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PREFACE

O\

A\

N
The intercst in muwmerical analysis has increased 1.1“01'1'g:ﬁ;}0115]y in
recent vears, primarily because of Lhe success of Wie’large-scale
calentuling machines, Problems hat used to take‘)‘iaurs are now
solved in seconds, T'he abilily to obtain nunericaldiswers in a short
time has led engincers into lengthy analy LlLal &f‘udu‘q which in turn
have placed sddilional emphasis ou Ilume}\ml melhods. Thus, at
the anrual meeting of the American ‘mmvt\ for Engineering Edu-
cation held in 1954, it was steted dibtptalibEarer pr gnguneer who has
nnsteled the Caleulus should ﬂi\b(l have a course in Numerical
Analysis.” Praclically every 11{11)51511-} i# now teaching a course in
numerical analysis. and therads & need [or an elementary textbook.
1t is to meet, this need ’[haj\t his hook was written.

Sinee it 15 a textho\lﬂ?\ #or (Lie practical man, it does not seem
appropriale to fill it)aith mathematical sophisticalion, but rather to
presenl the 'n1et._11c\irlq"i11 a simple manuer. The mathematician may
peruse this bodlkyprofitably, however, to obtain a knowledge of
today’s methods and references to deeper investigations,

\Iumvr;&aﬂ analysis may be divided into two main calegories:
.y L]l(“~dllcl1\ gis of tabulated dala, and (2) the numerical method of
ﬁT}ng the solutions to equations. Both are trealed in this book.
E@}_‘;I’iasia is placed on the methods which are easily adapted to
automaiic desk caleulators since most engineers and scientists will
have these available and because these methods may afso be used on
the large-scale caleulators,

The author is a firm believer in systematic procedures, and many
illustralive examples, calculating forms, and schematics are dis-
played. Many of the numerical methods derived in the book are

easily performed with the aid of tables, Consequently, the necessary
vii
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tables form a part of this book. Exercises with sonie answers are e
given to enable the student to master this su bjeel malter,

An attempt has been made to present not only the classical pro-
cedures but also Lo exhibit the most recent methods which have beei
developed because of the new caleulating machines. 1t is belivyed
that a knowledge of the material in Lhis book will permit Lhe user o
solve Lhe numerical analysis problem thal may oceur i his
investigations. O\

Many people have contributed 1o this book, both diredtl¥ and
indirectly. Contribution of subject matter has been }'gg.il(.ﬁi’)\.\-‘]edgecl
throughout the text and in the bibliography. The a.ulthc]} gratefully
acknowledges his indebtedness to his many [riendgaho aided in the
preparation of the manuseript and ils suhsequm\l’b'f}uhlical.ion. He is
indebted to Professor Sir Ronald A, Fishery Cambridge, to Dr.
Frank Yates, Rothamsted, and to Messrs Oliver and Boyd Limited,
Rdinburgh, for permission to reprint \ ¥ -{11\1[&1 Noe. XVII from their
book Statislical Tables for Binlogicadh? Agricultural, and Medieal
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CHAPTER I FUNDAMENTALS

A

o)

PR

1. Introduction. In gencral, the application ol rllg‘{ilﬁmaLic-s
eventually requires results in numertical form. The 1‘1ufnéf’ica1 an-
swers desired may result from evaluations of l'orml;llaﬁ,"solutions of
equations, or inferences drawn [rom tabulated\\data. Numerical
analysis is thal branch of wathematics whi:r.:Q\is concerned with
obtaining these numerical answers. Frequeditly, other branches of
mathematics will develop theories thal Field solutions fo problems
én “glased fonjm”; that is,. forrll:!ﬂxl?-\’?i_ﬂ‘ﬂ*g&%i%‘?lé{?‘%%%pé.Fri\'m:l solu?iu‘ns.
The work of the miumerical analy $4is then rediced Lo a simple
evatuation of those formulas l’or}}’-’mi‘iatiorls in (he parameclers and
varinbles. On the other hands fibquently a “closcd form * solution
cunmot be oblained, and ifguch a case an approximale method is
(he alternative. The '()Qxiﬂ(ai’(m 1akes the form of u formula which
approximates the ciact® solution, and the differcnce between the
(wo is teduced L@ minimum. [t is the work of the pumerical
analyst to de :dop approximate formulas in such form thal they
may be evatuled, to evalunate thew, and to slate the degree of
approximalion.

A coukse in methods of numerical analysis is one which teaches
hoag(tp perlorm this work. In so doing the evaluation of mathe-
I??{lt‘i(:ai cxprossions is reduced to the fundamental operations of
arithmetic. These operations are then carried out by calculating
machines of which there are many varicties. The methods of Lhis
book are those which are best adapted to electrical desk calculaling
machines. As is often the case, however, mally are equally well
adapled to large-scale digital computers. and references will be
made to them whenever appropriate.

Since this book will be concerned with numbers, it secms appropri-

1




2 FUNDAMENTALS [Ch. :

ate to begin with a discussion of them. Certain mathematical ror-
cepts are also hasic to Lhis study, and they will be reviewed for ;.-
reader’s benefit.

2. The Accuracy of Numbers. There are two kinds of numbers
Lthose which are absolulely exact and those which denote values i
a certain degree of accuracy. Examples of absolutely exacl nu mhc{
are the integers, 1, 2, 3, - + + | ralional fractions, 1, 4, - -+ N

quanlities v/3, x, e, ete., written in Lhis manner. An appr‘o’xihmie-
nunther is one which expresses a value thal is only a('.'-{'.'-l!l"’;}:t\l_.‘- Lo Lthe
nunber of digits recorded. Thus, although /3 is exact@swritten. i
canuot be expressed exactly by a finite number ol‘«’]i’gits; we conld
wrile for it the number 1.732 which now is an H_pp“rg\aximal te rumber
approximating the value of the square root Ot 3. We could also
have written 1.73205 which is a better a]gpr(\\‘imation. The digits
used Lo express a number are called stgnificadtt figures if they have a
meaning in the number. Thus all of Wedigits in 1.73205 are sig-
nificant figures; Qm@wsa@mﬁﬁ&ywﬁgbﬁr 0.00572 only 5, 7, und 2
are significant fgures, the Laviak been used to place the decimal
point. 1{ a zero, 0, is used at thoend of & number, additional infoema-
tion is required Lo determing whether or not it is significant. Thus
$525,000 may be cxact QIQma)' be an cxpression of money to the
ncaresl thousand, If ):féefncss is desired, such numbers are nsually
written in the pow&-ol'—ten notation which is 3.23 % 105 o
5.25000 X 10%; thevsignificant figures being wrilten in the lelt
factor. )

Fr(‘.quem:,I{i{}ﬁthmeticﬁl operations will yield numbers which have
no terminalion, and it is necessary to cut them to a useable nunber
of ﬁgug'g;;‘s. This cutting-off process is called rounding-off. To carry
oul s6h a process certain arbitrary rules must be established. The
Kﬁtﬂgwing ones are in practice by most numerical analysis and arc
recommended. To round off a number to n significant figuves, throw
away all digits to the right of the nth place, and il this discarded
numboer is

a) grealer than half a unit in the
that place by 1:

b) less than half a unit in the
place unaltered:

N

nth place, increase the digit in

nth place, leave the digit in that
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¢) exactly half a umnit in the nth place;
i) inerease an odd digit in the nth place by 1;
ii) leave an cven digit in the nth place unallered,
The wamber is then said to be correct {o 1 significant figures.

Fxample L1. The following numbers are rounded off to0 five
significant figures.

Q
31.35764 to 31.358 O\
10. 19313 to 10.193 R
14.32250 Lo 141,322 AL
14.32150 to L1322
N\

The rule for the case of “exactly half™ is quiti, arhitrary but has
been found to be the wisest in most cases. Inthe case where a set of
numbers has to be added, it may be p_l‘a;;{f{’cﬁsj to deviate from the
rule by increasing in half the cases apd\léaving unchanged in the
olher half of the cases. \ ™

In performing a sequence of“:‘fﬁiglﬁ'gﬁ'ilégl'%ﬁ{s?{iﬁi&'hs on numbers,
cortain facts must be kepl in giind. Of primary importance is the
fact that, in gencral, the redtflls are no more accurate than the
original data used. Thug{i the original data are given lo three
significant figures, lhe(hesult js accurate to only three significant
figures in most casgg. Mowever, thig does nef imply that all compu-
tations should bestetimded off to the significant figures of the data
at each step of (e Computalion. Quite fo the conlrary, it is advisable
to retain maert igures during the compulation. A zood rule Lo adopt
is the fo wing one. '

Ii}},l’é,’ ’f)au'ing the computation refain one more figure than that given
i{z Yhe datu and round off after the last operalion has been performed.

Another practice, which has become quite widespread when using
eloetric desk caleulators, is to set the machine for a fixed number of
decimal points employing at least one more figure than that given
in the data and then Lo use all the figures Lo that many decimal
points. Frequently, when this practice is followed no attention is
paid to rounding off.



4 FUNDAMENTALS (Gl 1
Example L2 Compute the value of V

- 2713 ) 3157 - Y7957 1)
N =21 -+ (592103211
A 11.32 (5.921)(:3214)

= 0.169,

The machine is sel Lo five decimal places. All computation is ca rpi
out employing fizurcs to five decirnals and the final ANgy S 13
rounded off to four significant ligures, )

This practice is especially prominent il tables of \f:l[LL'Q}? are ens-
ployed during the computualion. The machine is then sebLS the sann
decimal accuracy as the tables which are used. ¢

The two methods described above will, in ;z_o‘r‘u:é':nl, prevent b
accumulation of errors during a leugthy comphbation. However, no
rule i3 infullible. One should always ]1r_‘sitat-(-;‘.:®:1'.}11‘0\\' away nutibers
during a compulalion; on the other ha_nfi.,}‘ll‘.’is foolhardy Lo waste
lot of time employing unnecessary nushders.

One of the mpskytaonbibnany ofgialions in numerical caleula-
tions is the one of subtraction wifer the numbers are nearly cqual.-
Thus, if we caleulated Lhe difl'ei‘éjﬁce 2341 — 2337 we obtain L0001,
an answer which has only r}m;'signiﬁca.tlt figure. 11 his result is used
again in a computation, &dme strange things ean hoppen. In such
cases it is desirableg I;%:r’earrange the computation or change the
formula so that Lhe\(h' erence may be obtained in a new manner.
The classical example is the value of 1 — cos # for small values of

AN

P e L) " N . - M B . ':I-
©; 1n this cagewiase the cquivalent expression 2 sinf 5 x or expand

. O\ >
o8 7 in Bseries.
R

3. Some Basic Concepts. A review ol cortain
Q@Iz&pts will be presented hers.

A. Formulas and Funections. Numerical analysis frequently
reduces to the evaluation of formulas and Tunctions for variations
in the parameters and over a range of vahies
variable. We shall be concerned with two by pe
those which are specified by formul
specificd by tables of valucs, In eith
that the functions are continuous,

basic malhematical

for the independent
8 of funclions: one,
as; and, two, those which are
er case we shall usually assume
possess as many devivatives as
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required, and if singularities oxist, they are defined by appropriate
additioual information.

The ovaluation of a function cxpressed by a formula is easily
accomplished by simply su bstituting Lhe given values of the vari-
ables, Tt must be remembered, however, lhat lormulas can be
rearranged, Thus, for axample,

(3.1) yo= g+ 2z + 3 N\
(3.2} Loy —3=ux(z+2) A\
(3.3) p = —1 4y —2 AN

A\ ¥
arve all equivalent formulas and in algebra express Lhe “sAme rela-
Lionship. In oumerical analysis a formula is more‘aften used to
define a process. Yormula (3.1} delines Lhe peotess’ for finding ¥
for given values of z, formula (3.2) shows a f({.‘m {or computation,
whereas formula (3.3) states the process [op Apding values of « if ¥
iy gpecified. ,\

The evaluation of a function specifiedad diserete values of the vari-
able may at [irst seem to be an ¥asY Hbreld srovy Hegvinlues are kuown
at the given points, at least to thiaceuracy of Lhe table. However,
to oblain the value of the funsdidn al a point not listed may prove
dificult and depends greapiyon the behayior of the function. The
analysis of tabulated déte lorms an integral part of numerical
apalysis and is usu allvidivided iuto two parts: Lthe finding of a value
not listed. and tha :investigation of Lhe behavior of the [unetion,
Both topics wilhbe congidered in subscquent chapters. However,
before leavingthe subject matter it is well to mention thal plotting
or graphi & of functions specified by empirical data is a great aid in
deterxrzli,l)i}lg the properties of such funclions.

B.oBolynomials. The polynowmial will be an overworked mathe-
Qﬁ{fh:‘al expression throughoul this book. The function

(3.4) flz} = @z + "t + ot - - o @i T O

where a., (i = 0, + -+, n}, are constarts, is a polynomial of degree n
i the unknown . In a course in algchra, the value of a poly-
nomial for a given value ol z was found by synthetic division. For
example, the value of f(z) at x = 2 in the polynomial

{3.5] Fly = 3zt — 5z 4 2u? — 3x + 6
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was found to be 16 by the schemalic

3 —3 2 -3 & 2
6 2 8§ 10
301 4 5 Ub=/12) .

Another method of doing synthetic division readily adapted io

caleulators is the one which has been termed the nesting profedx.

The polynomial (3.4) may be rewritten in the following nestet, forn
) ) e

3.6) f@) = an + 2lon 1 = leas + - 0 0+ (e - b))
Hewr + aile — aofr + agde + - - - kam

The value of the polynomial for a given value of &1 now found by
starting with agz -+ a; multiplying il by z adding o. to the resuli.
ete. This method is applicable Lo any finitesseries. In the example
given by the polynominl (3.5) we have \‘ >

W

J@) = {3z — 5)z + 20— 3}z + 6
and at ¢ = 2 www_dbraulibr‘ar}i:_?}‘:&g_fﬁ

F@ = {3 2-52% 212 ~ 312 + 6 = 16

All polynomials of degpdenn can be factored into n factors:

(3.7} fle) = (\K‘w Zod(x — @) - (2 — raly)
where ., (@ = 0y -
Flo) =0 S\
The partiemlar polynomial
e Wl .
(3.8) \\*w(;:;) =2z -z —-2 - [x—(n—1)

is called' s faclorial polvnomial. If the producl on the right is multi-
,[.@;B out the polynomial may be written in the form

. no— 1}, arve the roots of the equation

\3-9} -‘)ﬂ(:}:} = "SU.I!:I‘“ + ‘Srl,?’u:’:n_i —i_ ‘Srf,nl‘n_2 + s + ‘S‘(o—l.'mr
where S, are the Stirling Numbers af the first kind. The second

subscript, n, denotes the degres of the polynomial;

. . . thus a fifth
degree faclorial polynomial

Piry = w(e — 1j{e — 2z — e — 4
= *Su.sil'?s + 31..531’“l =+ S-z,alf?’ 4 33.5:1‘2 + S4,5.’£.
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The Stirling Numbers have the most useful property
L:;.]_O:r S'Sl‘ﬂ+l = S\;,n - nSg.._l,n

which cnables one to casily compute a table of these numbers. Such
a table is given as Table II in the list of tables at the back of this
boaok.

Any polynomial may be expressed as the sum of faetorial poly-
nomials. For example, O\

20t — 30t 4 a® + 220 10 O
— 2P4(z) + 9P*x) + 10Px) + 351 (=) + 10183
"This sum is oblained by first subtracting 21 {x) fromftﬁ‘@ original
polynomial, leaving a polynomial of degree 3 wi.tﬁ‘leading term
947, Subtract now 9P3(z) from this difference \otdy Schematically,

P(z)

li

we have A\
o :~\
' ¢ xf 2 A%
Pz 2 =3 PRV 22 10

2Pz = 2 B dbrdBlibrat@ org.in

Diff. = o —8 31 10
oPi(x) = a9 —21 18
Diff. = 19 16 10
1OP2(x) & 19 =19
Difl. =N 35 10
3380) = 35
Wt = 10
LDTop(r) = 10

A pr’C& [actorial pelynomial, namely that one which has a term,
x —,\i,"inissh'1g is frequently employed in numerical analysis and is
given a special notation, Thus we define
N 3

F1) Pr) = (0 — D7 PH@)
=gz —1) - - (g—1+Dw—t—1 -
(g —n 4+ 1)
Factorial polynomials have many usclul properties, a [ew of which

will be listed for reference. The reader may like to verify each of
these,
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Properlies. ’
1. P =0, (=01, - ,nu—T).
2. Py =0, J#=
3. Pri) = (=1 ln - ¢ — 1Y\
4.

i = . _"'h . = 11 l RN
P(j) T=n! (J=nun+1, )
5. Prlx 4+ 1) — Priz) = uP (). 2\
. I e o NG
. w [ g Y — - . nti — Pty & \“\
6 2 Py 4+ 1) nl [Pz +r4+ 1) (‘L:_,']\\ /
i-0

N/
L ¥
o

C. Binomial Coefficients. Onc of the most ele:qu\ntgry SOTI0% 15
that one obtained {rom applying the binomial, thkofem to the e-.-
pression {1 + i), \4

AN 1 .
: . nn —~ 1) ONnn— Liin — 27
@u)a+¢y:1+nm+$2r%¢+—f ;ﬁ—-Hw
::.:“ + ot
. . www . dbraulibrary ogg in ] ) ]
The coeflicicnts of Lhis series arevszalf}éd the binomial coefficients and
occur frequently in mmerical aualysis. The most commonly er-

8 o

ployed notation is the following onc:
XORN (VLU EL SR FS
' A N 3

where & is any infeger. It is easily seen that the numerator on the
right-hand sidéJ®’a factorial polynomial in n of degree &

, 80 that

we can writén”
O~ n Pt(n)
{3.1432{\ (k) = Tt

L 3

Alieybinomial coeflicients possess many iutercsting propertics of
Nwhtich only a fow will be listed,

Propertics. I n is an integer
1 (u) _ L il k =n;
T o\k a, it k> n.

z(®=gEQ
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s (1)-0)+()

As iz well known (Pascal’s triangle) a table of values for the
binowial coeflicients can easily be tabulated, and by Property 2
above, only values to the mid-point need be recorded. (See Table T
in ile back of the book).

13, Series, Certain portions of numerical analysis are based on
fundamentals obtained [rom series expansions. It is therefore Aps
propriate Lo Toeview briefly the concepl of series expausion, in{ur-
Lienlar the representation of functious by power serics. Therspeotid

. N/ -
power scries that a student of mathematics usually encou uters is the
"

Muelaurin Serfes. o\
m'\i.’
= TN ’ O PEE O i’ gty :i-lg ._:]_
(3.13) flz) = fO) + (0 + 7 (0) 57 +7Oy
& fo {0} £ + -
N x\ it m
where www.gl}g‘l‘a’lﬁlibrary,org,in .

F 0y 1s the value of the n.thg.'z};z'[-i\rat.h-'n of filn) otz = O

Another well-known expression is the Taxlor Series

~A
+€ ) o — ayt
(316) f(z) = fta) H) e — @) [ o
“ N € S
A T o nl .

x:\u'
Tlese scr'@{)ﬁ’ay each be wrilten as a finite series plus a remainder
by the t&é\nf the Extended Theorem af Mear Value. Thas we have

(i\]@f(&) = floy + [z —a) + -

\ } 1 fo () (_z»_ (l)n--.-_l.

n— 1)1 +R

where

(x — @),
oAt

(3.18) R = foiay) (o < 21 < 7).

Anolher form of the same serics is Lthe one which is expanded in
powers of ki, the increment, of xyle.x=a+h=1u+ h:
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) h?
(B19) S0 +B) = (o) + [ lah + P 4

o
—+ gy - + -
fil

If we are concerned with a [unction of two variables, we have (e
Taylor Series aboul the point («,b),

O\
3.20) flzy) = fla,b) + folabjle — a) + f(abi(y — b) N
¢\
" i [fecdab) (2 = @)* + 2o (w bz — aify>—"b)
+ fulabiy — b)Y IS
+ o A, \\
where K
fx - 6‘:_;;’ fxz - .(3:1,._2-‘ fxy' :\\(]TI’r‘}‘}"I ohe,

A function of several variables may b expanded in a series by

Taylor's f ormula, In L4 Brléﬁﬂ'i'ﬂn-ar‘y org. &

(3.21)  flry + Azy, 22 + Azs, - W+ A

i

& 3
= Jlan ma L m) 2 az Y

axy
<N i=1
?!oi‘“} n
o1 , 92 oif
= =9 ._‘_3_‘ 2 NNy, — 2L o
.2’[.2\}3% o + 2 AT c‘).r‘-aazq;_:__j *
s i1 i=1

\ ¢/

Yor a tho;@\ﬁg‘h discussion of series the roader
standar t,e):,:ébook on advanced caleulus,

E. Smeecssive Approximations and Ytera tion, In this book we
shall wiake a distinction between two very similar processes which
aré Frequently used in numerical analysis: one is called the method of

\uﬁcessiwe approxunalions, and the other fhe method of iteration,
Each is applied to the solution for a particular value of a v
which is involved in a formuala or Tunctional nol
sider, for cxample, that it is desir

is referred Lo any

ariable
ation. Let us con-
ed 1o find a rool of the equation
(3.22) fla) =0,

The method of successive approximations is concerned wilh the

finding of a sequence of numbers, z5, ), z, - - - which converge
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Lo a limit & such that equalion (3.22) is satisfied by x = &. The
process is based upon the development of a recursion formala for
#io1 In terms of @ so that x., may be caleulated after oy is known.
The method of iteration also calculates a scquence of values
Fq, @y, da, - ¢ - which converge Lo the desired value. The process,
hawever, is based upon an explelt solution for the v saviable, x, 10
terms of the parameters and powers ol directly from the funetions,
. Q

Example 1.3, Let us find a root of the equafion O\
e
fle) = ” + sin?w — 3 =0, A \,

From elementary calculus it may be reealled that a rr00r] toeursion
formula for g 18 given by Newton's formula for aﬁi}n oximation

) \
(3.23) TR I I
Pl ¢
2\
If from this formula we now dev v]og 2y se tnence of numboers xy, 21
ALY TAT
Zs, + - - which converge Lo the éeauod aoluLuﬁ‘i Tl emploving

the method aof successive approx una{wns
If, on the other hand, we werc Lo solve the equalion explicitly

for i,

% /3 —sin?x
and determine a se qu‘eg\vv 0[ numbers xg, 21, £, * * * by substitul-
ing the known valdes into Lhe right-hand side of this equation and
determining th(,‘new x; thereby, we would be employing the melhod
of tleration. )

F. Unsdétermined Coeflicients. Atechnique w ‘hich is frequently
mnp]oyeﬁ\h\ mathematicians is one which may be called the method
of unrfe‘f?rmmed coeflicients. In the application of tlus method the

Tatht‘mauuan writes down a desired form of a mathemalical
Kplc-:,mon_ with arbitrary cocfiicients. These drhll..mry coeflicients
are at this stage undetermined. A suflicient number of conditions
are now imposed upon the expression so thal these imdetermined
coefficients may be found, and the mathemalical expression becomes
a specific formula,

A good example of this method was encountered in caleulus w ith
the jutroduction of the Maclaurin Series where il is staled that a
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function of z may be written in the form
fx) = a0 + awx 4 au® B R S L S E

Then the question was raised as Lo whal form Lhe coellicient- i
(=20, 1, - - must be in order that the function may be repre-
seuted by a power serics. The coelficicnts were theo determined by
letting # = 0 in the function and its successive derivalives 1o oblUh
the expression for the Maclaurin Series (3.157. A

The method of undotermined coeflicients will be widely :(_zg;l?i'lu_\. il
in this book and many examples will become evident, \ >

. . x . . . A\ Y . .
G. Derivatives of (k) If we insert a variable zuttrthe binomi:l
g R Q¢

coefficient expression, we may differentiote i€ Swith respect to e
Tlhere are two ways in which Lhis derivative mds® be ox pressed. The
firsh is obtained by differcntiating i’ormn&iu. 3D with o= & (o
oblain 0

X
N

raulibrary.org.ini )

d{x ww“id \

(3-24:} d:?j (k) == k_! .-J[-’ p*l:.'l?} v}: N
1
2 ]

[~ &D'

ald
NS

Su.kxl"_ W3 {k _ 1}31*3'..\'.---2

a1

[

-

AR~ 8y Siri]
wlere S, are the Sti&g numbers of the first kind. The second is
obtaived by diffesgubiating the b

SIS inomial coefficient expression as
the product of Bariables,

- ’,;I:::. d : :
(3.23} d;l‘:li(k) = o [x(e — Nz — 2y - {x — F =+ 1j] K;lf
QN 1 N
~O 2}61[(.5—1}(;1:—2) =k
\/ el =2 —8) g4y

+m&—U@—%"-@~k+D+--'
Tt — 1)z —2) - .. & — k4 2.
It is to be noted that the bracketed expression is a sum of factorja]
pol¥nomiais with one factor, z — iL{i=0, 1, -« B i), miss-
ing from each. If the missing faclors bhe wserted and then divided
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oul, we could write

o L d {x _fx 1 1 1
o 20 Qe

|
T
E—1 P
_ 2 PHe) \\
klix — r) "\’
il :\
A uselul recursion formula for varying & may be de \(l{)‘pu‘l f'mm
formula (3.237, Let us inlroduce the symbol 4 <,
NS
o o _d{x AN
(3.27) Dilry = o (A) :\\,
M\\/
and consider £ = ¢, (t = 1, 2, Jw\:\;w cﬂn aL:l) rary.org.in
Di(x) = 1; “‘:;’i“
o 1 \\
Dofr) = [ = 1) + 2] = [L.I MT)DL(x) “+ abifo)];
. 1
Diyx) = 7t fw — (e — ?{«vﬂv r{r — 2] 4 zfe — 1]
=§[if z 1’7,+x o —2) + 2 r(x—l)—l
- »x\«/ ’
=3 [(z HDa() + & — Libale)];
~

Am-%ﬁw~hu )z — 3) + el — iz — 3)
\ +a(e — Ui — 3) + «fz — Dz — 2)]
</ (J? = 3)Dy(x) + (& — 2)ba(2)].

In general we have

(3.28) Dils) = (e — DDi(a) + (& — i + Db,

(i =1,2,3, ),

I
i+ 1
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where

(329) ble) =+ (e — i+ Dboule), (=234 -0,

L
(o
i\ =1
N ¢

Dyfz) = bi(a) = 1. .

Formula (3.28) permits rapid evaluation of the first deriw; \1”\25 ior
changing £ since it is the sum of products of two actogs.’l}ffnf_a wed by
a division, .ﬁz'\"‘.

It is cspecially interesting to obtain the \-'a_lu.f‘.".;{\r_n{')t.ho derivative
ate =14, (=0, -, k. From formnla (3.25)\”}'1.35 eastly seent that
all the expressions in the bracket are zero c%}gcpt the one in which
x — i does not oceur. Thus we have for L\%k

2N\

and A

L1 _ PN .
B0 D) = iy s F D =i =D
O @~ k4 L)

~
X

= 51~ DS @@ -1y(~2) -

R\ -k 1
e =i
ey

In particular . \J

Ir

P, \)I
Dy 2 e =Dz —2) - - - (@ — k + DL,
'® M ' _
AN e R =1 LT
R e EY e H

,{;{!ﬁﬁf%om Tormmula (3.26)
QO 1 1 :
o _ , 1 I
3.31 V=g o b1 .
B30 Dilk) = g+ = F—3 T 17 Z ()
i- 1

—_

J

By direct substitution into forinula (3.30), we o

_ . an arrive at the
recursion tformula

(3.32) Dy = — - i—£{Da~(£ — b,

k {'L <k).
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The second derivative is obtained by dilferentiating the first
derivative. From formula (3.24) we cbtain

(333 Di@) = 3 k(k — DSnia>

+ok — D= 282+ 0+ Seeasl
Trom [ormula {3.28) we ablain

(339 Dial) = ;g D) + (@ = DDX) )
+ (o — i+ 0
Now from formula (3.29) W\

T d T _ l o D
ba‘(m) = _i E (I‘ _ l) =7 D;—l{'{:,?m'\\.

and by formula (3.28]
%@—i+nm4@+m@) L

’ . ar \!.dl_';:ll’lfb AT o
= LG~ i+ DD o P PR = D).

Thus formula (3.34) becomes Ny

>3
NS

| . Ry . .
(;.ql—\ )2 n = — = |z i 9| £ HEDIA
(3.35) Di,(x) i l“[,ilz () + (x — DD,
¢ ‘!\‘.} (i = I-s 2! 31 T ')1
with L\
Dils) =0 and Die) = 1,
For higher derivatives it is easily seeu that
¥ i i”\:..v:t,i - 1_ g T yiTie L e e T (rif
(5'36) ) ’§ .(—'r].(m) i.‘ + 1 [”Da ('L) + (“(' I'JDI (‘I:)]‘
I[nfl;"}"rthogonal Polynomials.* An important property of poly-
yronhidils which finds wide application in mumerical an alysis is known
% the orthogonality property. In general two finctions, g.(x) and
g.(z), are said to be orthogonal il

5
(3.37) [ gn(T)glz)de = 0

* ¥or a thorough discussion of orthogonal polynomials see R V. Churchill,
Fourier Series and Boundary Value Problems (New Yark: The MeGraw-Hill
Book Company, 19410
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and a set of functions g.(x), (n = 1, 2,3, - - -3, isorthoganad 1 The
interval (a5 If the condition (3.37) is true whew m 7 o o all

functions of the set.
Tf in particular we consider the set of polynomials

(3.38) P,(z}) = ay 4+ g1z + aw® + - 0+ oaam,
m=0,1,2, - .1,

they are said to be orthogonal in fhe interval [— 1110 A
¢\

.‘l : \
(3.39) J Pu(@)Po(e)dz = 0, it (m = n)._\
w1 "

|

A special set of such pelynomials in which \‘

iy = 1 \
(3.40) o @n=Den = 3,0 B
wo— e L.. \ v

S\

are known as wa»fdbeﬂdh&r}mﬁymg{iﬁfé. They may be generated by
Rodrigues” formula N

X
*ad
<

: k sr ::i . dm > it
L3.4!1) P?n(x,:’““_ W' Eﬂ (ﬂ' _— 1;' .

. . AN
This sct of polynou’niisvhav ¢ the further property that when m = n

1 AN\ 2
{3.42) .f [ﬁm($‘]di = imr 1 (m=2012 - .
The zerog, aDythe Legendre polynomials or the roots of Po(z) = () are
all real\and distinct.
N\

4. Imbcrent Errors, In numerical analysis there are three kinds of
Eitors: (1) crrors due to the fact that. the given data is approximate;
AN 12) ervors due to the fact that, the formulas and procedures employed
are approximate; and (3) errors made by the computer. \-"'cl‘ﬁ-‘ little
can be done abonl the first of these, Clearly, altempts can be inade

to obtain betler data, correct obvious errors in the data, and a fow
things of that naturve. The third is, of course, a mnistake and is
corrected. by redoing the problem; diligenee on the part of the
operator will minimize this error. In general the second error can be
evaluated, and it is desivable that it be made as small as possible.
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Trrors which are due to the approximate procedures are cailed
inherent errors, and most formulas and procedures should have some
sxpression for these inherent errors. Lrrors can be expressed in
three ways:

Absolute Error, the numerical difference between the irue value
and the approximate value;

E,.=x— & = Az

where 2 is the true value, and i, is the calculated or meas’m&l

approximate value, QO
Relative Error, the absolute crror divided by the trug w,t]ue

0"

_E _ s o

Percentage Errvor, the rclative error Ir\}}plud by 109,
L0E, is Lhe pereentage error. )

The error committed by a f01mu&mmhbuafnlmb&'h-fma}-g&prvsontatwe
can be determined by a general erron; formula Let

(41 ‘\‘—J{‘(‘Tlfr%: "sl"n)

denote any function of the mdependent variables z;, (i = 1, -,
n), each of which is b%hee‘r to crror, say Ax, (1 = 1, -, n),
respectivel y. Thf-re wﬂl e11 be an error AN in the funcl;-ion so that

we have
\

42 N+ Al\ f(ml 4 Ay, 2n & Ad - o 2+ Az,

The nght&\hand side of (1.2) may be expanded in a Taylor Series
for s veral variables [see (3.21}] to give us

@»Jr Azy, Iy 4 ATy, ¢ v, Ba AR = flzn @ 0 0, )
+ [Axt P4 as, ‘1{ TR +;\xnﬂ1

. ity
1 ik f oy -
p— o . A " axyd ' | |
-1—2{&4*.6 +&1‘am+24r1 = axz+
&
+ 242,182, 516—1

4o,
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Uswally the errors in the variables should be relatively sniall, that

. i'.\.l?v;

is < 1L Tt s, therelore, permissible to fgnore Lhe squinres, cross-

£y
products, and higher powers of Ar, (0= 1, - < -, n)oand wriie to
a first-order approzimation

. . : . \ if O
(4.3) N A AN = flog, - - e + E Ay ;'r,_-
i=1 o ,:t\,,.\"
e\

it we now subtract (117 from (L3}, we obtain AN

)
o v aof af <
(s AN = 2 A e I IR N ¢l
4.4} AN o Awp + dze Ay + _l—\&ﬁ'n Ax

- ; . AN, .
Formula (4.4) 75 a first-order 'r.1}'_>pr_‘0x1m§?b16n for the error of a
function. It may be noted that. it is the@®ame expression as 1hal for
the lolat ditferential of t[‘t% Lunction &2 A formula for the refative
www dbrauli TATY TR
error follows dircetly. 3

N

AN AN am o9 As, N Ar

1.5) E == = B0 SRR Rl R

{4.5) N dxr, X % dra ¥ + + dr. N
O

The error formula giay ‘be applied o all functions and scrves as
an evaluation of allProcesses which can be expressed in formula
form. O

> \"4
2O .
Example LA Gonsider the formula
\;'\" -
N/ AT Ly
O N= =
™

NN o s
Ad.gvaluate Lhe error in N

0 due to errors in 2, ¥, 2, we first determine
Nthte partial derivatives

N 6xy
PR
oy 32
_('jy_ = -Z.B_J
aN Y2y

oz Y
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! h(‘
5 i
A-\ - 6..{,:\‘.-' A.r 7 t}'.f. “ A" Yo 9.)3 VI A;\“

Ieto ihis formula are now substituted the values of the errors Az,
Ay, A7, and the partial derivalives arc evaluated at the desired point,
G,y 7). In general Lhe errors, Az, Ay, 4z, may be either positive
or negative, and if the sign is not gpecified it is possible to compute
ouly the maximun error in N, aud in thal case we sum the absolute(’\
values of the terms on the right-hand side. Thus A
¢\,
ANpas = |6ayz 2Ax 4 |3ziv-fay, 4 [9xlyz'Az) O -

¢‘~"

. . . - . e
[t is importaut to nole that Lhis is the maximum erpanand thus
[urnishes an upper bound on the crror. To continuelthe example,
suppose Ar = Ay = Az = 005, then the maximam’ crror at the

point. (1,1,1] is \\,

AN = 6(.0055 + 3(.00389(.005)
18(-005::'wﬁwm&}wlibrary.01‘g.in

The value of the function at (ll,qus N = 3 and the relative

Il

MAXIMUIM CTEOr I8 N
AN ) 1. ..
E. =N T= 2 (090) = 030,
,42'?\\_z 5 090y 030

1% should again be‘g}phasized that this is Lthe maximum crror
and that the at_:tt.y:t\i’ijél.‘r()r can onby be found il the algebraic signs
of the individualgrrors are knowr.

Ag anothcp{;kamplc lel us apply the crror lormula Lo the simple
operation &\fiﬂditﬁon.

) N

w\;“; AN

I

i
Ax + Ay,

The inclusion of higher-order terms is demanded only in rare
gituations, Thus, in the Example 1.4, the second-order term is

1fosN N, | N,
E[ 2 AT T e AV “}
N | N N
+ dwdy ALRY T gyar A2+ a0z Awlz
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The partial derivatives evaluated at (1.1,1) become

5] 2.-"\'r 3 d ? _\ - . .
22— Gyt — e AR S T
axt by 6; durdy ’ '
any gt
EX _o; O opt Ly,
v dyiz
j2Y LoeN
S5 86atyz = 367 0 = —1Beyet = — 18, <N
oz* i dudz :
")
The squares and cross-products of the errors for e \
« N
Ar = Ay = Az = 003 '..f\"
becomne N :\ “

2

Ax? = Ay® = Az® = AzdAv = AgAr = :&_}g = (00025,
The maximum error at (1,1,1) imfluding&ég\olld order terms is

) v dbraglibrary.org. in S
BN =056 TR PRS- 0 4 181000025
= .09135. N

The errors committed by.sefics expansions can be evalualed by
the remainder after n tern¥$ N a normal course in caleulus, formulas
for the remuinders in &oeles expansion were given in terms of Lhe
nth derivative al sanntermediale point. We shall also list Lhe
remainder in integynl form which is obtained by repeate
by parts of AV

. N/

d integration

X..\’:, 1 x )

R\
wheref(z — #) is a continuous function of ¢ in the interval from 0
s@\,c‘."l{emamdcr terms for some well-known serjes are listed

I - Maclaurin Series (3.15)
- B '
(4.6 R.(z} = m.}‘"”(mn), 0 <z < g

. 1 ®
(4.7) Ru(a) = G T L Foole — pie-1gr.
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HI. Favlor Series (3.16)

w8 R = TS e, @<m <),
1.9 R = _ L -Jﬁz_af:":'(&: — Hirdl,
BT — 10t e : N
IT}. Taylor Series (3.19)
B L\
4,10} R.(x] = rﬁf("?(;m), (0 < xy < w), O

o L i ' ) R
i4.11) Rz} = (n_—Dr .ln forle b — HEr ldi\\

IV, Taylor Series (3.20]
The remainder term now becomes quite com}) ex, and the reader
ig referred to a book on advanced cale ulux ,
W dbr'aullbl ary.org.in
1.12) R, = %( 452 ) o+ val, b+ 081)
with af = ¢ — 4, p‘i T”v'— b and 0 < 8 < I,

The usc of remainder termsGs commoun for [unctions which assume
series representation and %all be used throughout this book.

The remainder Lemmnshabove are all given in ferms of the nlh
derivalive which may0r may nol be obtainable. Tf il is not obtain-
able, it is replacx,d. b\, its equivalent in terms of dilferences which
will be ev(plau{(.tl‘ i Chapter IT1.

3. Calcul\tm'r Machines. Since pumerical analysis is concerned
with (s&l(»ula‘uons it depends heavily upon calculating machines {or
t ‘»c vomplishment of its work. The great amount of labor involy ad
in efuploying some of the techiniques which will be derived in this
book would be prohibitive if it were nol for the modern automatic
calculator. Tn fact many of the techniques known to mathematicians
for yoars remained dormant awaiting the invention of these ma-
chines. The tremendous grovwth in the computing machinery ficld in
recent vears has reaclivated interest in numerical analysis and has
permitted refinements in techuiques dictaled by cxperience and
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practice. Many of the refinements are presented in this bool., but
it must be kept in mind thal vefinements ave made every iy,

A complete survey of caleulating machines will not be al tempsted
here. In fact the operation of caleulators will nol be Laughi sinee
each type of machine has excellent handbooks on operalinnal
methods.

This book is written on the assumption that the student il 4ve
available an automatic desk caleulator and will Enow how {0 gpeile
the particular one he has. One comment may be in order. iy u\'ri‘tri\c:e-rlL
writes with his right hand, this author recommends verydlrocely
that he Jearn to operate the calculator with his left Watd and - ice
Yersa. O

There are many brands of desk calculators n<ﬁ§§t~\0n the market.
Each machine has certain specialized featurcg\But, in weneral, they
all perform the arithmetical operations in ‘wormnparable lashion. Tn
the ordinary calculator the operator capids the answers from 1he
dials to a computing paper. althought A'desk calculator has been
e . A - o 3
Jjoined to a t.yIﬁ:a’\‘\?f’i't-erTg(J [%éle'ftr }f[?tz,%u&wers could be automatically
recorded. The speed of operalion depends greatly upon the operalor,
and in the next section we shalh discuss (he benefits 1o be derived
from programming and systemalic arrays.

There are many iarge-:sc}xle digital caleulators in operation, These
grew from the specialigdedcomputers designed for military purposes
to commercial onepwow on the market. I would be impossible to
enumerate Lhe fegtitres of sach. Fundamentally, the machines re-
ceive input datd and coded instructions from punched cards or
tapes. The paperations are performed electronically employing lube,
mechanic@,"or magnetic drum storage. The resulls may be put on
punched: cards or tapes or printed by a printer. Fach problem is
progratmed for the machine, and special experience with 1he par-

N S - -
Q:lzlar machine is necessary.

6. Programming. The term programming has becomme popular
with the innovation of the large-scale machines; however, its widest
connotation simply implies the preparation of a problem for a ma-
chine and should also apply to desk calculators, The solution of any
mathematical problem should be accomplished in a systemati::
manner. Eack problem must be carefully arranged for the machi ne,
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recording of intermodiale results should be reduced to a minimur,
periodic checks should be inserled to spot mistakes, and the results
should be neatly presented,

On most desk calculators, whenever possible the probler should
be reduced to a sum of products of two numbers followed by a division
if required. That is, the formulas should be rearranged into this
form: :
N = (@O + (@ @ — @), N

r ¢O)
N\

N\

in so far as is possible. A\
Furthermore, common factors or constants should iqeﬁs}'ﬁuted in
order that they may be locked into the calculalor at ﬁ@ﬁ’ppropriate
time. Thuos, \/
Bt kx ’ \\“
would be accomplished by locking & into t]gt::kéﬂ'buard or multiplicr
an_c_l varying . www.dbl‘ﬁlslfbral‘y,org,in

In performing lengthy calculations, it is recommended  that
columnar paper be used with the gl,piii'épriatc formulas listed at the
top of the page and each colmugtdpecifically labelled. Tf it is neces-
sary to scale the problem, sueh scaling should be clearly indicated
at each columm, i\

Many examples willkhe“presented throughout this book. Tt is
hoped that any readet\will develop a syslematic arcangement of his
work, [or it has\Hotn said that one of Lhe great by-products of
mathematics iy{d&v'elopment of a logical and systematic approach
to the solutio”of probloms, and this applies to the branch of
nurnerical}&%ﬂysis as well as to other branches.

Ex:j;{x;rfi:lc'I.S. Fiud y for z = 1.261, 327, and 2.511 in the formula

) .
\ 3.20% — 1.53r + & 422 —I— 5

Y= x -+ 212

AT

Solution. The formula is rewritten in the formm y = D where

N =2 (2 + 5~ 153 4 3.2x)
D z+ 212
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and only ¥ need be recorded as an intermediate value. The voiues
of z are rearranged in ascending order. The caleulating sheel would
be arranged as follows:

|
iy ™New 1
Y D i lB_-jl_.f_.‘)-i i
N =2(v2r +5 - 1.53 + 3.22) kLN N\
D=z 212 | . .
2 A\
- 1 | '\ ”
r D v I ‘ \ N
Y
' 1 |
327 | 2T 12331 N
1.261 | 3.381 | 1.9373 )
2.541 1.661  5.3297 Q ‘
| | M

All caleulations should be labelled, paged, dated, and initinled
b}' the caleulatopayw.d br‘aulibrar‘y_org_.i.n’ S

7. Mathematical Tables. 0}.];51‘_' the greatest aids to comprta-
tional procedures is a mathempatical table. The reader is alrcady
familiar wilh trigonometrigy logarithmic, exponential, and olher
common tables. Whenexér, “possible mathematicians have lisled
values of functions an(g({}}abcd them in tables for others to use. The
use of large-scale cafeuldtors has permitted the caleulations of MY
tables, and it i indeed difficult to know of all existing ones, One
of the hest soutde materials is the magazine Mathemalical Tubles
and Other 4:4.;}0 Computafion, which is published quarterly,™

A Za.bde,\\;a'listing of values of functions or dependent. variables
for givivalues of the independent variable usially called the
argument. All values of the argument cannot he listed and so tables

¢ piven at disercte points, usually at equally spaced intervals of
thd argument. Once the table is lsted it may be used to find the
vahie of the function or it may be used to find the valye ol the
argument. {[ it is desired to find the v
which s not identical with the given table value, it becomes neces-
sary to approximate belw een the given values, This process is called
interpolation and forms a large part of this book,

* Published by National 1tesearal, C

alue of either for a given value

ouneil, Washington, D
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Of the many tables which are now published, there is one type
which is of great importauce Lo the nuniecical analyst, and that is
the type which lists coellicients {or numerical processes. This is a
table of numbers which are used as multiplicrs in 8 numerieal
wetlied; they are, of course, associated with the process. Those
whichi are most useful are listed in the back of this book.

Une word of advice is appropriate at Lhis time and pertains to the
finding of an argument from a tabulaled [unction, for example, the ®
finding of an angle from trigonometric functions. Some tables will
lead to greater errors than others, and when there is a chgnm‘ of
tables to use, the evror should be investigated, Thus it 1s~ b&tter to
oblain an angle from the tangent function than fm‘m sthe sine

7

[unetion, ’m’\\.

8. Exercise 1.
1. Round ofl the following numbers correctly ta” &\e significant figures:

38.460235, 2.37425, 002371 100029
W d Bradh rary.org.in
2. Find the sum of o)

AN

1253172, 11. 283,316196 2.4875.

s"

\’U _ {2(;!1(1
O s
if g =322, h= Qw’d = —sf = 025, and x = 1250.
. Find the va uc off(:.:) in
\ flay =Te' — 38 + #* — Bz + 2

for z+ *-\2, 3, 2.5, 1.3298,
5. E}Q}reﬂs the polynomial

3. FEvaluate the formula

Eh.

\; Pley =%+ 20t — T + 822 — 2 4 4
as the sum of factorial polynomials.
6. Prove
PR = (= ln — 1 — 1!
7. Prove

SPROREN

if n is an integer.
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§. Expand the following functions in o Maclrin Series:
sin o, e, eos o, Lo .

9. Iffizincreor by Af = 005, what is the error in 2 in Problem 37
10. Evaluate the remainder after 3 terms in the series expansion foe oo e
at x = .5 radians.

11, Obtain fh{x) at @ - 0,1, 2, 3, 4, 5.

12. Prove Dy(i) = — }01_—5 [Du(i — 1] \<\

QO
(&Q}
O



CHAPTER II. FINITE DIFFERENCES

N
A ¢
oA\
9. Introduetion. The calculus of finite differences is Lgsi::d’ o a
targe exlent throughout numerical caleulations. It formssilie basis
for many processes and is used in the derivation of ey formulas.
It is not the inlention here Lo give a complete d,i?.g}assiuu on the
caleulus of finile differences but rather to extrach only that which
is necessary for numerical methods. AN
Tu pomerical mnethods we are concer wdrrith [unclions of a cou-
tinuous variable, Such a function Iﬁﬁv}fﬁh@a‘t&%ﬂgﬁyhﬁg%iFormuia, and
thus ils value can be caleulated for a gi‘g.-’éi'l value of the mdependent
variable. On the olber hand, a I'U.TJ;C-'I‘J:('J'H may be specitied by a table
of values and nol explicitly detited by a formula. Tn this case. where
the [unction is given al discrwte tabular values of the independent
variable, W 13 not fr_:rrnul'ly«(:}vllned. al any other value. However, we
shall be intercsted iifedhy function at all values throughout an
interval. and under gPslain assumplions of continuity we can usuafly
obtain the valus &F;The function at amy value of the independent
variable to aqy\:désired degree of accuracy.
RS
10. FirsLDifference. Let the [unction y = f(z) be given at discrete
values of.: %, so that we have a table of values
N\

m\.J
\ W

: . |
\ 3 ; . :
7 Lo gL | T B PR R
v ‘ ¥e | ¥

If wo now subtract from each value of ¥ the preceding value af v,
thus

I ;
1 vioo ¥ R ‘ AR 4]

(y1 — yo)s (¥2 — %10 * 7 (¥a — Yoot
27
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the result is ealled the first difference of the Tunction y. We waall
denotle these differences by Ay, in which the subseript of Ay w5l he
the same as Whe second member of Uhe dillerence. Thus

Yio— ¥y T Ay

(o {0
l\'r_}’n1=J\‘.1 O\
RN
To illustrate let us consider the follewing example. NN
Example I1.1, m:w‘
'\'\

i RN
| ' _\\J
|

1.0 1.36191 A\ i
ww.dbraplshrgsy org@sey — Ay,
1.2 1.82419 93, 22987 = Ay,
1.3 2. 14926, 8™ 32507 = A
L4 2378137 22886 = awy
1.5 265312 23400 = av,
1.6 | 2994160 30948 = v,
L7 L Ghaazls AVDET = Avg
18,8 03.68047 ' 34730 = Ay,
L 1.01340 32303 = ay,

OV
It is easily se¢iythat

xo

N\
\O
A
ctc.f[}}h: differences ave usnally written on a line between the two
urj;l)ers for which they represent the differences. o compule the
WIﬁEI‘Eﬂl[:GS on a caleulating machine in the case of an increasing
[unetion, starl with the botltom number and work up the table:

this permits the Jocking of a number in Lthe kevboard and holdin g it
there for two operations, )

Ay = 1.59132 — 1.36491 = 22041,

1.1' ]_-ll.glher Bifferences. If we now consider the differences of Lhe
first differences, we will obtain a set of quanltities eall

4 second
differences which may be denoted by

a superscripl on A, Thus
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Ay, = Ay, — Ay
Alvp = Ay — 4y

(11.1)

The process could be continued Lo define third differences as the
diflcrence of second diflerences.

A
(1]-2) 53:}’5 = 132}’.-'+L — 32.’}&- t“\’
& N3
.”\
In general we define the nih differences by the formula \ \/

l’s

"\\
Although each higher difference is defined i I,(;\fms of the next,

lower dilfurence, it Is possible by continuous Aﬂ*)ﬁlltuhon tu obtain
the higher differences in terms of the valueq\of the funciion. FThus

(11 3") A‘!on: — An,—l.vl__!_l — 3?1-—1:};",_

v W W dbra librar
[ A%a = Ayl — A¥0 = Y2 — YA~ S HTEY, — 2y 4 v

11.4;
4 | A%y = Ay — Ay1 =y w.\.}é — vyl =y — 2yt

N

and “§

_ A
(I1.3)  Adw, = A%y — AY= ¥z — 2¥s + 31 — (2 — 2Zyi + Yol
= ¥y — J\{\i 33’1 — Yo

In gml(‘rcﬁ we hfng‘)

’\Q'
(]1 6) A‘"\“ ¥ (f{.) Yool + (;) Y2 — " + (—“1)"3’0

{\:’;’ 2 {(—L ( ).}'n -
QO

ny . . . . . .
wherc <?> is the binomial ceefficient nolation,

The procedure may be Teversed to express a vaiue of y in terms
of the initial value of y and differences. From formula (14.1) we have

{11-7) yl = ¥ + -’A}’U
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and from {11.5) we

(11.8) Yz

In general we may

(11.9)

Ye

k

1=

¥y (f) Ay, - (;)

FINITE TMFIERENCES |40
obtain upon substitution of known values

= My — 3}.’1 + 3]}’:’. - Ak,

= ¥y —I— 3_\'\’1 ‘|“ i\ns;\fu

= ¥o + 3{A&%0 + Ayn) + Ay

= ¥; T+ 3:"3'\’0 -4 3.’32'\’[1 -+ Ay,

w l) w - {\
wrile O\’
! ne

./
» J

32},0 4+ - ;':’%ﬂ}yﬂ
A\
AN
»
'{\,\.,

(k.) "_\fyrj.
t {

&
3

X

12. Difference rI\‘a‘!?‘l\,(}ngQ&H'gm}l -%".‘é}_’%u.‘sually arranged in tabidar

4
form, and one of

the most comimonly emnployed sehemes is the

diagonal differenece table sh(‘{{&‘»ﬁ in Table 2.1.

™
Ly

S

Diagonal Difference Table,

> 3 .
S

Table 2.5
S A

: N
z ¥ Ay \Q{Q\' A%y At AS ARy ATy an
- \ A K .
t'.'«:sw’ ' T T T
Fa g AN
Yoo N
&Y
G %»1\& Alyy
IO Ay adys
w2 8§ Nya Afyy Alyg
. ‘:?::X Ave \ Aty Ay
o £ ¥3 Alys Ay,
Q\' Ays A%y Ay A ATy,
V4 ¥a Aty Atyy Aby, ASyy
Ay Ayy Ay, b ATy )
e ¥s Ay, Adyy Aby, :
:lyﬁ AF 2 ﬂnsyg
T ¥e Ay, Aty,
&ya &sys
iy Y7 APy
&yq
FEoo ¥
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As an example of the diagonal difference table let us complete
Fxample T1.1 to six differences.

1 i ¥y A Ay Aty Aty Ady Ay
S L -
1.0 1.36191
: 23941
1.1 1.59432 16 O\
22087 9174 R
1.2 1.82419 0520 9667 5 )
32507 19141 — 16673 Al '
1.3 2.14926 —o621 —7006 AN T
22886 12135 —2@5,
1.4 [ 237812 514 -9101 11723
: ; 25400 3034 u5h26
P13 2.63219 5548 5278) 320
30048 3561 LT 10848
1.6 2.94160 9)09 BT — 32669
40057 11436 AN/ —2232]
1.7 334217 —5327 www.dbradlibwary org.in
. i 34730 29900
© 1.8 3.68047 —233T ey
' 32393 &N
1.9 1.01340 2\ N
| P4\
_ N\

)

In the conslraction ﬁﬁl\ﬂ'ﬁﬂ table the dechinal points have been
omilted in the writing el the differences. This is common practice to
save time and spAc€/il is understood thal all numbers are carried to
the same accwAdY as Lhe given data, and thus (he decimal point
and the insignificant, zeros can casily he restored. For example,

&
Qe Aty, = 00527
O
) | P . -y
althpugh it is Tisted in the lable as merely 527. _
A special form of a diagonal diflerence table is once which is called
a central difference table and is identical Lo the diagonal difference
table except thal the values of function are ordered around a central
value, yp. The values of the independent variable are numbered
«, T_g, T_a, B_1, Ty L1y Ty By, - - and the corresponding values
of the function « - -, Y_s Y_o Y_1, Y& Y1, ¥ ¥s, -+ * - Lhe form
of a central diference table is shown in Table 2.2,
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Table 2.2, Central Difference Table.

|

z ¥ Ay Afy A%y Aty Ady Aty ATy Aw

s ¥4
Ay_y

o3 Yoz Aly_, I\
A¥_y Aty A

r_a ¥_2 Ay oy Aly_, p :\“\'
Av_s 533_,\"—3 35},_‘ .“g\ 3

Fa ¥ Aly_, Aty Afv \/
Ay, Ay Adv_y (‘s atv_y

bt Ya Aty Aty_g Abya, VAT
Ay Ady_, Ay LU an

e ¥ Aly, Ay, A\ S A At
Ay, Ay, Alya) ATy ., H

T2 Y2 aly, Aty w\S At
ayz Aly) chEP,
,ﬁya .ﬁa}'z ¢ A \ N/

Ty [ ¥s whw vhBlra ulibrarbf orelin
Ay, ‘:'.;.,

CL ) |

In our definition o%;.’;t\\central dilference table we have preserved
the original notati\ri\ r differences as defined in Section 11 in order
not to cause unpecessary confusion. The central difference table is
one which foclises attenlion upon those around a horizontal line
through t?l@igﬁﬁt!‘ﬁ] value.

i"\.:'
’\‘.'
RS Ay Afy_g Afv_y
”\:\, ¥ Ay, Aly_p Afy_s
\ / _ . ]

Ay Ay | &% _4

It is scen that for this line there are entries only for the even-order
dilferences. For cerlain kinds of numerical analyses it is desirable to
have an enlry on this line for the odd differences as well

. ‘ ., and Lhis is
accomplished by taking the arithmete

mean of the two adjacent
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differences. Thus, in our notalion we can define

A21) mum = 3 A3y A%y, (=123 ),

s0 that
1
i=1: m =3 (Av_1 + Aya) N\
]_ . Vo K
= = By Adv_y), ete. N\
=12 ms Z(Aw 2 + Ady_y), ¢ A
s W
The horizontal line through the central value would th‘en'hm«c the
entrics: \\ o
¥o Iy ‘ Aly_y My Atv_a ma’{# Aly.a
[
INEN

For some purposes it may be Yi%‘bf&ﬁfé%kbbfééﬁsmﬁi!,“ntum on a
line between the values vy and yl«‘n "Rich we could call the ¥; line,

zx’; .
SN\ Y
¥o Ay, N Sty iﬁﬁ_}'—a
T 7 -
/N " H
;\fr’a s &Qj}'—l .')"_J'_z 1'37,}1—3
i ,,3}33‘0 Aty APy _y
s
» N\Y4

Ilere are T‘(‘(’QI‘ded only the odd-order differences. IMollowing the
SUINE prochmt' as above, wo may now define the arithmetic mean
ol the f—:d,ka( :nl even-order differences by Lhe lormula j

W
’0

l .
(Q\z}' Moy = -'-\‘"ty'“- + Auﬁy—¢+l]a (1 =01, 2) ot ')s
$0 that

[yo + ¥,

i
=
2
s
l

t
2
. 1
i=1: mg=j[32y1+_\3n](bc.
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The horizontal line through these values would then have e
entries

| ‘ I : ‘ - - .
iy ‘ A¥a | iy ‘ Ay | omy Aby_ T Aty |
N\
Combining all of the above into one central difference table Wi an
write \)
’..\\
« \J
Table 2.3. Central Dillerence Table with ,»\rit.hlncgia.‘"\-'lo:nm.
! . . IR —
. \ . & .
x YAy AN Ay Ah A% A% (T A Ay
N’
A\
Ty Y4 7> i
Av_, N\, I
T3 Yoz Aty AN\ i
; O i
! AY 3w .d b%\%l'ﬂibrar‘y orglin :
oy ] you Aly Aty S
A¥_s Al A\ 2 Ady_,
Ty v_1 Aly_, “’.:ﬁaty_s Abv_y
Ay_y Adyagy ™ L Afv_,
Xy ¥o oo M ﬂiy_;,,,\q’!\a Ay o my Afv_ ey Ay )
B _ —
My A¥e f&\ Ay iy Afy_s myg ATy g oy Atw
A !
£ ) N
L Yuo M Aty Afy_s Afy_y
; ¢ 5}3&.} Ay, Aby_y Aly_y
) 3"3'\”' Azyl é&l},o QB}"—L
S ML Aty Afyy
‘ rr N\t Alya Atyy
N Aya Alyy ;
! %:’3:' Yy ARy, i
i"\; " Ay :
3 “5{,’5 ¥s b
v |

Example IL.2. To illustrale the central difference Llable the differ-
ences have been calculated in the following table with xo = 1.5. The
caleulation of the values for m, are simply the arithmetic means of
the vertically adjacent differences and are ealeulated aller the differ-

ences have been evaluated. In this example all differences above the
fitth are zero.
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[ | ¥ Ay Ay Ay Aty Ady
Ly 0 —3.00000
I 127372
1.1 ~1.62628 40840
; i 178212 10620
| 3.2 | 13584 51460 2160 i~
239672 12780 240"
i3 2.45256 64210 2400 A
! | 203912 15180 R
©oL4 1 3.39168 79420 RISTOES N
373332 17820 A 20 ‘
i . . {™ .
i o0 9.13500 421952 97210 19260 L2880 240
: . . o, |
X Y
L1.47786 470672 107390 207000V 3000 240 !
16 - 13.83072 il 0N 3120 i
5868512 23920 210 |
L7, 1971584 1417600\ 3360
i ss0772  www dRraukibrewy.org.in 210
1.8 1 27.01856 165040 3600 ‘
' 899212 N> 30780
1.0 | 36.01068 Lo :
1098932 ~§° ‘
2.0 4700000 \
O !
i . —— —_ —'.‘\';_ —_— J—

By direct referenggvto the definitions and some algebraic manipu-
lation, it is possiilé To solve for any difforence in terms of other
dilferences. Oxfo\’paﬁi(:ular importance are formulas which express
the dilferenges“of y; in terms of the entries on the herizontal line
through ¥% Yd also the one through y. We shall derive some of
these exprossions. Consider first those in terms of quantitics on the
]i‘r\].c\jt']\pr;mgh vy, From the definitions (11.1) and (12.1} we have

Ayo = Aly_1 4 AY—
= Azy_l + 2m1 bt A_"Vg

and solving for Ay, we obtain

(12.3) Ave = ma + % Aly_y.
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Before proceeding [urther we note that in general lrom the d.fini-
tions we have
{ Ay, = AY 1},1_ - AE;’—J:},__J_

] ZMaig = AY Ty g AT v

from which we get by an addition and division by 2

N\

2 AN
\J)
o
To obtain an expre%lon for A?%yy we write from t}w«‘lcﬁmtmn and
(12.4) with { =

e 1. ..
(12.4) AM vy = Mee o 5 Aty_g

o

(12.5) Afyg = A%y 4 Aly \\
= Aly_, 4+ my —t—xl\\' V_g.
For Afv, we have “:3
witipgl bradlipr @v-j»n qrgzu}

=m1~—h731 2+ Aty

s‘.

in which we wish Lo 1-0]{@0\9 A=y_1 since it is noi on the line through
yu. From the deﬁnitjg‘n, nd (12,4) with { = 3 we have
A Aty = Aly 5 4 Ay,

s‘»'

> \) = Aly_, 4+ my; + ]EAS -3
50 thal ”\{s,\w
AN .
(126‘} Alyy = miy - -3- Aty_y + my 1 Ac'y 5
.\ >
N\

9 The procedure is now quite clear so that for A%y, we have
(12.7) Ay, = A%y, + A%y,

= Aly.s + Afy_o + Ay, 4 Ay
= Ay + 28% 5 o+ A%, 4 ATy,

. 1 \ :
Ay + 2 (mﬁ ts 56}’—3) + A% o+ my + ﬁ Ay

Afy_y + 2m; + 2A% - m. %sﬁg.}’—‘;.

I

I
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similarly

(1E.8) Alyy = m; + ?;\Gy_g 4 3m.: + g&"y 4+ m + %—Awy_a.

]

The process may be continued as fur as desired.

T’ ohtain vy and the corvesponding dilferences in terms of quarti-
ties on Lhe line through v, we proceed in the same manner 43 above.
Tirst we nole that ' 3

vy = W — AV '
Yo = ¥ Yo _ O\
= 2;';10 — ¥y — 5:};“ :..}\ o
N

ad . R

' 4 ”&
(19 g _ _ l,ﬁ ’\\ '
LRZE, Yo = Hin 54 Y & 7

- N\

N
.\\\;
Cerresponding to formula (12.4) we com bine \}\,
. o LY
{ A ]y_q = i\.";}’l,_ 1 N “;,. —1
< A T . ALY
2my = A .}J—W\d“w@%faulibr‘al'y_or‘g_in

to give ‘\’::}.
(12.10) Aty = m.gal’:ﬁ% Ay,
Then with 7 = 11in (121%}}\’;\0 have

{12,140 :}:A&};\’n =1, + % Ay,

A/
For A%y, we haye) g

(12.12) \\ Ay, = A% s + A%y

N/ .
4 1

“}X\\ = ;ﬁsy_..l —+ 1, -+ i As"}’_g.

S Q(é)‘l‘{r we obtain
2
(1243) Aty = Aly_1 + A%y
= Aty 4 4 Aly_s + Aby s

fl

1 . . N
my + 5 Aty + A 2+ e T g ATy_y
3 . 1.
= my T iﬂﬁy o 4 ms T zﬁ\’y_,«,.

Again the process may be conlinued as far as desived.
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13. Errors in Tabulated Values. One of the simple applicndions of
differences is that of checking for errors in tabulated valoos of
function. Let us suppose that there Is arn error, e in the vaboe of
¥o; the growth of this error in the difference table is shown in
Table 2.4,

Table 2.1. The Growlh of an Error.

(NN '
b Ay aly Aly Al i
N !
__ . ! ]
N ,‘

] 2 -
AY_5 ~~\\_ T |
Y2 Aly.s —— - Aty 5o I
AY_3 e BEVRS - £ :

Y1 d_d_,___———-"'"_'_'_'_'_'_'_ Alv s+ INY Aly_; - e

e |
!

wre |
7N \\ - J

) o

It is noted that the effecl of the error grows in the difference table
and spreads f\rlTlWL‘se through the higher differcnces. The following
f'hara( Leri tlus carn also be observed:

The Goefficients of the ¢'s are the binomial cocfficients with
alteu\ttiﬁg signs,

& \Tho algebraic sum of the ertors in any difference eolumn is
ZM(]

3. The maximum error in the even differences is in the samce
horizontal lire as the tabular value which is in Error,

These characteristics enable us (o locate and. correct a random
error and may also be used Lo smooth tabular values oblained feom
experimental measurements,

Example I.3. In this example the v

: alues of » and y are given and
the differences caleulated
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i ® ¥ Ay Ay Ay Aty
1.0 1.0000 :
5191 |
1.1 1.5191 154 |
\ 5545 - 24
i 1.2 2.0736 130 24 |
- 5873 ] N\
1.3 2.6611 330 24
; 6205 A /1“.21\'
| 1.4 3.2816 334 o 51 N 7
6539 __ — 5 D %
1.5 30373 | — 7 429 <N
7T 9ss e N
P16 4.6360 420 PR C
—— _| 7108 QAN .
P17 5.8770 T o~ 597 . -84
‘ 8005 | T —_ 08 I
I 1.8 6.1776 690 L HF— 5
8693 \O 144
i 1.9 7.0471 weiigddbhaulibrary org in
‘ 9529 =
| 2.0 8.0000 NP ‘

T is noted that the fo urlh%iif‘e?ences are ogcillating for the larger
values of x. The largest numerical Ath difference of 1861is atx = 1.6,
1f the table shouold be i&g%ufar this suggests an error in the y value
for x = 1.6. The dastled fan lines are now drawnp, and we note from
Table 2.4 that 5@~

o\ Aly_y 4 e = 51,

\*"\ Aly_y — de = —84

O Aly_y + 6c = 186,

s..\’;’::’ Aty_y 4+ de = __.8:1’
PNW Aéyﬂ + = al.

N/

Assuming now that we want all 4th differcnces to be alike, we could
eliminate A%y between any two of the compatible equations and
solve for e; thus subtracting the second gquation from the first

S5e == 133; e = 27.
Then
y(1.6) +e = 4.6363
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or

Y(1.6) + 27 = 1.6363
and v{1.6]

= $.0336.

If this eorrection iz made, all of the foucth dillerences byoonie
24 thus deflining a regular [unclion for y. Tt may be noted tho: the
error was one of lrapsposing numbers: Le., writing 63 instead \56
"This is a comuwon error in numerical analysis and has an addixmal
characteristic, A transposition of two adjacent digits whiph ' «iffer
by m will produce an error of 9m. Tn the example wd poted ihat
e = 27 = (91(3) so that m = 3 and that the ditlezenge betwien 6
and 3, the transposcd numbers, is 3, N \ ’

~\
Note, A word of cautiou is necessary, If thé waltes of the lunstion,
v, are rounded off o a given number of sigificant digits, they are in

I, £ & .
error by not more than 5 In the last:SQmﬁcant figuve. Thig error,
. W \\!éiw‘aulibrary.ﬁf'gfin .

however, grows in the difference fable and it may appear that a cor-

rection should be made on the tabular value of ¥ when in reality it
should not. A fairly good ruléto follow is: Do nof correct a labular
value if the correction is onlyone unii in the last significant digil.

It is also advantlageobs.to have some criterion for the fluctuations
in the differences “-“Qiczh may be tolerated. We shall state one given
by Comrie.* Flug:ihﬂt.ions in the nth order differcnces less thun the
{ollowing limits\may be accepted:

AN
O L e
‘ .:"\.‘1;2‘3‘4 5‘6|8|10|
— e ! . . A ——
boglimits | £1 | 22 | £3 ;46 I £12 0 +22 | +80 ¢ £300°
;, SR R | i | | '

N\ 14, Differences of a Polynomial. The computation of the suc-
cessive differences of a polynomial «ill derive a very important
property. Let us consider a polynomial of the nth degree:

(14.1) y=f(z) =aw" +ax" '+ - - 4+ @u_12 + @a,

* L. J. Comrie, Chambers’s 6-Figure Malhemaiical Tables {New York: Van
Nostrand, 1949}, Vol. 2, p. xxxi.
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and let the increment on ¢ be h = Az and the difference between
two conscculive values of ¥ be Ay so that we have

(14.2) v + Ay = aofle + &) + au(e + )71 +
+ G‘.ﬂ_‘[(:li + h) + a,

and npon taking the difference (14.2) — (14.1], we obtain

143) Ay = al + B — o]+ alle + 0P =g+ - O
A+ a[(x + h) — #] F e — tal {\\
= {y“ + nrhz ! 4 ( )h A MR K, Y m“]
Y
+ a [:r_u—'l + (J’l _ l.)h:z:"*"‘Q + (n "L§~h2£""3
+ s ’B"_l}'\
+ e www.dz}ii‘l::au‘library,org,in
+ doalr +h— 2] W\

\,’ <

whore (;) are the hinomial COPfﬂ(,JLTltS. Completing the subiraction

and collecting the coefﬁci(:n‘té\o[ the powers of @, we obiain
\'\ W

0 -1
{(14.4) Ay = aunhﬂ*‘ ) [aoh- ( ) + mh( >—] zn?
\§\+ {a.nha (%> + a.h? (n ; l) + a:h (n I 2)} g3

:“\u'{‘ + faghr + a4+ . asdhl

-
Sime we shall assume Lhat kI8 a constant, the bracketed expressions
are all constants so that we may wrile

(14.5} Ay = amnhei~! 4+ b + b5+ - - o 4 by e — b

This is the first difference of the polynomial of the nth degree
and is a polynomial of degree n —~ 1.
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Il we now difference this polynomnial in the same manner. we have

(14.6) Av + A(AY) = aenh(e + )"+ bye + Ri0 2

+ bl + ) 4 - - b
and subtraciing (14.3) from (14.61 vields N
(14.7} A%y = enh[(z + R0 — 2 T+ byl + h)p? — i*\f
'+" T + [bn—l. - bn —1] .’\
.- ol A\
= aonht [;r.“—l + (n — Vhe2 4 (n 2“:)'7;-*.r:”—°
0
+..._$n—1] '~:,
w\,/ 9
+ by e + (n — 2}fib”:\‘i.\+ (n 2 )h L
WRW __'d_bljau libra I%,m% i 1;
= doft(rn — .I.):‘({‘xf‘.—ﬁ i T AL S R ot B CREEE )

Thus the second diflesente is a polynomial of degree n — 2. The
process may be CO\h‘Qm’ed uptil wo find for the nth difference

(14.8) A”‘y ——J’t;.a[’n,(n, — Liin — 2) - - - 1lh*pm ® = gohmnl
This i J\p{)l\ nomial of degree n — n =
hl{:hex%i‘ﬂelenmb will be zeve.
lvor this derivation we specified that k be a constant or, in olher
“?}rdb that we choose values of the independent variable « at
\ pcually spaced inlervals. We may now state the proposition:
sFor equally spaced intervals of lhe independent variable, the nth
differences of a polynomial of the nih degree are conslant. Conversely :
If the mih differences of u funciion tabulated af equal ly spaced tniervals
are consland, the fanction is a polynomial of degree n.
This proposition permits us to analyze a tabulated function. Thus
if the nth differences are constants (or nearly so since rounding ofl
errors may prevent them from being exactly equal), we draw the

@ or a constanl, and all
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cencivsion that the function may be represented by a polynomia!
of the nth degree. Let us refor back to xample I1.2. 1t is noted that
the Afy == 240 are all equal, and we conclude that the tabulated
funclion way be represented by a polynomial of the 5th degree. In
fact it s

¥y=2r" — 3t 4+ 528 — 2t + 2 — 7.

The cocfficients may be determined by the method of undetermitied
cuellicients discussed in 3.T, N\
15. Tabulation of Polynomials. We have alrcadydiscussed a
couple of methods of calculating the valves of pg;}(g;ﬁ(}mials (see
3.5;. The proposition discussed in the last sectlehfurnishes still
another method for building up a table of valudg*for polynomials
il we chivose equally spaced intervals for the iu\d(zpcndent variable,
Since woe know that the nth differences aré eonslant, we may con-
slruct the lower-order d]ﬂ‘el'cllceis"(‘)‘I'Tdﬁfé”kﬁhﬁ‘ﬁbi@ﬁ&ﬁﬂf‘rom the
forniula R \y
(15.1) Aty =B%; + Ay
which is obtained from an'"I‘Ihila (11.3) by solving for 4% 1y, once
we have the value of thégth difference. Thus it is necessary to com-
pute n values and th® initial n differences. Then the lower-order
differences are comphted for the next line by formula (15.1) and
yield the next yae of the polynomial. Tt is advisable to check the
values I.Jeri&@'{:}fﬂy. Lol us consider an example.

O

/Exampl}-fil.si. Let us build up the table of values for the polynomial
"
\‘3“ yo=10p'— 3+ 3z + 2
for integral values of z in the inierval 0 < z < L0,

Solulion., We calculate the first four values, the initial differ-
ences, and the value for # = 10 for a check. We then build up the
difference table line by fine starting with the third difference which
Is a constant for this 3rd degree polynomial,
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O _—
2 ¥ Ay Ay Aly
i} 2
3
1 3 0
3 6 N
2 3 6 \
3 ___.f‘/ﬁ A ¢
3 17 =712 =T AN
21 s 6 e
4 28 — 18 \
I ’/39 6<’§
5 77 an N
63 N\ O
[} 1440 QN
93 \ 6
7 233
129 L& 6
g ! %) 42
s dbraullbr’ar)i@i'g in 6
9 533 ™ 48
N 1219
10 .plf,gnk
L NS

Although it is only m}t‘b%d‘r\' to compute the first four values for
rll., it 15 recommended that one wore value
and the dl{’Feremes be computed as a chieck on the starl. This Js
indicated by the- dotted line in the table of values. The caleulation

\ 4
adapts 11;5,%[1;&&(111} to a caloulaling machine as it is simply a
sequUCnCe\@ additions. Thus for the valucs at

a 3rd degree po]w\

=3 & =T
6 6
iz g
18 30
2 463
39 93
+38 4110
7. 233,

In the case where it is necessary to round off the values ol the
Tunction, an cxlra value should always be caleulated since the nih
differences are not always exactly conslant to (e number of
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sicnificant figures carried. Farthermore, the differences and initial
values should be carried to one more significant nunber than that
desired ju the values for the function. This is lustrated in the nextl

pxam gl

- Example TL5. List a table of valuos of the funclion
= 1.3z — 2.62° + 402 — 1

i the inlerval 0

< p = 153 with Aw

decimals, .’:
Kolufion. : QO
z‘x“
. ¥ Ay I
N\
e NS
0 —1.000000 N\
48741 ’,\\"
.01 —~ 951259 w512
182208 8
.02 — 903030 wwwhdbrauttifdy or gin
4"{7‘2;1
.03 — 855303 — 497
u; 228 ]
e — 808077 ~0° —489
Ve 16739 3
05 — 761388 —481
L) 16258 8
.06 X71508 —473
\ 13785 3
07 O 66930 — 1465
A\ 45320 8
08N —.62398 —457
N\ 44863 ' 8
Qm;’ — 57912 — 419
AR\ 44414 8
A0 L1 — 53471 —441
~O 43973 8
\V 11 — .49074 —433
43540 8
12 —. 41720 —425
43115 8
.13 — 40408 —417
12698 8
.14 —.361385 —109
R 42289
[Als —.31911 | check
—.31910

0L and correct Lo fix

O

N’
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Qix initial valucs were computed and carcied to one more sig-
nificant figure than desied. From the initind thied differences the
value 8 was decided upon. (The three values could be averaged and
rounded off to six decimals which in the example would vieli 8.)
The lfunetion values were then caleulaied by building up the diifer-
ences. The check value at z = 1.5 shows the value {ron Uu diller-
ences Lo be off by one unit in the fifth place. This is Lo be o3¢ Led
and should it be desired to conlinue the table, Lhe calr.’ulg,lt‘”\l villue
at x = 1.5 should be used and another periodic chieck esthbihed.

