved continuously for £ in terms of

the quantity observed, and the function T(£) oceurring in it
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depends on the law of variation of resistance with velocity for the shell
used, and is usually specified by a table or a graph rather than by a
formulz. Moreover, V can only be derived from the observed values of z,

Ti5)« time of flight to rdnge;

X - vT9) =g

g + v T(E) s nx. O\
.\:\'

Posi!iqn\ 3 0
target at™Mime t

a(%) i
P 23
3 R S
v Yelacity of
) \ target
Fic, 38 ,*'.\\'
\ N

all of whieh may be subject to errors of rghéef'va.t-ion ahd measurement,
even if the actual target speed V is constgnt.” -

An getual director must be able toy, feléa] with the less simple case of a
target moving at any angle to the lin'eﬁ"uf sight, and further the equipment
for the purpose, though of a precision character, must be robust and able
to operate under active servicegonditions. .

The development of suehb\equipment is s eonsiderable achievement,
which would he more Wid:ﬁ% appreciated if the nature of its purpose did
not put restrictions on'.;ghé extent to which its design and performance
could be made genqr\al}\y”known.



Chapter 5

INTRODUCTION TO LARGE AUTOMATIC
DIGITAL MACHINES

PRELIMINARY NOTE ON TERMINOLOGY

Any substantial scientific development involves building up a terminology, either
of new words or of current words used in new or specialised senses, appropriate to the
special features of the new development. There are disadvanisges hoth in coining new
words and in using current ones in special senses. Too free a use of new words gives the
impression that the new development is something esoteric, closed except to thgse who
have been injtiated and learned the secret passwords, whercas specialised use df\vords
already current may lead to misunderstanding, particularly when words hn.j}i\t?uglly used
in connection with living organisms, and especially with human activibiesy such as
“memory,” “choice,” “judgment” are applied to mechanism. Wy

Further, in the present ease, different groups tend each to devglbii"thoir own termi-
nology, particularly appropriate to their own projeet, and an outsider trying to survey
several projects bas either to adopt the language of one group,'h.}rd 80 appear to favour
its particulur ideas unduly, or to adopt, and to try to use fehsistently, u kind of aver-
age vocabulary, with perhaps some modifications of his own?

I have preferred to make use of current words mt{ér han to invent new ones, and

to use them in & way not specially related to thatyof Bty one group. A few terms need
some comments, W

“Instruction” is used, in preference to “grd’er," for the statement of an operation
the machine is required to earry out. This ais;é ‘of the longer word is preferred because
“order” hus another meaning which may, beé¥required in the same context, as when one
speaks of “taking the operating instryciioﬁs in order.”

“Programming” and “coding” sfedupt to be used as almost synonymous. I have
preferred to make a distinct.ionob’ét,\Ween themw, using “programming” for the proeess of
drawing up the sequence of ojsdrations for a particular caleulation, and “coding” for the
process of transluting eithgr .numbers or instructions into the form in which they are
supplied to the machinegpdin which they oeceur in the machine. In this sense, a number

S oran instruetion can Pb“oded” on to an IB.M. card or on to a set of relays. A caleu-

%atlon Tnust be “I{rogm“mmed” in terms of a set of instructions which can be “coded”
in aceordance 'Kit;}}:‘the facilitiez of the machine,
_ " ‘,c>‘ntro¥’l'3c ms to be used almost indiseriminately for the gperation of tuking the
Instructiongdn the uppropriate order and initiating the appropriste action on each one,
and E"f Ahe part of the machine which earries out this operation. I have tried here to
use {eoptrol” for the operation, and “control unit” or “control system” for the hard-
ware which carvies it out.

. I have preferred to use the neutral word “storage” ov “store” rather than “memory,”
3:;11123\](:] ;:;:tdin‘o Sitt:is_raf:‘font‘ DOl‘ltra}]l ﬁword ‘tD tuke_ the '1':1ac_e of « jludgmf!nt” as

537 the alternutives chaice,” “selection,” “diserimination”™ whieh have been
siggested scem unsatislfactory, und a much more comprehensive ferm is required to
express the faculty involved here. For the seleetion of un instruetion out of the normal

:zlc-lrl:!nce, on the basis of the usscsstment of one or more eriteria, 1 have introduced the

i ' H :
" con(‘htmnul selection” in place of the “conditional transier” which is sometimes
used, as without reference to a partieular machine it

.. is . ; “pansfor”
is involved. s not obvious that any “transfer

54
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5.1. Historieal

The main recent developments in the field of machines have been in
the direction of large machines capable of carrying out, automatiecaily, ex-
tended sequences of individual arithmetical operations, and so designed
that the computing sequence can he changed from that required for one
calculation to that required for another, so that the same machine can
equally well be used, for example, for inverting a matrix, for the step-by-
‘step numerical integration of a system of ordinary differential equations,
or for the solution of multiple congruences.

The concept of such a machine is not by any means new. It is due 4
Charles Babbage, who was Lucasian Professor of Mathematics at the
University of Cambridge from 1828 to 1839. But Babbage’s conception of
what he called the “analytical engine,” like Kelvin's coneepidont of a
differential analyser, was ahead of its time; Kelvin's by about fifty years
and Babbage’s by about a hundred. Many of Babbage's ideas look re-
markably fresh and modern when looked at in the light of xecent develop-
ments, and a survey of them is given in Chapter 6. i '

The original idea of the analytical engine seems\th have oceurred to
Babbage in 1835 or late 1834, and it was developé@in the next few years,
This was in the infancy of the science of eleetrigity — the electrical relay
was invented by Henry in 1835 — and Ba:bbage’s ideas for eonstruction
had to be in terms of purely mechanicgh \Components throughout. But
many of the functions required in sueh@machine, particularly those con-
cerned with control of the sequencé~ef computing operations, and also
those involved in simultancous garty-over in addition, are mueh more
easily carried out by electrical means, and these are freely used in all actual
and prospective machines. '

The first large automiatic digital machine actually built was the
L.B.M. Automatic Sequefice-Controlled Caleulator developed by Professor
Howard Aiken and tfe"1.B3.M. Company, and installed at the Computa-
tion Laboratory t.Harvard University (2, 62). This machine uses me-
chanical count.e,ré\ riven through electromagnetic elutches controlled by
relay cireuits,;jfﬂthough in construction, in its free use of electrical com-
ponents dtusvery different from Babbage’s analytical engine, in principle,
in what it™loes as distinet from how it does it, it is rather similar, and it
has been hailed as “Babbage’s dream come true” (23).

Other machines, one developed by the Bell Telephone Laboratories
{120) and another by Professor Aiken (20a), use relays not only for control
but for the storage and arithmetical units of the machines themselves.

Another, and the first to make use of electronic circuits, with the speed
of operation of which they are eapable, is the Eniae (39, 50), developed
by Mauchly and Eckert for the Ballisties Research Laboratory at Aber-



56 ' CALCULATING INSTRUMENTS AND MACHINES

deen Proving Ground. More recently, another large machine has heen
completed by the I.B.M. Company (70).

These machines are considered in Chapter 7. Some later develop-
ments and projects are considered in Chapter & The remainder of this
chapter is concerned with some general considerations relating to large
digital machines.

5.2. Structure and Function in Calculating Machines

In the study of living organisms, a distinetion is made between
physiology, the siudy of the functions of the different parts of the org@ism
in normal activity, anatomy, the study of their struciure, and pthology,
the study of the organism in disease. Similarly one can study g.paletilating
machine — and other electrical and mechanical systems sueh 2% a railroad
signalling system also — from the point of view of strudhure or function,
or, if we take over the analogy from biclogy, from tietpoint of view of
their anatomy or their physiology. Machines alsa'diave their pathology,
what happens when they go wrong, and diagnosisyand cure of faults are
important matters for the designer, who shoulddee that these operations

are easy, and for the maintenance staff; but(this aspeet need not concern
us here. WV

A feature of a living organism is that the functions of its component
parts are co-ordinated, and this co-gv@ination of funetions is an essential
feature of ealeulating machines al§d; it is this feature which makes the
study of their “physiology” sighificant. The *anatomical’’ and “physio-
logieal” aspeets are, of couré; ‘not independent, any more than they are
for living organisms; but“the distinetion is a eonvenient one, The ‘‘ana-
tomical” aspect of a caloulating machine is all-important to the designer,
and to the maintenanee staff also, but the “physiological’’ aspect, the
study of the machine from the peint of view of function, is more valuable
to the user, aqﬁf‘fo the non-specialist who wants to get a general idea of
how the maghine works without following out the mechanism or cireuits
in detail..\.fl;’ointend in these lectures to stress the “physiological” aspect,
Whigh«t@ay be the more general and apply to several machines, rather than
the “gnatomieal” aspect which is peculiar to each machine.

8.3. Functions 10 Be Provided in an Automatic Digital Machine

Cons.ider first the organisation of a ealeulation done by o human eom-
puter with the assistance of a desk calenlating machine, as this will show

“.'hat faecilities have to be provided in order to carry out the same caleula-
tion automatically,

ti hum:?.n comput.er, CAITYing out & computation by pencil-and-paper
methods with the assistance of a desk caleulating machine, uges four kinds
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of equipment, the desk ealculating machine for arithmetical operations,
the working sheet for recording intermediate tesults and for keeping 1
note of the required sequence of computing operations, 2 set of volumes
of tables, and his own mind for controlling the sequence of operations,
The relations between these are indicated schematically in the block dia-
gram fig. 39, in which the four rectangular blocks represent the four
kinds of equipment, the lines indicate possible transfers between them
(the line from the work sheet to the computer represents his use of the
notes of the schedule of computing operations summarised on the work
sheet}, and the circles represent ‘‘gates” through which informat-iug cah
be transferred under the control of the computer.

N
A\
AN
Tables \
. €
~\
Control
Control
{computar)
\
Desk work « N -
¥ 3 | 2 |
Machina ] sheet .’.” Campetor N Siore
P 3 o A A
Fic. 39, Organisation of a2 W3 Tra. 40. Organisation of an auto-
hand eomputation. . matic caleulating machine.
A
2\
L

An automatie maehi‘ng\c'an be thought of as having essentially the same
functional organisatigh, (see fig. 40). The functions to be provided in an
automatic digital ydaehine are:

(D) Arithmetical pgdrations [+, (—). X, (-, V), sign, =],
(ii) Brorage (fornbmbers and operating instructions),
(i) Input (I'GN'_ﬁfon of data from the outside world),
{iv) Outputs\lsupply of results to the outside world), _
(v} Trgn\sfdf {of nunbers or operaling instructions from one part of the machine to
rausther), :
(vi)\Qo’niw],

Note. The components carrving out these different functions need not_ be all phys-
ieally diztinct. For exumple, a single upit may act both as a storage unit and as an
adding vmit. :

Tt must of course have facilities for carrying out arithmelical operations,
of which the essential ones are addition, multiplication, recognition of the
sign of & number and of the equality of two numbers; subtraction can be
replaced by the addition of a cormplement, and division, which may be
rather an untidy process to mechanise in view of its tria.l-a.nd-el;ror nature,
can be replaced by an iterative process involving only mulitiplication and
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subtraction; square root, which can be regarded as division by a variable
divisor, can be treated in a similar way. These arithmetieal operations are
considered further in §5.5.

But facilities for carrying out arithmetical operations are by no means
afl that is wanted. The machine must have a sfore or “memory’ both for
numbers (data of the problem or intermediate results) and for the operating
inatructions. There must also be facilities for tnpuf, that is, for accepting
data from the outside world, and this data must include any tabular
funetions required in the course of the work insofar as they are not
evaluated by the machine itsell as required; facilities are also requized for
output, that is, for furnishing results to the outside world, and for ititernal
transfer of numbers between physically distinet parts of the mafchine.

Further, and most important, a control funetion must b¢ provided by
a unit taking the part of the computer in a hand ealeulation. This unit
must be able to take the operating instruetions in the:’é,ppropriate order
and ensure that the operations called for are carriedvout. In an extended
calculation it often happens, not ¢nee but manytimes, that a stage is
reached at which a departure from a regular repetition of a sct of operations
is required, or at which a selection has to be stade between two, or perhaps
more, alternative procedures for subsequent. work. The control should have
the faculty, for whieh the word “Judgmient” has been used (first by Bab-
bage), of selecting the appropriate efitérion to apply in such a situation,
assessing the resulis of applying‘iﬁ', ‘and on the basis of this assessment
selecting the appropriate 'one'qf the alternative procedures.

Storage and control are.aspects of a calculating machine at least as
important as the means OK‘ca-’rrying out arithmetical operations; the range
of problems to whieh it\ca,n be applied effectively depends critically on
the capacity of thesstore and the flexibility of the control. Further, the
speed at which arithmetical operations can be carried out has a consider-
able influence.on the form of the storage and control. With electronic
eQUiPment-,.§thmetical operations can be carried out in times of the order
of millisegonds, and in order to make full use of this speed, the method
of Stglsag'e' should be such that numbers can be recorded into the store and
read Gt from it in times of the order of those required for the arithmetical
0]991_’31350115, and similarly that the operating instructions should become
avaﬂable, and be acted on by the control unit, in times of a similar order
of magnitude. _

. The arithmetieal operations may be carried out by a structurally dis-
:;‘mc_t pOI‘tl.On of the machine, which can then be regarded as a unit, the
arithmetical unit” or “computor,” but this is not necessary. This was
'13\‘; hi"; been‘t.he case in Babbage’s machine, but both in the Harvard
ar machine and in the Eniae, addition is earried out in the storage

gl:uts thﬁmse_lves, and there is no sharp struetural division between
storage units and “arithmetical” units.
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5.4. Representation of Numbers in the Machine

In our ordinary digital representation of numbers, successive digits
stand for coefficients of successive powers of ten, but there is no particular
virtue, as far as & machine is concerned, in ten as a base; an alternative
is to use a binary representation, in which the eoefficients are all 0’s and
1’s and are cocflicients of successive powers of two (fig. 41).

SCALE-OF-TEN (DECIMAL) BCALE-OF-TWO (BINARY)
7601 1011 :
TXIR 46X IBF-F0X 1041 1X24+0X24+1X244

N\
\

Fig. 41. Decimal and binary representstion of numbers. {™
N\

g W

In some stages of work in s machine, or even throughout, it may be
convenient to represent numbers by a set of element-s"ea',ch of whieh has
only two distinct indieations, for example by a set efvelays each of which
can be either “on’ or “off,” hy a set of positions 61 a paper tape, at each
of which a hole may or may not be punchedg By & set of electronic tubes
used as “on-off’”’ elements, or by a set qf‘éignals ench consisting of the
presence or absence of an electrical pulsel The two indications can be
regarded as representing “0” and *1 ;‘fola;nd use of such elements suggests
the use of the binary representatiom of numbers in the machine.

On the other hand, use of seh elements does not necessarily impose
use of the binary represcntat{on; it is quite possible to code numbers ex-
pressed in deetmal form ofi & set of such elements. This can be done in
several ways. One Way})}‘ coding decimal digits on such elements is to
use a group of ten elemehts to represent each decimal place, and to arrange
that one and only*ghe has a “1” indication at any time; this method is
used in the reprégentation of numbers on LB.M. cards, and in the FEniae.
When the elements are pieces of hardware, such as relays or tubes, this
probably quaas to the simplest cirenits but is extravagant in equipment
by a faeter of three; ten relays (for example) would be reguired to repre-
sen{(a\dingle decimal digit, whereas, used for binary representation, they
could¥represent all numbers from © to 2° — 1 = 1023, that is, three
full decimal digits and a little more.

For short, a definite combination of indications of a set of elements
will be called a configuraiion of the set. Sinee three such elements have
only 28 = 8 configurations, at least four are required to represent the ten
distinet deeimal digits. Four elements can be used in varlous ways; one
is simply to use the binary representation of each decimal digit, but this
has the disadvantage that it gives no positive indication of zero. Another,
due to Stibitz, is to add three to each decimal digit and to represent the



60 CALCULATING INSTRUMENTS AND MACHINES

result in scale of two. This has three advantages: it gives a positive indiea-
tion of the digit zero, complements are obtained by interchanging s and
s, and in the process of addition earry-over from the most significant of
‘the four binary digits oceurs just when, and only when, carry-over from
the corresponding decimal place is required. Other methods, using four,
five, and seven elements to represent each decimal digit. have been pro-
posed, and have certain advantages.

There is, of course, 1o need to hase the design of a calculating machine
on the use of clements giving only two distinet indiestions. This has to
be done at any part of the machine in which relays or punehed tapes are
used, and with electronic cireuits, design of the circuits and tolerdaecs on
characteristics of tubes and other circuit elements are eaxiest ifthe tubes
are used as two-indication {on-off) elements, as is done in theEniac and
in almost all other electronic machines at present projectedy But it is not
in principle impossible to distinguish a number of di.scr{*ttf levels in the
output from a tube, orin the magnitude of a pulse, and.-f()’to base g machine
on the use, in part at least, of n-indieation elementsn >2). In this case,
much of the attraction of the binary representat{qn of numbers, which at
present seems very marked, would disappear, { ¢
' A machine working in terms of the decithal representation of numbers
has one advantage which is not alwaysappreciated by those who have
not actually worked with o machine’a‘f"ihis kind. In testing, in checking
through the sequence of operating instructions, and in tracing faults either
in the instructions or in the opeﬁrﬁti’dn of the machine, it is most valuable
to be able to carry out a set.of Instruetions one by one and to compare
the result at each stage witha value ealeulated in some other way. For
e?campie, in the step-by?g}e}, integration of an ordinary differential equa-
tion one might work threugh a representative interval of the integration
with an erdinary Q&éi& ‘machine to provide the comparison values.

_ ‘The comparisén'is mueh more easily made if the results of the opera-
“tion of the maghine are displayed in scale of ten rather than in scale of
t‘_"?;-it is myck' easier to check the agreement of two numbers each of ten
digits 0 ta19 than two numbers each of 32 digits each of which can only
be 0 ar J In w binary machine, a binary-decimal conversion would be
nee.(ied’to provide a resylt in the required form, and this would not be
satisfactory because if there were g disagreement, one could not know if
the error were in the original result or in the conversion,
. dg;?g;f‘}:ﬁl‘;iher ways fj‘l‘f making the comp‘arison, for example by making
e iy v conversz?n of the comparison figures and storing them
machine, and making the eomparison automatically. This would
%, but not for tracing faults, since it will not always
what. point suech g comparison is wanted, and it

would load up the storage capacity too much to supply the machine with
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all the comparison dats that might be wanted and all the operating
instructions for using them.

These facilities of displaying results directly in decimal form, and of
taking the operating instructions one by one, are both provided in the
Eniae, and my experience was that both are most valuable, and form an
important advantage of a decimal over a binary machine. It is rash to
make guesses about future progress—or anyway, to proelaim them;
but my own guess is that the use of the hinary system in the machine is
2 passing phase, characteristic of the present stage of development. I am
fully aware, though, that others whose opinions I respect dissentsfrom
this view. .

5.3. Arithmetical Operations ' R D

(a) Addition. There are two ways of carrying out addi«mon firstly by
counting, that is, by successtve addition of units, and sacondly by the use
of an addition table, A machine working in seale Qf}tén and adding by

¢Jo 1t 2 3 45 6 789
o0lo 1 2 3 4 5 657V8 9
11 2 3 4 5 80\%/8 910
2{2 3 45 6. \.8 91011
313 4 5 6 708 9101112
44 5 6 798 9101112 13
5[5 6 748791011 12 13 14
6|6 7.899 1011 1213 14 15
717 S\8 101112 13 14 15 16
81 g 3’1011121314151617
9‘\\\9 10 11 12 13 14 15 16 17 18

£

Fic. 42, Additior table.

