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PREFACE

Early in 1938 a small group of Gosset’s relatives and friends decided to examine
the possibility of arranging for the re-issue in a si.ngle volume of all the scientific
papers which he had published between 1907 and 1937 under the pseudonym
of “Student”. The project was a happy one, for a unity of purpose runs
through the whole of his contributions. In nearly every case the origin of a
paper lay in a problem or problems which required solution in connection 'with
his or his colleagues’ work at the Dublin brewery and, since the brewer is
concerned with barley as well as with chemistry and engineering) the central
theme of Student’s contributions was the application of stadgiﬁ%jcal method in
the research and routine problems of both industry and agsisilture.

The simplicity and directness of his methods of appraach, his clear grasp of
the practical issues, his appreciation of the limitation“of mathematics when
applied to the data of experience, his warning tha,t’séaltistical technique should
be regarded as an aid to but not a substitute for\pommon sense, have given to
his writing a fundamental appeal which will {ast, although the precise mathe-
matical methods by which he derived his’results may have been superseded.
He was a pioneer worker in a field which, during his later years, was rapidly
expanding and his work is intima,telyf related to the historical development of
his subject. As such, it was inevitable that he made certain mistakes and that
his proofs were not all corregct) although it is surprising how right he was in
general and how often he % g}t there first” by what was sometimes an inspired
guess. 7N
Under these circumgtatices we have regarded our editorial role as & minor

one; we have not ,aigbéfﬁpted to point out every place where later work may
have modified ceib'a:ih of his methods of attack or simplified his mathematical
proofs, for wes 8:0 not expect the reader to regard this volume as a text book.
Where num:e:ﬁéa.l or algebraic slips have been discovered, some of them possibly
misprinfs, e have corrected these without comment unless the alteration
_appeared seriously to modify the argument. Such few editorial comments as
were considered necessary appear in footnotes enclosed in square brackets and
followed by the abbreviation, Ep. In two instances the original paper contained
contemporary editorial comment by Karl Pearson, and here we have inserted
the letters K.P. to make the distinction clear. To assist the reader, Student’s
references in the text to his own contributions have been followed by the
number with which the article is headed in this volume, e.g. [2, p. 29]. The
main papers have been reprinted in the order of date of publication while a
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few shorter miscellaneous contributions are added in a separate section at
the end. .

"As a Foreword, an appreciation by Launce McMullen has been included
which, with slight medifications, is the article headed ““Student as a Man”
that appeared in Biometrika, xxx (1938), pp. 205~-10. For further appreciations of
Student’s personality and statistical work reference may be made to articles
by R. A. Fisher, Annals of Bugenics, 1x (1939), pp. 1-9; E. 8. Pearson,
Biometrika, xxx (1938), pp. 210-50; and to contributions by H. H., J. W. and
E. M. E. in the Jowrnal of the Royal Statistical Society, o1 (1938), pp. 248-51.

The papers have been collected from a number of sources and we fonst thank
the following authorities for freely granting permission for their/re-issue in the
present volume: the Editor of the Annals of Eugenics ; Messrs Bailliere, Tindall &
Cox, the Publishers of Builliére’s Encyclopeedia of Scs'en‘tzl_ﬁc"Agm'cultwe; the
Trustees of Biometrika; the Editor of the Eugenics qu‘g?éw;’the Editor of the
Journal of Agricultural Science; the Editor of the J ouznel of the American Sociely
of Agronomy; the Director of Metron ; the Proprietors'of Nature; the Council of
the Royal Statistical Society. ' N :

We are very grateful to Dr R. C. Geary al}d:\Mr E. Somerfield for assistance
in proof reading. ' ) _

Finally we should like to thank Mrs W S. Gosset and her brother, Mr . S.
Phillpotts, for giving us this opportunity as joint editors of helping to com-
memorate a friend and teacher to.Whose inspiration in the past we have owed
much. On their behalf we mustalso thank the Trustees of Biometrika for ac-
cepting responsibility for publication and Mr Walter Lewis of the Cambridge
University Press for invaldable help in the arrangement and printing of the
volume, '

PN\ E. 8. PEARSON

o 72 JOHN WISHART
September 1942 £\
N
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FOREWORD

Wirsiray SEALY (GOSSET was born in 1876—the eldest of four sons and a
daughter. His father was Colonel Frederic Gosset, R.E., who married Agnes
Sealy Vidal in 1875. The Gossets were an old Huguenot family who left France
at the Revoeation of the Edict of Nantes.

He was a Scholar of Winchester, and wishing to join the Royal Engineers
passed into Woolwich but was rejected in the subsequent medical examination
{again in 1916 he wished to volunteer for the Army but was re;ecte'd* fﬁr short
sight). He then went as a Scholar to New College, Oxford, wherdie obtained
First Classes in Mathematical Moderations and in Natural Stience. In the
auturon of 1899 he went as a Brewer to Messrs Guinness ing Dublin.

In 1908 he married Marjory Surtees Phillpotts, youngést daughter of the late
Headmaster of Bedford School. She was at about that time Captain of the
English Ladies Hockey Team, and subsequently slf Played for, and captained,
the Irish Team. They had one son and two daughters.

He died on 16 October 1937 and was survnred by both his parents, his wife
and children and one grandson.

It is not known exactly how or whep(* Student’ ” interest in statistics was
first aroused, but at this period scientificmethods and laboratory determinations
were beginning to be seriously applied to brewing, and it is obvious that some
knowledge of error functions uld be necessary. A number of university men
with acience degrees had beengken on, and it is probable that “Student”, who
was the most mathematicel of them, was appealed to by the others with various
questions and so hegan.fostudy the subject. It is kmown that he could calculate
a probable error in ¥903. The circumstances of brewing work, with its variable
materials and sugeeptibility to temperature change and necessarily short series
of experiments,tare all such as to show up most rapidly the limitations of large
sample theafj:\énd emphasize the necessity for a correct method of treating
small samples. It was thus no accident, but the circumstances of his work, that
directed ““Student’s” attention to thig problem, and so led to his discovery of
the distribution of the sample standard deviation, which gave rise to what in
its modern form is known as the #-test. For a long time after its discovery and
publication the use of this test hardly gpread outside Guinness’s brewery, where
it has been very extensively used ever since. In the Biometric school at
University College the problems investigated were almost all concerned with
much larger samples than those in which “‘studentizing”, as it was sometimes
called, made any difference. Nevertheless, although their lines of research
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diverged somewhat rapidly, the close statistical contact and personal friendship
between Karl Pearson and “‘Student ”, which began during his year at University
College, were only terminated by death,

The purpose of this note is not however to give an account of ““Student’s”
statistical work, but to try to give a more general impression of the man himself.
Although his public reputation was entirely as a statistician, and he was
acknowledged to be one of the leading investigators in that subject, his time was
- never wholly and rarely even mainly occupied with statistical matters. For one
who saw enough of him to know roughly how his time was spent both at work
and at home, it was very difficult to understand how he managed\ to get so
much activity into the day. At work he got through an enorriogs amount of
the ordinary routine of the brewery, as well as his statistics. (Until 1922 he had _
no regular statistical assistant, and did all the statigbics and most of the
arithmetic himself; later there was a definite departméht, of which he was in
charge tilt 1934, but throughout he did a great degl\df arithmetic and spade-
work himself. It might be supposed from the amount he did in the time that
he was unusuvally good at arithmetic and the arrangement of worlk; such,
however, was nét the case, for his arithmetig ﬁéquently contained minor errors.
In one of his obituary notices a tendency 31::0 do work on the backs of envelopes -
in trains was mentioned, but this tenddncy wag not confined to trains; even in
his office much work was done on rafidom scraps of paper. He also had a great.
dislike of the tabulation of results’and preferred to do everything from first
principles whenever possible./Lhis preference led in certain instances to waste
of time in routine work, butfvas of assistance in maintaining that flexibility and
speed of attack on new ‘p}s}ﬂems which was so characteristic of him. An actual
example would need too'much explanation of relevant circumstances, but I can
vouch for the analegical truth of the following. If a body performs simple
harmonic motipgyﬁith acceleration 4 per unit displacement, it may readily be
shown that the-period of a complete oscillation is 27/u. Hence, in the case of
a simple pendulum ¢=27./(/g) and [=g#*/4n®, where I is the length of the
pend};\lunfgi and g the accelsration due to gravity. Ifit were necéssary to calculate
thedengihs of pendulum corresponding to different: perieds as a routine matter,
most people would evaluate /47 for their locality and always multiply # by

this numerical constant, which would be about 24-85. ““Student” would probably

-have started from 27/,/x every time. If therefore he had suddenly wanted to
caleulate the period of

oscillation of a weight on a stretched spring he could

have done it, whereas the man who only remembered that I=24-85¢ for a
- pendulum would be unable to tackle the problein without much more pre-
limin ary work.

His method was, of tourse, not necessarily the most suitable for others not

aspiring to the same degree of versatility. Perbaps it is not altogether fanciful
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to compare the two methods with the organic evolution of, say, the human hand,
the most versatile object known, and the construction of some highly efficient
but absclutely specialized piece of machinery. I do not mean to imply that he
gave this explanation, or was even altogether conscious ofit. When he handed
over to me a routine caloulation which he had done for many years, I was
astonished to find that he had written out every week an almost unvarying form
of words with different figures. To my question, “Why ever don’t you get a
printed form?” he did not reply, ‘“Doing it from first principles every time
preserves mental flexibility”. He would have considered such a remafksun-
bearably pompous. He said, “Because I'm too lazy”, to which, I\ réplied,
“Well, I'm too lazy not to.” _ S

To many in the statistical world ““Student” was regarded, as'a statistical
adviser to Guinness’s brewery; to otheis he appeared to bea‘bréwer devoting
his spare time to statistics. I hdve tried to show that thotigh there is some
truth in both of these ideas they miss the central point, which was the intimate
connexion between his statistical research and the practical problems on whieh
he was engaged. I can imagine that many think ft ‘wasteful that a man of his
undoubted genius should have been engaged in‘industry, yet I am sure that it is
just that association with immediate pra,ctica,l‘p'fbblems which gives *‘Student’s ”
work its unigue character and importan'cé’frela,tive to its small volume. On at
least one occasion he was offered a,n‘ﬁk;éi:lemic appointment, but it is almost
certain that he would not have been-a successful lecturer, though perhaps a good
individual teacher; nor is it likely that his research work would have flourished
in more academic circumstarics? his mind worked in a different way.

The work in connexion with barley breeding carried out by the Department
of Agriculture in Ireland,/in’ which Messrs Guinness took a prominent part,
enabled “Student” toyget that first-hand experience of yield trials and agricul-
tural experiments\%é:hbr&lly which contributed so largely to his great knowledge
of the subject. Hé did not merely sit in his office and calculate the results, bus
discussed al} Qhe details and difficulties with the Department officials, and went
round ali “the experiments before harvest, when a “‘grand tour” is annually
carried out by the Department, the brewery, and sometimes statisticians or
others interested from England or abroad. As well as the work carried out at the
actual cereal station near Cork, three or four varieties of barley are grown in
2 or 1 acre plots at ten farms representing all the prinecipal barley-growing
districts of Ireland, so a visit to all of them entails a fairly comprehensive
inspection of the crops. :

“Student”” took a great deal of interest in this work from the beginning and
correspondence shows that he discussed the results of these tests with Karl
Pearson at great length when he went to study with him at University College
in 1906,
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In the last ten years or so of his time in Ireland he played a leading part in
these investigations, and thns had a perhaps unique opportunity of following
experimental varieties from sowing through growing and harvest to malting
and brewing results, and also of carrying out or supervising all the relevant
mathematical work. At one time he also made some barley crosses in his own
garden, and accelerated their multiplication by having one generation grown
in New Zealand during our winter. These crosses were known as Student T and -
IT, and have now been discarded as failures, the inevitable fate of the large
majority. With characteristic self-effacement he was the first to point’out that
they were not worth going on with. A

He also made frequent visits to Dr E, 8. Beaven, whose wérk/on barley
breeding is well known, and discussed every aspect of yield trials with him.
These visits were undoubtedly very useful, and although Df Beaven was never
tired of protesting that he was no mathematician and ‘did not understand
“magic squares” or ““birds of freedom”, names which-he preferred to the more
orthodox’ expressions, he had a vast experience p"Qafgricultura,I trials and was
very quick to see the weak point of any experipient.

In spite of the quantity of work “StudenpO\did he was never in a hurry or
fussed; this was largely due to the absencg'of Tag when he turned his mind to a
new subject; unfortunately others Werfii‘m:{t always equal to this, He would
ring one up on the telephone and plqnﬁgé Straight into some subject which mi ght
have been discussed some days previously. The slower-witted lstener woald
probably lose the thread of his disdourse before realizing what it was about and
would ignominiously have \'cigk him to begin again. I have many times seen
him hard at it on a Monday, morning, but at first meeting it was always “ How
did the sailing go?” “JWeél; did you catch any fish?”, and he would recount any
notable event of his owa week-end before plunging into the very middle of some
subject. I neve Heard him say “I'm busy . :

“Student” Miad many correspondents, mostly agricultural and other ex-
perimcntelts,\. it different parts of the world, He took Immense pains with these
and oftemexplained points to them at great length when he could easily have
given a rfeference. His letters contain some of his clearest writing, and the more
difficult points are often better eluncidated than in his published papers.

Karl Pearson emphasized the fact that a statistician must advise others on
their own subjeet, and so may incur the accusation of butting in without
adequate knowledge, “Student” was particularly expert at avoiding any such
disagreement; usually he was such an enthusiastic learner of the other’s subject
that the fact that he was gtving advice escaped notice.

The reader will by now have realized that Student” did a very large quantity
of ordinary routine as well as his statistical work in the brewery, and ali that in
addition to consultative statistical work and to preparing his various published
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papers. It might thus be thought that he could have done nothing else but eat
and sleep when at home ; this, however, was far from being the case, and he had
a great many domestie and sporting interests. He was a keen fruit-grower and
specialized in pears. He was also a good carpenter, and built a number of boats;
the last, which was completed in 1932, and on whose maiden voyage I had the
honour to be nearly frozen to death, was equipped with & rudder at each end
by means of which the direction and speed of drift could be adjusted—an
advantage which wiil be readily appreciated by fly-fishermen. This hoat with
its arrangement of rudders wag described in the Field of 28 March 1936. Ih his
carpentry he showed preferences analogous to his mathematical ones previously
mentioned; he disliked complicated or specific tools, and liked to de, &nything
possible with a pen-knife. On one occasion, seeing him countergipking screw-
holes with a pocket-knife, I offered him a proper countersink‘ib which I had
with me, but he declined it with some embarrassment, a‘a§he'would not have
liked to explain or perhaps could not have explained whywhe preferred using the
pen-knife. OQut of doors he was an energetic walker andbalso cycled extensively
in the pre-war period. He did & lot of sailing a,nd.{ishing. For his last boat he
had a most unconventional sail, which cannot bevexactly described under any
of the usual categories; it was illustrated in the Field article referred to above.

In fishing he was an efficient performer;ji'hé used to hold that only the size
and general lightness or darkness of si‘ﬂ'j; were important; the blue wings, red
tails and 80 on being only to attragtthe fisherman to the shop. This view was
more revolutionary when 1 first heard it than it is now. He was a sound though
not spectacular shot, and wdg‘well above the average on skates. Until the
accident to his leg in 1934 hé\was quite a regular golfer, and once went round a
fairly difficult course in 85 &trokes and 14 hours by himself. He used a.remarkable
colleetion of old clubs dating at least from the beginning of the century. In the
last few years sineg{Bis accident he took up bowls with great keenness, and
induced many otHer people to play as well. One of his last visits to Ireland was
with & team wlnch he had organized at the new brewery at Park Royal.

On top 6Pell this he knew as much as most people of the affairs of the world
in general and of what was going on about him. It became very difficult to
imagine how he found 24 hours in any way a sufficient length for the day. His
wife certainly organized things so that the minimum amount of time was Wa.sted,
but even so few people could approach such activity in quantity or diversity.

In personal relationships he was very kindly and tolerant and absolutely
devoid of malice. He rarely spoke about personal matters but when he did his
opinion was well worth listening to and not in the least superficial.

In the summer of 1934 he had a motor accident and broke the neck of his
femur. He had to lie up for three months, of course working at statistics, and was
& semi-cripple for a year. This was particularly irksome for such an active man,
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as was the sheer unnecessariness of the accident, for he ran into a lamp-post on a
straight road, through looking down to adjust some stuff he was carrying; but
with great hard work and persistence he eventually reduced the disability to a
slight limp.

At the end of 1935 he left Ireland to take charge of the new Gmnness brewery
in London, and I saw comparatively little of him after that. The departure
from Ireland of “Student” and his family was a great loss to many who had
experienced their hospitality. His work in London was necessarily very hard
and accompanied by all the vexations inevitably associated with &“big under-
taking in its first stages, before any settled routine has beeQ established;
nevertheless, he still found time to continue his sbatlstlcal\work and wrote
several papers, \

His death at the comparatively early age of 61 was not only a heavy blow to
his family and friends, but a great loss to statlstlcs,.ag%\hls mind retained its full
vigour, and he would undoubtedly have continued\te work for many more years.

I am very conscious of the inadequacy ofzithié gketch, which cannot hope
to convey more than a faint impression of hi}s tnique personal quality to those
who did not know him, but it will have sef%&d its purpose if it helps any readers
to grasp the essential unity and dlreqmess of vhe personality which lay behind
such widely varied manifestaiions,. ' .
N : 3 LAUNCE McMULLEN
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ON THE ERROR OF COUNTING WITH
A HAEMACYTOMETER

[Biometrika, V (1907), p. 351]

WHEN counting yeast cells or blood corpuscles with a haemaecytometer there are
two main sources of error: (1) the drop taken may not be representative of the
bulk of the liquid; (2) the distribution of the cells or corpuscles over the afea which
is examined is never absolutely uniform, so that there is an “error of random
sampling”’. o\

With the first source of error we are concerned ouly te th‘m extent; that when
the probable error of random sampling is known we cathtell whether the various
drops taken show significant differences. What' foﬂsiws is concerned with the
distribution of particles throughout a liquid, as shhwu by spreading it in a thin
layer over a measured surface and counting the® partlcles per unit area.

’.

_ X

THEORETICAL Ce'ﬁ*smERATION

N

Suppose the wkole liquid to have };feen we]l mixed and spread outin a thin layer
over N units of area (in the haengabytometer the usual thickness is 0-01 mm, and
the unit area of gdg sq. mm. ). %\" :

Let the particles subside and let there be on an average m p&rtlcles per unit
area, that is Nm altogether Then, assuming the liquid has been properly mixed,
& given particle will hé,\(e an equal chance of falling on any unit area:

i.e. the chance o{ﬂ;s falling in a given unit area is 1/N and of its not doing so
1-1/N,

Consequentlv considering all the mN particles, the chances of 0, 1, 2, 3,
particles€a (Ihng on a given area are given by the terms of the binomial

i _1 mN
(=)l
and if M unit areas be considered the distribution of unit areas containing
. . . . ] 1 1\ 1 mN
0,1, 2,.3, ... particles is given by M{( "ﬁ) t§ o

Now in practice N is to be measured in millions and may be taken as infinite,

Let us find the limit when ¥ is infinite of the general term of this expansion.

Evrs T



2 On the Error of Couniing with a Haemacytometer
The (r 4 1)th term is '
(1 l)mN—" ( l)me(mNﬂ DimN-2)...(mN—-r+1}
- A5

N 1l

[
T\ N !
ﬂ(lrmN—ri_(mN—r) (mN:r—l)_

- N

N2.2!

(A —1)... (mA —7— 5+ y, o
Ns Sl '\s\,

e Y (o2} (1) O
A A TN
X M ==
r!
&/
2 r—1 M.l'“}\r_ r+l  r4s—1
NN NS N NN
all negligibly small compared to m, so that the e‘iﬁl‘éasion reduces to

2 m? N m* mr
(1"??&4‘? . (—1)“’—:-*.')X';'T—€m>‘(ﬂ

+(=1p

But when we proceed to the ]Jlmt

That is to say, the expansion is equa,Lto
mi‘
e—m{1+m+ TR }
N\
Hence it is this distributiphavith which we are concerned.
The first moment a.bout\ﬁhe origin, O, taken at zero number of particles is

k4 3
e_m[m+24n 3m
N 31

.’\:,. C ___me—m{l_i_ﬂ ‘{?}_‘ a1
O\ . +‘ +...+(—"—T_l)!+---

+.. +-~—+ }

"\ ) = m x total frequency,
Hés\ca the mean is ab m.
The second moment about the point O is

m 28m2  32md 2mr

2m2  8m3 rm’
=emimt— e — .,
{ et +(?‘—1)1+ }

m? m’ 2m® . (r—1)m"
— p—M 2
=e [m+ ;. +( 1J1|+ A — T +... Y }

= {m+m?) X total frequency.
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Hence the second moment coefficient about the mean
fta =m4mi—mE=m,

By similar* methods the moment coefficients up to g4 were obtained, asfollows:

s =m.
Hg = M.
ftg = .
ftg = 3mE L m.
#5 == lc»ns'!‘m. ~\
g = 16m® + 25m2 +-m.
‘ug 1 . . y \“’\
Hence A= 3 =, X O
_& _ l . “:‘ “~
and hr= = RY

Tt will be observed that the limit to which this distribtition approaches as m
kecomes infinite is the normal curve with its 4, 495, 5, ete. all equal to 0, and
B =3, f, = 15, ete. o\
Further, any binomial (p +¢)* can be put inte*the form (p+¢)"4%, and if ¢ be
~ small and ng not large it approaches the djpﬁriﬁution just given.
| Thus if 1000 (£ +155)5% be expanded; the greatest difference between any
: ™ 2 ¥
of its terms and the correspondj:r}g “term of 1000 ¢~ (I+5+§"i+ +§T+ )
* Th_e evaluation of the momifkfs' about the point O will be found to depend on the
expansion of r* in the form N

N St S ek | LN Gl oL (?‘Z_“_Il’}

" _T{(?-—;n:——\ml e T (O 1Y
= :L__.+_£1.._ _ % _E’;‘.tl_}(f_ljg_
N3l rma-D1 r=a)t PR

Then if we fo#m the series for = + 1 from this it will be found that the following relations
hold betwegn @, a5, a;, ete. and the eorresponding coefficients for n+1, 4y, Ay, Aq, ete.:
\ ) Ay =agtn,
: Ay =ty +{n—1)ay,
-’-43: = a,,+(n—p+ }-)aﬂ—:'
From these equations we can write.down any number of moments about the point O in
turn, and from these may be found the mements about the moan by the ordinary fo_rmu]ae.
The moments may also be deduced from the poiné hinomial {p+¢)"%? when ¢ is smalil
and n large and ng = m, i.e. p = 1, ¢ = 0, g = m. We have
pi=ng=m, '
fia = TPg = B,
By = npg{p—1) = 7
s = npg{l + 3{(n—2) pg} = m{l +3m) = 3mi+m.
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is never as much as 1, being about 0-8 for the term 1000 ¢= 7 which is 1755

against 176-3 from the binomial.
) . 5 . 57 . . .
Diagram I compares 1000 e* (1 +5 +oy +ot ) with the binomial
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In applying this to actual cases it must be noted that we have not taken into
account any “interference” hetween the particles; there has been supposed the
same chance of a particle falling on an area which already has several particles
g8 on one altogether unoccupied. Clearly if m be large this will not be the case,
but with the dilutions usually employed this is not of any importance.

It will be shown that the actual distributions which were tested do not diverge
widely from this law, so we will consider the probable error of random sampling
on the supposition that they follow it.
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We have seen that g, = m.
Hence the standard deviation = \fm. .
So that if we have counted M unit areas the probable error of our mean (m) is

m
0.67449Jﬂ .

If we are working with a haemacytometer in which the volume over each sqﬁ&re
i8 y5ige mm. there will be 40,000,000 m particles per c.c. and the probable error

will be 40,000,000 x 0-67449 x J %

Suppose now that we dilute the ligquid to g times its bulk, we shall then have
m/q particles per square, and if we count M squares as before, our probable error
for the number of particles per c.c. in the original solution will be, 40:000,000

m 1 . g \
. . 40.00 . DN
x 0 67449}(?,\/((1 XM) That is 40,000,000 x & 67449'\/35{, "

That is, we shall have to connt ¢} squares in order to be-ds Zccurate as before.

So that the same aceuracy is obtained by counting the siitie number of particles
whatever the dilution, or, to look at it from a s]jghtly‘ differen$ point of view,
whatever be the size of the unit of area adopted, <\~

‘Hence the most accurate way is to dilute the golation to the point at which the
particles may be counted most rapidly, andvto ‘count as many as time permits:

then the probable error of the mean is 0f§f449 J -;%, where m is the mean and M

is the number of unit areas countedover, squares, columns of squares, microscope
fields, or whatever unit be selected.

But owing to the diﬁ’iculty\o\f obtaining a drop representative of the bulk of
the Hquid the larger errops will probably be due to this cause, and it is usual to
take several drops: if t#o-of these differ in their means by a significant amount
“ (e Wkide

M
the means and ﬁr[ the number of unit areas counted), it is probable that one at
least of the @fb‘ps does not represent the bulk of the solution.

Y\
compared with the\pifﬁhable error (which is 0-67449 J ( ) , where m,, m, are
)

EXPERIMENTAL WORK

This theoretical work was tested on four distributions* which had been counted
over the whole 400 squares of the haemacytometer. The particles counted were
yeast cells which were killed by adding a little mercuric chloride o the water in
which they had been shaken up. A small quantity of this was mixed with a
10 %, solution of gelatine, and after being well stirred up drops were put on the
haemacytometer. This was then put on a plate of glass kept at a temperature just
above the setting point of gelatine and allowed to cool slowly till the gelatine had
set. Four different concentrations were used.

* One of these is given in Table 1.
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In this way it was possible to count at leisure without fear of the cells straying
from one square to another owing to accidental vibrations. A few cells stuck here
and there tothe cover glass, but, asthey appeared to be fairly uniformly distributed
and were very few compared with those that sank to the bottom, they were
neglected: had the object of the experiment been to find the number of cells
present they would have been counted by micrescope fields, and correction made
for them; but in our case they were considered to belong to a different “popula-
tion” to those which sank.

Those cells which touched the bottom and right-hand lines of a square were
considered to belong to the square; a convention of this kind is necessary as the
cells have a tendency to settle on the lines. ¢(\)

There was some difficulty owing to the buds of some cells remaiﬁiﬁg undetached
in spite of much shaking. In such cases an obvious bud was not counted, but
sometimes, no doubt, a bud was counted as a separate cell; which slightly increases
the number of squares with large numbers in them, 3"

In order to test whether there was anylocal lack of lomogeneity the correlation
was determined between the number of cells o ﬁ‘%ﬁare and the number of cells
on each of the four squares nearest it; if fromdhy cause there had been a tendency
to lie closer together in some parts than in ethers this correlation would have been
* significantly positive. N

Distributions 3 and 4 were tested in:ﬁhisw&y (Table II), with the result that
the correlaiion coefficients were. 0°016 +0-037 and 0-015 4+ 0-037. This is satis-
factory as showing that there istio very great difficulty in putting the drop on to
the slide so as to be able &Quﬁt at any point and in any order; as good a result
may be expected from gounting a column as from counting the same number of
squares at random. | .

The actual distributions of cells are given below, and compared with those
calculated on theysapposition that they are random samples from a population
following thg’m which we have investigated: the probability P of a worse fit
occurring'z)fy"chance is then found.

- L Mfean=0-6825; 4, = 0-8117: p, = 1-0876.

Containing o 1 2 3 4 5 cells
Actual 218 128 37 18 3 1
Calculated 202 138 47 11 184 0-24

2

Whence y* = 9-92 and P = 0-04,
Bost-fitting hinomial (1-1893 - -1893)-2-6554 » 400 for which P = 0-52.
II. Mean = 1-3225: s, = 1-2835: t, = 1-3574,

Containing 0 1 2 3 4 i 6 cells
Actual 13 143 98 42 58 4 2
Calculated 106 141 93 41 4 4 1

Whenee x? = 3-98 and P = 0-68.

Best-fitting binomial (0-97051 +0-02049)%-20%4 . 409 for which P = 0-72.
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IIT. Mean = I-80: jtp == 1-98: gy = 2:529.

Containing 0 1 2 3 4 5 6 T 8 Geels

Actual 75 103 12t 5 30 13 2 1 0 1
—

Caleulated 66 119 107 64 20 10 3 1

Whenes ¥2 = 9-03 and P =0:25.
Beat-fitting binomiul (1-0889 — 0-0889)~20-24% » 400 for which P =37

IV. Mean =4-68: s, =4-46: ji, = 498,
Containing 0 1 &2 3 4 5 6 7 8 9 10 11 12celbs

Actuul 0 20 43 53 B84 T 584 - 37T 18 10 b 2 2

Calcvlated 4 17 4@ 63 74 70 54 36 21 11 5 2, %
Whenee x? = 9-72 and P = 0-64. A\
Best-fitting binomial (0-9525 4 0-0475)-% x 400 for which P = (-68. ¢\

These results are given graphically in Diagram II, on the ne}gt,pa:ge.

It is possible to fit a point binomial from the mean and the'setond moment
according to the two equations g) = ng, ity = npg, and these,point binomials fit
the observations befter than the exponential series, b€ the constants have no
physical meaning except that ng = m. And since Alie”exponential series is a
particular form of the point binomial and is fittegfrom one constant, while two
are used for the ad hoc binomial, this better fit(was only to be expected.

It will be noticed that in both T and I11 theseécond moment is greater than the
mean, due $o an excess over the ea.lculatgd;ar&ong the high numbers in the tail of
the distribution. As was pointed out before, the budding of the yeast cell increases
these high numbers, and there is algo probably a tendency to stick together in
groups which was not altogethef abolished even by vigorous shaking.

In any case, the probabiliqie\s\l‘)-m, 0-68, 0-25 and 0-64, though not particularly
high, are not at all unlikelynin four trials, supposing our theoretical law to hold,
and we are not likely ¢ b& very far wrong in assuming it to do so.

Let us now apply .iitk}c; a practical problem: for some purposes it is cugtomary
to estimate the gontentration of cells and then dilute so that each two drops of
liquid contain on'an average one cell. Different flasks are then seeded with one
drop of the h'};md in each, and then “most of those flasks which show growtha
are pure'cui‘bures”.

The exact distribution is given by

142 iy3
et (1 +%+% {g—),+)
which is :

No. of yeast cella 0 1 2

3 4
1-26 0-18

Percentage frequency | 6065 | 3033 758

or approximately three-quarters of those which show growth are pure cultures.
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CONCLUSIONS

We have seen that the distribution of small particles in a lquid follows the law

e*’“{1+m+2l+ + + }

where m is the mean number of particles per unit volume* and the various terms
in the series give the chances that a given unit volume contains 0, 1, 2, ..., 7, ...
particles. We have also seen that this series represents the limit to whigh any
point binomial (p+¢)* approaches when g is small, insomuch that> even
. 52 5 (D .

(124 25190 < 1000 is represented by e—® (1 + 5+ TR A )x 1000 with
a maximum error of about 4-5 in 180, ¢ ~\

For the rough caleulation of odds with # small compared to 4)g the exponential
series may be used instead of the binomial as being lesg lgbbrious.

Finally, we have found that the standard devmtlo\n. of the mean number of

particles per unitvolume is J TR where m is the m,éaﬁ number and M the number

of unit volumes counted, so that the crxtenon of Whether two solutions contain

different nunmbers of cells is whether ml is significant compared with
0-67449 ; 2)
's/ (M1+ M, -
\TABLE I

Distribution of Yeast Séﬂs over 1 sq. mun. divided info 400 squares

2. 21 4|4|4|85 \2 2 7117 lal7|s]2|s|86|7|4]3]4
3ialo|alz2! g¥NT|2|8]6|3|6|6|l|8,;3|5) 64 4
7leis|lalslmaae|l2 24|28 |5 86|54 1|4 |2 |86
Pyl ylalriailials|s|2|9y5 39|55 2413 4
4 1|5 o)1 |ale|e|5|sei6]5 5 41315 8.6 4
sl alslwdN | 4378 |3|e|1|4|1 |6 6|+]|2]3]383
27l a s\M1 | 8|55 |78 | 5|8 |9 |Bj6, 8|12 3| 7] 4|4
7]l 5i6A8 | 6| 7| 4| 8586|3838 4)3 74 4|4 5|3
S (108\J3 13|61 5|2 ]5|3|11|3,7]4 7l 8| 8| 8]|3]|¢
1397 2i5]s5 |3 |3l416 567618 t| 4| 4|6 ¢
42| | 4lstels|s|eisra|lels|1 ) 2]2 2| 5|22
5| o 3|5 |6]4|6!5|7]1|3|6]6|4) 2/ 8 v | 5| 4|3
2ol o liilalelelaletels|sls|7|2 681061 2| 7
sliz|5t8|2|al2|1|6|a|s5t1 |28 I3 4| 7|38
5| 8| 5i4 | ¢ |6|2|7|6|2|7]3 |84 {647 |5]| 4
sla|8l6|5[3|3|5|17|4|5|5|56|8 10,2 318|3|5
6la!a|2|6|l6|7|5 a|6|8 6|78 4i2tai1|1]| 4
lals| 7] ale|4|s5|1|B8|W0|8]7 |65 418 414|175
4| 3i1|e6|l2|5|a|sfs|7|¢]|38|7]8) 42 71311 | 4| 4
7lei7lalelsi1|312|4|2|2|8]7|6]7; 6:3 |54
J

& The prism standing on unit area.
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It must be noted, however, that the probable error will always be greater
than that caleulated on thiz formula when for any reason the organisms oceur
as aggregates of varying size.

In éonclusion, I should like to thank Prof. Adrian J. Brown, of Birmingham
University, for his valuable advice and assistance in carrying out the experimental
part of the inquiry,

TasLe II
“Centre™ squares ~

tl2i2i¢|s5]e]rT8][s 10 | 13 32 [Totals

o Il 6 8] 9|15 |15 o a] 37 2| ~ NV _]| 6
g1 2 6 | 14 ] 17|30} 2¢ | 17| 10 5 6 | 2.\ 1 | 184
§] 3] 81152513 37| 2/!15 7 Tl AN e | — [ 11
] 4 18| 3¢ | 33 | 45 | a8 | 41 | 22 7 5 lad {1 | — | 258
| & | B5 | 24 ) 37 |47 | 39 | 37 | 18 [ 12 | 110004 | 1 2 | 247
6 9 | 17 | 25 | 39 | 34 | 32 | 14 | 8 [ &N 4| 1 1 [ 186
g5 7 6112 | 4 | 21 | 18| 161 8| 7 8| — | — | — | 108
§ 8 3 51 7 8 | 12 8 i 1 \\3 4 | — | — 57
El 9 2 6 7 51 10 2] 2| AN — 1| — | — 28
10— 3 T4 4] a8 — | — | 1! — @ _ 18
S b — | 1| 4] i 1 I} — | = - = 8!
Tl | -] 1] 11 = 1| 1| &aN— | | | | = 4
Totals] 72 (136 | 180 |248 |244 |188 oo | 56 | 40 ‘ 20 [ 8 | 4 |1206

Mean of “Centre™ sures, 4-6821; s.p. 2-139,
Mean of “* Adjacent squares, 4-7014; 5.1, 2-116.
r = +9-016 +-0°037,

Correlation table between the nu.ml;tér}}f oells in a square and the numbers of ceils in the four adjacent

7

squares taken all over Table T \\ d
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THE PROBABLE ERROR OF A MEAN
{Biometrika, V1 (1908), p. 1]

INTRODUCTION : ~

ANY experiment may be regarded as forming an individual of a “pepulation”
of experiments which might be performed under the same conditidni/A series
of experiments is a sample drawn from this popula,ﬁon. A\

Now any series of experiments is only of value in so far as it énﬁbles us to form
a judgment as to the statistical constants of the popula,tipnf t& which the experi-
ments belong. Ina greater number of cases the questiont figally turns on the value
of a mean, either directly, or as the mean difference-hatween the two guantities.

Tf the number of experiments be very large, vqe\jxfay have precise information
as to the value of the mean, but if our sample be small, we have two sources of
uncertainty: (1) owing to the “error of randem sampling” the mean of our series
of experiments deviates more or Tess widely from the mean of the population, and
(2) the sample is not sufficiently Jarge-t9 determine what is the law of distribution
of individuals. It is usual, howev %o assume a normal distribution, because, in
a very large number of cases, this'gives an approximation so close that a small
sample will give no real informiation as 4o the manner in which the population
deviates from normalityssifice some law of distribution must be assumed it is
better to work with £ ‘etirve whose area and ordinates are tabled, and whose
properties are well kn\(;wn This assumption is accordingly made in the present
paper, so that ite Sfclusions are not strictly applicable to populations known not
to be normaj;l_';r. distributed; yet it appears probable that the deviation from
- normalify. jlﬁi_é.t be very extreme to lead to serious error. We are concerned here
solely witlf the first of these two sources of uncertainty.

The usual method of determining the probability that the mean of the popula-
tion lies within a given distance of the mean of the sample is to assume & normal
distribution about the mean of the sample with a standard deviation equal to
§fa/n, where s is the standard deviation of the sample, and to use the tables of
the probability integral.

But, as we decrease the number of experiments, the value of the standard
deviation found from the sample of experiments becomes itself subject to an
increasing error, until judgments reached in this way may become altogether

migleading.
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In routine work there are two ways of dealing with this difficulty: (1) an
experiment may be repeated many times, until such a long series is obtained that
the standard deviation is determined once and for all with sufficient accuracy,
This value can then be used for subsequent shorter series of similar experiments.
{2) Where experiments are done in duplicate in the natural course of the work,
the mean square of the difference between corresponding pairs is equal to the
standard deviation of the population multiplied by /2. We can thus combine
together several series of experiments for the purpose of determining the standard
deviation. Qwing however to secular change, the value obtained is neazlyralways
too low, successive experiments being positively correlated. O\

There are other experiments, however, which cannot easily be\répeated very
often; in such cases it is sometimes necessary to judge of thd eertainty of the
results from a very small sample, which itself affords the gnly indication of the
variability. Some chemical, many biological, and most-agricultural and large-
seale experiments belong to this class, which has hitherto been almost outside
the range of statistical inquiry, ) N

Again, although it is well known that the method of using the normal carve
is only trustworthy when the sample is ““latge™, no one has yet told us very
clearly where the limit between * large” a.n'c'l' “small’* samples is to be drawn.

The aim of the present paper is to détérmine the point at which we may use
the tables of the probability integraliiijudging of the significance of the mean of
a series of experiments, and to fuprish alternative tables for nse when the number
of experiments is too few. _ \

The paper is divided intp\&ﬁ following nine sections:

_I._ T.he equation is det{ei'mined of the curve which represents the frequency
distribution of standglid deviations of samples drawn from & normal population.

II. There is 8 Whto be no kind of eorrelation between the mean and the
standard devigtion of such a sample.

II'I. The :e.q{zéition is determined of the curve representing the frequency dis-
tributiomof’ s quantity 2, which is obtained by dividing the distance between
the mean/of a sample and the mean of the population by the standard deviation

of the sample,

IV. The curve found in I is discussed.

V.  The curve found in IT7 is discussed.

VI. The two curves are compared with some actual distributions,

VII. Tables of the_ curves found in 11T are given for samples of different size.
VIIIand IX. The tables are

explained and some instances are given of their use.
X. Conclusions. '
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Sgotioxn I

Samples of # individuals are drawn out of a population distributed normally,
to find an equation which shall represent the frequency of the standard deviations
of these samples.

If s be the standard deviation found from a sample 2,2, ... %, (all these being
measured from the mean of the population), then

g2 = S ﬂ@)ﬂ L Seh Sl 28(7,)
7 n n n® % N\

Summing for all samples and dividing by the number of samples g get the
mean value of s2, which we will write 5*: AN\

L 3 N

gt e Ty ton—1) N
7 n2 n ? , .\3

2\
where s, is the second moment coefficient in the originaluiermal distribution of z:
since @, ¥, otc. are not correlated and the distribufion is normal, products
. C L br 28(@my)
involving odd powers of #, vanish on summing; s0'that —(;ﬁ‘-"‘—) is equal to 0.
If M, represent the Rth mmoment coefficignt, of the distribution of s% about the

end of the range where 82 = 0, et
" iy =),
. 8@ (SN
o - 2 (120
_ (Se)F 28 (.ﬂx_l))ﬂ+(8(x1))4
RV % n 7
_S0A), 2861 _286)4Sad) | S
;_"_\1@?12 ne n3 7 nt

o \J 2,2 .
N + 9_8_(_x:_x§) + other terms involving odd powers of z,, etc. which
O » will vanish on summation.
Now\S(xf)- has % terms, but S{zjxd) has jn(n—1), hence summing for all
samples and dividing by the number of samples, we get
, (n—1) 2p L= 1) s (n—1)
M; = %‘H‘% T ’7%54— 2443 “—?Eé‘—+%;§+3#§ 3

s B3 (1) In3— 20+ 3}
'_}33{??’ —2n+]}+n3(n ){ﬂ' %+ }

Now since the distribution of z is normal, sty = 342, hence

- ' n=1){n-+1
(@nsl_) {3n—3+n’—2n+ 3} = p3 (——-—312—)

My =p3
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In a similar tedious way I find
n—1){n+1){n+3)
—Mg — 3( ( na
4(:nr, 1)(n+l)(n+3)(n+5)
nt

and M, =

The law of formation of these moment coefficients appears to be a simple one,
but I have not seen my way to a general proof.
If now My be the Rth moment coefficient of s? about its mean, we hg{ve

M= " D)1y = 23250, )
'S\
¥, #{ I)(n+1)(n+3} S(nn—l 2{%ﬂ;1) (n;sl)sl,f’}":
- L_){ Ptdn+3—6n+6—ni42n—1} = 83(ﬂi1}’
)

M, = ”2{(n-1)(n+1}(n+3)(n+5) 32(n— 1)< ‘ié(;a—~l)3—(n—1)4}

97—
‘u,z( ){n”'+9n2+23n+15 32n+32 12n2+24n 12— 23+ 3n2—38n + 1}

3 12;43(;»; 1) (% +3) ,.;f':‘
= = i \

Hence b=

M2 (8 M, 3(n+3)
M3\in p Fa= TMIT a1

3ﬂl-6~——v1-1{6(n+3) 24— 6(n—1)} = 0,

Consequently a cm;ve of Prof. Pearson’s Type IU may be expected to fit the
distribution of 2{"\"
The equatiqplteferred to an origin at the zero end of the curve will be

OF y-owen
hore O g oe_ B0
M, 8n%udn—1 ) 21“'2
4 n—1 n—3
and m=e—=l=-"_"_12"°
P ) 2 1 7
Consequently the equation becomes

n—3 nr
y=0Cz2 ¢ %

Whlch will give the distribution of 2,

The area of this curve is Of % e %:dx = I (say)..
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The first moment coefficient about the end of the range will therefore be

w #=l  nx — n—1 __#xa=co @ gy 3 i
C.[ x 2 e dx O[-—-—?ﬁx zZ g g;:} OJ. 7 lﬂ’gx“Te_ﬁdx
I T

The first part vanishes at each limit and the second is equal to

-1

n #al n—1

_T_ =—n-‘u,2,

and we see that the higher moment coefficients will be formed by multiplying
. 1 - 3 . A .
successively by %, o ?% Jha, BHC., just as appeared o be the law of formation
o\ e
of M}, M;, My, ete. A .

Hence it is probable that the curve found represents the {aheé‘i‘etical distribu-
tion of s2; so that although we have no actual proof we sl;uaﬁ gssume it to do so in
what follows. ’

The distribution of s may be found from this, sipge-the frequency of & is equal

to that of s? and all that we must do is to comp}'e‘xés;the base line suitably.

Now if y, = ¢(s%) be the frequency curve of §*
and e = !9'(3) ” "“ » 8,
then iCH N Y248,
or ypde = 284,

y} = 2841
X\ N n—§ _n8

Hence XN gy = 20s(s?) T e
is the distribution of 8, e

This reduces to /3 y, = 205 e 2,

NV azx®

Hence y = AQ@“ie_ 20" will give the frequency distribution of standard devia-
tions of sa.mﬂ'es of n, taken out of a population distributed normally with standard
deviation'@) The constant 4 may be found by equating the area of the curve as

followss/ © ngt ®
Area = AJ. an—%e 20 da. (Let I, represent j aPe 2@ d:r.)
0

0
L : _ne
Then I =-0;J. ;1-,1‘?—1;?_(__8 2::*) dx

r
nto X
2 e ~lie=1 2 e _nz’
i s + (p— I)J gP-2e ¥ dx
n =0 i 1]
0-2
= H(p_l)lp—m

since the first part vanishes at both limits.
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By continuing this process we find

an—2

I ,= (%)T(n—3)(n—5) ERYA
or | =(%2)v%a(n——3}(n—5)...4.211

according as n is even or odd.

; " i = [
But I is L e 2dx J ( 5] 0

N\
o na’ 2 _nr|z=o 2
and [, is’ J. xe Ba‘dx=[_z_e 20 =7 A
G w z=10 I3 £ \\
Hence if # be even, O
A= Area ~( :}‘.
m\ (T F
—3 —-5)...3.1 — ]
. o
and if » be odd, \
A= Area N

_ S
(n—3}(n—b) .:.\?19.:2(

Hence the equation may be written )

L N g 3 = L ._fé_::
y'_{n—3)(n~5)...“3:~1." l5z) - & 7 {neven)

_ N L (2T,
or y—{ﬂ_g)(niﬁ}.’..é.ﬁ(?)

where N as usual repregents the total frequency.

&
N Sscrrow II

] :”\:’ . .
To show that.there is no correlation hetween (¢) the distance of the mean of

8 sample f;gm the mean of the population and (b) the standard deviation of &
sample awith normal distribution.

(k)ﬁ(‘lﬁlaa,ﬂy positive and negative positions of the mean of the sample are
equally ].Jkely, and hence there cannot be correlation between the absolute value
of the distance of the mean from the mean of the population and the standard

deviation, but {2) there might be correlation between the square of the distance
and the square of the standard deviation.

Let %% = (S(—‘::lv))2 and 52 = §_(.x_?-) —_ (§(x_1))z-
n n

Then if m{, M; be the mean values of 42 and 8%, we have by the preceding patt

' 7n—1
_ M “_-!"2(_‘;“—) and mi =£—2.
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Now uZs? = S(xD) (ﬂ“il_))z _ (M)‘t

n K 7

- (S,(fv_ﬂ) Lo Stz 8@ _ St 6S(atad)

7 n? nt n?
—other terms of odd order which will vanish on summation.

Summing for all values and dividing by the number of cases we get

r=1) pq o .01 N\
t w3 T oad

]
RpaopoetmyM = ‘:T;Jr‘u‘g

uls?

N
¢\
where R,z is the correlation between »* and s N

2(i_. 1) j

(Y

{n—1)
R.uzaeo'uzo'ae‘l‘,ﬂrg nr =ﬂ%_ﬂ§_{3+n_—3} =ﬂ<t—nT

Henco RB,z.0:0, = 0, or there is no correlation betweatl u? and 2,
. ¢ :\\ )
z x\ -
SsorroN IIINN
To find the equation representing the fréquency distribution of the means of
samples of » drawn from a normal population, the mean being expressed in terms
of the standard deviation of the sample.

nat 4
We havey = 0—‘:?—_13*”'—“.9_ﬁn ag'the equation representing the distribution of s,
&
the standard deviation of a}ample of %, when the samples are drawn from a

normal population with gtémflard deviation o.
Now the means of't}{'ese samples of » are distributed according to the equation

N\ .
\\ Jm) N X

y=Jeme

$

and we has'ré\silown that there is no correlation between &, the digtance of the
mean of bie sample, and s, the standard deviation of the sample.
Now let us suppose z measured in terms of &, i.e. let us find the distribution

of z = z/s.
If we have y, = ¢(x) and y, = ¥(z) as the equations representing the frequency

of x and of z respectively, then
dx
yade = Ypd2 = Yo~ s
So Yo = Yo

* Airy, Theory of Errors of Observmtions, Part 11, § 6.

BPS
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_Nyms s

Hence Y=
. \;"(2?‘!') T
is the equation representing the distribution of z for samples of n with standard

18

_ devia,tio_n 8.
Now the chance that s lies between s and s +ds is

s+ds (7 _ngt
j — 8 e 2%l
e

ra ) [ ¥
J e —— g e s ~
which represents the N in the above equation. \\\

Hence the distribution of # due to values of s which lie bet“@én sand s+d¢is
'}‘~ _nsileat

stds (7 _ nsHl+e% ] s+ds
(:’ 7 gt—1lg it e i LT W g
_Js o7 27 B 2} § 85
¥= @ (f 78 - o/ TS !
J. o gl 2oty U’J snRe 2oty
L] an ’::\\. i)
and summing for all values of s we have as apgguation giving the distribution of 2
S
" s" ste 2 s
27
¥ = p ..x e " ns .
.[ §t-te W (s
0

By what we have already proved this reduces to
IncBn—4 53
2 &n if
= A n 42(1—1-2) if » be odd,

11'\n—2 n—4 4 9
and to AN - 28 2)- .
o ala oy 3 '3 1{1+Z #, if n be even.

Since thig %ua.tmn is independent of o it will give the distribution of she
dlstance of the mean of a sample from the mean of the population expressed in
tem\t&' the standard deviation of the sample for any normal population. :

SecTIOoN IV. SoME PROPERTIES OF THE STANDARD
DrviaTiox Frequewcy Curve
By a similar method to that adopted for finding the constant we may find the
mean and moments: thus the mean isat I, /I

L {(n—2)(n—4) 2 .
which is equal to w3 EE::’) / ( )—, if % be even,

(n—2)(n—4) 3 .
or | n=3)(n=5)" J( T if » be odd.
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The second moment about the end of the range is
I, {(n—No"
Iﬂ:—2 B % ’

The third moment about the end of the range is equal to

Ly _ Los Tos

In—E In—l . Iﬂ,——2
= % x the mean. -
The fourth moment about the end of the range is equal to N\
I‘n—i—ﬂ ( l ??,-{-1) ,«\‘\'
I, n? O

If we write the distance of the mean from the end of the ra,nge,D‘Q' Jn and the
moments about the end of the range v, v,, ste,, 2
Do n—1 Do’ ' nz—-}

then V=, Vy= ——— Ty, V= ——, Vg=
1 » P 2: M3 s Ya N
n N O

From this we get the moments about the mean: \x &
o2 PN
o = - - (—1— D2, O
fo=p ( )

),'

,{L3=W{RD 3(n—1)D+2D% = {292 2n+3},

,ugzn—2{n2—-1—41)2n+6n ]J.Dz ;Di _—2{n2—1—D2(3D"—-2n+6)}.

[t is of interest to find out what hese become when % is large.

In order to do this we wiast find out what is the value of .

Now Wallis’s expresgionfor 7 derived from the infinite product value of sinz is
7 22 42,6%... (2n)

'\
A\ _
.‘\ 2(21’1"‘1)'_12 32 |-2 (zn_l)2

«d
¢

O . a .
If we ugstune a quantity 6 ( = ay+ ;1 + etc.) which we may add to the 2n +1
in order to make the expression approximate more rapidly to the truth, it is easy

1 1
to show that § = — + ™ ete., and we get

1 1 22.42.6% ... (20
(2 nty +16n)_ 35 B 1

: 3 1
From this we find that whether n be even or odd D? approximates ton — 3t

when n is large.

