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FREFACE

This monograph, a sequel to Anmala of Mathematics study HNo. Ed:\offers
another collecticn of contributions to differential equations.:%&}i but the
1ast deal more or lesz with oscillatory problems. In Mary L.{bartwright‘s
psper there are given nsw and more accurate estimates of'pﬁé%period and ampli-
tude of the oscillation of the van der Pol equation M<§7

$
N7

(1) Y ap(x -1) %X +x=0
N

for plarge. ¢*C
E. A. Coddington and Norman Levinson.exgmine sufficient conditions for

the existence of periodic golutions of A

{23 )'<=AX+|-!+',:.‘E’K: Ly p)

where x iz an n-vector, A & constant hﬁ%rix,p a small parameter and T periodlc
in t. SO

DeBagglz glves n.a.3.6. ngffhe structural stability of a system
(3) Fos T(x, ), ¥ o= g, ¥

\ ¢/

The paper bB¥ lefng?pz consists of two parts. In the first there is
glven a cemplete de gription of the critical peints of an analytical system
{3). In the secon@?@ﬁe splutions of the equation of van der Pol in the full
phase plane ara<§§hdied and described.

The tit{iﬁ@f the paper by John McCarthy tells its own story.

4. L. Tufrittin digposes completely of the formal problem of the aplution
of an equation

(&) DX = A, £)x

where € is a parametsr, X iz an n-vector and A an n matrix whose terms are power

geries in €. He also shows that the formal solutlons are, under certaln con-
ditions, actual solutions.

g, Lefechetz

Princeton University
January, 195¢
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T. VAN DER POL'S EQUATION FOR RELAXATION OSCILLATIONS
By M. L. Cartwright

§1. Introduction. The equation A
(1) -k (1 -x)x+x=0 .\\'\"'\
with k large and positive has only cne periodic solupioh5 other than x = 0,
snd this is of a type usually described as a relaxat%qp{bscillation (as
opposed 1o a ginusoidal oseillation). It was dlseladeed by van der Pol! who ob-
tained & graphical solution for k =10 and bg,&@;Corbeillere who, uslng
Iidnard!s method, showed that the period 2T £ BR(3/2 - log, 2) + 0 (k), amd
the greatest height h =2 + 0 (1) a3 k 7+}oﬁ Other authors® have also dls-
cussed the equation, in particular Doro@nitéinF hag obtained an asymptotic
formila for T with smaller error tagﬁé’but his enalysis is difficult to
follow . N\

Thig paper is based ondhe joint work of Professor J. E. Littlewood
and myasslf, largely on.wark.whiﬁh was done before that contalned in our other
published papers on nonlingé}bﬁifferential equations. We shall show that as
Kk = o

AY
(@) A R A Gur )

:“\s.

(3) O h=2+ﬁg+g(jﬁ),

.“\"'
whers o Q@ﬂ" g are constants determlined as follows: The equation

dn
(1) QD—HTO=2§ qo+‘l

has one and only cne solution r];(E) such that 1?;(5) — 0 ag £E— -

{1} B. van der Pol, Phil, Mag. 2 {1926), 978-992.

(2) FPh. le Corbeiller, Jourmal Inmst. Elec. EBng., 79 (1936), 361-378.

{3) D. A. Flanders and J. J. Stoker, "The Limit Case of Relaxation
ogcillations™, in “Studies in Nenlinear Vibration Theory"”, ed. R. Courant
(Inst. for Maths. and Mech., New York University, 1936, typescript},

J. Hsag, Ann. Ec. Norm. 3Sup. 60 {1943), 35-111, &1 (194k4), 73-117, J. P.
1a8alle, Quart. App. Maths., 7 (1949}, 1-20.
(%) A. A. Dorodnitsin, rppllc. Mat. 1. Mech.", 11 (1947).



4 M. L. CARTWRIGHT

* = ds
a=n%0)p= "
) © f o "IO(E)
Tt has besn shown elaewhere5 that a solution for which x = Xy ¥ = ko at
t = 0 satisfies
(6) x| <M, x| <Mk,

where M 15 an absolute constant, for t > t, (Mg, X, io}, and restrieting oup-
gelvea to soluiions satisfying (6), we show in the prelliminary lemmas thal with
the exception of certain classes the sclutions gettle down withlin hall’ a cycle

to a form very siwilar to that of the periodie solution; & more detal tod summary

ig given in §9, and the final results for the periodlc So]utloﬁméro olyen in
Theorem 2 in § 12. ,\:\’

g2, The constants o and g are determined by thg}behauiouv of the
solution as it erosses x = 1 dowrwards, and we shall Qrﬁ@ Lpec?al constoore-
tion to the strip m\: '

x -1l < akBP N
where A 1g arbitrarily large. We use ¢ and ﬁ:ﬁb% small positive numbera gnd
i for an absolute constant, that is depen@iﬁg\ﬁossibly on M. bul not on A,
§.or &; M, reteins its ldentity thiomphout, but M without a suffix in not

necegsgrily the same 1n esch place. &Eﬁital letters (cther than M ami T) refer
to points and small letters to thezdﬁiue of x at the correspording polint, o
that H i3 the point at which x gtééﬁns a maximum h. We also use opall Jotlers
with dots to denote the valu%{?f ¥ at the corresponding point.

" \<,,.:

NS Jp
N/

%

A Fk
Figure 1

There are four types of point of special interest, A, B, H, C; at A

aolutlon crosses x = 0 upwards, at B it Crosses x = 1 upwards, H Ls a maxi-

mum abeve X = 1 and at C the sclution crosses x = 1 downwards .

the

It i3 obwvious
that there Iz no minimum sbove x = 0, and that the periodic szolutiorn riscs
above X = 1. The equation is unchanged 1if the signs of both x and x are
changsd so that there 13 an are A! BI H' C‘ below x = ¢ correspondins to
ABHC above x = 0, and we deal with the arc A B H' ¢’ A by reflc;tiﬁﬂ

- f’ + .
) geztégg gnﬂﬁamié gheorem 1, P. 162, in Forced Oscillations in Nonlirear
Ogciliétign . é artwright in Confributions teo the Theory of Nonlirear
5, ed. 3. Lefsachets, Ammals of Math. Studies, 20, {1950).



VAN DER POL'S EQUATION >

the results for A B HC AT. We usc 'tab’ tbd’ and 8o on to denote the time
from A to B, B to H and so om.
Prom what has just been sald, it sollowa thet & = €, & >0, D=1,
t>0, n>1,h=0,c=1,6<0,a =0 &' <« 0, and it follows from §1
(6) that h < M, 4 < Mk, B o< Mk and &> - Mk, for t> o (Mg Eos x,)-
Jssides ths equation itself and the slmple integrals

it 5
(1) X - X, = J x{t)dt, X —5;0= I ¥{t)dt,
t t
o} o
and
X
(2) b -ty = J" L
Fo % O\
we use the integrated egquation ,\t\'
3 7N\ v
3 X it L
- - _ _ ')_(_ _ __C)_-_ _ % N/
(3) X -k, =k (x 3 X, + ) J; x QF”k’
o iN
and the cnergy eguation "Q\V
£ -
*2 2 2 2. S
(L) x° - X = zk JL {1-x) x° at ',§?§* X,
Yo N '
where x_ = x(t.)}, % = x(t ). It should ¥e “oserved that a change of origin
] 0 o ) &$

of + 1leasves the original squation §1 ﬁjﬁlﬁnchanged and so we can shift it at

pur convenience. ™3

~

§3. The two following ;gmﬁhs spe remarksble In that thsy tell us
so much zbout a scolution In thoogﬁ?etch immedlately following any maximum far
which 1 <h < M. L\

pEMMA 1.5 @ Solution starting at H reaches C witn
C.:E = hp' - 191\'":
By § ,}HJ we have
R

O ¢ .
“bég = 2k j (1 - x°2) %% at -1+ 12 <n® -1 -
~O H
\ LEMMA 2. A solution starting from H reaches any

point X din HO with

(1) X < U,
(i1) o > X > - QX ,
k(x® - 1)
" ne
(1i1} x> - 5
2k{x-1}
(17) tpy > K GG - 77) ¢ logy/x) for myx >y ozl
in particular tp. >k [%(hg - 1) - log hl.

n

Let o(x) (XE - 1)/x ®o that o'(x) =1+ 1/x2 > 0. Hence @
increases with =x - and since % < 0 4n HC, LUhis means that /9 Incrcaszcs
with t. Suppose that ¥ > 0 at some point 72 1n HC, then since n < C and
% is conbimious there is a sub-are XZ of HC such that X = C sand

¥ >0 for x >3 > Z-



M. L. CARTWRIGHT
Hence
% —E— = - oG
k(x2-1) kg(x)
and
I A S LXD> Y22
K(ye-1) k:p(y)
But 7
-1 1 5 - X = y dt > 0,
0> " fele) fRex ¢ F Joyaro

which gives a contradiction, and so x { 0 for &1l X in HC.

X
Q)

Part (11} follows at cnce from (1) and the origy%a%'equation, and

also ifFh > x>v > 1.

txy = Jy

A\
which gives (iv) and the particular result follewg.

Finally

which is (3).
§h.

Y
X N
dx >k f (x - ~) dx = k! %kxgg- ye) - log x/y¥-
x| vy D>
o
K= - k(xf1) ¥ - arcx\‘c'z - %
= k(x*-1) I.)':|~—‘ékxx v 1
3 3
2% ol
> o= ekxx } > -
R\ k(x2-1 )2 2k (x-1)2
"\

Lemmsa 2 consis;s of one-sided inequalities except in (il}, and

it 1s obvious that nothlh@ better than the left-hand lnequaiity in (1i) can
ke obtained near EH, but n order to obteln a more accurate estimate of Lhc we

need 1nequalltles Cip) Sthe opposite kind.
h is not too negg ¢ and we divide the arc

O
:‘\c}ﬁ'whi ch
a\"%

(1) NJ

where 0 { & { h.

(111)

YO h - M6k fork >k

For this purpose we need to know that
HC by points ¥, 2 and E.

3. Suppose that h > g-and that HY is an arc

- x -4
e (x%-1)
Then (1) § { = & 5 (11) t, o < M/(S k),

o (&),

dince the right hand side of (1) is certainly negative for x

sufficlently near h, the interval HY certainly exists.
side changes sign at x =6 and x = 1 and x C 0 In HC, y > 1.

80 that we have (1).

{2)

But by Lemma 2 {iv)

3ince the right hand
In HY

X =k |%|
Also

(x°-1) ~x < - &

] Y
¥y = Xat ¢ - &t
J‘H < hy



VAN DER POL'S EQUATION 7
1 2 2
thyzki 5 (0" - y°) log h/yi .
and 90
Tn2 - o2y - : _b -3

(3) ki £(n® - 3°) - log b/yl <ty < lyl/8 < =18
aince h > 2 , this gives a contradiction for ¥ 2 ! 1— unless (111) holds,
and then (11} follows from {2) and the right hand snde of (3},

1FMMA 4. Suppose that HY 1a the longest arc
satigfylng the hypotheses of lemmna 3 and that ¥Z 1s
an arc in which

(4) x2 - 1) % - ok
Thern &\
(1) E < - MKP Oy
(11) b, < (M log K)/k O
(1il) = > h - (M log k)/k% , A

provided that & < 8, and k > k(&) v
In virtue of Lemma 3 (i) and I..ema FIERN N {4) obviously holds at
v. By lemma 2 X { 0 in¥YZ. Differentiating m\orlglml equation we have

- k(x% - 1) Ixl A gk}gx x|

> k(:vc2 - 1) Ix|~ -~'2Kxx2

> et - 11 W > 3k IR

for that part of YZ in which P ew ‘since 3 > b - MA(SKET)Y 2 3 5o- M/ 8K7),
there certainly 1s such & part fsQr svery d> 0, provided that k > k, (4).

It follows that i‘,\

{5)

\\ 7 e

: dt 1
N Tog XA skt
\. | ‘ jY 1% 3 yE
Now |51 = &, and ?é[\l’OIlg as (&l < é— , we have lét Z%ZHK(ZE - .
Hence by (&) abg\é~>~

. B T2
) iz 22y M,
."\" 271 Kk

prov:Lded\hat 2° > 2. Hence
£ < M log(® 8) (M log!{
¥& k 7
provided that 22 > 2, and k D K, (8). But by Lemma 2 {iv) in this time X can
only reach a point z 2 b - (M log E{)fk , and so 22 > 2 for k > k , and (11)
and (iil) hold.
1EMMA 5. Suppoge that Y2 is the longest arc
gatisfying the hypotheses of lemma 4, and that E is
a point in ZC at which & 2 1 + AK “2/3  then if % is
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any polnt in ZE

(1) 1%l < M

ke(xﬂ K
M
(11) x < (1 - —_—— )
—1) kg(xﬂ }5
- ) 1e, _ 2 _ M A A
(1:1) T <kl 2(4 e} leg z/el 2§£T73 for 445 o
At Z (1) holds In virtue of Lemma 2 (ii} and (), and since x { 0

1t will continue to hold as long as x » 0 which is the case at Z by (5). But
irx <0

2 - ‘o : M
kk(x® - 1) 1xl { 2kxx® - x| < ;z;::;g A\

by Lemma 2 (i1}, so that (1} st111 holds throughout any part of‘\ﬂ in which
X { 0. But in any other interval x > 0 and x is 1ncrea°inm }3\0 that we can
repeat the argument, and (i) holds throughout ZE. R ¢ ‘5

Part (11) follows at once, and ;O

7 Z Q -1
dx : 1 N )
t - il " w L - AN dx
ne fﬁ: %] < [E (x x]( ! »QV( 1 )3

< ki ;—(z

1, 2 o A\ W
{ ki 52" - e%) - log é}Jg+

provided that A > A

I %‘\ém:lsfies the hypotheses of Lemms 5
and e = 1 + i)k , then (i) in EC
\

P\ ,} 1j
7 TS <K

and (n\&t’" <M a3, provided that A3 A .

By peima 5 for 43 A
O

\. e M
{6) el ;
1 2k(e®-1) > INSEE

Algo from the energy egustion

. M
o - MA MA
(73 ¢ £ 8%+ g 1 < 255—£§73- + ;573- { ;573 .
Stnce X < 0 1n EC, (1) follows from (6) and (7).
Then
o e-1 A L MALKY3 ,
e = J; X et T k23

which gives (1i).

§5. Before proceeding further we way observe that
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t,, =t + L + L + L

ne ‘E}\ KE: zs ec ¥
1 log k 1,8 o YLA®
(1) — L P R ) 557 - ey - log 3 Y
k o [w¥ey + +
© A'7? e
1,12 A® i
ki Lm® - 1) - log hi-k(e - 1)°
5 ) g hi-kie - 1) + ¥, W £ s
whera | {MFfor s =1, 2, 3, 4, 5, provided that A> A and X > L{O(S,A).
The Twre: ”larp"est arror terma K{e - 1)‘ and ‘I’ &2 /3 coms from the interval
EC which will need speclal consideration.
§6. We now proceed to study the arc ca', framing cur lommas S0 &8

ta cover all solutions starting down [rom C.

IEMMA 7. If a soluticn siarts from C, and if F i;}\
s point 1n CA' at which £ {1 —,{\.k_elj, where AD> 0{ then

(1) I > max(&‘/? Kk 1!’3, ]c':lj ) \“\

and N
1/2 . -1/3
(11) top <M ARk = .“..\\
By the energy eguation for CF we have )
25¢e% 41 - xis\
i mn | AP TG ; e (i . - -
and zn 121 > max(A , leld whlch gives {(1}. It alsc follows that
B ‘ o uA /?
e =y < ST e e T

LEvA 8. IF a;qlutw on atarta from C and reachesg F
where £ = 1 - A &) A > 0, then

%\;‘(ﬂk”/

)

(i) tf‘a“
and PN\Y;

(iipyfar « 5e - el top * Bpar < NEE

Put x'§1 - n so that nwzk(n ng)ﬁ -1 +y=0. Then
N ok nq '.f‘\or 0 ¢ nw< 1, and integrating ‘from 0 to A' we have
d

O WLk nf-eyirt -= .
Hence
F b
. dax - 2 dx M
frat ‘]AT %1 < "]o K(1-x)% < Al /7T

Part (.1) follows irmediately from the inteszrated equation §2 (3) applied to
CA'.

§7. We mow jump from At to the arc AB which iz the reflexion of
A'R'. thercas at C the magnitude of c made 1little difference to the gubsaquent
vehaviour of the selution, after A the behavieur depends very much on the magni-
tude of a. Tf a ig very small, the poselblility of the solution turning down be-
faps it reachez B, or taxing & very long time to reach B cammcot be ruled out,
but it is of some interest To 38e that even if a = © (b~ ) the subsequent he-
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. N 2
haviour may be simllar fo that of the periodic solution for which a ~u Ek
except that b ~ 3'/2 instead of 2 and that 1t takes a fairly long time to
get away from A.

LEMMA 9. A solutlon starting from A with a > 3/k
reaches B with

. . 2 log k
(1) b - a - Jet (b < MBEE
provided that ¥ > ko' If further & > £k, where £ 0, then
1 M
tab<2—_8k+ T fork)ko.

Let G be the point x = & . Then in AG x > 7 kx - x, ‘afd 5o x

. ] 5
increases from A as long as X < Eka. Binece x < 5 in AG and’i-:\ka pa 1? s
G is reached with tag g ;—/a 4 %k. On  AG by the integreted “equation

. X A\
x213{-+kx(1-;—x2)- [ xat )
Z‘A “‘j\'\.
11 R 1 QO
> 2+l gl =2+ 7 kx.
: A
Hence g > % + -g—k, and L
1 \¥;
G — '5.0
_ Yodx 2 dx ¢ M log k
tag_ { X_¢ . ¢ = I‘ork)ko.

3 A
Ja 'fo % + %“kx

Next x > 1@ kK near G; if ever x = —18-1«;:'@1}1 GB, let X be the first ocecasion.
Then ("S"1 :

{é$’< 5 /g k} = 4k,
but also “
SRR Y R R L

S

for k % 2 which g‘\{e;' a comtradiction. So x > %k on GB, B i3 reached with
tgb { bk and_(a’;): follows from the integrated equation §2 (5) for AB.

If ;&E\,}’s_k, glnce x increases in AG we have tag 4 ;—;’a < ;—/( £k,
and the fukther result follows.

Thir version of Lenms 9 is due to Mr. G. E. H. Reuter. It is shorter
and gives a better result for ta tha:n._the original verslon. He has alse shown
that the result remains true whemever & > & k2, & > 0, k> k. (§). His method
is similar, but it involves another subdivision of AB at D where d = ;—d}k.

. §8. From B to H we regtrict oui‘selves to sclutions which have & fairly

large b, as there seems no particular interest attaching to
is small and only those with large b rise to an H for which
Lemmas 3, % and 5 are gatisfied.

LEMMA 10. TIf 0 ( 8 ¢ 1 and o<e<§~(u -8) a
solution starting from B with g—k (1 -8) {p < Mk

reaches a polnt P in BH at which P = £k with tbp < M/ (ER),
P22, am

those for which r
the hypotheses of
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(1) o+ k(p - /3 -e/3) {2 ek,
for &< cSO, €< €, and k> l{o(e,é).

gince X is obviously negative in BH, % decreases and so P is uniquely
defined, and tbp ¢ {p - 1)/{ek). From the integrated equation we have

)

P .
(2) .I'xdt=b—€k+K(p-p3]’5—2/3):

and since b < M, , the right band gide 1s negative for p > M while the left
hard side ls pos;tlve Hence p { M and s0 t < M/(ek). TUsing (2) again, we

have

. P
. - x dx M
b+ k(p - p7/3 - 2/3} =¢k + Jg 7 { gk o+ Ll 2 ek

for k » ik, (). Since b > %—k(1 -4d), this gives ~v<i:>.
P p‘i“ SEC-f0d v
l.e. 'M'\’;'."
p - p5/3 {26 + 2¢€ \%
amd so po > 5 -MSE  -Me > 2 1 for & < &Q Qi < g, which completes the proof.
IFMMA 11. If the condltlons.bf Temma 10 are =atisfled,

there is a point Q in PH such, tha% q = 1/(gk) and £, < (3 log k)/k

for 5<5 e< €, ,k>k(e,§)
Since X < o in PH the axlatence of Q 1s obyvious for k > &
Since x° - 1 2 p - 1§? 1 in PQ, we have

<<k,x(x -1y -x4£-k x ,

-1

ard so dividing by X agq‘;ntegrating from P to @ we obtain

N7 ogla/p) 7K Ty -

Hernce s";
&8
kot <2 log(Ek)

N
NS

from wh h\@he result for t folloWS The restrictlons on 8, ¢ and k are

mainly ne ded to ensurs that p -1 > .
IAvMA 12. If the hypotheaes of Lemmas 10 and 11 are

satisfled, then t gh ¢ M/iek) and

b+ k(h - lh5 - 51 ¢ Mhog £

for € { €, §{ &, and K > ko(a,ﬁ)
¥ ¢ - x and as sbove X (M. Since h =0
1 mx ~
- - ‘[Qxdt< M6 gy

from which the result for tqh follows.
By the integrated equation for BH we have
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. H Lo k
b -k (n - 3B - D= oxdt (M by (MG
B

for §¢& . €< €, and k >k (€,8).

§9. We have now covered the equivalent of a half wave HCA'B'H', and
we may revliew the reaults as follows: in Lemma 1 we ashowed that a §01utior
starting at & maximum H not foo far above x = 1 arrives at ¢ with |e¢l bounded
by a constant depending on h. In Lemma 2 we showed that although % {0 'n
HC, é remaing small untlil X approaches 1, and consequently the solution takes
& long time to reach C unless b 1s near 1. Lemmas 3, 4, and 5 show that the
cne-sided estimates for % ard for the time in Lemma 2 do in fact give a pood
gpproximation, provided that h > g and x is not too near 1. Lemmd™N deals
with the arc juet hefore €, and Lemuws 7 with that just after Cpuasuming that
the sclution starts from C, and together they show that the,tiﬁé taxen Lo cross
the strip {x - 1] £ £lk_2f5 iz at most M;ﬁg k_1/5. Lemma, & Hhows that a sciu-
tion starting from C reaches A' in time MA'/2 1 71/7 witﬁ tho > ;k v fel - w
Lemma ¢ shows that a Zolution starting from A with é;§$§jk rises to B ‘n time
O(log k/k) with E > %k - 0 (k) and gives a better destlt il a ia laree,

Lemmmas 10, 11, and 12 deal with a solution.ris;ngbffom B with b large. They
show that Gy = 0 {log k/k), and give a formql@\for h depending on 1. IL mey
te observed that the transitlon interval PQg’is comparable in zome ways Lo the
transiticn interval ¥YZ in particular the\tiue for each i3 O(log k/k).

§10. The periodic solution &¥aces the reflection of the hall wavec
ABHCA' below x = 0, and we shall ngw:proceed to estimate T and h by applying
the previous lemmas with this ingaind.

THEOREM 1. F‘Qro\ﬁt‘:i‘fe periodic solution
Y MA'/?

‘\‘
E;;izgini lel RTE

{(i1) ril\ k] (MA/3H/3

(i)

(ST

(11«;}\\(15 - Tul <MA/3/3)

~L3v) Ih -2 AN/ ,
(V) 1T -kl § - logell <A/,

provided that in each case A > B kD k_(A).

Part (1) follows immedistely from lLemms 6, and putting this in Lemma
8 and reflecting in x = 0, we have {i1). Then since é > %k for k > k_, we

O)

can use the last part of Lemms 9 which with (ii) gives {iii). Using thiz in
Lenms 12, we have

1 2 /2, -
h - 30 5 Cual/? 3
and so 1f we write h = 2 +§{ we have

1505+ 2b 4 282 (mAl/2 M,

which gives (iv) provided that A 2O, and k > oy (A).
O
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Finally
ah © “he
By Lemmas 9. 10, 11 ard 12

tah = tag + tgb + tbp + Fnq + tqh
il i
QIE-L-—M——iMlogk.;._.éM-—gM_l_OE.ﬁ

e —

Ek 7 k
for cvary £ 7 0, provided that ¥ > KO{E). By Lemmas 7 and 8 togr {M &1/2
and waine (O v ln lemuz 2 we have

by 2 K 3 - log 2} - M INIASEER

grd simitarty from Lemas 3, %, and 6, putting e =1 + Akaelz“'v?e have, Aas

in §5: 'tf\:\'
:,.\\ v
the = thy * Cyz * tre * tac A2 M g
M M loeg k 3 (I
Qa—' ————"—'+kl,2 tog 2] - —7—5_7_[_
20N ~

{ %l -7’2-- log 21 +MT{%‘
x'\.l

Vat 4
W

provided Luab FAY) & kK >k, (A8 = Ko (AN \

§11. It "emaTm Lo remove the,‘la‘fge constant A and replace 1t LY
eomstants which can be determined more preclqelg Tt 1s obvious that ihe
erroras dencrnding on A originate 1% dzhe ayc EF, i.e. in the strip

Ix - 11 L Ax P15 with x < 0, a.Qd ‘aylemmaaGandT
1/2
(1) ( "Mr £ < 1l ¢ M
£ ) k
on thia arc. We thepei}ére put
P\ . . )
\i..\:,] _X=k2/3§ ) _X=K1/3er ,
2o that ”;{
i"\’:":v oo dn
\'“\:“/ * ="M at
and 4
(2} 1%——2%\1 -1+k_2/3(5,2n +8) =0,

where 0 < n < MA'/Z and - A< & (b in EF.

Tt is evident from (1) and (2) that the bshaviour of zolutions near

x = 1 will be similar to that which iz glven by the simpler equation
dn
o

{3) N, % -otn -1 =0
with
() %- gno(o}QMN/e

We therefore proceed to ipwestigate (3)-

3
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IEVMA 13, Soluticns of (3) satiafying (&) mayq
be divided into two classes: one for which qo(g); E° o
az £— -+ and one for which ng (g} — 0 as £ tends to
some finite negative valus 50. Thege two sets*of solutlons
are separated by a unlque solution t‘gr' whiih 1]0(0) =4,
and egn;—a -189 £ -0, andqo(é)/ﬁ‘—n as £ 5 4 o .

By drawing the hyperbola 2§ Ny + 1V =0, we sec that dn /i€ / a
for > 0 below and to the right of the upper branch and d nofdg {o (fnjove
this branch. Also dqo/dg — o= a3 £ 5 + oo unless 2 £ g + 1= _0. Honee: one
aet of golutions descends from + o as § Ilncreases from - =e unbtil 1f cponoes
the upper branch of the hyperbola and then ascends araln to + sedN\anolte:r set

N ¢
# A

1=

) Figure 2
w’z‘peé’chrves no(§} are shown in black with the separating
\‘ curve r]; onwhich n () = 0 as § —-=
thicker than the others.

crosses n, = 0 at 5= § , say, witn dn  /d§ = at §=£ and ascends to
+e . If £ + o 1in such 2 way that lim n_ > 0, then

dn
1
ng:2§+TN Qg

and 80 n_(§) ~ 6% as £, o,
'10(0} and form open sets.

Both sets vary continuously with value of

There is therefore s solution, or closed set of
golutions, deparating the two sets, and it must lie betw
Qg =0 for negative & . 1t follows that on such a solut
and slnee for fized £ d n,/d§ increases as "%

increase more rapidly than the upper which is i

een the hyperbola and
»* *

ion y drlo,z’dg >0,

decreases, the lower solutions

mposslble 1f there 1y more than
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one solution o which § — - =2 between the hyperbola a.nd o = 0., Hence there
13 a unique anlutlon separating the classes.
1EMMA 14. Suppose that w(£) satisfies (2) and that d is

dofined as in lemma 13 (or §1 (5)). Then if w(0) 2 a+d

where & > 0, we have mp 1 for soms £ such that - A LS { 0;

1F (o) € & - &, where 0 < d ¢ a, then m= 0 for soue £

such that - A ¢ & < o provided that in both cases A>A (),

ared k> k[j(é,&).

fet m bhe & solutlon of (2) guch that m(0) = &+ > a+d and let
N P where v, s & aolutlon of (3) such that 1?0(0) = a+0{ . Then by
Temna 3% r}“(g) % o for all £ and Y)D(F,) s o0 ag £ — - , and 50 n,(&) > 8
for F, { - A, provided that A)AO(S), and also min qo}_E(S) >0t “qubgtituting
in (#) and ualng (%), we have ’.\:\

8] i d'}o - 1 E 2( ) g;t.\_ ’0
(5)  n, *m)gg+ M dg En, + 351 o TH AT T

where v, (0} 0, and since qo(gl > & 0, we have ~"‘~.\\

an, XAy, (e l

where X (A) denntes a number depending ol A but not on k or § . Since
9,40} = 0 by & well known method® 1t vcil’l’ows that for every 85 0

(6) gl & XA

for - A (& < A, provided t H.Qiul’i\hl { f2 ard k ko(a,&). Hence (6) holds
for every & » 0 and every B> o, provided that - At {Aand kD ko(é,&).
But thls slves (n,l < 1§md 502N " In, ] 21 for & = - A provided that
BB, w58 k3 Kl

If T}O(o)’{"\a"- &2 where 0 < 3(&, we have \']0(6) = o for some
5= ‘go > -Apr;oy)hied thatA}Aoté). Now if &< 0, m > 0 and 2gn + 10
we also havgzggé'q + 1)< 0, and 50 1T D gatisfies (2)

\\‘ "}(—i—'l—->2§'r]+1.

as
This means that the solutlon of (2) increases more rapldly than the solution

of (%) through the same point £,y in the reglon defined by £<0, 3> 0,

25 + 1 > 0. The solution of (2) through § =0, 7 = 4 -8 certainly lles be-
to 1lie below it as & de-

low the ¥ _(§) just defiped pear £ = 0, and contlnues
creases. It therefore reaches n=20 for -5) §O which gives the gecond part.