.’\ }
counting, has ko'\be provided with means for carrying out the following
arIthmetlcaliqperationb

N 0+1=1 5+1=6
~O° 1+1=2 6+1=7
N0 =a 2+41=3 7+1=38

3+1=4 8+1=9
4+1=5 94+1=10

whereas one working in scale of ten and adding by means of an addition
table has to be provided with means for earrying out the whole set of
operations represented by fig. 42. In scale of two, there is no dlstlnctlﬁn
between the two methods; each involves just

04+0=0, 0+1=1+0=1 1+4+1=
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Further, addition in the different decimal {or binary) places ean be
carried out successively or simultaneously (see fig. 43). In the latter case,
the addition is carried out in two stages; in the first stage, addition is
carried out in each place separately, the carry-over digits heing recorded
to be dealt with at the second stage, and the earry-over ean also be made
successively or simultaneously. It might seem at first sight that ecarry-over
would have to be suceessive, starting with the least significant place, since
until the earry-over ¢nio one place has been made, it is not known whether
there will be carry-over from it to the next place. However, as Babbage
knew, simultaneous carry-over is possible. The method ix as follas,

N

ADDITION ¢ \A
successive ~——— simultaneous addition "é\——w
addition suLcessive simultineous
carry L Garty
6374 6374 308463 , ¢ 7398463
2138 2138 101718 a0 101718
2 8402 } first {499171 7 490171
1 carry 11 carry/ process 11 pdery 001 1 carry
1 8512 second 9\ 500181
1 carry == process 0 Se. s
5 P\®
0  carry e o«
g * .._...1
8512 Ans, e _0_ ¢
E— RN 0
N\ 1 c
L 0
~& 1 ¢
O 3
™
Y \ 200181 Ans
\<" Fia. 43

The sum.ﬁf;\tvjvo single deeimal digits i o
. 3 igits is a number of two digits of
Wwhich thg\&f‘t"-hand (more significant) is 0 or 1 and the right-hand may
be any Aiglt from 0 to 9; but 4 the right-hand digit is 9, the lefi-hand digit
must 68,0. 1f the right-hand digit is not 9, no earry-over into this place
Wil result in carry-over from it; if the right-hand digit is 9, the left-hand
2 0, and there s no carry-over Jrom this place unless there is a carry-over
o 1t, and then the result in this place is 0. Hence a carry-over is only
Propagated tl_u'ough a number of places if ag a result of the first stage
t-l,lere ® & sexies of 9's; then a carry-over into the least significant of the
9‘8 13111‘115 all the 9’ to (s and gives a carry-over of 1 from the most
snificant of them; otherwise these digits and the next more significant
are _unaffected. T}.le argument holds in any other sesle of notation, to
base n, if (n — 1) is substituted for g,
wasAt mﬁthod of addltior} with simultancous carry-over, based on this,
. 0 have ‘been used in Babbage’s analytical engine, and is used in
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the Eniac (both these in seale of ten) and in Booth’s Automatic Relay
Computer (scale of two). :

(b) Mulitplication. Multiplication ean be carried out by successive
addition, by the use of a built-in multiplication table (as in the Eniac),
or, in a decimal machine, by building up the nine multiples of the mul-
tiplicand, selecting the appropriate multiples aceording to the digits of
the multiplier, and adding them with appropriate shifts (this method is
used in the Harvard Mark I Caleulator).

(c¢) Division and Sguare Root. Reciproeals can be found by an iterative
method which involves only multiplication and subtraction, and then x/a
can be found by multiplying x by (1/a). The iterative method is as follows.
Let 4. be a sequence defined by - O\

N\S ¢

N

Ynpr = Yn {2 — ayn). ~\
Then, provided y, lies within certain limits, y, —>\1{a This iterative
proeess is ‘‘second order” (see Chapter 9). For a michine working in scale
of ten, it may be convenient to bring any numl\en into the range 2< 2«5
by multiplication by a suitable power of ten dud by 2 or 5, factors which
can easily be replaced when the reciprocal ia‘f&md; then by taking 4, =2/7,
one is assured of 9-pluce aceuracy in yn dfter 5 iterations.

Division can also be carried out h¥“a’ process similar to that used for
automatic division in desk machingg¥as in the Eniac) or by building up
the series of multiples, from 1 te9%imes, of the divisor and at each stage
comparing the remainder with\them and subtracting the greatest which
will still leave a positive remainder. It should be mentioned that there
are two forms in which\q\q"answer to a division may be required; one is
the form of an integrgl\quotient and a remainder; the other is a quotient
in deeimal (or hil}af&')" form t0 a certain number of significant figures or
decimal places. /The use of the iterative method for a reciproeal is only

usefutl if the\%éi“?&nd form of result is the one required.

An iterdtive method can be used for sgquare root. One method is to
use Newtbn’s formula
O Yngt = 1 [yu + (a/yn)] (5.1)

\ s

{y — a?), but since this involves a division, it may not be very con-
venient. Another iterative formula for a square root is

Yass = Yx [80 — ¥3)/20, (5.2)

which has the advantage that only one division is required, namely 2 pre-
liminary ealculation of 1/2a, whereas formula (5.1) requires a new divi-
sion for each repetition of the iterative process.

(d) Recognition of the Equality of Two Numbers. Recognition of the
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equality of two numbers can be derived from the operation of recognition
of the sign of a number, for if both (z — ) and (y — z) are non-negg-
tive, * must be equal to y. This is the method that has to be used on the
Eniac. However, the equality of two numbers is so often a useful criterion
to use as a basis for selecting between alternative procedures that it seems
advisable to include the recognition of equality {or of inequality) as a
fundamental operation.

(e} Stgns and Decimal {or Binary} Points. Other features of a caleu-
lating machine are how it deals with signs and with the decimal or binary
point. Q.

There are two ways of indieating negative numbers, by a sign ittdication
and either the modulus or the complement of the number. ]:a'crtﬁ methods
are represented in the machines now in operation or in cousse of develop-
ment. If a sign indication and modulus are used, additi¢irand subtraction
can be carried out by a unit which can evaluate |{&b| and [|c|—B||,
selection between these processes in any particwldr)ease being made ac-
cording to the signs of ¢ and b and the operation‘te 'be performed on them;
the appropriate sign indieation is then appended to the result. In multi-
plication and- division the signs and modtﬂi’can be treated separately.

There are three ways of treating the position of the decimal (or binary)
point. Each of these has its disadvantages, and probably more practical
experience than is at present available is necessary before it can be said
definitely whieh is the preferablay

One (“floating decimal* peint”) is to specify numbers by a number
between certain limits (between 1 and 10, or between 0.1 and 1, these
being read in whatevefcScile of notation is being used) and the index of
an integral power of’ten (or two). Another (“fixed decimal point™) is to
 regard the positigi’of the decimal point in all numbers in the machine

as being fixed, sd.that these numbers are all between the limits (say) +1;
 $his involvesthie use of scale factors for representing in the machine num-
bers which.afe greater than, or very much less than, 1; if the orders of
magnitude are approximately known beforehand, this can be done with-
out_wimbers either becoming too large for the machine or becoming so
small that the number of significant figures retained is inadequate; but if
orders ‘?f magnitude are not known beforehand, either of these difficulties
Ay arise, or alternatively, an elaborate series of conditional instructions
is necessar?r to ensure that they do not.
theggii:;;d é;;il"ogr;a;n_lmed deeirr‘xal point™) is to regard the position of
the pmgram;in asthemgh determined by the operating instruections a.md
This imposes or!f, :;* er than by the form of the numbers in the machine.
A¢ operator some of the burden which it would be
reasonable to expect the machine to bear,

*For “decimal” renq “hinary”

throughout if numbers are expressed in scale of two.
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A floating decimal point complicates the process of addition, since the
indices of the powers of ten {or two) in the numbers to be added have to
be compared and the appropriate shifts made, as a preliminary to every
addition. This is a rather serious objection, since addition (ircluding sub-
traetion) is the eommonest single operation of all, and one which it is
most desirable to keep simple and rapid. On the other hand, for multi-
plication a floating deeimal point is very satisfactory and means that the
full capacity of the machine is always used. However, there are occasions
on which one does not want to be obliged to have numbers caleulated
in the form a X 10" (0 £ |a| € 1); for example if z has been calculated
and y is being calculated solely for the purpose of heing added toz, it
is most convenient to have the decimal point in the same place for'y as
for z. This is a common situation; for example z may be an \indéfinite
integral and y the contribution to it for an interval of the} mdependent
variable. Further, in this case one does not want thepesition of the
decimal point in z in the machine to be shifted as z pa‘sses through zero.
It would rather seem that some combination of theise of a floating and
a fixed or programmed deeimal point would be’th, most useful,

S

R _
5.6, Serial (Successive) and Parallel (Simultaneous) Operations

Reference has already heen made in $5.5(a) to a distinetion between
two ways of carrying out addition, accbrdmg as the different decimal {or
binary)} places are treated successxvely or simulfaneousty. This is an
example of a wider dlstmctlon betWeen what is often called ‘serial”’ and

“inarallel” operation. K

The representation of ﬁmbers themselves can be made in serial or
parallel form. For example\lf the digits of a number expressed in seale of
two are represented by“the presence or absence of electrical pulses (in-
dicating 1" and ‘0% Tespectively), a 30-place number could be repre-
sented either by, a.s\uccesmon in time of “0”” or ““1” indications on a single
line (serial reﬁe&entatmn) or by a set of simultaneous 0 or “1” indica-
tions on thn'ty lines (parallel representation).

Cﬁenal “sepresentation of numbers leads naturally to serial treatment
. of thé binary {or decimal) places within a single arithmetical operation.
If this form of representation is used, it is a consequence of the process of
carry-over in addition that the least significant digit of a number should
come first in time, contrary to our usual way of reading numbers; this
corresponds to the ordinary procedure in arithmetic, of “adding from
right to left.” Similarly a parallel representation of numbers leads naturally
to a parallel (simultaneous) treatment of the dlfferent binary (or decimal)
places, including simultaneous carry-over.

Serial operation has the advantage that the only equipment needed
for addition is a unit for carrying out addition in a single binary (or
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decimal) place; the same piece of hardware deals with each binary {or deci-
mal) place in succession, whereas for parallel operation the adding unit
has to be duplieated for each binary (or decimal) place in the numbers to
be added. Correspondingly, serial operation can easily be applied to num-
bers of any length, whereas parallel operation is restricted to numbers of
lengths within the capacity of the number of adding units.

On the other hand, for a given pulse frequency, parallel operation is
substantially faster; or, to obtain a given over-all operating speed, a higher
pulse frequency has to be used for series than for parallel operation.

“Serial” and “parallel” operation may also refer to arithmetical and
other operations considered as units, Multiplication, in most {11a.cllines,
takes a long time compared to addition, and time could helsaved by
carrying out additions and other operations while a multiglightion is in
progress, if the organization of the machine and the sgeiuence of com-
‘puting operations required were such as to make thishpossible. This is
called “parallel operation” as distinct from “series’ﬁpératiun” in which
only one arithmetical operation can be carried out\it onece.

o
5.7. Static and Dynamic Storage S
A number may be represented in the store, or elsewhere in the ma-
- ¢hine, by a configuration of eounting-wheels, relays, or tubes; such a
configuration is static and can be read whenever required. Such a form
of storage is called “‘static storagend

A number may also be represented by a succession of signals travelling
along a delay line, or Impressed on magnetic material in the form of surface
of a drum, which rotate \?ﬁider one or more reading heads, These signals
are moving relatively'toj\the places at which they can be read, and only
become available at@ettain times, when the signals in the delay line reach

 the end of the I?T%. ©or when those in the magnetic material pass under a

reading head.:Sgc a form of storage is called “dynamic storage.”

. Use of f{'ﬁxamic storage involves timing arrangements, in the operating
mstructz?l’;gs and in the design of the machine, to record at what time each
num}ﬁ‘?f}’ﬁ the store becomes available and to ensure that any steps taken
to geafl It out from the store are taken just as it becomes available. On -
22;32;;1;2&];312, Wlijh Vci':trio_us forms of dynamic storage, considerable
Statio stors ea;v li‘;e without g 'grt?at deal of ec_;uipment' (see §8-2_)-
Storage. pat af " oi : nEmst of the timing problems involved in dynamic
of 1000’ nul:n,bcrspi:nfmla(];l él lll.volves‘ 2 large amount of equipment. Storage
on-off elements ,Wouid ecm?al digits each, on relays, or on tubes used as
storage alope: ’w ith Te‘lll_ll'e over 30,0_00 relays or tubes for I.lumblel'-
1000 tubes w;juld be Tynar.mc storage using delay lines, something h}(e
faetory form of static eqmmd'. The dgvelopment of a reliable and satis-
storage, into which numbers could be recorded and
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from which they would be read in times of the order of milliseconds, and
economical of electronic equipment, would make static storage a practical
alternative where now, in view of the capacity required, only some form
of dyanamic storage is practicable.

A convenient way of using dynamic storage is to reeord the binary
digits of a number suecessively in one storage element (a delay line or
magnetic tape, for example) so that they are read out serially and are
in a form for immediate use in serial methods of carrying out addition,
ete.; hence dynamie storage tends to be associated with serial operation,
and similarly static storage with parallel operation (as in Babbage's
analytiesl engine). But this assoeiation is not necessary; anotherway of
using dynamic storage is to record one digit of a 30-digit binary number
{for example} on each of 30 storage elements, so synchronizéd that all
the digits of any one number become available togethgr,:;a\ﬁd can be used
in a parallel method of earrying out addition (as is done in Booth’s Auto-
matie Relay Computer). On the other hand, the cqnﬁehts of a static storage
system could be seanned in sequence so as to prodtuce a serial representa-
tion of a number contained in the store. PN

N\
5.8. Control and the Form of the Operating Instrizetions

It has already been mentioned that Storage and control are aspeets of
a calculating machine at least asif;ipbrtant as the means of carrying out
arithmetieal operations. And thé?e aspects are related, since the organisa-
tion of the control unit will deépend on the form in which the operating
_instructions are furnished €0+, and on the form in which the numbers to
be operated on are stoted. For example, with a dynamic form of storage
the eontrol unit mpst include some kind-of elock to determine the time
at which the requived information becomes available, whereas with a
static form of §befage guestions of timing are not so prominent; those
which do aljisg}i::) not continually involve such preeise timing as this, but
are mainly™eoncerned with ensuring that one operation is complete before
another® started. ' '

T}‘é’érga-nisation of the control system depends on the character of
the ¥orm of instruction adopted as standard. What this means can be
seelt by considering 2 particular example: Suppose it is required to add
the numbers in locations A and B in the store and to place the result in
loeation C. In = machine with a distinet arithmetical unit containing an
aceumulator to or from whieh numbers can be transferred directly, this
could be done by the following three separate instruetions:-

(i) Clear aceumulator and transfer number in location A to it,

(ii) Transfer number in location B to aceumulator, (5.3)

(iii} Transfer number in accumulator to location C.

A single instruction of this type specifies two locations, one in the store
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and one in the arithmetical unit, and an operation (transfer being re-
garded as an operation). An alternative is to use instructions of such g
form that the whole process is covered by a single instruction:

(i) Form the sum of the numbers in locations A and B|

and place the result in location C. [ (5.4

A single instruction of this form specifies three locations in the store and
an operation.

Another relation between the organisation of the control system and
the standard form of instruetion adopted is involved in the way in which
the source of the next instruction is determined. Here there are twdsitua-
tions to be met. Consider a stage in which the operation specified by one
instruction, which will be called the “eurrent instruction,” iz heing carried
out. The next instruction may either be specified unconditionally or it
may have o be selected aecording to a criterion, evaluéted by the opera-
tion specified by the current instruction or earlier. The’latter process will
be called “conditional selection” (it is sometities ecalled “conditional
transfer”; but see the preliminary note on noménelature at the beginning
of this chapter). A sequence of operation in which no conditional selection
is involved will be ealled a “linear sequende;

For any instruction in a linear sequ’eh’ée, the location of the next in-
struction can be specified in the curfent instruction, but even this may
not be necessary, If these iristructipns are stored serially in the order in
which they oceur in s linear sequence, then a counter, so connected that
its content increases by unitgfor each instruction operated on, will auto-
matieally specify the !oce}jﬁ@n of the next instruetion.

It has become custb@sﬁry to specify the form of instruction by using
Phe term “n-address@ade” for a way of coding instructions in which each
mstruction refers,to’n storage locations. For example, a method of coding
which uses insj;r\tmtions of the form (5.3), stored in seria} order so that no
explicit stzgiment of the loeation of the next instruetion is required, is
referred tods forming a “one-address tode,” whereas a method using in-

structions ‘of the form (5.4) with the addition of an explicit statement of

. thg.\l:)?aﬁion of the next instruction, is called a “four-address code.”” This
t-él‘m.lnt.}logy _is more appropriate to some machines than to cihers.

A 'slngle Instruction of a one-address code is gimpler than a single in-
struction of a three- or four-address code, and can probably be arranged
'to tgke .half the space in the storage system or less. But the number of
Instructions is eonsiderably larger in the former case, and probably the
total storage capacity would usually be somewhat larger. On the other

?gnd, programming and coding ean probably be made easier with the
arger number of simpler instruetions. '



Chapter 6

CHARLES BABBAGE AND THE ANALYTICAIL ENGINE
6.1. Babbage’s Calculating Engines '

The general idea of a large, general-purpose, automatic calculating
machine is due to Charles Babbage, who was Lucasian Professor of
Mathematies at the University of Cambridge from 1828 to 1839. Babbage
was concerned with two different kinds of ealeulating machine, which he
called respectively the “difference engine’ and the “analytical engine.”
TFhe purpose of the difference engine was to build up tables of funetions
from high-order finite differences; this is the better-known, as H\was
partly eonstrueted and portions can be seen in various scientific ,mfuseums,
ete. But much the more interesting in view of recent deveiopzfnenté is the
machine which he called the “analytical engine,” which was to be very
much more versatile than the difference engine; indgedf it ‘was to be a
large, almost automatie, general-purpose calculatingmachine, :

Babbage wrote a book of comments on his\work and experiences,
rather too diseursive to be called an autobiogr\hphy, entitled ‘“‘Passages
from the Life of a Philosopher.”* Some chapters of this book are devoted
to the difference engine and the analytical\emgine, but the accounts, both
of the general ideas and the proposals for Jesign and construction of hard-
ware, are not at all detailed or systematic. Babbage, however, visited
Italy about 1840-41 to discuss his ideas for the analytical engine with in-
terested people in that country,.and a General Menebrea afterwards wrote
up his notes of the diseussiong{h a paper (81) published in the Biblioth&que
Universelle de Gengve. This\phper was translated by the Countess of Love-
lace, the daughter of theMpoet Byron, and she inereased its value very
much by adding tramslator’s notes to the extent of more than twice the
original paper, with fuller analytical discussion of various points, and
examples of what/would nowadays be called “programming’ of problems
for the analf(sieﬁl engine. This translation with notes was published in
Taylor's “Scientific Memoirs” (82). It is included in a collection of papers
publishedby Charles Bubbage’s son, H. P. Babbage, entitled “Babbage’s
Calelating Engines,”’t and is the most detailed source of information on
Charlés Bubbage’s ideas on this subjeet that I know. A draft, in the same
volume (C, p. 330), of & paper by H. P. Babbage to the British Associa-
tion in 1888 gives the fullest account of the design of the hardware. (In
the British Association Report for this year, there is only » brief summary
of this paper.) _ . : )

It is not clear how Lady Lovelace came to be interested in the ana-
Iytical engine or to have such a clear and detailed appreciation of the

* Ref. 6. Here veferred to, for brevity, as P.
T Ref. 7. Here referred to as C.
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project as her notes show; it must be remembered that nothing of this
machine had heen constructed at the time. She must have been a mathe-
matician of some ability. Babbage (P, p. 136) quotes her as having cor-
rected his analysis in the derivation of a recurrence formula for the Bernoulli
numbers which is used as an example of programming, and she discusses
at some length the structure of extended numerical caleulations and the
way in which any repetitive features can be exploited in the programming,
and shows appreciation of the way in which computing problems have to
be analysed to make them accessible to the machine. .

Some of her comments sound remarkably modern. One is veryglappro-
priate to a discussion there was in England which arose from a‘tendeney,
even in the more responsible press, to use the term ‘‘electronip, Irain” for
equipment such.as electronic caleulating machines, autompatic pilots for
aireraft, ete. I considered it necessary to protest againstsfbus usage (51), as
the term would suggest to the layman that equipmeft*of this kind could
“think for itself,” whereas this is just what it cannot’ do; all the thinking
has to be done beforehand by the designer and by the operator who pro-
vides the operating instruetions for the pap{ieular problem; all the ma-
chine ean do is to follow these instructiond\gxactly, and this is true even
though they involve the faculty of “jgdgnient.” I found afterwards that
over a hundred years ago Lady Lovelace had put the point firmly and
concisely (C, p. 44): “The Analytieal Engine has no pretensions what-

ever to originale anything, It ga’nfdo whatever we know how to order it to
perform” (her italics). §

This does not imply thdt it may not be possible to construct electronic
. equipment which will f‘\h\mk for itself,” or in which, in biclogical terms,
one could set up a gonditioned reflex, which would serve as a basis for
“lef‘xrning.” Whetherthis is possible in prineiple or not is a stimulating and
exetting questioiySuggested by some of these recent developments (see

Ch. 8). But\i did not seem that the machines constructed or projected at
the time hjaa‘ this property.