# This expression will be found to give a much closer approximation to 7 than Wallis’s.

2-2
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Substituting this value of D we get

3 ]_ i_i.,_l
o 1 c 20 " 160t 3o 11
-t e sk k)

™ dn? » T e T T Tee
Consequently the value of the standard deviation ot a standard deviation which

we have found ( ) becomes thesameas that found for thenormal

J(2n )6{1—(1/4 )}
curve by Prof. Pearson {cr/(2n)} when » is large enough to neglect the 1/4n in
. comparison with 1, .

Neglecting terms of lower order than 1/», we find R\,

‘Consequently, asn increases, 8, very soon approaches*the value 3 of the normal
curve, but £ vanishes more slowly, so that the curveemains slightly skew.
R
Discram 1. Frequency Curve giving thoe Diatributian’af gta,ndard Deviations of samples
of 10 taken from a NorngahPopulation :

: NoAbP ey, -2
Equation y=-—3\— \/(—)x“e o®

7.8.8%" T
1-gHe O /T\\ —
8T 7S . !\
> — S/
; N ! [T
1 Q?flg . / : E \
b g
o 7 : —
i O 7 Je N
I.o- s & / 2 :-; I
+6ir + ! .
j/a g AN / Cor \
T ™ . -
N 1
R L \ S
N oo | I —
' ; w7 B N
250 -5a i i3 1-25F 5 175G

Diagram I shows the theoretical distribution of the standard deviations found

from samples of 10.
_ N10b 12\ g8 10
Y=953 (E FEAS
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SEcTioN V. SoME PrROPERTIES OF THE CURVE

4 2
.= if % be even
2 _n-2n-4 s I+ 22)-tn
SRS Kt U PO Sl
4°2°2
. X n—2 n—4 .
Writing » = tan # the equation becomes y = Oy SI0 etc, x cos™ f, which
— n_.
affords an easy way of drawing the curve. Also dz = dfifcos?8. N\
Hence to find the area of the curve between any limits we must find
¢\
n—_z.n—_é...etc. X | cog®28d8 , O
n-—-3 n-5 ~\
n—2 n—4 n—3 cos"30 sin 67
_ H—d -
n_*g.n_f,...etc [ ZJ.cos ad0 + [ T\ }
_nod "'1:2 ...etc.fcos“—46d6+— t n-d ‘etc [cos™% & sin 6],
T -5 n-T n—3"n—

and by continuing the process the integral may, b¢~evalua,ted.
For example, if we wish to find the area hetween 0 and § for n = 8 we have

o 1 ™y
.m.—J. cosSddf _ON
1 7 0 "y

Area =

cosfd sin

Il

Cb Wl e mim
- wlﬁa

ﬂlw’.

J 00343(16“[\— 3
0

N
1 \ 2 4 2
= —+—cosdl sm0+— = cos? sm6’+ ~.—cos?# sin @,
Tmon X% 3w 53w
and it will be noticed ’bigat for n = 10 we shall merely have to add to this same

4 2
expression the ter'n\\n\— —.o.= eos"' 6 sinf,

The tableg :Qt ‘the end of the paper give the area between —co and z

m\./

.\\; (orf;?z—-gandf:?:tan‘lz).

This is the same as 0-5 -+ the area between # = 0, and # = tan~'z, and as the
whole area of the curve is equal to 1, the tables give the probability that the
mean of the sample does not differ by more than z times the standard deviation
of the sample from the mean of the population.

The whole area of the curve is equal to

n-2 . nZ2 | ete. x J‘Hm cos™268d8,
n— 3 n—-5 —in
and since all the parts between the limits vanish at both limits this reduces to 1.
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Similarly, the second moment coefficient is equal to
— —4 +ir
n—--~2—.ﬂ— ... ete. xf cos™ 20 tan? &40
n—3 n—5 —r

— — i )
n2 n_4 ...ete.x J. {cos"—40 — cos™ 2 ) df
n—3% n—5 —3r
WAk R
n—3 n—3
Hence the standard deviation of the curve is 1//{(rn— 3). The fourth moment
coefficient is equal to O

-2 n—4 +im O\
T2 BT ete. x cos™2f tant 6d0 A\
n—3 n—> —in « W

Y +m
_DTERTT  ete. x (o868 — 2003““46"-1—(- s’” 20)do
n-—-3 n—59 —yn \
n-2n-4 2An—2) NN\ 4
n—-3'n—-5 7n-3 _'(n—S)(nx.Qx’i)'

The odd moments are of course zero, as the (Sui"Ve is symmetrical, so

Bi=0, =205 B—8)7 ,, 6

S S
Hence ag » increases the curve a.ppmaches the normal curve whose standard
deviation is 1/4f(n— 3). N
fs, however, is always greate{tha,n 3, indicating that large deviations are more
common than in the norma.{curve

-

DIAGRAM. II Solid curve g,:r---é g

.l' T
Broken line L.IJI‘L@J# \}‘(Z J?T o o

2
R LN
s

vil
CES

rfg'=tan &

, the normal curve with the same standard deviation

-
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5
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w\\j w 4 //
<

@
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I have tabled the area for the normal eurve with standard deviation 1/,/7 so as
to compare with my curve for n = 10.* It will be seen that odds laid according
0 either table would not seriously differ till we reach z = 0-8, where the odds are
about 50 to 1 that the mean is within that limit: beyond that the normal curve
gives a false feeling of security, for example, according to the normal curve it 1s
99,986 to 14 (say 7000 to 1) that the mean of the population lies between -0
and + 1-3¢, whereas the real odds are only 99,819 to 181 {about 550 to 1).

Now 50 to 1 corresponds to three times the probable error in the normal curve
and for most purposes would be considered significant; for this reason I haye only
tabled my curves for values of # not greater than 10, but have giventhe'n = @
and n = 10 tables to one further place of decimals, They can be usga\d"aé’founda—
tions for finding values for larger samples.t & N

The table for # = 2 can be readily constructed by looking Qi 6 = tan~*z in
Chambers’s tables and then 0-5 48/ gives the correspondingvalue.

Similarly 4 sin @+ (-5 gives the values when n = 3. )

There are two points of interest in the n = 2 CUIND) Here s is equal to half

Wi
the distance between the two ohservations, tan—}% 350 that between +s and

—slies 2 x E X :—T or half the probability, i.exdf two observations have been made

and we have no other information, it 13 \an even chance that the mean of the
(normal) population will lie between thém. On the other hand the second moment

coefticient is 1 +in

T l[t g0
— i = — an 7 — = OO,
ﬂj—iﬁ ‘SQ\ 7 —in

or the standard deviatiO{r feinfinite while the probable error is finite.

N
SNECTION VKBRACTICAL TEST OF THE FOREGOING EQUATIONS

Before 1 had~,%11\cceeded in solving my problem analytically, I had endeavoured
to do so cmﬁiffca]]y. The material used was a correlation table containing the
height £0d Teft middle finger measurements of 3000 eriminals, from a paper by
W. R. Macdonell (Biometrika, 1, p. 219). The measurements were written out on
3000 pieces of cardboard, which were then very thoroughly shuffied and drawn
at random. As cach card was drawn its numbers were writien down in a book,
which thus coniains the measurements of 3000 eriminals in a random order.
Finally, each consecutive set of 4 was taken as a sample—750 in all—and the
mean, standard deviation, and correlation] of each sample determined. The

* See p. 29. .

+ E.g. if n = 1}, to the corresponding value forn = 9, weadd Fx & x§x§x teos®#siné:
ifn = 13 we add ag well 3% X Z x § » § x § x feos!?J sin f, and so on.

* 1 hope to publish the results of the correlation work shortly. [Sce 3 below. Ep.]
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difference between the mean of each sample and the mean of the population
was then divided by the standard deviation of the sample, giving us the z of
Section III. _

This provides us with two sets of 750 standard deviations and two sets of 7502’
on which to test the theoretical results arrived at, The height and left middle
finger correlation table was chosen because the distribution of both was approxi-
mately normal and the correlation was fairly high. Both frequency curves, how-
ever, deviate slightly from normality, the constants being for height £, = 00026,
By = 3:175, and for left middle finger lengths £, = 0-0030, §, = 3-140, and in
congequence there is a tendency for a certain number of larger standard'deviations
to ocour than if the distributions were normal. This, however, appears to make
" very little difference to the distribution of z. O :

Ancther thing which interferes with the comparison is the{¢omparatively large
groups in which the observations occur, The heights are arrdAged in 1 inch groups,
the standard deviation being only 254 inches: whild.bhe finger lengths were
originally grouped in millimetres, but unfortunately $did not at the time see the
importance of having a smaller unit and condénsed them into 2 millimetre
groups, in terms of which the standard devidtion is 2-74.

Several curious results follow from taking Sdmples of 4 from material disposed
in such wide groups. The following point&'may be noticed:

(1) The means only occur as mulpijije’s of 0-25.

(2} The standard deviations oequr as the square roots of the following types
of numbers: n, n+ 0:19, n + O'?@nﬁ- 0-50, n+0-69, 2n 4+ 0-75,

(8) Astandard deviation®elohging to one of these groups can only be associated
with a mean of a particuldr kind; thus a standard deviation of /2 can only oceur -
if the mean differs by @ whole number from the group we take as origin, while
A1-68 will only occux'when the mean is at % + 0-25.

(4} All the fout individuals of the sample will occasionally come from the same
group, giving 4 Zero value for the standard deviation. Now this leads to an infinite
value of z Qnd is clearly due to too wide a grouping, for although two men may
have thie\adme height when measured by inches, ye$ the finer the measurements
the moré seldom will they be identical, till finally the chance that four men will
kave exactly the same height is infinitely small. If we had smaller grouping the
zero values of the standard deviation might be expected to increase, and a similar
consideration will show that the smaller values of the standard deviation wounld
als? be likely to increase, such ag 0436, when 3 fall in one group and 1 in an
adjacent group, or 0-50 when 2 fall in two adjacent groups. On the other hand,
when t.he individuals of the sample lie far apart, the argument of Sheppard’s
correction will apply, the real value of the standard deviation being more likely

to be smaller than that found owing to thefrequency in any group being greater

on the side nearer the mode,
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These two effects of grouping will tend to neutralize each other in their effect
on the mean value of the standard deviation, but both will increase the variability.

Accordingly, we find that the mean value of the standard deviation is quite
close to that caleulated, while in each case the variability is sensibly greater. The
fit of the eurve is not good, both for this reason and because the frequency is not
evenly distributed owing to effects (2) and (3) of grouping. On the other hand,
the fit of the curve giving the frequency of z is very good, and as that is the only
practical point the comparison may be considered satisfactory.

The following are the figures for height:

Mean value of standard deviations: Calculated 2.027 + (-021\
Observed 2026 A

2\,

Difference = — 0-001")

Standard deviation of standard deviations: Calculated “’0:’8"556 + 0-015
Obgerved { “0-9066

Difference 4 + 00510

D
- N 16 1
. . . N x 760 | =%

Comparison of Fit. Theoretical Equatdep: y = Jans 2g
Seale in terms of standard deviation of population R W\

: ! A e D - B B o
h_.qcyie\pi'm b @ | = | % 93:%“.‘"-'*1""5""5”””3“:‘
33;3}3BES.—%,;SESEIS‘SiSSEgg
“'?‘j°-*1“°"“f°‘°f:\°f°®2i’:\2’ 2|35‘3.‘26ﬁ

l g 3 ] '
Caleulated frequency \
13 | 308 | 27 |45k | 643|784 (B | 88 [ 814 | 71 |58 [45 | 33| 28 {16 | B4 | 53] T
Obeerved frequency PN\Y;
3 | 143 | 243 | 374|107 80| T3 | 7T | 77| 64 | 52h | 404 | 35 | 28 |12 9 |14 7
Difference )
0

O\
+1f| +4 i - 23| —8.'§~’§2}|-11i! -14| —11| -4 | -7 | -5}] cah| 42| +5 ) 24| ~4} +6 |

N\ Whence x¢ = 4806, P = 0-00008 (about).

In ta%ﬁ;lg the observed frequency, values between 0-0125 and 0-0875 were
included in one group, while between 0-0875 and 0-0125 they were divided over
the two groups. As sn instance of the irregularity due to grouping I may mention
that there were 31 cases of standard deviations 1-30 (in terms of the grouping}
which is 0-5117 in terms of the standard deviation of the population, and they were

therefore divided over the groups 0-4 to 0-5 and 0-5 to 0-6. Had they all been

counted in groups 0-5 to 0-6 x* would have fallen to 29-85 and P would have Tisen

to 0-03. The y* test presupposes random sampling from a frequency following the
given law, but this we have not got owing to the interference of the grouping.
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When, however, we test the 2's where the grouping has not had so much effect,
we find a close correspendence between the theory and the actual result.

There were three cases of infinite values of z which, for the reasons given
-above, were given the next largest values which occurred, namely +6 or —8.
The rest were divided into groups of 0-1; 0-04, 0-05 and 0-08, being divided
between the two groups on either side.

The calculated value for the standard deviation of the frequency curve was
1 {+0-017), while the observed was 1-039. The value of the standard deviation is
really infinite, as the fourth moment coefficient is infinite, but as we have arbi-
trarily limited the infinite cases we may take as an approximation 1//N\5 500 from

which the value of the probable error given above is obtained. The\ﬁt of the
curve is as follows: _ £\

QAT

. . . . 2N e
Comparison of Fit. Theoretical Equation: y = p- cosif)y = tand

&
RS
de of z \
5 | m | ow w | - o ow | ow MR \ AU B - s | Sy
R S 0w s = oo = * G\ S @ 3 &
B | L =~ | ':‘,\. " e <o | T
": N [ 1 I + + A~ |+ & + + + | M
H o . o -
s 2|2l 22 s || D e | 2]
i i) bz et L s Ly ] 3 pard -
AR - R A R RIS I
3 | & s R . o\ - h LT L -
2o 1 [N I 1 oy L+ + + + 0t =
H TR H 1
culated frequency

5 | 9% | 13% | 343 | 443 ] 78F | 119 [MM1 | 119 | 78% | 443 | 343 | 184 | 9} | ©
served frequency 'S

8| 144 | 113 | 33 | 483 | 7%,|ijﬁlgg 151 | 122 | 674 | 49 | 26} | 16 | 10 | 8

Terence \ \

A 450 -2 1) SR N8 | +d I0F] 3 | S11) 44| -8 +2p| +3 | L
" Whenee 3* = 13-4, P = 056,

This is very satisfagtory, especially when we consider that as a rule observations
are tested againgt, boeurves fitted from the mean and one or more other moments
of the observatlons s0 that considerable correspondence is only to be expected;
while thissdutve is exposed to the full errors of random sampling, its constants
having l%en calculated quite apart from the observations.

'The left middle finger samples show much the same features as those of the
height, but as the grouping is not so large compared to the variability the curves
fit the observations more closely. Diagrams III* and IV give the standard devia-
tions of the 2's for this set of samples. The results are as follows:

Mean value of standard deviations: Calculated 2-186 + 0-023

Observed 2:179

Difference = - -007

* There aro three small mistakes in plotmng the observed values in Diagram 11T, which
make the [it appear worse than it really is.
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Standard deviation of standard deviations: Calculated 0-9224 + 0-016
Obgerved 0-9802

Difference = + 0-0578

16 x 750 , -

Comparison of Fit. Theoretical Equation: y = J@mos xle

8eale in terms of standard deviation of population

| f

> ~ o | e v w ) N
~ o i * woLo® g @ & = = " L "~ ¥ L ~ |8
Q

8| 8t1& |38l 218 ]8)|z:8 2| 8|8 | 8|88 | 2184
Slajalsislsle{sr|slals|nl2|s|»e|s |54
o [ T ™~ ~ — - - el

=

Calenlated frequency ¢\

13 [ 10§ | 27 | 454 | 643 | 785 |87 |88 {813 ] 71 |68 |45 [33 |2 (5| of | 54 | 7
Observed frequency ¢ ~.’}‘ .
2 |14 | 273 |51 |64f |91 | 943 |68} | 65} | 73 |4sg|4o;|.g2;5.] 20 j224)12 |5 | T

Difference ™\
+3 [ 438 4] +54) — | +124 | +7H|-19¢ | 16| +2 | -9%| —4;| +9§| -3 ] +74| +24) -3 ] +

Whence 2 =21-80, P ={!;9

Value of standard deviation: Calenlated L :J_-‘(‘)-Ol’?}
' Obsewqgl».';, " 0-982

Diﬂ'er,eh’ée' = —0-018

~

Comparison of Fit. The@etwal Eguation: y = ?;TN__ costd, z = tan 0

#%

Beale of z ' RO
| - ) ;
us w v g N =
2 2 o S 2N e 2 s u ey 2 3 3 2 2
“ L N AN ~H ™ = H B = 5 & ] b
Ia ; : F AN ! ! S N + L S
Elsls | e is 5|22 8|2 |3|28|5
: 7 3 L

RIS S I - - I T T O O T - O S

N "~ i ! | + + ; i T8
E | AN T i ' + 3 - I T ke

Caqulated fveq\uancy
B | ONJ 184 | 34F [ 44} | 783 [ 119 | 141 | 119 | 78} | 44§ | 344 | 134 | 9% | B
Obaerved frequency

4 ;15&]18 |33§|44 175 |l2211381120§|71 |46§|36 lll ]9 6

Difference

-l 46| 4] -1 —}|—3§| +3 | -3 | +l4| -TH| 22 | 413 | -2 | -3 | +1

Whenee y® = 7-39, P == 0-02,
A very close fit.
We see then that if the distribution is approximately normal our theory gives
us a satisfactory measure of the certainty to be derived from a small sample in
both the cases we have tested; but we have an indication that a fine grouping is
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of advantage. If the distribution is not normal, the mean and the standard
deviation of a sample will be positively correlated, so that although both will have
greater variability, yot they will tend to counteract each other, a mean deviating
largely from the general mean tending to be divided by a larger standard devia-
tion. Consequently, I believe that the table given in Section VII below may
be used in estimating the degree of certainty arrived a by the mean of a few
experiments, in the case of most laboratory cr biological work where the distribu-
tious are as a Tule of a “cocked hat” type and so sufficiently nearly normal.

QY
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1-7 @000 | 09864 | 09937 | 0-9970 0-0986 | 0-09033 | 0-80968

1.3 0-6737 | 0-9886 | 0-9950 | 0-9977 0-0990 | 0-99953 | 0-99878

1-9 9770 | 0-9904 | 0-9959 | 0-0983 09992 | (-90967 | O-90085 H
20 0-9797 | 09912 | 0-9967 09986 | 0-9994 | 0-98076 | 0-99900
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0-0873 | 0-9057 | 09985 | 0-0095 0-9098 | (-90993 | 0-00007 |
0-0886 | 0-0063 | 0-0987 | (-0996 0:0098 | 0-98085 | 0-99998
- 0-0067 | 0-9989 | 0-9956 | 0-9909 0-09996 | 0-99999
0-0908 | 0-9972 | 09001 | 0-9097 (-0899 | 0-99997 | 0-99999
0-0916 | 09975 | 0-9992 0-009% | 0-9099 | 0-99998 | 0-99999
09924 | 00978 | (9993 00095 | 0-9999 | 009998 | 0-00090
(0831 | 0-9981 | 0-0994 | (-898 — 0-99909 —
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Srorioxw VIIE. ExpranaTioN oF TABLES

The tables give the probability that the value of the mean, measured from the
mean of the population, in terms of the standard deviation of the sample, will lie
between —oo and 2. Thas, to take the table for samples of 6, the probahility of
the mean of the population lying between — o0 and once the standard deviation
of the sample is (9622, or the odds are about 24 to 1 that the mean of the popula-
. tion lies between these limits. AL

The probability is therefore 0-0378 that it is greater than once tlie*standard
deviation and 0-0756 that it lies ontside + 1-0 times the st-andaxi{\i deyiation.

Sscrion IX. ILLUSTRATIONS OF M\f{THOD

HNlustration I. As an instance of the kind of use #hich may be made of the
tables, [ take the following figures from a table by ANR. Cushny and A. R. Pecbles
in the Journal of Physiology for 1804, showingthé different effects of the optical
isomers of hyoscyamine hydrobromide in /producing sleep, The sleep of ten
patients was measured without hypnotioand after treatment (1) with D. hyos-
cyamine hydrobromide, (2) with L..}‘ry”bécyamiﬂe hydrobromide. The average
number of hours’ sleep gained by thpfuée of the drug is tabulated helow.

The conclusjon arrived at wasithat in the usual dose 2 was, but 1 was not, of

value as a soporific, O
~
Additional hours’ sigep gained by the use of hyoscyamine hydrobromide
Tatient ‘:\ ' {Dextro-) 2 {Lacvo-) Difference {2-1)
[0\ + 07 +1-9 +1-2
S -1 +08 424
AN\ -02 +11 +13
AN -12 +01 +1:
N 5 -] ~0-] 0
NS 6 F5e +4-¢ F1-0
~\. 7 37 + 56 +1-8
\/ 8 +08 +1-6 +(-8
9 ] +4-8 +4-6
14 +2:0 o34 +1-4
Mean -+ 3-T5 Mean +2-33 Mcan +1-08
8D, 170 8.1, 1-00 RN 117

First let us see what is the probability that 1 will on the average give increase
of sleep; i.e. what is the chance that the mean of the population of which these
experiments are a sample is positive. + 0-75/1:70 = 0-44, and looking out
z = 0-44 in the table for ten experiments we find by interpolating between (-8697

and 0-9161 that 0-44 corresponds to 0-8873, or the odds are 0-887 o 0-113 that
the mean is positive.
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That is about 8 to 1, and would correspond in the normal curve to about -8
timos the probable error. It is then very likely that 1 gives an increase of sleep,
but would occasion no surprise it the results were reversed by further experiments,

If now we consider the chance that 2 is actually a soporific we have the mean
increase of sleep = 2:33/1-90 or 1-23 times the s.D. From the table the probability
corresponding to this iz 0-9974, i.e. the odds are nearly 400 to 1 that such is the
case. This corresponds to about 4-15 times the probable error in the normal
curve, But | take it the real point of the authors was that 2 is better than 1.
This we must test by making a new series, subtracting 1 from 2. The mean
values of this series is + 1-58, while the 8.p. is 1:17, the mean value being{*x1-35 .
times the 8.0, I'rom the table the probability is 0-9985, or the odds are.about 666
to 1 that 2 is the better soporific. The low value of the s.1. is probably due to the
different drugs reacting similarly on the same patient, so that there'is correlation
hetween the results. . W)

"Of course odds of this kind make it almost certain that 2 i8 'th'e better soporific,
and in pracgical life such a high probability is in mogb.matters considered as
a certainty, g \\f

Tustration I1, Cases where the tables will bQ{lseful are not uncommon in
agricuttural work, and they would be more nuih¢raus if the advantages of being
able to apply statistical reasoning were borng\n mind when planning the experi-
ments. I take the following instances fromd the accounts of the Woburn farming
experiments published yearly by Dr Yhéicker in the Journul of the Agricultural
Socicty. ~

A short series of pot culture experiments were conducted in order to determine
the eauses which lead to the pr Aiction of Hard (glutinous) wheat or Soft (starchy)
wheat. In three successive years a bulk of seed corn of one variety was picked
aver by hand and two smﬁfés were gelected, one consisting of ** hard ™ grains and
the other of “soft”. Seire of each of these were planted in both heavy and light
soil and the 1’esu]$i{1§”b-rops were weighed and examined for hard and soft corn.

The conclusigh drawn was that the effect of selecting the seed was negligible
compared with\the influence of the soil,

This cdnthision was thoroughly justified, the heavy soil producing in each case
nearly 10079, of hard corn, but still the effect of selecting the seed could just be
traced in each year.

But a curious poins, to which Dr Voelcker draws attention in the second year’s
report, is that the soft seeds produced the higher yield of both corn and straw. In
view of the well-known fact that the varielies which have a high yield tend to
produce soft corn, it is interesting to see how much evidence the experiments
afford as to the correlation between softness and fertility in the same variety.

Further, Mr Hooker* has shown that the yield of wheat in one year is largely

* Journal of the Royal Statistical Sociely, 1907,
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determined by the weather during the preceding harvest. Dr Voelcker's results -
may afford a clue as to the way in which the seed is affected, and would almost
justify the selection of particular soils for growing seed wheat.*

The figures are as follows, the yields being expressed in grammes per pot:

 Year P 1809 [ too0 1901
1 —_ Avel'a,ge Btandard

Soil : Light Heavy' Light | Heavy | Light { Heavy deviation

Yleld of corn from soft sced 785 | S5-89 | 14-81 | 13-55 748 | 15-39 i1-328

wo o had ., | T2r| 3| 1381| 1336 | 7907|1313 | 10843 [
Difforence . o . | 1058 |+057 |+1.00 +019 040 |+228 | 40685 NN 0778 © 088
Yield of straw from soft seed 12-81 | 12 87_ 22.22 20 21 _13_ 97 | 22-57 17‘44;\’

o hard , | 1071|1248 2064 | 2026 | 1171 | 1896 | EBfeT
Difference v. .. .. |+210 |+ 059 i+n-73 005 [+266 | +361 1515 | 1261 10

If we wish to find the odds that soft seed will give s better yield of corn on the
average, we divide the average difference by the stahdard deviation, giving us

..
#* \
z =088, \
Looking this up in the table for » = 6 We “find p = 0-9465 or the odds are

0-9465 to 0-0535 about 18 to 1. R

Similarly for straw z = 1-20, p = {: 9782 and the odds about 45 to 1.

1n order to see whether such oddséare sufficient for & practical man to draw &
definite conclusion, I take anotligr set of experiments in which Dr Voelcker com-
pares the effects of different a,rtﬁelal manures used with potatoes on the large scale.

The figures represent tﬁe\dlﬁ‘erence between the crops grown with the use of
sulphate of potash and k&lmt respectively in both 1904 and 1905:

owt, qr ﬂJ ton cwt gr. Ib.
1904 + 10-8° 202 + 1 10 1 26
1905 +~870 3:+ 13 2

The avera:ge gain by the use of sulphate of potash was 15:25 cwt. and the
$.D. §°ewt., whence, if we want the odds that the conclusion given below is right,
z=17 correspondmg,whenn = 4,top = 0-9698 or odds of 32 fo 1; this is midway -
between the odds in the former example. Dr Voelcker says: “It may now fairly
be concluded that for the potato crop on light land 1 cwt. per acre of sulphate of
potash is a better dressing than kainit.”

As an example of how the tables should be used with caution, I take the
following pot culture experiments to test whether it made any difference whether
large or small seeds were sown,

Ilustrotion 111, In 1899 and in 1903 “head corn’ and ““tail corn’’ were taken

} (two expenments in each year}.

* And perhaps a fow experiments to see whether there is a correlation between yield and
“meilowness” in barley.
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from the same buiks of barley and sown in pots. The yields in grammes were

ag follows: 1899 1503
Large seed ... 13-9 7-3

Small seed ... 144 87

+ 06 +1-4

The average gain is thus 0-95 and the s.p. 0-45, giving 2 = 2:1. Now the table
forn = 2isnot given, but if we look upthe angle whose tangent is 21 in Chambers’s

tables
’ tan—12-1 64° 39/ N\
A T e e e 5= — 9 = .
P I%0° +0:5 150° +0-5 = 0-859, .

A

5o that the odds are about 6 o 1 that small corn gives a better yleld than large.
These odds* are those which would be laid, and laid rightly, by a.nan whose only
knowledge of the matter was contained in the two expenn‘fents Anyone con-
versant with pot culture would however know that the. d:i}ference between the
two results would generally be greater and would corredpondingly moderate the
certainty of his conclusion. In point of fact a larges sgale experiment confirmed
the result, the small corn yielding about 15 %, mpr§ than the Jarge.

I will conelude with an example which come% weyond the range of the tables,
there being eleven experiments.

To test whether it is of advantage to klln-dry barley seed before sowing, seven
varieties of harley were sown (both kilnSried and not kitn-dried) in 1899 and four
in 1900; the results are given in the(table.

It will be noticed that the klln-&ried seed gave on an average the larger yield

. rice of hewl corn in ! - Vulue of crop per acre
Lib. head cotn pet acre {19 shillings per quarter Cwh. straw per aere in shillingst
Txx, | XD | D’ili N.K.D] K.D.| it |[vkD]KD.| it |NKD| KD | D,
e ! .',_k\. g —
; 1903 0 U008 ,~-|-106 26y | 263 0 19 | 25 +5¢ | 140} 152 +113
! 035 1915 —20 | 98 261 ~14 | 2§ | 24 +13 152} 145 —73
! 1010 | 20N | 4101 294 | 283 -1 23 24 +i 1581 | 161 +34
BESRIE S - AN S RN B YR
L i ] - ‘._ £
1961 “1p25 Ta | 2 2 0 18§ 191 —1 12 1504 —2}
L &0 2123 + A2 29 26 -3 241 221 —21 168 155 —13
WMt | 1482 | + 38 | 20% | 284 -1 151 | 18 +1 108 1173 -}
1612 15343 - 70 28L o8 —f 18 174 e 1984 121 -7
1800 1316 | 443 | w127 | 30 | 2 -1 Vo1 | osg | 4ug ] odo0p | nsy | 47
1511 | 1535 + 24 | o84 | 2B -+ 1 17 174 | +1 120 1204 +1
Average | 18415 | 18752 | 1537 | 2645 | 2765 | —091 | 1995 | 2005 | 4110 | 14562 | 14468 | +114
Htaudard i . - X &
de‘-'iatiun} — e 631 - - 0-18 - - 235 - - 6-87
Standard
deviation } — — 2233 — — 028 - — 0-80 — —_— 2:40
! .

+ Straw heing valued af 15s. per ton.

* [Through a numerical slip, now corrected, Student had given the odds as 33 to 1 and
it is to this figure that the remarks in this paragraph relate, Fo.]

EPS : 3
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of corn and straw, but that the gquality was almost always inferior. At first sight
this might be supposed to be due to superior germinating power in the kiln-dried
seed, but my farming friends tell me that the effect of this would be that the kiln-
dried seed would produce the better quality barley. Dr Voelcker draws the
conclusion: *“ In such seasons as 1899 and 1900 there is no particular advantage in
kiln-drying before sowing.”” Our examination completely justifies this and adds
“and the quality of the resulting barley is inferior though the yield may be
greater”’,

In this case I propose to use the approximation given by the ngrmal curve
with standard deviation s/,/(n— 3) and therefore use Sheppard’s tahles; looking up
the difference divided by s/y/8. The probability in the case of. yibid of corn per
acre is given by looking up 33-7/22:3 = 151 in Sheppards ‘tables. This gives
p = 0934, or the odds are about 14 to 1 that kiln- drled coen gives the higher
vield. R

Similarly 0-91/0-28 = 3-25, corresponding to p =\ 9994 # go that the odds are
very great that kiln-dried seed gives barley of a,wérse quality than seed which
has not been kiln-dried. \

Similarly, it is about 11 to 1 that kiin- dried seed gives more straw and about
2 to 1 that the total value of the crop isdess with kiln-dried seed.

N
2

SEOTIOﬁ‘ X. CONCLUSIONS

. A curve hag been found réprasentmg the frequency distribution of standard
devmtlons of samples drawn from a normal population.

2. A curve has beer found representing the frequency distribution of values
‘of the means of suchfemples, when these values are measured from the mean of
the population i terms of the standard deviation of the sample.

3. Tthas b‘eén"shown that this curve represents the facis fairly well even when
the distribution of the population is not strictly normal.

4. Tables are given by which it can be judged whether a series of experiments,
howeyer short, have given a result which conforms to any required standard of
accuracy or whether it is necessary to continue the investigation.

Finally I should like o express my thanks to Prof. Karl Pearson, without
whose constant advice and criticism this paper could not have been written.

*" As pointed out in Seetion V, the normal curve gives too large a value for p when the
probability is large. I find the true value in this case to be p = 0-9976. Tt matiers little,

however, to & conclusion of this kind whether the odds in its [avour are 1660 to 1 or merely
416 to 1.
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PROBABLE ERROR OF A CORRELATION
COEFFICIENT

{ Biometrika, VI (1908}, p. 302

™\
A7 the discussion of Mr R, H. Hooker’s recent paper “The correlatign of the
weather and crops”’ (Journal of the Royal Statistical Soctety, 1907) DI,‘\S’ha:W made
an inquiry as to the significance of correlation coefficients derived from small

S,
7°%a

numbers of cases. _ R

His question was answered by Messrs Yule and Hooker atd. Prof. Edgeworth,
all of whom considered that Mr Hooker was probably safe in taking 0-50 as his
limit of significance for a sample of 21. They did not, however, answer Dr Shaw’s
question in any more general way. Now Mr Hook riis not the only statistician
who is forced to work with very small samples, and'until Dr Shaw’s question has
been properly answered the results of such :img'eétigations lack the criterion which
would enable us to make full use of them. The present paper, which is an account
of some sampling experiments, has t“fsi‘l;ibjects: (1) to throw some light by em-
pirical methods on the problem itself; {2)'to endeavour to interest mathematicians
who have both time and ability: pasolve it.

Before proceeding further, i may be as well to state the problem which occurs
in practice, for it is often cehfused with other allied questions. '

A random sample hagBeen obtained from an indefinitely large* population
and r+ calculated between two variable characters of the individual composing the
sample. We reqn'h@:ffshe probability that R for the population from which the
sample is drawnjshmu lie between any given limits.

Tt is clear that in order to solve this problem we must know two things: {1} the
distribution of values of # derived from samples of a population which has a given
R, and (2} the a priori probability that B for the population lies between any
given limits. Now (2) can hardly ever be known, so that some arbitrary assumption
must in general be made; when we know {1) it will be time enough to discuss

* Noto that the indefinitely large population need not actually exist. In Mr Hocker’s case
his sample was 21 years of farming under modern conditions in England, and included all
the years about which information was obtainahle. Probahly it could not actually have been
made rmzch larger without loss of homogencity, due to the mixing with farming under
conditions not modern; but one can imagine the population indefinitely increased and the

21 years to be a sample from this.

t Throughout the rest of this paper r is wri
and R for the correlation cosfficient-of a population.

tien for the carrelation coefficient of a sample

-2
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what will be the best assumption to make, but meanwhile I may suggest two-
more or less obvious distributions, The first is that any value is equally likely

between + 1 and —1, and the second that the probability that x is the value is

proportional to 1 —22: this I think is more in accordance with ordinary experience;

the distribution of a priori probability would then be expressed by the equation

y = I(1—27).

But whatever assumption be made, it will be necessary to know (1), so that
the solution really turns on the distribution of r for samples drawn frorm the sawe
population. Now this has been determined for large samples with as mufhaccuracy
as 18 required, for Pearson and Filon (Phil. Prans. A, oXc1, p. 229t seq.) showed
that the standard deviation is (1 —72)//n and of course for largelgimples the dis-
tribution is sure to be practically normal unless » is very cloge t0'unity. But their
method involves approximations which are not legltlmate when the sample is
small. Besides this the distribution is not then normal.,‘so that even if we had the
standard deviation a great deal would still remain ahlknown.

In order to throw some light on this questi&tn /T took a correlation table*
containing 3000 cases of stature and length of l‘eﬁ; middle finger of criminals, and
proceeded to draw samples of four from thiy population.t+ This gave me 750
values of 7 for & population whose real coprelation was 0-66. By taking the statures
of one sample with the middle finger, lengths of the next sample I was enabled to
get 780 values of  for a population® whose real correlation was zero. Next I com- .
bined each of the samples of foiix with the tenth sample before it and with the
tenth sample after it, thus obﬁlnmg two sets of 750 values from samples of 8,
with real correlation O 66‘@(1 Zero,

Besides this empirica] Work it is possible to caleulate a priori the distribution
for samples of two anfllows, _

For clearly the only values possible are +1 and — 1, since two points must
always lie on ‘bl;e Tegression line which joins them.§

Next conglder the correlation between the difference between the values of one .
charactel\in two successive individuals, and the difference between the values of
the 6ther character in the same individuals, It is well known to be the same as
that between the values themselves, if the individuals be in random order.

Also, if an mdeﬁmt;ely large number of such differences be taken, it is clear that
the means of the distributions will have the value zero. Hence, if the correlation
be determined from a fourfold division through zero we can apply Mr Sheppard’s||

* Biometrika, 1, p. 219: W. R. Macdonnell. t Biometrika, vi, p. 13. {2, p. 23]
1 Not strietly independent, but practically sufficiently nearly so. This method was adopted
in order to save arithmetic,
§. There are of course indeterminate cases when the values are the same for one chamcter,

but they become rarer as we decrease the unit of grouping until, with an infinjtesimal unit of
grouping, the statement in the toxt iz true.

| Phil. Trans. A, cxor, p. 141,
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result that if 4 and B be the numbers in the large and the small divisions of the
table respectively cos ﬁ?ﬁ = R, where R is the correlation of the original
system.

But if a pair of individuals whose difference falls in either of the small divisions
be considered to be a random sample of 2, their r will be found to be — I, while
that of a pair whose difference falls in one of the large divisions is +1. Hence
the distribution of r for samples of 2is A ¥ at + 1,and BN at —1, whereA + B = 1,

—1 p;
and B = 2% R \
w
When R = 0, there is of course even division, half the values bemg W1, and
half —1; when R = 0-66, B = cos0:86 _ = 0-271, therefore A = 0 729, and the
m

mean is at 0-728 —0-271 = 0-458. The s.p. = ,{{1— (0 458)2} £2 0 889. It is note-
worthy that the mean value is considerably less than B.¥

I have dealt with the cases of samples of 2 at some 1 ngth, because it is possible
that this limiting value of the distribution with its ‘mean of (2/r)sin=* R and its
second moment coefficient of 1 - {(2/mr) sin—! R}2 )ha;y furnish a clue to the distribu-
tion when % is greater than 2. .

Begides these series, I have another shol'ter one of 100 values of r from samples
of 30, when the real value is 0-66. The d]stnbutlons of the various trials are given
in the table below. .

Several peculiarities will be nched which are due to the effects of grouping,
particularly in the samples o 4\ Hirstly, there is a lump at zero; with such small
numbers zero is not an yngommon value of the product moment and then,
whatever the values of the standard deviations, r = 0.

Next there are five Qdetermmate cases in each of the distributions for samples
of 4. These are duego the whole sample falling in the same group for one variable.
In such a case, both the standard deviation and the product moment vanish and
rig mdetermm&be

Lastly; mt?h such small samples one cannot use Sheppard’s corrections for the
standard\deviations, as  often becomes greater than unity. So I did not use
the corrections except in the case of the samples of 30, yet-on the whole the values
of the standard deviations are no doubt too large. This does not much affect the
values of 7 in the neighbourhood of zero, but there is a tendency for larger values
to come too low, so that there is a deficiency of cases towards 1 and — 1. This
introduces an error into the standard deviation of all the series to some extent,
but of course the mean is unaltered when there is no correlation. The series for
samples of 4 are affected more than those from samples of 8, as the mean standard
deviation of samples of 4 is the smaller, so that the unit of grouping is com-
paratively larger. :
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Probable Error of a Correlation Coefficient 39

The moment coefficients of the five distribuntions were determined, and the
following values found:* '

| Mean | sn | g H i b B
Samples of ¢ {r =0} — 0-6512 | 0-3038 — 0-1768 — 1-818
Samples of & (r =0) — [ 03731 | 01392 — 0-0464 — | 2338

Bamples of 4 (r =0-66) | 0-5609 | 0-4680 | 0-2190 — {1570 0-2152 2-245 | 4-489
Samples of 8 (r =0-66) | 0-6139 | 0-2684 | 0-07202 | -0-02634 | 0-02714 | 1-847 | 5232
Sarples of 30 (r = 0-66) | 0-881 (-1601 | 0-0F003 | —0-080882 | 0-(0046F | 0-7713 | 4-580

Considering first the “no correlation ” distributions, I attempted to fit a Pearson
curve to the first of them, As might be expected, the range proved limifed and
as symmetry had been assumed in calculating the moments, a Ty]ze\II curve

22 \o272 AN
1076 6) , the range of thh 18 2074,

Now the real range is clearly 2, and only a very smadl a,ltera,tlon in 4, is required.-
to make the value of the index zero. Consequently the p@natlon y = y{l—a2)?
was suggested. This means an even distribution of rJbstween 1 and —1, with
8.0, = 0-5774 + 0-010 vice 0-5512 actual, u, = (-4383 +0-0116 vice 0-3038,
ty = 0-2000 + 0-016 vice 0-1768 and f, = 1-8004 012 vice 1918, all values as
close as could perhaps be expected considering tha.t the grouping must make both
ey and g, too Jow. N

Working from g = yo(1—2?)° for aa;mples of 4, T guessed the formula

g
¥ = yy(1~2% 2 and proceeded to. ca,Icu]a,t;e the moments.

By using the transformation, :t:\= sin f, we get y = g/, cos™ 44,
dx = cosdf \\

f ydx 2‘%.'. cog™ 2 fdb,

’£jﬁﬁydx = 2y, f cos? 3 040 — 2qu. cost10d0,

and 80 on, W\
Whence(™y™
N\

resulted. The equation was y =~ y[,( :

1 3 3(n—1) 6
oy = —— - == =3——.
\‘“2_:@.—1’ M= D+ 1) Fe= =i n+1

Putting » = 8 we get the equation y = (1 —«*)* and
fy = % = 0-1429 + 0-0050 instead of actual 0-1392,

fty = 2y = 0-0476 + 0:0038 " 0-0454,
o = 0-3780  0-0066 " 0-3731,
fo= 3-8 =2-333+0-012 s 2-336,

* Tn the cases of no correlation the moments were taken about zero, the known centroid
of the distribution.



40 Probable Error of a Correlation Coefficient

/ 22 202
The equation calculated from the actual moments is y = yo(l > ) ,

. " 0-9802
whence the calculated range is 1-98, whereas it is known to be 2.
The following tables compare the actual distributions with those caleulated

from the equations,

Distribution of r from samples of 4 compared with the equation
Y = Al

—r

Ly e a A it i i ] '~..” ) ‘-Q i L =
“w L =t £o =3 e e o3 P IS | P B —
S| S [® |9 || S | a8 jE e T
o | | | | i Foor R bR e N | .
i = = o o @ = =] o o o N o -
o + e | R - Iq- s 0 = =t .-Q d: g
<8 2 ooa g2 |8 2 i2'8g s o 2R
I R T I - A I

1 i [ L i | + + | & \J; + ]

_ ——— | — ————— —_— _'I — | - FR— " ": | —_— -—
Actual ... | 64 | 454 | 553 | 67 . 59 | &2 . 63 ' 38 | 60 0 6d i sz 41p | 54
Coloulated | 85 | 56° | 56 | 56 | 56 | a6 36 , 56 | 56b'56 | 56 56 | 6
Difforence | -1 | -103 -3 |+11| +3 ! 16| +7 ] 2302 ] 481 —44 | -1y -1

From this we get x® = 13-30, P = 0-34. It yviﬁ‘flowever be noticed that the
grouping has caused all the middle compartthents to contain more than the
caleulated, as pointed out above, O

L

Instribution of r from saﬂ@le@of“B compared with the equation

v 15
=~7.‘_50_X_1_"( ~a?)
LN\ 16
I 0 u lq,"'\\r: g ™ o = W b g |
5 5 BlEPy s e85 8l8, 8 8 ;%
Q? ] I \I Cod | +. + 4 4+ 0= N o !
N g
s 2 &03 |2 & | 2 2 2 1 8; 8] 815
£ g 1 oy T ey Ly wy =] b
Tisae | s sl § 158 |§ BI§ & %
: ONT A [ 1 I + + ‘ + + +
— Lo £ R i ! -
1 ~ e . i i —
Actmal ...; 2\K37 | 44 | 60 ‘ 96 | 114} | 103 | 85 | 984 | 65 | 393 14} | 3
Caleulated | £\ 204 | 43 | 67 | 87 | 100§ | 105 | 1003 | 87 | 67 | 43 | 204 | 4
Difference -2 | +8) | +1 | =7, 48 | +14 ¢ -2 | 153 | 1113| -2 | 58 | -6 [—1;}
T RS, - -

\ ) Whence % = 1394, P =0-30.

In this case the grouping has had less influence and the largest contributions
to x* (in the second, sixth, eighth and twelfth compartments) are due o differences
of oppusite sign on opposite sides, and may therefore be supposed to be entirely
due to random sampling, : '

My equation then fits the two series of empirical results about as well as could
be expected. I will now show that it is in accordance with the two theoretical
cages » “large’” and n = 2, for ¢ = 1/yf{n—1), which approximates sufficiently
closely to Pearson and Filon’s (1-72)/yn when 7 = 0 and # is large. Also when
# i8 large f, becomes 3 and the distribution is normal,
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And if n = 2, the cquation becomes ¥ = y,(1 — x,)71,* where
. e

" Put z = sinf. Then dx = cos8d8,
N = N
Yo = E/Jg gec@dd = E/OO = 0,

i.e. there is no frequency except where (1—=22)~is infinite, all the frequency is
equally divided betweenz = 1andx = — 1, which we know to be actually thQ case,

e

Conzequently, I believe that the equation y = 4, (1 - x“)_25 probablyxepresents

the theoretical distribution of  when samples of » are drawn from, anormally

distributed population with no cerrelation. Even if it does not\dc?’so, I am sure

that it will give a close approximation to it. ~‘ R

Let us consider Mr Hooker’s limit of 0-50 in the iigh't,'ﬁi“t-his equation. For

x = sinf '
y = ygcost? 8

beyond « = + 0-50 will be S
f v cost¥ 9dé

Pepin 080 o\

21 cases the equation becomes } and tl1eQn0p0rti0n of the area lying
o \d

FLd . N
J cos'® df
0 Q

SN g

I find this to be 0-02099, or we'may expect to find one case in 50 occurring
outgide the limits + 0-50 when't;,hg\are js no correlation and the sample numbers 21,

When however there is_corpelation, I cannot suggest an equation which will
accord with the facts; buf as I have spent a good deal of time over the problem
I will point out some gf the necessities of the case.

(1) With s1nall~ g\aﬁﬁxples the value certainly lies nearer to zero than the real

value of B, e.g.,§~'

2.
83 Samples of 2: Mean at ;rsm'l R,
SN

\m;  ‘Samples of 4 (real value 0-66): 0-561% + 0-011,
Samples of 8 (real value 0-66): 0-6147 + 0-085,

* Ifn Peassorn curve be fitted to the distribution whose moment coefficients are ¢, = 1=y
and s, = 0, we have 8, = 1, f, = 0, hence the curve must be of Type II and the equation
is given by '

Ak 2pta o 58, — 9 — 231
= —— 2= T2 2= = ————— OT = 1—uw '
y-yo(l a-z) , where a® = 3_7, 1 and m 53— Ba) % = Yol )
agreeing with the general formula. - )

+ The valuo roust be slightly larger than this (perhaps even by 0-03) as Sheppard'’s
earTections weres not used.

{ Agsin higher, but not by more than 0-02.
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But with samples of 30 (real value 0-66), mean at 0-6609 + 0-0067 shows that the
mean value approaches the real value comparatively rapidly.
(2) The standard deviation is larger than accords with the formula

{(1-78)/f(n—1)

even if we give the mean value of 7 for samples of the size taken, e.g. for sarmples

of 2, 2 a
S'D'=A/ lm(vsin“ll?,)].
7

For samples of 4: caleulated* 0-3957 + 0-0069; actual (0-4680,

For samples of 8: calculated 0-2355 + 0-0041; actual 0-2684,

But samples of 30, calculated 0-1046 + 0-0018, actual O-lOOL,\aigain show that
with samples as large as 30 the ordinary formula is justiﬁegi.\:\

(8) When there was no correlation the range found by/fitting a Pearson curve
to the distribution was accurately 2 in the theoretiea% E;a,se of samples of 2, and
well within the probable error for empirical distribtions of samples of 4 and 8.
But when we have correlation this process does not give the range closely for the
empirical distribution (samples of 4 give 2:13%)samples of 8, 2-699, samples of
30, infinity) and the range calculated from samples of 2, which is

2+ 304 185 — 913
- 2 3 Vi
(where p, = 1 —{{2/m)sin-1 B}2), i "ﬁlwa,ys less than 2 except in the case where
#2181, i.e. when there is no corselation. '
Hence the distribution prehably cannot be represented by any of Prof. Pearson’s
- types of frequency curveédmless B = 0.

(4) The distribution’is skew with a tail towards zero.

(5) To sum up: Ifg= @(z, B, n) be the equation, it must satisfy the following
requirements, If5f= 1, 1 is the only value of 2 which gives the value of 5 other
than zero. If\\nz 2, +1 are the only values of # to do so0. If B = 0, the equation

R\ 74
probably seduces to y = y,(1—a?) T .
O

a\"
QY

CoNoLUSIONS

It has been shown that when there is no correlation between two normally

distributed variables y = (1 —:z:“‘)*f!—‘t gives fairly closely the distribution of 7
found from samples of n.

Next, the general problem has been stated and three distributions of » have
been given which show the sort of variation which oceurs, I hope they may serve
a8 illustrations for the successful solver of the problem.

* (1—-r*)/yf(n—1), where 7 is taken as the mean value fop the size of the sample. If we took
the real value R, the difference would be even greater,
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THE DISTRIBUTION OF THE MEANS OF SAMPLES
WHICH ARE NOT DRAWN AT RANDOM

[Biometrika, VII (1909), p. 210]

IT is one of the advantages of the normal curve that if samples are dré.y{n at
random from any population, no matter how distributed, the distributiens of
the statistical constants of the samples rapidly approach the Gaussian’as the
samples grow large. O

This being so, the result of grouping 2000 in samples of 25 giyei;.ih Drs (Green-
wood and White’s very interesting paper in Biometrika (vi (1809), pp. 37 6-401)
is surprising. \

Tor it is easy to show that if By, B, be the constants\bf'the distribution of the
means of samples of » drawn at random, conespon@g to B, By in the original
frequency distribution, then* N\

B, = % and B;=3=

But in this case N
B.= 17977 and By 0:4756, while ‘% = 0-0719,
o\
: 2 185, while 222 - 01032
ﬁ2 - 3 = 2:6790 and\Qz_“ 3 = (3 s W e 7 = .

Now neither of these‘ciil.'l"be congidered significant with a sample of 80 means,
but at the same time they are both sufficiently different to suggest that the
conditions which%'(;l‘.tb the theoretical result have not been fulfilled. -

The first thing Which oceurred to me was that as Sheppard’s corrections had
been used fm;ft‘lie means but not for the original distribution it might be well to
try applying-them to both.

This hoWever makes but little difference, for we get

B_
B, = 19898 so that o= 00796,

Ba—3 .
flo—3 = 27725 so that 95 = 0-1109,

~ Inext considered the possibility that the samples were not strictljlr random but
that there was some slight correlation hetween successive observations.