TFMMA 15. Suppose thet & and g are defined by § (3)

and & is any positive number. Then if ntg) is a
anlution of (2) for which Ip(o) - al < &,

u‘;gﬁ_ ﬂAE_d\<£, \E%——ﬁl(ﬂ,

(€] See E. Kamke, Differentialgleichungen realler Funktionen, {Lelpzig

1930, New York 1947Y, 93-
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provided that A>A (&), §< (€8 and k ) k_(£.8,0).

We first observe that since n; m 1;2 é - + the interral in §
(5) i3 convergent sc that g is defined Suppose that now q Tz delined by
§1 (4) and §1 (5) and let *I"? + 1, , then min r,a 26(A) > o tor - ACE <)

and so, az in (6}, for every s! > 0 and every A> 0 we have y, [ <& Tor
“A {§ <A provided that & <d (e,A), k > k (§,6',0). Hence

& Iw, as
_P' < ] Yh Jd‘;
° ey 2 o0

Fal

T - ‘m o
< 5%3 J as ¥ T .] Qﬂ; < E &
e "70 ] 170 :~\‘
for every ¢ > 0, provided that A Z} (), &' ¢ 5(;(3,&), 5\;(} 5(;( e, and
>k (e, s'ﬂé} N

S D

8 £ -, }7; tends to 0, ard by Iemmafz}

w

Y}-ﬂ}——ek“@g N

.\,
and so, dividing (2) by n and ntegrating an&writinrr
IA) = l _..i
we have .."“4

n’:':; 3 e
—'}(*ﬁ)+'7{0)=—z¥+1(m——_'__{__+J' ﬁ;@i}_
\

AN

X §
It Follows that \\

|I{AJ - ‘d‘ _( Eﬂ + ‘Cl 9(0)' + —7— ‘25?1

By choosing &< 8@,@’))[\ and then k > i o¢€,8,8) we can make

Q I(A)<A2+Q+(1;2}I .

and an I(A g?ﬂ + a4 1),
o»\},

N/

Then for every & 2 0 and every FANY A we have
IT(A) -A° —a) (¢
for 68, AY A, and k >k (€,8,A) which c

ompletes the resu:it.
§12. We now apply Lemm&s th and 15

to the pericdic solution.

THEOREM 2. For the periodic gsolution as k - w
(1) é= -4 kT3, o 1/3y,

(11) & = %k + (¥ g) 13, g(k“ﬁ),

(111) b = %‘-k s (asp)y kD, gT1/3y,

() b=z Laap) w3, g /3y,
(v) T=%k{2- 108 2} 2 g3 g3y

where & and 8 are defined by §1 {5).

By lemma 2 |z| { M T3A for x 21 +Ax22 ) and so in the notation



VAN DER POL'S EQUATION 7

of Temma 14 0 < < M/Afor§=-A. If e x'/? 4 « i >& the regult of Lemma
14 gives a corlradiction for A A (8) and k k (8,00, and so e /3 +of {4
for every o 0 and k >k (d).
By the integrated equation for CA!
1

" N o) A F
fat —c+?k+tcf[§ JF x dt + -]c {1 - x)dt.
How
() W ) f -
S I Y I

and go by Temnas 7, 8 and 15 we have

A MA’/Q ¢ 2E
27 T S

+

- e o B /3 £ M
tal — ¢+ 3+ gk ! <k1/5tﬂk1/5

for every £ > 0, provided that A> A (£) end k > k (&,0. RefldChing in x = 0

we have (11). Then (i11i) follows from Lemma 9. Putting (11i\In Temma 12 we
have ,,*'\}‘.
L) 2 ~b /3 =k /3 89
h‘gh +'5"+(“+F3}k / = o(k /2‘\,-\
and putting h = 2 + ¢, Wwe have {iv} as in Theorem 1%\
As in Theorem i t_ = 0(log k/k). B;(sgétha 2 (iv) and (iv) above
we have
~1 /e W 2 ~1 /3 -1
(2)  tp, >k (3 - loge) +J§(a+g)k‘\g/~z Tkte - 12 -k - uwAT &

L Y 4
A%

for suery € > 0, AD> 0 and k » k! £, By Lemmas 3, &, 5 with (1v) above and (1)

(3} tye = thigﬁ» toz * oo
®)
Mo M log k4N . 1 (%
<Ay BRERGRCS 108”*2%

m\? £ 2
‘\;+_T73__k[e - 1)
) s

for every € > 0, pro(i:&éd that k > k,(€). But
O

W\ E dx 1 .o dé

— >

b, = == 75
e -Ic ixI k7 V-8

N
~"

AN
ON\’ M;

and s0 by lBhﬂa 15 and (i) above we have
(k) ltec—k(ew)g_ak"/5[<ak“/5

for every & > 0, provided that L3 >AO(8J and k > KD(S,'S,A)-
Putting (2) end (3} together with (4), we have

- -1 -1/3
thc=k(%—1og2)+;—{a+p)k’/5+ak 13 4 o2y

a3 k- o , Combining thisg with (1} using lemma 15 again, and the lemmas
which cover ABH and CA' we have (V).
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§13. Mr. Reuter has alsc drawn my attentlon to the fact that
d %o
%o dg =% Emo v
2
can be golved explicitly by msans of tables. Put 7)0 aé + U, then
du d 2
{ge-f-u}d—g— =1,anda§—=£ + U
d

?
The latter is a Riccati equation; put & = - —;,— g5 » then

2
d‘pg +up=0.
du

To get the solution v}; for which 17; — 0as £ -0 we maust haveddw - E° s
gm-fui1 2, Bence log ¢ ~- (2{5)|u[5i2 45 U — - oo

W)

¢ = A(-u) O
1n the standard notation for Alry integrals (B. A. Math

1946), HNow Ai(-u) ig exponentially smell as u — - mm,'\ixfises to & maxlmum at

., LaBles Part Volume B

U=u =1.019 ..., and becomes zero at u = u, = 2.\5'33 cee o At U s 111,1)’ =0
50 that £ = 0 and therefore o = u,. Also N
- = p¥¢ k1
v dg % d \~ .2
ﬁz.l *=_J §}=_‘ c‘.tuzue-u1
o Mo 5}

3
&

since £ 4 was u — u,. Hence o + p\g%—\"ﬁ = 2.338 and

3 Up
2T = 2k( £ - log 2) WY.01kk /3 4 o 1/3)
a8 in Dorodnitsin's paper” (altholigh of course he glves further terms).

)
— o\
* Bee also J. J. Stoker, Nenlinear Vibratiocns (New York 1950) 141,
)
x:\s.'
“\.‘.
z‘\\
o

|

. Th‘?“Q@J.'I-fzct'. golutiont,




PERTURBATIONS OF LINEAR SYSTEMS WITH CONSTANT
COEFFICIENTS POSSESSING PERIODIC SOLUTI ong”

By E. A. Coddington and N. Levinson

TNTRODUCTION
It x, T be real vectors with n components Xy, fi {1 = 1,...,1)
respeclivity. ared guppose T and 4+« &are real. Consider the gystem of aiffer-
entinl ot iond N\
O\
AN
(0.4} x' = £(X, t:}“')i (' = d/dt) » >
where L, arfax, arc econtlnuous 1n {x, t, ) for ‘sm@li" || and (%, t}
in some reeion V.o The situation of interest here 2 when the system
x' = P(x, L, O} has & perlodic aolution X = p{t) ‘of’ period T, arnd T ig of
period T fu L. I1f g lsany i ferentiable, ftimensional vector function of
x, denote by P the matrix with element @gi ax. 1n the i-th row and j-th

colum:. Thon the system of the flrst vg.riation of (0.1) with regpect to

thiz solution 0 LS A\
(0.2) g =ENR(L), B 5

As is well known, Lf (0.2) nag{ne solution of pericd T, then (0.1) has &

pericdic sclutlon of perio <:T} for gufficlently small Jgds X5 q(t’f‘)’

which 13 contlinuous in {% Pl and auch that glt, 0) = p{t). ) .
The fact that(idle) has no periodic golution of period T 18 equlivar-

lent to the nonfvaniﬁﬁing of a certain jacohien. Iet X = x(t, > M) bed

aolution of (O.}in}i’fh x(0, o ? y = plor + 9 Then the condition for

periodicity isyjust
(0.3) \\ X(T, o ) T RO AT O
For p = O, the system (0.3) has N = 0 as & golution. if the Jacoblan.
J = det {xq (T, pap) = £) does not vantsh st p = 0O then (0.3} has & uJ_:_nlgue
continuous solution 1 = () for lpl gufficiently s?all wit?_r}(o) = 0.
Here det = determinant, and E represents the n—dimenslonal unit ?atrix.

In case f{x, t, PJ does not contain t explicitly, b?t is of the

£=p' es s solution of pericd T 80 that

form f , th stem {0.2) has
(x, p}, the 8§ ( ase the theorem 18 modified,

the above hypothesisz 18 never fulfiiled. In this ¢
and if

(0,4} %t = £(xs p)

* This paper was written in the course of WOTK gponsored PY the Offlce of

Naval Research.

19



20 CODDINGTON AND LEVINSON

has & periodic solution x = pit) of period ’l‘0 for w= 0, and 1f the first
variation {0.2) has no more than one independent solution of pericd To' then
(0.k) has s perlodic solution x = g(t,p) for small [pl, continucus in
(t’F‘)‘ The period, T(w}, of q(t,p} 1is continuous in g+ .  Moreover
q{t, 0) = p{t), and T(0) = To . The fact that (0.4) at j» = 0 has p' as its
only linearly independent sclution of period E[‘O ls equivalent to the non-
vanishing of a certaln (n - 1)-dimensicnal Jacoblan J1 .

In maeny important cases the hypothesis on the eguations of the first
variation, or, what is the same, the non-vanlshing requirement on the Jacobiang
J and J,, iz not met, For example in case w 13 a scalar the eguation

3

(0.5) W w = pglw, w, ot ), O
where g 13 periodic of period 2mwin t, If 1t contains t,,\:\hae for ita
first variation O

W'+ W =0 “.(""«.

which has ain t and cos t asg independent solutions of‘fperiod 2t Thus
the hypothesis for neither result stated above can\be met for {0.3). The cages
of equation (0.5) relevant here have been treete&\in detall by Priedrichs and
Stoker [2]. ~\

It is our purpose to consider the case where f(x, t, 0) of (a.1}, or
f{x, o) of (0.4), are of the form Ax, .ﬁ'here A 13 a congtant matrix. We
ghow that 1t 1s possible to give suf‘f‘.j;éffent conditions for the existence of
pericdic golutiona of X' = A x + f.c%"('x, top) land x' = A x 4+ pfi(x, p)) for
amall ”“I even when the Jacobia@ J and J vanish, These conditions only
invelve knowledge of the so @om of the degenerate linear system x' = A X.
As is to be expected, If £ 2 analytic, then the sclutions fand peripd in
case f = f'(x, },L)) can be ‘golved for recursively. 1In the following, systems
for which J (or Jl’( vamsh will be referrsd to simply as systemsz with a
vanishing Jacobian. &

1. PERTURBATION OF A SYSTEM WITH A VANISHING JACOBIAN

For %8 linear syatem

(N x! = AX,

where A 1s & constant real watrix, assume that there exists & real periodic
golution p = p(t) with pericd 2. This 1g equivalent to the fact that
there exlsts at least ome characteristic root N of A of the form » = 1N

where N 1w an integer (which may be zero). We shall be interested in the
porturbed aystem

1.2) x'=Ax+,uf(x,t M) o

where 1t 1s assumed that A is the constant matrix glven in (1.1), p 1s a real

parsmeter, and f is real, periodic of period 2Win t. {SInce 2w nesd not
be the least period of F

. in t the case of subharmonic ocaclllatlons 1s nob
axcluded ).
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Tt is clear that if ¢ and d are any real constants, then ¢ plt + 4}
ig also & real pericdic solution of (1.1) with period 2av¥v, It iz not obvious
for what valueg of ¢ and 4, 1f any, the perturbsd system (1.2) may have a
periodlc solution tending to ¢ p{t + d) as p-—0. We can not apply the pro-
gaedure mentloned in the Introductlon for in the case (1.2} the relevant
Jacebian J vanlshes. However, it is possible to give sufficlent condltions
ror the exisztence of perlodic solutions of (1 .2y for w # 0 provided A 1=
ipn canonical form, and 1t is always posslble teo arrange this,

getting x = Py where P {5 & real non-singular constant matrix,
the system (1.2) can be repleced by a system for y where the coefficient
matrix B = P 'A P, when p =0, 1s in real canonical form. Moreover, this
new gystem satlafies the same assumptiocns as {1.2)., It will thergfiors be

sssumesd that A already has the following real cancnical forma .
¢\

A N

where the elemcnts not shown are zeros.wFach A, =1, .oes L, is a

matrix of %y (% cven) rows and. golumns of the form
J 3 &

(1.4} A, =

P4,

L

where all elements, {5 zero except 35 end E,, ard

..s‘\\w‘ o] 'Nj 1 o

':‘" - B, = ’
:..\.: @ SJ \\ N . o L b o 1
) J

Nj veing 4 positive integer. {In the following B, wlll always denote the
Kidimensional unit metrix 0 { k < n, and B = E,). Amefrix A T&Y have

only two rows and columns in which case it is Sy - Eech mafrix By has B3
rows and eolurms, = 1, <.., m, &odisof the form

4] Q L ] 0

1 o]
(1 .5 B. = 1 * ! ]
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where Bj may have only one row and column, in which lc{:ase B; cangists of

m
Noa, - N . row
j:ﬁ 3 j:1 PJ owg
and columms, and has no characteristle roots of the form 1N for any integer
N, including N = ¢. It is useful to notice that C need not be In canonics)

form.

the gingle element ©. The matrix C has ¥ = n -

A fundamental matrix for (i.1) 13 given by

tA
g™
etho
'.etAktB
(1.6) et - © :atB
Here
ts:.
P
(1.7) o4

> 3

where ©®. = 2p., 0, 1is the 2 by' 2 zero matrix, and

J i i
\
po&th “sin Nt
(1 .8) etsj - N’
(Y 9in N.t .
\x NJ cos NJt
while PAY
z“\,:‘
'\\‘./ 1 0 . o
A\ t 1 o '
~O e
(1.5) By o 51 e
.. ‘t .cl .-0
£ 9
({gj - .l)z LI ) t ]

Concerning the matrix etC
not of the form 1N,

» the fact that the characteristic roots of C are
for ¥ an integer, implies that

(1.10) det(e®™C - E. ) £ 0.

1.1 Existence of periodic solutions for small |ul.

Suppose now that (1.2) has a unique solution x = x(t, p, ¢}, where
X(0,u, ¢) = ¢, which exigts F t <
8 for in some interval containing o>t > 2T,
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and 1s continuous in R for w gufficiently near W = 0. From (1.2}, uslng
the variation of constants formula,

t
(1.11) x(t, p, €)= etA C o+ J' e(t_S}A f{x{s,p, ¢), 8, p)ds.
o}

Tt follows directly from {(1.11), and uniqusness, that & necessary and gufficient
econdition for x to be pericdic of period 2717 ig that

2
(1.12) (eQWA -E}c + R f o{2ms)A P{x{x,p, ¢}, 8,pjds = 0.
o

Thig represents a system of 7 equations for the n unknowns congisting of
the components of o©. In order to state sufficlent conditicns for the exlst-
ence of ¢ we firat analyze the structure of (1.12) In more deta;lg

If x 13 periodic of period 2W and if ¢© = C isg kpown to exist
as a function of w and be continuous for small |ui (or ipdbéﬁ if it exlsts
in the open interval o < pd for soms $ and the 1lim pﬁnas p—r o+ exiats)
then from (1.12), lstting p -0, N

(1.13) (eEWA

Thus {1.13) 18 a necessary condition for the ex@a&gnce of such a periocdic
splution x = x(t,}L, cv). Note that from (1:}(i>w6 have x(t, 0, co) = etAco ,
and (1.13%) just expresses the necessary anq.gufficient condition that x(t, 0, co)
be a perlodic solution of (1.1} with perigd™ a1,

From (1.7} and (1.8) we have’ﬁk'ﬁ

o’g?
-E)c, = 0. ’~>

)
A omm 0 -
. WY 2 2
(1% ™I -® = ,\ (2mf B, 2B o
J o\ o 2 2 2 . s
¢ A .. . . .
niuf : pj_1 .. 2 -, L.
(W - R (27 g covE, O
O (p-—1y: 2 2! ] 2 2
‘:>“. ]
and from (1.9} \
f§“'
\:?3~' 0 ¢ . o}
2 0 .
21TB'. B 2 .
] - — .
(1.15) ¢ Fe; fem” -, 2T .
Dem
{2m) J Lew f2m '.2%.6
{ﬁj—1)! 21

From (1.14), {1.15), and {(1.10) 1t 1s now clear that (1.13) lmplies that all
components ¢y of c, are sers except possibly those with index 1 corres-
ponding to the last two rowg of any Aj or to the last row of any Bj‘ Thase

indices are all thoss with the following forma
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1=, + o+ ...+0tj‘1 s
i=0k.|+o£.2+...+c(j,

{i.16} J= 1s eees Ko
1=0‘”1+"'+d‘k+|ﬂ1+"'+pj’
J= Ty e.e, M.

The indices i having the forms glven in (1.16} will be called exceptional
{ndices, and the corresponding components of any vector wlll be called
exceptlonal components. They are ol + m in number, and the exceptlonal

component s St of ¢, 8re not determined by (1.13).
To proceed further, dongider the compenents of the vectQ{ on the
left in (1.12) with indices

(\AH
J=1, 2,4 + 1, 4, B, waas Ay Ky e +ak’\—:1\ o
(1.17) dq F Oy e Ry T B, Ay b oea. %y j(ﬁ&
0{’
oy + e +£!‘.k+p.| +hy e, Ayt ....a;:qk +IQ_l L +,Gm_‘ + 1.

Theze 2k + m indlices will be called singular {ndites, and the corregponding
components of & vector gingular components . .ﬂéé~singular components of
(eE"‘A\—]E:)cl,JL ars all zero. Thus the singulgﬁ~éomponents of the integral in
(1.12) must vanish for all [ aufficiepxgy“near po = 0. This gives

2 LR
(1.18) (e PTIACKx(s, i, 0)y s, pids) g = O
|0 5'.'
for any J in the set (1.17)§A§ﬁere { ). represents the j-th component. In
particular If p = 0, thenxikts, o, co) = eSAc and thus for the singular

O’
Indices N
( ; ' EW(EH—S}A A
1.1 . AL -
9 HJ.&EO) { J; e f(e ¢, 8, 0)ds }j = 0.

N\
If the periodic;}%§bf e&AcO and f are used then (1.19) can be replaced DY

ad

\ il
Ny _ v af -sA
(1.19) (3 Hy (eg) = _jo e®* r(e e , -3, 0)ds ); = 0.

N\

For p = ¢ all components of s other than the exceptional ones ars Zeroc.

Thus (1.19) 13 a syatem of 2k + m equations in 2k + m unknowWns, namely the
co?ponents cy; ©of e, with 1 exceptional. If x = x{t,p, ¢.) 1is ®o
exist ag a periodic solution it is necesgsary for (1.19) to have a solution.
Note that {1.19) can be written out explicltly without seclving the nonlineal
gystem (1.2,

Suppose that the syetem (1.19) hag a sclutlon for the exceptional
components of ¢, =8ay ¢4 = 8,. Denoting by a the vector with components
sy for the exceptlonal indices and zero otherwise, it follows that

plt)y = x(t, 0, a) is a periodic solution of (1.1) with pericd =27

.

We are now in a position to state conditioms under which there exlsts
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e periodic solubion of (1.2) for IPJ amall. We make the following

agsumnptlons
of the form 1N, where N is an Integer,
{11) o f are real, and f has peried 2w In t,

for ¢, = a,
{A) *ﬂ (iv)y f, af/fox; are continuous in (x, &, p} Tor

and for [pl < 4, for scme &8 0,
(v) the Jacoblan of the 2k +m Hj of (1.13),

not venlsh for ¢ ; = a;- (”&

- (i) A 13 a real constant matrix with the canonical form
(1.3) - (1.5), with at least one characteristic root

{1i1) & vector a exists which satisfles (1.13) and {1.19)

(x, t)
in & vicinity V containing the periodic solution
plt) = ebhg  of (1.1), o<t g 21, in its interior,

N\

sypgular,
with respect to the 2k + mc 4, 1 exceptioﬂal does

THEORFM 1. Under the assumphions (A)M&Dove there

exlsts a unique periodic sclution x = q{t,;&) of (1.
of period 2w In £, which 1s contgn@ous In (t,p)
all t, and 1P1 sufficlently sma1i;'and which for

reduces toc q{t, 0} = p{t). O

2),

for

P.==0

REMARK. If assumption (ﬂ) (v) does not hold, then &
more detalled anslysis 13 Pequired which will not be under-

taken here.

PROCF. It wil}gﬁé gshown that, for sufflciently small Il ,
{(1.12) has a unlque solutloni’c = ¢, continuous in b, and with cj = a.
From thls it follows at.qpée that q(t,p)} = x(t,p, %) ig the desired
solution. The existengaand unlgueness of s golution X = X(t, ¢) for
lul  amd  je - Sy gﬁ}flclently small and with x(o,u, ¢) = ¢ follows

directly from the{&sswnption (A) (iv).

To showgthe existence of ¢ =c¢p the system of equations {1.12)
13 replacedwby\the systems 3, (w,c) and Sy(p,c), where 3, (p,c) con-
siats of tﬁ& componenta of (1.12) with non—singular indices, while 8, (p,c)
congists of the equations (t.18) with singular Indices. Ag discusaed
after (1.13), S (0,¢) 1s & homogeneous linear system for the nonsxception-

al components ey

1s non-vanishing, the only solution is ¢y = 0, 1 mnonexceptional. S;(0,
18 just the system of equatioms (1.19) with ¢ = c_, and by assumption this

has a -
gsolution Coj = 84

1 exceptional. The first partial derlvatives of

the left zide of 51(p, ¢) with respect to the exceptional components of
are all zero at K =0, c=a. Thus the overall Jacobian D{u, c} of the
left sides of 3 s ) and S,(m, ¢) with respect to the components of ¢,

when evaluated at M =0, c=a, 1is the Jacoblan Dy (., <)

of the left

slde of 5,{u, ¢) with respect to the nonexceptional components of ¢,
eveluated at M = 0, ¢ = a, wmultiplied by the Jacoblan D,(M, ¢} of the

of ¢, and since the determinant A of the ceoefflcients

)

v
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1eft gide of (1.18) wlth respect to the excepticnal gomponenta of ¢, evalu-
ated at w = 0, ¢ =a. But D {0, a) is just the determinant A which 1
not zero, and DE(O’ al) is Just the Jacoblan in agsumption {AY{v), wnich 1s
not zero. Therefora, by the implicit funetion thecrem, the comnbined system
3 (p, c), S,(ps ¢) has a unique solutlon ¢ = Cp for sufficlently small
Ipl, which is continnous in W, and such that ¢, = 4. This campletes
the proof.

i.2. The analytic case.

The situatlon as regards analytlc perturbatlons f Lo 88 follows.

THEOREM 2. Suppose the agsumptiong (A) are satiaﬁg?d,
and in additlon let § be an analytic funetion of $x,p)
for (x, t) in Vv and |pl (&. Then q I3 an%}yﬁic n
for sufficlently small jpl . O\

PROOF. For (p, C} sufficiently close to @é,“bo), the zelution
x = x{t,u, ¢ is analytic in K and ¢ by the ex?éténce thearem {or such
systems. Algo, Cyp 13 amalytic in p by the 1mp11clt function theorem for
analytic systems. Thus, aft, o= x{t,p, c ) iﬁ analytic In p

From the practical point of view 1t is {mportant to know (in Lhe
analytic case) whether the perlodlc coefficients (with perlod =T q(j}{t)
in the conwvergent power series expansian

{(1.20) q(t,p) = x£§: n Lt
~ 12

2

“\
can be calculated recursivelz% As 18 to be expected this 1a indeed true. Let
the j-th component of a\l’\'be denctea by qgi) . Placing (1.20) into (1.2}
and comparing CDefflClq?tS of powers of p there results

a! %) = e
A}
@l .,

Mgy + @@y, t, o),

ANV gel2) n
(1-21) \3 gt (t) = A q{e)(t) + iz 25{ (q (O)(t), t, 0) q“)(t)
1
) RN
dg' 4 1 n .
#ow=ad e e X5 @)1y, £, 0) ¢

» PO

where F(J)(t) depends only on q(ﬂ)(t) for o {2 §-2.

That there exlst solutions q(l) to the system of differential equations (1.21

Tt will be shown that esch equation in {1. 21)
has at most one solution, and thus the formal process of solving for the q(i)
recursively yilelds q. C(Clearly q(1)

follows from the existence of q.

1s determined by the second equation in
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(i.21) only to within a periodic solution of the homogensous sguation {1.1).
However the requirement that the next equatlon of (1.21) have a perlodic
golution q(E) determines q(T) uniquely. PFor suppose this is not the case.
Then there are two distinet solutlons for q(1) geach of which in ths next
squation allowa for the solution of a periodic q(g). Denoting the differ-
ences between the two (1)‘3 by (1} and the two q(e)'s by q(E) it
follows by subtracting the two equations for the q(1)'s, from sach other

and the two for the q(ej's, that

(1) -
{1.22) c%% {t)=Aq(”(t)
N\
agt®) ~(z) LY tA = (1)
(1-25) dt (t)=»4Aq (t) + 121 %, ( o a, t, 0)qi '{\bj\-
- 5 .
'\
If a{e)(o) = 3(2), then from (1 23), S\

q(8 2ty = e¥R5(2) f St5)A § U (3% Cn, 0)3{ (s)as.
Y0 i=1 i ) 1
Since 5(2) has period 2w thls yields x.Q\J

(02"A -E) AR " e(err— $)A E: e Aa, g, 0)a£1)(s}ds = 0.

axi

Taking the components of the above w1th singular indices, j, 1t follows

that a
a1r . N
< 2w - a)A > A ~(1
(1.24y JO ( Toe) 12 _“?zc} b e®a, s, 0)(1! )(S)ds)- = 0.

Clearly 3(1), being & perf\ﬁlc gsolution of (1.22), is of the form

~(1)(S) = QA~(1J where the only nen-vanishing components agij of 3(1}

are those with except! snal indices. Now (1.24) is llnear homogensous in these
(!), and the determbnant of the coefficients of the 1left gide of (1.24) with

respect to the QL\ is precisely the Jacobian of the 2k + m H. of Theorem
1, which is assumed not to vanish. Hsnee a (1) = 0, and thus q(l)(t) = 0.

Precizely tha.same argument shows that 1T the q('QJ are uniguely determined

for 4 S 3. Munere j > 1, then ') 15 also uniquely determined.

THEOREM 5. If the assumptions of Theorem 2 held,
then the analytic zolutlon q of {1.2) can be obtained
recursively by solving the system (1. 21) for the periodic
coefflclents q(i), of period =2, in_the convergent power
series expansion (1.20). Each q{ s L 21, 1is determined
uniquely by the L-th equation in {(1.21} ard the fact that
the (i + 1)}-8t equation has g periodic solutlon.