N

16. Differences of a Function of T'wo Varinbles' The differences
for a [unction of two variables arc considerably@iare compley than
those for a function of a single variable. Lebus consider the fune-
tion z = f(z,y) to bo any function of Lhe Lydindependent varibles
« and y. The value of the function fc “iven values of the inde-
pendent variables, say #; and v, mcn' b denoted by z; = fla, ¥
Following the ustrlvidbiyeibibrabytbig firsl subscript denntm'T Lhe
row and the sccond sub&cupt ij‘notmg the column, we may Bow
form a table of values of the Aihction according to this scheme,
Table 2\5“ Function of Two Vartables.

) ' - __‘

LA v, e e

Znl Zya Zan .- - - - . P o ‘

Gl I

1 Z1z Zin s o B Zim !
Zn1 Zaz 3] Zage .
Zar 3 H 5y um ‘
'

Zr1 Znn o A o R Zam \

In calealating the first differences we ecan do so cither along a
row or in a column, and, of course, the distinclion must be made.
This is very similar to partial dillerentiation. We may hold y con-
stant and difference with respect Lo x or vice versa. We shalf use a
subscript on the difference symbol A 1o denote the variable with
respecl to which we are differencing, The definition for the first
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Jitovence of u function of two variables is given by

e 1 ApZy = Tipng T By
(i3] A=z z
AyZyy = Tighr T
For example
AgZgg = Zw — S
o Ay = o — Imn
i36.5,; . - ¥
i\xnu = Zup T &10 N
-_’35;3-22 = ZIgs — Z22 -
3 A
and %
N
Azoe = Zm — Zno
A x v - N
. Y Ayt = Zyp — fn N\ 3
-.16.0) Az . - 250>
21 = =11 &10 M\\
: - 3
Qyzzg = Ta3 T &I v’

If now we wish to difference with respege .}\9 “z and y both, we

are antomatically dealing with second d:'.vffe'r‘c:}wes. Thug
wwwidbFaulibrary.org.in

1

{16.4) Aoty = BaZigrl — AT WS
= Il — Zajed (f€+1.:r' - z%'.?')

il

(Zerrgi ng3vf+1-u') — (71551 — Zis)

= Ayzé-l-l'vfi_' AyZige

N\
The definjtion of s cc’én& Jifferences is completed with the fol-

10\Ving two formulas
\N .
£ ) { Apliy = A i+l A-_L-&z'j

= ZIijej — 2z T T

(16.3) '® X
o%"’ L\yzl"{_f = ;'_\yz\g.j+L — Ayza
R\ = zij2 — 28541 T I

i{\f‘h‘fch the symbol As:z; denoles the second difference of z; with
redpect to x while y is being held constant and the equivalent defini-
tion wilh respect to y. :

In general we shall let the symbol Agmyezy denole the m +n
difference of z;; laking m differences with respect to © and n differences
with respect lo y. '

To specifically define third differences we would need four

formulas, one for each of Axziy, Ayin Bsfis and Apezi. They are
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.-ﬁ,,:s}.';j = A,;L’-Zf_.'_]_lj — ;ﬁzelgj
= I 3:\'4-3.)" + 335,_ i — %y
Apdiy = Dyeligel — dyely
16.6) = zpjes — STigye + Ao — Zy
i Axl_;_;:,'j = :‘3;92"_571 - .-ﬁzﬂ.';_,'
= L\‘yz?'+9-1' - 2‘"}‘y3\"+1-i + "—\‘y“':-j
Ageliy = ApZizvg — Apeli O\
= Auzijee — 28I T Al

N

A

in which the last two formulas may be reduced to ha “fuse tivnal
values by (16.5) or {16.1}, (».’;.

Certain characieristics in the formulas are begmmnw to ecome
apparent. It appears that the coefficients of Ll’Ie, righl-hand side are
the binomial cocfficients with alternating signs. Tt is immaterizl with
regpect 1o which variable wc dlﬂt‘[‘&l’lC@xﬁ‘}ST Keeping these ciarac-
teristics in mind, we may now forgnilate the general formula for
higher-order diﬁmmﬂmmfhmfv@éﬁm of two variables:

S

o n
(A6T) Bty = Arisin (1) Bantopinos + 2) Aunigins
T (= 1)Aazy

m
éy"hrw: ( ) yrw—n—lg + ) ng.undzj

ey (_' 1) "AynZiy

W,
and thq.&ight-hand side may be [urther expanded by a repetition
of thig“general formula; that is,

3 Tt m
,,\(16.3) Azmz,-,- = Zirmg — (1) Ti 1,4 + (9) Tipm—2.4 + P
) L) 2

\‘;

o (=l

A difference Lable may be constructed for the [lirst differences, but
difference tables for higher differcuices are too complex te be prac-
tical. To construct a difference table for first differences, arrange
the functional values as shown in Tuble 2.5 leaving a blank space
on each side of the entry both horizontally and vertically. The
appropriate differences may now be entered in these blank spaces.
It is further recommended that the differences be entered in a
different color to distinguish them from the [unctional valucs. 1n
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atler words, the following twe tables are superimposed upon each
othoer,

Table 2.6, Funciion of Two Variables.

- ! Zug Zn 0 o !
1 219 211 Z13 EN
-1 Zaq Z Zag |
Wi Zag A1 232 333’\“\ :
[ - R 24 =R ,'\%}S.
| ‘ Y \/
Table 2.7. First Difference Table For Two Vdrmbl}d
B !:' T T e e T - - - “_"\ ______ I[
T ~
i L 1 ¥y oo \' Y3 !
i i .
(RGP, ,
! Ry !
I i &
, ra ‘ Ayzne Apza; \ Ay Zuz [
- 1 ArZee AsZng A ’f'%ru . Ao
. ! WA b rary, o
i £y '[! AyZip Aytiy W ‘y 2]1.5'”’1 |
i |. AzZn Apziy & ’, 3 Agpis Ay |
| e I Ay &sygzl. L2 i
I ! ALy Aoy x Apdys AyZua 1
i '| D yZan "Avﬂuzsl ByZpe i
. '| A2 i\;g.\’f ArZyy L EY i
r o
| Ty !I Ao ."s\ Apia Ayzgz i
o & e

hxamp]e 1.6, Form a ’mble of first differences for the function
= fla,¥) as gwcxgyl “the table of values:

Sofution, ’\’ 4
— \,{\ / —
RN\
! ,.'\\:”’\i 0 1 2 3
LNQS
&N\ “\I
"'\r.....a_. —_— — - [ [
7T g I -3 -4  ~3 -9 ~5 —14 |
[ 4 4 1 A
1 || = —5 0 -5 —5_ -5 — 1%
[ i) 6 b i)
20031 -5 [ —5 1 -5 —4
3 8 8 i
3 19 —3 14 —3 9 -5 4
10 10 10 10
4 29 —5 24 -5 19 —~3 14
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Tt is noted that A,z; = —3 for all i, 4 which means 1t 1 (he
fanction s lincar in y. 11 is also noted that the first differciee. with
respect Lo z dilfer by 2; Le.. all second differences are constant = hich
means Lhat the function is quadratic in o The fuucelion used i

zZryl = 2 b 3p - av R L

Althongh it is possible Lo define difference formulas for It Nons
of more than two variables, the formulas ape too unv.i:;lrkx 111 be
practical. In studying functious of more than two \ja‘t{i:\llslv:-: it is
recommended that the variance study be made on Camities ol fune-
lions of two variables using the other variables HS,.ﬁn‘-rr"‘:iIIlL‘I‘,t’J‘_'S. Thus
il we had a [unction RS /

R = fle,y. \U

we could choose r as & parameter and f&t\éhoson values of r, say
81, v2, 0 - -, study the funclions A

www.dbralﬁhbfm_ﬁ;hiigiiﬁ
It )

“Mete,,
each of which is a function™ef (wo variables.

17. Divided Diﬂ'erq?y(;\es. 11 a difference is divided by the interval
length of the indépendent variable which it spans, it is called a
divided differences, This gencral definition is better understoed in
terms of forpifilas. Let us again consider the function y = f(x) to
be tabulgt.g’d'for 2,(i =10, -.., n). The first-order divided
differenedis then defined by

L3
i

N\ . o
(17" 1) [LEg.’,t?j] = ZI —yi = y_j
N Ti—x @ —

X

9, I ¢ and j are consecutive integers, the numerator is Ay;, the first
difference. Formula (17.1) also shows that the order inside the
bracket is immaterial since clearly [wo] = [z50.]; however, it must
be remembered that the differences in the numerator and denoms-
inator must be in the same direction, Although  and j are usually
-consecutive integers, the definition js quite gencral and first-order
divided differences can be calculated for any integral values of i
and j.
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In defining the first-order divided dilference, the bracket notation
Tror] vens used. There is no sencrally accepted notation for divided
diftorencsa. and although the brackel potalion is quite popular, it
heramos somewhat cumbersome for bigher-order divided differ-
ences. Ve ghall therelore modily the notalion somewlat and adopt
the noiation

{(17.2)  A"[irar:] = thenth order divided differences between z; and e

In this notation i and X will embrace a safficient number of consegiyfine
infeqers [o permit the faking of n differences. They Lhemsel fosean
only e consecutive integers for fivst-order divided diffeycrices. If
iLis desired Lo have divided differences for values of Lha,frlife:peudcnt
variable which cannot be ordered by consecutive infclral notation,
all values of the @ will be writlen out; that is, forexample,

(17.3)  A¥Mz.esxs] = second order divided di'ﬂ"'e%}:nce belween z; and
. “ e B
2y with x3 as he interiediate value,
) wwyidbraulibrary org.in .
Tet us now define the higher-ordéy” divided ¢ ifferences. The

differenee of the Lrst-order divided dfl’ﬂ“are-nce divided by the interval
of the independent variable w];;i:cj]i: they span is called the second-
order divided difference. ™%

Aloyrah= Aleszs) _ Alrszd — Alwizal,

\\::(,‘1_ — 13 i ]
The first of the twodormulas is preferred since it gives conseculive
3
sequence Lo the sirbseripts.
Wemay 1.1Q%‘pmcued in a similar manper to formulate the third-
order d.i)é{}e"d difference
2 8

7.4 Al =

B, , . Aryre] — A wpx,
U.'J.j)i" A‘i[ﬂ?r_.ffsj = —[ U—'l — Ll_d]
a\ Fg — W

3

aifd the fourth-order divided difference
o oot e A,
(17.6) Adgey] = St - Allraa]
Tog — W4
Tn gencral we have the nth-order divided difference

- Ar1pgira1] — A" Hzae,]
(17.7} Afagra] = = s ] — 4 .z
Ly — Exn
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A divided difference table can be constructed using the sume
principle as for ordinary diflerence tables. The general form is eiven
in Fable 2.8, FKach dilference is obtained by differencing the rinmbers

Table 2.8, Divided Difference Table.

kY ¥ Alwex;] Azl Adzixy] Adlrirg]
: O\
N
Yo Fa _ 2\ N
A} N
Ty ¥ | ANrar] § W
Alzgral 1T~ | A%rery) N
e ¥ ) ARy 25) D afeary
Alrgreg] ! a‘[xla:d\ I
xz ¥s PoANmry] | alsg | Afraxs)
Afegrs] A% ]
Ty ¥4 L ANzars] | \\~
Afzgrs] | RS
H N
i Y \a.‘rww dbr au[hbl aryy or g fin

in the rl(]_]aLf‘Ilf_ ]oft hand mLprnn and dividing by the interval
lengih which il spans. ['hf" dtterval length is indicated in the
notation or ean he f()llrld b\ “fanning” back from the value heing
computed, Thus, in co ﬁplltlni' A‘{'r:li Lthe divisor is oy - », which
is indicaled by the stibscript on thv #'s in the brackel. The divisor
can also he f(111rld\b\ [ollowing the bldllf lines which form a fan as
shown in Table(2)8.

If the \alues’ of the inde pendent variable are given in cqually
spaced 1ra,te«rvals, the divisor for the divided differences is constant
for vaxh:?;rder This is easily seen, for in this case

O\ Tﬂ“-cl—xl_‘rz:mg-—gjuzt--:}a

{01 ’thv rst order,
\' .Eu—’rz=ﬂ?1—:€:;=a?-;—:c.;=---=2h
for the second order, and in general

I =y = L1 = Tl = @3 — degn = ¢+ - = bh
for the kth order. '

«Example I1.7. Find the divided differences up to the ffth order for
the table of (x,y) as given.
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Sofuiion,
r ¥ | Alagxy) Az Ad[air] Al aﬁixgm
‘ -1 — 1320
2040 ‘
| -2 -2 ‘ ~392
i 80 52

i 0 —283 -7 .
| : —60 —11 1§
oo 10 —103 3 A
| . [ =130 13 .{\A |

5 —1080 ‘ —40 14 e\l
. | L —600 123 AM
| 6 ! —les0 | 710 23, N _
' ‘ 2240 286 £ !
o9 | 3040 2140 RO\ N
\ | C 70800 \
| o i58i0 | \J

The hmhm-order dn ided (hﬁ'(’r(‘ncc,s wh'?,\h are dr‘ﬁrwd in terms
of the next lower-order divided dlif'erem h‘?ﬁl’ arebiinin ferms
of (he ordinates, i, by continuous 5ub§t1tuhon If we keep in mind
the sy minelric propmt\ that we may Ynterchange the order of differ-
encing in numerator and denumjn«lt{}r simultaneously, we may wrile
D TR £\ S

(17.8) Alwerd) = Toa— T T T %

and

. - A 2
(17.9)  Azoxs] ’_\:}Ll‘ua”; xlﬂr]
{ bR

;"{z\z L [__-Yo__ v
.%’" Fo — Te |&o — &1

w’\i»\/‘“ T2 AL
) I R
(il - ..C'[) lr\'i"u - JJ«J
1 {zs — T2)¥1 —‘ Yo
+ﬁ—~rj('r1—:rg)(al—xo) +(.I — %o) (z — 1)
Yo _ !

= Tae — 2 @0 — ) + oy — #o)(ar — T2}

Yo
+ (;-:

~ To)Ee — 1)
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Similarly, the third-order divided difference can be reduced o

. . Yo
(17.10)  AMuwr)) =  — = TN T
: Vi T A il — ) Ll — )
¥y
+ = .
e — wpldly — iy - )
4+ e N
ez — wgdls = ayiliey — ry
0~ v
. R o N\
(‘I'; — Faliry — ,!‘-[J{(Ifg — ‘I?;z;" \\,
In general we have AN\
S
(7.1} A%[roz. I
s At [ior - . — — &
’ T = om0 — - e )
¥ g
+ o — LR AN
(r1 — )y — Faly NS {2y — 2,)

Ve . L
www,(dbra‘uli’bu\fihﬁy:orgﬁnj T (B — Haly)

It is noled thal the denominalen of y is o producl polynemial

cvaluated at z;; that is, AN
@ —z)(@—w) M =20 — wed) (2 — 2
Q
evaluated at x,. m}

18. Differcnce (?I}u}ators. The caleulus of finite differences em-
ploys certaiu opepators which are very useful. We shall define
few of themPlifre, The symbol A which we huave used throwghout
this chapléiyiviay be thoughl of as an operator in that when it pre-
lixes L%,Iﬁh(:timml notation y = (i), it defines an operation of
taking tie difference between two values of v; it may then be called
f{r.ga{:’cjﬁfferen.ce operafor. ‘The symbol A is alse used to denote an

~ietement on the independent variable which is in
its use as an operator, since & = 3y 4 Az, In Lhe o
consider ¥ = fla).

agreemant with
Howig we shall

L. The Operalor, E. This operator is defined by
(18.1) Ey = flz + Ax)
where v

= flx) and Az is the usual increment on the independent

variable. This opecator is often relerred to as the shift operator since
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it vesnits i anolher value of the function. If the funclional values,.
Yo i -« 0, 0+ o, n), are given for known valwes of u, (¢ = 0,
AN AT
(18.2" Ey: = ¥i
Wiie inverse operator E7 is deflved by
(18,5 Ey = f{z — Az) O
R L
50 Lhiak A
(1808 E"lya- = ¥ 1. L ¥
7% *
A 3
Snce we already defiued 20D
v /\V
(8.5 Ayi = Yept — Yo AL
= -E‘YE — ¥ \\\
we sce ihat 2,

1‘ Vi A'V + YN \\'
[ other words the operators are reﬁ“r(wfaé’ ALY g

(A8.6; E = A:q
{1, The Cenlral Difference ()pw‘m‘o:' §. This operator iz defined by
: 1
(8.7 by = flag “.‘S)I\_\J,) — f(.r - AT)
’\\ JZ

I we ewploy the Opf’l{ilﬂl It we can wrike

‘\) sy = Eiy — £y,
80 Lhal Lhe re{a\mh}up betweon the operators is
(18.8) .\\\“' = E — E.

111, Ezn;‘ Averaging Operalor, u. This operator is defined by
"'\ w4

: ' 1 !
s o et
:‘_2"[_11) + kTiy)
and the relationship between the opernlors is

(18. 141 g o= t (Fr + E3).
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A complete disenssion of difference operators and their propertics
is beyond the scope of this book, and we shall conelude 1his aeclion
with the interesting property thal

(18.11) ws = S5 —~ B
N\
which can be obtained by combining formulas (18.8) aud NY.10).
From this we have )
O
o 1 . O
(18.12)  pdy = 5 @+ Aw) — flz — ax)) N
i , L LSO
=g M@ +22) — /(@) + flo). 5fle — Ax)]
= é [Avi + Ay] 7.\

W

which is the arith\r\p‘ggl;pdg}%gﬁgﬁml.yg}; Ypsccutive first differences. In
Section 12 we denoled these by vay; thus

(18.13) o2 = m,
Also, we can obtain . %

2 N \"\

18.14) e £ty = m,

w4

- N\ .
and other similag %ﬂopcrtws.

19, DilTere’r;.({és"and Derivatives, The relationship belween dilfer-
ences andsdeeivatives can be understood by a consideration of their
respv.n{;\"-“g‘deﬁuitions. We recall the definition of a derivative

N\

(191) B i G 89) = fl)
4 "\: ” Ap—sl} A'.‘J

& \
\ Where y = f(2). The numerator of

M+ An) — flx]  ay

A R
is the first difference of ¥ and the fraclion is known as a difference
quotient. H the funclion is tabulated at discrete values of 2, Lhe
above is in accord witl 1he definitions of Section 10,

T - | ', .y Ty - . - - »
Ihe second derivative js defined as (he derivative of the firsl
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derivative, and Lhe difference quotient would be the dilference of
first aillerences. This is true of all higher-order derivatives, and thus

we can slatle in general

d]’l Ay
122 L | el
(13.2) dor — I

By the Theorem of Mean Value we have

(R2.37 fle + Ax) — flz) = (Az}f'(z + BAx) :,:\.
whera 0 < 8 < 1. In terms of differences this states . {;}\
(19.4) Ay = (An)fe 4 6A2), (0 <o <D, O

which can be generalized to the nth differcnce W,:\""
(19.5) Ary = (Azyf™ (x + nodz), (0 <P,
\/

20, Exercise I1. .’{f\

. Caleulate the diffe f N

1. Caleulaie the difference table for I dblaullbr ary orgin
1.0 l] '12 1.3 ‘14»115 ].6 Il: ‘1.8
¥l 0000\1 ,)191\2 0736[2. 6611[1‘ 2316[3.93734. 6336/5.3771

2. Find and correct Lhe error 1\)\ means of differences

&

|
l 6.1776

(Y 0

REEDLC. & NN E

i ‘_:Q ¥ ! @£ ¥

N 0 0 2

OV | ~ 54549 1 5

\z“\,.‘ 1.2~ —.96768 2 8

O 13 —1.25307 3 17

R\ 1.4 ‘ —1.39776 4 38

A 1.5 | —1.40625 5 73

\'"\,"’ 1.6  —1.20024 6 ' 140
y | 17 | —1.06731 Ty o283

I 1.8 ‘ — . 76032 g | 362

C 1.9 — 30501 9 | 333

2 10 132

'_ol 0

.

3. By the method of differences, tabulale the values of the polynomiul

(a) y = 2" — 32+ 2 —5 inl <z<l Az =_1;
(b} v = 5z% + 2.07¢* — .3 in0 <z <.1; A= 0L
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4. Compute (he values of z = 202 — 3v? 4+ ov for e = 00102050 1 and

v = 0,1, 2, 3; and conzlruct o table of fiest differences,
. Constract o table of divided differenees for the values

2! -1 -2 0| 3 : 3 @
voo-1320 0 —200 0 —120 080 0
. Show that géiy = my. '\‘/\\

;. Prove that A
INCEAI L F \Q’
gl 1 S Q

vy iy

. Prove that A2awe] s the quotient of the two clct;)ii\\bb s

! 1 o vy i \
1ooxe v divided by f@ 7
|1 7 v @

. Tind the divided dillerences up 1o t{w:}mmh order of v = cas o foT
0° <@ < 30° with Az = 5

. Find the differciat  dikH lt"blla'@fﬁ_i]‘é‘ VITIin the back of the book,
for 0 < p<.1; ap= .01



CHAPTER IIL INTERPOLATION

A
o
O
21, tmtroduction. Interpolation js a fundamental opetation in
madbematics. The reader was probably first introducpdo the proe-
ess in a course in trigonometry when it became podussary to find
values of the trigonometric [unctions for lhe v alns of the angles
other than those given in the table or perhaps,,}\bén logarithms were
fivst stndied. In a lighler vein, interpola Ligufhh’s been said to be the
arl of veading between the liues nfd@mm,m;@lmﬂéi.%s_éffggﬂ’r‘lluul-ion.
We mayv now make a distinclion heisggen interpolation and extra-
polation. The latter is the art of reading belove the first line or after
the last line of a tabulated fun ctjtiii “ore specilically, we may define
interpolalion as Lhe pror:egg«o["ﬁnding the valucs of a function [or
any value of the indepengdent variable within an {nferval for which
some vahues are givenS Rd extrapolalion as the process of finding
the values oulside of#his inferval.

The process of\ifiterpolation becomes very important in adyvanced
mathematics wheh dealing with functions which either are pot
known at gvexr$ value of the iudependent variable wilhin an inter-
val, ar Ll}g!%;bl‘essio:rl of which is so complicated that the ev aluation
of the {gmction is prohibitive. Tt is then that the function is replaced
by.a(inple function which assmumes the known values of the given
fl‘&lc\tion and from which the other values may be computed (o the
desired degree of accuracy. This is the broader sense of interpolation.

In precise mathematical language we are concerned wilth a func-
tion, ¥ = f{z), whose values, Yo, Y1. © ° ~ > ¥ AIC kriown for Lhe
values 2o, 2y, - , ey of the independent varigble. Interpolation
uow secks to replace f(x) by a simpler function, I{z), w hich has the
same value as f(x) lor @o, 21, * © * 2 &n and from which other values

can easily be caleulated, The function I(z) is said to be an infer-
59
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polating formula or inferpolaling funclion. In many cizsiocering
applications this funclion is called a ssnoothing funefion. Mo shall,
however, use Lhe term smoolhing in a shightly  difforen! sense:
namely, a function which does not take on the tabuladed volues
exactly but instead smoothens out these given values inlo o =mooth
curve.

A desived characleristic of interpolating functions is thad My be
simple. Gongequently, the most frequently emploved fopws e Lhe
polynomial and the finite Lrigonometric series, In E.l1t\f§?r.\(u:«'!-s we
reler to the process as polynomial tnferpolution or fr'i_r,{fﬁmrﬂz’{f‘hf freler-
polafion. The larter is used if the given values @0dicate thal the
function is periodie. The interpolating f\lTlCLi({R‘éﬂll, ol eourse, be
arbitrarvily chosen and can take any formsMius it could e expo-
nential, logarithmie, ele. One such form Swhich is frecquently used
is that of a rational fraction. However, iPslould always be as sinple
as possible. ,\

The use of thevpoty AbrASMPRIE PR Rometric series is bused on
Weiersirass' Theorems. R

I. Every function, f(x), ,\\j];h:]"l is confinuous in an interval (@h)
can be represeuted there, £&any degree of accuracy, by a polynomial
P, e, 4

O @) — Pl < e

~

L™
for alla < z & {‘hnd where ¢ is any preassigned positive quantity.

IL. Everygepntinuous funclion, f(z), of period 27 can be repre-
sented b}-\ﬂ' nile trigonomelric serics:

N>
T(;r:%—: o+ arcosx +asycos 2+ - - - 4 g, cos ny 4 by osin z
\ + bssin 2z + - - - 4+ b, gin nx

|f(z) = T(x)| < e
fora <z < bande >0,

22. Lincar Interpolation. The simplest, of all interpolation is the
case in which the interpolating polynomial is linear. In a course in
t.L:igonomctry, this was accomplished by m ultiplying the tabular
difference, Ay, by the incresse in the independent t\'ariablc, r— Zo
divided by the tabular differcnee in ¢, Az, and adding to the value
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of ¥ nerresponding to zp; thus

'[\11' — ;I'n) .ly
TAx

(22.] :_I y = ﬂ +

One ol the most convenient methods of writing the lineat juter-
polating function for machine calculations is given by

N
t " :
(22.2) ) = _ b ! R
T o— Enlyy ®1 — I O\
If we expand the determinant, we oblain X O
{ N
(22.3) Hz) = -~ = —lyolar — 2} = yi{w0 — 'r)I >
S IR 1] . ‘

EJ

1
;1—_7 |[(y — "r"ﬂ}f + VU.,CJ_\T :}1?"0]
A

which js linear in # and which reduces tor ﬁmnula (22,17 if we let
Ay = vy — ypand Ax = By — . WWWY dbfaullbrary org.in

The right-hand side of formula (222) 18 casily evalualed since it
is the difference of two produects, )'n(‘gr — 2] — yilwo — 2), followed
by a division by Az and is thus rxouomphshed an a caleulator without

recording any intermediate v \ﬂlu(‘

o\
Example III.1. Find K{t‘é = .3421 piven

— — A\ - -
I Q7 ¥ G-z
R
\# o 3412 1946 -5 |
N\ 18 s 1273 n
QM o

Se’)ltr?wn The given data are augmented by the column z; —u,
lh\\'dlur's for which are calealated. The dilference #y, — g = {200
is caleulated and recorded il it is not a simple subtraction which can
be done mentally. Siuce we can remove common factors from z; —
and »; — a, which cancel cuch other in the division, the decimal
point and insignificant zeros arc ignored. Now

Y021 = o [LI96) (1) — (1278)(=9)] = [ T6151.
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This method ig especially handy when it s desired (o obisin one
trigonometric funclion from another and linear Interpostion s
gufficiently accurate,

Example HL2, Find sin 4 if cos 4 — TH061 and siven i Tivst
three colummns

N
I re
1 r\“\
i cos g win A; com S — cos 1NN T
. % N
N\
L0 T30 67129 360>
‘ 1 74022 67287 .5
¢ ;
Sotulton. Compute the fourth column given above. Then
X
| www_dbr‘aulibl'ar‘y;ﬁl:gfin
gin 4 = — TB {.OT120){ =304~ (L6T23TH(590] = | 67101,

23. Classical l’olynom_ial'ﬁ)rmulas. There are many poly nomial
interpolating ['um:t.iml{\hased on finile differcnces whicit have
beecome classical ing figmerical analysis, We shull now derive and
display these fogmnlas. Although they may be derived in g number
of ways, we shall ftsc the more clussical approsch. Tt is recommended
that (:?1'1z111t.grrfine thoroughly reviewed bhelore procecding,

In ’[-hn:—a[:'@ii(i'wing we consider ¥ = f{(2) Lo be a funetion which lakes
the v Tads Yo ¥ 0w for equidistant values of the indoe-
pm;u%e‘}rl, vaviable ro, @, - ¢ -, .. Let Iz} be o polynomial of the
ntlilegree and write it in the form .

a\"4

N30

Hz) = ag + as(x - z0) + sl — o — &)
+ aslz — e — a0 I

T aald — wile — 2 - - (r — 21).

It is now desired to determine the roe

flicients a;, (G =0, - - - . 1},
such thal

IG0 =y Im) =y v T = ya o+ I(8) = w
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Sinee the values z, (0 =0, -+ - ¢, n), are chosen at eqaidistapt
vajues, we Iiave

R £ =y = i, (e=1,- "+ ,n),

where fi s the interval length, Ax.
Now let z assume the values z. ({ =10, -+ -, n), In formula,
(23.47 and seb () = v then we have \
{.'I.'u} = ¥n = dn, \"}
{(L‘]_] = {py —r' 31{3‘1 - J"U) = fiy + {Elh \ ™
;'(L;) =y = ay + aylay — xa) + DL:LM — ;LU.Q\& + 7l
= —|— aL(QhJ uz("h
‘ | O

I
=
1

i —— T ati——

(23.3) o N\
B dxg = vi = as + m(u‘b" + a.(if](¢ \}\l R+ -
“'\{, + af{i) A,
' b
fln) == vy = aa + aLth —f— ag,(ﬂh 1 lallbf}m%—m
N\ - a.,iua} the,

These cqualions may be solveddor e, =10, * -~ | ni. By con-
tinuous substitution and recalling the definitions of finite differences
we have ) ‘,\& )

g = Y. x\

a VL 'A}‘?l'a = _}"3 - '}’r} _ Awg
! ‘ % h

2 7 I .
4@t~ o= ) = gl =+
O A
{\\a 24
. \/
e ) 1 _ A,
Iy = 5'.&3 1\'3 — zJ\’ ~+ 5:}’1_ — \’n] = %—h—
@ =
., = L\L‘Vﬂ
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If we put these values [or the cocflicients into fornmls P25 we
have

Avy Ay y
(23.5) {(x) = vy + ._g.f’ (x — xp) + 2-}‘;2‘! (¢ — 2l — i
+ -+
Aﬂ. . 4
- r}.!;‘;: (2= 2w — ) - - - (r — '.?.',._.-.}-’\

N

O\
s,
Let us now make a transformation on the variable by ASMinz

(23.6) r =1z + hu or u =t %»%—]‘
and note that .'“;.\\‘

: E’.___‘”t'_f”‘_‘[xu-%ih]_,p—._u: . )
(23.7) S '\h;. —t=u—1
fori=1,.. n- L). I_L is also Seen Lhat each term of formula
(23.5) contains W\ﬂ-dﬁfagg@r@éﬁgﬁﬁﬁ&tm for cach parenthetical

expression (z — ;) so that by 237) we have

(23.8) In(u) = yy + Ufsy:]+ (;) Alyy 4 (g) Afyy 4+ - -

o\
¢ 'i‘..} + (I‘l) :'jl!.}"'u —|—- - + (L’.) Ariyn
\\ t i)

iy . f’} . . . .
where ; 1S.\'t;1‘i3 binomial coefficient symbol. This is Newton’s

Forward,I\nt’erpolation Formula. [t iy writlen in terms of u and
highescdrder finite differences, Tt is called the forward interpolation
forr.qu]\ since il utilizes yq and higher-order differences of v, Conse-

qgiép'{:l)', iLis used when it is desired to find values ol y at the beginning

w\?f,ﬂ- lable,
" We could also write an interpolating function in a lorm similar
to that of (23.1) but focusing our altention on the end point (x,,vs)
rather than the initial point. Thus

(23.9) I(e) = ay + asix — 2,1 + et — (e ~ 2, ) 4 - - -
Tads — 2o ~ 2.y - - (o — 1)

_The formulas for the coefficients ¢, (i
totued by substituti ng i

=0, - 1) can be ob-
n the values Ery a1, * 0 0,z for ¢ and
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letting e = vi (£ =1, + + +, n). We will find that

_ Q'iy__n-q'

(23.16) c= S =0, 0, 0.
\_5 !G’l a; P (L {}a » ”’)

Afller substituling these values info (23.9) we make a transforma-
tion oa the variable o by letting

o A
u = o or :1:=:I:ﬂ+hu N o
h oA\
s0 that O
BRI ER) F—a_F [xﬂ —Lh] = ; "'}}
(22.140) A = 3 U+t AN\ ¢
| R
Forinula (23.9) then takes the form O
* \ #
A\
(23.32)  In,(u) = yn + vAY,1 + (;) i‘-g{iﬁif\z + (g) Alyng
wwwhdbraulibrary org.i *
Ay,
. o\ i
where ’,“.}; )
. *® -,,":'.._b"- P — 1
{2313 (?) - ulet DS 2)T ettt
& (-t

This is Newtor’s Backward Interpolation Formula. It uti-
lizes the end valda of the [unclion, y., and the higher-order differ-
BICES O th(;{[p\\-'ard disgonal line from y.. The formula is uscd
when it iﬁ‘@és’ired 1o find values of the function near the end of u
fable, LN\

Negbon’s two formulas adapl themselves to the Diagonal Differ-
@Kﬁaﬁlble exhibited in Table 2.1. The initial value of the function,
\,N, ‘can, of course, be chosen any place in the Lable, and thus they
could also be adapted to the Central Difference Table shown in
Table 2.2, However, iu such cases it is better to ulilize values of y
on bolh sides of yo, and we shall now derive some interpolating
formulas which employ values ou a horizontal line of the central
diference table, In Section 12 we developed the relalionships
befween Ay, and the differences oun the line through e [See
formulas (12.31 through (12.8).] If we substitule these expressions
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into Newlon's formmula (23.8) we oblain

. ' 1,
(23.34) THu) =y +u Lm.j + 5 A'-y_i

){_\."1 Ly e
3

u o N
ms {- _\.‘v 9 4 s —|— A"\’ \L
ne y

u) [A“V + 2y 4 2A%y_; - m;\ ‘g;-'._';-.'}-'_é—!

+

¢
+(
(
€

Aty

Lol =

_]_

»

1

l\.. r_alo’

y iy

{5
M + _\‘Jv 1 T 3n<3¥

+4ﬂ1”}’..51 \\\'
+ . ??

Colleeting the (O(WTTC%HFH a(‘ili{ Hﬁ?'érﬂ{gﬁﬁf 23 the formula becomes

|
1

(23.15) I{u) = ya + nimy —|—££1 + ( >] A%y 4

Qrb’n?se coeflicicnts can now be simplified.

1
2”+<2) -

9

lu 4+ ulu — D] =

I 1
2! 2
u 7} 1
(2) + (g) =6 Bule — 1) + wlm — Lu — 23}
)
6

[u{u — D{u + + 1)}

giloe == (1 Y):
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1o, =
T
S
T
[ S
M

(;f) = %‘[I.ZU(R — 1Y + 6ulu — N(n — 2)
4+ afu — (e — 2)(uz — 3}]

= TIT [m2(u? — 1)];
.f‘.'n'- \ 2 1 " B “ hER 23 + 2
(’u + 2 (ﬁ) + (g’) = [u(u? — 1)(u* — 29 = ( 5 ) eta. 2N\
Oy

et s desiznate the coeflicients of maw_1 by Se and jr,iio}.e of
Aty by Sy lor (1 =0, + + +,n). Then, in gencral, we I@w‘@

R4
Se =1 AY;
S1o= g AN
Sor i = ——  — tufu® — 1% (uﬁ' oy L
Bt (20 — 1)1{ ( \arW\ar?dbr;;vmibr);ﬁr‘y_org_in
W\ 22 — (@ — 12k
e EEANEEPN
(23.161 _(rt ); Y
o (2; —1 S
) { SN o
Su = g (= 0t = 29
201 & W — G 1)
) u?— (1 — 1)}
N\
— E\ S
{’Bi"{- Yi—1s
\</
- . (N
Formula (23AG) then becomes
N
(2-3.17:&?:5{.;;({;] = vy S+ SoAZy_ + Samy + S:Aty --‘2_"— Ssres
"‘\:,,/ + L "Il_ S'ﬂ?.‘—lrn'?.n,— 1 “{" *321152”_}"—?.

where the cocfficients S, are defined by formulas (23.16). This is
Stirling’s Inlerpolation Fermula, Tt is used with a central differ-
‘ences table in which all the entries on the line through o have been
made.

I[ the values for Afyg in terms of the quar tiities o the line throngh
¥ [see formulas (12.9) through (12.13)] are su bstiluted into Noew-
ton's formula (23.8), the result wouald be
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(23.18) T(u) = mqy — %:\yu - Ay, + (";) [m: - !) Afy |

|
#(5) [ g

: ”
+ (T) [m-i T 5 A e o mg + Iﬁ Aty
T i} - JEN\

1
T - -

We can again collect the coefficients of the dlﬁ(rmcosyé& vl Telting
By denote the coefficient of my: and By, denote the (‘f}t theient of
A%My o with { assuming the values {rom 0 to n wq\l.nﬁd

BD = 1 . ' v
| N\
Bl = U — 2; 'Q\
Bg\zwéﬁyaullbr ary, t}; g\
2 i »

- » : > . -
which upon S\Im‘phf\'mg become
L gniplity

&6 ~ Bo = 1
“&x..; Bi— oy %
<§§? Bﬁz@%““‘*mw%wu—mm+2w-'
'@&wj (— G+ — Dk

By = @i _}_ T L( )(UJ(H - D+l -

m—am+a~n}

__ 1 1 B 1
LG Ii\* T3 2e—2+1fﬁﬂu
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ﬂlld A 4an \TI'it-e
(25,280 Intu) = mo + Bidyo + Bamy + B:Ady_, 4+ Bansg 4 -
+ B” SM2n + B2u|l‘3)n 13’ i

where *he coefficients Be are defined by formula (23.19). This is
Bessei’s Interpolation Formula, Tt is used with o central differ-
e in which all of the entries on the line throngh v, haw'\

2

ence luhle
Been sade. The formula can be changed slightly by combmmg the
first tv o terms. Thos e
A\
1 \ 4
mg + By = 2 (yo+ oy +Hle—5)0n— "'U)"‘
1 1 1
=.—}yo+ ¥y 4wy — 3 *?@‘ —l——’\’
=y + H-(y1 — ) AN
=¥ 4+ udyq .".:'
and wwwﬁb‘raulibrary.org.in

1 "

(23,217  [giu) = yo -+ udde +. X B»tmv; + \ Bo A%y

.s;—l 1-‘1
Two cther (hdng(‘s are fu*qumtlv made on this formula, The first

istolet u = 3 whmh\r{tdts in a formula for inferpolating lo halves.

The sccond s Lo lf‘t'u = —I— = which adds symmetry o the coetti-

cienls By x:\“'
:"\ W

Let us combine two conseculive terms of Bessel's formula (23.20),
say

H2N12 + _H:;A3y_1 = 5—82(32_\’ 1 —;*' .l“’\’o) + H@A‘SV e
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We recall that
-’33'}’—1 = i'—\z}’.ﬁ - 52}’—1

50 thal upon combining

BQJ"HQ -I— B,’;-.’Eﬂ_}’_] = (é Bg + Bo) AE;\_’U —}-‘ (_l; H» _ H) .:\:‘:'-'...I_.
= 7

N\
By lormula {23.19) we have

N
1 1 {S\ .
Bs = ij t — EN B 2 QA -
L} - ' 4 “‘
so that finally \‘:\\ ’

. . , I, o NC .
{23.23) Bym, 4 BAdy_ = 3-r\u + I)}%g.’l“‘){{\\%}:j (2 — iy

We can lhus climinate all the odd-or é:g?)c.fiﬂ'ercm:cs from Dessel's
formula and reduce, it 1q 0. 29l I}é}lg Jhe even-ovder differences
by combining two conseculive tewg. The combination of (he first
two terms vields A\

; L))
In general _ 2™
i NS/

By —I—;’§§(T_1Q2""1}’_,; = é Hy(A¥y ;1 Azy

i1}
.<§“ + Bap(A%y_ o — A%y i
W 1 . |
{{“z = (g By — B'-’-e+1> Ay (—2 By + Hgm) Aly_i
¥,

we have
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arel

_MEBA*»‘

o+ i
2041

) Gt o 3 4 2 + '
(23.2¢)  Damy + Bapd*ly = T2t

+ By
o
By iizs changing Bessel’s formula we have an interpolaling
formula i lermsy of the even-order differences st the beginning & Qﬂ"
cnd of an Interval: i the even-order dilerences ou ‘rh(\Dms
througti vi and v, in ’rhe rentral ditference table. This f{}ln\mta Ay

be writien in Lhe form {
«\ .
¢ . .. \ 4
|2325). 'II‘UL) = Juaya + EL(.AQI}"_L + Ezu:‘l‘ly—z LJDAE}"—S -

-+ Em}_’l + E]152,}’n - 1':215—‘-4_?,\1*'* 1’;31‘35"# e R

) woww dbgaulibr

and is kaown as Everctt’s Central D::leanCE Forafula. The
toellicients can be simplified by Lhe m‘fmdm Lion of another letter;
let ! =1 — 4z We theu have ..sf“’

ks

3
N NS
N

Fo=1—u= a‘{\

Ey = 1 @ «-\4&%2 _ % @ — wyule - 1)
é&@ 0 - D=0
\“I
|\ Faee -1 -(57)
S _3-ug
(23.26‘){.\‘:{‘ 20 = — =
a\% 5

N/ E_E [_1_ (@ — D{u + D — 2}}

41
{2+ 00 = D(=D2 — (=t = 1)

||.—| G1]

= 5l = D+ DU - D+ 2)]

[ — 12)(2 — 2] = (f. J; 2.);

P
1l
?J\| — U'l
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and in general for the coefficients at the beginning of the interval,
we have from formulas (23.21) and (23.19)

v D el 1 _ { + 1 - u
(23.21) ko =G T U B
i+l —uf 1 f\
ka4 TAEy A
[z — L+ 1) - - - (u — u.,Q\ v — 1)
- 1 2_2\,______,.§/ _
"l - e =z gx‘s— 2

NAES {0
- (25- + 1)' \i\\

For the coefficients at the end of th{t,iﬁ{éfval we have

wiww . dbrauli brar‘y{afsg?’l n

Eo = u; ’« -
By = g(u + llB‘r— s (Il + Lla(un — 1
J L& e (ut 1).

(23.28) =3 {*‘@{ ( 3 )

E-n:s}%u 2)B, = % {4+ Dule — a4+ Dz — 2)

‘::-)\';= _L ufa — 1%(u — 2% = (u —_{- 2);

5! b
A\

AV

Enui;}n general [rom [ormulas (2‘% 24) and (23.19)
o 1
(23.29) Ky = (25-_‘-_--]---)-E[u(u? — N - 22 - - (g2 — Y]

__(u—f-i)
TANZi 1)

It is noted thal the form of the function [;,(u) is identical to that
of E,n(i)
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24. Use of Classical Polynomial Formulas. Each of the classical
polynomial formulas may be used in interpolating for values of a
function ofher than those which are tabulated, provided a sufficient
mnber of dillerences are available to oblain the desired degree of
accuracy, There exisl, bowever, special casecs for which each is
sspeciaily eflicient, and we shall comcentrate on their applicalion
ie Lthese special casces. /
Newicn's two formulas [(23.8) and (23.12)] adaptl themselves to
the eases fu which it is desired o find the values of a function ricay
the beginning or the end of a table. They utilize the diagonal Wiffer-
ence tanle. The interpolating polynomials Ix(u) and vt} are
evaluated by summing the products of the coefficierily and the
differences which have been “blocked off™ as shown'“i;}Tahle 3.1

. PAY;
Table 3.1. Use of Newton's F m}las.

r S _l_krfn—;luiibr ATy OrE N
Loz y Ay Aty | Ay Aty A%y
Ty Yo Nu e
_‘ Ayo | AN
x ¥ i«l\ APy Na
\’\‘ Alyg Nu
S Y2 ) Ao ol
Vo D ,Myo
. .
\‘ . Abvy s
oz X "%_’:3: A4¥n_q Na
A\ Ny
Lol 9 ’ ¥noi
\ )
Ty H Ya .;I\‘TLZ

The coeflicients N, and Vs may be evaluated and entered directly
above and below the diflercnce into which cach is multiplied as
shown in Table 3.1.
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il

FExample TIL3. Tind the values of fi.335 and £ 180 o e Lable

ol values given below,
GIVEN SOLUTLION
z | ¥ =flzx) Ay Ay Ay Ay ’\
- . 0\ 4 —_
i QY
3 34375 3 {5»\
53241 | ~.103 .
A 3
6| 87616 6810 | 0593 > :
60081 | 2790, ré_o.-mm: :
7 147697 96230 \\ 600 (25720
50 e
8217408 Li02 (v 720
: wynabyrauli rar_y or 3 1o 120
.9 | 3.00139 17130 840 R
99861 a:“" 4950 120 |
1.0 | 400000 22030 o600 | — . 02333
\ L
1219403 N\ [ 5910 | — 0336 5
11521900 | O 27980 | —.013
_La@ven T — oa '
‘ l 1.2 76 71873\ — .2
. | ol i o
a) 1*01‘fﬁ:.§‘3ﬁ"
# . \fl ro— - .5 .
:"\x’v Np=u= 7 Y= = .3
\ ¥/ 1 |
A
\ N 1 | _
“?s’, t¥ay = 2 = ?) (3)(_ = —.l{_}i):
i”\'" J -
O~ No = (4) =1 2) = 0593
I ) T g 21([{. o= BoUa;
. 1 |
N = (J = Nula = 3) = —.010162;
: L 1.
Ny = (-) =z Nylu — 1) = .020720;

il

Niliy, = 7

o

.
I
o

5 .
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Naote thal Lhe differences are numbers Lo five decimals although Lhe
significani digits only are recorded.

T Foe 118

Ny e gy o= o PR
M= U=y N 2
. : - 1 . -
Now = Ju(n+1) =5 (—2)(8) = —08: Q
. . L . O
Ny = %.-‘\"gg(u + 2y = 3 (—.08)¢(1.8) = —.048; :.'\:\\
) b W
Ny = -j; Npalu + 3) = —.0336; '...C”‘.
1 .. J— \:"‘:\\.
_"-\'rﬁﬁ = = -\.1_2(11 + -L) = —.020556; \ 4
5

F118) = 630328 |. 7

\
The cocliicients Ny and Ny may Be” B’aﬂkmﬁ‘ﬂ‘&f?éﬂ FReH values
of 1 once and Lor all and tabulated. f]ns Wus boen done for Ny with
O <y < 2.0 atintervals of .01 and t~ *‘{ i < 6. It can be shown that

Nalu) = — '\12(‘—11), (L = 1,3.0.),
"\".-;1{!.!.) = 30(\ U) (1 =2 *'1'..{)\).

30 that for —2 < u %‘I@r Ny the values for Ny and Ny can be
placed in the same Labl y changing the headings ol the columns.

These values hr—n( hee‘n labulattd it Vable I1I, p. 328,

Example III.A;\‘{_,bmg Table 111 find f(.57) and f(1.11] from the
data of Fxufople 117.5.

A

Solaf E-ON[,.:;\

3

"\
Qr?’mf 57} L)

“-'l

From Table III lor u = .70 we have the coefficients
TG, — L 10500, L4554, — 026162, .017267,
Thus £(.57) = 71039

b; For f(1.01): u = .];]——_J 120 —.9.
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From Table TTE for . = —.9 we have the coeflicients
— .90, —.015, —.0165, —.008662, — 005371,
Thus f(1.11) = [5.35568

Stirling’s and Ressel’s lormulas [(23.17) and (23.201] enipioy the
central difference table witlhh Slirling's formula ulilizing T|h i beies
on the line through v and Bessel's formula wiilizing ihv P ples ON
the lite through v, For this reason these two formul; s LMduld be
used whenever it is possible Lo obtain a snflicient nu rub*( of wigher-
order central differences Lo obtain the desired dwr‘lee ol aceuracy.
They canuot be used at Lhe beginning nor at ll\\l tnd of a table of
values. The coefficiculs are computed by Jopinulos (23.16; and

(23.19). 3

Example ITL5, Find the value of f(.83 ffom the data of Lixample

111.5. W dbraullblary Or’gqn

Solufton. Choose x; = .8, [‘},@m b — © ‘!“ £ _ o For Stirling's
1

formula we compute Lhe (’niue:s on the line through rp: and Lhe
coefticients

r-— { \1\ — —_—
i T ! ¥ \\‘ g my Ay Ty Aty s
P R
.8 2. l?-‘ﬁ]g LT6221 L13020 03750 00720 00120
S: “\x':\l" .2 02 —. 032 — . 0016 006330
A )"
“ \v¢ o
“’.'\\S]_ = u = .2;
S d l
"N\ — ot = B
\¢ \ Sg = 3 L .02,
. 1
S = 5 {wy(ut — 1) = (.2}(-—.96) = —.032;
o . _
S5 = gy (wha® — 1% -15 = ~.0016;
. 1 1
Sp = gin(e? — 1@ — 27 = o5 Si(u® ~ 4) = 0063363

J82) = sum of the verlical producls of the enlrics
= ?.32?92 I
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For Bossel's formula we compute the entries on the line through
#; and the coellicients

- . - ,
! ¥ g Ay iz Aty iy Ay
iR : 3 a8TT3S . B2TE10 _15ﬁ?50 Q47100 00300 01200
B; 1 — .3 — .08 Nilit 0144 — Qonde6l
H-u—»%=.2—-5=—3 O\
1 O\
Bz = z U.(II. — L) = 5‘(2)(—3}1 = —08, ”"} d
, 1. 1. . _ D
b:ﬁ = ? B1Bg = g {—.3)("—.03) = 008, '..‘.\
1 _ . 1 AN
. Vi — DB = — (L2)(— L3O 08) = 0144
B, |5 (o + 1)(u — 2)B: 9 (1.2)¢ %%{L 8) 0144;

By = _1.)8184 = L (—.3)(0144) =W‘ij:’e§rbh@44ﬁébrary-org-in

J(82) = sum of the verlical produql's:i)f”{he entrics
- T2zl

oy

The cocflicients S, and Bk;mé&' he computed and tabulated as
was done for the (:ocﬂic.ierg#’b;\s\"h-. They are given in Tables TV and
VI, p. 332 and p. 336, fgSpectively.

Ercretl’s {formula (2%.25) vses only even-order differcnces at the
beginning and aty e cnd of an inteeval. It is therefore used with
tabular values :tlsin&vhich_ these differences have been computed and
recorded. Sinde*only the even-order differences are involved, the
recording Sf\ he values is eot in hall, and the trend is to publish
tabl'ﬂﬁn\}ﬁﬁh the even-order differences recorded.

N\ . . A g
Exm‘l;lpic [I1.6. Work Example 1TL.5 using Everctl's formula.

Sofdlion. The beginning of the interval is at ¢ = .8 and the end at
& = .9. The values and even differences are

L
a ‘ ¥ Ay Aty ‘
8 2 17403 13020 720 |-
.G ‘ 200138 17130 840

[
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The coeflicients are now found from u = .2 and { = .&:
Euu = l’ — 8,
. R A T ‘
Ewn = ( 4 ) =% (81064 — 1} = — .08
nl ‘; + ‘— 1 Y [AFITA
]Izgu = - = 77 )"‘Jluf\f‘ — 1) = .(}Uu)(]f}l;
2 20 ~
o =u=.2; \
1 1 . e 28 >y
a= (PT ) =2 (2004 = 1) = —oaale
P (") = oo = v - o
2
By = (”‘ T ‘) = ,i En(04 — ) = W6§%6
1 ... 2
L
(CCombining these into one Ltable we have v
Ny
i _ )
l Iy | .8 i “‘0} ARG
o217 s 007200
i 'gwww abi‘amal:irarvlﬁ}'?q {J.}I'l 00_____“ 1
9 30013 ONT L7130 00840
‘ Ea | a0y~ 032 ‘ 006336
! Sl -

e

The value of the fuuf‘"t\tm is now found by

products of this I\I{Tt"

£82) = (2.12408)(.8)

summing the vertical

+ (13020)(—.018) = (.DOT201{.00806 ]

NG 001%0;(2) + (1T1303(—.032) + (.00810)(.006336)

’ﬂ’q} coefﬁments I55 may be computed for given vaiues of @ .,md

,..\’

\ 3

inerements of Aw = .00,
read directly from this table.

When the coefticienls are obtained from the tables, Lhey

.t\c}blﬂdf{‘d Values for 0 € u < | are given in Table ¥, p. 334, u
Thus the values compubled above can be

arc nob

written down on the work sheet since they can be enlered direc L1y
into the caloulating machine. Tt is Lo be noted thal with the use of
tables of coefficients all of the formulas of Lhis seclion are sums of
products of two mumbers and are therefore easily evaluated on desk
caleulalors. Let us consider o summary example.
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Exarmple 1.7, Find the value of f{1.63) in the table of values
given Lelow using each of the classical polynomial interpolating
formuiog dizscussed above.

Selnticn. Caleulate the table of differences,

r . |

z Ay A%y Ady Aly asy |

L.3 0 23 27685 ';:\
1079755 N\

1.4 1157110 3.22180 { \/
13.51935 J70110 P |

1.5 4#.09375 3.92200 09480 O\ |?
17. 44225 .79590 _QQ&]U

1.6 537600 ] 10 80165 4.71880 81630 100803D0600  Sticling
'~ T5.616525 5. 89670 10380 00600 | Bessl
1.7} 87.69705 5.615: 19880
27.77655 100330} 00600

1.8 ] 11547360 6.61900 w,w.“?fd‘ Jozpol |
i 34.39555 L1650 006
1.9 119.86915 7.735300" .1188¢
42.13085 0% 1.23510
2.0 | 192.00000 8.97040
51.10125 LN
2.1 243 10125 )

. L\ _

Let 2y = 1.6; thoh ‘w’; (‘C—_hi@ = 3 and t = .7. The coefficicnts

are now ()htaiinéd,\ from the tables and

O fx,(1.63) = T71.65004;

N £5(1.63) = 71.63004;
~\J F2(1.63) = TL.65004;
A 5(1.63) = T1.65004.

The reader should perform the arithmetic and check theca leulations.

25. Inherent Frrors. In the preceding sections we have derivexl
some polynomial formulas which approximale a given function
within an inlerval. The polynomials were made to coincide wilth
the given function at the points {xy), (G =0, - . a), and by
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Welerstrass” Theorem we ean make Lhe approximation = elose as
we desire by increasing Lhe number of points indelingicly, This
would, of course, change the polynomials Lo infinite serie- and for
this reason they arce frequently valled ferpolafion seeivs. o appli-
cation we employ ouly a lhiite number of terms and thus. s i the
case of all snch serics, there is 4 remainder terne This reaminder
term is a wood estimation of the inherent ervor conumill; gaby the
inlerpolating polynomial due to the use of only o finite ginhber of
Lertns. ()

The remainder terms for the classical interpolatin o) palynomials
may be derived in the same manner as Lhose fprithe woell-hnown
series as taught in a study of the caleulus. T.}ii‘,:'gf‘ﬁnral procedure
may be summarized as follows. Let f(r) dc:n"f:)}\;; the given funetion
and I{z) a polynomial interpolation f{)rrpuia of degree n. in the
inlerval {zg,2.). Then form the arbitraiy funcilon

&

A\ . . )
& % e - - e z -—
(2} = f(z) — I(zy — [f(x) — I{z] 2 ‘LD\)(' i AT e
() = @) = 1) = [ftw) — Iaye i 2
. . wiwiy dbraulibhrasg’ orgi .
This function satisfies the ig‘érffﬁﬁ:)‘ﬁ?:nof TRolle’s Theorem to the
extent that the (n 4 L)thiderivative of it vanishes at some point

z = E£in the interval (zor%); thus

al

Pl ) e flntl ’4\ R (n+1j. I
Forn @) = for @3 @) — 10 gtV
=0gdtz=¢

from which’# solve for

2, Jitn (g
’\\fé‘lf') — I{z) = [ (x —xo)(z — 1) * - - (x — 2.}

N\ = R, = error.

M\:'}This expresses the remainder in terms of the (nn 4 1)th derivative
) which may not be available in tabulated function; consequently,
it is replaced by its cquivalent in terms of differences.

Foeruigs) = ﬂ(’:;.;gjri)

(see formula (19.5)]. The remainder can then be written in the form

@251) R, =@ - ) - (@ = ),
; Aﬂ,+l:c (H _]_ 1)I
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For Mowion's forward formula we havo

x — x = hin — 10j, (i =4, - ,n),
30 it
s &ﬂ,f—]..},n 3 .
R, = mﬁ wla — 1) - - - {u — nj
1
—  AtichLys .
A" (n. -+ [) N
The chnice of the form of P, '\:y
. N\
{Z -“_Q"'U;l (Z;ﬂ) _ _\ '__Z — iEr.,)_ . N

Gz —z) @) O
In the arbitrary function F(z) is arbitrary and (:e!;,l(bi&“changed Lo
suil tie need as desired. By proper choice of this {rastion and observ-
ing the maximum derivative which we can make'to vanish, we ave
led o the remainder Lerms (ot each of our'\fu}lctions. In summary
form we may list them: O
L lor Newton's formula (23.8) \

%
e/

W,':'w dbraulibrary.or‘g,in

. wtu
(25.2) R, = Antlags :
. . LRRT ‘::Z‘U‘ T + 1

2. For Newton's f"()rmula..(ZB. L2

o\
‘e o o\ u -t n
(25.5 = Anlly .
(25.3) 6N Y1 (n |

3. For Stirling {Aotmula (23.1
. O o+ on
'(25.”‘ " " = [ !
1204 5“\;\ R, m""“<2n 1
KON .
4, FQI:BE‘SSEFS formula (23.20)

A2 *:\/“ n-+n
%) ftu = mons (2n + 2)'

3. For Fverett’s formula (23.23)

g . . = I EP— 48 _’I. n + l
(25.6) R, = amery_ (i 5 ) e ( 20 + 3 )

Yo avalnate any remainder term it is necessary to be able Lo evali-
ate the appropriate higher-order diflerence.
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Example I11.8. Find the error committed by $tirling’s fo-zula if
we stop with fourth differences in Example 1TT.5.
Solution.

R, =m;s (” Jsr 2) — (.00120}(.006336)
0000076

N\
26. Exercise 11I. n o
1. Find the values of f(153), f(177), f(181). f( 80} by linear inforg Sation in
the table 'S\

— ; - | S R . I(.%‘_. - -
I B Rt 170 180 /nn oo
‘ S _—— J— s_V\ - =
. f@) | 17609 | op412 ' 23043 2337 . 278TH
| 1 : ! S i
2. Tind the values of f(153) and f(189) by ufz'q}t.'ixc approprinte Now ton's
formula in the table of Problem 1. N

3. The following tabuolated functions afe wiven:
www . dbraulibryayy.org.in (b)
“' " . -'

(a) &N

x| ¥ j |— x | ¥ |
0 '| 1 06000 | ‘ 0 | 2.000009 |.
BRI CHEE | 2 1.042637 |
2 K117 | | 132134
3y 89747 6 — . 893670 ‘
b w@ 88726 | 8 | —2260301 !
RS | ss623 | ‘ L0 | —4.000000 |
A6 | somz | 12 | —5.460275 !
N7 0861 | 14 | —4.506304 |
OV s | omss 16 . 3.644442 |

N 9 06177 \ | 18 ‘ 28 022067
O 10| 100000 20 | 84.000000 ‘

} L | | ro _ 1
Tind v at 2 = .02, .93, .53, .72, and .13 in {a).
Find y at « = .1, 1.9, .82, 1.15, and 1.32 in (b).
4. Find the inherent errors wherever possible in Problem 3.
5. By the use of u live-place table of tangenls and colangents find 1an A if

cot A = 1.0802 without finding the ungle A. Check by linding the
angle A {irst and then tan A,

27. Interpolation Using Divided Differcnces. The classical
polynomial iulerpolating formulas derived thus far Lave all beett
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limited 1o the case in which the intervals of the independent vari-
able were equally spaced. Fo overcome this handicap we shall now
consider an interpolating polynomial which employs divided differ-
ences {ses Section 17) and for which the spacing on the independent
variable may be arhitrary. As was done in the past let ug again
consider v = f{z) whose n + 1 values, ¥, (¢ =0, « -, n}, are
kuown at i, ({ =0, - - -, n). The problem of inferpolation is to
obtain a vahie of ¥ for a given value of ® which is not one of thoges
tabulated. We agaiu seek a formula which is a polynomial to acegn
plish this. Let us form the divided difference in the intervat 4 te i‘u

which frem the definition (17.1) is . QO
27.1 Afa] = & — 30, “i \Y

( ) [’I’.’L’u] # — &g ,,‘j\'\’

and upoa solving for y we obtain

(27.2) v = ¥y + Alzzg](z — xula:\\“’

Now 3

, .T$
Afzxy] = u wwtcfbraullbrar "y.org.in

from which we got ™
g

(27.3) Alzza] = A[m]f-ﬁfﬂml i — a0
Elimination of afxa,] betw eu@ (27.2) and (27.3) yields
274) v =y, -+ A[_,{:DJ;{E@;‘F 20) -+ Afzz ]z — 2o}(T — ).
We can now define atf expression for A¥za,] by

Az} — AMwors]

o 3 ay =
\u.ﬁ{.r:c] e

a X

and solyve kk}s expression for A%zay] to substitute into (27.4). The
result w m}ld be

(27‘5} ~"3" = ¥ + Alwegai{z — za} + Aapa](z — xe){@ — x1)
N/ 4 AV — aa)(® — w)(x — ).

A continuation of this procedure leads to a general formula

276} y(@) = yo 4 Alrord(z — @) + Aaazel(x — 20)(z — z1)
+ Afzors)(z — 20) (& — z){E — @) F - -
4 Atz ) — @}z — x1) - (T~ $n—\l)
+ Atz — za)(x — @) 0 (T — Ta)
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If we now let
27.7) 1) = yo + Alrgerl(r — aa) 4 AMrors] (e — 0 0 - ry)

+ A%z e — el - i — e -

+ & lrar]e - i — £1) 4 m o {1
anul
(27.8)  Ru(z) = A er (e — 2)(e — 2) -+ - (r— o &
formmula (27.6) becomes \\’\“\

. % N
v(x) = I + Rl N\

Formula {27.7) for I(x) exhibits a polynominl LMleerer not mors
than n, and if we leb 7 = o, (=10, .

N . .

, Nt oblain vy =1
and N\

@, - .-

vz = I{zy =y (i€
so that I{z) satisfics the crileria I'(:)T‘EU;L interpolaling poely nomial
and R,(x) becomes”‘t}'l'é*’Iq"l?ﬁ?i[ﬂfgg?g%ﬁllﬁtl)? the inherent error. Thus
I{x) as given by (27.7) is thcjﬁﬁt-m‘polating polynomial in terms ol
divided differences.

L1l

“'/ﬂ‘

R
~

NS

Example II11.9. 'l*‘in:dj;f\(.f‘}) from the table of values (7;.v,) siven
below. Nad

\'\ \v/

Solution. Forr:r.i.,‘ti}\: table of divided differcnces,

LI o \ Alzgrd Aireay] Axr] Axsrs]
N/
N o
Ny —6.0000 ¥
~) A.648 .03
N4 2] —s.0m01 [ ~1120 — 003
4.200 | 2.400 0015 _ |
A4 | —4.2302 800 1.000
4.680 3.400
8§ —2.3584 3.520
6.792
1.0 | —1.0000
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2771 1s given in terms of the divided differences on Lthe
zonal which have been “blocked off.™ Now compute Lhe

Foroumae
initial i
product

£
He—wi=(x—2zdx—2) -+ (z—a), ((*k=01273),
i=0

aud entor them directly above the difference by which it is multid M
plied in Isrmula (27.7). Notice that the entrics ave easy Lo compute
‘sinee each succeeding one is obtained by multiplying the p,r{\-'}bus
one by ur — a3, Now caleulate the sum of the prf)dugt..s"o}’ the

{

number in the blocks by the number directly above it, ™)

Y0 = —6.0000 4+ (4.648)(3) + (—~1.320)(.03)
+ (2.400)(— 003N (1.000) (.00 15

= 46149 1. N

If i1 15 desived 1o obtain more than one xblie of the function, it is
conviesiient Lo Hst the divided diﬁéraggﬂsﬁaglﬁumjlw d’f,{ét‘.%nﬂ](m to
list the values of I{z — ) in adjagént colummns,

Example HI.10, Find y for t.hgg’t:dlloxtfiiig values of 1.3, .35, .5,
6, .7 in Example TIL9. L

Solution. Calculate the table
_ b\

i——~ _ )N - —
| } 7 E—-1

b O\ [T @~ j
X Akla:a:r_e_]:ﬁ':.\ =0 j
| | o3 r=.3 : r=.3F i r=.5 | o= .6 T =.7
L NY i R N I — —
SO 6000 1 1 1 1 1 1

R SV W YT .3 .35 .6 I
P2F 1120 .03 L0525 .15 .2 T T <
3 2.400 | —~.003 | —.002625 | 015 048 | 105
i 4 1.000 0013 007181 : ~.0045 | —.0096 | — 0105
—— NI ! .
! - T 'r | !

1' ¥z) = —4.6419 | —4.4371 | —3.8125 | —3.574% | —2.0969
S _ Lo A _
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The values of y(x) are found by ealeulating the sum of the products
of the number in the second column fimes the number in Lhe same
row in the appropriate succeeding column.

The interpolating polynomial (27.7) employs the divided cdiffer-
ences on the top diagonal line in the divided difTecence table, It is,
of course, possible to use some other sequence of divided difterences;
in fact, for n + 1 points there are 20 different formulasd hese
formufas may be obtained by following a set of rules gish are
known as Sheppard’s Rules. For a given set of data ealei%iie the
divided diffcrence table; then G\

1. Start with any tabulated value of Yi. "G

2. The next term will be Alzz)(z — 2, wherd A< { + 1atj =1
— 1. Thus in the table we can move either upward or downward.

3. Move to successive divided differcnces by sleps, each of which
may be either upward or downward, 7

4. Each divided difference is multiplied by the product of factors
of the form (z — @) such that; gl}.g;fbp_gc,yé_uﬁt containg all the values
xx that were involved in the preceding difference.

It is ithus possible to followsanty “zigzag™ path through the table
of differences. If we introdud the notation

(27.9) AN = X,
L) . . .
the formulas are n{srge easily written down and at the same time
0

we can keep tra@ the coeflicients of the difference, As an tllus-
tration let ug f{JLlow the path shown in the following table.

£ \ o ey
x \x':‘\: / ﬁ[xixj] d?[z‘. zk] A&[ T zk] ﬂ‘[x.- :.k} ﬂbIIi zb]
AN
2753 o[ o
&\ Alzexy)
\ & hg A![:Fol'z]
Alzyx] Afzers)
T2 Y2 Azyxs) A[zpz,]
ﬂ[l‘z.’ta] ——_&i[:c_li‘]___ A ﬁ[xl):r b]
*a ¥a Azyry) Afryz5]
Blesed Bz
E4 hel Azaorg]
Az
s ¥
T - . .1 1 —
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Along this path we involve the subscripts on z; in this order:
2,1,34,0, 5

Conseauently, the factor of the coefficients will enter in this order:

]-! Xh Xls X3! X4! XU O\

.\:\‘
~A
(2718 I{z) = yo + XoAlmaxd] + X X AYNzx] + XszXaﬁs[iElh]
F Xa X X XeAdzemd + Xo X XgKaX oA wexs).

o\,

ang the formula 18

28, Ajtken’s Repeated Process. Formula {222) presents a
method for linear interpolation which is cpswenient for machine
calenlations. As written, the formula inteipblate&. in the interval

from #4 to 1. Tt could also be written ina form 1o interpolate in the

interval from z; to x»; thus www ‘dbraulibrar y.org.in

(28.1) I@) =

Some distinction in the, not\atlon {(r) must be made in the expres-
sions {22.2) and (28, 1)\\10 accomplish this in a logical manner let
us order the valuggt for the independent variable z in the sequence
En, Ty, Ee, ¢ v ,‘m,l Thus if any entries in the original tabulation
are omitied, {’hGSe uscd are reordered so that we always have a
sequence of Consecutive integers in the subscripts. Furthermore, we
shall dl\\ &3s consider the beginning of the interv al for interpolation
1o he dt *o. Then we may write
"\

\ a vii(2) = I{x) in the interval @y to o,

yau(zy = I(z) in the interval zo to 25,

or in general

— !
|y0 o Q,I

& — Fo, Y wy &)

(28.2) yalz) = I{z) =

denoles linear inferpolation using the values (zo, yo) and (&, ¥:). The
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function v, (2} is a linear function of ». Al e = rowe his

. |
(.233) _‘}fﬂ(;{!,-j = .- —
My *

R

Yalr — (e, — wi] = W,

and in particular at z = r,. wo huve

N\

03

1 .
.}'il(wﬂ) = - [;\"'.'J('I'.-i - iJ"r),‘.' - (}] LA
] t\\
QP
By changing (he interval we can thus build up a &7 values

yalz), G=1,2 .. n). I linear inlerpolation geaa o1, Lhese
vitlues would all be alike, On the other hand if T-}Ie,fléih('.titsil v o— flx)
is not linecar, these values would ail df ffer by 4 e amouni. et us
list these values together with the djfferm_u:esf\;r.; — i the Tollow-
ing manuer: ’::\\'

- A

ovnle) AN e

ww slbraulibu A E-in,
o3 3':{1\(‘5‘?}:“ £y —

™S

Tavalr)  w —

i

We could then upplv\j‘,’f\le linear interpotation formula to these
entries, Thus \\

A\
© N\
(28.4) el L ‘ yule) @y — | _ sl i}
AN T = x vale) g — FE
. v NV . . . .
Il the d}?&mnnam 18 expanded we would obiajg
R\ L L
,,\x'::’ vilz) (e — £) = yarled (e, — #)
¢

is Hnear in 2.
and » = 23 we have by forwula

NN, ; .
which Is a second degree polynomial in x sitce vo{xd
“urlhermore, at x = Loy d = iy,

(28.3;
i I‘Vn T~ Xy | " 4

) — : v k Ly ~— Xp — i .

Yoalimg) = Sl ! - =y, [T ke _rl__}“ L Yo
N A ¥z — &
. 1 ¥1oow — iy | .

yuay = - L el e .
: 2= X YL kg — Ty P — gy B
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o= I _ {_ Al B

=
Lo — F-

P T ¥ Vi

_ 3

Sao— 0 y e — Xed
Tlus ;" of j‘n salisfics all the crileria for a sccond degrec interpolating
polyvuaisial The process may be applied to the interval from 2 to
Ty E0 [E|.-:T- in general we may write

N
. N 1 yulz) & - ! A\ ¢
{28.:]_] Yelx) = —- . l ¥ ll( ) 1 , f\“\
oo —wm yalE) m— x| A\
2 ‘\..l

We may now compute a sel of values, vo(), (i = 2, - N n), and
Torm the table m'\\

W }’22{;}(’) £y — X »

Ty yuelT) Tp— A\

. \\

Y
rooovelr) g <ML

w.\arw'dbl aulibrary.org.in
Again applying the linear mterpolah(nl‘ formula we could obtain

™y

1N vie) m — 2|
L"\— Ty ”(T:' $io— L |

L2

(28.6) Yialw) =

wltich vields a fhird dJJ\‘B mr‘erpoia{mg polviomial. The process can
bo repeated uniil a,}}p{ “the entrics of Lhe original table of values have
heen u)nmunc'd'\i’us easily scen that the general formula is given h\

$
"\‘
1 |.'}’;—1;—1(i7) Xr—1 — ;Z-’,‘I
T 3;-1 , 1}71—1.(-;- ro— k|

(28.7) \\V;(;:)

‘ \ . '
iI}\Q-hitrh k denoles the namber of times lincar interpolation has been
applied aud also the degree of the polynomial. The subseript {
assunles the values &, kB -1, « + + . n. The process is hnown as
Aitheu's method or, wore appropriately, as Atlken’s Repealed
Procesy. [ is @ very nseful process since the caleulations are easily
performed on o calculating machine, and turthermore, it provides
s own criterion of when the process has boen carried far enough.
The work should be arranged as shown below.
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- 1

1 | .

] ‘ Yo I TR

) | kgl }'11(_;5) | TLo

Ly \ ¥z Yurlr) Yaolr} U
a0 X Yau(e] Vaz(r) Yaalr) | oae -
LT S Yulr} ¥aalar) Yaalrd P

g .
| |
Q"

Computalional Form for Aitken’s Process.
N
\ 28\
In accordance with our usual procedure Lhe ('-%IJ(‘[.lI:I[.J\('m‘.‘E, should
be carricd 1o one more decimal place to prevent roundiud errors.

P |

Example LI111. Find £(.33) in Example IT1.3 by Adtken’s Method.