+ Henderson, R., J. Inst. Actu. XLI, pp- 42042,
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I therefore assumed that the individuals composing the sample were more like
each ofher than to the rest of the population, that in fact there was homotyposis,
and working from this hypothesis I found that the slightest correlation produces
a very marked retardation in the approach to normality with increase in the
size of the sample,

It will be observed that this is essentially a “small sample” problem, for with
increase in the size of the sample the correlation due to likeness bebween snccessive
individuals diminishes except in exceptional cases, when it becomes manifest
a3 & well-marked heterogeneity. ~

My results emphasize the necessity of avoiding anything which tendsto produce
secular variation and as far as possible to neutralize it by repeatingjobservations
only after some time has elapsed. O

Thus repetitions of analyses in a technical laboratory showld never follow one
ancther but an interval of at least a day should oceur e£Ween them. Otherwise
& spurious accuracy will be obtained which greatly. reduces the value of the
analyses, O

In the present case there is not sufficient evi énite to show whether correlation
was really present, but as in the course of afairly extended practice 1 have noi
yet met with observations in which this t;e;rfdéncy was altogether absent, I incline
to the belief that it was. )

In any case, being ignorant of the ¢echnique, I can only suggest as possibilities
slight variations from point to point on the glide, differences in light or in the
observer as the day went on,

The general problem is {f@llows:

Let samples of » be dlza@%n from a population with constants Hay s s Br> Ba
and let the samples b drawn in such a manner that the individuals composing
each sample are {:o\’rrelat-ed with correlation coefficient r, then, assuming linear
regression and hefroscedastic arrays, the constants of the distribution of their
means (M, My M, B,, B,) are as follows:

M, -—.'m‘;%\{l +{n—-1)r},
My = {1+ 1)} (1 4+ (2n— 1)1,

M, = {??%((EQT_}?‘E 1+ (30~ 1) r+ 3n(n—1) 72+ 3(n — 1) (1 — 1) (1 +n7) 2,

B, =P l+in—1)r
7 (L+r2 {1+ (n—1)r}
B, = Bo{l+(3n— )7+ 3n(n — 7% 300 —1)(1~7) (1 +77)

o (42 {1+ (= 1)7} w(I+2n) {1+ (r—1)7}"
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‘Ag the method of determining the three moment coefficients is the samc in each
caac and it is merely a question of reduction to obtain B, and B,, it will be suffi-
cient for me to give the proof for M,.

Let zy %, ..., be the values, measured from the mean of the population, of
the individuals composing the typical sample, and let there be N such samples.

Then

1wy +ae+ ..o +2,)!
¥, - g fEtat el

1 8(#) + 48 %) + 68(wiwf) + 128(az, x,) + 248z, 23257y .
=5~ e (i)
N nt N
Taking each of these six terms in turn we have : O\
2{8(=})} ni{ng ai) M \ O i)
o TN Tw o (i

For S(x}) has » terms, and when they are taken over .alf\t:he N samples which
compose the population there will be =.n,, of xf, n,, beiti¢ the number of z,’s in
the population and #,,,, the number of 2,’s associabgd/with z,’s, and so on.

Again, there are n{n — 1} terms in S{z}=z,), N\

L MaS@iny))  4n—1) Z(ng,sadw)

Noant N %’3
4(n—1)23 nm .23 .mean value of xz)
. N N nd
But the mean value of z, gzgsbcia-ted in the sample with 2; will be i";'rj":--;l, or
8iNCe 7, = O, 118 1y, o :
TS} Hn—1) n, .2b )
N O Noet N.nd
.’\u
W 4(n—1)r
\u\ = (nﬁa___) P (i)
Next,., E{GS(% w3)} _ 3 —1) é‘(ﬂxlx,_ﬂif 23)
\ \“ N.nt 7’ N
3(n—1) Z(n,, .a}. mean value of 3)
T N

[Now the mean value of 2 is equal to the square of the s.D. of the z, array of
zy’8, {#5(1 —r?)}, added to the square of the mean value of z,, (r¥r)]

n3

= 3(n { g+ {1 —rHudt. {iv)
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Again,
Z(128(twaz)} _ 60— 1) (1 2) Ky gy, - #350%5)
Nat B nd N
__ 6(n—-1)(n—2)3(n,,,, 22z, . mean value of x,)
B n3 N ’

The mean value of x; for valees z, and x, of the other two variables is given by .

the equation
1 . — s [Ru®  Ryw
s Byl o Gy, |’ QA

£ Ty

where the R’s are the minors of the determinant ¢ \“\'

; (?"
(1o | o my = (X +a,). - (xl+x3) 1-|-r

r, 1, r s,
j r, ¢, 1] “\

Substituting, we get \)

)
E{I2S(x2x2x3)} bn—1){n—2) r Zf mlx,(ﬁxz+x?-”5§))_
N.mt 73 '1+jr O N -

")

By (iii) and {iv),

6(”_23(”: ?} {1‘#4+?‘ﬁﬂa+(l =) i}

6(n— 1-)@&_
= \\,53‘ -?'{""ﬂ4+ (1—r}pus}.
Z{24S(x1xax3x4}} - 1} (n—2){n—3) E(nwmxaz‘lxlmzxsq)
. Npt “\ nd N
‘,\\w’ _ (r—1)(n—2){n—3) {{nmlxm.xlxz;cs‘._mean value of z,)
73 N )

¢

Lastly,

:»\’ > 3 .
As before.the mean value of z, comes from the multiple regression equation

o E B R
My, = R:n {xl 41+x2 ;‘_12. +x, _,:@} s
aal Oy 3 Ty
where the E’s are minors of

L, r, », #
r, 1, r, r
?'! r? 1} ?‘
r, v, r, 1

o, = (v +2 —Fx) (T(l ")

o Wig, =y 2 8l '§§‘+z?3 (xl+x2+:c3) I+2r'
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Substituting, we get
Z{248(xy 2y %p2s)} _ (n—1)(m—2)(n—3) r Zin ) Ty Ty + Ly + g)}

Nnt n? 1427 N
_(r=l){n—2)(n-38) r 3= Lxdw, )
. nd ST 2T N )
L Sm-1(n—2)(n-—- 2
Applying (v), =24 ”""'ﬂs ) n 3).11 B NIy (vi)

Substituting (ii)... (vi} in (i}, we get .

M, =;:_3{.“44“4(?%-—1)?;1,4-4-3(?@__1){,.2#4_'_(1_?2)#3} -«
+6(n—1)(n—2).7.fru+ A=1)p8} O,

r2 %
+3(n—1) (n—2}{n—3).y5; ks +(127) ﬂ%}},
which reduces to the result given above, viz. SO

_{l+@=1)r) : ;
o= ) W+ Gre D7 Sn(n 1) + 30 1) (1) (1+27) ],

Using these equations it is possible o find valuqsietff' which would satisfy the
conditions for the various constants. o\

Thus (using Sheppard’s corrections for both %etei of constants) I find that with

the given values of s and M, _ o £0-003,
of : fy and BN = 0063,
of S, and By 7 = 0-033.

Now clearly if » were fitted byﬁeast squares or in any other way from these
three values it must clearl éfmie closest to the u, value owing to the lower
probable error of j,. As a proper fitting would clearly be very complicated owing
to the intercorrelations,of the constants, I have assumed a value r = 0-0% as a nice
round number; thiijigi\}es a value of M, higher than that found in the sample
before us, bus n@{";a}b‘ all impossibly so.

This gives & " M, = 01101, actual 0-1074,
AN\ B, = 0-1397, ,, 0-4756,
) B, = 32012, ,, 3-3185.

These constants give a Type I curve

x 2464 1 ' T 7142

If we assume no correlation I get a curve
x 417 z 1266-3
y=1090(1 +15) (1_5__8_31)
whenee I get the following ““fits.*

* The figures given are really mid-ordinates, but for such small numbers the difference
between the mid-ordinste and the area on the base unit is negligible.
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: [ I N f R . T . .
sla a[ss %|%‘$$¢;%%®;mz§
o~ ~ ™ L ~ = ~ L [ ES I 4] froo oS | S %
] 8 | 2 8 & 8 g 8 3 21 2B 8 8| 8 . 8 2
] @ | o= ] ) oy = oo ] W oo > = R Y 2
g A 3 H e £ | % 3 S 4= B | o 3 R
= = ll e ~ B L ~ i "~ = iy i oy &2 ] & ‘ oy -
Actual
— 4 8 | 9 14 12 12 B 7 2 1 2 ] 0 i1 | —
l :
Caleulated: No correlation .
1-01 | 242 528 ‘ 8-86 | 11-69 | 13-07 1 12-18 l 49.87 II 600 l 427 | 236 | 118 =% - i 0-02 | —
M 4 I o '
. R i f L : Lo Vo
Caleulated : Correlation (-01
185 | 327 | 6:02 | 892 | 1101 | 11-71 | 10:84 | 805 | 664 | 452 ° 262 1 164 | 0Bt — | 085 | —

a A\ N

These give P = 0-46 and P = 0-86 respectively, the fizst Being a good deal
helped by the convention that the tail should not be cairl;iéd fli}eyt:)m:i the peint at
which a single unit may be expected and the second mﬁc\h less so.

As the empirical curve fitted from the actual midwients has a P of 0-92, the
second curve may be considered fairly good,'de}'éndjng as it does on a guess
following on caleulation. On the other handra? of (-46 with so few cases as 80
is not particularly good, and as Prof. Peagseh has pointed out to me the graph
distinetly gives an idea of greater skewﬁéﬁss than is represented by the no correla-
tion curve. I do not, however, Wish..tbj"contend that the circumstances attending
the production of the sample actudlly conformed to the arbitrary conditions
which I found it neceasarngﬁassume in order to simplify the analysis. But
seeing that the fit is good and that with such & small sample even the divergent
B, is not altogether imp&sible, 1 think it likely that there was some sort of
correlation, though probably not that particular kind which has been assumed
in this note. N

\\ CONCLUSIONS

1. Thatfishe approach to normality of the distribution of means of samples
drawn from a non-Gaussian population is delayed by the existence of correlation .
betwesh the individuals composing the samples.

2. That on certain arbitrary assumptions the constants of the new distribution
can be found given the constants of the old one and » according to formulae
given above,

3. That using the above formulae and chqosing a likely looking value of 7, &
curve can be drawn to represent the sample in Drs Greenwood and White’s paper
with fair likelihood.
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APPENDIX TO MERCER AND HALL’S PAPER ON
“THE EXPERIMENTAL ERROR OF FIELD TRIALS”>

[F. Agric. Sei. IV (1811}, p. 128]

Note on a Meithod of Arranging Plots so as to Utilize a given Areg
of Land to the Best Advantage in Testing Two Varieties

Tu g authors have shown that to reduce the error as low as possible it is nec\essary
to ‘‘scatter” the plots. I propose to deal with this point in the specjdl edse when
a comparison is to be made between only two kinds of plots, dét*us say two
varieties of the same kind of cereal. ¢ “\ 3

If we consider the causes of variation in the yield of & crop itseems that broadly
speaking they are divisible into two kinds. \

The first are random, occurring at haphazard all over the field. Such would be
attacks by birds, the incidence of weeds or the pre,se&e of lumps of manure. The
second oceur with more regularity, increase fromg be)mt to point or having centres
from which they spread cutwards; we may t takeras instances of this kind changes
of goil, moist patches over springs or the pEekénce of rabbit holes along a hedge.

Having made this distinction betw een tandom and regular causes of variation
let me hasten to add that almost alidauses of variation may belong to one or
other or both of these classes acc )rdmg t0 the size of the plot in question.

In any case a (,(mmdera,t]\ {of what has been said above will show that any

“regular” cause of variation’™will tend to affect the yield of adjacent plots in a
similar manner; if the yield'of one plot is reduced by rabbits from a bury near by,
the plot next it will ha,re\ﬂy escape without injury, while one some distance away
may be quite unteiehed and so forth. And the smaller the plots the more are
causes of variation “regular for example, with large plots a thistly patch may
easily ocour who]ly within a smgle plot leaving adjacent plots mnearly or alto-
gether clea,n ‘but with quite small plots one which is overgrown with thistles is
almost Sute to have neighbours also affected.

Now if we are comparing two varieties it is clearly of advantage to arrange the
plots in such a way that the yields of both varieties shall be affected as far as
possible by the same causes to as nearly as possible an equal extent.

To do this it is necessary, from what has been said above, to compare together
plots which lie side by side and also to make the plots as small a5 may be practiec-
able and convenient.

There is a reason, apart from the difficulty of cultivating very small plots,

why the plots should not be made too small, and that is, that when two different

DFS 4
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varieties are sown next one another the outside drill of each is under abnormal
conditions and if it be counted in the plot may introduce an error which in a
small plot may be quite substantial, but if it is not counted the space wasted by
rejecting the outside drills of small plots becomes considerable.

Let us suppose that the smallest practicable size of plot bas been chosen and
the land available for the comparison has been divided up into plots of this size
and sown, chequer fashion, with seed of the two varieties.

Obviously nothing that we can do (supposing of course careful harvesting) can
now alter the accuracy of the resulting comparison of yields, but we can easily
make different estimates of the reliance which we can place on the figures.

For example, the simplest way of treating the figures would{De to take the
yields of the plots of each variety and determine the standard déviation of each
kind. Then from published tables we can judge whether sieh'a difference as we
find between the total yields is likely to have arisen by\ocilance.

An advance on this is to compare each plot with itsigighbour and to determine
the standard deviation of the differences between these pairs of adjacent plots.

From what has been said above as to the ogéfitrence of ““regular” sources of
error it will be seen that such differences as these will be to a much larger extent
dependent on the variety, and toa lessextenton errors, than if the mere aggregates
are compared. \

The standard deviation will therefgjré be smaller and the confidence which can
be placed in the result increased. N

By a further device we can'still further decrease the standard deviation and
inereage our certainty. ¢ < ~

For if, instead of harvesting the whole of each plot together, we divide each .
plot into two before harresting (and that this can be done is clear from the account
of the work done with the mangolds and wheat), then we get twice the number of
comparisons, add the plots being half the size are comparatively closer together
and the errof of their comparison is reduced.

But, itewill be asked, why take all this trouble? The error of comparing plots
of ang given size has been found by the authors of the paper, and all that has 0
be do1i¢ is to apply this knowledge to the particular set of experiments.

" The answer to this point is that there is no such thing as the absolute error of
a given size of plot, We may find out the order of it, be sure perhaps that it is not
likely to be less than (say) 5%, nor more than 15 9, withou$ producing visible
heterogeneity, but the error of a given size of plot must vary with all the external
conditions as well ag with the particular crops upon which the experiment 18
being conducted, and it is far better to determine the error from the figures of
the experiment itself; only so can proper confidence be placed in the result of the
experiment, : _

The diagram illustrates the proposed method of arranging the plots.

®
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The different shading represents the two different varieties.

The firm lines represent the outside of the original plots.

AA’ is part of the boundary of the experimental ground, part of which is
given in the diagram.

The dotted lines show the further division made at harvesting,

Then the yields of the half-plots 1, 1:2, 2: ... ete. are compared together.

The outside half-plots are neglected as it is usual to discard the edge of the field.
T have determined the error of comparing plots of different sizes in this way

both with the mangold and the wheat figures.
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Considering first the mangolds:
The crop on half an acre'in the present experiment was about 32,860 Ib., and
the standard deviatign'©f a single one-two-hundredth acre was found to be
20-37 1b. Hence the/Standard deviation of half an acre made up at random from
100 such small Rln\té‘i{fould be 20-37 x /100 or 203-71b., and the standard deviation
of the compaiﬁs&n between two such half acres would be 203-7 x 4/2 or 287 lb.
This worldamount to 0-87 %, so that one could not begin to be sure that a
differene \between two varieties of mangolds compared in this way (one-two-
hundredth plots arranged at random) until it amounted to say 2:6 %,
But now suppose that the plots were each originally one-hundredth acre,
Disected at harvest and compared as suggested above.
Then the actual figures given by the authors enable us to determine the stan-

dard deviation of the difference between the half acre.

Tt amounts to no more than 223 Ib. or 0-68 %, L. although working with plots
twice the size up to harvest time we get the same accuracy with one acre of ground
as would have been obtained with (0-87/0-68)%acres or 1-65acreson the first plan.

Now suppose the plots to be one-fiftieth divided into one-hundredihs at harvest.

42



52 The Experimental Error of Field Trials
Then I find the .. to be 274 Ih. or 0-83 %,.

Similarly ;. th acre plots harvested as ;ths give a s.0: of comparison 289 1b. or 0-88%;,
1

” 1w + » square 5 T » ?74 T 1140’2’;
2 Ilﬁ LH 2 long T_J'I'U' E =y 329 ar 1-00 ‘:{)

With such small numbers the difference between the last two cannot be taken

as significant, but one would expect the square plot to give a worse comparison
than the long plot.

We may summarize the above results in the table below:
- .

Percentage s.v. | Total area required
Bize of plot of comparing to give u 8.1, ofs
{ acres 19 in the compagisen
— . - . A
1ioth harvested as s}yths : -G8 0-46 agres’y
'n'lﬁ ” 1 din 0-83 0-697%%
£5 3 5 e 0-88 0-F 7%, e
+'5 o Bguare 2, ,, 1-14 30,
i . long &% ., 1-00 O

. ) "\ .
The corresponding figures derived from the wheab fesults are set out in the
second table:

i oV
s.o.indbhof | o | Total area Te-
", ¥ L) 3 d - T
Size of plot COMPTINE 1ok orop of § Rt fo g 2
o\ acres ahalf acre | 4hi oomparison
visth divided into ;};ths at harvest 08 CT02 071 (+50 acres
i » 23 » o 8-54 : 0-86 74,
iz - 1hs U ¢ 10: T I A B | 1-37 .,
o5 . = ¥ o 10-40 ; 105 1-10% ,,
T3 » o A 1940 | 106 34,
+i5 taken at random +{) 10:28 i 1-04 1-08 .

* These samples are too sma,ll‘t(k‘i\vc more than a rough indication of the s.p. and of the area required.”
T have elsewhere (Biometrike, ¥, p. 19 |2, p. 29]) given speeial tables for dealing with such small numbers,
Both these tables( s‘ih\ow that in the actual fields which were measured, the area
of land required t¢ give a comparison between two varieties would increase rapidly
as the size of\&wot increased if the same accuracy were required in the result.
Roughly speaking one-twentieth acre plots of mangolds would require at least
twice agQuch land as one-two-hundredth acre plots in order that we may place
as mueh confidence in the result, while one-fiftieth acre plots of wheat would
probably require more than twice as much as one-five-hundredth acre plots.
Hence it is clearly of advantage to use the smallest practicable size of plot.
Also the advantage of comparing adjacent plots is apparent in these examples,
since with the roots less than two-thirds of the land is required to give the same
accuracy as random comparison and with the wheat less than half.
Of course the comparison of whole half-acre plots would be liable to give errors
of quite a different order: thus the South half acre of mangolds is 4-7 %, better
than the North half acre, while the West half acre of wheat is 8:3 9, better than

the East half acre; such differences would be quite impossible if the half acres
were subdivided into the smaller sizes of plots.
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THE CORRECTION TO BE MADE TO THE CORRELATION
RATIO FOR GROUPING*

[ Biometrike, IX (1913}, p. 316]

UsIxG the ordinary notation, viz. n, = the number in the x array of g whose
mean is at z,, ¥, = the mean of this array, N the total number in the*sample,
and 7 the general mean of ¥, we have 7* defined by the relation & \)
: 2 \,
| o= b{ffpggp 253 | “.(..}" ______ i)

If %2 is required to fit a regression curve to the actual ob ervations as in Prof.
Pearson’s orwmal memoir “On the general theory of slew correlation and non-
linear regression” (Drapers’ Company Research , ’l{emoam Riometric Series, 1t
{1903)), no correction is necessary. \ e

But if we require a ratio which shall remait, Jonstant under wide variations of
grouping and of number in the sample andwghich shall consequently be more com-
parable from one sample to another, t,heze are two corrections to he made.

The first of these has already betn given by Prof. Pearson (Biometrika, viIt
(1911}, p. 236), and he has expres§ed it as follows: If %2 be the value of %% actually
found by the use of (i), and > ¥athe value which would be found from an infinitely
large sample, then if x be ﬁ\é number of x aTTays,

A \ 5 ?}2 = _I—KFT)/N ...... (11)

But there is a«f&rther effect of grouping which has not hitherto been noted
and which cap “evaluated as follows:

Suppose the z, array to be divided into elementary z arrays and let y,, be the
mean of. the z, elementary array and n,, its frequency.

Theh.é ¢learly the proper contribution of the z, array to g° 18
S{np(y'p —¥ry )2}

Not

This is equal to
o )

ST, 23 :2 Yo =T} _ N:?z [y (e, ~ 9V} + 2500, (s, ~ F) W~ T )}
! ' + S,y — T, -

Now g,,— 7 is of course constant for this summation,
S(ﬂ'ﬂ) = nxp and _S{n;p(y'p '_g.zp)} = 0:

* Ses “On the measurement of the influence of “broad ecategories’ on correlation” by
Kar! Pearson, Biometrika, Ix (1913}, p. 118. :
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therefore the contribution to #?
_ Paay =Y Sl —T,))
NoZ N2 e (i}
The first of these two terms is that which is obtained in the ordinary way, so

the contribution of each array should be corrected by the addition of the second
term and %2 itself by the addition of

Sﬁ{n,,(g;ﬁ ¥s,) }] ...... (iv)

Now if Prof. Pearson’s correction (ii} has been made, we may talkle the point
whose coordinates are (¥, ) to lie on the regression line, and if further we assume
the regression line to be linear throughout the x, group and to be ifclined at an

s

p;"" to the horizontal. we have 0N

x PAL ¢
\.
o O,
- — G
=z .r,—2 and ¥ = Tyl
Yp = Ty s b, 2%

5 8{ny (2, - T, ] N -
g[_ e S M ...... (v)

Now 8{n,(x,~Z,)% is the second moment of the x, group about its own mean
and when the dlstrlbutlon is known can often be approximately evaluated.
Similarly, when the distribution 1s‘k.nown r_ can be estimated and the correction
to %% calculated group by group(

But by making certain asgun}ptlons we can very much simplify the work, and
a practical test, in which the assumptions are not justified, will show the sort of
errors which are introddced.
. The first assumptiohs are that the regression is linear and the arrays homo-
scedastic. In thisfe: ¢ase of course 7 , 18 constant and equal to 7; we are practically
determining a value of r by the % method.

The corregbion then becomes

o N

\”\, " N,a_z S[8{n,lx, —7,)%],

or writing No? A% = S[8{n,(x,—Z,)%]] and H? for the raw value of #° after
using Pearson’s correction, we get from (iii) #® = H2+ 922 or
H2
7 = 0= 0 e
To obtain a value for A% we still require to postulate something of the nature of
the distribution, and I propose to treat (i) of the case where the unit of grouping
is constant and small enough for the frequency in each group to be considered t0

be distributed as a trapezinm, and (ii) of the case where the frequency distribution
is normal.

angle of tan—1r

Hence (iv) becomes
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(i) First to find the second moment of a trapezium about its mean.

Let z, and 2z, be the ordinates forming the “walls” of the trapezium and let
the group unit be A.

Then y = z,+ (-z""—_—z"‘) x is the equation to the “roof” referred to the ““fioor”

A
and left-hand “wall” as axes. The area is clearly W. : ~
The mean is at .
2 2 [lag—z)# zﬁ] _h 2y b A D
hizy+2,) J oY = i, +‘?){ Sho 2] 3 zrm

4

The second moment coefficient about the axisof yis | D
I @]‘ﬁ% Byt
Rtz o T hareg . # B) 8 nta
The second moment coefficient about the megnﬁé ’

R Bz iz, B (220422 B z,-_gi%;:zﬁig] _ E{l_l(zs‘zs’)z},
(¥ ] 12 Zgt 2y

6 z,4+zg 9 (z,+7)% 18 3

NPT .
Clearly when % is reasonably smgm]l'(:s +z£, ) is a quantity of the second order

& s 2g
and in this case , {”z\ A2

“oya % vii
‘ BN 203" _ (vii)

30 that : & ' - k—1
AN N ..
\\ 2 = 1 . e {vii)

\O L A2 1_K--2J

O ( 1208 N

when tha\i{;ﬁﬁ of grouping is uniform and small. ‘
(i) When the unit of grouping is neither uniform nor small and there is no
special knowledge of the nature of the distribution, we must needs fall back on

the Gaussian curve to give us a first approximation to z, and 2y for each group.
In this case o
' 1- A= NS{("—'L*‘)} ...... (ix)*
Ty,

and it is necessary to determine it, after fitting the frequency by means of
Sheppard’s tables.

* The suggestion of this formula I owe to Prof. Pearson.
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Finally, what correction, if any, is to be made for the grouping of 3?
This will become more apparent from the alternative formula for 7%, namely
Sy -7,
2 __ 1 Tk A
rElm T
For the second moment of each array should be corrected by the subtraction
of n,k#/12, where £ is the unit of grouping of , so that
Sly—g.)— Nky12

??2 =1-- ¥ = T AT 12

Sly~§)?% - Nk2j12 N
_ Sly—-7r-Sly—7.)* .
T Sy—yrR—NE12 )\

_ _ 7N\S ¢
_ Sy—5.+7,—- 97— Sy -7 O
Ncr; s«

- Sy ~7.° + 280y~ %) @ — 7+ 8@, P2 Sty — 7.
- No? ¢
_Sady, =97 N

No? ’ W

since S(¥,~ )t when summied for each indiidual becomes S{n (7, —- 7% when
summed for each array, and S(y—7,) (y&’%_i}j vanishes for each array.

Hence there is no correction to be m&de for the ¥ grouping except Sheppard’s
correction for the standard deviatiditof Y.

L have tested the results on andiistance givenin Prof. Pearson’s original Drapers’
Company Research M emoir, n,aifn}ly theage andauricular height in girls, correlation

table pp. 34 and 54. The nieans of the arrays in the full table are as follows:

Even groupings, {5 Mean Number | Uneven i ber -
N by N grouping number
Number of grougmg. Age anricular of i
111 I AU height cases v v VI | VII
{\ — 3- 4 11525 - 1 \ .
\\ —_ 4§ 116-8643 7
S\ { — - & 117-4722 18
~\) — 6= 7 115-1000 40 -
‘\ { — - 8 120-3026 76
f - 8 9 121-6540 125
l { — 9-1¢ 1207246 ;177 ]’ s
— 10-11 122.3160 | 235 — } }
{ — 11-12 123-1427 261 ——
— 12-13 123-8908 309 — — } *
{ — 13-14 124-8622 | 268 — -
: — 14-15 125-7146 | 158 — } }
{ — i5-16 126-1565 214 —
— 617 126-5340) 162 - 5
{ — 17-18 126-0132 95
— 18-1% 127-0205 61
{ — 19-20 129-6577 13 -
— 20-21 123-8214 T
{ — 21-22 126-5000 8
— 22-23 125-25 2
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These were grouped in seven ways, in three of which the groups were of equal
width, and the other four give an attempt at equal frequency: the method of
grouping is set out by means of columns headed in Roman numerals. The age
distribution differs significantly from the normal, the constants being 4, = 0-0013,
A, = 2:7101, but it would perhaps have been better to have selected a less normal

_distrihution: still it represents the ordinary ““cocked hat” statistics that tend to
ocenr,

The regression is certainly not very linear, the growth apparently ceasing at
about 158-19,

The valucs of 7 (the raw value), H? (the value after using Prof. Pearson’s
correction) and 72 (the value after attempting to use the A® correction) are given

in the following table: (\)
NS ©

| . g A l ) 1 - AZ from
- o | : PR AN
}ug;bcr iNng}ber - 7 s ()‘ 120%) €| ™} normal curve
rouping | groups T &

grouping | group 72 .“‘?\ ﬂ.z 7
I I I 20 G-09183 0-303 [RILEYE 0-{134.89 0-291 0-08404 i 1291
! 1T ;1o O-08657 0-294 (-(}8260 0-08585N\ " 0293 008510 (202
. I 5 007701 0-278 0-07535 0-08786 0-296 08635 O-294
; TV i 9 (-(8836 (287 0-083149 Z 5\ — 0{)8953 0-209
: ¥ ; [ O-(¥8342 (3-289 008136 | AN~ — 048813 0-299
‘ ¥ ; 3 908218 | (-287 008054 [N -— — {18885 O-.298
PooVIL 2 Q08203 | 249 0-05159.3 — — 0-0873% 0-312

PR

Tt will be seen that the first three, w}i’fh“even grouping, are very close together,
though the number of groups hag‘beéﬁ reduced from 20 to 5. Similarly, the next

three are close together, and the\last is again by itself.

7%

An examination of the whghitt which the groups are taken shows that the more
the tail is bunched togcthe:i\‘gle higher is the value found, and this is what would
be expected in this 1{&1‘@10111&1’ case, since there is practically no increase of head
height with age at the 0ld” end of the scale, whereas for purpose of calculation
we have assumed.a constant angle for the regression line. But it may be pointed
aut that » varies (to the second place of decimals) only from 0-29 to 0-31 even if
we reduce tj;é"twcnty groups to two, an extreme proceeding which is never done
in pra aqe“

At th® same time the ordinary six or eight groups may be expected to give
results & little too high when, as is usual, the regression line is curved,
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THE ELIMINATION OF SPURIOUS CORRELATION
DUE TO POSITION IN TIME OR SPACE

[Biometrika, X (1914), p. 179]

I~ the Journal of the Royal Statistical Society for 1905, * p. 696, appeared a paper
by R. H. Hooker giving a method of determining the correlation, of variations
from the “instantaneous mean” by correlating corresponding differetices between
successive values. This method was invented to deal with the’ many statistics
which give the successive annual values of vital or commérdial variables; these
values are generally subject to large secular variations, sémetimes periodic, some-
times uniform, sometimes accelerated, which would lead’to altogether misleading
values were the correlation to be taken between, the figures as thoy stand.

Since Mr Hooker published his paper, the }(ie?hod has been in constant use
among those who have to deal statistically with’economic or social problems, and
helps to show whether, for example, there;rééilly 13 a close connexion between the
female cancer death rate and the quantity*of imported apples consumed per head!

Prof. Pearson, however, has poi.ptléd’ out to me that the method is only valid
when the connexion between theyariables and time is linear, and the following
note is an effort to extend MI‘ «Hooker’s method so as to make it applicable in &
rather more general way. N\ -

If 2y, 2y, oy, ebe., ¥y, yol e, €tc. be corresponding values of the variables x and ¥,
then if @,, @,, 2,, ete) ! v, %y, etc. are randomly distributed in time and space,
it is easy to show that the correlation between the corresponding nth differences
is the same asthat hetween z and y.

Let D pefﬂ'te nth difference.

For &° ’ D = ay—wmy, ) (D} = o} — 22wy + 23 .

Suthing for all values and dividing by N and remembering that since 2, and
zy are mutually random S(z2,) = 0, we gett
| o*.p, = 20%.

* The maothod had heen used by Miss Cave in Proc. Roy. Soc. Lxav, pp. 407 of seq-, that
igin 1904, but being used incidentally in the course of a paper it attracted less attention than
Hooker’s paper which was devoted to deseribing the method. The papers were no doubt
(uite independent.

T The assamption made is that # is sufficiently large to justify the relations

S @) (n—1) = S§(=){(n~ 1) = S™(x)/n and S e (n -1} = Sia?)/(n— 1) = Sy{at)n
being taken to hold. '
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Again, Dy=tn—vs o Daaly =0 — %Y Tt Y
Summing for all values and dividing by N, and remembering that 2, and ¥,
and x, and ¥, are mutually random,

T.D; 1Dy0-;})x ' Uny = 2?’zy0'x0'y,
‘. ‘r;-DnDy = ?"w.
Proceeding successively,
‘rannDy = ?n—-:Dxn—:lDy = e = TW' """ (1)

Now suppose &, 24, &y, etc. are not random in space or time; the problems arising
from correlation due to successive positions in space are exactly similar fa those
dus o successive ocourrence in time, but as they are to some extent conmyplicated
by the second dimension, it is perhaps simpler to consider correlatiqii due to time.

Suppose then \

2, = X, + bty +otf+dff +ete, @ =X+ bty + ctl +-,t$t§-‘:’- ete.,

where X,, X,, etc. are independent of time and £y, ty, tgai’e\successive values of
time, so that ¢, —¢, 4 = 7T, and suppose y; = Y1+ b't, PEHE + ete. as before.

Then D, = Dx—bT—cT{t,+1)—dTEH + @,}Pﬁ%} —ete.

D= Dy —(bT +cT?+dT +etorf Thi2e T + 34T 4 4eT? + ete.}
\J —3{3d7T + 8eT? +etc.} —ete.

In this series the coefficients of ¢, &5, f;‘sé:a;re all constants and the highest power
of ¢, is one lower than before, so that, ﬁy’r'epea.ting the process again and again we
can eliminate  from the variableon the right-hand side, provided of course that
the series ends at some power Oft.

When this has been donej\we get

' ,~~',:"an= ~Dx -+ a constant,
,\\ Dy =Dy +a congtant,
50 O~ . DynDy = TaDgaDr = TX¥>
and of cour‘se?}w DensaDy = TaDunDyp for D, and ,D, are now random variables
independexntiof time. _

HenGoif we wish to eliminate variability due to position in time or space and
to deterinine whether there is any correlation between the residual variations, all
that has to he done is to correlate the lst, 2nd, 3rd, ... nth differences hetween
successive values of our variable with the 1st, 2nd, 3rd, ... nth differences between
successive values of the other variable. When the correlation between the two
nth differences is equal to that between the two (n+ 1)th differences, this value
gives the correlation required. '

This process is tedious in the extreme, but that it may sometimes be necessary
is illustrated by the following examples: the figures from which the first two are
" taken were very kindly supplied to me by Mr E. (. Peake, who had been using
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them in preparing his paper “The application of the statistical method to the
bankers’ problem” in The Bankers' Magazine (July--August 1912). The materia]
for the next is taken from a paper in The Journal of Agricultural Science (1v,
1811) by Mercer and Hall, on the error of field trials, and are the vields of wheat
and straw on five hundred g} acre plots into which an acre of wheat wasg divided
at harvest. The remainder are from the three of the Registrar-Gencral's Returns.

1 I 11T Iv V V1
Correlation between... | Sauerbeck’s Marriage | Yield of ,
index numbers rate ! grain Tuberculoyis dca}h rate
and ... ..! Bankers Wages ' Yield of Infmltilc\n\mrtaiity
clearing house straw - QA
returns per — NS .
head Ireland § [ MEngland [' Seotland
- —— | NY S
Raw figures ~033 1 _052 +0-753 + 063 FO-35 | =002
Firat difference +0-51 =67 +{)-580 LOS5 +0-89 - ;051
Second difference +0-30 4 (+58 +{1-539 ‘S L4 FOT4E 40083
Third difference +0-07 +0-52 +0-530 — — | —
Fourth difference +0-11 +0-55 +0-324 N — J —— —
Fifth difference +0-05 +0-58 —ON  — ‘ -, -
Sixth difference — +0-565 & — - i —
i S 2Nl I —
Number of cases 41 years | 57 years ‘ 800 plot | 4% years |

The difference between I and IT is.¥ery marked, and would seem to indicate
that the causal connexion between ittlex numbers and Bankers’ clearing house
rates is not altogether of the sare kind as that between marriage rate and wages,
though all four variables are .c:eﬁnmoniy taken as indications of the short period
trade wave. I had hoped 4o investigate this subject more thoroughly before
publishing this note, bublack of time has made this impossible.
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TARLES FOR ESTIMATING THE PROBABILITY THAT THE
MEAN OF A UNIQUE SAMPLE OF OBSERVATIONS LIES BE-
TWEEN —o AND ANY GIVEN DISTANCE OF THE MEAN OF
THE POPULATION FROM WHICH THE SAMPLE IS DRAWN

[ Biometrika, XI (1917), p. 414]

Ix the last number of Biometrika (x1{1916), p. 277) Mr Young completés the
table given in vol. X, p. 522 of the standard deviation frequencylgurves for
small samples by working out the cases where the numbers in thé sample are as
low as two and three. :5:.

In the course of Lis note he writes: *“ The smallest sample onsidered is that of
n = 4 but samples of two and three are of oecasional Wostirrence, especially in
physical work, and now and again a value of the robable error of an experi-
mental result is deduced from a set of two of of thfée observations.”

Further on he states: “It is evident that thel Srobable error determined from
a set of three observations is very untrustworthy and that when there are only
two observations it is very much wnrse."f"': ’

Now in my original paper (Biometriﬁ;a,f\?r, p. 1[2]) I stopped at n = 4 because I
had not realized that anyone would.bé foolish enough to work with probable errors
deduced from a smaller numbey @fobservations, but now I too will complete my
tables, which will I think Qiipﬁasize the moderation of the second quotation
from Mr Young's note. A\

Generally speaking tHere are two objects in determining the standard deviation
of a set of observatians; namely (1) to compare it with the standard deviation of
similar sets of obServations, and (2) to estimate the accuracy with which the
mean of the olige ~vations represents the mean of the population from which the
sample is @awn _

Thedormer purpose is served by the table which Mr Yovng was engaged in
completirig, the latter, which is by far the most common use of the s.D., by the
table which I gave in my original paper and which I now propose to complete
downwards by including n» = 2andn = 3 and to extend upwards as far as n = 30.

In the tables the probabi]ity is given (o four places of decimals) that the mean
of a unigue sample shall lie between —oC and a distance z from the mean of the
population, # being measured in terms of the 8.D. (3) of the sample.

{By unique I mean to say that all the information which we have (or ab all
events intend to use) about the distribution of the population is given by the
sample in question.] ’
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64 Tables for Estimating the Error of the Mean

To compare with the last column of the table (n = 30} I have given the corre-
sponding probability calculated from the nearest normal curve, namely the one
with 8.D. 8/,/(n — 3) (not s/,/(n — 1) as is usually given), and this shows I think that
for ordinary purposes Sheppard’s tables may be used with » > 30.

With regard to samples of two it will be seen that odds of 9 to I are reached at
a little more than three times the 5.0, of 99 to I at a little more than thirty times,
of 999 to 1 at a little more than 300 times, while 9999 {0 1 is reached at in or about
3000 times the 5.p.1

Perhaps I may he permitted to restate my opinion as to the best way, of judging
the accuracy of physical or chemical determinations. .

After considerable experience I have not encountered any detegmihation which
isnot influenced by the date on which it is made; from this it fol]@ﬁ‘s that a number
of determinations of the same thing made on the same daydre likely to lie more
closely together than if the repetitions had been made ondifferent days.

It also follows that if the probable error is calculated$rom a number of ohserva-
tions made close together in point of time much of'the secular error will be left
out and for general use the probable error will $00 small.

Where then the materials are sufficiently gtable it is well to run a number of
determinations on the same material throygh”é,ny series of routine determinations
which have to be made, spreading them over the whole period.

Thus an analyst may be determi.ﬁi"ng’ the percentage of nitrogen in different
samples of seed corn and wish tondw the probable error of the determination,
ie. how accurately his ﬁgures.gﬁ&e the percentage of nitrogen in a bulk of corn.

Let us suppose that he makes ten determinations a day for sixty days and that
it is of some real importapee to him-to get a clear idea of his error; he will do well
to get sixty different saiples from the same bulk of corn and analyse one of these
on each of the sixty,days; unless I am much mistaken he will have a more modest
idea of his infa,_LQb}‘iit-y than he had before he compared the sixty results together.
He will a,lsoi i}ri’ao far as his repeated sample is representative, get a close approxi-
mation to.the probable error of a single determination.

In sgthe-cases it is not possible to obtain a sufficient bulk of material, and then
it may ‘be better to determine each result in duplicate, the repetitions being
separated as widely as possible in point of time, Then the square root of the mean
of the squares of the differences between corresponding pairs gives twice the
standard deviation of the average of a pair, and if enough pairs can be taken and .
the determinations made on differens samples this is a better method than the
other, as the error of the sampling is better sampled.

In the preparation of the tables a slight mistake was discovered in the second

row of the odd numbers in the original table by Mr W. L. Bowie, to whom I am
indebted for the calculation of the new figures.
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AN EXPLANATION OF DEVIATIONS FROM
POISSON’S LAW IN PRACTICE

[ Biometrika, XIT {1919}, p. 211]

Ix her paper on the Paisson law of small numbers, Biometrika, X, pp. 36 e seq.,
Miss Whitaker after a very interesting analysis of the various attempts which
have been made to test Poisson’s law on actual statistica concludes that “A
general interpretation based on & very simple conception seems neeged Tor those
demographic cases in which the law of small numbers appears t:&;,rﬁore often o
correspond to 2 negative than to & positive binomial . K7\ )

The following is an attempt to explore the general question of what effect
various departures from the conditions which lead to Poiston’s law have on the
resulting statistics, and especiaily which conditions 1@ to positive and which to
negative binomials when the exponential might at-first sight be expected.

Poisson’s law has been applied to the occurfente of different numbers of in-
dividuals in divisions of space or time: thus of yoast cells in squares of & haemacyto-
meter, of deaths from the kick of a horse. inPrussian Army Corps which may be
taken as individuals occurring in divisions of space, or of suicides of children per
year in Prussia which are individualé veeurring in divisions of time. In such cases
it has been asserted that if the Ghance of an individual being found in a given
division is so small that whep}u\ltipﬁed by the very large number of individuals
the product is still a reagenably small number, then the frequency of divisions
containing 0,1, 2, ... 7 ifidividuals will be given by the terms of the exponential

_ NS .
Ell
where N is, tki;é" number of divisions and m the mean number of individuals
oceurring ih'a division.

TFor theabove to be true it is necessary

(1) That the chance of falling in a division is the same for each individual.

(2) That the chance of an individual falling in it is the same for each division.

(8) That the fact that an individual has fallen in & division does not affect the
chance of other individuals falling therein.

As 0 these three conditions (1) is seldom or never true. I propose to show that
this is generally unimportant; unless the chances of some individuals falling ina
particular division are relatively high the Poisson law holds; the tendency however

is towards a positive binomial.

m'
AN\ Ne—m[1_+m+ +...+—1-+...},
N\ ¥

%
BFS



66 Ezxplanation of Deviations from Poisson’s Law

Next {2) is comparatively seldom true except in the case of artifieial divigions.
The result of this, as Pearson has shown, is that a negative binomial fits the results
better than the exponential.

Lastly (3) is often untrue. It will be shown that if the presence of an individual
makes another less likely to fall into a division the positive binomial, but if more
likely, the negative binomial, will fit the figures best. |

We may start from the fact that if the chance of an event happening be ¢ and -
of its not happening p, then the chances of its happening 0, 1, 2, etc. times in n

trials are given by the terms of the expansion of (p +¢)?, viz. ~
prinptig ‘_(n ) o= 2g? rete. R\
21 RN
As the moment coefficients of this series about the zero ep@ of the range are
¥, = hy, 7

v, = npg +n’g?, whence, i, = np}
the binomial is completely determined if we knovy{gr and u, for

He He LV
P 1"1&v P STEAN q

vi

-y’

and in particular the binomial is positive {ie .nand g are positive) if g,/v; < I and
negative if u,/v > 1. In the partmula;r ’oa.se when u,/v, = 1 the binomial becomes
the Poisson exponential. N\ '

It is therefore unnecessary tof ‘deal with higher moments than the second for
the purpose in hand. Ke \

Let us first consider the\(ku}t of each individual having a different chance of
falling in a given divisioh)

Let the chances of'‘individuals falling in a given division be ¢y, gy, @3 «-- Ta
The chances ofthgii:ﬁfot doing so are therefore (1 —¢;), {1 —qy), (1 ~¢3), ... (L =¢a)s
and the chan hat 0, 1, 2, ..., n of them will fall in that division are given by the
various term’s‘ the expansion of

{0 - )+ a0 - @)+ g} - g9 + g} - {1 =) + 0},
ie. by\ )
(=) (1= g0 . (1= )+ S{ (1~ ga) .. (19}
F 81— g5) - L= gli+ o+ S0 gegs - (L~ i) o (A=)} + o
+49:19295 - s
the term 8¢, ¢{1—grs1) --- (1 ~¢,)} giving the chance that exactly ?
individuals will fall in the division.

The sum of the ahove series is clearly unity, so that the first and second moment
coefficients about the zero end of the series are given by two series of which the
rth terms are

rS{c]lq}, e Qr{l - gr+]} e (l _qn)} and r28{€1?% " gr(l "‘9';-4-1) (l '_-Qﬂ)}
respectively,



Explanation of Deviations from Poisson’s Law 67

These series may be summed by rearranging them in the ascending order of the
¢ products thus:

S{ar(1— o) (1 = g5).:. (1= g )} =8(g) - 28(g100) + . + (= 1) P Sl ) + -
28{g1x(1 = 2)1 — o). (1 — 42} = 28(quga) + - + (1) 2r(r—1) S{gids--¢) + .-

..........................................................................................

t8{qgs - Gl —Gpiy) - (1 — @)} = 15(qa .- @) + -

ey Felr=1)!
=V Te-n1

r8{{q19g -0l — g1} .- (1 — q“)}— .............................. T, S(qlqu q,.)—i—

Adding these we get on the left », and on the right S{¢,)+2 mgmber of terms
of the form r(1 — 1)1 8(¢,¢3 ... g;) which accordmgly va.msh and we get

= 8(g1)-

In a similar manner it can be shown that \\

ve = S(gy) + 28(?19‘2);

and other moment coefficients about zero can be found in the same way, but we

are not here concerned with them.* o
If g, ¢ are the mean values of ¢ ands gz ‘obviously
xﬁql)—nq, 1)
and Py = S(%H‘\S‘S (¢122) = S{go) +{Slg)}?— 8(gd)

. =g+ @-ngd, 0 e (2
"\::’." = ng Rk ng—ned, e (3)

A\ ) L

\\ o pg = 0 — gt —nog

q(l—q-—%;) | R (4)

If nm}tﬁe distribution of chancesis to be represenbed by the binomial (P + &Y,
then

N N
\”

- g1 ng
=§+%§, ...... {5)

* The moment coefficients are:
Ho=NPg—tgfias
fy = PG (P — G)— Bn(P — ) ofta + 20 ufiss
py=npg{l4+3n—2) Fg)— 7""{7 o+ B(n— 8) DG} pta+ 120(p ~— §) gfts — On ity + 3n? oz,

where f, ote. are the moment coofficients of the g distribution and =1-§.
52



68 Explanation of Deviations from Poisson’s Law

Since the original ¢’s are the chances of events happening they are always
positive, so that the above expression must be positive and the binomial positive,

If now we introduce the Poisson condition that § though positive is negligibly
small (5) becomes in general zero, for o is usually of the same order as ¢, and in
that case Poisson’s law holds in spite of the inequality of the original ¢’s. If
however o%/7 is appreciably greater than zero (as in the extreme case

2 :
@i=% @2=4¢3=..-=¢,=0 when %z%—nl:%),

the distribution of chances is to be represented by a positive binomial

Next we have to consider the effect of disregarding condition (2)tamely that
the chance of an individual falling into it must be the same for each division.

Let us suppose then that the ¢’s are all different for each division, so that »g is

also different. <

Then writing m for ng and m, m?, ng® for the means.bf "f::n\ m? and ng? taken over
all the divisions, we get from (1} N
v =, R 2N (6)
from (2) vy = Pt mE—ng\Y
— ARG @, e 1)
Gl =TAGRAES e (8)

As before, if (P + @) is the begt-ﬁ&ing binomial,
: AN — s
ORIl Y

\ Vl e

Hencee if o2 > ng?, w:héc}r if there is any appreciable variation in m is probable,
since as explained g.QQV& ng? is generally negligible, a negative binomial will be
found to fit betterthan the exponential.

(learly condition (2) is vsually not fulfilled in the vital and demographic
statistics; di¥isions either of space or time arc generally governed by different
enviropménts which will vary the chances of an individual falling into them, and
50 We a‘y expect that as a rule negative binomials will occur in place of the
exponential,

Finally, suppose that the presence of an individual in a division jnifiuences the
chance of other individuals falling in that division.

Clearly it may do so cither by way of increasing the chance or diminishing it.

* If we suppose thal ¢ doos not vary with the individual but that ng (=) varios with the
division, the moment coefficienits of the m distribution being written p,g, then the moment
. cocfficients of the resulting distribution of divisions are as follows:
He = "+ mites
fig =T Boflyt mitas
Hy = 1+ 32 (T4 6 te + 8 o fhy + ity
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If the chance be increascd it is clear that we shall get for the same mean number
of individuals per division a larger number of divisions containing high numbers
of individnals and a larger number of zero divisions. In other words, for the same
mean we shall get a larger standard deviation, so that ya/v, will be greater than 1
and a negative binomial will fit better than the exponential. On the other hand,
if the chance of other individuals is decreased by the presence of one already in
a division pey/v; will become less than unity and the best-fitting binomial will be
positive. The first of these two cases includes linking or clumping of events or
bacteria, the second such a thing as the counting of large cells on a haemgeyto-
meter whose divisions are comparable in size with them. A

We have now shown that a population which might be expected .@t‘ﬁ}’st sight
to follow Poisson’s law Oy

(1) Wili do so if the only deviation from the ideal conditionsis that the chances
of different individuals falling into the same division are fidt equal, as long as
these chances are all small. \%

(2) If in addition to this the chances of some in@j{iduals are large a positive
binomial will fit the results better than the exponential.

(3) If the different divisions have different ghamces of containing individuals,
as is usual, a negative binomial will fit thegesults better than the exponential,
except in so far as (2) may interfere.

(4) If the presence of one individual;ih & division increases the chance of other
individuals falling into that divisign, a negative binomial will fit best, but if it
decreases the chance a positive pinomial.

Generally speaking {3) is tﬁeésﬁerating deviation from Poisson’s conditions and
accordingly most statisticsgive negative binomials. :

Finally, T should like¥o’' point out that the object of my original paper (Bzo-
metrikea, vol. v [1]) wa@\fb give the user of the haemacytometer a guide to the error
which he may ext scb from jts use, and that the net result was that the probable
error of his couht 'was 0-6745 (N, where N was the total number counted,* and
that if N bea’ veasonably large number tables of the probability integral may be
used, otherwise the exponential (or better still go on counting). This result is not
affected by slight deviations from the Poisson law, any more than slight deviations
from the normal law affect our use of the probability integral tables.

* Biometrikd, v, p. 355. The probable error of mean is 0-6745 Jim/ M), where m is the mean
and M the number of unit areas counted. Ff in this we put M = 1, then m = N and the total
count is IV £ 0-6745 .V as above.
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AN EXPERIMENTAL DETERMINATION OF THE
PROBABLE ERROR OF DR SPEARMAN'S
CORRELATION COEFFICIENTS

[Being a paper read to the Society of Biometricians and
Mathematical Statisticians, 13 December 1920} A\

[ Biometrika, XIIT (1921), p. 263] O
NS ©
Iv the British Jowrnal of Psychology, 11, p. 96,* DrSpearman sugggéfedtwo methods
of determining correlation, based on replacing actual meawrements by ranks.
As an illustration we may take the following purely 1i‘x}a‘g1nary example:

TasLe 1 )
J ’ Length of s, ~ Rank i Rank in
Individual | Height middle finger,/ an hm length of
% mm. ) height finger
4 T 28 s 1
B 5 37 RS 4 3
c 57 W) 100 3 4
b 61" NN 124 1 2

Instead of correlating the ﬁgu}es in the second and third columns of the above
table Dr Spearman propgsed'to use the figures in the fourth and fifth columns,
and to determine one or Gbher of two coefficients: of these the first (o) gives the
ordinary correlation geéfficient between the figures representing the ranks, and
the second (R) wag/described as a ““footrule™ for correlation, i.e. a rough instru-
ment which coiild-be used by the unskilled. Dr Spearman also proposed to use
B in cases whigre it was thought advisable to weight mediocre observations more
heavﬁy than ‘extremes.