1.7. Examples.
A3 a first example congider the gecond order differential equation

(t.25) " + u= pfu, u',m + pF cos &,
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where u, p f, F, are real, and |pl 18 gmall {(Remark: In appllcations

(2] the perlodlc term Go3 t 1is often replaced by cos wt wWhere w 13 near
V. However & change of gcale of £t has the effect of replacing w‘r by

& and replacing u by u/w’ on the left side of (1.25). If 1w’ =1 - pe
then the effect of varying « can be cbserved by varying o . Thuy If % = wh,
and . = d/d%, {1.25) becomes

Qo+ ue=pl(1 -pe) £lu, 0 -ap)'1£2 u, &)
+0u+ (1 —y.a*) F cos tl.

Putting p = 0 1in the bracket on the right the bracket becomes fiu, l:l, 0) +
gu + F cos T. This is all that enters the H,; terms. Thus 4d thouse terms
the effect of w 18 eguivalent to modifyling f by adding a’u\ te 1L, Thils
gams device can be used in more gensral cases). The equation «1.05) can be
replaced by a palr of first order equatlons by setting u' el v, bul this is

not necessary. In any case here the periodlicity requirement, on & aclutlon of
{1.25) gives rise to two eguations. Both are sjngulﬁr and both components of
¢, are exceptional. Instead of assumling for u SN0, u = €., CO3 Tt Coo gin t
it is more convenient to assume u = ¢ cos (t/AH&). It is also corwenlent to
tyanslate t in (1.25) so that u = ¢ cogNi}  while the wdetermined ¢ comes
into the last term of (1.25) as F cos (t .~ d). Using the varlatlion of constants
formula on {(1.25) the periocdliclity condition becomes

LN

2T RN
(1.26) f gin s [f{c cpg §, - ¢ gin g, 0) + P cog{s - d)]da = 0,
¢ AN
R 13 ¢ &¢\J
(1.27) _J' co3 8 [N‘c cos 8, - ¢ ain s, 0) + F cos( a- d)]lds = 0,
0 ¢

where ¢ and d areg T.o be determined. These are of course the H, Te-

J
lations for this c@.& If f 1is an even function of u' , then (1.26) be-

me 8 p .
Gome ,s§ 2w

N P J ain 8 cos{s - d)ds = 0O
_e) e

which ile‘ies d=0 or d= T. The equation {(1.27) then involves ¢ only-
A gimlilar simplification occurs if £ is odd in u!

b

For cases 1ike f = au + bu® the equation (1.25) is of great prac-
tical interest; it is of especial importance to know the dependence of ¢ o
a, b, amd F.

A more gemeral example 1s the system (1.2) with A having + 1 &3
simple characteristic roots and where there are no other characteristlc roots
of the form iN, N an integer (including N = 0). ILet the system be written
as

(1.28) ' o= 8Y + pely, L,

where the constant matrix & 1is not necessarily in canonical form. 3ince

+ 1 are characteristlic roots, there exists & constant non-singular real matriX
P such that P53 = AP where A has the form
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{1.29) A= 1 . 0. .

Here AO ia not necessarily canonieal, but it is real and has no character-
istic rocts of the form 1N, for any Iinteger N. If (1.28) 1s put into the
A form by setting x = Py then there results

X' = AX + WP g(P %, t,p),

N\

and the Hj relatlons (1.19)' become :
g oA

Hitey) = ( f o™ g(r™ 67%c,, - 5, 0)s); = 6= 1 2,

O  {

o o &\

(1.30) Hilo) = (P f o®® gl e PP e, - 5,008} =0, F-1, 2
o} \,

If p(1) and p(2) are the flrst and secanﬂ rQws of P respectively, then

N

clearly

. 21T o)
_ Htdd 98 .css -1 _ _ .
(1.31) Hj(co)—p fo e g(.\e’.; Plc,, -8, 0)Jds=0, J=1, 2.
How eSSP C, represenys the general periodlc golution of ¥y' = 37-

Thig i assoclated with the roobé\ + 1. If y(1) and y(z) are two such resl,

independent, solutlons, then\@§ "¢ can be replaced by Co y(1)(—s) +
0023(2)(-3), and hence (1.51) becomes a palr of equations for o and Cq
Iif Coqy = 842 Cgp = 8 ‘13 a solution, and if the Jacobian B(H1, i, y 6(001, cOQJ
does not vanish at gé;}l &, Cgp = 8p, then Theovem 1 may be applled (pro-
vided of course th@ﬁ‘the other assumpticns of (A) hold) to prove the existence
of a unique perLodlc golution y = qlt, p) for small enocugh [l.

Noﬁe that {(1.31) involves only the {lrst two rows of the matrix P.

The fact tﬁht‘ P3 = AP yilelds

11 » 11
S Pk T Pk, 3 Peifik = ik,
=1 =1
if P = (pij) ard & = (Sjk)' Thus
n

(1) . 1p(®))t

and hence (p(T) + 1p(2))5 =1i (p(1) + ip(e)). This implies u = : )
2
to

is & solution of u' = uS, and this last property determines p( ) + 1ip
within & constant factor. Of course, from the practical point of view, one gtill-
has to calculate ess, and it 1s a question whether this 1s handled more easlly
by first reducing 5 to canonical form or not.
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o. TPERTURBATION OF AN AUTONOMOUS SYSTEM
WITH A VANISHING JACOBIAN
Here the real system .
{2.1) x' = Ax + pf(Xx, b

wili be considered where A 1s a real constant matrix, fwl  La small, and
f{x, p) 1s real continuous in (x, @) for small Ipl and x  In & reglon
¥ to be described later. In fact 1t will be assumed that the ar‘/o'xl,
{=1, ..., n, are continmmous In (x, l“') for x In V and [pl small.
with w = 0 the system (2.1) becomes ~

{2.2) x' = Ax.

Tt 1y assumed that (2.2) has a periodlc solution of periods L. Note that
27 need not be its least period. It is assumed to be.Bhé case that ¢ 2TA
does not have 1 as a zimple characteristic root. Tms last atatement is
equivalent to the vanlshing of the relevant Jacobian} Jy -

As in Section it it can be assumed with iy festrlcti.on that A 1s
in real canonical form given by formulas (1.3Y) \\ “t1.5Y. Thus (1.6) - {1.10]}
alsc hold. However as before € need not be\in canonical form.

2,1 Exlstence of periodic solutions for small Ipl.

Let {2.1) have & unique solu‘tion X = x(t, [ c), where
x(o, Mes c} = o, which exlats for t~ '1n some finlte interval and ls continuous
in p for jr mear = 0. Then, as before,

(2.3) x(t, p, ¢) = tA pf e{t smf‘(x'[s M C)y P )ds.
\
Necessary and sufficientfor x +to be periodic of pericd 2T+ T 1=z that
- 24T
(e(2ﬁ+"|")A E)°+ Pf famwe T - 5)A ftx(s’f" ¢),pds = o,
'\..
or 'S
s\ 2 +T
(2.4) (e QﬁA-E’)'c EttA( ~E)c . }-*f * o (2TT -3 )A P(X(s, c),pids = 0.

'“If x = x(t, K, ¢} is periodic of period 2% + T and 1if
and Tﬂ\r(’p) are continuous for small enough o and T{0} =

follows, since x{t, o, co) = etAco, that

(2.5) (EEWA

C=Cu
0, then it

-Ele, = 0.
As In Section 1, thls implies that only the components of ¢ with exception-
&l Indices can be different from zero. (As before T and ¢ need in fact
only exist for small w > 0 with limlting values as p204).

We assume here that in the canonical form for A there appears at
least one matrix of the type A., The exceptional indices agsoclated with

A, ave 41 -1 and o . The component of &"fo_ with index o, is

(c) SlﬂNt*‘(CJm cosNt

and hence, for any specific cholce of
(e, ) and  {c_ )

B this simlsoid vanighes for some value of £ and has
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there a non-vanishing flrst derivative. By continulty, the component X, of
x = X(t, . cp) mist eross the t-axis at some t also. The system !
(2.1) is invarlant under translations in %. 'Thus, with no restriction, it can

be asgumed that x, vanishes at t = 0. This means that X, (O’f"’ cp) =

1 1
{Cpwy 0 for saufficiently small !f" , including g = 0. In fixing this
compoﬁent of X We are then free to determine the period ¥ = T(P)' Thus
the problem becomes one 1ln obtalning aufficient conditions for the existence

of ¢ =2¢ and T=T(p) {(with [Cp)m1 = 0) sgatisfying {(2.4).
Now, returning to (2.4), we see as in Ssetlon 1 that the components
of (egﬂA—E)CP with singular indices are all zeroc. Thus for thege indlces
N\

2TA  gTA 2651

(e.6) © (——T—_E') (—-—-) + j (21”7 5)A fix{s,p, ¢ .)d.s)ds = Q.

\

Letting g -0 in (2.6) the term involving the integyal' tends to a limit,
and hence the other term approaches a 1limit, Since\:’r =0 a3 p =0, (2.6}
gives for the components with singular indices )

1 \
(2.7) ™A o Un () + f e{PT8 )N (%, 0)ds = o.
ur0 Yo Nt
Changine the varlables from s %o 21'(-‘:5’ and using the periodicity of
eSAcO there follows N\

¥ ¢, Lim (- ’fw ;9A £(e™¥e , 0)s = o,
k0 “" o

which can be used instead of {2 7y. If at least one singular component of
zmﬂAc is different fro\zero then (2.7) implies the existence of the 1limlt
of 'r,f]u as u 0, whereas the existence of thia limit is not implied by
{(2.7) if all compo ents of eE“AAc with singular indices are zero. The system
(2.7}, which holds.~for aingular 1ndlces only, can be regarded as & gyatem of
2k + m equatj@n “Por the 2k + w urknowns conslsting of the components of

c, with exceptloml indices { (¢, do, = 0) and the urknown Ilim (T/p}, @ 0.
HLe‘t ™
3 oA (ET'S)A gA
(2.8) NJ B; (04 v) = (ve A o + f £(e® ey, 0)As8)y

where j goes through the singular indices. (It is to be observed that Hj
is given explicitly in (2.8) as a funetion of ¢, and v, and does not re-
gquire that (2.1} be solved).

For the following exlstence theorsm We S9SWme

f1i) A is a real constant matriz with canonlcal form
(1.3) - (1.5},
(A) (11) o f = f{x, ) are real,
(1i1) & vector a, wlth aml — 0 and with non-exceptional
components zerc, and a number Yy exist which aatlsfy
Hj(a, vo) = g, J singular,
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(iv) f, 8fjoxy; are continuous in (x, p} for x Ina
vicinity V contalning the periodic solution
tA a, of period 2w, of {2.2), and for |}“| {8,
for some &> 0,

(v) the Jacobian determinant of the 2k + m Hj of
(2.8) with respect to the 2k +m -1 (00)1’ 1
exceptional (1 ¢u1), and with respect to v
does not vanish for (co)1 = a8y ((co)m1 = 0},
and v = V..

J

THEOREM 4. Under the assumptiona (A) abova there ox-
1sts a periodic solution =x = g{t, p) of {2.1) with e od
2w+ T(p), where q 13 eontinuous in (t, ) f‘or',\ssl\] t
and Iyl gufficlently small, T = T(P) | cantiinuou:s in
M, alt, 0) = e"Pa, and v(W)/p — v, 8s tg(w}‘.o‘. There
1s no other pericdlc solution of (2.1) whic,h:'when po - O
becomes etAa. e

FEMABK. If (A) (v) does not hold\a more detailed
analysis is required which will not\be pursued here.

FROCF. 3ince w enters Hj' Tinearly the Jacoblan wlll

certainly vanlsh if the coefficients (eE“AAa) = 0, j singular. Note
that a3 1n Section 1 the a, with mn-sxceptional indices all must vanish.
From this it follows that the tams (eevAAa) .y J singular, can be differ-
ent from zero only for those mj\ associated with an Ay which has exactly
2 rows and columns, and f‘of\ho Bi‘ Thug (A} (v) really lmplies that there
is at least one A, m:.AT, and that A, must bave two rows gnd columms.

1
The proof fr::\ljldu\rs that of Thecrem 1 ¢losely, and hence will be

omitted. 9\
'\NWV
%.&n&lgtic case.
2 8

T}IEOHEM 5. let f = f(x,p) be analytic in (x,p)
»i:or x in V and |pl < §, and suppose the assumptiocns of
&r‘fneorem h hold. Then the periodic solutlon q is analytlc
in (t, P') for all t and for {u| sufficlently small, and
T 1s analytic in o for |ul sufficlently small .

PROOF. The proof 1s very much like that of Theorem 2.
In the analytic case the cosfficients In the power serles expansiond
for g amd T can be calculated recursively. Here 1t is convenlent to re-
place t by & where t = g(1 +v/2W, and let g{a(1 + /27, 1) = p(s,p)-

Clearly pi{s, ) 1s amlytic in p  for small fwl, and periedic in s of
period 2w. Therefore there exlist expansions

{z.9) pls, p) = ip.i 13(1)(3),
1=0

and
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(2.10) /e = X iy,
= B
where both series comverge for small enough [u|. Clearly, 2wb, = v , and

p(O)(s) = eSAa. Since the compenent of 0, ) with index o, = vanishes,

2
1

it follows that this component of p‘ll(0) wust vanish for all 1 ) oO.

The differential equation (2.1) becomes

dx T

(2,11} g = (U + o ) (Ax p I(x, ).
If (2.9) and {2.10} are substituted inte (2.11) and coefficients of the powers
of w are compared there results the following system of equatlons:

-
(o)
dp _ (o)
dS - A p L)
qpt"” () (o) (o) "
a"'s— = A P + b.l A P + f(p N 0), '\:\
ap!?) (2) (1) () (05 1\
(2.12) < ds =Ap"' +Db APD + b, AD + b, f(?\& 7 0)
n i
S _..a_f_ {O) o] §1) 21 (0), I
+'1‘:1 8%, (p*~7%, 0} p; +~§F {p Yoo,
(3} ; : \J! .
d -1 J = af 1
as - apt o At )+bjhsa§+i:1“73x_i(p(0)’ o) p, 37
- SR ARER
where F(j) depends OIL p(o)) pﬂ(:]:%:’..’..., p(j_e), and b_l, bg, PR bj_.i.

That the system (2.12) has a solutiqﬁ.for p(i) and b; is clear.

THEOREM 6. Undqpiﬁhe assumptions of Theorem 5 the
analytic solution ¢ anbf (#.1) can be obtained by solving
equations (2.i12)»in‘succession for the periodlc coefficlents
p(i), of periQd§321§ of the power serles (2.9} for
p(s,};) = q&éi1 + T/ew), W, and the_constants by in the
expansi (%.10) for Tjew. The p(l) and b; are uniquely
determiind in (2.12) by the requirements that p'%(a) = &34

\ k 8, 2nb1 =V,
pU e am = p(t(s), amt plM (0) = 0.

\\3“ PROOF. Suppose there are two functions p(1)’ ﬁ(1), satis-

)

fying the second equation in (2.12), and twe constants b, [ such that

to the palrs (p(1), by, (ﬁ(1), 62) thers correspond p(EJ, 5(2),
respectively satisfying the third gquation of (2.12}. Subtracting the third
equation for one case from that for the other case, and denoting 5(1] = p(1) -

ﬁ(l)’ se) _ pLEJ - %(2)’ gg = b, - ﬁe, we have
asta) _

dp ~(2) ~1) . % (o)
ds AD +b, AP T4 b, Ap +

'_l.
I A

af (o) = (1)
H’;(p ,0)131 -

From the sscond equation for each case follows

w(1)
d o (1)
a% AD .

} ' 1s periodic it follows that

Let 3100y = 801, ama 3'2)(0) = 3(2). The secora (a,) component of
each 1s zero. BSince ﬁ(1

50 )(s) = SAg (1)
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where only the exceptional components of al") can ve different from zero,

Thus E“) has at most ok + m - 1 components that are not knfm‘; to be zerp,
2
From the differential equation for 5{2), and the fact that (0} = pt N e,
it follows that pur
@® - o™ ) _p A | PR e
o
. O o
v, A 2T A0 (ryag
e
o1 _ n . ~
P BT N B (00, 0y B (e
[o] i= 1 :

1 , ‘.\

Since the singular components of the left slde vanish the :uubs’ Ty rrus for the
right side. Setting p(O)[o') =e°rAa, and ?nbl = V., Igt}ro'llow:a t.hat

L ¥

— -~ o “(\".
v 2mA L, g1y ewd, e oA AN
m

Q 'M'\\‘
2 }
. _]:3 e(EW—w)A1%1 %i_i (em\a, O)E{\i‘igi(ﬂ)t do’)j = O
{\1
for all singular j. These 2k + m equa«tions are linear homogenecus in the
2k + m terms consisting of 2n‘b and, the 2k + m - 1 componenta of “)
not fixed at zero. However the deteminant made up of the coefficlents of
these 2k + m terms is preclselg'the Jacoblan of the 2k +m H,(c,, v) with

respect to {co, v} evaluatedfat v = Vo, ¢, = a. Thisg Jacoblan 19 not zero.

- o]
Thus B, = 0 ana E') = o Swhien proves that b, and p'!) are uniquely

determined by (2 12). Inﬁihe same way it follows that 1 plod ., it .
and by, ..., By () 24) are determined uniquely, then (2.12) detemJ_nes ptd

and bj+1 uniquely, t}ms yielding the result by induction.

9.\
2.3 Exam les.
Exapzp‘l;“s analogous to those in {1.3) can be considered.

The cadge
':; u" u = uf{u, ', »
M\;:: + pflu, ur, )
where 3:\,,1 are scalars, yields for the periodicity equations (2.6)
o {ees ¥ - 1) T + g i - F ' 0
p T e J{; sln (T - 8) flu(s, u), u'(s,p ), plds =

2w+T
‘cpﬂ%t-‘g+fo cos (¥ - s} fluls, p), u'(s,p), pids = 0,

where O here represents a scalar.

Letting P and recalling that
T (0) = 0 there results

ot
f sin 8 f(c  cos 5, ~ ¢  sln s, 0)s = o,
o )
o1
'cov'{'j; cos 5 f{c, cos 5, - ¢

° 3ln s, 0)ds = Q.
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If the first equatlon has a solution Co = By # 0, then the second sgquatlion
determines a solution for v.

The analogue of the more general example in (1.3} can alzo bs con-
aldered. This example ls the subject of & paper by Bulgakov [+]., 1In the
termiuology of (1.28) the egquation here is
(2.1k4) ¥ =8y + pe (¥ ),
where S satisfiss the same conditions as stipulated after (1.28). If y“)

{5 a solutlion of periocd 21\' of‘ ¥' = 3y, then analogoua to (7 .30} we have

Y equc + J SA P g(P1 e_SAco, o)da)j = 0, =1, 2,

N
or
o .\\
(2.15) Hj {(c,v)=¢c¥P 3 y(”(E‘rr} + f P &5 gle y“)( H)“\O)dﬂ) j=1, 2,
o

l “
where ¢ and ¥ are numbers to be determined. Since\’zis y“J = dy“ )/ds
equations (2.15) may be put in the form

(e.16) Hy (c,v) = p(J} (o v gﬁsﬁ( dem [ ezssgy{cy(”{-s), 0)ds) = 0, =1, e.
. \s
If the pair of equations (2.16) havé a golutlon ¢ =a, V=Y, and
if the Jacoblan a(HV B, y /ale, v) 1s th zero at ¢ =&, V=¥, then
{2.14) has a pericdic solution ¥y = q,(’t, }.LJ of period ?n’+‘r‘(rz) {provided
of course the other assumptions of ffr) hold). Because {(2.16) 13 linear In v,V

can be eliminated resulting izia single equation for c.

\\ BIBLIOGRAPHY

[1] BULGAEQV, B. V. “Perlodic Processes In Free Pgseudo-Linear Osclllatory
Systems,™ Journaal‘ bf the Frarklin Institute, Vol. 235, (19L43).

f2] STOKER, J. J.{,,\ﬁ’onlinear Vibrations,” New York, (1950).

:"\’.‘; )
2 \Y;

\ 3






DYNAMICAL SYSTEMS WITH STABLE STRUCTURES
By H. F. DeBaggls

In the study of nenlinear problems it 1s difficult for the mathe-
maticlan to find rich clagsifications of nonlinear systems which are aufficlent-
1y homogeneous in their properties to yield an intereating FP&QTY- Btrong
analytic conditlons (restricting, for example, the functiems b0 polymomials)
will often still admit systems with pathological behaviggél For physical
aystems to perform certain operations they must, if,thby’are to be useful,
possess a certain degree of stability. Small pertm?ﬁhtions should not affect
the esscnbial features of the system. S5ince the‘phﬁsical components of &
system can never be duplicated exactly, experimental verification would be im-
possible unless the system remain steble gﬁﬁ r small variations. The stabllity
requirements of experiments provide a c;ﬁe'to the restrictions a mathemsticlan
should place on his nonlinear problqmg;"

A. Andronov and L. Pontrjggin [2] attempted a mathematical descrip-
tion of structurally stable sygtéms (systemes grossisr). The "esgential
features" of systems to be B?Qéerved under small perturbations are degcribed
mathematically by the topé{pgical character of the phase portrait. They gave
a statement of the maig.fesults of the theory of structural gtability. And
Andronov [1 ] showed.thaé only stable 1imit-cycles can represent real self-
oscillating phenoméﬁﬁ'in guch systems. The results of the theory of structural
shabliity WBre,Qésﬁéted and used by A. Andronov and C. Chaikin [1] but again
proofs were Gﬁﬁtted.

”wIﬁ;tﬁis paper we give a complete treatment of the theory of struc-
tural sfapllity. We have relaxed the conditions of analyticity which were
imposed on the functlons by (2] and mepely require that they have continuous
first partials. Furthermore, though we consider & region bounded by & aimple
closed curve, from our methods of proof, it will be obvious that these results
hold for regions bounded by any mumber of simple closed curves of the type
under congideration., In conclusicn We add some remarks concerning the struc-
tural stability of systems wlth respect to small variations of the parameter.
A more detailed discussion of these coneluding remarks will appear elgewhsre.

¥ The author wishes to express his gratitude to Professor lefschetz for
the opportunity to make this study and for his congtant encouragement and
advice. Thanks are also due Professor M. M. Schiffer for his many help-
ful =uggestions.
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PART 1

In the first part of this paper we shall show that astrictural sta-
hility ilmposes certaln nscessary conditlions on the nature of Lie critical
points, separatrices and timit-eycles which a dynamical systom may possess,

We deal with a dynamical system

{A) &=P(x *q) (L =1, 7}
dt i 1+ e ' ’ !

where x,, X, are Cartesian coordinates In the plane and Lhe Punelions P,_
{1 =1, 2) have continucus first partial derivatlves within and on Loe bound-
ary of & closed region G. The boundary of G 13 assumed fo l¢ha siaple
closed curve L with continncusly turning tangent. A

The system (A) defines & vector field and the vqc{:-}?’r:\ {1‘1, P;_\,} is
referred to as the velogity vector (at the I‘epfesenl,a.ti\{q Point M{x . x,) of
the ayastem). A differentiable arc A 1Ly zaid o bw wa¥§An;cw-Llav;'w'L; ths
vector field whenever the veloclty vector 18 ncithgwgqi:rm ar Larssoal Lo A
at any of 1tz points. We shall assume that thesg pr&peptieu hotd o cvery

point of the simple closed curve L and cal%gﬁ}: A cyelo wilhou: covtachk.
This implies that once a trajectory (a curuettangcnt fto the fleld) entera
[leaves] G 1t cammot leave [enter] G, iiﬂiithout logs of generallby we may
consider the trajectories of {A) cutti:n’g?the cycle without contact 1. as
entering G with increasing time. o

In addition teo the sysyeﬁ:IA) we shall constder the perturbed aystem,

dx. \

(B) - = Py (x\;\szg’) by (X, X0 (1=, 2)

whers the functions Dyy\BRVE continuous first partials for all points
M(x,, X,) belonging B¢ G.

Definiti?£§l, let ;:[Ml, ME] denote the Euclidean distance be-
twesn two poini;s n the plane. The system (A) i1s gzaid to be structurally

stable in Q\~fif for each ¢ » 0, there exists a &(&) < 0 such that for all
p; (%, x<)~i(~i'= 1, 2) which belong to the class C' and satisfy the cordition

op; .
lpy 1 < 8, ox <8 (i=n1,2; j=1, 2)

there exlsts a topological transformation T of G into itaelf with the
additional properties:

VoM TMII (e, [Me G, T(ME T(@)],
2} T maps trajectories of (A) into trajectories of (B}.
Thus, if the system (A) is structurally stable, the perturbed system (B) has
the same phase portrait gualitatively as the system (A).

It will be convenient to recall here the definition of .o and £
Limit sets,
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Definition 2. Iet vy be a trajectory, 7y 5 the subset of ¥
o

conelating of the point MO and all the points of vy traversed after MO,
1”& the analogue referring to the points traversed before Mo' We refer to
o}

1/& and “Y& as the pogltive and nesstive half trajectories determined
o)

by M,. The c¢losures 1’& » ]’& glves rise, through their intersections,
© o

to two new seta

+
A=y Y R Qo vy
o]
the 0 and A 1limit sets of yv. (Birkhoff).

The points of G for which (P, P, = (0, 0) are ealled critical
points of {A). These polnts are characterized topologically ¢ aq points through
which no trajectories pass and which are limit 2ets. Equmv&lently, they have
heen described [Lefschetz [6]] as trajectorles which consist of & single point.

For the sake of completeness we include heney Jsome well known facts
about the hehavior of trajectories in the ne:ahbcrﬂﬁbd of eritical points.

In what follows we shall be interested purticularlj in the critical
points (x1, Xe) for which the Jaccblan ,:§‘

D___._(P"’ _PE) ’ ; o
[D(xi, xj)] (x?, Xg??‘:—‘“&(ﬁ s Xp) # 0.

For simpiicity, let us assume (x?gﬂ%g) i at the origin. Then by Taylor's
Theorem

Fil ééi > 1%+ 8% + 81Xy Xp)
7, g (X1: X )
,~\ T 1im —X—TS(-T (i =1, 2}
AN x =0 e 2
."\1. Ko~ o

O oP.
Hence Ao, D.}.'E}O implies 811 8’12‘ # 0 and -__-axlj = 844 {1, j=1, 2)

=

21

\\f% ig known [cf. v. g. Hurewicz [51] that under these conditions the
topological bshavior of the trajectorles g (A} in the neighborhood of the
origin is the same as that of the system

a4 .

2 A . i =1, 2).
T = 844 €1 4+ a E2 (1 s E)

12 AP P

Hence, when A(0, 0) > 0 and o (0, 0) = —I—ﬁ—; + -;?] (o, ¢) # 0 the orlgin
1z either a node or a focus depending on whether the roots of the characterls-
tlc equation a2, T A+ A =0 are real and of the same sign or the complex con
jugate. The trajectories will tend toward [lssue away from] the origin if the
real parts of the roots are < 0 [ > 0l.
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Tt i3 also well known [Hurewlicz [5])] that In thls case the origin
can be enclosed within an ellipse of small radlus such that once o L r‘ajectory
enters the ellipse it camnot leave. That is, an elllpsc which Py without egy- -
tact with the vector field. We shall refer to these ellipser an critical Curves
and to the regions encleosed by them as critical remlions.

When Ao, 0) >0 and o(0, 0) = 0, the orivinmuy iw olither g
center or a focus depending on the nature of the higher degred Leruws,  We shall

refer to a focus of thisz kind as a weak focus.

LEMMA 1. Let MO = £1{vy) [A{vy)] be a node or tooes ol a
structurally stable system (A). Under the tfanufurﬂuujcn. T,
required by Deflnition 1, TM,) = D{T(¥)) [Ty N
T(G). .'\:\
\S °
Iet the ¢ reqguired by Definitlion 1 be so _,ma‘lf thiat we can laolate
Mo by a critical region R of radius r > ¢ and uilgﬁ L‘ha:, sy othor critical
point iz a distance > ¢ from its boundary. Thi_:sgsznﬁo eritical roecion contaln
exactly ons critical point of each perturbed aysism ’(B]. But., for & amall,
the velocity vectors of (A) amd (B) have appr;a}ﬁ\i\i;ately the game 3 cebion on
the boundary of R. Therefore all the vecto'r:\“of‘ (BY will b directes]l to the

loterior {exterior] of R and so T(M,) S0 [T(y)] {RIT(y)]].
Since the Poincaré index, wh;i’@h is +1 for a node or focay and -
for a saddle polnt, is a topologicql':iﬁvariant [6], we can atate

SN g

LEMMA 2. Limit 4€ts which are nodes or focl [saddlc
points] camnot, gnﬁ@n a topological transformation, map
into saddle point\s}[nodes or foci].