Salution. Compute the [ollowing table of valinee?

r _— —— — S— S— _..\& _: —_— _—— il
Loy Yi Yir(x) Yizlr) }’ssf-{';"\:' ¥iglr) Vsl L= ~I|
) 3
‘_ - rw . dbraulibrar ’_ei‘g_in T ‘
Y A R\ e
‘ 61 .B7616 503473 o 7
.71 1.47697 513733 496400 |17 \
PB 217408 526783 493214 497952 L2t
(91 3.00139 513073 /494233 198040 497714 [ ‘
1.01 1.00000 563123 {MO3031 198137 497702 407758 | 47 |
1.1 15,2941 587538 ) 401705 108240 497603 497753 | T i
S . \ N —
Thus 1o five figitves we write f(.33) = | 49775 ", In performing the

caleulation alcommon factor is removed from z; — £ and the divisor
& =~ Z_p~which eliminates the decimal point in these terms.
Furthgﬁnbre, any digits which become identical in the numbers in &
columi® necd 1ot be used in the calculation of the next columnn.
J}l’.&,’.@.’tht! digits 49" in column ¥i2(¥) need not be used in calculat-
ifg column yy(2); the results obtained from such calculation are
then “atiached to™ A9 or sinply recorded with .19 understood; the
latter, however, is not recommended,

Since at Lhe start of the problem it is not known how tany v ()
need he computed, the placing of the column # — xon a work sheet
becomes a problem. Consequently, it is often preferred Lo place this
colurn inunediately after (he colwnn “7.”” This may be done with-
out changing the methad of calculation provided » — #; is recorded
n place of r. — £, since it is well known frem the theorv of delermi-
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nants that an interchange of two adjacent columns in the delermi-
nanl cluvges the sign of the determinant.

Examnpte £I1.12. Find f(.5) if the values of the function v = f(x)
are thos: piven in the table below,

Soluiion,

! N
c l =2 ¥i yorl®) Yialx) Yislae} YaalT),
_ o{ \ .
| | AN
Pon 5 —6_ 0004 W
2 3 —5.0704 —3.676 N\
Ea 1 —4.2304 —-3.788 —3.844 Ve \ 3R
I —3 —2.3584 —3.724 —3.700 —3 808/
1o -3 —1.0000 —-3.500 —3.610  ~33805 —3 8125
R -9 3.6656 —2.348 —3.394 199 —3.8125

_ —a —

Thus /(.5) = [ —3.8125 . O

29, Inverse Tnterpolation. This Qﬁb’]‘é’t‘ibi‘ﬂ‘%lﬂﬁia‘mﬂﬁl'ﬁ With the
process of finding the value of the ar’qumen{ corresponding 1o a given
value of the function which is bu’lmeen two tabulated valucs. The
reader was probably introduced to this process in a course in
trig(mom«;tl) al the time ib'\became necessary to find an angle from

its trigonometrie function.’
An casy method ofidoing inverse inlerpolation is Auken’s Repeated

Process applied teypHe data after interchanging the roles of the
dependent and ’{nd‘(‘pendent variables,

Example 1I {1;13 From a table of cos A in radians find A if cos 4
= .67 Il:

Solutiony®

F—'A_\' - i | : 1
} !
ﬁ os A oy —ve | ¥ — YL ¥ - ¥ Ay Anly) Az (y)
- _‘ ; !
674876 | —3693 .83
B6TA63 1 7413 3715 .84 834988
650543 —14803 ' —7480 11195 | .85 66 | 834999
6532437 —22439 —15026 18741 86 44 99 |

Thus 4 ~ 55999 ]
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The denominators, y; — yi, by which (he cross prodac: nust be
divided, ave fairly large numbers in inverse interpolnton, e usaal
scheme for Aitken's process is therefore angmented by oo lmng of
these divisors, and they are usually placed at the heairine of the
scheme as shown in Exampie 171.13.

This method represents the inverse Mmelion @ = give iy incans
of an interpolaling polynonial and therefore can be nsed vitida Ghen
this is sufficiently uccurate. A\

A sccond method is one of {feration using Lhe classicui..@ ﬁ‘)'}mrliiﬂl
formulas. et us consider Newton's {ormula (23.81 ahitl can be
‘writlen in the form (":'g

4
)

. A\
(29.1) Y=y + udye + 2 (22’_\.‘\«
k=2 }

7

and upon solving for u we obtain ,\
www dbrauli br"ai;y_‘(?far‘g_ in

' Y — vy o9 )
29 9 =Y Qe Ak
29.2) “ Ays WS Ay, E (k) Ay

k=2

.. ; . ) . )
This is an iteration fq}:m}ifa which exprosses i explicitly in terms of
a function of g, Wé(rﬁy obtain a first approximation by lelting

L >
» N/

(29.3) :‘l\'} Uy = }’_A-_}’u’
_ o \ud SYe
and intsgducing

O

N N 1 u

N = k
< » g(u) v g (k)Ayo

/ =

we can obtain a second approximation to # by substituting u, into
¢(u) and oblaining

Y — ¥

by = _Ay.j_ — gluy).
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A third approximation is obtained by substituting ue into g(u) in
formuin 1222}, The process may be repcated unlil there is no

change 0w

Siiee ail of the classical polynomial interpolating formulas may
be golved for u, we can oblain an iteration formula [rom each of

them. Ir the case of Stirling’s formula (23.17) we have

¥ = Yo + wumy + 2 Spa¥y ; +

or

(29.4)

=

n = 3
i,

i=1

Example 1114, What is the value of  [o

the data given

belowd

4
A

TE

i=2

z Szf—ﬂnzf_l

0~ ¢
Ay
,.\\ W
« \/
-\
N

— Yo} — ga(m) — 9‘2(1;}‘}5:;\

AY;
ro\\’«:ﬁich ¥= —39777in

N

weww dbrauli brary.org.in

Solution. Calculate the central differelive table for the data.

‘ - AN L Iy A:‘V ;‘ld!’
¥ ¥ .\L\.& A% i )
o \’\ S .
0 — 6. 006G
4 \ 3 9296
a 450701 — 896
N> 8100 1036
AT A 2304 8430 164 1248 384
Y 8560 1440
6 33701 1600 384
R\ 10160 1824
SR8 —2.3584 3424
~\J 13584
\V 1.0 —1.0000
L.

Let Lo

4 and caleulate my and ms as shown in Lthe table. We shall

stop with the fourth difference so that formula (29.4) reduces ko

1

iy

(¥ — ¥o — SaAly_; — Symz — SsAty_s)
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with [see formula (23.16)]
N, = .I u, §; = (l; ufu? — 1), 8y = —i TR

The calculations in the iteration may be arranged In U inllowing

schematic: \
2™\ ’
2\
——.———|————-—-— — AN
. \“/
I ¥ — ¥ Ay nig AN T
| Y I

2¢ >
&/
Sal) Saing) N 58‘\3}11,1 .

I; |

iy PSalned Ssinee) g i)
| > ; i
H i
N ale, ¢ ! i
iy !
\ : :
—_— —_— _— N 3 X —_— _—

¥ 4 % N

The problem is tllcﬂ“bﬁh’]ﬂﬂﬁ%ﬁbﬁ?wrg'm

E XY

4327 01605° 12148 0384 1 L8480 ‘
] -SSR N R
.333841 '\“,1-1.2195 — 063617 ‘ ~ 008190
.540002 W u6287 | pearma | — oosgu3 ‘
,543360 Oy 1146264 - 063774 ‘ — . 008623
. 540860 ' | '
_ I e ~\ d ____’ |' | J
.‘\“
O\
from \\-‘Q{@h we get u = 540860 and
R\

NS
N

»\;3 T=ay+ hu = 4 + (.2)(.540860) = { 508172 ’
30. Multiple Interpolation. In the previous discussion we have
applied interpolation to a function of a single variable. In the cases
where we have functions of two or more variables, the interpolating
tormulas become very complex, and the recommended procedure is
to hold all variables constant except one, interpolate with respect
to that variable for a set of values of the rem aining ones, and repeat
the procedure. Tt is better understaod by referring to some exa mples.
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Multinle miterpolation is the process of finding a value of a [unc-
tion of more than one variable for given values of the independent
variables which fail between those tabulated,

Example i11.15. Given the table of values for { = f{(f5,A,r).

E = 20°
SN I 8 12 16 20 L\’
N 'S\l

0 | .47 ¢ Loo 0 16l 238 | 3.228[)

20 1 .47 1.00 | 1.6l | 2.33 | 320

40 ] 4T 101 | 162 | 2.32 [\3W)6

60 | .48 | 1.0z | 1.62 | 2.30 N\308
I 80 45| 102 | 1.60 | 226007 2.98
H {
! VAl
- ~\

E=0 \S;
;T v dbradlibrary .org.in

o | .46 99 | 1060% | 2.31 | 3.3

20 | .46 99 L1960 | 281 | 3.7

a0 | 47 | 100 d\Te1 | 231 | 3.3

69 .48 01N L6l | 228 | 3.03
80 [ 8 LA™ | 160 221 1 2.9
L | o

S

Find { at £ = 10°, &\= 50° r = 9.5.

Solufion. Since, thE{e are only two entries with respect 1o E, we
are limited tp{i’near interpolation with respect to this variable. The
variation 's\\-'\Nh' respoet to A is small so that Jinear interpolation is
sufﬁcie.p{})iere. Let us hold £ and p “comstant” and interpolate
iinﬁ@!}“iﬁth respect to A to obtain

) 2

A= 50°
\ " ‘ ‘ a 4 ! ]
E | i@ 3 12 16 20
AN I o
20° “ w3 01015 | o162 | 2m | 32
0° ] 475 { 003 1.61 2.293 i 5.00
L i _ [ ‘
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Now interpolating lincarly with vespeet to /2, we hoyve

A =300 1 = 10°
—— — _| oo —
rid 4 I
p— _.J__. —_— —_ I__ —_— i PR RE— E_._.. Ja—
I
¢ |! B0t v s g0 o303 Lo QN
, :
T — ey
R\
Let us apply Aitken's process to these vulues: QO
v‘f"
DR e
| r: . = 1; f:0 i \:mz;}\‘\' ix ;
._‘_|_ . _i_._ —_— - — — " \NY ..__—-!
| 2 55 473 | INY i _'
|8 ‘ 1.5 ‘ 1.000 | 1“1067<\‘. |
12 —25 1.613 . 1.238%30 | 1.2‘78671 ! :
15 ~6.35 230 W 29TAG 1 207600
20 ‘ —10.5 IW‘Y‘Iodbra“lbia%g@g:béri 231670 | 1.z277a1 |
|_ — _— [ .V‘ . S . I |
Thus ((10°, 50% 9.5) = T228 |
“\

For additional dl&i\ sﬁou of multiple interpolation see (" hapter V.

31. Trlcronometru Interpolation. If the data for the given func-
tion, v = f("cl \9,1(\ such as 10 indieate that the function may be
periodic, th«\n ‘the interpolating formula should take this into ac-
eounl ﬁd\i‘noouomt tric inlerpolation should be uged. The classical

formulanfor interpolating periodic funclions is kuown as Hermile's
for mmla

\631 U Inle) = @yya + ey, 4+ -« 4 T, (Y.,

where

H il (X~ 2)4 e
BL2) [I(z) =Fz__ (i =0,

-

H SN (& ~ 245 g
=0

: - "'i’z:l’
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ie.,
T

l—[ 8 [r — Tadnmg = SN {2 — o) * v -
a=0
sin (z — x_q) sin (& — Zeeg) + + 0 o8I (2 — 24

The function Tx(x) has the period 27 since

sin e+ 27 — xp) = sin (2r + 1 — @) = sin {2 — @), ',,\
Furthernwre, at ¢ = &, we have }\\ “
oy =1 and Hi{r) =10 for i = l, -(‘*}’g: 1
50 that fgle)) = vy, In general at ¢ = = we h’n’e \(f} 'rg) = ¥; 50

that formola (31. 1; passes through the n 4 ) pn1nt<; (a:vi) which
ig the criterion for an interpolating funclion, s\
To apply formula (31, 1) compute Lhe sy 1."{(, array

(3L 3) \a\rww‘dbr aullbl ary.org. in

$in (2 -- e} |sin (oy — 2} sin (’v Sope) oo En (B — k) i
]
i
I
]

Lo N :
i-SlT! (e o) | 8o (o — xy) ‘-,.11'1‘{.1“1 — g} ¢ ibm (0 — @)
|-‘>’il! (e — @y | 8IN {2 — Z1i %in (x — @gb - |sm (s — ko |

sin (i, — xp) | sin u,{*\sm [ SIT (2, — Z2) - - -, 80 (7 — 7]

The product of the elr\wnts of each row are the denominators of
formuta (31.2) Tnnoa sifi (i -— ). The product of the clements {)f’rhr‘

main dwsonal 18¢ ﬂﬁ' nurnerator of forinula {31.2) times sin (w — ;)
Thus R

W

(31.4) 7 MFlements ain diagonal of (31,
L4 — LCIMENES OF LI 1al SODEE R A0
\ H\JT] II[Elem('.nI,-s of the ith Tow of {31.3}]

S

Now formula (31.1) ean be written in the form
BLE) ) = NGy + 3 N+ @
b, o
= [yoDgt 4+ »Drt 4+ - DT J-M'I-J-

Let us illustrate the procedure of calcalation.
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Example IIL16. Given the following table of values of » and ¥

| | |
z ‘ .2 ! B 5 ‘ .6 I
: . N

|
Lv‘ 9801 9533 | 9211 ‘ 8776 | 8253 !
. i |
I

Assuming the function Lo be periodic, find the value of yat e £N\37,

Solution. Calculate the square array (31.3) with X

AN
7NN *

r — Xg = .1?; L1 = Ty = A= LTy — k1 = Iy — -:fé\...i Sy — dba,
r— x = .07 :Bg-—.?:u——-.2=:n3—:rl=x4—:"x}g;
r— & = —.03; Ty — ;= .3 = g4 — 1y, +* )
€£o— By = ‘—]3, Ly — Fg = .4-. N
£ — 24 = —.23;
_ a\J
! H ";’\ ‘
_ l\D X105 | ypt 107
| O I
! f wyww.dbrajlibraky.org.in
16918 — 09983 ~ 19867 —.29552 — 38942 386137 P 2536718
P998E| 06994 —-,099835—.19867;‘;—';?9552,—-.0-]0923 — 23303840
.19367; .09983:' —.03009] —.099{3‘3 —. 19867 —.011401 —78.052707
_.29552 9867 09983 — L2047 —. 09983 075848 i 11.570569
38942 .29552| .19867 {}9983 —.22798| — 520350 ’ —T.386G1T
_ \\ Nixd= —.010491 >»<1|J-3!—E:B.ff.r-:mrﬁ><ll]51
P \ | o

P, ! _
oY = N@) Y vDr = 037 .
N\ i =D

Thetévare many ways in which the trigonomeltric inlerpolating
formitda may be written. Thus Gauss’s formula is jdentical 1o
Aguhula (31.1) with the angles ( — #) and (& — ) replaced by
all' of the angles. Other varialions can, of course, be made; how-
ever, it is believed that they ofter little or no advantage over

formula (31.1} for trigonometric interpolation,

32. Lagrange’s Formula. There is one more classical interpolat-
ing polynomial which js known as Lagrange's Formule. This fornmula
leads to so many applications that an entire chapter has been devoted
to it. The complete discussion is givon in Chapter V.
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33. Exercize IV.

99

1. (iven ithe tables of values
{a} (b

2 —5.0701 | 1.5 48 00375
.6 —3.3744 1.6 6552600 OV
P8 —2.3504 bo1s 87.69705 A
| o | —1.0000 ! 1.8 | 11347360 | (D
! 36636 1.9 | 140.86915 N

i 6 7 5296 2.0 19200000004 °

2.0 200000 2,1 243.1 12\5\*'

in ided differences.
FOCCSS.

]'md«mi z = .3,.7,.95in table (a) by the meLhod\
g

Find ¥ &t z = 1.63, 1.91 in table { b) by Aitk

2. Find ¢ for which y = 100.00000 in table (i
3. Find r for which ¥ = 1 in table (a) using{ Klﬂzen s method.
4. The function y = f(«) given in the folhﬁ?ﬁﬂgdblﬁehbgmrwdug in
S — ~ T
e oo |1 2] 3 S 5| o8| 7 ‘ |
; i
i ' A '
Y oMLY 158 ! 176 l Agr: 213 | .231 | .219 .268 ]‘ 287 .
. I B I . XA . -
Find y it 2 = .15, 32, a\
L))
t"s:s.l
pY;
A\
Y
, s’/
Q
S
o



CHAPTER IV. DIFFERENTIATI$IN
AND INTEGRATION

AV
3. Introduction, In thig chapter we shill¥be concerred with
numerical differentiation and TalegrationsWe shall derive formulas
for the evaluation of the derivalive ol & fanetion even thowerh that
[unction may be defined only by a thble’ of values at discreic polnts.
We shall afso deriv%ﬁgm%m@lﬁﬁﬁﬁ}g; malue of a definite integral
of such functions. For the present we shall limit our discussion to
functions whose valucs are given for equidistant. values of the inde-
peudent variable. The morégcneral case will be considered in Chap-
ter Vin which this speefal>case is also given a different treatment.

A table of values dées not completely define a funciion and much
less determine its difPerentia bility. In fact the function may not be
differentiable afyWwhore. Furthermore, differentintion exaggerates
any round.irgg evrors or other irregularitics. Thus, it may be con-
cluded thatyiimerical differentintion is & process which should be
rlewed\WiH much concern. On the other hand, if the data for the
tabuldiod values ave obtained from a physical systam, il Isreason-
ablelto assume that the rate of change should be well defined and a

»djﬁ‘erentiatiml may point to errors in the functional values,

" Whereas differentiation txaggoerates errors in a table of functional
values, the process of i nlegration to the contrary tends to smooth the
errors. This is understandable since integration is a process of
summation of raany values, and errors in individual entries will be
“averaged out.”

In cither process we approximate the fimetion by an interpolation
formula and derive from it a method for performing the process
desired.

LK)




§33) FiHET DERIVATIVES 101

35, Fivst Derivatives of Classieal Interpolation Formulas. To
obtain the velues ol the first derivative we first derive a formula by
differentiaiing any of the classical interpolation lormulas. We recall
from dillerential ealeulus that

dy _ dy du
de = du' @ A
Now ah = » — x5 so that A L
du | o’\“;\,
de  h QO
and ,\‘
35 15 d_\’ = ;l_d_}’_ '; .
35.4) dr  hdu o \\":}\
Let us congider Newlon's formula (23.8) ’\\’;

. e\ i
Y= — uldve + (;) Alyy 4 - - - (,‘;‘}4‘}3’” + o (“.) Ay

o/ - -
wvew dbraulibrary.org.in

X \ad

and differcutiate it with respect to ANV
v 1 R\ N
j; =7 [Avo + Do(n)dPwa ™ - - -
- S D@atye o Dawany)

wheee Dyl is delined S-‘éf(ﬁtrmula (3.27}. X

The cocffivients of Ihe differences may be evaluated by any one of
formulas (3,249, (.5\‘%‘3“} or (3.26) with z = u. (See Section 3.G.)
Howevyor, for cogfipulational purposes, it is more convenicnt to use
(3.28) and ar,mi;igu the calculations in the following sehomatic:

(35.2]

N/ _
AN .
W\ :
AN i “ b ‘ D

N i L

’ | i »

\, u—1 1 &l I D)

n— 2 T lh(_u)

0w — 3 bylm} Di{u)

l H —1 : b;(u) D;I:EJ'-)

L Dip (@)
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Example TV.1. Find the value of the derivalive of ¥ o= f(z) at
r = 1.03 in Example 11.2,

Solufion. From (he data we have h = | and ot » = 1.64%. 7 = 3
We now evaluate the derivatives Di(n) according Lo fornuite (3.28)
and the schematic above. At the same time we [t the differences
Ayo from Example T1.2. The value of the derivative is i1:em, the
sum of the products of the entrics in the last two columng Mvided
by A, The work is all arranged in the following (:alculatiofs‘.i':ﬁieet:

N
. N
I O
by = sy blu — D4 1y, WI\\Z"
1 N\
Disy = ——[fu — 0D, N1
1 I-i—l[( ) g+(.'\\.;3+ 15
1 : <
y; = E ED{i\‘yg. ,; >
T www—&brauﬁhzg:f{y:éfg;}ﬂ—--—-- —
i ‘ =i by v':’:;"i £ i Alyy
i i A - | i |
0 B I
1 ‘ -7 x"\\"\ 1 1 o 1.3TaT2 |
2 7 —1.24&N 150000 — . 200000 40810 |
3 ‘ -2.§\\T — 035000 078333 10620
4 | g% | 0141873 — . 038000 02160 |
i :

B & '{"' | ‘ 020087 [ 00240
va, " -_— .

\O~ y = [12.99586 |.
N ==

M\IQ\né of the most important applications of numerical differentia-
\ion is to find the value of the derivative at one of the tabulated
points. This condition specializes the formula for the derivative
considerably. Thus at & = 2, we have
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The derivatives which form the coefficients in formula (35.2) can
now be evaluated by formula (3.32) for i < k and (3.31) for i = &.
in the case where & > { we must use formula (3.28). Formula
(35.2) is :?erived from Newton’s forward interpolation formula and
thus is o bie used at the beginning of a table of values. Consequently,
we may tabulate the values of D.(i) for small values of i and &.
For calcuiation purposes it is desirable to reduce formula (35.2)
to a suw of products of twe numbers [ollowed by a division. th
values of ,(i) are reduced to a set of [ractions with a lowesfgomr-
mon denorinator, In the table we list the numeralor and g~co1umn
containing the lowesl common denominator (L. C.1). )

\'\.
Table 4.1, Values of Dy(i) = — X ’
i 1o alues o 1) = -
ahle ¢ L(S
r\“\\\ ! : ’ ) ‘4 x —
i"‘\\k 1 ‘ 2 3 40N 56 L£.D.
- i L N __ stwsndbraulibrary.orglin
0 60 —30 20 oaE15 12 | —10 G0
L 300 130 —50% 25 =15 3 300
| 2 600 900 200 —50 20 ¢ =3 | 600
3 600 . 1500 "g(w 130 —30 - 4 600 i
41 300 1050 40300 625 60 | —3 | 300 !
—— L I | ]

By use of this tabIe we may write the formulas for the value of the
derivative at t\'\umo‘ up to sixth differcnces. For example

N/

O
(35‘3) \_,v. M) = mh (60027, + 900A%ys -+ 2004%0 — 50A%Ys
\ ™ + 204Py, — 348yl

Example 1V.2. Tind the value of the derivative of y = flz) at
z = 1.1l in Example IL.2,

Solution. From Table 4.1 and the differences from Example 11.2
we write
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2 T R S (MR T 23 . -5
—_ _ | — T —
Aty LT C10R £ G20 20 A0 |
|

Since A = .1, we have
A

YLl = 510 2 De(Liaty, = 115610 .
kel

2N, ¢
N\

7
'\
£ Y

w4

The reader may like to verify that in Lhe same 5{‘ff'.r§i.”}}eai:-a we have
YILO) =120 ¥ (1.2) = 20.2; ¥'(1.3) = 25.04%: “and Vil =
33.088. \%

If we differentiate the other classical Lelvnomind inkterpolation
formulas, we obtain a sct of formulas ol which we cnn evaluate
the derivalives of Labuluted function$, Bach such formula has its
own individual use[ Mg BRTIPHERIELS the same conditjons for
which the original interpolation f}z’rjéli(m was devised. Tn the deriva-
tion of the formulas particularablen lon is paid (o the forms assumed
by the derivatives of the coefidients of the differences, W e shall now
list the general formmnlas and some s pecial cases whicl are [reruently
used, The reader shoulhave no difficulty in v erifying the particular
forms displayed. L\Y

From A-\-'e-w{on.":c:.:Srwku.lard Interpolation Formula (23.121 we have

¥/
o q- W1 . .. .
(35.4) 'y’{{g NE 5 [Df(uay,_ Di(aiaty, ., + D uiady, 5
A\ + - DEmA Y
Whey{s’;\
N®

O [ Diw =1
DEu) = % ou 4 1y

1
D) = Pl +k— DDE () 4 (u + & — 2)8%, (@)
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and

briw e o b= W), (B =Lii= 2,80,

as a specicl cage at @ = 2, we have u = 0 and (35.4) reduces to

O\
R 1 A
(35.6) y{m,) = i [Av, 1+ 5 A%ae ?;A"’_}n_r; + Aiy“_‘i.":"\\’}
I\ \/
+ ‘ l l r 4 ﬁ{@’zi’k;}’ﬂ_k] )
"\\\/
Example T¥.3. Find e value of ¥'(2) in anmp\w 1.2.

\
Solution. From Example 1T.2 we obtain e Yalues of Afy, ;and
\!WJ ‘dbraulibrar y.orgin

N
oA 1
¥y'(2) = {10 98932 + = (| 99720) x,u%«( 30780) + 5 (-03600)
¢ Lo |-
(\ +5 (.00240)] i0
= é 60{10.9 }Ot)agng\!b 30(1.99720) + 20(.30780}
‘“' T 150036007 + 12(.00240)]

£ \,7

From csf%hmq formula (23.17) and Bessel’s fonmula (23. ‘?(J) we
Oblfmr\’*

oY

35. i) }”(IC‘J = % [Si?ﬂ-; + S;.ﬁg"}’_l + S;n'!-a —|‘ LQ';A'{'}’_Q —I" o
+ S;n—1nz‘3"‘=—l + S;né‘gny—”]

angd

(35.8) y'(x) = [H Ayo - Byms + Bistyy + Bima + -
+ Bimes + Bl a5yl
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where S} and B} are given by

ok | Sy ' I8
1 1 | I
il
2 1 |_—1 (20 — 13
- O\
1 A b1 . C e
3 —; [uS, + 8y — E.Skjl ‘3- .8, - ,{’?}\13.,.;’
i , 1 '\.\' X T
1 A [uS; + 53] 1 Hu — Bo + 5
- 1 o I a( h'.‘: s
5 . fesS, + 8¢ — 8] = ,\1’84 + 5.8
_ i 5 /
(::'—3-9) ‘1 , ,’-i‘.'\
6 = [uS, 4 8] iz — ) \; + 5
i NG
1 3 x’\\" 1
oF o %7 n 5 )
7 :;' l:uéa + .55 — Exssj| ,“,\v ? [ri]BG + 1.0
B e s | b'r‘aiufibrar‘y;qu_in
. 1 . ol ¢
2i—-1 2 nS_, + SZ‘_‘?’{T 5 - l}-Sz,-_;.
. | R R 1 e
2 e (285 1 + Swesa]® — [ — 5, T Sl
2t ~ 2 ;
2 41 AN % (T + Bub)
¢ &N/ )
i LA | |

N —_— . . —_——

Formulas (535:.9) for the coefficients of the differences in the
formulas forthe derivative are given in the [orm of recnrsion [of-
mulas; tl_l&}}iéi; the succceding ones are given in terms of the preced-
ing 011é{.w hey can, of course, be written out in terms of u by cod-
tinuehg' substitution. The above method is very advantageous for
qakgﬁ[ation purposes; however, those in formulas (33.9) necessitate

\‘"‘t}he’ evaluation of S; and By as well as the derivatives of these
fuantitics. Furthermare, By is siven in terms of Sy and &} which 18
undesirable. Nevertheless, since Se and B: may be evalualed [rom
recursion formulas, the calculations still proceed (uite rapidly.

A special application of formula (35.7) is to find the derivative
at x = xqIn which case u = 0 and the formula reduces to

’ 1 1
(35.10} Y@ = E[ml - ama -+ S%ms - ]:iumi' + ﬁ.%mﬁl

4+
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A special application of formula {35.8) s to find the derivative

AR 1
at z = z; o which case z = 3 and the formula reduces to

- . ] 1 3 .
a5 100 v = + = AR Y A
( 2 ) ¥olrg) h [Ayﬂ 21 A Y1 + 610 A ¥_= + ]
Example TV.4. Given the table of values {irs,y:) listed below. Find ~
the values of the first derivative at @ = 1.80, 1.83, 1.90, 2.80. \

Solution. First caleulate the augmented central difference table, ey
S\

for O
x = 1.80 use formula (35.10); N
x = 1.85 use formula (35.7}; D
z =190 use formula (35.11);~.".‘:,\

Ul

xr = 2.80 use formula (35.6).40

il [} . ~'
The work is arranged on a calculating sheet be OWS:

ho=.2 W,
y{-\{}y dhraulibrary orgin—

z ¥ | Ay aga” Ady Aty aby
1o — 2, 00000 .
5568
1.2 —1.24416 2 \J 11200
_ X Bo784 31680
L — 37632 |\ —20480 3840
b 66304 —-27840 7680
Le 28672\ 48320 11520
O 17984 —~16320 7680
L.g Ase5a —14336  —64640 —6720 19200 7680
N\ — 46636 2830 7680
2.0 | s\ Tonopo —61760 26380
—108416 29760 7680
2.2 ) -1.08416 —~32000 34560
N/ —140416 64320 7680
24 —2 48832 32320 42240
: — 108096 106560
2.6 —3.56928 138840
30784
2.8 —3.26144

Ale =180 z,= 180, u=4H
Y(L80) = § [30ms <~ 3ms + sl = 64800 .
Afx =183  p, = 1.80, u = .25.
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!r_ i i

[k ‘ 2 3 . i -

_ I B - -

Sy 03123 — 0%6063  — 00214 AR

S L0 25 —IB3HT . — 018220 ,u;-_-.i-:,-zj
YB3 = —1.18600 . N

The values for S, are obtained from Table 1V in back (\‘\t‘tﬂ}‘ book,
Atz =190  2,=180, u=.

y'(L.90) = llilt)"n_\y(. — 80A%y | - 9ATg 1 _5',_3;‘;;-.'00—\.
Atz = 2.80: T, = 2.8; = 0. (N
] \\
B [605‘ﬁw\\x:d§%ﬁm@§l—m’-@-ﬁmums 153t
1235yﬁ_sl

v'(2.80)

O'O
oo.

»
<
N

= 1749200 . o\

Before differentiating {E\ erelt’s formula {23.25) Jet us nole that

dy _Ldy(\ldydt 1dy L Lldy,
de “Fdp hdtdn TR4 VT TR
The diﬂ'erentiaﬁ@h thus yields
"\/
(35. 12) y”{i‘} ~Eu)ye = El(Da% — El(Datys — «
W© + Ezu(u)y[ + EL@)a%y, + Ey(maty + - b

Now»the form of Ky(f) and E:i(u) arce identical for the same ¢ > |

& that the forms of their degiv atives are idenLical, We shall list
\oth(‘ first four

Eyuu) =1
Ef(u) = 15 [w(e — 1) + (o — D{n -+ 1) + (@ + Ll
(35.13) Ey(n) = 210 [(w? — HE}(u) + 2uE11(u)]

En(w) = 51w — 90 m) + 20E(u)]
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and £1,(5 are identical with u replaced by £ There are two special
forms: _
T. u =4 and ! = 1, then

(35.14; in) = H—v iﬁ vt 5 Mv 2~ ﬁ,ﬂﬁy‘s ’

: &)
.o =1and{ =0, then 'S\
& W
(35.15; +'(n) = Ly, + 1 Al — 1 Aty_s + —Ag?f )
a.ka) oy = B ¥o ° ¥ 3 50 Y2 140\ 2
_ oy A ;L"-\Z"r’n——ldﬁ’L—l— _\\t{;_l_ ]
H 1 T '5 S 20 km o

Exampic V.53, Find the value of the first dexn alive at z = 1.80,
190, and 2.00 for the data of Example IX “L‘hﬁﬁif]fﬂ%‘rﬁ&@‘f&ﬁﬂu

Solufion. We have h = ~:‘\" '
a) AL — 1.B0 we use 25 = L 8&. Yhug ¢ = 0 and { = 1 and we
apply fmmula (35.14): \»{
Y'(L.80) = z —60( 1665\6;1 2 20(— 61610) + 3(.19200)
'—i— 60(,00000) — 10(—.61760) + 2(.268801]
= l—atsaoo

\ 1 .
b) At © \=,§‘l~.?)0 we use xo = L8O, thus u =1 =3 and we apply
formulg\.@a_'lz) :

S S R
i - ) Aty . E () Ay | Eall) = Eu(u)
-
0 —1 16636 | 1 o | 5
1 04l667  — 64610 — 011667 —.61760 —.0625
2 i—,uu.-xﬁss J1o200 ¢ 094634 . 26880
¥(1.90) = [ —233700
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The values of En(f) and () may be obtained 1o Table ¥,
p. 334,

e) ALz =208, 1 we take 7o = 1.8, then g =1 andl i =10 20
that we may apply formula (35.13).

iz [—60(.46656) + 10(—.61610) — 2(.16200)
O\, .

+ 60(.00000) + 20{—.617607 — 3{ 263801

= [ —4.00000 |- Oy
O

The first derivative of Lagrange’s formula will bf: discussed i
Chapter V. 7o\
..,\ g

36. Higher Derivatives of Classical Intcxpolation Formulas.
The extension to higher derivatives is steajghtforward, All of the
formulas derived in the last section coul@be differentiated again o
yi(,ld the zecond derivati e these ¢ 0% be ditferentinted again 10
yield the third derivathe. '%%c I\F %ﬁli not display all formulas
resulting from such operdtlon. Bitt shall instead concentrate on a
few special cascs. N

Let us consider the formu]ds resulting from differentiation of
Newton’s forward formrila. The second derivative is obtained by
differentiating for‘m{ﬂ:ﬁ, 35.2) and resulting in

I

¥ (x)

e ONL s
(36.1)  y"(2) =05 [DHw)A%y,s -+ Di(u)aby, +
~‘\.‘

> o+ DAty £ -
'"\§~
whcrc\\ﬁ'ei'n formula (3.35) we have

j—

\'\(%2’) Diwy = ¥l (2Di(a) + (u — 0 Dim)l,

(i =23 -9
and in particular

Di(w) =

We can easily generalize to the kth dorivative

[
(36.3)  y®(x) = 75 [DHwA Yy, -+ DE, (m)aktiy, + - -
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and

1

(36.4) D) = oy RDFO@) + (@ = HDPG)

+ 1 +
These formulas are used at the beginning of a table of values. It
is therefore especially interesting to reduce the formulas al & = Zo
and # = . or, in other words, at o = § and u = L. The values of
D®(0) may be put in tabular form and reduced to a lowest common O\

denominator for an appropriate number of diflerences. A
<N}
. entry 'S
Pable 1.2, Values of D¥(0) = — Y. O
LCD. o~
~ i ——————‘— AT
3 RS
| PN 1 2 | 4 5 od0% oo ‘
= —\—\-.-— = q_%b;:__ I
. 60 . —30 20 | —15 etz | =10 | 60 ‘
| 2 180 | —180 165y Bidulibrabd ore 11
! 3 8 -—J_\"Z s?' J_|_U le El_]";%or g-1n 8 ‘
S T PN\ -12 17 6 i
i 5 I\ 3 0 —15 U
6 | ‘ “?. Y v 1 1 |
p— | ___"_“_ - .
R
A\ .
\ \ 3 entry
Table *{'\\&-'alucs of DAV = T oy
Simemn v~ R -
k\\' ' i 1 ’\"\}2 ‘ 3 ‘ 4 5 ‘ 0 i L.C.n. ‘
! ! ) N/
I \;?_\_ e
. . N | .
o1 aN3eo 130 ‘ —50 ‘ 25 ‘ ~13 v 300
2N 180 0 -15 15 —13 180
| -'3"\;v : _1 2 1 I
5\»\4” 6 —6 5 | 6
: | AN
ol | N

¢

From these tables we can write, for example,

!

~ 180R? |180A%y, — 1804%y0 + 165A% — 150a%0

+ 137A%]

¥ ()
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ar

Ve = TBARY, — AAMy, b 206y, — AR

'f sl
Example IV.6, Find »” (1] from the data ol BExample 1502

Solution.

N\
¥yl = -?]'2 (1800112001 — 180(-.316801 + 163003810
‘ O
— .i.s;:;{g\r_ 6800
=110 - \ N/
' “
The values ol the hizher derivatives at @ = ,,m W Lo ohitained

by repeated differentiation of Newion’s bac l\\M"‘h‘ formula, and &
table of coefficients similar to Table 4.2 may bv ‘alcul ytid, This is

left as an excrcise lor the reader. 9,
Another sel of lormulas of special 1111:(‘1'\51; arc (hose whiciumay be
used to evaluale théﬂfﬂi’cﬁ‘%ﬁlﬂiﬁ\ﬁ*ﬁéﬁ a Tunction at r» = Zu

where zy s the central value in a mutr ‘il difference Lable. To dem ¢
such a set we oblain the sucopam.(, “derivatives of Stirling's formula
and evaluale the coeﬂlu_ents,ﬁﬁz,c = gy e, i = 0.
From formula (35.7) '\\-Zt3<0'l'_>fai1'l by a differentiation
o\

wg = l ) - . . .
{36.3) ¥"(x) = P {\%kﬁxéj’_.l + Sy + SYAty_e 5+ SPmy -+ -
and " O
_ N\
(36.6) y”’,'xQ»ﬁ B3 IS e — SYA Yy o 4 STy 5 S{7A%Y
NV

‘%QJ EE 4
wherg\\
y i»\::qlb fr -

| ]

8
7
Led
|1
=
\/-u
—

w1 " ir
o8 = —l[ug + 25;] S =u
‘ ' 1 ot o LF i NI 1 St et FIE

N, = z insy -l 28, — 5| 5= o lusyt B8 - H
] W

- -I r ey l- Lry rr

8 = [us) + 28] Doy = 2 msY - 884

ﬁ ! O
cle i ete
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The process way, of course, be continued for higher derivatives.
The evaiuntion of S (u) al u = 0 is au easy matier, and again we
may put Lhe resulis in tabular form.

- . entry
Table 4.4. Values of Sf{0) = — | Ly
L.C.D.
Sh el R R
PO 2 | ;] 4 | 5 6 | ron X
i I e _—_—‘— — V)
| | N -
IR ¢ =3 o |1 0 an*9
2 we 0 -1 2 |10
B by 0o -] 0,0 4
0 T T R B e S A
il ) N ‘ 1
6 AN\ 1 1
_| _ |____'____4_:f‘:+‘_-“_ b
&

Example IV.7. Iind ¥7(2) n the data}‘fﬁﬁﬁ&ﬁ?ﬁ[bbﬁf‘éi-.o"g-i“

Solution. ,v”
V(2 = :12 [[gu(ﬂ\tél_’ffj(}) — 15{.26880)] = —16.
[ N

The higher derivatiges of [
Chapter V. \} -
x:\’..:
37, B'Ia.\'i!'k\ﬁ"]\a; and Minimum Values of Tabu
tions. Thetmaximum and minimam values of o fune
r'ai“e.d\‘i;)? setting its first derivadive equal 1o zero and solving lor
L '\E‘an‘i“iable. The process may be applicd Lo & tabulated funclioi.
Wmay cquale aﬁy one of the general forwulas for the first deriva-
lives derived in Scetion 35 equal Lo zeto and solve for «. Theu the

value of e may be found from & = & + k. Let us consider Stirling’s
after the sixth difler-

formula (35.7) and lor gimplicity terminate i

ence, Ve have

Lagrange’s formula will be discussed in

abulated Fune-
tion are ob-

{371\; y’(u) =m + sz,ﬁg-y_l + S;m;i -+ Si;\"}’_ s+ ngs 4- SiAfy_g
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where
S’; = Uu
o Lo, 1
Sy = T g
1 1
o T
(37.2) Si=gut — q5u
1 1 1 N\
Y S
S gt —gut :-;0 R
1 j. .f\’\..\.
(L ."\ v
SR TR T 00 0
By substituting the values (37.2) into formula (37 1,: and writing
the result as a polynomial in u, we obtain \,.@‘
(37.3) ¥{u) = apu® + aut + au + aand ‘-i-"dlu, + a.
where ’ ’\\ ”
— I [ ‘“ 3
& = iﬂ(iv%u_ﬁbf'aulibr‘ar}'fqr‘g_in
s = __l i) “.".:}’
4 2 5 A:.“& ®
@ = '38 (65“:\.'—’;‘— Aby_s)
{37.4}

1
Qs = §\40’133 — my)
.

(180A%y_; — 13A%y_, -+ 2a5y_y)

a,,.
< 180
flq 1 (30m1 — 5my 4 my).

In soL%nﬂ the equation obtained by setting formula (37.3) equal
to 4gr9, we may bo faced with the problem of finding the roots of an

algebraic equation whose coeflicients are approximate numbets.
N ithods {or accomplishing this are discussed in Chapter VI

Example IV.8. Find the maximum and minimum values of the
function
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Splution. {aleulate a central difference table:

P N ‘
| | ! .25
|1 25 — .50 ‘ 2\

! | —.25 3
|2 0 1.00 2.50 6 6 O\
! | | 2.95 9 | N
K 2.25 11.50 6 O

| i 18,73 15 ,,,;L

! 16.00 2650

| | 4025 R |
N 56,25 | O

| : N |

AN

Tel x, =— 2, then since Aby = Afy = ] S\

W w:wt:dbra ulibrary org.in

v'(u) = au® + asu® + At o
1., 1 WSNYL L
=5®W“+§@ﬁ4@juﬂu+%wJ
= u® - 3wl 2u
N

The solutions of ¥'(u f‘[)’ are u = 0, —1, —2. Then gince h =1

there are maxima ahd minjma at

e/

OF e u= 2w 20

”\s.
The \’ahw;;\idf the function can Niow be read out of the tiable.
Thewdetermination as to whether there is a maximum or 4 mini-
“llilﬁ‘:éf the resulting value of z can easily be determined by inspeet-
iqg\:fhe table of values, and it is not necessary to be concerned with
the second dorivative. Thus, in the above example it s easily scen

that the values at z = 0 and z = 2 are minima values.

38. Exercise V.
1. Given the data of problemn 3(a)in Exercise [TT. Find the value of the first

derivatiive at @ = 0, .15, .50, .52, .55, 1.0. .
2. Given the data of problem 3(b) in Exercise [T1. Find the value of 1he

third derivalive at z = .2 and ¢ =



116 DIFFERENTTATION AND INTEGRATION [Ch. I¥

3. Express the first derivalive of Newton's forward Tormost. orminated
afier the sixth differences as a polynomial oo, [ Llint, Weioeneh (f)

as a polynoemial before dillerentiting.]
4. Find the maxima and minima valoes of

9 1 _ 9z : Rie o o= = TN
¥ ‘ 2 25 A I S S S BN

39. Numerical Tntegration—Introduction. '\HIJ]Iltgr{}&:il Lilegras
Lion is the process of caleulating the value of o detini Q’uin!v;_- el from
Lhe tabulated values of the inlegrand. The ;-;l.u(heng\';u!' culiniius was
introduced to this subject at the Ume he stgdicd the frei e znidal
rule and Stmpsor’s rule. The process Is f[‘{fgpljl‘&l‘t,l.\-' called sachmical

guadralure i it 15 applied to the iLlLt?g[;e.tti\{_fl'l of a funclive of ous
variable. www . dbraulibrarghorg.in

The solution to the problem Qf’:Llll']']ilt:Ti{_‘.-{-ll integration nway be
oblained by replacing Lhe i.r.1Leg'r.an]d' by aninterpolation funetion and
integrating this [unction bel,,\)-{;ér'l the desived limits. Thus. if we
integrate the interpolationsprmulas of the Yast chapter, we oblam
quadraiure formulas for abe integralion of a function whose values
are given in tabular fotatr! Tn carrving oub such caleulation we must
be cognizant of thinfact that we are replacing the given integrand
by an interpolatiiigfunction, usnally a polynomial, and then inte-
grating this funglion. The accuracy of the result depends upon the
ability of thedinterpolating lunction to represent Lhe integrand over
the iutti&m of integration. It is frequently desirable o investigate
Lhis ['aé;t- belore crmbarking upon extensive numerical inlegration.
m]';t'-“\ié possible Lo derive a Jarge number of quadrature formulas
‘b\lﬁ quite impractical Lo exhibit them all. We shall concentrate out
efforts on those which are readily adapted to calculating raachines
and which Lhave proven 1o be sufficiently accurate for most applica-
tions. The particular fornmlas obtained by integrating Lagrange's
interpolation function will be discussed in Chapter V.

40. Quadrature Formula for Equidistant Values. Let us first
consider a function whose values are given at equally spaced inter-
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vals of ihe independent variable. In this case we have
(4.1; r = o + hu
50 that
{(10.2" de = hdn
and O
{40.3; J.” v(zyde = R J‘m y(ujdi. :\{\~\
e e \ 7
Let us vonsider Vewton’s forward formala (23.8) :\

y(m) = yo— udy +( )A?v ( )Asv Jr‘@) Alya + -
\\

4
and integrate it between the limits Zq (u\is ‘e which makes the

limits ot w from 0 o . www " dbraulibrar y.org.in

(40.4; J';.»y(-?".}dm _ [ (1,0 —|~m~v0 +< )A - ) N
) = hlawys $NAye + adiyo + k
where '\“j}\”\ L ap Aty + ]
P\ "
"o «ff’fﬁs% -

By the use of Stirling’s pumbers wo may write @ as polypomials mn,
They will be of degrec & -+ | and terminate with n® A lowest com-
mon denominator for the cocfficients may be found and factored
out., We may thus obtamn the following table of the cocflicients of

the various powers of n:
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Table 4.5. Coefficients of n* in .

’: LED. [ n¥W| po nt Iy nY né nt | n nt .
| |
1 2
2 12 z —
3 24 1 —4 «
EY 720 1 —45 1in —u
15 1440 2 —24 105 —200 14
6| 60480 . 12| —21¢ 1428 —a72s 7672 | /G504
7| 120960 3 72 700 | --3528 97441 —14112 G40
8| 3628800 10} —315 4140 | —20400 | 121842 | —205470 AUS044 | —22680(
9| 7257600 | 2 | —80| 1365 129601 74830 | — 269330 590620 | — T3uS6E N 403200
o

If we specify n, the above polynomials may be evahléte& and the 4
ccome constants; their values may then be taBulated for giver

values of n. There exist better formulas, howave},\and such tabula
tion is not worth while.

Y, |
4l. Special Rules. It is well known{r‘o\m the study of integra
calculus that B Ot
www.dbraulibratyydrg.in

: 6 2\ 6
(41.1) . f ydy = f ydgcf-{v"f ydz -i-f yd,
: Jo 0 58 Je 4

Let us now divide the et _:6f points (z,y;) inte groups of three
(@0,1,22) 5 (ZayEsrs); (242s,25); ete. For each such group there are

no differences beyond. the second, so that in formula (40.4) n = 2,
. and it becomes

N\

O oz A
(41.2) Lé\.x&r =h [2yn + 24y, + (6 - 1) Azyu]
:..\.N .

2 8
o

= h [23’0 + 2(3’1"" Yo) + % (y2 — 2y; + yn)J
.»\f } 3

(Yo + 431 + 4.

For the interval from %2 10 24 we obtain

(41.3) L ydz = h [23’2 + 24y, + %Azyz]

1
_ = 33‘1[3!2 - dys + x4
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We may continue this process and then add them all together. Thus,
if i is eren we obtain :

(41.4) f ydx:g[yn+fly1+2yz+4eys+2y4+ st

+ 4¥n-1 -+ ¥al
.
AN
=0 7\
where A
. . R .'\'\’:
"i"(} 1 2 3 4 |5 v mSZin—1] n
‘ & t 14| 2| & 2] a]| e s |1
"G

. Wiﬂiwttibl‘aylibral‘y,org,jn
This is the well-known Simpson’s’_;{lﬂe_and is the eastest of the
“quadrature formulas to apply. I,Igtiis’ application there must exist
an odd number of poinis, and it igiGuite accurate for small values of h. -
. The data may be dividedninto groups of 7 poinis (Zs, « - - s%)
for which n = 6, and by dermnula (40.4) we have '
\\‘.o' . .
2 Q . s W, 123,
(41.5) ydz, 2| 6yo + 184y, + 27A%, + 248%0 + 5 A'Ye
o 33 4
\i\‘ . . + i0 Abyy + 14053’0J.
If Ws\l':aiilace % hASy, by -1-36 hA®y, we are committing an error of
' 1%0 f’.\‘iyg which may be tdlerated proyided i and Afy, are sufficiently
small. Making this substitution and replacing all the differences by
their values in terms of the given values of y reduces formula (41.5)

to

(41.6) f vdz = 3hlyo + 591 + ¥2 + 632 + ya + 5% + 34l
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Apply now the same procedure to the pofnts for @ and z;, to obtaifg

41.7) f ydz = 3h[ys + 5y, + Ys + 6y + y10 + 5y11 + y1. |

Continuing the process and adding together the results we obtain ;.

(41.8) J:n ydz

I

Shlye + 5y: + y2 + 6ys + yu + 5y O
+ 2ys + Syr -+ ¥s + 6ys + Yig *:§y11 :
+ e '\

+ 2as 4 5Yas + yars g + Yo
+ Syn—l ']L yn] "

'\\
= .3h 2 £V N4
i=0 A\
‘where ' <O
&
I NN O ’ 3 vy rafliprickdrgin o | o |y n |
c;'151‘615.32"!516 1| s ’1_-;

The coefficients may best be remembered in groups of six 35
follows: ) { N\ ;

Fifst)Group 151,615
SAdY Interior Groups 2,51,6,1,5 .
\JLast Group 2,5,1,6,1,5, 1

“\:

This'\’l“}lumown as Weddle’s Rule. Tt Tequires at least seven:
consegutive values of the function and uses these values in multiples
| Gf\'si\x if more than the first seven are used. In general it is more
. ‘ageurate than Simpson’s Rule.
In applying these rules it is recommended that the multipliers .

¢ be recorded adjacent to the values of the function that they
_ multiply, :

Example IV.9. Find the value of

8 L
J; Ydz for the function tabulated- .
below. : - .-
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Solution. We shall find the value by using both of the above rules.
In this case we have b = 1. - :

z ¥ e(S). | e:(W)

0 0 1 1

1 —45 4 | 5 ~

2 —406 2 1 _

3 —2541 & 6 O\

4 —3184 .2 1 K\

5 —19525 4 5 O

6 —37320 1 L ~\

_ B | K9
1 X 9
Is =5 ), oS = RN
Ig=.3 2 el Wy =

W ,db:raulibrary .org.in

This is a tabulation of the function - R\ Y

R

(@) — ot — 925 — 9z — 9t — 9% — 10z

and the integral from 2 = "ﬂ}\td z = 6 correct to one decimal place
is _' Thus Sifapson’s Rule gives a value which is in error
by .054% and Weddle’s Rule gives a value which is in error by
0119, P\ - |
79 \ud . S

42. Integr 3.1 Formulas Based on Central Differences. In
this section We shall integrate Stirling’s and Bessel’s interpolation
formulask.f]‘?‘irst let us integrate Stirling’s formula (23.17) from xo — h
m{"n‘ﬂ:’:h; ie,u= —1tou=1 Wehave

1
(42.1) f ydu
. -1 . . .
J" {yo + Sym: + SeAly_s + _Si-;ms + SA%ys+ ydu
-1 : ) .
Soye -+ Simy + s28% 1+ Sams F byt o0

-l
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where
L 1
. So=u =2
- -1
_1 21 =
31—2u “1—0
8 '—1 81 Hl
TTEY LT3 )
1 1 O\
= = (gt — D2 — O\ .
&3 34 (u 2 ) B 0 \,.\‘
1w il 1 O
84=§Z€_§-_1= %( \
ete.

&
We note that the coefficients of m; contain only even powers of €
and, consequently, are zero when integrated from uw = —1 ant
u = 1. There remains then only the e\@x.\ﬁﬂ'erences, and we wrilt

1 . \ %
’ www . dbraulibrar§,srg.in 1
L 4_\\2. = v — — N B. —_
( 2):f—1 via = 270+ TR TG AG S + gz sty
Since we can order z, at gp{ff Interior point of a central differenc
table, the value of the intégral from u = 0 to ¢ = 2 is identical ir

form to formula (42.2)¢with the subscripts on the y's advanced by
one unit. Thus O

WP 1 1 1
{(42.3) j:} yc\la = 2y + 3 Alyy — 50 Aty 4 4 756 Aly 5 —
If we cogti’bhxé by finding the integrals from 2 to 4, then 4 to 6, ¢t
and t}’@}fdd them all together, we obtain for an even value of 7

~
Y

~‘\‘ 2w
423 J; ylr = b2+ ya v+ ¢ - - 4 oy

) 1
N +3 (A% + At 4 Aty 4 - - -+ A%s)
1
o5 A1+ Ay Aty 4 - - o Aty

]_ .
T 7mg (A% + A%y  Asy, 4 - - - LAY,
+ el
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For machine calculation the formula should be reduced to a least
common denominator form before doing the calculation.

Let us now integrate Bessel's formula (23.20) from 2z, to z1;
ie., u = 0 to 1. The coefficients of the resulting formula are

1
hh=ul =1
o
1 1
I 2 — ==
b 2 (_u w) 0 0 .\:\
1 ! 1 ™ °
62=E(2u3-3u2) =~ 13 ”}“
1 1 F 4 0\ :
—_ 4 __ 93 2 = ¢
bg = 24 (u .2u + u) 0 0...,}\
11 ' \
54 ; ﬁﬁ ':';'\\w
bﬁ =0 ’ -‘..:\ ’
191 -\f.rw:ygﬁbraulibl'ary.ot'g.in
be = ~ 50480 .\
ete. 09

so that we obtain ~N

“ -~ 1 11 191

If we now proceed'és"we have in the past and integrate from z; to
2, then z, to xs,‘@té., we can obtain in each case a formula similar
to (42.5) in\{({%ﬁg the arithmetic mean of the even diﬂ‘e{:ences on the
lines thro@r”a:‘;, 2y, ete. In order to employ the notation usmg m;
it is necéssary to use a double subscript on m. Let the first subscript
dengte the line on which the arithmetic means of the even differ-

9{‘3\65“"31‘6 calculated, so that between z;, and z; we write m; a;,

G=1--- ).
Then, in general, we have

=
426) | ydo

Tful .
' 1, 11 191
=h[mjo*'ﬁ"3jz+m'mji_'ﬁ_mjmﬂ+ ]
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If we now add all of these together, we obtain

n

w00 [ n [T S et B3]
i=1

F=1 i=1

The evaluation of this formula requires a lengthy calculation which
may be somewhat simplified. From the definition we have ()’
N

N/

W
N

Z Ty = %[(3’0 Tyl + G+ v + (y: + ya):k\: L.

Y, + (o + 30
1 & -
=gYotyityetyi+ - - -’.,}\%y"

» www.dbrauli bral';y,'or’g, in

E Mys = % [(A%y_, + A?yo) + (ﬁ‘ff;'o‘fb Aty + - - o

~f '
- 4 + (Aty._s + A%a o]
= %[A2 _ %—\gﬁ"f‘y\o + 2%, + 24y, + 2A%y, 4 - - -
| o\ + 2A%,. 5 + A%ai]

B %[e"\_x AY-1 4 28y1 — 2Ay, + 24y, — 24y, + 2Ay;

'\\"\ = 28y:+ - - - Ay, — Ayail
V1
“n= E {_—Ay_l —'Ayl] + A:y:'w—-ll + Ayﬂ]
AL _
NV 1 N
N =58y -+ Ay — (Ay_y + Ayo)]
= {mﬂx - le]- .

The cancellation of the center terms when the even-order differ- _Tj.
énces are reduced to the next lower odd-order differences holds
for the rest of the terms of formula (42.7) which then reduces to
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(42.8) f ydz = h[(%yu-{-yx oy tyst - +-§yﬂ)
' 11 -
'“_%2 (Mg — moy) + 730 (M1, — Mo3)
191 ( '
60480 vt

In this case n may be either even or ‘odd. To better understand
formula (42.8) let us indicate clearly .in a central difference table
which olements are used; they have been blocked. off in Table 4.6."

Table 4.6. Elements for Formula (42.8). \ O

k)

) N

z ¥ Ay A%y Ay Ay Aty Al ) \’Q\Ty A%y

xr_y y,_4 ’ \:
AY 4 ¢t \

€3 Y-z ﬁzy._l ’ : . . ,N\. R
Ay_s Aty_, wi@ ¥ braulibrary .org.i

Tz Y A%y 3 Ady_ay W ) . yorem
Ay_» A%ys AN '

o oy Ay, Ak 5 . Aty
Ay Aty o\ Al Ay

oo Yo I ma | Ay | Hkos‘t YAty s A3 @| A%
Ay @—1 Aby_, - Ay

* ¥ My Alye (M Aty Mg Aty Ay

2 ¥z mp A T Atyo Aty
Ay \¥; : A% Afyo

Tz ¥3 z’"*ir." Alyy I may | At o

{\Xs .. Aty
Ty ‘_Yé'\\ Tl Alyg
"‘:; Ay,
xb:"\: e
2 \Y;
£ %

E>ample TV.10. Find the value of the integral from z = 3tox =6
of the function - S

l\x 0 1 2 | 3 4 5 6 7
1y 0| —a5 |- —96 | .—25a1 | —8184 | —19525 | —~37820 | —58821
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Solution. Calculate the difference table and let Ty = 3.

xr ¥ Ay Ay Aly Aty APy Aby
0 0
—45 |
1 . —45 —406 ~
—451 —1188 _
2 —496 —1594 —816 \
~2045 —2004 7200)
3 | —2541 —3844 | —3598 —96 [ 108D | 720
—5643 2100 ANT210°
4 | —s184 —5698 1342 [ 718007 | 720
—11341 =756 N\ 2160
5 | —19525 6454 996 \\8504
—17795 2748, )
o |-smw | [T -ss O
T seem e dbraulibrar; 'bf—g in :
)..' ¥ _J

Applying formula (42.8) witiih - 1 we have

§ N
- __ _ = 11 _
J; ydxr = —47639.5 - \12( 15804) - 795 (3048) (720)

60480
— 47639541317 + 46.566667 — 2.273809

- )

To perform ¥hé/caleulations on a calculating machine write the
formula ovérthe least common denominator; thus

*
N

'\
L] \ 1
’& _— — i
fa ’3”651: G0dgg (30240(—2541) 4 60480( —8184)

~O + 60480(—19525) + 30240(—37320)
) — 5040(—19648) + 5040(—3844) + 924(996)
— 024(—2052)

~ 191(1800) + 191(1080)]
= [ 463782 |.

Although formulas (42.4) and (42.8) have a classical interest, they
are seldom used in practice. For more applicable formulas to find -
the value of an integral for tabulated functions, see Chapter V.
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43. Gauss’s Formmula for Numerical Integration. A very
aceuratc quadrature formula for finding the value of the definite
integral )

I= f- f@de

~ where f(z) is a known function but whose integral is either not
easily evaluated or cannot be conveniently expressed in closed forma,
was derived by Gauss and is based on Legendre polynomials. [See
section 3.FL.] The principle is to obtain the best subdivision \c)f.;he
interval (g,b), the value of the function at these points, and the
coefficicnts to multiply the functional values to yield"tfa‘e"«,value of
the definite integral. *O

"The first step is to transform the interval (a,b)"’,t}) the interval

(—1, D* which is accomplished by letting . O
% \d

Wy - 50— ovtgadhh
Then at x = &, we have _ '».’wﬁfw‘dbmm]bl ary-ergn
2a-—a b _
VT Se
and at x = b, we have N
h—a—b_
AN b —a

The new form of f(z) i

w2 fD@T|je-avtget b = o
and \\" X ' -
QY ds =
80 t,.h;\ﬂ;.f;

@;3) J;b flx)de = ——2-—6 B o(v)dv.

Now it is desired to have a formula

(b — a)dv

o bol -

(43.4) fl p()dy = gie(tr) + gao(v2) + gae(va) + - . + gne(vn)

. _ 11\
* Some authors have transformed to the interval (— g §) or {0, 1), and care

must be exercised Whén using tables of values for the coefficients.
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which is a good evaluation of the integral when wlr) is any po])r':-"_
nomial of as high a degree as possible and », E=1,--.,n)are

- the points of subdivision of the interval (—1, 1). This is Gauss’s
Mechanical Quadrature Formula, It is clear that we need to
determine both the ¢;, (i =1, - « - | n), and the », (i, - - -, n);
-thus 2n relations are necessary and the highest degree of the poly-
nomials ¢(v) will probably be 2n — 1, Let us therefore write - <

(43.5) o(®) = ao+ aww + aw* 4 as® + - - - + aznult‘?“Tl\:.\.
from which is obtained _ \ O

a
< D

L .
(43.6) f—1 elv)dy = [aw + %aw‘* + %azﬂ’ +’:&‘

> 1 2n
'::\\w + % dzn_ ¥ J
_ 9 2 2 \ ' ‘
~A Bttt

Substitution of o, i=1, - - ;‘;’}’i), into the polynomial (43.5)-

yields the n values

=l

11

(43.7)  o(») = a¢ + au; + ase? + as} + - - - 4 @ge gl
Formula (43.4) then hag":‘g\mes
. L\
1 \ _
(43.8) f L @(ﬂ)dﬂ‘—‘ nlao + oy + azv} - ages -+ - - - _
- A\
_ ,f\'"" + azn-lﬂfﬂ'_l)_'
Q" + 92(?’0 + @y 4 awi + ad + - - - '
,\'\ ) . + azn—lv%ﬂrl ’
=N + 92080 + @ + ap? + ag? + - - -

T gnl@0 + @, + a? + agd + - - -
+ @zn-1
=au(g1—|_-gg+gs+- g
+ ai{gin, + gats +gwa + - - - + Gnlln)
T aalgot + g0} + gz + - - - £ go02)

..............

+ a2ﬂ._1,v§n-—l) ..

ﬁn-—-l) .

g

4
E
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" Sinee it is desived that formulas (43.6) and (43.8) be identical for
all values of a., the coefficients of a; must he equal. Thus we obtain
the 2n equations ' : S

gt gptgt =
g1ty + gtz + gavs + - - —+ gats

? 4 g} g4 - gl

(43.9) gt +gal+gubt oo
gt + gl +gai + ¢ 0 T 68 : A

. - - Ey '\

|

v RS o b

gt 4 gt + oo gt =00 (8
The solution of this system of nonlinear equations. uld be quite
difficuit. However, it can be reduced to a system ofdihsar equations
in g; if we choose the values for »; to be the zeras.of the Legendre
* polynomials which are known to be all real apd’distinct. These zeros
have been caleulated and tabulated and the’ rresponding values of
g have also been evaluated. These are 2ot HrTalbbes¥ o, 887 to -
ten significant digits. Sirice the v; aFé :i_légﬂﬁvél'y symmetrical; i.e.,
% = —u_;, and g; = g, onky half-plus one nesd be recorded.
To illustrate the usé of Gauss's formula Jet us consider an example.

Example IV.11. Calculaté}he value of
&

N de .
\&" =)=
- Solution. Le,t\":.\" : S

& le-aetz6re

:'\Q"O - 1 \ ; “1 .
a\" = _— = (8 2
QO 5 (8 2)-u_+2( +2)
=.3v + 5;. o

then T . _
| ) =5 =gy

-+ Choose n - 7 and g\r}il__i_la_te go(v‘)ohtal‘nm.gthe 2 from Table VII
arranging the work as follows: = - . e

PR




iy w{vi) I I

—.9491079123 - 4645380344 .1294849662
-9491079123 1274319798 .1294849662

- =.7415311856 . 3603075875 .2797053915
© .T415311856 1384160911 .2797053915

— . 4058451514 . 2643778911 .3818300505 + [N
4058451514 .1608354318 .3818300505\
0 . 2000000000 4179501835 N

N\
v

N

The value of the integral is then _ N

b—a"
= 2 g 2 gi?’(”s’)
= 3[.4620981736)\)
R = [ 1.386294521 .
The trae. . w library ergin
"The true value of the¢’ nﬁfécg}%ﬂ s ‘.alf X

-

B . £ BN : ¢
CI= | ' 8N, 1.386294361.
| 2w T2

N

Thus the error is :

S e = — 000000160, -.

.. In practice the alues of % and g; are not recorded since they

“may be taken di;e%y out of the table. Furthermore, since ¢, = g+ ;
wehs_we_'_ X4 '

: \':’Q—sﬁé(ﬂ—'e) T ge®) = glo(v) 4 o(2)]

. and therefdre the sum

N "'_ Yoo T ?(ﬂ—i') + ﬁo(ﬂg) *
could be computed and recorded thug cutting the recording nearly -
ol -
N/ Lobatlo and T,

chebycheff have both made variations on Gausg’s”'_;

. formula; Lobatty 1o Include the end valyes and Tchebycheff to
" make ‘the coefficients of the g’s all equal. Such formulas oﬂ"er--i

~ . advantages only in special cases. - .

A Numerical Double Integration, The process

- rPhe. value of a definite double integral of a funection of
I8 called numerical double integration and also
.- eubature, A formylg for this process may be derived by first ob- :

of caleulating ;
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taining an interpolation function in terms of the differences of a
function of two variables. However, this is unnecessary since me-
chanical cubature may be performed by a' double application of a
quadrature formula..

Let z = f(z,y) be a funetion ‘of two independent variables
and ¥ and let its values be given at equally spaced intervals x,
(i=40,---,n),oflength h andy, £ =0, -, m), of length k.
Then, since dz = hdu and dy = kde, we have - p

N

(y) I-= f f Z(x,y)dydmhkﬁ f Aa)didn. <D
g o . .\‘

 If the values of Z;(x:y;) are exhibited in a rectangulary atrdy (see
- Table 2.5), then the value of I in formula (44.1) ma{be found by

applying the following rule: o )

Rule. The value of the double integral may be foand by applying to
each horizonlal row (or lo each veriical colurqza,\any quadrature for-
mula employing equidistani ordinales. Theny to Lhs resulls thus ob-

N . FNNY . or
tained for the rows (or columns), again (;:})p v g stmalar ?z\)/r?ﬁﬁlh“

The value of the double integral ,qig:ﬁ “thus be found by repeated
application of Simpson’s Rule, Weddle's Rule, or any other quad-
rature formula we wish. N .

Example IV.12, Find thg'v:alue of the following integral by numeri-
cal int, tiomn: & . . N

ntegration N ,\I\_ J‘“ 22 drdy
otk b o

- Solution. Let the values of ‘the integrand be given as shown in the
following ‘b{a\ﬁl\e which has & = .3 and k = .2:

e

10 | 12 | 14 | 16 | 18 | 20 | 22 | A eels)

1.4 1.00000,83333;71429.62500.55556.50000,45455.788463
1.3 .76923.64103.54945‘48017.42735.38462.34965‘606513
1l.a .62500.52083.44643.39063.34722,31250.28409A492790
; 9 .52632.43860.37594.32895‘29240.26316,23923.414983
2

N Y]

.45455,37879.32468.28409.25253,22727A2066I.358393

ey 1 s | v |6 | L5 L
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Apply Weddle 8 Rule to each row to obtain
A, = (06)E{c|(W)][EntrY]

chj have hccn entered in a column for each z. Then applg
mpson ] Rule to the column of A, to obfain

I = 1Z0e(s)]A, = 62184,
Thc truc value of the mtegral is

I_ = (In 2.2)(In 2.2) = .62167. X
: Thus the eITOr i§ — 00017 (w"

45 Accuracy of Numcrlcal Integration, Th.e formulas Whlch
were derived in this chapter for finding the'value of a defini
ntegral are in general approximate, and thus there is an inherent
errar associated with eac 1£E 1§m ?Q‘hto be able to evaluaté
his error, and it is possible to éxpressions for the errors.

"Consider first Simpson’s Rule an& et f(z) be a well-behaved func:
_1011 50 that it is continuous i in the interval under consideration and

18 a8 many continuous denvatwes a8 will be required. Then We
¥ wnte

3

*Fcz) f f(m)ﬁm F@ =), P =), e
: The deﬁmte .mtegral ﬁ'om :cu b 1oz, + his

: m+k :
45_ 1) \ I = f f(:c)da: F(a:u 4 h) — F(xy — k).
Sm:rpson 8 Rule ylelds

(45 2

Iy =3 [f(z'o - h) + 4f(2=u) + f(zo + B)]
and .thc dlﬂ‘erencc hetween thcsc two is the inherent error

45.3) E, 5 : - I - F(:z:o + h) F(.'co By — 2 k[.f(xo — B

¥ 450 + Sz + wl;
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This expression may now be transformed by expandmg each term
of the right-hand side in a Taylor’s series. That is

Fon -+ B) = Fzo + hiws) -+ 3 /@) + 37477 @0

_ o T
Fimo — By = Fzo) — M) + %f’cﬂf’(xo) - %h*f”-(wo)
- (45.4) T O
f@o + k) = flzo) + B0 + 3 h’:f”(s:o) +3i hsf”’i@)
. \ +
. o I 7 . ..;«i ha 24
Flao — B) = f(zo) — hf'(za) + 3 hF (20} <53 f" (o) -
: .’:: \\“ 4
and substituting into (45 3) we see thatrthe &ﬁ‘mﬂlﬂPaW Bhg fqurth
derirative subtract out . o\ :

F(mo) - F(afu) =0
hf (20} + hf(zo) — g\h (@) + af (wu) + flzg] = 0

2 W) — feg(:en) - A @) = W' (a0] = 0

......
.........................

[srf ") + &f\(‘ﬁfo)] B — —h[4,h#*v(xo) + 4,h-w(xn)]

N\ . 2‘LJE
O - 575w ()
'..\w,' .
Thasy~
K - 1,.. '
) (45.5) E = — gli hﬁj’w(:.cu).f‘}.,. W

is an.expression for the érror over the interv :
€y + h. If we change the interval to be from x1 — hio 21+ h we

see that f(z;) is replaced by f*(z:) in formula (45.5). The entire

interval from a to b can DOW be subdl\nded mto submtewals x0 tO

al from xo"ht(].

N




3
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3.?.2._, 23 to :u,etc 50 that the total error is

(45.6). E, = h“[f“’(wl) + f(as) + fole) + -
AR R + fio(zan)] — -

If we ié;no're all -the terins above the fourth derivative and let
- f*(zs) be the largest value of any of the f*(x;), we may replace €deh.

. hy f“’(:ﬂk) and add the 3 quantities to yield ‘O
~\
L s N Sk SR
: _(4_5.7) . .If{a__ tai /(@) = ~ g5 b {:?j

. since :
b —a = nh, Y

- Thls gwes us an expression for the error\m S1mpson s Rule.
... "Since the fourth (Vﬁarwactulraeuls rzaé 0 }“az) is a polynomlal of
. _degree uo larger than the third, it\is seen that Simpson’s Rule gives
. the exact, value of the mtegr&l for these polynomials.

" "'The above error formulatis “expressed in terms of the fourth
o denvatwe which may ngtalways be conveniently evaluated. It i8

* therefore desirable to, veplace it by the equivalent differences and

5 then replace those theu’ values in terms of the given ordinates.
L The ﬁrst - part cah he doue hy using formula '(19.5) to write

.. ,'\Q\ fi (ﬂ:‘) = Aiy‘_g
N

_L; (@39) B~ - Ay 4 Myt Ayt - - - 4 Ay

N iI‘cn CaITY the tra.nsformatlon further we use formlﬂa (11.6) to write
- the differences in terms of the gl\ren ordmates

Aly_; = ya 40'2 + 6y1 — 4y + vy,
: A‘yl 3’5 - 43'4 + 6ys 4’y2 + ¥

.............
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‘and upon substituting these into formula (45.8) we have, after
collecting terms, .

459) Bo= = byt yen — 400+ )+ T0F 1)
—B(ys+ i+ Y T8 T )]

for n > 6. _ .

For n less than six some of the y; will not exist. Since n must be/
even for Simpson’s Rule we have the following two special forms:
n=2: ' : ' L\

'\
\ ¢

(45.10) B, =— 9% [y—1 4 ¥a — 4(yo -+ ¥y2) + 6yl
n=t - LY

@50 Ei= =ty 3o — ro k90 £ 29— Bl

It is to be noted that these formulas ﬁ,ttilif\&bi;mi B and
Yas1, which are outside the interval of jntegration. In order to obtain
these values it may be necessary toiextrapolate, which can be done
by using Newton's forward and‘b'fmliwa:d interpolation formulas.

Example 1V.13. Find the approximate error committed by Simp- .

son’s Rule in Example 1\\'"9 .
~ Solution. In this cage h\-: 1, n = 6, and since y = f(z) is a known . |
" polynomial, we 'm'éiy"evaluate y_y and yn They are y_1 = 11 and .

= —588210 | o |

K, = —.@1—0%[1"1 _ 58821 — A(0 — 37320) + 7(—45 — 19525)
Y | §(—496 — 8184) + 8(—2541)}
This compares favorably with the true error which is =259 |
“The principal part of the error in.
fact that we omitted the quantity -
(45.12) Ew = — rac Abye = — 116/

Weddle's Rule stems from the - o
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' ‘We may therefore use this for an approximate expression of the’

érror; In so doing we are neglecting only differences of order higher'

;ft_li'éfl_i'l'_tlié'siﬂh, and thus Weddle’s Rule gives an exact result for-
olynomiials of degree five or less. _ '
}y.again employing formula (11.6) we may write

\ 'EW — -L%) [ya — 6y; + 15y, — 20y; + 15ys — 631 +3’Q

Rule in Example IV.9. : O
© Solution. . . ‘

-~El'£él'i|:_lple 1V.14. Find the approximate error committed by W eddle’s.

e - ...9%[_'37'3'20 — 6(=19525) + 15(— 818434 20(—2541)
T N 5- 15(:496) — 6(—45) + 0] :

=[=3] B\

SEE — N\

The true error is —AR738v9d braalibgprigdgpn 5 7 _
‘As-can be seen from the last two examples, the true error is usually -
.-Aumerically less than or equal to\the computed error, which adds.
. assliranee 1o the original calculations. _

- The inherent error in Gaus®'s Quadrature Formula is dependent
upon the theory of Legendre polynomials, and the derivation of an
error formula is beyond.the scope of this book. It is, however, pos-

sible to state a rulp\for approximating the ervor. First of all, it is-

- dependent upon, being able to expand o(s) in a power serics:

45.14) ¢S i+ e+ et + - oo 4 - -
o thls 15\Posmble We approximate the error by

Csasy gL b—a n! \:

R e (e e |

N . e (D@ +2) |, nn— 1_)_) .
. X [Cnu + ) ( - 2n+3 + 2n — 1 ] .

- The evaluation of this formula is
- is used only when absolut,
- formula can, of course, I
. points. IR

quite cumbersome and in practi(fe
ely necessary. The accuracy of Gauss s
be inCre'ased bY iIlCI'easing the numbﬂl' Ot .
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46 Exercise V1.
1. Given the following data

® ¥ x ig
0 0 2.2 | 166.769856
.2 049696 | 2.4 215. 660544
A 2 975424 | 2.6 | 268.026304
.6 4,703424 2.8 | 319.393536 | .
8 2.605696 ! 3.0 | 363000000 2O\
1.0 15.000000 |- 3.2 389,287936 e\
1.2 95 003776 | 3.4 | 385.351104 | A\ 7
1.4 39841984 3.6 334.335744 ™Y
1.6 60.708864 | 3.8 21&7954«5((.‘
1.8 $3.583616 | . 4.0 0.0
2.0 124.. 000000 ' .
7S
Using Simpson’s Rule find . ~~\ v

www dbraulibrgry.org.in

(@) f vdz; (b) f ;. (c), _f yio; (@) [ yde.