The%{lert}aod of determining p and R was to take the difference D between the
numbers representing the ranks, e.g. for A in Table I

D=2-1=1,

* [Dr Spearman’s results were first given in & paper entitled *“ The proof and measurement
of association between two things” in the American Jowrnal of Psychology, xv, pp- 72-101
The dogmatic statements as to the accuracy of his methods in that paper are, I think, erro-
neous, and he does not lay adequate stress on the fact that correlation of ranks is not a corre-
lation of variates and may differ very considerably from i, The suggestion of considering
the correlation of ranks is due to A. Binet and V. Henri: see Lo Fatigue Intellectuelle {Paris,
1898), p. 252, also L’Annde Psychologique (Paris, 1898), 1v, p. 155. Their process is very

ohscure and they also do not appear to have realized that the correlation of variatcs ‘s notb
that of ranks, &.p.]
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S(D2
Then p=1_n{n(2-)1) ...... (i)
—
and R= 1—;5;{-_{-)%,. ...... (ii)
6

wherte n is the number in the sample: in the case of B, §(D) denotes the summation
of positive differences only. ; '

Dr Spearman gave an empirical formula connecting R and p, viz. p = sin G R),
but I do not suppose that he attached any very great importance to this:

He further gave the probable errors of p and R for the case of no correlation as
0-6745/,/n and 0-4266//n. : O

In his memoir © On further methods of dotermining correlationi ™ Prof. Pearson
investigated these coefficients for the case of the normal o relation surface and
found the relations between p and R and ¢ the ordinaty, orrelation coefficient
to be

r = 2sin (gp) \\\ ______ (i)
and =2 cosg (1 7,?)1;’1. ...... (iv)
Pearson further found the standard eﬁ'or of p to be for large samples
1;,92{1 +0-086,()“;i):013p4+0-002p5+ 0N S "
N ~&

and of 7, .. r determined fk\Om.O by (iii}, to be

lgf 11+ 0-042r2 + 0-0087 + 0-002r%+ . . enees (V)

He did not succgq&ﬁ evaluating the error of K or of 75 (i.e. of 7 determined bly
{iv}), but pointeé(o{lt that just as in the case of » the fn in the denominator is
really ,f/(n— 1.).';.: He also pointed out that & can only take values between + 1 and
— 0-5 and {hat Spearman’s 0-4226//(n — 1) does not imply that R is more accurate
than per i with their probable error of 0-6745 {(fn—1), since B itself is smaller

than p or r in about the same proportion. .
Since that time the use of p and B has become general among psychologists,

especially in America, where they are preferred to r on account of the ease and

speed with which they can be determined for small samples.
For example, in a note on correlation in Employment Psychology, by H. C

Link,+ a book written to urge the claims of Psychology on the devott.ae:s of “Scien-
tific Management”, the aunthor mentioned three methods of deterniining correla-

v, 1907,

1-0472

* Drapers’ Company Research Memoirs, Biometric Series,
+ Macmiltlan, 1918,
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tion, p which is 0 be used for samples smaller than 30, R for samples over 30 and
r which, though acknowledged to be rather more accurate, is not to be used at all
since it takes four times as long to calculate as the others.

Now to save time at the expense of accuracy is justifiable when, and only when,
the time saved can be devoted to increasing the number of observations so as o
obtain greater accuracy on the whole series, otherwise it will take longer to get
equally trustworthy conclusions, and it seems to be of interest to investigate the
probable errors of p and R for samples of the size that the employment psycho-
logist is contemplating. And here we may note that the saving of timeenly occurs
when the sample is comparatively small; as it inereases, the labgur'of grading:
becomes more and more severe til! at some point in the nelghbt)uﬂlood of 40 it
becomes guicker to use the ordinary product moment » if that. Be possible.

It should perhaps be pointed out that there are many cages\where it is possible
to grade a sample for some character which is not capablelof being measured on a
scale, and it might be thought that in this case largé Samples could profitably be
dealt with by the p or R method, but in fact it is\Jst these scalcless characters
which present the greatest difficulty in grading ¢

We have then to consider the variabilityp9fp and B and of the derivativesr,
and ry, determined from small samples,\and it seemed worth while to use the
material of a former sampling experiment'so as to get an idea of how small samples
depart from the resulis obtained by Prof. Pearson for ideally large samples. The
material in question consists of 450 samples of four drawn from a population of
3000 criminals whose height aiid left middle finger length give an approximately
normal correlation surfacé\mth correlation 0-66.

These are capable of(heing combined easily to give 375 samples of 8 and in
addition there are 180&amples of 30, which may be taken to be a size of sample

“which is no longeggnite “small .

* Accounts of theformer results were givenin Biometrika, v1, p. 1 [2]and p. 302[3],
since which, fitne the frequency distributions of the correlation coefficients of
small san@les drawn from normally correlated populations have been very
thoro(ighly investigated by Soper, Fisher and the authors of the co-operative
paper in vol. X1, p. 328 of Biometrika: it is hoped that some mathematician may
be interested in the general solution of the problems raised in the present paper,
which may then afford material for checking his results.

When 1 came to apply the methods to my samples I found that, owing to the
rather coarse grouping, there were a large number of ties, so that it became
necessary to find out the right correction for ties. .

Prof. Pearson had discussed the question of ties and had suggested two ways
of dealing with them. One way was to rank them all as if they were the highest
number of the tie, which he called the bracket-rank method, and the other was
to rank them all half-way down the tie, whick he called the mid-rank method.
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Thus the first way would rank 1, 2, 2, 4, while the second would rank i, 21,21 4
if the second and third of four individuals constituted a iie.

Now the first would give different results according as we read the scale for-
wards or backwards and also alter the mean of the set of numbers, so T have only
tried to use the mid-rank method for which I have found the correction which
follows.

CoRRECTION OF. p FOR TIES

If D = x—y, when x and y are any two variables measured. from their means,
then \

D2 =x2+yg-—22‘}y. s\.
~ Summing for all » samples and dividing by n, £\ -
2 R
2 R T
2 ~\
= (a‘f‘c+ 0'3,—»%%)/20}0‘1;.~ ) (vii)

If now & and y are the first # numbers, then 0

sum of first » nu::nbars)2

1
o2 = &% — = % sum of squares of first # numfers —
=0y = N n

@4+l (1P SV
B 6 PR

w1 AN (vii)
12 &

4 \ Y
Now\u}ppose that there is on the @ side a tie of 1n number from g to g-+¢—1.
Using the mid-rank method we substitute for each of the numbers

. 2¢+t-—1
g, g+1, ... g+t—1 thelr mean ———5— -

Hence in finding o2 the mean is unaltered, but in the sum of the squares

. H2g +1—1)°
g+ 1P+ g+t 1)%is replaced by -

Hence o2 is smaller by

t-1)=
i{q2+(q+1)ﬁ+...+(q+t—1)” L }
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This is equal to

1 2 2 2 2 2 t(t"1)2.
" 1+ 20142+ .+ (-1} + {124+ 224+ (- 1) —tg —qt(t—l)—-—_4—]
L D)#2—1) (1)
‘“%:l 6 T4 ]

_He-1)

T

n2—1 {t2-1)
R TR P A
H£2— 1)
12 )

This is clearly additive for any number of ties, so that if Tz';}\éf

NS ©
saumming for all the ties on the » side and similarly 7), for the ¢ side
_nf-1 T, s nP—1 fﬁ:

2 -2 and o= -

== 12 n C TR
and substituting in (vii), v

N

N
ni—1 1 (D), D
{-m—— = (T4 T~ g }:\

S . )
p= zv*J{(nﬁA 2Tx)(n2-—l. '2&})}
6 n fi n

nint—1) )

) ;—“(ﬂii.?r;}—z(Dﬂ)
TR

"D _(r,+1,)- 20

=) VA
QR =D eyl [fi- v
A k/ { e s Ty}}z}

N\
4 »

So th\a:tiif’Tx and 7, do not differ appreciably

(D) .
p=1-—7 - (xi)
M=) g4

In estimating T, or 7', each Ipa.ir contributes 1,

triplet |, 2,
quartet 2 3,
quintet ,, 10,
and so on. For example, if the x ranks for a sample of 10 were

1) 2%" 2%: 5} 55 5: 8]2', 8%: 8%, 8'%,
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7. would be {+ 2+ 5 = 7} and if there were no ties in the y ranks p would be
165— 75— (DY) 1573 - 8(DY)
J{(165—15)165}  ,/(1560.165)’
S(D2)
1571

and if we were to take it as 1 — the error would come in the third significant

place of decimals. .

In determining p for my 375 samples of 8 I found that much-tied samples usually
gave low values of p, and it occurred to me that although undoubtedly equation
(x) gives the true value of the correlation of ranks, yet it might be thatthe loss
of precision due to ties would give low values for the correlation. To,test this 1
doubled the width of my unit of grouping first for one variable and then for the
other, so that I got three values of p for each sample: W M

(i) Converting the original figures into ranks. R
(ii) Using coarser grouping on one side and the originaligrouping on the other
before converting into ranks. \/

(iii) Using coarser grouping on both sides. A

i . o\

An example will make my meaning clearer. & ©

A 3

(1} (@) N otk (%) " Ranks
igri e oth grow X -
Original figures xcgrag‘:fgy coaﬁ'aell?'f" N i1} E () (3)
PP Putt‘ing " :.: 'Y H
@ ¥ gi;";d oy e ¥ e oy & oy | v 3
ete. ’ ‘\ , ]
0 43 | - \ T | st 3 | 4 3 |4 3
2 o fl{i +0N\ —li + E 8 Tl 7 | 4 6
+3 +3 w13 G343t 42 b3 1 3 13
-1 -2 1A -2 -1y -1 |7 8 73 8 | 74 8
+1 43 | £ 1Y +3 + 3 +2 3% 3 |4 3 | 4 3
+1 +2 -+ +2 + & +21 33 i3 43 3 44 it
+3 +E 3 g4 | 4 4| 1B 1 1t
0 +1 ,\\"+ 4 +1 + & + % 5% 6 41 6 43 B}
R\ Pairs ... .- 3 — | 2 — | 2 1
R Triplets ... : — 1 ~ 1| - -
g “\ Quartets T 1 —_ 1 1
AV ]
a(ni-1)
Here originally 7, = 13 and T, = 2 and e (T,+7,) = 80%.
After grouping « coarsely 7}, = 6and 7, = 2 » =76,
After grouping both coarsely T, = 6 and 7}, = 53 " = 721,

ues 0-832, 0-869 and 0-828 in succession. Working
p for each of the 375 samples and deter-
d mean (T, + T,) for each of the three

and p will be found to take the val
in this way I determined three values of
mined the mean, standard deviation an
series of 375. These results are given in Tablo II.

Here an increase in the correction o be made for ties from 3-82 to 9-04 has
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made a difference of 0-01 in the mean value of p, the probable crror being about
:015, and a still less appreciable difference in the standard deviation, It is,

Tarne I

T
Mean p ‘ o i Mean T, | Mean T, (.ﬁli&; )
i - ¥
Original series ... ... 5708 ‘ 02887 102 i-90 3-82
x grouped coarsely .. 5798 | 0-2003 4-67 1950 6-57
x and y grouped coarscly 05606 © 02874 4-67 437 9-04

I think, a fair inference that the correction is applicable to the serjes in question,
and the reason for the observed low values of p in much-tied-Satples is to be
sought elsewhere.* But it will be asked “what if no correction be'made for ties?”
The answer is that the mean value of p will rise as the ties befcdine more numerous
and the s.p. will fall. Thus Table IT would become 'f[ja,f)lé IIT if no corrections

were made,
Tasre 111 \\

A

Meanp N @ : Mean (T, +1',) l
Original series ... .. | 0802 ™ 02677 3-82 i
= grouped coarsely ... !} 0616, 0% 02887 | 6-57
z and y grouped coarsely | 0-832) 2414 ! o904

At first sight this may appear to ‘be'highly advantageous, since the mean value
approximates more nearly to.fhe value which would be obtained from a large
sample and the 8.p. is smal].ii:: A Tittle reflexion will show, however, that the means
of the p’s of all populations would be subject to the same rise and that in fact the
¢ of one populationdsic more differentiated from the p of another population
than it is when copgeted, while the mean value when corrected is constant over
& fairly wide rang® of ties. If the correction is not made p can be cooked up to any
required valt’&;%% increasing the ties.

The factds that as soon as there is a single tie, uncorrected p can no longer take
all valdesbetween + 1 and —1 and if one of the scales be reversed the correlation
(T,+T,)
n(n2—1)

.

* The low value of p for much-tied samples is due to the fact that o much-ticd sample 8
a4 & rule one in which the s.D. of the original variables is low. '

Now as a matter of experience I find that of samples drawn from a normally gistributed
population those with 5.D. above the average tend to give high and stable valucs of the

correlation coefficient, while those with s.D. below the average tend, to give low and variable
values.

The form of the correlation surface for variables o, and ¥,y 18 of considerable interest to
those who have to deal with small samples and merits the attention of mathematicians.
T hope to deal with the experience obtained from my samples at some later time.

instead of being — p becomes —p+ We are therefore forced to use the
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correction which after all gives us the distribution of p that we should get from
ideal material containing no ties.

To see what happens when ties are carried to an extreme I determined p from
the original table of 3000 entries (Biomelrika, I, p. 216) and from the same table
condensed to six groups each way by using a 4 in. scale of height and 0-8 mm.
scale of finger lengths.

In the first case p = 0-637 giving r, 0655 and in the second 0-557 with r, 0-575.
There seems therefore in extreme cases to be a tendency for the correction to give
too low a valoe of p.

Q
CorRECTION OF R POR GROUPING O\
{
. s . S(D) e
In Dr Spearman’s original paper E is defined as I — oy when, — g 18 taken
as the average valae which § (D) assumes. 6 \\

The simplest way to see that this is the average valug is.do write down all the

possible D’s thus: AN
1 1 L
2 2 1 NV
3 3 2 I\
4 4 3 o2 1
m-1) (n—-1) | (@=2) ®-3) (k-4 .. 1
" n | fpl) (n—2) (»—-3) .. 2 1

Here the two columns dn, }I}e left are composed of the first » numbers. The
third column is formed k{y'. siibtracting the top number of the first column from
all the mumbers in the second column in turn, the fourth by subtracting the
second number from all numbers which give a positive remainder, and so on.

Thus the n\.mhe"rs in the second columin could be arranged opposite the
numbers of tlietirst column in n! ways.

And 'rm(;c:z; 1}! of these arrangements any given pair will oceur.

Henr:e\tﬁe average value of S(D) will be

{ngfl)i{[1+2+...+(??»—-1):[+[1+2+...+(n—2)]+...+(1+2)+1},

1(n(n—~1) {(n—1){(n—2) 2.3 1.2
.. Average value of 8(D) = - [n(n2 )-1—(——2—— tot gt
| SR, 1 n(n+1}(2n+l)_n(n+l)}
=g -m =g T e 2
(s 1) =t L xii
= ——12—.{2n+1 3} 5 (xii}
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If we now substitute in the second column ties instead of consecutive numbers
we can find out what effect ties will have on the average value of S{D). As I can
see no general way of proving the results I propose merely to state my results as
follows:

(1) A tie of ¢ on one side which is opposed by no ties on the other side will

Comto1 iR 1) Hi2—4) .
diminish —5 by ~adn if ¢ be odd and by 3dn if ¢ be even.

{2) Overlapping ties on opposite sides interfere with the above simple rule, the

. 2.1 A .
total to be subtracted from —— being increased or decreased acgtording to

6
N
Table IV, _ O\
TAaBLE IV O
Distance between centres of tiea ,,'( E
2 2 + 1 (R ! i
312 0= 1 N | ,
3 3 + 2 =1 00— 4* [ i
4 2 + 2 | O0— N : ; f
4 3 + 1 -1 O— | AN | i
4 | 4 + 6 0 -1 Jo ; |
5 2 O o\ : !
5 1 3 + 4 _1 -1 o] o i
5 ¢ + 3 -2 3 :—"'1 0— ]
5 | 5.1 +10 0 R -1 0 .
& 2 + 3 O— ".I
6 | 3 + 2 _E N -1 0— ,
[ 4 +10 +1 W= 2 ! -1 O i
g5 + 1 O -4 oy 0 |
6 | & | +19 +4 KN -4 gl . o
K 2 0= \, | ! :
70 83 ] + 8 ) -1 -1 0 | _ 5
T4 + oyt -2 L -2 -1 Lo
T2l \>+2 ! L -5 -4 -1 L0
7y SR -1 T I R g I
7] 7 | 8NV w7 -6 | S0 4 . 0>

N ete., ete.

As an ex@mple of the use of Table IV, suppose a set of eight ranks to contain
on th s;de a tie of 5 centred at 3, i.e. let the x ranks be 3, 3, 3,3, 3,6, 7, 8, and
let the 4 ranks have a tie of 4 centred at 21, ie. let the y ranks be 2%, 2%, 2%, 24,

5, 8, 7, 8. Then the amount to be subtracted from & 1s firstly & (for the 5 tie)

+2 (for the 4 tie) + § (from Table IV) = 1}, Had the y ranks been 1, 34, 34, 8%
34, 6, 7, 8, the correction would be the sa.me but if the y ranks were 1, 2, 43, 44,
4%, 41,7, B, the correction would hP btk 2

8 = ¥
and if 2,3, ‘)7’ 0"1"? 5:5’ 8, ¥ +{25“__I1¥ = %)
and if . 1, 2, 3,4, 6%, 61,6, 64, 2+42<=1,

It is only with very small and much-tied samples that the correction is appreci-
able,



2

1

8
2

5

5

9

1--—]—-——-———

]

13| 8({12| 8

¢| 8

10|13
3| 00

5/5

5
&

o|l0| 5

7

TABLE v
Giving Frequency Distributions of Various Correlation Cogfficients from 375 samples of 8

3

0

0

3

0

0

ol1

0|0 G|0

1

coop- wviegrs | B | 2 TR §16- o1 588
o6 oresss | @ | 8 8 RERRT 989- 0% 598
o S . -
ceey orgepe | 8 | B 9 3BT §68- o1 558
by = £e8- 0} 6L w
G678 ) GRGL: c | &8 &IV v~ —
o —_ N " -~
o662 0 GRPLr S | 8 & 838
_.:___. % P 99.5 quad_. o af e
S6F4- U1 9669 = BERES ——
A gEL- O EOL &
D669 U1 86 =2} - - TN on o 910 oo
. & & S <
sep9 0669 § s 8 828& :: olo. o1 579, “=F
cHEL M 8PS g | ¥ N3RS g 059 O 819 Y
o]
eope: megsr | § | 2 B RERT R, et o1 580 o vw®
= N -
cBG6P O C6FF 2 | R & SRS § 5g0- 0 §eY- @ @
cgpr O £E6E- 5 wos R 8 gEe- 01 G40 <+ ad g
__""'"_'—'—“__c.q — L] . Q\CQH)
g668- U1 SEFE- = | ® O ERER 2 gge. OV GEF <
i LA - e
esp- vroger | & | O B P852 & o 0 997 —
- - - Y GERL -
o6z ™ CEPE: el B ,;-é o7 ' 9.2 i
e S | 68F ONG0F- -
963~ OF G661 > T EOeH s \
= @ e EE: GOPN 03 L8 -
G66F ©1 96PT- 3 8 gL
wrr regge | 3 | ° o wen T L A
Rk p : BMere gl ®
. . i L R o Nt
CEGO: O3 §6F0 @ A E [op oo -
L ) ] s ——
oo _soo— | & | 7 T : § gz o gez | ~
c3 [ e ’
copo-— 1 g0g0— | N 2 [ur wwe l
soso—orgoor— | 4 | = '“f Sl R § a3 0 961" [
cpor— o goer— | 2 | —, AT £ [er. oaoor |
- S
soor-— 03 ooz — | = | \““ emm- i o970 ORI |
. O o e T —
ca05— 01 s0se— | & Py IR o | S AL i
s000— 0 g00E— PHer | © © SO S (g1 060 |l
——— 7NV, . e = . o1 gre-
2008-— 0 908 © = Mmoo E eL g i
X ‘\ z — =3 oFf)- oy efg-
2o90-— opdope— | & | 9 N ™o~ f-% ; |
SN % - §10- OV $10-—
soprf msorp— | 3 | — ool - l
N J T m o o ~w] § erg-— V1 FFp- -
catp— 03 goog-— | & —
BT B ~ o ; g oFg-— 0 5Lo-
— 0f gggp— | & : kit
o S B R 2 lewo- mveor- | |
e o1~ S ik L
| gor - 0¥ gl {1
sie = lell S
: , ] S el - 02998~
cogg-— oo | & | | 1= l_l & -
ooz v gpes- | i 1 leli E
Ikttt S NS L g
goez— 01 gop8— | |1 =il E'
2, | ———, o
=i|2g2 »
2o 1088 383
3 |28fEan_ 5% 5
S EAEEELEEEE £8%
Zo|%5EEREEE S
38| . El5ekm 58

nBl»

A+b

ectual

Factual by median fau.l:-.l

fold division = cos

,.
(8) R actual

{6} g nctual

(3)
(4) r

|
|



Probable Error of Dr Spearman’s Correlation Cocfficients

30

-

d
Y, © +(g)
"
2 U v)
.- \»m\ wiyorsao) spavddayg Buisn +£(Z)
FAINTY "2 As.a.,a_.mn_ aannesadosoy woay paieinaed(])

VA
£ 2

j0 sajdwes sie WOy SJUSLDYYe0 ) UOLIR[IUIOTy SAOIIRA JO mco.m%_.wf_.;m_ﬂ Aavenbas | Buiainy

V4

A 378VL WOMd Hdv¥l 70/

or

1)
o2

DE
St
o

05
55

‘09

AJNINDIHA



81

Probable Error of Dr Spearman’s Correlation Cocfficients

& 8- Fg A ¢ e g P [-0) N 5 =
L 1 J | 1 ' I
H I T H ¥ . r r
. . __ RN L L
\ ) H
i P [ W— 1
bt ! \l" “ ' .“ “ i
I £ ! |
nnn “ ..\ " [
) :
Vs b1
' N ' H
- {1/ &
/] /
p -t
bt s \
Q |
F o\:o -
r — - —  { 4
H Ny A\
i ? 3 | 1
R R o
H ' . =
H »
H ' L |
[ ' 7
3 L9
' 7 H
— o 7
1 b 4
i
[P R - u\
; "\\,
IS, R '
o
'
)

n
=
af
o

H aasony spieddayg Buisp

Sa(g)f
S22
()0

0E 40 so]dwes ©Of WOoSJ SIUIIIIJIP0T) UOLR|BSIOT) STOLIRA 40O

TA 3T8VL WO¥Ad HdVHEHD

v 4

\

¥ 143510 Kousnbaa g Buialn

_ommh\nmvrnm-o.

Cr@orngoTaNMe

ADNINDIND

BRES



82  Probable Error of Dr Spearman’s Correlation Coefficients

DISCTSSION OF THE FREQUENCY DISTRIBUTIONS OBTAINED

Tables V and VI give the frequency distributions of », determined with Shep-
pard’s corrections for grouping, of p and of B and their derivatives (from equations
{iii) and (iv}) r, and rp.

In addition we have, in Table V, r determined without Sheppard’s corrections
and the theoretical distribution of r calculated from the table (Biometrika, X1,
- 384), of the co-operative paper by interpolating between p = 0-65 andp = 0-70, -
drawing the frequency curve and estimating the areas by counting the squares: -
it is probably not very accurate, but fairly close to the truth. A '

In Table VI is included r calculated from the fourfold table paken through the

medians by Sheppard’s formula v = cos A_ﬂf_i?’ where B"is‘t;he frequency in the

“small” cells. This probably suffers a good deal from,t»}je"coarse grouping which
makes it necessary to divide the centre groups in ah\hrbitrary manner.

The most remarkable thing about these tabjes}iﬁ the very wide spread of ail
the distributions. There is of course nothipg'new in this, but T cannot help
thinking that an examination of these taklés may be beneficial for all who try
to work with very small samples.

Besides this there is not very muehito be found in these tables which is not
seen to greater advantage in Tabled VIII and IX of the means and standard
deviations, but as a matter of 'n%erest I have compared lines 2—4 of Fable V with
line 1 by the y? test with {?Sfb lowing results:

O TasLE VII
B \'“ ? 25 groups 16 gronps 1
: O * | * 3 r ]
r with Shep '8 corrections - 30-10 ‘ 018 20-49 17 ;
r without Bheppard's corrections ;2043 0-67 12-39 0-66 |
roackfaly L. .. L 60:25 | 0-000,664 30-63 0-01
rctusl . .. . 7410 1 0-000,002 5565 {sa¥) 0-000,00_2'_|

The 25 groups were the 24 groups on the right of the table and the tail, which
includes all groups which are less than 1-0 in line 1. the 16 groups were taken so
that no group in line 1 was less than 10.

- With such a small sample as 875 the x* test is only decisive for considerable
departures from the theoretical and the regular excess over the theoretical for
all groups less than 0-40 avoids detection.

At the same time it is interesting to note that, judged by the x* test, Sheppard's
corrections do not seem to have improved the calculation of r.

Tables VIII and IX give the means, standard deviations and coefficients of
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Tasrne VIII
Certain Constants of the Frequeney Distributions of Various Correlation
Coefficients derived from 375 samples of 8
. __iNumber of samples | Number of sam Joa!
M : sp.” Coefﬁ;::ent. required to give as | requited to givga.s’
ean . - o tio t accuracy as | great accuracy as
| VArRUON | 100 samples of (1) | 100 samples of (2)
{1) r calculated from co- . o= . i
Cperaito peper } 0-631 0-250 396 100 —
{2) r actual using Shep- R ; . . . .
Pt comections } 0-624 +0-010 | 0-27440-007 | 43918 120 +5-9 N\
{3) » actual using no cor- . . r . . . N LN
e gmuping} 0-614 10010 | 0-271 £0-007 | 441 +1-3 BSOS 98
(4) r, actual o 1 0-58640-010 | 0-201 £0-007 ] 49-T+1'5 135467 £ 113
{5} r, actual 0:566 1£0-011 | 0-309 £0-008 | 546 +-1-7 1931758 . 127
{8) ¢ actual 0-580 £0-011 | 0-289 £0-007 | 40-8 1-1-9 Z N —
{7} R actual 0-407 £0-008 | 0-287 £0-006 | 582 +1-9 L —
TazLe IX

D

N\

Certain Constants of the Frequency Distributions of Various Correlation
. Coefficients derived from 100samples of 30

A C ﬂl . . |Number of samples | Number of samples
o) 08 Elm“ required to give as ; required to give as
i Mean S-DEN N grest accuracy 48 | great accuracy sa
; AN variation | ygg samples of (1) | 100 samples of (2)
grl[l} r ealculated from co- . . -
4  oBmine pper 0-653 Adilos 167 100
2} r actual using Shep- AR . SN e ; . .
i T Soie] ualng oo } 0661 0007 0101 £0:005 | 153207 86+ 82 100
Y{3} v, aetual 0-63942¢-008 | 0-118 3-0-006 | 17-7 +0-9 108 +10-3 126
L(4) v, actual o 0-63850:008 | 0-122 £0-008 | 19109 125118 148
(3} 7 actual from median ) N4
fourfold division | hfobe 40012 | 0183 20000 | 301 106 | 2622951 328
AN
(6) pactual ... W 0-624 +-0-008 | 0116 -0-006 | 186 +0-9 - —_
{(7) B actual ...\ M. | 0428 £0:007 | -100 £0-005 | 23-4 412 - -
- 4 ~\' ¢

v&riaﬁi;{: of the frequency distributions in Tables V and V1 and in addition the
calculated constants for the samples of 30.

As well as this I have calculated the number of samples which would be
required to give as great accuracy by the less accurate methods as 100 samples
determined (1) on the theoretical basis of normal correlation, and (2} on the actual
samples by the product-moment method using Sheppard’s corrections.

The object of this is to get an idea of how much time must be saved in order to
gain by using the rank methods. First, however, we may note in Table VIII the
marked difference between the theoretical 5.D. and that actually obtained by the

product-moment method.
G2
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T attribute this almost entirely to the grouping, which was unfortunately
rather coarse and which cannot be corrected by Sheppard’s corrections in small
samples. The slight divergency of the population from normal correlation may
have helped to a very small extent, but for the most part the excess in the lower
values of # which cause the mean to be low and the s.D. to be high is due to those
samples which have low s.0.'s, and I incline to believe that if the grouping can
be chosen so that the s.D.’s are not less than 3 thé actual distribution of r will be
found to be very close to the calculated for samples drawn from normally correlated
material. ~

In Table IX, on the other hand, the actual has a higher mean anfilower s.o.
than the calculated, but as the differences are in each case less(bhan twice the
probable error, I think we may put them down to the error of fandom sampling,
which is of course large in such a small sample as 100, {™

Next we may note that Prof. Pearson’s formulae, nag doubt because they are
correct for grades, do not enable us to correct rank odrtelations for small samples.
"The means of both r, and r5 are too low for samp\kag of 8, and for samples of 30
probably so.

As for the s.0.’s of p and p,, the values found are in the case of samples of 8
much higher than those calculated from,edlia.tions (v} and (vi), which are 0-258
and 0-243 respectively. The samples .c’ff ’30, however, give values which agree
sufficiently well, for the calculatedi§.b. s in each case 0-114, weil within the
probable error. o~ '

Line 5 in Table IX shows phat'as determined in this investigation Sheppard’s
median division formula gives a mean value of 7 well below the population value
and a very high s.p.* While this is not unlikely to be the case for amall samples
the arbitrary division 6f the central groups makes if impossible to say that this
is not due to the fagtthat we have only used an approximation to median division
in this case. N\

The chief\point of interest however in Tables VIil and IX lies in column 4,
showing thenumber of samples which we must have to get the same accuracy by
the varipus methods as that given by 100 samples in which 7 is determined with
sufficiently fine grouping by the product-moment method.

Column 5 is put in in case there are any who do not accept my explanation of
the difference between the calculated and actual distribution of », namely that
it is due to the coarse grouping. I have not been able to estimate the probable
exrors of the figures in column 5 as they are complicated by correlation betwesen

—yt t .

* The 8.D. ealeulated from the formula o, = %ﬁv—r) { 2?2} is, however, rather highsr,
being 0-191 if » be taken as 0-86 and (-207 if 7 be taken as §-60%. Miss Elderton kindly IOOde
up this formula for me, but I cannot find that it has been published. [See, however, Bio-
" metrika, IX, ps 23. Tt is alao involved in the early paper by Sheppard, Phil. Trans. A, 0X01L,
pp- 147 et seg. E.P.]
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the numerator and denominator of the fractions from which the figures are
caleulated. They must, however, be larger than the probable errors in column 4,

In any case there is a strong indication that with samples of 8 the loss of
accuracy due to the use ofr, instead of r will practically always more than counter-
balance the gain of time in ealculation. Either method is, however, so little to
be depended upon for a single sample of very small size, except as the merest
indication, that very little is lost by the nse of 7. If, however, a number of small
samples can be averaged so as to obtain & coefficient of some value, the product-
moment method should be used when possible. Q

With samples of 30 the & %, more samples required compares fairly*with Prof.
Pearson’s 10 %, more for large samples, but seeing that the particul'a:x‘ éample of
100 gave too low & value for o, the value of &, which must bg‘gzgf'related with it
is likely to be low also and the 8 %, may easily be 18 %, or mre.

In any case it would very seldom pay to have to colleet 89/ more samples of
30 even if one could save 8 9, of the time on samples of that size.

In both tables there is a considerable loss from phetﬂée of 75, instead of 7, since
from 13 to 16 % more samples would be required\of the former to give the same
accuracy as the latter. The gain in calculation(1s hot very appreciable, since most
of the time is spent in ranking the samplest Dr Spearman prefers B to p at times
becanse less importance attaches to otplying samples, but as the extremes of
small samples tend to be outliers evelrin normally correlated material owing to
the phenomenon to which attentioh was drawn in Galton’s Difference problem,*
it seems to me that ag much v\«i?:ight as possible should be given to them.

To ComBINg&Two METHODS OF DETERMINATION

At an early stage q\n %he investigation I hoped to be able to combine r and 7,
t0 get a value lesg@ubject to error than either. Curiously enough Prof, Pearson in
hig editorial me§e“ lact number of Biomefrika gives the equations which I pro-
posed to usgffjﬁr the purpose (p. 7(29)).

As theyf are perfectly general I will state them in a slightly more general form.

If x ahd y be two estimates of any quantity obtained in different ways, then a
quantity z can always be found which will have a lower error than either of them,

unless 2 and y are perfectly correlated.

O’i—?‘zyo'xffy U'i_rzyazo-b‘
= —x Yy e (xiii)
Thus | z 10— 27,,0,0, o +ot—2r,, 0.0,

and ot = szagﬂ'ﬁ)_ ...... (xiv)

3 .
oL+ 08— 20,0,

* Biometrika, 1, pp- 385-99. In this connexion it is of interest to note that the correlation
gurface of ranks is not an elliptical hill as is the normal _correla.tlon sur:fa.ce but two com-
paratively steep ridges joined by a saddle, the ridges having a skew section.
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only table which containe a perfect correlation coeflicient which oecurred in the py seriea. °



88 Probable Error of Dr Spearman’s Correlation Coefficients

In the case of the samples of 8, x may be taken as » without Sheppard’s correc-
tions and y as r,, when we have

o2 = (0-271)% = 0-073,441, o,0, = 0-078,861,
g2 = (0-201)? = 0-084,681,
Ty = 0-885,
and hence from (xjii),
z = 0-804r +0-1967,
and o, = 0270,

Q!

i.e. there is no appreciable gain in our case since ¢, is 0-271. Tt may he'that with
a lower value of the population correlation the gain would be gr(,ater Jbut on the
other hand if r had been determined for very fine grouping o7 wold have been
0-0625, the contribution of r, to z would have been practicallyl Higgligible, and the
gain in accuracy by the use of z less than that found. T hc(e 18, however, another
case where the above formulae might be applied, namelv to the values of p
obtained from the original grouping and those from coarse grouping.

These are given in Table I1 from the first and@hu‘d lines of which it appears

that e, and o, may hoth be taken as 0-288.

0‘2(1+er93)

EAM

and as Tops = O %3 o, = 0-281,

This is somewha$ more encoun&gmg, bt the process is rather troublesome and
could only be applied to cas \wherc there is a proper scale. If, however, there is
a proper scale greater aceuracy could be obtained by the product-moment method
with very little more tnoub‘e {since we have now to make two calculations to

find p). 7.

We may there{:)re conclude that as far as this sampling experiment may be
taken as typical®

(1) Where. the unit of grouping is small (say <} the s.p.) the product-moment
method/Zhould be used if the most is to be made of the time and statistics at our
disposal,"however small the sample.

(2) Where a coarse grouping has to be used, the mean value of r will fall
below that calculated from the co-operative paper { Biometrika, X1, pp. 328 ¢t 8¢¢. )

In this case o2 reduces to

and the s.p. will rise. For small samples Sheppard’s corrections will aPI’rC’m'_

mately correct the former but will increase the latter still further. Indeed it s
possible that for very coarse grouping p might vary less than r.

{3) For this, or any other, purpose ties should be dealt with by one or other of -

the formulae in equations (x) and (xi) of this paper.
(4) Where one or both variables can be ranked but not scaled, as frequently
happens in some kinds of work, or for what Prof. Pearson has called “‘purposés
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of assay”, p can be determined with advantage and may be considered the natural
method o adopt.

(5) In such cases it should be borne in mind that for small samples the dis-
tribution of p is similar to the distribution of 7, but that the mean, even of r,,
is lower than that of » and the s.D. greater, by amounts which doubtless depend
on the population correlation. :

(6) R and rp are not worth determining in serious work; their use should
sherefore be confined to the elementary statistics for which its author intended E.

_{T) It is interesting to obscrve that Sheppard’s median division fourfold {able
has given for small samples a mean value very much below the populatioryalue.
© While this is only what one might have expected, it may in this case(bs due to
$he coarse grouping which prevented me from making anaccurate n}ed:.ﬁm division,

(8) The following problems might be of interest to mathematioians:

(@) The determination of the form of the rank correlation Stirface.

(6) The determination of the frequency distribution g for small samples
drawn from a normally distributed population. \

(¢) The determination of the nature of the correladipn surface when a standard
deviation is taken as one variable and the correla,tibcn coefficient as the other, both
being determined from small samples drawn’ from 2 normally distributed
population. N

L QY

N

w’/;:
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ON TESTING VARIETIES OF CEREALS

[Being a Paper read to the Society of Biometricians and
Mathematical Statisticians, 28 May, 1923]

[Biometrika, XV {1923), p. 2711

OBJECT OF EXPERIMENTS N\

THE object of testing varieties of cereals is fo find out which will pﬁ»}gﬂshe farmer
best. This may depend on quality, but in general it is an increasg &fyield which is
profitable, and since yield is very variable from year to yeat“and from farm to
farm it is a difficult matter upon which to obtain conclusiye gvidence.

Yet it is certain that very considerable improvementgdn yield have been made
as the result of replacing the native cereals by improved varieties; as an example
of this T may cite the case of Ireland, where vari fior of barley have been intro-
duced which were shown by experiment to h{;l.-?é an average yield of 15 to 20 %
above those which they replaced. This reprqgeht-é, probably, a gain to the country
of not less than £250,000 per year. As the cost of experiments from the com-
mencement to the present $ime cannot l'}’a;\;e reached £40,000 the money has been
well spent, ~ N

Origiy 0F VARIETIES

In the first place the ordin\a@r"cerea,ls, wheat, barley, oats, and so on {maize is
not here considered), are af gelf-fertilized and occur in races broadly distinguished
by different botanical ghdracters—Potato Oats, Rivett Wheat, Chevalier Barley,
and so forth. »\\

Besides these Botanically distinguishable races, it is possible to pick out strains
from commerglal seed which differ from one another in all kinds of ways: time of
ripening,ﬂ,‘]_),elibentage of nitrogen, yield, ete., although botanically the same,
Many of\t-liése strains have been selected from time to time, certainly from the
end of the eighteenth century up to the present time,

Finalty there are hybrids, the result of deliberate crossing, and the gelection
of the best individuals out of the many thousands which may be grown in three
generations is one of the more difficult problems with which the plant breeder
has to deal, but it is only after he has made his preliminary selection that his
hybrids concern the experimenter who is testing varietics,

Owing to the fact of self-fertilization, the various races, strains, and even to
& large extent the hybrids, remain practically constant from year to year if once
pure geed has been obtained.
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CuiEr SOURCES OF ERROR

The peculiar diffculties of the problem lie in the fact that the goil in which the
experiments are to be carried out is nowhere really uniform; however little it may
vary to the eye, it is found to vary not only from acre to acre but from yard to
yard, and even from inch to inch. This variation is anything but random, so that
the ordinary formulae for combining errors of observation which are based on
raindomness are even less applicable than usual.

Next, of course, is the weather: that will hardly affect experiments carried out
in the same field in the same year, but experiments carried out:in different.districts
and seasons meet with variations of weather which may produce resultsyuite in-
consistent with the experimental error determined at either plage. ©bviously,
the weather needs to be well sampled before drawing general conglusions.

"The effects of soil and weather on the yields are far greatex than the differences
which we have to investigate, and it is because the planning of experiments and
their interpret&i;ion when completed are not gquite straightforward that this paper
hag been written. RN

METHODS OF OPEP\AfIﬁm

There are, broadly speaking, two methods.of 'operating:

(i) On a large enough scale to use the ordinary agricultural implements,
ploughs, geed drills, reaping ma,chines,fétc.

{ii) On guite a small seale with spades and dibblers, and scissors, under & wire
net to keep out birds and rabbits. -

Taking first the large sca..}g','it has the advantage that the farmer, who always
has a healthy contempt for gardening, may pay some attention to the results; he
is to this extent right, tHas large-scale conditions cannot be accurately reproduced
in a wire cage, and in‘fdct some varieties which have come out well on the small
seale have not dofie'as well in the field, though this is not at all common. Large-
scale work, th‘e@xi‘s necessary as a final demonstration, and historically, it was on
the large sgale that variety experiments were first carried out.

O J LarcE-ScaLE WORK
ke a series of experiments carried

As an instance of large-scale work we may ta _
d to find out the best variety of

out by the Department of Agriculture in Trelan

barley to grow in that country. ) .
The experiments lasted six years, vide Table I, and during that time seven

varicties were tested; only two, however, Archer and Goldthorpe, were carried
through from start to finish, as the others were either dropped when they‘ were
found to be inferior, or were not among those chosen in the first place. The original

seed was ordinary commercial seed, and the plots were two acres 1 extent. This
is very large even for a large-sca

le plot, but it was intended that the produce
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should form the raw material for further manufacturing experiments. This was
a wise precaution, as has been found recently when a barley in other ways among
the best was found to be quite unsuitable as malting material.

The produce of the plots was all valued (in those days—1901-6—values were
fairly steady from year to year), and this gives & method of combining yield and
quality, but although the quality varied very much from one farm te another,
there was generally only a small difference between the quality of different
varieties grown on the same farm in the same season. The value of the crop per
acre depended chiefly on the yield.

During the six years 193 plots were grown and at different times e1ghteen farms
provided the land. These farms were scattered up and down the ba‘flev-gromng
districts in Ireland. Here, however, we shall deal only with the §1 plots of Archer,
and the corresponding 51 plots of Goldthorpe.

The value per acre, then, of the 51 Archer plots varied between 80s. and 234s.
with a mean of 178s. and a standard deviation of 336s. The value per acre of
the Goldthorpe plots varied between 99¢, and 230{ ywith a mean of 166s. and a
standard deviation of 33s. The difference, ther fore was 12s., and at first sight
this hardly appears significant, for had the Azcher and Goldthorpe plots been
independent, the standard deviation of the]r tifference would have been about 6+5

This brings us to the first principle, afall agricultural experiments, viz. that
only comparative values are of any use. If we are told that on a certain farm anew
variety of barley produced 30 cw# to'the acre, we admit that the crop is good, but
are not much interested, If, in. Mdltlon we hear that Archer gave 25 cwt. to the
acre on the same farm, we ASH to take notice; for it is some evidence as to the
value of the new variet}, and it is the difference of 5 cwt. to the acre which
appeals to us and notyth® actual yields themselves. In point of fact, of course, the
yields in these experiments were not independent. Bach Archer has a corre-
sponding Goldshorpe, and by considering the 51 differences, we find that the mean
difference behwéen Archer and Goldthorpe has a standard deviation of 3-3s.

This redlgchon of the standard deviation of the mean difference from 6-5 to 3-3s.,
by cowsidering the individual differences between corresponding pairs, depends
of course on the fact that corresponding pairs are highly correlated, so that the

last term in the formula

Y g =04 +05—2r 450,40

is by no means negligible. The art of designing all experiments lies even more in
arranging matters so thab r 45 is as large as possible, than in reducing o% and ¢ e
That the conclusion that Archer was better than Goldthorpe was fully justified
is shown by the fact that taking the yearly averages Archer beat Goldthorpe every
year, while in the individual farms Archer beat Goldthorpe in all but three out ?f
eighteen, and of these one farm was only used one season, and the other two B
two seasons. Further, it was discovered during the course of the experiments
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that the Archer was practically identical with a barley which the Danes called
Prentice, which had beaten all others in their long series of experiments. Both
Archer and Goldthorpe were, practically speaking, new to Ireland, and they—
or some improvement* on them—have now almost entirely driven out the other
inferior barleys from most parts of the country.

Such, then, is the sort of error which attaches to large experimental plots, that
is to say a standard deviation of about 10-15 %, for a single comparison, and this
is fouhd to be the order of the error in ail ordinary large-scale work—it does not
vary very closely with the size of the plot, provided that the plot be aboye say
ope-tenth of an acre, though there may be a slight decrease of error with increase
of size. ' O\

It follows that although it is quite within the power of any individual farmer
to carry out a large-scale experiment (and the larger the easier:téacarry out), it is
only by co-operation that enough evidence can be obt&inefi:to be of any value,
This co-operation can in practice only be arranged by a.gévernment department,
a large agricultural company, or & farmers’ associa,\tign, and it is government
departments that have had most success. \\ ’

SmaLL-ScALE WORK

We may next discuss small-scale Work',jleé,iring to the end a modification intro-
duced by Dr E. 8. Beaven, which combities the advantages of the ordinary large
scale with & considerably smaller.erfor. The considerations which led to this
modification were derived from.gxperience of small-scale technigque.

Preliminary Consideratiope \JBefore coming to any actual comparison of
varieties on the small scaléattention is directed to some preliminary experiments
carried out by three différent sets of investigators: Stratton and Wood at Cam-
bridge,t Mercer andhHall at Rothamsted,} and Montgomery at Nebraska Agri-
cultural Experimgntal Station.§

The first hatvested Zth acre of mangolds in y5g-acre plots: the second, one
acre of whéat'in gig-acre plots, and an acre of mangolds in z35-acre plots; the
third %0, yéa,rs in succesgion harvested the same g5bh acre of wheat in 17gg-acre
plots, and all weighed the produce of each plot; Montgomery determined the per-
centages of nitrogen as well. AIl three experiments showed the same thing: that

*+ In particular a hybrid of Archer with Spratt made by Capt. Hunter, Spra.tt‘-Arcpext a7/6,
which proved its superiority 50 Areher and other varieties in ¢ ohesshoard ” trials similar to
that detailed below. ' ) .

+ J. Agric. Set. 1, p. 417, “Tha interpretation of expenmentfa.l results ™.

1 J. Agric. Sci. v, P. 107, “The experimental error of field trials™

§ Nebr. Agric. Ezpt. Sia. akth Ann. Report, 1910-11, pp. 16480, ** Variation in y1,31d and
methods of arranging plots to secuare comparative resulta’’; a_.nd U.8. Dept. Agric. Bur.
Plant Indust. Bul. 269, © Experiments in wheat breeding: experimental error in the nursery

and variation in nitrogen and yield .
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the variation is not random; the yield varies from point to point with an irregular
regularity; there is consequently correlation between one plot and its neighbours,
and generally there is a tendency for one end of a field to yield more than the other.

This is only what is to be expected from a priori considerations; naturally the
nearer two plots are together the more likely is the soil and its condition to be
sinjilar on each of them, and the obvious conclusion may be drawn that the smaller
the plots the more exactly can the yield of adjacent plots be compared.

Taking the investigation of Mercer and Hall on the 500 “plots” of wheat, it
should be noted that they were only taken as plots at harvest and hefore cutting
formed an unusually uniform area of one acre, part of a much largerﬁcld of wheat.
The mean yield of grain per plot was 3-95 lb. with a range of, 2 F5-5-14, and o
standard deviation of 0-48 Ib., or 11-6 %, of the mean welght of-4 plot.

If two adjacent plots were taken as ;i5-acre plots the 3,8, “fell to 10 9, instead

of the 8-2 % of random sampling. ; s _
If four adjacent plots were taken as t}5-acre plots hie’s.p. fell to 89 %, instead
of the 5-8 %, of random sampling. N

If ten adjacent plots were taken as 56-acre pkzt&, the s.p, fell to *6-3 %, instead
of the 3:7 9, of random sampling. ¢

If twenty adjacent plots were taken ag ﬁ-acre plots the s.p. fell to *5-7 %
instead of the 2-6 %, of random samplmg

If fifty adjacent plots were taken'®s {5-acre plots the s.p. fell to *5:1% instead
of the 1-6 %, of random sampling’

The high value of the stafi@ird deviation of the larger plots compared with
that which would have b‘ee\ expected had the aggregation been carried out
randomly is due to & simhilar cause to that which decreased the error of the com-
parison of Archer and\&oldthorpe. There is correlation between the neighbouring
small plots whic‘h‘}n\a"ke up the larger plots, &0 that the last term in the formula

' 03 g =03+0%+2r 50,0y
is not ’I'Eegwl.igi'ble. This last term is in fact the bridge over a pitfall which has
trapped many, including—as will be shown later—the present writer.
In an appendix to Mercer and Hall’s paper I pointed out that advantage may

be taken of this correlation if we consider the difference between adjacent plots.
Thus we have

a———

. Caleulated s.D. Total acreage
Size of plot 8.0, of single of difference ‘ Actual 5., of required to reduce
{acres) plot as hetween random l difference between | ¢, "of o comparison
percentage ! pairs T adjacent pairs to 19
1/500 11-6 16-4 | i1-2 €-50 acre
1/250 10-0 14-1 | 9-7 74
1/125 89 12:8 ' 0.3* 187 .
1750 63 g9 | 3.7% 110 .,
1725 57 81 | 3.9% 384

* The numbers are too fow to do much more than indicate the tendency.
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Except in the case of the tiz-acre plots we actually find that the standard
deviation of a difference between two plots is less than the standard deviation
of a single plot, and that working with zig-acre plots, the standard deviation
of a comparison between the varieies grown on a total area of half an acre is
as low as 1%, On the lines of the 2-acre plots more than half a square mile would
have beenrequired. Further, there is every indication that smaller plots would be
still more economical of ground, N

These have been termed preliminary experiments, and so they are for the
purpose of this paper; but in point of fact they followed the practical application.
of the principle which has just been outlined, and a further step in advahce had
already been made, O\

Carrying the principle of maximum contiguity, which he had dedubed a priori,
to its extreme logical limit, Beaven had compared two varieties in his cage by
sowing alternate rows. He used & pure line of Archer barley,/gud one of a variety
called *“ Plumage”, which is allied to the Goldthorpe of the-lrish experiments. He
also grew J5th acre of each outside the cage and found\that whereas the Archer
gave slightly the better yield outside the cage, the t}a.ée work gave the yield of
Plumage some 20 %, hetter than the Archer. .\ \Y

He sent me the figures to look at, and I found that so far from the correlation
between the yields of adjacent drills being positive, it was significantly negative.

This was quite unexpected at the tim& {2 905), but the explanation was simple,
viz. that when a plant of one variety: i§'grown next to one of another variety it is
abnormally situated, and is subjeet o abnormal competition.

In this case the Plumage a8 8 taller barley and shaded the Archer; probably,
also, it started growth more }ickly pndergound and so annexed more of the soil
than its competitor. Anyhdw, it was clear that a comparison of adjacent rows,
with the possibility ({f: fiterference of this kind was useless.

o X
£\

‘§ Tur Squark YArD PrLoT
To avoid \tlhls difficulty, Beaven invented in 1909 the “square yard " plot, which

is forméd, by sowing eight rows 6 inches apart, 4 fest long, and with seed 2 inches
apart int the row. This gives in the first place a plot 4 feet by 4 feet; but at harvest
the outside rows are rejected and the outside 6 inches at each end of all the other
rows, thus leaving the inside square* yard for the measurement of yield free from

the competition of other varieties.