6.2, «Ba?bbage’s Analytical Engine

The analytical engine was to consist of three main parts: one, which
Babbage called a “store,” in which numerical information could be re-
corftled on a bank of eounters; another, which he called the “mill,”” in
which numerical operations could be carried out on numbers taken from
the store; and a unit to which he did not give a name, but which we may
call the “control unit,” which should control the sequence of aperations,
tl.1e selection of the numbers on which thiey were to be performed, and the
disposal of the result.
. E?Crme parts of this machine appear to have been made in Babbage’s
lifetime. After hig. d?ath, part of the “mill” was built by his son, H. P.
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Babbage, and is now in the Secience Museum in London. This machine
was to work in scale of ten, and to have 50-figure eapacity. Addition was
to be simultaneous in all decimal places, and Babbage saw that if carry-
over was to be successive over 50 places it would fake a long time com-
pared with the first and main stage of the addition process (see §5.5(a)).
He seems to have spent much time on the problem of simultaneous earry-
over, first to find in principle how it eould be done and then to devise a
means of doing it mechanically in practice. He was successful, and a 29-
place adding mechanism with simultaneous carry-over was later con-
strueted by H. P. Babbage, and reported to work satisfactorily (C, p. 33@.
In view of recent developments, it is interesting to see what capagity
Babbage planned for his ““store”; this was to be 1000 numbers of 50 d?eeimal
digits. He estimated that its speed would he O

60 additions per minute ' :»'.;

1 multiplication of two numbers of 50 digits per mifigte
1 division of a number of 100 digits by one of, 60~digits per minute.
In one respect, the analytical engine was not automatic. Tabular fune-
tions were to be punched on eards {(“number ca;ndg.""); if the value of such
a function was wanted, the machine was to ‘di},u;ilay the argument value
for whieh it wanted the funetion value, and\f6 ring 2 bell. An attendant
was then to pick out the card with the sgecified argument value, and in-
sert it into the machine, which wogl'd. .verify that it had been supplied
with the right eard, and would readeil the function value. If by mistake
it had been supplied with the wrong card, it would “ring a louder bell,
and stop itself” and display andtice “wrong number card.” Presumably
there would also be a cheblf.that the card referred to the right funetion,
though this is not mentibned. Babbage planned that number cards repre-
senting standard fungfions would themselves be calculated and punched

by the machine, apdwould therefore be certain to be correet.

6.3. Contro]\iés the Analytical Engine

Controh ot the sequence of computing processes was 10 be carried out
throughwh.8et of punched cards, like the cards used in a Jacquard loom
for the\mhechanical weaving of damasks and other elaborately patterned
fabrics. Plungers passing through holes in the cards were to operate the
mechanism for selecting the counters in the “‘store” from which numbers
were to be transferred to the “mill,”’ the arithmetical operation to be
performed on them, and the counter to which the result was to be trans-
ferred, There were to be two sets of sueh cards, “operation cards?” for
specifying the sequence of operations, and “variable cards” for specifying
the selection of counters for these transfers. '

Normally the cards would be taken in sequence, but there were to be
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means of advaneing or backing the cards to any specified extent if re.
quired, according to the result of some eriterion or set of eriterin previously
-evaluated in the course of the ealculation. Normally, the control of this
conditional selection of the next instruction to be satisfied was to be made
by means of an indication of carry-over from the most significant digit
of a counter, which would oecur or not according to the sign of the dif-
ferenee of two numbers. By this means the evaluation of one or more such
criteria could be used as a basis for selection between different alternative
procedures (P, p. 135).

In several accounts of Babbage's analytical engine there is no megbion
of this faculty of “judgment,” and it almost seems as if its inpgriance
had not been realised until quite recently. But Babhage higatelf was
clearly aware of this, and had seen how to provide this fagubty by me-
chanical means. It is doubtful, though, if even he realised ¢1ig full signifi-
cance of it. In its effect on the range and versatility of the fahchine it seems
now of much greater importance than simultaneoys¥carry-over in addi-
tion, whieh Babbage explicitly seys he regards %xthe most important
feature of the analytical engine (P, p. 114). \\ ;

6.4. Organization of Calculations for the Analytical Engine

The separation of the cards controlling the operations of the analytical
engine into two groups, ‘“variable cardy® speeifying loeations in the store
from which numbers were to he trandferred to the mill and to which re-
sults were to be transferred from “\the mill, and “operation cards” speei-
fying what operations were t¢ Bt carried out in the mill, led to a way of
looking at the structure of #¢alculation in terms primarily of the sequence
of operations Involved, igdependent of the numbers on which these opera-
tions were carried out, &

This led to thepéedgnition of the repetitive nature of many extended
caleulations, aKd;‘&he ideas of u recurring group of operations, which is
termed a “C}}CT\e,” and of a recurring group of such cyecles, or “eycle of
cycles” (Q»fp’« 39). Further, it is recognised that in a reeurring group of
‘33’01‘3-5: hich consists simply of the repetition » times of a single eycle,
the ntugher » may vary from one recurrence of the group of eyeles to
another, and that provision must be made for this. It is also recognised
what an economy of operation cards would be effected by programming
the recurring eyeles of operations just once each and using other facilities
of the control system to organize the Tepetitions of these cyecles; the solu-

tion of simultaneoys linear algebraice equations by elimination is taken as
an example (C, p. 42),

These ideas are not

prominent in Bab 's ritines he
are developed i Lady abbage’s own writings, but they

Lovelace’s notes to the translation of Menebrea’s
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paper, and a notation is developed to treat this aspeet of the organiza-
tion of repetitive ealeulations. As an example, a linear recurrence relation
for the Bernoulli numbers is obtained, giving Bi. as a linear combina-
tion of Bernoulli numbers of all lower order, with coefficients which are

" funetiens of n; thus both the numbers of terms in the recurrence rela-

tion and the wvalues of their coefficients vary with n. The evaluation
of the Bernoulli numbers from this recurrence relation is programmed
for the analytical engine,
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Chapter 7

THE FIRST STAGE OF DEVELOPMENT

7.l. The Harvard Mark I Calculator

The Harvard Mark I Calculator was planned hefore the war, hut only
completed after the entry of the United States into the war. A full account
of it, and of the process of programming and coding problems for it, has
been published by the Harvard University Press (62); here this will be
referred to briefly as M. The present secount is only a summary of the
main features of this machine, from the funetional rather than frem the
struetural point of view (see §5.2).

In principle and in its functions, it is broadly similar to xﬁ‘abbage’s
conception of the Analytical Engine, and is the first machifd detually to
be construeted and operating of which this ean be Haidgiimugh with its
very extensive use of electrical components, it is strGoturally very dif-
ferent from anything Babbage could have foreseem™ As the Analytical
Engine was to do, it works directly with numbersuil their decimal form,
and has a static form of storage. In some of jtsMunctions it differs from
the Analytical Engine; for example, the profess of referring to tables of
funetions is automatic, once the machinehgy been sot up for a partieular
problem and supplied with the required, information, and does not need
the attention of an operator. Also there is no sharp distincetion between
the storage system and the portipfl:o’f the machine which carried put the

‘Arithmetical operations, as there was to
weny s } be between the “store’’ and the “mill”
. \\ of the Analytical Engine; the ecounters
\ which form part of the *‘store” are also

oY adding units.
counnne The basic principle of those parts c?f
NS the machine which carry out arithmeti-
cal operations is represented very sche-
matically in fig. 44. A shaft is driven
MOTOR eontinuously by a motor, and rotation
) ean be transferred from it to mechanical
Fie. 44, Basic principle of the auto-  COunting units through electromagnetic
matic sequence-sontrolied calenlator.  clutehes controlled by relays, which may
m:Ic:]cTr]:E;I EEEE:EEEEZ themselves be controlled by circuits
made through eontacts on other relays
Or on other counting units, through
ched cards. A counting unit has ten dis-
hough continuously rotating, ean be re-
cal impulses each of which can move a

switches, or through holes in pun
crete positions, and the shaft, 1
garded as a source of mechani
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counting unit from one of its positions to the next. A ecunting unit also
carries a set of eontacts, one for each of its ten positions, and other con-
taets involved in the proeess of earry-over in addition. There is one such
counting unit for each of the 23 decimal places of each of the 72 counters
which form the main storage of the machine for intermediate resulis;
each counter also has a similar unit for sign indieation. Other counters
are associated with the multiply-divide unit and other parts of the machine.

Storage for data of the problem, and for constants whose values are
known before the work starts, is provided by a set of ten-position hand
switehes, on which 23-figure values of 60 such quantities, with sign im@:a-
tions, can be set by hand. Storage for tabular functions is provided by
paper tapes, on which information for interpolation (for example,” finite
differences or reduced derivatives, according %o the interpolation “process
to be followed) as well as function values can be punqh@@f’ Numerical
data on such tapes is represented in coded decimal form, using a four-
hole code. ‘ '

Addition is earried out by ecounting (i.e., bynsiccessive addition of
units, see §5.5(a)), and the counters are usedor this purpose as well
as for storage units; it is only for multiplic@({on and division that num-
bers have to be transferred from the counfers to a separate unit for the
arithmetical operations. This -multiplyjdivide unit builds up the set of
multiples, from 1 to 9 times, of théSmultiplicand or divisor. Then in
multiplication it selects the appropiiate multiples, according to the digits
of the multiplier, and adds thgm with appropriate shifts. In division the
remainder at any stage is campared with this set of multiples, and the
largest which can be subtragted and leave a positive remainder is sub-
tracted from it; the remainder after this process is then shifted and the
process repeated. Before starting a division, both dividend and divisor are
shifted, if necessafy,”so that the most signifieant figure occurs in the
furthest left-hand)place in the corresponding register of the unit; a record
is made of fhe-difference between these shifts, and the position of the
decimal point'in the quotient is adjusted accordingly. The programming
of the pﬁefétion involved in a multiplication or division is built into the
muliplyZdivide unit, so that in coding a particular problem, the instruc-
tions Yor providing the unit with multiplier and multipticand, or divisor
and dividend, and for specifying the operation to be performed on them,
are all that have to be coded.

The machine is also furnished with means of evaluating logarithms
and antilogarithms to basc ten, and sines. A table of 36 logarithms, of
the numbers 1(1)9, 1.1(0.1)1.9, 1.01{0.01)1.09, 1.001(0.001)1.009 is perma-
nently built into the “logarithm unit” of the machine. By a series of
divisions, a number Z whose Jogarithm is required is expressed in the form
Z = 10% gbedz, where n is an integer, ¢, 10(b—1), 100(c— 1), 1000{d—1)
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are all integers each consisting of a single digit, and 1 £z < 1.001.
Then log a, log b, log ¢, and log 4 are all ineluded in the log table built
into the machine; log 2z is evaluated from the power series, of whieh the
eoefficients are also built into the machine, Antilogarithms are ealculated
by a proeess which is effectively the inverse of this. The programming
of the required sequence of operations is also built in, so that each of
these whole sequences is coded as a single instruetion.

For the evaluation of the sine of an angle, the argument for which the
sine is required is first brought into the range 0<8< /2, and the sine
is then caleulated from the power series, of which the coefficients are built
into the machine. As in the caleulation of logarithms, the programming
of the sequence of operations required in the ealeulation of a sifie i¥’ also
built in, so that only a single instruetion is required in programming any
partieular problem. N

An alternative method for caleulating sines would be ' follow a proe-
ess similar to that used for logarithms and antilogatithms, by building
in, say, a 19-value table of sin 6 for O

O'.\ i
6/3r = 0.1(0.1)1.0, 0.01(0.0170.09

from which the sine and cosine of any al}glé"ﬁrhich is an integral multiple
of (0.01)=/2 can easily be built up, ledving only the sine and cosine of
an angle of magnitude less than (0.01)»/2 to be evaluated from the series,

Other functions can be suppliéd to the machine in coded form by
punched tapes (“function taped™), as already mentioned. The tape is fed
through the reading head .0{‘&1‘1 interpolator, which first searches for the
required argument valug and then reads the function value and inter-
polation data and controis the sequence of operations for earrying out
any interpolation reghired. There are three independent interpolators, so
that three distingt! f’mhctions can be supplied to the machine if required.

Results are\output by means of two electrical typewriters, or on
standard 1.BsM. cards by means of a card punch. Data can also be sup-
plied to th&“machine from punched cards. These have to be used in the
order i “WHich they are stacked in the deck, and can only be used once
¢ach (uiless manipulated by hand in the course of the caleulation}, so
they do not form a suitable means of inputting tabular functions, other
than functions of an independent variable for which the required values
and the order in which they will be required are known before the caleula-
tion is started. Use of cards, however, is valuable in extending the storage
capacity of the machine for intermediate results beyond that provided
by the 72 counters.

Figure 45 shows a general front view of the machine. On the extreme
left of fig. 45 are the switches for setting values of constants and other
data; to the right of these are the banks of counters, and beyond these
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Fie. 46, Bequence control mechanism of Harvard Mark II Caleulator.
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the multiply-divide unit and the units for caleulating logarithms, anti-
logarithms, and sines. To the right of these are the units for reading
the funetion tapes and the sequence control tape, each on & pane! with
associated switches, and then on the extreme right the output units, two
electrical typewriters above and a card punch below, where there are also
two card readers. The control relays are mainly in racks behind.

7.2. Control in the Harvard Mark I Machine

The sequence of operations is specified to the machine in coded form
by means of punchings on a paper tape. Holes can be punched in any\of
24 positions in a line across the tape, and successive lines correspond to
suceessive instructions. This tape, the sequence control tape, if passed
through a reading mechanism in which eleetrieal contacts are mdde'through
the punched holes. Figure 46 shows the reading mechanism for the se-
quence control unit, with a sequence control tape in place; “The’24 positions
for the holes are divided into three groups of eight, of which two groups
specify the souree and destination for the. transfer\of 4 number, and the
third specifies an operation to be then carried it/ so that the standard
verbal form of an instruction is “Read the nmber in place A; transfer
it to place B; start operation C.” When the'eontent of a counter is read
out from it, 11; is also held in the counter an expllclt instruetion is required
to clear it. A

In the machine as orlgmally built; the operation of the sequence control
tape was as follows. On completion®of the operation specified by one row
of holes, the sequence contml{mechanism steps the tape on to the next
row. Thus if an iterative protess forms part of a longer compuiing se-
quence, each repetition oN%e iteration has to be coded separately, and
(apart from manual ml;erference with the sequence of computing opera-
tions) there is no prevision for controlling the number of repetitions of
the iteration accoﬁimg to the results of the successive repetitions. The
only automat'b\ selection between operating instructions iz a selection be-
tween takmg ]\he next instruction and stopping the machine, according
as a quantlty computed as a criterion is less or greater than a specified
tolershee (M, p. 131).

In ¥ddition to this, however, there is the possibility of reading the
content of one counter into another, without or with change of sign ac-
eording to the sign of the number standing in a particular counter (the
“choice counter”) (M, p. 129); this, however, is a choice between two
numbers, not between two operations. It could provide a choice between
two operations if there were a facility for stepping the sequence control
tape on or back between two operations by a number of lines equal to
the number standing in a counter. This would give the machine the Blexi-
bility of control which Babbage envisaged for the Analytical Engine.
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A similar facility was actually provided in a different way, by the
addition to the machine of a subsidiary sequence unit (63, p. 20 on which
a number of subsequences of computing operations ean be set up by plug-in
connections. An instruetion either on the main sequence-control tape or
in one of the subsequences can require that control of the operation of
the machine shall be transferred to a specified one of the subsequences,
or back to the main sequence control tape. This is a most important
modification to this machine, and greatly increases its flexibility.

7.3. Relay Machines - ~

In the Harvard Mark I Calculator, relays are used extensively for con-
trolling the operation of various parts of the machine. In soméwsther ma-
chines, relays are used not only for this purpose but for t.hé\st.orage and
arithmetical units themselves. Several small special-pugpesé machines of
this kind, and a large general-purpose machine, have béen built by the Bell
Telephone Laboratories (120, 121). Another la.rge.'g\enéralnpurpose relay
machine (Mark II Caleulator) has been built at\Harvard by Professor
Aiken (20a). \\

The first of the B.T.L. machines wagoeompleted and demonstrated
before the entry of the United States intO\he war. It is restricted to the
operations of arithmetic on pairs of gm’n;ﬂex numbers; if further caleula-
tions are required to be done on thexesult of one such operation, this re-
sult has to be fed back to the Qm"a'chine as one of the data for another
operation. Input and output fer this machine are expressed in standard
teletype eode, with a coded.8ymhol for the operation required, so that it
can be connected into é\‘te'leprinter network of the United States, and
can automatieally acgept' data from and supply results to anywhere in
the eountry. O

Another machirje\, known as “relay interpolator,” was designed to carry
out subtahula}i@;ﬁto twentieths, using & eubie interpolation formula (21);
it was later.ﬁmnd to be adaptable to various other ealeulations involving
the formation of linear combinations of sets of data.

113 these machines the storage relays are registers only; all arithmetical
OPETations are carried out in a centralised compyting unit. The machines
work’in a seale of ten, with number expressed in the so-called “bi-quinary”’
system of coding decimal digits. In this, each deecimal digit is represented
by a configuration of seven relays consisting of two groups, one of two
rt?ls%ys representing 0X5 and 1X5, and the other five representing the
‘dlgl’_t-s_O, 1, 2,3, 4. Any digit is represented uniquely by a configuration
In which one, and only one, relay from each group is “on’; this can be
used as _t?u_a basis of a check on the operation of the machine.

Addl?lOI‘l is carried out not by counting but by means of an addition
t?.ble b‘ll_lt- into the connections between the relays of the computing unit.
Control is carried out through instruetions coded on the teletype tape.
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F16. 47. Ceneral front view.of" Harvard Mark II Caleulstor,

K
The Harvard Mark TI ¢ ")"machine wag built for the Naval Proving
Group at Dahlgren, Virginia. It also is a decimal machine. Control s car-
ried out through punehed teletype tapes, in which several rows of holes
are read at s time bysthe reading mechanism. There are three different
sequence controlai@ghanisms with facilities for ehanging over from one to
another in the sb‘@\{fse of ecaleulation, aceording to a eriterion evaluated
by the machiie. This gives the machine considerably more flexibility of
control ghefuithat of the original Mark I machine. A front view of the
machineNg' shown in fig. 47.

7.4. The Eniac

The ¥Eniac (39, 50, 102a) was planned by Dr. J. W. Mauchly and Dr.
J. P. Eckert and developed at the Moore School of Electrical Engineering
of the University of Pennsylvania for the Ballistic Research Laboratory
at Aberdeen Proving Ground, where it has now been re-erected.

It operates by counting electrical pulses, produced at the rate of
100,000 per second, by electronie counting eircuits, the pulses being routed
by electric gates. A standard pattern of pulses is repeated every 20 pulse-
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periods, that is every 0.2 milliseconds; this is a convenient unit of time in
terms of which to express the operation of the machine; being the time
required for an addition, it is called an “addition time.” The machine
works in scale of ten, normally to ten-decimal capacity with a sign indica-
tion. In some respeets it can be regarded as an electrieal analogue of the
Harvard Mark I Calculator. The general principle of operation of its
arithmetical units can be represented, very schematically and in a very

simplified form, by fig. 48. This is de-

rived from fig. 44 by simply relabel-
CROROL fomme— ling the various components:, &\
CIRCLT g various comp

i. The motor, considered" as a

source of mechanical infpulses, is

Pp——. replaced by an el'e’?'tncal pulse
COUNTING generator. RO

ClRcur ii. The mechanieal counter is re-

placed by anBléctronic counting

eLectaica | Cirouit. (N

iti. Theé/yelsy is replaced by an

electropi‘bkontrol eircuit.
F10.-48. Basic principle of the Eniac, ivAThe clutch is replaced by an
All eonnections are electrical. el‘eﬁ;’mnic gate, which only passes
oDises from the pulse generator to the
counting cireuit when the gate is opeéned by a signal from the control eircuit.
The Eniac has twenty electfonic counters or “accumulators,” each of
_which serves both as an adding\unit and a storage unit, as do the counters
in the Harvard Mark I (}s\kﬁlator. Multiplication by given small integers
can .be carried out by repeated addition, but multiplication in general is
carried out by use of#% built-in multiplieation table which forms part of
the multiplying unity A produet of two factors, each of one digit, is a
- mumber of twodiits (either of which may be zero): in a multiplication,
the contribufions from the left-hand and right-hand digits of the various
products ofsthe digits of the two factors are accumulated separately in
two acolimulators, and then combined, The built-in multiplication table
consigts) of a network such that for any input digits & and b, two groups
of pulses from the pulse generator are gated to these two accumulators,
one g.rm_lp Torming the Ieft—hancinand the other the right-hand digit of ab.
Multiplication by an n-digit Multiplier takes (n 4+ 4) addition times.

D1v151'on and square root, are earried out by a separate unit, the operation
of which is comparatively slow.

wh‘IE the Enise, the accumulators provide the only form of storage into
timlgs glumbers ean jbe recarc%ed, and from which they can be read, in
Four for?lparable with the times oceupied by arithmetical operations.

of the aceumulators, however, are involved in any multiplication,

PULSE
GENERATOR
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two for holding the factors and two for aceumulation of contributions to
the product, so that only sixteen are regularly available for storage. The
machine has, however, other forms of storage. There are three function
tables on each of which 104 values of any function, to 12 places, can be
set by hand switches; this process of setting the values iz slow, on the
time-zcale of the machine, but once set, any one is available in a few
addition times. Numerical data ean also be supplied from punched cards,
which are read by a card reader, from which the data are transferred to a
set of relay registers; the content of these registers can be changed in the
course of the caleulation by instrueting the machine to feed and read a
new card. Results are output on cards through a standard card pumch.
Both reading and punching a card are slow operations on the time-seale
of the machine, requiring 2000 to 3000 addition times, though\once a
number has been transferred to a relay register, it can be rqa({‘out in an
addition time. Thus although the use of punched cards prowides a store
of practically unlimited capacity, any extensive use of thi§fer intermediate
results slows down the over-all operating speed very gousiderably, besides
requiring the use of an operator to transfer cards ffem the card punch o
the card reader, and perhaps rearrange them ir;.pﬁscess, .80 that the whole
process of calculation is no longer fully autematic.