Using Weddle’s Rule find  «

© [ ”m_@ f yde; (®) f‘ yde.

2. Find a sufficient mu:ﬁl}r of differences for the data of problem 1. to
evaluate the integrélfrom o = 2to ¢ = 3 by formula {(42. 8)

3. Find f :t:da: uﬂﬁg n=7in Gauss s quadrature formula.

4. Find using n =35 in Gauss’s quadrature formula.
% ‘\/ x + 1
| 5. Fmd”‘m expression imvolving the first five terms for 1the integral of
NEWtOn 5 backwa_rd mterpolatlon formula between the limits & = 24—

\ajlti £ =




'CHAPTER V. LAGRANGIAN
FORMULAS O

R
www dbraulibrary ,D}"g:.il‘l
47. Introduection. The derivation and'discussion of formulas based
on the idea of passing an nth degree polynomial through (n + 1)
- given points has been deferred o this chapter in order that this -
- concept may be presented as“® unit. The basic formula is credited _
to Lagrange and is usuagly referred to as Lagrange’s interpolation
formula since its primakty use was for interpolation problems. This
formula, however, mﬁ}}be used as the basis for many other numer-
ical analysis problents, and in the special cases tables of coefficients }
may be calcylated which reduce the problem to simply ope of
obtaining the sums of products. The formulas are not limited to-
equally ’&R’g};eﬂ_intewals but may be applied to this special case.
Sil}qe We are fitting the data or replacing a function by a poly-
nom\ial; the formulas should only be used whenever this is possible, |
\ale frequent checks should be made to discover any irregularities.

evertheless, a wide variety of problems may be handled by these
formulas. '

~ 48. The Fundamental Formula. :
Let there be given the values of the ordinates Yo ¥, © - s Y
of the function y = f(x) at the (n + 1) points g, 21, - - - , z The |

polynomial of the nth degree through these points may be written
in the form : :
138
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{48.1) » )
| 181)(13 - 332) & — Xn
L=) = E%—' z} (e — Ta) - (fﬂn — a) Yo
(w — LEO) (x 3?2) (.’L' — ﬂ?u) ¥
{1 — a:u)(:):l —xy) - (@ Ta) |
. . _. .D ------ _- a:‘”_l)(m B mﬂ—l) (:B . '27») ) .
+(_(—_))——T(_——_)T_T_)— e AL
+ ...... ) ( F— ) - . . (m . ) ' . ;\t>
__—_u_u____—_—ﬂl— ” O
+ ($(:: —- ;0)(1‘% - 1!31) {ﬂ:n - 931%-—1) y \,\}&
If we let | : ' m,\: ’
(48.2) P(x) = (& — zo){@ — %) ~ ° (@ — :cn?;jl;[o (x — )
and ' LV

v thar .org.in
48.3) Pix) = (¢ — z)" Py = (:x: @ dﬁ ¢ 3’5

then formula (48.1) becomes w

<

o P.()
W) L@ = pyT e SRS sk

It is easily seen that ~‘ o
2p@y =0 i LFT

50 that “\*'\ ”
{48. s) mr) _ gﬁ; o=y =0 n)

‘through the
by (48.1) is one Wluch passes
(ﬁi I;(t:}lfllig ?;3;51\’8‘11_ YO -+, ). In general Pyz)isa poly-

nomial of degree ni; i.e.;
: R . R R ) 'th w = 1
(48.6) Pi(x) = a2+ s, .- + @i WILD Gen
and

ad g a0 = Ee
(48.7) P"(xi) =a‘.ﬂ;c:‘ +Ia£.w—lm‘¢' i + + @0




8.8) f#) = L(2) + R(z)
*..-where _the. remaindér R(z) is such that _
489)  R@)=0 for (=01, --,n)

-+ Furthermore, if we let

 R@ = P@)Q@) 2
.' _".and conmder any function = R ”3‘;
- (48.10) o) = () — L(s) = P(y) Q(z.){\"
such that -

e(@) =0 and @(xy =0

i if 2 = #; for all § —vp:vpdhroulibr ?{'yﬁle%m (z) vanishes at n + 2

~points. By repeated application Qt"BolIe s theorem £*1(§) Vamﬁhes
where 2o < £ < g, However, .. }fs

L) =0 _and P = (o 4+ 1)1
" | S0 t.hat upon dmﬂerenuat‘!ng equatmn (48.10) we have
L n\— 70 = (0 + 1)1QG)
S or
£\
and atm(\— x equatmn (48.10) yields

B P@)i ()
(4&1'1) , f@) = L(a:) -+ RS T

\Thus we may wrlte . '

. RN ‘{x) P(z) i

(48 .12) - Sl = Z (;c‘) ¥+ (n I I)If *TI(E)

where £ lies in the interval [z, - - . ;cuj,
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The last term of formula (48.12) is in a sense a remainder term and
is a measure of the accuracy of the fit of the polynomlal L{x). .

Formula (48.4) has the very useful property that i is invariant
ander a linear iransformation. This can be easily. shown. Let us make -
the transformation

x = hu + a, 2 = hu; +q,

then
P(z) = (z — 2" P(®) ..\I‘\‘
= (z — )~ 1(m—:z:o)(z—:r1) N N
= (hu + a — hu; — ay~*(hu —I- a— huo —a
(hu+a—hu1—a) (hu+a-hun—a)
= h(u — w) (e — w(w — ) ¢ - (& —mm) '
= hrYu — us)P(w) \
= l=Pi(u); Nl
Pila) = (¢ — zo)(ws — @) - - (& — %—1)(3&—' Tipa) -
i T A dbrauhbl ary Eﬂ:‘g-rnxﬂ)
= (hu; +a — huo — @) * (hm+a—hm_1—a)
(hlh—l—fl—hllpm”*ﬂ) (hu..—i—a—hun—a)
= hr—Yu; — uo) (s — 1) (H«“ mea) (B — W)
£ (s — 1)
= b Pi(ug). \ '
Therefore \\ ' _ _
Py(z) E ‘(u) Liw).
L("")V E Flw) "™ 4P T @
- g i=0 )
-49. EquaH\paced Intervals. If thevaluesof 2, (i=0,:-+,n)
- are gl\r.qn, at equally spaced intervals, we have ;
(4‘9\1) . = 210 + lh
where - .
) thﬂ::xl_iﬂO:xr“m;——h (r:]"-'.'._n)"
- and also let S
w2 -t a smmcbuh
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._ “The poijrncirhial P(x) now takes a special form:

'-3___'-'(4'9'._.3) P =@t [l @ -2

i=0 :
= (2o 4 wh — 2o — B ] (@0 + uh — 2o — jB)
j_o ‘u\
= bl{g — D~ — KoY
Rt - i) j[lo h(z — J) &9
= k- ] @ . o
. i=0 o\ N
NOW. ) . . \/
. ba \/
#9.4) [l@-H=8@-1 - (u»en)
. i=0 WWW. dblaullbralyorg in

= Sptiurtt + Swlun + -0+ 83

where o\
s" .

S =0, - -, n), ?Ie?Siir]ing’s Numbers of the first kind.
For equally spaced 'igt’gr\vals we have

'\\
49.5) . Pig) = [] (@ — m)is = h“H G — Diw
\/ je0 {=
o o /\~ ‘_h“t.n—ﬂ( 1)"*‘ ’
S0 at\k

: h» H (u _j)s‘#:i

~40) P.‘(SB) _ F= .
va 0 Ho- ity (D

= ( 1)““[:!(n — I H ( — fis

and ' =0

9.7) L) = Lowyo + Ly, - - - - + Lo(u)ya
where L(u) is given by (49.6).
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Since L;(u) are functions of n and it is possible to compute tables
of these coefficients, and thus the value of L(z) for a specified 2
can be computed by a sum of products. In order fo cut down the
range of values on u for such a table, a shift to a “center” value 1
made which changes the notation somewhat. Let us number the
n+ 1 points o, #1, * * * 5 Tn in the following manner.

Case 1. Even number points; n + 1 = 2r.
In this case we could nuniber the points R

S . O\

Tpy Tpgdy * " " s T2 L1y T By T T T Ty NS

N\

and we are faced with a choice of picking the “center”” valitg to be
either z_; or x1. The general practice is to pick ¢, to bethe “genter”
point and call it #. The numbering then becomes N,

' w\J7
Lrply Torpas * 7 " s Bl Toy T Ba, (%" 5 Tre
4

For example, if we are given 6 points, thﬁ?&@ﬂm@ﬂ‘ﬁ%?@ orgin

R
L2, Tr—1, Fo, %3:&'3:3', Ty

We now have RN

~ *

nmrotih (= &Rl L L,
and O -
\ \ g = %o + Dh
50 that > D P
\& =

(49-8) P,(SC) =’\L€,}’_ 530_'1 H ($ — m;)
| O .. §=0
oot [T @b ph 2 =)

NS

SN R

\ ; = hr—i(p — i)—l H (P - .
: j=—r+1
. The product :

Tl G-p=GAr-Detr- - @@=
R | e




" Fuithefinore

@9) P = I (o - s = Bt [T (o i — 20— B

: and the éoeﬂiciénts of y; become
(49 10) A (p) = (=G + r — DI — i)z 1\ H (» —J");-s

In the tabulatmn of these coefficients i;hb followmg propel‘tY 13
- - useful: :
SRCLALE L Adp) = A;ﬁ(t - p).

- Case 2.0dd uumber of pomts 'n..+ 1=2r41.

*LAGRANGIAN FORMULAS [Ch.

T

F=0. ’ ’ j=r+1
r

=kt TG = D
= hﬂf—l[z;__l:—;]_ 1)(; _|_ r—=2) - i+ D .'\._: ;

S (=12 - . a

=R+ -1 I(r = (=~ ..\' D)

N\

2%
S

v 3— —r1

www . dbraulibrar ¥ org in

. In t]fllS case the pomts aré numbered

Ery m—»{-’P]? ‘g m—l, Loy Ty, * - 7, B

: au.d.'. o -\\

Lea2) A(p}=( 1)’"‘[(t+r)'(r~a)ﬂ‘ [ @ - e

' with the E"bperty

j=—r

'“(49 B A(p) A(~p).

\

' Lgt. 11s consider as an example the case of 5 points, and let p = -7+

“\His required to find 4 _,, A_,, Au, Ay, A, Suhstlt,ut]ng into iormﬂla
(49 12) we obtain

A = (-D(-2 4 )‘(2+2)1]-‘(7+1)(7+0)(7*12)

(7~

i

(1 DY) ‘]“1[(1 ple 7)(- 3)(~1. 3)]
53 (4641) -
0193375,

4
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AT = (<DL 2)1E DI + 20T 0
CT = DT - 2)]
= —BYEDD(—3)(—13)] _ '
= —.12285. :
A7) = (—1EY @NI7GT + DT+ DET = BT - 2)]
= 447525,
ATy = (-DIENADT + (T + DT+ 0T —2)
= .69615. -
As(T) = (~DO[ANONTT + DT + DT+ 0T - 1) X
= —.0401625. N,

R\
Extensive tables of these coefficients have been published by the
National Bureau of Standards. A limited table for fi%e points is
given in Table VIII, p. 338. \\

50. Interpolation..One of the prime applications” of Lagrange’s
formula is in interpolation. The problem is #o™Mind a value of a
funetion at a point  which falls between tabulated values at points
Ty Ly, * " . whW.dbraulibrary org.in
A. Equally Spaced Intervals. The, simplest case is the one in
which the tabulated values are given at equally spaced intervals;
then formula (49.7) gives the. desired results. Furthermore, the:
coefficients may be tabulateds and the problem is reduced to simply
one of finding the sum of~products of two numbers and is easily
performed as one ope’}:(iﬁbn on a calculating machine. For this
"purpose the coefficiefits are tabulated about & “mid-point” and we
have " :
(50.1) f(z) ZAy .+ AppiYorr T 07 + Agyo + Ayt
,\~’ ’ + T J(" Aryr--

The Pt(?é'édllre is explained by an example. _ _
Em?%\];’ﬂe V.1. Find f(1.77) by a 5-point Lagrangian formula from.
the table of values:

b 1.5 16 | L7 1.8 1.9 2.0

4809375 65.53600;87.69705 115.47360 14986915

19200000 |

0193375{ — . 1228500/ 4475250] . 6961500 | — 0401625

E————

— 1368500 | 0193375

— .0261625|.2541500] . 8895250
!

| JE—




S - 1.77 — 1.7
-' '_Solutlon Let z = 1.7, then p= T d =

" LAGRANGIAN FORMULAS

h A

:: ”Lagra;n.glau coefficients 4;(.7) are obtained from Table VIII, p. 339, '

B and llsted above.

2

FLIT) = Z A{Dy; = [106.49336 .

i=-—2

If we let xo = 1. 8, p LT:{Tl—S = —.3 we gbtain N o
. : ¢\
2 A\ N
f(l.?’!) = E Ad = 3y = [ 106.49345 .\ >
i=—2 N

B. Unequa]ly Spaced Intervals. The case oﬂmequa]ly spaced .
intervals makes the method more difficult toshandle but increases -

its importance since fewer methods are now\available. It now be- .
- comes necessary to return to formula (48.4). A schematic may be :

. obtain small integers in so far as: 13 posmble

'._.'...‘(\5!}34) B = (o~ x). - - (g —x) - -
\ } &

-+ devised which greatly alds t.he comput‘atmn Firsi, a linear trans- .

braulibra
formation is made on o e gIven + +, n), in order 10

. Form now the square a:ray

x_ﬂ:u :1:_""231 ¥y — T

To — Tan
_-a:l—-mn :&\—:cl T1 — Ty 1 — T
- (50.2) . E\\mg —~ 1 X — X vt Xg — Ta

$1\ Io LTn — 1 93"‘—.’52 R e oY

We note tha(dshe product of the principal dJagonal is
(50.3). \ P(:c) (& — x2o)(z — =) - Az — za).
The, products of the eléments in each row yield

- {x — :l:,‘)
Thus _ = {x — x;)p;(ﬂis)
(50,5 =(‘E3 (”E_—ﬂi’@_!’(x)
' :(50 6) y= L(a:) P(m)y +P(m) 1+P(m) e - o io_@y,‘

n

Crolgage #




i

g
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The square array (50.2) may now be augmented by the tw6 columns
R; and -}3% (for speedy operation R; need not be recorded). The sum

of the last column multiplied by the product of the terms of the
main diagonal yields the desired result.

Example V.2, Given the values

z? {.'
Find y at z = 18. _ n\
~ Solution. We first make the transformation = =\3§, then

e
li
*

K Y rary.org.in
and s = 6, The array of s — & add's; — & becomes after being

augmented by R; and —33 N N\

-

s

B = 8p |w — 81\3; - 82\3;‘ \xg gy — Sali — fsl%i T Fg|- B ydﬁi

6 1 O3 4 -5 -1 -9 | 22680 006613757

1 s OSh 3 -4 —6 —8 | —5760) — 018

3 ('3 -1 -2 -4 -6 goal 0

4 ’% 1 5 1 —3 —5.| —360 150

5 a4 2 1 1 -2 -4 320/ —.3125

NN 6 4 3 g .1 -2 | 2016 071428571
<‘9 3 6 5 a2 —3 |—51840 001620370
The product of terms in principal diagonal, P(s) = 540. S-?[;d:;l :

4 = (540)(— 2sssaatt) = —~132 |

ange’s formula adapts itself very

C. Inverse Interpolation.-La'gr -
formula (2) is siraply a relation

nicely to inverse interpolation since
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between two vériables, either of which may be considered the inde-
pendent variable. Thus, we can write z as a function of y:

Poly) Pr(y) Puly)
50.7) L(y) = .
( ) (y) Po(yu) To + Pl(yl) Ty + + Pﬂ(yﬂ)
. Normally, the values of y; will be unequally spaced and the method
. just described must in general be employed. Furthermore, it willbe
more difficult to find a linear transformation which will reduge ‘the
size of the numbers. Let us consider an example. RAY,

. £\
Example V.3. From a five-place table of natural sines weshave

W
7%

« 30 | 3; 33 3¢ _4.Y 36
Y|S0 | 51504 | saee | 5500|5677

Find x when y = 52992,

ww dbraulibr ary or g.in

»,’
Py -

Solutwn Let y = .1s, the

R

s | 5.0000 | 51504 | 54361 | 5.5019 | 5.8779 | 5.2002

. and the computational form is

St~ 8ol 8r — 8 | 5582 |8 —8g | 8 — 8y E; xi/ Ri

NS

2092 | — 150 — 4464

591N L4415 1455 .2927
. 13.’("?9 1 .7275 .4315 . 2860

AN

&

—.59191 — . 8779 .010438234 2874.049
1504 \}488 —.2060 | — 4415 | — 7275 | — 002127679 —14569.867
.4464 2960 | — 1472 —.1455 | — 4315 ] — . 001221146 | —27023 796

. 2860 003182957 10681.891
-5787 1 — . 045611921 —789.267

Sum = —28826.990

P(x) = —.001110065; ¢ = 31.9998.

To five-place accuracy [ z = 32

D. Multl.ple Interpolation, Interpolatmn in tables of multiple
arguments is a laborious procedure and is usually accomplished by
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repeated application of interpolation on a single variable. Repeated

B application of Lagrange’s formula can best be illustrated by exam- =~ -

ple. We shall limit our attention to equally spaced intervals; for
unequally spaced intervals repecated application of the technique
of Section 50.B must be employed.

Consider y = f(x,r) and suppose the table of values is arranged

as follows: : :
. | —I A\
. . . KO
ra ry rs ra Fa rs e\
i N
~\ .

T Yoo Yu Yoz o Yus Yos N%b‘ '
a1 ¥io Y11 Yiz Y13 TN £1
T2 © Yo Yat Yoz Yes ¥au Yas
% Y  ¥m Y ¥ pind ¥
Ty ¥a0 ¥a1 Yz Yu '\ ¥ Yis
Ts Yoo ¥si ¥Yse Yo )" Yed Yes

__Jmm,org,in

Let it be desired to find a value dﬁ’ﬂm,r‘) where 2z < # < z; and
"y < r < r; by a three-point Lagtangian formula.
i Rl P T T =T and utilize the oints
We obtain p, 5 - \and pr 5 oo -u ilize .p
T, ®z, x5 and r, rl,‘ri,'ﬂenoting ‘the Lagrangian coefficient by -
Az, Az, A7 and A7 2A], AL TEwe interpolate first with respect to =

at each ry (i = 0,152 we have

\’\“ Yao = A% Y0 + Ay + Afyse
%” yo = AZiyn + AZys A Afyn
Y=z = Az_ﬂ'lz +- ASJ’M + Afysg.

(50.8)

»
&
&«

N ) . .
@&plnterpolaﬁng with respect tor yields

(50.9) y@,r) = A% Yao 4 AYa T AmYas :
= A" [A%y0 T Azyag + Afysol
+ AjlAZyn + AZys + Ayl
+ AffAZ v T+ Azyae + A%yas)
= A7, Afy + AL ATy + A7, Afyso
+ AjAZyn ApASy=m + Aj Ay
+ ATAZ Y + AT A%y + A Ay
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Tt is seen that nothing is gained by attempting to use the last expres-

sion since this would require the recording of the 9 products A7

(&, = —1,0,1), while using the first expression only 4 recordings

‘are necessary. The second method would have application only in
‘the special case where p, and p, remain constant for a large number -

- of interpolations. The most expeditious method, therefore, is to com-
pute the three v.;; (i = 0,1,2), and then

. Q
(50.10) yl@r) = ALiyu + Afya + Afye.
- Example V.4. Given a function of two variables, vy = f\@;?ﬁ)‘s in
tabulated form: M
N we a1° 82° TN IS
. . ’e N/ )
5 17519 .18085 18721 { {19447 .20288
6 21023 1y 2R WBralilibBE4GE0LE. in23336 .24346
7 ~24526 | 25319 | .262T0] 27226 .28403
8 .28030 | .28936 29954 .31115 .32461
9 | 31834 | 32553 | ~33699 | 35004 .36519
10 .35038 36170 037443 .38894 40576
Find £(7.3, 81°25).

- Solution. First hold ﬂ'\%ohstant and interpolate with respect to T
using the 5-point fc}mula with ro =7, u = .3, and A,;(.3) from
Table VIII, p. 338.'We obtain

. R .

8 ,_\';:_.\-_80" 81° §2¢ 83° g4°
A\ : -
R B ] ]
fg;:-};m | .2857T1 1264041 .273332 ‘ .283928 .296203
¥y . : T
:\Now, using the 5-point formula with g, — 82, u= —.75 and

Ai(—.75), from Tabl_e VIIL, p. 339, we get

- f(1.3, 81225) = 26626 |.

_:_51..Dij§ferentiation.' Lagrange’s fdrmula may he .used to find the
derivative of & function y = f(z) which js known only at discrete
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values @, (i = 0, » -+, n). From formula (8) we have
f(x) = L{z) + R(=)
so that .
(L) ‘g% _ flg) = @) + R'@).
Since by formula (48.11) o '
_ P@fer(g) ¢
R(x) = e . R
' Pafetr g | P@fe(E. - - ™
(51.2) R =R (O

The second term of this expression is difficult to findheven if it
is known that f&=+9 (x) exists. However, if it 13 evaluatéd at a given
point, 2., then P(a;) = 0 and only the first ternt repdains. In prac-
tice the remainder term is only used to check @g‘ aceuracy.

The derivative of L'(x) is given by R

GL3) Lo = Li@ye + Li@)ys + Oy dbralliiby orgin

and

NS
- V“,
AN

(51.4) Liz) = P—-EE'—);JEE Ps(ﬂ’)“v.’;’
ST 1
(:,c“;—:::l:,,)] [x —x oot T = Tt
. :’1\'} . 1 o 1 | ]
xt\'.” . +$__$H-1+ +x_x“.

\Y

(5}\59& :‘L\'.-(x) = p%;) [ “ - 2y ] [i z = mj]ﬁn’
\\ : o

3 7 . i=9
5815l
Pix) _=um = Tidj

Formula (51.3) gives an expression for finding the derivat:ive.of a
" function at a general value of 2. The computation of the coefficients
of y;, (i =0, - - -, n); namely, L(x), 8s given by formula (51..5)
_Iiﬂ somewhat difficult to manage. It can hesti be handled by fprmmg
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Py(z)

the square array (50.2) and computing Bz}

(50.5).
A. The Derivative at z; for Unequally Spaced Intervals.
. Of special interest is the derivative evaluated at one of the given

points, zy, (i = 0, * , n). Formula (51.5) takes on two forms:
. N
@} k == i. In this case the product [ (z — #)jax = 0 except when

F=0 f:\..\

it is multclphed by (:r;, — 2:)7% Thus 'S\
(51.6} N

Ly = L i &9
Ll(w) - P‘(:E,) |:l:‘[0 (:Efc _ :t,‘){ ‘k] < »)
1 e\
= F;G:T) [(®x — zo) - <z — :!::,_1)(3:; — xk)ﬂ) ( .
1 P — Fn
1 [(mk _ w\jww dbl(auhbr J}E‘ﬁ L )]

"‘

as was done by formula

<

= P (x‘) ].—[ {&e — 3?;)3=i=k{43k — )"

fwelst
- 65L7) Dy 2@ - @)Pi@), (i + k),
we have 7
] ) ¢ N } v/ n
x “ ’ 1
(51.8) o~ O L = Da H (@ — 7).
\ W im0
b) k = i. In this case we have
4519) (e ~ %) = Piley)
“hed ' '
(51.10) L i) 1
@ =P s
3=0
ig=

= 2 e — a1,

F=0, 5
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* Thus the complete expression for L'(zx) becomes '

(51.11) L'(x;) = L (xk)yn + e +L£(a:k5yk + s Loz ya

= ya H (xs — @)itr + D H (s — x,},:|=.:-. |

2 (ze — x})::i—k + -

n\.
+ D l—[ (xk L © xJ}f:':k
- i= 0“ ’
'\\
,H(o:k—x)#[ + 2 80+ 2]
3 D[Ik le\' ‘D
\“ -
wwW’dbhythr&m“g i#) ik
»;:“ =0
or v:.;'w_ .
(61.12) L'(x) = H (Tx — %k [ z ‘Dal]i#k |
j=0 LY “
" .
\\"' + e Z (e — 2t
=0

This formula for the derwatwe of y = flz) at x = & can be found
by the use oﬁ\al\SGhematlc gimilar. to the one given in 50.B. Form

the Squarewénay

»\n” To— X1 To— L2 I Tl - T il:n‘“l‘_u
\ﬂb\ﬂ‘:lu-.cn Fp— @z o0 Fr— Tk T TLT O
MEy — Ty Ty — T1 Ly — Ty Xy — Tn
Th — g dp — X1 Tk — L T = Ea
mn'_xo T — &1 :E,,—:Ez P A Tx
. Notice that no element appears On ) the main diagonal. Now LEhe
. Dl‘Oduct of the elements of each TOW is P (:). If this be again m - _
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* plied by (; — %) we have — Dgz. Thus we can augment this array -
by two columns, Dy and y; Dz ; the first being obtained by multiply-:
ing the produect of each row by the element in the kth columa
(i.e., this element twice in the product) and changing sign. There"

W}]l be ﬁo_entry in the {( = k) row. The product H (xp — Tjhias

=90
7 : N\

=[] [ (& = @1)];4 is obtained by multiplying together the, nega-

=t A\

tive of the elements in the kth column. O

- The elemerits of the second augmented column are/héyw summed
and multiplied by this product to yield the first teci?pf the formula.
(51._12). The second term is obtained by sumiﬁ,i}lg the negative
reciprocals of the terms in the kth column ad.can be easily seen
from its expression. The final value of thex’,déﬁvative is then given

_ by formula (51.12). Let us illustrate theprocedure with an example.

- Example V.5, Let us\%\gﬁﬂé{i é%a‘%ﬂléréﬁiﬁi e V.2 given in 50.B, and

* let it be desired to obtain the dgr,i{réitive at s; = 53ie, x = 12.

PaY

- Solution. ) R\
5= golss — s — selse N o
| §i = Ep 8¢ — B FoSs O Walsi — 3uls; — sy — g4 Dig ¥:i Dy
s & 34
1 58 —4 -5 -7  _o | 18000/ .007936507 |
oo UANT2 -3 -4 w6 _g | 1608 —.023437500
i R -1 -2 4 ¢ 576 0 :
oNY o1 o 1 3 L5 | _1s0| 300000000
5 ’\\.. 4 2 1 -5 _1
N\ 6 4 3 2 -2 4032] — 035714285
:? N 8 6 o 4 2 —60120f 001215278
\™ w{ss — 8;) = 320. 250 |
e—g)t=Cp-ypoyp2 1 1 1 _6
Z 5 4 5T 3735 rl=g=12000
| @) = (3200(25) + (1.2)(—100) = =

B. The Derivative a_t” % for Equally Spaced Intervals. If.

: the}ra_lues ofﬁhe l]]dependent Variable are gi\f en at equally spac
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intervals, we have from equation (49.7)
(51.13)  L{z) = Lo(@)yo + Lai@yr + - - - + Lalwya

where

GL14) L) = (—1{iln — a)l]— [[ (u —J)Hq

i=0
Since = uh + %o we have N
dy _dydu _ldy . & 'Q}
dz  du d:c hdu . :;"}\
and . (,‘}&
5115) y =L@ =7 ) Ly 300
| i=0 N
and | SR
: R |
(5L.16) FLi(w) = (— 1)““[&'(n — T]_ Wﬂt(‘ti‘”h]?ﬁaié’ org.in
~:‘-’~ i=0 ’

™

| Furthermore [see formula (51. 5)]

. {5117 ﬂ (w — J)ﬁ\ Tn (u~1);4=‘ [2 @ — N7 ]

JBU - i=0
When ¢ = z; we ha\vgz

’:\M & — T __'{.Ck. — %o _ b
B OT e TR T
80 that E[lbrh]ls point formula (51.17) takes on two speclal forms:
a) k¥ i. In this case we have :

5\19)

(@ = fogs = (ale — 1) -« - CkD@-k-Y) -
dqu;[] # = D [u(u (2& =i _l_.li)(u —.f = ].) o (o — n)]
=Rk —1) - - =D - :
* (k—a+1)Ck—"—1) (B —m)
(k—z)~1k1(n—k)1( H | |
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(EL20) Li(@) = (=il — DR — D)7kl — B—1)
e s Ba—R1
= e o -
CNole:  (—Lpeh = (=L~ 1) = (—1)H
..' :..\
. b} k = i. For this case we have N
: . A
(51.21) ) ;,.\\ o
d’ . »
EH (@— D =G —1) - - (@M= D(— 2) \ 2 (i — n)l
T jze '\\.\\
| 1, 1 IS\ __ld]
E+i—1+"'1;i+ tien
i) \\~ i
= r,l(nw syﬁ('au!;}ﬂ'am%*Lg,m_
| KR Sl
3 : SO that : . ’ - ,\"}: *
: ; l(n — D=1y~ [2 1 ]
- (51.22) L: ni b
el L = (1)0 i — 9] EATEE
. =0
_188 - .., 11 _
BT T T Sl S
< 1
:O\iw’ — n—1
&/ i n—i
AV _ 21 2 1
"\ - T =
~ ~ ] i J
:~\’~a - o3=1 o i=1
,..\:”; ) -t
N/ _ l.'_if %<no1
jfi—‘,—l

1 .

. = i 2i>n-1
F=f—ifl :

Thus the coefficients of ¥ (i = 0, , 1), are all functions of r, Es

.and i, and may be computed once and for all, and tabulated. Fur-
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thermore, the table of coefficients is “negatively symmetric” about
. the “mid-point” so that it is necessary to tabulate only half of

them. Let the coefficients be denoted by Ap;,then for equally spaced
mtervals S

6123 yim) = e = 3 [Alye + Abys + -+ + Akl

and A}, arc given by formulas (51.20) and (51.22). O\

Now for £ > mwherem = —12-1'_1 4 lifnisevenandm = %("{ +}3

if n is odd, we have ' O

Ay = — A : '{t 3
w7

By formula (51.20) we have for k = ¢ \¥%

. : w\,/
, Eln — ?
o 1yE A%
“= VT m — B e in
| and z .“: . raull lary,olg,'].ﬂ

-G = BIneR)!

Afpny = (— B n —"i,)'lﬁm “tn—0llin—k— n — Dl
. (n — BIED :
= et
(D o= IO =B
1 — BRI
= (Cypr o e B
(—1)F ?‘(.“ — DIk — O
thus o .
0T A= A
n :"\:' -
For k = {st-have by formula (51.22)
R \ N : n—n+k
\‘\’:\A'};k = 1 aﬂd .A:qﬁ—k,ﬂ-k == .-]}.;
e PP ' j=n=btl
80 that _ -
AL = —Ap ks

The tabulation of Aj; can be made in two ways. The first is to
for the AL; for each n and

obtain the lowest common denominater v . e
tabulate the coefficients of ¥: a8 integers with a final division 10
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obtain th_e-dérivétive. Thus .

, 1
yix) = D, 2 GYs
. i=0
where
| @ = ALD,

N ) . ! . \
;~and D, is the lowest common denominator of A}, Table IX, p:842,
- gives the values of D, and af; for 10 points. The second methodys to

publish AZ; in decimal form (see Table X, p. 344). O
Example V.6, _ “
L ] dy . ’ . ’ .‘..j\'\
. Find Ip 242 = L7 in the data given in Example V.1.
' ' \J/

- Solution. Here g = L1—-15 2 =hn="5h =1
' o www.dbra uljb_rary.,bf g.in
From Tables IX, p. 342 (D, = 60):and X, p. 344, we have

.

[y |48.09375] 65.53600 ] 87.%9705 | 115.47360 | 149.86915 | 19200000

—

- aly 3 —30 x( 20 60 —15 2

- £
As | 1050000 | — 0800 | — 333323 | 1.000000 | —.250000] 033333

\ ) S8
: \\ [2 a5

N 5
S DT A=w]) Ay - (2810652 ).
) i=0

_. T]:}e _.fomiulas derived in this section may be used as the basis 102
" obtaining methods of solving differential equations. This will be

= discussed in Chapter VII.

_.'52. I-Iighe_r Derivatives. The higher derivatives are obtained by
‘Tepeated dJﬂ"erentiatiqn of equation (51.3). Thus

G2 L@ = Li@ye + L@y + - - - + LI (@)yn
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where
 (52.2) Lix) = L4 pa)
’ f Pia) de? v ° _
Although a notation and schematic can be devised for the general
ease it is very unwicldy. Consequently, we shall develop only the
special case of equally spaced intervals. From equation (51.15) we

have
"

1°? ; . N . ’:a ®
(52.3) Y@ =3 2 Liwys RS
i=0 \ W
sothat - - A0
1 o { &
(52.4‘) y”(z) = W 2 L] (u)yg
 i=0 W)

D
\\

Now _ &
Coal O
Ld{u) = (—]_)n-—i m{@y—ﬂh)‘aﬁ

i
(%I)ry .org.in

where (u) is the binomial coefficiexit'notation.
n ™y . .

Let | | “< . 1yn—4
O d : _ ‘
then L\;(u) = b -CE[H (u j)j:h],
¢ s: J . o - .
&nd_ ’"\x;.\" 3 ,
. \‘”; 2 Fs . _
e O e =sg|l]e- Do}
' :"\‘."" ;=0 '

’”\ N/ ; . —— ERC
'I‘h@sé deri\rati\;—es may now be evaluated atua = 0; 19 2.5'3s T]:;‘:;
. to yield the values of the derivatives at £ = o, 1, s Ene

-+ We can write
(52.7) yu(xk) - h"(xk)

. = L (Al + Aliys + Afays b AR
-Where t ) e '
A =LY
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Whlch may be computed once and for all and have been tabulated
in Table X1, p. 346.

The continuation to higher derivatives is immediate. The third
“derivative is given by

G2.8) ) = L) = g ARy + Ay o+ ALy

_ _ Q
~and the values for A;' have been tabulated in Table XII, p. 34%,
‘Example V.7. Find the first, second, and third deri\{azﬁeE at

z = 1 of the function whose values are g >
]l —2 ] 1] e 1] 2 3..,\'1," 4
y ] 104 | 17 [ ol -1 | 8 [\ i 272

. Solution. Using Tables TX, XI, XTI, at¢ tlﬁ back of the book, with
=6 h=12 =1, W‘“Wélwmw“gm
Y1) = g1~ 1104) + 907 = 45(0) + 0(—1) 4 45(8) — 9(69)
’ + 1(272)]

= - A

¥y = 130 {2(104,)\& 27(17) + 270(0) — 490{—1) + 270(8)

. Q) — 27(69) + 2(272)]
Ty Y .
¥ (1) ﬁ-ﬂ [3(104) — 24(17) + 39(0) + 0(—1) — 39(8)
+ 24(69) — 3(272)]
~
\53 Integration. As in the case of differentiation Lagrangf‘ 8

formula may also be used to find the integral of a function (z)
“which is known only at discrete values 2, (=0, -,mn. T he

integral of L(x) will be a' good appromauon of the mtegral of f(x)
g0 that we may write

BRCRY f J@dz = agyo+ ayr + -+ -+ anya + B




53]
where

{53.2)

and

(53.3)

The problem of finding the in

INTEGRATION

. b . .
%=?%_};n,§J;P‘(m)dm’ :(i=0,"',ﬂ),

o
R =Tyt | s,

evaluation of the coefficients o; and the sum of products,

coefficients a; depend upon the n + 1 poi
integration (a,b). If we write Pi(z) as a p

powers of R &

(53.4)

the integral may be written in the form \x “

(53.5)

where

(53.6)

The coeffici ﬁ&}.‘b;,- may be replaced in a-tab
h}’ a IOEV{GI‘ the constants Pi(z). It is no
since they will disappear when the limits of

Thug
\ 3

Piz) = =z~ + P TIRT, S + -+ ﬂa\.{-’i‘l“a-u

161

nts, x;, and the limiis of
olynomial in deseending

% 3
ww W dbraulibrary.org.in

‘[P‘-(:c)dx = biapx™tt + b

e
AN

S

ay
SN g

1 2 y -
b‘i'“-i‘l - n___i__.]'_"\i:':}\ (I' = 0, Y n)!
hj=%cas>1),_ (=0, mi=L"

biy <nJohstants of integration. '

et P gn—1 e x* T Pi{s)
____—_-_____________._._-—-—-—-—'.—' .
Bons1 bo,n bao,n-1 bo.2 ba,1 Polaa)

-b,;, 2 ’ bm 1 P ﬂ(:cﬂ)

b"-N+1 ) b‘nm bn,n—l

a-’-[?”';'f:“' oo 4 by 4+ bio

..’n),

tegral of f(z) then reduces to ﬂxe\ A\

ular form and augmented
t mecessary to write bio.
integration are inserted.

»
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There remains now to consider the range of integration. If this
range changes so that il is desited to have many integrals, the values
for a; may be tabulated in the following manner:

i Ly — &L Xy — &a L 3~ s T3 — Xy
0 g & feidiY ot % \ .
1 [r5 4 (=3 A (=5 ot (5] N s T
2 oy g - g . af Ny -
. N
N

. Ao

. N
n e ay [+ 2¥7) n

L &
~\

For the case of equally spaced interva]id.

(63.7) Pi(z) = Pi(u) = u(u — 1) \‘\(u —i+Du—-i-1
"N\ < (w—-n

n Ne/

= Yaw W
F=8 v, dbrau}lﬂaf'ary .org.in

and since dz = hdu
N
(53.8) { ’P,(x)dz' =k f P‘(u)du

The values of. avrﬁay be found easily by use of Stirling’s numbers of
the first kig({.,,ﬂonsider for example the case of 4 points:

@= (-1~ 2u—3) = w — 6u + 1lu 6,
:,;Pl u) = alu — 2)(u — 3) = ud — 5y + 6u,
:..\~:.Pg(u) =ufu — 1)(u — 3) = u® — 42 -+ 3u,
\'"\} A\ Pi(u) = u(u — 1)(u — 2) = u® — 3u? 4 24,
If we note that
(53.9) Piwy = L@,
uw—1
the polynomial P(u) has for its cocfficients the Stirling numbers of
the first kind and from which we remove the factor (w — ). This
can be done by a synthetic division and easily put into a schematic.
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The removal of (z — 0} does not change the numbers so that
the first polynomial has the Stirling numbers of the first kind as
coeflicients.

| | !
ot ut i 1t DHYISION
ag; 1 —6 11 —6 0 ’;\
i —5 . A\ ¢
(N
(2% 1 -5 & 1 \“\’
5 g X Ny
£ &
a2y 1 —4 3 A\
+3 -9 AN
AN
@zj 1 —3 2 - 3
| AV i |

L M

The coefficients b;; are now easll)r w:rittvn down

1 . ‘-+Ww dbraplibrary.org.in|
ut u’? ‘u’ : Pilu)"| L.CD.
.’{“fv
1 ¢ b 11 6
by g NE |z | 1] 0
AN 6
bii N \I} -3 3 2 12
.\
\ 4 3 2
QO 1 3 2 ,
o bar 1 -3 ! 3 6 | 12
o | I

I%u&) are easily found by the formula

(53.10) Piu) = ilfn — D1

and realizing that Ps(2e) = doo and then they alternate in sign. A
column for the lowest common denominator (L.C.D.) is attached
" in case it is desired to factor out the denominator; it is to be recalled
that P{u;) is a denominator.
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Let us now consider a specific integral, say

L2f(x)dx

for 4 points. We have

h 2
To= I—% [bmu‘ 4 bosut® 4+ bozuz? + bﬁlu]% ¢ '\t\
e A\
Bl o 6,00 M., \
-Llie -t Yo - 6@
- - H @@ - uer see - ol

- % [48 — 192 + 264 —H114]
R

7

h
— 5 (~24) O
=Zh

0 www.db ra;.’flﬂsf'a ry.org.in

[

The schematic eases the cc;}:nputation

| ¢ o\‘,‘ T i
;2% =16 5‘3\= 8] 22 =4 2 rep. | Piw) | oed?
A\NG - — -
bo; o —24 66 —72 12 —6 .
\i"\." 3
e 3 ~20 | 36 12 2 3
AN
m\bzi 3 —16 18 12 -9 4 é
| :

2
h
J; f(z)dr = 3 o+ 4y1 + y2 -+ Oy,

For equally spaced intervals the values of a; can be tabulated
for the range of integration 0-1, 0-2, ete. The value of an integrel
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between other integral limits can be found by recalling that

L4f(rt:)d;c = Léf(:r)da: - sz(a:)dx.

Values of a; are given in Table XIII, p. 348, and their usc can be
illustrated by an example.*

1.8
Example V.8. Find the J” . ydz given the table
1.4 . N .
_ _ O
| | . ™
w | 15 | L6 | LT | 1.8 19 [(20
¥i \ 48.09375 | 65.53600 \ 87.69705 | 115.47360 | 149 86915 |3 192
i &
"

Solution.

1.8 3 9
fm J@)de = b ﬂ f(t{}{ti.\\"

= h [ dzmw_g)y‘]
: S0

From Table X111, p. 349, for six ﬁﬁﬁm:ibuhglihteryair@;,—ih we have

' i i 2
!iz; i .31875 ‘1,36875 Nal2so | 71250 ‘ ~.13125
L ‘ & (M
N \‘

and since h = .1 . ()

01875

1.3"\:3
J‘:‘\'yﬁx = .1(233.721045) = 23.372104.
o B/

54, Accuxa’éw’of Lagrangian Formulas. All of the formulas
derived javthis chapter are based on the assumption that the given
data-chn be fitted by a polynomial in the region under discussion,
an&\Lﬁis initial assumption should frequently be checked. The in-
herent error in the Lagrangian formulas is exhibited in the remainder
term of equation {48.12)

()
R, = J7E) peg
e t®
* Values of o; may also be computed around a ““central value.” See Journal
of Mathematics and Physics (1943}, Vol. 24, No. 1, pp. 1-21.
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where £is an arbitrary point in the interval (0,n). This remainder
term may be carried throughout all of the derivations of the formulas
and is a measure of their accuracy. Thus, in formula {51.23) for the
derivative there should be added the remainder

hn

— y(ﬂ.-l-'l) .

For the integrals we have the expression (53.3). .
The accuracy should always be tested whenever possihlé'

55. Lagrangian Muliiplier. Although the Lagranglan multiplier
is not directly associated with the Lagrangian; formu]as discussed
thus far, it still seems appropriate to 1nclude§1£ here because it is
concerned with the finding of an extremusd6f a function which is
constrained by some additional condJLsz AIn the principle of least
squarcs which is so often used in nu,merlcal analysis, we are cor-
cerned with the problem of minindizing the sum of the squares of
the residuals of the analytical expréssion and the values found by
substitution of the known pagiits. If now an additional constraint
is imposed upon theqﬂdiﬂm@thq@'mtﬁ}@ analytical expression, the
problem can be solved by ise of the Lagrangian multiphier.

Let us cousider a iu{y tion of two variables, f(z,y), and let it be
desired to find the maximum and minimum values of this function
if, furthermore, (‘\]ch y arc related by g(z,y) = 0.

The necessapy\eondition for an extremum is that the total differ-
ential vanig&%s\. ‘Thus, for the function f(z,y)

\Wv
(55.1) 0 %m+%@=u

*

o :The total differential of the constrained relation is

b Y
4

(55.2) '@m+@@=0

I now equat.lon (55.2} is multiplied by an undetermined multi-
plier, ¥, and added to equation (55. 1), we have

(55.3) (f_i_)\é‘g)d +(3f+}\ag dy



55  LAGRANGIAN MULTIPLIER 167

Equation (35.3) would be satisfied if A were determined so that

Yy 2 % _o
- (554
(55.4) af + _ 0
By
g(fc,y)

The multiplier A is called the Lagrangian multiplier.

Example V.9. Find the dimensions of a rectangular box, mthout a
top, having maximum volume and whose sarface is 66 sqnare

VAL

zy + 2zz 4+ 2yz =p06."

a7

The system (55.4) for this problem is,

vz -+ Ay 4‘— 2z)
x4 7\{:1‘: wﬁz\}r d:blﬁullbl'aly org.in
zy +A28 + 2y) =

a:y\:F Dxz + 2yz = 66
Multiplying the first e@kuatlon by =, the second by y, the third by z,
and adding, we obtam

3‘.7:yz 4+ 2n(xy + 2xz + 2yz) = 0.

Substituting, tbe Jast equatlou into this result we obtain

inches. O
Solution. Let the dimensions of the box be &, y, and z J'I’he volume
function to be maximized is R&S

Vie,y,z) = ayz \Y
subject to the constraint N

O\ _ o kyz
\ Seyz + 132x =0 or A= o)

*

™

SN
Q@{ﬁr@;t three equations of the system now take the {form
% (44 — zy — 2x2) =
xz '
2T o4 — gy — =90
ii (44 — zy — 2y%)

“’—y4 44 — 2xz — 2y2) = 0.
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The solutions are = ¥ = /22, 7z = \/1—;_2

Another example will be discussed in Chapter VIII,

56. Exercise VII.
In the following exercises employ the Lagrangian Formulas.

. In the data of Exercise II1.3(a) find y at & = .55 and = = .72\
In the data of Exercise II1.3(b) find ¥ at x = .82, 1,15, and 132
Solve Example ITI.12 using Lagrange’s formula.

Apply Lagrange’s formula to the last siep of Example {II 15
Solve problem 1(a) at x = .7 and 1(b) at x = 1.91ofMixercise IV.
Solve problem 1 of Exercise V by the methods of i’h}s chapter.

. Solve problem 2 of Exercise V by the methods’ Qf this chapier,

. Solve problem 1 of Exercise VI by the metho&s of this chapter.

. Divide the interval (0,1) inlo len equal partq and find J; adr by the

method of this chapter. Compare a.nswe} with that found in problem3
of Exercise VI. ~N\

. Find the dimensions of a closed; (:ylmder having a maximum volume
and a total surface of 20x square inches.

o
f=—J

X
LR Y

www.d brailIfi brary.org.in



CHAPTER VI. ORDINARY
EQUATIONS AND SYSTEMS

"

57. Introduction. The solution of algebraic egidtions is thor-
oughly discussed in a course in algcbra. Therg, however, one is
primarily concerned with the existence of splufions and expressing
the solution in closed form which may be ¥eey difficult to evaluate.
" One numerical method {or finding the rop‘ﬁS‘ of an algebraic equation
is Horner’s method which is discussed §n most textbooks on algebra.
Very little, if anything, is said abott@randbsndibmalyequations.

It is the purpose of this chapter ‘to present methods for finding
the roots of any ordinary equation with numerical coeflicients.
Systems of such equatiori'\\ﬁn'ﬂ also be discussed.

58. Some Fundamental Concepts. Before proceeding to the
detailed methods it Wil be useful to review some of the fundamental
concepts from glg:f\;ﬁi'a. The existence of roots of an algebraic equa-
tion i based e number of theorems all of which are quite impor-
tant. Since they are adequately developed in a number of beoks, it
is only mecessary to list them here. Let us consider a polynomial
¥ ={Gf) “of the nth degrece. If this is set equal to zero, flzy =0,
we have an equation and the solutions of this equation are called
ihe roots of the equation or the zeros of the function f(). Ifnisa.
positive integer the equation f(x) = 0 is said to be a rational
integral equation. We now state some important theorems.
Remainder Theorem. If a polynomial f{x) is divided by (x )
until a remainder independent of 2 is obtained, this remainder i8

equal to f{r).
169
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Factor Theorem. If r is a zero of the polynomial f(x), then
{z — r) is a factor of f(x).

Fundamental Theorem of Algebra. Every rational integral
equation, f(z) = 0, of the nth degree has n and only n roots.

. b ..
Rational Roots. If a rational number, o @ fraction in its lowest

form, iz a root of the rational integral equation ~
Qo™ +aw™ ™t A G e = 0
{
with integral coefficients, then b is a factor of a. afid’e s a factor
of [+ 1 ,~.:’~‘

"Complex Roots. Complex roots oceur in é&njﬁgate pairs, i.e,
ri = a + biand ry = a — bi. The same is tm}}'or a quadratic surd.

Reducing the Degree of the Equation Once a root of an equa-
tion has been found, it may be “ divided out” leaving a quotient of
degree one less than the original_equftion. Further investigation
may then be applied to this quotient.

Descartes” Rule of Signs. Thé number of positive roots of a
equation f(z) = 0 with real goefficients cannot exceed the number
of variations in sYQ%wﬂFtﬁ?é‘i%SWi%ﬁﬁ%l fGx), and the number of
negative roots cannot excted the number of variations in sign in
f(—2). K

Location Pri (Q"pl’e. It f(x) is continuous from z = e toz ="b

“and if f{a) andj?%

i) have oppesile signs, then f(z) = 0 has an odd number of roots
between a ait?l b. '

i) hszu(e?like signs, then f(z) = 0 either has no roots or an even
numbertef roots between ¢ and b,

R:1jlles of Transformation

oy I To form an equation each of whose roots is & times the cor-
résponding roots of the given equation, multiply the coefficients
aobylarbyk asby &2 - - - g, by ki, - - - , @5 by &*. -

II. To form an equalion each of whose roots is equal to the
negative of the corresponding roots of the given equation, change the
signs of the odd-degree terms.

III. To form an equation each of whose roots is less by h than

a co.rrcsponding root of a given equation, divide f(x) and each suc-
cesslve resulting quotient by (z — #) until n divisions have been



§9 ONE EQUATION IN ONE UNKNOWN 171

performed. The remainders obtained in cach division form the
coefficients of the new cquation in ascending order.

Roots® and Coefficients’ Relationship. In any rational integral
equation of the nth degree

ae® + @t +arrt 4 - - - f e =0,
% = — (the sum of the roots)
i
z_g — the sum of the products of the roots taken 2 at a time )\
L] : é
™\
i . N\ .
a_ﬁ = — (the sum of the products ol the roots taken J.at a time)
0 . "G
R
a5 o
o= (—1)» (the product of all the roots).
0 ) x’\\:
Special Transformat:on{ 4
EQETATION TRANSthiim TG BY
'.’::{Lrww.dbl'aulibral'y_org_in 1
4 bzttt e+ d=0 ¥W+py +g=0 x:y—:—i-b
I 1
e tbet dezt tdrbe =0 Ny byt Hryte =0 | z=y—b
| AN o |

Splitting the Equation. The roots of an equation may be found
by obtaining the ghstissas of the points of intersection of twa func-
tions into whiqh\fhe original function has been decomposed. For
example, thdselution of (z — cos z = 0) is the value of « for which
¥ = x intérsects ya = cos x.

Grgph{i]g. Many clues to the solutions of equations may be
obfaihid from the plots of the functions jnvelved, and the value of
a graph cannot be overemphasized.

59. One Equation in One Unknown. Most numerical methods
for the solution of ordinary equations are based on the method of
successive approximations. The problem is then one of finding a
recurrence relation which permits the calculation of a scquence of
mmbers xq, €1, Lz, . . - Which converge to the desired root, r. For
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the equation

(59.1) : y=flz} =
the common recurrence relation is
S 4 C.2))
(59-2) Liyr = T4 g(xi) £\

in which g(x;) may be the slope of an appropriate line{ Tﬁ‘e correct
value for g(z;) would be the slope of the line from s(;c,.y;) to (r0)

[or then K w:
glx) = 0 «~'\~'\'.
r »
and
Fory = 5 — yi _ @ yile — ) _
N 2 O A S S

v

The most classical form of g(xs) is th{, value of the derivative of
f(z) at @, f(2:). Formula (5% 2}'then becomes

WWW dbrauhbl ary.org.in )
{59.3) Ny = —
& e
and the method T5known as the NewLon-Raphson ‘method of
more popularly\as simply Newton’s method.
Other comuton forms of g(z;) are
a) slq;léfef the chord joining two points already calculated

(599 glo) = Y2 Yz,
" : T — i

V l?) constant slope between two points (z;, yy) and (z, y2) for
which f(x:) and f(z:) have unlike signs

(59.5) gla) = L2,

:l'.'l — sz
¢) Constant value of the derivative at a chosen point, 2o,

glz) = S(za)s
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d) An arithmetic mean between (b) and {c)
S — 1\ g Y=y,
(59.6) gz = 2[.)’ (ze) + o — ng

The most popular method is the Newton-Raphson method pro-
vided it is not too difficult to calculate Lhe value of the derivative.

Fxample VI.1. Find the real

root of 1)
¥ ' ND
20 —cosz — 1 = 0. 1 ~ : .‘;}
= X
Solution. Find the first approxi- : LN
mation by locating graphically N
the point of intersection of Lt I
X
y1=2$—1 0 "..": 8
¥y = COS &. \x
Now )
flx) =2x —cos s — 1 'v.f; -1
f’(ﬁ,“) =2 —|— sin . ‘».'.' St at ATy Ot 5.i T
Then 4
i i \\ : S | Frizd
) { ; ol
0 s — . 196702 2.717356
()" 835588 000443 | 2.741699
Kﬁ"“:" .835427 000067 ; 2.741583
{s?% (835403 | ‘

’..\“ .
Exah&\ Y VL.2. Tind the root between 2 and 3 of the equation

ot — g3 — 22 — 62 — 4 = 0.
Selution. We write the function and ils derivative in their nested
Torm,

{ J&@ = {[(z — Dz — 2]l — 6}z — 4
f'lz) = [(lz — 3)z — Hz — 6.
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Since the desired toot is between 2 and 3 let us arbitrarily choos
= 2.5.

1

i g Fles) Frizs)

0 2.5 —8.0625 27.75

1 2.790540 2.591414 46397506

2 2.731648 111655 42,431352

2 2.732057 .000259 42.249140 %

4 2.732051 Ve \
\

" Note: In the ¢ omputa tion the values of f’(x.) e computed before

those of f(x;}.

Example Y1.3. Find the root between Q aﬂd 1 of the equation
z'# — 52211z -1—\3 0123 0.

Solution. In this case let us take 4 (,onstant value of g{z:) =

—:Yl
Lo — #1

choosing for the two points the values (0, 2.0123) and (1, —2.2088).

Thus W W dbraluél%al arbé 021 in
ga) = + — —4.2211,
\ 0—1
Smce the absolu\e\vct]ues of yo and ¥, are nearly equal, we choost
= (.5. \
» "'\ 4
l.\ ) 2 log 2; Flxd) g(x)
7§/
©
Yo .5 —.30103 —-.31892 —4.2211
~ Y 1 424447 — 37217 002860
N 2 .425124 ~ 371486 — 000075
v 3 425107
Thus r = | .42511 |. Check: f(r) = — .00002.

Greater improvement can only be achieved by using more extensive

loganthrmc tables.

It is noted that formula (59.2) fails when g(z;) =

0. For the

above expressions of g(x) this will occur at or near the root of
f(x) = 0 when the slope of the tangent line is nearly horizontal. The
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procedure then is to solve for the root of the derivative equation
f'tz) = 0 and denote it by © = a. Then we have the following three
possibilities:

(1) If f(a) = 0, then g is a double root.

(2) I f(a) &= 0 and f(a) and f"'{a) have like signs, then there is
no root of f{x} = 0 in the neighborhood of z = a.

(3) If f(a) == 0 and f(a) and f"/{a) have unlike signs, then there
should be two roots of f(x) = 0 in the neighborhood of a, one lesg™\

than « and one greater than a. .\
To find the two roots in case (3) above, consider the Taylor \sériés
expangion of f(z) about ® = a; l.e., S

s
£

. y - 1., A
f@ =fla) + @z — o + 5/ @)z — e)? +\\ :
If we neglect all terms higher than the second ahd femember that

{x) = f'{a) = 0, we have \*\\

J@) + 5/ ez —@r=20
or )

L fla .
x? — 2ax + at :%'ZY{%Lﬁuﬁbrary,org,jn
and wupon solviﬁg this quadI.Q{iG for z we obtain a first approxima-
tion to the two roots |, .4

i\ THE L FF ()
(59.7) P + V—2f(@)/f"(a).
The two values; may be improved upon bry successive approxima—
tions using any ©fthe above formulas for g(x.).

Fxample V:Q\AL.\ Find the small positive roots of
WY@ = 034z + 89.973x2 — 60z + 10 = 0.

Soluiiér'%?’ Tabulate Lthe values of the function at small values of x.

i -

f@ | 10 | 2.5 | 40.027 i
_t

& 0 5

From these values it appears that there is a possibility of an even
mmber of roots in the neighborhood of £ < .5. It 1s therefore desir-
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able to solve first the derivative equation f'(x} = 0 for itg roots.

We have :
F(e) = 162z 4 179.946x — 60 = 0.

Since this is a quadratic equation we may solve it by using the

quadratic formula. Had it been a higher degree equation we could

use the Newton-Raphson method. We find

—179.946 + ~/{179.046)F — 4(.162) (60"

2(.162) O\
_ —179.946 + 180.054 N\ b
- 324 -
a(>0) = 308 - L — 333333, XD

The second derivative is
'z = 32z -1(1%’.946
and at 2 = 3 we have
f(g) = —.000000 ¢Vand  f7(z) = 180.054.
Since these have ?i?ﬁﬂ{%?ﬁﬂéﬂ“ﬁbtﬁ%‘fef’gﬁ%ld be two roots in the neigh-
borhood of z = % I}geQ\;Js obtain the first approximations by formula
(59.7). X\
) 002

{ .33 t alon e
2 3333 £ \/ 180.054
o) = 333333 & 003317

\”\ z, = 330016 and x, = .336650.

l

NS .
:We:}‘zan improve upon these roots by Newton’s method.

AN

\‘:

D)
ol 23
i x4 iz J (=) z; Flas) Fimd
g -330016 | —. 000005 | —.597297 ; 336650 | —.000009 597181
330001 | — . 00000017 | — .599998 { .336665 | —.00000056] .599382
1 2 | .3300007 . 3366659
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Thus we have

n= [30001] and o, = 396666 |

to six decimals.

60. The Iteration Method. Another method of solving an equa-
tion in one unknown iz the method of iteration. This method is
applicable when the equation f(z) = 0 can be solved for the un,
known ¢ in terms of a function of z, i.e., it is possible to write

{6‘0.1) r» = Ifw(w). ,'\:\
7 N

The procedure of iteration is to guess a first approximation-of the
root, say @, substitute this value into F(x), and ohtg'tﬁ"& gecond
approximation, (¥
(60.2) z1 = F(xo). N4
Now repeat the process by substituting z, inifp\\F‘(:c) to get

22 = Flod. 0O
By repeated continuation of the process, ‘Wwé can calculate a sequence

of numbers {2:} which should converge to the desired root, r. The
method is especially suited to the finding L?g th(ﬁ roots of an equation
. . - - . e O . raulibrary. org.in
in which the function is given inithe Forin of & powsr &érids such as
the interpolating polynomi'ia@.
Example VI.5. Find th{\fof)t of the equation

B3 — /T +sinz = 0.

Solution, To get & first approxi-
mation we plqt\rg}tighly the graph ¥
of the two ft\eq'lc'tions

',y'£;= 3x 7
and. ()
\J y2=+1+snze : A
and roughly determine the ab- fil
seissa of the point of intersection x
to be £ = .4. Next we solve f() 0| 4 2
for x

[

xr =

AT 5 sinz

3]
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and set up the iteration calculation

N A s s s e o

X 3929 J . 391985 .891865 .391849 .391847 . 391847

Thus | ¢ = 391847 i .to szx- decimals accuracy, ~

The success of the teration process depends on the convergence
of the sequence {z:} to a number r which is the desired(root. It i,
of course, possible that the method will not converge{However, the
condition for convergence can be established by axépeated applica-
tion of the theorem of mean value.* We shall’ajséurﬁe the develop-
ment and simply state the condition which i&}h\at

Fria) < 1 \
F@<1 3

in the neighborhood of the desired roﬁf: Furthermmore, the smaller
the value of F(z’), the more rapid tlie’ convergence. A check on the
above example shows that o\ ¢ '

m)ib_r?%(f;lirfa{“—yseﬁgﬂ—% (cos 2)
and at z = 0.4, F'(.4)& 1130.

61. Systems of L‘iﬁe"ar Equations. The first discussion of systems
of linear equalidris occurs in an elementary course in algebra, where
the reader ig introduced to the method of elimination and the solu-
tion of the'system by determinants. These are basic methods which
shouldie employed whenever possible. We shall assume the reader
to be{familiar with the theory of determinants and briefly review
the'method of solving equations employing them.t Let us consider

£\ . . .
mQ;' simple system of three lincar equations in three unknowns

@ + by + ¢z = d,
{61.1) @ + by + 2z = o
’ [+ X7 + b%y "I_ CzZ = da.

*Bee J. B. Scarborough, Numerical Mathemats, 1 Analysis (2nd ed.; Balti-
more: Johns Hopkine University Press, 1950}, p. z;gl. v ¢ ’

1 See, for example, P, S. Dwyer, Li ¥ 7 : John
Wiley & Sons, Tnc., 1951}, Chapter 9. wear. Gomputations (New York: 10
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The determinant made up of the cocflicients of the unknowns is
called the determinant of the system and we shall denote it by D,

a1 b1 €1
{61.2) _ D=|a b e}
I| [{ 5} bg 3

The values of the unknowns are then found by

1 d]_ b] €1 1 /5] dl Ci O
r=-<|ds b ;¥ =-px'la do eal; N
D » D | 2 21y '.\“\
6]. 3 d3 b3 C3 . 233 dS 3 7"\
( . ) b d N
1 231 1 1 A
= D a: by dal; \
[J 1 bs dg N ‘\‘ 7

and there are three distinct values providing D 0. We recall that
a determinant is said to be of rank rif ris 131)% order of the highest-
order nonvanishing minor. A matrix is_a &éetangular array of mn
quantities arranged in m rows and n columns. It is not one cuantity
like a determinant but is an array of gjuémtities. The rank of a mairix
is the highest rank of the determiitants of the highest order that
can be formed from the matrix By strikidleroutbremysogéelumns. A
matrix may be square, i.e., m may be equal to n. Thus we shall say
that D is the matrix of the{ooefficients. If to this matrix we attach
the column of constand, {érﬁus, we may call the resulting matrix the
augmented matrixijw ¢ may now state the conditions for solution
of equations (61,1)p™

a) If the me;tr‘i)\t of the coefficients is of rank 3 (in general n),
ie, D == 0, the \quations have a unique solution.

b) If the'tank of the augmented matrix is greater than the rank
of the matrix of coefficients, the equations have ro solution,

¢) At for n equations in n unknowns the ranks of the augmented

t8Y and of the matrix of coefficicnts are both equal to n — 1,
theh there are an infinite number of solutions expressible in terms of
r arbitrary parameters.

The solution of the simple system of two equations in two un-
knowns is readily adapted to a calculating machine by the following
schematic. Consider _

ar +bhy =@
(61.4) [agx + By = €a.
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Arrange the numbers in the following array:

where
D ES albg _ blag ,’:\..\.

r = — %(6102 - G1b2)

(61.5)

1
Y = D (0102 — £40s)

which is accomplished on the machine bg{;thc cross multiplication
follow ﬂ:by a division if required.

Exam'ple VI.6. Solve for  and ¥ in
3 14162 -+ 1.3456y = 7.2184
bragllblar 1. 3111;c — 21221y = 3.1234.

www.d
Solution. The computation is arranﬂed on the calculating sheet as
follows. The student, s:hbu]d repeat the calculations to check the

answers. \'\{”'
£ Nos D = Glbg -_ b]ﬂg
:’: o b]Cg — (.‘152
o) e
\ w _ ity — Cirkg
O D
, )
\\3 " a b c
3.1416 1.3456 T7.2184
1.3111 —2.1221 3.1234
—8.431008 2.3154 — . 0413
Thus ¢ = | 2.3154 [ and y = [ —.0413 |.
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For systems involving more than two equations the evaluation of
the determinants is fairly difficult on calculating machines, and in
such cases we rely on the method of elimination which has been
developed into a schematic. We shall now describe this method in
detail.

62. Crout’s Method. Onc of the best methods for solving systems
of linear equations on desk calculating machines was developed b
P. D. Crout in 1941.* The method is essentially based on elimira-
tion with the work arranged in a schematic. A check is provided so
that the work may be checked at regular points, and this Gghighly
recommended. The method is best explained by an example. To
keep it simple, let there be given three equations in tliyée unknowns,
r,y, and z. O

ax + by + ez = dl,\.
(62.1) asx + byy 4 caz = doy”

g + b:;y + CgZ’F’: 3-

Form the matrix of the system plus.d, gheck column

a1 b1, :j?l’\”-.f\ﬁh.f.dﬁl‘ ulibrary.org.in
(62.2) lag ba™ea da e

ag\’bs ¢s ds €3
where \Y

= b et d, (=123

A derived mafnrifi ;.

(N
7\

(62.3) 7

ad

Ay, By Cy Dy Es

A, B, G Dy Elu
A, B; Cs D; E;

4 ~\’ 0"
is@qw computed in the following manner:

Step 1. First Column
(62.4) As = {;, (E = 1,2,3).

* Prescott D. Crout, ““A Short Method for Evaluating Determinants anfl,
Solving Systems of Linear Equations with Real or C_umplex Coeflicients,
Transactions of the American Instilufe of Electrical Engineers {1941}, Vol. 60,

p. 1235,
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Siep 2. Firsl Row
| _bho_a.p L4 €1,
{62.5) ' Bl - {1_1, Cl - {1_11 Dl - &’,1, El =

Siep 3. Remaining Second Column

Bg = bg - B].A-2!

Step 4. Remaining Second Row ~

— (A s
C: = = B, O

dy — DAy
(62.7) Dy = 2—3251,
&g —s“}E]_A%_

L)
& W22

W Y
3

E2=

Siep 5. Remaining Third Col i n

www.dbraylibrary.org.in
(62.8) G es — CaBs — CyAs.
Step 6. Hemaining\ﬁhf}'d Row
@7 (p, = % DBy ~ Didy
Cs ’

62.9)

( )\{‘\;" E3 - €z — EQB3 —_ E]Ag
O -

) ;I‘;iigé‘solutions are then given by

}
\' {z=D3s

(62.10) ¥y = D — Caz,
=0, — Ciz — Bly.

The check column (E;) servos as a continuous check on the calou-
%atlons m that the E; are equal to one plus the sum of the elements
in the same row to the right of the principal diagonal; thus
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E, =1+ B+ G+ Dy
(62.11) E, =1+ C:+ Dy,
E; =14 Ds,

and the check should be made after completing each row.

The calculations adapt themselves readily to desk machine oper-
ations and only the elcments of the derived matrix need be recorded,
ie., no intermediatc quantities have to be written down. The™
arrangerent is illustrated in the following example. :

>y
\
Example VL.7, Solve for z, v, and z in the [ollowing systom.o‘f equa-
tions: i \'\".
ety +z=1, ,\\
3z +v — 3z =5, N\
x — 2y — 5z = 10. \
Solulion. Ky N
. S “L}\ |
T ¥ z M( k CHECE
GIVEN ; ~11“ ;:: " ww i dpra u]ébrarygorg in
MATRIX > z
& — 10 4
1 A 3
{ 3 1 1 1 4
DERIVED \é\’ g 3 _1 3
MATRIX -: N1 -3 3 2 ‘ 3
sommdgl\s' 6 -7 2 |
\‘ I R S |

A check cahxa'lso be made on the computations of the golutions by
using the, heck column. Thus

"\:“ 7 = E;
3212) y = }Lg - CQZ;
e = E, — G’ — By
and
7 =1+z
(62.13) y =1+
=1+

This is illustrated in the following example.
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Example VL.8.

x ¥ z ) w k CHECE
2.462  1.349  —2.390  ~3.400 0.903 —1.076
~1.000  2.000 3.000 2.000 1.340 7,340
0.983  0.220  —1.600  —0.930 3.000 K673
1,310  —3.000 2,100 1.200 2.560 | . 2170
S
N
2.462  0.5479  —0.9708  —1,3810 0.3668 > —0.4370
~1.000  2.5479 0.7964  0.2429 0.6698 2.7092
0.983  —0.3186 —0.3920 —1,2881 —778279 | —7.5659
1.310 —3.7178 6.3326  12.0692 .54 1973 5.1973
3.721 114l —1.871 4,195 SOLUTIONS
4721 2.141 —.871 5107 CHECK J

A. The Case of Symmet{iﬁél Coeflicients. If the elements of
the given matrix are ﬁwﬁ%ﬁﬁlgﬁﬂthe principal diagonal, the
work of computing the auxiliary matrix is cut almost in half. This
can be seen by noting“that the elements of the auxiliary matrix
below the principal diagonal will yield, if divided by its diagonal
element, the symmietrically opposite element above this diagonal.
Let us follow this through. If the system given by (63.1) were
symmetrical, we' would have

A
Oy
80 thgt%lfe given matrix would be

oy

by = g, ¢1 = {3, 0y = ba,

N N @1 2 dz d]
\'(@2.14) Fas by b; ds
L7 %] b:i Cy da

and in the derived matrix we would have

b A,
B~ =&
(62.15) G = A
& A.]_
Cg = EZ _”_C]_A_g = BIAS -— Es
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During the computation the symmetrically corresponding clements
of the derived matrix could therefore be computed as one operation
with an additional division.

Various stencils have been devised to guide the computer. One
such stencil which the author has found convenient to prepare is a
rectangular guide card divided by a diagonal so that half is used for
calculating the columns and half for the rows by simply rotating

the card through 180° each time a change is made. N\
‘F\é I h " 4 ‘\'
- 4 5\
L9
5% \Y;
O OJ;\ \ -§
Kigugy Q§ éwen el
; UBAK) oo Enlry :
) ,,Oe? <& ,,3 o
3 $ i
(03 RN
* ' Yww.dbraulibrary.orglin
o\
¢(\J >
A\ ]
x ., ‘ l

B. The Geuéral Case. Crout’s method is easily generalized. Let
{a:;) be the Jements of the given matrix and (A;;), the elements of

the derived matrix, then

) i—1
\’\3 Ap = ay — 2 Az A,
k=1
=1
(62-16) Aij = azj - 2 A:'kAk.f! (i—fi - J)}
=1
i—1

1 ap s
Ay = [ag,- - 2 AskAkj] AL Gfi < j)
k=1
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/ . . . . .
and if we have n variables, x;, the soluiion matrix, can be written ag
a row maftrix,

3

(62.17) zu = Aini1 — z Anitiz, @G=1---, n),

B=it1
where it is understood that any sum whose lower limit exceeds iis
upper limit as assumed to be zero.

C. Accuracy Improvements in the Selutions. The valtes ob-
tained for the unknowns are usually not exact, and the subStitutions
of them back in the original equations may not malkeé the equations
balance exactly. Improvements on the solutiong'may be obtained
by caleulating the differcnces and, treating Alipm as the colunn
of constants, solving for corrections to thé first solutions of the
unknowns. Since all of the derived mat{iges except the column of
constants Temain the same, it is only, fledessary to annex an add-
tional column to obiain these correc}t_{bns. For example, suppose
that the solutions to Example VIS had been

B 372
www . dbrad ﬁyrwquig,jn
p, oz = —~1.88

i...~\ w = 4.20.,

If these were theﬁ\éﬁbstitutcd into the original equations, we would
have the value§ )

{62.18)

,\iigubstituted Given Differences
~ 0896 0.903 007
A 1.300 1.340 040
N 3.007 3.000 —.007
) 2.575 2.560 —.015

N\ Emploﬁng the difference column as the column of constants in the
given matrix, we obtain the corresponding column in the derived
matrix :

.002843
.316315
011318
— . 002296
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and solving in the usual manner we obtain
Aw = —.0023; Az = 0084, Ay = .01068; Az = .0020,
Thus
z = 3,722; y = 1.141; z = —1.872; w = 4.198 ~

which compares favorably with the solutions obtained eartier (This
gorrection procedure may be continued as many times as desived.

D. Evaluation of Determinants. Crout’s method may be used
to find the value of a determinant. Refer back to the system of three

equations in three unknowns and consider the produet of the ele-
ments of the main diagonal of the derived matri; WiB,C;. We have

A
A = ay “'x;.\
b]_ ,‘]-3
By, = by — B1As = by — —az £ {aibs — bits)
a1 Wil

")

Cy =3 — Co8: — el RN
Cr — ME) :Ej,;wgnmgg'gylmrgrx@g,jn
. b

-6 B, ..
(a162 T&Eﬂz by — 151&3) C13
=¢z —\ i1 . — ]
a 2\*“51{12 13} 75}
A N, (e — et (@b blas)_].
- a_1 {i;.}s' Crtks by — by
7o o
The produc{'b:ecomes after some simplification
(62.1,9{7:';4.1B263 = %[(alﬂs - C]Gg)(albz - b]ﬂ-g)
/PN Y "': 1
\\; - (a]_Cg - clag)(albg —_ 51{]'.3)]
aibses + ashser + asbiez — aghse; — abies

—_ Glbacg

which is the value of the determinant of the coefficients. This can
be easily proved for the general case so that we may state: The
value of @ deferminani is equal to the producl of the elements of the
main diagonal of the derived malriz.
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Example VL.9. Find the value of the determinant

1 3 2
D=]—-1 4 5
21 6
Solutfion. The derived matrix is o &N
‘ 1 3 2 R\
-1 7 1] K
2 -5 7 N

The value of the determinant is
A
D = ()(7)(7) ..—'\1@9 .

It is advantageous to obtain thie-value of the determinant when
solving a system of linear eqqafj(ms. It may be conveniently entered
in our computationakschbmaldtrshe.ergliof the diagonal line through
the elements of the main, diagonal of the derived matrix.