* 'There has been some controversy in Ameriea as to the advisability of testing varicties
in alternate rows, but lately T. A. Kiesselbach {J. Awmer. Soc. Agr{m: {1919), No. 8, pp- 235—4_1,
“ fixperimental error in field trials”; pp. 242-1, “Plant competit19n as & source of error in
field plots™) has come to much the same conclusion as Beaven, viz. that ali_;h(_mgh certain
tances interfore with one ancther, yet 1413 dangerous

varieties may not under some circums : :
to allow any chanee of the experiment being subject to this source of error, and thfxt the only
gafe thing to do is 1o surround each experimental area with & border of the variety grown

upon it, and to discard this border at harvest.
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. TagrLe I
Irish Experimental Barley Plots. Yield and Money Value Per Acre of
Archer and Goldthorpe 19016
! Archer | Goldthorpe
Farmer Place Distriet .
Yield V.P.A Yield V.P A
Barrels| Stoney | £ s, d. |Barvels| Stones | £ s d.
1901:
MecCarthy | Ballinacurrs Cork 11 4 9 0 0 7 0 5 2 40
Hawkins Whitegate »s 16 3 8 3.0 7 0t 12 1 B 3 0
Dwan Thurles Central Plain | 15 2 i1 13 0 13 NIl 6 o
Wolfo Nenagh ”» ;1o 813 0! 10 NS
1902: ;_ - O\ -
McCarthy | Ballinacurra Cork 12 ¢ [ 813 0 11, M4 8110
Hawkins Whitegate » 14 0 10 12 0 135, 0 10 3 ¢
Wolfa Nenag Central Plain 12 2 9 4 0| J8 6 0 240
Willington | Birr ,, 12 f 6 | 916 0|9 3 .7 60
Gorman Enniscorthy Wexford 11 5 g 2 Pyl 14 9 2 4
Nunn Castlebridge . 11 3 8 180607 11 = 4 9 00
1803: P / | .
MeCarthy | Ballinscurra Cork 6 (0] l 4N\I8" 0 70 4 5 5 0
Hawkina Whitsegate . ] 12y s}\o 1 0 T | L1 519 0
Walfe Nenagh Central Plain B 2 4 1}) 9 0 8 1007 611 0
Willington { Birr . 9 WNY 7 8 0 8 0 6 6 0
Gorman Arnestown Wexford 5 P\ 4 k0 O 7 11 §15 0
Nunn Castlebridge ’ 12 NG 916 O 9 15 718 0
Quinn Carlingford Louth 11, 4 ‘12 8 4 0 9 3 T00
Kearney {ireencre . TR 3 812 0 7 13 518 0
1904 N
MeCarthy | Ballinacurra Cork 3 10 4 715 0 11 14 9 8 0
Hawking | Whitegate o 2 10 11 8 70, 1 4 8 40
Wolfe Nenagh Central Plé‘m 13 3 10 9 0 11 8 g 748
Willington | Birr Fe 11 3 817 0 11 14 g 4 0
Kelly Portarlingion &R 12 1 912 0- 11 3 9 00
Allardyce | Monasterevan \, 10 7 8 1 0. 10 5 B 7 0
Roche New Ross { Wexford 8 2 516 0| 7 0 5 6 O
Nunn Cagtlebridge, 4>, ,, 9 2 7 8 G ] 4 419 @
Kesrney Carlingford A Louth 8 0 6 7 0 9 7 79¢0
Segrave Dunleer 4\ " 12 1 9 8 0 11 7 9 70
1005: N\ '
MeCarthy Ball'\agurra. Cork 12 g 9 8 0 i3 1 9 16 0
Hawkins Whitebato i . 11 k1 9 8 ¢ 11 b5} g14 0
Waolfe Nenagh Central Plain | 14 6 10 14 0 15 10 0 3 0
Willington J~Bier ” 14 11 1114 0: 13 $ 1011 0
Lauttrell\ \Monasterevan - 14 2 11 0 0 12 13 914 0
Kelly \_J| Portarlington - 12 1 5 819 0 10 8 717 0
Matthewy | Tullamore " 13 12 1018 0| 10 w | 810
Nuann Castlebridge Wexford 11 6 | 715 0 11 6 8 00
Dooley New Ross " 13 0 {10 0 0| 13 o (012 0
Kearney Carlingford Louth 14 6 | 912 0 11 4 712 0
Segrave Dunleer » 14 7 11111 o 12 8 919 0
1906: 2 0
McCarthy | Ballinacurra Cork g9 11 7
Ha,vt-'kimfy ‘Whitegate » 10 13 ; 12 g g 14 6 9 0
Wolfe Nenagh Central Plain | 11 12 812 0 8 13 611 0
Willington | Bier » 10 15 | 8 0 0] 9 1 | 760
Lattre]l Menasterevan . 9 10 730 10 9 717 0
Mulhall ” " 12 8 | 9 6 0| 13 14 1070
Matthews | Tullamore . 8 14 616 0 8 it « 8110
Tennant Bagnalstown o 15 4 11 7 0 13 14 10 90
Nunn Castlebridge Wexford 11 10 819 0 10 g {7180
Dooley New Roass N 14 2 |10 7 01 12 5 i 900
1S£eamey (Il)arrlﬂingford Louth 11 11 8 9 0 12 12 B 13 g
egrave unleer
ar 14 6 |10 8 o 13 86 | 916 7
Notg. The Irish barrel of batlew onntaing 18 sbem o
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So far as I am aware, no one has made any further inquiry as to the most
economical size of plot; the square-yard plot only utilizes for yicld determination

Zth of the experimental area, and to make it smaller would waste still more -

ground, while the larger the plot the more we depart from the principie of
maximum contiguity. .
There are probably not enough data to discover by the calculus the size of plot
which will give the minimwm probable error per acre, and no one seems to have
faced the labour of an experimental determination. At all events, without any
further investigation the square yard plot has been adopted as the wilit in some
six or seven experimental cages in the British Isles. A
A\
COMPARISON ON & “CHESSBOARD]\

Having adopted the unit, it was a comparatively simpl\’e: matter t0 set units of
two varieties in a “chess” or *“ chequer” board: subséghently it was found that
more than two varieties could be economically co@pared at the same time.

To illusirate the problems which arise whel)ywe come to compare geveral
varieties grown together on a  chessboard 33(%¢ may take Beaven’s No 1 Yield
Experiment of 1913.% ) \

In this, 20 plots of each of eight races’ of'barley were grown on a regular system
of repetition, and the following obagrvﬁtions were made for each plot: '

.Hdiﬁber of plants,
\Number of ears,
\\ Weight of ears,
Weight of straw.

For the purpose O£ this illustration we need only consider yield of corn, ie.
welght of ears, \\
The eight raees consisted of

\\ TE:;g}jsh Archer } Selection made by Besven.
Irish or Barly Archer| Selection made by Capt. H. Hunter, B.Se.. of the
Irish Archer, No. 5 } Irish Department of Agrieulture. . .
{A selection made by Beaven which originated in

Four g@mﬁﬁ ‘of Archer

Plumage Denmark. Wide-eared barley somewhat Iike

Goldthorpe.

Each of these was, of course, descended from a single seed a few genera.tions
back, and

From a Plumage-Archer eross made by Beaven, the second being
145 and 145/48 { a re-selection from the first,

Threo hybrids l;. Biffen” {Selected by the Professor ¢f that name from a Plumage-Archer

eross of his own,

In order to simplify the comparison of errors it is best to work as long as
possible, not with the standard error but the “ variance ”, or square of the standard
error. It has two advantages: (i) that variance can be added or subtracted without

T

* Tide Diagram I, p. 87,
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the preliminary squaring and subsequent extraction of the square root, and (ii)
that the area required to give any required accuracy varies directly with it; in
order to give the same error a comparison with a variance of 60 only requires
half as much ground as a comparison with a variance of 120.

Further, the variance taken in each case will be the variance of the average of
20 plots or differences between plots, or whatever it may be, and to get this we
divide by 19, and not by 20, to correct for the small number.

The following table gives the means and variances of the average of 20 plots
for the eight races as foillows: :

TasLE IL \
N
Mean weight per | Variance of the | D)
plot, grammes | average of 20 plota; § )
145/48 3187 91 R
Early Archer 306-5 138:9 O
74 304-6 80 ©
146 3007 9a-3
English Archer 2978 12878
Ilumage 2652 A\ 150-8
Irish Archer, No. b5 276-5 I BT
Biffen ios LAY 1420
- S SR | ——
Average o964 ) 1141

TR
X

CORRECTION.FOR PosSITIONY

There is a great disadvantage i eorrecting any figures for position, inasmuch
as it savours of cooking, and ligsides the corrected figures do not represent any-
thing real. It is better to a.l"rénké in the first place so that no correction is needed.

In the present case the'< vertical”’ arrangement is satisfactory, but as to right
and left it is not so. Eﬁg‘]jsh Archer averages 0-2 rows to the left of 145, 04 to the
left of 145/46 and 80 1}rf, 1-4 rows to the left of Biffen. As the average value per plot
of a row is abo?{@f% grammes higher than that of the row on its left, it might be

thought right 0 make the following corrections:
O

\'"“; v 145/46 T 3187+ 10 =3197
Body A . . 306:3-03 =300
Py 3048-17=3029

L

|
|
I

145 ... 3007 + 1-7 = 302-4
English 4 ... .. 2078+23= 300-1
Plumage ... 295-2 +0-3 = 2855
Irish 4, No. 5 276-6 — 1-0 = 2755

Biffen 270-8 - 23 = 2685

¢ For an slaborate method of Correction for Inequality of Soil, see Pearl, ' A method of

correcting for soil heterogeneity in vaviety testa”, J. Agric. Res. V. P 1039,
In this paper Dr Pearl has correcied yield on the analogy of & contingeney table, Themethor.
which is probably a2 good a way as any of correcting for position, seems to me to be open to
gerious objections. A blot on the paper is the publishing of & “probable error” ealeulated
from four cases without pither correcting for the very small number or calling attention to

the fact that they are appreciably too low.
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The error of & comparison would no doubt be reduced very slightly as it generally
is by any operation of this kind.

In any case the order is not altered, and I do not think the correction is worth
making; the proper course would have heén to reverse the order of the plots half
way through so as to compensate for a possible tendency to improve from one
end of the experimental area to the other. '

VAr1ANCE IN TasLE II ~

With the small numbers in question the variance figures do not differ signifi-
cantly, but incidentally there is no indication that the hybrids are,{i{br}é variable
in yield than the pure lines. L N

In order to get & clear idea of what these figures mean, lef 3 suppose that a
standard error of 19, is desired, say 3 grammes, a varighée of 9. That would’
require an area 114-1/9, or 12-7 times as large as the preéer_’lﬁ 20 plots.

If now the plots had been randomly placed, thesyariance of a comparison
between two of the races would have been approximately 228, and about 25 times
as much ground as was used would have beei required to reduce the standard

‘error of a comparison to 1 9.

*

In order to give a general idea of the na,ture of the variability, chiefly due to
goil, which has to be regarded as error\Wwhen we consider the yield of varieties,
Diagram II has been prepared inivhich each 20 grammes of yield above 100
grammes below the average yield:ijf the variety is represented by a diagonal line

drawn across the square repr@hﬁng the plo$. Tt will be noticed that the shading
grows heavier towards the ¥ight of the diagram, and that whil

e it is by no means
regular, the correlation Bétween the shading of neighbouring plots is obvious to
the eye. \J |

The arrahgem nt’o? the different races in a chesshoard is of course designed to
take advantage(| this correlation by comparing always neighbouring plots ag in
the following ¥xample which concerns the first pair of races in the table,

Beginming/at the left hand of Diagram 1, 145/46 is in the middle of the first
vertical liwte, and Early Archer at the top—the former being indicated by theletter
C, and the Iatter by E. The yield of the first is 2656+6, and of the second, 230-1. That
gives a positive difference of 85-8. The next appearance is in the third line, again
& positive difference, this time of 44-4. In the third occurrence the 145/46 is in

the fourth line, and the Early Archer in the fifth line, and the difference this time
is negative and 37-4, and so on.

The variance of the average of the 20 differences

ge of thus obtained is 124-0, very
much less than the 233-6, which is the sum of the variances of the averages of the
two races. '

' Now, if there were only two races in the chéss'board it would be comparatively
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straightforward—the standard deviation would be found from the variance, and
Sheppard’s tables (or preferably with such small nambers, ““Student’s ) would be
used to judge the significance of the mean difference. In point of fact, however,
the two races do not stand alone, and the question arises whether it would not be
better to take the average variance of all the 28 differences between all the possible
pairs of eight races.

Of course, it is not likely that all our races would have the same variance, but
with our small numbers such differences as there may be are almost certainly
swamped by the error of random sampling, which, as pointed out abote, will
account for the observed values. From that point of view then it is\heétter to
average. N

Again, all the comparisons are not of equal value: Irish Archer, No 5 is always
found exactly on the right of English Archer, while Pluma‘ge is either three
squares above English Archer or two below and one row, tg'the right, and as will
be shown later, there are indications that this is enougho affect the variance.
- Btill it is not a very big thing, and the advantages of.psing a single figure far out-
weigh the slight loss of accuracy. I have calculated’the 28 variances and they
range from 44-1 (English Archer—Irish Archet\No. 8) to 192-9 (Early Archer—
Plumage), with a mean of 107-9. Thisis shghtlylower than the 114-1, the average
variance of the races. In other words, we \Jave gained by chessbhoarding to the
extent that we are as accurate as if we had devoted twme the area to plots ran-
domly arranged. X

The caleulation of these 28 v&p@\wes is tedious, but fortunately there is & short
out which gives an identical result.

In the following proof capial subscripts indicate variance directly measurable,
which is taken as the maafi'value of such variance, while small subscripts indicate
" variance deducible ﬁom the observations.

If we suppose hk{e. total variance 6} of mn plots (i.e. » groups of one of each of
m races subjech o 'the error of random sampling) to be divided into three parts:

(i) that dite “to the m races if measured without error: o?;
(i) thad due to the position of the # groups of m races from left to right of the
diagram (in this case 20 groups of eight) also measured without error: o"g,
(iif) the casual error, which is the only part subject to random sampling: ¢%;

these three parts may be assumed to be independent so thaé
_ of = 03+ 05+ 9%
also the variance of the means of the races as we measure them is
o? of
. Wi T
oR=ort n mn’

the last term being due to the fact that we have only mn cases to give us the
mean.
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Similarly, the variance of the means of the groups as we measure them is

and the total variance as we measure it is
2
o
2 2 e .
= 7 ——
T o

from which eliminating 02, 02, o2, we find
o mn(oh~oh—og)
¢ m-l@m-1) ’
' 207 ' N\

and consequentiy pou N

which is the variance of a comparison between 2 groups of-fwo races, is
gt N\
S s s YRR
(m—1)(n—1)
P
* In my first attempt to obtain this formula, 1 over.l?;o]ied the —o?/mn in the three equa-
tions for 0%, 0% and o}. It was only after receiving\aetter from Mr R. A. Fisher, who had

independently arrived at the correct formula, that'¥ found my mistake. Mr Fisher sent me
two proofs, one of which was purely anebraiCai,: proving in his notation the identity

2 1 (2 _
=17 33— 1) {‘f Koo 5 X (X ,,-X,,f}

Eﬁtﬁ-‘f}s_m%(za_f)s_n”éfx,_x)s
_ Q™ .1 1 .
NS (m—1){n—1) '

and the other, which he }u\ms’elf prefers, I append below:

*“Let there be n trials ridicated by suffices 1 .ves @ vuy 0 Of each of m varieties similarly
indicated by suffices {23 p..., m. '

Recognizing t:ﬁfit only differences of variety but differences in the conditions of the
trials may havegffected the yields, we mey obtain an estimate of what the variability would
be if the conditions of any one trial could be replicated in & number of experiments with the
same vaﬁt;i@tﬁ Provided the following simple assumptions hold good. The yield obtained in
any experirment is the sum of three quantities, one depending only on the variety; a second,
depending only on the ‘trial’; and g third, which may be regarded as the ‘experimental

error’ varying independently of variety and trial in & normal distribution about zero with
a standard deviation which it is desived to estimate,

To obtain such an estimate we may fit the system of yields X 2¢ With & system of values
A+ B, choosing the latter so that . i

SXyg-d,~By L (1}
i% & minimum‘. {&ny one of the m +n quantities 4., B, may be assigned an arbitrary vaiue,
and the remainng m 47— 1 are then determinate: the observed values may therefore differ
from those fitted in (m— 1){n—1) degrees of freedom, and the corresponding estimate of

the standard deviation ascribable to experimental error will be found by dividing the
manimuea value of (1) by (m— 1) {n—1). Evidently (1) will be a minimum if

4,4+ Bu = X,%—Z,—:\,,
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To obtain the variance by this formula is a comparatively simple operation. In
this case owing to the fact that I grouped the 160 observations in 10-gramme
groups I got 109-3 by the short cut instead of 107-9, but it really should give an
identical value,

Taking the square root we get a standard deviation of 10-4 grammes or there-
about for the standard error of a comparison, i.e. a probable error of about 2:4 %,
This is probably as near as it is worth while going in any one season, for the experi-
ment must be repeated several times to sample the weather properly, and cage area
is too valuable to expend more than is absolutely necessary ona single experiment.

Before leaving this subject of chessboards, I would like to show in rather more
detail that even with such small plots as these, slight differences in thédrrange-
ment within the group tend to increase the variance over that 4 to the ideal
juxtaposition. AN :

1 have, therefore (see Diagram III, p. 104), separated\.tl@e various kinds of
comparisons and averaged the variance, in each case g« that of the average of
20 differences. \

The figures are not of course worth a great deal, bﬁb\nhere is & marked tendency
for the comparisons between the more distant plp}s to be the less accurate.

For purposes of illustration, I have correlated the distances with the variance

for the 13 positions by the Spearman me:tahﬁd, and get p = + 041

.

where X, is the mean of the values cbtainedwith variety g, X , the mean of the values obtained

with trial g, and X is the general meand _ )
The actual evaluation is most conye%ﬁently carried out in the following form of the analysis

of variance: \\..
Variance . “Degrees of freedom Sum of squares
N mo_ —
() Due to variety \{/ m-1 . . nSl’(X,—X)’
y \ 5 _
(5) Dua to{ﬁ‘aj n—1 m8(X,-X»®
AN\, 1
N\ N mn o
{e) B{ahdom variation (m=1)(n—1} JSIUSI'(XM—X,—X«—%.X}"‘
- .\‘:,u 3 e —
{dy/Total -1 f?‘{X—X}“

The sum of squares in line (¢) being caleulated by subtracting the values of 1ines.(a) and
(B) from the total. If either variety or ‘trial’ were without significant effect on the yield, the
corresponding mean square would not differ significantly from that of line (c)._To te‘st the
significance of such a difference we may use the fact that the estimates of varance in (),
(&) and {¢) are all indspendent, and when m and n are fairly large the natural logarithm of
the mean square has standard deviation J(2/n,), where n, is the number of degrees of fref}dorn.
In comparing two such independent cstimates of the mean square, we therefore obtain the
differonce of their natural logarithms, and assign to it & standard deviation

JG)
=]
My Hg
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Dragram III
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A
O Ter HaLF-DRILL STRIP METHOD*

The sn;ié{ﬂ-'scale work with which I have just dealt affords a means of picking
out good/varieties which can be tested in field trisls, The whole eight varieties
were tested on about 1 acre, sowing about a quarter of a pound of seed for each
race. We now proceed to the most accurate method vet devised for field trials by
which two varieties are compared on a total area of 5200 square vards, just over
ah acre, with, in the case which I shall give you, a standard error of 0-63 %. Of
courss, it will not necessarily be as low as this always.

The field is cultivated as usual up to the time of sowing, except that particular
care is taken to clean the ground of weeds.

* For g full account vide “ Trials of new varieties of cereals”, by E. 8. Beaven, J. Minist.
Agric. xxrx, Nos. 4 and 5 {1922).
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When sowing, the seed box of the drill is divided into two across the middle,
and the middle coulter put out of action. The seed of the two varieties is put in
the seed box, one on each side of the division. Thus when sowing a drill strip, one
half (i.e. 6 or 7 rows) is sown with one variety and the other half with the other.
On turning the drill at the end, the next strip is sown so that two half strips of
the same variety are next each other, but care is taken to leave an interval
between the two drill strips exactly equal to the gap in the middle of each drill
strip between the two varieties. It requires careful steering but it can be done.

When the experimental field is sown, we get first a single half-drill stzip of one
variety, then two of the other, then two of the first and so forth, ending with a
half-drill strip of the first. This ending is necessary in order to, disdount any
fertility slope from one end to the other of the field. The space outside the experi-
mental area should be sown all round with a similar grainyes the outside is
naturally abnormal and is more liable to attacks from all kinds of enemies.

At harvest the outside row of each half-drill strip 11€x}'to the other variety is
pulled up by hand and discarded to elimninate the “border” effect, and also to
facilitate the use of the ordinary reaping machine, ‘Tfthe two varieties do not ripen
together one must be cut by hand when rips{ but if there is so little difference
that both can be cut on the same day the réaping machine can be used on both.
In either case each half-drill strip is eqtﬁl’sueh a way that the produce of each
ssg-acre can be tied up in two sheaves separately. In Beaven’s case ton such
sLs-acre plots went to each half-drilh strip. ’ :

These sheaves can bé weighed bn the field, and so we can get the total produce
of the field in plots of gzaére and can compare each gig-acre with an adjoining
one of the other variety A\

Two things are to b§hoted at this point: (1) That without a very great deal of
trouble the plots ¢abnot be threshed out separately, but, fortunately, it has so
far always been fourid where the matter has been put to the test that the varfability
of the yield of grain expressed as a percentage of the grain is less than the varia-
bility of tlrké tbtal yield expressed as percentage of total yield. In the Mercer and

" Hall ¢Xpeériment, the standard errors were 11-6 and 11-9 %, and Beaven'’s ex-

periencE has been similar. Thus the figure which we obtain for the standard error
is likely to be in excess of the truth. (2) From a practical point of view it is casier
to work with a few half-drill strips than a larger number of short ones, but if we
depend on the weights of a few drill srips, there is considerable uncertainty about
the standard error of the result. It was hoped that by determining the standard
error of the difference between adjacent sig-acre plots, we could deduce the
standard error of the average of n such differences by the formula &, = 6/4/r, 50
that it would be immaterial whether the drill strips were long and few or short and
many, as long as altogether there were n pairs of adjacent subplots. Indeed up to
the time when I came to write this section, it was believed that this could be done.
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Beaven showed me his figares before publication, and I did not at the time observe
that the formula cannot be used without further investigation, nor, so far ag I
am aware, has anyone else drawn attention to it. Nevertheless, 1 think it will be
clear from the general considerations which have been advanced throughout the
paper that there is a danger that the differences between corresponding con-
stituent plots of a drill strip, even when they are as narrow as these, will tend to be
correlated, and the formula o, = o/afn, which required independence of the in-
dividuals which are to be averaged, cannot be used without correction.* That this
is 80 in the particular case which we are considering is made highly, probable
from the fact that the variance, expressed in terms of the percentage bfithe total
weight of ', of the difference between the total produce from 4 gnd ¢ is 0-664
of the total weight of € when calculated from the 27 differences Between adjacent
half-drill strips, while it is only 0-301 when caleulated from“the 270 differences
between adjacent subplots. The two figures should be the game within the error
of random sampling, but differ probably by more tHah' twice their standard
deviation. O

. The resuits of the 1921 Trial are shown in TabléIIT and IV, which are taken,
with his kind permission and thas of the Minjstry of Agriculture, from the Sup-
plement to Beaven’s paper, and give the weights of the sheaves, on the individual
half-drill strips, and on 243 of the 270 « plets”, which go to make up the half-drill
strips respectively. R \\

It will be seen that by taking the &ifferences between adjoining half-drill strips
(or plots) a large part of the erroig, as usual, eliminated.

* Afallacy arising from a si 'gmn’eglect of correlation has come under my notice in some
American work, but there t-hel:is rdity is more easily demonstrated. In the J. dmer. Soc.
Agron. 1x, p. 138, A. G. MeCélkproposed that in order t0 save the trouble of harvesting and
weighing JLth acre plots Axmmber of square yards should be cut out and harvested separ-
ately, the square yards Keing taken systematically through the Zsth acre plot, and the yield
per acre calculated fr:g:;n\these square yards. So far, so good, by taldng enough square yards

the s_]jght loss of W@&cy gy perhaps be madeup by gain in time or feasibility of operating.
Butin 1919, Arnyand Steu_:metz, - Amer. Soc. Agron. x1, pp. 88, 89, applying this method,

of sth cha';sléts with that caleulated from the Toth acre plots themselves, They found it
silbstanh Iy greater, but, say they, by increasing the number of square yards cut from each

1gth a.6re Plot to 7, we can decrease the error in the propaortion 1 [+, and so we can actually -
determine the yield more accurately by weighing up 10 or 20 square yerds than by weighing
up the whole_ half acre. Tt is rather surprising that they did not realize that there are 484
Square yards in +\th aere, so that by taking 484 squere yards they would be likely to be more
accurate t_han if they took any lesser number and ¢ Jortiors tromendously more accurate
than they would ba if they took the sarme 484 square yards and ealled it igthacre! Of course

. l+{n-17 .
their formula also should be o -—(?—)— » Where 1 is the correlation between the yields
on the square yards composing t4th acre plots, and not T,

The same fallacy has been used to extol the “rod row " method of determining yield, i.e.
the method of cutting along the dri
from which it is eut,
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Tasrg III. Warminster Field Variety Trial, 1921. Half-Drill Strip Weights,
comparing: Two races of barley, viz. “C” and “A”. Area of each half-drill strip
=100 sg. yd. Total area=1700 sq. yd.=0-56 acre for each race. Showing total
weight of sheaves on each half-drill strip

. Weight of Diffecence . Weight of Difference
Half-drill ‘ sheaves on half- between Half-drill sheaves on half. between
strip d.rﬂl Etl‘ip % 4" gpd O etrip drill st.rip “ 47 and O
Number Ib. T, Number Ib. lb\
(ic!, GGA!! HGH i!A 1 “AH_“C" - (LO” “A "™ E(CH . ! “A L1 :tA "_“O“
1 1654 . 29 160-9 \'\..‘\
2 1646 - 08 30 w02}t - 07
3 1734 31 Ry
4 159-5 +13-9 32 1532 [N +11-1
< | X —
5 169-2 33 14340 !
& 160-3 - 34 164-3 + 94
7 1749 35,787 158-6
8 179-8 - 40 36 LV narr +109
9 1725 o 37 1Y 142:4
10 1776 + 51 R 143-0 + 08
11 182-9 : BN 39 1436
12 170:7 122 NS 40 1387 + 49
13 1733 o~ | 4 1311
14 167-5 A58 42 143-2 +12:1
)
15 1785 e 43 1453
16 166-1 X L\ +124 44 1416 + 87
17 1745 O; 45 145-0
18 1108 —~ 42 48 150-1 + 61
N 7
19 | Ure0 wlo 1540 ”
20 163\\5\ +1249 48 4
21 B8N0 46 151-1
22 40N 1691 — 69 50 149-3 - 18
3) 168-7 51 149-7
24 X 161:2 + 75 52 145-6 + 41
25 169-3 53 146-3
26 1642 ~ 51 54 1585 +12:2
27 1670 Total [ 4251:3 | 43681 —
25 156:5 +10-5 —— —
A o 157 ' .
pa‘;egzrglt. { 100 1027 + 27
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Further, it is obvious that there is a general decrease in fertility as we go from
drill strips with low numbers to drill sérips with high numbers. It follows thatthe
difference A — ¢ will tend to be greater when C follows 4 than when 4 follows C,
and since this is always possible, experiments of this nature should always be
planned so that there shall be an even number of differences, the series should
begin and end with half-drill strips of the same variety: in this case we may
simply leave out the last drill strip and finish at half-drili strip 52.

There is also a curious feature about these figures which can only be put down
t0 some systematic error in technique; namely that when we compare t\ogether
the adjacent half-drill strips of 4, that with the higher number always yields
higher, although the general fertility runs the other way, and the sames true with
regard to C in eight cases out of thirteen. O

Both these kinds of error (that due to the general fertility slepe and that due
to the different fertility of odd and even half-drill strips) arédargely eliminated by
Beaven’s arrangement by which in alternate compatigons 4 follows € and C
follows A, and this can be made evident by adopting'as unit not the difference
between adjacent half-drill strips but that betw #(the sum of the two contiguous
half-drill strips of 4 and the sum of the twouhat-drill strips of €' which enclose
them. RO :

This may be described as a “sandwig i) and it may be noted that just as there
are subplots composing a half-drill StIp; g0 there are “subsandwiches”” which will
also tend to eliminate the same 91‘1'6'1*3 as the “sandwiches”.

The following table gives the differences 4 — ¢ for the thirteen **sandwiches™
composed of half-drill strip{q o 52:

8 TastLeE V

| Halfdnillstrip | 4 _ ¢ Half-drill strip 1-C

'.(i’u bers j nutnbers
Tlte 4 +13-1 29 to 32 + 104
‘ \ ., 8 - 49 33 ,, 36 +203
g, 12 +17-3 37 ,, 40 + 8
) 13 ,, 16 + 66 41 ,, 4 +158
N\ 17, 20 + 86 45 . 48 + 37
21 ,, 24 + 08 49 ,, 52 + 23

25 ,,- 28 + 54

The mean 4 — C for sandwiches is -+ 8:05 and the variance, making allowanece
for the pitifully small number, is 51-41. This leads to a variance of the djﬂ'er(?nce
between the total produce of 4 and of € expressed in terms of the total weight
of ¢ of 0-398, intermediate between the 0-664 caleulated from the half-drill strip
differences and the 0-301 calculated from the subplot differences.

It should be noted at this point that the “ganndwich’’ is a perfectly legitimate
device for eliminating errors common to both variants whose difference is to be
measured, and that it is only by using it that we can get the true value of the error
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of the comparjson, whereas the subplot difference would really lead to a larger
‘value than 0-301 if we had sufficient knowledge to be able to apply the true

formula, oYl +(n—1)7r
. .

A similar calculation based on the “subsandwiches”, i.e. sandwiches one plot
in depth, gives a value of the variance (248 corresponding to the 0-398 from the
whole sandwiches. The standard deviation of these to some extent correlated
figures is not easy to determine, but the difference between them must be of the
order of once the standard deviation. This is not significant, but withhour small
- numbers i§ is not inconsistent with the expected correlation betweert the “sub-
gandwiches’ composing a sandwich. Until & number of experh@é‘n%s have been
catried out in several places and the results submitted to analysisyit would be wise
to keep the number of drill strips as large as possible and ggotiomize in length in
spite of the practical difficulties of doing so. R&4

Since the variance calculated from the drill-strip sandwiches is subject to a
large error of random sampling owing to the necessary paucity of numbers, it is
well to caloulate also from the “subsandwiches”and take the larger of the two
in determining the standard error. ANV

It is possible that some of my readers may devise some better method of
utilizing the weights of the “subp.lotsi’fﬁhé;n I have been able to do, and I com-
mend the problem to them. N\

In the present case it is probably better with only thirteen sandwiches to take
the standard error of a singlesahdwich and use “Student’s” tables, when the
probability that such a lafge positive difference should oceur by chance is found
toe be 0-001, The differenge.is therefore quite significant. If, however, it is required
to compare the standdrd error with other experiments, we can say that the most
probable value is pxily’ 0-63 % on a total area of about 1 acre,

Other preca.litiphs, such as correction for moisture, ete., are taken as a matter
of course. N\ '

\y CoxcrLusions

AN
Thé chief difficulty of comparing varieties consists in the fact that the differ-
ences to be measured are quite small compared with the variations due to soil
and weather. While the latter is not within our control, the errors due to the soil
may be reduced to reasonable Proportions in any one of three ways: .

{1} Large plots may he repeated many times, An instance is given of this when
in the Irish 2-acre experimental plots a difference of 7
was proved with a standard deviation of a
six years.

Undertakings of this mag
Departments of State,

% in the value per acre
bout 2 %, in 51 trials, extending over

nitude are hardly to he put in hand by any but
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(2) Quite small plots of one sguare yard, surrounded by a border of the same
variety as in the square yard, may be grown under a wire cage on a regular system,
technically called a *‘ chesshoard”’. An instance of this is given when, in Beaven’s
No. 1 Yield Experiment of 1913, eight varieties were compared on a total area of
about ¢xth acre using about 5 oz. of seed of each variety, with a standard deviation
of a comparison in a single year of about 349. '

The large namber of varieties which may be compared at once, and the small
area which is required, make this an ideal method of testing new varieties. On
the other hand, a wire cage is not a cornfield, and the varieties found tobe best
in the cage will always require further testing on the large scale. The niebhod is,
however, within the powers of anyone who can build a cage, and has thémecessary
skill and patience to conduct the experiments. O

(3) By means of Beaven's “half-drill strip” method, twq vatieties may be
compared on a total area of about one acre in one year with astandard deviation
of a comparison of less than 19%,. This combines the ad¥antage of growing corn
on the large scale with an accuracy almost as great asthat of small-scale work;
and is within the powers of anyone who can co hine the necessary knowledge
and patience with the control of skilled agricultural labour.

I+ is shown that methods (2} and (3) depil;d; for their accuracy on the fact that
the nearer two plots of ground are situatedy the more highly are the yields corre-
lated, so that we are able fo inerease th’f} effect of the last term of the squation

7% g =,§;ii".}"0‘i‘ ~2ryp045
(where A and B are the Va,ri'qtiés to be compared) by placing the plots to be
compared with one another sgnear together as possible.

A formula, due to Mr B A. Fisher; is given for calculating the error of a
comparison in & “ chedsboard” experiment, which may perhaps be found useful
elsewhere. N

Finally I have 6313&111{ Dr Beaven both for allowing me to use his experimental
material and ‘fq‘r\mueh invaluable assistance in the preparation of the paper.

~O° ' ADDENDUM

Since w-;fiting the above I have had the advantage of witnessing the har.vesti?lg
of Dr Beaven’s 1923 experiment and of discussing the whole question with him
very thoroughly. '

He thinks it probable that the whole or & part of the correlation hetwee:,n the
yields of the *“plots” which together formed a drill sbrip in the 1921 expen'ment
may have been due to slight differences in area consequent on irregular steering of
 the seed drill, such as would have been caused by the horses pulling unequally.
Measurements which we made on the stubble of the similar 1923 experiment

showed not only that such inaccuracies occur, but also that they can favour one

of the varieties.
8

EFS
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It is, however, a fairly easy matter after harvest to measure the total width
from the outside drill of one half-drill strip to the outside drill of the same variety.
This measurement includes the space between the drill strips, which is variable
owing to the difficulty of steering and is now made in practice across each drill
strip in several places,

It is thus possible to estimate accurately the total area occupied by each
variety and to make the necessary correction to the total yields.

As, however, it would hardiy be possible to correct the individual drill strips
or ““plots” which are used for the purpose of calculating the error, that caleulated
error will be in excess of the truth. Q

In Dr Beaven’s opinion the operation of taking differences has fomnall practical
purposes eliminated the correlation due to the position of the~ ﬁlots”, and in
view of the other causes of variation in the differences, n]m%éfous and diverse
a8 they are, he still considers it legitimate to treat the differences between the
“plots™ ds if they wers random, and to use the formulafoﬁf\m in caleulating the
error of his mean difference. I feel, however, that a single.uper&tion of this natnre
is hardly likely to eliminate all the correlation and that there is need for further
inquiry: if as the result of a number of experimfsﬁts it is found that the error of
the mean difference calculated from the wéights of the half-drill strips is not
significantly greater than that. calculated from the ““plots”, then the latter
undoubtedly provide the more accurabé data for the calculation of that error, -
and it will be a matter of indifferende*whether the drill strips be few and long or
- short and many. '

Meanwhile they should bg;‘n}ade 83 numerous a& is consistent with the suc-
cessful carrying out of thetyarious agricultural operations, which are of course
made iniinitely more diffidult and tedious by the necessity of turning horses and
machines at the endeféach short length.

But whether we/iigg few long or many short strips is not a question of the first

importance: .ir;\cﬂ\iti‘lér case the method is without doubt the best that has hitherto
been deviseﬂ.jfo\r large-scale experiments.

Later Nore
The following note relating to a paragraph on pp. 98-9 above was included
by Student in the next volume of Biomelrika (xv1 (1924), p. 411):

I wish to apologize to the readers of Biometrika for having allowed it to appear
that I was the author of the term “Variance” defined as the square of the
Standard Deviation. It was first used by Mr R. A. ¥isher in 1918 in a paper en-
titled “The Correlation between relatives on the Supposition of the Mendelian

Inheritance”, Trans. Roy. Soc. Edin. LiL, 2, pp. 399-433; and he has published
many papers since in which the word has been used. -
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NEW TABLES FOR TESTING THE SIGNIFICANCE
OF OBSERVATIONS

[Me!.'mn, V (1925), p. 105]

IN Beometrika, vI, pp. 1-25 {2] it was suggested if z = /s, where  is the, d1stance
-of the mean of a sample of » from the true mean of a normally dl&t}*lbuted
population,; and ¢ is the standard deviation of the same sample, i, e.

e @

then the frequency of z is given by the frequency curve
\J

I'i3n} s,
1422}
=g -1y TR
and that consequently the 1ntegral Y g
i

P T !}}f (s de

gives the probability that the meaf of a sample of n drawn from a normally
distributed population, measuzed)in terms of the standard deviation of the
sample, shall exceed the value's.

Tables were constructed, for values of » from 4 to 10 [2, p. 29], and subse-
quently, in Biometrika, Xy, p. 416 [8, pp. 62-3], from 2 to 30.

It has since been sh\vn a8 in the preceding paper by Mr Fisher (Metron, v
(1925}, pp. 90~ 104}{\tha,t the suggestion was in fact justified, and that the integral
has a much mder application than was originally supposed.

The ta,b,lgs hltherto published suffer however from two defects: /i) that as
n mcrea,sﬁ the z scale becomes very coarse, and (ii) that except in the case for
which it wags designed, %, the number in the sample, is not the hest. number
wader which to enter the table, but #» — 1, the mumber of degrees of freedom.

The present tables have, therefore, at Mr Fisher’s suggestion been constr ucted
with argument ¢ =z ./n, where n is now one less than the number in the sample,
which we may call »’. They correspond to Sheppard’s table, when that is used
" to test the significance of the mean of a large number of observations.

. Table T extends from ¢ = 0 to £ = 6, at intervals of 0-1, from n = I to # = 20,
inclusive; in each column in which values of more than 0-09995 cccur, the first

of these is written 1-0000, and further values are not given.
B-2
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Table II gives values beyond ¢ = 8, to six places of decimals, from which values
accurate to four places of decimals can be calculated by proportional inter-
polation. The intervals are, therefore, unequal, and increase as f becomes larger.

~ In this table no values are given under » = 1 and # = 2, as these can be eagily
calculated from the ordinary trigonometrical tables by the formulae

n=1, p= %+£ (where tan & - t);
Q

Table 11 gives coefficients for calculating the difference between'the value for
# =00, i.e. Sheppard’s table, and that for n, where p is arrived at bythe formula

: i
n=2 p= %+%Sinf9(where tand = 72)

N
\ \
p=2p G G G G '«
w ® R omd o ond N

: K
This gives values of p, estimated to be acourate t0.6:600005, when # is greater
- than 20, and, in fact, at 20 and 24 the following d%ﬂ'erences were found:
o\

=1

Lz

Valuesof ¢+ 05 | 5 | 20 | 25 | 30 | 35 | 40,45 | 5.0 | 55 | 60 | 65 | 70

>

%@;ﬁnm o | o | o ' 0 | +23| 417 a3 —45‘ —30‘ S TS T R

: o . |
D’;fi:;inaeai_i__ _||__ + 8] +39% "14i_18!_4‘+2{) + 7| — I —

N\l i

The above differences are inltite seventh place of decimals, and are botween
values of p given by theldpproximation and those derived from the cosine
formula using seven-place j;bles. Mr Fisher’s note (Metron, v (1925), pp. 109-12)
explains the basis on, which the coefficients were caloulated.

The methods of ealetilating and checking the tables were as follows:

1. Values oﬂg’ﬁr

t= 05,10, 1'5, 2-0, 2:5, 30, 35, 40, 45, 50, 55, 6-0, 6-5, 7-0,
and _ (NY m=1,2,34,567,8, 10,12, 15, 20, 24,

were caleulated from the cosine formula (Biometrika, vI, p. 10 [2, p. 21]), using
seven-figure tables; these values, though they are the sum of 1n terms, appear.
to be accurate within about 0-0000003, and were checked by recalenlation.
They were also compared with the values obtained by the use of Table IIT,
which both served as a further check, and also to show within what limits
Table ITI could be used for constructional purposes,

2. From the values thus calculated under n = 6, 8, 12, 24, together with
# =0 (Le. Sheppard), the remaining frame values under = 7,9,11, 13, 14, 15,
16, 17, 18, 19 were interpolated by coefficients calculated by Mr Fisher for
agymptotic interpolation. These were checked by recalculation and cross-
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differencing, i.e. by comparing the difference p,—p, ; with p,,,—p, for the
same values of {, and any doubtful values were recalculated by the cosine formula,
as also were any values in which the fourth place of decimals was doubtful, i.e.
whenever the fifth place of decimals was 4 or 5.

3. Having thus obtained a frame, this was filled in to five places of decimals
in three ways: (a} by interpolation, using where necessary both four- and six-point
central interpolation. It was found that over the greater part of the table the
true values lie between the four-point and the six-point interpolation, but for
high values of ¢ it was usually sufficient to use four-point, six-point being reguired
only to locate doubtful values. (b) For very low values of n (= 1,2 and\3) the
frame was found not to be sufficiently close with low values of £, an&sa,}temdte
values had to be caleulated from the cosine formula, the remainjrig Jodd values
being interpolated by four- or six-point central interpolation. (€} As n increased
it was found possible to make more and more use of Tab I, beginning at
» = 4 with values of ¢ less than 1 and ending at n = 20ith the whole table.
These values were recalculated as a check. Second differences were then taken
down the columns and any doubtful figures chec ¢d)from the cosine formula;
as before, this was done whenever the fourth figizé was in any doubt.

Finally, the whole table was cross- dlﬁ"erenced and a very large number of
values were recalculated from the cosme formula Very few alterations were,
however, found to be necessary. \

Table 11 was altogether calculated frOm the cosine formula; ag it is designed
to give an accuracy of four ﬁgures‘hy proportional interpolation, it was possible
to increase the interval betwekh ‘the ¢ entries as ¢ increases.

Table IIT was caloulated™rom Mr Fisher's formulae, and I have to thank
Miss W. A. Mackenzie \NL5c., of the Rothamsted Statistical Laboratory for
kindly checking this pat# of the work,

~
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TaBre I. The Probability Integral of
n=1 | 3 4 | ] ] ! 1k
! n =2 1 5 9 10 11
00 -500,0 -500,0 | -500,0 -500 500,01 500,0 | -500,0 | 5000
01 5317 A6T | B3TA -538§ 538,4 | 5386 | 5387 | 53mA
02 | -56%2 5729 | 5744 576 676,4 | -576.8 | 5T7.0 | -517.3
043 59278 BOR1 | 6104 $12 B38| G141 i Gl4)5 6143
0% 6211 B42,0 | 6452 -648, 6495 -650,2-| 650,58 ;. 6312
05 | -B4T,6 674,3 | 678.3 682, 6838 | 6347 | 6855 | 66,1
0§ 672.0 7046 -TOU6 714, TI63 | 717,40 TIRA, | 71901
o7 69474 7328 | .738)7 44, TA6,T | TASIE L PAGN 001
08 714.8 1509 | -T8AT 772, 750 | T76.8 0 TTNE . -TT8.8
-9 S EEW] 1828 | 78005 -TH8, 8010 | 8028 | %8042 | 8054
N 3

10 750,0 804,56 | -813,0 8220 | BB4T | 826,70\ 9983 | -ug.8
11 7851 ¢ 8242 | 83405 433 | B401 | 848 BA0T . -B51.4
12 | 7788 8410 | -851.% BH2,3 | BEaL | -RBT.EY 8698 1 8711
13 7918 578 | -8B} 879,3 | -BE26 | J885.1 | -BET.0 | GBS
id -802,8 £72.0 | -832.9 8945 | 8079 L Sqoiis | ezls | wpal
15 | -819.,8 8847 | 896.0 o1Ld Lorgn | w1 | 917
16 82978 8960 | 907.6 92810\ 02508 . 8380 92007
17 X30,7 D062 | 9178 D&85 | -036,2 | 9383 | 04070
18 -338.6 915.2 | 92670 8426 | 9ds2 | 9i7.3 | 0400
19 8158 9252 § D349 N 9504 | 9530 | Bs5]1 | 0567
2.0 -852,4 -430,% | -941,9 {ost2 | wser | welr | 933
2.9 -B5815 93607 | 9483 9631 | -D65.5 | 0674 D800
2.8 64,2 D424 | 9537 96811 | 9705 | 972.3 © 973
2.3 8569,5 9495 1 9585 9785 | 4748 | 07605 | 9770
2.4 8743 95201 | -D6% 976,3 | 9784 | 98001 | D213
2.5 -878,9 956,1 | -968,6 9795 .| 9815 | 9833 | -pRi3
2.5 8831 4598 | 970.0 98205 | -BE4)T | -0R5.8 ¢ '986.A
2.7 -BET.} 9631 | -973l0 0847 | 93805 | 9878 | -0meR
28 -890.8 66,1 | 0756 -986,7 | 0884 | -98elg | -hool6
2.9 #9043 968.7 77, HEBS | 09071 | 99102 | 082’k
3.0 97,6 | 471,2 | 9840 990,0 | -991,5 | -992,5 | -p93.3
31 800,7 G744 | 98159 9918 | -D9TT | -0p3lG | -094.1
32 9038 9753 | 79€35 4925 | 9937 | 9916 | -905.3
5.3 V063 977,13 + \uss0 953, 49176 | 9954 | DEGLD
3-2 908,59 A78, 9N -988,4 9943 905,3 ‘998,1 996,6
35 91,4 -080% | -987.6 9950 | -906,0 | 996,86 | -p87.1
36 913.8 MILE | 9846 945,86 | -9B6,5 | -DOT.A 9976
3.7 9160 | L 5882,9 | 9398 -996,2 | 6270 | -907.3 | -9479
3-8 9181 AN\ -o54. G904 D986 | 0974 | .987)9 | 998.3
53 9201 oy} 9850 | 0913 9971 ¢ 077 ¢ 0982 | -00Rl3
40 -932,0 9%6,0 | -091,9 997.4 | -908,0 | -698.4 | -998.7
41 9238 9865 | -pg2ls 8OV | 0983 | 9987 ; -DUS.9
4.2 9256 0877 | 903’2 Q48,0 | 9985 | 9388 | 0991
€3 | 6273 Q884 | 9937 -998,2 | -DuRT 1 .999.0 | -999)2
44 928§ 9891 | -g94l2 D984 | -998.0 | -099.1 | -9004.3
d-5 | o804 \ 89,8 | -004,6 9986 | -999.0 | .009,3 | -999.4
46 478319 . 990,35 | 0B50 9988 | 9607 | G544 | -90905
47 433.3 900,89 | 99573 9989 | 9892 | 9994 | 9996
48 V346 va14d | 9957 ‘9996 | 9093 . 0905 | -99978
49 835.9 : -801,9 -896,0 -999,1 999.4 999,68 989,7
50 | 9372 P 992,3 | 0963 9908 | 9995 | 6906 | -999.7
31 -03% 4 . -099.7 996,5 9993 294,5 | w807 | -99D8
54 9395 9931 967 ‘9994 | o9l | guuly | 9998
53 010,68 9934 | -097.0 9994 | 99076 ¢ -999)% | -0998
5 1T Gu38 97, 9985 | 0007 | 0008 | 0808
55 912,8 9941 | -997,3 -599 099 969,8 | -599,0
a8 943,8 gU4.4 | 907 5 v999:§ -999?:' 905’8 9909
51 44,7 2946 ¢ ou7y G896 . 9998 | 9009 ' 0900
58 G457 9919 | -087.8 -099; 99, D990 i -H9LY
59 46,6 9511 | -907la | 999, 9048 | -9698 | -g99ip

;B0 | 0474 9954 | 9981 999,7 | 9998 | 990,98 | -099,9
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12 13 14 15 16 1 18 19 1 20 :
13 14 13 i6 17 18 19 20 a1 @
500,0 ¢ -500,0 i 500,00 | -500,0 | -500,0 | -500,8 | -500,0 | -500,0 | -500,0 | -500,000,0 | 0-0
-539.0 | 53801 | -530.2 | -539.2 | -539,2 | 5392 | -539,3 | 530,83 | 539.3 | -539,827.8 | 0-1
BTT6 | BTTT | BTT.B | BTG | BT8R0 L 6781 | -5TSL | -BTBZ | -5YRZ | -579,250,7 | 08
6153 | G145 | -Bla)T | -BL5.9 | 6160 | 8161 . -616,2 | -G16,3 | -616,4 | 617,91k,4 | 0-3
6510 | 6522 | B5E4 ' -G3LG | -652,3 | -652,9 | 8531 | 6532 | 653.3 | 655,421,7 | 04
.68G,8 * -687,3 | 687,86 | -687,3 | -688,1 | -688,3 | 6884 | -6B8,6 | -B8RT | 6014625 | 0-5
72002 | 72006 ¢ -TPL0 | TRLB ¢ -TRLA | 72L,B | 722,01 -722.2 | -T92.4 | -7%5,746,9.| 06
FELA | 7519 | 7523 | 75207 | 7530 | -753.8 | -T53,6 | 7528 i -754,0 | -758,086:5 )\ 07
58004 | TR0 | 7RL5 | -TBLM | 783 | 782,68 | (789 | -783,2 | 7834 | -7BE, 148\ (-8
8071 | -BOT.8 | ‘8083 | -BUS.8 | -809.3 | -B0%;7 | -B10,0 | -810,3 | -810,6 | -815.39,9 | 09
: IR
8315 | 6322 | 832,90 | 8334 | 8339 | -834,3 | 8347 | -835,1 | 8844 | BANMAAT | 1D
2535 ' -B54.4 | 8451 | -B55,7 | -BAG.Z 1 -846,7 | -857,1 | 857,50 | -B57.3 |(°BG4,333.9 | 11
87304 | -874.2 | -B75.0 | -BT5.G | -87G.2 | -B76.7 | BTLZ | -BITS | 8778 |\884,930,3 | 1-2
£91.0-, -891,%  -ROZY 93.2 | 5040 | -884.5 | -395,0 | 8054 | -805,8\(+-903,199,56 | 13
-906,6 | -907.5 | -908,4 75097 | 910,3 | -B10,7 | 9113 | -BELEY -919,243.3 | 14
920,53 | -921,2 | -022,1 | 922,8 | -923,5 | 924,0 | 924,65 | -925,0 4 9Z54 | 433,1028 1 1-5
9322 | 0338 | 3400 | 934)8 | H35,4 | 9360 | 936,5 | -9AT,ONOSTA | 945,200,7 | 16
W16 | 9135 | 0444 | BE5L | 9438 | 9463 | 946,8 | B4T3 ] 1947.7 | 9554345 1 17
B51.5 | -032.5 | 0533 | -954,0 | -054.8 | 955.2 9457 | -DaGIY] -256,0 | -B64,080.7 | 18
-659.1 | 9601 | 960.9 ; -DB1.6 | 9622 | -962,7 | -963,2 | D636 | 9640 | 71,2834 | 1%
965,7  -066,6 | -087,4 | -968,0 | -968.56 | 9681 | D698 PNG70,0 | 70,4 | -977,249,9 | 20
971.2 . -D7ZL . DYAB | 9785 [ 9740 | 945 | ATS0Y 0753 | 0757 | -082,135.0 | 2-1
D760 | WTBE | DTTA | -9781 § B7R,6 | 9700 | @74 | 9708 | -980,1 | -OBG,006,0 | 2-2
9788 | 850l7 | 0813 | 981.0 | -9824 | -Hs%E INIS32 | -983.5 | HB38 § 089.275.9 | 23
0832 | 9ad'0 | 98406 | 985, | 9855 | bR 9 9863 | -DEG,6 | 486, | 9918045 | P4
086,0 | -036,7 | -987.3 | -987.7 | -088.2 | -0gMsi|’ 0888 | -989,1 | 9804 | -093,780,3 | 2.5
08,4 | 02970 | 9895 | -090.0 | B90,3 | 0N | 9910 | 0913 ) 9914 -095.338.8 | 28
950°5 | 08009 | 9914 | 9918 | -o91 [S0azl4 | 992.7 | -992,9 | 4041 1 996,533,0 ) 27
9020 | 9u2s | 9929 | -083.3 | 93,61, V993,8 | -994,1 | 9943 994,5 | -997,444,9 { 2-8
693,38 | 9038 | 0942 | 9945 | -00LI|S 9950 | 9952 | 9954 | 9956 | -9D8,134,2 ) 2.9
9945 -694,0 | 0952 | -095,5 | @058 | 996,0 | 9062 | 998.3 | B06.5 | -998.6850,1 | 3-0
b5 | opsE - wwal | ose.2 |(heels | beT | 996,98 | 9971 -997.2 | -099,082.4 1 31
-996.2 | -996,5 | -996,8 | 997, ,\9 7.2 | Q97,4 | -997.5 | 07,6 | D078 | 949.312,9 | 52
096,83 | w07.1 | 9974 | - g 9077 b 997ie | 9980 | 99,1 | -998,% | -999,516,8 | 33
487,4 | -097,8 | -997.8 39%\0 9952 | -908.3 | 0284 | 0985 | -098,6 | -099,663,1 | 34
| 497.8 | -998,0.| -998,2 { g08,4 | -998,5 | 9085 | 9937 | 09,8 | 9888 | 999,767,4 | 3-3
5983 -333.4 0088y 0087 | D083 | 098,89 | 999,0 | -999,0 | -994.1 999,540,9 | 3B
OD85 | 0.7 | -0DSE | -998.0 | -900,0 | 391 | -999.2 | -999.2 | 9993 §09.892,2 | 37
9957 | 9989 | AUG07| 0991 | 9992 | -990.3 | -999,3 | 9994 | 30U4 0900277 | 3-8
0089 | 9091 \999l2 | 093 | 89O | 999,4 | 0005 | -048,5 699,68 | 999,519 | 30
499 I Gva 999.4 | 0095 | 990,56 | 999,86 | 0995 | -599.6 | -090.968,3 | 4-0
»9992% 33&; -399:?5 G005 | 9996 | -059.6 | -998)7 | 9997 | 0997 | 999.979,3 | &1
'599'1 | @9B5 | 000.6 | -50978 ; G997 | 9897 | -999,7 | 9908 | -09Y, 940,986,7 | 4-2
D005 L3 aned | - . 909’8 | 9995 | 990,8 | -999,8 | -099,991,5 | 4.3
990°5 L Goes | -gpols | 9087 | 999,7 ! . X

9996085076 | -a09.7 | -099.1 | 0088 | -4b2.8 [ 9498 ) 9998 | 999, 939/904,6 | -4
A9 £.) 940,8 | 999,86 | -998,8 | 999 9| 999,90 | -999,9 | -999,906.6 | 4-5
Cag i? 333§ 933:3 -399,3 300’0 | -999)0 | -999,9 | -9BD,0 | 9999 | 999.901.9 | LB
Boa7 | bb'e | Hows | 9099 | -990)d | 9000 | -999,9 | -990.9 | -099,8 | - 990987 | £°7
490’8 | 000’8 | 0099 | o8 | 0008 | -080,0 | -999.8 | 099.9 | 949, 099.909,2 | 48
09,8 ; 9999 | 5999 | -699,9 | 989,9 | 909,89 1-000.0 [1-000,0 | -399,999,5 | 49
9995 | 909,09 | 0000 | -099,0 | 9009 | 9999 (1-000,0 999,909,7 | 50
D905 © 9000 | 9990 | 4be8 i 9998 [1.000}0 e eaes | 5%
9999 | -999.0 | -099,9 | 9999 [{-{H00,0 »999, :
999.9 | -959'9 | 689,90 |1-000,0 1 ggg,ggg’g 23

999.0 | w299 [1-000,0 UL,
| 55
G050 [100000 35
1-000.0 ’ &1
) 53
| 59
i 60

i H

NOTE. mn=n'—1 is the number of degrees of freedoin used in the estimate of variance.
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Tasre I1. Supplementary fable for high values of ¢

=3 n=4 n=>5 n=0 n=T 7 =28 ‘ Tw=9 . A=l
¢ n =1 P n =B n =T n =% =4 | a'=l0 a’ =11
6-0 | 693,364 | 508,050 | -BOL0TT | 999,518 | 999,720 | -090,838 | 099,399 & -099.934
€5 | -996,305 | -9u§555 | -099.357 | -DOG.684 | 0DDIS33 | -9957008 | 899,066
T0 [ -887,007 | 998,904 | -0§u542 | 0990788 | -990.80¢ | 09844 | 999,968
75 | 997,544 | -009.155 999,965
80 | -9u7.862 | 9991338 | 098,754 999,895 | 999,954
85 © -998,200
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MATHEMATICS AND AGRONOMY*

[F. Amer. Soo. Agron, XVIIT (1926}, p. 703]

T nature of pure mathematics is such that the conclusions follow inevitably
from the premises and may be said to be contained in them. Consequently, if in
applying mathematics o affairs we reach absurd conclusions, we may be-gure
either that a blunder has been made or that in some essential point the data of
the mathematical problem did not correspond to the Facts, RAY,

For it must be remembered that mathematical analysis deals withlabstractions
and that commonly the abstractions chosen are very much moré sinple than the
facts, either in order to secure a generalized result, or becausé the analysis would
otherwise become too difficult. ) N4

Thus, even in the ordinary textbook problem we\mmay have %o deal with
weightless ropes or frictionless pulleys, with basing which empty through the
waste at a uniform speed regardless of the depthy ¥ bricklayers who work at the
same rate, however closely they may be crpw@e"d together,

GENERAL CONSIDERATIONS

It may be assumed then that if ,mf;fhematic&l analysis applied to the inter-
pretations of agronomic experirgenjts hasg given absurd or inconsistent results, it
is probably because the facts were not correctly represented by the abstractions
with which the mathematic§'gealt. It may, therefore, be worth while to consider
what limitations are im'p;)'ééd by the imperfect correspondence between the
conditions of our expeﬁtﬁents and the mathematical abstractions from which
are constructed the{t-ﬁi)les which are used to interpret their results. It may also
be possible to filid means of designing experiments so that they may be inter-
preted with as little error as possible.