IEMMA 3,5¢ A gtructurally stable system (A) can have

only & fir;ﬁté numbsr of eritical points in G.
:“\s¢

Since(R\i

\’ Py =P +p

(i=1,2) are C' 1in the closed region G

i (i=1, 2}

where thte\Pi's are polynomials and
Definition t, the system

(B}

Ip; 1 <& in a. (") Phus accerdins to

XizPi (1 =1, 2),

where the Pi ‘g

are relatively prime, is an admissible perturbation. But
the Pi's

of (B) have only a finite number of common zeros. Now, because of
the topological character of the critleal points, the transformation required
by Definition 1 must map critieal points of (A) inte critiecal points of (B).
Hence (A) can have at most a finite number of critical points.

{173 P, P, can be taken as relatively prime since we can always add a small
constant to cne of them.
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THEOR® 1. The critical points of a gtructurally
ateble system (A) can only be nodes, foei and saddle points.
That i3, if (x?, xg} is a eritical point of the system,

then
a) [—\(X?) Xg) ?é 0
2P 3P
O o
b) if A, x0) > 0, olxy, %) = -(—a-i‘T + axi) 4 0.

In the proof of the theorem we shall assume that a) and b) are not
satisfled and derlve a contradictlion. Without loss of generality, in the proof ,
Wwe may asiume (x?, xg) at the origin. Moreover, since, by Lewma 3, each crit-
jgal point of (A) i3 an jsolated point we may encircle the origiri\by a circle
of radiug r > ¢, and choose §(g) so small that there 1s @J\(?\cztly one critl-
cal point of the perturbed system within this neighborhoodt’\

suppose first that A = 0, 1.e. the roots of{t'l;ge' ¢characteristic
equation Al s oA+ A=0 are A =0, A, = "8 Tl{ezﬁsyatem

F. + &8,X, + &%

1 1 1M 2‘{~~

RN
p = Bp + 84Xy * 3p%p

X
(B) x

U

Ik

where Iaixil { &, Eaii {3 {L=1, 23 'i's:a:ccording to Definltion 1, an ad-
mizaible perturbation. N\

*

For a proper choice of th§~f%.i's, the system (B) will bave elther
s node, focus, or saddle polnt at “the origin. For example, if o > 0, the

system

. .iuz
(B,) xi,é\\PiJ’&Xi (i=1,2;o<a(cr)

has & node at the origﬁl’hhile
(8,) D7 s =, - (1=1, 2508l
\". 1 1
has & saddle peint there; 1f o = 0, {B,) has & node at the origin and
b x P, - 8
N/ I 2 aP,(0, 0)  dP,(0, 0)
) [sign a = slgn (——-&—2——' + TBx 71
1

i

(B,

x2=P2-ax]

has a saddle point there.
But both (B, ), (B, ) [(BB} 1f ¢ = 0] are admissible percurbations

of {A}. Hence there i1g 2 topologleal transformation mepping a node of (B1)
into a saddle point of (BEJ [(BB)] in contradiction to Lemma 2.

Next we consider the case 5(0, 0) > 0, ¢ = 0.
For a > 0, the above gystems (B, Y, (132) have focl, at the origin,

which are o and A 1imlt sets, regpectively. The same ressoning as above
leads to the exigtence of an ¢-transformation which maps an £ 1imit set of
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(B,) into an f limit-set of (B,) contradlcting lemma 1. This completes

the proof of Theorem 1.

THEOREM 2. A separatrix of a structurally stablc
system (A) cannot issue from [terd toward) a saddie polnt
and terminate {I1saue from] ancther saddle point In G.

We prove the theorem by contradiction.

Let v be a geparatrix of {A) lssulng from a saddlc i, (x?, xg}
and tending toward ancther saddle polint (x!, Xz”‘ Let ¥ denote the closure
of ¥ , i.e. % contains v and the points (x?, x";), (x;. x}'.,)‘ We
surround ¥ by a simple closed curve € which 1a a distance >\£ “rom the
points of ¥ . We further require that © contaln no Cflti‘{‘?\l' points other
than (xJ, x5) (x], x}). O

We now consider the system

77N
< ) !

Ir

x, =P, cos d(e) + P, sin 6(5{\
(B) . \J
X

[

2 = Py cos &(€) + P, sin\8le).

D
(B) 18 an admlsgible comparison system and has no
critical points within C other than the giddle polnts (), x50y, Ax!, x0).
The perturbed system (B) gimply eff‘ec’g'sf;a rotation of maenttude & on the
velocity vectors of (A). Let us a3,

a;t{fne. the rotation to be in the clockwise
direction. W

N

For suitably chosen &(¢),

Now because of the reQhirements on the transformation T by
Definltion 1, T(y)e(B) musf ®lso issue from (x7, x9) and tond toward
(X{, xé). Dencte by T(w(o\\ the separatrix of {(B) which 1s adjacent to T{y)
in the clockwise direcfaiioﬁ and tending toward (x?, xg) and by T(v,! the
separatrix adjacent £8,“T(y)

from the counter-eclockwise direction and iszuing
from {(x!'

y» *3). ,Sifce there are no critical points of (B) in C, these
trajsctories mu%\’i'ﬂtel‘sect C. Call K that portion of € between these

intersectiongfi,see Figurs 1). Define R to be the region bounded by ¥,
Tlvy): UK and k.
4

#

’

(xx3}

Figure 1
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since the perturbation effects a counter-clockwise rotatlion on the
yelocity vectors of (AY, Ti(y) must enter R as 1t Issues from (x?,-xg}.
Fupthermore all the tra jectories of (B) which cross % are entering R. Hence
T(y) cannot temd toward (x], x}) unless it first leaves R. But T{y) canmot
cross K since the distance from % to K 1is greater than €. Nelther can
T(y) lnLersecl T(vy and T(yy) because of the Uniqueness Theorem of
differential equations. Therefore T{(y) camnot issue from (x?, Xg) and
tend toward (x{, xé). This completes the proof of the theorsm.

By similar reasconing one can readily prove

THEOREM 5. In a structurally stable system a separatrix
which is issuing from a saddle polmt cannot terd towardrghe
game saddlie point. N
AN

We now meke some statements concerming the cloagd;%rijectories, l.e.,i
the limlt-cycleg. They are repressnted in the form xiféifi(t) (i =1, 2)
where the functiona fi are periodic with perled 113§§éay. These trajectoriss
are further characterized by the fact that at leagt\on one side the neighhor-
ing trajectories either gpiral towards them or zway fyom them. That is to say,
if n is a amall normal st a point N of ah{éh&t eycle y and if & trajectory
v intersects n at a point M, v willNwtersect n again at a point M,
which lies between M, and N if W'Ag@iﬁals towards ¥ @ 1f v spirals away
from v , Mg will lie between M, zgpd “N. When the trajectories on the ex-
terior and interior of ¥ spiral Loward [away from] . Ws ghall aay that
is a stable [unstable] limit—cgsie.

THEQOREM &. %ééfructurally stable system (A) has only a
finite number dfylimit-cycles in G-
A
3ince undaﬁithe irajectory pregerving ¢ -mapping required by Definitlon
1, closed trajectqiigs of (A) must map onto clozed trajectories of each admias-
ible perturbqu§§5tem, to prove our theorem it will suffice to show that the per-
turbed system™

(B) \V X0 = Bylx,s Xp) (L=, 2)

has only a finite number of 1imit-cycles. To this end we shall assume (B) bas
8n infinite number of limit-cycles in @ and derive & contradiction. [%1].

We recall that since (A} 1s asgsumed stucturally stable (B) has only
finite number of critical points in G. Hence we caml assume, in the proof of
our thecrem, that there are infinitely wmany limit-cycles surrounding one eriti-
cal point M, of (B). Through M, construct & rectifiable curve k which
extends to the boundary of G but which does not paas through any other eriti-
cal polnt of {(B). 9Since we have gupposed there are infinitely many limit-cycles
surrounding M_, there is on k a limit-point M of the intersections of
these cycles wgth ., Let i be a small normal to the trajectory of (B) which
passes through M. On the segment % = WM of n (M between M', M") there
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pass Infinitely meny limit-cycles of (B).
It is well known ({3] p. t7) that the trajectory v pausing throwy
M must be one of the followling types:

1) a llmit-cycle sclution of (B);

2) a solution tending toward [issulng from] a limit-cycle,
nede, or focus;

3) a splutlon lssuing from the boundary of G;

4} a sclution tending toward filssuing from] a aaddle polnt.

We shall ellminate each case.

1) y cannot be 8 llmlit-eycle. Let us conalder the arc ﬁ1 = ™
of r'] and assume this arc contains infinitely many 1lmLt~cycleu\. Thern the
trajectory r1 pagssing through the point M1 of ut will\i:NLer'fit:ct, r‘h
sgain in a point M, where M, = @(t, + t,, M) (M, = p(L)) M1 1} sl @ is
an anglytic function of t since the solutlions of (BjyNm® ¢ are analytic,
Under the assumption that y 13 a 1imit of 1im1t—c¥:;1@s we must huve

ety L My, g) = ety
infinitely often on the clogsed interval ﬁ.lw.o\”;ﬁ}ehce by the Uniquencas Theorsm
elby L o My, 0N plty, M)
and so v, contains a band of closed . dolutions in contradiction to our assump-
tion that v i3 & 1limit of limit—gyél}’ea. The same reasonlng applies to the
arc v, = MM" of ¥. N

2) Y cannot be a trajectory of types 2) gor 3). In fact If ¥ were
of these types, then by the @Qﬁtinuity theorem with respect to the initial con-
ditions there ia a neighbo}:' ood of M such that all the trajectories passing
through this neighborizc{oé"are alao of types 2) or 3).

)y canngt;,,tem toward [issue from] a saddle point. For suppose
that vy did tend (boward a saddle point. But (B) 1s by assumption an admissible
perturbation ofz“ e atructurally stable aystem (A). Hence by Theorems % - b
(B) cannot ?p\fl‘pé.in a trajectory which tends towards and 1ssues from a saddle
point. T}m weompletes the proof of our theorem.

1th each limit-cycle ¥ we associate the characteristic exponsnt

1 T 9P, aF,
hiy) = % (35(-1— + axe) dt,

wrlere T 1is the pericd of ¥ . Tt is well known [1] that when hig) < o [> ol
Y ls a stable [unstabie] Hmit-eycle, i.e., an 0 [A] limit-set. When

hiy) = 0 no definite statement can be made a3 to the stability or unstability
of v . We shall show that if (A} Is structurally stable, it camot posgedd,
In G, =& limit-cyele % such that h(¥) = 0. But first we shall prove the
Following lemms which is a slight extension of the continuity theorem with
respect to the initial conditlons.

Iet us write the system (A) in the vector form
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(A x = P(x)
. % P
where X, P denote the column vectors (x ) 3 (?J_) , respectlively. In thisg
2 2
notation the perturbed system (B) becomes
(B) vy = P(y) + p(¥)-

The solutions of (A), (B) are given by the equations

x =o(t -t , M) y =¥t -5, M)

where Mo=q>(0, MO), 'mo=ty(o,mo)_ Now

t
Ix -yl € jt [P(x) - P(y)ldt + M -, N\
8]

o 2
AW,

i O
< _ft [P(x) - P(y)] + Ip(yillat « M|
8} '.'..
o

t v/
< f; (K |x -yl + )t + |Mp\—;mo|
o O
’..’\"

and by Gronwall's Lemna(e) we obtain ”
Ix -yl ¢ [87+ (M - MRS (for £, 6 <M

where |pl ¢ 6 amd K is the Lifachitz constant for F in G.
In particular if fpm:a;}\given number € » 0 and interval of time

we choose & < £ ., then \4} - 31 € e f{for &, {t {T) whenever

ET‘GKT

M, =l -é—,r . Thus we héve proved
& P\
W, Given any number € 2 0 and interval of time ¥
there“e‘x\lsts a 6(¢,T) > 0 such that |x - yl < € {for t, {8 LM

whepever IMO-YnOI 8.

\\ v

I>t3 us consider a limit-cycle ¥ (in G) which ig an 0 wpet of
the structurally stable (A). ILet 7 be a small normal to ¥ and call M_,
M, the firat and second intersections (in the sence of increasing time) of &
trajectory v (exterior to ¥) with n. Let M, M be the analogues of
M, M, respectively for a trajectory y! (interior to ¥ ). We denote the
closed arcs of n between M M, and Mj: Ml by n{M M, ), MMy Te-
spectively and the analogues for Yy, y' by y (M M, Y. ¥ (M(')M{) pespectively.
{ges Figure 2).

12y Grommall's Lemma: If =z(x) 18 continuous in X, - h {x{x,+h and

x_+h .
a(x) € J"O (Kz + A)dx + B, where K, A, B are positive constants,
Jy _
o

then z(x) ¢ (Ah + B)e.
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N\
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2 AN
7\ ©
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~\
Figure 2 )
D
W .
Let us now consider a unifiorm co'U}Lm' ¢lockwise rotat'orn of the

vector field (A) given by « \J
%, = (cos 8)BN - (sin )P,
(B,)

%y = (co88)P, + (sin 8)p,

By Lemma b, for & amall e}lﬁ’f‘i}h: the trajectory " orf (B} which passes |

through M, intersects TooM, ) again in & neighborhood of M, (ina polrt
M., say) and T does nét) intergect ¥y . Slmilarly, the trajectory 1'' of

¢/

:t\‘"’ 5(1 = {cos 5):?1 + (sin 6)P2

(B,) \

:IcE = (cog 6)132 - (sin &)p,

which passés) through Mo intersects n (MIM{) again in the polnt M)
N\ How consider the region Rt bounded by n(M_M,)U P{MM,)  and
n (MiM3) U FHMIMY) . Since M apg "' are trajectories of the rotated
flelds, all the trajectoriey of (A) intersecting MM M,), T'(MM,) are enter-
ing R'. Since by assumption Y is an O get and since r}(MOME), T](MC')M'Q}
are arcs of the normal M to ¥, all the trajectories of {A) which interasct
these arce are alsg entering R, Next we smooth out the corners of the two

curves bounding R' gg 85 Lo obtain two gnwooth curves ‘_r+6 . ¥ which are

&
without contact with the vector fielg of (A). The region R bounded by

Yis 2 Y_5 17 clearly a ¢ritical resion containing ¥.
Now with the same reasoning as in Lemma 1 we can prove

LEMMA 5. Ifp ¥ is a1

imit-eyele solution of a gtruc-
turally stable system (A)

and ¥ i3 an O limit-set, then
the corrésponding solution of (B} under the transformation T
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ig algo an () limit-ast.
we next prove

THEOREM 6. If 5 1is a limit-cycle solution of & struc-
turally stable system (A}, then h{¥) # 0.

To prove our theorem it will be sufficient, In view of Lemma 5, to
show that if n{¥) = 0, then for an admissible perturbed system (B},
h(T(¥)) # © and may have an arbitrary gign.

Tet us consider a function TF(x,y} of the class ¢! with tue prop-
erty that F(x, y) =0 on y amd F(x, ¥) 40 on Y. An example of such &
function iz F(x, 7)) = nix, y) W(x, y) where \;(x, y) 1is the dlstance
function in a region Rg bounded by the &-parallels to ¥ . Let s?'“%q n< 0
outside of ¥ and (0 inside ¥ . We define

.\:\’
-{tan T-E-n‘s——)2 O _
e in Ré(n the normal gigtance from ¥)
N(X; S) = w'\~:2‘ 4
o in G - Rg
The perturbcd system \\
: o
x, = P00 9D iaﬁ‘(ﬂ{;’YJFX
(B} . N
X = Pp N

iz for lal sufficiently small &R Admissible perturbation.
aince F{x, y) =0 gm\?, ¥ 1is a solution of (B). Hence ¥ = T(7)
3

and the characteristle exporbe\ﬁf”’f‘or T{¥) 1is

¢ T
N\ aP aP
) 1 2 2 |
h(e (R = 5 | NS
:t\... 0 1 z
:"\$¢

Now by assummlione\N
O\ v

\\ ; j ap, Py

N v ! ¢
+
Hence h(T(y)) = — l‘ Fe o at.

T

This competes the proofl of the theorem.
We shall say that a system (A) satisfles in G the condition (%3 if

in the interior of the cycle L, agsumed to be without contact, the following
conditions are fulfilled:
1) The critlcal points are queh that A # 0, and if A> a, o= 0.
2) There are only a Pinite number of periodic aplutions and they are

such that h # O.

3) Thers are no geparatrices both issuing from a saddls polnt and

tending toward a aaddle point.
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For brevity, if a system of type (A) sattsfies the conditlions (»)
in ¢, we shall denocte 1t by (A*)

To simplify our terminclogy we ghall atao call arivicnl polnts
trajectories.

In view of the known results of Bendlxson [35], & sysloem (A%} can

have only the Following types of trajectories:
1. States of equililbrium
1. HNodesa, foci [AD 0, ¢ # 0]
2. B8addle polnts (A< 0]
II. Limit-cycles
1. h# 0 [h<o0 strongly stable, h > 0 satr'..;“.ﬁ} nnatable]

IIT. GSeparatrices L\
1. Tasulne frow a node, focus, | iiiil.L‘C)’C‘“;:;}le" toowst D toward
a node, focus, limit-cycle. (».’;’
2. Entering the rezion G. \\
IV. Trajectories whose only limit setaMin® G arc oosbes, Poel and

1imit-cycles.

p §
e

1. Igsulng from a node, foc'le{";o\r‘ Timit-eyeie and tending to-
ward a node, focus or AbdmlL-cycle.
V. Trajectories {not separs;pr;rées) entering  G.
1. Tending toward a'gﬁ%de", focus or tlmit-cycle.
A~ PART II
2N\

2

Cur aim in this\s\é@{:ion will be to prove that a dynamical system of
types (A*) is structuradly stable in G.

Definitlogh3/ Tet M = @(t - t,, M) M_ = (0, MJ) be the path
of a trajectory Y/2"y 1is said to be positively (nesatively) Liapoupnoff
stable (br’iefl\i~>}”9+[£_} stable) in G, if for each M_ ey, M= @(t - Ly My
satiafies th@}:following two conditions:

\1\ for all t >t  {t { t ]I M £ G,
\‘:2. for all € > 0 there exiwuts a &(¢, M} such that for all

t )ty () t,) the distance p i@t - t_, M), (t - t,, )] <1
(M) e3*) whenaver

O)

piMy, MIT L & .

A trajectory v 1s said to be £7[£7] unstable in G if it sat-
igfies the condition 1) but not 2).
Definition 4.

) A trejectory is called ainguiar if it is sither 2t
or £ unstable in @.

It 18 called ordinary if either
1) it is 27 and £ stable
or

2) 1t 1s 2% stable and issuing from G as t - - oo,

From our remsrks concerming eritical polnts [cf. pp. L - 9) and the
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fact that for each limit-cycle ¥ of (A), hi¥) # 0, we immsdiately obtain

TEMMA 6. The eritical points, 1imit-cycles and
gseparatrices of a gyatem (A%) are singular trajectories.

Next we wmuat prove

1TEMMA 7. If ¥ is a 1imit-cyele solution of (A*) with
nigy <o [>ol, ¥ 1s Y127 ] otable in G.

Let N0 be a Fixed point on ¥ s&nd s the arc length from N to
another point N on ¥ meagured positively in the direction of motlion. We
choose the units 80 that % 19 of unlt length. Then on ¥, t = f{a), where
f is monolone increasing and of perled 1. Let N = ¥(a, NO) beathe motion
of the representatlve point on Yy and M= plo, M ) the motion of the repre-
sentative polnt on & nesrby trajectory ¥ . The posntion of M‘ }‘rom ¥

[ef. (11} 1a given by \ O
h R
nis) = e Wiz, N)
N
where 1w 1s the normal from M to a point N of kA

In view of the fact that we can choosg\ M, such that the distance
A M, Ny ] is arbitrarily small, to prove the\lemma 1t will sufflce to show
that the dlstance e[M, Nl = 0 as 8, o —» w .

Tet ua consider a polnt M 1n the vicinity of » and let Yg be

s curve through M parallel to V. We, Jerote the arc lemgth on ¥z BY 95+
Ist r{s) be the radlus of curvatwe of ¥ and e the angle of rotation.
Then

o/}

i

+ (dq)
[I’ + 0(n)1 a9,

=]
2

iy
o da_?

A</
x'\ dﬂ'.l

i

ll

here and elsewhe&;‘efll the terms 1n o(r}) sre uniform in 8. wWhence we obtaln

&,7 do° = [1”2 + ero(n) + 0(q}2 (d8)2 + (dr))2

QO _ 20 e 20() + 0B ge? + an® .

Neglecting the terms of higher order
ae = (r + r0(F)) 48

and

lds - de| = ro(f)de = o(F)ds.

Integrating snd paszing to the limit as §, 0 < we cbtain the desired re-
ault.

T view of the fact that the node, focl, and 1imit-cyclea are elither

£* or 1t~ stable, if we enclose these singular

regions and use the continuity theoren with respec

we obtaln

trajectories 1n critical
t to the initial corditions
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LEMMA 8. The trajectorles of type IV atxl V nr. irdinary,

To simplify our terminology we shall call bLhe terlen, 1'uel oang Limit-
cycles sipks if they are £ stable and gources 1 thoy nre o stable. m,
motion of source is also extended 30 as to Include Lhe baridiey L of g Wi
1s assumed to be a cycle without contact. Iy geveral gepatvelrtens ape entepin\,;
G each arc of L 1lying hetween two separatricey will he corgticrad ag a dis- -
tinct sourcs.

LEMMA 9. The singular trajectoricu, that ', Lie: Huurees,
einks, saddle points and separatrices, divide Lbe posion @

Into a finite number of components conlalniyur ouly Jedinary

tra jectories. ) \ \)

Since there are only a finite number of f_iiugu'}‘e:}' Lrejercborlies tno g -
and since through each non-critical polnt of G th;-ij'z: 4 et iy one trajsctoy
the singular trajectories divide ¢ Iinto a f‘ln[.tf-r“’}__;apl'a. Hene: 30 containg |
only a finite rnumber of components. \ '

These components are of two claasqs}\\'the Interior c¢laun, that is,
the class containing trejectories which a;:e’tb&th ¥ ang 17 atabile, and

the exterior Class, that 1s, the ¢lass .cé)n‘tainlng:: tra jectoricn which are lssun

from L and are 2% staple, 1.e. tendtng toward a sink.
We immediately observe tp&ﬁ"each component has nt least one sink and
ong source on its boundary.

A aink and g source @€re connected If some of Lhe trajoctories Losuirgy

from the scurce tend toward'\th’e sink. Obviously two sources sinks] cannot ke
cormected . N\ !

N\

I
!

T}EORHW.\”T.“ Each component has exactly one sink and onc
source omydts boundary,

N\M ’
In the%p'roof of the theorem we shall assume that a component C  does |

have more thagh'sne sink [source] on its boundary and derive a contradiction.

To this end ’"ifé 3hall show that if two sinks M,» M, are on the boundary of thej
sams commﬁent C, they must be connected. |

We join M, My Dby a rectifiable cumve & lying entirely within
C. TFor small values of the length parameter of kK {as long as we are within

the critical circle ghout M.} each trajectory intersecting k must terminaté
at M1 .
Now the set or

points on k  through which there pasg trajectories
terding toward M1

form an open set. For suppose M is a point of k throuf
which there passes g trajectory tending toward M and in every nelghborhood
of which there ars trajectories which do not tend1toward M,. By the continuify
theorem with respeect to the initial conditions, 81l the trajiectories passing
through a sufficiently amai] neighborhood of M must enter the critical regiol
containing M, and therefore termirate in M;. This contradicts our assumption
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Hence the set of points on k commected with M, 1s open.
Tet N be the first point on k which ig not commscted with Mi.
4 trajectory passes through N and since it canmot be a separatriz (k 1is
entirely within ) it must terminate In two other ginks or sources MB’ M,
(one may be My But the set of points on k through which thers pass
trajectories commected with M5 and M, 1s also an cpen get. Hence there
are points on % before N through which there are trajectories not tending
toward M1' This contradicts our assumption thet N was the firgt such point.
Therefore all the trajectories passing through points of k tend toward M1.
However, if we follow K until we are within the critical region about My s
the trajectories must also tend toward M;. Therefore M, and M, are connect-
ed. Thia completes the proof of the theorem. O
In view of Theorem 7, cne can immediately deducs tbQP\in. G & system
(A*) has only compornents whose boundaries are made up of': (?ea’Figure 33
a) one sgurce and one sink N
L) one 3ource, ons sink, two saddle poluts @nd four separatrices.
¢} ong source, OIe sink, one saddle poinf}and thres separatrices
(two of which are connected with’tye qource [sink] the third
with the simk [sourcel. Al
The following lemmas show that 1fxﬁ gystem (A*) sstisfles the con-
dion (#) in G, then for ] sufficienpl&“émall, each system (B) also satis-
fies the conditicns (*) in G. 'vi'f
In the statements amd prpbfé of the lemmas we shall agsume the criti-
cal regions contalning the nodes‘anﬁ simple focl so amall that the Jacobian
Lx,, x,) > o throughout thé}fegion. gimilarly, we surround gaddle polnts
by gimple closed curves suéﬁ\ﬁhat ZS(x1, xg) {0 throughout the reglom.
In the statemepiﬁ of the lemmss W& ghall assume the critical regions
(eircles) containin Ane sources and sinks (seddle points) so small that
1} the:ﬂﬁsgances of any point within the region {circle) from
thesource or sink (saddle point) is { 8 < . £ 5 where

) s, €
o8 is the maximum of the lengths of the limit-cycles and ¥
\Q\}" is the greater of the Lipschitz constents for P,s Fp in G,

2} throughout the regions {circles) containing critical points
. P, sPy)
the Jaccobian ]-3_(;(_1_1_}_2__

maintains the gign it poszseesed at

the critical pointa.
Condition 1) implies thal if R
cycle % of (A*) and [ is a limit-cyele of (B)
for 6 sufficiently small, sign h(y) = sign (.

ig a reglon gontaining a limit-
(B) also contained in R, then

IEMMA 9. If M, is @& cpitical point of a system (A%)
eritical point and of the

each system (B) has exactly one
containing MO.

same type within & eritical region R
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Type a

Type b

Flgure 3

Types of Comporents
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suppose first that MO is & node. BSince, for & small, for each
(B) the 1index of the boundary of R ([which is equal to the sum of the indlces
of the critical polnts contained in R] remains unchanged, R contalns at
least one critical point of each (B). Now Aix, ¥) > o throughout R. Hence
the critical polnts contained in R are either nodes or foci. But nodes and
foci have index +1. Therefore R contains at most one critical point for
each (B). We note too, that for & small, the roots of the characteristic
gquation for each (B) are of the same type as those of (A%), i.s., real and of
the same sifn. Therefore the eritical point of (B) in R 18 &8 node .

The samc reasoning holds when MO 18 a focus or saddle polnt.

1FvMA 0. If » is a 1imlt-cyele solution of {Ax Yand
R a critical region contalning ¥ but no other 1limik-Cycle

A
of {A*®), then R contalins exactly one 1imit-cycle .Qf"each
(B) . X "‘ N

To fix our ideas let us assume that ¥ s aﬁ.:‘ gtabls, i.e.
hi¥) ¢ 0. 3ince the trajectories of (A*) crossing ¥ha “boundary of R are
511 directed to the interior of R those of eagh\‘(B) will be similarly direct-
ed. Hence by the Bendixmn—Poincaré theoremNKG’l.\ R contains at least ohe
Timit-cyele solution of each (B). If R (;o‘pt’ained more than one limit-eycle,
two gay, for one {B), then on thelr f‘aci,r;g‘?sides the limit-cycles would he of
opposite stability t 1. This would Qiﬁ{mir that for this (B) at least one
tmit-cycle [ would have the propeizﬁr that h(f") would either vanish or
change signg in R. But h 1ls.8 coﬁtinuous function of the perturbatlon.
Hence for & small, n(l™ nw}:i%mintain the same sign as h{yr}. Thus our
lemma is proved. N

Let v . ¥y [‘{é;“i’h] be separatrices of a systen (A*) which issue
from [tond toward] thel Sources [sinks] &, aslps w,} respectively and tend
toward [issue fromj~fhe saddle point 5. 18t s 5 dencte the boundaries
of the critiecal & »fons containing %, uj respectively and ¢ the boundary
of a circle oflSmall radius enclosing 5,” By Lemmas § —10 there is exactly
one sourc ’”’{éi’rﬂ{] of (B) contained in each of these regiona €., c3 and one
saddle poi ¢ of (B) in c. We dencte bY Py f"5 IPYRIN the separatrices
tending toward [issuing from] the saddle point $e(B) which is contained in
c.