The units of the Eniac are interconneeted by three sets of lines. One
of these is permanently connected to %]l.'un"its, and supplies the standard
pattern of pulses produced by the pulse generator. The other connections
are set up by hand aceording to bhe sequence of computing instruetions
to be carried out. One set of counections (“digit lines”) transfers pulses
representing numerical inforniation between the various. units; the other
set (“‘program lines’’) tra dfers pulses {*‘program pulses’) which stimulate
the units to operate in/the required sequence. The digits of a number are
transferred in parallelon eleven lines {for ten digits and a sign indication),
each digit » being¥epresented by a sequence of n pulses. In the connee-
tion between azutit and a digit line, an adapter can be inserted giving a
ghift of any;hfnber of places to the right or left, and so dealing with
multiplication or division by integral powers of ten.

Figute 49 shows a general view of the Eniac, and fig. 50 shows a closer
view ufAwo of the accumulators with connections to the digit ang program
lines. The tubes and other cireuit elements are assembled at the back of
the panels.

7.5. Conirol in the Eniac

Each unit of the Eniac is quiescent until it is stimulated to Uperf].te
by a pulse input to it from a program line; it then carries out the ogeratmn
required, and finally a program pulse is emitted by one of the um‘t-s €on-
cerned, and this stimulates the units involved in the next operatlf}n. In
most operations at least two units are involved, one to transmit and



84 CALCULATING INSTRUMENTS AND MACHINES

T1c. 49. Genéral view of the Eniac.

A\
another to receive; wheK{ € operation is completed, only one of these
need emit a program Pulse: .

As an example, comditler an accumulator. Each of these has five ché‘ml;
nels by whieh it cafhéceive from a digit line, and two chal}n@ls by whie
it can transmit t{o‘é'digit line; by one of the latter it transmits the num?i»t?l"
it is hnlding,\éxfd by the other the complement of this number. It ha 80
has twelvesehannels through which it can be connected to the pr.(;granln
lines, apd\with each of these program channels is associated two sw1tt.3ht35-
Ore/ofthese switches determines whether the accumulator, when stimu-
lated through this program channel, shall transmit or receive, apd_ by
which digit channel, and the other determines whether, after transmission,
its content shall be held or cleared. On eight of the program channels
there is a thirg switech which can be set to require the repetition of the

. - . ; i r
process of reception or transmlsswn, up te nine times, before clearing o
transmitting a program pulse.

The connectiong of the various unitg w
and the setting of switches

of an accumulator, form the

ith.the digit and program lines.,
such as those on different program chann’eis
storage system of the machine for operating
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Fre: 50. Two accumulators of the Eniac, and interconnections; the nqmiegzg!;f{;l 19135158
left~hand aceumulator iz shown by the indicating l&m_ps above, and is , :

instructions, and any problem has to be coded in terms of these connections
and switch settings. . i

A unit whieh is very important for the organisation of a caleulﬁtiontzz
a whole, but which has not yet been mentioned, is that called the “mas
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programmer.” Its purpose is to control the sequence of whole groups of
individual arithmetieal operations, treating cach group as a unit. Most
extended caleulations consist of such groups of operations, the groups
being repeated in a way which it may be possible to specify beforehand
but which may depend on the results of the calculation. For example, the
step-by-step integration of a differential equation involves the repetition
of the sequence of operations for a single interval, which is the main group
of operations, but the regular repetition of this group may be interrupted,
Bay every tenth interval, for a record of the current results to be punched;
and within this main group of operations there may be an iterativecalen-
lation, say for an inverse cube root of one of the variables, which is'carried
out by repeating a small sub-group of operations inside the¢mdin group.
In this case, it is known in advance at what stages the regul?xr repetitions
of the main group will have to be interrupted, but the gwiiiber of the re-
peats of the iterative process may not be known in Advance, and may
have to be governed by a criterion applied to th@®\results of successive
repetitions of the iteration. It is worth noting thdt successive repeats of
the main group may not all involve exactly'thésame steps, as they may
include different numbers of repeats of the-iterative sub-group.

The sequence of operations in a singlé” group is determined by the
connections between the other units.«The sequence of the groups them-
selves is controlled by the meastersprogrammer, which eonsists of ten
separate six-position electronic switches (““steppers”) by each of which an
input program pulse ean be 's'enﬁ 'to one or another of six program lines,
and so initiate one of six alternative groups of operations, according to
the switch position. Ea h’\évfitch can be stepped from one position to the
next, or cleared backyto fts first position, either at predetermined stages
in the course of 5 catetlation or in accordance with the result of evaluating
some criterion forg {s:ejection between alternative courses of procedure, such
as repeating gx dterative process or using the result for the next stage of
the caleulagiond The ten steppers can be interconnected with one another
as well as\with the rest of the machine, and use of them makes it possible
to E{D}?b{' the Eniac to caleulations Involving a considerable degree of dis-
criciination and selection, the selection being made quite automatically
once*the machine has been set up.

Sipce in this form of eontrol the operating instructions have to be
supplied to the machine by manual plugging in of the connecting leads and
setting of switches, the process of sefting up the machine is slow on the
tnpe-scale of the machine. On the other hand, it has the advantage that
minor modifications of the sequence of operating instruetions, if found to

be necessary in view of the results of the caleulation, can be made and

incorpc!rated comparatively easily. In my own small experience of work on
the Eniac, I had oceasion to ap

preciate the value of this feature (see §7.9).



FIRST STAGE OF DEVELOPMENT 87

7.6. Centralised Control System of the Eniac

The original control system for the Eniac, summarised above, may be
described as decentralised, in that elements of it were distributed over the
different units of the machine. Recently a form of eonirol from a cen-
tralised “control unit,” such as Babbage’s machine was to have and the
Harvard machines have, has been incorporated in the Eniac.

In this new system the plugging of the accumulators into the digit
and program lines, and the settings of the switches on the various units,
are permanent; further only one accumulator is used as an adding unit, the
other, apart from those used in connection with the multiplier, being used
as storage units only. The sequence of operations is controlled byar’ addi-
tional unit which is effectively a 100-way switch. It can recéive’a two-
digit number, and give out a program pulse on a corresponding one of
100 output lines. Each of these 100 outputs can be uked to initiate a
different ecomputing sequence, so that in effect the méchine can have 100
different computing routines built into it. The segitence of these routines
in any particular calculation is specified by a seduence of two-digit num-
bers, which are set up by hand on a functi{n‘\ta’ble.

This form of control system simplifies(the process of setting up the
Eniac and checking the set-up, and effeetively increases its capacity for
operating instructions. It also simplifiés testing and trouble-shooting. On
the other hand it slows down the ovgr-all operating speed once it has been
set up. It seems likely that it will inerease the scope and value of the
Eniac as & general-purpose suachine, but that the older form of eontrol
may be better for extensive work on comparatively simple problems such
as the step-by-step integration of ordinary differential equations for which
the Eniac was origindlly designed.

R
7.7. The L.B.M} Selective Sequence Electronic Calculator

Early in\lﬁﬁS a large general-purpose machine, called the Seleetive
Sequence 'El}ctronic Caleulator (70), was eompleted and put into opera-
tion bythe LB.M. Company at their headguarters in New York. This
has(Stitte features of each of the large machines above mentioned, and
other§ of its own. '

It has three forms of storage for numbers; a small-capacity, high-speed
storage on electronic tubes, a larger-capacity storage on relays, and.an
indefinitely large capacity on eighty-column paper tape. As in the Ema.c,
arithmetical operations are carried out through electronic circuits. Asin
the Harvard Mark II Caleulator, the sequence of instructions is punched
on a paper tape, and control can be transferred from one to anoth.er of a
number of sequence control units, one of which can be supplied with the
instruetions for the main sequence of computing operations and others
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with instructions for various sub-sequences. The machine is named from
the faeility it provides for selection between a large number of such sub-
sequences. There are altogether 66 locations in the machine at which in-
formation on a tape can be read; these can be used for instrictions, for
tabular material, or for reading numbers previously recorded in the
punched-tape storage of the machine for intermedinte results,

This machine can be considered ax closing the first stage in thoe de-
velopment of large automatie ealeulsting machines. The maehines enn-
sidered in this chapter have all heen important steps in this dt*vt‘]u;{meut,
and, at the time of writing, are still the only ones dctunlly working nnd
produeing useful results. However, it seems very improbable @t any of
them will be duplicated. The machines of the future will W considerably
different in principle and appearance; smaller and simplek swith numbers
of tubes or relays numbered in thousands rather than thetehs of thousands
of the machines considered in this chapter, faster, me'e versatile and easier
to code for and to operate. Those at present profeeted or wnder construc-
ton are different enough to be regarded as Abrining w second stage of
development, and some aspects of them ard eonsidered in the following
chapter. \¥;

7.8. An Application of the Eniac;j":’“

A short account of an app}ica‘ti{in“of the Iiniae (24) will serve to illus-
trate some of its capabilities ard Timitations.

In the theory of the laminar boundary layer in a compresxible fluid,
one requires the solutio th & system of ordinary differential equations
which can be divided 11%0 sets of three. By proper organisation of the
work, the different $ets/of equations can he solved in suceession, but the
equationg of each Set‘have to be solved as three simuitaneous equations.

The first sgkijfséqu&tions to be solved has the form

..s’§“ dfﬂ _ l‘tr]
) \ .:' d‘.",l []_ + arﬁz
A\ d*h, dh
\ v _ -, h F(7.1)

dn? dy

1 dy, dhy \2 dry

— i —_ = =

e dp? + 3 (v U(dq) = —fa dn

where o, g, Yy ¢ are const
- the incident strean, 8 is th
# and temperature T, % is
Prandtl number, The soluti

ants; o is the square of the Mach number of
€ index in the relation o1 between viscosity
the ratio of the speeified heats, and ¢ is the
on has to satisfy the conditions

J(0) = ry(0) = o0} = 0 h(w) =2 (o) = 0. (7.2
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The general behaviour of &, and r, is illustrated in fig. 51.

The equations are non-linear, with two-point boundary conditions,
There is a convenient iterative method for handling them, but it requires
a much greater storage capacity than that of the Eniae (see Ch. 9, §5),
so a method of step-by-step integration was used. For such a method, any
solution has to be started from definite values of fy, ko, ko, 7o, 7o at 7 =0;
of these three are given but two (hy and ry) have to be estimated and ad-
justed until the conditions at infinity are satisfied. The situation here is
exactly similar to that met in the treatment of differential equations with
two-point boundary conditions on the differential analyser (see Ch. 2; §10).

N
oA\
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¥rom the asymptotic form of “the solution, it was expected that, to
the seven-figure accuracy regx@red, the conditions at infinity would be
reached before n = 5, so.tk’esé conditions were replaced by

Bs) =2, (B =0 (7.3)

From a set of prelig;jl\mry solutions it was possible to estin!ﬂate the varia-
tions of hy(5), m(B) with the adjustable starting values hy(0), r,(0), and
this data couﬁ\ﬂlen be supplied to the machine. Then it was possible to
set up the #iniac not only to carry out a solution of the equations from
given iniﬁ;\ﬂ conditions but, from the values of k(5) and ro(5) obtained
in suéh 3 solution, to estimate initial values of hy and r; for a better solp‘f-
tion. Thus the machine alternatively evaluated a trial solution and esti-
mated better initial conditions, until a solution was obtained which
satisfies the conditions (7.3) within a specified tolerance. For each of
these trial solutions, only one eard with initial conditions and final va,h.les
of Ro(5) and r,(5) was punched, for record purposes. When a trial solution
satisfying the eriteria had been found, 2 final estimation of better mﬂfxal
conditions was made, and a final solution was evaluated, a ca-r(_i now being
punched with values of fi, fa, ko, o, 7, 7o for each interval of the mteg}"atmn.

The whole procedure, including the changes from th_evoperatlf_lg Be-
quence for the integration to that for estimating better initial conditions,
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and back, and from punching one ecard per solution to punching one card
per interval, was automatic once the machine was supplied with the
data for the solution required. These changes hetween groups of opera-
tions were carried out by the master programmer, which was also con-
cerned in controlling the repetitions of an iterative procedure required to
find 1/(1 + ary)!-%,

In view of the small storage capacity provided by the accumulators of
the Eniac, it was not possible to store many values or differences of the
various quantities to be integrated, so a simple integration formula was
used, and a large number of small intervals of integration. The dnterval
used was 80 that 250 intervals were required to cover the range n =0
to 3. The machine carried out the integration at the rate of eighfintervals
a second {not eight s minute, which would have been very’fast by any
ordinary computing standard, but eight a second), so.fhat a single trial
solution took about half a minute, The final solution took about 214
minutes, most of which time was spent in punchihg\gards.

The other sets of equations are of the gene;'g'form

, (1 — B) ahy N
= hn - n / 8 1’_8 - n
7 [ 1+ ar ! ] (1 + QTD) ¢

Bl = —fui, + 2nfih, —~ (2n + DS, - D, (7.4)

Li

1 N
—rt 3y — k), = —frinPonsl — (2n + 1) kir, — E,

. N\
where C,, D, and E, re\‘re:t-her complicated funections of the solutions
of equations (7.1) andj&}e solutions fy, Ay, 7, of the sets of equations of
this type with 1 < ' n. If these sets of equations are solved in the
order on n increasing;’C,,, D, and E. are known functions of » when the
solution of quqj;jbﬁs (7.4) is undertaken.

The calq&lgtibn of these functions can be carried out very effectively
by combipgd use of the Eniac and a reproducing punch. Each solution
{f%, kk,: 1% and their first derivatives) is recorded on a deck of cards, one
carcli’fQP tach value of the independent variable. By means of the repro-
ducing punch, those data required for the caleulation of C., D., and E,
can be copied on ather decks of cards, which can then be input to the
Eniae for the details of the numerical work to be earried out. For example,
for Dy the following quantity is required (though it is not the only con-
tribution):

3fiha + 5okt — 2fih, — dfiha. (7.5)

f ! .
5 f1y By, by can be eopied onto 5 new deek from the deck giving the fune-
tions of order n = 1, ang o fo, Ba, By can be copied onto the same deck
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from. the deck giving the functions of order 2, so that for each value of 5
the eight quantities required for the evaluation of the quantity (7.5) are
all on a single card of the new deck. This can then be fed into the Eniae,
set up to evaluate (7.5) from such a card input, and the results output on
the cards of another deck, which is just the form in which they are wanted
as an input in the solution of equations (7.4).

Thus although the atiention of an operator is required in this work,
this operator is not required to do any ealeulations with individual num-
bers, but is only coneerned in transferring numbers in large bloeks, repre-
sented by decks of punched cards, between the different machines. In this
way, very powerful use can be made of the Eniac in cooperation with the
punched card equipment, particularly the reproducing punch gaud ‘sorfer;
and though the process is not purely automatic, it may still%& fast, and
is certainly labour-saving, compared with other methods, of ‘carrying out
the ealeulations. S

This work illustrates both the power of the Eniag and its main limita-
tions as a general purpose calculator. The latter’ are, first, the small
capacity of the storage into which numbers.can be recorded and from
which they can be read in times of theé d6r of an addition time, and
secondly the process of making the inte;'coilnections by manually plugging
in the units to the digit and program lines and setting the switches, which
is slow on the time-scale of the mg.cﬁine hoth to do and to check.

As already mentioned, an itefative method very suitable for equations
(7.1) with boundary conditions\(7.2) had to be discarded on account of
the small storage capacity Q’.vailable, and for the same reason the integra-
tion had to be earried {ut’using simple integration formulae and a large
number of intervals, The process of making the interconnections will be
simplified by the néw’eentralised control system outlined in §7.6, but the
sequence of operé‘tihg instructions must still be set up by hand on the
program tabléand checked, and this is atill a slow operation on the time-’
scale of th&lﬁachine. . .

It sh’étﬁ’d be added that the Kniac was originally designed primarily
for the step-by-step integration of the differential equations of external
bdllistics, though its contrel was made flexible enough for it to be used for
othér caleulations within its capacity. For this primary purpose its capacity
is adequate and its method of setting up is not inappropriate, for in S‘f"h
work the main intereconnections will remain the same over 2 long perioed
of time and the quantities needing adjustment from one set of. runs to
another, such as switch settings for values of the ballistic coefficient, 'the
interval of integration, ete., are very easily set. In this context t.he l‘umta-
tions mentioned are bardly noticeable; it is only when the machine is con-
sidered as a general-purpose machine that they become at all marked.
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7.9. The “Machine’s-Eye View” in Programming a Calculation

It has been mentioned that in the work outlined in §7.7 an iterative
method was used for the evaluation of 1/{1+ary)'=#. In connecetion with
this there arose a point whieh, although trivial in itself, seems of some
Importance as an example of a general prineiple.

For any value of ary = 2, the first approximation te 1/(1 4 z)1-# to
use in the iterative caleulation was taken from a funetion table, and was
sueh that two repeats of the iteration formula were certainly engugh to
give 1/(1 +2)"%-to the accuracy required in the subsequentawork.
Since r; was to be always positive, this table was only set up ¥ cover
positive values of z; but in doing this the point was overlookedy that, al-
though in the solution finally required r, is always positive, it tnight hap-
pen that in one or more of the trial solutions, r, would become negative.
And this did in faet oceur. 7\

Now the argument o this funetion table is taken'ﬁ‘s"t.he first two digits
after the sign indieation in the accumulator holding z, so that when 7,
went negative and z oceurred in this accumylater as 1.99 . .. (I repre-
senting the sign digit), the approximate valué’of 1/(1 + 2)1-# was read
out for z = 0.99 instead of for z = —0.08Mand then two repeats of the
iteration were by no means sufficient\to” give 1/(1 + z}'% to the ae-
curacy required, so that further resulfiwere spurious.

A human computor, faced with{this unforeseen situation, would have
exercised intelligence, almost autb’n{atically and unconsciously, and made
the small extrapolation of the(dperating instructions required to deal with
it. The machine without erating instructions for dealing with negative
values of 2, could not make this extrapolation, To put it descriptively,
the machine didn’t know what to do with g negative value of z; it hadn’t

b.ut quitf} diﬂﬁi}éﬁt from the correct small extrapolation of these instrue-
tions whufh.sa\ uman computor would make ag a matter of course,
It musgtnot be concluded that

tion’s.tg’ deal with the situation, if
tablesof 1/(1 +2)* could have bee

the machine could not be given instrue-
this had been foreseen, then sither the
| n extended to small negative values of
z, or 1qstructions could have heen brogrammed to tell the machine how to
deal with negative values of  jf they oceurred. The latter eourse was in fact
taken .When the situation wag realised as g consequence of the anamolous
beh:atvlour.' of some of the results; and the eage with which the necessary
modifieations of the set-up were made has already been mentioned at
the er?d of _§7'5- The point, is that the machine eculd not deal with the
srtuation wethout specific instructions for the purpose: as this situation had

not l?een foreseen, these instruetions were not supplied; and consequently
Spurious results were obtained. .
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The moral of this experience is that in programming a problem for
the mauchine, it is necessary to try to take a “machine’s-eye view” of the
operating instructions, that is to look at them from the point of view of
the machine which can only follow them literally, without introducing
anything not expressed explicitly by them, and try to foresee all the un-
expeeted things that might oceur in the course of the caleulation, and to
provide the machine with the means of identifying each one and with
appropriate operating instruetions in each case. And this is not so easy as
it sounds; it is quite difficult to put oneself in the position of doing with-
out any of the hints which intelligence and experience would suggest to

a human Computer in Such bltuﬂ:tlons
£ \
N/ 3

v

N S



Chapter 8

PROJECTS AND PROSPECTS
8.1. The Main Directions of Development

As already mentioned, the two limitations of the Eniac, in its original
form, as a general-purpose machine were the small capacity of its high-
speed storage and the manual process by which the sequence of operating
instruetions was set up; the machine earried out individual arithmetieal
operations at high speed, but had not the facilities to make full use of this
speed except in ealculations for whieh its small storage capaciti wis ade-
quate. These two points indicate the main directions in whielr the first
further developments are to be expected, namely the provigien of a form of
high-speed storage of much greater capacity without a_gsorfesponding in-
crease in electronic equipment, and a means by whicll"tfhé'rnachinc can set
up for itself the connections required for the sequende ‘6f computing opera-
tions, as in the Harvard Mark I calculator and yarious relay machines,
instead of these connections having to be seb, bp manually in advance.

These two aspeets are related, since an instruction, like a number, can
be coded in the form of an ordered set of\ 0’3 and 1’s, and then the kind of -
high-speed storage used for numbers can‘also be used for instructions. And
if this were done, adequate capacitydorinstructions as well as for numbers
would have to be provided in a,’siﬁ'gle storage system.