I shall“b?zgfn by setting out, as far as may be, in non-mathematical language,
the reasons which lead us fo use certain tables in interpreting our experiments,
and then examine the conditions under which we are justified in doing so. But
however much it may be desired to avoid mathematical language, it is necessary
to define a certain number of terms accurately, and in what follows the following
words will be used in the sense given below:

1. Variable. A quantity that can present m
e.g. height, birth-rate, the yield of a plot.

* Porsonal contribution. Received for publication 26
Prof. J. K. Parker and Dr FL. Hunter, who kindly sugges

Dr R. A. Fisher, * Mathetes”, and several other friends
obseuritios of the original manuseript.

ore than one numerical value,

March 1926, T should like to thank
ted that I should write this paper,
who have helped to clear up the
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2. Varigte. An individual value of a variable, e.g. 5 ft. 10 in.; 19-63 per 1000;
191 1b. _

3. Population. All the individuals under diseussion. It should be noted that
all these individuals need not exist. We may be dealing with a population of all
individuals which could have existed under certain conditions, A population may,
and generally does, vary in more than one character. It is necessary to be quite
sure exactly what is the population with which we are dealing, and to remember
that our conclusions cannot necessarily be extended to other populations. H, for
example, we have a series of plots from which we deduce that one vari€ty of oats
will give a higher yield than a second, and all the experiments were eattied out in
an exceptionally dry summer, our population would be *“comparifoliz’of yields in
an exceptionally dry sammer” | and without further work it is okviously impossible
to draw general conclusions applicable to comparisons of gylelas in all summers.

4. Sample. A number of individuals selected to rcp_wsent a population.

5. Random Sample. A sample selected in such aN¥ay that any individual in
the population has an equal chance of being included'in the sample. It is always
difficnlt, and often impossible, to discover anytﬁgﬂg definite about a population

- from a sample which is not random. O\

6. Frequency, The number of vanate&occ,urrmg between any hmltmg values
of a variable. %

Clearly, it is possible to give a ge@metncal representation of the frequencies
oceurring in any sampfe by setting.out the scale of its variable horizontally along
a base line and measuring vertically the frequency on each unit of the scale.
This gives the familiar ﬁgure{\consmtmg of columns of equal width but of unequal
height which is known a8\a histogram.

If the sample is smcnll we may have such a ﬁgure as this:

& andl -

Eadh 3 Square represents one variate; but if the sample is larger, it will take a
more continuous form, such as this:

— [
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As the numbers increase, the tendency is for the outline to become more and
more regular,

1t should be noted that, in practical affairs, the columns of the histogram
must necessarily have a definite width, that of the unit of measurement; this
must be at least the width of the smallest measurable unit of the variable and
is usually much wider. Thus, although weight can be measured in fractions of a
gramme, the yields of plots are given to the nearest pound or cental.

Nevertheless, we can imagine that if the unié of measurement were to be
decreased indefinitely and the sample inereased without limit so as 10 become
an infinitely large population, the histogram with its irregular steps wonld be
replaced by the smooth continuous curve which is known as a frquénéy curve.
These frequency curves are necessarily abstractions; nobody eyér.teached one

3

by plotting out the frequency of a.sa;‘h'ple, but it is often comparatively easy by
folowing the instructions of rgm}*hematicians who have studied the subject to
find the equation and draw’\t\‘iié’ graph of a frequency curve which describes &
population such that a givén sample might have been drawn from it by random
selection. While frequefwy” curves are of many types, the only one to which
attention need here: pedrawn is that discovered by Gauss and La Place, and
known various]y\h};*‘their names and as the “Probability Curve” or “Normal
Curve of Error N 'This curve was reached by supposing that the error of an
observatiomig the sum total of an infinite number of infinitely small components
each oféwhich may be either positive or negative, and it purports to give ‘f.he _
frequency with which errors of any given magnitude occur. The following
properties are of interest:

1. It is symmetrical about a middle vertical line—the mean. ’

2. The curve is completely determined if we know the total frequency which
it represents, i.e. the area hetween the curve and the base line, the mean, and
either (a) the average of the squares of the distances of the errors from the mean,
the mean square of error—called by K. A, Fisher the Variance—or (b) the
average distance of the errors from the mean—the mean error.®

ro have stated that it does not much matter

* In view of the [act that some American write :
an square (Bessel’s formula) or the

whether the probable error be calealated from the me
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3. The square root of the mean square of error is called the ““Standard Error”
or “‘the Standard Deviation”, s.n,

4, 0-6745 times the standard deviation is called the “*Probable Error”, and
is such that in this special type of curve one-half of the exrors lie within a distance
of once the probable error on either side of the mean. It should be noted that
apart from this normal curve of error, the probable error has no exact meaning.

5. Tables giving the area of the curve lying between any given error, z, and
either the mean or —oo have been constructed. In these “s” is measured either.
in terms of the standard deviation or of the “Modulus” ¢ (¢ = the s.n, &%/2) and
the area as the fraction of the total area of the curve. A

Since an unknown observation may fall uith equal probability inil/equal aren
of the curve, these tables can be used to calculate the odds against an ¢bservation falling
beyyond any required distance from the mean. o)

6. Many naturally occurring populations may be descfibed very closely by a
normal curve of frequency, and can then be determinet By the total frequency,
the mean, and the s.D. \\

7. Although many populations exist which catinot be described by this curve,
the samples which we are able to obtain in agronomic work are generally too
small for us to be sure that the population they represent is not normal.

8. Even in the case of samples d;‘gﬂifh'from a population admittedly not
normal, the means of such samples belong to a population (of means) which
becomes more and more nearly notmal the larger the samples.

It is, therefore, usual to assumeyand in the case of large samples the assumption
can be made without apprediable error, that the published tables of the normal
curve can be used to caloulate the odds against the mean of the sample differing
by more than any reguited amount from the mean of the population,

It should here bg Yernarked that in order to be able to use the tables in this
way there must he.a unit of measurement of the variation (standard deviation,
probable errqlt,jcﬁ modulus of error), and there are two ways in which this can
be arrived at :

The fiTsh Way is that used by astronomers, routine analysts, and such people
as can repeat observations many times in a standard manner. Working in this
way, they can _ﬁnd a vah;_te of the s.. from some hundreds of determinations of
the same quantity, and they can then use this figure for smaller numbers of
determinations in subsequent experiments. -

The second way is more usnal. It is to calculate the s.p. of the sample and
use this value instead of the 5.0. of the population. This has the advantage that

Imean error {Peter's formula), it may be as well to stato categorically that it does matter.
R. A, F];hﬂr (in Monthly Notices, Roy. Astron. Sec. June 1920% has shown that the latter
metho_d is equivalent to wasting 12 9 of the observations, since 100 cases trested by the
first give as accurate & measure of the prebable error as 114 cases treated by the second.
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at all events there can be no possibility of using the s.p. of the wrong population,
which, conceivably, might otherwise happen. But, on the other hand, very few
sevies of experiments are sufficiently long to allow of an exact estimate of the
s.D. being made. _

For the s.0. determined from a sample is just as much subject o eTror as is
the mean, and consequently, if % is to be measured in terms of the s.p. of the
sample, the uncertainty of the conclusion is necessarily increased. Further, it
does not follow that the frequency curve of means of samples when measured

in this new unit, which is different for each sample, will any longer be found to
approximate $o the “normal” curve. In fact, it has been shown not to dorso for
small samples, and Student’s tables* have been constructed to meet the patticular
case of small samples drawn from a population which is itselfnormally\ﬂ}sfﬁbuted.

This survey of the foundations on which the application of, prébability to
affairs are based has doubtless seemed long and, I fear, bedioﬁé’;"yet even s0, it
cannot be regarded as more than the merest sketch, &nd,l(ghé,ll be fortunate if
it is even considered accurate by those entitled to an opinion on the subject.
Nevertheless, we are now in a position to judge how{fa,r it is appropriate to use
the two sets of tables, i.e. those of the normal curve, typified by Sheppard’s,
and Student’s, in the interpretation of agronoinie’ work.

~

APPLICATION L0\ AGRONOMY

It may be assumed that the object 5f all agronomic experiments is to find out
whether some change of praeti@efxé likely to benefit farmers who follow it. The
change is commonly of manuKo'\br ‘of seed, but sometimes of method of operation.
In order to simplify mattersyit is proposed in the first place to deal with a change
typified by the repl&ceme:nﬁ of one variety of cereal seed by anofher.

Taking this simpleease, the following points must be borne in mind when
using the tables in(order to judge of the significance of conclusions:

1. The pogulé,fion 4o which the conclusions are to be applied is one of yields
of cereals gr@;pvﬂ'in fields on the large scale. That being so, the population of which
the expefitatnts are to be a sample must not differ in any essential point from this,
and in particular must be coextensive with the possible large-scale population.

Thus, if it is desired to estimate the result of replacing variety A by variety B
over an ares part of which is affected by drought and part not, the experiments
must be spread over land subject to both sets of conditions, and even then it is
best to regard them as belonging to two separate populations.

Similarly, in a variable climate (and where does the climate not vary?), the
experiments must be carried over a series of years to correspond to that population
of Jarge-scale practice which is spread over the future.

* [See pp. 29, 62-3 and 118-20 above. Ep.]



126 Mathematics and Agronomy

Again, there ig a disproportionate amount of border in any reasonable size of
experimental plot. This border must either be in contact with another variety
or with ground unoccupied by crop. In either case the yield of the border strip
is liable to be different from that of the interior, so that if the results are to be
applied to the large-scale population of which the border forms a negligible
fraction, it must be rejected.

Lastly, as far as may be, large-scale methods of agriculture should be used.
Granted that it is often not possible, there is a danger that results may not be
applicable to the farmer’s case every time this principle is departed from, and
every result obtained by small-scale methods should be rigorously ehecked on
the large scale before making recommendations to the farmer. )\

2. Generally speaking, but not necessarily, the population of {arge-scale yields
with which we are concerned is a population of ““differences”, i.e. some such
question as the following is asked: “By how much may, we ‘expect the yield of
variety B to exceed that of variety 4 if they were sown@lernatively on the same
goil in the same season?’ \ }

That being so, it is clear that the observed difﬁ%énoes will not represent the
true differences even in the sample plots as %0 ‘crops cannot cccupy the same
place at the same time. Observed differenceswill miss the mark not only because
the experimental soil and the weather expérienced by the experiment may not
be random samples of the soil and vgeaﬂier to be explored, but also because the
actual plots laid out for the two vameties will usually differ in fertility. This is
one of the largest sources of errrs in field experiments. :

Nevertheless, we are still déaling with a sample of differences and it is clearly
advantageous in this simple\case to do all calculations in terms of differences.*

~ Thisis not tosay tha,t{ pefcenta,ges should never be used; that is ancther method
of substituting one f{gture for two which has its uses, but percentages should be
used with the r@&i;est care, they are fertile mothers of fallacy.

3. In u‘sing‘gﬁher of the tables we assume that the experimental results are
a sample dl;@)#ﬂ from a population distributed normally. This is doubtless very
often naairl} true, but the limited number of experiments usually prevents us
from being sure of it. What, then, is the extent of the uncertainty arising from

o Note that the formula connecting the s.p. of a difference with those of its componants
I8 0%_p = 0% +03—2r,,0,0,, where o, , is the 5.0. of A8 and so om, and r,p is the
correlation botween 4 and B. Ounly if r,,, = 0 docs this degonerate into what I may call the
astronomer's formmla:
%y = 0t o

In any well-planned experiment. v, is high, and there is considerable advantage in cal-
enlating the odds aceording to the correet formula. By considering the differences at once,
we avoid all this diffieulty of correcting for correlation.

In some American work the taking of differences seems to he considered the essential poinb
of what they are kind enough fo call ** Student’s Method ¥, but this old artifice must at least

dz_xto back to Noah, who doubtless had oceasion to estimate the comparative appetites of
his male and femals passengers,
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this cause? The answer is, that if we have enough data no appreciable error is
introduced, since even if the population is not normal the distribution of the
means of large samples is very nearly so, but with very few repetitions we have
to fall back on the general experience that such frequencies as those of yields
are generally not badly represented by the normal curve, and hope for the best.
Fortunately, the approach to normality of the distribution of the means of samples
is very rapid, and appreciable errors are not likely to arise from this agsumption,
if we are dealing with the mean of more than & dozen repetitions.

4. Even supposing that an assumption of normality is justifiable, Student’s
tables must be used in calculating from smell samples the probability. that the
results could have occurred by chance. To use the other method isndefinitely
wroung, especially as it gives too high an estimate of the reliability,of.thé results.

5. That being so, the only object in calculating the probgj;r}e“ermr in such
cases is to compare with other experiments. Even for this Eurf)os'e it is necessary
with small samples to divide by n—1 and not by » togeach the mean square.
But indeed “‘probable errors’” derived from only two ol\bhifee cases are so subject
to chance that it is somewhat doubtiul whether any useful purpose is served
by caleulating them. For example, if 10 were the, value of the “probable error”’ '
of & population and values were to be found {rofn samples of two or three, only
49 %, of the values would lie between 5 a,nd{15 in the case of samples of two and
but 68 %, in the case of samples of thre@*

The use of n— 1 as divisor is also negéssary in calculating & standard deviation
from a large number of small s taples of size », which H. K. Hayes* proposes
to call the “Deviation from, thieMean Method ™.

It is necessary to remembér that the correct formula to use is

where d is the dos idtion from the mean of the sample and N is the total number
of deviations’;: hen n is quite small this correction makes an appreciable
differenge Ny _

6. Treduency curves are reached by assuming an infinitely large population
and an infinitely small unit of measurement, and there is no trouble in ¢magining
an infinitely large population though we have only to deal with the finite sample
befors us. But the unit of measurement must be the sare for both, and, therefore,
not only not infinitely small but as large as is convenient or customary. This is
another of the discrepancies between the facts and the mathematics which does
not matter very much as long as the samples are large, but may make a good deal
of difference when they are small. With small samples the unit of measurement
should be quite small compared with the difference which is being measured.

s “Clontrol of soil heterogeneity and use of the probable error concept in plant breeding
studies”: Minn. Agric. Expt. Sia. Tech. Bul. 30 (1925}.
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For example, Student’s table has been made to give absurd results by supposing
that ail the values happened by chance to coincide, when the odds became
infinite. The probability that results should have the same value is not negligible
. when the unit of measurement is large but becomes vanishingly small as the
unit of measurement is decreased, until, in the limit, the infinite odds only accur
infinitely seldom. Nevertheless, when the repetitions are few and very high odds
are obtained by the use of Student’s tables, it is well to consider whether the
result is not due to & value of the s.p. having occurred which is much smaller
than usual, and if this seems likely, to discount the apparent certainty aegGrdingly.
The tables are calculated to give the odds correctly if all the availablednformation
is contained in the sample. If additional information is availablessuth as that
the s.0. of similar experiments is usually larger, we are quipg:eﬁtit-]ed to draw
attention to it, even though it may not be possible to infroduce it into the
caleulations. In fact, tables can only be an aid to, a:l;tdf not a substitute for,
COMINON sense, ' ’

7. The experiments must he capable of beingsvensidered to be a random
sample of the population to which the conclusign\js are to be applied. Neglect of
this rule has led to the estimate of the value df'statistics which is expressed in
the crescendo “lies, damned lies, statisticsi®, *

Well-conducted experiments can oftenbe supposed to give results which are
random samples of the population oftpossible differences between the yields of
plots sown with varieties 4 and B\which could be grown on the experimental
avea under climatic conditions ginéilar to those of the season in which the experi-
ments were carried out, but’ib-must be confessed that in some cases it is only
by courtesy that experiménts can be considered to be a random sample of any
population. In such kaSes the preatest care must be exercised in drawing
conelusions, 2 '

Nevertheless,'v@:heed not go as far as 8. C. Salmon,* who says: “It is with
this source of t..er}or (soil heterogencity) that Student’s method may entirely
fail”, and proceeds to illustrate this by a comparison of yields in a tillage experi-
ment cafried out on two plots over a period of ten years, With all respect, I do
not think Salmon credits the user of the method with common sense. For he
supposes that as the result of this comparison it will be concluded that the fact
that one of the plots gave significantly higher yields than the other will be put
down to the tillage treatment.

A moment’s consideration shows, however, that the population from which
the sample was drawn is a sample of differences of yield between these fwo plots
in all possible seasons; whereas, considered as & sample of difference in yield due
to tillage treatment in all soils similar to that experimented in, it is only one case
from which, of course, no definite conclusions can be drawn either by Student’s

* J. Amer. Soe. Agron, xvi (1924), pp. 717-21,



Mathematics and Agronomy 129

method or any other. If, however, ten repetitions had been made with an
arrangement of the plots which could be considered random, the population sampled
would have been that of “all similar soils”, and the error introduced by soil
heterogeneity would have been weighed and allowed for by the use of the tables.*

8. To sum up, the experiments must be conducted tn such a way that their resulis
may be capable of being considered to be a random sample of the population to which
the conclusions are to apply. The wnit of measurement must be small compared
with the differences likely to be found, and the replications must be sufficient
(¢) to give significance to the mean difference, and () to give a sufficiently close
estimate of the variability to enable us to measure that significanee with Ageuracy.

And here it may be pointed out that in some cases, could we bub. leow the
variability accurately, very few experiments would be required, to demonstrate
significance. If, to take an extreme example, a difference of *ten unita is found
between a single pair of experiments and it is known ﬁ'qm other work that in
this case the s.0. of a single difference is likely to be hiNthe neighbourhood of
two anits, a considerable, though somewhat indeﬁ@ité, degree of confidence
could be reposed in the result. This leads me to sug‘geat that a careful tabulation
and examination of 8.0.’s of experiments condiwted at each station might he
very valuable as showing within what limitsithe 8.p. of a new experiment might
be expected to lie, and whas sort of weightmight be given to a result which would
otherwise lack significance owing to waittof knowledge of the variability. Useful
though this might be, it is clearly Leétter to arrange the experiments so that we
shall have sufficient replications’ to lead to significance without going beyond
the experiment itself. L\

Elsewheret I have drawtn)attention to Beaven’s half-drill strip method of
comparing two varietie\of cereals—a method which seems to me to fulfil the
necessary requirementgywhen but two varieties are in question. Here I propose
to deal shortly wifh'R. A. Fisher’s “ Latin square” arrangement of experimental
plots. This arran’g‘ement is calculated to reduce and allow for the error introduced
by soil heterggeneity and is suitable for work on any scale from rod rows or small
rectangular plots up to large-scale plots of all sizes, provided always that the
borders of small plots are discarded or that there is room enough for large plots.

Fisher cutlines the method of the Latin square on pp. 229 to 232 of his hook

* As Hayes tIoo. eit.) has also complained that when comparing different seasons’ yields
Student’s method does not allow for soil heterogeneity, I should likke to emphasize that it
may be used to estimate the uncertainty die to the season or to the soil heterogeneity, or
even to both, pravided we are satisfied that the experiments may be considered to belong to
a single population. To comparo mere average yiclds in different seasons and then to
complain that no secount has been taken of soil heterogeneity is as if a man wero to feed
whoat into & mill and then complain that the resultmg meal “‘had entirely failed to make
oaten porridge”,

T Bivmetrika, xv {1923), pp. 271 e seq. [11],

HEPS
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on Statistical. Methods for Research Workers (Messrs Oliver and Boyd, Edmburgh)
and bases it on the following principles:

1. If there are contributory sources of variation which are all independent, the
variance of the whole will be the simple sum of the variance contributed by all
the sources. As mentioned above, Fisher defines variance as the square of the
standard deviation, or in the case of errors, as the mean square of error. We may

“therefore, for example, be able to analyse a total variance into (a) that part
contributed by the varieties (of seed or culture) having different yields; (b} that
part contributed by say an East to West heterogeneity of soil; (c)¢that part
contributed by say a North to South heterogeneity of soil; and fd)'a random
effect of soil heterogeneity not included in (b} and (¢), which areob random.

2. It is possible to arrange » plots of each of n different varigties in a square®
80 that each row and each column of the square contains ong plot of each variety,
but that otherwise the arrangement is “random”. Having done 30, we can
estimate variances {@), (b) and {c}, whence by subtrabting their sum from the
total variance of the n? plots, we can estimate yariance (d), which is now the
only one which affects the comparison between $he varieties.

Fisher's justification of his method might perhaps be considered to come under
the head of mathematics, which we ha¥e agreed to aveid, so assuming its
correctness we may proceed to Illummate the subject by the consideration of
a simple example. AN

Let us suppose that we are tortest four varieties (d, B, C and D) of a cereal
by sowing four plots of each inva Latin square. We have to arrange the 16 plots
so that each row and columnot the square contains one of each of the varisties,
and yet the arrangement'is otherwise to be random. We first proceed to draw
a diagram with foupnré#s and four columns to represent the 16 experimental
plots. By smtahly Mocatmcr four faces of a die, we can throw to find out which
variety shall %upy the left top corner. Let us suppose B. We then proceed
along the top' Tow, throwing a die each time, and get €' and 4. The fourth must
be D. cht the left-hand column is suitably filled in by D, €, 4. Note when
there@rs 6nly three possibilities two faces can be allocated to each variety and
when only two, three faces,

The intersection of the second row and column can now only be ﬁﬂed by A
or B, and a throw of the die makes it A. The intersection of the second row and
third column may be Bor €, and we find €, the last of the second row is therefore

: D
B, and the last column must be B or there would he two (s in the third row.
A
¢
* The actual shinpe of the Lalin square will be similar to that of one of its constitusnt

plots and may therefore be only diagrammadtically square. This is quite immaterial to the
argument. :
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Finally, the intersection of the third row and second column may be B or D
and & throw of the die makes it B, which fixes the remaining three places.

B C A D
D 4 C B
¢ B D 4
4 D B ¢

b

This, which was actually arrived at by die throwing, is one of the 288 possible
arrangements, and we may further nse it for purposes of illustration by supposing
that the yields were those of the 8.E. corner of Montgomery’s* diagram of plots
of Turkey wheat given on p. 37 of his classical “Experiments in Whea:t\B}eedmg

The yields in grammes are as follows: O
Sum c@":’g Means of
I'OWS. IOWE
B 8I7 O 683 A4 7126 D 835 ;) 715-25
D 602 A 662 ¢ 640 B 700 2,604 651
¢ 665 B 138 D 630 A 598 2,629 65725
A 809 D 706 B TH ¢ 878 N 2,783 69575
Sums of
cols, 2,403 2,787 9,756 231\ 10,877
623-25 696-75 G96-5 o 702 75 "General mean
RO, 67981
O Average
A= 72 + 662 + 598 A0 609 = 2,505 648-75
B= Bl7 + 700 + 73008 + 790 = 2,843 710-75
= 683 + 640 + 665% + 678 = - 2,666 666-50
D= 835 + 602 + + 706 = 2 773 693-25

. B80

3

N\

#

(a} Variance of Columns
Taking 2600 as a working meanpthe deviations of sums of columns from this are

2107 and the sguares 11,449

P \+ 187 34,969
750 +186 34,596
L0 +21 44,521
A 477 : 125,535
\\Deduct  }(477) = 56,382-25
AN 68,652.75 - 4% —17,163-1875

i \ ¥ )
'\Qi}ida by 4 because we have worked with fofals and we want to change to means.

(b} Variance of rows
Ag above, deviat.i_nna of auma of rows from 2600 are

+261 and squares 68,121

+ 4 16

+ 29 841

+183 33,489
Total  +477 102,467
Deduct  ${477)? 56,882:25

45,684-75 +4 =11,308-1875

& [J.8. Dept. Agric. Bur. Plant Indust. Bul. 269,
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{c} Variance of varielies
Deviationz of sums of varieties from 2600 are

~ 5 and squares 25

+243 59,049

+ 66 4,356

+173 29,929

Total 477 93,359
Deduct {477)® 56,882-25

36,476-75 -4 =9,110-1875
{d) Total Variance
Taking 680 as a working mean the devistions of the yields of the individual plota are as follows:

Yield of plot — 880 Squared

— 63 3,069 \
+ 3 9 N
+ 48 2,116 ¢\
+155 24,025 2N\
- 76 6,084 \
- 18 324 A\
- 40 1,600 \
+ 20 44003 z
- 15 225 N\
+ 56 3,136
~ 50 2,500
- 82 6,?2%. N/
-1 5,041
+ 26 ;6$B
+110 200
a2 N
— ) !
3 S8 68,933
Deduct 75 (3)2 . 05 5625
\ j : £68,832.4375

We have next to perform an{operation analogous to that of multiplying by
Jirf(n—1)} in the case of nﬁéiﬁg the s.p. from a sample of #. Fisher’s way of
doing this is given below in the table of the analysis of the variance:

Variance i Degr%es of Sum of . Standard |
due to [ pfreedom squares Variance deviation
— |l _ - ]
Varieties » 3 H115-19
Columns ™\ 3 1716319
lows o\ 3 11,396-19
Remguzdcr ; 6 31,253-87 '5,208-94 722
- PR i — e ]
ool | 1 66,032-44 |

In the above table the first column is descriptive of the variance arising from
different sources.

We are chiefly concerned with that entitled “ Remainder””, which enables us
to arrive at an estimate of the random errors which are not associated either
with variety or with that part of soil heterogeneity common to whole rows or
columns. The second column gives the “Degrees of freedom”. In the first,
second, third and fifth rows of the table the degrees of freedom merely represent
one less than the number in the sample (4 varieties, 4 columns, and 16 plots
aitogether) and are strictly analogous 1o the n—1 guoted above. The number
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in the fourth row is obtained by making the first four rows add up to the total
of the fifth, _

The principle of degrees of freedom is widely applied by Fisher, and the idea
behind it is that if there are a number » of variates of which the mean is used

_in the calculation, all but one of them can take any possible value; but when
n—1 values have been chosen the last one is fixed by the mean, so that only
n— 1 variates are free to vary. If, in addition, some other statistic is used, such
as the s.1., only #— 2 of them can he varied, and so on.

In thig case there are fifteen degrees of freedom in the total and three sets of
three degrees of freedom are taken up by the varieties, the rows, and the coh}mns,
leaving six for the determination of the variance of the random errof.),

In the third column the first, second, third and fifth rows az¢\the sums of
squaros calculated in (¢}, (), () and (d) above, and the fozm;’th’ is found by
making the first four rows add up to the last. AD

In the fourth column the required variance is givenéby dividing the figure
in the third column by that in the second and from this'is obtained the s.0. by
extracting the square root. If this had been foyn‘a‘from enough degrees of
freedom, we could find the s.D. of the difference between two varieties appropriate
to use with tables of the normal curve by dividing by /4 (the 2 in the denominator
being due to the fact that we are to j udgesdfthe significance of a difference, and
the 4 to the number of replications), whigh would give a s.p. of about 50, while
the greatest difference between “vameties” is only about 60. Obviously, this
would not be significant, as indeed i this example it should not be, the “ varieties "
being all the same—Turkey Red: wheat. In fact the significance is even less, as
with only six degrees of freg&b}n Student’s table must be used.*

Unfortunately, Student’s-tables were constructed some time before the Latin
square was thought off }ﬁld it requires some care to enter the table aright.

In the first place.wé have to enter the table under the heading » = 7, one
more than the deéséa of freedom, since if Student’s table had been headed with
the degrees of‘f&:eedom, the headings would have been one less.

Secondly] Yo obtain z, we divided the difference (say B4 which is 62) by

> ; =
the 5.0, x ”Pz:/;" 7 in which the /2 corresponds to the fact that we are considering

a difference, the \/7//4 to the fact that the original table was constructed so as
to give the probability for means of 7, while we only have means of 4. z is here,

~ therefore, £2 or just under 0-5, which if Iooked out in this table under n = 7

gives P — 0-86, a satisfactorily non-significant result.

*# This applies to the tables given in Biometrika, v1, p. 19 and XI, p. _416;' and’those in ?he
new edition of Tables for Statisticians and Biometricians. The tables in Fisher’s Statistical
Methods for Research Workers and those which are to appear in the next number of Metron
are given under the headings of the degrees of freedom. {The Biometrika and Metron tables
are those printed on pp. 29, 62-3 and 118-20 of this volume. En.]
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Looked at from another point of view we should require a difference between
varieties of not less than 100 grammes, or some 15 %, for it to be worth while
testing under such conditions as Montgomery’s with only four plots of each
variety.

I have illustrated the method on a Latin square of four plots per side, choosing
a’ small number so as to make it easy to follow the arithmetic, but in poiat of
fact four replications are decidedly too few and much larger squares are recom-
mended. One of the disadvantages of this particular illustration has been that
whereas usually the variance is much reduced by the subtraction of that associated
with rows and columns, there has by chance been very little reduction ivthis case.

Mathematics and 4gronomy

The following table gives other possibilities: R \)
E ' Kumber of | Heading of N
B P D Al R e —
varieties. | replications of plots caleulation | Student’s ,;”’.\S-D- by in calculating 2%
of errer tables \\JVv/
- PR 27
4 4 16 6 2> \/ ( )
L af
\ 2x13
- N
5 25 12 O 13 \/ ( 57 )
8 6 36 g0l 2 ,\/(2 "621
7 'i 7 49 +80° X — Use normal curve with
2 16 64 | s — { \/ (W%_)
¢ 8.D. X T

78 -
1 Number of replications\.'\‘.. ) 1 Three less than the number of replications,

In the last case there wilbbe two replications in each row and column, and care
must be taken that thedrrangement is really random, e.g. if one plot of 4 has
been fixed in a row/thie chance of filling the next with 4 must be only half that
of filling with Q{@“\of the other letters not yet represented in the row.

oy
&

<l o) CowoLUSION
To stimt up, in planning agronomiec experiments use plenty of replications and

make quite sure that your results are capable of being considered to be a random
sample of the population about which you wish to draw conclusions.

* [It should be remembered that this is the z of Student’s original notation [2, p. 17
above] and not the quantity defined by R. A. Fisher and now generally used in the
analysis of variance. Ep.]
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ERRORS OF ROUTINE ANALYSIS

[ Biometrika, XIX {1927), p. 151]
. QY

Introduction. Dr E. 8. Pearson, Biometreka, Xviil, p. 192, has given the
moment coefficients of the distributions of range in small samplég drawn from
the normal population when the number in the sample lies between 2 and 6.
Mr L. H. C. Tippets, Biometrika, XvIr, pp. 364-87, had aleadyiprovided similar
data for samples of 10, 20 and 60, but Dr Pearson givasfimproved values in his
Table VIII which I have used. \g

These constants provide a means of drawing cupyes'which approximate closely
to the actual frequency curves of the distribution'efranges, apparentiy sufficiently
closely for us to use their integrals as probadility integrals for the occurrence of
ranges of fairly large size. R\

Thus the real frequency curve for range in samples of two is known to be & half
normal curve of standard devi&tion;fz ., whereas the Pearson curve found from
the moments is a Type I with e@uation '

O o 0569 x 6560
y=5‘%3‘Q62(1+65ﬁ} (l‘mé) :

If they be drawn on £i{e same scale, Fig. 1, we see that for the greater part of
the way the two ’em’:vés are practically identical.

Assuming t}:{nfas seems likely, that the approximation in the case of the
larger s&mg]qs}h even closer than in the case of samples of two, we have here a
means of determining the probability of occurrence of ranges of given size in the
case of Eﬁﬁée small samples, assuming-as always & normal population. Now it is
just in the case of these small samples that most of the tests which have been
propesed for the rejection of observations fail; there is no possibility of finding the
true mean of the population. Mr J. O. Irwin, Biometrika, XV11, pp. 238-50, has,
it is true, proposed to use Galton’s differences for this purpose, but on the other
hand, there are cases in which the true standard deviation of the population is
known with some approach to accuracy, and it seemed in such cases Dr Pearson’s
work should enable us to reject determinations so widely spread as to render the
oceurrence of the observed range unlikely to any specified degree,

Happening o mention to Dr Pearson that I proposed to apply his work to the
rejoction and repetition of analytical results, he suggested that the readers of
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Biometrika might be interested both in the application and, indeed, in a descrip-
tion of the errore of routine analysis from which the necessity of rejection arises.

In endeavouring to fall in with this suggestion, I propose to set out, firstly,
what routine analyses are, and to what sort of errors they are liable: secondly,
the advantages that accrue from a statistical examination of these errors; and,
lastly, the bearing of Dr Pearson’s paper on the vexed question of the repetition
and rejection of results. ' :

At the outset I may state that, though no analyst, I have been in close touch
for some years with a routine laboratory, the authorities of which have very kindly
supplied me with some of their results for the purpose of the present paper.
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Routine Analysis. The difference between research and routine is fundamental
to the scope of the present paper, and it lies in the relation between the analyst
and his work rather than in the actual process of the analysis. Thus, what is at
one time a research involving concentrated thought and watchfulness on the part
of the analyst may, later on, become the merest routine; every step known and
prepared for in advance, and requiring not the resourcefulness of the chemitt of
high degree but the machine-like accuracy of the well-trained assistant.

This is not to say either that research may not make use of routine processes,
as it frequently does, or that routine processes may not form the subject of
research, as they constantly should; yet, broadiy speaking, we are not conderned
with the distinguished chemist who determines the atomic weight of afi\element
to # places of decimals, and has theories about the value of the (» + Lth—it would
be impertinence to talk of errors in such a connexion. A\ '

No, we are going to deal with the chemist who has to mal;é gimilar analyses
day after day and year after year; with, for example,. the public analyst who
provides evidence to convict the milkman of watering hismilk, and the grocer of
sanding his sugar; with the works chemist, who mga.ja:‘ge gpends his whole life in
determining the acidity or alkalinity of solutionsyoragain, with the assayer, who
must find out which of innumerable samples, of bre are payable.

There is often enough little or no scientifie interest in such determinations,
yet their practical value is in the aggrqgaﬁs’enormous; the application of science
to industry would without them be allbut impossible.

These people are not so muchdroubling themselves about the ath pla,c'e of
decimals; their problem is to get. results as quickly and as cheaply as possible;
quickly, because events may, b waiting upon them, and cheaply for reasons that
need hardly be elaborated,™ : :

They must, however; }:,%tain sufficient accuracy for the purpose in hand, which
is generally cone rred-with the third figure rather than the fourth, and is often
enough satisfied ;&tfi the second. Nevertheless without this minimum of accuracy
the analysis igtworthless, so that the chemist in charge of the laboratory has to
make himaélf’very sure that it is reached.

Obviouslsz he cannot be sure, unless he has made some determinations of the
error, and he can only reduce his error if he hss a working knowledge of the
sources of error. )

Sources of Error. The first of these, very often the chief of them, is not strictly
a laboratory error; it arises from the difficulty of obtaining a sample in a bot-tle
which shall represent perhaps some tons, or even hundreds of tons, of material.
This difficulty of sarpling provides a convenient exctise for discordant results, but
the wise chemist will see to it that the sample is drawn in & manner which will
rob this excuse of any appreciable validity. And that is by no means easy: but
the errors of commercial sampling do not fall within the scope of thig paper, so
1 do not propose to say more about them here.
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Nor do I propose to deal with the allied problem of subsampling the sample
which has been received for analysis. This may be in the case of solids quite &
difficult matter, and can Iead to appreciable error unless a sujtable technique is
employed.

After this, each operation of the analysis contributes its error; I am told that
the standard error of weighing on a balance is about one in two thousand; all
analyses involve at least two weighings and there are often more. Then we have
such things as titration, generally contributing quite a small error; transfer of
material from one vessel to another; digestion at a uniform temperature; filtration,
incineration, and so forth; all these add their quota. )

These errors are not necessarily symmetrical, some of them ifivolve loss of
material, and for this reason a chemist will sometimes prefer the higher of two
results. N

Perhaps a description of a very simple analysis may illugtrate the kind of thing
that happens. Let us suppose that it is required to.egtiinate the percentage of
moisture in a sample of grain, not as part of a research but for the commercial
valuation of a large bulk in a ship or warehouse:'it will very likely be one of a
number of analyses the results of which will: be_required by the next day.

First, the sample is subsampled and a weighed portion of the ground-up
material is put into an oven on a sma]l’%iﬁy. The oven is kept at a constant
temperature for a fixed humber of ho!irs.,'the tray is then removed, cooled over
concentrated sulphuric acid and quitkly weighed. The loss of weight is taken to
be the moisture present in the weighed quantity which was put into the oven.

- Here we have the error quéubsa.mp]jng, grinding, two weighings, and of
driving off moisture by heat; hardly any one of these operations is as simple as it
sounds. The grinding, fop #xample, whether done in a mill or with a pestle and
mortar, leaves materialon the grinding surfaces; this material is not the same as
the bulk but is compesed of the finer or more adhesive part of it, Itis, therefore,
necessary to grimd and throw away a small quantity before dealing with the
portion which%s to be weighed. Then we have the fact that organic matter
exposed, Q. the atmosphere, generally if not always, tends to get into equilibriunm
with themoisturein the air, hence both grinding and weighing must be donerapidly.

When in the oven the loss of weight will depend not only on the exact tempera-
ture and time, but on the ventilation of the oven and the number of samples in it.
Nor is all the loss necessarily moisture, carbon dioxide may either be formed and
lost by oxidation, or be lost by splitting off from some already oxidized compound.
We may even get the estimation too low owing to an inerease of weight due to
absorption of oxygen.

Of course, in a research one would work in an atmosphere of nitrogen and
weigh the moisture absorbed by phosphorus pentoxide, determining one sample
at a time and weighing at intervals until the weight became constant, but routine
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analysis has neither time nor money for this: it has to rely on keeping the con-
ditions constant. The most it can do is to check an occagional result by the more
lengthy method.

All this sounds as if the results would be very inaccurate, yet it is not so. The
moisture of grain, lying between 10-20 %, can be determined with a standard
deviation measured in percentage moisture of about 0-2, or 1 part in 500.
Naturally, different laboratories, using different ovens set up under different
conditions, do not necessarily agree with one another, but they will probably agree
to this order of accuracy in their relative estimates when comparing different
samples, and that is usually what is required. X

We now come to a phenomenon which will be familiar to those whe/have had
astronomical experience, namely that analyses made alongside one.another tend
to have similar errors; not only so but such errors, which I may€all semi-constant,
tend to persist throughout the day and some of them throughigut the week or the
month. &)

Why this is so is often quite obscure, though a statistical examination may
enable the head of the laboratory to clear wp largggoﬁrces of error of this kind: it
is not likely that he will eliminate all such ereors. '

The chemist who wishes to Impress histhiehts will therefore arrange to do
repetition analyses as nearly as possibleab the same time, but if he wishes to
diminish his real error he will sepa,raiyé"tliem by as wide an interval of time as
possible, Here are some exampless h

In 1905 a quantity of material‘ﬁ'as taken, mixed as well as possible and stored
in Winchester bottles. Sam eﬁs:wére taken from these and analysed daily between
the beginning of April andthe end of August—100 in all. This, though statistically
speaking a small samplé/represents an amount of work which a routine chemist
will not easily be persuaded to undertake.

At each analyéd %even items were determined and of these I have now
examined five,all are troubled to a greater or less extent by semi-constant errQrs,
a8 is most ea@;ﬂir shown by a comparison of twice the variance of a single analysis
with one'that of the difference between consecutive observations: if the arrange-
ment weré random they would of course be the same within the error of random

sampling.

TapLe I
. Correlation
Ttem Twice Variance of between con-
variance difference secutive analyses
2.2 1:60 +0-27
é 0625 0-434 +0-31
3 00748 0-0806 +0-19
i o171 0157 +009
5 542 468 +0-09
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Of course, not all of these correlation coefficients are individually significant,
but they are illustrative of a general phenomenon. I do not recollect having met
with a case where the correlation was negative.

The two top lines of dots in Fig. 2 give the individual analyses of items 2
and 3, the latter of which gives the percentage of moisture in the samples. The
lines across the diagrams show the mean values of these.

I will now give another case of a routine analysis repeated in a time series.
Here, as a check on the accuracy of the estimation of nitrogen by the Kjeldahl
method, a determination of the nitrogen in pure crystalline aspartic acid was made
about once a week from 1903 to the present time. The method is a standard one
for the determination of ““amino*” nitrogen in organic matter. A woighelk quantity
of the substance to be analysed is digested in strong sulphuric acidwhich destroys
the organic matter and converts the nitrogen into ammonium gulphate. Excess of
alkali is then added and the nitrogen distils over in the formpof ammonia and is
caught in & measured quantity of acid, where it is egtimated by titration of the
excessive acid with deci-normal soda. O :

Of course the amount of nitrogen in a crystalli Dsubstance can be caleunlated
within narrow limits and the third row in Figs2(gives the calculated (as a straight
lne) and the actual (as spots) since 29 AprilNB24 up to the end of 1926.

At first the results were all too low, butithe details of the process were under
examination and the later estimates, h’a;ﬁa risen and the variance has decreased
owing to improvements which have been effected: simultaneously, the time taken
has been reduced by half. For(about six months before the beginning of last
November the results wergremarkably good; one could have calculated the
atomic weight of nitrogepnrom the mean with an accuracy which would hardly
have disgraced researchs but there has since been s falling off, the average of the
last seven being ratherdver 1%, too low. Thisillustrates the sort of difficulty which
arises in routine dfialysis, for no one is conscious of any alteration in method, nor
has a close se;ab:&“revealed the cause of the change.

The erpagkﬁatistics which I have cited up to the present have all been obtained
by the’Taberatory in the course of investigation into, and control of, its error.
I am now going to give some figures taken from some published analyses which
seem to me o show that similar *semi-constant”’ errors probably existin another
laboratory; it would surprise me to find any laboratory without them, but it is
only by chance that they become apparent unless they are deliberately sought for.

The analyses are published in the Report on the Sugar Beet Experiments 1925,
issued and distributed without charge by the Department of Agriculture of the
Irish Free State.

_ These experiments were conducted at 424 farms, all the twenty-six counties
being represented, and the cofnplete programnte, consisting of two plots of each
of four varieties, one top dressed with nitrate of soda and one not, was successfully
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carried out in 163 cases, in another 190 it was found necessary to top dress all the
plots, and the remaining 71 cases fell through for one reason or another. It is
the 163 complete results with which I propose to deal.

It will be seen that each farm produced eight different lots of beet and as each
of these was analysed to find the percentage of sugar we can average the figures to
get the percentage of sugar for the farm. Further, the date on which the analyses
of each farm were carried out is given in the report, and in Fig. 8 are given the
averages of analyses made on the same day as céntral points with lines extending
upwards and downwards showing the extent of twice the standard deyiation of
the mean of the number of analyses, ranging from 8 (one farm) to 96 (twelve farms),

which were made on that day. \ \)
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by the formula 1 Sia - ap
' 7=\ (Wﬁ)’

where @t =saverage of a farm,
d=mean of a day’s analyses,
% =number of farms analysed in the day,



Errors of Routine Analysis 148

Tt is obvious from an inspection of the figure that there was a distinct rise of
sugar between the beginning and end of November, which is doubtless due to the
gradual maturing of the roots, but it is not easy to account for the marked dip
shown by the analyses carried out on the 5th, 7th and 8th of December, on any
other supposition except that of laboratory error.

The thirteen farms, the produce of which was analysed on those dates, were in
five counties, so that the roots were sent up by five different men and may be
considered a random sample of the material to be analysed in the early part of
December. It has been suggested that the loss of sugar was due to the actien of
frost on the roots before they were drawn from the ground or whilst in transit
from the farms to the State Laboratory. From inquiries which I havednade I am
satisfied that the lower sugar content is not attributable to such actiBn for such
frosts as were experienced did not apparently affect the leaves, let alone the roots,
and the packing of the beet to ensure its arrival in fresh conditionat the laberatory
obviated any possibility of freezing in transit. &)

I have also been informed that beetroots lose sugar When they are clamped.
1 am assured, however, that none of the samples tQQi’\hmh the report relates was
pitted or clamped but that each sample of rootswes washed, topped or crowned
and dispatched to the laboratory immediately ‘a,f’te'r being taken out of the ground,
The roots were forwarded by passenger tr,a;ip~&io ag to secure quick transit, were
unpacked immediately hefore the ana:Lyé,is was commenced and, as a rule, the
analysis of a sample was completed within twenty-four hours of its receipt in the
laboratory. It seems likely, therefdre, that the low results were due to errors of a
similar nature to those whichsié'ré observed in the other laberatory.

To embark on a long serigs,of analyses in order to determine error is always a
considerable undertaking @id is often impossible owing o the tendency of organic
substances to change with time: added to this, unless special precautions are
taken, such as wer(fa‘ken in 1905, the operators may, in spite of themselves, be
more carefui W‘he’n\anaiysing special samples of this kind, so that the series may
not represent-\’aff'andom sample of analytical errors.

It is donyenient, therefore, to fake advantage of the fact that important
analyses are often repeated as part of the routine and to calculate the standard
deviation of the error from the differences between pairs by simply dividing the
variance of the differences by 2 and taking the square root.

I give in Table II the standard deviations of errors of the items 1 to 5, the
variance of which I gave before, but having in addition further determinations
made from the differences between 100 pairs analysed in 1925 and in 1926.

The standard error arrived at in this way is that of analyses made within a
comparatively short period of time and does not take account of the variation of
the “instantaneous mean’’ which we have just been observing. [t is therefore the
correct measure of the error if we wish to eompare such analyses with each other
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TasrLe 11
J Error differencos hetween pairs
. 1905 : — -
Teem ‘ S0 290 1965 1925 1826
] 048 0895 0-731 ‘ 0-660
2 0-559 0-466 0-386 | 0-523
3 0192 0-174 : 0-138 [ 0-152
& | o203 0280 | 0-326 0-272
5| 1-640 1.570 | 2:810 2120 J

but is too small if the analyses were separated by a wide interval. \On}he other
hand, the standard error derived from 100 analyses spread over ghrée months is
too large when we are dealing with the differences between copsé\cuti_ve analyses.
' The difficulty can only be removed by reducing the secular yariation to negligible
limits. &0 |

Perhaps it would be well to illustrate this point in so¥ad Further detail, Suppose
a merchant to be offered two samples of grain at thésame price: as far as he can
judge they are of equal value but he is uncertain whether the moisture is the same,
He gets them analysed and is returned the ﬁgur.éh‘i % for sample 4, and 15 %, for
sample B. If the standard deviation of the” error is 0-2 % clearly he should
purchase 4; if the error were 4 9 it “:mild not much matter which he bought.
But observe in this case, as in many, Sthers, he is really only concerned with the
difference between A and B, and if ke controls the analysis he will get them done
alongside each other so as to a¥0id their being affected by semi-constant error,

“and the error of the ana,lys%Svﬂl be about that found from 100 differences.