LEMA 11. The geparatrices f‘1, l“3 (7 ! isgue
from [tend toward] the gources [ginks] of (B) which are
contained in the cpritical region of oy, ds {“’2’”’!4] re-
gpectively.
We dernote the representative points on ¥y YB hy M = @;t - té, M;)‘.
W - et - tg, M) respectively, where M) = (0, M(‘)), MZ = ¢(0, MJ} are
C 1 T ]
the intersections of ¥, ¥3 with ¢, G- et M, =@t - tys MD), o
W - P&, - t2, M) be the intersection of ¥y, v With ¢ By the contlmuity
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theorem with respect to the initial econditions there ni-:;- .'1i‘t.':} L P of

equal length on s c} respectively which contaln M M.l nuch thag al]
the trajectories of {(A*) which Intersect LI 7 will :L["Lr:!’ iobime Ty gy
!, t?] have entered c¢ 1in the neighborhood of M:, M] Bl iince the only
T eritical point of (A*) in ¢ 1s a saddle polnt these trajectorles will lears
¢ after a certain time ‘TE. Hence, on ¢ there are lwo o

Moyos B3 con-
taining M], M? respectively and such that all the Lrajocborionr of (A%} whicy
intersect Mys By are entering c¢ and two arcy Moo By nol containine

M]; M? and such that all the trajectories of (A*) intoruceti:e Lhom are lear:
¢ (ef. Flgure %),

1

1

e

Flgure 4
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liow oy Lemma 4, there exists a &(€) such that the trajectories of
sach (B) passing through the end points of n will remain arbitrarily close
to the trajectories of (B) passing through these same polnts for v, t, (r ﬁ"’E‘
Hence for cach system (B) there are, on ¢, four arcs My (L=1, ..., &)
with properties analogous to My (L =1, ..., k), Thua the trajectoriss of
(B¥) interaecling Ny s also form two open gzets; viz, those that enter
Koo by and lcave by way of (., and those that enter Bops pes and leave by
way of . Therefore v, and s each containsg a point through which a
trajectory cnters but does not leave c¢. BSince the only critical polnt of
(B) in c 1g the saddle polnt 8 » bthese trajectories must be separatrices.
This completes the proof of the lemma. ~

The Jemma just proved can he restated in the followi{ig way:
€ N\

IEMMA 111. Iet o, ¢, be the critical cirgles contain-
inr the asource and sink of & component G ofw type b. Let
My (i =a, ¢, 3, &)} be the interssction af'.\the boundary of
¢ with ¢,, e,. For each £, » o, theke \exlsts a §(¢,)

zsuch that the boundary of a conrponent\,K of the gystem (B)
interascts C,, Cg in “mi {1 = \ 5, 4} amnd the distance

Pl my] <¢, (L =a, 2, 3, h)}"

Bef'ore proceeding to the proefy of our main theorem we make the
following preliminary remarik. ..::’;'

Fach separatrix issuingﬁfj’ro'm & saddle point on the boundary of
componsnts of type b, will beleonsidered as the continuation of the sep-
artriz tending toward the aad'fi:[%e point. The boundaries of the componsnta
of type ¢} have one separ‘a.%ix v issuipg from [tending toward] the saddle
polint which two separabphess are tending toward [issuing from] the gaddle
point. TFach side of y\ will be consldered as the contimstlon of the ad-
jacent separatiix~&n effect, this will reduce the consideration of componsnts
of tyve c) to tm.é'of‘ type b). So that in the proof of Theorem § we nsed
only COI’}bldQI’ ‘omponents of types a) and b).

uystem (%) has 1 sources and J simks in G,

off the l}mt -¢cycles being counted as distinct sources or ginks
.., 1) and the slmks by w, (nh Ty By .eey J)

the two sides
We denote

the sourcea by & pM =1, 2,
The comporents of (A*) having oy, w, Oon their boundaries we denote by
c, m, n{x 1,2, ..., v(m, n}) where r{m, n) is the rumber of the componeunts
havlng both a_, »  on thelr boundaries. Let o, ¢ denote the hounr:;iary of
the critical region containing 2, Wy respectively. The k separatrices
which issue from ¢ [tend toward c¢,] divids <y l[c, )} inte k aros.
m : n % the one
We map each arc into the 1nterval [O, 1] anad Obtﬂ.ln for eat T
barameter family of trajectories.

0{b {1 fork?2!

m, n
» m,r m,n = H
Y o' b 0ot Ypg TV 4,1 k=0
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Analogously, for each component K';"' £{B)
p=1, 8, «ouy, 3 ve=1, 2, ..., j)
(v= Ty 25 sy I’[P_,IJ]
we obtaln the famlly
0 p; 1f k2

FM (o{_ﬂ(T' o= TRy 1fks D)

We prove now

THEOREM 9. A system of type (A*) 1a structural]}\
dtable in G.

In the proof, first we shall show that there exis('*\a"; trajectory
preserving topological transformation of G onto 1tse1f &t then we shall
show that &(&) can be chosen so small that PIM, T(M}] < € [M € G, T(M) €1

To avold cumbersome notation we shall cons‘kder a8 typleal component
C €(A*) which is of type b. From Lemmas g - 12 there is, for each system (B)
in the neighborhood of the boundary of C exa,c‘i}\l'y one component X € (B) of
type b. We denote by Cys Gy the eriticals \sircles containlng the sgurces

and sinks, respectively, of (A%) and (B) First we assume the sources and sins
are not limit-cycles. A

B

We denocte the trajectories;fojf C and X by
Dd (o< Y (pliocacn,

\
respectively (I"0 ties in the ‘ﬂeighborhood of Yo } and the points of Yy

j“ (0,5 {1) on Cy \by Mb m s respectively Dencte the arc lengths
8]

from Mo MO to the saddle polnts on Yor ¥, by = respectively, and

define the continuous\ function

o, s‘i,

§>‘sb— {1 - bls, + b3, (e {b 1)

Thig function ‘gives & corresponding are length from Mb on each vry,.

Analogous 1y} ‘We define on the trajectories r ] (0< g <1) whnich belong
to K th\e\ érc length funetion ?

O = (1 -.a)cro+pcr1 {0 _{pga)

Now mep sach trajectory of ¢ and K into the open interval
(-1, +1}; the polnts defined by sb,o; (0 <, A < 1) correspending to
the mid-point of the interval,
be given by the equationg

My,

mp ’:F((T«Lcr Tn )

D
respectively, where M = @{o, M), Tn;' = ¥(o, mY) ang

The representative points on Ty will then

i

‘I'(s+sb,Mg), (~1<s,¢<+1;0§_b,ﬁ§i)
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1im H{(s + 3 2 = source i £C
g —7 -1 [+1 ] b, Mb [s .
lim Yo+ Oy mg) = gource [sink] €X .

o — ~1[+1]

The mapping
T Q(8+3b, M,g) -3 1}1(0.,(_%"@)

for s=o, b=pg(1<8, €+, 0<hb, A1) is a topological trajectory
preserving mapping of € onte K. Clearly, if G contains no limit-eycles
we extend this same mapping over all ™% and X™?¥ and obtain a topological
trajectory preserving mapping of G onto itself. ~

Now 1f G contalns a llmit-cyele ¥ of (Ax), the C—I’lthEl.l region
R containing ¥ contalns exasctly one limit-eyele [' of {B).\ /With obvious
modifications of the mapplng T just defined we can deflnaa topologlcal
trajectory preserving mapping T, of G - R onto its%lf“.«.

We dencte the trajectories of (A#) which j:‘r{arsect Yiso Y - by

frol » Prg} (0 <p v, = Ba¥i=v)

respectively, and the trajectories of (B) by \
(e}, (o §p<1 =l
where T (y) = IT,- We denote the norma’ls to ¥ by
Mal (0..§3<1’ Do =Mt

& Increasing in the senss of‘oipc}sitive notion.

It is well known N\}Nthat the intersections of each trajectory of
(A*) with each ng Aare séguences of points tending toward the Intersection
Mg -¥ as a lim?t ]_,ef\ﬁhe integer 1=+ 1, £ 2, 23, +.+; denote the sub-
gsquent inter'sectior\s\af‘ each Y Yb with each Dg (the 1lntegers > 0 de-
noting the 'lnt.erse\\tions with yy and those < 0 the intersections with
Yb) The pmnba on Yy, within R may now be glven by the coordinates
{a, b, 1) (o§a§1, 1=1, 2,3, «o.)s

Ns note that for & small in the region R the velocity vectors
of {B) have approximately the same direction as those of (A*). Hence the
trajectories of (B) a=lso intersect the Ng'd with a definite angle different
from zero. 1et j=4+1, £2, +3, ..., be the analogue of i for the

I

ro

trajectories of (B).

_ Now under T!, (&, b, + 1)} - {q)*(a),b:p,+?)- and (a, b, '-1)3
(? (a), b = 2, -1). Under the assumption that T, ig & trajectory preserving
¢ -mapping of G - R onto intself, ® , ¢ are both monotons Increasing.

We define

T,: (a, b, 1) = (a, @, JHO<{bp, 8, & {15 80=201, 28 23 -

whenever b=g, i=] amd

)
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o = % (1 + 1I) o (a) + :1— (v - '1fJ o ()

This wapping is clearly continuocus and trajeclory povserving. 1t
is also ons-one. For suppose, if posslble, that two viluirs o' o viz,,
4y, 8 (a, > a,l) vield the same value o. Then

2 2

(1 + -;'L-) [tp+(8.1) - cp+(ae)] = {1 - -._11-) (o G, ) = (g )l

Since ® 1s mopotone increasing, the left side of Lhis cqguellity 1s zero fop

i=-1 and < 0 otherwise. While the right slde Iz soro for 1=+t amd
> 0 otherwlse. Thus ’I‘2 1z one-one and the omupplng 1 - T 1\' 'I‘?_ 1s a
topological mapping of G onte itaclf which prezerves trejedwrics. We add :
the remark that 1f the distance plM, ’I‘1 (M) < efn, Llu:ru\ﬁ) i e trajecton
preserving s-mapping of R onto itaelf. O :
To complete the proof we have only to :_xluip:“t;"{r-'_t, ot vach € > 0w
can find a &(e) such that the distance plW, ’P("I\?{](:-_- ¢ 1% e 3, T (M) e Gl
First we construct the critleal reglang such that onen point in et
region is a distance < €/%, =ay, from the saupte or sink contilned In Lhe

reglon. By Lemma 11 we choose B = 3, sg{ih&b the distance

X
NS

O[MO, mgl, p[M1,Tfl?,]} dre lcss than o fle™
where 5 1s the waximm of the ave lengths along the trijoctories between the
boundaries critleal reglons cgntalning the source and 8ink and K the maxlmt

of Lipschitz constants for g P\1, P, 1in G. Then the distance D[M?j; Tﬂgz < &
for b=8l0o<b, 8 < 1)\\Now choose 5 < min [61, e/ne Then by Lemmid

b, oM, T (M)] < e féryall polnts outside the critlecal r@gion But the
critical reglons wekgléhosen so small that the distance of any polnt within
the region is les§)\'< e/4 from the source or sink. Therefore pold, T (M) <
also within th‘@\:ci"itical reglong. Thls completes the proof of cur theore.

‘I‘he treatment of structural stapllity with respect to parametric
varlations\h] is entirely unsatisfactory. For this reason we include here
the fOQOWJ—Ug remark which may serve to clarify the situation somewhat. £
more complete discussion of this problem will appear elsewhers.

We consider systems of type

{4} % = Pi(x1, X535 Xy L=, 2)

where F., F, are unalytic with respect to the variables X5 X, and the
pavameter A within and on the boundary of a region G. We assume L, UMO
boundary of ¢, +to be a cycle without contact.
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DEFINITION: The aystem (A) 1s gtructurally
stable in G with respesct to A = 40 1f for each
£ > 0 there exists a § (£) > 0 such that for all

A -8 (A LA, +8) there exists a topological
transformation T of G onto itself with the
properties

1) Trajectories of

(A) Xi = Pi(x1 XQ; AO) (i =1, 2)
map onto trajectorieg of
N\
(B) Xj_ = P'i(x1 XE;A) (1= 1, 2} ,\"\
'S
arnd \ ™
N
=) M, P(M)]I < E MEG, T (MET (Gl)f~
A\ N

A1l ths thecrems and lemmas of Part IT1 of this paper hold for
syatems of tvpe (A*). Hence the conditions (*) axp(,i\.éertainly sufficient
to guarantec the atructoral stabliity of systemst\o‘f type (A}.

¢’ N

L >
-
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NOTES ON DIFFERENTIAL EQUATIONS
By Solomon Lef'schetz

The two notes which together make up the present paper deal with
material glven In my Princeton course on Differentisl Equations of the fall
gsemester oft 14h,. Whlle the notes are independent they are not unrelated;
and the toplcs dlacussed: ecritical polnts and the egquation of van der Pol
are of continuineg intercat in differentlial equations. .\:\

In bolh notes we devlate from standard tsrminolqu:\by‘saying
verttical puint™ and "path" instead of "singular point®@nd’ "trajectory®.

The references [ | are to the bibliographymeﬁ”the end of the paper.

I. ON CRITICAL POINTS
1. Qur present objective is to prg@ﬁ 8 topological analysis of

the critical polnts of a real ayatem P\%
1.1 a
{ ) g% = P{X, Y},:a{%z Q(X, Y)

where P and @ are analytical wherever congidered. The critical polnts

are the points where P = Q =‘& We will only consider isolated critical
Points., Thus iff ¢ is a cxﬂéiéal point under consideration there i3 a circu-~
lar region {1 of center ¢8 in which P and Q are both holomorphlc and
vanish slmultanecusly ‘ac’)iénly gt the point O.

Critical péMits of gystems {1.1) and under more general agsumptions
have been dealt w]_\@?‘r’-epe&tedly in the literature. Indeed a very complete
treatment 1is cqrsi’ahned in the recent book by Stepanoff-Niemitzki ([3], th. .
§ 3, L), (a¥69°in the earlier 1947 edition). Our approach is, however, ex=
CeDtiomllﬁi‘éimple and direct. It 1s true that we only consider analytical
systems but it is also clear that much weaker assumptions could be made at
little cost,

2. We will first discuss two preliminary lemmas.

(2.1) IPMMA. let f(x,y) bea real function

holeomorphic in a clrculsr region 0N of radius p and o
center at the origin. If £(0, g) =0 and p 18 gufficient-
1y small, then the real curve f{(x, ¥} =70 has in N at most a
finite number of real branches which &re of one of the two
forms

{2.1a) x

(2.1b) ¥

0 k+1

I

k/n n
a.kx’l By X * g
61
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where n, k > 0 and the coefficlents are all real.
Moreover for @ small encugh the branches interact
orne axnther in 3 solely at the origin.

According to the Weierstrass preparation theorem wec have in a suit-
able reglon:
a
£z, y) = Ex, y) . glx, ¥) . x°» 4 >0

g(x, ¥) = ¥+ 8 (x) ¥ 4 .+ By (x)

where a1l functions are holomorphic in 0, E# 0 In {1, and a (o) =
Thus the solutions of f =0 in {1l are x=0 1f q > 0 and the solutiong
of g= 0. By Pulseux's theorem [5, p 421] the latter have the&™\form {2.1b)
and (2.1b) is only real when all the &, ~are real. The 1n{,e{'sections of two
branchea, say (2.1b) and ancther with %', n', B‘lfc in pla.cé\é.f‘ k, n, &,
corrgapond to the sclutions in L of a relation O

xr/m'(bo + b1 X'I/nn' t oo ) S0

N

i

N

where the bj are not all zero. By a well known\property of analytic
functions the solutions # 0 are bounded a.wa:y\\f,t'om zero, and hence not in 0
for p sufficlently small. This completes &he proof of the lemma.

We will now conmslder a region MWin which P and Q of {1.1)
are holomorphic and have at most a finite"number of critical points. The

parts of paths of {1.1) and other ams ‘consldered below are always agsumed
to lle in .

Let A, B be the end,“—points of an are A, Tt will be convenient
to use the designations {”,\

&
"(}B), [AB}, (AB), I[AB]

to dencte respective'l‘y\”tﬁe open Arc A; A closed at A, open at B; A
open at A, closeq\'&ﬁ B; A cleosed at both ends.

We Pec\l‘l"now the following definition due to Polncaré. Relative
te the system O\ 1) an arc A (open or closed at one or the other end) is sail
to be w1tho!3t tontact wherever A contains no critical points and the (unique)
path y\‘tmrough any polnt M of A 1y never tangent to A at M.

(2.2} IEMMA. Tet A = {AA") and po = (BB'} be two
open arcs without contact disposed as in Figure 1 so that
A and B are on the same path Y,- Glven any point MeA
let the path vyi{M) through M when followed forward first
meet p In & polnt N and so that from M to N the path
does mot cross A. Then M — N defines a topological
mapping T of [AA') on a subare a' = [BA™).
B' # A', hence A" £ A1,
makes of T

Moreover if
then the assignment A" = TAf
a topological mapping [AA'] — [BA"]. The

same propertles hold if the paths are followed backward
instead of forward.
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N ’
Flegure 1 ¢\
'S\
N/

It is elear that T atraight or extended 1s gnfé,;one. Its bicon-
tinuity Is a well known condsquence of the exlstence .tﬁeorém for systems

guch a3 (1.1)- )

4. We wure now ready to discuss the na(cure of the critical polints
of the syatoem (1.1]). We suppose then that t \Bmgin 0 is an isclated
eritical peint and £ a clreular reglon wi‘th the origin as center contalning
no other eritical polnt than © and 111 'wh P and Q are analytic. It

i3 understoond once for all that we ape oper'atlng throughout within .
let r, 8 denocte the le&.r coordinates of the polnt (x, y). Along
the path throuch the point we hdve from (1.1)

G- r\%%’; xP + yQ = R{Xx, ¥).

Iet us %upposa f‘irst that the origim is not an 130lated point of
the curve R = 0. Then {here is at least one branch of the curve through ©
and one may assumsg £ such that the branches intersect only at 0 in 01.
It follows that '&}smll neighborhood of O ig divided into sectors in which
dr/dt has a_ f”i*xod sign. let us take one of the sectors and close 1t, to form
a tmangular..mg on OAB (Figure 2) where AB is an arc of & eircle of radius

P ani cerWer © contalned in .
It follows from our construction that {(AB} i3

an arc without contact. Let ua ghow that:

(3.1} If p is gufficiently gmall, then {OA]

4 I
and (OB] &are without contact.
Tt 1s sufficlent to consider, say (oal. Let
the coordinates be 80 chosen that none of the branches of
? the curve R(x, ¥} = ig tangent to one of the axes.
Flgure 2 Now the branch (2.1b} has for tangent
x = 0 ifk<{n
y=20 ifk>n

1

¥ a’L{X if k =
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We sre then hers In the third case. Hence our branch has a representation
y = mx o+ ax™ + ..., m# 0.
At any point {x, y) of (0A] the tangent to the branch has for alope
po=m o+ nax™ 1 4 ...

while the path through the point has the same slope p' a3z the circle through
the point. Thusd

Herce for @ small enough ~

Pl_l'=’1 + £, where & 20 A
with p. Thus for p sufficiently small certalnly ! =f .p; \"urad this implies
(3.1).

To gum up then along each slde of the curv;limear’ triangle OAB the
erossing of the paths, whether irward or outward 1s“f“ixed

4. Let us suppose first that the side\MB 15 crossed irward by
the paths, i.e. that p decreases along all pabhis in the sector under consider
ation. Thers are then various possibilitieé' epending upon the modes of €ross:
ing of the other two sides. Each case must be examined separately.

Cagse I. The sides OA and ~8B are both crossed outward. A path
<+ through 2 polmt M of (0A) wher} ‘f‘ollowed backward necessarily goes farther
from the vertex O throughout the triangle and must therefore cross (AB) 1In
a point M. By lemma {2.1) N\-) M defines a topologlcal mapping of [AO]
on & subarc [AC) of [AB)\\and the path 61 through € tends to ¢ (Figur®
3). Bimilarly for the Paths through the poimnts of (OB} and & certaln path

r N '8,. The paths crossing (AC) behave like Y, Those

d, d. )\ crossing (CD] behave like &, and those crossing

) (IB) behave like €. For evident reasons the paths
crogsing [CD] form a system referred to as a fan.

As a limlting case we might have C =D,
hence &, = &, so that the fan consists of & single
arc. This 1g ghown in Figure L.

Case IT. The sides OA and 0B are Dot
crossed imward. Thus the whole periphery of the tri-

Pigure 3 angle, (O excepted is crossed irward. Since the

triangle coutains no limit cycle or criticel point.

by the Polncare-Bendixson theory, all the paths considered must tend to 0.
giving the disposition of Figure 5.

Cage ITX. The two gides, QA, OB are crossed 1n opposite mannel.
Assume that OA is crossed irward and OB outward. The path & through A

may then elther remain in the triangle, and then it can only temd toc 0, ©oF
else leave It and hence cross (OB).

This glves rise to two subcases.
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¢ 0

Fleare b Figure 5

{(0) The path & throweh A tends to the vertex 0 ixthe tri-
angle. As under Case [, Lhe paths through the pointg of (0B2\~%1ve rise to
& topologlcul mappling of [0B] onto a subare ([CB] of [ABWNFlgure 6). The
paths throurh {AC] form a fan. The paths vy, 6 , £ ‘Qﬁ‘{h\ibit the three types
of paths in relation to the triangle. , “\ L .

{b) The path & through A crogses (OBJ% We have then the sit-

uation of Firure 7, with only two typlcal paths: hand & .
o
-

a

Pigure 7

O\
Rigure 6

If"“*‘f:h'u\e'crossings at OA and OB are reversed there wlll result cased

1118, ---,\fiérived from IIla, ..., In the obvious way.
5. Tt has been assumed so far that (AR) is crossed imward by the
Daths. I the crossing is outward the change of time variable t— -t will
Preserve the paths but meke them crogs (AB) imward. The reguniting configura-
tlons ere the same as before but with all the arrows reversed. We shall refer
fo them as I, ... .

Suppose now that the curve R = .
through the ortgin, Thus in one vieinity of the origin dr/dt has a constan

SlEn. Let us suppose first drjdt { 0 so that In the vicinity of 0, r iz de-
treased along any path v . Consequently along ¥ the coordinate r temnds to
& Mmlt v  apnd p=r 1is a limit-cycle of dlameter £ p. Bince WE_al‘e
dealing Wigh an analytigal aystem, for P2 small enough there is 1o limit-cycle
In the cirele ¢ of radlus . Thus the only possibility is r = 0, l.e. ¥
tends to ¢,

xP + y@ = 0 haa no real branches
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suppose that there is a ray L through the origln whilch is not 5
path. Then a= regards the open sector of angle 27 bounded by L the sit-
uabion ls that of case IIT. We have now the two possibllitles corresponding
to ITTIa and IITh which we conslder In turn.

Cage IV. One of the paths & croasing L reaches the orlgin in
the open sector. Then by our earlier discussaion 1t wlll be seen that all the
paths near enough to O behave llke §. Thus the point ¢ I3 a steble node,
{Figure 8).

Case V. Every path & crossing L, 3ay at a polnt M, crosses
it again at a point MQ. For snother path &' as in Flgure 9, Lhe crosslngs
willl be MI M1 and by lemma (2.1) Ml1 N M»e deflnes a Lop({logical mapping
[OM, 1] = [OM 1, which shrinks the interval OM, Tt follows b 2t &, and
hence every pa.th aufficiently near the origin O is a aplm’i ‘tenmng to O.
Thus © 1is a gtasble focud. Exceptionally M' = M} thrvoucfhout, OM and 0 is
a center. ‘ R N

Figurs 8 O Flgure 9

We have 1n, addltlon

Casge VLS }ir/dt = 0, hence all paths are c¢ircumferences of center
Q0. fThe origin ,‘\Q 1s then again a center.

If'éjafery ray issued from O is a path, we have actually Case v
and 0 1g(@)node.

N\ JFinally if dr/dt > 6 near 0 we have reversal of arrows and (ase
IV': unstable node, and Case V': unstable focus.

6. To obtaln the full confieuration of the paths around the criti-
cal point 0 {the local phase-portrait around the point) we have to combine
ad jacent sectors of the various types described in the various admissible ways:

Let us observe at the outset that if all the sectors around © &I%
of types IITh (Figure 7) or ITT,b limit (rotation reversed) or the same with
I11' instead of IIT, then all the paths near ¢ are spirals and we merely
have a stable or unstable focus. As this case will arise otherwise anyhow We
may leave out of consideration at present. On the other hamd, & succession of
sectors such as ITIb or IIT,b not surrounding fully the point 0, has 1o topo”
logical effect on the configuration of the paths. Thus the situation of Figure
7 and related types need not he considered here. Upon matching the other ByPSS
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in the varlous admissible ways, and adding to them the focus and center we
abtaln the following list:

T. Fan. This may be atiractive or repulsive accordingly ag
as the paths all tend to the critical point or all away
from Lt (Flgure 10). As 8 limiting case we have the
nodes.

IT. Hyperbolle type. (Flgure 11).
TII. Negted ovals. (Flgure 12). This is the only truly new
bype.
IV! Focus.
V. Center.

Figure 10 Figurevrff' Figure 12

Exlgtence of the varioquﬁﬁges. All the types except III are known
£0 ocecur ap critical points of 11neér equations. Regarding ITT conslider a
gystem of concentric circles’gﬁ}paths in the projective plane TF¥ obtalned
from the phase plane in the\asual way. Let L be a line through the center
0 ard let T be subjedt®d to & quadratic transformation {5, p ¥31] rela-
tive toc a real triangle} ABC  such that 0 i3 on the side BC but is not one
of the vertices B,<§}“ The circles will then be transformed into a aystem of
paths with two sé@é~bf nested ovals relatlve to the critlcal point A,

88" I1. ON THE EQUATION OF VAN DER POL
AN

\it}"ﬂhe equation of van der Pol
(o e Ax: - 1)k +x=0, A0,
(dots denote time derivatives) is by now classleal. By introducting the new
variable

. Xj
(7.2} y=x+A(—~3—~x),
one may replacs (7.1), in well known msmner, by the eguivalent system
(7.3) ;}zy—rx(—%‘z-x),
;- .

About all that is known regardlng the nphase-portralt” (full picturs

of the paths} of this system is that there 15 a unigue stable limit-cycle [
{Llénard) and that the origin iz the only ecritical peint. This polnt is always
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unstable and 1s a node for A 2 and a focus for A< 2. From general theory
one knows then that all the paths interior to [, and all the paths sufficier
1y near T and exterior to it spiral towards " (here in clockwise directig
Curlously encugh and In spite of the importance of the van dsr Pol equaticn,
the full phase-portrait of the system (7.3) has never been analyzed, or ag
1least it iz not found in ths literature. It will be seen that, a3 ons might
well expect, & discussion of the singular polnts "at Infinity™, after the
marmer of Polncaré, provides most of one's required Informaticon. For complet
details regarding thils technique and more emple bibliographical data see [4].
8., Considerasble information regarding the phase-portrait mway be
gleaned directly from the system (7.3). At the crossings with ‘t\he ¥y axis
the tangents to the paths are horizontal, and at the crogsings with the curve
N y=.\(%5~x) ..\"“.\

they are vertical. We see also from (7.3) that with“'xﬁéreasing time:

x increases above A, 'w:\'\

X decreagseg below A, !

¥ increases at the left of tpq\\s; axis,
y decreases at the right of~the y axis.

Ience the beheavior of the pa;t}f&'s.t the crossings with the y axis
and the eurve /A 18 as indicated iy’{Fi"gure 15. Remember also that, accord-

ing to Liénard, the limlt cycle [ “Ms related to the curve £ after the
marmer of Figure 13, and 1s stable.

L\ y

Rl A
S AT

F | T

——— -

Plpure 13

9. We must now study the behavior of the paths st infinity, in th
phase plans. For that purpose we must have recourse to the Poincaré procedu
Iet us first recall its main geometric features.

let x, y, z be coordinates for an Euclidean 3-space E° and let
the phase plane Ee(xy) of the system (7.3} be ldentifled with the plane
z'= 1 of E’. If ons completes E° to a projective plane T then the
points of T are in one-one correspondence with the lines of £ through
the origin 0. If M 1is any point of W then OM intersects the sphere
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2 .
g %+ y? + #° = 1, 1n two polnts M', M", where M' is in the upper
pemisphere S':  Z 20, and M" In the other 8". What one does actually

1n the Poincaré scheme is to study the paths descrived by the points M', M*
on the whole sphere 5. The phase-portrait in one of the open hemispheres is
then the topolnrical imare of the desired phase-portralt in EB.