Instructions may in any c@se'éénsist partly of numbers, specifying loca-
tions in the store, so that r'coded digital form for instructions is a con-
venient one to use. Then there need be o difference in form between the
Iepresentation in the mhgehine of a number and an instruction; the dif-
ference is in the way they are used. And even in this there may not be a
sharp distinetion, Sinee if the instructions are stored in this form it is
possible to carryout arithmetical operations on them, such as adding a
nurlnber to 808 part of an instruction specifying a location in the store.
This facHitymay sometimes be a very valuable one in economising storage
space igrinstruetions, and for simplifying programming; hence the use of

£\ I3
a El'LLLI\n,ﬁI‘lGSiI.I notation for the storage loeations, as well as being eonvenient,
18 not a trivial matter,

8.2, Storage Systems

The development of simple refiable form of high-speed storage, with
large capacity, is of major importance for the further development of large
automatic machines. At least three forms of storage have reached a state
O_f development at which they can be used for such a machine. These are:
4 acoustic delay lines, in which data are stored in the form of trains of
acoustic pulses, (ii) magnetic material in the form of wire, tape, or the

94
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gurface of a drum, on which data are stored in the form of variations in
the magnetic state of the material, and (iii) insulating screens on which
they are stored in the form of a static charge distribution.

A simple acoustic delay line (99, 100, 113) consists of a tube of mereury
with a quartz piezo-eleetric crystal at each end. An electrical pulse, input
at one end, is converted into a supersonic acoustic pulse (perhaps on a
. earrier) in the mereury, which is used in preference to any other fluid as
it provides the best acoustic mateh to quartz. At the other end of the
tube the acoustic pulse is converted again into an eleetrical pulse, which
is then amplified and could be fed back to the transmitting end so agito
circulate through the delay line and associated circuits. But a pulse‘greup

"N\
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Fic. 52. Bypersonig :&’coﬁstic delay line.
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may be required to circulatemiany thousands, or even millions, of times
before being used, and prog\ﬁéésive degeneration of the pulse shape arising
from distortion- betweensthe input to the delay line and amplified output
from it would lead to, fRe pulse becoming unrecognisable. So the amplified
pulse is not itself tramsmitted, but used to open a gate so as to allow a
freshly-made cleghsshaped pulse from a pulse generator to reach the trans-
mitting end of%h"e delay line (see fig. 52). At a pulse spacing of 1 raiero~
second, 150%ms. of mercury will hold about 1,000 pulses, which is enough
to reprﬁsj‘;i}\t,’ in bipary form, 30 numbers of 10 decimal digits each, and
the infapfnation in such a length becomes available once each mil[isef;oncll.
The number of electronic tubes required to give this storage capacity 18
quite small, so that it is possible to obtain a considerable storage capacity
without an amount of cquipment which would he prohibitive from the
points of view both of capital cost and of maintenance.

If a number of such delay lines are used, the time-differences betwelzen_
the delays provided by the separate lines must be kept to a small fraction
of the interval between pulses; this requires accurate location of thfa quaf'tz
erystals in construction, and a close approach to temperature uniformity
in use. If one line is used to eontrol the frequeney of the pulse gf:neratm:,
the actual value of the temperature czn be allowed to fioat, provided uni-
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formity of temperature is secured; but if the pulse generator is of fixed
frequency, the temperature must be eontrolled to u fixed value. One way of
simplifying the problem of attaining uniformity of temperature is to use a
number of delay ehannels in a single container of mereury.

The magnetic material used in magnetic storage may be in the form
of wire, tape, or the surface of a eylindrical drum, which is usually called,
for brevity, a “magnetic drum” (72). In any case, the material passes
under a ‘“writing head” which produces a magnetie field and magnetises
the material in accordance with the data to be stored, and a “reading
head” which produces an electrieal signal depending on the magnetie state
of the material being passed under it In some cases the same heag may be
used for writing and for reading, and a number of heads may?hc used to
write or read at different positions on a single wire or chaxel.

A wire can carry only one channel of information; amall number of
channels ean be used on a tape and a large number ¢ine drum. Thus dif-
ferent means have to be used for identification of,at:-:foragc location on a
- wire and on a drum, and this affects the means)of using these different

forms of magnetic storage. Also the question gf-ficcess to stored informa-
tion is different for the different forms of stordge; information on a drum
running at constant speed automaticallyNbecomes aeccessible at regular
intervals of time, whereas a wire or tapé has to be scanned for the re-
quired information. N
Various forms of electrostatic }étéf‘age are under development and pre-
liminary accounts of two of thest*have been published (34, 93); these both
involve the yse of special glgctronic tubes. Another form, which has the
advantage of using standezd cathode ray tubes, has been developed more
recently by PI‘OfESSOl" »C. Williams of the University of Manchester,
England (118). In this; the screen of the tube is scanned in a series of
parallel lines, andbeach line is divided into a series of intervals on each of
which one of twihcharge distributions can be placed. The sereen is backed
' by a metal\plate which picks up a signal of a sign depending on which
kind of charge distribution is being scanned, and this signal can be used
to read.gut the information stored in the form of the charge distribution,
and-aiso to control the beam intensity 50 as to regenerate the eharge

distrjbution, Writing is carried out by an alternative control on the
beam intensity.

There is no nieed t
and severa] machines
- & “high-speed”

0 restriet a single machine to a single form of storage,

heing developed at present make use of two forms,
_ storage of fairly small capacity—perhaps 200 numbers—
which has direct connections with the arithmetical unit, and into which
numbers can he recorded and from which they can be read in times of the
order of the times required for arithmetieal operations, and a “slow”’ storage
~ of much greater capacity, with facilities for transfer between the two forms
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of storage (these two forms of storage are sometimes referred to as “in-
ternal’”’ and “external,” or as “main” and “auxiliary,” respectively).

8.3. Serial Machines Using Delay-Line Storage

Omne group of machines at present under development uses delay-line
storage both for numbers and instructions. It includes, in the United
States, the EDVAC (Electronic Discrete Variable Automatic Calculator)
“at the Moore School of Electrical Engineering of the University of Penn-
sylvania, the Univac and Binac being built by the Eckert-Mauchly Com-
puter Corporation, Philadelphia, and in England the A.C.E. (Automatic
Computing Engine) at the National Physical Laboratory (115} and the
EDSAC (Electronic Delay Storage Automatic Caleulator) at the“Mathe-
matical Laboratory of the University of Cambridge {114). “\

Although, as pointed out in §5.7, use of a dynamic f:Q}‘I[i'Of storage
does not impose the use of a serial representation of numbéi's or a serial
method for arithmetical operations, it does suggest & se}"ial treatment, and
all these machines are in fact serial in character. Also’ all use two-indica-
tion signals, of whieh the two indications can, se_interpreted as digits 0
and 1. But in various other respects they differ considerably from one
another. The Univac is a decimal maching twdrking in the “added-three”
code; the others all normaliy work in seale’of two, though the A.CE. is
intended as u universal machine and will be able to be programmed to
~ work in scale of ten — or any other scale—and this may also be the
case for the others. The Univag Slso has a large auxiliary storage in the
form of magnetie tape. Theyfalso use different standard forms of instruc-
tion, with eorrespondin @iﬁerenceg in the organisation of the control
system and in methods,ogi\:-mgramming, and they also differ in the extent
and form of built-in Automatic checking equipment.

In such machifies, it is convenient to group the series of digital posi-
tions into groupgldf standard length, which are called “words” whether
they refer t@%ﬁn'mhers or instructions. Typical lengths of words are 32,
36, 40 01‘«1\8 digital positions. The term *“minor eycle” is used for the
period 6% time occupied by a “word,” and “major cyele” for the dela_y
timé\of & storage delay line. A “double-length” number or instruction is
one which is two words long; for example in multiplication, the full product
of two numbers each of one word length is a double-length number.

8.4, Functional Analysis of Serial Machines

The analysis of the operation of a machine using twu—indicat.mn ele-
ments and signals can conveniently be expressed in terms of a diagram-
matic notation introduced, in this context, by von Neumann ?,nd extended
by Turing. This was adapted from a notation used by Pitts and Me-



08

CALCULATING INSTRUMENTS ANDY MACHINES

Culloch (80) as a possible way of analysing the operation of the nervous

system, which is also composed of

of a graduated response.

“two-indication” elements, in that
an individual neuron is only capable of an “all-or-none”

response, not

An element has an output line on which it can KIve out a signal, and

one or more input lines on which it enn
exeiting it 1o emit a signal or inhibiting

be stimulated, the stirauli either
it from doing so. The character,

exciting or inhibiting, of the stimulus produced by o signal on any one

input line is
stantaneously on excitation, is
it (see fig. 53), the number indicating

fixed. An element regarded, ideally, as emitting a signal in-
represented by a circle with a*gfumber in
the least number uf’{-'iqmlta-neous

excitatory stimuli required to stimulate the emission of a~digrmal. An ele-

ment for which thig number is n may

be called a “threshold-n’" element.

An inhibitory stimulys overrides any exeitation; an.upit line on which

2 stimulus has an inhj

in fig. 53 (d).
Diagrommatic Symbol Characteristic 5 *:gp}mtion
, (e
£ X 3
ta) *—Oﬁ— Excitation {Signal out (z) if sig-
_ o\ « nalin (z)
x &
z ol
o m-_)— Esxcitationyor Signal cut (z) if sig-
S nal in on either line
. ~ (%, u} (or both)
ey z \ . . L
¥ Hxeitation, “ana” Signal out (z) if sig-
. \\ nals in on bath lines
x O {zy)
td )" ey
_ W Inhibition (over. Signal in (z) inhib-
. N ,\ rides any exei- its signal out
& ; tation)
i i Signal out (2) if sig-
K nal x in and no sig-
Sl . nal ¥ in
] Lo o
tn Excitation Signal out (z} if sig-
3 (threshold 2)

nals in on two or
more lines (w, z, y)

BV
- __'@_)"__
=

Excitation Bignal out (z) if sig~
- (threshold ) balg in on » or more
R inputs lines
ieznm -
DeLays: x z :
L R e > S U pulse-period delay

k pulse-periods de-
lay

Fu. 53, Funetional clements of 5 serial machine,

biting effect on an element{&/indi

cated as shown

Algebraic Symbel

i=r

E=TWy
{z or y)

r=xky
{z and ¥}

&{~x)
[and {not z}]

e =x&{~y)}
[x and (not )]

z=(wkz) Vv (z&y)
V (ydo)

2{t4-1) = (1),
ar 2 =ag

O 2= Xp
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The important kinds of elements for the present context are those repre-
sented in fig. 53 (b, ¢, e, b, i). These are not all independent; those
represented in fig. 53 {b, e) ean be built up from elements of the charac-
ter represented by fig. 53 {e). And those represented by fig. 53 (f, g} can
be built up from the simpler elements, fig. 53 (b, ¢). In the present con-
text, threshold-3 elements are seldom invoived, and threshold-n (n > 3)
elements very seldom if ever. '

In a serial machine, “words” are indicated by sequence of signals “0”
or “1,” oeeurring at equal intervals; as these signals are often pulses, this
interval will be called the “pulse period.” Essential elements in such ma-
chines are (i} an element for giving a delay of one pulse period, and~(i)
one giving a delay of k pulse periods. Unless k& is small, a delay of %k bulse
periods will probably be obtained by some other means than & sebies of
delays each of one pulse period, so it is econvenient to rega;rd\these two
kinds of delay elements as different. They are representedias shown in
fig. 53 (h, i). ' &0

The elements represented in fig. 53 (a-g) are iddalised in that the re-
sponse, on application of the appropriate stimulus,N3 supposed to be im-
mediate. This is a departure from the usage of{PRts and MeCulloeh, who
regarded each element as introducing a delay,\this was necessary in their
neurological context. In the present cont-ex’t; however, it is a useful idealisa-
tion to regard excitation and delay 2s béing functions of separate elements.

The analysis of a machine intq.‘éfleﬁments of this kind is a functional
rather than & structural analysis<The circuit used o obtain the properties
of a single element may consisiofseveral tubes or other circuit eomponents,
or on the other hand the £u'ﬂ}tions of two or three such elements may jbe
combined in a single tubeor simple eircuit. The designer and the main-
tenance engineer will(ieed diagrams more closely representative of t:he
actual physical hardware. But for the user who is more concerned with
what the machin@does than the details of the circuity and mechanism by
which it doesf Janalysis into these functional ¢lements seems {0 me more
illuminating and easier to follow than detailed or bl_ock cireuit d%agr ams.

Thel:e\&fi'f;' a form of algebra which is very suitable for expressing rela-
tiongbetween a set of connected elements each of which is eapable of only
two Indlications. This is Boolean algebra, whieh has already been used by
Shannon (98) for the analysis of relay and switching circuits. In the present
context, a symbol (such as x) stands for the indication pl”OlVided by an
element or signal, the possible ‘“values” for this symbol being 0 and 1,
1 being represented by the excitation of an element or the presence of 2
signal on a line, and 0 by the contrary indication. In this algebra, the es-
sential operations are those expressed by the words “not*! (aPPhEd* to a
Single quantity), “or” and ¢“and” (applied to a pair of quanutles).

- } i 1 if either

*40r” here is the so-called “inclusive or”; “@ or " (written 2V ¥

* or y or both are 1.
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[~ x} :rril.nn:-
{a) = 0 1 N W > + i
~z (not x) 1 0
x 0 0 1 1
¥ 0 1 0 1

{rvy)
{b) zVy (z or ) 0 1 1 1 :JZO—)—
£ {xar)
) x& y} {z and ¥) ¢ 9 1 I@—)—
Ty .

@ zAy 0 1 1 o0 Lraral))
- (~)V (~a) -y 4 S

ool
N

=]

7
S

(&) sty (o plus ) 00 0L 01 10 —-);-— £/ rh.isumldigit
(single r.h. (sum) digit is (z Az} —— y (xay)
digits} Lh. (earry) digit is {(x & y)

S g : indearry)digit

& (xar}
x\ "Halt adder"

A

Frq‘.ﬁﬁil

Another operation, which cag! be constructed from these, is that which
gives the result 0 when x and y are the same, and 1 when z and y are
different, that is to say, jf~1§~ther x or y but not both are 11 this will b:u:
written z Ay, In terms o(t‘_}i’e operations “not’’ (~), “or’”’ (v/), and “and
(&),1 it is defined by

NGy = [ & (~p)] v [(~a) & 4], (8.1)

It is easily verified that this operation is commutative (that is, LAY =yAL)
and assoqia‘txwé [that is, z A (yA2) = (z Ay) Az} so that it is unambiguous
to write WAy Az without brackets, and further that

N

N

O LAYy Az = Lif one or three of z, y, z are 1

{8.2)
= ( otherwise.

This relation is impertant, in connection with binary addition. _
The significance of these operations, and the realisation of them in
terms of the elements of fig. 53, is ziven in fig. 54; and in the right-hand
column of fig. 53, the operations of these elements are expressed in terms
of this algebra,
T Thizg is the so-culled “exclusive or.”

iSince:- the operation “snd” has many of the properties of multiplication, the
svinbol & is often omitted, and “z and ¥” written simply as ay.
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It will be noted that the elementary operations of Boolean algebrs
{sometimes called ““logical operations’)} are simpler than the operagt-ions
of arithmetic. Arithmetical addition of two numbers of one digit each may
lead to a number of {wo digits, whereas the operations of Boolean algebra
all give results of one digit only. If binary addition of single digits = and
y is considered as always giving a number of two digits, either one of
which may be zero, the twe digits may be expressed as follows in terms
of these “logical operations’: :

[left-hand (carry) digit of z4+y] = 2 &y |

[right-hand {sum) digit of z+y] = z Ay | (8.3)
oy . ¢\
y w O
x written: —~ %* L7 ={'p\'\'.'x;\‘yﬂ.t'~:ﬂ
< 3
{a) : " : \:
x '
2y ; z: | 5 written: — - G— W= g ¥ 2 X hivd))
3 z N
4 0N\
el . ‘\ » lex } ¥ L b ¥
writfen— —>0T__ T y>— r W b P N
. \* F >— = Yo b ol |
R
X \Pulse on x chonges state ot trigger circuit,

‘The "flip flop"
{¢]
I.P = Initioting pulse

Fre. 55. (a-d), trigger civeuits; (e}, circuit for indicating end of a train of I's;
{f), cireuit for indicating beginning of u train of 1=
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(see fig. 54, e). An element which constructs these two outputs from in-
puts z and y is known as a “half-adder,” since, as will be seen shortly,
an adder for numbers expressed in serial binary fori can be constructed
from two half-adders with suitable interconnections.

Other elements ean be built up from those represented in fig. 53, and
are used often enough to make it convenient to introduce single symbols
for them; these extensions of the notation are due to Turing. Some of these
elements are illustrated in fig. 55. The most important of these are the
trigger cireuits. The connections to these may be of three kinds, exeiting,
inhibiting, or reversing; a reversing connection is one on which a gtimulus
changes the state of the trigger eircuit, whether it was previouslyN‘off’”’ or
“on,” it is indicated as shown in fig. 55 (d). Figure 55 (c, A} shows ele-
ments one of which signals the beginning and the other~thé& end of a
sequence of input pulses. ~\ .

Another most important element is a storage ele;ﬁen't, which can be
thought of as a delay line with terminal equipmen.t;\t‘or transmifting and
clearing the data contained in it, and for acceptihguiew data. This, and the
abbreviated symbol for it, is shown in fig. 56,1 there is no signal on the
control line D, no signal at z can pass thiiithresh{)ld& element A into
the delay line, but there is no inhibitorjnstimulus on the threshold-1 ele-
ment B, so the output from the delay Yine is fed back to the input end
of the line. Thus under these cor}diﬁfons the content of the delay line
circulates through the delay lin,e}’ah"d the element B. If during a certain
period there is a signal on the “vontrol line D, this inhibits the feed-back
of the output of the delayml‘@e to its input end, and therefore clears from

O -

7

§ -control

W T [l-vm. ¥ 4+ D :jl
7

D s
written: - -é—é__’_ & 'b__é_)_

. Fig. 56, Delay element with ferminal equipment to control reception,
- transmission, storage, and clesrance {storage element).
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the storage unit the information which is output during this period; at
the same time it opens the “gate” formed by the threshold-2 element 4,
so that any signals at = are accepted by the storage unit. Normally, in-
formation is only eleared in the process of aceepting other information
in its place. Information is read out from the storage element by a signal
on the control line S, which opens the “gate’” formed by the threshold-2
element C. _ :

Frs. 57, Pulse-rounting ring {clock). ("

o\

A necessary component of a serial machine i% a clock, both to count
pulse periods within a minor cyele o that any{digital position i a word
ean be identified if required, and to count fniror cycles within a major
eycle. A unit which combines the functiong\of a pulse generator and pulse
counter is a ring of threshold-} eleme,lyj;é “gonnected by delays of 1 pulse
period each (see fig. 57). The signals emitted by the elements will be
called P1, P2 ... Pw where w ig\the length of a word. Gating of clock
pulses P ¢an be used as a meahs of maintaining synchronism between
the pulses in corresponding digital positions in different parts of the ma-
chine, A simplified form¢'ef adding unit can be used as a minor-cycle
counter, and will be cu&ered in the course of §8.5.

8.5. Arithmeti(;:\l{ Operation
itibn of two binary numbers we have to cater for the carry-

In the adéh
over from ¢ach place to the next most significant. If the numbers are ex-
pressed inbwerial form with the least significant digit leading, the carry-over
can belobtained by means of a delay of one pulse period. If 5, y» are the
digits of the addends r and y in the n-th place from the right, ¢, the carry

digit into this place, and s, the digit in this place in the sum z+y, the
rules of binary addition are expressed by:

8n = (BAYAC) (8.4)

(8.5)

Cap1 = XYV YCV L) n.

or humbers eX-

There are several ways of building up an adding unit, f
d in §8.4. One,

pressed in this way, out of elements of the kind considere
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using two half-adders, is shown in fig. 58 (a). The first half-adder forms the .
sum-digit and carry-digit from the digits r, and y, alone, and the second
deals with the carry-over process. The analysis of the operation of thig
adder in terms of the algebraic representation of the aperation of the
various elements is interesting as an example of the use of Boolean algebra,
in this eontext.

x XAy Kayaw
@ =1 HaLF > HALF [
| avoer [ A 5] aoDer | 2 \
I .\:\
7NN ©
x rh Xy “s”‘
G | HALF .. ) .\‘
@ | aober [Lh AN
L \
4 AN

Frc. 58, (a) Synthesis of adder from twa harf;a.’ddors. (b) Simplified
adder when one addend (%) has onl\pne non-zero digit.