On the other hand, suppose he has bought a cargo of grain and an analysis tells
him that the moisture d9)¥7 9/, while it is common knowledge that 17-5 %, is the
highest moisture at, 'hich grain will keep. Here he is not concerned with relative
but with absolutevelnes and the error now includes the semi-constant error, so that
the value dedyoed from the 100 analyses spread over a long time is the better.

As a sort¥ef corollary of the existence of semi-constant errors in the same
Iaboraj.arjr,\we find that different laboratories have different constant errors, and
a wise man will always consult the same analyst and not be troubled overmuch
if a second analyst does not exactly agree with him,

I have now, T hope, shown that routine analyses are subject to errors of which
it behoves the head of the laboratory to be well aware. He may then judge
whether his analyses are sufficiently accurate to bear the weight of any actions
which it may be proposed to base upon them, and if not, how many repetitions
will suffice to make them so; he will realize that an analysis made elsewhere is not
necessarily less valunable than his own because it does not agree absolutely with it,
and he will be in a hetter position to set about improving the details of his
methods than if he were ignorant of the magnitude of his errors,
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I now turn fe the particular point raised by Dr Pearson’s paper. It will be
realized from what has gone before that important analyses may have to be
repeated and the same applies of course to those which have given results at
variance with a prieri expectation. Very important results may even have to be
repeated more than ouce, and it is only natural to regard these pairs—triplets or
quartets—with suspicion if the results are not ““concordant”, i.e. have a wide
range. ' :

The result is that there is a tendency to make further repetition in such cases,
to reject discordant results, and to accept the mewn of the remaining observations:
all the same this instinctive distrust of width of range needs some just{ﬁcation,
and, if justified, some rules for repetitions. R\,

For if the error were normally distributed there would be no, advantage in
rejection; this follows from the fact that in nermal distributions there is no corre-
lation between the square of the mean and the variance: similatly, in platykurtic®
distributions those samples with large variance even tend tahawe the more accurate
means. Actually, however, many if not most routine andlyses have a leptokurtic
error system, possibly because the st&nda.r:d devie jon as well as the mean is
subject to variation with time, and in such cases rejedtion of outlying observations
improves the accuracy of the mean; apart fI"QIfl"'i:hiS we are all fallible and the

procedure takes account of blunders.

N

* In case any of my readers may be unfamiliar with the term “lkurtosis™ we may deﬁqe
mesokurbic as “having §, equal ta 37, while platykurtic curves have fB2< 3 and leptokurtic
AN

> 3. The important praperty which follows from this is that platykurtic curves have_shor'ter
“tails" than the normal curve of error and leptolurtic longer ““tails . I myself bear in mind
the meaning of the words by the above memaria technica, where the first figure represents
platypus, and the second kangaroos, noted for “lepping ., though, perhaps, with equal
reason they should be hares! - _

BPS Ta
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The following table gives the values of £, for samples of the five items of
analysis which I have given before;

TasrLe ITT
Differences he- Differences Differences |
I 100 analyses of | tween conse- between 100 ! between 100
tem 1905 cutive analyses pairsin |  pairsin !
of 1905 1925 1926 [
1 31 27 j 48 51 |
2 3-5 2.9 82 74 ~
3 23 2-6 9.0 3.9
4 2.9 27 10-4 162
5 10-0v 55 50 AN ;

In this table the differences between the £,’s of twenty years ago and those of
the present day are rather remarkable, and though witHi&mall samples such as
these the standard deviation of £, is enormous I shold hesitate to assert that
they are due o random sampling; I am inclined to «think that there has probably
been a twofold change, (1) that the error of the at majority has decreased, and
(2) that possibly owing to work being carned ‘on at higher pressure there is a
rather greater liability to blunders. In this way the standard deviation remained
much the same but the kurtosis has mereased Be that as it may, the tendency
to leptokurtosis is apparent and repetmons justified except in the case of No. 3,
which, as I mentioned before, indicates moisture. Here the kurtosis of the
difference hetween pairs is appmmmate]y meso”” while that of the 100 analyses
appears to be distinetly pl tykurtlc this is in accordance with another distribu-
tion of moisture determinations which I have examined.

Why this should b& I "have no idea, but obviously if & normal error were
superposed on an ingtantaneous mean which moves to and fro on, let us say, a sine
curve, the resu{ang distribution would be platykurtic: something of this sort may
have happenéd

Assumlng however, that d:scorda,nt observations are to be repeated and if
necess&rpre;ected it is obviously of advantage to work on a regular system,
and sinée we do not know where the mean is I propose to use the range as
follows:

Let W, be the limit at which with a sample of n, the chance of obtaining a
greater range than W, is p (say 0-05), then if w,, the actual range of a sample be
greater than W, repetition should be made. Let w,,, be the range of the new
sample including the repetition, then if w, ,, < W,,, the mean of the n+ 1 results
_should he accepted. If, on the othor hand, w,,, > W,_, the most outlying observa-
tion should be rejected, and if then the resulting w, < W, the mean of these %
should be accepted, but if not, a further repetition should be made and the whole
n+2 observations examined afresh, and so on until a sample of at least n 18
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obtained lying within the required limits. For example, we may have a quartet
of analyses

22-81 . (W, = 2-4.
gggJ the values of W, for this analysis (s.D. 0-675) being as follows 1:1,:: : 2?
26-6 W, = 2-8.

Here w, = 3-8, so we repeat and get 23-9. Then w; = 3-8 and we reject 22-8

leaving w, = 3-1. We therefore repeat again getting 25-5, Then we have wy = 3-8,
wy = 3-1 (rejecting 22-8) and w, = 2-5 (rejecting 26-6). Still another repetition
gives 25-0 and we reject in turn 22-8, 26-6 and 26-0, leaving 23-5, 23-9, 25:0 and
25-5, with a range of 2-0 and an average of 24-5 which we accept. ¢\
To obtain W, the curves giving the frequency distributions of rangefor samples
taken from a normal population were drawn from Pearson’s constants and the
limits at which p is 0-1, 0-5 and 0-02 were determined. Thid' gives us limits for
samples of 2, 3, 4, 5, 6, and between 6-10 we can interp"(‘:r,l\dte with the aid of
Tippett’s values for 10, 20 and 60, W, is of course giverin terms of the standard
error calculated from samples of analyses such as I\"I}?Mfe instanced above.

TasLe IV A\
p=01 P05 p=002
W, 23 JUN 29 33
s 20 ~§* 34 38
W, 32 ¢ 36 %1
W 3 38 43
W ,3:‘?,\ 40 45
W e 1 45
W, B\ # - 42 46
W, N 39 43 47
Wi P 41 45 19
X

Fig. 4 gives a comp{@"i}son of the distribution of range in samples of 4 calculated
from Pearson’s stants with the actual distribution in samples of 4 which
oceurred in thet érdina.ry course of business when an important series of analyses
was bein, o~n;ia}ié: the item was that which I have indicated as (1) in the tables
of this paper. '

It will be seen that while the general shape of the curve gives a fairly good fit
{P = 0-13 for 5 groups) there is excess at the tail end, showing the leptokurtic
- nature of the distribution and the advantage of repetition.

To recapitulate, routine analyses are subject to errors of which an estimate can
be made either by a special analysis of a comparatively large number of samples
of the same material, or by considering the differences between pairs which oceur
in the ordinary course of business. Owing to the fact that there is usually a
secular variation in the error these will not in general give the same result and

care must be exercised in the use of the standard deviation obtained. From such
Q-2
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determinations of error combined with certain factors obtained from Dr Pearson’s
paper on the range of small samples, we have derived limits at which repetltmns
—50

—40
30 Q
L '\:\
2NN ¢
20 A\
i Y
10 !
i B\
A
0 s\l‘ r-ﬂj
o0 1-0 2:0 3-0 4*0" 50 8-0 7-0 80

F1a. 4. Frequency Curve showing Expected and Histogram showing Actual Number of
Ranges of given size m samples of 4 for 100 trials,

Equation to the curve is NS

4 3 \d-dee x \19-395
¥ 694(1 2101) (1‘9055) :

Fquations to the Curves foﬂ@wtmbum}n of Ranges in Samples of Various Sizes

Type of
» curve \ Equat.wn ({to give N =100}
2 I g\= 543-062 (1 e )o *(1- i”—-)ﬂm.
O 0-574 6-623
s S e (e 2 )
N 1-547 7-590 '
o\ 4 4499 19325
N 1 - 456-941 {1 “’— P
y= T3 9-055
T 601 x 29-009
5 I 465255 [ 1 ) - .
( t3.478 ( 10-892)
T 8-G85 @ 41-433
6 I 475-268( 1 1—— .
: y= ( *3 ) ( 13—134)
]0 I _ 508 412 (1 +_-_)2U 772 1___%“”“. 419-514
3-659 73-905 '

20 VI gy = ylz—41-567)0405-33818  [logy — 603-835 059 3].
60 VI y=y,(w—11-6732g128252 {logy — 187-208 715 &].
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should be made and beyond which outlying observations should be rejected.
A rule is given for the application of this procedure, but it should always be
remembered that such rules are to be regarded as aids to and not ag substitutes
for common sense.

I should like to thank the authorities in charge of the laboratory who have
allowed me to use their figures and several friends who have helped in the prepara-
tion of the paper, particularly **Mathetes”, who has computed the equations and
drawn the figures for me. I am further indebted to Dr Hincheliff of the Free
State Department of Agriculture, who supplied me with information abotb the
sugar beet,

A ¢
\)

N
\/

N,

A

Y



15

YIELD TRIALS
[Bailliére's Encyclopeedia of Scientific Agriculture (1931), p. 1342]

It is quite easy to produce new hybrids; from a single cross fertilization between
two varieties of a cereal one can select thousands of strains, differing“more or
less in some character from all the others. Whether any particular sfrais is worth
preserving will depend upon many things, but among them one isjudispensable:
the yield must be sufficiently high to make the crop profitable. G\

Similarly new manures or combinations of manure M’é continually being
proposed, and the one condition of their use is that the. fnbrease in yield which
they provoke must be such as to pay for the cost of applymg them.

Asimprovements are nowadays not likely to be Veﬁ great, it becomes necessary
to estimate comparative yields very closely, and\ﬁhls is not as simple a matter
as it may appear at first sight. ¢

In the case of selection of strains of highs erld the difficulties are of two kinds:
(1) That similar environmental conditiens of weather, soil, ete.,, may evoke
different responses in strains, even though nearly related, of the same race; one
may be better suited than anothe™by a light soil, or a dry summer, and so on.
(2) Quite apart from chara,ct,ens‘r}cs of this kind, the soil on which the plants are
grown is never uniform, so*that differences in yield arise which have nothing
to do with the strains whioh are being tested. Similar considerations apply to
manurial and other tyials.

Clearly, dlfﬁcultles\of the first kind can only be surmounted by repeated trials -
in many seasons\eind in all relevant types of soil and situation; but until we have
arrived at some method of estimating what error is introduced into our con-
clusions by éllfhcultles of the second kind and of reducing this error o manageable
dlmenSmHS we are not in a position to say whether ohserved differences in yield
are due to the different strains, to their differential response to their environment,
or merely to chance variation in the soil on which they have been grown.

In what follows it is proposed first of all to give a brief account of some of
the methods of arranging yield trials which have been introduced during the
past twenty-five years, then to indicate the general reasoning which enables us
to estimate the degree of reliance which we can place on our results, and, finally,
to work out two examples of the actual caleulation of such estimates.

Although it must have been recognized long ago that experiments to determine
comparative yields were not quite straightforward, the science of planning such
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experiments was not investigated up to twenty-five years ago, and the practice
of the art is only now becoming general.

It is true that sound results had been obtained by long continued trials carried
out over a wide area with comparatively large plots, notably by the Danish
Royal Agricultural Society and by the Irish Department of Agriculture (STut-
ningsberetning om Maltbyg- og Hvedeudvalgets Virksomhed Vedrorende Byg- og
Hyedeavlen, Chr. Sonne, Foredrag i Det Kgl. Danske Landhusholdnings-Selskab
den, 1 April 1903; H. Hunter, The Barley Crop, Ernest Benn, London), but, on
the other hand, there was a tremendous amount of energy wasted on experiments
from which, as we now know, it was impossible to have reached religble con-
clusions. O\

To obtain decisive results in this way it is not only necessary: \tc: work on a
very large scale (in the Irish work Archer and Goldthorpe bacrleyg avere compared
fifty-one times over a period of six years), but the differenees t6 be determined
have to be comparatively large, for a single one-acre plm? must exceed another
by at least 25 9/, if it is to be considered significantly Jetter.

It was not, however, until 1910-11, with the pub]k'ha.ftion of papers by Stratton
and Wood, Mercer and Hall, and Montgomery, (T B"Wood and F. J. M. Stratton,
“The interpretation of experimental resulta" OJ. Agric. Sci, vol. 1, No. 4;
W. Mercer and A. D. Hall, “Experimental) error of field trials™, J. Agric. Secz.
vol. 1v, No. 2; E. G. Montgomery, *“ Variation in yield and methods of arranging
plots to secure comparative results’) N ebr. Agric. Expt. Stat, 25th Ann. Report,
and “Experiments in wheat bregding ”’, U.8. Dept. Agric. Bur. Plant Indust.
Bul. 269), that the real difficultigs of the problem became fully apparent. Each
of these papers dealt with thévyields on the component parts of an area of land.
Stratton and Wood dealt@ith & acre of mangolds in plots of 155 acre; Mercer
and Hall with I acre of, jvvheat in z}s-acre plots, and also with 1 acre of mangolds
in gg-acre plots; M&Ttgomery, for two years in succession, with wheat grown
on the same aa\a\cre and harvested in 74g-acre plots.

In each cage'‘the area was chosen as being particularly uniform in appearance,
in each case;’t}ie yields showed unexpected variability. Further, this variability
was ndh random (see section on Randomness), nor, on the other haund, was it,
except in the very slightest degree, regular. There was, it is true, a general
tendency for plots at one end or side of the area to give higher yields than those
at the other, but the “‘contours of fertility”’, though they existed, showed no
exact parallelism (unpublished work by R. A. Fisher).

"This suggested at once, firstly, that great accuracy would be obtained if plots
whose yields are to be compared were sited closely together so that chance
variations in the goil fertility should be shared as equally as possible; and,
secondly, that to obtain this close siting the plots must be kept as small as it is
convenient to work with, especially if many variants are being tested.
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But, besides convenience in working, there is another limit to the smallness
of experimental plots.

This is due to the fact that the outside of a plot does not represent a field crop,
since it is in contact with plants of some other variety, or subjected to another
method of treatment, and experience has shown (T. A. Kiesselbach, “Plot
competition as a source of error in crop tests”, J. Amer. Soc. Agron. vel. x1;
E. 8. Beaven, ‘‘Pedigree seed corn”’, J.R.A.8.E. vol. 1xx, 1909) that plants
growing alongside one another are in strong competition for both food and light.
Nor can this difficulty be overcome by leaving unoccupied space between the
plots, for even in this case the outside plants are only representative} of the
outside of a field where the plants are able to get excessive nourigimient, and,
of course, the outside forms a small part of a large field, but(@)very sensible
proportion of a small plot. It is, therefore, necessary eithep do' have the plots
so large that the “border effect”” is negligible, or to dlseard the outSIde rows and
plants from the portion which is to be weighed. AN

The first system of yield trials based on a realization’of the foregoing facts was
Dr Beaven’s ‘“chesshoard” system of square yardyplots (E. 8. Beaven, ibid.;
“Student”, “On testing varieties of cereals ) BMetraka XV, pp. 271-93 [11]),
which was, in fact, in use at Warminster in 4909 before the publication of the
three papers which have been cited.  ~3%

This system, which has become the stahdard method of comparing the yields
of varieties of cereals under wire cages derives its name from the fact that the
plots are square. Each square measures 4 ft. along the side, and in it are sown
eight rows of seeds at 6 in. %ﬁ seen the rows, the seeds being planted 2 in. apart
in the rows. At harvest, however, the two outside rows are rejected, and also
plants in the 8 in. at hobh ends of the other rows. Thus interference Wlth neigh-
bouring varieties is reriuced 1o a very small amount.

The arrangement, of the plots in the experimental area merits attention, and
* should fulfil the%llowing conditions:

(1} The mean position of each strain tested should be the same, to counteract
the effects Q}' a possible “ fertility slope ™.

(2) Dlﬁ"erent plots of the same strain should be spaced so as not to be needlessly
close to-one another; each strain then shares as far as possible in the casual
vicissitudes of the experimental avea.

Beaven’s own arrangement was as follows:

alr|ola]g]lBlae]D
| B G_} D A_i"_p_'c_ﬁf_m_:_
Brnanarann
IE)__A_I F c_ _1}"';'__3_ Ble
lB B¢ |D|A|F 0| H
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the pancl of forty plots being repeated as often as is considered necessary,
generally, in his case, four times. .

It will be seen that this evens up a fertility slope across the panel, but that the
earlier letters are more to the left than the fater by a small amount—d averages
g of a square to the left of the centre line, H the same amount to the right of
it-—and to correct for this, the present writer has suggested that alternate panels
should be reversed, H being written for 4, and so forth. This contravenes con-
dition (2) at the places where the panels join, but not to a very serious extent.
Even so, this arrangement has been criticized on the ground that a regular pattern
makes it impossible to assume that the error of estimation is random.

Be this as it may, such an arrangement has two solid advantages for this
particular purpose over partly random or controlled random arraxigements, such
as Fisher's randomized blocks or Latin squares which are, described below.
These advantages are: (1) that the chances of mistake are \,lef'gsened by a regular
system, and such mistakes have been known to ocoufyeven with the most
experienced workers; (2) that the use of such plots ferobservation purposes ig
very much facilitated by the ease with which a particilaf strain may be picked out.

The chessboard arrangement has been of ’gr{ﬁt practical service in testing
barley hybrids, and, in fact, the two varietieg» of harley most popular at the
present time in the British Isles, Plumage-Areher and Spratt-Archer (see Barley),
were both tried out in wire cages in t}}js' way, and found to be superior to their
competitors before proceeding to trialion a larger scale.

On the other hand, selections #hich have proved successful in the cage have
not always succeeded in the §1d, though this is probably due to the fact that
there iz a difference betweeﬁorticultural methods such as are there used and
the ordinary procedure pf wgriculture. It may also be due to the wire covering,
and experiments whicler M. Caffrey is conducting at the Royal Albert Agri-
culturai College at, Gl&snevin, Dublin, in the open, may throw light on this point.

Before consigla;ihg large-scale work, it is necessary to refer to “rod rows”,
i.e. plots considfing of a single row of plants one rod in length. These have heen
used largelj\iﬁ American work (H. K. Hayes and A. C. Arny, “ Experiments in
field teéhri‘ique in rod row tests”’, J. Agric. Res. X1, p. 399), but in their original

. form, though, of course, very convenient for purposes of observation, they are

nearly useless for the determination of yield even when replicated many times.
This follows from the fact noticed above, that the yield is due not only to the
inherent quality of the seed, but also to the vigour or lack of vigour of its
neighhours. '

In a modified form, where three or more rows of the same variety are grown
consecutively, and the outer rows rejected when determining yields, b.ut retai-ned
if necessary for use as seed, the rod row system can give nseful results if sufficient
replications are made. Even so the area wasted by rejected border amounts to



154 | Yield Trials

a large proportion of the whole (67 9 with three consecutive rows, 50 9 with
four, as compared with 44 9, in the chessboard), so that the method is not
recommended, except as a rough test at the stage where a large number of strains
or hybrids is to be cut down by wholesale discards, while at the same time as
much seed as possible is wanted for those selected for further trial (F. W. Hilgen-
dorf, * Plant breeding methods results”, N.Z. J. Agric. March 1928).

LarcE-Scare Work ~
Beaver’s Half-Drill Strip Method. We now come to methods of carrying out
experiments on an agriculteral scale, and here, again, Beavent has introduced
a method which takes full advantage of the light thrown on the’ problem by the
papers cited above (E. 8. Beaven, “Trials of new varieties.éf cereals”, J. Minsst.
Agric. vol. xx1x, Nos. 4 and 5 (1922); “Student”, loc, &t

e«
e
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In order to compare yie}&s grown on areas as contiguous as possible, he took
an ordinary seed drillb>of which he put the middle coulter out of action and
divided the seed box:i\nto two halves. Seed of different strains having been put
in the two halyes, the drill is driven down the field, and wheeling at each end, it
sows the strqi\r@d’s in Fig. 1. At harvest the outside drills of each half-drill strip—
those in contiact with the other strain—were pulled up by hand and discarded
to avpid:the “border effect ’, and each half-dxill strip cut separately. If the two
straindpipened simultaneously they were cus by a reaping machine, but, if not,
one had to be cut by hand.

Originally a ‘machine was used which delivered a separate sheaf off each
56w acre, but this procedure was criticized on the ground of lack of randomness,
and was afterwards found not to be necessary, the gain in the apparent accuracy
over the plan of weighing only the totals of each half-dsill strip not heing found
worth the additional trouble. _

The weight of each half-drill strip is then compared with its neighbour of the
other strain, and the layout of long narrow plots placed closely together ensures
that the error of the comparison shall be small.
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To eompensate for the probable fertility slope the series should begin and
end with the same strain, and the following precautions be taken:

(1) The ground chosen for the experiment must be free from periodic changes
of level, such as those left by having been laid down to grass in “lands”™, or, if
present, the seed must be drilled across these “lands™. :

(2) The drills should run across those of the previous cultivation. -

{3) The experimental area should be surrounded by at least one drill of the
same kind of crop as is being experimented with. '

(4) Great care must be taken when sowing to drive quite straight, so that the
“inside’’ wheel of the machine may run as nearly as possible in the same track
as it made when it was the “outside” wheel in the last journey jf_he other
direction. O

(5) After harvest the drilling must be checked by measuring the distances
between the outside rows of corn, which may be appreciably different in the
case of the two varieties owing to the horses pulling uﬁt;q{lally, and this will
favour that variety which has the wider gap. As, hdwever, the gain will be
approximately proportional to the gain in area, allotwance can be made for this.

To avoid this difficulty Beaven now uses sbecial drill as follows (W, H.
Parker, “ Report on trials of four new barleys"i; J. Nat. Inst. Agric. Bot. No. 14

(1925)): A N 5
- -~
1 __1 1 1 i f I ) i 3 L] 1 1 1 1 i
w 3: 6' 93 6; 63 61 g: 64 "\ ~6’ 63 9‘ 6: 6» 6' gvr 6# 3uv
Wheel, A Wheel.

‘As before, the seed box is diq}:ia’ed 80 as to take two strains, but the coulters
are spaced so that between Ea}h four rows, 6 in. apart, there is a wider gap of
9 in., enabling each foupyews to be cut separately.

Hslf of the sets of f0uY consist of two rows of each strain, and these are dis-
carded at harvest;@h%hthers are thus arranged in the same manner as before
(ABBAA.. B}i};'and not only have the advantage that they are sown on
equal areas \}*}i’éther the drill be driven straight or no, but they are also flanked
by two diaeé:iﬂed rows of their own kind, thus reducing interference to & minimum.

It wilkbe seen that the half-drill strip can only cempare two strains at a time,
and if several are to be tested it is necessary to compare each with & “control”.
' This is a serious limitation; nevertheless, the shape of the plots enables the
comparison to be made with great accuracy.

' This arrangement of plots also has been eriticized on the ground that it is
not random. ' o

The application of the principle of long and very narrow strips thus intraduced
by Beaven for cereals can, of course, be applied to root crops, but for manurial
experiments there would be danger of the benefit of the manure straying to the
neighbouring plot. For thesc, the plots must be wider, and the method of their
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arrangement has been made a special study by Dr Fisher, at Rothamsted. As
a result he has evolved (1) “Randomized blocks”, and {2) the “Latin square”’
(R. A. Fisher, Statistical Methods for Research Workers, Oliver and Boyd,
Edinburgh}. :

In the former he divides up the experimental area into blocks, which will
contain one of each of the variants to be tested (varieties, manurial treatment,
or whatever it may be). Within the block the arrangement is random, determined
by some such method as dice throwing. The advantage is that since all the area
of any one hlock is likely to be more uniform than the whole area, the trial within
that block will be affected to a less extent by variations in soil fertility than if
the plots were scattered about over the whole ares, and yet the arrahgement is
random. The disadvantage is that in practice it may happen that'the particular
random arrangement adopted may result in one strain (o treatment) having
2 more favourable mean position than another: in a majority of the random
blocks it may be on the north, and the north end mo¥e)ertile than the south.
Such a possibility iz allowed for in the subsequent.caleulation, but the general
effect is to introduce an unnecessary increase of{n}ert-ainty into the result: the
error is larger than need be, PN

To meet this Fisher evolved the Latin square, where the mean position of
each variety is situated in the same place’ by making it occur in each row and in
each column of a “square ™, repeating, fhe “squares” as often as may be required.
Thus four strains {4, B, ¢' and D) might be arranged in a square thus:

(3 b ¢ B
\\ v
\ B 4 D ¢
N\% b ¢ B 4
2,
£\ ¢ B 4 p !
\'§. Fig. 2

the actual p@siﬁon being obtained by dice throwing with increasing limitation,
as, for €xample, after the top row has been fixed no farther plot in the first
column cdn be 4, and-so on,

This most ingenious arrangement is ideal from the point of view of interpreta-
tion, but care should bo taken not to have the plots so large that they do not lie
_closely together, or the error of the resuits, accurately though it is estimated,
may be so large as to make the experiments inconclusive.

The Latin square need not, of course, be square; it will be of the same shape
as any of its constituent plots. Thus, in the case of potatoes, where there is some
evidence (R. N. Salaman, ** The determination of the best method for estimating
potato yields”, ete., J. Agric. Sei. x1T (1923), p. 361} that the ““border” effect i8
negligible, the width of each “plot™ might be a single drill, and the length (for
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four strains) one-quarter the length of the field; a number of such “squares”
side by side would doubtless give results subject to & very small error.

At first sight it might seem that cereals might be tested by a combination of
Beaven’s half-drill strip with the Latin square, but the practical difficulty of the
time taken to clear out the seed boxes after every strip, or alternatively of driving
the drill straight enough to be able to drill in one variety at a time, and then fill
- in with the others afterwards, seems to he insuperable, unless a drill with spare
boxes and arrangements for changing them quickly could be devised for the
purpose. In any case, room for turning the horses would have to be left be\ween
the ends of the plots.

But besides the technical difficulties, it may be impossible to use, Jhe Latin
square for lack of room, since the repetitions must equal the numbér of varieties
or treatments to be tested. In such cases it is often posmble‘to use equalized
random blocks,* which enable the principle of the Latin squgrg:s to be used without
the very large number of repetitions. For example, the swfiter was able to suggest
an arrangement to a horticultural experimenter who\wished to compare ten
treatments with five plots of each. He was anxioys o use the Latin square, but
realized that if he used two Latin squares the two sets of five treatments would
not be properly comparable.

The preposed arrangement included five: randomlzed blocks, but, whereas the
first was completely random, each furthef successive block had its randomness
more and more controlled, just as each successive row in & Latin square.

Tt will be seen that each eolumn\can equally be considered a “block ™, and that
with one small exception it is @8 equalized” as a Latin square: a fertihty slope,
therefore, either in the dirgction of the rows or of the columns, does not introduce
errors, and the error of b’ comparison will be correspondingly reduced. The
exception is that owmgﬁto there being an odd number of blocks, 4, D, E, F and J

AT EE 6] 4 e
SN TE T FE E e
: f—;" L g._ “g, ? } Block IT1
g g g h i) '}} } Block IV

2 ' 4 z o8 } Block ¥

Biock Block Block Block  Block
1 2 3 4 5
T1g. 3

+ 1 have seen no account of work planned in this way, but it is an obvious application of

Fizsher's methods.
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oceur in the top row of their block three times and in the lower row twice, and
vice versa with the others. ' '
To sum up, the following methods of testing yields have been described:

On the small scale:
(2) Beaven's chesshoard.
(5) Rod rows.

On the large scale:
{¢) Beaven’s half-drill strip.
Applicable to either large or small scale:
{d) Fisher's randomized blocks, O\ :

{e} Fisher’s Latin square and its modification, equalized I'E}-:I’ldom blocks.

Q.

In the foregoing all reference to two methods—namely, theiise of ““control’
plots, and the estimation of yield from samples taken fr@lir the plots instead of
by harvesting the whole plots—has been omitted. ’

The former method was never very satisfactory (R. Summerby, “Accuracy
in field experiments”, J. Amer. Soc. Agron. vok Xvir, No. 3), and it was quite
usual for “corrections” bhasged on the “conpro[’? plots to increase the error of
comparisons: it has now been superseded by-the methods outlined above.

The latter method, on the other hapd;: has not yet been fully worked out,
though it appears likely that in some:fcéfses it will become the ordinary way of
estimating yield (F. L. Engledow,." & census of an acre of corn”’, J. Agric. Sei,
XVI (1926), p. 191; A. R. Clapham, “The estimation of yield in cereal crops by
sampling methods”, J. Agnid, Sei. x1x, p. 214; J. Wishart and A. R. Clapham,
“A study in sampling techuique: the effect of artificial fertilisers on the yield of
potatoes”, J. Agric. SciXIX, p. 600). Care should, of course, be taken to discount
any sources of erropysuch as loss of corn from shattered ears, which may take
place in one v&n'@'{y‘on the large scale, but not in samples cut by hand.

N

ASTATISTICAL INTERPRETATION OF RESULTS

For an adequate exposition of the methods of statistical analysis the reader is
referred to treatises on the subject (R. A: Fisher, loc. ¢it.), but an indication of
how it comes about that we must invoke the aid of mathematics to make the
most of our experiments may not be amiss.’

To take a very simple case: Suppose 4 and B are compared in 1927 and 1928,
also C' and D, and the following results obtained:

‘ Year 1 Yield per acre in cwt.
a4y B 1 0 p |
1927 20 23 20 2
1928 19 24 2 | ow |

i
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In each. case there is an average difference of 4 ewt. between the pairs, yet most
people would probably conclude instinctively that more reliance could be placed
on the comparatively concordant differences between 4 and B than on the
discordant results for € and D), We therefore tend to give weight to concordance.

Again, suppose a further experiment in 1929 gave ; we should probably

A4 B

2226’

feel satisfied that our conclusion that B is better yieiding than A is strengthened;

we therefore put more reliance on increased repetition of experiments. But suppose

that instead we had repeated the €' D) comparizon and obtained - C; ;)2 s W ‘otld the
three €' D comparisons which include the discordant 1928 result be\'h‘etter than
the two 4 B ecomparisons, concordant though they were!? >

Clearly we cannot answer questions of this kind by unaided dommon sense,
but fortunately mathematicians have dealt with the evidehtial value of events
of this nature, and we can nse the methods and tables af the theory of chance,
provided always we make certain that the fundamental condition of applying
the theory—namely, that the events with which we dé{xi are random—is adequately
satisfied. PAN

Randomness. In view of this proviso it js 1mp0rt&nt to have a clear idea of
what constitutes randomness, and this 1s.by 10 Ineans easy.

In our particular case a series of y1pld§ *‘would be random if the value of each
of them in relation to those of the athers were quite independent of its position
in time and place relative to them\

As mentioned above, this does not happen in practice; yields of plots situated
close to one another are mevre alike than those far apart, and in particular there
is a general tendency for(gields to increase or decrease as we go from one end or
side of the experimental area to the other. It is therefore necessary to arrange
the positions in sudh)a way as to superpose randomness upon the biased fertility
of the soil. Thls~ihay be deone in two ways: either the positions may be assigned
by one of the Yecognized methods of invoking chance—dice throwing, coin
tossing, ¢ camd drawing, and the like—or a regular pattern may be devised which
will equalize the more probable variations in fertility, but which will yet be
gufficiently complicated for it to be a matter of chance how the residual variations

" may affect any particular comparison.

Thus in Figher's randomized blocks each treatment is repeated once per block,
ensuring that each shall be equally affected by such variation as is common to
the block, but the position within the block is determined by chance; similarly,
the variatios in fertility common to the plots which make up any row or column
of a Latin square is equally shared, but the positions in the row or column are
determined by chance.

Beaven’s chessboard system, on the other hand, depends on a regular arrange-
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ment, but one which is sufficiently complicated for the claim to be made that,
by imposing it upon the ordinary variation in the soil, we get in fact a randomness
in the residual variation from the mean of each small group of consecutive plots,
which enables us to take advantage of mathematical analysis. Nevertheless, we
must be careful to avoid arrangements in which the mean position of the different
strains is not the same for all, and also such an order as:

A E b & b

B 4 E D ¢
¢ B A E D
D ¢ B 4 E K

E D c B A £

where a possible crest or trough of fertility parallel to thé Qiagonal of A’s might
improve or depress the yield of one variety, without@hy warning being given
by the calculation of a large error of observation from the observations.

Beaven’s half-drill strip is, essentially, in a rathér different position. Its pattern
is of the simplest, it can only vary between AB .BB4and A BB...AA4B,
of which the former must be chosen in_case there may be, as is probable, a
“fertility slope” across the drills. The e'xtreme length and narrowness, however,
ensure that the difference between- &d]acent half-drill strips is otherwise random
on ordinary soils, but it is necessa,ry to avoid possible periodic variations in
- fertility parallel to the drills. Thus, if the field had been laid up in “lands”, and
the drills were of such a wi t@ﬂlat the bottom of the land was always cceupied
by the same strain, a norrandom system of error would be included which would
vitiate the result. Similatly, a periodic variation in fertility might be left by
previous cultivation,\ahd to avoid this, Dr Hilgendorf of the Canterbury Agri-
cuttural College, New Zealand, drills diagonally across previous cultivation.

Analysis of Fariance. With snitable precautions, then, all these arrangements
give results. Which can be treated by the methods of the Theory of Chance, and,
ag it ha.ppens, the particular method {*“The Analysis of Variance”) introduced
by Fishet, primarily for this purpose (R. A. Fisher, loc. ¢it.), can be applied to
all of them, and I have limited my discussion of the Theory of Chance to such
~ considerations as seem to me to be necessary to an understanding of this method.

If, then, an experiment is repeated several times, we get as a rule as many
different results, though by chance some may be identical. If these results are
random, we may attach more weight to their mean valde the more numerous
and the more concordant they are.
. The measure of the weight to be given to a Mean is the Standard Deviation
{8.D. or o}, which ig derived as a rule from the resufts themaselves by the foliowing
procedure:
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Taking the difference between each result and ke Mean, it is squared, and the
sum of these squared differences is divided by the number of experiments less one.
The quotient is called the “Variance™ of the results, and the square root of the
Variance is the Standard Deviation.

The Variance of the Mean is obtained by dividing the Variance of the results
by their number, and, as before, the Standard Deviation of the Mean is the
square root of its Variance. : :

In algebraic notation, if x,,#,,...x, be n experimental results, and Z their

mean, then A
S(x—z)?
the Variance = a—t N
n—1 2\
. A\
the Standard Deviation, o, = J (S__(;-Txl), o\ ’
_zp L9
the Variance of the Mean = S x}_, \ \
n{n—1)
AT
and the Standard Deviation of the Mean \’ >

-

Having ob#ained the s.p., we can, by;féferring to tables constructed for this
purpose, find the chance that the mqanfdf an infinite number of repétitions under
the same conditions would differ hynJess than any given amount from the mean
of the few experiments which Wjé’have made. Thus s difference as large as, or
larger than, once the s.D. of p%me{m of a large number of results ocours 16 times
in 100 such series of experishents; as large as, or larger than, twice the s.p. about
2-3 in 100; as large as, oi'larger than, three times the s.D. only about 0-13 times
in 100, and thereaftei‘:h;s rarity increases very rapidly.

We can thus ‘ité'g'é‘ of the value of our evidence, and as in other matters, the
degree of accuragy which we demand will depend on the importance of the action
to be taken! rélative to the cost of repeating the experiments.

For many purposes a probability of twenty to one is considered sufficient
to justify drawing a conclusion, and a result which leads to such a probability
is often conventionally called “significant”. This corresponds to a quantity
1-65 times the s.p., when the s.p. is known accurately.

Now it can be shown that, provided randomness has been observed, variances
are additive. If one set of causes, say the innate differences in fertility between
the strains which are being tested (variance V), act gimnltaneousty with another
set of causes, say random errors of the plots which are being tested {variance 1),
then if ¥, be the total variance of the yields, '

Vo=V+V.-

BFPS I
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Similarly, if we can arrange the plots as in randomized blocks, or the sets of
Beaven’s chessboard, so that part of the variation is common to the bloeks or
sets (variance 1) and part random (¥, as before), then

Vi=V+V+V.
V=V+¥ .tV

rOWs columns I{e

Or in the Latin square:

In any of these cages it is the differences between the straing which make up
¥, about which we have to form a judgment, and it iso, = /¥, with which we have
to measure the certainty. O

Now V] is calculable, it is the total variance of the yields, and P F;, ete., are
the variances of the means of the strains, of the means of the blosks ete., so that
we can find ¥, by difference. \

Degrees of Freedom. But before giving an example of the determmatmn of 7,
by this method, it is necessary to introduce the reader/to-one other technicality.

1t will have been noticed that in caleculating the)wariance the sum of the
squares was divided not by » the number of resutts but by one less than that
number. The reason for this is that since we d‘o not know what would be the
mean value of an infinite number of result§ pbtained under like conditions, we
are driven to use the mean of the n resul“bé which we have, and if can be shown
that this would necessarily give too lew'a result were we to divide by »n. We are
on the average right if we dmmush that number by one,

Now for any given mean it i 6nly possible to vary n—1 of the results, the
last one is fixed by the mea.n “ahd the other »— 1; hence, there are said to be
n— 1 degrees of freedom. If in addition to the mean of the whole we also calculate
from the mean of a group, say the yield of the plots of & given strain, the number
of results which canvary is again diminished by one, there are now but # —2
degrees of freedom,\and similarly for each such mean, But it should be noticed
that if the gen\sal mean and the means of all the strains but one are calculated,
the remammg one is now fixed, i.e. the means of the strains, too, have a degree
less fre,edoh than the number of the strains, :

In thig way the original n — I degrees of freedom may be allotted to the different
variances with which we are dealing, each variance accounting for one less than
the number of categories from which it is caleulated, and the balance is left for
the calculation of the random variation. Thus, in a Latin square in which five
strains are tested in twenty-five plots there are

5 strains taking up 4 degrees of freedom,
& rows 4

»n " 32
5 columns ,, 4 "

So that of the original 24 degrees of freedom only 12 are left for the calculation
of the variance due to random error.

*
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We are now in a position to calculate a very simple numerical example.
Suppose we had arranged plots of four strains (4, B, € and D) in & Latin

gquare as follows: 4 B ¢ b

(o D 4 B
D B A
B F:| D ¢

and that the following yields had been obtained:
5 8 4

LS N
N
V4
7
> 4

5 4

3 8 3
5 2 1
Can we say that the yield of B under the conditions of the\axpenment is sig-
nificantly better than that of D?

For simplicity the above yields have been chosen so\that the general mean is
a whole number, 4, and in working we may rewnte t@e yields as differences from

that number, thus: AN
Sl:-glv:aOf Average | ‘ _ Average
T b Atso:
+14+4 0-2 +3 + A=4+1-2+1-2=-2 -4
+1 0-241 0 al B=+4+1-1+1=45 + 13
142-141 41 NM O= 0+1+2+0=+3 + 3
+1-2-3 0 -4 gdNA D=-24+0-1-3=-6 -1}
\L\\

Sums of N\

Columns +2+4-6 0 P

Average +}+1-3 0 X

N

The total variance®hén is the sum of the squares divided by the 15 degrees of
freedom; or fifteefi imes

= (14§f1~i§+0+4+ 1+0+4+1+14+4+1+1+144+9+0) = 48.
The coﬁtri%ﬁt.ion made to this by the variance of the strains is } for each A,
—?—g for each B, and so forth, or

1 25 9 9
~ 181,
4{4+16+16+4} ¥

It will be seen that this result can be arrived at more easily by taking } of the
squares of the sums, i.e. 3(4+25-+94+36) = 18},

Similarly, the coniribution made by the variance of the rows is
H9+0+1+16) = 61
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And the contribution made by the variance of the columns is
{4+ 16+3640) = 14,

These facts are then set out in 2 table as follows:

. Degrees of Sums of . | Standard
Vuriance dus to freedom squares Variance deviation
Strains 3 1483 617 ‘ —
Rows 3 64 217 i —
. Columnsa 3 4 4-67 . —
Random error 6 9 1-5 ‘ 1-225,
Total 18 48 32 |-

the degrees of freedom and the sum of the squares due to réndom error being
obtained by differences between the total and the sum of ‘the other three; the
varianee is obtained by dividing the third column by the.gecond and the standard
deviation by taking the square root of the variance:

Now the average difference between B and D i 18\ , and the random variance
_ of each mean is 1-5/4, but since we are deali Sith the difference between the
two, the variance of this difference is twice this or 0- 75, and the standard deviation
is 4/0-75, or 0-866. The difference between B and D is, therefore, 2-75/0-866 = 3-17
times the standard deviation, and is, ﬁo be looked out opposite £ = 3-1/3-2 in
the column headed by 6 degrees of, ﬁ'eedom

‘With standard deviations calonlatéd from so few degrees of freedom, “ Student’s
tables must be used: these ta:bles are given in full in Metron, vol. 11r (1925}
[12]; an abstract is givent B\Flsher s Statistical Methods for Research Workers,
ist ed. p. 137, and theyhare also given in a somewhat less convenient form in
Biomeirika, X1, p. 416(8], and Tables for Statisticians and RBiometricians, 2nd ed.
p- 68. If using the last two, the 3-17 must be divided by the square root of one
more than the dégrtes of freedom, and looked out under the column headed by
the same numkf, 1.e. we look out 3-17/,/7.

Inany Qase we find the probability of obtaining a smaller difference by chance
to be scbout 0-99--1.e. it is 99 to 1 against getting such a large one—and we may
thercforé suppose that the difference between B and D would again come out
in favour of B, if B and D were grown again under similar conditions.

On the other hand, the difference between € and 4 is only 1-25/0-866 times
its standard deviation, say 1.45, and on looking this up we find the prob&bﬂlﬁy
of obtaining a smaller result by chance is only 0-9, i.e. the odds are only 9 to 1
against getting such a large difference, and we cannot conelude that the difference
between ' and 4 is due to the strains and not to the positions of the plots in
which they are grown.

It should be noticed, however, that the formula which we have used in com-
paring B and I} is that which it is corrgel to use when there are but two means
Yo compare: it would be right to use it, for example, if we have a number of trials
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of B and D in different places or seasons, and we wish to examine the whole series
of comparisons of B and D.

If, however, there is no particular reason why we should compare these two
rather than any other pair, it is clear that the chance of obtaining a large difference
between some pair or other is greater the larger the number of possible pairs.
To meet this Fisher suggests that the mean of each strain should be compared

with the general mean, and that the strains should be divided in this way into
{e) those significantly greater than the mean;
(&) those not differing significantly from the mean; and )
_ N\
(c) those significantly less than the mean.
The appropriate standard deviation to use, if o be the standard dev:mtlon of
the random error of a single plot, and there are » repetitions and % strains, is -

e

o f{m—1) "N
ey ¥4
In this cagse n = m = 4, and the standard deviation is therefore 1-225 x ‘{f = (0-53.

Referring to the table, we find that the 20:1 ]J_n{lt‘, \corresponds to twice the
standard deviation (¢ = 2-0) for 6 degrees of fraedom and accordingly we may
divide the four strains as follows: A

B, significantly better than the meany"

A and C, not different mgmﬁcantly from the mean; and

D, significantly worse than the-mean.

The above example, though i‘m}de up”’, illustrates what commonly happens
in practice—namely, that thé variance of the rows and of the columns which
we have neutralized in thé arrangement of the Latin square is in each case
greater than the Random‘Error, and we have therefore increased the precision
of our experiment by this arrangement.

It is not usual, h(iwéver to have an exact figure as the me=n, and the following
example of a h\aﬁ drill strip experiment which was actually carried out at
Ballinacurray; \Co Cork, in 1929, gives the procedure when measuring not from
the mean, but, to avoid working with fractions, from some arbitrarily chosen
origin, This trial compared a selection from Dr Hunter’s Spratt-Archer barley
with his selected Archer in twenty-two half-drill strips each. It will be noticed.
that when Spratt-Archer was on the north, there was practically no difference,
but that it was markedly better when on the south; thus there was a fertility
 slope across the strips, and the two sets should be averaged separately at the loss
of a degree of freedom.

Naturally with only two varieties to compare we do not concern ourselves
with anything but the differences between corresponding strips, and to avoid
fractions, these differences are measured in 3-Ib. units. The mean is here fractional,
and to save arithmetic, an arbitrary point is chosen as origin. Now any arbitrary
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origin may be chosen, but since the largest difference is + 40 and the smallest
— 24, the obvious origin is zero. [A useful exercise for the beginner would be to
take another origin (say + 10), measure each difference from this, and work oup
the example again; the same result should be obtained, and to facilitate an
exercise of this kind the figures which should be identical in any such comparison
are given in italics,

Thus, if +10 were chosen the differences would run:

+44-25—-34—6—16, and so on.]

Table of Yields N\
Yields Difference, SA:-\K?",\
Spratt- Spratt- A\ ‘Bpratt-
Archer Axcher Archer 4 ™\ Archer
37, No. 3 on N ort-h' > on Scuth
It b, ] 4 }1b.
363 33 SN2 .
414 323 A\ +
34 40 AN 04
40 39 v + 4
37 381 N -8
373 38t O + 5
38} 35,1\ +14
421 ash +16
41 42} -8
43 RN +12
42} NS 42 + 1
42 -~ a3 +14
41 30l + 7
45,{'\\ 384 +268
¢ ﬁ~. 42 + 9
\ + 7
\A0) 3 + 2
2 41 303 + 8
N 4 © 39 + 8
2.\ 39} 411 -7
2\ 36 3% -14
s\\ e 43 a3 +40
«Sum 8684 . 848 + 5 +157
NN +162 _
. Average 40-4 38-5 i + 7364

S

3
bwe theae figures to the courtesy of the Irish Free State Department of Agriculture.

We have first the sum of the squares of all differences:

106 +1225 + 576 - 16 + 38 + 25 + 196 + 225+ 36 + 144 + 1 + 196
+40+676 4+ 81 +4% +4 + 36 +64 + 4% 1+ 196 + 1600 e = 5B76
To correct for the arbitrary origin we subtract 32 times the

square of the mean distance from the origin, i.e. 22 x7-364* = 1183
4483
The sum of the squares due to the North/South fertility slope is:
7 (5% + 1577 = 2243
Subtracting the same correction for the arbitrary mean = 1193

Weget ... - 1050
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We now arrange as before:

Variance due fo Dmsrr? d E::;r:sf Variance g:ﬁﬁ?ﬁ
Notth/South fertility slope 1 1050 1050 —
Random error 20 3433 17185 13-

Total ot | 4483 2135 -

It will be observed that all the figzures in this table are the same no matter
what arbitrary origin is chosen, and thiz method is the same no matter how
many different sources of variance are accounted for; the same correction (the
square of the mean multiplied by the fofal number) is subtracted from\the sum

of squares due to each source and from the total. O
The mean difference is then 7-364 in favour of Spratt- Archer 3'7 No. 3, and
1-65

the variance of the comparison is —55 giving a st»angia,gﬂ deviation of 2-79

(about 1-7 %}, and we have

p §

. o~ \J
t:%_g&g &

2-79 o\

Looking this cut in the table under 20 degrees~of freedom, we find P = 0-9921;
i.e. we should get a result in favour of Spi'att -Archer 37, No. 3, as large as this
by chance if there were really no dJﬂerenee only 79 times in 10,000 trials, and
we may conclude that under the conchtlons of the trial Spratt-Archer is definitely
the higher yielding barley. A

The fo]lowmg table giv ﬁﬁe’varia.nees which are removed in finding the
random error in the variobs methods described when caleulating the degree of
significance of the resulhg by the analysis of variance:

\..
Cheseboard i
(balanced \\Half drill Randomized Latin Doualized
panels as N siTipa hlocka Byguare blocks
recommended} \
Variam:gadi\ ’ Variance of Variance of Variance of Variance of
strafns § straing atraing atraing strains
Variaed of Variance of Variance of Yariance of
Bets blocks TOWS ‘l‘}locks "
acrosg
Variance of Fertility Varisnce of Variance of
fertility slope glope eolumns Elocku .
in balanced acrosa down
direction gtrips




1688 Yield Trials

GENERAL OBSERVATIONS

While it is obvious that there is much to be gained by planning yield trials
in such a way as both to reduce the experimental error and to obtain an accurate
estimate of it, it ¢ important to remember that conclusions can only be drawn
applicable to the particular conditions under which the trials were carried out.

For this reason, trials should be repeated season after season, and in so many
different places as to cover the probable variations in soil and climate in the
districts in which practical application is to be made. Q.

When this has been done, the acouracy which our technique has'enabled us
to obtain will enable ug to analyse the results, so as to find outSliether some of
our strains/treatments suit certain soils/seasons/climates better’than others.

Moreover, it is not enough to show that one stm_in/trefl-tﬁent is superior o
another in yield; to achieve lasting success we must subjject our product to tests
for quality. \4

Thus, the Irish barley trials culminated in malfing and brewing tests, as also
those now being conducted by the National, lijasititute of Agricultural Botany;
Biffen’s wheats were chosen for their baking st¥ength, as well as yield, and so on.
- On the other hand, accounts of yield trigls of potatoes rarely conclude with a

table of moisture percentages and an egbimate of relative palatability (F. Johnson
and O’C. Boyle, ““The industrial addnutritive value of the potato in Ireland”,
J. Depi. Agrie. for Ireland, vol.&vuz, No. 4). This may help to account for the
. modern potato. x\
&
()GENERAL REFERENCES

G. Udny Yule, Intgoduction to the. Theory of Statistics, Griffin and Co., London;
F. L. Engledow a.nd\G Udny Yule, “The principles and practice of yield trials”,
The Emgpire \C\\bmm Growing Review, vol. 11, Nos, 2 and 3, Empire Cotton
Growing Corporation, Millbank, London; Fisher and Wishart, Jmp. Bur. Soil
30‘56@8,\2}07&, Comm. No. 10, “The arrangement of field experiments and the
statistical reduction of the results .

An excellent bibliography of papers, etc. is contained in W. Hortou Beckett’s
“Methods of fileld experimentation”, 1928 Year Book of the Dept. of Agric.,
Gold Coast. '
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THE LANARKSHIRE MILK EXPERIMENT
[ Biometrila, ZXIIL (1931}, p. 398]

Ix the spring of 1930* a nutritional experiment on a very large scale was carried
out in the schools of Lanarkshire, \

For four months 10,000 school children received § pint of milk per dgy, 5000 of
these got raw milk and 5000 pasteurized milk, in both cases Grade AN (Tiiberculin
tested); another 10,000 children were selected as controls and the whole 20,000
children were weighed and their height was measured at the béginming and end of
the experiment. \

It need hardly be said that to carry out an experiment 0fbilis magnitude success-
fulty requires organization of no mean order and the ‘tht;s business of distribution
of milk and of measurement of growth reflects great eredit on all those concerned.

It may therefore seem ungracious to be wise dfter the event and to suggest that
had the arrangement of the experiment beeitslightly different the results would
have carried greater weight, but what follgws is written not so much in criticism of
what was done in 1030 as in the hope that in any further work full advantage may
be taken of the light which may be thiown on the best methods of arrangement by
the defects as well as by the mérits of the Lanarkshire experiment.