Now on Lhe sphere S the patha are those of the differsntial squatiorn

dx , dy, d=z

x 3 ¥ Z]|= 0O,

2
¥z -A(-%— - xze) , -ng, 0

which upon exparding the determlnant yields

3 ,
xz dx + 2 1yz2 -7«{;— - xze)! dy N
(9.1) 3 R
- x%2% . ¥ jyzg -?\(—J;— - xzz)i dz. « M

While z does not facteor out nevertheless (9.1 Yy is saﬁiﬂfied by z =dz = 0.
Hence the arca of the cirecle =z = 0 between critig¢&l) pointa are patha of (9.1},

1et us= now look for the critical pointQ On the line z = 0. Con~
sider Flvst the points for which x # 0. We ghy thus taxe x =1, dx =20
and we have to find If the points ¥y = z =38,) {polnts at infinity on the x
gxis) are critical for o\ ™

z!y2.2 +N{.’-.'.2 - ;—)I dy = szj% v ¥ }yzg + ?\(ZE - %)i dz.
The "ecritical polnt™ behavior is gé\f.efned by the linear approximation
{9.2) eN\y = y az.

£ )

7

A the general solutlon of f&v2) 1s y — Cz, the origin is the simplest Type
of node for (9.2): paths,’t;ending to the mode in every direction. Hence it is
8 mode of the same typd For (9.1) and similarly for the two assoclated polunts
o1 the aphere. In’..‘qilé" xy plane the curves tending to infinity in the direc-

tion of the x Q\‘L’B. will have horizontal asymptotes. Upon referring to the
will be seen that gach curve tends

mde of anreqsi';r;;; or decreasing of y 1t
: I, I1I and from below in quadrants

to 1ts asym;lt;ca\té from above in quadrants I
Tand TV ?‘Qi‘gur’e 1k,

__/F el

Figure 14
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TO
Agsuming similarly ¥ =1, dy = 0 we look for the critical points
of
3
(9.3) xzldx = x°2° + 7% - A{ 3—;— - x2%)  dz

and find only the points x =z = 0. Thus the only critical pointe of (9.3)
are at infinlty on the axes.
The behavior at the origln is the same as for

T = X BT O+ E == = XZ

3
(9.4} dx e 2 2 x° 2 dz 3
7\(*_—‘3 XE" ), ar

8ince there are no first 'degree terms the origin 1g a critical polnt of high-
er order. One could apply the analysis of I, but it is actually slmpler here
to proceed directly. O

10. Let us examine the behavior of the paths outqj@e\'of the 1limit

cycle. Take & path y begluning to the left of the ¥ axtd (Figure 15).
s W

A
I"\:
¥ )
¢
P
’:‘. ./
L ':‘“
Y 3\.‘"
(4 e S F
\.:\ 5 0 / X
’\
y s
&7 Tt
'® X Iy

Filgure 15

It has a horlzontal asympiote and tends to it from above. We have on &Iy path

dar 2 2

ol AX (—?—-1) .

Hence for x° >3 de
> gt 15 negative and so 3y rises but comes mearer to the

orlgin t111 it reaches the 1llne x = - 3. On the other hand

7! %XE = - X

p]
¥ - (2= -x)
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2
yoo Mg - x) - x = - nx? -
3
y' = a ¥ - N - x)
3
(v - A3 -x)°
Hence for y large and positive and x° < 3, approximately
™= - -%r-—— { 0. Hence within those 1imits the concavity of the curve points

dowrpiard. The curve risesa up to the ¥y axis. After that it descends steadily
tog the x axiz. Then it must malntain itself steadily sbove a curvg such as

& . The latter by the same considerations ag for - behaves ad NdFigurs 15
and 50 - . returns to the left x axis. All the paths startind.be the loft

x axis bstween -+ and the limlt-cycle behave necessarily 11{(1& "y , s8lnce
they must proceed without intersecting 9. In partlcular (3;’3 itself continued
gan only wind spirally on the limit-cyele. w'\"\’.’ ,

Consider now the situation on the spheve (Eigure 16). The path é

euts OA in a point H distinet from A. The path'y” cuts A and 04 at
points P and . 8ince no path is tangent t9<. nor to OA, P - Q de-
terulnes a topological mapping of [FB] ontd e’ segment [0G,]1 where G, 1s
between G and H. The path € through,\G,” tends to B tangemtially to the
elrele C and it is a separatrix issug@fifrom B 1n the first quadrant.

Figure 16

pe to John McCarthy that £ ig unique.
(Figure 17) analogous to & .
rregponding to & and

We shall show by en argument d
Suppose in fact that there sxists a second &
If x(z) anmd x,(z} are the golutions of (9.3} co

€, themn
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ard similarly for £,. Hence

2 2
d{x-x1) X - X, (x-x1) Alx -x‘]
az =Tz T Txx, z 520
Hence setting lx - x1| = u we find
A{x + X.)
d logu _ _1 _ } _ 1
(10.1) dz =~ =z X%,z 325

Now both x and x, are of order < 1 1In z. Hence in (10.1} Lo lagh

two terms dominate the first and so

dlogu ¢ QO
dz A\ ¢

(\)

for =z small. Hence u increases when g decreases. :é‘}néb thlia contradicts

the dispositlon of Figure 17, & carnot exlst and Q‘:},‘Ls unique.
It follows faight what precedes that to

» the right of BG, fH¢ paths can cnly cmenate

1

from A and so they all behave like 87, The
€ & disposition of (B8 paths in quadrants IV and III
1s then obt{a.i*iixe\ci by symmetry and they are dls-
posed out’siae’ the limit-cycle, as iu Flgure 16.
¥ Within the 1imit-cycle the paths all spiral to-
ward :ﬁije limit-cycle, As i3 well known they tend
Figure 17 toathe origin in definite directicns (unstable
{@9 e)ywhen A 2, or else spirally (unstable
focus) when A ( 2. ’\\"'
The paths 111“1;[1’9 phase plane, outside the limlt-cycle ars irricated
in Figure 18. ..'\'}
N
N\ Y
N\
R\
:‘\‘.‘:
N\

4
I

o

Figure 18



NOTES ON DIFFERENTIAL EQUATTONS 73

The main result of our discusslon may be summarirzed ss follows:

(10.2) THROREM. Every path in the plane (with the origin

omitied) tends toward the limit-cycle.

T+ may be ohserved that on the sphere the critleal point B be-
haves 1ikc an ordinary seddle point such that the four paths tending to the
saddle polnt are tangent to one another. On the hemisphere of Figure 16 two
of the "hyperbolic® angles are shown. The two others are on the other hemlsphere
aimi larlty of course for the point B'.
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A METHOD FOR THE CALCULATION OF LIMIT CYCLES
BY SUCCESBIVE APPROXIMATION

By Jehn MeCarthy

Constder a system of differentisl equations of the form

[}}(j
—-‘—=f'i(x‘, vaay xn) i=1, ..., 1

it
which woe wrlto in the vector f‘or*m*
O\

1} dx
3 = £x) O
Tt @(t) be a periodle solutlon of 1). Then iﬁ tr;e reighborhood
of @{t) lhire extist coordinates {y1 yorees Ypogo s')"'os;’sech that in theze
ccordirviles b can be eliminated from 1) which thgl{'\hakes the form

2) dy _
as = gly, g} RN

where  ir{y. 9} has perlod w in 8. The“szxLEtion G(t) of 1) goes into a
solulicn W(a) of 1) of period w. ,""5

@(t} 1is called & stable limi:{:”‘cycle of 1) I1f the linsar differ-
ertial svstem with perlodic coeffig;&fiiit’s

ad
g *

du n-1
i o Nl X
ds °© J?:] :w?;?\Yj %1(Y1(s), .--,‘{‘n_1(8), s) Y3
,\'\~,.'

or in vector notation W

3 .\:g’g* Tair(s). 9) u=Gis)u

has all its cha é'bié‘fistic exponents with negative real parts. This implies
that all solutiohd passing sufficiently close to W¥(s) tend toward this

o
&

golution. AN
“het ¥ (8), where Y(s + @)= Yu(s), :
¥ (2). we propose to find a better approximation )’nﬂ{s). Form the linear

be an approxlmatiocn to

differential system
by W g (s) + Gyl {y - ¥ (s}

where g (s) = glyy(s), ) and Gyls) = VyE05(3) g), and let ¥y ,(5) be
the solution of &) of pericd w. We then have

THEDRAM 1. Given the differential system 1) and the

gaumed to be sufficiently qii_’ferentiable.
oo ELI,ea?thmlgh 1t will not be explicitly stated
friciently differentiable. Vector nota-

¥ In what follows all functi
It will be clear from the proofs
that any new fumctions will be 5u

tion is as in (1].
75
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stable limit cycle @(t) there exist constanks o k > o
with € such that 1f |ly(s) - ¥(s)[1 <€ (g, then
n 1(s) ia uniquely defined as the periodic sclution of
-+
h) ang

5) g, (8) - ()i < ke?

Hence if H),o(s) -l < €, then yn(s) — Y{a}
uniformly as n — =0 .
Before proving the theorem we first prove

LEMMA 3. If the differential system

6) ax O\
ds ™

where A{s + w) = A{9) 13 such that the char'acte‘mw?tic,

roots of the matrix Y(e), where ¥(s) 1sa the ~eoluﬂon

of the matrix squation g): = A¥Y with (oj‘ }: Lo ol

different from 1, then there @¢xists a con»{'\m M{AY clepoend-

ing continmuously on A such that the sAUAL Lon

Als) x

¥

N,
7) I’ . A(s)x+b{)\

where b(s + w) = b(s) has a upldde periodic solution
x,{s) of period w with A

8) lixg ()11 SHEA) [1b(s) ]|
PROOF. Let Y(3) be th%i'ﬁ:atrix solution of

S
O -

with ¥{0) = I. Then anyigsolution of 7) may be expressed in the form

\. s
x. (3) =% -1
ol ‘?;ﬁj } [x(o) + ‘g Y (31) b(s1) ds1]

! . :”\s.
xo(s) is dlstin%@s}aed by the periodicity condition

xo(\o;: %) = ¥w) [x (0) » § Yo, 000,

or
x,(0) = [I - Y(w)] T Y(w) j: ¥ '(s,) bls,) as,
giving
et CHYGY w 1Y ()1 1) 1) 11T Y1 ™ 11 o 1 11bee)l ] =
M(A) Ilb(s)I].

_ -1
Here [T - Y(w)] exlsts because none of the characteristic roots of Y(w)
areé 1. The bound M(A) depends continuously on A because of the theorem

of continuous dependence of g solution with fixed initial point on the right
hand sids of the differential equation.
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PROOF OF THEOREM 1. Consider the linear differential system
5) d5 = Gal®) u+ [e(8) + Gy(e) In(a) - ()] - e(s)]

where {2} = g(¥{3), 8). By Taylor's theorem there exist constants a
k, > 0 sguch that if IIyn -l <{g < a, then

1’

10) Hey + G- 7v) - gll <k, 6°

Chooae a, such that for ”Yn - ¥l < 8, M(Gn) { 2M(G)}, where
M(G) ls determined from Lemma 1, let k= 2k, and lete, = min (a,, &y, L)
Then, LI |y, - ¥l ( e < £, 6) has a unique periodic solutlon u,(s) such
that i[uO(q)H Lk £? 'Y £, However, F=u+ 4% satisfies Ly }f‘ and only
if u satlsfies 6}, Hence, under the hypothesis of the theo¥ém, %) has a

unigue pericdic solution L (8) satlisfying 5). This pgfbveé the thaorem.

REMARK. If the succezslve steps are cg.gsfi;ied out
approximately with an errvor 0 { y< -;— sm§$t'arting within

1550 of w{s), then W(s) will eventually be determined

to within an error 2. That is, the\\gzncem ig stable.

This process involves finding thes ﬁermdic solution of the linear

system with periocdlc coefficients &) at each gtep, which is not a gimple
matter. However, it can be f‘acilitated by determining at each step the gen-

eral sciution Y {3) of

11} ay .);"
Tvc%é_‘ = Gn YIJ.H
o\ ]
where 'Jt'm1 (s} iz a ms.trix golution such that Y 1(0] I.
(a3} la Qo”be determined by the Picard iteratlon scheme

n+1
12) "\\ - T ? & (3) X, (s,) ds
Yn-a-,Q,;k#‘l(S) - N Jc; +1, K1 1

Y. (9 1s 'i;ia';én determined by the formula
~, {g }-G(S)(s)ids]
) ypa (8) = Yy () [}n1 (o) +f }cm{S ) igy(sy SRR AL 1

where Yt {0) 1s determined from the periodicity condition to be

14) Yna (03 = [I - n+1(m}] -1 n+1(wj f n 1(s) {g,(8} - G,(8) yp (8} | a8
The inversion of the matrices n+1(3] and I -Y ., {e3) can be
conveniently accomplished by the iterative scheme
- - -1 -1
15) (A7), = B(AT ) - (A7) ALA )

where we start with Y;(S) and [I - Yn(w)J
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Suppose that a differential system of the form 2}, a limit cyecle
of which we wish to determine, can be lmbedded in a 1 parameter family of

differentisl systems
16) oy, s, oA

gatisfying the conditlion

1y gy, 8 +w,A) =gy, 5,0

2} For each value of A, gy, 3,A) has a 1limit cycle
Y (s, A} whose characterlstic exponents have nepative
real parts, WY(s, A} depending continucusly or. A.

3) &(y, 8, 1) =g(y, s) and W(s, 1) =*"*{a) méhMt
cycle we wigh to calculate. L\

kY We know (=, 0) and alsc know the genqr@“} solution
of the variaticnal equatlions of ‘f’(s, 0’)}

It is then clear that we can deter‘mine - w‘(s) by dividing the in-

terval 0 { A< 1 into segments 0 ¢ A <A, &Y. . < Ag <1 and using a
good approximation to (s, ?lk) asg first apQroximtlon to “i{a, Ak.+1 ).
REMARKS. \\

1. 1In carrying out the procedur-e one would wish to
divide the interval o g al &1 into as few parts as
pogsible and use ag few iterations ag possible for each
k until one got to“iterating for w{s, 1). However, if
one tried to makeﬁ{bo blg a jump one would get lost.

2. Probxii‘.%he caslest way to carry out the computa-
tlons in an Acthal case is to use trigonometrie polymomiale
of some f}{{gd degree as approximations to the periodic
function;involved

3\ In carrying out the "homotopy" it might be nec-
©388¢Y to change coordinate gystews during the calculation

.“\m'ol’der Lo keep the functions single valued. See Figure 1.

\”\ L. This method can be interpreted in terms of L. V.
Kantorovit's extension of Newton's method to function
2paces [2].

EXAMFLE: Consider the equation in polar eoordinates

18) S—EL—I’U - r)
Here glr, 8) = »(1 -~ 1) ang G{r, 8} = 1 - ap,

If we take y-o(e} = Ty then Y](a) satlisfies

Cu L
@"’1

= I’O( 1 - I’O} + {1 - Ero)(r - I‘O)
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the periodlc aolution of whieh isa

rit - r
a’(e}=r=r+_9{____gl
! ! o 2p, - 1

This process converges to I =1 if v 1
5 -

® \\ >
N N

const .~ original system
consf\x ip gecond system

—_ g
5]

mu

r 4 ';
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Aot el i KXPANSTONS OF SOLUTIONS OF SYSTEMS
o HLINAMY LINEAR DIFFERENTIAL EQUATIONS
COHTATNING A PARAMETER

By H. L. Turrittin

i

1. INTRODUCTION

(ot b iyt ol ditferential equations ~
1} X = Alt, £) X KON
N\
dhere R tios oo restmddve tnteper; B 1s 8 small perametdy; X 1s a2 vector
: N
hx, (L, £} K7, N
W
X XL, £) ;
xglts e
X ois the Jorloat o ‘f‘ s nryl the squarepatrix A(t, %) has an asymptotic
expansiaon ,’.:’:, -
Wtk
A= AlL,E1ST X o {t)
S k=0 b

in @ regular reglon R of
£, > o info the origin

¢ = 0, belong to R.

in the domals. B where & {_'«z\Xb and ¢ 19
(Y

the complex C'[.i;:-"L:,l.' -.:)(l.f.-ﬂ(k{%{)f'fl’om the cirele lel =
gave the origln

=0, A1l boooinry paliffy of R,
Trjttzinsky ' 't i uifdated that an equation of type (1) will possess R
indeperdent v.et. -;~"<a',\":?jt,ior19 of the form
N
N\
: a3 ok RTINS
@) O | o Xy (01} e 1 agle v b
\ 2 ﬂ._..o
where g = ¢ /', v iy & sultable positive integer; the Xy 's 8¢ vectors;
LI
; = t, £)dt
K gty £ 05 ag(t, 1= [oeet®
and
hr-1
{ S k .
? pt, )= X © prc(™)
k=0

on sabbatical 1save from the

P
* This paper was written at Princeton Universily N hection of Prof. S
under the ne office of Naval

University of &
N Miiresote while working
Lefschot " on Navy Project N6 ori-10%; task order V fgr t Lefschetz for his
Sﬁieamh- The author wishes particularly to &
grestiony and lnsplration.
1) Refercrces are lllsted at the end of this paper-
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Bz ASYMPTOTIC EXPANSIONS

The p, (t} are rootz of certaln characteristic egquations presently to he
introduced. The first objective of this paper 1s to give a deflnite Procedurs
for computing these formal solutiong. The second objective 13 to show that
these formal solutlons are asymptotic soluticons in the sense of Poincaré{1k
The asymptotic solutions are then used to sclve the non-homogeneous equation
correspondine to {1)}; sea §13.

Formal and asymptotic solutlons for a single linear differentiaj
equation of the Nth order

i)
(4) S Moty TEop (t,0
i=0 dt
"N\
where x 13 a3 gcalar; \
0\"\
o= . Va \ N
py(t,e) = X edp it), 1=V, r, ..., na,
1 0 ij A\

and pN(t,E) =1, a3 well as for systems of type (1}4\have been studicd by a
number of mathematicians, see references {(2) - {(12% Hsymptotic solutions have
been extensively used in boundary value problems, Qnd more recently in problema
relating to degeneracy, see for example Gradstéiﬂ' (13) work. References for
varicus applications in phyaica mey be found® 1n Jeffreys'(1h) book. The type
of analysis presented here 1s also part of”tﬁe WKB-method uzed in quantum
mechanics. Moreover in the study on nohllnear gystems by means of the vari-
ationel equations one may be led %o con31der equatlions of type (1), see for
Instance the work of wasowtag) on@ingular perturbation problems.

To proceed to the detalﬁéd analysis, we make the followling hypotheses:

(i) ALl the. \bments (t e) of the matrix A(t, £)
in (1) possess derivatives of all orders with respsct
toﬁ\t and are anslytic in ¢ in the domain D, .
{i1) ZE™ aiJk(t) 1s the element in the ith row and jth
\\:Olumn of Ak(t), (1, J=1, ..., W kK=20,1, 2, +..),

U<,y then each ale(t) posgesses derivatives of all

”~i~' orders in fa, b}.

\\{iii) I hi(t) and hj(t) are any two roots of the
characteristic equation rA (t) - AI] = 0; then
onn  [a, b] either hi(t)-— h (t) or A (L) +# R (t).
(The characteristic roots A. (t) will serve as the
Polt) In(3); 1i=1, ..., N)

(iv) Iikew1se BNy twWo roots of each subsequent auxiliary
characteristic equation utllized in our reducticna
are ¢lther identically equal or distinct on [a, B];
Just as in (111).

(v} The structure of certain canonical matrices do not

change form in the interval [a, b], see §4.
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{(v1} Certain elements which appear in the matrices
derived from the Ak{t) in subssequent reductions
are elther non-vanishing or identically zero on
fa, D], gee &8,
Iri any glven problem it usually turns ocut that in order to satisfy
these hypothcues the closed interval [a, b] must be chosen sufficlently
short a0 i Lo avold certaln speclal pelnts on the t-axis, the ap-called

"turning poista.  The present analysls does not provide information relating
to the behavior of aolutlons when |el 1s small and t is in the neighbor-
hood of a Larninge point. Some headway has been made In treating this 4lffi-
cult anllru gee for examples the recent work of Ianger{15’]6j, Ch@rry(1?}
and Bvarst ')

A meLhod for computing the formal soluticns will now be presented.
The argly:)o 'ua broken down in a sequence of special cases«of successively

~
4 ’~
S )

incrensinie complexity. A
'm\
§0. CASE I: A  + €A) + .00 + el Aﬁ =
D
1f on examination of A 1t 1s founi‘that Ay ig ldentically zero,
crogs oul AO, divide by £ and (1) take the form

(5) LS ST - S

«d
ay
NN

If A, = 0, 1likewise reduce (i) o
gh? JE:{(AQ NPT I &
! ig reached which does

Continue reducing the equﬁéntial on & until an A,

not vaniah 1dentically If fortunately we can proceed thus and diminlsh h

to zern, an equation_ f the form

."\‘ X

(6) \J
A

,\

g

14

i,
=3 £ Ai(t}X

i i
is reached wh&ch poggeas N independent vector goluticns of the fo

~O SR
(73 \\ } ¥ = o £ Xj(t).

suhstitute series (7) into (6} and

To find the X.(t), (J=0, 15 ««-)s
J( } ; , Thus, agaln dropping temmporarily

equate sucressive powers of £ to zero.
the £,
X, = AOXO

A X, + Ay

i

x
(8) i

Il

kn KX, + AEpq ot e ¥ Ao
d in;succession by solving these

The X _(t), X;(t), X(t), - are compute

differential equations.
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The First equation of (8) has, as is well known, N 1independent

vector solutions which can and will be assembled intc a single squars matrix
golutlon iott), wher'emeach column 1g one of theﬂlindependent vector solutiens,
To make the cholce of XO(t) apecific tike for Xo(t) the particular solutiop
which satisfies the initial cornditlions Xo(a) = I. Likewlse aquare matrix sp-
lutions i‘i(t) can be found for the successive equatlons in (8). In partiecu-
lar take

o]

~t p— t — y o .~
X (t) = E_(t) _]a V(1) [A1Xn_1(”‘r') P Anxom-)] qar.
Then if |
h-1

{9) AO *EAL 4+ .. B Ay, =0, "\.\“.\

the square matrix %= > gi f_l(t) exhibhits N indenef}géht formal golutiong
1=Q N :

of (1), for the lead matrix X  1is non-singular. R

This procedure will be blocked at a certaly stage 1f one of the A'sg
in {9} is not identically zero. We are lorced therefore to examine the situ-
ation when at least some one element of AO “@;mt identically zero and be-
gin by considering a gystem of the first r.:r'de.rY

N/
o

§3. CASE II: THE FIRST ORDER EQUATION

any
N ¢

If N =1, equation (14 dégenerates into a single equation
(10) 2 30% 2 aw
N . >4
”\‘“& 150 & 1
in one unknown x(t, €3 Chhere the A;'s are scalars,
Y om .
Set x = y exp | .g\\ P(T, £)dM in (10) with
O
2 hot
AN plt, &) = 120 £ A (L),
Then \ 4
el [y + s_h,c(t, a)y] = Ay
or

h o
&y = [ehAh + t:h+1 Ah+1 + ] .

. h
On dividing cut e, (10) 1s reduced to an equation of type (6). In thig
way the desired single indeperdent (i.e., non-trivial) scolution is procured by
the procedure in Case I regardless of how large h may be.
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§k. CASE III: ALL ROOTS EQUAL AND NO 1'S IN CANONICAL FORM

If an element of Aj {s not zero, N > 1, and h > i1, normallze
A 1.¢., make a non- singular linear normalizing transformation

{11} = P(t)Y
gn that {1) becomed

eMPY + PY) =
or
(19) Ny (pap - PR L

N\

The non-singular matrix  P(t) can and will be chosen SO that , B\A P 1s
in canonlcal form; i.e., S0 that ,\" \

M1 e . - ? '(”}c:

0 M - o'. )

=1 _ . 2- » LN N

{13) PrlaP= || T ,1}0

AV

whore 11 elements are zero save those 1phthe dlagonal matrices M,. Each

M, has the astructure R\
pyt) Lo
7L M, = P >4 Pj_(t')
\\0'" By
.‘(3'[ ' pypsit)

where £, (t)y 13y &.}oot of the characteriatic equation |A; - ALl = 0 ard
gy 1= either-"sq Yo or one; all other elements in M; are zero.
Shr’ictly such a reduction to canonical form ig possible for sach

particu; ar- walue of t; but for certain special valueg of © *the canonical
r example the number and 1ocation of the 178 in

Tt is presumed that at the outgset the interval
5 to avoid auch changes. Thig 1s

forms ma suddenly change; fo
the M, watrices may change .
la, b] nas been chogen short enough S0 &
hypothesis (v}, see §1.

At this polint we ar

(15) sh'f(ﬁ(Bo+ B, TR ) A h 21,

where B, has the canonical form (13) and at lesst some glement in By 19
not jdentically zero. All the glements Dy k(t) of each matrix By, possess
derivaiives of a&ll corders on [a, bl Just as was the ca3e for the k{t)
As special case III assume that n=1, there 13 only one ckllaractezis-
tic root P, (t) of maltiplicity o>l and that @, o. In this even
use on (15) an exponentisl transformation

e dealing with an equation {(12) of the form

{i.e.
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£ n
(16} Y = Zexp [ £ pylt)de
a

and then the differential system becomes on dividing out an g

"z= (B, v eB, 4 ... )2 .

1

The process as cutlined sc far in case I and III ig reapplied to
this equation. Eventually in a finite number of steps the desired formal
solutions are procured provided that at no stage 1s an equation of type {153
encountered where two or more distinet roots i appear or wheve just cne

root  appears with at least one of the g's equal to 1. Granting that
this procedure can be carried through, at the last stage when h\-—- o, B
formal independent solutions of an equation .\:\

L "\ .

W=(CO+ €0, + ... W « N

are found as In case I and exhibited in a squars matpfX W = ﬁo + £ﬁ1 +
with the determinant [W_ | 4 0. In working back £¥om" W through a sequence
of transformatlons of types (11) and (16) to a gdUsre matrix solution ¥ of
the original equation {1), it is clear that 5{’;,\9'111 have the prescribed form
(2), and that the columns of ¥ repreaent‘_{‘i%ependent formal vector soluticns ,
for the trensformations of types (11) a:gaqlz{'ié} are all non-singular.

If this procedure can not bg{eﬁrfied through, proceed to the next case.