E. Cofactors anql..l}f[atrix Inversion. It is frequently desirable
to cvaluate the fécfors of the elements of a determinant, and
this may be dope by following Crout’s method. At the same time
we can obtainthe conjugate of the inverse matrix of the given set
of equat-ior;g.: Consider again the set of equations in three unknowns
(62.1) and tecall that the cofactor of any element a;; of a determinant
is the Lxﬁm)r of that element multiplied by (— 1), In the determinant

of .(‘&2.1) the cofactors of a,, by, and ¢, are
4 t\: $

e &
\ W
\;

be  eq
bs Ca

423 bg
[/ 3 bs

dz C2
a3 C3

, (=) , and

’

respectively. Consider now the system

&1 + blyl + 12, = 1
(62.20) ol + bgy]_ + CaZy = 0
4 23450 + bayl + C32y = 0.
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The solution for x is given by

b e 1
=55, es| ~ D (colactor of a,).
Thus
cofactor of @, = Dy
Similarly, A
" cofactor of by = Dy, A
cofactor of ¢; = Daz,. \ \)

If we replaced the constants of the system by 0, 1, 0 we *gm‘tflgl obtain
a new set of equations in ¢, y, z for which the left-hand side is
identical to that of (62.1), and if we lct the solution OT}}hiS system be

%2, ¥3, 7y we have A
cofactor of as = Dl ¥
cofactor of b, = Dys/
cofactor of ez =, Dz,

The final step is to form the sys&éﬁw@l&lﬁ’ﬂéﬂmﬁ&%ﬁﬂgﬁﬁ, 0, 1 and
arrive at solutions s, ¥s, zs from“which
&
co\@cfor of az = Duxs,
.cofactor of b; = Dy;,

,~u:;~éofactor of ¢ = Dzs.
A\
The entire prqc\é's} ‘may be combined into one operation. First aug-

ment the ma\\bux of the coefficients by the unil matrix (I}
"'\

" ;"\i:" i b1 i1 1 0 ¢
(63\2}9” la; by co 0 1 0L

&y b3 C3 0 0 1

Calculate the derived maftrix

Ay B, G Dy 0 0
Aa Bz Cg 1}2 E2 0

(62.22) .
As By C3 D: I Fu
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Now solve for =i, vs 2z, ¢ = 1,2,3), using the constants D, B, F;

(i = 1,2,3), in turn. We obtain
S I S TS |
(62.23) Lo Y2 Ze
‘ T ¥z Za

The clements of this matrix are the cofactors of the elements of the
determinant of the system-divided by this determinant, D They
are also the elements of the conjugale of the inverse matrlx of the
original system. Thus, to find the cofactors simply tckal‘luply gach
element of (62.23) by D. \

Example VI.10. Solve the following system of (,quatlons Evaluate
the determinant of the system and obtain the. Wﬂue of the cofactors
of each element of the determinant of the coefficients.

Solution. ,4 \\
| \‘ =
T ¥ z kE ::,'(:.‘]:'LECK (L)
.\
1.36  2.5¢ ywwd mraahb‘.}’éry 28 1 L
—1.82 3.65 1.81N72.42 .06 0 1 U
2.38 —1.42 324 1.11 5.31 0 0 1
A\ _
. I . \\”"
1.36° 1.868 —1.191 1.449 | 3.125 735 0 0
—1.82 ?\030 — 051 .717 | 1.666 300 142 O
2.38 ’\'—.9 866 5.775  .323 | 1.324| —.110 .144 173
N
D D = 5537
Y e s 323 SOLUTION
\\ “ 1.46%  1.734  1.324 CHECK
CONIUGA_TE INVERSE COFACTORS

. 260 184 — 110 1440 10.19 —6.09
- 107 .149 144 —5.92 8.25 7.97

.189 009 173 10.46 498  9.58
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F. Systems Having Complex Coefficients. If the coeflicients
of the system are complex numbers, the solutions will be complex
mmbers. The method of solution is the same except that some
scheme must be devised for recording the real and imaginary part
at each step. Since the product of two complex numbers

(62.24) (@ + bi)(c + di) = (ac — bd) + (ad + bo)i

is the sum of products of real numbers, it 18 conceivable 'tfhaﬁ,\a
scheme for desk machincs is feasible. In Crout's method ¢he ele-
ments of the derived matrix which lie on or below tlg&}principal
diagonal can be obtained by two machine operations)oné for the
real part and one for the imaginary part. The,~eIﬁﬁwents which
lic to the right of the principal diagonal give more trouble because
they require a division after the sum of prodicts has been ob-
tained. The division by a complex number, may be carried out by a
multiplication. AWV

1 a A\ b_ .
(62.25) A art fﬁj—l aZ + B L_ '
where N www. dbraulibrary.org.in

ACs o + bi.
s\ J
The method may therefore be carried out by writing the complex
number in two-element form in the matrix and augmenting the
derived matrix. Lettds consider the system
’:\' -
G ¥ z ko
an + bui  @ia f bl @is T bist @+ bui’:
(62.2(})\':.'0.21  Bati  @oz + ool Bas + 5231: ag + 5241. .
\'"\;~ " laz + bsli tys 1 bzl sz + bast  das + bagt
When numbers are involved this is convenierjtly writlen on two lines

for each element instead of two columns. (See example below.)
The derived matrix will be

Apn 4+ Byt A+ Bt A+ Bls’; A + Bmi:
(62-27) Aqr + Bt Ags + Bosl Aas + Bssl. Agy 4 Bzdl
Az -+ Bad Az + Bszi At By Ay + Bia
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where the elements are obtained in the regular manner. However, to
accomplish this it is necessary to record additional data. Following
Crout, we supplement the derived matrix both on the left and right.
In the left supplementary matrix, we form the sum of the squares
of the real numbers and the reciprocals of each element of the

principal diagonal. Thus ~
1 , ‘O
2 2 o\ o
Au + B“ Aﬁ' + B:t ¢ \ Y
Ay By Q)
A} B}y, o — 7o
(62.28) EL N P o
Ags B Ol
2 b4 T NN
BRI oty s

Ass 085

2 2 £
Asa + Baa LS;{:? L8a

where LS;; are the elements of, j{hé”left suppiementary matrix.

In the ng%lt SUPVP\{fe\PﬁFbI}%%Ii’}LL%at.EiL% s recorded the sums of 'the
products which form the nimerators of the elements to the right
of the prinecipal dingonal before each is divided by the corresponding

diagonal elements. / Thus in the example
&

62.200 2O ﬂ RSy RS, H
\" RSy,
\M
we ha\:«e}"
(6230)

RSy = (@25 + bast) — (A + Buni}{ A1 + Bisi)
= (1123 - AzlAls -+ BmBm) + (523 — By Ay — A21B13)i
RSsy = (@as + bogi) — (Aa + Boiy(Ay + B1ii)
= (@s — Aordis + BnBy) + (bos — ByiAy — AaBult
(a34 + 5341’:) - (Aal -+ Bali) (A14 + Bui)
+ (Ass + Bssi)(Azs + Bsst)
@ss — AuAy -+ ByBy, — Ay Azs + BaaBag
+ (bas — ByAdy — AsiBy — BiaAds — A32334)£-

R8s

Il
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63. Inherent Errors in Systems of Linear Equations. The
computational methods for solving systems of linear equations can
be checked for their accuracy, and crrors due to computation can
be evaluated and corrected. Systems involving approximate num-
bers may have errors due to the nature of the equations, and these
inherent errors may be very serious. However, it is possible to find
expressions which permit us to study such errors. Following the

© procedure of Section 4 (Chapter I) we shall obtain (X Pressions

N

for the errors in the variables due to errors in the c(\iéfﬁ::iients and
constant terms. Consider the simple system of two egquations in twe
unknowns N
(63.1) [ L S A + b]_y = ¢ ’N.\’.', )

£ 5% + bgy = fg) 4

Let the known errors in a;, b, ¢; be A’a‘;,\\&bg, Aci, ( = 1,2). Then by
taking the differentials of the equatiouns of the given system, we cat
write to a firsi-order approximation”

(63.2) {‘11&3 + bl&f}’:; Acy — zhAay — yAb
eyt drialihrosy g in zAay — yAby

which gives us a systéi of linear equations for the inberent errors
in the solution, Az @nd Ay. Since the right-hand side of this system
is known as we Know the errors of the coefficients and we are able to
solve to obtaid the values of = and y, this system may now be solved
for Az andyay.In practice, of course, the actual errors of a;, b, and ¢;
are not Jnewn precisely. What we do know is that they do not
excee{l:@.‘known magnitude. Thus we proceed not to find the actual
inhérent error but the bound for the largest values of the error,
&) the right-hand members of cquations (63.2) do not exceed a

%\ -
:]mown constant. This constant will be the sum of the absolute
” values of these terms; thus

(63.3) {kl = |Aci| + [z8a] + yab]
ks = |Acs| + |zAas| + |yAbs|

and we .s.olve for thc upper bounds of Az and Ay by amy know?
n‘_letho in terms of k;. If the numbers in the original system are
given t4 the same degree of accuracy, then the errors on each of them
are equdl and &, = k,. '

s
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For example, if a;, b;, ¢; are given 10 two decimal places, then

lsa) < .005,  |ab| < 005, and  [Ac| < .005.

Let the upper bound of these errors be denoted by e. Then the upper
bound of the right-hand side of equations (63.2) is given by

(63.4) By = ks = (14 |z| + [yDe

The solution for Az and Ay in equation (63.2) can now be easily™
accomplished. We note first that the determinant of the system. is
exactly the same as that of the original equations so that in'a,ﬁ;f)h}ing '
Crout’s method we nced only attach a column of constant terms.
If all the k; are equal, we shall replace them by Lfﬁi&' multiply
the results by k. The solutions obtained before ntultiplying by k.
is in a sense a measure of sensitivity. Furtherthpre, since we are
seeking the upper bound and the errors may he either positive or
negative, we shall always assume the wc{sj;\case and always add .
regardless of sign. Let us illustrate with\ah'example.

Example VI.12. Find the inherent ;31:1;61:3 in Example VL.10.

Solution. Augment the given :_;qair% by 4 colymn wgpscnelemg_pts .
are all unity. Calculate the cerresponding e ements i1l tthe derived

matrix always adding regarQless of sign. Now using these elements
calculate the one-row soii"it}on matrix again always adding. Th :

L AN
N
s\ DERIVED MATRIX
P N\Y;

PNy a3

NV LTAS

§~ .332

. ‘ .813
O 2. 400 .373 .813 | SOLUTLON MATRIX

\
\ 3

Now ¢ = .005 and

B = (14 |z] + [y + [z) = 2.520(.005) = .0126.
Multiplying the solutions by k we obtain

Ar = .030, Ay = .005, and Az = 010,
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The above example illustrates the effect of inherent errors. The
errors computed are, of course, the upper bounds, and the actual
errors should be less than these. Nevertheless, if the errors all
combine to approach the upper bound, we see that the selutions
are not as accuraie as the given data.

As to whether or not it is realistic to check the solutions by an
upper bound on the errors is often questioned. As a compromise it
seems reasonable to compute k as above uging the sum of ghe-abso-
lute values, but in the computation of the sensitivity, fgctors fake
into accounl Lhe algebraic signs and solve in the usyal manner. For
the above example we have g S

sl
7NN
S D

&
x ¥ z DERIVED MATRIX
s N/
A .7353
\S$ .3317
Q L2071
.3425 .34230% L2071 SENSITIVITY
0043w |dby b ry-8P24n A

In general no tgg;hhique will improve on the inherent errors, but
some measures of safety may be taken. The greatest source of in-
herent errors @xiscs from the loss of leading significant figures by
subtraction/Phus in Example VI.10 we see that C; (in the derived
matrix) As>=.051 which does not have as many significant figures
as the(@iven data.* This must be guarded against and can be done
by garrying the calculations to more figures than the data. In otber
words, do nof round off until the very end. :

N\

\ The most troublesome thing in solving systems of lincar equations

occurs when the determinant of the system, D, is near zero, not
exactly zero, mind you, but close to it to the degree of accuracy of
the approximate numbers being used. The solutions are then very
sensitive, and some absurd results may occur. Usable answers may
still be attainable, however. In using Crout’s method there will bt

:“F or this reason Tixample VI.1{ is actually done ineorrecily, the mistake
heing intentional. '
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an indication of this situation as one of the clements along the main
diagonal of the derived matrix, 4., will become small. It is best
that this not occur at an early stage of the computation, but if it
does, it can sometimes be corrected by recording the equations. In
fact, in applying Crout’s method particular attention should be
paid to the elements of the main diagonal of the derived matrix, A
They should be allowed to become neither extremely large nor small.
If it happens, rearrange the equations. Should D be near zero, the
ideal situation ig to have the smallest clement of the A aceur (ab,
Aun, L., the last one. This will prevent the numbers {rom ggﬁing

“out of hand.” We shall illustrate with an example. A\
S %
? '\.
Example VL.13 %)
o
T ¥ z R CHECK
X J

51143 .90274 (89318 o) ¢ .62133 3.33168

136518 36161 3462208 24561 1.31862

24375 .22100 6552w dbriIMrary ordlif6996

91143 990466 L 1979977 685000 3.655443

.36518 | —.000088 5'\‘132.363646 51.571590 184.939485

24375 — 020426 N 3.720000 396202 | 1.396320

N\NO” T — 000250
1171288 ¢ 8R3064 .306202 SOTUTIONS
2170723 0N 117479 1.396320  CEHRCE
e )

We nofe that the value of D = —.000250 is small and that the

sensitivities will be large. Equally important, wc see that A
= —.000088 is nearly zero, and as a result other numbers hecome
large and the computational checks fall off. Let us reorder. the
equations and at the same time compute a set of reasonable in-
herent errors. Note that the reordering changes the algebraic sign
of D but not its absolute value. This is consistent with the theory
of determinants.



198 ORDINARY EQUATIONS AND SYSTEMS [Ch. V1

¥ z z k CHECK. LB
22100 .65521 . 24375 _35000 |1.46996 1
.36161 .34622 .36518 .24561 |1.31862 1
90274 .89318 V91118 .62433 (3.33168 1
221000 2. 964751 1.102941 1.583710/6.651403 . 2524887
.361610 — . 725864 046364 - 450601)1 496964 \\ 876533
902740 — 1. 783219 —.001562 1.1703592, 169865 054, 220315
000250 N\
— . 882170 .396338 1.170359 SOTUTIQNG
L118304 1.396362 2.169865 CHECK
,x’.\\' kE = 000017
—894. 332 —~44, 203 974.229 ,”,\ BENSITIVITY I
0152 0075 .0]:66 \ A !
9 J

d ra br N
64. Other Methods ys%l;abl(:r?ggolg Linear Equations. Exter-

sive use of large-scale calculang machines has greatly jncreased
the number of methgd:s of solving systems of linear equations. Many’
of the new methéds are special adaptations of classical methods to
particular caldulating machines, depending primarily on the
machines’ sthage capacity and the effect of round-off errors. A
entire b00]§ shight be written on these methods. In fact some of the
recent mymerical analysis books are largely devoted to this par
tlcula%sub‘]ect It is not the intention of this book to specialize t0
sueh, an extent.
In general there is a particular method which is most easily
\ Jadapted to a specific calculator. However, the present state of
calculating machines would make it inadvisable to state that one
method is the best possible method.

In 1953 the IBM Applied Science Division made a survey of the
methods of inverting matrices and solving systems of simultaneous
linear algebraic equations. In this survey they listed the following
gixteen methods:
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The Adjoint Method

Gaussian Elimination

Crout’s Method

Triangular Square Root Method

Methods of Sub-Matrices or Partitioning

Error S8quaring Method

Shur’s Method -

Retaxation Methods

Richardson's Method

The Methed of Simultaneous Displacements

The Method of Successive Displacements Ve
Block Tteralion
The Method of Steepest Descent .\
The N Step or Conjugate Gradient Method A\
Monte Carlo Technique Xy
Improvements in Ilerative Methods. AS,

These methods may be classified as direct, iteg'ative, or slafistical
methods, The direct methods are those Whi{:h\ohtaill the solutions
after a fixed number of steps, such as Cpaut’s method. The major
handicap to these methods is the rouhd¥ofl errors. The iterative
methods get approximations and then improve upon them; more
accurately, they are methods of sudgéssive approximations. Usually
they require more computations AR vihRraliisertiendioap is the
speed of convergence; they dotend to eliminate the round-off errors.
There are also various ajds to improve the convergence. The sta-
tistical method is the Kcioflte Carlo method which is iterative in
nature; the results should be considered to be an estimate rather
than a true approxXiniation to the solutions. '

The Titerature.on this subject is very extensive and the reader is

referred to the bibliography in the bhack of the book.
65. Exeréide VIIL
L Ein\& the smallest positive rool of
\m‘;“ wt— 23— 1=0.
2. Find the positive roots of
495* + Bdx® + 222% — 122 +1=0.
3. Find _a. real root of . .

9 —cosx — 3 =10



200 GRDINARY EQUATIONS AND SYSTEMS [Ch. VI

4, Find a root of
x logig & = —0.15.

. Find the smallest positive root of

=]

2> xd ot b
1-—x+'2-‘—§+z—-5——0.-
6. Investigate the existence of a small positive real root of §
O\
2t — 14723 + 05622 — 944a + 1.528 = O\

7. Find the positive roots of N

27 4 9.531c? — 4.6355z + 5449 = 0.
8. Solve the following system of linear eqeaj.ions: -

534z — 320%.= .720
128z + 8327 = 314.

9. Solve the following system oflinear equations:
wiwrw.dbrawlibrary .org.in
1.932x + 3.86dy + 2.898z + 7.728w — 1.462
349z L ON00y + 2.439z + 2.000w = 3.832
1.6825~0\2.264y + 1.463z + 468w = 4.291
1.2%'4- 1.366y + 2,483z - 3.732w = 2.943.

18. Solve the, ‘fql‘lbwing system of linear equations:
AN

(@AY 50w + (1.9 - 20y + (.75 + 32)z =12 +.3i

(10— 2 + (1.45 -+ 250y + (112 — 180z = 2.3 + .4

TS + 3202 + (112 — . 183)y + (2.38 — .62i)z = 1.25 — .2¢

) .];L’Tind the real root of 25 — 17

\3 12, Find the real root of 28 — 17

0 by Newton's method.
0 by Newton's method.

66. Systems of Nonlinear Equations. The solutions of systems of
simultaneous nonlinear equations is accomplished either by succes
sive approximations or by the method of iteration. In either case
the first approximations are usually obtained from a rough graph
We shall cousider the method of successive approximations first;
the best-known such method is the Newton-Raphson Method.
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A. The Newton-Raphson Method. Let us consider first the
simple case of two equations in two unknowns,

flo,y) = 0
(66-1) {g(ﬂ:,y) =90

and Iet (zo,yo) be the initial approximate values. The method seeks

10 obtain a correction, Ax and Ay, ont zq and ¥ so that the corrected'.\
values will be R

A Dy
r = xy T Ax o\
(66.2) l = yo + Ay >

. !
for which

{f(:t:g + Az, Yo + Ay) = 0 \\
glze + Az, yo + Ay) = 0,

A\
We may expand equations (66.3) by Taqu;'{s Gheorem for a func-
tion of two variables [see formula (3.20),:Qhapter 1] to obtain

(66.3)

fle + Ax, y + Ay) = f(:co,}fo’)}-{:’fz(ﬂ?a,Z}’u)Ax
~Shww dbradnifeify¥fh T
= (}'o
glz + Az, ¥y -+ Ay) Ag{Eeyo) T g:{Zo.Yo)Ax
AN + gulzoyody + - -

(66.4)

O
=0

where f., fus s Gu are'tllé usual notations for the partial derivatives.
If we ignore all ter;rﬁﬁ of order higher than the first, we are Jeft with
a system of" twp\’l’i}léar equations in the two unknowns Az and Ay

(66.5) SN fe(zayo)az + fu(xo,y0) AY ~f(@0.y0)
. :"\'."' g=(zo,yo)z + gy(wo,yo) Ay = —g{xa,y0)

L W
from\which we solve to obtain the corrections. The process may
now be repeated by using

¥, = 2y + Ax
y1 = Yo + Ay

and evaluating the functions and their partial derivatives at {x1.¥1).
The repetition is carried to the desired degree of accuracy.

f

(66.6)
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The computational form is fairly simple.

f(x'y} = f;(x,y) = fu(z9y) =
glzy) = — ——— gry) = G (2.y) =
f Sz fu
g Q= Ty N\
D {—)Ar Ay rf\'t\'
xr ¥ ~.~\ o

- A

3 . PR T % .

The entries are obtained by a cross multiplication’as was done it
2%¢ .

Section 61. : o\
Example VI.14. Find the toot in the neighborhood of (3.8, —18)
satisfying the system Ky N
5+ y S = 0
y2 “{_‘ ({: .T: 7 == .
Solution. SONY
] www,dbra\tglﬂaf‘ary,org.in
flay) =22 By — 11 fo =22 f=1
gley) =xiz — 7 g =1 gy = 2y
o
. '\\,l
\ \ r=13.8 y = —1.8
1@ 1.64 7.6 1
A 04 i —5.6
ON
O 2w —.2096 — 0471
{\ . SOLUTION 3.5904 —1.8471
NN 043872 7.180800 1
&\ .002178 1 —3.694200
—27.527311 — . 5966 — . 001025
SOLUTION 3.584434 —1.848125
L0042 7.168868 1
U] 1 ) —3.696250
—27.497928 — 000006 — . 0001102
BOLTTION 3.584428 —1.848127
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The extension of this method to more than two equations is
straightforward. As the number of equations increases, it hecomes
more cumbersome to solve the resulting system of linear equations
for the corrections on the variables. Some Lime can be saved by
noting that the values of the partial derivatives do not change
much. Thus, we can lcave the determinant of the coefficients
unchanged and simply solve for changing constant terms. This is
especially easily done by Crout’s method. Let us illustrate with an "
example of three equations in three unknowns: O\’

7\S

\

f(x’y’z) =0 Q(x,y,z) = 0; h(.’l},y,z) f.‘p’;’“:

A\
The correction equations are \ ’
O
O
foT +fyAy _|_J(‘&z = _Jr
{66.7) g,m‘: + gy + bz = —g
hodz + by -{— WAz = —h

.;.' * www.dbraulibrary.org.in

NN

where the partial derivative de the funclions are evaluated at the
approximate point (:c,,y‘&z’l

N
L >

Example VI.15. Eigd @ solution to the system

"\~\
’\\ 3'2+y2+z2_1 0 =f($aysz)
=\ 2p? + ¥y —dz = 0 = g(=.3.2)
A~ 302 —dy +22=0 = h(z,y,2).

Q¥

Solution. The partial derivatives are
fe =2z Ju 2y fo=2z

I = 4x Ty 2y gz
h, = 6z h, = —4 h, = 2z

il
|
.

li
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Assume Wwp = Yo = o = 5.

Az Ay Az &
5 5 .7
1 1 1 .28 \
2 1 —4 1.25
3 -4 1 1 N
; — 2 AN
1 1 1 2 l,\
2 -1 6 — .75 .
3 -7 40 —.125 N
.375 0 —.125 A \\
.875 .5 .375 w4+ A N
L ks ki ey
1.75 i .75 — 156250} —. 007744 — .000TT0 —.000078
3.50 i — 4,00 ! —.281250”| —.015425 —.001538 — .000i66
5.25 —4 .15 E 187500 | —. 023170 —.002311 — 000247
1.75 L5714 428572 NS 004425 —. 000440 —.D00MS
3.50 -1 5.3 L \%—.031251 | — 000062 — 000002 —.00000LS
5.25 —7 37.0 o\ Y| —.005067 | —. 000010 ¢ — . 000006
—.084896 —.go3sd " IPRRsREPTITY OLR.ID
790104, A96618  7N369933 a4 A
= 004417 — 000007 >- 0000180 A
.T85687 496611 W 369923 u A
— 000430 — 00B0o2 0 A
. 785248 AYEH09 369023 v+ A
- s e
—.000046 N\ Goooole  — . 0000006 A
(TEE20ZN 496611 369922 ut oA

7N —

O

— K

TN,
.

4 \’ 3
\ In the above cxample the initial values are merely guessed. Smr{e

writers prefer always to gucss ®o = yo = 7o = 0. However, this
author has found it more advantageous to give some value other
than zero. After the second correction has been made it is assumed
that the determinant of the coefficients will not change much, and
even though slightly incorrect it is used for the calculations of the
subseque:llt corrections, These corrections are easily found by
Crout’s method by s§uply computing a new column of constant
terms for ‘@\30}1 “go ary'nd” and then solving for Az, Ay, and A%
\ o

' o
1y ca I
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Should the convergence be slow or the solutions *jump around,”
then a new determinant of the coefficients should be calculated,

B. The Exceptional Cases, The above method fails if the
determinant, D, vanishes at or near a solulion to the original system.
However, this gives additional information about the problem, as
the vanishing of D indicates

a) multiple solutions, f(x,y) = 0 and g{x,y) = 0 are tangent to p

cach other or .
b) two or more solutions close together or R\,
¢) no solution in this neighborhood. O

Let us again consider the simple system of two equationsin two

unknowns, so that for the special case we have 5 \

.

(66.8) D{xi,y:) = felxayidge(ays) — fy(%ys)gz(i@y«} = 0.

A
Now the locus of points satisfying D(z,y) =/8Js the curve on which
the loci of f(z,y) = k. and g(x,y) = k: have gither common tangents
or gingular points. The procedure is to gglir;e either of the two systems

D(z,y) =90 I wa Qﬁ?aﬁﬂib?apy,org,jn
69) o =0 oo g =0
o
which can be done provided one of the determinants
20 D, [ b. D,
'Lfﬁ Ju or Gz  Gu

o
does not vanis%ﬁ:; the neighborhood of the point we are considering.
Suppose {hat we solve the first of these two systcms and ﬁn.d t}:te
solution(td be z = @ and y = b. We now calculate ¢(a,b) and if this
is zere, the curves are tangent at (a,b), and this point is sa.id to be a
double solution. If g{a,b) = 0 then there is either no solution or two
solutions close together in the neighborhood of (a.b). Usually the
case can be decided by graphing the two functions fy) =0 .and
g(&,y) = 0 and determining {rom the graph if the two functions
intersect. Let us assume that they do. Then we may cxpand the 'two
functions in Taylor Series about the point (a,b) and take into
account second-order terms. We obtain
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.
J(@b) + foAw + 0y -+ 3 fess® 4 frhay g fudy! =0

(66.10) 1 1
g(ah) + gAT + giby + 3922027 + gmbzhy 4 3nly" =0

where
Az =2 — a, Ay=y—b A

and all the partial derivatives are evaluated at (a,h). Wehave thena
system of simultaneous quadratic equations which we ghall simplify
gomewhat. First, we have f(a,b) = 0, and since. Y

{66.11) D =f.g, — [0 _:w&\

we have ,~\\J

(66'12) f-*‘-gy = f:.-gn: OI”\ v & = gj B k
y ‘t ~“ fy fx

so that R \

(66.13) wwg;d;a%‘grm_fg;%_m g, = ks

Thus if we mulLiplx;thé’ﬁrs-L equation of (66.10) by k and subiract
[rom the second, the lincar terms are climinated and we obtain

. I

(66.14) g+'§ (Gee — Rf2a) AT + (guy — Rfz)AxAY

N 1
: ”\xj\"'+ 5 @w — kfu)Ay* = g + Adz? + BAzay + CAy* =%

W{:\\asﬂaﬂ now divide the first equation of (66.10) by f, or f» which

i.”eirer 1s the larger. Let us suppose it is f,, to obtain

Sz 1
7o+ Ay + o, [fesz? + 2 AxAy + frutyT] = 0.

Divide this equation once more, this time by Az and solve fo

A

Eyz: = m, to obtain

(66.15) &=m=—5[fz+@(f 2 S0
A fy 2 T + fmm +fﬂ!m
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Consider equation (66.14) and write it as

+Am2[A+BAy+C( )] 0

and solve for Ax

3
: _ —g _ T, N\
6616 85 =+ | o) R
e \

The system (66.15) and (66.16) may now be solved by ‘Lhe method

of iteration. Let mo = — Lz, Using this value of m soIVe for Az by

Fu

A\
(66.16) and using mo and the new Az obtain a new m by equation
(66.15). Eventually we have values for Az andym from which we
get approximations to the two solutions (:\:Ky\ and (zz, y2) by

."

Ay = mAx, \/
T =d + &.;z:,

Y z.b %w‘.g’.dbraulibrary,org,jn

~

For these values of ¢ and ¥, D will not be zero, and they may be
improved by the usualir{étﬁod of successive approximations.

Example YI.16. Invastlgate the following systt,m for possible solu-
tion in the first {{uadrant
A&
Q 2t L 12y2 — 1 = 0,
492 4- 49y® 4 84z + 2324y — 681 = Q.
o)

Sahlt;:on. Since the first equation is an ellipse lying inside the
rectangle (il, + %—), we shall assume small values for xo, yo, 82y
{1, .1).

fo=2r L= 24y
g. = 98z + 84. g, = 98y + 2324.
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The first step of the solution is

r z=.1 y =.1

—.87 .2 2.4

—A439.22 93.8 2333.8
241 .64 4.040 . N\

Although D = 241.64 is not zero for these values Qf‘:l:\and ¥ B
is much too small since the correction on z, Az = 4.04, places i
outside the z interval for the ellipse. Let us th,éféfore consider the
system \\

flzy) =22~ 12y — 1 =0

D(x,y) = 28(166x — 773:{:— T2y) =0
with D, = 166 — 77y and D, = —(%f + 72) after dividing ot
the coefficient 28. PN,

= 1 y =.1
wrwrw oot Jra'trl'vb'ra'ry—o‘rg T
— .87 .2 2.4
8.63 z”\ 153.3 —-79.7
—395 8607\ .123 .3532
9 6\\\ 3
0N .223 .452
501377 A6 10.848
(237287292 131.196 —89.171
£1462.981 - . 067135 —.135641
\ ¢ \“.
A\l 155865 .316359
o 225290 .311730 7.592616
AN — .701051 141 . 640357 —84. 001605
\¥; —1101.607 — . 012347 — . 029165
) 3
010357 . 143518 287194 (=y)
— 027766 — . 000598 — . 001339 (AT, AY)
000982 . 142920 . 285855 (2,¥)
— 002598 — . 000056 —. 000126 {Ax,Ay)
000102 142864 .285729 {x,y)
— . 000204 — . 000006 — . 000013 (Az.Ay)
. 142858 285716 (XY
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After the third step the values of the partial derivatives and the
determinant are held constant and only new vaiues of f(z,¥) and
D{ry) are computed. These arc put in the extreme left-hand
column, and corrections and new values for z and y follow. The
value of g(x,y) s now calculated for the last values of z and y to
give

g(.142858, .285716) = .004114 ~

which is a small number but not quite equal to zero to our degeée of
accuracy. The values of z and y are now found more dct‘urateiy*, and
continuing the above process we obtained Ad

S X

i<

O\
= 142857142 and ¥ = .285714285 |

and - ‘\\
g(z,y) = —.00000 LT\

Thus it is assumed that g{x,y) = 0 a,n.d “the above solution is a
double root.

© C. The Method of Iteration,) ‘I{,hg“sgg@m, Hpg‘,tbhgﬂg@.ﬁ solving
systems of simultaneous equations*is the method of iteration. This
may be applied in each case m\whlch it is possible to solve explicitly
for each of the variables fn terms of functions of the variables
involved. Suppose we b O\: three equations in three unknowns

SO ey =0,
(66.17) O glz,y,z) = 0,
O hiz,v,2) = 0.
A

If these can be sclved to give
£ o= F:(ﬂ?,y,z)
(66}3) y = Fa(zy.2)
Z = I‘TS(:E,y!z)

and the initial approximate values are %o, Yo, Zo, then we proceed in
the following ‘manner:

) = Fi(€0,Y0,70)
FlI.'St . ¥ = Fa(z1,¥0.20)
Approximation L = Fu{x1,¥1.%0)
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x2 = Fi{z1,y1,21)

Y2 = Fz(ﬂfz,yl,zl)

3 = Fs(:cz,yz,zl)
ete.

Second
Approximation

The iteration is continued until the values for z, ¥, and z converge
to the desired degree of accuracy. Note that each new mflue of ¢
variable is used as soon as il is found. Thus z, is used in finding 1,

and both x; and y,; are used in finding z,, ete. O\
Example VI.17. Find the smallest positive root of()

0. < "3’«:

Solution. Solve for y in the first and z in the second equation.

sing —y — .25
cosy —u + .25

v = sin z -\\25
r = cosah .25.
Let 20 = 1.00, then
i| o 1 2 |.x8 4 5 6 1
. www.dbrdulibrary prg.in
Iz .1_0{) 1.08 1.0568 | 1.0634 | 1.0615 | 1.0621 | 1.0617 | 1.0620:
i: .59 L6320 'x‘".’. 08 6240 L6231 .6234 6233 6233
Therefore .\
@
N x=1.0620, y = 6233 |
:"\$~

'Eh‘e\nost troublesome thing about the method of iteration is the

fact that the process may converge very slowly or may not converge

R

\‘;

“at all. [t is thercfore neccssary to have a criterion for convergence
and in the case of systems of equations this is given by
GF 1 aF 2 oF 5 |
dz EY dx |
| OF aF, aFy
| oy ay dy
oF aF, aF,
az dz az

+ + <1

+ + <1

(66.19)

<1

+
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in the neighborhood of (x;,y0,25). In fact, in order for the method to
be practical the above criterion must be satisfied very well, ie.,
the sums of the absolute value of the partiais must be considerably
less than 1.

Example VI.18. Consider again Example VI.16, and investigate the
possibility of using the method of iteration.

Q"
Solution. Solve for = and y .
¢\
=% V1-1% =Fy O
y = -2—3—122 (681 — 84x — 49y® — 49x%) = Fg(fg,f,i}j‘;
Now ' : O
aFy _ aF, 1 . ‘
7 =0 5~ mm (TR
ar 1 N\
‘3371 =50 - 12y2)ﬂ(—g4¢31‘
an _ 1 i ~»:'" -
ay ~ 2324 (O 8
and at (.14 28) R ﬁ-fww.dbl‘aulibrary,org,jn

[Fre| + |Faol £N042
\Fyy| + IFg;j..é 13.81 + .012 = 13.822.

Thus the method of dteration would not converge.

It is sometimea fiossible to speed the convergence by rearranging
the functional/gxpressions Fi(z,y,z). However, slowly converging
processes & « Pyiistrating to the computer, and the criterion should
be checke'd%flcnever possible.

61. Gomiplex Roots of Algebraic Equations. The finding of

”icﬂéx roots of an algebraic equation is more difficult than that
of finding the real roots. Consequently, it is advisable to find all
ihe real roots first and reduce the degree of the equation by dividing
out the real roots. In so doing as many significant numbers as
possible should be carried since round-off errors become quite sig-
nificant in this procedure. If it is possible to reduce the equation to
a quadratic, the complex roots can then be found by the quadratic
formula. When therc are more than one pair of conjugate complex
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roots, we shall cmploy a numerical procedure which divides out a
quadratic factor from the original equation. Many writers have
discussed this method in recent years. It is usually credited to.8. N.
Lin with the notable improvement by B. Friedman and Y, L. Luke.
{See the bibliography.) We shall develop the simple process.

Since the complex Toots oceur in conjugate pairs, a + bi and
a — bi, there exists a real quadratic factor, A\

(67.1} (¢ —a—bijlx —a-+bi) =2+ pz +Qa\‘\~

of the original function f(z}. The solution thus depénds upon the
values of p and ¢ and il these can be determmed “we have

1 R
a=—3p O

b= g & —Qg

It is therefore desired to obtain a pn?oéédure for the determiration
of p and gq. Suppose we divide th'e‘ : original function

(67.3) f(x) = apz~ + alT“—l‘+ g2 4 ¢ ¢ v @agi?
+ ot + G

(67.2)

db b
by the quadralic o . rauh Fary org:in

4+ pr+q
to obtaint the g ot\i.ﬁ‘t :
(67.4) Q) T\bor™* + bz~™? + * 4 bag + oz
\ J + b~ 4 Bs
where x'\~ '
N Z"\.‘
‘o\"’ bo = iy
o by = a1 — bnp .

(61.5) (b2 = as — bog — byp

b; = a;, — —of — bi_1p, i=2,---,n.

Now, if bny = b, = 0, there would be no remainder and the
quadratic term would be a factor of the original function, Thus it
desired that :

(67.6) bri = @uor ~ basg — boyp = 0 = F(p,g)
be = @n — busg — bayp = 0 = G(p,g)-

Il
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Remembering that the b; are functions of p and g, it is easily scen
that this is a system of two nonlinear equations in the two un-
knowns p and g. The exact expression for F(p,q) and G{p,q) can be
obtained by continuous substitution of the b, (i =0, - - - ,n — 2),
yielding an equation G{p,g) = 0 of degrce n and F(p,g} =0 of
degree n — 1. The system may be solved by either of the two meth-
ods discussed in Section 66. Q)

The division of the original lunction by the guadratic factor gould
have stopped as soon as the linear ferm was reached, afid3his
remainder could have been set equal to zero. The result would be

the following system of equations: N
{67 7) {a‘n—vl - bn-—aq - bﬂ,—zp = 0 = rl(ﬂ;ﬂ)‘\
) @n — bn—2q =0= r2(P»‘1)-
This system is especially adaptable to the ﬂi}}éﬁhod of itcration for
solution since ,\
g ‘- an O
= b 2l »,'"

67. 8 u—v N
678 a _ @i bucag

P = "f:’,_Hrn\.fg!.d'lﬁ‘aul1b1'ary.01'g.in

give the explicit solutions {or'p and g. However, frequently this is
slowly converging, and usually the method of successive approxima-
tions is faster. On ttht er hand the method of successive approxi-
mations requires the.partial derivatives of F(p,q) and G(p,q) which
are somewhat [iborious to find. Various compuiational .schemes
bave been de@}ed to reduce the amount of labor. One of these for
the gener ‘edse is to divide the function Q(z) by the guadratic
2 + peih ¢ to obtain a second quotient .

(6790 Quxlr) = caxn o™t A - 0 + Cpgt—t + Cugt

+ Cﬂ,_—]w_s
where
Cp = bo = {p
¢, = b1 — cp
(67.10) g2 = by — € — €1

b; — €ioff — G2 (E =2, v+, — 2),
\ a1 = by — Cn—sll — Cn2D

0
I
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and it can be shown that

F-p = —Cp 2 = Gq
{67.11) F,

G;—; = —Cn—1.

[

—Cp—2

The computational scheme may be arranged in the following
manner where b; and ¢ are computed {rom formulas, (87.5) and
(67.10) with p = p.; and ¢ = ¢;, the values p; and'q{hcﬁlg the last
approximate values in the sequence of successive approximations.

S

g7 2

&/
(151 bu f_:tl '»‘}\
@1 br €1 .
25} by L8 )
. Sy
. Qs
@ns | bl | Cnet
Qn_3 ~:~ :ﬁﬂ_s Crn_z
@nog Y Bz | oCns
WWW ibagghbraw_.?rg din
N ax. bﬂ
,\ by Crn_g Cn_y
| ba Ca_1 Crn2
\\ D Ap {—Jaq
\, ~ Pir1 fitt
9.\

Note that the true values of ¢; are entered in the determinant of the

system. The fact that they are the negative of the partial derivatives

'"i\s“;iccounted for in the solution for Ap and Agq as shown by the (-)
AN\NGTL Aq. .

" After a few steps therc is little change in the ¢, and it may suffice
to take the last values of ¢; and D, thus saving some computation.
The initial approximations of p and ¢ may be guessed, the simplest

p—1

. o e s . . _
beingp = ¢ = 0. Also a good initial valueis go = - and po = P

Example V1.19. Find the roots of

Tzt 4 382 + 61x2 — 302 + 12 = 0.



| A 610" EZ6L 0 0 CRO0BH0 —  PE00000" v m
| LETETL 86 205ThY 88 | 8300000 — £CE000" —
¥¥0L0% VP LEI83T 86 * 0000000° 9E0000°
7 £250%998 8L 181948 8L
Y4 nB6TVRIZ T 9pL8I3 " Ik
! o 5 L L.
/ =
~ S1TEST" O9S116Ch — | ZZIEST'  BLI65F — bd g
=
\\ . — F - L 7|
AV N B | 4 : |
000500°  ZETZ00 — | GLSO°ZE6L | PITIBL 7/ \We9a1os i §965°SSLL | 0PSO~ EOLP — i 1997 | v'a 7
9 i ; i
LETSET 86  GOSTIT 8E 0L889F° 05L8' 101 .,.o.Ewme 8h61 61 i 19 0g— 21 7 7
PPOLOV PP LETSTT 86 Z186%0° ZFas ¥ OCLGETOT | 0¥9E'6 gz 19 L 0g—
QL6897 161761 21 4 ¥ _
ROSTIF 88 ZT8680° 0L18 9% s oL— 0E—  0§— g
LEI82T 96 | 620188 82 0zL8 10T 619904, 9 ' 19 9 L _
PROLOY VP | TTSE0T TP ZE8S 1268 TF 98 8¢ 8¢ 1 4
g O | :
o L L - L L ,“\ L L |c -
VISOVET  9T9LSP - 9pge — S0P — ) 0 0 bd
—_— F A —
19 q a2 g sw_“\ .mu q be/] 1
- “»\.w dig — bEg — ¥D = vm
by(—) dv ad dio — b'a — tq = & .\\%M — ?M — W = Ig
L] 13 ¥q dia — boa — +q = %3 ,@rm,lmealuaﬂﬂa
— 7 - T = 1
£ 52 tg | doa — g = 10 \%“w = ow = am
suonewxolddy sAmse0Ony JO POYIFIN \ \

“uoamIos 1544



e

216 ORDINARY EQUATIONS AND SYSTEMS ' [Ch. ¥

After the third step, ¢; and D are held constant, the values being
entered at the extreme right of the calculating sheet. New valus
of b: and corrections are then calculated. After five complete steps
we have to seven decimal places

p = —.4597756 and g = .1521175,
. O
From these we get O\
s
_1

@ =—gp=.2298878 ()
b=+/7~ a* = 3150700

and \
K7

|z = 22988780 .5.150700?].

N/

The quotient Q(z) yields a :s}é;::bnd quadratic

wwrw.d bl'auj thrary.org.in

Qz) =Ba® + b + by ,
(SNx + 41.2184292¢ - 78.8864055
b\ |

N

which is sohr\edby the quadratic formula to give
0

O % = —29441735 & 1.6128635; |.

+ S

\I:t should be noted that the computed value for by, by, and b, are
Jused in the quotient which is solved by the quadratic formula and
that the solutions obtained from this equation cannot be any more
accurate than the degree of aceuracy to which by, 45, and b, bave
been obtained. In fact, rounding-off errors usually make the second
pair of roots less accurate. The usual practice is to obtain the first
pair of roots more accurately than necessary.
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Second Soluliorn.
Method of Iteration

b = ay o

bl=a1—bop bg o

by = @z — bog — byp p=a):ﬂ?

: b, N
' ‘ | ¢ \:\_.:
[+ 1) ‘ a; a2 ‘ as | oy ;:\
7 | 38 | 61 I —30 l 12 RS
'= ‘ LY
i q r by . :'\\bz’ b
&8 —
0 0 0 7 ()38 i 6L
1 1967 — 6143 Z\ - 42.3001 85.6081
2 .140173 —.419695 | O3 40.937865 | 77.200206
2 .155439 — 471026 37 41207182 | 19.363973
4 .151202 — 4566830 Wyw-dbrgylifypa ovg.img 755456
5 .152370 —.460630 1 7 41.224410 | 78.922610
6 .152047 — 439539 7 41.216773 | 78.876386
7 152136 — 459840 7 41.218880 | 78.889138
8 152112 ’K\459757 7 41.218299 | . 78.885617
9 152118 [\ —.459780 7 41.218460 | 78.886598
10 152117 b — 459774
ANX

With th s&]?;tion for p and ¢ the values for z are found in the
same ma{:&er as in the first method. Note that in finding p: we’
use ¢; and not gi—1- )

Tl apparent large amount of writing in the first solution can be
gﬁﬁaﬁy reduced by the use of stencils. However, since we are here
illustrating a method, all the details must necessarily be exhibited.

A combination of the two methods is frequently advantageous,
especially in troublesome problems. The combination consists of
fiest applying the method of iteration for 3 or 4 steps and then

_shifting to the method of successive approximations. If this is
done, then in many cases only one calculation of the ¢; and D is
necessary.
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Many calculators prefer to divide through by as, thus alway
making the leading coefficients equal to one. If this is done care
must be taken in determining the sufficient number of places to

carry. _
If there are two pairs of conjugate complex roots close together,

.the value of D in the method of successive approximations is near
‘zero and the method of iteration converges very, very sfowly, if

at all. The method of successive approximations may,stilt be used
by reserting to the approach employed in the excepﬁﬁn;l case dis
cussed in Section 66.B. It is then necessary to obtain the values of
the partial derivatives of D(p,q) = 0. We have' N

(67.12) D(pg) = a(prd) — Ca D@ (D)

and PN
‘ Bns " On_ YRR
Dp(P,fI) = 2, » "é"-'j% o Cn—1 ‘Z—E — Cp3 _:«;__1;
(67.13) 5 PO s P 5 L
D.(p.g) = 2eos: .%_s _ Cn—3 _ Ca1
«AP.9) C g 3q Co1 aq n—3 ——‘aq
Now www.d bl'ai]’l‘i brary.org.in
de; A de;
67-14 —_— = . . . .
{ ) o o‘?’\_Qd‘_l and 3 2d;_»
where L\ .
. ds = ¢
(67.15) \F di = ey — dop
. \\" di=¢; —dioqg — diap
. 50 that/ ’
O\

g\

\‘:

y ({67:16) Dp (p ’Q) = z[d"—ﬁcﬂ—.?» -+ dﬂ—‘!cﬂ,—l — 24 _3Gu—ﬁ]

. DQ(p’q) = 2[dn—36n—-3 + d —6Cn—1 — 2dﬁ_‘;ﬂn_.2]- .
The ahove procedure becomes quite laborious and its solution stil
depends on the determinant for the system
(67.17) F(pg) =0
D(p,g) = 0.

A n}ethod of separating the roots will be discussed in the nes’
section.
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Example V1,20, Find. the roots of
a2t + x8 + 4.2505x2 + 2x + 4 = 0.

Soluiton. First obtain an approximate root by the method of
iteration.

@i 1 1 4. 2505 2 14
O\
_ ’
; A\
1) b b b N
q P bl 1 2 o
- N/
£
0 .94 47 1 .53 B0614
1 1.31 L AG 1 .57 '\3: 6954
2 1.48 .43 1 L57 o N 2.5254
3 1.58 44 .
AN
4 $ £ »
— . ‘. W
Now, with the values p = .45 and ¢ = 1.6(}\, change to the method
of successive approximations. QO
.\

[m 45 1.6 s 1t | 487214 1.895661
. o LA\ WWw.dbl'agllbral'x_org_in o
i ai Bi e L by ci By &
- P\ N S -

O
0| 1 1 1\\ ) 1 1 1 1
1] 1 .55 .in 525 .050 512786 025572
2 42505 2.403  GH 2.204125 383375 2.105002 196882
i 2 s
4 A 1 ¢ N > /
— | Vo N\
7"\
. 03865 \.253 10 .009616 383375 .050 Q2545 (196882 025572
,13780&'¥ 46245 758 034620 — 262237 .383375|. 008487 — .142055 . 196h482
D.a| 620800\ 024993 A197052].16|]l]93 012714 098661 042305 .005TI0 047271

)
Notice that D is getting smaller which indicates the roots are

close together. In this fourth degree equation this can also be seen
by the fact that p ~ b1 and ¢ ~ b.. However, continuing three more

times yields
p = 495985 and g = 1968143

with the lagt value of D = .004106. These values salisfy F{p.q) = 0
and G(p,g) = 0 to six decimal places. The solutions are
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fx = —.247992 + 1.380812i ;

and

r = —.252008 + 1.403162].

"\
68. Graeffe’s Root-Squaring Method. Tt was seen jn\the last
gection that il the roots of an algebraic cquation are cloae together,
there is considerable trouble in finding them to ashigh degree of
accuracy. Some ol this trouble may be alleviated- by transforming
the original equation into one whose roots aregbowers of those of the
original equation and thus are widely scpdrated. The most easly
applied procedure is to transform the ofiginal equation into one
whose roots arc the squares of the ,(sr’igmal and then repeat this
process. This method is kﬂown as Graeffe’s Root-Squaring
Process.

a)

Consider Lhe equation N
(63-1) f(z) = aoxprir, dﬂ:ixa‘m‘rbi-a@,g:ﬁ%g?mi— Ct @na f =0
with the n roots z1, 20 - - , ©,. By the Factor Theorem it can be

written in the forme\
. _’x’\"
(68.2} Jlx) N ol — a2 — @) - - - (&2 —x) = 0.
If we multiplythe equation by
68.3) 1f(—a) = ao(e + 2)(@ + 22) + + - (& + Tn)

we Q \mn

T, 2
;(“-68.4) { F(a?)
Letting y = 22 and setting the function equal to zero

(68.5)  F(y) = aly —oh(y —28) - - - (y —2) =0

we see thal the roots of this equation are the square of the roots of
the original. The multiplication of the two functions (68.1) and
(68.3) can be easily accomplished by a schematic. We notice that
by arranging the coefficients of the two functions in the following

(=1 f(—=)f(x)

= ay(e? — oD@ — o) - - - (@ — 2D
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manner §
g @1 [15] a3 [17] s
ity —ay [1 23 — 3 L7} —ds
a; —ai aj —aj aj —a?
2000 — 2eria; 2asas — 2aaas 2a4a5
Q2ap0e  — 2a105 2a206 —2a307 - O
2a02s — 2107 2aes - - O\
20,9(]',3 —2&1&9 ) :"\: K
2ayt10 \ O
bu bl bz bs b-L ‘b‘ﬂ\

we obtain the coefficients of the new function

AT
(68.6) F@®) = bo@)? + bu@)? + baag D+ - - -
."‘3 +b‘ﬂ—1x%+bﬂ
with W

by = al AN

— —at P\
b, = ‘(11 + 2aq0: o “www.dbraulibrary.org.in
by = af — 2a.0s 1 20004

.7

These coefficients l:raw: the following characteristies:

a) the term alternate in sign in both directions;

b} the ﬁrst {ferm is the square of the corresponding original
coeflicienty ™

¢) tothis is added, algebraically, twice the product of the
coefficients equally remaoved from the one under consideration until
dithér the first or last one is reached.
Consider, for example, bs:

a) the first term is —af;

b) the second term is 2asts, &2 and a4 being adjacent to ds;

¢) the third term is —26.4s @ and a; each being two terms
removed from s; ' '

d) the fourth is 2aoze, @0 and as each being three terms removed
from @ this is also the last term since it employs ao.



222 ORDINARY EQUATIONS AND SYSTEMS [Ch..ﬂ

The general procedure is to continue the process until the original
equation has been broken up into n simple equations, from which the
desired roots can easily be found. The stopping point is established
as being reached when the double producis in {he second row have no
effect on the coefficienis of the next {ransformed equation. Suppose we
have carricd the process k times, Then our Jast equation iz

bofa)" - Byt @)t - o bua(e) b= 0
from which we write : Ko
1 (= O
'Ll a bl] and L= bg ("}(‘

_b2

_ B
(68.8) zh = and  zy = (ﬁé)k

—b. N\
xf = b"’ and x‘..%. J)k
b1 L& b,
s“x (ixl,"'sn}'

If the equation has complex ,;’do’ts it cannot be broken into the
linear factors (68.8), and this'will become evident by the fact that
the double produéts a8 A%XLPHEAr and that the signs of some
of the coefficients fluctuate as the process continues.

Since Graeffe’s methiod does not adapt itself readily to caleulaticg
machines, we shall\not give it any more detailed trcatment as the
other methods,a}scussed in this chapter will solve the algebraic
equations. If-an” automatic square root machine is available, it is
sometimesceonvenient to apply Graeffe’s method once or twice ib
order ?qg}i&arate the roots somewhat, and then apply one of the
othel;i@e'thods.

Example VL.21. Find the roots of
o\’ '3

\« } 2z* — 6.0012° + 3.999x* — 8.002x + 16 = 0.

olution. A tabulation vyields

l

x 0 1 2 ; 3

fley | 16 | 7.996 | —.016 | 27.28

wl?ich indicates two roots in the neighborhood of z = 2. Instead of
using the exceptional ease of the Newton-Raphson method, let us
apply Graeffe’s method twice to obtain
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flz) = 162* — 529.024322* 4 4865.02432: — 12304.38912z _
. + 65536
f{x) = 648 — 1587.07296z° 4+ 9730.04864; — 12304.36912

GRAEFFE’S ROOT-SQUARING METHOD

where
z =zt
Then
i z Siz) f=z
0 | 16 —4195. + —770.28864 ¢
1§ 1 48980, + —~12125 68224 ¢
2 15 113, + —7445. 07552
3 | 15.019281 1.01+ —7342 016163
1 | 15.019418 "\
o { 17 | —407. + 8awh. 35232
1 17.015870 11.89323 /59304 27144
2 | 17.044604 —.01047 | { (9379.82802
3 | 17.044605 >
):’
Therefore RN _
2 = zid =Nk ﬁﬁﬁﬂﬂlibrary,org,jn .
2y = i | 2.031874 |,

223

oA N

.'\

Dividing out these two Iﬁ‘g\m from the original equation by syn-

thetic division, we are

with
NS 9p2 4 2 4 =0

A\ S
which we solvedy-the quadratic equation to get

¢ ..\; /
’\ J
S

69, Exe;éise 1X.

z = [ —5 & 1.322876i |.

£ "\' y . -
1. Solve/the following systems of nonlinear equalions:

+4=0;
0

Nay {xs'3w“y+y*=7 |
22 — de + ¥* — 4y
2 —3siny —4 =
() {y”—3sinx—4=

1212 — 32y® = 121

@ {

0;

Tt + Try + Tyt + 10z — 63y = 34.

} For positive =

} For positive &

2, Find all the rools of the following algebraic equations:
{a) m5+w5+m4+x3+$”+x+1=0;
(b) a5 — 2% 4- 322 —da + 2 = 05
(c) 6325 — 134x* + 8x® + 1972* — 268z + 142 = 0.



CHAPTER VI DIFFERENTIAL AND
DIFFERENCE EQUATIONS

70. Introduction. The numerical solution of lji:ﬁ'erential and differ-
ence equations is a subject which could coustitute an entire book in
itgelf.* For this introductory book on niinerical methods we ghall
limit ourselves to a discussion of the’{ilﬁdamental met.hods Whic.h
will solve practically any such equations or systems thereof, Ordi-
nary differential equations will de*considered first with difference
equations and their application to partial differential equations
following. In the first casesthe problem is to find the values of 8
i R L www . dbraglibranyorg in . \
function satisfying the Igf;ﬁgeren i3] efuation having numerical coefii-
cients and given imitial conditions. These values are found by starl-
ing with the initialivilues and then constructing the function by
short steps for (usually) equal intervals. of the independent variable.
Thus the fungtion is generated over a certain range. The numericak
solution of @ifferential equations is troublesome in three ways: )
getting the’solution started, (2) choosing the interval length large
enoughhto reduce the amount of labor but not too large to make
the~golution inaccurate, and (3) checking the solution for efrors.
Apipropriate remarks ‘will be made as each method is discussed.

y \ J1. Euler’s Method. The simplest method for the numerical soul-
" tion of a differential equation is due to Euler. It should, however,
be employed with caution since it can be very inaccurate. Consider

a first-order differential equation:

Ry Y~ )

* See W. E. Milne, Numerical Solufion of Differential Equations (New York:
Jobn Wiley & Sons, Inc., 1953). :

224,
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the solution of which may be
{71.2) y = F(x).
Let us now assume that the function (71.2) has a smooth curve so

that for a short distance we may approximate it by a straight line
merement, i.e.,

{71.3} Ay; = %Z) Ax
/s ~
and \
' . o dy '.\:\‘
(7L.4) Yl = ¥ + Ay: = y: + (ar—;':)t Ax AN
where &’

s
< 3

dyy R

Formulas (71.3) and (71.4) permit us to genér’zite the function
y = F(z) in a step-by-step procedure. The asgunptions made, how-
ever, necessitate the taking of very small jnérements on «, and the
error can grow as we procecd. The adyantage lies in the fact that
the computational procedure is very, sitiple.

Example VII.1. Solve the differential eggatio_n ‘

. COwwww.dbraulibrary.orgin

dy~y"

_ Lo ETY
ifyo=1lat ze = 0. ‘i"’}\ _ _
Solution. The compuj:a\m\)n is arranged in the following schematie.
Each value of y is, 'computed by formuta (71.4) and the value of
¥ = f(z,y) from*thé given equation. The value of Az is chosen to
be 0.1, 72

W .

" oo ¥ ¥
N 3

FNW 0 1.0000 1.0000
N/ 1 1.1000 1.2000
2 1.2200 1.4200
.3 1 1.3620 1.6620
A 1.5282 1.9282
.5 1.7210 2,2210
.6 1.9431 2.5431
T 2.1974 2.8974
.8 2.4871 3.2871
.9 28158 3.7158
1.0 1.1874 4.1874
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A continuation of the method with the same increment value of ¢
yields

x 1.5 2.0 ‘ 2.5 |

‘ ¥ 5.8543 10.4548 ! 18.1689 [

The exact solution to this simple equation may be found to\'be

O\
y =2 —x —1, A\
and we may find the values at given values fc)“r;:t.f‘g
AN
z 0 5 1.0 Ny 2.0 25
O
5

4 [ 5.8543 | 10.4548 | 18.1689

¥ {EULER) 1.060 | }.7210 3,137}

y (BxacT) | 1.000 | 1.7974 |\34366 | 6.4634 | 11.7781 | 20.8630

N

: dbratiifrary.org i :
We notice that “r':",wvaﬁltl&(?sl ound By Euler's method are getting

farther and farther away from the true values. This is character-
istic of Fuler’s meghad, and for this reason the method should not
be employed fof 4 large range of the independent variable.

To overcome, the errors of Euler’s method it may be modified to
give somewliat better results. The meodification consists of finding
the ﬂﬂef‘as(f..Value of the derivative over the interval for z by a series
of suceessive approximations. The procedure is as follows:

. gj\compul;{: Yoo = J{za,¥o) and yio = yo + Yooh®

\ b) compute y5, = fl2iy 1) and % (¥t + Y1)

1
c) comp}lte Yii = Yo+ 3 (oo + ¥iyAz  and ¥}, = f(_xl,.}'u);
1
d) compute 3 (o0 + ¥10) and y12: = ¥
i 1
+ L 0+t
ete. : '
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The calculations are continued unlil agreement is reached to the
desired degree of accuracy. The procedure is then repeated for the
next interval. Applying it to the above example we may arrange the
caleulations as follows:

z Yio i Yit Vi Yiz Yiz Yiz

0 1.0000 | 1.0000 o R
1 1.1000 | 1.2000 | 1.1100 | 1.2100 | 1.11065 | 1.2105 1. LI0sN
.2 1.2316 | 1.4316 | 1.2426 7 1.4426 | 1.2432 | 1.4432 L2432
.3 1.3875 | 1.6875 | 1.3997 | 1.6997 | 1.4003 | 1.7003 | { T\4004
4 1.5704 | 1.9704 | 1.5839 | 1.9839 | 1.5846 | 1.98464"L 5346
.2 1.7831 | 2.2831 | }.7980 | 2.2980 1.7987 | 2.298% 1.7988
) I Qe

It is apparent that accurate results with Euler’'saiethod are obtained
only after considerable labor. The method is therefore recommended
only for “quick and dirty” answers. Ity :Qso sometimes used to
start a solution. W

S

72. Milne’s Method. We shall mf@m%#ﬁﬁi%gglret_lﬁl)gg_it;l]evised by
W. E. Milne.* Fundamentally, Hiemploys two quads}ature formulas,
one for predicting ahead and.ghe second for checking the prediction.
There are many ways to de”rﬁ'c the prediction formula, but we shall
limit our derivation to%a simple algebraic development from the
derivative formulas given in Chapter Y.

Let us write ous €gquation (51.23) for the derivative at x1, T2, 3
and zy, for ﬁve.pbiﬁts,

\‘«

o = 1% [—3yo — 10y1 + 18y — 653 + 4]

ra AW ]_
W Yy = - [yo — By: + 8ys — ¥l
(7}1) 12h

A __1_ [—vo + 6v1 - 18y: -+ 10y: + 34
Y5~ 13, |
¥, = %ﬁ [3y0 — 16y1 + 36y2 — 48ys + 25y4),

* “Numerical I'rltegration of Ordinary Differential Equations,” Americen
Mathemalical Monthly (1926}, Vol. 33, pp- 455-460.
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and solve this system for v, in fterms of yo, ¥i; ¥5, and y;. This i
easily accomplished by adding the first and third to obtaim

(72.2) ¥i — ¥ = yq — 3h(¥yL + ¥2) ~ ¥o
and substituling this value into the second equation obtaining '
(72.3) 12hy; = yo — 8[ys — 3h(y1 + 33 — ¥l —

{rom which we get \

N

. 4h ;
(72.4) C n—vet g @i+ ). D

Since we can choose the points z; to suit ourselvqs‘;‘.w& may write the
general formula 7

¢

44 N v
(72.5) Yit1 = Y-z + 3 (Zyi_s —yoxt + 20D

where . = Az. This formula yields a w'égb\lé of ¥ in terms of the value
of y four steps previous and the vg[@s of the derivative of y at the
preceding threc steps. With this ppedictor or extrapolation formula
therc is used a corrector formitla’ which may be obtained from the
last th ati N . N ) q
adding. TR P AR imply multiplying o3 by 4

1
ya= - 8 8ys —
2 im[ Yo Y1 + 8ys ¥4
N1
43{2\= 125 L~ %0 + 24y1 — 72y, + 40ys + 1294

£ , 1 .
N7 Y= 5571 3yo — 16y, + 36y, — 48y; + 2574

A\ 12k
O\ 1
P, + s = 5o [~36y: + 36y,
oxy®
) 3
\ )(72.6) Yo = y2 -+ 3 ly: + 4% + il

Formulas (72.5) and (72.6) will keep the solution going once i
has been started, but the method is dependent upon knowing four
valyes. These initial four values may be obtained by using Taylor's
Sel;‘les expansion or the modified Euler method. Still a third and
quite favorable method results from formulas ' obtained from
Taylor’s Series. Let us rewrite formula (3.19) in two forms:
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T+ 1) = y1 = o+ ¥eh + Syiht i
—+ ;;_'I' Yo ht 4+ - -

(12.7) 1

f@o — B) = yoa = yo — ¥ih + g Yih — o YRS

+,11yu ht - -

4

The funetion ¥ = f(x) may also be represented in the nelﬂhborhn{)d
of 2 = x4 by Taylor’s Series: N

1 i ... 1 \/\}'
Yi =¥+ ¥k + 5 yo'h® A @ yeht + i af“h.“,,—{::” -3
P\
1.0

1 % )
= y{l _ y:]fh + —Z)’B”hz . yynhd _|_ mywhé + S,
By adding and subtractmrf the last two ef{gdtlons, we may solve
for ¥y’ and y§ to get PN
TT R ’ "h“ .
hys ity 2\?50 w, dl;gauflbral y-org.in
Uiyt = v = ¥ S 29k — -

\\
and upon substituting 1{!{3 Squation (72.7) we have

(2.8) yi =y + yuka yoh? + 2 h(;h + ¥l — 2y0)
} = h[y1 — ¥y, = 2y”h] + higher-order terms
Qyu + Bty R 16+ Ty ¥R+ bt
Slm\siqux
(129) y1 =0 — [Ty_ + 16y5 + ¥4l +31 YR+ h.od.

We may repeat the entire procedure for y: to get

{72.10) yg—yu—f- 5 [ayl—-yn—y_] — 2h2y —{—hot
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We now have a sufficient number of formulas to get the solution
started. The procedure is as follows:

1.
. Differentiate ¥’ to obtain y”' = f’(z,y) and choose & = Az.

2
3.
4

. Use Euler’s formulas {or trial values

10.
11.

i2.
13.

We are given ¥ = f(x,¥), Zo. Yo

Calculate ¥, vo, 2h%yy, and % h2yy. These remain constant,
'\

Yi = o + hyy S
yli = yo — hyi. O

Compute trial values of y, and y_1 by foa'mulas (72.8) and
(72.9). <
Compute new values of y, and y f'rom given differential
equation.
Recompute ¥, and ¥_, by f‘ormulﬁ*s (72 8) and (72.9).
Continue steps 6 and 7 untll val\ues converge to desired degree
of aceuracy.
Compute y: by formula, (72 10)
Compute y; from givefr ‘differential equation.
Check v, bylﬂoithmiéﬂ{ﬁﬂ:ﬁ)al Bén,

yz¥ Yo+ g b i+ - o).

Recomput%l and y,.
Contmue until y; converges to desired degree of accuracy.

Let us ﬂ{ustrate the entire Milne method by an example.

Examgle ) VIL.2. Solve the differential equation

{

'.\:.

&

y = 2:.:

3’+1

N with z, = 1, yo = 2.
Solution. By diffcrentiation we find

Choose Az = .1, let A(z) = 2z

rr 1 ’
Yy = EE[_y + 2y + 2z].

x—; 1, and arrange the work a8

'follows_:
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1. Getting the Solution Started

z b ¥ A(x)
1.0 2.0000 3.0000 Ty = 30000
2hty, = 0600
0.9 1.7150 27000 987654 imy;’ = 0075
1.1 2.3150 3.3000 991736 16y, = 480000
1 : L\
0.9 1.715197 2.693827 : Yo =+ 2 yoht = 2Y00T75
1.1 | 2.314854 3.9295867
0.9 1.715192 2.694021 \‘
1.1 2.314850 3.295724 v
A
0.9 | 1.715192 | 2.694016 O
1.1 2.314850 3.295720 ¢
12 | 2.658072 | 3.585111 | .97222%
1.2 2.658933 3.585073 AN
1.2 2.653932 3.585072 | \www.dbriulibrary org.in

¢

2, Continuing the Solulion

/N

COBI\EC'I:E}\\ PREDICTEL
A/
z YN ¥ ¥ ¥ A(r) D

0.9 Q15102 | 2 694016

1.0. 332, 000000 | 3.000000

A4 2.314850 | 3.295720

\132“ 2.658932 | 3.585072
s | 3 031728 | 3.870276 | 3.031782 | 3.870327 946746 | —54
14 | 3.432804 | 4.152657 | 3.432923 | 4.152683 918367 | 29
12 | 3862194 | 4.433062 | 3.362208 | £ 433074 gg98se | —14
16 | 4.319459 | 4.712035 | 4.319468 | 4.712043° .859375 —9
17 | 4 804566 | 4.989952 | 4.804571 | 4.989956 _B30450 —~5
1.8 | 5317423 | 5.267067 | 5.317426 | 5.267070 . 802469 -3
19 | 5857959 | 5.513568 | 5.857961 | 5.543369 775623 —2
30 | 6.42612] | 5.819591 | 6.426122 | 5.819592 . 750000 -1

S I N
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The choice of Az should always be such that only one correction
is necessary at each step. A check on this can be established. If the
remainder term is carried in the derivation of the predietor and
corrector formulas, it can be shown that thc_ir respective errors are
approximated by

28 Byt 1 St
+ 9 hey and 90 héy. \
Thus the error of the predictor is approximately 28 times the error in
the corrector and in the opposite direction. We may &hus compuie

the difference, D = y. — ¥p, between the twaf\;ﬁzlues, and if -2%

is not significant we assume y. to be corréct."fh\the example above
it is significant at z = 1.3, and a more correct value would be
y = 3.031726. However, it is seen tha’t,:t:hé values of D get better,
and thus there is no need to make dasmaller.

The differential equation of thig ’exémple may be solved by ana-
lytical methods, and the solutiogis

TR Y 1
www.dbr}yl'ﬁ;;ﬁ%@,d'g,ﬁ 1). .
At z = 2 we have y ='6.42612 from a five-place table of the ex-
ponential function. ¢\ : .

The predictor ferniula (72.5) employs four previous points. It s,
of course, possible to develop formulas which employ more points
by copsidering’derivative formulas which employ more points. The
utilizationsof ‘more points, however, increases the amount of labor
in kee&iﬁ?g‘the solution going and in starting it.

73. X fic Runge-Kutta Method. The second method that we shall

“camsitler in detail is known as the Runge-Kuita method and is essen-
tiglly a refinement of what may be called averaging methods. Con-
sider again a first-order differential equation,

T3.1) =y =ty

with initial values 2o and yo. The increment for advancing the
dependent variable is now given by

1
(73.2) Ay = 3 (k1 -+ 2ky -+ 2k; + &)
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where
ki = hf{xo.yo)

ky = hf ;t:.)—l——éﬁ, Ya —|—%k1)
(73.3) :

kg = hf(:cu + gk yo+ %kz)
ke = Rf(xo +- h, yo 1+ k3.

The values at (z.,y:) are then given by

{13.4) ¥t =x¢+hk . and Y1 = Yo + Ay. ;'\,\’

The increment on y for the sccond interval is computed by'the same
formulas, with (zo,ys) replaced by (z1.y1). Thus all'?\l}ltefvals are
computed in the same manner, using for the initial .va).les the values
at the beginming of each interval. The methoddpeés not need any
special formulas to get the solution started, ansl\lt adapts itself very
nicely to a computational form. In order, 0, €xhibit this computa-
tional form, let us employ a double subséript notation in which the.
first subseript denotes the interval in ghich we are working and the

second the entries in that interval..Xhus we have )
Sawww.dbraulibrary org.in

11 = Fo, Y11 = Yo a“,fi‘r:; ¥h1 = J(@oye) = flzn, Y1}

Now we see that <
{f\‘w: hf(zo,y0) = hy1s

and A\ _
9"l 1, , Az,
Yo ‘:|“}2-"k1 = ¥+ 3 hyly = Yo+ 5 Y
xt\u' .
Thus we haye )~
QN

o\ Ar
Tz = it "AZ_:E’ Y12 = Yu + 3 Y1 and Yiz = f(@1y1).
a \%% : -
' C()\ntfnuing, we see that

ks

Il

1 ;
hy (a:u + %h, Yoty kl) = Anyi,

-1 1 +
ks = hf($o+§h,y0+§k2> = Axyi,
ks = hf(xe + b, yo + ks) = Axyls
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so that

Ax .,
(73.5) Ay = Ll + 2hs + 2% + id

The computational form for a first-order differential equation
follows.

O\
dy ; AURIDIARY
x ¥ : P COMEUTATIONS
I =Tn ¥in = ¥ y;,l. =f($11 J’Il) \ \”z“rhatever s
N * £\ | necessary to
, \ v 7 | compute
A | ) N Fz:y)
Ty =11 +E_ Y1z =¥i1 ¥ ? Y1z =f(2129y1§)
zn=:cu—l—‘-ﬁ—% }'13=J’11+3"’ E‘E : '}‘(’\2" )
5 12 P y}i‘? 13,¥13
T1a =20+ Ay =y Ty, Ax :?i;ﬁf($14 Y14

33"’\= (yn+2}'12 +2J’13+.'Y14)

+dbs a"ill‘-LbI':; DR

T3 =%11+AZ|(¥a1 ‘——J’n—l—ﬂ}fl ) _‘}’;1 =f(®a1,¥21)
. Ax "N AT

g3 =gy +? ¥z 2}'21.{'1')‘21

Ax \\ Ar

y;z =f(2s2,¥22)

Tz =%n +“2_ NE +¥5 2 Yz =F{(Tany2e)
Ty =00 +1.5$§';}&“=}'21 +.’}’;s Ax 3”;4 =f(224,¥2)
'\ i Ar
N\& '5.72'—_‘? (a1 +2¥2s + 2y2s +.‘Y;4)
A\
KA
xﬁ’,:r“_'_aw Ya1 == Ya T AYy 3’;1 =flzsn.yu)

N/ The required values for x, y, and f(x,y) are given in the firet Ine

of each box.

I\?ote.a that at each step within an interval the values at the
beginning of the interval arc used.

Example VIL.3. Let us again solve the differential equation
y = 2 —

y+1
withzo =1, yp = 2.
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. 22 — 1
Solution. Let A{z) = ——— Choose Az = .2. Then
f e A Ax .
y = Aty + 1 and - = .033333,
and the caleulations are arranged as follows:
x ¥ ¥ Alx)
1.0 2. 000000 3. 000000 1.000000 X
1 2300000 3.280993 991736 |
1 2.328099 3.308860
.2 2661772 3.587833 972222\ 1
658913 \™
Lz | 2658013 | 3.585051 | (O
.3 3.017118 3.856728,4 ) .946746
3 3.044586 3.882150,)
.4 3.435103 4.154961 .918367
S
2 :’:’%@%&gbl'aulibral'v_org_in
1.4 | 3.432851 44 4.152617
.5 3.848113.0 1.420545 888889
5 3. 374906 4. 444361
.6 43591723 4.713981 .859375
oY 886538
N,
160 4.319389 4. 711975
- \“‘7 4.790386 4.978342 .830450
e\ 4.817223 5. 000463
> .8 5.319182 5.268719 . 802469
NS A
\'“\. ,097933
1.8 5.317322 5.266936
.9 5.844021 5.532757 775623
.9 5870598 5.553371
2.0 6. 427996 5.820997 750000
1.108664
2.0 | 6.125986

The error at z = 2.00 is .00013

or 0025,

235
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74. Accuracy and Choice of Method. The accuracy of a step-by-
step solution of a differential equation is often difficult to detertuine,
The Milne method offers a check by the computation of the quan-
tities, D. The Runge-Kutta method has no such check, and the
error cannot be determined although it is near the order of I
Improvement on the accuracy of any method can be achieved by
taking smaller intervals. However, a decrease of interval ‘sife adds
to the mount of labor and increases the possible roundsoff-error.
The choice as to which method to use is also difficult, The advan-
tages of the Runge-Kutta method are that no speéial methods are
needed to slart the solution, the interval length ;‘caﬁ be changed a
any time, and its computational routine has.fewer formulas and is
easily mastered. The advantages of the Milne method are that it
may be more accurate for some problemis, 1t offers a check at gach
step, and the computational proceduré féquires fewer evaluations of
the derivative. A/ '

As a check on the calculatigﬂué"it is advantageous to plot the
resulting functions and periodically check by recomputing portions
with out-of-phase inlervals™We may also remark again that the
most common mistake o %riié of %I‘}e Bungc—Kuttaaflethod is that
the student fails to us€ the initial value of y at each interval, i.c., in
computing v;» the iQt:D‘ITect ¥i2 18 used instead of the correct Y, and
similarly for y.s, :

1t is believod $Rat the methods discussed in this chapter will solve
most, ordinaty differential equations with numerical coefficients and
suﬂicien’t‘;iﬁiia] conditions. Special equations often require special
treatndent, but the addition of more methods would further com-
ph'cq!,e the choice on simple problems. :

o <Fhe reader should also consider the possibility of combining 1be

{"t%o methods. Thus, thc Runge-Kutta method could be used i

start the solution which aftor four or more points could be continued

by the Milne method. Also the corrector formula (72.6) could be

used as a periodic check on the solution obtained by the Runges
Kutta method. .