For digital position «, let z, be’tﬁé'“cmt-put in the earry-digit of the
second half-adder. The outputs frem ‘the first half-adder are (xAy), and

\

(xy)n [see fig, 54 (e) and formula, (8.3)]. The inputs to the second hal-adder
are (zAy), and Q

on = (@) vy, (8.6)
and its outputs are (?J}éj/\ w), for the sum-digit and
A%
P \d 2. = [w(z Ay, (8.7}

_ A&
for the carry{s[igit_ Then it follows from (8.7) that (xy2), = 0, so that

there are ng:ver simultaneous pulses on the two lines into the delay ele-
ment, A}s;p'elimination of z gives

.\ ) Uy = [xva{x/\y)]n—l;

this simplifies to
W, = [zyvywvwx]n-—l;

which is the recurrence relation satisfied by the carry-over digit ¢, in the
sum (x-y) [see formala (8.5)]. Now for the least significant figure, say
;= 0, 20 = 0 sinee there is at most one input to the second half-adder.

enee wy = {zy), = ¢y, the carry-digit into the next to least significant
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figure. Hence w, = ¢., and the output (zxAyAw), of the second half-
adder is s, [sec formula (8.4}].

If the output from such an adder is eonnected back to one of its inputs
(say y) through an element giving a delay of 1 minor cycle (fig. 59), it
will accumulate the sum of suecessive numbers input at x, and i called
a “ecumulative adder.”

QY

Fig. 59. Cumulative adder with control of round-carry. (Rnund;-earr) 18
normslly suppressed, but # ~RCS8 =1, this suppression is mh:b:ted)
m\

If one of the addends (say y) is 1 in a single binaky place only, then addi-
tion ean be carried out by a single half-adder (ﬁg\\ﬁ‘Sb), as there can never
be simultaneously a pulse on y and a carry puis{e A ecumulative adder sim-
plified in this way, with the cloek pulse Pihas‘its input, adds 1 in the n~th
place for every minor eycle, so that it fo;ms 4 minor cycle counter, counting
in terms of the n-th digit as wnit (fig.\68). :

Ancther form of adder, due t0* von
Neumann, is represented in fig, 61 (a). A
cumulatwe adder can be fornled from it
by feeding the output ba¢k.as one of the  pgp HALF I try
addends, as in fig. 59pand if x is 1 in g ADDER |=>
single binary place only, the threshold-3
element is never reqjﬁred, so the adder can
be simplified b}z\oﬁitting it. A minor cycle
counter congigling of a cumulative adder
simplified iffthls way is shownin fig. 61 (b).  Fie. 60. Minor cycle counter {sim-

A muitiipher is & special form of cumu- ° plified cumulative adder) counting
lati édder, in whieh the input is con- % P2z,
trolled to be zero or the multiplicand, ac- o
cording as the digit of the multiplier is 0 or 1, and the delay line is two
minor eycles and one pulse period long, the double length to hold the full
number of digits of the product, and the one extra pulse period to give the
shift between the contributions from successive digits of the multiplier.

Since in a serial machine the adder is a comparatlvei)’ simple unit, it
is practicable to incorporate two adders and do each addition in duplicate.
The results can then be compared and the next operation only under-
taken if this check is satisfactory.

i m.c,

Fr
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EXAMPLE

e 1 1 1 0
x 1 11 0
¥ 00 111
1

0 ¢

1010

Q.

2N

'\
Minor eyele counter (modificd adder)

kb &

7°%& i
=0 except foy’ane digit of each minor

L2 eyele. " '\ L4

(r="P1, for éxam])fe)

o
Fio. 61. Alternative fogth, ot binary adder.

LR
R

8.6. Control ' )

The function of a control sjr.'stem is to take the operating instructions
in the appropriate order andMo take the action necessary to ensure that
each is carried out. How'it does this will depend considerably on such
characteristics of the b@efat-ing instructions as whether they arc of “one-
address” or “four-gddress’” form (see §5.8) or of some other form, and
what criteria ean B¢ used for conditional selection of the next instruction.
Different machines differ considerably from one another in these respects,
and it does/ndt seem possible in a short account to cover them all. One
Possible organisation of a control system will be considered here as an
exam.p}g’; It is not the control system of any actual machine, though it
illustrates some features of the control system of the A.C.E. :
\ Most operations in a delay-line machine involve the transfer of a word
from: or to g delay line, and the eontrol system must be able to select the
delay line to be used 28 souree or destination for each transfer, and to

time the .transfer s0 that it starts at the beginuing of the right minor cycle
and eontinues for the right period.

In the illust.ra,tive example here considered, it is supposed that a
standard operation is g

dotir transfer from s specified souree 8 to a specified
estl.natl.on D, and that the standard instruction specifies the source and
destination numbers, and g “timing numher” ¢, and that the period for



PROJECTS AND PROSPECTS 107

which the transfer continues is specified by a “characteristic”’ ¢ in such a
way that when ¢ =0 the transfer starts in the minor cycle after the instruc-
tion has been received by the control system, and continues for { minor
oycles, whereas if ¢ = 1 nothing happens for { minor cycles, and then
the iransfer starts and lasts for a single minor ¢yele. The instructions are
located not in serial order in a delay line, but in such a way that when
the operation specified by one of them has been carried out, the next is
the one which at that instant is just about to become available as input
to the eontrol system. Thus it is only necessary to specify explicitly the
delay line in which this instruction is located; the selection of the ap-
propriate word in the delay line is ensured by the timing number and\the
ordering of the instructions in the store; planning the latter is part.of the
process of coding a problem for the machine (see §8.9). X O

A possible organisation of the transfer cireuits for such-a machine is
illustrated in fig. 62, Here a number of source-gates forme:d' by threshold-2
elements on the right, and a number of destination—gﬁt}s on the left, are
connected by a single bus labelled “Highway.” dn‘this bus there is a
further gate, labelled “transfer gate,” which ’exé'cises the main control
over transfer of words between the varioussources and destinations. An
instruction specifies one source and one destination, and, when received

o —

2

O ' Y s37
.}f . . . ADDER |- )

\”“;" DIS DL 15 515

- —1 1024 T i

Transfer
- - - - - - Ga“

HIGHWAY 4?:(_—

from control
system

Fic. 62. Dlustrative example of transfer cirenits.
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by control system, opens the corresponding S-gate and D-gate through
selecting circuits; then at the appropriate time the main transfer gate in
the highway opens and remains open for the number of minor cycles re-
quired for the transfer.

An organisation for the main eontrol system to carry out these opera-
tions is shown in fig. 63. This consists of five main units, three of them,
enclosed in broken lines in fig. 63, being assemblies of functional elements
of the kinds shown in figs. 53 and 54, and two trigger cireuits labelled
TC 1 and TC 2. Of the three larger units, one is a static register or “stati-
ciser”” on which the instruetion currently being carried out is set up.in static
form, one controls the conditional selection of the next instryetion, and
the third is a minor eycle counter (see figs. 60b, 61b). Thedrigger cireuit
TC 1 controls the transfer of numbers; when it is “on,’” a-signal from it
opens the main transfer gate in the highway (see fig. 62) and allows the
transfer, specified by the source- and destination-nimbers set up on the
gtatieiser, to proceed. The trigger eircuit 7C 2 gagitrols the reception of
the instruetions by the control system. O

This system operates as follows. Suppeéerfirst that TC 3 is off. Let
us start from a stage in which 7C 1 is f‘o:n’ 50 that a transfer is taking

10 TRANSFER o0
e S ey o
P~ RN MINGR-CYCLE
e . T F......’ ---------------- 1[ COUNTER
i L 1 2 . i
! E32 R =iy H
E o ' 1 E 1 2 H
10, R G R N\ i
A in S ' | ' WAY
: (13 ; HIGHWA
............. J 2 L] 4 | |
el CONDITIONaL —TI'GHWATS] 3 Lo 2 ;
SELECTION T A N B s o
| : T 2 [ e]]
o (TSRS N - i 2 024 2
! N & 'aNg 02
F3 } M
: 2 NK ; INST #9108 wiog
1
i R4 i
: S fo4 o3 DIg3
[ £ -STATICISER FoR °1% ouio 2
EPTE (SNgY i B SRS s==~-eaoudooL0 CURRENT INSTRUCTION 2 1024
N
y BANPY 8 INFUTS
SOURCE DESTINATION
SELECTOR SELECTOR
...... ey *-1------‘
28 quteurs -2 outpyre

FORM OF INSTRUCT!ON.—SOIJRCE NOQ.; DESTINATION NO.; CHARACTERISTIC ; TIMING NO,

D1GITS 3-|2 13-22 24 27-32 -

T.C.1 CONTROLS TIMING OF TRANSFER BETWEEN SOURCE AND DESTINATION
TRIGGER cmcurr{'r.c.a CONTROLS TIMING OF SETTING LP NEXT iNSTRUGTION

1.0.3 CONTROLS CONODITIONAL SELECTION OF NEXT INSTRUGTION

F1o. 63. Tlustrative example of funetional organisation of control eircuits.
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place; it will appear shortly that TC 2 is necessarily “off” at this stage.
When the transfer required is complete, TC' 1 is put off, and this ean only
oceur at the first pulse (P1) of a minor eycle. The end of the sighal output
by TC 1 results in a single pulse being emitted from the element E, which
both clears the staticiser and exeites TC 2, which remains on for just one
minor cycle, being extinguished by a pulse on its inhibitory input at P1
of the next minor cycle. While it is on, the gate formed by the threshold-2
element D is open, and digits 3-24 of the word » then being emitted from
delay line “INST" will be set up on the staticiser; the instruetions must
be so loeated that this word is the next instruetion to be acted on. Signals
from TC 2 also clear the minor-eycle counter and allow the complentent
of w 1o be set up in it. The first 26 digits of this are irrelevant; the gourting
is done in digits 27-32. e

Digit 24 of the instruction is the “characteristic” alread.j;fdentioned;
if this is 0, trigger circuit CI 24 of the statieiser is not exsited, and TC 1
iz excited by the pulse emitted by TC 2 at the end,ef the minor cycle
when it is on; the transfer starts immediately, and pontinues until 7'C 1
is extinguished by a pulse on its reversing inputs\this occurs when there
is a carry-over from the most significant digit.of bhe content of the minor-
cyele counter. If, on the other hand, theX'‘eharacteristic” is I, trigger
cireuit €7 24 is excited, and its output nlibits the excitasion of TC1
by the last pulse output by 7TC 2. Thjéﬁr TC 1 remains off until it is ex-
cited by a pulse on its reversing inﬁjlt, and it is then extinguished after
one minor cycle, "

Now suppose that TC 3 is‘oh. Then the train of pulses input into &
lasts for one minor eycle j{‘er’ TC 1 is extinguished, so the next instruc-
tion is received by the st;%ﬁciser one minor cyele later than it would be
if TC 3 were off. Thug eonditional selection of the next instruction is ob-
tained by sending toldestination D 16 (the input to 7C 3) a0 or 1 according
as the relevant critbFion is or is not satisfied, and locating the two alterna-
tives for the r@ét’instruction next to one another in a delay line.

As alread:;r mentioned, this must not be regarded as & representation

~of the cofityol system of an actual machine, but as a simplified illustra-
tion of some of the operations a eontrol system must he able to do and
one kind of way in which it can be organised to do them.

8.7. Parallel Machines

A type of machine far removed from the delay-line machi
In the previous sections is one using & static form of storage and Parallel
operation. At present the only praectieal form of large-capacity _St&!nc S‘FOI‘-
age seems to be some form of electrostatic storage of charge dlstrl‘buﬂon-
The main differences of such a machine from a delay-line machine are:

(i) No precise timing of operations is needed, either in the op emtwn_

nes considered
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of the machine or in the programming. The content of any storage loca-
tion is available at any time, and the completion of the operation specified
by one instruction is all that is needed to initiate the reading of the
next instruction; . :

(i) In the arithmetical unit, a separate compoenent must be provided
for addition in each binary place (or in each digital position in a coded
decimal machine), and carry-over must be obtained by some means other
than a time delay;

(i) Shifting (multiplication by 2 in a binary machine) must_also be
accomplished by other means than a time delay. \

As with the series machines, there are various possible wayg'ef carrying
out the various functions whieh have to be provided in such & machine.
A possible form of adding unit, built up of a set. of half-adders conneeted
together, is shown in fig. 64; if this is drawn out in».fmb‘i"e detail, it will
be seen that the connections through the threshold-3. tnits (see fig. 54 (e))
of the right hand set of half-adders carry out an.eperation equivalent to
the “simultaneous carry-over” of Babbage’s Analytical Engine and some
other machines (see §5.4). O

Multiplication ean be performed by, Successive additions of the mul-
tiplicand with appropriate shifts, eachifidividual addition of the multi-
plicand being & parallel operation: the*question of carry-over is simplified
if multiplication is carried othi;f the order of increasing significance of

SN g
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Fre. 64. S_}'nthesis of parallel adder from half-adders.
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the digits of the multiplier; then after p digits of the multiplier have been
used, the last p of the digits of the produet will not be affected in sub-
sequent stages of the multiplication, and can be stored in a part of the
machine which is purely a register, without carry-over facilities; thus a
full double-length produet ean be formed. without requiring that the
adding-unit proper be able to handle more than single-length numbers.

The control system of a parallel machine with static storage is likely to
be considerably simpler than that of delay-line machine, possibly to such an
extent as to offset the additional complication in the arithmetical unit due
to the need to duplicate compenents in order to obtain parallel operation.

A machine of this kind, with electrostatic storage supplemented, by
magnetic wire, is under construction at the Institute of AdvancecﬂfStudy,
_ Princeton. a\

Ny

7°%a&
S

8.8. Other Types of Machine A

Another type of machine is one which uses magneﬁc'material as the
main storage, rather than as an auxiliary storage ag\n the Univac and in
the Princeton machine. If the magnetic materi@l‘k’in the form of a mag-
netie drum, information can be stored on aombauber of parallel channels
round the drum, and synchronism betweefi these channels is assured by
- the rigidity of the drum, and does not .d.eilend on precise control of speed.
One or more of the channels can be sed to carry index signals, and the
position of the drum at any momendtican be identified by keeping a count
of these index signals as they pédss under a reading head.

Such a drum can be uscd'@itl}er for serial or parallel storage of “words.”
In a series form of storage\bh’é digits of a word would be recorded serially
oL a single channel; in 4“parallel form, they would be recorded in similar
positions, relative to &he reading heads, on several channels. It is also

- possible to use a mixed form, for example in a coded deecimal machine
the four or ﬁvQQigits representing each decimal digit coutd be coded in
parallel on fofin‘or five channels, but the successive decimal digits couid
be stored sdrially. How it would be used depends on the organisation of
th‘f I‘?St‘fof‘ the machine with which it is associated. If the arithmetical
umt; iintended for parallel operation, it would probably bhe most con-
venient to use a parallel form of storage on the drum.

Two machines using magnetic storage are under construction, the
AR.C. (Automatic Relay Computer) by Dr. A. D. Booth in England
(I?a)’ which, as its name implies, will have a parallel relay arithmetical
unit, and “Mark IIT Caleulator” by Professor H. H. Aiken at Harvard.

8.9, Programming and Coding

d Tht_% brocess of preparing a calculation for a machine can be broken
oWn into two parts, “programming” and “coding.” “Programming”’ is
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the process of drawing up the schedule of the sequence of individual
operations required to carry out the calculation, and “eoding” is the
process of translating these operations into instructions in the particular
form i which they are read by the machine. :

Newcomers to the subject often seem to find diffieulty in appreciating
the degree to which a calculation has to be broken down into individnal
operations before it can be coded for a machine, A machine can only
earry out the operations of arithmetic, transfer operations, possibly some
of the “logical operations™ (see §8.3), and discrimination; any caleulation
must be broken down into a sequence of such operations befgre it ean
be handled by the machine. I' have been asked, for example, 1f'the ma-
chine ean constriet a table of prime numbers in a specified range, say
107 to 2.10°. The answer is “Yes, if you can specify a sdghence of these
operations which will lead to the required result.” The\ machine has no
inbuilt knowledge of prime numbers and their propérties, or direct means
of recognising them; it can only obtain them and:identify them by cer-
tain proeedures which have to be programmed.dady Lovelace’s comment
- (see p. 70) “The machine can only do whatywe know how to order it to
perform’ is ax appropriate now as it was a‘htindred years ago.

Although the various kinds of ma;c‘}iilfes considered in -the previous
sections differ considerably from ong\ahother in their internal organisa-
tion and operation, the general pr{ji;'es.‘; of programming a calculation will
be much the same for any of th&ijr, for it depends primarily on the struc-
ture of the sequence of operating instructions required to earry out the
caleulation. Some characpp(%stic features on an individual machine will,
however, affect the details) of the programming. Such features are:

{i} The Standardj&m of operating instruction adopted; whether this
is, for example, a_‘‘amte-address” or “four-address” form (see §5.8).

(i) The facilities provided by the standard instructions; for example,
whether divisign“can be earried o direétly or has to be done by means
of an. itera&iﬁé’procesa which has to be programmed.

(iii) Ihe criteria which it iy possible to use for diserimination between
positivéralternative courses of procedure; for example, whether it is only
I?Q*h‘iib}e to discriminate on the sign of & number or also on other criteria
such as the likenens or unlikeness of signs of two numbers. '

‘Von Neumann and Goldstine (40) have proposed a method of indi-
cating the structure of the sequence of operating instructions by means
of a “flow diagram” Tepresenting the control sequence. This is in the form
of a hlfmk diagram, in which the blocks represent operations or groups of
- Operations, and are joined by directed lines representing the sequence of
these operations.

A simple example is provided by the iterative process

Taps = 2,[10 — azl] /9
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for crf"g (see §9.2), 2% to be obtained as (x3)* by repeated cubin d th
quar}tlty 2= (Tap1 — T2)® — € to be evaluated as a criterion o? 31}11 t; :
the iterative process had been carried far enoughL that is whet: T
ean b_e. used as an adequate approximation to o;r”’9 or whle,ther : i Il:H
repetition of the iterative process is required. The flow dia, Y or (?1'
process is shown in fig. 65. gromm for this
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Fia. 65. Block diagram of process of fim:iing a~V% by itemtiuﬁ formula
Zapr = 2100 — axll/9.
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Out:ul:)l?ck labelled wit-.h a“m{n'an numeral, and with one input and one
Tep}‘e‘-;(:n t‘?prest;nts an ar}.glaznetical, logieal, or teansfer operation, Formulae
the cko}retng td‘e 0perﬁiwn, or groups of operations, may be written in
veniont nl'lt(gl lng“blqc s, or listed separai.;ely; the former is more con-
. m()re. (: ne g-qt\uat process of‘ programming, though the latter may be
represe;ntomp«:}:} b ray of presenting the results. A block with two outputs
s o bﬁgi( glection het.wcen two.alternative procedures; the symbol in
‘o diseri'\' stands for the quantity ?\rhich is being used as a eriterion
. num,l.)'ml?ate kluet?veen these alternatives. It is convenient to represent
P er | specifying a storage location by {i], and the content of this
deation by C[lj*; and the sign of the content of I by S[i].
. The blocks outlined by broken lines in fig. 65 do not represent opera-
ions of the econtrol, but eontain explanatory notes and memoranda for
the_programmer; in the actual process of programining they can con-
‘_"imeﬂt}y be distinguished by the use of red ink or pencil.

and Goldstine’s notation which I have found

ed sequences of operations, it may be con-
i hese number is CL,

he number of the
he formula to be

com:';’l_hxs is an addition o von Neumann
Venie;;lt,le:;' In programmmg'more involv
My write C*{I] for the content of the storage location
ator er \j’hlch is ut storage location I, and L[z] or €7[%] for 1

age location whose content is the value of a quantity x 1n b
evaluated,
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In the example shown in fig. 65, the loop through the operation block
IV is concerned with the evaluation of 3 from ¥, and C[2]=1 is a num-
ber used to count the repetitions of this calculation. At the beginning of
the (n+1)-th repetition of the iterative process, C{l]=r, and ¢[2] = 1; CI2)
is decreased by unity for each repetition of the cubing process, so that
after two repetitions of this process, when C[4) = »* ('[2] becomes nega-
tive and the criterion 8[2) then results in the control selecting the first
operation in block V as the next to be earried out. e other selection,
between repeating the jteration and going on to tie :«-uhsvmwnl\calcula-
tion, is dealt with similarly.

To make the machine as flexible as possible, it scems adyisable to have
considerable freedom in the selection of the eriterion to usetor diserimina-
tion between two alternative courses of procedure. I'L,’j:%\'])()ssillle to use
S{l] as the only criterion, but it jg convenient also to i)l}tﬂ.bl‘(! to diseriminate
on the basis of other criteria, such as the equalify “of two numbers, or
perhaps the parity of a number or the likeness of'the signs of two numbers
without reference to their magnitude, A,

of stopping at any seleeted point in g caledlation and then inspecting the
content of any storage location. Both, th¢ EDVAC and Univae will have
this facility, the “breakpoint” ithh“ich the sequence of operations is

o0 a set of switches, so thaf after ings
the operator can decide,zig'irhether to continue the normal course of the
caleulation or perhaps %ovgo back to an earlier stage or to skip some in-
struetions and go 00 Mo a later stage. These facilities are likely to be
particularly valuable in exploratory work, whe
ahead how the ealeulation is going,
decide on theHgsis of them what to do next. They are likely also to be
valuable irdesting and ¢hecking both the machine and the programming.

peetion of results st a breakpoint,

..\:.