NN

§5. CASE Iv: AIL ROOTS‘bISTINCT, 21, 8>1, n>1

Reconglder equatior}i“(;\s) and assume that the distinct characteristic
roots of |A, - AY] = 0 gﬁstrespective1y Pi{t), ov, pp(t)s E D> anmd
that the rvespective miltipkcities of these roots are Wy e, Wy with

My # 0y + e 4 omye = %It will now be shown by utilizing transformations of
the form N

&L
N Yo (1K Q)Z, k<=1, 2,
that system :(:fb’) of order N can be decomposed inte K separate systems with
respectiv‘e\orders Moy e, s each lower than N.
Utillzing (17}, (15) becomes

h| k- - k :

£ [l‘. ka + (I + ¢ QkJZ] = '(B0 + EBE + vl 3T +€k Q{{)Z
or

ERZ = (T4 X gy [(B 4 €B. + .. )T 4 €K - Bk ¢

W e e g g ]

Noting that

k ~1 k k
[I+£ ] =TI -e5Q 4+ ¢ s

% . %

and letting the three dotg take care of all terms of greater order than g
in £, .
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he -1 k
F.Zu}BO+ €B1+...+E Bk_1+ECk+...fZ
wheare
(15) C, = +B Q -gB .
k Bk o i ©
The matkrlces Ck’ B and can be subdivided into smasller blocks

in it the same way a9 the normalized matrix B,, »5&€ (133, After this
gubriivision ia made, dencte the bloek in the rth row of blocks and 9 0 0T

regyectively by C Brs’ Qrs and the elements in the ith row and jth column

g’

of Lheae rectangular matrices respectlvely by cij’ bij’ qij’ with

{=1, ..., R ard =1, caay B A judicipus choice of qij ean and will
he wade so that all the Cy . in € are ldentically zerg, Al.= 1, «.-s Ri
LS rs = AN

Joeol aaes By pravlded Pr(t} + Ps(t). N
To aee thls first note that the diagonal matr‘i.i M, in {14} can he

wrihten Ln the form N
A
My, = fp I+ E,

where T 13 the unlt matrix and EI= iz &a ,sﬁl@'re watrix made up of elements
£ roming down the secondary aiagoraly( just below the main diagonal, with
mepen eluewhere. Likewlse R \/

(19) M2y T+ B

SN g

From (18)
Cog = Ppg * L —'Q;QMS =By + (Ppl ¥ E )0pg 7 Quglfgl * Eg)

cr ".: » 4

b Y ) '
¢y yiPis * Pr T Pidyy * Aydi-r, g T Pade, g

)
whare \,\\w’
."’g:(;;jze; j=1; - and tli,5+1=0; I = 1y wves R.
mm~\./ ¥ -
\\‘ The 9y which make the Cyj sero are therefore determined by the
syastom
- . = ..":‘["__,R.
(Ps - Pr)qij + Psqi,jﬂ Prdi-1,} le’ L 4
S 1, eeey 2
Solving
95 = Pis VAY N2
and
=1, ..e3 R7T-

- s i
a,1,8 = Pia,8 " pgay s /ey Pr)
in the last colum of Q’rs can be cal-

2 gnts ;5
Thus the elem 913 Next working from right to left the

culated by working from the top down.
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qi-'s in succesasive columns can be evaluated. In particular if the qiils in
the (j + 1)%% colum are known, Jj =1, ..., 8 -1, then the q's in the
j h column, working from the top down, are given in succession by

A= (b5 - By, 541 77 (Pg = £p)
and
= - . - s 1=1,..., R-1.
Ust,5 = Pryr, 3+ Ardt, 5 = Psivr, jar) 7 lpg ~ Pp)s 1 R

By choosing the qij in this way all Crs blocks which correspond
to distinet roots pr(t) and ps(t) are filled with zeros. This is done
first using a transformation (17) with k = 1, then k =2, 3a... and ao
on to 1nfinity, Set all qu‘s in blocks where pr(t) = pslt) equal to zero,
Thus & non-singular formal zero-inducing transformation K™

3 W
(21) Y={(T+ @I+ €®Q)1ye Q5)~..J
has been found which reduces (15) to .“&‘
(22} ez = ¢z ’
AN
where ‘”:\’:.
G, 0. NV, 0
0 ayd .
(23) C = X .':.’;2'._ .
:{< e e e 'C-k
In (23) the diagonal matried ™. is of order m,, (i 1, «+.y K). ERach lead
*(\ 1 1
matrix Gi In the expangion G io + GG + & G12 + «». 1g itself in a

canonical form of typa\(13) Wlth the same root £1 &ppsaring in egch diaponal
block of G
Subst uﬁlon (21) ia merely a formal transformation because in general

the infinite prdBuct in (21} may be divergent. It 13 at this stage that the
need for der{vatives of all orders on the elements (t) {and therefore on
the a. Tt) s) comes inte play. The existence of each succeggive re-
quires the existence of successively bigher ordered derivatives on the

le(t) g and cn the a, (t) 8. Note also that derivatives of all ordery
exist for the elements 1n each of the G matricesy,

Syatem {22) can therefore be split into K separate gystems
(24) efz, =Gy% , 1-=1, ..., K,
sach of lower order than §¥. Once m, independent vector solutlons of the

preacribed form (2) have been found for each gystem (2k), the solutiong for
each system are asgembled Into a square matrix Z Then
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Z‘l 0--.0

e

il

Ll o |
&3t
i

exhibits N  Independent solutlons of {(22) and via non-ginmilar trensformations
of typ: (#1), (11), and (16) we get back to the desived solution X exhibiting
N Indeveadent Tormal solutions of (1).

If all the characteristic roots are dlstinet, as will be agsumed in
case IV, wystem (1) at this stage splits into N separate equatlonq all of
order one and each of the type considered in case IT. Therefore, if all the
charactertatic roots are distinet N formal independent solublor}ﬁ {2y of (1)

can be found. \
N

§6. CASE V: A SINGLE ROOT OF MULPIPLICITY 'Q,'{';uo}_ 1

Iri the event that all the characteristie yoots are not dlstinet,
procex] as In case IV; decompose the system im*@aeveral separate systems {24}
of Jower order; and focus attention on any part’icular one of theze systems,

say on cne of the form AN

by = (B, +‘§Bi3-{- LY

whero BO haa the canonlical struc;tufé of Gio’ i.g., with a gingle root p
running down the entire mein d'i{ag\)nal. Agsume also that at least one 1 appears
on the secondary dilagonal. \\“

Furthermore, when‘ the normalization (11) is made P can be chosen
S0 that in B elther he’ p; are all 1's, (see (1%)); or @, is zero and
the “'em&inin;v Py are\'1\'s. Algo in each normalization P can amd will be so
chosen that the di%onal blocks M, My, ..., which contain g,'s equal to
1, are srranged ~in order of size as they run down the diagonal, the largest
{1f there 1s\ané) at the bobtom.

Aéain transformations of type (17) are utilized to armul certain

elements in the matrix coefficients of the powers of ¢€. In particular the
equations which control the choice of the q;; Dbecome

- . = 3 l=1, «ous B3 =1, o008
(23) B34, o1 ~ Frdi-1,) P; 3 2 i

It is not pecessary for our purposs,

for in this case p = Ps, aes (20)-

nor is it possible, Tio annul all the elements in C,, (see §5). Certein of

the q,.'s 1in Qk will therefore remsin uncalculated; seb a1l such 4. J's
1]

equal to zero.
Consider a block C]S, 3

U g =byps L=1, ey Ry d= 15 oo

> 1, thenlf @, =0, {25) becomes
8 - 1; and hence with this choles of
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the q's every element of C13 is made zero except those in the last colum,
Likewise, for & block C,., r > 1, 8 > 1, and 821, (23) becomes

. =] - 7 = vaay - 1; and
q1,J+1 b13’ J [ S
- . o 1=2, ..., R =1, ..., 3 -1
U, a1 = Pyt Ga-,50 T T P
where 4y = o for i=1, ..., R. This choice of q's again ammuls every

elemsnt in Crs ggve those in the last column.
In this fashion zercs are induced into the indicated ¢ by

ra
trangformations of type (17) first with k =1, then with k =2, 3, ... fto
infinity. For example, if we start with an equation (15) in which
O\
p Oy
ol {§ "
g AN
°4 *
26 B - 1 o S
{26) o= P A
1
(LN
RN

where all misging elements are zero and.uﬁe transformation (21), (15) is

N/

reduced to

£
&

h <= .
—
(27) £'% = oY & C, %
Niso
whers CO = BO and LA
i\\"'x 0 X 0 0 X
I x 0 X 0 a X
AN/ x b3 ¢ X 0 0 X
{28) gi\é' x x o x 0 o} x|, 1=1, 2,
'tgui X x X X 0 a X
R\ x X X X 0 0 X
rN\® X x X x 0 o X
NN

Herse %\ indicates an element which may not be zero. Note also that the ele-
ments in every matrix C; possess derivatives of all orders on [a, bl.
Returning to the general problem, when equation (27) is reached set

' ow
(29) Z=Wexp | 5‘ £ plt)dat]
a

and {27} iz transformed into

eh(w + S_hf3W) = e c,w

148

0

or

(30) ey = ((C, - 1) + e Cp s O, 4 .1 W=TH = 1Dy 511 W
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where the D's are introduced as an abbrevigtion. The effect of transforms-
tion (2%} has been to erases the P runming down the main diggonagl in ¢
wlthocut any other change in (27). ©

This belng done and dencting the order of D in {(30) by m meke
the non-alngular shearing transformastion.

s(mﬂ " o ) ' . ol
0 3{m_2)i‘
(31) W = . : ~
) Yo AV
£ \
4 ¢\
¢ of LM
Q . . . ) 1 « M
and (%03 Lakcs the form ' N
(32) AN TR N

Begentially the purpose of transformation (31’,)\\3';3 to maintain the general form
of equation (30}, but to modify the leadingQaéref‘ficient (CO - Ip} @0 that not
only are the 1's present on the secondary\8fagonal in this matrix coefficient,
but a8lso other non-zero elements are igduced into the lead coefflclent above
the maln diagonal. *“

To select the proper p,.;?:iook at (32) and let ¢ start at zero and
continuously lncrease. Note Cihst that an element on the wain diagonal is un-
affected as b Increases. ,m,\l elements below the main diagonal are multiplied
by higher and higher powex&\c;f € &s P goea up; those to the right of the
malin diagonal are multlplred by lowsr and lower powers of €. At the ontset
each element Dij f\&l}bh iz not identically zero can be eXpanded a8 & Series

\V Iy .
’\\" Dij = & i'}

K
e dy 5

F
Tias

where d :’%’0 and each positive integer hij is at least one, except for
those §Eé_Cif_ELl elements on the mecondary diagonal whose expanslon beging with

1. For these special elements the corresponding hij = 0. By hypotheslg at
least one such special element is present. At the outset, i.e. when p = o,

the h,. for the special elements are lower in value than those pertaining to
other elements which are not identically zero; but after the tra.nsf‘onnapiqn

{31) the respective expansions of the elements begln wlth the powers s(l'J)Hmij,
excluding from consideration elements which are identically zero. In partlicular
the expansions for the spécial elements begin with the power 1

sufficlently small p » this power p of £ will be less than (1 - J)p+ hij’
p 1ncreases a stage will be reached

i and j, J2 i, for
MNote this criti-
on and above the

For

the power for an ordinasry element; but as
when for the first time p =(1 - JIp+ hij for some
one or more elements 1f there exists at Ieast one such hij‘
cal value .}.LO of n. A special case arises If all elements ’
maln diagonal are identically zero. In this case set M =1h and {32} is at
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once reduced to an equation of type (6) with its corresponding formal independ-
ent solutions.

If this special case does not occur and Mo ig 1 or greater, set
p=1 in {31} and a3 & conseduence in (32) the expansion of each element in
the matrix on the right begins with at least the first power of £, 1if not a
hipher power. Therefore, remove & CoMmOn factor €& from both sides of the
equation. Equatlon (32} then takes the form {(5) and we are ready to repeat
the entire process ag described up to this point. If in fact at each repetitilon
ons fails to solve the problem by the methods described in case I - IV and each
time reaches a stage as described where g >1, h 13 lowered agaln and again,
as just indicated, and in a finite number of stages an equation of\type (T)
is reached which yields m independent solutionas. Again by bapk tracking
through non-singular transformations the desired solutlon X Iﬁ reached.

If pg { 1 a more complicated situation arises 3 O

7%
S

§7. CASE VI: o0 py <1 AV

irf Po< 1, p, 18 a fraction say ;}b\ﬁfq;‘p where ¢ and p are
positive integers, q { p, and q is primesAd p. In this case set f =g
in (31) and (30) is reduced to {32). Fraptish&l exponents of € have appeared
of necessity for the firgt time. These, Prgctional exponents are removed at
once by introducing a new parameter @& ; 61/p into (32). Then because the
expansion of each element 1in the @atrix of (32) begins with at least the qth
powsr of ¢, 1if not a higher po@?r, a common factor of o9 is divided out of
both sides of the equation &ES~(32) takes the form

V= 3 ot pew
"iﬂ i=0
where H = ph - q. Tnis'equation is precisely of type (1), but this time the
exponent h has cleased instead of decreased. Deapite this the procedure
as outlined 1is Peagplled If on normalizing D, 1n (33), two or more distinet
roots are found “the aystem ig split up Into two or more distinct systems of
type (1) gggﬁ_gi lower oxder than (33). The procedurs is again applied to each
of these new systems. Either the desired formal solutions are found or new
equations of type (33) of atill lowsr order are reached with an even larger
H. If the characteristic equations of the new Do‘s always yleld at least
two distinet roots finally we shall reach systems of order 1 with po3slbly
very large H's. These are handled as in case I and the deaired independent
formmal solutions are thus procured.

The only thing which could possibly block this process would be to

reach au equation of type (33) where all the characterlistic roots of DO are
alike. Thils brings us to the last cage.
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§8. CASE VII: ROOTSOFDOAILAL]KE

In thls gsection 1t will be shown that 1f the process outliped In
case T - VI Ly repeatedly carried out 1t must necessarily terminate after a
fipite number of atages by yielding the desired formal sclutions.

T{ must bc shown first however that, if the roots of DO are all
alike, thiu root 18 tdentically zero. Observe first that the matrix
(Do - AT) has avery speclial structure arlsing from the fact that (33) was
derived Crom (30} by moand of {31}, In (30) the (C0 -pI) was a matrix of
order m iu normal form with a single characterlstic root zZero c{multiplicity

m, sgee [»O) with @ = o, and each Ci contained a number of\ seros, see (28).
More particularly divide (CO - pI) into blocks auch that ¢\
A\
0 0 0 N\
o 1 B A\
Co—p:[: . E . ,’E1=0,
. ] b
257>
...5'.2\\.
T 45T

<N
W

L}, ~i.'§:z1 matrix of the type uged in {19) con-

where each By, (L =2, +ovs
: and zeros elsewhers. Alsoc subdivilde

talning 1's down the secondarymﬁiﬁgonﬁl
(D, - AL} into correspoxﬂi;gg?blocks go that

p. N 511 e 511,
D. - ?\,I"}=:" . .
O AW : X

~\:2. SL'I - SLL

Then if @, 'e:‘:o the effect of trensformation (31) 1s to make

N
"'\‘.w’ _A x x e x
\ 0 - x .
(Bh) 511 = ) 0 "'\. .
. ' x
. " Y
o A

ove the
where all elements below the dlagonal are rero and where thzﬂe :1;1‘;65.&11 .
diagonal may not be identially Zero. Here and 1n aubaequers ma.— 1 . r
indicates an element which may not be identially zero- Ir gy =1 Mn

have the structure indicated in (35).

A11 the Si' below the maln disgonal are 1dentically zZerc. If

the tlock is above the maln diagonal.
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0 0 o X
0 - 0 X
= j i,
Sij = . s 37
0 e o X

Each diagemal has the structurs

| -2 0 X,
1 -™ 0 XE
S11 = © 1 s =2, 40
. N
oA\
\
-A X g ™
P N
0 A K7,

It will presently turn out that sven Kys wnes xp afé all identlcally zero.
Becauge of 1ts peculiar structure the.ué}ue of the determinant

IDO - AIl 1is equal to the product of the dete{@%hants of the diagonal blocks

Siq- It £y = 0, & watrix S1 of type (3&) 19 present and its determinant

Is equal to some power of A, Hence [D 4 AII 0 hss in this caszse at least

one ldentliecally zero root. If all roots are equal, the other necessarily must

also be identically zero. "

N

Ir ﬁ1 = 1, s=uch a bloek as (34) is migssing and all diagonal blocks
have the structure (35). By hgp@thesis at least one such block is present.
It can be shown by induction\@hét the determinant
{356} _ (_1yp+1 \[ Pl _ p-1o_ p-2 _ ) .
18441 = (-1) X X, A Koy A x1j,;,>1.
If all the roots of~\fb - All = 0 are equal end the root is o

, the brackst
in (36) would of nécessrsy equal

(37)  (A- OL}E‘” r\p“-(p+1)2\1’m+m’*”Sf\p_1 - ...

Comparing ( \}6) and (37) it 1s obvious o must be identically zero. Hence,

1f all the characteristic roots of | Do - AI| = 0 are alike, not only are
they identlcally zero as we have just seen, but also every X., (j =1, -.c.s PJ
in {36) must be Identically zero for 1 = 2, ..., L. !

Lo see more precisely what transformation {(31) sccomplishes when the
characteristic roots are all zero both before and after (33) ig applied, the

invariant factors of the two matrices T1 = [(CO - pI) - AI] and

= [D; ~ Al]l must be compared. Suppose that the dlagonal blocks E,, Ep»
«-vs B are of order 815 855 aun, a; respectlively. Since the order of (g
is m, m= 8 + ... + 2;. The normatization has been so performed that

a, < By <o g_aL. The invariant factors of T, are

a.
(38} 1, b, e, N, AL R, el A, ?\2, 2\3 o, ;\1, e A Y, A
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woere (m - n, - L+ 1) ones appiar on the list and &, of the A's. The
greatest common divigor of all 1°° order determinants, all »™@ opder determin
ants, etc. formed Crom ’I’1 are respectively
A a.+a 8, 48, +8&
(35) Vs 1a e 1, AR, L, x A2 AT
where asaln (i - fyoT L +1) ones appear on the 1ist.
Wer come now to the final crucial polnt. fTrensformation (371) not

only converts the characteristic matrix T, into T,, but when the 1ist of

greatest common divisers for the determinants of the various orders selected

{rom ‘1‘:_) s made and thls new 1list i3 compared with (39) there will he at
leaat ng mary 1'a in 1L; the new list will terminste as befigresin A ang
the expoventys op Intermediate  A's will not have inereased,\and at lsast

#u exponents will have decreased by at least & I_Jmi
To demonstrate this recall that by hypothesis~in T there iz at
least one element, say Xy above the main diagonajp which 13 not identically

one O__[" thges

zgero. Lh iy idesirable to assume at this stage, gé&w’ell as at each succeaslve
shearing, that not only 1s an xo(t) not identiaily Zero, but also that
Xo(t) # 0 on [a, b], {hypothesis vi, §1).,NF this non-zero element is in

S andd B, = 0, form a determinant from\’T by crossing out all rows and

i
columns except those pagslng through XQ and the 1's on the gecordary diagona

The valus »f thls determinant 1is Xt \and the determinant 1 of order

{m-a -L+2) Since x, # 0 ‘end not divisible by A, on the new llst
for T, corresponding to (5?) ~the first A muat thersfore be replaced by

a1, i.e., the exponent onghts A 1is decreased from i to 0.
If the Xy hgdoamppeared in the right-hend colum of a 3.,
b=2, ..., L, and @, A 0, we would have proceeded In the same way and

found the exponent omdhe first A would have to be lowered to form a new

list of divisors f\r'g% the old 1ist. PFinally let one of the x's in

\,
§ o o o X

0 0 X L.
(v0) OV 8, . = 0 2 ,a=a, J 21,110,

o] 0 0 Xa

be non-zero, {hypothesis vi).

Ir Al 1g the greatest common divisor of all d
it 1g possible to select from T a

ag its value. For example, form

starminants formed

from P, of order LE =1, ...s mys T
deteminant of order 7 which will have A
a determinant from T, by erogging out the ToW3

th '

(41) (&1+32+...+ai+1) » ey

1Jth
+32+,..+&1+?+ )

1)‘l.".h
eras (8.1 + 85 F e + By

and the colummg
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th

(L2} (a1 By 4 e ¥ ai+1J s (a.1 + 8+ aee + B 5

)th

3

{ a, + + th
cavy (B 4+ .
’ 1 2 aL =} +& + ... +8

;

This determinant 1s of order (m - L + 1) and has the value A
B4 H8y

This value A

ordered determinants of T,, &as may be seen by looking at the liat (39).
However, if one of the x-slements in tho) is non-zero, there is also

another determinant of order (m - L + 1) formed from E[‘2 not containings

A,k o tBL
N ! 1 ag a factor. To construct this determinant cross out the same

rows end columns a&s 1isted in (41) end (42) except 1n place of croé&ing out

the column (31 + 8By et a.)th, retain it, and lnstead crggs‘sk out the

i

is the greatest common divisor of all (m - L + 1)%P

(a\.1 By b ..+ 8y )th columm. As may be verifled by induct\i\on'this deter-
minant has the value (‘f.’;’
a1 B 4...+8, a-1 a-2 AD
(-1) A 1 1-1 [x&?\ +xa—l A +....}\? +X1J y 8 =485,

where at least one of the x's 13 not zero. Hencep, the greatest common divisor
of a11 (m - L + 1) ondered determinant 1s géme power of A less than
A Byt :‘...,

Hence, 1f the process of shearj.ﬁé', increasing h, normalizing, and
Introducing zercs is carried ocut s f‘ini;f:,éﬁ number of times elther the formal
solutiong will be found by the method;a"previously described in cases I - VI
or the 1ist correspording to (39) Will come to contaln all 1's save a final
A, This means that at thils @age the lead matirix corresponding to (C - pI)
of (20} would consgist of all, Eros save for the secondary diagonal which would
be filled with 1's. Theny when onee zeros are induced into the matrices by (21)
and the shearing transf\rmation (31) ig once agein carried cut, the lead
matriz takes the Form\{%5) and must of necessity have at least two distinct
roots 1T any one of\ he x's 1in {35) is not zerc with the subsegquent de-
GOIILpOSltlDIl of the problen into two or more systems of lower order; or, if all
the x's *{(55) are identically zero, the p  in the shearing tranaformation
instesd of b ing get sgual to one can be set equal to h (or H} and the sys-
tem reduced at once to one of type (6) where h {(or H) eguals zero. Finally,
then on repetition a finite number of times either the h (or H) is reduced
to zerc and the desired independent formal solutions are found or the splitting
of the system has occurred often enough to produce first order equations with
their accompanying lndependent solutions.

Thege facts are sumarized in

THEOREM 1. If the hypotheses i-vi in §t ere satisfied,
equetion (1) has N independent formal vector solutions of
the form (2), These formal solutlons can be computed by the
brocedure outlined in cases I-VIT and assembled intc a matrlx
of the form '
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(43) X(t, €) = X(t, e)pet, o,
whier i

Xt e) = X K% (p);
k=0

LIV
o ¢ / Al r Is a suitable positive integer;

Bt €) = 118 5 exp tas(6, £)1)1;
55 ;14 lhe Kronecker delta;
{hh) a;(t, £} = f £~hﬂ-("",€)d"f H
\} a J
O\
Mrad A ¢
h{'-] K \"“.\
. t, c = v .
P : KSo Pac(®) J=‘ s eeey N
Feh clement of every ij(t} and all A. ft) ‘pogmess
doerivatives of 811 orders on (&, bl. I‘l‘l the formal ex-
piaatolon of the determinant
o \\3
IS p NG
{h5) PX(t, €)= o kz, @\ %, ()

the p 1ls a suitable non- neg'g.tive integer and
St} # 0 on (a, bl. ’.j.:’;
§9. ASYMPTU{I’C APPROXIMATION TQ m TERMS

Y

In this section\L\t will be shown that if the formal solutions are
cut short, the truncated -Series represent asymptotically ¥ independent
actual solutions of (1) “to a finite number of terms. The analysis will parallel

that given by Blr;chp f and Le.nger(m)
At the\butset note that on certain curves in the £-plans the real

part ™
O 2 RIE™ py(t, )] = RIE™ py(t, €)1

£
Denote these curves which extend into the origin by By s ir fOI‘tP&I‘ticﬂaP

values of 1 and j the py(t, £) = Pylb, &), there are mo Byy ocurvos
for these particular values of 1 and J- As pointed out by Trjltzinsky

the B?- curves gufficiently near the origin are simple and at € = 0 they
A& particular curve will depend on L. As &

bossess limiting directions. .
angle of the sector within which

varles on [a, b] thils curve may vary; the )
this variation takes plece can be made &3 gmall ag desired by sultably short-

ening the t interval.
don T 15 1n t intérior to the
When T is in [&, bl thers are Io Bij curves

®glon R in the g¢-plane.
To satisfy thls hypothesis it may be necessary to trlm down the size
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of the interval [a, bl and the original region R without cutting R off
from the origin. If this trimming 1s necessary, We presume that it has been
done at the outset. Then without leoss of generality asaume that the subscripts
have been sc assigned that when t is In [a, b] gand g i3 in R

(t,e) = (t; 5);°--E-F.(t; 8); j=1, cany T,

Pﬂrj_1+1 PTJ 1 ?‘]
where v, = 0 <7 <y < ... {7, =N and the real part
(46) RIED o (b, €)1 > RIET g, (b, €)1 §=1, ..op 0ol

~rj J41
N
Denote a truncated formal matrix scluticn by .
AN

(47)  T(t, o) = F(t, o)B(t, €) where I(t, o) = z ch &y,

\ . ‘~

and w 1is sufficiently large, 1.e. m > 3p + H. See.'{:&5) for the slegnifi-
o\
cance of p. Replace equation (1) by )

B(t, 6 ) Kb )

where X 1s a square matrix; H =h r; s:nd'ls\B(t, 51/1‘) = A(t, €). Likewlse
rewrite the asymptotic expansion for A s'of that

(48) A X(t, o)

Il

B(t, o) ~ B(t, 0');—"”’2, ol B, (t)

N

where B (£} = An(t), (n= 0,\ 2, .}, and all other Bi’s are identicall
zZero. The aymhol  ~v, éd here, will indicate throughout this papsr an
agymptotic expansion vahd\ an Infinite number of terms in the zesnse of
130111(351.119(1 ) ?

Then replac\ (48) by the equivalent squatiom

(%9) O~ AX-cX=DX
whers \

\\:“.' B{t, o) = B(t, o) - C{t, &)
~and
(50} C(t,ch:o-H'i’(t,G) T, o),

noting that the truncated solution T satisfies the equation ol T = C T.
Equation (49) 1s treated as a non-homogeneous equation with the right member
known; and hence its general solution

- t
(51) X(t, o) = Pit, o )K(a) + ¢ DT(t, c:r)_fri' T (7T, D, e )X( T, ¢)AT
J

where matrix K(o) 1s composed of elements which may vary with o, but not
with t. The Indicated Integral is a matrix of the form

%
“-’Yij qs 5(t, o )ab .
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e N [111':‘u.-:.-r.-[,r‘ power 1lmits of Integration Yij need not all have the
game valu:. it “net o keep certaln exponentlals which appear later on uni-

Pormly beriuloe i, Lok

(32} T R - IR 7P IR T DR PICHE R VS )
Interral ot ton (51) Ty not only equivalent to the original differential
equation ta=i; bbonlno 1t can and will be used to show that, when K(s) =
T i3 fu i approximatlon to the corresponding solutlon X.

e that Formally B(t, o }—cr Xit, )X (t €) and on
comparitss Lt with [0} and remembering the series X and ¥ agree up througt
the mt'h G of a, L 1g evident the asymptotic expansions of B and c
agpee b Leastoup to the power gl p i.e. \

Bit, o) = B{t, o) - C(t, o) = ¢ PRk, a‘

where Lhe ccionente £ (L, o) of P(t, o) satisfy the,j,}nequalities
(53 II‘1 NEARE- S IR Mm, a constant; L,’L&‘“j =1, 10, N}
In the G B e provided t ls on K{ b], ¢ 1s in R, and
0 < IE’ N l,:l_ " I".' . 1. D!H the elements Of\sT(t d-),- (t: 0")3 C(F; G_):
abd D(t, o ¢ oo cont'nuous 1o b and B.Sl&lytic in o.

Cot i X, o) = UL, c'}T,(,‘t ‘o), [51) becomss

- - -1
5 TKT i + o_m+ vp HII( J . T 1F U q d‘!’)T

To eat.tmte: Lhe uloe of @hei:ta\le:nents H)ij{t’ a) in the matrix

\\

P t _ »
Wit oyt o)t pTlF U T ar) (8, 0,
>\ ¥ . ?’iJ
D d by the elements of
let L{s) o ﬁ\ﬂawest pumerical maximum attained by

Ult, o) asz &\varies over [a, b}. In view of (47)

= _ _ -1
NS LI L B
"\ -1 ..(t, a). Then

Let the\eﬁ}monts of 4 be Tij(t,o‘) and those of d be TlJ( , 97}

there ox'uts a posltive constant Ky such that in Dy

(t, o)l <k and PPy yit, ol Cig/letPs (1, 3=
11ing (46). and the special
in (52), it 1= clear

L., N
{54) e }

T
) and (511')3 and reca

Hence utilizing the bounds in (53
ration '}q_‘]

values chosen for the lower limits of integ
that

t93) Wi A, o < e km Mm(b-a) L(cr)/hr!