7.5. Higher-Order Differential Equations. The solution of
hl_gher—ordcr differential equations in which we can solve for the
highest-order derivative may be obtained by repeated applicatioﬂ
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of the methods already discussed. We first apply the mcthod to
obtain the next lower-order derivative and then apply the method
again to obtain the next lower-order derivative and so on until we
arrive at the function. We shall show the details of both the Milne
method and the Runge-Kutta method.

Consider first the second-order differcutial equation

(15.1) dﬁ = {250 A\

in which {.is the independent variable with inikial conditions, {m 1*0,
£y, and use the popular notation of a dot denotmg dxﬁerenﬁd‘mon
with respect to i, i.e.,

~¢‘

'(

" odx d*z .. <!
7 = = g o = F N\
{15.2) d£ &; e ; eto. O\
A. The Milne Method. ~\\J

1. To start the solution, differentiate ‘= fiz.2.f) to obtain
# = f(z,4,0) and calculate the constants ¢ \%

Ne/

AN

iz %}éShga * 3y = f&n + ﬂ‘,‘? X
by = egpeilbraulgbrary; opghin

@ ="Eg a: = 2h%a,
1 b, =, be = 2h2h,

3 —-

Record also 16 and L6zZo. o\
2. Obtain trial \ralue{i\()f #; from

N gy = do — has
\'*"

#, = &0 + ho1.
3, Com&ts‘tnal values of &, (£ = —1,1), by
N lE = e — __‘ (Té-1 + 1680 + #1]
(753: > 1= a4 + 355 [:E_.l + 16&, + T&4].
-4, Compute trial valoes of &, (i = —L1), by
wo, = by — ﬁ [7d-1 + 1620 + 1]
(75.4)

*ry = b4 + [I_.l =+ 16.En -+ 7$1].
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5. Compute new values of £; and #_; from given equation.
6. Repeat steps 3 to 5 until there is no change.
7. Compute Z: and z; by

x’z=$n+ [5271—-’50—5511_“2

(75.5) 2 _
$2=$0+?[5$&1—‘I0—x‘_1]_bg. A
8. Compute 3, from given equation. KoY
9. Check #; and z; by O

X

l 5 ‘
Q’;z = I'{] —|—' ~1— h[ifo + 4@1,4‘\' En}
(75.6)
Xz = To+ o h[xo + 4031 ‘I‘a“?a]
\ l
10. Repeat steps 8 and 9 untal%onvergence
11. Compute &; by

/
Y N

(75.7) ' Ty = $._1ht_ (2230 — &+ 2153)

www.dhbr dy.org.in

12. Compute z; by
- h
(75.8) \\’Za = I + § (571 + 40‘.':2 + .'.1-33).

13. Compnte &; from given equation.
14, Recompute %3 by

(753&1»' B3 = ¥y + g (£1 + 4!232 + fs).
\

~

»\~ 15. Repeat steps 12 to 14 until there is no change.
\”\ ~ 16. Continue the process by steps 11 to 15,

Example VII.4. Find the values of the function satisfying
=4+ 6z
withz = 2,% = 1 at t = 0 in the interval 0 < { < .5.
‘Solution. Choose At = .1. Differentiate to get
B = & -} 6.
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The calculations are then arranged as follows:
t oz @ | £
o | 2.0000 1.0000 | 13.0000 a: = 190000
Xz = 3800
—.1)1.8618 | —.2050 |11.1 as =  .0475
1 121682 2.3950 |14.9 by = 2600
b: = 0325
—.1 |1.962222 | — 220687 | 11.5658 165, = 2086000
1 |2.168587 | 2.411647 {15.4042 16g, = 16.0000 .
a = 1.0475 o 0
-1 {1.962211 | —.220382| 11.552645 By = 2.0825 N °
1 {27168603 | 2.412145 | 15.423169 >
~.1 |1.962211{ —.220391 | 11.552884 7\
1 |2.168603 | 2.412163 |15 423763 "
—~ 1 |1.962211 | —.220391|11.552875 \
1 ]2.168603 | 2.412164 | 15.423781 NV
.2 | 2.492080 | 4.124402]19.076882 x\
2 |2.492480 | 4.125734]19.080614 \
2 |2.492481| 4.125858 | 19.080762 | o
2 |2.492484 | 4.125863 1 19.080767 "
N _
CORKECTED N Y Wrwrw . d brayipravywangdis
: e I R L A I F
1 11.962211 | — 2203914 . 552875 |.3[3.008389| 6.277976) 24.328310
0 | 2.000000 | 1.008008.|13.000000 |.3(3.008501 6.281336/ 24.332342
1 12.168603 | 2.412164 |15 423781
‘2 |2 492484 | 4 035863 | 19.080767 |.4(3. 760461} 9.057574, 31.674400
'3 137008506 | (6281470 | 24.332506 | 4|3.769610| 9.062036/ 31.679696
"4 | 5769616179, 062213 | 31.679909 |—
5 | 4.849856) 12.710176 41 809312 | 5/4.849650(12.704010| 41801910
O\ 5] .849848!12.709938) 11.309026

.

Th&qalbﬁlations for continuing the solutio
approximations. If these are not sufficient

length should be shortened.

B. The Rung

method to higher-order equations,
each derivative until the [unction is

readily adapted to machine caleulations which are again

from the right to the left.

n are stopped after three
ly accurate, the interval

e-Kutta Method. In applying the Runge-Kutta

simply repeal the process for

obtained. The schematic is

worked
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Example VIL.5. Solve Example VII.4 by the Runge-Kutta method.
Soluiion.

N®

/N
N\
\ 3

*

: . :
0 2. 000000 1. 060000 13.000000
.05 2. 050000 1. 850000 13.950000
.05 2.082500 1.697500 14192500
.10 2.169750 2.419250 | 15.437750
168571 1.412046
.10 2.168571 2.412046 15.423478.
.15 2.289173 3.183220 16.918458
.15 2.327732 3.257959 17284351
.20 | 2.494367 4.134481 1900633
] -
| .323815 | )1 “713490
.2 2.492386 4.125536. 19.079852
.25 2. 698663 5.079529 21.271507
.25 2.746362 5.189111 21 667283
.30 3.011297 £ 292264 24, 360046
N W hT"’IIIth":\“}{_nr‘H i
) ¥ 515918 2.155291
.30 3. 008'304\ Y 6.280827 24.330651
.35 3. 3&345’ T.497360 27.431430
.35 3. 383172 7.652399 27.951431
.40 3.973544 9.075970 31.717234
N . 760938 2.780227
n
9% | 3.769243 9.061054 | 31.676512
k\\.azs 4.222206 | 10.644880 | 35.978656
AN 1 4.301487 10. 859987 36.668909
T .50 4.855242 12.727945 41.859397
1.079979 3.647184
50 4.849222 12.703228 41803570

The particular differential equatlon used in these examples may
be solved by analytical means to yield the solution

x = e¥ | g%,
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At £ = 0.5 we have z = 4.849568. Thus the errors committed by
our step-by-slep methods are

MIL.NE METHOD ’ — . 000288 e

RUNGE-KEUTTA METHOD ‘ 000316 . 0079,
i N\

Improvements on the mumerical solutions may b { bbtained by
taking smaller interval length. This, however, adﬂs considerably

T

to the amount of labor involved. R

«®

76. Systems of Equations. Systems of.differential equations may
be solved by either of our two methods, ¥The procedure is to apply
the method of our choice to each of hie’equations of our system. As
before it must be possible to express the highest-order derivative
as a function of the variables apdfower-order derivatives. We shall
illustrate by an example ~:~ N
www.dhbr aultbral y.org.in
Example VIL6. Find the values of the functions satisfying the
system of diffc rentlal\equatlons
S

\ {2y"—x-—f1uy-4t=0

4 + 2y — 30 = 0
withgrs™, vy =4,y = —35at¢ = 0.

N

SQ‘:-!uiwn Transform the given equations into the following system:

'"\‘ ,,.’
3
_;5‘= S + 2y + 2
& = .75 — .5y

gnd choose Af = .1, For the Milne method we need

ib‘x‘=.5si:'+2y+2
# = 758 — .57,
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! T ‘ & ¥ || v \| ¥ [coxsTants| Fon (z)‘_ FOR ()
— - ! _— A —
0 !2.3333]3.5000/4. 0000, —3.5000| 9.7500) @ | —6.1250
| ay —. 1225
~.1[1.9718[3. 7250[4.3998] —4.5056/10. 3625 aq : —.0153
.1j2.6718/3.2750|3 . 6978| —2.5556{ 9.1375 by —2.25
bs —.0450/  .1950
—.111.9716{3.7316l4 . 3999| —4.5090/10. 4654 b, —.0056| 02448
.1/2.6720(3. 2816(3 . 6978| —2.5523| 9.23645  16ii 156. 0000
166, | 536.0000)—56¢0000
—.1[1.9715{3.7332]4. 3999 —4.509110 4664, a. —8 5153
12.6720(3. 28023.6978| —2.5523) 9.2357 &, 2.3274] {40244
.2/2.9921(3.0674(3.4882| —~1.6467 8.9101
.2[2.9896|3 . 0655(3 . 4881| —1.6466| 8.9090
.2|2.9895|3 . 0654]3.4881| —1.6466| 8.9089 (O
—.1[1.9715(3.7332}4.3999| —4.5091/10. 4664 ’
" 0 |2.3333(3.5000{4. 0000 —3.5000| 9.7500 SO
| 1)2.6720(3.2802]3 . 6978/ —2.5523| 9.2357 A
| .2]2.989513.06543. 4881 —1.6466 8.9089) N
! 31323402 846133677 —.7648| 8.T5E5/\PREDICTED

.3|3.2849(2. 8460]3.3677| —.7646 8.7984 CORRRCTED

‘ .4]3.5388(2.613473.3350| 1106, @ wrer) dbRuskidnmy yorg.in
"3 55832 6134[3.3350]  (1107\8. 7767 CORKECTED

. 3.30682‘35‘?03.390{’\{...’9962 8.9589] CORBRRCTED |
N

l et r———

| &

‘ 5|3 80602 3571[2. 3902 9961 B.9590) PREDICTED |
5!

|

- S o — T

The solution using the Runge-Kutta method is given on page 244.
The true solutions are x(.5) = 3.8071 and y(.5) = 3.3902. The fewer
formulas usdd by the Runge-Kutta method adds to its advantages
in the so],t{%ion of systems of differential equations. Since one of its
disadvghfages is that there is no check on the accuracy, we may use
théeorrection formulas of Milne’s method as a periodic check.

77. Difference Equations. A very general definition of a differen-
tial equation is that it is one which involves one or more derivatives
of the dependent variable. [n a similar manner we may say tl}at a
difference equation is one which involves one or more of the differ-
ences of the dependent variable. To be a little more precise, 1et.us
recall the definition of a derivative of a simple function f(z) which
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states that it is the limiting value of the quotient

(77.1)

fe +

W — f@)
h

[Ch. VO

The Runge-Kutta mcthod for Example VIL.6:

i E y A o)

? 7 e\
0 2.3333 3.5000 4.0000 —3.5000 ¢+ | 9.7500
03 2.5083 3.3875 3.8250 —3.0125) 94438
.05 2.5027 3.3090 3.8486 :3{078 9.4926
10 2.6724 3.2796 3.6072 .“;>.5507 92342
3389 N — 3022 9476
10 2.6722 3.2804 36978 | —2.5524 . 9.2358
13 2.8362 3.1724 35702 —9.0906 9.0266
15 2.8308 3.1736 | {35933 —2.1011 9.0734
.20 2.9896 30618 43984877 —1.6451 | 8.9078
Iwww.dbr_mlﬂjfai hy.org.in — . 2097 9057
.20 2.9895 30655 3.4881 —1.6167 8.9090
.25 3.1428 | ~2.9577 3.4058 —1.2012 8.7904
25 3.1374¢4 2. 9566 3.4280 —1.2072 8.8343
.30 3.2852 2.8456 3.5674 _ 7633 | 8.7576
<" .2957 —.1204 8819
.30 \~}f 2852 2.8463 3.3677 — 7648 8.7586
._35 \ 3.4275 2.7341 3.3295 - . 3269 8.7260
3N 3.4219 2.7307 3.3514 —.3285 8.7652
40 3.5583 2.6127 33348 1120 8.7760

4 .\' 3

™ .2731 —.0327 8754
.40 3.558% 2.6134 3.3350 1166 8.7761
.45 3.6890 2.4920 3.3405 .5404 $.8270
45 3.6820 2.4862 3.3625 5520 8.8681
.50 3.8069 2.3563 3.3902 9974 8.9506
.2488 0552 8854
.50 3.8071 2.3573 3.3902 9960 8.9590
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The expression (77.1) is known as a difference quotient, and it is
‘a good approximation to the derivative espocially if b is very small.
Thas, if we were to replace all the derivatives in a differential equa-
tion by the corresponding difference quotients, we would have a
difference equation. The subject of differcnce equations is quite exten-
sive. We shall, however, limnit ourselves to those which permit us to
obtain numerical solutions of partial differential equations. ~
We concern ourselves, therefore, with partial difference quotients
of the second and higher orders. [Lct us begin with a function: w(.9)
of two variables and let us divide the z,y-plane info a net.work b) two

families of parallel lines PAY
r = mh, (m=2012 - ),ﬂ\‘
(11.2) v = nh, (n=012 -

as is done in the construction of ordinary gr ’h\paper. The points of
intersection of these lines arc called lattiee) points.

. R
y a2

«\ % ww.dbraulibra "y .org.in

(1,3: A3

N
s 3

,\\\ .

@i;'h,y) Gy &+ Y

&

”\\’" . (im’ - h)

Fig. 7.1

For each of the variables of the function u(x,y), we have a forward
and backward difference quotient. Thus with respect to »



C

\

246 DIFFERENTIAL EQUATIONS [Ch. VI§

_ulz + A y) — u(@y)
U, — — h
n{z,y) —u(@ — h, y)
h

(77.3)

Uz =

and with respect to y

u(ay + by — u@y) ~
(77.4) h

u{z,y) — u(z,y — h) O\
! n O
in which the forward difference quoticnts arg.d‘é‘hoted by u, and n,
the backward difference quotients by uz andui.

We may now define a second differétice quotient of u(z.y) wih
respect Lo z as the difference quotith of the first difference quo-
tients, Le., \\ ’

Uy =

W

o u,—u _ ulx +tk,’y) — 2u(z,y) + alz — hy)
(77.5) Ug. = % = — Y

"
P o

and similarly o
_ iy RSB E ) — 2u(ey) + uley =B
(17.6) up, = 2 T2 2 |
ftis our Pmiﬁ’c %o employ these definitions of difference quotients
to replace partial derivatives in a partial differential equation and
then solve the'resulting differcnce equation. In so doing i should
remembeted that the functions occurring in the difference eque
tions,; i'} defined at the lattice points only. To get a better descop

tionef the function it then becomes necessary to increase the wot
béx of lattice points, ‘

(\78. Partial Differential Equations. In our discussion of the

numerical solution of partial differential equations, we shall limit
ourselves to those equations which can be replaced by the equivalr
difference equation and consider the methods of solving the resilf
ing difference equations. Furthermore, we shall consider only alel
methods which, however, are sufficient to solve many prohlems-*

* For a more detailed discussion of partiul di ; ; L

. A - 1 £ partial differential equations, se€
Milne, Namerical Solufions of Differential Fauations (New g'l;:k; John Wfls!"‘ﬁ
Sons, Inc,: 1953}, Part TI. Or sec F. T, Murnaghan, Inireduction o Applie
Mathematics (New York: John Wiley & Sous, Tuc., 1948), Chapters 57
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The general procedure is to replace the partial derivatives by the
equivalent difference quotients and then to obtain the solution at the
lattice points. Let us consider somc well-known partial differential
equations.

1. Laplace’s Equation in Two Dimensions.

v v
(78.1) Frinay ‘
_ oA
Transforming to a difference equation by : TN %
| v PV N
(78.2) tee ~ S5 and gy W D
we hiave )
hu(z + hy) — 2u(z.y) + ule — Ry N

+ htutey + B — 20(gadF aley ~ ] = 0.
Solving this equation for u(z.y), we optam

13) a(my) = § [a@ + hy) +okbabe ki Eory )
S + wix,y — AL

P

We see that in this equatjf&l the value of u{z,y) at any interior
lattice point is the arith&etic mean of the values of u(z,y) at the
four lattice points sufrpunding it.

N2 . .
I1. Poisson’s Equalion in Two Dimenstons.

7\
& azv AtV
N V. _

¢ EBE ay.z' - %P (xsy) -

(78.4)
Agaiaiu\iéi;g the transformation (78.2) an_d solving for u(z.y} we
obtain
A5) u(ey) = 6l + by) + ulzy + B + vl = hY)

+ alz,y — W] + whp(z.y)-

In this case the value of u(z,y) at an interior fattice point depends
upon the values of u(z,y) at the four adjacent points, the value of h,
and the value of the function p(%,¥)-
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III. The Parabolic Equaiion.
g _ 0%
(78.6) ol = ¢ g

In dividing the zi-plane Inte a network let us choose different
increments on x and {,
Al =k and Ax = h.
The transformation to a differeénce equation yields O\

(18.7)  k[ulxd + k) — u(z,i)] O
= ¢’ *u(x + hf) — 2u(ef) R u(z — b

Let ¢®?kh—2 = r. Then we have L&
(78.8) ulxf+ k) = rulz + hl) + ulz R0} + (1 — 20u)

from which we can caiculate the valﬁg\? “of uiz,t + k) from the
values at u(z,f), ulz + Ai) and (@5t once we have chosen #
and h so that r is known. W

I'V. Two-Dimensional Heat-FlQév:Equation.

wwwam'agli'b{. Ffrg.ing2T
o T \aa T eyt

Q.

(78.9)

Let Al = k, Ay = {a{ = h; then the difference equation is

(1810) k(TR -+ k) ~ T(xyl)] = kT + hy.d)
= 2TdYE) + T(x — hyd) + Tley + hi) — 2T(yd)
K7 + Ty — ht)l
If we ch{:@sfé 4k = R’a~? we obtain
O

B TGyt +B) = (TG +hyt) + Ty +hi)
O + T(x — hyt) + T(z,y — hD)

an equation which gives the temperature at any interior lattice point
. at a time { + & in terms of the temperatures at four adjacent poinls
at time {.

It should now be elear how each partial differential equation i8
c}}anfged to an equivalent differcnce equation. This difference eque-
tion 1s rearranged to give an expression for a particular value of the
function in terms of the values of the function at adjacent points
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and other constants or known functional values. Frequently, the
resulting expression also depends upon the choice of the increments
on the independent variables. Since these expressions give the values
of the function at interior lattice points, its values on the boundaries
must be known. We shall now turn to the problem of finding the
values at the interior points, having given the necessary boundary
conditions.

. . . N\
79, The Method of Iteration. To illustrate this method let\us
first consider a simple equation in two variables such as Laplace’s
cquation. In the last section we obtained the equwalent diﬁ'exence

equation 7 .;
MY aley) = & lul + hy) + u@y + B + u@ Thy)
"4 ulzy — B

w\J
for & network of small squares of side k. Léthe known boundary
values of the function u(x,y) be denoted(by a;. We shall first cover
the area with a coarse network of squarﬁs as shown in Fig. 7.2.

a, ty " agﬂw w.dbraglibrary.ong.in

NN o
" \ ¥ -\
\ 3 =171 u;) —(:I.ly— fg
s Oy M 0 as
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The first approximations fo the interior points are now computed in
the following order:

1
u; = i lay + az + as + ani we =y [y 4 a3 + 4wl
1 1
=3 [ + az + ar + s} By o= [z + w1 + s +iﬂ‘l
1 1
(79'2) s = 2 lar + o5 + a5 + ual us =7 fay + w3 +0Li5“sp |
4 \
1 1
ur = 3 fue +oaw + + anl e = o[ 'i- &s + uy + al
1 , ,\‘..
Uy = L—L fa; 4 ws + ¢ + c] \»\\
v \}

PN

We note that the values of u, (z = 5 2}? 6,8), are calculated accord
ing to the schematic

x<
r‘\) W —---..__\
4 Ui in
Fig. 7.3

which is the general scheme by equation (79.1).

The values-of u;, (i = 1,3,7,9), are caleulated according to the
schematic
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Fig. 7.4 <

¢ 3

257

L &
\
7

AY;
The schematic of Fig. 7.4 is used only to get tﬁt}’ﬁrst approximation.
The second approximations are Now cofiputed in order by the
schematic of Fig. 7.3. W WV

™
"’.
N
™!

_“?Tﬁ’\}_dbrauhbl'ary.org.in T
1 N 1
= e + a2 + a15<<m] ) (7 + o125 + 2tbs T Bol

1 ne 1
sz = 3 [us + as ‘K\ﬁi"}' iZs} sy = n (s + stta + @1 + a1

) 1
(19.3) | 2 = i[aﬂ -ﬁﬁi"ﬁ- athe + W} s = g [ts + stts + 218y + @ul
ne 1
2We =x%\:[lh + s+ axs + 1l s = 3 [as + ts + sts -+ a1l
AN\d
g;l'\; 1 (6 + st + sits + Ba]
ot .
o L

It is to be noted that the new values of u; ate used as soon as they
are available. The successive approximations are calculated by the
formulas (79.3) with the new valucs just previously found.

Example VIL7. Find the function satisfying Laplace’s two-dimen-
sional equation with the boundary conditions
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2,y=0);{u=8+2y,2=4);
(u=2o%y=4.

ba

(u=0,x=0);(u=

Solution. For the first coarse network take x =y =0, 1, 2, 3, 4
The boundary values are calculated at these points and placed on
the square array. The calculations are then carried out in the magoer

outlined above.

N

- 2\
] 1.0 2.0 3.0 any -
¥ A
. /4 \ 3

0 5 2.0 1501 8

1 0 1.625 3.6875 6.675" 10
1.5625 3.6719 B, 5586
1.5547 3.6982 JNG.5722
1.5640 3.7083:°}) 6.5698
1.5670 | 3.708% | 6.5670

2 0 2.0625 | 50 8.0625 12
2.0469 JN6797 8.0908
2057600 46992 8.0704
wufw 2h0638ibTary.608%in |  8.0656
goéo6 | 4.6876 | 8.0626

3 0, 482125 4.9875 6.125 14
X 1.9961 4.9502 9.0102
\ 2.6002 4.9274 8.9994
@ 1.9983 4.9227 8.9971
7N 1.9956 | 4.0197 | 8.9956

Jot 0 1.0 4.9 9.0 16

.\’\\

Thqfclélculations are continued until there is no change, with the
<(a:l;)e\'re numbers obtained after ten calculations. The network is now

hanged to a finer mesh by halving the interval on both z and y.
This necessitates calculating the boundary values from the given
conditions and then proceeding with the calculations according fo
formula (79.1} and the schematics of Figs. 7.4 and 7.3. The values
from the coarse network are used as the first approximations. After
an entry at each interior point has been established, only the
schematic of Fig. 7.3 is used, The calculations are arranged as
follows:
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Ne 1o
b 5 1.0 1.5 2.0 2.5 | 3.0 35 | 4.0
0 125 | 500 |1125 {2.000 |3.125 |4.500 |6.135 8
5 10 5168 | 1. 1317 | 1.943L12.9604 [ 4.1931|5.6517 | 7.2668} 9
501111.1310]1.9421 | 2.9602 [ 4.1930)5 6317 | 7.2511
4992 | 1.1299]1.9432 | 2.9629 | 4.1944 | 5 6316 | 7.2510
5060 | 1 141417 9581 | 2.9782 | 4.2081 { 5.6114 | 7.2560
10 [0 .7478|1.5670 | 2.555313.705415.0553 [ 6 5670 82478 | 107
“7as0 |1 5782 25578 | 3.7155 | 5.0578 | 6.5807 | 8.24284"
"7460 | 1.5805] 2.5615 | 3.7184 | 5.0626] 6.5827 | 8.2480
a1 607 |5 570 | 3 7468 | 5.0879 | 616017 o 2677
15 (o[ 9074 |1.8856 | 3.0056 | 4.2886 | 5.7556 [ 7.3856 1'9.3574 11
o064 |1 8882 | 3.0069 | 4.291415.7570 | T.389% 1 9.1582
‘0075 | 1.8924| 3.0104 | 4.2967 | 5.7614 | L4946 | 9.1600
.................. e
‘9935 |1 0108 5 0452 | 4.3383 | 5795474198 ] 9.1733
50 (o1 9962 |2.0626] 5.2930 | 4.6876 | 6:2933 | 8.0626 | 9.9962 | 12
5959 | 2.0748 | 3.2964 | 4.7009 |16)2967 | 8.0762 | 9.9958
0992 | 2 0783 | 3.3019] 4. 7054 6.3028 | 8.0808 | 10.0020
Coico L2 1090 | 3 2200 | s e 6581000 10 0150
75 to | T 01361 2. 1225 | 3.4164 |8, 9225 | 6.6664]8.6223 | 10,7646 13
1 0145 | 2.1253 | 3.4380.| 4.9262| 6.6682 [ 8.6262 110.7664
1 0161 | 21327 | 34236 | 4.9333 | 6.6736 | 8.6352 | 10.7709
_ 176313 | 2 1601}8 4508 | 4.9717 6 70951 86604 | 10.7813
o o1 9395 | 1.9955| 55076 4.0197 | 6.8276 | 8.9936 | 114398 14
o308 hal01e4 | 3.3337 | 4.0361 | 6.832219.0198 | 11,4463
0330.}:2: 0208 | 3.3401 | £.9417| 6.8415]9.0260 11.4420
RPPNCS DU NUUUEDE TR AT IAEpRg) Py
9488 | 2.0416|3.3672 | 4.9711 6 8672 90416 | 11.4488
3.5 10 4\ 7480 ]1.6808}2 9788 7 6568 | 6.7286 | 9.1803 | 11.9989 | 15
b ri76 | 1.6787] 2.0798 | 4.6612 | 6.75107 9.187% 11.9709
O] 7167|1.6793 | 2.9826 ] 4.6638 | 6.7357 91832 [ 11.9688
“r5aa| 1 6000 | 5 6064 | 4.6785 | 6.7461 9 1000 [ 11.9722
o o5 To0 [2.25 (400 |6.25 [9.00 12.23 16

The last set of entries were obtained

If the boundary values are ©
values at the desired points when t
mated by graphical means or fitting the kn

btaine

after 30 iterations.
d from cmpirical data, the
he mesh is halved are approxi-
own points. The values
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at the interior points cannot be any morc accurate than the approxi-
mated boundary values. '

80. The Method of Relaxation. This is a second method for solv-
ing the problem which was discussed in the last section. In the
iteration method we employed the [our adjacent points and sought
to obtain the values such that equation (79.1) was satisfied; i€
1 O\ .

(80.1) y = 5 W1y + i + Wag + TR RPN
This condition, of course, is not satisfied until the Yery last set of
entries. Thus, at any prior set of entries there is @ residual, Ry at
each point, G
(80.2) Ry = tiga; + g1 + Uiy gl — 4y
has a definite non-zero value. The anethod of relaxation seeks to
make all of these residuals zero by ¢onitinuously altering the values
of the function at the interior peints. Therefore it is desirable to
develop a process for doing, these alterations or, as it bas been
termed, relax‘?tm%w,dbrauiiﬁi‘ary.org.in ,

Let us again make up™a lattice network and this time use the
double subseript notation

uu\\ 5T [£5F] Uig D tin

_ ez Uag 23 Wggy * ° ° HUza
AN Uan Haz g4 * * °  Usza

“\'\ 2251 Ly Lty Wgq * * 1 Uin
O Liny £ 98] [ £ %) [ 23 Lo Han

Epﬁsiaer as an illustration the point, P;;. The residual at this point is
\(80-3) Bas = s + tag + tse + 1as — Mz

If we alter the value of the function at this point by an amount
Atrs; the residual will also be altered, and we have

(80.4) Ry + ARsy = v + uas - mge + tay — 4{uzs + Auzs)-
By a simple subtraction we see that
(80.5) ARy = —4Auss

or that the -resulting change in the residual is a negative four times
the ehange in the function at that point. If we now wish to make the
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residual zero, i.e., make ARy; = — Ry, then we simply change the
value of the funection by an amount
1

{80.6) Angz = 1 sy '
and R33 = 0. : B

However, a change in u;; will affect the residuals at the four
adjacent points. Thus o - O\
(80.7) Rog = tlag 4+ 1z + Uee + a5 — dugg "\:'\

'\

(80.8) Ry + ARaz = ttzg + 1z + Ua2 + (2 + Auaa')'\—’ﬁ‘élug'g
from which we see that _ : ' \‘ ' '
(30-9) -. ' AR = Atfza. ’

The same is true for Rsy, Rie, and R, Consgt’lbﬁnﬂy, if the value of
a function is changed (relaxed}, the residoals of the four adjacent
interior points must be changed by the &arme amount.

The above defines the process for petforming the method of relax-
ation. Having obtained values a;l;ja’,ll' the interior points, we then
calculate all the residuals at thesespointsibFhtimeshod ofrelaxation
then begins by “relaxing” ¢the value of the function with the

o\ 1 oy
fargest residual by the {fﬂ@llﬂt A = 1 R‘-_.;. This makes .Rg'j = {

and necessitales the ehanging of Ripvs Riis Bipgn R by the
amoun! Au;. TheJddtper is very important, and the fa-ilure to carry
it out constitutp{ithe most frequent. error made by the 1]16?([)131'1611(‘:811
computer, All"the correclions resulting from a change in a point
must be made before procecding to another point. After the correc-
tions reducing the largest residual to zero have been made, we
Pm&eéc.l\:t;o the residual which now has become the largest. The
Coﬁ\e(}tions are made until all the Ry arc zero or as nearly zero as
possible. -
Let us illustrate the method by an example.

Fxample VIL8. Solve the problom of Example VIL7 by the
method of relaxation.

Solation. Consider first the coarse network- of e=y=14 (1 =
#,1,2,3,4). The first values of the interior pointls are cort-Lputcd in
exactly the same manner as in FExample VIL7. The residuals Ry

and a change in us; gives
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are now calculated and recorded in the left column of each block.
The largest residual, Ry = 7500, is at the point Pa; which hasa
function value of ug, = 4.5000. This value is now altered by the

ar,nount é Rey = é (.7500) = .1875 which is recorded in the right

. ¢column of each block. This reduces Rss to zero and changes By to
1875, Ry, to .1875, R, to .1875, and R to .1875. After hese
changes have been made, the largest residual is then By & Ry
= —.500. Supposc we choose to work on R;; and cha\hge ta; by

the amount i Rga = —.125. This changes R3; to zem* Rga to 0625,

and Rj, to 0625 Note that there are no res:dua\ls at the boundary
points. Next we change the functional valueus to make Rs; zero,
etc. The entire calculations are arranged as‘ibllows:

o ¢

, X°
* K 3 : 4
\ [ 1 : 2. X 3
' N
R v | Az Any® u Au Iid u L1
P o wiwew idbraulfbyary jorgin 4.5 8
1 ¢ [-.25 f17625 | A~ 0 |3.6875 —.25 |6.625 ]
o [1.5625 —\hszsw 1875 o |6.5625—.0625
e .1250
<™ . 0625 0156 :
0156 >\ .0039] . 000%|3.7031 .0156 0039
s L0040 0 |6.5664
o . 0079 .0020
oogn . G005] — . 0001]3. 7051 L0020 - 0005
1.5669 . 0004 0 |6.5669]
weuz - 0009 L0002{ 0002
A .0001(3. 7053
2 NN 0 1270625 .15 4.5 .1875] 0 (B.0625 Ly
LN .1875 0 |4.6875 1875
R .0625 .0136 L0625
N 0 0 ]
LY 0039 . 0020 : L0039
N\ W ] 0 o
\J/ 0005 .0002 0605
0 0 0
3 o |-.5 |2.125 0 |4.9375 —.5 [5.125 i
0 |2.000 |—. 125 | 1875 0 |9.000 |—,125
0625
—.0156 —.0039) ~ . 0625 - 0156]— 0156 — . 0039
0 |1.9961 —.0001{4.521% o |8.9961] |
— . 0040
—.0079|4.9198| — . 0020[ — . 00204
—.0020 —.0005] .00l 0 |8.9956) . 0005
¢ [1.9956 — . 0004
: — . 0000 — . 0002
UL = 00u1l4. 9197 —.0002
4 [] 0 1 I 1 9 16
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If it is desired to have the functional values at a finer mesh, we
could again halve the intervals as we did in Example VIL7 and
obtain the values at the finer mesh points by the method of relaxa-
iion. We should obtain the same values as were obtained previously.
The calculations are left as an exercise for the reader. The schematic
for performing the calculations exhibited above may be slightly
improved by noting the order in which the points are relaxed.
Thus the corrections listed in the right column could be numbered:
by a colored pencil, N

O\
81. Direct Step-by-Step Method. Equations of the pargbolic or
hyperbolic type may be solved by a dircct step-by-step *method
showing the growth of the function, provided su,fh:cient. bound-
ary conditions are given. Let us consider the parabolic equation
(78.6). We saw in Section 78 that we could obtajihdn expression for
for u(z,¢ + k) in terms of u(z,), u(z + Al ’a@ifu(x — hd), i.e,

BLY) u(zt + k) = rlu(e + kD) + vl bﬁzi)] + (1 — 2nulz),

where r = ¢2kh—2 o . .
This expression gives the growdbvef.thie-{unition A% tnincreases;

it is dependent upon the choicgof i and k and having sufficient
boundary values. Let us counéider an example.

o\ . . .
Example VIL.9. Find Kl—@.x?alues of the function satisfying

O v, 2
NG al az?
with the bou'ud'a}"if. conditions
.~'§“t U=0atez=0andz =38
..\:'\'.r':; U=dx— —%x at{ = 0.

\

S}ui'ion. The formula (81.1) would simplify to
(81.2) a(ad + k) = % [a(@ + hf) + a(z — D]
.1
if we could choose b and k such that r = etkh—% is 5 Let us there-

1 . 1 »
fore choose h = 1. Then r = 4k = 5 would yield &£ = g3 making
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the increment on { = %— We may now arrange the work according

to the following schematic. The entries in the first row, first and
last columns, are calculated from the boundary conditions, and the
other entries from formula (81.2).

T
\ 0| 1 2 3 4 5 6 .| ¢
o | o]3.5000]|6.0000 |7 5000 8.0000|7.5000|6.0000 \8,5000: 0
1/8 | 0 |3.0000 |5.5000 | 7.0000 | 7.5000 | 7.0000 |5.5000}3.0000) 0
2/8 | 0 {2.7500 [ 5.0000 | 6.5000 | 7.0000 | 6.5000 | 50000 } 2.7500 | O
3/8 | 0 |2.50004.625 |6.0000|6.5000 | 6.0000,/d 6250 | 2.5000| 0
4/8 | 0 |2.3125|4.25005.5625 | 6.0000 | 5.56254.2500 | 2.3125 | 0
5/8 | 0 [2.1250|3.93755.1250 | 5.5625 | 553250 | 3.9375 | 2,1250| 0
6/8 | 0 |1.9688|3.6250 | 4.7500 | 5.1250 {MNI500 [ 3.6250 | 1.9688] 0
7/8 | 0 |1.8125 | 3.3594 {4 3750} 4.7500,[%:3750 | 3.3594 | 1.8125 | ¢
8/8 | 0|1.6797|3.0938]4.0347 4.3{@0 1.05473.0038[1.6797| O

Formula (81.2) is a simple\averaging formula and could yield
quite large error‘%.wyé% forgmila can be improved if the function
U{z,f) has continuous pfagjgfgﬁ?[r etivetives with respect to x of order
6 and with respcct to f of order 3. Then it can be shown* that

(81.3) Ut J\@’: g lUE + o) + 4UGH + Uz — bl
O + error function
it h and k< ij}e’chosen so that r = % Improvements on the funetional
vah&cﬁ‘may also be obtained by choosing a finer mesh, i.e., smaller
ve;flue for h and k. Remember, however, that the formula for the
galculation of the values of the function is dependent upon & and
) \ _through r, and thus il may change if k& and k are chosen arbitrarily.

82. Remarks on the Solution of Partial Differential Equa-
tions. We have described three mothods for the numerical solution
?f partial differential cquations. All are based on the idea of replac-
ing the partial derivatives by diffcrence quotients and then golving
the resulting difference equation. There is indeed much more to the

* W. . Milne, Numerical Solution of Di : ; » Johm
Wiley & Sons, Ine., 1953), Chapter B?f ifferential Equations (New York: 1
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theary than this. In general, however, most of the methods have
heen developed in order to solve specilic problems. The above has
been intended only as an introduclion.™

83. Exercise X.

1. Solve the following differeniial equations by both Milne’s method and
the Runge-Kutta method.

2l

fa) ¥ = %’ with y= —3atz=1
(by ¥ = a2y — xy with y=1lalz=0 \
(€ oy —2y"” — 1223 =0 with "=y =20y =lat m'-'—-\l,\
@ (¢ —2y =0 with z=1y=2z=34{>0

y—z =0

4 22 = 0. N 3
5T ok (?S)i(iy%?f—ﬂn} where A(ny) = WG + 978

and at { = 0 O

v — 63813, & = —.91781, y = —.B2945, Jr=r-1.70032.

2. Conlinue the Milne method solution of Exain}ilg VIL4tot = 1.0 using
A= 1. )

3. Solve Example VIL4 by the Runge-Kufta method withAl = .2, Af = 4,
and At = .8 and compare the answefiai ¢ = .8.

4. Solve Example VIL6 by the RungelRiritdbmsehbxbrsish din= .25 and
compare the answers at £ = 5.5

§. Solve the partial di[ferent-i&ls?quation
N Vo
6”1".,_}’_ PV _ gy
dy*?

N

with the boundar:{'cﬂ‘ndilions

V#‘Qﬁit:z:=0 V=x—2yatz =4
{"és"mat.y=0 V=4—2—-yaty=4

*1f the reaﬂ;- finds a need for additional informatiu_n he is advizsed to consalt
the referg:tfc,é!-; already giver. For jnformation on triangular nelworks, bl(_mk
relaxatibn\; and the Rayleigh-Ritz method consalt:J. B. ch.rhoruulgh, N umerical
Miftherdatical Analysis (2nd ed.; Baltimore: Jc)hrls‘I-Iopkms Umwfer&.;lty Pre_ss,
1950)Y Chapter 12; or K. V. Southwell, Relarzation Methods tn I‘heor:eizfz‘cal
Physits (London: Oxford University Press, 1946}; 'ancl H, W. Emmeons, l_he
Numerical Solution of Partial Differential Equatumad,” Quarterly of Applied
Mathematics, October, 1924, Vol. 2, No. 3, pp. L73-195.



CHAPTER VIII. LEAST SQUARES
AND THEIR APPLICATION \

84. Introduction. The fitting of emj:g\i\rical data by formulas or
equations may be accomplished iy tv}o distinct manners. One ist:O
have the formula satisfied exactlw at the observational points; this
was the case of the interpolatién formulas discussed in the preoced-
ing chapters. The other is toave the approximating function come
as close as possiBl¥ Yol BRAPARISY 88tHe given points and still retain
a predetermined charaGberistic which will show the general nature
of the data but wi!]{'tﬁt necessarily pass exactly through the given
points. This second manner can be a most desirable way to st'ild}'
data which have been obtained from experimental observations
and thus conain various crrors of measurements.

The mosbfrequently employed method to obtain functional repre-
sentatigny of the second kind is that which is known as the mel:hﬂfi
of Léast Squares. We shall now discuss this method and its appli-
q&it.ién to the fitting of empirical data.

\/85. The Principle of Least Squares. Let us consider a set of
points (z;,y5), (j =1, - + -, m), which have been obtained by
measurements and which should be related by some funciion,
¥ = f(x). As a first consideration let us designate the function to be
a polynomial of degree n < m,

8.1 y=atartat - - dggr = Zaﬂ"-

4
260 :
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We propose to determine this polynomial, i.e., to find the values of
the coefficients a;, (¢ = 0, - - + , n), such that the polynomial (85.1)
8 a “good fit” to the data (x;, ;). If we substitute the poiuts into
the polynomial we have the m equations

B = ap + @y + aox? 4 ¢ -+ + @37 — 1
(85.2) R2 : ay + awxs + a2+ - - -+ (1,..’{:’% — v
B, = @o 4 G1fm + @222, 4 ¢+ © - Gl — ¥m A

{
'\
which are not equal to zero since the polynomial does ;}Q!t‘heces—
sarily pass exactly through the points. The difference besween the
polynomial value and the cbserved functional value;;.}‘

.

n ‘ \
20 wwi =y (=0 Om,

is called the residual and is denotecl .hy R;. Thus, we have the m
residual equaiions exhibited in (85.2) AThe principle of least squares
states that the best nepresentatiqpfc;f YipIRRR Rrehn oRetith makes
the sum of the squares of the residuals a minimum. We therefore seek
to make the function ) O\

&V
85.3) flewsar - * - ,{1»,3)\——' RI+R}+RE+ - + B

& minimum. The coﬁ}iiﬁoﬁ which [ulfills this requirement is that the
partial derivatiwgé}bc zero.® Thus

A _
o _ oR;  p ORa .. Rm,aﬁn] — 0
_ E =2 [Rl ddg + R2 g + + dag
Vo G2 aRs , .. Rm@fﬁ]:g
85.4) { 9a; 2| fa ET B da, + + aa,
af 8l 9Rs _ ... 4R, QIE] — 0.
a:z[ﬂlaﬁﬁzaaﬁ tRae ) =0

*Spe P. Franklin, Methods of Advanced Galeulus {(New York: MeGraw-THI
Book Company, 1944).
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Now
oR; _ i[ag+a13:f+azx}' 4 - Fa -yl =1
Iy aao_
Al =i[an+a1xj+a2m}+ R L A
aay daty
] a . " I —
(85.5) (‘;—f; == 3, [@o + az; + azl‘f + - - Faal - ¥il ‘T\:E;g
oR;, _ o + agw; + aget + ¢ +an3;¥.'_\;;j\].= 5
da, Odn 1 4 . O
for (=1, - - - , m). The system (85.4) thus hederes
u,\"
Bi+ R+ Bet - - +R R
oy + x2Hs + $3R3 + - + aﬁmR =1
(85.6) 2R+ 23R + 23R, —I— ¢4 \ + xk =0
m‘;Rl+$2ﬁg+xaR+~--+a¢“ = 0.
If we replace R; by their va,lués from equations (85 2) and collect
the coefficients oY’bﬁ‘é#LF-Ui‘Iti'ﬁkhSJVﬁiﬁ'a,, (=0, ,n), wehave
ma, + E$,a1\+ Zxias + ¢ —]— Sala. — Zy; =0
Srao -+ Dafe: + Zalas + .+ Zartla, — Say =0

{85.7) Em’*ag —l—\ xiay Zm*az + - + Ew“*“"a — E:vg ;=1

:e"hu + Zzitlay + Zritiag + - + zﬁ»a,, — Em“y,
. ,'\
Where@ummatlons are from 1 to m, i.e.,
A\ o} =t foad 23 4+ S
“\' : Ea:zy, = xby, - wdy, + - + T2V me

\ The equations (85.7) are known as the normal equatlons All of
these summations are known so that the system (85.7) isa system of
n + 1 linear equations in the n 4 1 unknowns a;, (I =0, ’

n), the solution of which will yield the coefficients a; so that the
polynomial

Y=a+az-+ax?+ -+ + gzt
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is now determined. The procedure is to calculate all the sums
jndicated from the given data, insert thesc sums into the system
(85.7), and solve for a;, (i =0, - - - , n). Various short culs for
accomplishing this will be discussed later.

The principle of least squares is not limited to polynomials. The
desired function could take any known form as long as the resulting
normal equations can be solved. This, of course, is easiest if the
normal equations are Jinear as was the case above. Q

86. Application to Polynomial Fitting of Data. We Sha]i Tow
‘apply the principle of least squarcs to the fitting of cmplrlcrrl data
by polynomials. Consider the m points - .~ . P\

and let it be desired to fit these pointd with a third degree poly-
nonial, ie., n = 3 in the last s(},cj;ibi?l;rww.dbl'aulibral'y.org_in.

(86.1) ¥y = @ +{€l1x + asz® + .
[t is required to obtam\the coefficients a;, (i =0, ; 3), from
the normal equationsh{85.7). For convenience 1et us denote the
sums by 'S :
:t\“' .
)Y Sig=m
\\”.‘ 7 -
N Si= ) =
) ' ‘-Zl
P :
(86.25 S; = E af
iZ1
S}c = T :ﬂ:

-
I
s
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and

ko = EJ’:‘

i=1

ki = 2 Li¥y

i=1

(86.3)

- Fns
ky = 2 EiYie PR
i=1 « N/

A schematic for calculating these sums can bg ?rraf]ged as follows:

20 T z? | x* | =t | =° 0 e zy | ¥ | 2
o\

(4 2 :

1 i 2 | 2 o ) N T y1 | 2 | on Z;J’l

1 2o | #2 | 23 | = (@R @ | yr o x%yz s

1 o | xf | ) | whefws | = | ys | Fays | Tds "‘!3”

1 T v v dbreblibrany privin| Tm | ¥ | TnYw | Zudn ’:”
;S‘o =m , S] SQ ":Ss Sl 195 Sﬂ kﬂ kl kg ka

i .«\

3

The normal eque?m\ms can then be written in this manney:

"1\. “ Soag + Slal + S;az + Ssas kO

(86 4 '\“ Slaﬂ + S‘Zal + baaz -+ S-!.as = kl
) ) ::f ’ Seao + Satr + Sz + Ssaz = ke
~‘\ Ssao + Sar + Ssax + Seas = k.

al
N

We note that this system of linear equations is symmetric and its
\ ) solution is considerably simplificd. Let us consider an example.

Example VIIL.1. Fit a cubic to the data

—4\-—2 —1‘0]1 3‘4 6

~ yl —35.1 L 15.1 1 15.9 . 8.9 \ 111 l 21.1 | 135
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Solution. Let us first obtain the required sums.

2t | x | x¥| zE x4 b xt ¥y ry xty xiy

1{—4|16] —64| 256 —1024| 4096] —35.1| 140.4| —561.6] 2246.4
1]1-2| 4| —8 16 —32 64 15.1|.—20.2 60.4 | —120.8
-1} 1y =1 1 —1 i 15.9] —15.9 15.91 —15.8
1 0| © 0 0 0 i 8.9 0 0 ]

1 1] 1 1 1 1 1 1 1 1 a1
1 3 9 27 81 243 729 i .3 .9 AN
1 4|16 64| 256 1024 4096 21.1 84 .4 337.6| 1350.4
1 6}36| 2216|1296 7776 | 466561 135.0{ 810.0| 4860.0 }29160.0
8§ 7183 2835|1907 7987 | 55643 161.1| 989.1] 47133 [52622.9

The normal equations are

80, + Ta: + 83a: + 235ag; = 61.1,‘
Tao -+ 83a; + 23502 + 1907a; <989.1

83a, -+ 2350, + 1907as + T987ay = 4713.3
235a0 + 1907a; + 7987as +195643a, = 32622.9.

Solving by Crout’s method we obtafﬁ“fﬁéj Rdiraragrein

y 23 a3

9.011039 —8. 9661&) —1.000093  .999074.
The cubic is given by \ Ol
99994 1 OOOx2 — 8.966z + 9.011 =
A check on the g?:_v\n points shows a good fit.

f S
‘ £ O —4 -2 -1 ) 1 3 4 6
.'\’ I P o
y{\vm) —35.1 | 151 | 15.9 8o | 1| 1} 211 ﬁg
¥ [vare)) —-35.1 15.0 16.0 9.0 e 1 211 k
* DIFF. 1] 1 —.1 — .1 1 0 0 0
- _

87. Evenly Spaced Intervals. As we have secn so often in the past
great simplification occurs if the data are given at equally spaced
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values of the argument. In such a cage we have
(87‘1) & =& + (J - 1)h’ (J = 1’ T, m)!

where k is the interval length between the equidistant Z-points.

There are four main advantages which may now be realized.
N

I. The Values of the Argument May Be Transformed o t}m\lntegers.
0,12, ---,m, \ N3
This fact is accomplished by changing the variahleto
. . . :N.'&

(87.2) zp = L o
It is now easily scen that ,:j\\"‘
“.x\"
' = T ;_‘?‘1 -0 _". ..f’
ot _devrdBnayliBncy Bty _
z h S\ h- =1
Q
‘ {k,\ ............
A\ ;
RN T _ e+ (J—Dh —m .
i 30 R ) —=J-h
&

II, Th(j," \l??zt“é May Be Euasily Ceniralized aboul the Arithmetic Meun.
Cent;'{\hzmg the data about the arithmetic mean is accomplished
by the*transformation

~
QW Xmm-s ad V=y-y
where
(87.4) F=1Y g g4 s-1 N
m g an Y=o Yi-
i=1 =1

For equally spaced inlervals we have



187] EVENLY SPACED INTERYALS 267

_ 1 N .
#1.5) F=1 E o + (G — DA
i=1
m—1
1 .
S
i=1 N\
= + (m — 1A, \f\““
since % O
m—1 '\’“g'
{m — L)m "(:\
2 0
k=1 7
Thus '\\\\
X" W
87.6) X;=a — &=+ —Dh— 2 K5 (m — D
{"v;
1... . A\
~5@ —m— Dk &

o\ ‘WWW dbraulibrary . org.in
We now have some very useful pmp( rties.

Property A. If m is odd, T =2y where z 13 the * ‘middle” value of
the sei x;. \
Proof. Let m = 2r — é‘]{godd number; then

»\\st

(mdM) ter-1+n =
and '\w
1
%\\xl—}——(m—l)h=x1—[—§(2r—~1—1)h

O =mt =Dk
=z, = Tm.
Corollary. In this case Xur = 0.
Proof. Xy = itz — & = &3 — @u = 0.

Property B. The set X; consists of two identical sets except for algebraic
sign,
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Proof. By formula (87.6) we have

X,=%(2—m—])h=%(1—m)h

. 1 1
Xg=§(4—m—1)fa=§(3—m)h
’ 1 = /o
Xo= 26— m—Dh=506—mh A
.................... Koy

A
Xu =%(2M’—m— Lyh ‘\..}

K2 = 5 (am-4—m-—1)hs. zl-‘(m—S)h

Xm_l——(Zm—Z—-mo\ h —(m—3)h

X = § (2m — " ’—:1)h = -2— (m — L)k
from which it 18 eam ra;ﬁﬁ%};ﬁ;{t orgin
= —X,
s\ X2 = _Xm—l
(87.7) \\" '/Ya = —~X, .

p '\“}
and at th‘e fnid- -point we have Xz = 0 if m is odd and X is not2

membfer of the set if m is even.
P“r,t')'ﬁerty C. The summation of X} over values for j assumes hree

S} . . .
"\ a) if 1is an odd infeger

Xi = 0;

K

(87.8)

[Nk

,
[

b} i iis an even infeger and m = 2r — 1 is an odd infeger
®19) 2 2 K

k=1

If
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¢) if i is an even infeger and ma = 2r is an even inleger

(87.10) 2 X = (%) 2h z (2% — 1)k,
i=1

k=1

Proof. The truth of the property may be cstablished divectly from
Property B. By the equalities (87.7) we see that a suinmation of X;
would result in a cancellation of all the terms. Since the sign will]
be retained when the term is raised to an odd power, we sce thatdhe
cancellation will still hold when summing X} provided i 15\odd
Thus a) of Property C follows directly. \

To prove b), we see that for m = 2r — 1, X; = (j = r)}‘a or the
set (X;) is composed of two sets [(k — r)k] and [(r x‘k)h] with %
raning from L to 7. If these quantities are raised {o.an cven power,
they are all positive. Thus N

'r—v'l.

z Xi = E (G — Pk =,2}.»,\E k.

"

Part c) follows in the same manmsr A }]'L m = 2r we have
rau rary.org.in ]

=3 (ZJ —2r — 1)k whjch rorlmsl:s of two sets 3 (n — 2r)h
\

and [ 2r — n)h] with Kﬁemg the odd integers from 1 to 2r. Thus,

with ¢ even, we have ,j

S g
k=1

i=1
ER Thﬂ('Normal Egualions Are Greatly Simplified. To ease the
notafivni-let us define

r—1

2 R, if m is odd _
#1.1) S, = {*! (i=24 - ,2n)

(_;)a 2 2k — 1), ifm is even.
E=1
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Then for equally spaced intervals the normal equations (85.7) may
be transformed to the simple system which is represented schemat-

ically by

(87.12)
bo b] bz bs A b,. 4
N\
m 0 28,h? 0 . 2S,.h': Y,
0 25:h2 0 2S5kt - - - 28 400RD ZAY
282h2 0 280t 0 Lo 2S,H)gh““ EX ¥;
2S h“ 28, it - SRR 2S?.nh2“ EX}';'
u,'\ _
where in the last row and last column of\b,, S, = 0if n 4¢3
Odd, (q = 051’ Tt n}- ’.\\,:

IV. The Compulation of the Consiqnfk in the Normal Equations May
Be Simplified. The centralization of the data about the arithmetic
mean permits us to reduce th& calculation of the constant toms

in the normal equation conswlerably First, we have
www dbrauhb,l ary.org.in

(87.13) Zn\im w—Em

W =1 i=1

=my —my = 0.
Secondly, we~.ha\re by (87.7)

37

uMa

(87 ]\)"\’2 X Y = X Y] + Xng + XaYs + + Xm-EYM—'*'

Q) + X 1Yt + Xl
“\ =XV 4+ XY+ XY+ - - - — X¥ao
- ngm--l ~ XY

= Xl(Y1 - Ym) + Xg(Yg - Ym—l)
+ Xs(Y;; - Ym—-ﬂ) + t

= Y XD(Y))
i=1
where

(87.15) DY) =Y, — Yoris = yays — yus.



§671 EVENLY SPACED INTERVALS ' 271

In general, if i is odd, we have

L3

(87.16) Xi¥; = ) X;D(Yy).
i=1

1

i

Thirdly, we have by (87.7) if i is even

(#7.17) Y XY, = Y XiS(Y) N
j=1 i=1 X "“,\
where O

(B1.18)  S(Yy) = Y; + Y1 = Yauss + Yui — 29. 0

N\

o~
Let us put all of these advantages from equidistant data together

and see how they ease the calculation. Y,

Example VIIL2. Fit a cubic to the data (3>

2 l 1|2 ] 3 4 5 \ 6 ,lgf’;a'\;f?dbrauljgra 'y.ogrg. L}'IO 1 .
y 108 0[55.9].1| 541 —100.0\—%31391—143.9 —120.9|—84.1} 0| 127.9

Solution. Since h is a]read&%ﬁflal to 1 we begin by centralizing the
data. We have m = 11¢an odd number); therefore

£ = zy = 5,x.\:f,:3%' _'_3200, and 2y = —64.00.

7\ .
We now arrane~the data in the following columns using the for-

mulas abovel To obtain S(Y) and D(Y) we add a column of identi-
fying nurh‘i;iélis, I, which hag 0 at (&ar,yar) and then OFdCI' the terms
in el direction. This identifying column is also carried over to the
transformed data. Thus, to find the entry at I = 2, we have

Dy(Y) =y (at I = 2 below 0) —ylat I =2 above 0}, e?c.
At I = 0 we have
S(Y) = D(Y) = yar — ¥
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As a check 2S(Y) =

[Ch. VIIL

w ¥ | I | x| 7 S(Y} 2183

1 108.0 | 5 | 0 | 0 —99.9 | —99.9

2 5.9 | 4 | 1 1 —179.9 | —43.9,]
3 1 3 2 2 —120.0 -5\
4 541 | 2 0 3 5 3 ~200 | —$4.2
5 —1000 | 1 | 4 | 4 119.9 | 4559

6 | —1319 | 0 |5 |5 209.9 ({199

7 | —143.9 | 1 0. )

8 —129.9 | 2 $0

9 —84.1 | 3 NS
10 0 1 v

11 127.9 | 5 )

oW
The normal equations (87.12) @x¢ now easily obtained.

b b XY, .
¢ wwx-}.dbral}‘hbra?%,org,jn bs ¢ B
11 110 ¢ 0

_ ]b‘ﬁz 0 1953 —572.2

110 1958 0 8576.0

0 Q) 71958 0 41030 —4013.8

>

72
T e‘se ¢an be solved directly by elimination to yield

Q\

™ b = —99.95337
"\, by = —22.983804
by = 9.995337
b; = 998990

and we have

= .998990.X® + 9.995337.X% — 22.983804X — 99.95337.

The transformation back to {(x,y) can éasily be accomplished by
Horner’s method division using —6 as the divisor and adding 7|

the constant term,
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998990 9.995337 —22.983804 . —99.95337 |6
4.001397 —46.992186  181.999746
—1.992543 [ —35.086928 | —32.00000

[ —7.986483 | 149.999746

.998990

Thus
y = 99923 — 7.986z2 — 35.037Tx + 150.000. QO

p \‘ 1 N

88. The Nielsen-Goldstein Method.* It was seen in the lgsiséc-
tion that for equally spaced values of the argument the normal
equations simplify to those given in (87.12). If we furthes transform

. . Y.
these equations by dividing successive equations by 3 B, (i =0,

., n), and then replacing b: by ah—t we haxe.a system of equa-
tions in «; which may be represgnted by AW

N/

TR PO R B S ¢
N i
%m 0 8 0 ’,},’\wwwtdbx&ulibr@ﬁ%gm
P . 1
0 S, 0 ,,,<S'!x - S 3 h—t EXJY;
+$ )
¢ N/ ] 1 ]
(88'1) S2 0 4 s8§\ 0 o k‘)q.,_l..g —2‘ h—g ZJX;Z-_Y;‘
0 ,kgé:j\ d 0 Sﬁ ;.{5,‘4_1 -2— h_3 EX?Y}
s’\ " 1 _ﬂ -
”Sn Sﬂ+1 S-",+2 Sn+s b Sﬂzﬂ -2- I EXJ- Y_;
AN

o\
Whh‘e;&r = 0 if i is an odd number. _ ]
Before procecding with the solution of this system of equations
it has been found convenient first 1o divide each equation, except
the first, by .. Letting S; = S.85* we have the following system:

* K. L. Nielsen and L. Goldstein, **An Algorithin for Least Squares,” Journal
of Mathematics and Physics (Tuly, 947}, Vol. 26, pp. 120-132
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o o ey az &n ¢
%m 6 Sy 0 S. 0
0 1 0 /A AT
(88.2) 1 0 8 0 - S, e
0 S 0 8 - S, e
: SRR R A
S, gl "Sn—l-z nys T om Tntil
D)y
where again §; = §; = 0if { is an odd number, and O
N
k) ,".“
(88.3) ¢ = %S;‘h—“'l 2 Xi1Y;, (i= 2,"‘\\ ,n+1).
i=1

NY;

70\
The sums S; [sce equation (87.11)] and.§; are functions of the num-
ber of cbservations only. In fact $hey can be calculated by the
formulas.* o\

R
LN

Case I. m = 2r WL..dbL‘auhl?:rétL:y,org,jn

. \
R PN 1. 1/ .
8.4 R 23 ] ok - -
(88.4) Zk zkbl‘)‘ —!—2r +2(1)Blr*1
k=1 \
—alg)pe

where By(s = 1,2, - - -) are the Befnou]li numbera.
Let us now solve the system (88.2) by Crout’s method. We would
first have the derived matrix

*E: P. Adarn?, Smithsonian Malhematical Formulae and Tables of Elliplic
Funelions (Washmgj:on, D.C.: Smithsonian Lustitution, 1947), p. 27.
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An A12 . AJ.,n-H K,
A:u A22 e A?,n+l K'z
(33-6) Aan Ags s Asen K;
An+1,1 An-'._l.z T An+1,n+1 Kn+l
where
. i—2
AI'I' = S2€—2 - A Frer Awi
wzl N e
i3 A
(88'7) S,:.H‘_g - E Aiwiflw}' . s“\ ’
Ay = —— 1;‘111 , if (j> i’)'?f ~.fz:
Ay = AgAy, if (< 1), ' ,w,'\\’
(=2 ,n+01), | Y
and L
i—-1 ANV
& — Z KJAU ):. b
R S =1, - - -, nF D),
(88.8) K; = A ' .;(:Yla\]'ifw_dbraulibl'ary.org.in
with NY

Ay = 0it ;‘EJ is an odd number.

The elements of the sc}u\ion matrix are given by

<.

(68.9) a; = K!{rol\_ Z a; AirLjvls iE=0 - n).
NOW,..gfﬁée S; and S’ depend only upon the numbe}r} of Obse;::gl
tiopg™\go’ do the A, which, consequently, can then be (;)or{q:; o
On&ﬁd for all and tabulated. 1t is not I}ecessary to tabu ]a tc
of the A;; since there exist certain interrelations. In fact ;;(h‘? ;e a ;,%I(;_
ships among the A,; form & nice algebraic study. 131}1&& ., P > .
exhibits values of A sufficient to compute fo.urth egree pOIy“
nomials for 5 < m < 100 observations an:tl gixth (;i%’ree Pm a}l,r
nomials for 6 < m = 50 observations. B?T usejof these tak ;sh W(feo-rei
simultaneously compute these polynomlals up to th§ si o
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(or fourth} which give the least square fit to the data. This is
accomplished by a simple substitution into a set of formulas.

Let us concentrate on polynomials up to and including the sixth
degree. The derived matrix of the normal equations will be

g a9 g g oy 213 [+ X3 c
Ay 0 Ay 0 A 0 Ay 0 O\
0 1 {) A24 0 A a5 ( K*z A
1 0 Az O Az 0 Ag K™
@8I0 g A 0 Aw 0 Ak 0 K
Az 0 Az 0 Ags 0 A;{\:{{s
0 Az 0 Aer 0 A 0’\.." Ks
Aze 0 Azg 0 Az 0 "m>177 Ky

, xt\\.l
™ N

X

A = AqgAg; Aqazé"AsaAas: Az = AgAw;
A-l? = AISAQG; ﬂfzsli. - A45A44; A:.-s. = AMAﬁa-

Now it can be shown that
(88.11)

Using these rel‘ﬁﬁﬁrﬁbwg&i@fﬁﬂ'gﬁ@ values of K; are given by

= 0
:K’g = {a
...:':: K = ‘cs—'
G P A
o _ G Ay K
x"\:' Kd A - = A_
(88.12)\’,,; 44 a4
O K, == oA K
,,\’:.;; ’ A55 A LT
...\f“; : K, = Ce — teAdog — A“ﬁ
\ 2 ’ Agg
K, - & 6An — AgK]
! A
where
L4
(88.13) { 8 = €4 — caAgy
I(g = 5 — CsAsﬁ.
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The solution for as, (i = 0, + + - , 6), depends upon the degrec,
n, of the equation desired. Their formulas can be exhibited in the
following table:

Table 8.1. TFormulas for a.

]m‘ n==6 ‘ n=a | =4 l n=23a
L oas K ‘ ‘ ‘
i g Ke F K -

4 Ke—nedir Ks Ks

ok Ki—uasAw Ki—oacd 15 Hy K
| as Ki—atAdw—midas Ki—asAan Fa—addas iz
Coan Ke—asdas—azdn Ki—osAmi—onada| #e—azda Hi—agda

1 i—Au(usAas—l—mAza—i—m)l — AalasA o) | R Y PP T |t 1

¢

Tn Table 8.1 the values of «; must be obtained [rom tbe:}a\fne column
in which they are used. Lven so, we can seé that many of the values
are the same. Thus, using the notation el w[hefb'n designates the

degree of the ecuation, we have ~N

.
A

las)s = [as]s; [aals = laalss ["-&’l‘?zh_ﬁbﬂs; [azls = [aals;
[ai]s = [arlss ,'};’ )

lagls = [adls; lazls = [Uvzl}t.‘}"f@‘ﬂdmqhﬂ%ﬁl{ydug?m[ao]z;
[as}e = lailss [eds = [aohe

~4

(88.14)

The identities (88.14) sam'g?}nuch computation when we find the
polynomials of degree anéthrough six simultaneously.

The calculating prdcodure may now be summarized into the
following steps: N n

1. Locate the @¥d-point of the data and order the identifying
numbers. \u\

2. Calculdtd £, 7, X, 8(Y), D(Y) and check =8(Y) = 0.

3. Lookp Sz and Ay in Table XVI, p. 356.

4@5@16111&1;(3 )
pe= p XDAY), (i = 2,4.6),
(88.15) vy .
po= Y XS, (=380

i=1
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5, Caleulate
p"h_‘""l
28,

& =

6. Calenlate K, by (88.12),
7 Calculate a; using the formulas of Table 8.1, A columa [or
each degree of the polynomial desired is needed.

8. The next step is to obtain the b;, i = 0, * - - , n), drom the
formula A\ ¢
¢\
b = [ai]nh_i’ (1 =1, -, n)y‘\, '
and : Y 3
be = [aofe + F. m:\\

9. The mean values are now remove{lg.from the computation and
a; are obtained by a synthctic divisir\dgi\ y —&.

% 3
\
»

54 ba bz L :,,. bl bu I_'j
' by 531"3:& b1 i boy ‘ = o

b www.dbrﬁ}l}ﬁraryorgj{bm 1 =

$

by ~ | bsz = @2 .
[baa | =i

l| by | = @ X \\
where N
x:\n’
i"\".
\'\\“ ba1 = ba + b4(—«'7«') bsl = b2 + 531(—'-"-:)
“:,' bag = by + b4(—'<f) by = b21 + 532(_5)
A8 byg = bys + ba( —F) bus = baz + bas( —Z)
'"\;‘,/ biy = baa + ba{ —F)
by = by o bu(~—3) bor = by + bu(—%)
bm = bu + b:z(‘_ﬁ-‘«')

All of the formulas can be placed on one sheet which also gives
a pattern for a calculation schematic. We exhibit one for poly;

nomials up to and including the fourth degree as shown on page
280 and 281. '
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Fxample VIIL.3. Fit the data (x;, y;) by a polynomial.
Soluition.
z y |I|X|I| &Y) ‘ DY) CONSTANTS
0 5179 80 | 0|—3.0490,—3.0490| m = 17 A =24
2| 70400 7] 211|—5.8520] 2.5360] A = .2 Ags = 19
4| 96256 .4l21—5.1110] 5.1390 & =1.6
6 1.3000|5| .6/3|—3.8690| 7.8730] ¥ = 8.2240 Aw = 43
Bi1.7650 4] .8 4 —2.1110{ 10.8040| 2F = 16.4480 Ay = 342
1.0 { 2.3530| 3{1.0| 5 1690] 13.9990| S, = 204 -
1.2 |3.0090{2(3.2/6{ 8.0015 17.5245; 28, = 408 Age = 61N
1.4 | £.0300)1(1.4/ 7| 6.4079} 21.4461] p. = 122.30882 | Ay = 5938
1.6 ] 5.1750| 01.6{ 8| 10.4166| 25.8288] p; = 23.5995 i -
1.8 | 6.5660| 1 0 pi o= 2163056 | N4
2.0 | 8.2380| 2 pr = 97.7682 /b
2.2 (10.2260] 3 LB
2.4 112,5690{ 4 O
2.6 [15.3080| 5
2.8 [18.4870| 6 N
3.0 |22.1510) 7 L&
3.2 [26.3467| 8 Na
i [hitt G K; faiils % :[0:5—1}3 feri—i]z loenle
1| 1l o 0 —3.048999 }—3.089736| —3 089736/ 0
2| 5| 1408883 1.108883 | 1.262588 'd%}éésgﬁ?l W-OFPEBR3 1. 408883
3| 25) 2.446048] 128739 192987 | 128739 128739
11125 | 66.331372) .005495 | /5005495 005495
5| 625 {149 767474 .942937%.8 \942937* (10-4)
£\ 3 -
b'| . bs bg \\ "’ bl bu —
058933 .686875| 3,0T4675 | 6312990 ~T5.175001|-1.6
509582| \2id 26544 | 2.910520 .518169|ay
.498289(\1»329282 783669 a1 || guartic
.40399¢|" 682888 | s fit
.3&27.03 —as
058033 —a\ [ AR S
T6B6875| 3218475 | 6.312090 | 5.134264 -1.6
>N 2.119475 | 2.921830 459336} «aq
1 020475 | 1.289070 }ea cubic
\ —.078525 {«ay fit
.686875|—us I P SR
Quartic fit:
0589zt 4+ 3007z + .6829x2 + 7837z - 5182 = ¥
Cubic fit:

6869z* — 0785z + 1.2891z + 4593 = ¥.
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[th- Yl

Example VIIL4. Fit a sixth degree polynomial to the data given

below.
Solufion.
T ¥ ¥ X () Dy CONSTANTS
~2.0| 175.0 8 0 —25.3 —25.3 m =17 Ap =24
—1.5 97.2 1 .5 —39.8 103.2 a=5 An = 1N
—1.0 50.8 6 1.0 —11.2 189.6 i=20 Az =\d3
—9.5 20.0 3 1.5 23.5 244.9 § = 104.8 | A= 342
0 .5 4 2.0 i7.9 256.5 27 = 200.6 | g 61
0.5 —-5.9 3 2.5 48.4 218.0 S om 204 pAss = 5928
1.6 4.4 z 3.0 19.2 127.2 25 = 408 | M = 2191
1.5 33.3 1 3.5 —25.0 -9.8 W\ o] A =T813
2.0 79.5 0 4.0 —37.7 —178.1 N | de = 986800
2.5 | 136.5 1 check D Agr = 3601
3.0 194.0 2 &s A5y = 95
3.5 | 239.0 3 N\ Ay = 1573200
4.0 | 257.0 4 g
4.5 | 238.0 5
5.0 | i78.0 6 ~\\_’
5.5 87.4 T 7 x;
60| —3.1 8 - Nl
\S
i| AT i . ¢] ah K ] Bi
111 By ) —_— —25.381860 79, 418140 |
3| 2 6379657 1bramas*:ar'y org.n. 52 507237 105 81447¢
3 4 —2.066912 | —£908785 5678039 22, 112156
4 8 —37.193873 S 9108875 —311.519124] ~—1.400547 —11.204377
5 16 — 556, 284558\ 03883315 | —230.202926| — 18683232 —2.u89317
[3 32 — 9806, 800720N/ 006251134 006251134 . 200036
7 64 | —26861.36 001557886 001557886 099705
b by ¥ by ba be b be i
D —
-099705| {"\200036 | —2. 989317 | —11.204377 | 22.712156 | 105.814474| 79 4181401 2
000627 | —2_990571 | --5.223236 | 33.158627| 30.497220| .423700
UM 108788 | —2. 593006 —. 037224 [ 33.233075 | —26.968930
3 Y| — 398192 ~1.796622 3_556020 | 26.121035
P —.597601| — . 601419 4, 756859 .
m\.J — . T97011 L DU2602
\ ) — . 996420 i
099705

— .09972% — 9964m5 + 99262 + 4.759z% + 26. 122 — 2697z

+ 4230

89. Use of Orthogonal Polynomials, The polynomial fitting of
-, n), such that

data seeks to fine the coefficients a;, (i = 0,
ap + awx + a.x? 4+ -

(89.1)

y:

+ a.xzn
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is a good fit. Suppose instead we consider fitting the data with
(89.2) Y= boPo + biPy(e) + boPo(x) 4+ - - - + anﬂ($)
where

P.(x) = ith degree polynomial in .

The principle of least squares seeks to minimize the squarcs of the

residuals N\
®93) Y (oPo+ BiPL+ - bPa— ) = RAB). LD
i=0 « W

The normal equations are ' R N

(EPE)bn + (EPDPI)bI + - + (Epupn)b.m%’\’EPUJ’i =0
o) ) (EPoPbo + (BPDby & - - - + (BPuPilbe- SPay; = 0

e T '-\"‘

(ZPoPYbo -+ (ZPPOb A+ + -+ +(EPDb, — Py — 0.
Now if ¢ v
(89.5) PP, =0  when 8\ G # ),

then the normal equations reduce j;};:‘;“.;}w_d braulibrary.org.in
EPgbnmr’ZPnyj =0
.6 2PN, 2P =0
.~§>§%bn — ZP.y; =0
\&~ '

O _ ZPw;
(89.7) '":"\“ b‘i - EPE

o
and we have st%wcoefﬁcients for the equation (8?.-2),

A set offj:j'e)lynomials which satisfies the condition (89.5) are the
Drthoga@&' polynomials.* In particular, we shall choose the follow-
ing sét,0f polynomials
p Q(I) =1
Px(x) = Fr — T

from which

(39.8) a(mt — )
. i2m? — 1} 5
P,'+1(ﬁ!) = P1P§ - Z(Eé___]j Py

* See Chapter I, Section 3.H.
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where m is the number of observations in the given data (xy)
and we have trapsformed z to integral values by (87.2). Let us have
a closer look at these polynomials by considering a specific number
of observations, say m = 11. Then substituting into the formula
{89.8) we have

P 0= ]_ ) ~

P1=‘$—$

Pr= P —10Py = (-2 —10 (O
P3=P1P2_EP1:1(5P1P2—3§?}1)
89.9) ' 15 -5 ON
P, = P2y — 20 p, = L sp,psDs6p
4= 13—§ 2—5‘(0 1‘,,,3;\ 2)
Py = PPy — 22 p, = 1 @RIP. — 20y
' 3 340
and since x; has the values 1, 2, 3,":-.’ -, 11 we see that
i P | 2|3 431 6 | 7} 8 | 9 [10{1lljck
wowfedbramlibraryl.org. iy
Pofz:) 11 AN 1| 1] a1 x| 1| 1
Py(xs) | ~3| —ap~s] —2| —1| o tf 2] 3| 4|5
Poix:) 15 \g\'—l —6| —9| —10| —9} —6| -1| 6][15
Palzi) | —309, 22| 23| 14 0| —14| —23| —22| —630| 6/5
Pof:) Ol»6] —6] —1F 4 6 4| —-1| —6]| -6} 6} 12
Po(o) [ o880 6] 1| —a| —4 0 4 4| —1| -6} 3}

™

where\EF. = common factor which has been removed from each
va,ll}:e of P;(x;). The condition

Z PPux) =0, kstn,
=]
can easily be verified for these numbers.