N
\¥
\;



Chapter 9

HIGH-SPEED AUTOMATIC DIGITAL MACHINES
AND NUMERICAL ANALYSIS

9,1. Introduction

Our present standard methods of earrying out extended numerical eai-
culations are based on the capabilities of equipment at present generally
available, or which has been available in the past. With the development
of new kinds of equipment of greater capacity, and particularly of greater
speed, it is almost certain that new methods will have to be developed
in order to make the fullest use of the capabilities of this new equl ment.
It is necessary not only to design machines for the mathematies, but also
to develop a new mathematics for the machines. We mugt try to look
ahead and foresee some of the possible methods and pr'gl;lems which will
have to be studied in conneetion with the application of the new machines
which we may expect to become available in th&n:eiit few years.

The following are some of the properties WeNBay expect of one of these
machines. It may be expected to carry out Andividual arithmetical opera-
tions in times of the order of a millisecprd‘for each operation; to have &
capacity of the order of some thousards of “words,” each of which may
be either a number or an instruetion, and %o take the instructions in
succession and set up automatieally the proper connections between its
component units. Also i at_any point in the caleulation there are two
(or more) alternative courges for the subsequent ealeulation, it will gelect
and carry out the corrqct}one according to specified conditions. ‘

The speed makes’\j\’&p‘racticable t0 use methods of ealeulation involving
large numbers of‘single arithmetical operations, whereas our presen.t
methods are sifed at saving such operations. For example, if multipli-
cations can peearried out at the rate of a million per hour, whieb is glread'y
possible with” the Eniac, a calculation involving 10° multiplications 18

almost, stﬁ\v“ial as far as the time taken to carry out the numerical work

is Gori(}'érned ; the time taken to program the calculation would probgbly
or even 108 multiplications

Jpeolich larger. And calculations involving 107

are by no means too large to be considered. ) _ "
In general the time taken to carry out the detailed numerical wor

with such a machine, relative to the time taken to plan it, is likely to be
very much less than it would be without the machine, Hence wher._eas
without the machine it may often be worth spending some t.in‘:ae developmg
methods for eutting down the amount of numerical work m‘volved in &
calculation, with a machine it may be more effective to use simple crude
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methods rather than spend time developing more elaborate methods ip.
volving fewer arithmetical operations.

An example oceurred in the application of the Enise to the equa-
tions considered in §7.8 (see ref. 24). These were differentiai enuations
with two-point boundary conditions, which were treated by evaluating a
number of trial solutions. Two methods were available using the results
of previous trial solutions to estimate better initial eonditions. One was
crude but simple to apply, and needed very little programming and only

beforehand: the other Wwas more accurate, and would enable the required
solution to be reached with fewer trials, but was more elaborate ahd would
have taken mueh longer to program. The cruder method wat’ss?preferred,
since each trial solution took only half a minute, and the extra time taken
by the greater number of trial solutions was less than the extra time it
would have taken to Program the more elaborate proge?séA Thus the cruder
method wag actually the more effective in using the m:},e'hine, whereas with-

tions to be evaluated. This example shows £Hdt though experience with
hand computation (assisted by desk maehines) is valuable in planning
caleulations with high-speed automatijg, achines, it must be used with
discretion and with appreciation of the great difference between the con-

finite number of significant figures at each stage of the caleulation. The
study of these errors and their effects s one of the general investigations
required on account6f the capabilities of these new machines.

i
9.2. Tterati e:l?léthods

.A 'class~ th]etl}ods which seems very suitable for mechanisation is that
of 1tera‘pi¥e.’ealeulations (30, 55).

Iﬁa@équation J) = 0 is written

y = Fly) ©.1)
2 solution may be found by constructing the sequence [y} defined by
Yur1 = Fly,); 9.2)
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is ealled an iterative method. Such a method can also be used in cases in
which the unknown y is an ordered set of numbers, a matrix, or a fune-
tion of a continuous variable z, or perhaps of several such variables, When
y is a function of z, the equation corresponding to (8.1} ig y = Oy where
O is an operator which may involve differentiation or integration. Such
methods are suitable for mechanisation for two ressons; they are to a
certain extent self-checking, and the successive repetitions of the itera-
tive process make little demand on storage capacity. R

Iterative methods can be classed according to the way in which the
erTor . = yn — Y of the n-th iterate decreases as the number i of\repe-
titions of the iterative process increases. If y is a number, as digfidet from
a set of numbers or a function, expansion of the right-hand gide)of equa-
tion (2) in a Taylor series about y=7Y, gives O

774

g1 = Lifln + aan? + ash + . . - " (9.3)

o\

where
0 = FO(Y) /LD

An iterative method in which a; = 0 for k\< j, @; % 0 may be called &
“4-th order’” iterative process. ¥or a first-order iterative process, the num-~
ber of iterations required to obtai;'t’éé,eh new correct significant figure in
“the result-remains the same; for~a second-order process the number of
eorrect significant figures is dovbled for each iteration; for numerical work,
a second-order process is vefy tnuch better than a first-order process.
When y is a number\it is always possible to derive a second-order
process from a first-erder process as follows (3, 4, 55, 97). If yo, Y1, 4 8T
three suceessive itesates of a first-order process, let a quantity Y+ be de-
rived from then{ by the formula
\O" ' = Loz — )] / (2 — 291+ t0)-
O\ _ - : .
Let Y*a\Be the quantity obtained by putting 3 = Y* in this formula.
Then! i;ﬁé process of forming the suecessive values of Y¥ is second-order.
For _practical work it is not convenient to caleulate Y* from this formu}a,_
since it expresses Y* as the ratio of two quantities each of order o, which
may be small. But if it is written 80 that Y* is expressed as the sum of
the best available approximation ya and a correction

oy, — (4o — 97/ (32 — 20+ %)

the correction itself is of order 7, and there should be mo difficulty in

evaluating it. The extension of this to cases in which ¥ is a set of num-

bers or a function of one or more independent variables would be an

(9.4)

(9.5)
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important step. When ¥ is a single number it js usnally f
up a second-order iterative process direetly, hut when
bers or a funetion, it is usually not ohvious
than a first-order process, and some
such a process is badly needed.

Consideration of formula (9.3) gives the eanvergence of the iterative
process when the error 5 is small, but another requirement is a method
of improving the convergence in the early stuges when the crror may be
still quite large. It is possible that this would have to be worked out afresh
for each particular problem. Q

A simple example of an iterative process
without doing any division ; this
at any rate) is an untidy process
Y» defined by

airly easy to get
¥ 15 a set of num-
how to set up anything better
method of improving the results of

ix one for ﬁmlingia. reciprocal
is useful beeayse division ,Qﬁ"scale of ten,
to mechanise. If 4 ix given, the sequence

7%
4 %

Ynit = 2 (2 ~ ay,) R4 (9.6)

GOLVETges to 1/a (provided g, lies between 0 andh2/a); use of this formula
gives & second-order iterative process. A thif
-\

d-Order process can be based
on the formuls

¥ =y, (3 (1 — g} + (ay.)). (9.7)
Formula (9.6) is a special case Of"tﬁé’formuIa {see ref. 62, p. 176)

Ynir =4 + 1) ~ (ay2)) /0 (9.8)
which gives g second’-m‘&’e\r iterative process for aV» and a similar
generalisation of (9.7) %0 give a third-arder process for an inverse p-th
roo_t ean be obtained YAnother Important special case is given by p = 2,
which giveg @48f6m which 6% can he obtained by multiplying by a.

Alternatively\;a useful direct second-order process for a square-root a¥
is given by, ¥

A

T

Yntt =y, (3¢ — 32) /9a, (9.9)

Thiﬁsf‘ﬁ}} be more tonvenient in practice than the better-known second-
orderprocess based on Newton’s formula

Yur1 = % (o + a/y,) (9.10}

tion of solut;
(§89.5, 9.6}.
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9.3. Simultaneous Algebraic Equations

It is probably the case that there is no one best method for the evalua-
tion of the solution of a set of simultaneous linear algebraic equations,
but that the best method in any particular case depends on the structure
of the set of equations concerned. This is certainly true of methods for
treating such equations without the use of an automatic machine, and
may well still be true when cuch assistance is available. For example, it
may be that most of the coefficients are non-zero, and are not small in-
tegers and moreover are known only approximately, either because they
are derived from measurements which are subjeet to experimental error
or because they are results of previous caleulations and are subject to
rounding-off errors; or it may be that each equation involvesxﬁnly g few
of the variables, and these with coefficients which are small integers and
are known to be exact. It is quite likely the most approprigte methods in
the two cases will be different. D

The standard textbook method is the use of \the* expressions for the
solution as the ratios of determinants, but the use of this form by direct
evaluation of the determinants is quite upshitable as a practical eom-
puting method. Praetical methods can be’}ﬁ‘vided into two classes, and
have been distinguished by the terms #@direct” and “indirect” (38). In-
direet methods are those in which the! woknowns are obtained by a process
of sueeessive approximation, as in.'thé srelaxation method’ of Southweil
(85, 36, 101, 102). In such methdds the computing process used is applied
repeatedly, and the numbepot repetitions required to obtain & specified
approximation to a solution is not predetermined. Direei methods are
those, such as the use of elimination, in which the unknowns are obtained
in a single applicatm@ of the proeess, to any accuracy, provided that an
adequate numbepoffigures have been retained in the work.

Some form GhEuccessive elimination may be the most convenient direct
method with{ah automatic machine. Such methods have come under sus-
picion 19{&91} on account of an estimate by Hotelling (68) of the possible
cumulative effects of rounding-off errors. However, 2 discussion and eon-

pafiden’ of various direct methods have recently been earried out et the
Mathematics Division, N.P.L. (38); these have shown that although it may
f equations to which this

be possible deliberately to construct systems o
estimate applies, experience with many sets of equations not so eex}st_ructed
indicates that for gemeral application it is mueh too pessimistic. An
analytical study of rounding-off errors in the efimination process has also
been made by von Neumann and Goldstine (88). _ .

By a slight extension, the method of elimination can be used_ to invert
the matrix of the coefficients, and if solutions for a set of equations

Zaiw; = bi (9.11)
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with given coefficients a;; are wanted for a number of sets of values of
b, the most efficient method may be first to evaluate an approximation,
say a* to the inverse of the matrix a of the coefficients, and then to
multiply each set of b's by a* Since, on account of rounding-off errors
in the caleulation of a*, this matrix will not be exactly the inverse of the
matrix a, the result ¢ will not be exactly a solution of the equations
(9.11), though it should be a good approximation to a solution; it is
advisable therefore to caleulate the quantities ¢; = (b; — Yja.¢;) and solve
In & similar way the equations

Eiat'j' (-'L'_;‘ - Ej) =€ N\

{compare 4.1a) for the corrections to the approximate solutienj’q‘y.

Of the indirect methods, Southwell’s “relaxation’’ method'is very con-
venient for pencil-and-paper work with equations of suitable form. But
although it should he possible to devise a Hpecial»purﬁc{se digital machine
for carrying out the process, it does not seem suitablefor a general-purpose
‘automatic machine of any of the kinds at present epritemplated, as the unit
process consists of scanning a large number ofyguantities, for which these
machines are not particularly suited and wolild take a comparatively long
time, and then carrying out a very simplé ecalculation selected on the
basis of the results of this seanning, \Méreover, an experienced worker
can hasten the process of approximation by trying to anticipate at eaeh
step the effects of later steps in thé“process. It might be possible to study
the way in which the human, ¢omputer exercises judgment in this con-
text and to analyse it far eg@gh to incorporate a simple form of it in the
operating instructions to,fhe machine; but this would probably require
quite an involved set ot discriminations and conditional seleotions of in-
struetions, which would' make substantial. demands on storage.

Another proce;ss:\dépends on the fact that, for a set of x; which s a
solution of the'gguétions, each of the quantities

\§ i = (Ziagx; — by)

Whgcl:} SQuthwell calls the “residual” for the i-th equation, is zero, so that
Zai(=\0, whereas for any set x; which is not g solution, not all the r/s

are zéro, so that 42 is positive. 8o the determination of a solution is
equivalent to minimising the quantity

S = %‘Z‘-?‘?,

and we can try to obtain the solution by minimising S by a direct numerical
Process.

At any point z;, it is possible to evaluate the direction of the greatest
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rate of decrease of 8, that is, the direction of — (grad S). This is normal
o the surface S = eonst. through z; (see fig. 66), and is given by
BS 6?’; . '

dr, = —k—— = —kZgi—, (9.12)

a.Tj aI_;

where k is independent of § and is positive. This forms a set of equations
for a “curve of steepest descent,” that 1s a curve of which the fangent
at each point is in the direction of —(grad S) at that point. Evaluation
of u solution of these equations from any starting point z; should lead
10 & minimum of S and so to a selution of equations (9.11); such a method

has been eailed a “method of steepest deseent.””* Continuous integration
e\ -

P\

5TART (XQ,yo|%‘)}‘ ;

Leci of
' Constant §

{" Frc. 66

) 3

71

of these differential eguations has been used as a means of solving sets of
he differential analyser {103).

simultaneous algekr@i¢ equations on t
A step-by-stap.Bolution of the differential equations for a cury
steepest des ertt, ‘would be possible on an automatic digital maehine, but
such a eurveds only a means of reaching the minimum of S and is of no
further i;}ferest or value, so that no purposé is served in caleulating it
accurafely; and in any case the firgt step in such a proeess is the replace-
ment_of derivatives by finite differences, 50 that an alternative process
not so closely related to the differential equations may be more effec{;we.
One alternative is to evaluate S at a number of points z; along the fhrec-
tion of steepest descent at some point (z)w and from these to estimate
the position (#;)q, of the minimum along that line (fig. 66, line 1); then
" detormine the direction of steepest descent at () (fg. 66, line 2), and
so on. Some experiments I bave made with this method (54) suggest that

* The ferm ig used here in a different sense from that in the theory of functions of

" a complex variable.

e of
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it may not be quite as straightforward as it sounds, but Boath (12) hasg
reported a successful use of it jn another context,

An important advantage of both these indirect methods is that they
can be applied to non-linear equations, and Booth's applieation of the
method of steepest descent was in fact to a set of syeh cruntions.

9.4. Solution of Ordinary Differential Equations

It has already been emphasised in §2.10 that in the practical evalya-
tion of the solutions of differential equations, cither by the differential
analyser or by numerieal process, the nature of the houndary afd>other
conditions is mueh more important than the form of the equation; and,
ctoneerning the boundary conditions, what is most importand ¥ not what

such as a condition of periodicity, between the conditions at the two
ends. Another type of condition which soméfimes arises is a condition
on the solution ag g whale, such as a normia sing condition [ bydr = 1,
Or a eondition of orthogonality between‘tlw'o functions in the solution of
a set of simultaneoys equations, ag in.the example;

¥+ @) = MY folz) — Mgl < 0

~

z7 + [fulz) )z + [g(z) — Aely =0

with conditions Y=z =~O<zit:’\x =&, T =5 and

b N\ b b
fyf.\da:'rf Zdr =1, fyz dr = (.
7\ ‘
. Ifall cond{ﬁi:f’ﬁs are boundary conditions at g single value of z, integra-
tion can start\from there with nothing unknown, and usually proceeds
without difficulty, apart perhaps from the cecurrence of singularities. But
if soome\t b\o“ndafy conditions are given af one end of the range of integra-
tion“apd some st the other, or if there is some condition or the solution
as a whole, then it ig usually necessary to estimate some conditions at
one end of the range, or one or more parameters in the equation itself,
or heth, and to evaluate a set of solutions with different values of these
estimated initja] conditions and Parameters, and to adjust these estimates
until & set is found for which the solution satisfies all the specified condi-
thDS- In special cases this may not be heecessary; for example, for a
single linear homogeneous €quation a normalising condition can be satis-
fied by evaluating any solution satisfying the boundary conditions and
multiplying by 5 hormalising constant afterwards. And if the equations
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gre linear but inhomogeneocus, with no parameter in the equations them-
gelves to be determined, it is formally possible to obtain the golution re-
quired by superposition of a particular solution and a complementary
function; however, it is very often found that this is only a purely formal
possibility, and is quite unsuitable for practical numerical work. And in
general these procedures are not available.

9.5. Solution of Ordinary Differential Equations With One-Point
Boundary Conditions B

For integration of differential equations with one-point boundary con-
ditions, step-by-step methods seem quite satisfactory. In such a method,
the range of integration is divided into a set of equal intervals 8%, and if
the solution has been taken to =2y, the next step is t0 cArTy the integra-
tion through an interval 3z fo r=21 = xy+5x. by

If the differential equation is of the order n, and gllttfhe‘functions oc-
curring in it can be differentiated as often as requirqd,}a‘powerful method
(15) is to differentiate the equation m times and soobtain formulae for the
derivatives up to the (m-n)-th in terms of silese up to the (n—1)-th,
and then use the Taylor series at x = Xo, I£ 8, and S, are the sums of
the even and odd terms in this series, then oy =y (xg + 82) = 5. + S,
y, =yl —éx) =8, — S The latter\ provides a very good check on
the integration from y_1 t0 %o and bii the formulae used for caleulating
the derivatives of zo. Similar formulae can be used for the derivatives up
to the (n—1)-th. £ -

Tf some of the functionsiedeurring in the equation are specified by &
table of values and notiBy~an analytical formula, such a method is not
usually applicable onf'account of the difficulty of obtaining satisfactory
values of the highérsderivatives of a function specified by a table. ?n
such cases, use of séme formula expressing integrals in terms of finite dif-
ferences of tlé\integrand is preferable. It is advisable to use gentrals
difference jxi@ération formulae, since in these the coefficients converge to
zero. In .ﬁ(;'irms-of the central-differcnee notation for finite differences, the

. N
majmfermulae are:
For 4 single integration

Gy =y — o =3 (02 o ) — L G + ¥

L ey + By - b - (9.13)
and for a two-fold integration
Loty +. -] (9.14)

Syh=ph—2yoty—= (32)? [y’ 5 3y — i
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In each of these formulae, terms beyond the first involve the value of
the integrand at the end of the interval of integration, but this only comes
into the fourth-order term in (9.14), whereas it comes into the main term
in {9.13). One result is that direct two-fold integration from y” to y,
without caleulating 3, is a more satisfactory process, from the point of
view of numerieal work, than single integration.

In general, if it is required to use these integration formulae, the
values of y; and the second-difference terms in (9.13), and the second-
difference terms in (9.14), have to be obtained by successive approxima-
tion, or by making estimates and adjusting them until the estimates
. agree with the results of carrying out the integration. HoweverNn three
cases, namely, (i) linear first-order equations, (it) n-th order equations
linear in the (n—1)-th derivatives, and (iii} n-th order, gquations with
the (n—1)-th derivative absent, and linear in the (n=2):th derivative,
there are available integration formulae which involy®'no estimation or
sucecessive approximation and are correct to a high‘ér order in (6x) than
is possible in the general case (53). It is necessary both to have methods
suitable for the general case, and to be reat;ly\\to take advantage of any
features of a particular equation which may. make possible the use of a
better though more special method. v

For work with an automatic maghine, it seems advisable to use a
method which does not involve any\eStimation, and possible revision of
estimates, step by step as the sqhi‘ﬁbn proceeds. Then it would appear at
first sight that one is restrictedito using only the first one or two terms in
the integration formulae (9.18) and (9.14), and that it would be necessary
to use a small interval i’.ﬁtxégration to avoid aceumulation of appreciable
truneation errors, Howev r, this can be avoided by an iterative process,
using in the integratisn'formulae in the (n-1)-th iteration the differences
of the integrand ca]s?ulated in the n-th iteration. Such a method, in which
the contributiorg forming the higher differences are expressed in terms of
the diﬂerenc‘@"o’f the solution y rather than those of the integrand y" or
¥”, has req@ntly been studied by Fox and Goodwin (37), with encouraging
resul}st “When an automatic machine is used to carry out such a process,
a cgnsiderable storage capacity is required, since the whole set of fune-
tion Values y, obtained in one repetition of the iterative process has to
be stored for use in the next repetition of the process.