» solution of (48), say X (t, o), which

Consider next the partlcula
satisfies the initlal condltlons
X (8, o) = T& a)-
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S8ince T(a, o) 18 amalytlc In o, s8c 1s fo{t, a). Moreover every solution
of (48) can be written in the form

itt, o) = fo(t, o) H{g)

where the elements of matrix H may vary with o, but not with t. Substi-
tuting this expressicn for X into (51) and solving for K and getting t+ = g

- — a — —
K(e) = T (&, o) K (a,0) - o™ P, o) [ " P Xar Ho;

i.e.
(56) K(o) = Plo) H (o) N\
where the elements of matrix # (o) are analytic in o. ,\:\
To show that the determinant [f{e}i does not van\izhh Tor sufficient-
1y smsll values of & ; suppose that i@(cro}l = 0. Then @f)We take K(a-o) = 0,

there will exist an CH.'1 (o-O) satisfylng {56) zuch that,}'if'1 (cro) # 0. Stnce
i—o(t, o.) F 0; there is a corresponding solution }_{f"(’!:., o) = foit, o OH, (o)
such that X, (%, o ) # 0. Also

>

t (&
_ S e _
Xt o) = a N PH g, o) j’,,ij TND, 7 R, o)X, (7, o T

R
AN

arnd with a\

O

X (8, o) = UNE, o) T(t, o,),

o)
(57) Uy (ts0p) = o P HT(t,G()\)<{I} T (1, 0 JF (T, 0, U, (7,0, )P(T, 0 )aT) T7 ' (5,0 ).
\ 1]

As 1n (55) the @bsolute value of any element in the matrix in the
right member of equatlgh/(57) is less than Nk'L(a,) [o, |™ 3P H y (p-a)
and the abgolute v h{é"of some element In the left member attains the maximum

#

value Lo, ) fC{F.jfi"\Ome particular value of t on {a, b]. Therefore for this
&lement

e

NV Uoe) <F g Tay) 1oy ™50 H (g

but this is impossible 1f le,! is sufficiently small, To avoid this contra-

diction it must follow that the determinant IP{o})| does not vanish when |ol

is sufficiently small, say when o < {¢l < €, £_.
; m m
This means that if we take K(o) = T there 1s a corresponding umlque

matrix Hg{cr) analytlc in o which satisfies the equation I =@ (o)H, (a3
This H,(c) # 0 and the solution X(t,0) = X, (t, o )Hy(0) 1s also not
ldentically zero. Furthermore with 552 = U,T

U, = I+ ™ PH

o .
> ¢ j)i_T FUT dr) 77" .
3
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Rentoning ag before

(o) <1 a ¥ ey Lo |af™ T3P H y g

and
Ll - N el ™ R H gy ¢,
Hence for uufficiently small o's, say those for which
< ¢

o < fef EB,m E?,m 4
the Lio) ( . Crongequently

Uplt, @) = T 4™ 500y (4, o). \

O\

In thia equesilty and in gubsequent equations in thls paper m\e"~syrnbol B, 1in-

dicates & ant tlx whoge elements in sbsolute value are El;l!.‘; \‘unifomlx bounded,
but not on o or t, ipjt?he ‘domain under consider-

the bourud depereifng on m,
ation. The precloce value of the elementa of Bm j:n\o‘ne equation may differ
from those 1o the next egquation., Also ie = [d« Um+1_5p.'ﬁmf!]E or

5('2(1;, Ty = {h,a) + o
in the following ~

THEOREM 2. If the hypothedes i-vi'in §1 and vii in
§9 are satisfied, them\tc sach Integer m > 3p there

correspond N 1ndgpéhﬂent vector golutions of (1)
which can be ass;e!mb'ied into a squars malrix Xm(t, £)

such that ’i*,\
~
(58) I\
Et,e) = [ /TRty + B Tp (6, £)1 €
' =0 i
\ lue is leasg
wheTeveach element Iin 33m in absolute value
e is

han X, @ constant, when t 1is In (&, bl
Sn R, snd o <lel Se Se,

LY

mel3P g (t, o) JE(E, £ These findings are summarized

Th short the truncated formal solutions do represent aolutions of’
Theorem 2 falls short in

(1) asymptotically to a finite numper of terms; bub ion of & given
two respects frow our final objective. Asymptotlc Fepresertat on Ofia g :'e 1on;
8o0lution was wanted which would be valid for any valus of m 1n a (ixe gion;
in the theorem both the solutlon and the region vary wiih .

§10. CERTAIN ASYMPTOTIC SOLUTIONS
m thelr
In this section an attempt will be made to f.ree our results fro

dependence on the cut-off point m. .
Set t = a in the formal matrix solution to get the serl.es
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i[a, &) = lﬁ (_rk fk(a) running in powers of o . Then construct a matrix
=0

(59) Glo) v 3 K (a)

k=0

when & is in R amd 0 < €l < €, with elements gij(cr) whlch are
nalytle in o in the domain under consideration, (for detalls see Tamarkin
and Besikowitsch‘2')y.

Next define a set of solutiong of (48), say }TB, by the initial

conditions

)—{5{&1, ) = Gla). ~
2ince )_(m(t, €) represents N Independent vector sclutions of '(1 ), there ex-
iats a matrix £(e) with eslements analytle In £ and consrftiaﬁt\with respect
to t such that « W

(60) K, (6, 0) = Ty(t, €I +L(e)], Oy

.\‘
when t is In [a, bl; ¢ is In R; and o { & §~£. At t ==

Gle) = X (a, €) + xm(a,,\eg\\.c(s).

Solving for J£L(t), :‘t”:
-1

Lle) =X, (a, S)LG(U') - X (a, €)].

Writing Hd J ()| = G{a) - }gﬂ(a, a‘), i1t is evident in view of (58) and (59)

that the absolute values ld AN || M,. where M 1is a constant;

€ isin R, and o0 < lg] £,%" Then because of (45) and (58) it follows

that the abscolute values of\@e elements in £(eg) are less than r:rlm+1 RS M, ,m’

where M, ig an approprwte congtant, € is in R, and 0 < (g $ e m § £
Also rewrites {\60) as =

n

+ (T + or !

*‘ [T + g™ B
oY
By virtue of the bounds on the elements of B, and £ and (46) it follows
that " "\.'

+ B, E LET'] E.

m

v m
L (t, o) = k‘;‘i FER 6+ SRR mlts @)1 Blt, €)

where the absolute values of the elements in the first 7 columng of ﬁm are

i

less than an aD'DI’DDI"]i&te constant M3 m When t is on [a, b], ¢ is in R,
k)

and 0 < lej ,m o %o p+ This domain of variation for € can be extended

at once to 0 < £l € Dby increasing M if necessary, for in the portion

1 3,
off R where E:3 m < | & £ the elements of

_ m-p
(XBE’- b o,kx);mpﬂ
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are uriforiiy Leunded.,  This follows from the fact that A(t, £) 1s con-

pinuous fi b and analytic in ¢ ;  the Initial values of G{o) are
apalytle 1o € and therefore the solution fi(t’ s) 18 continuous in t
and analytic fu irt the domain under consideration. Note particularly
that theme reuall are valid for all m > p and that X3 is independent
of m. Thess facty ave summarized in

THEOREM 5. If the hypothesls i-vii are valld, then
the fipat 7T, columng of the formal sclution X
are asymptotle solutlons of equation (1) 1n the
Hamert D1. A~
Tety result atill falls short of the final objectlve w{lenever
Y1 < W, Troomder Lo oxtend the resulits to all columms wWe plan to utilize
the T, Chown vector aolutions; peduce the original te one of renk N - T,
reapply Then:rom & to the new system and get (Te —-r.l) more golutiong, stc.;
finally arriving al s full set of N indepenient soihtiona alth the desired
agymptot.tc o ciprnaiond.
vor Lhis purpose consider' a vector eq}atlon

(61) el oy o= B Y“ v
and the corvresponding matrix equation
(62) sgx=BY.
t "4
“ o
[ Y., .\\‘,.« By Bis
(63) ¥ | and B b 5
o Yool N &7 21 2z
~O 3
where ¥, ard }31\;\ are both sdquare matrices of order T, . Agsume that T,
vector r*oLuLmnS\
oY ) Yy
<\‘. N/
Yo
of (61) are known and that the determinant Yy # 0 o

rder of (62).
can be used to I'educe the o
e e e e the Y, Y and make the transformation

do so define matrix S by the equation & =

bop Tip = %1 %12
[ahy = H
Yo Yo s 1 Za1 “22
h = =
Whereupon (62) takes the form & Z=C 7 where
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4y, Zyp Cry Cia
Z= H G = )
21 Zop 0 Cop
(65) Cip =Byy + B85 Cp =By, and G,y =B,y - 5 Byy

Thus equation (62) can be decomposed into two separate systems

o
(68) € Zpp = CppZpp
and

- _ R
(67) £ 215 = 03205 + 0yplpp 5

N >
AN

the firat i3 of order (W - 1}) and the secord of order Tk
The known matrix ¥,, satisfies the equation ™/

e ¥ . =B .Y . +B = (B11 + B1ESJ YiJK¥:C11Y11 .

11 1T ¥

18721

Henee, if a fundamental matrix sclution Zee ia gnoﬁn for (66) the general

solution Z12 of (67) can be fourd by quadr&tqféé, for
"
BN\

(%=1
"»t} i1 CrpZppdT

_ -h
{68) Z,, = Y. E+¢ " ¥

1 11

where K 1s a matrix which way vargqﬁi%h €, but not with %. The corres-
pording solutions of (62) are Y}€’=~212 and Y,, =Z,, - 5Z,,.

There is one obstacle{le employing such a reduction to eguation (1},
The matriz X, .(t, ¢), whi nscérresponds to Y, 1in the reductlon, may
vanish on [a, bl, thus yo} Ing the procedure at least for the entire interval
[a, bl. To overcoms t@;ﬁéﬁbatacle aystems (1) will be transformed into a more
amenahle equation.asx{pecified by the following theorem.

PR

§11.z3g>CANONICAL FORM FOR DIFFERENTTAL EQUATION (1)

A
\:?zw'THEOREM k. Tf the hypothsses i-vi in §1 are satisfied,

there exlsts a2 substitution

(69) X=H(t, €) v,
where
(70) - k/r

and r and m are suitahble positive integers, which
wlll transform equation (1) into a cancnical equation
(71) el Y~ B(t, ey ¥

where

(72) B(t, ¢)~8(t, €) = |]4.

17050t €)1+ eB X KT (r).

k=0
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This aszymptotlc expansion is valid when t 1is

fn (a, bl, € isin R, and o < |ef Cep € gy
Moreover in this same domain all the elements
bij(t’ £) of B(t, £} possess derivatives of all
ordera with respect to t and are amalytic in e
#1]1 the elements hijk{t} of Hk(t) ard 811 the
clementa bljk(t) off Bk(t), (k= 0, 1, ...},
alap possess derivatives of all orders In &t on
(2, b}. In the expansion of the determinant

e, ) = T 3 Kh (o)
k=0 £\,
the p 1s a suitable non-negative Integer apd, the
{ "\

lead term h (1) #0 on {e, bl. The Piﬁt,"ﬁ)’s
In (72) are the same as those in (Lk). . \%

N

PROOF. As & Plrst step Ln the preofy we intend to show that
procecdine formelly there 13 a substitution \ '

O
(73) X = K.Y wh NS (s
= H'f wnere Hf(t, E')‘:-.: kfo a l{{ )
which will reduce (1) to the form OO
(7%) R Be(t, £) ¥
where m<:
£ ’i‘~’
M, 0 ... 0
w\J) 0 M, )
(75} NGB, = : -
a° o ... My

\..:
)
2 &

and where egth square matrix M;
'\

a\ "

(76) N Mi=pi{t,£)1+5h jgo oMy E), L= Ts e T

ecking back through the geven cases con-
red form (T4)

heg the form

Thisz fact is verified by ¢ch
sidered in §2-8. In cases I and TT eguation (1) is in the desi
at the outset. Tn case IIT a seriss of mormalizing tyanaformations of type
(11} and exponential transformations of type f16) reduce (1) to an egquation
If the successive transformations are incorporated
the exponential transformatlons

formed into the degired form

of type (6) where h = O.
into a single substitution of type (73) and
are all omitted it is clear that (1) 1z trans
{(74) with n=1.

In case IV a sequence of normalizl
combined with one zero-inducing transformation

ng and exponentlal +ransformations
{21} reduces (1) essentially
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to N dlatincet systems each of the first order. Therefore 1f the exponential
substitutions are omitted and the others uged and combined into a single trang-
formation (73}, (1) ia reduced to (74) with n = N.

In case V a sequence of normalizing and exponential transformations
combined with one zero-inducing transformation sgssentially splits (1) into K
geparate zystems (24) of lower order. If the exponential transformations are
omitted and the other gubstitutlons incorporated into a single substitution
X = P(t, ¢}Z, this substitution will transform (1) into an sguation of Lype
{22), equivalent to K separate systems

h .
. . = . .y =1, ..., K ,

{77) £ ZJ GJ Z,] 1 » \
each of order lower than N, see (2L). O\

If at this stage there exist transformations O

Ziy o= S, € . i =1, ..., KAN
] HfJ( ) YJ b » B4
whers each Hfj(t, £ ) has the same form ag Hf(t, slwfih. {73} wguch that {77)
becomes bt !
ET Y, = At Y. =1, ..., K,
3= Beylts €)Xy 0 0

2%

where sach ij has the desired structure 1gdiéhted In (75) and {(76); then
the transformaticon O

_ X

*

He, (t, &) Pf‘:l 0
R ST (I

O Hon(t, €)
\Q\ TEY ™!
of type (73) will reduce (1{)ms desired to form (74).

This observatliddi-permits one to confine attention to & single sguation
of type (77). Asaln §£2éro—inducing substitution (21) is used on (77) to pro-
duce a new system \\J

D

&

X=Plt, £) =

O e

(78) A e 2 = &0, 2

(YA

=0

where the 8}33 have the structure indicated in {(26) and (28). At this stage
two alternatives oceur: [I] A finite sequence of exponential, shearing, nor-
mgllzing, and zero-inducing transformations reduces equation {78) to orne falli-
ing under case I. Omisslon of the exponential trensformations, but use of all
the others, will result in this case in a reduction to the desired form (74);
or [II] the system is split into several systems. If the exponential trans-
formations are omlitted, the same aplitting occurs; and the process is continued
until eventually in a finite number of steps (1)} is reduced to a form (74).
Hence the desired single formal transformetion of type (73) exists.

Since only non-singular transformations are involved, in the formal
expansion of the determinant

IHe(t, )] = eP/T k-:.o KT hy (t)
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© o ae'table positlve ilnteger and the lead term

the I
hoit) 7"
e (A Ta Known we have merely to use the firast
(o4 joro ey epperaiton to get substitution (70) mentioned in
heatus. - “ 4 4 3. The atatements in Theorem 3 relating to
quffome R Ak SR ot #ed; hence Theoren 4 ig proved.
Sl PalL Y TEM OF ASYMPTOTIC SOLUTIONS
. n entortcoal system
.
e t'y=BY
{14 2\
such - P S S 11 p_( : ey and the difference (P, -p,r_)
1 J
are Lot e CL e a, Wty -1e{‘ine the r'ational numbera “hij by
Wttt 4 "&
: CL an, E) e d“"hjj)r' (t) + {igher paOWers of o,
(4 e (L) 40 on (e, W) axd 1# ], Mote that

.- . o, et 1;{]. {. ht‘ I\:\J'-— Ty =++3 I1. Set hli = 0.

[ L L oa
By Al ol S e be Jerlfied‘t,hat the canonical gyatem £79)
pos ' T LES B rormnl ¥ :,cto,x* sb‘lutions which can be sascmbled into
a G Y MR wlu..‘".?w\
' f N 0 ... 0
i ) }{\n Ey
LSS g"’,\ 0 E2
o £\ ; E = . . j
| <§ :
1 , :.“,’ . o n
!‘ ‘ - ;‘1\': I?Il-n
x:\“'
\3"\,“ - - )
.I‘.o N/ 3 tl' 1, 3-1, L ]
R To 7 Fy gt
W\:"\’."
\‘ [ exp 14 (L,E)l ; 1 =1, I ¥
‘ are alike and squal %O
and b ooetepe O the sguare matrices Fij and Eit [Foqa (820 # 0 08
(vo -7, _, 0. liste carttcoularly that the dsterminants 110
fa, bl ¢ T, Ik
THEOREM 9. The canonical gystem
{80) h Y _p Y
i nich
pouaeuaes N { ndependent yector solut:.oz;n: 1
) 7 such thé
o 5E i{nto & mat X
sy e fD embled 5, b1, €

t iséin
QE‘Q E"I g

Tit, €)™ Y(r, €) woen

. tu R, and o < el
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FROOF. This theorem will be proved by induction on n, the number
of distinet #.'s. As shown in §$10, if n =1, Theorem 5 13 certainly valid.
Suppose therefore 1t 1s alsc valid whenever the mmber of distinet p.'s doeg
not exceed 10 - 1. To complete the Induction begin by replacing (80) by the
matrix equation ¢” ¥ = B ¥ and split the matrices ¥ and B into four
blocks as shown in {63). Also split the known formal expansions Y and B
into four blocks; thus

. Y ¥ . ||B B
¥ = 11 12 and B = 1 12
Yo Top B Bop
QY
By hypothesis YH and Y2] are both known, as well aa their stmptotlc ex~
=<®
pansions, i.e. 'S\
Y ¥y P\
Yo Yo N

in the domain under congsideration. In the zame %main B ~ B. Likewlse
split F and E; thus D

'\;
% Yl = 1‘1111{(“ 1‘1ek(t) Ey, o
(81) F= = 34 - ,
Y21 Yo2p k=0 1{2”((1:) Yoo lt) 0 Eyy
whera 1{11 = F11 and EH = E1. In p:articular
Yo =10 E55 Y, Hm 32’* ) = UppEyqs oand Y, =Y, B, .

3ince Y, ~1f ~exp !q,\r I and the determinant IF”O(t)f # 0,

the determinant iY 1 (B Eil 4 0 whl)n t isin (&, b], € is in R, and
0 < el ¢ i£3| < h \The reduction to an equation of order (W - ¥, ) there-
fore can and will »carried out a3 described in the last portion of‘ §10.
To do govrote Tirst, that since S — (AN MR
A

Then referring to (65) and (72) and letting

Bk(t} B1'Ik B12k

Bmk Beel{
it is evident each € has an asymptotic expansion; specifically

~ & o h ¥k 5
Cii~ G =pT v e Lc%o(r (Byq + By S) s
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— h - Kk
Cipg ~Cip= ¢ szo s By

and

G m B = 116 spit, eI + €2 z K, -8B, .,)

22 22 1jP38 0 o T Mask 12k
where 1, J= 7T, + 1, Ty oH 2 eees N.

Hence equation
(82) e Zyp = Coz Zos

has the structure prescribed in Theorem 5 and the asymptotic expansion for
029 contains only (n - 1) distinct pJ s, Hence by hypothe31§\equatlon

{82) possesses (N - T } actual vector golutions Z22 asymptotlc regpective-

1y to the (N - T, } independent formal vector sclutions Z?E’ i.e.
Zyy ™~ Zpp- - N
To compute Z,, m[Dake the formal transformebiorn

A"

~ . ,2,\ 5

Y, Yo _ 1.0 Jln' 12

Yor Yoo 5 17 "‘221 Zop
N\

the analogue of (64). As & consequence 9:‘5

%

“’Hee 5”12} Eee

Zpp ™ Dpp = Yoo - SYlg

™

o= Y=Yy B - ":‘
Turn next to the eqquion
f‘\'\Z’1'2 = Cpq Zyp + Crp B2

and its general soluti@?f

Also E

A\ t
) -h . =1 .
Zip K r ¢ jb Y,y Cyp Zpp 0T
(Y
Set ‘g§>
AN B - Ty -1
(83) \’\'~' w=¢ at n Zip) = I Cia 2o
and introduce the new symbols Y, () amd $,.(8) defined by the expansions
10 S KB MY - B y= S GNP
Y10 X o Byipglilae 12 o k

anad .
- -l k
Yol U, = S B ().

With this symbolism

1 e Kk
RVPLE I R S LT
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or
m
w= g 2 W)+ MTB (5, )] By,

Formally (83) 1s equivalent to

h _d -1 S . h -

at By o ¥ (0Bl = € T E]
=0

or

£

2 cl'k &, (t) E
k=0 k 22
k=0 k=0 k=0
where 1, j

-h
e " lpy =Py ) By 5

=T+ 1, ’1’2 + 2, ..., N. Hence, returning to actu&) rather than
formal equatlons, N
{
AN
hd -1, Ty het 0 Bk (Nmn
ar By O X ot BBl = Epl 2o LP,I\:C{" o Byl By
k=0 k=0 \
Consequently ’ '\‘
_ b _ m+hr
(gky gD Jo wat=(®] (¥

t t
Kk \J m+1 =1
3 o & IE  \d + O E . B E. _dr.
= k “3\2\' b ‘fb 11 Ynres
Again following Tamarkin and Besj,iféwitsch(21 ) construct a matrix

Forv S ook &)
TGN fx

R

wlth elements analytic in o inwth"evdomain under consideration. In (&8} set
-\
K = K(o) = EFlNMD, €) F(o) E,,(b, €);
,\\‘.

uge (84), and obzerve thab,
7ym4hr
RSP eSS

N &

N\
whereupon (88) takas the form
R

( 85) 4 ='“i;;ﬁ1>hl’+1

& @k{b) . o_m+hI’+1Bm(cr) ;

1o = Yy p (6, €)B (b, & By (o)E,y, (b, €)ESL(E, €) 4
\”\“' - mhe
Tt €08 (6 T Y o @, ()] 4
m+‘iY x =1 =1
o RRCPRR I Jb E, BmEQEdT]EEE(t, €)1 Eyo(t, €).
o0
Since Y,. ~ X

> o H11KEH’ see (B1),

¥ - m;hr kl E mihr+ . E
1T s O b1 By o+ o By &y -
Bubstituting thls expression for YH

in {85} we Pind that
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r ~ mel m+hr K m+hr
(86) Zp = I Byt o) v (X oy EnU X & B (8))1Eyy(t, €,

for the elements In the matrices

_ -1 . -
P, = B, (t, ¢ )E; (b, ¢ 18 (o) Epp(b, a)EE;(t, £)

and

vl
[

t - -
o = Byt e N Jb EJBmEeed’r)Ee;(t’ £)

are uriformly bounded by virtue of (k6.

oo

If we write Y ;1 = 2 ok ’qi i then formally \
- Oy
- . AN\
~ -y N/
( k: a2 Li-”k} { k\‘:o o li'lik) I,‘g‘
Also formally '."\\.\'
IR SER G Y2 oM )
k=0 k=0 1k’ a=e 0
Hence actually x
m+hr m+hr & m+hr
iy k K 1 o K1 m+hr+1
{3 T IO S 0 > oM + o B
o Tk 2h N k o 12k m
and (B6) becomes O
£€ 32 m
(BT AW o k
Zip = lo ‘\‘Bm(t’ o)+ 29 a1 Bap(ts € )

Since this equality:i§;%“alid for any large value of m and Z,, i3 defined

independent 1y o{\‘fn\, Zip ™y oFan
S1nge\ Gop ~ (Ypp ~ S'yp)Eapi g ~8; ¥, = Byps B0 Ypp 7 Bpp F
S Zyps 1t"§‘:ég‘llo'.vS that in the domain under conslderation

~O . g
N/ Yy, ~ e Bpp = e

ard
Yop ~ g Bop = oo Q. E. D.

Becauge (69) iz a non-singular transformation, we have also proved

PHEOREM 6. If the hypotheses {-yii are satisfled,
there exlsts a positive number &, > 0 such that the
formal solutlions (43} of equation (1) are agymptotlc

golutions when t ig in [=a, Bl, & ig in R, &gund
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§13. THE NON-HCMOGENEQUS EQUATION
Again consider a matrix equation T -AT or type (1) subject
to hypotheses 1-vil and add to the right member a wmatrix GC(t, £) to get the

non-homogeneous equation .
n -

(87) e V=AV+0
where
(88) Clt, €)~C = 3 0 () Glt, o)
k=0 O\
o = &7/r; r is a sultable integer; O\
b -h N\ k
G{t, o) = 16,5 exp | ja € gt a)dti'j..[‘:r
and M":
hr-1 l~>
g:(t, )= X & g.k(t); IoNd=1, ..., N.
d K=0 J V)
N
HYPOTHESES : o\
If t isin {a, b), € 183N R, and o < g| ise, then
(viii} The saymptotic expansidﬁ (88) is valid.
“(1x) All elements 1JL \s s) of the square matrix C(t, €)
rossess derivatived of all orders with reapect to t
and are analy:g’i\c In €.

(x) IT o; 5 (L5 the clement in the 1°8 row ang jiB2
column o\ k(t), (L, =1, ..., N k=u0,1, 2y vea),
each ‘Q Jk(t) bPossessey derivatives of all orders on
[a,,ﬁg}

(xi) E&?ﬁér the real part
‘s'\ -h 2 é
ad Rff [g'(t; E) _Pi(t’ 5)]i 0 ar o]
N ¢ J
AN
\ [or each pair of valueg {(L,j); 1, j=1, ..., N.
gI\xii) The gjk(t) possess derlvatives of all orders on {a, bl.
(xi11) For each pair of lntegers (1,3}, (i, j =1, cve, N},
elither
(89) gj(t;s) 'Fi(t; £)=0
or
(90) gj(t, €) - ps(t, &) = HinlJ(t) + higher powers of o,

where pij(tj £0 on {a,. bl.

Equation (90) serves to define certain of the integers Hij where
Hij = Hji arnd 0 Hi' < rh-1. If (89) applies, set H 1] = H. i = rh.
Subject to thege hypotheses a particular sclution of {(B87) will be
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gpecified and 1ts asymptotic expansion computed. The general solution
of (87) 12

{91) 7 =X Ko 'hxj }_C"Cd'r

whero the matrlx Kic} 1s temporarily unspecified. The lower limlt of in-
tegrak i correspondlng to the elements in the 1th row and jth columm in

the product (X ! C) 1is Fij as indicated. Set r' =a if
RiE P, -p, ) 2 6 or is identically zero; and set PlJ b if
RiEd -""j _Pil < 0. The matrix X 1in (91) is the funﬁamental solution of
the egual Lon :_h ¥ = A ¥ with the asymptotic expanslon X ~X \DCE, where
Sk 1 E ¥ 3 O
X N &% x'=aF ot XY
k=0 He k= ,‘}KK
N *
and W'\"(.“
. I.T'}
= . ' . dt
E=118;1 ja € Pj \\l

Fipst we wish to evaluate i f@iiﬂ}}ally if

‘.o

w oy -p-rh;—? - k
(92) T=¢n X1Cd¢ﬁndU dPET (3 oF 8y ¢
where the $'s are deflned by~ the equation
{mt\ a Ll
2 oekVy L (3 SMERNT K
k':c:‘}SR b (k:o ke G-
-H. .
~ - - N
Lot =0 PE " () K 1o M@y 16 and then
PR )
G—:S\%;“ -6 € psll ¢ $ okio gyl
A\ J £ k=0
“ . = -H; . ‘
I *Pik[»f( T oK I E gl ey e gyt @

o o L+
o K rh S k
\-__«Oo- §k=k§0crk[|0' 1J(g -pi)‘]:' kll +0 > ot lle

J ‘ylak]l

1 the
Then by equating the cnefficients of succegslve powers of o In {93)

if
®4's can be computed since the &'s are known. FoF example 1
“Py =0, Hij = rh and

t
= { .o, AT
i f, Pk
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With the Y's evaluated as indicated we come to our final

THEOREM 7. If the hypotheses in i-xiii are satisfied,
there exists a particular solution of (87), say V_,
such that V. ~XT when t 1sin [a, b], € is
In R, amd o< el g—a5 S,

- —y - s} -
PROOF. Since X | = o PR~ j > K X+ ™' B ang
k=0
m
k m+1
C=§k§06 Cp + o BmfG,'
. N\
ey o 1 e - i
o T g 0 -7P rhE 1( E Uk ®k . c7'm+1 Bm) G&ﬁ\,’
k=0 A\
H o

- _ m -H. . oy

=P G ECS ofle e el b oo g
dt K 1k 7\ m
=0 &
\:"’3\
Thereflors
-y & m -H. . ANS
h 5 s =1, -1, - k i y — £
(94) ¢ X Cd}:}E 5 T, . pkfa p-rh+m+1 i
[ (3 e M i l\P .o . &R _car.

Fij PN, ij 1j

Introducing the functions fwjiﬁ}, analytic in ¢, such that

PR \
o 1& ‘Ifijk(r' ij; T );
L
gee reference (21), and then &é\f‘ﬁle \Tp by the equation

.. ~ Y
lJ(ch 2

PN t -1

W=&K +e™T [ % can
p x'\Qt’ 1_.‘. .
a\'\\w .
N iy
where K, = ngijﬂ and Ky = fi5(a) exp { "a £ h(gj - Py )at

Iitiligil}g this special value of Kp ard (94) in {95} it can be shown that
Vp ~ XU by proceeding in a fashion entirely analogous to that given in §12.
In this way Theorem & is proved, although for brevity these final details
wWill be omltted.
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