Since the values of P;(x;) for integral values of  are deperdent
only upon the number of observations, these values can be computed
once and for all and tabulated. In tabulating them we note the
“symmetry” about zy and see we need only record half of the
values if we use S(Y) and D(Y). 1t is also necessary to have £P ?
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which can be recorded at the bottom of each column. Since it is
convenient to use only integral values for the entries, common
factors will be factored out so that the entries are really refated to

the polynomial values by

(89.10} Piz)) = C.F. (Entry)

and a transformation to the true value in terms of « is accomplished
by rcplacing P! which is obtained from the entry by AP; whexg

A= . Values of A are also recorded for each polynomlal' (I‘he
N

CF

tabular values for m = 11 would then take this form:

7
S

N\
The values of Pg(a:,,-)> 1 and thercfore are not recorded. To
compute §; from forr::\‘nﬂa (89.7) we obtain S( Y) and D(Y) and then

p 3

l ? $ V4
: A/
x ! LU £ Py N0
A\
0 ot —10 0 &) 0
1 1 —9 —14 N 1
2 2 —6 —23 N1 4
2 3 -1 —22 W —6 -1
4 4 6 =6v1 —6 —6
5 5 15 w330 6 3
":’ uryrae dpraghibra ‘y.ulg.ill
pof 110 #5658 1N 4200 236 156
A 1 4 5/6 1/12 £/40
A
_q_,;m,_.— JRS—|

»\x:\ by = ‘r}; ¥ =¥
QO , - ZPIXOD)
N\ 'S T EP)
~\ PUX)S(Y)
\/ b = e
(89.11) PL(X)D(Y)
b: = SPH®
2PYX)S(Y)
b = PR
o = ZPHX) D),
3

=P2(x)

“a

~
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This obtains the polynomial expression

(89.12) Yy = by + blPi(ﬁC) -+ b, );(3‘3) + -+ an;(:E).
it it is desired to cxpress y as a polynomial in x we make the further
transformation

Pi(z;) = MPu(z))
and calculate the form of Pi(x;) by (89.8). Let ug congider an

example. A ¢
o\

Example VIIL.5. Solve Example VIIL.2. using the thble of orthog-
onal polynomials. <~~.(‘
Solution. '\'\:'

x y TiX{I| SY) JOD(Y) b

1 W8 e 5700 .469{9 —59.9 | —32

2 559 14111 »."_179‘9 —13.9 —5. 201818

3 1 (3|2 2: V=120 .0 —75.8 9.995337

4 —54.F | 2|13 438 —20.0 | —84.2 1.198787

5 1 —100wpw.dbrgulitrary exgig | _s55. 9

6 —131.9 | 0| 5% & 2909 19.9

7 —143.9 | A\

8 | —129.9,89

| —84d\W3

10 Qg\!L 4

) 12595

8%, |

The Valuzt,ésofb arc computed. by {89.11) using the table for m = 1L
This y{ads

~y = L198787P;(x} + 9.995337P%4(x) — 5. 201818P](x) — 32
"1‘0 transform this to a power series in 2 we have
QO Pi@) =1P\(z) = 1@z — &) =2 — 6
Py(®) = 1Pa(z) = (@ — £)? — 10 = 22 — 122 + 26

531

I

]""O\

= § (5¢% — 902 + 4512 — 546)
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and

y = .99899x% — 7 98647z — 35.03704x + 150 ;.

Values of the modified orthogonal polynomials f[or m = 4 to
m = 33 are given in Table XVII, p. 362.*

90, Smoothing of Data. The formulas derived in the last sections™
may be used to obtain smoother data than that given by the obser*
vations. This smoothing of data is accomplished by rcplaqin’g”“tle
observed data by caleculated data based ou fitting the original data
by a polynomial. Thus, for cquidistant data we calculate the values

from the approximating polynomizal (89.2) R4S
(90.1) y(z) = E biPi(@) N
i=0 LV
where PN
(90.2) b = %%"

. .,jﬁﬁ%f{ﬁ.dbl‘aulibral‘y,org,jn
At a given value of the argumedibwe may now express thi_: vaiue
of the function in terms of th€ ebserved values of the function. To
dearly illustrate this let ug(eonsider 5 equidistaut points,

L \
N T b
o] 1 &3 L3 T4
A
.~\x1}’0 Y1 Ya ¥s Ya

§“.

and fit t]{éﬁi with a third degree polynomial,

) y(a) = boPula) -+ BiPa(@) + baPa(e) - biPa)-

Now let
4

*0-4) S= ) Pw),  (=0L23)
i=0
y be found in Fisher and Yates,

. *An extensive table up lo m = 75 may, .
Stalistical Tables (New York: Hafner Publishing Company, Inc., 1949)
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so that
4

(90.5) b = SlE Py

im0
= :%_ [P(0)ye + P:(Dyr + Pi(2)y: + PiB)ys + P&y
i A

if the z; have been transformed to the integers. Then . .
\..

vz} = Pc(O)yu + Py(Dy:1 + Po(2)y: + Po(g)ys +’P0(4)3’4]P0($

\ N

S [P1(0)yo + Pl(l)yl + P1(2)ye ”‘P\P1(3)Ys
N + Pi{h)ydPi(3)
S [P2(0)yo + Pz(l)ih + Reé2)yz + Pa(3)ys
W + P2(4)3’4]P2(
S [Pa(ow%odtrau &gaagytg)sn(z)yg + Ps(3)ys
+ Py{4)yPs(z)
= Cg¥o + €1y1 +» &zy:z + €3¥s ~F €1¥s
where '&.;

co(x)h— g Po(0)Po(x) + & P 1{0) P (2)

+ S*; Po(0)P(z) + -Sls P(0)Ps(3)

C](m) = 2 Q. J(l)P (W)
=0
.3. _
e:x) = 2 <3 Pi(7) P(x).

Now if we pick a specifie point, & = x;, then Py(z;) can be evaluated
and y(x;) is the sum of known numbers. For the values z; = 0,1,2.3:4
we have £ = 20 that by formula (89. 8)
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239
Pu(ﬂ:) =1
Piz) =2 —12
(90,7} Pylx) = 2 — Ax + 2

Pi(x) = % (& — 2)(3x? — 20z 4 3)

and the values are

| | ]
z =10 :r=1||:z:=2‘:r,=-1 =4 S "!\:\,
e ] AN
N/
1 1 1 ‘ 1 1 5 A\
g'lﬁg -2 | -1 0 ! 1 l 2 1S p
Py(z) 2 -1 -2 -1 2 | JE
6 12 T 12 | 6 NN\E2
P:(.'i-“) - g 7_)— ] 0 5 5 Vg J
d _|__ !’.?\./ .
The values of e;(z) at x = z; are easily ca!c‘lftlhted from (90.6) to
vield O
YR, e P
=0 .| z=1] fﬁﬁ'ﬂw"%\f dﬁl'?uliihrgrg_org_in
=-:‘-_:_ /N “_. 2 -_1
z) €9 ) 3 .
! D lor| 2| -
e2(2) -6 §\12 17 12 6
s %" _g —12; 2; 69
[ E] ol Pk LR EE
L‘C.D_"'K:;Eﬁ ‘ 35 35 ‘ 25 ;0_
Z x" - —
Thus @)
W= = 6970+ 4yr — 6ys + 4¥s
\M}” vy, = _31—5 [2vo + 27vy + 12y2 — 83 + 2ys]
(90.8) yh = 3% [—3yo + 1202 4+ ¥Tye + 12ys — 3y4]

Ya

¥y =

DT s 2
o (2y0 — 81 + 122 F T yd

. Ay, — 6y2+4'3’3+693’4]-
—-ﬁ)[ y0+ Y1
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The mid-point formula y} is most frequently used when smoothing
the data by fitling a cubic to five points since it can apply to any
portion of the data for which A = 1.

Example VIIL.6. Obtain a smoother set of values to (x;,y,) giver
below by a cubic fit to five consecutive points.

Solution. The formulas for y{, ¥{, and v4 of (90.8) are used'to caleu-
late these new values. Then the mid-point formula, ¥aais used until
¥ir is reached. Then the formula for y; and ) are ,I\Iébd\to give ¥,
and yi. '

—

LA
ANl
4 :ﬁ.:i
6.5
9.5
6
.3
www. dbifau .9
R 0
A .8
& 1
L 4
(W 1 11 .6
\ N 12 .9
A~ 13 -3
N\ 14 .8
nS. 15 1
25 16 ‘3
\::\,, 17 ‘1
&\ 18 .6
R\ 19 9

\V T-he above formulas are baged upon the idea of fitting the best
cubic polynomial through five consecutive points with & = 1. It is,

Of_' course, easy to derive some other smoothing formula based on
different choices of the degree of the polynomial and on the number of
potnis. The procedure would be identical to that above. The usual
procedure is to keep both the degree of the polynomial and the
_number of points odd. The results would be a set of multiplying
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coeficients for the y; entrics, the most important being the mid-
point formula. These coefficients are given in the following table.

Table 8.2. Smoothing Formulas.
Based on Third Degree Polynomial

\No POINTS | 5 7 9 11 13 13 17 19

DENGMINATOR g5 | 21| 231 | 429 143 ] 1105 323 | 2261
‘.\ “¢

0 —3| ~9| =21 | —36 | —11 | =78 | —21  =I36
1 12 3 14 9 0| —1a| -6y "—5l
2 17 6 39 44 9 2] A 24
3 12 7 54 69 16 87 | {18 89
4 -3 6 59 84 21 | 1229 327 144
5 3 54 89 24 | 4% 34 189
6 —2 39 81 25 | 4102 39 224
7 14| 60 2ad Dve7 | 42| 249
8 — 44 ZIND 162 43 264
9 9| 6| 147 42 269
10 —36.\ 9] 122 39 264
11 o 0 87 34 249
12 W i 42 27 224
13 It '.;xrww.dbl aulhbzafg,r_org_ja 189
14 R —78 7 114
s -6 89
16 i,\ =21 24
17 . &\ —>51
18 O\ —136

AO 0

oA tFs — —

Bxample VITL7. Gheck the value at z = 12 of Tample VIO
by the 11-p0in\f6§:inula for both a third degree and a fifth degrec fit.

Solution. ”’,‘\
a) Third degree:

YIS [—36(14) + 9(13) -+ 44(L1) + 69010) + 84(11) + 89(10)
" ga(8) + 69(7) + 44(6) +9(6) — 36(7)]/429

= 8.9.
b) Fifth degree (see p. 292}* _
¥(12) = [18(14) — 45(13) — 10(AL) + 60(10) + 120(11) + 143(10)
HBED + f2(O(S) 1 60(7) — 10(6) — 45(6) + 18(7)1/429
= 9.5.
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N

N

Table 8.3. Smoothing Formulas.
Based on Fifth Degree Polynomial ]
. | :
{ NO POENTS 7 9 | 11 . 13 15 17 18
DENUMINATOR 231 129 429 2431 46189 | 4199 | T420
~
0 3 15 13 110 2145 p ‘195\ 0
1 —30 ] —-53{ —45 | —198 | —2860 .§—195 —255
2 7a 30 | —10} —135 | —2937 N-260 | —420
3 131 135 o0 110 — 116Gy (* —117 | —250
4 ) 179 120 390 3.??55 A 135 13
5 —30 135 143 600 { 9500 415 405
[ 5 30 120 677N V10125 660 790
7 —55 60 600, 11063 825 | 1110
8 15 | —10 390 10125 383 | 1320
9 —a5 |10 | 7500 | 825 | 1%
10 18/N-135 | 3755 | 660 | 1320
1 ANV —198 ] —165 | 415 | 1IW0
12 . 110 1 —2937 | 135 | 790
13 \ —2860 | —117 | 405
14 } A 2145 | —260 18
15 wiw.dbraulibrayy .org.in —195 | —200
16 ) 3 19 5 — 4‘2[}
17 A —255
18 P\ 340
G™ ]

91. Weighte@® Residuals. For some data it may be desired to give
more weight 30 some observations than others. In that case the best
ﬁt is that for which the sum of the weighted squares of the residuals .
B a r\n@ﬁmum, i.e., it is desired to have

/N

\ 3

o1 ZwR® = w\R} + w.R} + -

-+ ‘HJ,,R?,

a minimum, where w; is a set of weights. To minimize the function
(91.1) we set the partial derivatives equal to zero as before, thus
obtaining a set of weighted normal equations.

Let us consider a simple problem of fitting the data having weights
w; with a quadratic:

(91.2)

Y =y + ax 4+ sl
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The weighted residuals are

(91.3) w;R; = wiloe + @y -+ a:2F — ¥

and the sum of the weighted squares of the residuals is

(91.4) Sw;R? = Zwiao + a5 + ah — ¥)

the summation being over j from 0 to m for the m observations:
Taking the partial derivative ol (91.4) with respeet to @; and sctling
¢ach sual to zero yields the weighted normal equalions O

",'.
< 3

wi(go + @y + a2} — ¥y + -0 =
+ walas + Gim + %@2@_. Yo) =

w1 (@e + 1% T gex? — vi) + -

|
=

01.5) 4 wWptm{Qo 4 a1fr{m\~<17 Boxl — Ym) = 0
wt(as + @y + @i — ¥y + o ULE
-+ WX (Go _,h‘a'imm + azxﬁz - ym) =0
which may be transformed into oD

(Zwpae + (Ew,—a*:j)alj-{—: SapdibraZgaig.in
(91.6) (Swizae + (Zwitiey 1 (Zwrda: = ijn:;gg
(Swaas + (ZwAHE + (Swisfas = ZWiEYi
from which we solve foh c}'\to obtain the it (9.1.2). '
The weights, w;, may be arbitrarily assigned fr'om previous
knowledge of the biefvations or they may be deten:%uned by.smtlne
probable error .s{gﬁ“y. In general, the weights are nversely pro-

portional to Q)c ‘squares of the probable errors. If the data alll‘e
obtained sté:tistically the weights arc zllsually chosen to be the
1 stk i iation.
reciproclito the square of the standard devia ' B
Fb(thé logarithmic function it can be shown® !;hat if the weights
of y are all equal, then the weights of log y are given by
y2
(91.7) * wf -_— W

where M = .43429.

*Seq J. B. Scarborough, Numerteal Mathematical Analysis (2nd ed.; Balti-
more: Johns Hopkins Universily Press, 1950), p. 160

-
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~

Example VIILS. Fit the following data, given the values of the
weights, with the expression

logy = logk +nlogz

x 172 210 320 400

¥ 66 80 100 120 &
) 4 ~\ »
w | 4356 | 6400 | 10000 | 14400

R

Solution. We seek to determine log & and n,.*'}“\ﬁé equation may be

written as \
Y = K+ n&™
Nt

where

Y = log v, K =log k> and X=logz

so that the dat%i%\«?,}d%};%ﬁ?h:};g%y.org.in

—_—

X 2.23553(}  2.32222 2.50515 2.60206
+8 3

1:13}9}.4 1.90309 | 2.00000 | 2.07918 |

w {74356 6400 10000 14400

$7%

The\\éi"g"htcd normal equations [see (91.6)] are easily calculated:

”\:'};" [ 35156K 4 87121.34n = 70045.88
) 87121.34K - 216538.92n = 174011.92,

the solution of which yields

K = 0.33346, n = 66944,

The equation is

[og y = .33346 + .66944 log « |
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92, Exercise X1.
1. Given the data

:c—-2‘0‘1‘3 41

y | 18.1 ‘ 3.9 l 3.0 | 129 | 241 '

Obtain the best fitting quadratic function.
2. Given the data

! ‘4 516\ | :
| I
y 4\33 153|2111 ‘2ao|240]210\160‘1oo ")

I
- 0

= 1

N

Obtain the best fitting polynomial of degree 4, 3, and 2. Uge both the
Nielsen-Goldstein method and the melhod of ort,hoguna‘l\mlynouuals
and compare results.

3. Obtain the best cubic fit to the data Y,
z ¥ ﬁx N\ \ ¥
0 .127462 3.28[ 255362
2 .133271 gyt | 263251
4 | 139413 |3y dpraubityegy ofg.in
6 .143905 | . 3.8 .276221
8 152758 4.0 . 280822
1.0 .159964 ) 4.2 .283815
1.2 | 167538 4.4 | .285005
1.4 175459 4.6 284214
1.6 483731 4.8 .281286
1.8 [ {)I92319 5.0 .276144
2. 0./ 201186 5.2 . 268764
’z{%; .210262 5.4 259179
& .219482 5.6 247465
Jo82.6 228741 5.8 .233738
SO 2.8 237937 6.0 218226
SJ | 3.0 | .246848
e

4. Prove by direct substituiion that
r—1

-
Zx;iszhﬂ'ik

. i=1 k=1
ifm=2 —1=17apd i = 4

8 9 T07\
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5. Prove that
T 2r r .
2 (2% — 1)F = z B2 Z k.
E=1 E=1 ¥=1

6. Show that in the method of orthogomal polynomials, S(_Y) may be
replaced by S*(Y) = yatsi + Yo and S*(¥y) = ya, if m=1L
Generalize this statement.

7. Given the data A\
& Y & hd r:\:\‘
AN
0 1 13 15 |8
1 3 14 14 48
2 4 i5 1¢ &
3 6 | 16 N5
4 s | 17 _{\15
5 7 1850 14
6 6 {197 13
7 9 5\, 20 12
8 10 \p 21 12
9 | J; 22 10
www,dl:ralif])llai{ ;f‘ﬁ(;%rg in gi 1;
A3%1 14 | 25 7
24 R

3

Smooth the w %"eﬂ’ by formulas (90.8) at the heginning and end and s
a) am 11—p& cubig :
b) a 9-puint {ifth degree
whereverossible and compare values.
8. Fit a-quadratic to the weighted observations of

§~\1.
\\\ z ¢ |1 2 3 4 | 5| 6
:..\‘:;' 1 .
<\~, ¥ 3 4 6 6 | 71 8
l w 1 1 .75 5 5 1 1




(HAPTER IX. PERIODIC AND
EXPONENTIAL FUNCTIONS

63. Introduction. In the previous chapters we ha\f'g‘a;.\concemed
outselves with the representatlon of functions n\t data in what
essentially was power serics. For certain functioiisithis may not be
desirable. This is especially true for periodic) fuﬁchons or functions
which have the characteristics of the exponenhal function. We shall

2% concern ourselves with the analysis.afisuch functions.
Ww dbraulibrary.org.in

%4, Trigonometric Approxlmatlo'ns A function for whic
Jlz +\{3) = f(2)

issaid to be a periodic functkhi w1th period p. The period can always
be changed to 2 by the, transformatlon

\..\‘ (2«)

% that we can consider only functions of period 2.
A t"ngﬂ"ﬁIDetnc series is one of the form

V _
1 b, sin nx)
(84.2) 5 @0 + (ar, cos nx -+ bn
n=1k

(94.1}

where @, and b, are constants. . .
Any periodic function f(z) can be represented by the trigonometric

series (94.2), and if we choose 297
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iy, = % fw f(z) cos nz dr

(94.3) e _
= f_ flz) sin nzx dx

b

we have the well-known Fourier Series.™

This serics will have additional characteristics if f{a:) gither
an even function or an odd function. 1t is recalled that the definitio
of such functions is: p \\\'

a) f(x) is said to be an even function if f(—z) j‘é:c),

b) f(z) is said to be an odd function if f( :,c) —f(z).

For even functions we have &, = 0 and af, = Za.,,, for odd function:
we have a, = 0 and b}, = 2b,. m\

The representation of a funetion in a gi¥én interval by a Fourie
Series 1s a trigonometric apprommatlor\\vhlch is easily accomplishe
providing a. by b, may be determmbd‘ Consider, e.g., the followin
classical example.

Example IX.1. Find the Forurler Serics representation of th

function WWW. dbrauhb.mry org.in
f@) =<=x for —_r <z <0
lf(x)ﬂ:c for 0<z <
Solution. ’

1 (® -
—~f f( ;f_r(—x)dm-F%J; xd;c=%(1r+‘ﬂ‘)=“

a,t \xj\ . J(x) cos nxdz

'..\’:'.:"_ 1 ¢ i
o= al)l (—=z) cos nadze 4+ J; & CO8 na:da:]

2
=—(cosnr — 1)

= lj‘r J(x) sin nzdx

* See H. W. Reddick and F. H. Mill
er, Advanced Mathematics for Enginet
{(2nd ed.; New York: John Wl].e} & Sons, Inc., r11'5850). Ch&ptt;rw;f
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0 . o
L[ (—zx) sin nxde + J; x sin na:d:r:—‘

[cos nr — cos nx] = 0.

- H ]

“n
Thus the geries is

fla} =%w_é[cos:x+%zcos?)x +%0055m+ - ]

E N
We shall concern ourselves not with the representation of ;hg '
functions which have an analytic definition but with thosc { unp’gi&ﬁs

which are known only at discrete poiuts. \

%5. Harmonic Analysis. The problem of finding the«baefﬁcients
a4, b, of the trigonometric series when we are given,ofﬂsf the equi-
distant values of the function within an interval i3 talled harmonic
analysis. Let us divide the interval from —= to 7 into 2k equal parts
% that AN\

= %ﬂ_‘ \ QO

We now seek to minimize the residt;a‘lf‘&ééxlﬂiﬂl&iisﬁibfal‘Y-Of g.in

{95.1} ZR: = :__2: [y,- -—ﬁzs\"(aﬂ ‘cos n; —|— b, sin m:j)]g.

Take the partial derivat,ivés\\sri'Lh respect 10 ¢, and ba and set them
equal to zero to obtajp'.fthe normal equalions

N\
m R‘.:—;b E—1

E kﬁ\ cos na; cos ity 1 ba Z gin ey CO8 rx,v]
n=’q’\”"’:j=—k Pl -
\) = Y; CO8 I
~ AN
(95'2}\ ) i k—1 E—1 ’
[an cos ny; sin ey + ba z gin rux; Sin r:;cj]
n=0 j=—F j=—k et
= y; BN 7Ty
i=—k
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By the use of trigonometric identities and remembering that we

have 2k divisions of the interval {—m, 7) with z_, = —uz,, we can
show that
k-1
)
sin ng; cos ry; = 0
i=—k . 2\
k-1 0, ifn=r R
e — 3 — £ \’
95.3) E cosna;cosrx; = \ k, ifn=r #{.{}.\k",
( ik 2%k, ifn =r <0k

k, n =¢f;él= 0', k

h—1 0,if n :S:“K“}s

Z sin ng; sin re, =

== 0, iR =r=20%
\J

N
so that the normal equations (95,2)&ake the form

,‘:.' Bl
" .
www.db auz[’iegz%f'y_or irf; Yi
TS ==
) ~ E—1
RS ka, = Z ¥;i CO8 I;
+\J j=—Fk
(95.4) N\ =1
O ka, = E " ¥y COS TT;
N\NG ==k
O r—1
x:\”' -
N\ kb, = E ¥; sin ra;
.\\"' i=—k

™

o~ The caloulation of these coeflicients may be simplified somewhat by

N\ first calculating S(y,) and D(y;) as was done in the last chapter

Thus let us define

G = f&) = f(=z),  (j=1, - k=D,

[E=ﬂ@+ﬂ*m, (=1 k=1
(95.5)
Fy = f(0) and Iy = flag).
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Then
k
1
g = EE’. E F,’
i=0
. k—1 k
L
& =7 2 Y5008 1y = ¢ EF,- COS ity
i=—k §=0
(95.6) - =13 k=M
. ] oM
tr = z_k I"_-,‘ DS kﬂ?j l‘;:"
i=—k ¢ “\ !
L k1 E—1 O\ N
b= ¢ y; sin ra; = % 2 G; sin . S
=7 i=1 7\
..\\0

_The computation may be arranged in a schematic which we will
display for & = 6, i.e., the interval (-—r,g;j;'clivided into twelve parts.

TR Y
N

[ . — W dpraulibrary org.in
z g F ‘ cos x | cos "%:r Mcos 32! cos 4z | cos 5z | cos 6
—] P\ 2 D S Sl by
O
0[Py =y 1 T\\ 1 ‘ 1 1 1 1
r £) 1 1
LR = 1 ms Ll o Sl 1
6 ‘ 1=¥r1+ya 5 3 ‘ 5 3 /3
211' ‘ .s.; 1 _l 11
-_ F - x:\ 1 _ 1 -1 2 1+
61Ty +<?”}‘ 3 3 ‘ | 2 2 1
Yo . ‘
rki y&:ﬁ;}_, 0 -1 l 0 1 0 -1
. NS 1 1 ‘ ‘ 1 1
-_— S = = 1
6 ’{%{ Vikye| -5 -3 1 ‘ 5 5
5r 1 ‘ 1 ]
— | Fy = _ h 0 —= 243 -1
3 | 5 =¥y T ¥—s 3 3 | 3 ‘ 5 3 ’\/_
. | |
3 ‘ Fy = s ‘ —1 ‘ 1 -1 ‘ 1 -1 1
. . 1 __,_._.-_l__.—-—-—_._-—-—'——
‘ aq ‘ [+ 2 | e | az ‘ 4 a5 [ 1]
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z [ SIN & s 2z | sIN 3z | sKN 4 | SIN 5z | smfr
g 1 1 1 1
TG =y — ¥ = ~ /3 1| Z4/3 = 0
6| TN TI g 2 2 2
2% 1 1 1 1
G =y —y2] =3 | =43 — o433 0
6 | T ;VE | VS 173 s V3
3r
—_ |Gy = — y_ 1 0 -1 0 F @ [}
6 P= ¥ T Vs 2 AN
4 \) ¢
NG =y — ¥ Lvi 13 o lx/ﬁ,wl 3| 0
6 2 2 2 A\ 2
5z 1 1 NS 1
G = —_ il - i =% e 0
3 E=Ys — ¥-b 3 2\/5 5 3 3

b bs NN A b | b

\ >

The coeflicients are now obtam{,d accordmg to formula (95.6) by
simply summing the products of the elements in F column with the
corresponding elements in a-p‘propnate cos rz column and similarly
for the sin re. %WMS‘Q&&‘IHBF% MWdQable of values for the trigone-
metric functions aboye will indicate some advantagecus grouping.
Thus m\

\\
ant iy o+ Fut + -+ Fd

Re 15"1’—%~F0_F5+§\/§(F1—F4)+é(F,—Fs)]
»\.:;j\ ag=%_F0—F3+Fa—|—-é(F1—Fg—F,—{-Fs).l
s aa=%[Fu—Fg—I-F4—Fs] -
a =g Fn+F3+Fs—-1-(F1+Fg+F4+F6)-

as—%_[Fn-Fs—ﬂ\r(pl Fo + 30 - Fa]

s = L [Fo — m+ﬂ~m+n—ﬂ+m'

'_l
Ni
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and
1 1 1
b=t G+ v
111
bg=a[—2-\/§(a1+G2—G4‘—G5)}_
058 (b= ¢lGi — Gs + Gl
b4=%[-;\/§((}1 — G+ Gy —Gs)]
° .
by = E[G3+%(GL+G5) —_ %\/5(62—1‘04)]

Such grouping is extremely

)

~
7

303

. N
A\
AN
N/
".

N

advantageous when th ‘¢émputing

equipment is rather limited. However, with ap autotatic desk cal-
allator it may be just as rapid to place the F and\G:columns with a
stencil of the table of values and simply sum e products of two

terms. We shall therefore present a six-plage Ytable which may be
used, QO
Table 9.1. Harmonic Analygte=ibQbrariti % in
z cos T cos 2z ‘ abiN3T cos dx cos 5% cos 6z
N
0 1 | 0\\ 1 1.0 1 1
30 .B66025 05 0 —0.5 — .gee0z5 | —1
60 500000 | N¥£0.5 -1 —0.5 500000 1
I % 0 s\>-1.0 0 1.0 0 -1
1120 | — 5000000 —0.5 1 —0.5 — 500000 1
Lo | — 866025 0.5 0 —0.5 ‘ge6ozs | —1
180 AN\ 1.0 -1 1.0 -1 1
RN N R St
MRS
\ Y e z sIN 2% sIN 3 i dax SN 5%
AR
30 .500000 866025 1 866025 500000
60 866025 866025 0 | —.866025 | — _B6602S
2 ; 0 =3 . sséozs
120 866025 | — 866025 0 866025 | —.
150 500000 | — 866025 1 — . 866025 . 560000
o




304 PERiODIC AND EXPONENTIAL FUNCTIONS [Ch. IX

Example IX.2. Obtain the trigonometric approximation to

z0 —150 -—120“| —of| —60| —30| 03060 90| 120| 150 180!
¥y 19 16 ‘ 138 | 24 38 32|16 5| —7| —13 —14| -5
O\
- o
Solution. oA
NS ©
x F (i ap = 10 '.? 3
n = 15.872,.,‘\\51 = 14.928
: T gy = 41678 b =1.732°
0 32 a; = 1, 833 b; = —3.500
30 51 | —22 | as=50600 | b = —1.155
60 29 -19 a;, = +~.038 by = —1.072
90 11 —25 | e¥z —.167
120 3 —29 W
150 —4 —24 W\
180 -5
wourw dbraulibrarsloro in
3 Pl Fay

y = 10 4 158720008  + 4.167 cos 2z + 1.833 cos 3z — .5 cos 47
— 03808 Sz — .167 cos 6z
— 14928 sin & 4 1.732 sin 2z — 3.5 sin 3z — 113 sin 42
<072 sin 5.

:t\"’
N\
Chock.
2 &
e b |
<\'"" = |—150—120) —90| —60| —30)| © | 20 |60 | 0| 120 | 10 |1
y(avew) | 10 | 16 | 18 | 24 {38 § 32 | 16§ 5 | —7 | —13 | -1 | <%
¥ (oaee) [10.89/16.25(18.17|23. 42[37. 45|31 17|15 4|4 42 | —6.83] —12.75 — 1311 =45
! L

Another convenient division of the interval (—w, 7} isinte twent)
four equal subdivisions (¢ = 12). The multipliers of F; and G; 0o
become



AN 1
\.\u M
‘\ _ 4 ) B | ’ T
618857 | 000005 — | LOTEDL o~ 920998 - | 936506 1= | 936¢96° | SEO99R — Ta:ﬁ, _\cogcm,;oammu, 801
000005 — | ST0998" 177 530998 | 000008 — [ 0O 000005 | 550998 — [ STOYSR" — | Go0eDST | 08T
eIt - 01200 VAN 0 s -1 1y Sliorior ~ 0 LOTL0L - LOTLOL. | Eer
SE09N8 — | 9T0998° 0 g20998° — | sz0998 0 gy SZ0998 ~ | 9g0y08° 0 CZ0u98’ ~ | §E0nog | 031
amoéo. 883( LOTLOL — 90y | 618852 1- & 618898 {520998° 200200 — | 000O0S — |vg6Toe™ [ S0l
{ 0y - L 7 0 - ! 0 1 06
cw%g _ 38@ LOL20L" — | 2T0008/54 61982T" T £ etsgez | egosow — | 201100~ |oodane | ezecus e
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000008 — mnc%m{ 1— SE0%as — ﬂ%b%mf 0 5] 00000s” | S2000%° ¥ Szovos | ooooos: | og
618852 | ouooog TES., czovon’ | 0z6€us’, 1 = |9268% | agovow __ Loz’ | ooopns’ | eigmsz |1
| _. . L & |
ﬂ i _
ETT s 207 NiF | g NI g MIB Ty N ».mb Nl G NIE Ep KIS i Ty wIe x7 NId ]
_ i i _
__ | = |
1 - o [ 1- 1 1~ 1 97 1- S S 1 - Jost
I—- |9%6596° | sgnovg — [20ir0L ¢ — 618852° 0 610887 | ¢ SZO6YR° | 936895 — [ 591
[ CTOPLE — jHvannsT 0 g - ST0998° - ,mgoﬁv g - 0p0p0s” | 520998 — [ 08l
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Example IX.3. Obtain the trigonometric approximation to the data
given below.

Solution.

x ¥ x® ¥ F G i a; b,
N _ AN

) 32 32 0 | 10167 | ()
—-15 | 37 15 251 62 | —12{ 1 |16.58L.J\ =14.915
—30 | 38 30 16| 541 —22| 2 | 4320 1908
—45 | 32 45 10| az | —22| 3 | ste| —3.518
—60 | 24 60 5| 29 | —19| 4 | s0o08 —.938
=75 | 20 75 ol 20 | —20| 5 4“0 -3
—90 | 18 90 | —71 11 | —25 | &} —.167 .33
—105 | 17 | 105 | —11 6 | —28 | Qv —.057 332
—120 | 16 | 120 | —13 3 | —294NJ8 | —.292 217
—~135 | 14 | 135 | 15| —1 | —204" 9 .327 —.018
—150 | 10 | 150 | —1a} —4 Tﬁ* 10 | —.154 176
—165 5 | 165 | —10f —5 %15 | 11 124 013

180 | —5§ —5\].7 12 | —.167

y = 10.167 Yi_‘“l’égﬁi‘fé%ﬁ{y_ﬁﬁﬁﬁl cos 2z + 1.506 cos 3z

3

— .208{cos 4x
+ ,mb cos 5x — .167 cos 6x — .057 cos T
292 cos 8z

% -327 cos Ye ~ .154 cos 10z + 124 cos 11z

— .167 cos 12z

\&
K, i 14.915 sin = + 1.908 sin 22 — 3.518 sin 32
:::" — .938 sin 4dgx
J;\ — .739 sin 5% - .333 sin 6x 1 .332 sin Tz
RN Ny 4+ .217 sin 8z
\’\. — .018 sin 9 + .176 sin 10z + .013 sin 11z
Check. |
|
Cox —=120] —90 | =30 0 30 80 120
¥ (GIVEN) 16 18 38 32 16 -7 —13 -5
¥ (carLa.) 1600 {1797 [ 38.00 | 32.00]16.00| —7.00}| —13.00 —5.00
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9. The Exponential Type Function. Frequently in physical
problems a given set of data may be well fitted by a function of the
type

{96.1) y = alN®

ot

(%0.2) y = ae’.

From the properties of logarithms they may be changed, O\
96.3) - logy = loga + = log N O
and

(96.4) logy = log a + bx log e \\

Iny = ln a + bz,
where In IV is the natural logarithm of N, (t({?’}e base €). By a

substitution of variables we can let O
logy =2
log a = &\
(96.5) Tog Ngg&@r.dbl'aulibrary_org_in
x log &= w
1o obtain ‘m‘\"‘
(96.6) =+ de
and _ e
(96.7) \ z=c+ bw,

both of which aféiflinear expressions to which we may apply the

principle of 1&& squares to determine b, ¢, «ffmd d. I
Another function which may be treated in the same T |
the flmqtﬁm

(96-15 ’ y = ax®
which may be transformed to
(96.9) log y = log @ + 1 log 2.

are suitable t0 be fitted

In order to determine if the given data d on vari-

by these functions it is recommended tpat they be p_lOttiriterion:
ous graph papers from which we establish the following
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a) If the data appear to lie on a straight line when plotted on
semilogarithrric graph paper, use the formula

y = ae’ or y = alV=.

b} If the data appear to lie on a straight line when plotted on
logaritkmic graph paper, use the formula

y = az". O
Example IX.4. Determine a functional fit to the data Oy
NS ©

1 | 2| 3| 4]|s ‘ 6 ‘ 7 [ 8 "..ﬁ;"": 10| 1
¥|1.001.15(1.30 1.50?1.75|2_00‘ 2.30 2.63~T§’.00 ‘ 3.50 | 4.00]

| | V| i

. N

Solution. O

A plot on semilogarithmic paper Feveals a straight line tendency.
We therefore will fit the data with .”

www%b?a%?{a‘?&o?ﬁ.in z=c¢+ de
where z =logy, ¢ =loga, and d = log N. Using a fiveplace
logarithmic table, we have

L
’50'

—

\\'5]6 7’8}911011

x]_‘ 2 i 3 J;’A
2 0‘ 06070} . 1180
. i :t\w
:“\:so
The Hﬁﬁén—GoIdstein method yields
\ d = (28)'ZX;D(Y) = (110)~1(6.64633) = .060421
\3 ¢ =7F — &d = 300275 — 6(.060421) = —.062251,
Therefore :

I

1 7609‘ . 24304[ .30103|. 36173\ . 42325! . 47712‘ ,54407|.60200

a = antilog (—.062251) = antilog (9.93775 — 10) = .86646
N = antilog (.06042) = 1.1493

and
¥ = .86646(1.1493).
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Ezsample IX.5. Determine a functional fit to the data

1

| |

o] 1 1 2 3 ‘ 4 ‘ 5 | 6 ) 7 —’
'Jy 5.0 \ 7.5 9.5 \ 113 f| 13.0 5%‘1,4;“i_ 16.0 |
Solution.

A plot on fog paper shows a straight line tendency. Thus we try\

y = az® or z=c¢-+nw A\
~A

where z = log y, ¢ = log @, and w = log . \
The transformed data is RO
| | AN
|| T-U 0 .30103 J 47712 60206 ‘ . 60897 Rrirtey 4t .84510
V2 | 6os07 | 87506 | 97772 { 1.03308 I 1.11394 {16137 ‘ 1.20412 |
L I IR r_

The values are no longer given at equidisiﬁaﬁi valucs of the inde-
pendent, variable () so that we nced to gbtain the normal equations

to apply the principle 3 ruarcs™For a lnear expression these
pply the principle of least s(Iualf\ﬂiwwdrbrauhb I'aT‘y.OIL?g.in

&re S
me +&wn = 22
E-wg-c, (:{L;\Ewgn = ZHNI;
and in our example, using %h% schematic of Section 6],

 { S } d ’ T ]
xt\.n 1
sl
AN 3.76243 7.08426
3] 3.70243 2.489009 4.063859
'"\’ - I ——
N 3.715075 _69623 .59704

.

a = aniilog {.69623) = 4.9688

80 that we have
y — 4‘_9688:}3,59704‘

97. The Method of Differential Correction. In. ?he previous
sections we have been discussing the fitting of empirical data by
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some well-known functions which adapt themselves to simple pro-
cedures. Thus, we can usually transform the functions to a poly-
nomial and then apply the method of least squares. This is the most
desirable procedure since it is advantageous to deal with well-known
functions. Occasionally, however, certain cmpirical data can only
he fitted by complicated functions, and it is necessary to have
general method for bandling these cases. Such a method s one
which we shall call the method of differential correction.

Let us suppose that we want a formula which is to relaté the t#o
variables # and y and which will have a number oft (undetermined
constants; for simplicity let us choose three, @, &and ¢. Symbol
ically, we write K7

N\
(97.1) y = flz,abo).

This formula is to be a good fit to theﬁa“{ta (2, vi), =1, ...,
m). The residuals are given by ~N

R, = f)(ﬂ;;f,a’,b,c) - ¥
Ry =@za.b.0) — ¥
W W, faﬁlflj'i’alry,brg,jn

ﬁ”;‘ V= f(x‘m-:a"bsc) - ym

where v;, (i = 1, i\, m), are the given (observed) valucs from
the original data, et us make a plot of the given data and from this
plot determine approximate values to the constants, , b, ¢, and call
them ac, bo,sebd At is desired to eorrect these approximate values by
some mcrgs(nchtal amount, a, 3, v such that

(97.2)

:“\.‘Q.
A - d€4 = iy —i" a
979 b= by + 5
N €=¢+ v

N\ will yield better values and the formula will fit the data better.

If we substitute the values (97.3) into the residuals (97.2) and
transpose the vy, we have -

(97.4) By -y = fzi, a0 + a, bo + 8, €0 + 7).

We may expand the right-hand side by Taylor’s theorem for a func-
tion of several variables [see Formula (3.21)] to obtain the set of
equations
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97.5) Ri+ ¥y = f(@agoboco) + o ("D + 4 afg) n T (g_g)

delo
~+ higher-order terms in <, 8, v,
where

di /o au
@ = ap, b = bo, and ¢ = &n

(97.6) (B_f,) == the value of the partial derivative g b & = m,

Efiu- . o
A first approximation is obtained [rom \ )
y = f(x, as, bo, o) (‘.’}" "
80 that we have K7, N
m\ R %
(97‘7) f(xiy o, bo, Cn) =Y \/
and these first approximations can be put into (9{\5) For simplicity
let ..\ &
97‘3) P = 3’ i y“ .
If we ignore the high-order terms w?e then have a set of residual
cquations of the form \-?fww dbraulibrary.org.in

09) = (af (@e R (3f A

which are linear in a, B I' hus we may determine the corrections
by the method of least ‘squares. We minimize

(97.10) "\\ =R} = g(a, B: V)

from whlch tlih\normal equations are

(Efa)a (Efsafl'b)le + (Ef&fw)'Y + zifwrﬂ i 0
AN (Fufeda + (6 + Clafr Zari = 0
(Sfudu)a + (Suf)8 + (B T Bfer: = 0

Example IX.6. Find a functional representation for the data
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Solution.
A plot of the function shows a logarithmic tendency with some.
thing added. A simple expression is

vy =az 4+ blog a
Since ¥y = .3 when # = 1 and log = (at 1) = 0 we choose g, = .5

and guess by = 1 so that the first approximation is O\
= .5z 1 log =. SO\
Furthermore, ’ o\
3y 3y g
= = T — = £ N
30 = F and b log':E\ \
# '\.’
We then calculate NN
A\
AT ey &y
¥ & - i
¥ ¥ ;{\ da b
1 5 8 0 1 0
2 1 '&fww d]br?ﬂ;l@gi‘a y G‘f‘gg?ﬁw? 2 30103
3 2.4 1.97312" — . 42288 3 47712
4 3.2 2,60206 — 59794 4 60206
5 3.9 ‘3‘ 19897 -—.70103 5 69897
6 | 4.6 [~3.77815 —.82185 | & 77815
7 5. K#‘ /4. 34510 — . 85490 7 84510

Using (97.11) w\{e calculate the normal equations

RO | 140c + 18.521118 = 18.67889
N 18.5211a + 2.489018 = 2.50376

\vl&hD = 5.42988, from which we get

" \¥]

) a = .,022 8 = .842
and
a=.5+.022 = 522

h=1+4.842 = 1.842

so that our function becomes

|y = 5220 + 1882 log & |-
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Although the correction 8 is large, it turns out that in this example
wo improvement to our degree of accuracy is made by finding
another set of corrections using the above expression as a second
approximation. There are times, though, when this may be neces-
sary and it is simple to do if @ and b are not involved in the partial
derivatives, for then we simply calculate new values for ry and the
constant terms in the normal equations.
The above answer yields a set of residuals for which

=r? = .0038. A

2\

9, Summary of Data Fitting. Analysis of data forms alarge
part of modern scientific work. It is therefore very désizable to
ostablish some kind of criteria for determining the best mathe-
matical expression which will represent a sct of expe‘nimem-:ai dat.a-.
Unfortunately, there is no clear-cut method f astablishing this.
It is, however, possible to set forth some logi{a\j\step to follow, and
we recommend this procedure. O )

a) Plot the data on graph paper, firt) choosing ordinary rec-
langular coordinate graph paper. A study of the graph will yield
certain clues to the type of mathqn@aﬁpa],}ﬁﬁ[ﬁ}%%}é’%ﬁﬁ may be
used to fit the data. N

@) If it is fairly smoothytry & polynor.ma?l fit usmg, :13 ?;T}ﬂi
a polynomial as possiblexIn such a case it is recommencded bl ;
the Nielsen-Goldsteiftymethod be used and all ?he_pol.yuon;h; 8
of degree 1 to 4 bg gomputed simultaneously. A{l mdlcat,loln 0I : el(ii
“goodness” of phe fit may be seen by comparing the ¢a cueathC
values for [}z and Yo = Yu — F5 the closer these agre

better is the-fit. o )
(i) I ihe graph shows a tendency to be penf)éilc, 111];r ;fl‘r;illgjrlllisz
’ the“&al\a for a trigonometric formula and possibly a
analysis.
(i) If the graph show
ignore this graph and consider the !
(iv) If the graph is highly irregular, W0
eritical region and consider the p.osslbllltﬁ of Ol};taszln?f
at certain portions or of smoothing the data by

fOl'mu]_ag_

s a logarithmic of exponential tendency,

plots below. o
attempt to determine its
more data

smoothing
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b) Plot the data on logarithmic paper, and if the graph is nearly
a straight line consider the formula

¥y = ar.

¢) Plot the data on semilogarithmic paper, and if the graph is

nearly a straight line consider the formula
y = aeb* or y = alV=. ,

d) If the above procedure does not yield the desired formulatlou,
choose a formula and obtain the best possible fit to th]ﬁxfo&mula by
any of the above methods or the method of d1ﬁ'erenfaal correction,

There is still another type of fitting which is sgmetclmes used and
that is the one of constrained fitting. In this ca&éwe desire not only
to fit the data but to do so in a particular maﬁher, that 1s, we put an
additional constraint on the formula. This)s accomplished by the
use of Lagrangian multipliers (see Sge‘r,l}m 55). To illustrate let us
consider the fitting of a set of databya linear expression,

(98.1) y—-mx—l-b

by the prmclple of least squath LS “and, furthermore, let us consirain
the expression sw‘izhadtﬁhuldmpwma #ninus twice the mtercept

(98.2) g{m b) =m + 2h =

The principle of ‘l‘eaﬁt squares minimizes the sum of the squares
of the residuals, N\ -

(98.3) o b)) = (mai + b~ ¥,
N A
with O
07 (o
\\ 3 = 2mZx} + 23xh — 2Zmy:
(98.;1)\ af
\.j.‘ = 2mZzx; 4+ 2nb — 23y,
\\ Xor n observations {z0v:), E=1"---,n.
Furthermore,
d
8.5 9 % _
{98.5) 3 = 1 and 55 = 2

8o that the equations (55.4) become
2ZzDm + (22z)b — 2Zxy; F A =0
(98.6) (Zzdm + nb — Zy; + A =0
" m+2b=0
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and we have three linear equations in the three unknowns, m, b, and
) The solutions are '

_ ki — 2k,
08.7) b= s — 45,
m = —2b

where ' ¢

Sl = Zr: Sz = E:ﬂ?; kl = Z¥i, ke = E$iyi- A o

o\
Example IX.7. Fit a straight linc to the following data such tha#the
slope is a minus twice the y-intercept. A\
z1.2l3‘455]"‘}\?‘

¢!

y | -4 \ 11 ’ 1.5 } 22 | 2.6 . 5&% 5.8

X

Solufion. We have PN\%
n—7, 8 = 28 S; = 140, ky QI kr = 4.1,

{onse quently, : g x:;‘ufw .dbraulibrary.org.in
147 - 2@1) o934
b= 41400\ - 4(28) :
&

2934 1.

6 7

1.467 | 2.0538 | 2. 6406 | 3.2274 i 3.8142

This, of course, is not the best fitting straight Iine; it is the best

fitting straight line for which m = — 2b.

tion which has become
ring is one known as
the theory of

%. The Autocorrelation Function. A fl.IHG
Qute prominent in modern electrical enginee :
the autocorrelation function. It is of special interest I
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servomechanisms and in general analysis of “noise” data.* We shal
not be concerned with the theory at all, which is beyond the seope
of this book. We shall only explain how an autocorrelation function
may be calculated from a finite set of discrete data. It is usually
associated with {unctions which have time as the independent
variable, and the general definition is that the autocorrelation
function of a fanction y(£) is the time average ofy(t)y(t{}- Tl
Mathematically this may be expressed by

A\

.
{99.1) R{r) = lim 2—1?—,J‘ yOy(t + ndt. O
—7 g ™

T— =

To obtain an autocorrelation function from expfex;:ﬁhental data, we
have a record of y({) for a finite interval ofilme, 0 < < T. It
should be obtained at equidistant valuessd.that we have values Ji

at f;with & = &1 + (i — Dk and (i =\n} .., N) where N =Th

The time interval A should be C}T@gliﬂ quite small, at least small
enough so that the function y(¢), d6es not vary significantly in the

interval, i. The aulocorrelatigitfunction may then be approximabcﬁ
by www.dbraulibPary.org.in

‘.:’ N—m
. ANL
(99.2} R(m) ~WN—m 2 ¥i¥itms {m > 0).
8 i=1

For this calculation we must be careful in choosing m, and, accordiog
to Phillips, wehould not excoed » N.
PAY J

) e el
For theleomputation it is advantageous first to centralize the data
abogt\ ¢ mean value so that we first calculate a new set of datd.
ng% ¥: — ¥, where

o) tl
e ~ 1
9.3 5= z v
1

and consider
N—m

9.4 ) =

(99.4) B = gt N Vi
i=1

For a gDCId. discussion Of itﬂ 'ﬂppl‘ i Iq B Irﬁ
el ication sce II. M JﬂmBS . - ! ],
and R. S. Phﬁhps, Them'y of Ser smech 1 q York: ; aW-Hi l E
o ’ )’ to j: Ll ECTUITIRIS TS ( ewW L& k. MCGI‘ 1
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To illustrate the calculations we shall consider a very simple
example. In practice a large amount of data is usnally obtained, and
the caleulations are performed on large-scale caleulating machines.
The following naive example will, however, indicate the procedure
for the calculation of an autocorrelation function.

Example IX.8. Obtain the autocorrelation function for the data
given below.

Solution. For this data we have N = 61, ¥ = .1; we shall calcu}até

Rm)for (m = 0, - - - , 10) by formula (99.4). O

5 | s i
! y Y t ¥ Y | AV Rin)

N ’ |

0 —2.0 —-2.1 .31 —1.5 —pev 0 1368
0L -1.7 —-1.8 32 —0.8 L0609 1 1.236
02 | ~l.a —1.5 .33 —0.5 f¥30.6 | 2 1.001
-03 -1.2 —1.2 34 —0.1 4>y-0.2 3 709
Mo —0.7 —0.8 .35 —0.1\} —0.2 | 4 390
03 —0.3 —0.4 .36 o208 0.3 2 T;ﬁ
26 —0.2 —0.3 37 sw‘\;&dhraullglgryor An _ ags
07 —0.3 —0.4 g WXN20 4 B 383
08 —0.6 —0.7 3094 2.8 2.7 3 —,.)4;
%1 —09 -3.0 .48 2.7 2.6 9| - 6;4
.10 -1.2 —-1.3 | .41 2.9 28 f1w| —.7
A1 -0_6 —0.7. KN4z 2.5 2.4
12 -0.2 —0.3\] .43 1.0 0.9
13 —0.3 —ozaN 44 0 —0.1
14 0.2 PN .45 —0.4 —0.5
15 0.8 | /007 .46 —-0.5 —0.6
1§ 0.5 4NV 0.4 AT —g.i -064
A1 1.5\ 1.3 .48 .
18 1‘?1\ 1.2 .49 0 -0-}
ST RN A 2.1 .50 0.2 0-1
20,48 32.0 1.9 51 065 31
2R 1) 1.7 .52 —0.
25\ }:g 1.4 .53 -0.5 —0.6
.23 1.0 0.9 .54 —0.1 -0.;
24 0.3 0.2 .33 0.3 U(-j—
-25 —-0.3 —0.4 .56 0.1 o
-26 -1.0 -1.1 57 —0.2 o
2 -1.0 —1.1 .58 0 ol
-28 —1.1 —1.2 .59 0.2 ot
29 -1.6 -1.7 60 0 .

i —-2.0 —2.1 .

| I S—
R S S—
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In performing the calculations on a desk calculator it is strongly
recommended that a stencil be employed as m gets large.

100. Exercise XII.
1. Obtain the trigonometric approximations to

® |—150{—120|—90/—60|—30; © ‘ 300 601 50/ 120 150“.\18[}

¥ 102 61| 179 235 360 312!170 53 1 —53|—110 7\-“1@5 —]20!

S —
2. Obtain the trigonometric approximation to N
@ ¥ @ SO
—165 20 | 150 4.6
—150 3.0 | 380 3.3
—135 3.5 MNWV45 1.9
—120 3.0 ¥ 60 0.6
~105 I 78 | —1.0
ww;gﬂzraulja:t§o oifg.i 90 —1.0
HHTIS T8 o5 6.9
—60 4 —1I1.1 120 1.8
—45N" 0.4 | 135 1.4
TR0 2.1 150 0.3
X5 4.2 | 165 —0.5
SR 6.1 180 —0.5
N/
3. Divide/h#/interval (—r, ) into twelve equal parts and prove

O
’\\wﬁ

(}‘) 2 Sin z; cos 2x; = O
b)Y costa =6
(c) E sin? 2z; = 6

(d) 2 sin «; sin 2; = 0.
js8
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4 Determine a functional fit to the data

(a) (b) )
z ¥y x b T ! ¥
1 2.10 1 5.00 1 1.10
2 2.71 2 6.51 2 1.62
3 3.42 3 7.63 3 215
4 4.35 4 8.48 1 | 2.63 A\ -
5 5.60 5 8.93 5 3.05 | <MD
6 715 6 | 8.7 6 | 3.40 ()
1 9.00 7 7.72 7 | 3.8%4
8 | 12.85 ] 5.61 8 | 4,26
9 | 14.30 9 3.87 9 [ L4590
10 | 17.50 10 3.00 100489
n | 24.00 11 2.65 N | 5.10
I 12 | 2.41 7\ SAL NN
13 | 2.52 AN\

I — - AW

5. Fit the following data by an cxpressicn}fq’f the form

y = az 4+ J):’:Imm,dbrauljbrary.org.in

e :
. 1 9 \ %{,}\ 4 5 ‘ 6 |7

vy | 424 | 8.48 },‘1529 | 15.02 | 19.45 | 26.38 | 29,31J

N/ —

<, . .
6. Fit the followingydata with a straight line such that the slope is threo
times the y-'{te{i}cpt.

,\ g '__'_'_'____,__._._-—-—'———r
<
0
[ 1 (N 5 6 1 8 ? e
s 2 3 4 _—
I |10.60572-

¥ fm 2.39484|3 42120|4. 44756 ;47292]6 _50028{7. 52664,Ia_ 55300(9. 57936 i
A SR IS — o
: +h that
1. Fit the following data with a quadratic (y = ax? + ba + ©) SUC
it passes through the point z = 1. ¥ = 2.

e | -3 -2 -1 0 S -
— | 5 6. 88 15.26

¥ | 17.48 | 8.36 2.74 ‘ 62 2.00

*
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8. Find the autocorrelation function for the data

[Ch. IX

! ¥ ¢ ¥ t ¥
0 1.0 .31 2.4 .61 0.7
01 1.2 .32 2.7 62 0.5
.02 1.5 .33 1.0 .63 0.1
.03 1.9 .34 —1.0 64 0
.04 2.2 .35 —3.0 .65 —0.3
.05 2.8 .36 —2.2 66 | —0.%
.06 2.9 .37 -1.6 67 | C1o
07 - 2.5 .38 —2.5 68 A\ =1.0
.08 2.2 .39 —2.3 690} *—0.5
.09 1.9 .40 —1.9 | .50 0
.10 1.4 41 —1.4 N1 0.1
a1 0.7 42 —0.7 72 0.3
12 0.3 43 -0 .73 0.6
13 —0.2 .44 NN T4 0.6
14 ~1.0 A5 | AM.1 .75 0.4
15 —1.0 A6 V1.7 .76 0.2
16 —~1.5 ARSP 2.2 T 0
17 —3. g 1.9 .18 -0.3
18 W‘i‘ﬁ‘f{hr‘fﬁ%ﬁ‘ﬁ‘” ORIy | 79 | —0.6
19 —3.04] .50 0.9 .80 -0.7
20 —24N] .51 0.1 81 —-0.8
21 =10 .52 —1.0 .82 —0.8
22 | AN 0 .53 —1.5 83 | —0.7
23 N 0.2 ¢ 54 —1.7 .84 —~0.6
24207 2.0 | .55 —1.4 .85 —0.4
25 2.6 56 —1.2 .86 -0.1
;”<‘>26 2.8 57 —0.7 .87 0.1
N\ 2.6 .58 —0.1 .88 0.3
R 2.0 | .59 0.5 | .89 0.5
) .29 1.7 .60 0.8 .90 0.5
) .30 1.9

\V
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Table 111, Newton's Interpolation Coefficients.

e

328
HOr —u N o= Nax |[Na= — N
.01 - 0.0040500 | 0.0032835
.02 — 0098000 | . 0064680
.03 —.0145500 | 0495545
.04 — 0192000 | .0E25440
.05 — 2375000 | .0154375
.06 —.0282000 | .0182360
.07 — 0323500 | 0209405
.08 — 0368000 | 0235520
.08 — 0409500 | .0260715
.10 — 0450000 { 0285000
11 — .0489500 | 0308385
.12 — 0523000 | . G330880
.13 — .0565500 | 0352495
.14 — 0602000 | 0373240
.15 —.0637500 | .0393125
.16 — . 0672000 | 0412160
17 — 0705500 | 0430355
.18 —.0738000 | 0447720
.19 — 0769500 | 0464265
.20 — 0800000 | 0480000
i —. 0829500 | .0494935
.22 — 0858000 | 0509080
.23 — . 0885500 052
.24 — . puizene |d nazﬁw#
.25 — 0937500 0545375
.26 — . 0962000 mbs?gﬁu
.27 - 0985500 |, 0568305
.28 — .1008000¢\, . 0577920
.29 — .1029500 |> .0586815
.30 ~ 1050000 | .0595000
.31 — 106500 | . 0602485
.32 -\msauuu . 0b0Y280
.33 »E105500 | 0615395
L34 V= 1122000 | 0620840
‘35§" —.1137500 | .062562%
2 S .
w36 —.1152000 | .D629TEO
wND3T —.1165500 | .0633255
. .38 — 1178000 | .0636120
.89 — 1189500 | 0638365
40 —.1200000 | .0640000
.41 — 1209500 | .G641035
.42 - .1218000 |- 0641480
.43 — 1225500 | .0641345
.44 —.1232000 | 0640640
.45 — . 1237500 | .OG39375
.46 —.1242000 | 0637560
4T — 1245500 | 0635205
.48 —.1248000 | .0632320
49 —.1249500 | 0628915
.50 — . E250000 | .0625000

0019586 | —0.0016289 0l

Nu = N{: l\rel = —NE!
—0.0024544 | O,

— 0048187 | 0038357
— 0070942 | .0056328
— .0002826 | 0073518
_ 0113852 | 0089943
— . 0134035 0105619
— 0153389 | 0120564
— .0L71030 | 0134793
— 0189670 | 0148322
— 0206625 | .0161168
—. 0222808 | 0173345
— 0238234 j .0184869
— 0252015 | _0195756

— . 0266867 L 0206021
— .0280102 | 0215678
— 0292634 |/ 0224743
— 03044767 | {To2s3229
— 0315648, . 0241151
—.0326146/ | 0248523
— 0356000 | 0255360
00345217 | 0261675
S 0353811 | 0267481
— 0361793 | 0272792
Fy--ONBarL7e 0277622
— 0375977 | .0281982
— .0382203 | 0285888
— .0387868 | 0289330
— 0392086 | 0202381
—. 0397567 | 0294995
— 0401625 | .0207202
— . 040517k | .0299016
—. 0408218 { .0300448
— 0410776 | 0301510
—.0412859 | 0302212
— 0414477 | 0302568
— . 0415642 | 0302387
— . 0416365 | .030228L
— 0416659 | 0301661
—.. 0416533 | .0300737
— 0416000 | 0299520
— 0415070 | 0298020
—.0413755 | 0296248
—. 0412064 | 0294214
— 0410080 | 0291927
— . 0407602 | 0289397
—.0404851 | 0286634
— 0401767 | 0283648
—~.0398362 | 0280447
— 0394644 | 0277040
— . 0390625 { .0273438

(No1q1276 | 1L
N 0150360 12
./ _ 1889 | .12

Na = Nu |juor—n

— . 0031836 oz
— . 0046658 N
— . DOGRTTS 4
— 0074202 i)

— 0086960 0
—. 0099063 V.07
—.0E10530 N\ .08
— 0121371 09
- 0131620 | .10

— . 0166877 14
— 0174340 15

— . 0181292 .16
— 0187748 1
— . 0193725 18
— . 0199233 19
— . 0204288 20

— . 0208904 21
— 0213093 22
— . 0216870 .25
— . 8220246 § ]
—. 0223235 25

— 0225851 .26
— . 0228104 27
-, 0230007 .28
— 0231571 29
— 0232809 .30

— 0233731 .31
— 234350 .82
— 0234675 23
— 0234718 .34

— 234400 | 39
— . 0234001 .36
— . 0233260 37

— 0232279 .38
— 0231066 .39

— . (229632 A0
— . 0227986 .41
— . 0226136 42

— 0224093 43
—. 0221864 A4
—ozioas0 | H

— . 0216887 .46
—oz14154 | 4T
—oz11270 | 4B

—.ozopzaz | -V
— 0205078 .50
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Table 111 (continued). Newton’s Interpolation Coefficients.
aot —u| Nayo= Ny [Num —Niz| Na = No |Na = —Ne MNop = Ne oor @
51 | —p.1249500 | 0.0620585 | —0.0386314 | 00260647 | —0.0201786 .51
.52 — . 1248000 . D615680 — . 0381722 (0265678 — . 0198373 52
.53 — . 1245500 . 0610295 — 0376857 0261539 | — .0L104846 .53
.54 —.1242000 0604440 — 0371731 .0257238 | -.0191213 .54
.55 — . 1237500 . 0598125 — . 0366352 .025278% | — . 0187480 .55
5 —,1232000 . 0591360 — 0360730 .0248182 |  —.0183655 56 N
.57 —.1225500 0584155 — . 0354874 0243444 | — 0179743 BT
.58 -, 1218000 0576520 — .0348795 0238576 | —.0175751 58
.59 —. 1209500 0568465 — .0342500 0233585 { —.0171683 59
-50 —.1200000 | .0560000 | —.0336000 _o2284s0 | —.0167532 |\ .60
61 — 1189500 .0551135 — .0329303 0223268 — . (163357 .61
.62 — . 1178000 0541880 — 0322419 0217955 | —.0159K0E, .62
.63 — . 1165500 0532245 — 0315355 L0212549 | — DLEAEOT .63
64 —.1152000 0522240 — .0308122 0207068 | —20150462 .64
65 — . 1137500 . 0511875 — . 0300727 0201487 {.?1460?8 .65
& | —.1122000 | .0501160 | —.0203179 | 0195843, {75 0141660 .66
67 —.1105500 . D490105 — . 0285486 0190134 Y V= .01387213 .67
68 — . 1088000 0478720 — (277658 .01843653| — 0132743 .68
.69 — .1069500 0467015 — 0269701 6176542 — 0128253 .69
.0 — . 1050000 , 0455000 — . 0261625 Q172673 | —.0123749 .70
it — 1029500 | 0442685 | —.02534374 j".olemsz —.0119235 .72
12 — . 1008000 . 430080 — 0245146, ¥ . 0160816 | — 0114715 T2
.13 - 0985500 L0417195 — 0236258 | .0154840 | — .0110;94, ;i
.4 — . 0962000 . 0404040 - ,02211%, 3 014884 — . 0105677 .
73 | —.osais0n | 030625 |~ 4219 Bt diiAusbary mugiies | .75
.76 — . 0912000 .DITE960 | ‘1,\021 1098 0136791 — . D096666 .76
it — . OBB5500 0363055 ~ 0202403 0130752 — 0092180 ks
18 — . 0858000 T034su20 N S— 0193651 0124711 — 0087713 .78
79 — 0829500 0324565 — 0184847 .DILB6T2 — 0083268 .9
.80 — . 1800000 . 0320000 — . 0176000 0112640 — . 6078848 .80
A\
k1 — 0769500 {o305235 — . 0167116 .ol06620 |  — 0074456 .81
.82 — .o7as000 | /W0250280 — Q158203 L0100617 — 0070096 .82
.83 — 0T0RS0N} V. 0275145 — 0148266 0094635 — 0065771 .83
-84 — 0672000 0259840 — 0140314 QOBBGTE | — 0061484 .84
.85 — 063750 0244375 — 013352 0082751 — . 0057236 R
LB = :66’62000 L D22BTGO — . 0122387 Q076859 — . 0053033 .86
BT £ Y0565500 0213005 — 0113425 L 0071004 — . 0048875 .87
as(] V0528000 0197120 — 0104474 Tgo6512 | — 0044765 ]
.89 — (489500 0181115 — . ON95538 Q059425 — . 0040706 _BY
.90 — 450000 Q165000 — . D86625 . 0053708 — 036700 .90
_ a1
.51 — . 09500 0148785 — 0077740 0048043 . 0032750 R:
.92 — _D36RO00 . 0132480 — _OD6BE0D 0012436 — ,oozguss .yg
43 — 022550 0116095 — . 0060079 .0036889 | - 00256023 K%
.04 — .DZR2000 L 0099610 — 0051315 LO031405 - _nozlf_:so 91
.95 — 0237500 0083125 — . 0042602 0025987 — 0017541 .05
— 7 .96
.96 — . 0192000 . 0066560 — . 0033946 . Q020639 001389
.87 — 0145500 . 0049955 — 0025352 ‘onl15363 | — 0010319 .3;
.98 — . GOBOLD 0033320 —. 0016827 0010163 —.0006809 98
.99 — . 1049500 0016665 — . 0008374 1005041 — Q003369 .
1.00 0 o i 0 o 1.00

L D
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Table ITT (continued). Newton's Tnterpolation Coefficients.
wor —u | Na = Nez | Va1 = —Nax Nag = Naz | Noa = —Nix { N = Nez | por --ﬂ
1.01 0.0050500 | —0.0016665 | 0.0008291 | —0.0004958 | ©.0003297 1 L0
1.02 ‘0102000 | —.0033120 | 0016394 | —.0009771 | 0006481 1.0Z
1.08 "OLG4500 | —.0049955 | 0024603 | - .0014614 | 0009670 | 103
1.04 ‘0208000 | — 0066560 | .0032614 | —.0019307 | 0012743 | 1.04
1.05 T0962500 | —.0083125 | 0040528 | —.0023909 | 0015740 | 1.03
L.06 0318000 | —.0099640 | 0043325 | —.0028415 | . 001865% | ()B4
1.07 ‘0374300 | — . 0116095 | 0056016 | —.0032825 | 0021500 | NL.UT
1.08 0132000 | _ 0132480 | 0062590 | —.0037137 | 0024263\ 1.08
1.00 0150300 | — 0148785 | .DOTL0AD | — 0041343 | 00264587 1.09
1.10 ‘0550000 | — 0165000 | 0078375 | —.0045458 | 0029538 | 110
.11 0610500 | —.oumrii5 | .00BSETY | —. 0049464 N0032069 | 1.1
i.12 0672000 | —.0197120 | 0002646 | — 00533644\ 0034500 | 1.12
1.13 "0731500 | —.0213005 | .0DOSUSRO | — . 00STERYLP 6036367 1 118
I.14 OTOBOGO | — 0228760 | 0106373 | — 0060845 | .0039lds | 114
1.15 0B62500 | — 0244375 | 0113023 | —0C64d23 | 0041838 | 1.1
1.16 002B00G | — . 0259840 | 0019526 | 5 _DBO6TS91 | 0043450 | 116
1.17 0994500 | — 0275145 | 0125879 ¢ /% 0071247 | 0045480 | L17
1.18 ‘1062000 | —.0290280 | 01320778 “—.007429277 .o0dz427 | LIE
1.19 ‘1130500 | —.0305235 | .0(38M0Y" —.0077623 | 0049290 | 119
1.20 '1200000 | —.0320000 | 01440087 | —.0080640 | 0051072 | 1.2
1.21 1270500 | —.0334365 | 9145718 | — 0083543 | 0052771 | 1.2
}gi J1342000 | —.0348020 [ V0155260 | —.0086330 1 0054388 1.22
. L 141 " . 2 — . 0683001 L G055922 1.2

T.24 | 1458000 @%gﬁﬁ’ v MB35 | T ouvisss | Leostats | 16
1.25 "1562500 | —.0350825°| .GL70AOR | —.0003904 | 0058746 [ 1.25
1.26 1638000 | —{0%4040 | 0175757 | —.0096315 | 0060036 | 1.26
1.27 L17L4500 | £N0422910 | 0182000 | — 0099868 | 0062085 1.27
1.28 179200001 /0430080 | 0184934 |  —.0L00604 o06z3Ts | 128
1.29 L1870500 7\ . 0442685 0189248 — . 0102572 (1063424 1.29
1.30 .1950000_ | — .0155000 1 0193275 | —.0104423 | 0064394 1.30
1.31 2080560 | ~.0467015 | 0197314 | ~.0106155 | 0065285 | .52
1.32 Blgco0 | —.o0478720 | 0201062 § —.0107769 | 0066009 | 1.32
133 |/9.2102500 | -—.0490105 | 0201619 | --.0109266 | .0066835 | 1.33
1.34 4 (2278000 | — . 0501160 | 0207981 | —.0110646 | 0067494 1.3
1.3:5\\“ |2362500 | —.0S1L875 | 0211148 | — 0111008 | .o068078 [ 1.35
236" | 2048000 | - 0322240 | ozranis | — 0115055 | 0068587 138
R '2534500 | —.0532245 | 0216890 | —.0114084 | .006%021 | 1.37
\N1.38 .2622000 | —.0541880 | .0219461 | —.0114998 | .0069382 | 1.5
W 1.39 (2710500 | —.0551135 | 0221832 | —.6115706 | .0069671 | 1.39
1.40 .2800000 | —. 0460000 | 0224000 | — 0116480 | .0069888 | 1.40
1.41 .2890500 | — .0568465 | 0225065 | — 0117050 [ .go7omas | 1.4l
1.42 .29%2000 | — 0576520 | .0227725 | —.0117506 | .po7o0l12 | 1.42
1.43 . 3074500 — 0584155 0220281 — . 0117850 0070121 1.43
1.44 .5168000 | —.0501360 | 0230630 | -—_0118083 | .0070062 | 1.4
1.45 .3262500 | — 0598125 | 0231773 | —.0118204 | .0060937 | 145
1.46 .2358000 | — 0604440 | 0232709 | —.0113216 o097 | 1.46
} . :;. (3454500 | — 0610295 |- _0233438 | —.0118120 | .0069404 | 1.7
1.48 .8552000 | — 0615680 | .0233958 | - 0117915 | 0069177 1.48
14 .3650500 | —.0620585 | 0234271 | —. 0117604 | .0068798 | 149
.50 .3750000 | — 0625000 | 0234375 | —.0l17188 | .00683sy | 1.50
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Table ITT (continued). Newton's Interpolation Cocflicients.

wor —a | MWa = Neo | War = —Naz ] Wap = WNar | WNor = —Nez | Wer = Wiz | nor —u
1.51 0.3850500 | —0.0628915 | 00234271 | —0.0116667 | 0.0067861 1.51
1.52 . 3052000 — 0632520 . 0232958 — . 0116043 0087305 1.52
1.53 4054500 — (6352035 0235428 — 0115318 L DOGEH02 1.53
1.54 4158000 — 0637560 0232700 - . 0114492 0066024 1.54
1.55 4262500 - (639375 l _0231TTS — 0113569 0065302 1.55
1.56 . 4368000 — (1610640 0230630 — . 0112548 0064527 1.56
1.57 4474500 — 0641345 0220281 — 0111430 0063701 1.57
1.58 . 4582000 — . 0641480 0227725 - 9110219 0062825 1.58
1.59 L469050¢ | — . 0641035 0223465 — 0108915 0061900 1.9\
1.66 L ABH0C00 — 0640000 0224000 — 0107520 L B0GO2R 1 p\u N/
1.51 . 4910500 — . 0638365 L D221832 — 0106036 0059910 | 4 1M1
1.2 | 5022000 — (0636120 0219461 — .0104464°| 0053848 JN3T. 62
1.63 5134300 — 0635255 D2 LBIY0 — 0102806 D05 TTAS, 1.63
1.64 . 5248000 — (620760 0214118 — oLOl0GE | .0056596 % 1.64
1.65 5362500 — 0523625 0211148 — 0099240 .oqss?w ‘ 1.65
1.66 5478000 — 0620840 0207981 — 097335 G051 L83 1.66
1.67 5594500 — 0615305 | 0204618 — 0095452 N\ W052021 1.67
1.68 5712000 — 600281 0201062 — . 0003293 ), 0051622 1.68
1.60 . 5830500 — 0602485 0147314 — _poullgaly | 0050289 1.69
1.70 _5O5000¢ | — . 0505000 L 0193373 — . DgEnS 0048524 1.70
1.71 6070500 - 0586815 LD1h9248 — BRE676 0047527 1.71
1.72 . 6192000 — 0577020 L B1B1934 3. 8081330 046100 L.72
1.73 L6314500 — 0568305 D180437 [N 0081918 _gm’:igi i;i
1.74 . 6438000 — . 0557960 COLTRTSI N . 007g442 00431 .
1.7 “¢s560500 | — 0516875 | 017098 s dbraglibiaty onglins | 1.75
1.76 6688000 — . (535040 HLH5862 — . OOTAS06 0040125 1.76
1.77 .6314500 — . 0522445 “oa0652 — 0071651 LM3BET2 1.77
1.18 6942000 — 9509080 }0155269 — . DDGBIA0 0036598 L.78
1.7% . TOT0500 — 0404 5".\ J 0140718 —  DOGG1TS 0035404 1.79
1.80 L T200000 —-. nq,su‘n{mg 0144000 — 0063360 0033792 1.60

N d

1.81 . 7330500 — Od6a2635 0138119 — L OD60AD6 0032164 1. 8},
1.82 L T462000 =T T20 L B13207T — . CO5TSH6 0030320 1.82
1.83 “7504500 | {—) 0430335 0125879 — 0051631 0028864 1.83
1.84 _TT2B000 N, 0412160 0119526 — .DO51635 .002719% 1.84
1.8 786250080/ — 0393125 L0113023 — GD48600 | 0025315 1.85
1.86 .7 0 | —.0373240 L OLOG2TS — .D045528 (023826 1.86
§.a7 ﬁigggun — 0352495 LD098580 — . 0042421 _0022130 L. 87
L.eg 8272000 — . 0330280 , 0092646 — . D039282 0020427 1.88
1.89 4™\ 8410500 — 0308585 | 0085577 — 0036113 0015719 1,?9
Uo I/ gesgopt | — 0285000 | 0078375 | —.0052918 pOL7007 1.50
1,91 _B6S0500 — 4260715 0071045 — . 0029697 L 0015201 1.91
1.92 8832000 — 0235520 L D063590 _p026454 - 0013580 ].92
1.95 . 8974500 ‘ — 0200405 Q056016 — 0025191 L 0011866 1'?)4
Tos | 'ollsupo | —.01g2360 | 0048325 | — . 0019910 LOULoL54 1,_{5.
1.95 y262500 | —.0154375 ‘ 0040523 — . 0016613 . D00BA46 1.9
1.9a L 0408000 — 01254440 0032614 — 0015307 006742 L gf
1.97 9554300 — 95345 D0246103 — . 0009989 -0005044 1. 9;;
1.98 9702000 — . D06AGRO 0015493 — . B006663 . 0003354 1. o
1.9% _OB50500 — 6032835 (008201 — . 0003333 0000167 ;‘ ”
2.00 \ 1. 4006000 {0000000 | 0000000 | 0000000  HoNG000 .
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Table TV, Stirling’s Interpolation Coeflicients.
- —_—
n 8 Sy S S 8 I

.01 . 0000500 — 0016665 — . 0000042 0003333 .0000006 | .01
.02 L 0002000 — 0033320 — . 0000167 0006663 0000022 .02
.03 . 0004500 — . 049955 — 0000375 . 0009989 .0o00as0 | .08
.04 . 0008000 — . 065560 — . 0000666 0013307 . (000089 T
.05 L DO12500 —. 0083125 — . 0001039 0016615 0000138 | .05
.06 . 0013000 — . 0055640 — . 0001455 0019910 .0000199 .06
.01 . 0024500 — 0116095 — 002032 . 0023191 .0un027L 2N 07
.08 0032000 — . 0132480 — . 0002650 0026454 LGD0035a N, .08
.09 0040500 — 0148785 — 0003348 L D0ZO6YT 0000445 o
.10 . 0050000 — . 0165000 - . 0004125 . 0032918 . 0500539 R
.11 L DOBOS00 — 0181115 — 0004981 0026113 Mﬁuanaﬁg 11
12 0072000 — 0197120 — . 0005914 .0039282, | « 0000786 | 12
.13 . 0084500 —.,0213005 — _ODUGOZI Q042421 .co0uu1e | .13
A4 . 0GDR000 — 0228760 — . 0008007 0045528 0001062 14
.15 0112500 — 0244375 — . 0009164 ,op‘ﬁ;euu . 0001213 15
.16 0128000 — 0259840 — 0010394 051635 . 0001377 16
a7 0144500 — . 0275145 — .onl1694 I\ h0054631 .qo01548 | 1Y
.18 L DIGZO00 — . 0290280 — 0013063 . (057586 0001728 | .18
.19 . 0150500 — . 0305235 — 0014499 0061496 . 0001916 R
.20 LG200000 — 0320000 — . 0016000 0063369 .gog21iz | .20
21 0220500 — . 0334565 — D0¥7565 0066175 . 0002316 .21
. ig . ggzzggg — . 0348920 <. 0019191 0068940 0002328 .2;
. (OZGL5HD ., SN 876 . 0071651 , 0002747 2
21 | .o2as000 AbggedBT: "‘ir_%#i‘gsls ‘o07da06 | .oo02972 | .24
.25 LD3I2500 — . 0390625 — 0024114 0076904 .0003204 | .25
.26 _G3BBO00 — . 0404040 — . 0026263 . Q079442 0003443 | .26
.27 . 0364500 — 041%145 — 0028161 0081018 0003686 .27
.28 0392000 = 0430080 — . 0030106 . 0684330 . 0003935 .28
.29 .0420500 _ | , & J0442685 — 0032095 . DOR66T6 0004189 2%
-30 L0450000 \\\— . 0455000 — . 0034125 L BDBBYSE 0004448 | .30
.31 . 0430501 — . 0467015 — . 0036194 . 0091159 . 0004710 1
.32 L 0512000 — . 0478720 — . 0038298 . 0093293 .0004976 | .32
.33 . OBLAE00 — . 0490105 - 0040434 0095332 0005244 B
L34 D5IB000 — . 0501160 — . 0042599 0097335 . Dp05516 34
35 NG 12500 — 0511875 — . 0044798 . 0099259 “oposTe0 | .35
.a\' 0648000 ~ 0322240 — . 0047002 .0101064 0006064 | -3f

TV Loseasoo | —.0532245 | —.0040233 | 0102600 .o0063s0 | -3

\ ,%B . 0722000 — 05418580 — . 0051479 0104464 . 0006616 a8

-39 0760500 —.0551135 — . 0053736 .AL06036 onoeasz | .39
.40 DBHB000 — . 0560000 — . B056000 .DI0T520 opo7i68 | 40
.41 . 0840500 — 0568465 — 0058268 0108915 0007443 4
.g -0882000 — . 0576520 — 60535 _DI10219 op07Tls | -4
48 . 392«1-500 — . 0584155 — . 0062797 0111430 . 0007986 43
yr 0963000 — . 0591360 — . 0065050 0112548 “oovs2s3 | oM
. 1012500 —.0598125 — 0067289 0113569 “oooss18 | 45
.46 . 1058000 — . 0604440 — . 0069511 0114493 0008778 46
.:g ,}124500 — . 0610293 — . 00T1TE0 . 0115318 . 0009033 H
5 1182000 | — . 0615680 ~ . 0073882 0116043 -oo09ze3 | 48
e -12005 — . 0620585 —loo760z2 | 0116667 | .o069528 | &
. .1250000 — 0625000 ~ 0078125 0117188 “o000766 | 50
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Table IV (continued). Stirling’s Interpolation Coefficients.
a 8y My S 8B l u
51 | 1300500 — 0628915 — 0080187 0117604 . 0009906 .51
52 | .1352000 — . 0632320 — 82202 0117915 0010219 .52
B3 | 1404500 — 0633205 — . 0084163 0118120 QL0434 .53
54 | 1458000 — 0637560 — . 00BAOT1 0118216 LDUL0639 .54
55 | _1512500 — 0639375 . OORTO14 .0118204 00108353 ‘ .55
56 1 .1568000 — . 0640640 — L ONBYHH0 0118683 .8011021 | 56 |
57 ©1624500 — 0641345 — 0095302 0117850 .0011396 | .57
58 | .1682000 — 0641480 — 0093015 LOL17506 .0pL133% 58 }\
59 | 1740500 — 0641035 — 0094553 0117050 0011510 50N
60 | .1800000 — 0640000 — 0086000 L 0116480 .0011648 6 [
N
_61 .1860500 — . 0633365 — . 0097351 0115796 L001LTTY, }‘ .61
62 | 1822000 — 06363120 - . 009B59Y .0114%98 L031RAIN | § 62
6% | 1984500 — 0633235 — . DOYOTE .0154084 0011979 .63
64 | 2048000 — 0629760 — 0106762 .0113035 _00i2059 6d
65 | .2112500 — . 0623625 — 0101664 0111909 Seo1glzs .65 ‘
66 | .2178000 — 0620840 — 0102439 0110646 4] \ 0012171 .66
67 2244500 — .0615395 — . 0105079 NL092GEH[W . 0012201 .67
68 | 2312000 — 0609280 — 010357 .um’rggz. 0012214 - 68
.69 | 2380500 — 0602485 — 0103929 L0196 012208 .69
10 2450000 — 0595000 — 0104125 04423 0012183 4
-TL | .2520500 — 0586815 — 0104160 |\ 0l02572 0012138 .71
72 | 2592000 — 0577920 — 0104026 ¥, 0100604 O012073 .72
13 1 2664500 — 0568305 — 0102716y | .0098519 .00119h6 . Ti
T4 | 2738000 — 0557960 — . 0103223 . 0096315 0011879 .7
.5 | 5812300 | . 0saemis | — owyEses.d l‘amﬁimar) OTEDEITA0 .5
T4 , 2883000 — . 0535040 A, 0101658 . 0091556 Q0115587 6
Nyl | 2564500 — 10522445  |pay 0100572 . 00585001 L001t422 77
3042000 — 0500080 2[\ - 0689271 . 0086330 L0011223 - 78
. 3120500 — 019493 — _DO9TT50 . O0R3543 Q011000 79
.3200000 - 0480800 — . 0096000 0080640 0010752 70
. 3280500 . obguYes — . 0094014 6077623 0010479 5L
_R362000 —aler720 — 0091783 0074492 .001018L .82
(3444500 | /0430355 — 0020299 0071247 . 0009856 .83
_B528000 (= 0412160 — . 0086554 0067891 0009505 .84,
. 3612500\1 — (1393125 — 0083539 L D06A423 _oono127 .85
A369&00'} C 0373240 — . 0080247 Q060846 ,60N872L .86
3784500 — 0352495 — 0076668 0057159 0008288 .87
3&72000 — 0330880 — 0072794 0053364 -0007827 .88
\ 23960500 — 0303385 — Q063616 . 0049463 LOO0T33T .89
3.4050000 — . 0285000 — _00G4125 0045458 . 0006819 .90
. 4140500 — 0260715 — 0059313 . 0041348 0006271 .91
42320090 — 0233520 — 0054170 .0B3TLIT . 0005694 .02
. 4324500 — 0209405 — 0048687 . 0N32B2S 0005088 .93
. 4418000 — 0182360 — . 0{142855 0028415 .0001452 ,92
.4512500 — 0154375 — 0036664 .4023909 0003784 .9
. 4608000 — 0125440 — . 1030106 0019308 0003089 .9{;
4704500 — . 05545 — 0023170 0014614 L0002363 .98
L 4802000 — _O062680 — 0015847 L 0009R30 L 0001606 .g
. 4900300 — . 0032835 ~ . onugL2? 0004958 0000818 . 09
5000000 0600000 00O0DE pooooo0 | 1.00
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TABLES

Table V. Coefficients E;; for Everstt’s Formula.