_An alternative general method of correcting for the truncation errors
1s to carry out two independent Integrations with different interval lengths
6z, and to use the difference between the results to estimate and correct
for the truncation error, Care is necessary in this method to ensure that the
correction for the truncation error is not vitiated by rounding-off errors.
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9.6. Sblution of Ordinary Differential Equations With Two-Point
Boundary Conditions

The method of evaluating a solution of a differential equation with
two-point boundary eonditions by evaluating a number of trial solutions’
is often unsatisfactory, first because the solution is often so sensitive to .
the trial values of the adjustable initial conditions and parameters, and
secondly because of the large number of ‘trial solutions which may have
to be evaluated, especially if there is more than one condition to be
satisfied. In such a method the solution is approached through a sequenee
of functions each of which does satisfy the equation at all pqilits~,\but
does nol satisfy all the required conditions. An alternative is the“use of
an iterative method in which the solution is approached through a se-
guence of functions each of which does satisfy all the canditi@ﬁs but does

not necessarily satisfy the equation. N
For example, in the case of the equation ¢ f
e Y Y (9.15)
o |
with conditions R .
0 =y =0, OF(=)=1 (9.16)
consider the sequence of functions ;Léfinéd by _
Yot =1 + 93) i ©.17)
The solution of {9.17), sut\)g'({as\t to conditions (9.18) on yay, i8
_ u[:o l![exp[_fﬂ (1 +?ﬁ‘) dx}] dxdx ) (9-18)
Vi SO frlempl S+ B de}lde

{7

This may seefn)s complicated form of the original equation; but it con-
tains the héundary conditions as well, and an iterstive process based. on
this formals converges satisfactorily and is very convenient for nufnenca,l
workAn advantage of the iterative process in this case is that in each
integrdtion the integrand is known over the whole range of z, 80 that
central-difference integration formulae involving high orders of dl_fference_s _
can be used, and considerable aceuracy attained, without the use of esti-
mation or of very small intervals of integration. .

As with the iterative method for ordinary equations wi_t.h one-point
boundsry conditioné, & considerable storage capacity is requn‘ed. when an -
automatic caleulating machine is used to carry out the nu‘mer}ca.l work
involved in the use of such a method. Even for the simple equation (9.15)

a capacity of about 300 numbers would probably be needed, and for more
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complicated equations, or for a set of simultaneous equations, the capacity
required would be several times larger.

For the solution of the set of simultancous equations (7.1} with the
two-point boundary conditions (7.2), such a method has been found very
satisfactory for numerieal work with a desk machine (24}, and it would
be admirable for work with an automatic machine of adequate capacity.

Another method of evaluating the solution of equation (9.15) is by
minimising the integral

[==] ,\
[ [ym + (1 + yz) y»‘f]2 dr
° RS\
subject to the conditions (9.16). Very little work has been gi()i?e on methods
of this kind from the point of view of the application of\high-speed auto-
matic machines. 0
Another kind of problem is one in which one or r"ri&re of the parameters,
which have to be determined in order that the soliition should satisfy the
specified conditions, are not boundary conditipns\but constants in the equa-
~ tion itself for which characteristic values ate required, as for example in

v+ @) + APy = 0 (9.19)

with f(z) given for >0, and condjj:i&ilis

™\
S g

y(0) = y(ié') =0, fmyzdz = 1. (9.20)

3

It is possible to solve ‘Shc\l a characteristic-value problem by evaluating
a set of solutions, withtrial values of A, satisfying the condition at z=0;
" but this is not a gsa}siéfactory Process to mechanise on account of the ex-
treme sensitiveypsy of ¥ to the value of A4 in very many cases. Also if 4
is complex {gée) for example, referenee 57), the number of trial solutions
required may be large.
In 't,lgbj’ca,se of the simple equation (9.19), it is in principle possible to
dEtﬁl"II?in’e the characteristic values of 4 and corresponding solutions by

finding the funetions % for which [myl: j‘y —|—f(x)y] dx is stationary
o 2

subject to the conditions (9.20). But a practical numerical process for
doing this on a fully automatie mnachine has not been worked out. Further,
stch a method may not be applicable to characteristic-value problems of
higher order equations, which are certainly possible though not familiar.

A satisfactory iterative method of treating characteristie-value prob-
lems is very much wanted and it is required to be applicable not only to

the simple case of equation (8.19) with conditions (9.20), but to equations
such as those mentioned in §9.4,
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9.7. Partial Differential Equations

In the treatment of partial differential equations, by the differential
analyser or by some numerical process, different methods are fequired -
" according as the field of integration is completely closed by a boundary
on which boundary eonditions are given, or is open (see fig. 67). In equa-
tions relating to physical problems, the form of the boundary conditions is
often related to the form of the equation, elliptic equations, such as Pois-
son’s equation, usually having boundary conditions specified on one or
more closed surfaces (one of which may be the sphere at infinity) bounding
the field of integration, whereas in hyperbolic or parabolic equations, such
as the wave equation or the equation of heat conduction, the field ofinte-
gration is open in the direetion of one variable (physically, often the time
variable). The two forms of boundary condition correspond (roughly to
the two-point and one-point forms of boundary condition forian ordinary
differential egquation. ' A

In the applieation of a digital machine to partial diﬁ:érential equations,
it is necessary to replace derivatives with respegt)\to all variables by
finite differences (see fig. 67). For an elliptic equﬁbn, this gives a number
of simultaneous equations enough to determine the solution-at all mesh-

o

y RS
OPEN BOUNDARY!: PA\Y T { | ]
0 "
Bx: %z_ - jzfi . \-\
(y =1). g PAS,
AY
\Y ° ——- X g
:\\‘. (4]
O 2 b
\™
CLOSED AOUUNDARY: 2
1] 2T
Ex: aV PV y q 3| 191
et i 74 4
Finite difference form:
Vi+ Vot Vit Vye—41 L
e = ale
0
o —_— X a
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points of the finite-difference net; the problem is thus reduced to that con.
sidered in §9.3. The process of solution may not, however, be quite straight-
forward. Difficulties have been found in applying Southwell’s relsxation
technique to the finite-difference form of

av *vV ]
—— = kV =0
ozt oy
over a region of extent greater than about 2n/k in either variable, and
it seems likely that similar difficulties might ocecur in other methods of
handling the finite-difference equations. The point is one_which re-
quires investigation. ¢\

For a parabolic or hyperbolic equation, it is not alwags)obvious how
best to replace derivatives by finite differences. (Jongkl’g}r, for example,
the equation of heat conduetion in one dimension, jnf\'reduced form

N\
2 \/
XN (0.21)
at A
. L
with given boundary conditions P\
6 = £i(t) at A% 0|
6 =£(t) abk = af L~ 0
6=F(elatti=0 0<z<a {9.22)

If bz, 8t are the finite intery&?g into which the ranges of r and ¢ are divided,
let 8,.(n) stand for the emperature at z = méz, { — xdt. Finite difference
apprpximations to 88/6f and &%0/6x° at (m,n) are

(D000 « = [bnin + 1) — (n — 1)] /201, (9.23)
(@), , = [6ns1(R) — 28, (n) + 6,1 (n)]/ (32)2. (9.24)

' Equating @h}se two gives

N 235
Q‘@H— 1) = fu(n — 1) 4

(62)

[fmis(n) — 26,.(n) + 8.a(n)].  (9.25)

This formula looks Very attractive for numerical work, since if 4 has been
evaluated up to time ¢=rnat, ench single value of ¢ at time (n+-1)at such
as that represented by a eirele in fig. 68a, is expressed in terms of values
of § at previous times, such as those represented by crosses in fig. 58?!
all of which are known. But it is quite unusable as a formula for a practi-
cal method, since effects of rounding-off errors build up rapidly and in &

quite uncontrollable way; this situation cannot be remedied by taking
. smaller intervals_(at) (see reference 28).
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On the other hand, if t-hé finite-difference approximation to (aak MY, ,‘;%

namely
(38/3t)m, nsy = [Bm(m + 1) — 0 (n)] /it

is equated to the result of substituting the approximation (9.24) in
(8%0/02%)m, way = 3 [(8%0/02%)m, asr + (8%0/83%)m, 4}

the process of solution of the resulting system of equations is stable,
though each gives only a relation between values of # at three suceessive,

points (m—1), m, (m+1) at time (r+1)8! (see fig. 68b). This method Has
been used successfully for the ecaleulation of heat flow in a substance in
which & chemical change is occurring, with evolution of heat, dt airate
depending on the local temperature, so that there is at ea;éh point a -
chemical kinetic equation as well as the equation of heat conthyction (28).

, &’
O

{nu}ﬂ : . {n+¥8¢

%4

a5t e —- st

¢ .
(n-)51 ' SV te-ngr— | |
(m-1)5 x msx  mnSxe - tm-18%x m8X {m+r)5 X
AN
X : ¢\J b
lﬂl \\ l )
N\ Fig. 68
O

Another possilal}"rnethod of handling a partial diﬁe}-ential eql.mt:on' is
to convert it m’to an integral equation a_nd solve this by an iterative
proeess. This‘may involve the numerieal evahzation of a l.arge number of
multiple sittegrals, and would be almost impra_cticabl;e without a means
of Cak{fmig out a really large number of multiplications, but might be
practicible with machines of the capacity and speed now c(.mter_nplated.

For hyperbolic equations, it is probable that some ﬁm.te-dlﬁerencg
form of the method of characteristics will be the most effectwe.

In many physical contexts, a partial differential equation for the spa_cf;
variation of some guantity in a steady state may be regarded as a speeia
case of a more general equation for a non-steady state. For example

9% 2% (0.26)

= -1

dat ay*
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can be regarded as a special case of the equation of heat eonduction with \
constant and uniform rate of generation of heat

a0 o 3%
o or oy

+1, | (9.27)

and it may be practicable to evaluate the solution of an equation such
as (9.26) as the asymptotic solution of {9.27) as t tends to infinity. If
equation (9.26) is replaced by a set of finite-difference equations, the
residuals of these equations correspond to the values of 89/d1 in_eguation
(9.27); the time which elapses in the process of minimising theNsum of
the squares of these residuals can be regarded as corresporgd\fﬂ@: roughly
to the additional time variable introduced in equation (9,2@'}.
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Accumulator, 82, 84, 87

Aceuracy, 2 . .

ACE. (Automatic Calculating Engine),
97, 106

Added-three code for decimal digits, 60

Adding unit, 9, 66, 74, 82, 87, 104, 105, 110

Addition, 57, 61, 74, 80, 82, 101, 103

Addition table, 61

Address, in an instruction, 8

Algebra, Boolean, 99

All-or-none element, 98

See also “On-off” slement. .

Alternative procedures, diserimination be-
tween, See Conditional selection.

Analogue machines, See Instruments.

Analyser; differential, harmonie, network,
See Differential analyser, Harmonie
analyser, and Network analyser.

Analytical Engine (Babbage's), 55, 58, 62,
67, 69 sqq,, 74, 79, 87, 110

“And"” operation, See Logieal opevations.

Angle-indieater, electrostatie, 14

Antilogarithms, 75, 76

ARC. (Automatic Relay Computer), 63

Arithmetical operations, 57, 61, 65, 87, 103,
112, 113 ;

Arithmetical unit, 58, 70, 74. 80, 110, 111

Auxiliary storage, 77, 83, 97

Backlash, 12

Ballistics, external, 53, 91 RN
Ballisties Research Laboratory, 55, 81 (™

Beli Telephone Lahoratories, 46, 55, 803
Bermouli: numbers, 70, 73
Binary point, See Decimal point &
Binary representation of numbérs; 59
Bi-quinary code for decimal\@gfts, 20
Bivae, 97
Boolean algebra, 99 \.J
Boundary conditionsy fif sthe solution of
differential equations,

one-point, 24, 128323

two-point, 24, §9,*116, 122, 125
Boundary-laye quations, 88
Breakpoint.,:ll}

N\

Caleuluting®instruments, 1, 44 8qq.
Calgfilating machines, 1, 54 sqq.
See _glse Desk machines, .

Cambridge University; Mathematicsl
Laboratory, 9, 40, 97

Carri.'l-{(])ver, in addition, 62, 65, 71, 72, 103,

Characteristic-value problems, 126

Characteristics, of = partial differential
equutions, 38, 41, 129 :

Checking, 66, 87, 105

Cinema integraph, 1, 51

Clearing, 79, 102, 103, 109

Clock, 87, 103

Coded decimal representation of humbers,
59, 75
Coding, 54, 79, 85, 107, 112
Complement, 57
Complex numbers, 47, 80
Compressible fluids, Aow of, 38, 41, 88
Computor, 58
See alzo Arithmetical unit.
Conditional selection, of instructions, 54,
72, 79, 80, 86, 106, 108, 109, 112
Conditional transfer, 54
See also Conditional selection.
Configuration, of a group of eloments, 59,

Continuons variables, 3 A

Continuously variable geas! 5

Control, 54, 57, 58, 67, F1,'79. 80, 81, 83,
106 L

Control unit, 54, 70, F087

Counter, electronig)sl

Counter, mechanical, 9, 55, 74

Counting, 2,6 "

Criteria, for\genditional selection, 58, 68,
72, 112, D4

Cumuluti’?& adder, 105

Deqifria point, treatment of, 64
Decimial representation of numbers, 59
Beldy, in serial machine, 99, 103, 110

wDelay element, 99
v Delay line, 67, 95, 102

Delay-line storuge, See Slorage systema.
Desk machine, 1, 46, 56, 116
Destination, 102; 107, 108

Difference engine {Babbage's), 69

" Differential analyser, 1, 4 sqq.

electromechanical, 23
electrical, 24
mechanical, 1, 4 sqq.
new, at M.IT., 15
set-up, 17
set-up diagram, 18, 41, 42
small-seale, 13 -
Differential equution, ordinary, 91, 116, 121
upplication of digital machines, 26, 91,
124, 125
mechanieal solution, 5, 7
nature, 4, 24
step-hy-step solution, 87, 121, 123
Sce also Boundary conditions.
Differentinl equations, partial,
applieation of differential analyser, 26
3.
applieation of digital machines, 26
elliptie, 33, 127
hyperbolie, 33, 37, 127
parabolie, 26, 33, 34, 127
relaxation methods, 33, 127
Digital machines, See Calculating ma-
chines, digital,

136
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" Directors, for artillery five control, 52

Diserifnination, See Conditional selection. -

Display, of results, See Output. .
Division, 57, 63, 71, 75, 82, 112
Double-length numbers, 97, 111
Dynamic storage, 67, 97

Eck%r;—Mallchly Computor Corporation,

EDSAC, 97

EDVAC, 97, 114

Electronie machines, 55, 81, 87, 94 sqq.

Flectrostatie storage, See Storage rystems.

Eniac, 55, 58, 59, 60, 63, 81 =quq., 87, 88,

115, 116

Fquality,
eriterion for conditional selection, 114
recognition of, 57, 64

Exeitation, 98, 102

External ballisties, 53, 91

Finite differences, 21, 69, 123

Fixed decimal or binary point, See Deci-
ma! point.

Floating decimal or binary point, See
Decimal point.

Fiow diagram, of a ealculation, 112

Fourier synthesis, 47

Fourier transform, 52

Funetion generation, 20, 21

Functionsl analysis of digital machine, 97 .\
O\ Judgment, 54, 58, T0, 72, 120

Gate, 81, 95, 107, 108 .

*

“hiextrapolation,” 28, 30 NN
Half-adder, 102, 104, 110 ~N
Harmonic analyser, 1, 7, 8 X
Harvard Mark I Calculator,’ﬁ,))& 83, 74,
82, 87, 04 A
Harvard Mark IL Calculgatbs, 55,-80, 81, 87
Harvard Mark III Calédlator, 111
Harvard University an'iputat.ion Labora-
tory, 55 O
Heat flow, equationy of,
axially symuiegrical, 30
electrical ahalogue, 49
exa.mpleg%f solution, 34, 35, 36
one-difbensional, 26, 36, 127
i:f;;rying’ therma?! properties, 30

IBM. Automatic Seguence-Cortrolled
‘alowlator, Sce Harvard Mark I
Caleulator. :
1LB.M. cards, 54, 59, 74, 77, 83, 90
IB.M. Compsany, 55, 87
LB.M, equipment, 1 .
IBM. selective sequence electronie cal-
- culator, 56, 87
Inhibition, 98, 102
Input, 9, 10, i1, 57, 58, 71, 80, 83
Institute for Advanced Study, Prineeton,
DN 111 :
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Instructions, for digital machines, 54, 67,
79, 84, 86, 94, 108
n-address form, 68, 106, 112
Instruments (analogue machines), 1, 44

sqq. :
Integral conditions, in solution of differ-
ential equstions, 24, 122
Integraph, 1, 48, 51
Integrating mechanisms, 5, 7
Integration, .
continuous, 2
instantaneous, 51
step-by-step, 87
Tutegration formulae, 90
Integrator,
electrical, 24
eleciromechanicsl, 23
meehanical, 5, 6, 10, 16
Intelligence, 92 U &
Interpolation, continupas,.21
Interpolation formula, 22
Interpotator, 21, 77/%
Isograph, I, 46,0\ " Co
Iterative prieéss, 79, 90, 91, 112, 116
first-order,\[¥7
~ for différential equation, 124, 125, 128
for division, 57, 63, 112, 118
for-dhtegrai equation, 129
Jforvequare root, 58, 63, 118
\setond-order, 117

N
7 "' A

N\

Linear sequence of instructions, 88
Logarithms, 75
Logical operations, lg], 112, 113

Machines, 1, 54 sqq-

Machine's-eve-view, 92

Magnetic storage, See Storage systems.

Major cycle, 97, 103

Manchester (England),
24, 40, 96

Massachusetts Ingtitute of Technology, 6,
8

University of, 8,

Master programmer, 86, 90

Mairix, inversion of, 120

Meccano differential analyser, 13

Memory, See Storage.

Minor cvele, 87

Minor eycle countet, 103, 105

Multiplication, 21, 57, 63, 66,
97, 110

Multiphier, 12, 42, 75, 82, 105

National Physical Laboratory, Mathemat-
ics Division, 97

Network analyser, 46

Neuron, 98 : ) .

“Not” operation, See Logical Operationa.

Numbers, representation of, 1, 2, 69, 65

71, 75, 82,
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“On-off” elements, 59, 70
8ee also All-or-none elements, ]
Operating Instructions, See Instructions.

“Or"” operation, See Logical operations.
Orders, for digital machines, See Instruc-
tions.
Organisation. )
of a caleulation, 57, 72, 86, 8% 90, 112,
115

of a machine, 56, 67, 97, 108
Qutput, 9, 11, 57, 58, 77, 80, 83

Simultaneous ecarry-over

CALCULATING INSTRUMENTS AND MACHINES

Sign,

criterion for conditional selection, 72
recognition of, 57, 64

treatment of, in dlgltdl machines, 64

in addition, 62,
71, 72. 110

Simultancous eguations,

differential, 30, 122, 126
linear algebraic, 44, 119
non-linear algebraie, 42, 122

Sines, 75, 77

Slide-rule, 2

Paper tape, See Punched tape.
Parallel (simultaneous) operation, 62, 65
Parallel machines, 109, 110
See also Harvard Mark I Calculator
and Eniac,
Partial differential equations, See Differ-
ential equations, partial. :
Pennsylvania, University of; Moore
School of Electrical Engmeermg, 81
Phatoeelectric integrator, 51
Planimeter, 1, 6
Programmod decimal or binary point, See
Decimal point.
Programming, 54, 69, 107, 109, 112
Pulse counter, 103
Pulse generator, 82, 95
Pulse period, 99

Pulses, electrical, 1, 59, 60, 65, 81, 95, 99 ,j?[egtmc;tanc 95, 96, 111

» magnctie, 94, 96, 111

Punched cards, Se¢ LB.M. cards. ™
Punched tape, 14, 75, 79, 80, 81, 87 ..::&

Reeves Instrument Corp., New York 24

Regencrative connections, 20 Y.

Register, 83, 108, 111

Relaxation method.a 33, 119, 127 z

Relay circuits, 14, 55 59 99 \\

Relay mterpolator 0

Relay machines, 80 .

Relay register, 80, 83 V. ~“

Relays, electrical, 14, 59y 66, 74, 80

Repetition, of g se’ﬁuﬁnc& of operations
72, 79, 86, 114\W

Reproducmg p%\{.h 90

Residual, 1204

Rlemann’s Stwansformation, for waves of
finite \am'plltudc 41

Rovy ﬁmgmﬁ errors, 45, 116, 119, 120, 124

Beale-di-ten, See Decimal,

Seale-of two See Binary.

Sequence wn’rro] See Control.
-Berial machines, 97

Seriul (snccessiv e} operufion, 82, 65
Shifting, 83, 110

Sorter, 91

Sound waves of finite amplitudes AL
Source, 102, 107, 108

Speed of operation, 71, 90, 94
Square root, 57, 63, 82

Static stomgc, 66, 74 82, 109
Steepest descent,
Stepper, 86 N

Stimulus, 98 >

Storage, In drp;lta}\machmea 54, 57, B8, 66,

Q5

121\ >

67, 75, 84, 102

Stcra.ge capacdity, 71, 83, 87, 90, 91, 94, 117
Storage clemant, 102

Storage ,Iuc\atlons 67, 68

Storage witems, o

delagline, 94, 95, 97
Elec’tromc 82

mechanical counter, 74
relay, 55, RO.

Store, 70, 74

Subsequences of operations, 80, 88
Subtraction, 57

Switch, 75, 84, 86, 87, 114
Switching cireuits, 99

Tabular data, 57, 71, 74
Taylor series, 123
Testing, 60
. Threshold, 98
Time-lag, 11
Torque amplifier, 10
Transfer, 57, 58, 71, 106, 113
Trigger cireuit, 102
Tubes, electronie, 80, 66, 95, 99

Univac, 97, 114

Variation methods, 121, 126
Velodvne, 23

Word, 97, 99, 103, 115
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