Ev

.D016665

— . 0033320

Iy

0049955
DDEH560
0083125

L Q099640
0116095
0132480
L0T48735
0165000

(0181115
0197120
0213005
228760
0244375

0259840
0275145
. 0250230
. 0305235
L 0320000

. 0334565

-0348920

0390625

) ammo

b 4 ‘04’17195

o

-04553000

0430080
(442685

0467015
478720
0490105
0501160
.05114875

_0522240
0832245
0541880
.0551135
. 0560000

0568465
L D5TES20
0684155
0391360
.0598125

0604140
0610295
0615680
. 620585
0625000

't

Hai Eaj u
0003333 — 0000714 .0
. 0006663 — 0001428 .02
L 6D0998Y — . 0002140 .03
. 0013307 — . 0002851 .04
.D016615 — 0003560 .03 ~
.0019919 — . 0004265 .06
. 0023191 — . 0004967 07 A
. 0026454 - , 0005665 08 2NN
. 0029607 — . 0006358 TN
.0032918 — . 0007046 .14,
0036113 — 0007728, 4 11
0039282 - ouumm W 12
. (042421 — . 0009 13
. 0045528 - 0009?3 14
. 0048600 — \o1hiss .15
0051635 | /v0011038 | .16
.0054631 | {~ 0011669 17
.005T586"\|\ — .0012295 .18
.0060496\/| —.0012911 .18
. 0063360 — 0013517 .20

®)

LON561T5 — 0014111 .21
0068940 — 0014693 .22
L Q07163 — 0015264 .23
Ygﬂ‘éi&'}: — 0015821 .24
0076904 - . 0016365 .25
0079442 — 0016895 .26
.6081918 — 9017412 .27
. 6084330 — . 0017913 .28
. BOBGGTH — . 0018400 .29
. 0028952 — . 0018871 .30
. 0091159 —.0019325 .31
_00U3203 — . 0019764 3z
. 0095352 — 0020185 .33
0097335 — .0020590 .34
. 00UY259 — . 0020980 .33
. 0101064 — . 0021345 .36
0102806 — 0021695 .37
0104464 — 0022026 '} .38
0106036 — . 0022338 .39
. 0107520 — . 0022630 .40
.0108915 — . 0022903 .41
.0110219 — . 0023155 .42
0111430 — . 0023387 .43
0112548 — 0023399 44
.0113569 - . 0023739 .45
.0114493 — 0023957 .46
0115318 — 0024104 .47
0116043 —. 0024230 .48
.0116667 — 0024333 .49
0117188 — 0024414 .50
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Table V (continued). Coeflicients E;; for Everett’s Formula.
* 11 Ens Exi Eaj u |
.51 — 0628915 0117604 — . 0024473 .51 |
.52 - . 0632320 0117915 — . 0024508 52§
53 | —.0635205 .0118120 — 0024521 58
.54 0637560 .0118216 — .0024511 54
.55 . 0639375 .0118204 — . 0024478 .55 ]
.56 0640640 0112083 — 0024422 .56 | A\
.57 . 0641345 .0117850 — 0024342 BT L
.58 0641480 0117506 — 0024239 58| N\
.59 . 0641035 .0117050 —.0024112 59 | ¢\
.60 , 0640000 0116480 — 0023962 .60 | e\
N
61 0638365 | .0115796 | —.0023788 61 7 sl
.62 .0636120 0114948 — . 0023590 62 |“~ N\
.63 0633255 .0114084 — .0023368 73 AN
.64 — . 0629760 0113055 — 0023124 63 ™
.65 — . 0625625 -011190% — 0022855 %5
.66 — . (620840 0110646 — 0022562 a6
.67 — 0615395 (109266 — 0022246790\ .67
.68 — . 0609280 _0107769 - .mmgtg {]" .68
.69 — 0602485 0106155 — . 0025 .69
.70 — . (595000 .0104423 — 00258 .70
.71 — 0586815 .GlR2572 =\, 0020749 1
.12 — .05T7Y920 ‘0100604 | T002Z0316 .72
.73 — . 0568305 00985 10 By — 0015861 .73
14 — .0537969 Cp0o6315L P 5 0019383 71
T8 | C-Qaisers | ovosetewy-dbrembitatarly orgin
.76 — . 0535040 @09 lss6 — . 0018360 .16
17 0522445 | op089001 — 0017815 71
.78 _ o50u0B4, g\, H0863320 — . 0017249 .78
.19 — 0494935 0083543 — 0016661 .79
.80 — . 0480080 6080640 — 0016051 .80
.81 — 0464263 0077623 — .0015421 .81
.82 {0447 720 L 0074492 — 0014770 .82
83 | /5,0430355 L0071247 — . 0014099 .83
81 e £0412160 .0067891 — . 0D13403 .84
.B ) 0393125 . 0064423 — . 0012697 .85
T oA — . 0373240 0060846 — 0011967 .86
{87 — 0352495 L pOST159 — 0011218 .87
71N .88 — . 0330850 .00553364 — 0010451 .o
NN .89 — 0308385 . 0040463 — . 0009666 .89
\ ;1 .90 — 0285000 . 0045458 — . 0008864 .90
— 0260715 0041348 — . 0008045 o1
0235520 Q037137 —~ . 0007219 .92
— 0209405 L 0032825 — 0006358 .93
— 0182360 Q028415 — 0005491 .94
— 0154375 - 0023909 — . 00D4610 .95
— 0125440 .0019308 — 0003714 .96
— (095545 00LAGLE — 0002804 .97
— 0064680 0009830 — 0001382 .98
. — 0032835 004958 — . D000947 .99
1.00 | 0000000 .ON000OD .Qo000DN 1.00

oy

R
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Table V1. Bessel’s Interpolation Coeflicients.
For 50 < u < .99 use headings at boitom of page.
Numbers with less than 7 decimal places are exact.

» B B . B a Bs B e |
0L | —.49 — 00495 0008083 . 0008201 0000813 0001661 | .99
02 | —.48 - 10980 0015680 0016493 _ON0I583 .0003309 | 98
03 | —.4T — .01455 0022795 . 0024603 0002313 0004941 | 97
04| —.46 —.01920 . 0029440 L0326 14 - 0003000 0006542 | .96
05| —.45 — . 02375 . 055625 . 0040523 . 0003647 .000816% | .95
06 | —.41 — . 02820 . 0041360 _004R325 0004253 0004756 | 04
07 | —.43 — . (3255 _O046635 . 0056016 0004817 “p011325. |V
08| —.42 — 03680 0051520 . 0063590 0005342 00128781 .02
09 | —.41 —~ . 04095 L 0055965 071045 0005826 00144037 F 91
B0 | — .40 | —.04500 _0060900 . 0078375 L 0062TH -0gL3610 | 90

11| —.3% | — .048YS . 0063635 . 0085577 0006675 |~ 0017395 | .89
12| —.38 —. 05280 . DO6HSR0 . 0092646 TovoTe41, | boissss | .68
I3[ -.37 — 03655 0069745 0099580 0007360 0% 0020291 | .87
sl —.36 | - .0s020 .0072240 . 0106373 “opozoee™] .oozL7aZ | 86
15 | —.3a — 06375 0074375 01132023 _GDGTOLE . 0023085 | .85
161 —.34 | —.06720 L 00T6L60 _011Y526 0008123 0024411 | B4
17| —.33 — . 07055 LTTE05 L0125879 s \A003308 0025766 | .83
8| —.32 | —.o7380 . 0078720 0132077 “{ " . 0008453 0027065 | B2
19 | —.31 | —.07695 _0079515 .0138)1% 000563 | .ov2Esiz | B
20 | —.30 — 08000 L D0BODOH . 0134000 L G0ORG40 .po2uses | 8¢
1| .20 | —.oszes | .ocsorss | oaeTis | .ooosess | .0030TIZ )T
gi - _gs — 08580 0080080 | V0155269 .B0086Y5 .0031942 'T?; .
23| =.27 | ww 0SEBrgulib Sopl [jPLE0652 ‘aooseTs | 0033079 | T
24| —l26 | —.00120 B OTR T gss62 | [ooomszs | .ousalsl | .16
25| —25 | —.0u3T5 . 0078125, 0170898 . H0D8545 g033248 | TS
26 | —.24 . — 00620 . 907696'0 0175757 . 0008436 0036279 | .7
.27 | —.23 — . 09855 Da75555 . 9180437 0008300 o037zTd | B
28 { —.22 | —.10080 "’):073920 0184037 _DO0BL3T 0938230 | .12
29 | =21 — . 10296 { W 072065 .D1B9248 . 0007948 “ongslst 171
.30 | —.20 — . 1050 . 0070000 .0193375 .e007735 -o040028 | .70
31| — .19 -, Ju6bs L OBRTT3S .6197314 . 0007498 .opags70 | 8¥
82| —.18 | (A A0k . 0065280 0201062 . 0007238 .opal67l | (08
.33 | = .17 | £ 011055 . 0062645 . 0204619 0006957 “on42432 | 67
-35 — .16 gy N\ 11220 . 00598440 0207981 0005655 “go43152 | 66
.35 [ — 15 £~ 21375 0056875 0211148 . 0006334 _ona3g3l | 65
.36 .—@-& — 11520 0053760 0214118 0005995 oosutee B
.37 [N —. 11655 . 0050505 . 0216890 . 0005639 Lo045063 | 6
L3BRG T2 — 11780 0947120 0219461 0005267 ‘0045616 | -2
AR 11 | —.11895 . 0043615 .0221832 .O004880 ~opaslze | 61

40| — .10 | —.12000 . 0040000 0224000 0004480 “oo4e59z | 8¢
’-E —.09 | —.12095 . 036285 0225065 onos067 | .opatars .5
42— o | —.12180 . 0032480 0227725 . 0002644 CoodTaes | B
A3 - .07 —.12255 . 0028595 0229281 . 0003210 “ooatT2e | -5?
- .06 | —.12320 0024640 . 0230630 0002768 "godaozo | -5
45 1 —.05 ) —.12375 - 0020625 0231773 ‘0002318 | .o0s8267 | 58
. i? - -34 —.12420 016560 _0232709 0001862 0048469 | 54
ATy 3 | —.12455 . 0012453 . 02334358 .0001401 “poassas | 33
o 21 12480 - (008320 ‘ogas0ss | .0000936 | .0048738 | 5%
A2 | —.0L | —1ziss | 0004163 | 0234271 “o000ass | 0048806 | -5
. 00 | —l12500 | 0000000 0531475 | .oopoooo | oeseezs | -5
) B
i — R B — B3 B —Bs By 8
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Gauss's Quadrature Coeflicients.

0.5773% 02692 ‘

1.040000 00000

‘|

"

n =3
0| 0.00000 00000 0.388888 BRHSY
1] 90.77459 66692 0.55555 55556
n=4
1| 0.33998 10436 0.65214 51549
2| 0.86113 63116 0.34785 48451
n=>5
| N
0 | £.00000 00000 0.5688% §88B9
1| 0.53846 93101 0.47862 86705
S 2 0.90617 98459 23692 63851
n=6
1 | 0.23861 91861 0.46791 39346
2 | 0.66120 93865 0.36076 15730
31 0.93246 95142 0. 17132 44924
n =7
0 | 000000 00000 0.41795 91837
1} 040584 51514 0_3RIRI DIJS()Sm
2 | 0.74153 11856 0.27970 53915
3| 0.94910 79123 0.12948 4;(
=8 o N
\ X
1 0.18343 46425 o{abzan 37834
2 | 0.52553 24099 0\%'1310 66459
3| 0.79666 64774 ¢ 0/ 22238 10345
4| 0.96028 9856 ) 0.10122 85363
P ‘ -
— AN
] o.nauhg\ooooo 0.33023 93550
1 32425 34234 0.31234 70770
2 JE37 14327 . 26061 06964
3| 0.83603 11073 0.18064 81607
4| 0.96816 02395 0.08127 43884
n= 10
I | 0.14887 43300 0.29552 42247
2 | 0.43339 53041 0.26026 67198
3 | 0.67040 036383 0.21908 63625
4 | 0_B6506 33667 0.14945 13492
5| ©.97390 65285 0. 06667 13443

(

no= 11
0 ‘ 0.00000 DO00O 0.27292 50868
1 0.26954 31560 0, 26280 45445
2 0_5190Y9 61201 0.23319 37646
3 1,73015 20056 0.18620 42109
4 0. 88706 25998 0, 12558 01695
5 | 0.97822 86381 0.05566 B5671
n =12 2\
1 ‘ 0.12533 34085 | 0.24014 70438
2 0.36783 14989 0.23349 25365
3 0.58731 70543 0. 20316 T4267
4 0.76940 26742 0. 100N 83285
5 0.90411 72564 A0693 3260
o 0.98156 06342 AN0471T 53364
n =95
- A\ >
2 N4
o | o.e0000 cobglr | ©.25255 15532
i 0.23045.83160 0.22628 31803
2 0. 44849, 27314 0. 20781 60475
2 06483 93394 0. 17811 59808
4 080157 80907 0.13887 35102
5 | Ohapi59 83992 0.00212 14998
[ 0 08418 50547 0. 04048 10048
TR dﬁraullEr%r:y PERAD
! 0. L0805 40487 0.21526 38535
2 0.31911 23689 0.20519 84637
3 0.51a324 86364 0.18333 #3975
4 0.68729 29048 0,15720 31672
5 0.82720 13151 0. 12151 85707
6 0.02843 48837 0. 0BU1S BOBTZ
7 098628 38087 0.03511 94603
n =15
o 000000 00000 0.20257 B241%
1 0.20119 40940 0.19843 11853
2 0.39415 13471 0.18616 10000
3 0.57007 21726 0.16626 92058
4 0.72441 77314 0.13957 0677Y -
5 0.84820 65234 0.10715 92205
6 0.93727 33924 007036 60475
7 0.98799 251580 ¢.03075 32420
R
L 0.09301 25098 0.18945 06105
2 . 28160 35508 0.18260 34150
3 0.45801 67777 0.16915 65194
4 0.61787 62444 0.14959 59884
5 0. 75540 44084 0. 12462 BYT13
6 0.86563 12024 0.09515 85117
7 0.94457 50231 ¢. 06225 35239
0.98940 09350 0.02715 24594
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Table VIII. Lagrangian Interpolation Cofficients.
. 5-Points
o [ A —A_ As Al —As P

0.60 | 0000000 L 0G00000 1.0000000 . 0000000 0000000 | 0.0

01 0008291 . 0065998 .9998750 0067332 . 0098374 '

02 . 0016403 0130654 9995000 . 0135986 0016827 R

.03 _B024603 . 0193956 .9988752 L 6205954 . 0025352 .0

.04 0032614 .0255898 9080006 | . 0277222 0033946 .04

0.05 0040523 . 0316469 9968766 0349781 .0042602 | 005

06 0948325 0375662 9955032 . 0423618 . 0051315 i

.07 .0036016 - 0433468 .9938810 0408722 . 0960079 017

08 0063590 . 04898852 .9920102 0575078 .00G2B90N ° .08

.09 0071045 L 0544894 9898914 0652676 0077740/ § 0.09

"N

0.10 078375 0598500 .9BT5250 0731500 0086625 | 0.19

kL . DUBSSTT 0650692 9849116 0811538 |, 0095538 .1

12 . 0092616 0701466 .9B20518 0892774, f\ (0104474 12

.13 . 099580 .0750814 .9789464 .0975196 /) . 0113425 13

14 LOL06375 0798734 .9755960 .1058786 | 0122387 RE

0.15 0113023 . 0845219 .9720016 N e3sst .o131352 | .18

\ 16 -0119526 . 0890266 .9651638 220414 0140314 .16

17 .0125879 .0933870 .9640838 1516420 -0149266 a7

.14 L0132077 0576030 95976247 { ). 1404530 . 0158203 18

.19 0138119 1016740 - 9552008, 1493730 0167116 19

0.20 . 0144000 L 1056000 9501000 . 1581000 .o176000 || 0.20

.21 , 0149718 . 1093806 L 4453612 1675324 L 0184847 .31

.22 0155269 1130158 | 09400856 1767682 . 0193651 -2

.23 olbtsse dbraukdboary, rmite7as | (186loss | 0202403 | B

24 0165862 1198490 Sy © 0288204 . 1058430 0211058 24
¢.23 0170898 .1230469% || 9228516 .2050781 .0219727 | 0.25

.26 .G1T5757 .1260890 9166424 . 2147000 . 0226283 26

.27 .6180437 . 1250052 0102026 .2244338 0236758 21

.28 .0184034 | 72317658 .9035366 .2342502 . 0245146 48

.29 -o180248¢ w1343806 _B96G432 2441564 . 0253437 28

#.30 .0193325 [ 1368500 . 8895250 . 25415300 0261625 | 0.3

.1 .0197314 1391740 .B821B38 2642290 . 0269701 -3l

.32 420062 .1413530 .B746214 .2743910 0277650 .8z

.33 2204619 .1433870 8668398 L ZB46340 0285486 .53

34 140207981 .1452766 .8588408 2040554 .029317¢% -3¢

0- 35\ Vo248 .1470219 8506266 .3053531 0300727 38

30N 0214118 -1486234 . 8421990 .3158246 .0308122 3

87N 02terno .1500814 . 8335604 3263676 .0315355 -

R .0219461 .1513966 8247128 .3369794 . 0322419 .38

o dhas 0221532 . 1525692 . 8156586 . 3476578 .0329308 -3

7PN

\[¥ 040 .0224000 . 1536000 -BO64000 . 3584000 .0336000 | 048

.41 . 0225965 .1544894 7969394 .3692036 .0342500 A

42 0227725 .1552382 . 7872792 .3800658 0348793 42

.43 .0220281 .1556468 . 7774220 . 3909842 0354874 A3

44 ) 0230630 | .1563162 ‘7673702 | 019558 | .oscezs | 4

0.45 | .0231773 .1566469 7571266 4129781 0366352 5

e ) 0232709 -1568398 ‘7366936 | .azsoaz | .oanizaL | 8

47 .0233438 1568956 7360742 4351634 0376857 4

.48 .0233958 .1568154 7252710 (4463206 .0381722 .48

.49 | 0234271 . 1565998 .7142370 4575172 .0386314 A

0.50 | .0234375 . 1562500 . 7031250 4687500 .oagae2s | 0.5

-

—B As — A Ay Ao —Aa | TR
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Table VIII {continied). Lagrangian Interpolation Coefficients.

e ————

4687500

. \AD73954

_galipe dbraytihssaty.

3-Poiats
,_11 A —Aa | Ao
.50 0234375 1562500 _TO31250
.51 0234271 1557668 6917880
.52 0233958 1551514 LB602790
.53 0233438 1544046 6636012
54 . 0232709 .1535278 6567576
9.55 L0231773 1525219 6447516
.56 0230630 1513882 6325862
57 0229281 1501278 L 6202650
58 0227725 1487422 _GOTTO12
.59 0225965 1472324 5951684
0.60 Q224000 . 1456000 5824000
.61 0221832 1438462 . G694806
.62 0219461 1419726 -.5564408
.63 . 0216890 1399804 5432574
64 0214118 (1378714 52049430
0.65 0211148 1356464 5165016
.66 . 0207981 1333086 5029368
61 0204612 L 1308580 4892528
.68 0201062 1282970 L 4754534
.69 0197314 1256270 1615428
0.70 0193375 1228500 4475260
71 0180248 (1199676 L 4334042
T2 8184934 1169818 " 4101846 %S
Nk . 0180437 1138942 4048706,
.14 0175757 L 1197070 .3904664°
0.75 0170898 .1074219
.16 0165862 . 1040410 MBGLA05E
W17 0160652 1005662 A\ 3267576
.78 0153269 “pu69098 N\ 3320376
.79 .0149718 .agsggig.. .3172502
0.80 L 0144000 3896000 . 3024000
.81 L (138119 0857710 . 2874918
.82 0132077 \_u§18590 L 2725304
.B3 0125879 £\ V0778660 2575208
.24 0119526 0737946 2424678
0.85% .0118023 0696469 2273764
.86 MH106373 0654254 . 2122520
87 5009580 611324 1970994
L85 _In300v2646 LOB6TI0G 1819238
_BON]W 0085577 0623422 1667306
&™) 0078375 0478500 1515250
W91 0071045 L (43296% 1363124
92 0063550 0386842 1210982
.93 056016 0340158 1058880
S04 0048325 6202942 L 0906872
0.95 0040523 0245219 0755016
.96 0032614 0397018 L D6033660
97 0024603 0148360 L 0451982
.98 0016493 0099294 0300920
.99 0008291 0040823 DL50240
1.00 . 0000000 L 0000000 . DO0000D
ey
—B As = A 1

A
4800162
L AD13126
.5026364
5130842

. 5253531
_BE6TIVE
L 5481412
5505558
_BT09746

5824000
5038268
L 6032514
_BLE6TOE
6280806

6394781
_6508504
5622210\,
6735590
6B4BT00

S )
£ 6961500

. TLB6022
7297668
7408850

. T629670
7739228
L TB48162
7956434

. 8064000
L B170820
LB2TO850
. B3820549
848634

. B5897HL
,B692226
87930666
_BRO4054
, 8903348

9091500
9188466
0284198
9372652
L4718
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Table VITI (continued). Lagrangian Interpolation Coefficients.
5-Points '
P A_: —A Ag A1 —As P
1.00 . 00000060 _00G0000 . ) 1. 0060000 || 100
.01 L Q00BITL 0050162 . 0149740 1.0082492 0025461 .01
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.03 . D025352 0151364 0447478 1.0242274 0079193 03
04 0033046 0202342 0595354 1.0319462 0107494 04
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.11 . 0095338 563268 . 1606074 1.0804498 . ue;sésm i
1z 0104474 0615014 L1746202 1.0865254 | £ 0370406 .12
13 .0113425 (0666706 1885066 1.09253716 ) W0408070 N H
.14 0122387 0718306 2022600 1.0979826{ [,/ 0446853 14
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.22 0193651 1123522 3066664 1.1337362 0799429 .22
.23 . 0202403 L1172668 . 335084 1.1369778 . 0849042 .23
.24 -0z1medw dhianlibeany egims 1.1399270 . 0899942 24
1.25 0219727 1260531 3. 3427734 1.1425781 .o952148 | L.25
.26 0228283 .1317170 % 3543816 11449250 1005677 .26
217 0236758 1364238 3657634 1.1469618 J1060547 | .27
.28 . 0245146 . 141232 L87T60112 1.1486822 1116774 .28
25 0253457 .1456434 . 8878178 1.1500804. 1174378 .29
1.30 0261625 1501500 . 3984750 1.1511500 .1233375 | 1.30
.31 0269701 N, 1545820 4088752 1.1518850 .1203784 .81
.32 .0277658\ ) . 1589350 LAT90L06 1.15227%) 1355622 32
.33 0285486 5 | 1632050 4288732 1.1523260 .1418909 L3
.34 02081 1673874 . 4384552 1.1520194 . 1483651 .84
1.35 .,0330727 1714781 1477484 1.1513531 . 1549898 1.35
.36 9 b.ﬁus_lzz 1754726 LA567450 1.1503206 L1617638 .36
BT A\ 0315355 1793666 . 4654366 1.1480156 | 1686500 A7
384N - 0322419 1831554 . 4738152 1.1471314 .1757701 .38
38| 0329303 . 1868548 /4818724 1.1449618 . 1830062 -89
RS 0336000 | .1904000 | _asoenoo | 1.14z4000 | .100a060 | 140 |
\ el 0342500 . 1918466 . 4969896 1.1394396 .1979535 41
.42 . 0348795 1971698 5040328 1.1360738 . 2056685 42
.43 0354874 .2003652 .5107219 1. 1322962 .2185471 43
.44 . 0360730 2034278 .5170438 1.1280998 .2215910 .44
1.45 . 0366352 2063531 .5229984 1.1234781 2208023 § 1.45
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.49 . 0386314 .2165842 5429140 1.1006012 . 2643601 A9
1.50 . 0350625 2187500 . 5468750 1.0937500 2734375 1.50
|
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; : ion Coefficients,
Table VIII {coniinued). Lagral:lglan Interpolation Coe
5-Points — 5
Aa A — 2
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Table XI. Second Derivative Coefficients.

A"--:%

T du ek

Lk [ ] oan ] oan | oAl ] oAl ] Al ] an ] 4n
n=2(3Points) D, =1

‘ al | 1| -2 1 | -
n =23 {4 Points} D, =1
N
0 2 —5 -4 -1 ¢\
1 1 -2 1 0 e\
2 0 1 -2 1 N
L 3 —1 t] -5 2 N
n =4 ({5 Points} D, =12
0 35 [ —104 114 —56 EN®
1 Il —20 6 4 =1
2 -1 16 —30 16| =1
3 -1 4 6] —200 U
4 11 —56 14| —1Lfy" 35
n=35(6 Poipi:s)' D, =12 .
0 45 *ﬁff’" 214 [NS1s6 61| —10
1 1w gz_uhbr_@&'_y wrgn —6 1
2 -1 16| 230 16 -1 0
3 0 1| 161 —30 16 -1
4 1 —64\" 14 —4| =15 10
5 —10 60N —156]  214] —154 45
? . P
" n = 6 (7 Points) D, — 180
(] 812 N=>3132F 5265f —5080( 2070 —o72] 137
1 BKp —207| —255 470 —285 93] —13
2 13 228 —420 200 15| —12 2
3 & 2 —27 270 —499 270 —27 2
4 J 2 —12 15 200 420 228 -—13
5.\ —13 93| —283 470 —235] —207 137
6 137 ] —972] 2970} —5080| 5265 —3132 812
~O ~_n =7 (8 Points) D, — 180
N oo 938 | —4014| 7911 —9400| 7330| —36l8| 1019| —12%6
1 126 ~70| —486 855| —670 324! —90 1
2 —11 214 —378 130 85| —102 15| -2
3 2 —27 270 | —490 2701 —27 2 0
4 ] 2 —27 270 | —490 270 | —27 2
5 -2 16; —102 85 130 —378 214| -1
6 11 —90 324 | —670 855 | —486| —70| 126
7 —126 1019 | —3618) 7380 —9490| 7911 —4014| 938
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Table XII. Third Derivative Coefficients.

A”’ — dA;‘:
k= =
du |u—s
re r r
ef aw | aw | oaw | aw | oawm | Ay | o |az
=3 (4 Points} D, =1
All -1 3 -3 1 N
28 1
n = 4 (5 Points) D, =2 NS ¢
0|l -5 18 —24 14 -3 N
1 -3 10 —12 6 -1 AD
2 -1 2 0 -2 1 AN
3 1 —6 12 —10 3 4
4 3| —14 24 —18 5 \
. o\
n =5 (6 Points) Da = 4 .8~
o | —17 71l —118 98 Lo 7
1 -7 25 —34 29 | W=7 1
b — — _ v"' 2 i _
5 i _% }g _v%\g,\'s,. glbraulqn ary,cu%g in
4 -1 7 —22 34 —28 7
5 —7 41 ~98 | s -1 17
\V
n =\€Ké‘?. Points) D, = 24
N
0 | -147 696 | —1383 1488 —921 312 —45
1] —u15 168 || (5219 192 —87 24 —3
2 —3| —24 |/NY105 | —144 87| —24 3
3 3 — 24" 39 0 -39 24 -3
4 —3 3" —87 144 —105 24 3
5 3 »%2’4 871 —192 219 | —168 15
6 45 [\ 312 921 | —1488 1383 | —696 147
(»«j J n = 7 (8 Points) D, = 120
0 \—96T 5104 | —11787 | 15560 | —12725 | 6432 | —1849 | 232
1§ —232 899 | —1392 1205 —630 267 —~64 7
2 —71 —176 693 | —1000 715 | —288 71| —8
3 8| —71 48 245 —440 267 —64 7
£ —1 64 —267 440 —245 | —48 71| —8
5 8 —71 283 715 1000 | —693 176 7
6 -7 64 —267 680 —1205 | 1392 —889 | 232
7| —232 | 1849 | —6432| 12725 | —15560 { 11787 | —5104 | 967
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354
Table XIV. Powers of Integers, V%, (i=1, - - - , 6).
(i=1-+,6,1<N<40

( N Nz N N+ Ne e
1 1 1 1 1 1
2 4 3 16 39 64
3 9 27 31 243 7
4 16 64 256 1024 209
5 25 125 625 3125 15625

oA

6 36 216 1296 7776 <\ 46656
7 49 343 2401 16807 . NJ 117649
] 64 512 4096 32768 |~ 262144
9 81 729 6561 59049 N 3 531441
10 100 1000 10000 10000¢<'\ 1000000
11 121 1381 14641 161057 1771561
12 144 1728 20736 249832 2085984
13 169 2197 28561 371203 4826809
14 196 2744 38416 ‘(537824 7520536
15 295 3375 50625 759375 11390625
16 256 4096 65536, ° 1048576 16777216
17 289 13 83521 1419857 24137569
18 324 Ww-.égwul raryhgsREn 1889568 34012224
19 361 6859 130321 2476099 47045481
20 400 8000 160000 - 3200000 64000000
21 441 9261 \5' © 194481 4084101 85766121
22 484 10648, 234256 5133632 113379904
23 529 12%". N 279841 6436343 148035889
24 576 13 331776 7962624 191102976
23 625 15625 390625 9765625 244140625
26 676 M17576 456976 11881376 308915776
27 729, (> 19663 531441 14348907 387420439
28 73%;._ 21952 614656 17210368 481390304
29 ga1 24389 707281 20511149 504323321
30 | 900 27000 810000 24300000 729000000
3L % 961 29791, 923521 28629151 887503681

Mgz'“ 1024 39768 1018576 33554432 1073741824

\32 1089 35037 1185921 39135303 1291467969
4 1156 39304 1336336 45435424 1544804416
35 1225 42875 1500625 52521875 1838263625
36 1296 46656 1679616 60466176 2176782336
37 1369 50653 1871161 69343957 2565726409
gg 1444 54872 2085136 79235168 3010936384
3 1521 59319 2313441 90224199 3518743761

1600 64000 | 2560000 102400000 4096000000




TABLES

n
Table XV. Sum of Powers of Integers, 2 b
. =1
m=1234;1<n< 40
n Zk zkt Zhi Tkt
1 1 1 1 1
2 3 5 9 17
3 6 14 36 98
4 10 30 100 354
5 15 55 225 979
6 21 91 441 2975
7 28 140 784 4676,
3 36 204 1206 8772\
9 45 285 2025 15333
10 55 385 3025 25383
A\
11 66 506 4356 | 7/»39974
12 78 650 6084 N 60710
13 91 819 32810\, 89271
11 | 105 1015 110250 127687
15 | 120 1210 14490 178312
16 | 136 1196 98496 243348
17 | 153 LT85V e d‘bmw,bt ary .oBgTF6Y
18 | 171 2109 20241 432345
19 190 2470 36100 562666
20 210 280 44100 722666
21 | 231 \\3311 53361 1917147
22 | 253N] © 3795 64009 1151403
23 27N 4324 76176 1431244
24 | H3oy 4900 90000 1763020
25 4 \325 5325 105625 2153645
6 )| 351 6201 | 123201 2610621
;\\37 “| 378 6930 142884 3142062
N28 | 106 7714 164836 3756718
Y20 1 435 8555 189225 4163999
30 | 465 9455 216225 5273999
a1 | 496 10416 246016 6197520
32 528 11440 278784 7246096
33 561 12529 314721 8432017
34 | 3595 13685 334025 9768353
35 | 630 14010 396900 11263978
36 | 666 16206 443556 | 12948594
37 | 703 17575 404200 | 14822755
38 | 741 19019 519081 16907391
39 | 780 20540 608100 19221332
10 | 820 22140 672400 | 21781332
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Table XVII. Mbodified Orthogonal Polynomials. *

m 4 5 6 T

X |p, P, P,|P, P, P, P|P, P, P, F, F[P| P, PEPiPLi

1 {1 -1 -30~-2 0 61 —4-2 2 1000 -4 0 6 0
2|3 1 11 -1-2 —43 -1 -7 =2 —5]1 -3 -1 1 .3
3 2 2z 1 145 5 5 1 12z o -1-1&4
4 3 5 1,3.]
EP7[20 4 20010 14 10 70[70 84 180 28 25228 84 _GLISL 84
10 5 35 3 5 7 21 S
Az o1 1 o1 2 e 202 L 2] 12 =
: 6 1z 2 3 1z 100" A\'6 12 2
[ K
m 8 9 Q) 10
X | P, P, P PP, P P, B PP, P, P
€
1 {1 1-5-3 9 1530—-20 o o 1-4-=12 18 6
2 | 3-3-7 —3 171 -17 —g~9 9 3-3-31 3 .1
3 | 5 1-5-13—-2302 —8 =I»-11 4 5-1-35-17 I
4§ 7 7 wwwibrafliprargergin—21 —11} 7 2 —14 —22 14
5 1 28 14 14 4 9 6 42 18 §
ZP 1168 163 264 616 Z184]60. 990 168330 8,580 780
(2172 2,002 132 2,860
pA 2 1 z2 7 '7’1 3 8 13 2 1 s k) 1
3 12459 6 12 20 2 3 I
m ne. _ 12 12
gy

; ".:.\ ’ .1.- N v r ’ ] ‘_

X |PLRNP, FL PP, P, P, P, PP P, P, P, P

o .

N .

10 O 6 0 1-—-3 —7 28 200 0 —14 © 31 O
-9 —14 4 4] 3 —29 —19 12 44f 1 —13 —4 64 20
—~6—23 -1 4 5 ~17 —25 —13 290 2 —10 —7 11 26
—1 =22 — 1| 7 1 —21 —33 —-21] 3 —~5 —8 —54 1L

6 —6-—-6—6; 9 25 -3 —27 537 4 2 —6 -96-18
15 30 6 311t 55 33 33 33% 5 11 0 —o66 —33
' 6 22 11 99 22

2

.\.

ool Pr |
N g
£

W W =,

ZPPHIL0 4290 156572 5,148 15912182 572 6,188
854 5236 12,012 8,008 2,002 68,063
i1 2 7 3 |
) 1 1 2 A2 2 : :
6§ 1240 2 % 3 I T

* Table XVII is abridged from Table XXIII of Fisher and Yates: Slatistica!

Taé)feﬁ; Jor Biological, Agriculinral, and Medfeal Research, published by Oliver
and Boyd Limited, Edinburgh, by permission of the authors and publishers.
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Table XVII (conlinued). Modified Orthogonal Polynomials.
m 14 15
X |py, P, P P, P, |P, P, P, P P,
B ‘n\ .
1 1 -8 -24 108 603 0 —56 0 756 0
2 3 —7 —67 63 145 1 —53 —27 621 N\ 6750
3 5 —5 —95 —13 139| 2 —44 - —49 2518, ““1000
¢ 7 -2 —98 —92 28 3 —20 —61 —248) 751
5 9 2 —66 —132 —132) 4 —8 —58 =704 —44
6 |11 7 11 —77 —187] 3 19 —3%°(>869 —979
7 113 13 143 143 143] 6 52 NIRS —420  —1144
8 7 0l 97 1001 1061
P Jy10 97,240 235,144(280 9809780 10,581,480
728 136,136 37128 6,466,460
1 5 7 T N\ 5 35 21
A 2 = = — =1 WY 3 — — —
2 3 12 30| 6 12 20
W W0 bi‘aulibral'v_org in
m 16 N 17
i"';\
x|p P P;\'\‘"‘P; r.ip, P, P, P, P
L 1 —2\Gl63 189 15 o —24 0 36 0
2 3 —A —179 129 115 1 —23 -7 3l 55
3 5 s~ —265 23 131 2 —z20 -—-13 17 88
4 AN —301 —101 771 3 —15 —17 -3 83
5 &N 1 —267 —200 —33 4 -8 -18 —24 36
6. )1 9 —143 —221 143 5 1 —~15 -39 -39
7Y 13 21 91 —91 -—143| 6 12 -7 —39 104
15 35 155 273 143 7 25 7 —13 -9l
9 8 40 28 52 104
=P |1,360 1,007,760 201,552/408 3,876 100,776
5,712 470,288 7,752 16.796
’ 1 1 1
10 7 1]y 1 1 L
A 2 1 5 12 10 6 12 20
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Table XVII (confinued). Modified Orthogonal Polynomials.

m 18 19
xX\p P F P PP P P P, P

1 T ~40 -8 44 2200 0 —30 6 396 Mo

2 3 —31 -—23 33 583 1 —20 —44 352 N4

3 5§ —31 -35 13 733 2 —26 83 297\

4 7 —22 —42 —12 5831 3 —21 —112 »~M27 79

5 9 —10 —42 36 156 4 —14 —1264 168 54

6{ 11 5 33 51 —429) 5 —5 430" '—35¢{ 3

7 13 23 —13 —47 —87H 6 6,089 —453 -—:i8

8 15 44 20 —12 —676] 7 198,)—28 —388 —03

9 17 63 68 68 881 8 3¢ 68 —68 —63
10 9 Sl 24 612 102
P2 1,038 23,256 6,953.5444570. L ¥ 213,180 89,148

23,256 28,424 13,566 2,288,132
A 3 11 20N 1 5 4
2 3 12 ’IOL 6 12 4
i oy o hraulibl'arjy:fo'r.'é.‘
m 20 L N 21 ]
p! : :mg\f ] '] ’

X 1 P; P's\< P-; Ps PI P;. P’s PI. Pﬁ

1 1 —33 /209 1188 396] 0 —110 0 594 0

2 3 —nINLag7 948 - 1076 1 —107 — 54 540 1402

3 5 F21 —-445 503 1441 2 93 103 385 2444

4 T(S5?1 —5853 —77 1851 3 —83 —142 150 2819

5 ,Q\~—13 —591 —g87 77 4 —62 —166 —130 2354

.‘\

6 f591 -3 539 —1187 —1870 5 —35 —170 —406 1063
W13 9 =377 1402 —12220 6 2 —149 —615 —788
\8; 15 23 —85 —1122 —1803) 7 37 08 _—gg0 —2618

g 17 89 357 —102 —1132| @ 82 —12 —510 -3468
10 19 57 96% 1938 1938 9 133 114 0 —1938
11 10 190 285 960 3876
ZP'%(2,660 4,903,140 31,201,800§770 432,630 121,687,020

17,556 22,881,320 201,894 5,720,330
A 2 I 1—0- E _T_ 1 3 § l gl
3 24, 20 6 12 40
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Table XVII (continued). Modified Orthogonal Polynomials.
m 22 23
X|® P P P, P, 1P P, P P, P
1 1 -2 -—-12 702 390] 6 —44 0 858 0
2 3 -1% —35 58 1079 1 —43 —13 703 65
3 5 —17 —55 365 1509 2 —40 —25 605 116
4 7 —~14 =70 70 1554f 3 —35 —35 315 14}
5 9 —10 —78 —258 1158 4 -—28 —42 —42 (N33
€ N\
6 [ 11 —5 —77 -—563 363 5 19 —45 —41)" 87
-7 13 1 —65 =775 —663 6 —8 —43 W7 12
8 15 8 —40 —810 —1598 7 5 —35 4055 _77
9 17 16 0 —570 —1938) 8 20 —207/%950 -—152
10 19 35 57 57 —969 9 37 . —627 —171
1 210 35 133 1197 2261] 10 56\N'35 133 —76
L 11 a2gY 77 1463 209
=P’ |3,542 96,110 40,562, 310(L,012 .\~ 32,800 310,860
7,084 8,748,740 T N350420 13,123,110
N P T S A N T A |
2 3 12 B0 aulibrary.org.in 6 12 60
m 24 N\ 25 4’
xX1{p B, P, ip§\ P, pr, P, P, P, P
1 1 —143 —M43X\N143  T715] 0 —52 0 858 0
2 3§ —137 -—al¢ 123 2005 1 —51 —77 803 275
3 5 —125 _ £665 85 2893 2 —48 —149 643 500
4 7 —107 MS86l 33 3171] 3 —43 —=211 393 63l
5 9 —8¥)0L987 —27 2721] 4 —36 —258 78 636
N\W
5| 1 .§;5~3 —1023 87 1531] 5 —27 —285 —267 sS01
7| 138217 —940 —137 169 6 —16 —287 —-397 236
B3 18% 25 —745 -165 —2071] 7 — 3 —259 —857 —I119
o L Oy 73 —361 —157 —3553] 8 12 —196 —982 —438
W} J19 127 133 —97 —3T43 9 29 —93 —8Y7T 753
11 21 187 847 33 —1463) 10 48 55 —517 —748
12 | 23 253 1771 253 4807 11 69 253 253 —253
13 12 9z 506 1518 1012
=P2a,6000 17,760,600 177,928,920 53,320 14,307,150
394,650 394,680 11,300 1,480,050 7,803,900
10 1 3 i 1 5 5 1
A 2 3 3 = 10 6§ 12 . 20
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Table XVII (continued). Modified Orthogonal Polynomials,
m 26 27 ]
X tP, P, P P, P, | P P, P P P,
N
1 1 —28 —84 138 330 © —-182 0 1638 . N\ 0
2 3 —27 —247 12921 9350 1 —179 —13 1548 )\ 3960
3 5 -25 —395 905 1381} 2 —170 —35 1285\ 7304
4 7 —22 —518 466 1582] 3 —155 —50 | B8F0 9479
5 9 —18 —606 —54 1482 4 —134 —62/°N338 10058
6 11 ~13 —649 —599 1067 5 —107 %0~ —262 8803
7 13 —7 —637 —1099 377 6 —7aN_73 —867 5728
8 15 0 —560 —I470 —4820 T —35\-—T70 —1400 1162
9 17 8 —108 ~1614 —1326) & 0 —60 —1770 —4188
10 1917 171 —1419 1881 of J61 —42 1872 9174
11 21 27 161 —739 —1771':’1;0' 118 —-15 -—1387 —12144
12 23 38 598 506 —30g) .11 181 22 —782 —10879
13 25 50 1154 2530 2530 12 250 70 690 —2530
14 WwwW.AbraullbraryQxgdn 13 325 130 2990 16445
ZP:(5.850 7,803,900 48,384,180(1,638 101,790  2,032,135,560
16,330 40,060\0510 712,530 56,448,210
s 2 1 E 7 m’ _7... l 1 3 | 7 2_1
2 3\\” 12 10 6 12 40
x:\"'
‘xw
R\
:"\‘."
~O
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Table XVII (conlinued). Modified Orthogonal Polynomials.
m 28 29
X|P P P P, rle, P, P, P P
‘"\\
1 1 —65 —39 936 15600 0 —70 0 2181 .00
2 3 —63 —115 810  4456] 1 —69 —104  208Q \1768
3 5 —39 —185 655 6701 2 —66 —203 1773 3298
4 7 _53 —245 305 7931 3 —61 —292 1290 4375
5 9 —a5 —-291 51 7887 4 —54 —366.< 660 4818
6 | 11 —35 _310 —230 6457} 5 —45 <4207 —66 4521
7 13 93 —325 —590 3718] 6 —34\449 825 - 3454
3 15 —g 305 —870 —29 7 —2I\>48 —1540 1694
9 17 7 —253 —10a0 —4Ify 8 /6 —412 —2120 —556
101 19 25 —i71 —1074 —7866) 9.8 Tl —336 —2460 —2946
|l s1 a5 —40 —s79 —osz1] (o~ 80 —215 —2411 —4958
12 23 67 115 —395 —839§(y°11 51 -—44 —1930 —5885
13 25 91 325 485 —ngﬂ léa 74 182 —780 —4B10
14 | 27 117 5838 1755‘“’3?[“3’4.?”“ rargyorgdes 1170 —585
15 N\ 1 126 19 4095 8190
zpel7.308 2,103,660 1§354,757,040/2,03¢ 4,207,520 500,671,080
95,004 19,634,160 113,274 107,987,830 _
XN 7 4, , & T I
b 2 1 &N 2 2 6 120
0‘.\‘“
A
“\‘.
‘\\w
R\
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Table XVII (confinned). Modified Orthogenal Polynomials.
—

m 30 31
X |PF P P P, P, |\ P, P, P, P, P
”\_-—
1 1 112 —112 12376 1768 0 —80 0 408 o
2 3 —109 ~331 11271  5083] 1 —79 —119 3917 221
3 5 —103 —535 9131 7783 2 —76 —233 ™ 341 316
4 7 —94 714 6096 9408 3 —71 —33%° 261 561
5 9 —82 —858 2376  9768] 4 —64 &d26° 156 636

N
6 | 11 —67 —957 —1749  8679] 5.%65 —495 33 627
7§ 13 -49 1001 —5929  6140] 644 —539 - —99 528
8| 15 —28 —980 —9744 2384 D31 —553 —229 343
9 | 17 —4 834 —12704 —2176 '\\s —~16 —532 —344 38
10} 19 23 -703 —laa0  —eazfy 1 —471 —429 —207
| 21- 53 —427 —13749 —;0535 10 20 —365 —467 —496
12 | 23 86 —46 —10504 ~31960] 11 41 —209 —439 —TI5
13 | 25 360| 12 64 2 —324 —780
14 | 27 %w%@%aurﬁﬁy org Z5850 13 89 273 —99 —585
15 | 29 20'1 1827 23751 16965] 14 116 609 261 0
16 'g‘,\ 15 145 1015 783 1131
ZP'E|8.990  21,360,210°  2,145,733,200 12,480 6,724,520  9.536,592
302,064 _{_3,671,587,920 158,224 4,034,712
A 2 X 3 33 31 s 1 1
PAS 12 10 6 Iz 60[
‘..\':.
N
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Table XVII (continued). Modified Orthogonal Polynomials.
m 32 33
’ F r

Xy P P, P, P P, \ P, P, P, P P,
1 1 -8 51 459 255 0 —272 o 3672 a0
2 3 —83 —151 423 737 1 —269 -—27 3537 (3065
3 5 —79 —245 353 1137 2 —260 —53 313974864
4 7 —73 —3290 253 1407y 3 —245 —77 2499 ™ 6649
5 9 —65 —399 129 1509 4 —224 98 ¥652 7708
6 1 —55 —451 —11  1419] 5 —197 —1158 Y647 7883
7 13 _43 —481 —157 1131] 6 —164 <137 —453 7088
8 15 —20 _485 —207 661 7 —125 M3 ~1571 5327
9 17 —13 —459 —417 51 8 —80y132 —2616 2712
10 19 5 -390 —501 —627 9 —260—123 —3483 519
1i 91 25 —301 —531 —1267 10{)"28 —105 —4053 —3984
12 53 47 —161 —187 —1725| Ji. 91 —77 —4193 —7139
13 95 71 25 —347 1815 % 160  —38 —3756 —9260
1| 27 o1 260 -7 ‘l’%ﬁ{’l ibrapy.org Yy _ o581 —0425
15 20 125 551 319 8y 14 316 77 —493 —6496
16 31 155 899 899{\2697| 15 403 155 2697 899
17 O 16 496 248 7192 14384

LY
»
zp2[10,912 5,379,616 N54,285,216/2,992 417,384 1,517,128,656
185,504 /5,379,616 1,047,792 318,330,136
’\2 1 _‘.[_. 1 3 1 i i
A 2 1,03 12 30 & 1z 20
\:"\.‘0
AN
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Table XYIII, “Even” Angles, % .
n RADIAN | DEGEREES SIN COSs TAN COT
0 0 0 0 1 0 w
~

1] .261799 15 .2588190] .9650258] 2679492  3.73%0508

2 | 523599 30 .5000000( 8660254 .5773503| (7820508

3 | .785308 45 .T071068| .7071068 1 AN ]

4 {1.047198 60 .8660254) 5000000 1.7320508] \.) 5773503
5 [1.508997 73 19659258 2588190 3.7320508f° 2679492
6 |1.570706 90 1 0 N 0

¢*¢

7 |1.8325096| 105 .9659258| — 2588100 -3~,’?3ﬁosos — . 2679492
8 (2.094393 120 . 8660254 — 5000000{ N\7320508| — 5773503
9 |2.356194] 135 7071068 — . 7071068\ —1 -1

10 |2.617994! 150 .5000000| — . 8660254 — . 3773503] —1.7320502
11 (2.879793| 165 2588190 — .9659258] — 2679493 —3.7320508
12 |3.141593| 180 0 A} 0 w

13 13.403302 5 T ’191659258 .2679492)  3.7320508
14 [3.665191 “"é%db' i 00 1 278660254) 5773503 1.7320508
15 13.926991| 225 |~ 707L068]— .7071068 1 1

16 |4.188790] 240 | . 8660954/ — 50000000 1 7320508 5773503
17 14.450590( 255 | —.0850259 —.2588190| 3.7320508 . 2679492
18 |4.712389| 270 m} —1 0 @ 0
19 |4.974188 235\ —.9659258| .2588190|—3.7320508 — 2679492
20 |5.235988) 300, [—.8660254 .5000000i—1. 7320508 — 5773503
21 |5.497787} (315" [— 7071068 7071068 -1 -1
22 15.759587|°\830 |- 5000000) 8660254 — . 5773503 —1,7320508
23 16.0213860 345 | — 2588100 9650258 — 2679402 —3. 7320508
Lza; 6,2§1'85 360 0 1 0 @

A
N v



311

TABLES

A
v .
"
‘.\Q.N\.
z\" “.v
o
! \/
G9LECLE =°F | 19 = %4
15505 = 7 ¢ =i
SEEL = "o 1='7
sdaquIn N g
0GE o 9% _
—=_ =g | Z=g
TTS¥LT e
\Jimwam. = b 0|m =¥
L9867y 4 ! g
018 _ v _ .
L19% o 1 a
9_, 0g
- =ig 2= wm.
L 1
| ooz, 9
{169 a 7 f

mHUn—EﬁZ I[[nortLIagq

SWeIpeL SZ6ZE SPLI0D =
£02430p TET46 LLE6E LS = WRIPRI Y

aaifep T

Ay .wmgm QETOC'T | 618PF GZVEV O a 9180
7 ££6990 £9909°0 | 1031 LEVY T To

"W | SBE80E SESET0 | 68609 50686 L 22

/a1 51996 181950 | S8281 8281L°Z 2
J { Boeez ¥6868°0 | 9%228 59905 T g A
[Eusese6 8TV9S°0 | 60588 SPELL'T A
Hoocy 8826170 | GL6TF TEEST T | T/EN

THERLH £ESE00 PPO9L TFILY 6% o{2£2)

299817 ZEI0T'0 | TTOFY 09698 6 ot
Sovely ‘92507 0 | S0OTL OPLOF T | s(&/®)

TER6T ST6SD 0 | BL0€S BIEEE'9 ag

29886 cmﬂ&v 9£5Y7 6STHL € 2

y \ 4

¥2LL6 1999 0]/ 89269 61026°T N

W A
TYOOHAIDHY - .Wn&m— A WYEL
(.
sIesu0)  XIX A9EL \
. p
on




ANSWERS TO THE EXERCISES

RS
.¢0\\
. \J
R
Exercise 1. s:\ v
1. 38.462, 2,3742, .0023714, .70003. '\\‘
2. 30.437. \\
3. 8.432. N

4, 62, 419, 183.5625, 1.2620. D\

5. P(-")(:c) 1 12PW(x) + 0P (x) + 161’@9(:5)( + 3PD(z) + APO(z).
9, 8432,

10, Rio{.5) < 1.29 X 1070, www.dﬁnysuhbral y.org.in

Exercise 1L :'f“
1. . N.
m\\A 3 As A
x y o, 0Oy Aty ¥ ty
L=
1.0 1.0060
ON 5191
1.1 | {5191 354
K/ 5545 . —94
. 15207 2.0736 330 24
O 5875 0
NN 3 2.6611 330 24
. N - 6205 24
"N 1.4 3.2816 354 24
/ © 6559 48
1.5 3.9375 402 24
6961 72
1.6 4.6336 474 24
7435 96
1.7 5.3771 570
8005
1.8 6.1776




374 ANSWERS TO THE EXERCISES

2. (a) y(1.7}) = —1.06743; (b) y(5) = 7.

3. (a)
2 ] 0 ‘ 1 ‘ 2 | 3 . A 5
v | 5000 ‘ —4.928 ‘ —4.904 | —4.916‘ ~4.952 | —5.000
- N
z 6 ‘ 7 | s 9 l 1.0
! :'\“\’
y —5.048 ‘ —5.084 ‘ —5.096 | —5.072 |~=5%000
0\,":‘
(b) " \'"
. ) [
- 0 ‘ 01 [ 02 ‘ 03 o 05
y —3000‘ ~.2008 | ~.2091 | 59980 | — 2964 | — 2942
i NN\ .
z .06 .08 ‘ .09 ‘ 10
_‘_W"W"'W“'d‘ ".. d
y —.2915 2842 [ — 2796 ‘ — 2743
1A\l -
y N
R " & 1 2 3
o -
0 AV -3 ~3 -9 —12 ~15 -2
\\2' .3 ) 5
1 2 —2 0 -8 -8 —-u -2
‘,,\\; 6 7 8 9
Y 8 -1 7 —7 0 —-13 ~13
N 10 11 12 13
3 18 0 18 -6 12 -12 0
14 15 16 17
4 32 1 33 —5 28 —~11 17
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5.
z ¥ Alza] Alzay) Alzai] A[wary] Ad[xsaa]
—4 | —4320
2040
—2 — 240 —480
120 64
0 0 —32 : -8 .
—40 -8 - O
-3 —120 —88 4 o\ e
: —480 32  \J
5 — 1080 168 K
360 D
8 0 \\
A\
9. 2o
x Az Azl Adzie ] Atz
: v w dBraulibrary org.fn
0} 1.00000 AN
— 000762
5 .99619 A | —.0001514
— 002276 - .0000001
10 .98481 LS — . 0001500
X 003776 0000002
15 .96593 | —.0001472 :
P~ 005248 . 0000003
20 93969, I — 0001428
G — 006676 0000003
25 | 90631 — 0001380 '
O —~ 008056
303% 86603
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10.
Fu Ao AAO Ang AsAo
0 1.0000000
— 0001250 _
.01 .9998750 — 0002500
| —.0003750 0000002
02 .9995000 - . 0002493 \
— 0006248 ke S
.03 .9988752 : —.0002498 | .\ °
. — . 0008746 | \20000004
.04 .9980006 - 0{}024% \
— 0011240 ’ 0
.05 .9968766 — 0002494
— 0013734 ,0000006
.06 .9955032 -\.“0002433
—.0016222 .7 .6000002
.07 £9938810 - RN = 0002486 :
- _0018708‘ ’ .0000006
.08 .9920102  —.0002480
www . dbray hb‘['armlégﬁ -0000004
.09 . 9898014 — 0002476 :
l- 0023664
L .10 9875250 |
. o)
Exercise II1, \\

1 18449.9, 247824, 25761.8, 27640.2.

. 18469.0, 27645.8.

3 (a) .988845) .972405, 888873, .912580, .939931.
(b) 1, 5@ 43, 50.784809, —2.420785, —5.203276, —5.407975.

5. 91

Ex,e:{cise IV,

“a) —4.6449, —2.8969, —1.3831.

N (@) 71.641006, 153.714717.

2. 1.747022.
3. 1.2068,
4. .167, .235.

Exercise V,
I. —.5771, —.3306, .0324.
2, —12.373.
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Exercise V1.

1.
2.

{a) 8.638566; (¢) 8.637235.
242.7165.

3. .499986,

Exercise VII.
1. .838874, 912581 . N

2.
3.
4.
5.
6.
7.
3.

Exercise VIIT.

1.
2.
3.
4!0
5.
6.
7.
8.
9.

2422880, —5.212814, —5.424428. _ A
—3.8195. M
1.231 (with p = —.62); 1.225 (with p = —.63). O
—2.9212 {omit value at & = 2.0); [53.71470. N
y'(0) = —.57711, ¥(.5) = .0324. N
—12.373. AV
{a) 8.637301. N\

1.380278. { ‘: ¥
142857 (douhle Toot). ' N+
1.5236. W, dh.r‘auhbrary org.in
.50382; .24693. N

1.177115.

No real positive root. ™

.212139; .256861. <\

(1.444, 155).
(46558, 1.04132; 2\§812 —1.03563).

.‘\)

Exercise IX.

1.

2,

(a) 1. 91{751 .001817; are there more solulions?
(c) 12} 14286, 1.571428571.
(b) 11414214, — 14142143 5 + B660254i.

‘,/

N

Exercise X.
1. {a) True Bolution.

1.1 ‘ 1.2 ‘ 1.3 ) 1.4 1.5 f

|
—3‘01 —-—2A457934~I5| -—2,083335 —1.77515 ‘ —1.53061 | —1.33333 l
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(b} Runge-Kutta Method.

x 1 .2 .3 4 .5
¥ 99534 98279 . 96445 94224 91796
x .0 7 .8 " .9 l.Os
y | 89301 | .86858 | .84565 | .82508 .:3@59\
2. True value at{ = 1.0 is & = 20.22087. "'}‘;
3. True value al{ = 0.8 is ¢ = 11.22507. ,\‘

Exercise X1. _
1.y = 3.9420 — 3.0422¢ 4 2.0180z% .\\‘:

2. By the Nielsen-Goldstein method '\"

—.03788xt 4+ 0343832 — O, 7%16553:5" + 97.659134x + 2.580355.
¥ —.0413752* — 9.258163x2 4+ 96 712139$ + 2.853135.
y = —9 8787853 A 9O TBIAN ohalR03636.

3. The Nielsen-Goldstein mgjlh(;d yields

4

[

y = —.003041z34 0191762 + 0088182 + .132066.
Exercise XII. ¢ i:.?
1. N
i 0 ANY1 2 3 4 5 6
_ \ _|
@ 9{1‘,? 161.30 | 24.17 32.5 | —16.67 | 30.65| —7.67
s'\\
b —139.63 { 19.63 | —32.5{ —6.06 —8.87
5O
A (a) ¥ = 1.6691(1.2733)=.
5 ¥ =32r+ 1.51n 2z
6. y = 1.02636z + .34212.
1.y = L7522 — 37z + .62.
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Absolute error, 17

Accuracy
improvements, 3, 186
in evaluation of formulas, 17
of addition, 19
of functions, 17
of interpolating formaulas, 79
of Lagrangian formulae, 165
of numbers, 2
of numerical inlegration, 132
of solation of difference equahomi,

253 o

of solutton of differential eq;uql Mons,

236

of solution of systems UN@BM equa-

ticns, 180, 194 £\

Aitken’s process, 87 ¢
Algebraic equations) \173

complex rootg 2170, 211
Analysis, h rmbﬁlc, 299
Approx_lma’bQ iumbers, 2
Approxlmahons, suecessive, 10

tngapomet.rlc, 297
Apgunent, 24
Aﬁsglﬁent-ed matrix, 179
Autocorrelation function, 315

Backward interpolation, 65

Basic concepts, 4

Bessel’s interpolation formula, 69,

76

by halves, 69

Binomial coefficients, 8
derivatives of, 12

Block relaxation, 259

www~ Ia ibral

Calculating maclmﬁs 21
Central-differeticirformulas, 67, 121
table, 31 O
Classical inbgrpolation formulas, 62
use of\73
Coeffiients, undetermined, 11
Cofactors, 188
Co’mplex coefﬁcwnts, 191
‘rools
onditions E&wugt’nco 210
Crout, P. D., 181
Crout’'s method, 181
Cubature, mechanical, 130

Data, centralizing of, 266
fitting, 263, 313
smoothing of, 287
Derivatives, 100
and differences, 56
higher, 110, 158
of interpolating formulas, 101
of Lagrange’s formula, 152, 154
Descartes’ rule of signs, 170
Determinants, evaluation of, 180, 187
Diagonal difference table, 30
Differcnce
equations, 224, 243
first, 28
operators, 54
Differences
and derivatives, 36
divided, 50 .
function of two variables, 46
higher, 28, 48
tables, 30
Differential correction, method of, 309

379
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Differential equations, solution of, 224
accuracy, 253
by Euler’s method, 224
by Milne's method, 227, 237
by Runge-Kutta methed, 232, 239
choice of method, 236
higher-order, 236 '
partial, 246
systems, 242
Differentiation, numerical, 100, 150
Divided differences, 30
interpolation using, 82
Double differences, 16
Dwouble interpolation, 94, 148

Emmons, II. ' W., 250
Empirical formulas, 313
Equal intervals, 141, 154
Equations
algebraic, 173
difference, 243
differential, 224
heat flow, 248
in one unkno
Laplace’s, 247 {
Hnear systems, 178 ‘f'o
normal, 262 ~
ordinary, 169 \
parabolie, 248 )
partial differential, %& -
Poisson’s, 247
Errors W
ahsolute, 17 W\
general fOTIIKllH_, 17
inherent, A7
in line s}rstems 194
n taln}lated values, 38
pereentage, 17
lative, 17
 Pilér’s method, 224
Evaluation of determinants, 187
Evealy spaced intervals, 141, 265
Everett’s formula, 71, 77
Exponential functlona 297, 307
Extrapolation, 59

Factor theorem, 170

Figures, signifi icant, 2

Forward interpolation formula, 64
Friedman, B., 212

INDEX

Funections
autocorrelation, 315
expoenential type, 307
periodic, 297 .
Fundamental concepts, algebraic, 169
theorem of algebra, 170

Gauss’s formula, 98, 127
Goldstein, L., 273 N\
Graeffe’s root-squaring method, 220

Halves, formula for mter,pc?!at.mg by,
69

Harmonic analyms, 29,9

Hermite's formula, 96

Higher derwatwes 110, 158

Higher dlﬂ'cr(,nces, 28

Impronnénts in solutions, 186
Inhereyltrerrors, 17, 79

aystems of linear equations, 194
Integratmn nurmerical, 116, 160
“aecuracy of, 132

double, 130

W ]dbrauhbrary org in Ganss's formula, 127

Lagrangian formula, 160
Interpolation, 39

Aitken’s process, 87
Bessel’s formula, 69, 76
classical formulas, 62
divided difference, 82
Everett’s formula, 71, 77
formulas, derivatives of, 101
Hermile's formuala, 96
Inverse, 91, 147
Lugrange’s formula, 145
lincar, 60, 87
multiple, 94, 148
Newton’s formula, 6465
Stirbng’s formula, 67, 76
trigonometric, 96
Intervals, evenly spaced, 265
Tanverse iuterpolation, 91, 147
Tteration, 10-11
solving equations, 177, 209, 249

Kutta, see Runge-Kuntta method
Lagrangian formula, 138

multipliers, 166
Laplace’s equation, 247
’



INDEX

Lattice points, 245

Least squares, principle, 260
Nielsen-Goldstein method, 273
orthogonal polynomials methad,

282

Legendre polynomnials, 16

Lin, 5. N., 212

Linear equations, systems of, 178
accuracy of, 194

Linear interpolation, 60

Lobatto, 130

Loeation principle, 170

Luke, Y. L., 212

Maeclaurin series, 9
remainder term, 20
Mathematical tables, 24
Matrix, 179
augmented, 179
conjugate, 190
inversion, 188
Maximum and minimum values, 113
Muechanical cubature, 130

3al

Partial differential equations, 246
Percentage error, 17
Periodic functions, 297
FPoints, lattice, 245
Poizson’s equation, 247
Polynomial figting of data, 263
Polynomial interpolation, 60, 62
classical formulas, use of, :3
Polynomials, 5
approximating, 60

differences, 40 ,;"\“\
factorial, 6 2N
Legendre, 16 s &

orthogonal, 15, 282 (":'g
tabulation of, 43 A
Principle, least squa,mé,\zﬁﬂ
localion, 170 °N
Process, pesting, &
Programming,,3 ?

Quadratuf, ‘mechanical, 116
formalas, 116
central difference, 121

Mechanical quadrature, 116, 128 ... dbr.aéi uss’s, 127

Milne, W, E_, 227
Milne's method 227, 237
Muitiple interpolation, 94, 118

m\
Nesting processes, 6 >
Newton-Raphson, 172, 201 \
Newton's interpolation forml a, 64,
73 \
‘Nielzen, K. L, 273 \
Nonlincar equations; 200
Normal equationsy 262
Numbers, ac \Qcy of, 2
Stirl.ing’s:,:ﬁ
Numericaldifferentiation, 100, 150
Numarmiﬂ integration, 116, 160
Nufaerical solution of
algébraic equations, 173, 211
nonlinear equations, 200
ordinary differential equations,
224239
partial differential equations, 246
transcendental equations, 171

Operators, difference, 54
Orthogonal palynomials, 15
use of, 282

5

FAE et R 5D
Simpson’s, 119
Weddle's, 120

Quotients, difference, 245

Rank, 179
Raphson, 172, 201
Relation betwecen
derivatives and differences, 56
rools and coeflicients, 170, 171
Relative error, 17
Telaxation, block, 259
method of, 254
Remainder terms, 20
Remainder theorem, 169
Residuals, 261
weighted, 292
Roots
and coellicients, 170, 171
by Graeffe’s method, 220
by iteration, 177, 209
by Newton-Raphson method, 172,
201
complex, 170, 211
location of, 170
rational, 170
Root-squaring process, 220



382

Rounding of numbers, 2
Runge-Kutta method, 232, 239

Scarborough, J. B., 250
Sensitivity, 195
Series, 9
Sheppard’s rules, 86
Significant figures, 2
Simpson’s rule, 119
Simultaneons equations
algebraic, 178, 200
differential, 242
linear, 178
Smoothing of data, 287
formulas, 291, 292
Southwell, R, V., 250
Stirling
mterpolation formula, 67, 76
numbers of the first kind, 6
Subtraction, aceuracy of, 4, 17
Suecessive approximations, 10

AN

N

’5

LS

INDEX

Systems
methods of solution, 198
of differential equations, 242
of linear equations, 178
of nonlinear equations, 200

Taubles, difference, 30
mathematical, 24, 325 I\
Tabulation of polynomials, 48
Taylor weriex, 9, 10, 21 ’:"\’
Tohebycheft, P., 130 ™
Trigonometric approxn:patlons, 207
interpolation, 60, 96
Two-way differgntes, 46

¢* &
Ufford, D(ﬂo’i’é‘, 212

 Undetermined coefficients, 11

wcd,ifﬂ\}“mle, 120
Weitrstrass, K., 60
MWeight, 202

« Waeighted residuals, 202
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