The 20,000 children were g}k\sen in 87 schools, not more than 400 nor less than
200 being chosen in any epe-School, and of these half were assipned as ‘‘feeders”’
and half ag ** controls’’ gf}me schools were provided with raw milk and the others
with pasteurized milk,\no school getting both.

This was prob@h'y necessary for administrative reasons, owing to the difficulty
of being sure thateach of as many as 200 children gets the right kind of milk every
day if there were a possibility of their getting either of the two. Nevertheless, as
I shall peint cut later, this does introduce the possibility that the raw and
pasteurized milks were tested on groups of children which were not strictly
comparable,

Secondly, the selection of the children was left to the head teacher of the school
and was made on the principle that both ““controls” and “feeders” should be
representative of the average children between 5 and 12 years of age: the actual
method of selection being important I quote from Drs Leighton and McKinlay’s*

tion and the Growth of Schoolchildren,

* Deapart t of Health for Seotland : Milk Consump
o orald, Lo {Edinburgh and London: H.M.

by Dr Gerald Leighton and Dr Peter L. McKinlay
-Btationery Office, 1530).
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Report: “The teachers selected the two classes of pupils, those getting milk and
those acting as ‘controls’, in two different ways. In certain cases they selected
them by ballot and in others on an alphabetical system.” So far so good, but
after invoking the goddess of chance they unfortunately wavered in their ad-
herence to her for we read: “In any particular school where there wags any group
to which these methods had given an undue proportion of well-fed or ill-nourished
children, others were substituted in order to obtain a more level selection,” This
is just the sort of after-thonght that most of us have now and again and which -
is apt to spoil the best laid plans. In this case it was a fatal mistake, for in con-
sequence the “controls”’ were, as pointed out in the Report,* deﬁnitel} Buperior
both in weight and height to the *“feeders” by an amount equivélent to about
8 months’ growth in weight and 4 months’ growth in height. O :

Presumably this discrimination in height and weight was not made deliberately,
but it would seern probable that the teachers, swayed by jtﬁe very human feeling
that the poorer children needed the milk more than the‘éoinpara.tively well to do,
must have unconsciously made too large a substitution of the ill-nourished among
the “feeders” and too few among the “contrcils\,” and that this unconscious
selection affected, secondarily, both measureméﬁts.

Thirdly, it was clearly impossible to wéigh such large numbers of children

“without impedimenta. They were weighed in their indoor clothes, with certain
obvious precautions, and the differende’in weight between their February garh
and their somewhat lighter clothingith June is thus necessarily subtracted from
their actual increase in weight bétween the beginning and end of the experiment.
Had the selection of *“confrels?” and *feeders” been & random one, this fact, as
pointed out in the Reporj;,}\would have mattered little, both clagses would have
been affected equally, but/since the selection was probably affected by poverty it
is reasonable to supg@s?a that the ““feeders” would lose less weight from this cause
than the ** controlg 2 Tt is therefore not surprising to find that the gain in weight
of “fseders”so\ T “controls”, which includes this constant error, was more
marked, relgﬁvely to their growth rate, than was their gain in height, which was
fortunately not similarly affected.

Fouxtlily, the *“controls” from those schools which took raw milk were bulked
with those from the schools which took pasteurized milk.

Now with only 67 schools, at best 33 against 34, in a distriet so heterogeneous
both racially and socially, it is quite possible that there was a difference between
the averages of the pupils at 33 schools and those of the pupils at another 34 schools
both in the original measurements and in the rate of growth during the experiment.

In that case the average “control” could not be used appropriately to compare
with either the “raw” group or the “ pasteurized”’ group.

This possibility is enhanced by the aforementioned selection of “controls”

* Bee footnote on p. 169,
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which can hardly have been carried out in a uniform manner in different
schools,

Fortunately it would still be possible to correct this, for the figures for the
different schools must still be available in the archives.

Diagrams I and 2 give the average heighig of ““controls”, raw milk “feeders™
and pasteurized milk “feeders” for boys and girls respectively. The heights at
the beginning of the experiments are set out against a uniform age scale centring

Age
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555 z I2 }Q T 2 T T 4 N\
%
52%-
6O+
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€
1 Y } Diagram 1
47 "2]‘ o PN iag
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‘;ﬁ ® ¢ *Avorage height at t of exp
a \ X Average beight at end of experiment
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45 A\ Raw milk “feeders™
it ———— Pasteyrized * fosden™
PV ol -= ¢.& \ 9
ao¥f s L\
MY
LAY, ) 1 L i L
c a2 o ‘1. 733 a50 BOA 749 471
R 26 ‘5%? 372 419 466 363 ggg
P 27 £ a3 389 402 aasg
N Numbers in each group

AN
each g‘sg:&p ab the half year above the whole number. This is doubtless accurate
enough except for the first group aged “5 and less than 6, which was very much
smaller in numbers than the other groups, either because only the older {or larger)
children are sent o school between 5 and 6 or because the teachers did not think
that the smaller children would be able to play their part. For this reason they
should probably be centred more to the right compared to tlhe others. A similar
argument might lead us to centre the ‘11 and over’ group a little more to the left.

The average heights at the end of the experiment are of course set out four
months to the right of those at the beginning and it will be notwe-d tha1-; except for
the first group, which is clearly out of place, not any of the points diverge very
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much from their appropriate line of growth whether “controls”, “raws” or

“ pasteurized .

~ The case is very different in Diagrams 3 and 4 which show the corresponding
average weights. Here there is, after the first two ages, a very decided dip,

especially in the later ages. The weights at the end of the experiment are too low.

This might be accounted for by a tendency in older children to grow normally in
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height and subnormally in weight during the spring, but I think it much more
likely that older children wear about 1 Ib. more clothes in February than they do
in June, while in the case of younger children a more limited wardrobe permits
of fewer discards.

The authors have tried to show that the selection of the ““controls’ has not
affected the validity of the comparison, by compusing the correlation coefficients
between the original heights (and weights) and the growth during the experiment
for each of the 42 age groups into which the measurements were divided. These
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they find to be quite small even though they are here and there significant, and
they argue that the additional height and weight of the “controls” was without
effect on the comparison of subsequent growth.

Now this might have been a perfectly good argument had the height and weight
been selected directly, but if, as I have indicated was very likely the case, the
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selection was made according to some un conscious scale of well-being, then it is
surely natural to suppose that the relatively ill-nourished “‘feeders”” would benefit
more than their more fortunate school mates, the “ sontrols”, would have done by
the extra 2 pint of milk per day.

That being so, how are we to regard the conclusions of the Report:*

(1} “The influence of the addition of milk to the diet of school children is
reflected in a definite increase in the rate of growth both in height and weight.”

This conclusion was probably true; the average increase for boys’ and girls’

s ‘See footnote on p. 169.
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heights was 8 %, and 10 9, over “controls” and for boys’ and girls’ weights was
30 9% and 43 9, respectively, and though, as pointed out, the figures for weights
were wholily unreliable it is likely enough that a substantial part of the difference
in height and a small part of that in weight were really due to the good effect
of the milk. The conclusion is, however, shifted from the sure ground of scientific
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inference to the less satisfactory foundation of mere authority and guesswork by
the fact that the * controls™ and * feeders” were not randomly selected.

(2) * There is no obvious or conhstant difference in this respect between boys
and girls and there is little evidenece of definite relation between the age of the
children and the amount of improvement, The results do not support the belief
that the younger derived more benefit than the older children. As manifested
merely by growth in weight and height the increase found in younger children
through the addition of milk to the usual diet is certainly not greater than, and is
probably not even as great as, that found in older children.”
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Now from the authors’ point of view, believing in the validity of their com-
parisons in weight, this is much understating the case, as the following table
derived from Capt. Bartlett’s condensed tables* shows:

Cain in weight in ounces |  Gain in height in inches As 9 of conbrol |
Age in by feeders over controls hy feeder controls . . :
}'%_3-1'5 y _ ¥ maver Weight Height
Boys ' Gitls Boys Girls Boys | Girls | Boys | Girls
5, 6and 7 | 1-1340:73 | 1-24 +0-72 | (-08340-011 | 0-059 £0-011 8 13 11 8
Band 9 315 £0-68 | 447 £0:67 | 0071 £0-011 | 0-088 10-010 30 51 W .14
10 and 11 521 £0-85 | 788 +0:79 | 0-037 £0-012 | G-0550-012 78 73 k] N8

N

Note that the P.u.’s are caleulated from Capt. Bartlett’s tables anddve s;ubject,
as his are, to his having interpreted the methods of the original Regfirb correctly.

From this they might have concluded: o\

(@) That in the matter of weight older children, both beys and girls, derived
more benefit than younger, while ’

{5) In height the younger boys did better than the, older, though the difference
is not quite significant, but that there was no regul:af' tendency in the matter of
girls’ height. O

In the light of previous criticism, howeyer, we must be content to say that
apparently the differential shedding of clothes between the “feeders’ and the
more fortunate ““ controls” is more mark.éd’with older children (and possibly with
girls than with boys), and that therg'is some probability that younger boys gain
in height more than older. , ‘x\

Finally, conelusion (3) runss* In so far as the conditions of this investigation
are concerned the effects of :ra,w and pasteurized milk on growth in weight and
height are, so far as we'can judge, eqnal.”

This conclusion ha&been challenged by Capt. Bartlett,* and by Dr Fisher and
Capt. Bartlett,T .\@’m"conclude that there is definite evidence of the superiority
of raw over pagteurized milk in both height and weight,

Even thef) however, point out that the raw and pasteurized milk were not
supphied\to’ the same schools, and their conclusion amounts to saying: ““If the
groups of children taking raw and pasteurized milk respectively were random
samples from the same population, the observed differences would be Jecisively
in favour of the raw milk.”

Unfortunately they were not random samples from the same population: they
were selected samples from populations which may have been different, and more-
over the ““controls” with which they were compared were not appropriate to

¢ “Nutritional value of raw and pasteurized milk”’, by Stephen Bartlett, M.C., B.Se.
(J. Min. Agric, April 1931}, )
t Nature, 18 April 1831, p. 691, t Pagteurized and raw milk ",
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either group; and so—again it is & matter of guess and authority—I would be
very chary of drawing any conclusion from these small hiased differences.
That is not $o say that there iz no difference between the effect of raw and
pasteurized mitk—personally I belicve that there is and that it is in favour of raw
milk—but that this experiment, in spite of all the good work which was put into
it, just lacked the essential condition of randomness which would have enabled
us to prove the fact.
~ This note would be incomplete without some constructive proposals in case it
should be considered necessary to do further work upon the subject, and ac-
cordingly T suggest the following:
(1) If it should be proposed to repeat the experiment on the sacme sspectacniar
scale, : O
(z) The “controls” and “feeders” should be chosen by the 'Eeachers in pairs of
the same age group and sex, and as similar in height, weight atd especially physical
condition (ie. well- or ill-nourished) as possible, and diwided into ““controls’ and
- ““feeders’ by tossing a coin for each pair. Then each pair should be considered to
be & unit and the gainin weight and height by the{z feeder” over his own “ control”
should also be, considered as & unit for the purpese of determining the error of the
gain in weight or height, o\ &

In this way the error will almost certamly be smaller, perhaps very much
smaller, than if calenlated from thes means of “feeders” and ¢ controls”

If in addition the social status ofeach pair be noted (well-to-do, medjum poorly.
nourished or some such scale) further useful information will be available for
comparing pasteurized and\mw “feeders”

If this is found to be too difficult a perfectly good comparison can be made by
adhering to the original plan of the 1930 experiment and drawing lots to decide
which should be “gnntrols” and which “feeders” (this is better than an alpha-
betical arrangen{eﬁt), but the error of the comparison is likely to be larger than
in the plan out}’ined above.

(0) Kipds atall possible each school should sapply an equal number of raw and
pasteufized “*feeders’’, again by selection of similar children followed by coin
tossing, ‘but I fear that this is a counsel of perfection.

{¢) Some effort should be made to estimate the weight of clothes worn by the
children at the beginning and end of the experiment;: possibly the time of year
could be chosen so that there would be little change in this respect.

(2} Ifit be agreed that milk is an advantageous addition to children’s diet—and
I doubt whether any one will combat that view—and that the difference between
raw and pasteurized milk is the matter to he investigated, it would be possible to
ohtain much greater certainty at an expenditure of perhaps 1-2 %, of the money*
and less than 59 of the trouble,

* This iz a serious consideration: the Lanarkshire experiment cost about £7500.
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For among 20,000 children there will be nimerous pairs of twins; exactly how
many i¥ 18 not easy to say owing to the differential death-rate, but, since there is
about one pair of twins in 90 births, one might hope to get at least 160 pairs in
20,000 children. But as a matter of fact the 20,000 children were not all the
Lanarkshire schools population, and I feel pretty certain that some 200-300 pairs
of twins would be available for the purpose of the experiment.

Of 200 pairs some 50 would be “identicals” and of course of the same sex, while
half the remainder would be non-identical twins of the same sex.

Now identical twins are probably better experimental material than is available
for feeding experiments carried out on any other mammals, and the errog’ef the
comparison between them may be relied upon to be so small that §0pairs of
these would give more reliable results than the 20,000 with which@e'have been
dealing. : . P\

The proposal is then to experiment on all pairs of twins of the same sex available,
noting whether each pair ig so similar that they are pro’bﬁbiy “identicals” or
whether they are dissimilar. \

“Feed ” one of each pair on raw and the other on pﬁteuxized milk, deciding in
each case which is to take raw milk by the tossofa coin.

Take weekly measurements and weigh withiont clothes.

Some way of distinguishing the children¥from each other is necessary or the
mischievous ones will play tricks. The ohwious method is to take finger-prints, but
25 this is identified with crime in some people’s minds, it may be necessary to
malke & different indelible mark QQ;L fingernail of each, whick will grow off after
the experiment is over. . 2\J

With such comparatively,sﬁé]] numbers further information about the dietetic
habits and social positions0fthe children could be collected and would doubtless

“prove invaluable. C N

The comparative~$r41\riation in the effect in “identical®’ twins and in “unlike”
‘twins should fu\rﬁ'sh‘ useful information on the relative importance of “ Nature
and Nurture &3

To sumail')}"’l‘he Lanarkshire experiment devised to find out the value of giving
& regular s&pply of milk to children, though planned on the grand seale, organized
in a thoroughly business-like manner and carried through with the devoted
assistance of a large team of teachers, nurses and doctors, failed to produce a valid
estimate of the advantage of giving milk to children and of the difference between
raw and pasteurized milk.

This was due to an attempt to improve on a random selection of the “ controls '
which in fact selected as * controls” children who were on the average taller and
heavier than those who were given milk.

The hypothesis is advanced that this was due not to a selection of the shorter,

lighter children as such to take the milk, but to an unconscious bias leading the

]
EPS
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teachers to pick out for this purpose the needier children whom the milk wouid
be most likely to benefit. '

This hypothesis is supported by the fact that while the advantage derived from
the milk was only 8-10 %, of the gain in height, without much variation for age,
it was 30-45 9, of the gain in weight, varying from 9 to 13 %, in the younger
children (who do not seem to have shed much clothing in the summer) up to
73-78 %, in the older children—who obviously did.

Suggestions are made for the arrangement:

(1) Of a similar large-scale experiment on random fines, and p

(2) Of a much smaller and cheaper experiment carried out on pa}rs of twins
of like sex. . (\)

The second is likely to provide a much more accurate determination of the
point at issue, owing to the possibility of balancing both"na‘ﬁyre and nurture in
the material of the experiment. R
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ON THE “z” TEST
[ Biometrika, XXTII (1931), p. 407)

IN the last number of Biometrika Prof. Pearson sounds a warning note against
the use of “Student’s” z to determine the significance of an average difference
between two sets of correlated variables. O\

As this use is one to which I attach considerable importance, and s Prof.
Pearson’s criticism does not all seem to me to be concerned with mj own method
of using z, I should like to present the case from the point of pgiew ‘of the experi-
menter who for some reason or another has to work with ;miall samples.

In the great majority of experiments ‘of this kind wweé\are concerned with a
difference: e.g. of yield between two varieties of & cgreélﬁ of weight between pigs
fod on complete food and others on food deficienb.in vitamins; of size of loaf
between breads baked from different flours; of réaction times between alcoholized
and non-aleoholized persons, and so on. 3 '

Now it is an elementary principle in all §uch experiments to reduce the error of
such differences by arranging that they should lie between variates which, apart
from the experiment, are as similar(as possible.

Thus each pair of cereal ploﬁs.sﬁc}ﬂd be grown not only on the same field but as
near as possible to each othp?\?h that field; the pigs should be of the same sex,
from the same litter and asatearly as possible the same weight at the start; the
loaves should be mixeddt the same time and put next to one another iu the oven,
and the alcoholized.,gm\(f non-alcoholized persons should alternate their roles so
as to compare eq.o}i person with himself.

In other words, every care should be taken when planning the experiment to
get the cutréfétion between corresponding variates as high as possible, with the
object of rétiﬁcmg the error and so of obtaining significant results from the small
number of experiments which it is possible to carry out..

Now Prof. Pearson’s criticism may be summarized under three heads:

(1) That, assuming the advisability of the “ 2" Test, it is only when the value
of z which is obtained is high that we can draw any useful conclusion: if it is low
it cannot detect samples which may be abnormal in other ways.

Agreed, but this inability to detect abnormalities extraneous to the test itself
is shared with all single tests of significance and the result is that the wise man
will never go further in the divection of asserting similarity than to say, “The

sample affords no evidenee that, etc.”
I2~2
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{2) That, since we cannot deduce with accuracy the correlation of the popula-
tion at large from the small sample before us, we are debarred from making use
of that correlation to reduce our error.

But in fact we de nof use the correlation in testing the significance, In obtaining

‘our sample of difference, yes, but once we have the differences they are merely
& sample from the indefinitely large population of differences, which might have
been produced under similar conditions and I may say with the same p (not 7) and
which we, rightly or wrengly, assume to be normal. At all events Prof. Pearson
is not here attacking z on the grounds of lack of normality. The correlation will
vary from sample to sample, just as does the mean or standard déwiation, but
these variations in correlation do not affect the fact, which Prof Bearson admits,

that in 2 normal population z can be used to test the swmhcance of the mean of
small samples.

o.,

What we actually ask ourselves is the following questlon

If the average difference between A and B in theYopulation were zero, what
would be the probability of obtaining a sample ogchﬂ“erences giving a value of ¢
as high as that observed? and if this probabﬂltqﬁ sufficiently small we say that
the difference is significant.

(3) Prof. Pearson warns ns bo be ca.reftﬂ to draw our conclugion from the
experiment we have carried out and a.ccordmg to the particular set of differences
which we have tested for s:gnlﬁcance

In this of course I agree with hith, yet I do not feel that the warning is very
much needed. In the hyoscyaxﬁine experiment which he quotes, we are able to
deduce significance from a\e‘{mmderatlon of the effects of these drugs on the same
individuals while we could'not do so from groups of different fndividuals. But
surely no one is much gltérested in the latter point; if I am to take one of the drugs
I will pay a good, Qea‘.l of attention o the probability that laevo will make me
personally sle lt}nger than dextro and very little to the fact that the experiments
give no satisfactory answer to the question of what will happen if I take laevo
and my Wi‘f& dextro.

Tq an up, in properly planned experiments errors should be reduced as much
as possible by the selection of highly correlated individuals to compare with one
another. This correlation should to a greater or lesser extent reduce the variation
in the differences between these individuals but does not prevent them being
considered to be a sample drawn from a population of differences to which the
“2” Test may be applied. Finally, care must be taken in planning the experiment

that the differences to be examined for significance shall be those which furnish
an answer to the question which we are asking,
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EVOLUTION BY SELECTION
THE IMPLICATIONS OF WINTER'S SELECTION EXPERIMENT*
[Eugenics Review, XXIV (1933), p. 203]

For some time after the publication of the Origin of Species it was gen;rally
held by those who accepted Darwin’s reasoning that species origindted by the
acoumulation of small variations in the same direction under the)influence of
natural selection; and the oceurrence of large ‘“mutations”, gheh’as the Ancon
sheep, was perhaps rather overlooked. The rediscovery of\.Mendelism, however,
has tended to emphasize the latter portion of Darwins work, rather to the
exclusion of the former, until it is actually held in ‘eeffain quarters that the
gelection of small differences can onlylead to sma,llei:\at’ all eventsstrictly limited,
changes of type. O

Yet it cannot be denied that, apart from colours and other “fancy” points,
the actual improvement of domestic ani}xxa:IS has usually proceeded by just this
accumulation of small differences. O Y

If I am not mistaken, the view that selection is limited can be traced back
to Johannsen’s work, where he §howed that from an ordinary stock of beans
there could be isolated a numgker of “pure lines”’, which differed from each other
in the mean weight of theitgeéd, but within each of which 10 appreciable genetic
variation in seed Weiglgtkb;duld be detected.

His work has led fo.a congsiderable advance in the selection of cereal seed,
sinee it is guite %rta:in that for practical purposes “pure line” seed will behave
in much the safite'way as if the plants were propagated vegetatively; they will
start growjn\g‘ ,‘Eogether and will ripen together, and their seed will be uniform
and behSve-iniformly in its turn. Yet Johannsen, working of course with self-
fertilizing "material, found pure lines, not @ pure line. Obviously, therefore,
mutations had occurred with sufficient frequency to produce them; and, given
time, it may be sapposed that even in self-fertilized organisms progress could be
made merely by selecting the extreme pure line, waiting for a mutation, selecting
again, and so on. Tedious work—but for the Origin of Species there is now
Plenty of time.

From a practical point of view, howev
wait for favourable mutations; he cross-

er, the plant breeder cannot afford to
fertilizes—and so in most cases does

* Winter, Floyd L., “Contiﬁuous selection for compasition in corn®, J. Agric. Res.

July-December 1929, pp. 451-75.
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nature. Now until experience has been accumulated, the results of cross-
fertilization are unpredictable; but very soon certain facts begin to emerge—
“Tall is dominant o dwarf”, “Two rowed is dominant to six rowed™, and so
forth, and such things attract attention and rather obscure other equally im-
portant facts. Cross a ““dense’ and a “lax” variety, and among the ultimate
progeny may be found plants ““denser” than the ““dense’” parent and “laxer”
than the “‘lax” and almost anything between. Cross high and low protein, and
the same overlapping will be found when the first mix-up has sorted itself out.

Try to explain this on Mendelian lines and it will soon become obyious that
even in self-fertilized plants there must be a tremendous variety.of genetical
make-up; one or two relevant genes will be quite inadequate to explain the facts,
ten or twenty will complicate the calculation, but will be none too-many. Perhaps
it would be better to postulate 200300 and reduce the proklem to mathematies.

Since characters which do not affect the survival of fhe organism are not
encountering selection, an ordinary cross-fertilizing population must be expected
to accumulate among all its members very large'nu.@bers of genes torresponding
to such unessential characters. In ordinary times these would roughly neutralize
one another, each individual carrying a mixpure of genes which would produce
variation in opposite directions, so that aily a limited genetic variation would
result; bub with a change of environment this reservoir of genes would serve a
very useful purpose as raw materiglifor selection: some characters, formerly
neutral, would then affect survivahand all those genes which produce favourable
somatic variation would ter;d’bo be preserved while their opposite numbers
would be eliminated. Thustthe accumulation of small variations in the same
direction could proceed farybeyond the original range.*

A</

* Perhaps this argument may be clarified by an illustration, Suppose during a pellfio'i
when height is of nevparticular importence to an organism two hundred small mutations
have succeeded '\Qsta.blishjng themselves in oguilibrium, each of which affeets height to .
an equal extent,\sdy, ] mm. We may represent the first gene as either a;, present, or by
absent, the geeond as a, or by, and so on. Then any individual will contain cither @&,
@by, or brbjpand the proportions in which these possibilities occur will be assumed for fihﬁ
sake of fystration to be 1.2.1; similarly with the other subseripts, so that the distribution
of individuals according to the numbers of “¢” genes which they contain will be in pro-
portion to tho coefficients of the bitomial (a? + 2ab 4 52)290 or of (@ + b)0.

The standard deviation of this hinomial distribation is 10, so that althongh it would 1_33
possible for an individual to contain the “a’ genes in any number from ¢ to 400, yet 1
practice even a population of 100,000,000 would be very unlikely to outrange 140-260
corresponding to 120 mm. of height between the highest and the lowest individual, less
than one-third the possible rangs.

If now we imagine only the highest half of the population to mate {at random) wo shoutd
get a rise in ‘@™ content of 8 in the mean value, to 208, while the standard deviation and
range would hardly be eltered, so that the process could be repeated, a further rise of
8 min, obtained, and so on until the mean would rise well heyond the value of the c‘,ngmal
extreme individual: and all this without fresh mutations. Of course this illustratl_O_n has
been simplified to the point of absurdity, but it may serve to exhibit the possibility of
such potential varistion.



Evolution by Selection 183

That such a state of things does indeed exist seems to be indicated by Winter’s
paper, o which I am now drawing attention. This describes a very determined
experiment carried out on “corn”, i.e. maize. Now maize is commonly cross-
fertilized ; unless cross-fertilization takes place, the stock is apt to die out—which
makes pure line selection very difficult. Nevertheless much may be done by mass
selection, and it is with mass selection that Winter was concerned. o

Premising that he selected continuously for twenty-eight years, from 1896 to
1924, it is perhaps best to quote his description of the procedure verbatim:

One hundred and sixty-three ears of a variety known as ““Burr’s White” wepe used
as foundation stock from which selections were made in four different ditestions,
namely for high oil, low oil, high protein and low protein. O\

These four straing were carried on in the same way. In the high proteimyforéxample,
twenty-four ears highest in protein were seleeted for seed and pla.pigd‘in an isolated
plot, cach ear in a separate row. These ears were harvested Bep&r}xﬁe‘ly and the seed
for the next crop selected from the ears which were found_tothehighest in protein.
Nine years later the system was modified somewhat in’ anattempt to prevent loss of
vigour by inbreeding. Alternate rows were detaseelled «and geed was selected only
from the highest yielding detasselled rows. in 1921 thig system was again modified
to reduce the amount of inbreeding. Two seed \dry 'were taken from each of the
detasselled rows regardless of yield. D :

The high oil, low oil and low protein tests were similarly conducted, selection being
made cach year of ears highest in oil, lowestin ‘0il and lowest in protein, respectively.

Tor a proper appreciation of the,work the original paper should be consulted,
but only a few figures will be negessary to display the interest of the results:

1 will deal with the fig \gwmg the percentage of oil, which are the more
striking, but the facts arejimilar in the case of the protein.

(1) Two straing havedeen gelected, one which has a mean percentage of oil
about twelve times thewstandard deviation of the original population a,bo?fe the
original mean, & dtKe other about seven times below. As illustrating this, the
minimum valudin the high race during the last five years is considerably higher
than the r%ifmum value found during the first four years and, on the other
hand, thésfm’aximum value in the low race is even more markedly below the

lowest invthe first four years.

(2) Although the standard deviation of the
low has fallen during the experiment, it would be hard to say whether on the
whole there has been a decrease or an inerease in variability owing to the selection.*

We may assume the variance to be composed of two parts, one inhereni_; and
therefore ‘subject to selection, and the other environmental, or “fluctuating”’,
and therefore a hindrance to sefection. Just what proportion we should allot to

* Dr Rasmussen, of Svalof, has pointed out to me that t-?ﬁs might perhaps be explair{ed
by an exaggeration in the environmental -effect when acting on plants (%n:feebled by in-
breeding. But the steady rise in oil percenttage right up to the end of experiment seems to

require an almost undiminished genetic variability.

high race has risen and that of the
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ProOTEIN
Year | Mea]})/: alue giz?‘i?;g Lowest variate | Highest variate
1896 1093 104 83 ' 139
High Low High Low High Low High Low
1897 10-99 10-63 116 0-90 83 82 136 140
1808 16-98 1049 1.22 132 77 75 149 134
1899 11-62 9-59 128 101 84 67 14-8 13-4
1920 1401 7-54 179 0-89 4.5 6-0 174 10-5
1821 16-66 9-14 1-84 155 94 66 188 o 134
1922 17-34 742 1-2¢ - 070 126 61 20-6 9.6
1693 18-53 6-48 1-41 073 131 50 137 9-4
1924 16-60 838 | 119 117 14-6 61 18:2, 118
Q1L ™ I
M i Stand ’ R\ .
Year ! ‘-?Z noer zilfe _3:2};&;3 i Lowest\vdriate l' Highest variate
1806 468 | 0-41 ‘. \ B0 60
| High  Low High  Low gig\a Low High  Low
1897 479 410 038 020 fN\36 > 34 57 47
1898 5:10 3-50 0-48 0-32 ANV 41 3-2 67 48
1899 5-65 3-85 042 032, W 43 2.8 65 46
1920 9-28 1-80 052 (21 7-8 10 106 24
1921 994 17 066 WS 84 10 11-7 2-3
1922 9-86 1-68 054 019 87 09 11-3 22
1923 10-08 LG8 | 065 3% 024 83 11 118 21
1924 086 151§ 082 0-22 84 0g 117 22

N

each of these we have no sufe feans of judging, but in both cases the latter is,
I believe, likely to be very large. Incidentally it may perbaps account in both
cases for the obvious'céfrelation* between the mean and the standard deviation.

In any case the inlierent part of the variation had of course a smaller standard
deviation thamibat observed for the whole, perhaps much smaller, so that the
movements of. the means were, respectively, more than twelve and seven times
this “mhe(en ” standard deviation. Hence either the possibilities of variation
latent iri\the original material were enormous or a steady stream of favourable
mutations was maintained to carry the means along.

In any case, these results cannot be explained on the basis of a few easily
detected genes. But by reducing the problem to the simplest possible basis—
starting from the intensity of selection, the rate of movement of the means ab
first, and the difference between the initial and final values of the mean—ib 18
possible to make some sort of calculation of the minimum number of genes which
might allow of so large a change by repeated selection. And I find that the order
of these numbers is 100-300. There is little indication, however, that selection

* Tt i3 reasonable to suppose that a given variation in environment would produce
greater variation in a high genetie stock than in a low one.
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had yet reached its limit after twenty-eight years, and we should probably be
within the mark if we assumed that the number of genes affecting oil {or protein)
content in Burr’s White Maize may run up to thousands.

But if we have thousands of genes, continuous selection in one direction may,
in fact must, result in progress almost without limit (at all events until the
progress itself induces counter-selection as perhaps it does in the case of low oil
content) for although the selection will reduce the number of genes there will
be time for fresh mutations to occur to keep up the possibility of further selection.

Q!
SUMMARY aND CONCLUSION .

To sum up: Winter has in this experiment succeeded, by contituots mass
selection, in producing two races of maize, one of which has mc};é’ than twice,
and the other less than one-third, the normal oil content. 7 \

In a character go influenced by environment the progre@sfha,s, of course, not
been uniform in its manifestation; but it appears to hayebeen comparatively so
genetically, and shows little or no indication that it‘ha}reached its limi$ in either
direction. o

T+ does not appear that such steady progress ‘gould be obtained with less than
hundreds of genes affecting oil content and'ib seems not unlikely that there are
thousands. In any case it is clear that~fhe possibilities of continuous selection
of small variations for the formatiomaf new species are likely to be very much
greater than would appear merq!xfmm a congideration of Johannsen’s work on
pure lines, which was carried out on a self-fertilizing organism.

And so we reach the comce }ion of species patiently aceumulating & store of
genes, of no value unde:\-~éxisti11g conditions and for the most part neutralized
by other genes of opposite sign. When, however, conditions change, unless too
suddenly or dragticslly, the species finds in this store genes which give rise to
just the va,riaf{iggﬁvhich will enable it to adapt itself to the change.

Tt follows.that the change appears to have produced the variation which it
has megely’ slected from among those potentially present. Thus we can reco'ncile
the view Held, amongst other people, by the late Walter Heape, that the environ-
ment produces the required variation, with the older Darwinian gelection of
random variations, to which it appears at first sight to be diametrically opposed.
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A CALCULATION OF THE MINIMUM NUMBER OF
GENES IN WINTER'S SELECTION EXPERIMENT

[Annals of Bugenics, VI (1934), p. T7]

I~ a note on Winter’s selection experiment* published in the Bugenits Review?
I made the following claim: \

By reducing the problem to the simplest possible basis. . .itis poa\siblé to make some
sort of ealeulation of the minimum number of genes which might.allow of so large a

change by repeated selection. And I find that the order of th@se’humbers is 100-300.

Prof. Fisher, however, pointed out in Naturel that Thad in fact over-simplified
my problem and that no such conclusion could be‘drawn from my “sort. of
caloulation”. 4D

This did not in fact invalidate my main thefsﬁ, which was that species tend to
aceumulate a sufficient store of genes of noparticular value until they meet with
a change of environment, when the sfgte provides material for selection far
beyond the normal range. )

But although the calculation ‘was based on over-simplified data and was
superfluous to my argument, i is'of sorne interest in itseif, and the present note
is an attempt to “mend nq*\ha}nd” by making more reasonable assumptions.

1 shall start by giving a'very short account of Winter’s experiment with an
abbreviated table, h?}aii;lg’ that my readers may be sufficiently interested to study
Winter’s paper for themselves.

_Then T shall make an estimate of the standard deviation of that pars of the
variation in‘qil\bntent of Winter’s maize which was due to genetic constitution,
and measuteithe difference between the mean oil content of his ** high” and “low”
races im{&8rms of this standard deviation.

I shall next make an estimate of the minimum numbers of genes which would
suffice to account for so large a ratio between the possible range and the standard
deviation.

Finally, 1shall discuss the various asswmptions which have been made, pointing
out which of them are in my opinion reasonable, which havo reduced the minimum

® “The mean and variability as affected by continuous selection, for composition n
corn®, J. Agric. Res. xa0xix (19293, pp. 451-75,

t “Ewvolution hy scleetion. The implications of Winter’s selection experiment ™, Eugen.
Rev. xx1v (4 Nov. 1933) [18].

I “Number of Mendelian factors in quantitative inheritance ', Nature, cxxI (18 March
1833), p. 400
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number of genes to a figure below that which is probable, and which are merely
the best assumptions we can make. _

Winter’s experiment, then, was concerned with a eontinuous selection of maize
in the directions of high and low protein and high and low oil content, end I am
only concerned bere with the latter.

The experiment was begun in 1896 and has continued to the present dax,*
but only the first 28 years were reported onin his paper, i.e. tili 1924. The following
is his description of the procedure, which T have only altered by instancing the
oil content part of the experiment, whereas he quoted the similar case of the
protein: N\

One hundred and sixty-three ears of & variety known as “Burr’s White were used
as foundation stock from which selections were made in four differént directions,
namely for high ofl, low oil, high protein and low protein. A\

These four strains were earried on in the same way. Tn the ligh oil, for example,
twenty-four ears highest in oil were selected for seed and plq,ntfed’ in an isolated plot,
each ear in a separate row. These ears were harvested separately and the seed for the
next crop selected from the ears which were found to,be highest in oil. Nine years
later the system was modified gomewhat in an attemglt prevent loss of vigour by
inbreeding. Alternate rows were detasselled and.heed was selected only from the
highest yielding detasselled rows. In 1921 this system was again modified to reduce
the amount of inbreeding. Two seed ears Wgré thien from each of the detasselled rows

regardless of yield. N '
The high protein, low protein and fowioil tests were similazly condueted, selection

being made each year of ears highe\st in protein, lowest in protein and lowest in oil,

reapectively. e
\" -
Mean value .
Xo. of ears R Standard Lowest Highest
Year analysed \ e rf??{f’ £e devintion variate variate
1896 163 . O 468 041 39 60 :
High “how | High Low High Low | High ZLow | High Low
1897 30, LN 50 479 410 0-38 029 28 34 57 &7
1898 aigy, - 108 5-10 3-59 0-48 032 4-1 32 67 43
1869 AU 144 565 385 0-42 0-32 43 2.8 65 46
190G TN\ \103 144 610 3-57 0-44 036 16 26 T4 45
1501 \| /126 126 6-24 3e4i 045 0-26 49 28 T4 41
1920 120 120 9-28 180 0-52 0-21 7-8 10 | 06 24
1521 120 120 094 17t 065 015 84 1.0 | 1A 23
1922 120 120 9.36 168 o054 019 87 09 u3 22 \
1923 120 120 | 10-08 1-58 o085 024 83 1t 118 5-; !
1924 120 120 9-86 1-51 061 0-22 84 [e2t) 11-7 -2 |
| T Tt

first six and the last five years of

The above table gives certain figures for the .
the original maize only varied

the experiment, and it will be seen that, although

ear or two ago told me that both these experiments
tinued and stil} showed a continued, if less ma.lrl;e(.l,
d arrived at mean heights of 8 ft. and §in. m

* Jfr Winter in cortespondence 2 ¥
and onc on height were still being con
offect of selection. In the latter case he ha
two races derived from a ¢ ft. maize.
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in oil content from 3-9 %, to 8-0 %, the lowest variate of the high race after 28 years
of selection was 8-4 %, in oil content, while the highest variate of the low race
wag only 2:2%; in each case they were clean outside the original range, a fact
which seems difficult to explain except on the hypothesis that the oil content of
the original race was due to a number of genes which largely neutralized one
another, some raising and some lowering it, thus allowing selection far outside
the original range.

It will be noticed that the standard deviation of the percentage of oil in the
original race was 0-41 and that as time went on the high race befaime more
variable and the low less so: this was presumably due to the intéraétion of the
environmental variation with the genetic, an individual tendmg‘to produce high
oil giving more scope to changes of environment than one Wh‘l@h tends to produce
low oil, )

Nevertheless, on the whole the variation has not( tlecrea.sed and we shall
probably not be far wrong in assuming that there was' no appreciable change in
variability for the first three generations of selection. So that we may take the
original standard deviation as the roct mean 3quare of the seven values 0-41,
0-38, 0-29, 048, 0-32, 0-42 and 0-32, which is.0-38.

After three selections in each direction$he mean of the high race wag 5:65 and
that of the low 3-85, a difference of 1 80, and this difference may be taken asg
genetic,

Now we are told that in the\ﬁrst generation 24 ears were selected in each
direction out of 163 and, on the assumption of normal distribution of oil content,
the mean of these selecte‘dxa,rs would have an oil content 1-56 x &, above {or
helow) the mean, o, belng the standard deviation of the oil distribution. It is
further stated that there were 80 ears analysed of the high race and 50 of the
low in the next, gemération, and it is, I think, a fair inference that 24 of each of
these were taken'in the next selection. This is confirmed by the fact that in the
Iater generatmns 120 ears (5 x 24) were invariably analysed.

The meam of 24 ears selected from 80 {on the normal assumption) is 1'160,
above the mean and that of 24 from 50, 0-83¢, below the mean, and the corre-
sponding figures for the next selection (£% and &%) are 1-7lo, and 1-34g,, s0
that the total shift of the mean of the high race was (1-56 + 1-16 + 1-71) o, = 4-430,
and that of the low race

(156 +0:83+1-34) 0, = 3730,

or altogether the races were shifted apart 8- 165, of which 1-80 appears to have
been genetic, as shown by the distance apart after the six selections.

Now if o, be the standard deviation of total variation and o, of that part
which is genetic, then, on the supposition of independence botween the environ-
mental and genetic parts of the variation o,/o, is the correlation between the
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genetic and the total variation, so that ¢Z/o? is the regression factor reducing
the mean of the selected portion o the mean of the next generation.
2

Hence 8-160, x :—E = 1-80,

v

I-8
oy = J(ﬁgx 0-38) = 0-29.

Since the differences between the means of the high and low races in the last
five generations were 7-48, 8:23, 818, 8-50, 8:35, we shall not be far wrong if
we estirnate the genetic range at not less than 29 times the genetic standard
deviation {29 x 0-29 = 8-41). O\

We have now to estimate the minimum number of genes which will give as large
a ratio as 29 between the maximum range and the standard deviation.

In the first place it is clear that less genes will be required if bhe' effect of each
on the oil content is the same, and we shall assume that each gene if homozygous
produces an effect 2k and if heterozygous k. Further, lot\is suppose n genes, the
rth to be present in £, of the possible loci and a,bsebnt:\ér Q., and let

'R BN\, ) r
Py = P+Q, and g"'_"«ﬁ‘f‘Qr-
Then »? individuals will be 2k higher owmg wo that gene, 2p,q, individuals will
be k higher owing to that gene, and ¢} fidividuals will have no effect from that
gene. (I have taken the rth gene ag ihcreasing the oil, but clearly, the same
effect is produced in the case of a,gere which decreases the oil, but the convention
in this case is that p represm@;tﬁe abgence of such a gene and ¢ its presence.)
Then the distribution ofall the » genes will be given by the various terms of

the expansion (LR (py @ oo (B G (Put )
and the extreme inff¥iduals (in genetic constitution) will be present in the
propartions .~’¥}3%p%p§ op?o.pt and g3 G,
and they wilt&liﬁ‘er by 2nk, whereas the standard deviation of the expansion is*
O JenEi bk,
where P is the mean of the p’s and 7 of the ¢'s (which we may take as } each),
while o, is the standard deviation of the p's (which also = o,) L
Now according to Prof. Fishert the frequency distribution of the p’s is given

by the equation Af = C/pg and, after some tedious algebra, I find that

. ' N-1

% =~ aN g, ()’
where N is the number of loci (here 2 x 163 = 326}, and this reduces to } —0-0783.

. . : ’ i ica®, Biometrika, XTI
*+ “An explanation of deviations from Poigson’s Law in practice™, r
(1918), p. 213 footnote [9, p. 67). 1 Genetical Theory of Natural Selection (1930), p. 91.
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Hence we have the standard deviation of the expansion
J{2n x 0-0783} &,
and the ratio of the extreme range to the standard deviation

2nk e
TEuxoorsas O V@)
Hence to determine » we equate /(25-5n) = 29, n = 33.

In this calculation the following assumptions have been made, which seem to
me to be reasonable, and small departures from them will not seriGusly affect
the result: \

{a) The distribution of the percentage of oil has been taken. aa normal

(b) I have taken the genetic standard deviation as being app‘remably constant
for the first three generations and have assumed that theydifference between the
high and low races at this point will be sufficiently aeeurate to give the genetic
part of the variation.

To test this I have calculated the number of genés on the basis of

taking the first  pair of seleepi(‘}n‘s giving 33 genes

up to the second o O . 25
. .  third R SV 33
o e fourth N, »r 31
w s Afth XN, 36

Al numbers of much the same, drder.

(¢} I have assumed lineax régresmon of genetic on total variation and inde-
pendence between the gen\eﬁc and environmental variation.

(d} I have assumed that the mean value of the p'sand ¢’sis 1.

(e) Following Fisher; I have assumed an equal distribution of the logarithm
of the gene ratig,’ This should follow whether the gene is absolutely neutral or
has a small seledtive advantage. My own feeling is that there must be a large
class of var.iéﬂ;ions which, if they occur in an individual at one end of the range,
are fa,voura.ble, but are unfavourable at the other. As the general distribution
in théspecies tends to he broken up into local races with means more or less
different from the general mean, genes will introduce themselves by mautation
into such local races as are favourable to their retention and, when firmly
established, into the main bedy of the species.

The following assumptions are such as to give a. minimum value of #:

() I have taken the minimum range as 8-41, i.e. I have not allowed for any
genetic variation beyond the means of the last generations, whereas Winter
actually found during the nex$ eight years that the means were still moving apart.

If, for example, T had added even as little as three times the standard deviation
outwards at each end, making 35 times the st.anddrd deviation, » would have
rigen to 48,
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(9) I have already mentioned that the assumption of equal effects from all the
genes minimizes n. :

(%) I have assumed absence of dominance. Clearly dominance would increase
the standard deviation for the same range and so increase #.

(#) I have, naturally, only been able to deal with such genes as were included
in Winter’s sample of 163 heads, tracing back to, at most, 326 loci. Hence only
quite a small proportion of the rarer genes can have been included, and, according
to Fisher, far the greater number of genes consists of those which individually
oceur but seldom. Further, even of these genes included in the original sample,
many must have been lost at random in the first few selections and so.no% have

been taken into account by the calculation. - R\,
Lastly, the remaining assumptions cast an element of doubt om the whole
caleulation: N

(j) Although the standard deviation is correlated with thelmean, so that we
seem t0 be measuring variation at the low end of the distribution in smaller
units than at the high end, I have taken the difference’between the means of
the high and low units as if it was uniform, and divj{é&“ by the standard deviation
determined at the middle of the scale. I suspech,that this tends to exaggerate
the difference and so ».

(k) 1 have assumed that the effect of thjé’génes is additive, whereas they may
really obey some quite other law. 4 \\

Nevertheless, though I do not fesl that the above calculation can be altogether
absolved from the charge of “playing with figures”, I think that it does really
afford some evidence that the eil’percentage of Winter's maize was conditioned
by the presence, or absene¢® of a number of genes, at least of the order 20-40,
possibly of 200-400, andiot at all likely to be of the order 5-10.

The 100-300 minimum of genes of the former paper has therefore been reduced
to 20-40, but however few or many genes may have been present, the fact
remains that Winter was able to select his maize races far outside the range of
his original, m:c\,{?eria,l. This seems to me to justify*
the conc'e'p\ﬁan of species patiently accumulating & store of genes, of no valu_e u.n.der
existing conditions and for the most part neutralized by other genes of opposite sign.
When, however, conditions change, unless too sudderly or drastically, the species
finds in this store genes which give rise to just the variation which will enable it to

adapt itseit to the change. o o
IEJ follows that themé}gw,nge appears to have produced the variation which it has
merely selected from among those potentially presqnt: Thua_s we can reconmle: i:.he
view that the environment produces the required variation, “flth the 01de1: Darw?man
“selection of random variations, to which it appears ab first sight to be diametrically
opposed.
» “Evolution by selection. The implication of Winter's selection experiments”, Bugen.

Rev. sx1v {1933), 18, p. 185].
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CO-OPERATION IN LARGE-SCALE EXPERIMENTS

[A Discussion, opened by Mr W. 8. Gosser, at the meeting of the Industrial and Agri.

cultural Research Section of the Rayal Statistical Society, 26 March 1936. Sir Daniel

Hall, K.C.B., F.R.5., in the Chair.] ~
[Supplement to J. Roy. Statist. Soc. 111 (1936}, p. 115] N

At the outset I must confess that the title is to some exteft mls]eobdmg co-
operation is, I am quite sure, advantageous in all large- sc&]ﬁexperlments whether
industrial or agricultural, but it happens that, though/ho farmer, T have only
had first-hand experience of co-operation in agriculﬁxré and my paper must,
therefore, deal with that. On the other hand, thers are several Fellows present
who will doubtless be able to draw analogies ﬁ'm’]} agriculture to :Lndustry as the
general principles of experimentation are com}non to both.

Forty years ago agricultural experimefits were mainly carried out in fairly
large plots, generally without rep]ica,tiah' *and in econsequence the soil differences
between two plots which were to be ﬁompared were often so large as to obscure
the issue, N

Then about thirty years 480, several different investigators harvested ap-
parently uniform fields by fmall plots, and it at once became obvious that the
variation in fertility from point to point in & field is so distributed that to obtain
the best expenmental results it is necessary to work with a number of small
plots. These should be arranged so that comparable plots lie close together, and
it appeared furthér that this replication of plots enabled us to make an estimate
of the errorof’our results in g single experiment; before this it had only been
possible to estlmate the error of a series of experiments carried out at a number
of sta,tmns or in a number of years.

Fma,liy, about fifteen years ago, Prof. Fisher introduced the principle of
randomizing the position of the plots in the various systems of randomized blocks
and Latin squares with which many of you are familiar. This enabled us to
obtain a certainly valid estimate of the variability of our results, though usually
at the expense of increasing that variability yvhen compared with balanced
arrangements. _

Nevertheless, it must not be supposed that valuable results could not be
obtained by the primitive methods of forty years ago; for example, in the 1880’8
and 1890’s the Danes, working with comparatively large plots, with few replica-
tions, but at several co-operating stations and in a number of successive seasons,
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were able to establish that Prentice was the most suitable barley to grow in
Denmark. ’

On the other hand, Mr Yates has pointed out that it is not uncommon, when
using the most modern methods in manurial experiments, to obtain a significant
result on one occasion, but, on repeafing the experiment in another year or in
another field, to get an equally significant result in the opposite direction.

Nor is the reason of this far to seek; among the many causes which influence
the result of an experiment, we can only control by the arrangement of our plots
those conmected with the variation in feréility of the experimental area; apart
from these we have the wide differences in soil and climate over the districts in
which we wish to apply the conclusions which we draw from our .expg'fhﬁbnts.

Hence the old work, if repeated on a representative scale and sufficiently often,
was able to give results which were applicable over a wide areat while the very
accuracy of Mr Yates’s methods enables him to reach significance for results of
merely local value. Vo

Nevertheless, it would be a mistake to reduce thesadeuracy by insufficient
replication, for only by repeating such work at djffe;‘q'nt times and places can the
causes of such apparent anomalies be traced, and for that the more we can
eliminate mere soil errors the better. o\

But such repetitions can only be carried 9t co-operatively, and I propose to
give some instances of such co—operatio‘l;,:'f)éginning with the simplest technique.

Just before the beginning of this, c‘entﬁry the Irish Agricultural Organization
Society, which-later became thga;Deparbment of Agriculture, began a research
into the most suitable variety.of barley to grow in Ireland, and this research
has been continued to the p;‘e?enb day. During shis time three varieties of barley
have been introduced into‘Ireland, after adequate evidence had been obtained
that each was better £hin the barley which it succeeded, and the methods of
seed distribution a,i-{ ohich that after a very few years the new barley has replaced
the old in practi’e‘zﬁly all the barley-growing districts in Ireland‘

It is inter&sﬁhé to note that the first of the three barleys to be introduced was
found to be Jdentical with that which the Danes had proved to be most suitable
for Denmark; the other two were obtained from it by cross-fertilization by
Dr Hunter.

The resulting gain in yiel _
to attach too much importance to evidence supplied by the
they tally fairly well with the claim which has been made, on
experimental plets, that there has been a gain of from 20 to 25 %-

During the last ten years the official yield has dropped below 5 qr. only once,
while only twice in the previous sixty years did it rise above that figure.

The low yields between 1816 and 1925 were partly due to unfavourable weath_er,
but also to the extension of arable land during the war, with consequent inclusion

13
BFS

d has been remarkable, and though it would be easy
official estimates,
the basis of the
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Tarre 1
Yield of Barley in Ireland in Quarters per Acre

Before experlmentmg ; After experimenting ‘
18661870 4-) ; 1901-1905 4-5 !
1871-1875 4.1 1906-1910 4.7 !
18761880 39 18111915 .48
18811583 349 1916-1920 4-1
18561594 34 X 1921-1925 4-1
18511895 .43 B 1926-1930 5-3
1896-1900 43 | 1931-1935 51 1

of less suitable land, and to the subsequent decline in farming t«eﬁhmque owing
to wages being high compared with priees, \,

The experiments are carried out at about ten centres where' three varieties are
tested against the standard variety in one-acre plots. 'Ehls somewhat primitive
arrangement has been carried on up to the present dajtin order to provide plenty
of barley for quality tests, \

In any case, after some years the weather a ‘?ﬂe barfey-growing land of the
country were sampled in a way which woulid be impossible at a single station.
The number of farms should, of course, be 1a1"ger, and doubtless it wounld be but
for the fact that only one official is ay‘i’ilab]e for supervision, and ten farms at
distances of, in some cases, over 100 miles is as much as he can manage evel
when the experiment is of this Very snnpie type.

The error of a Comparison- between two one-acre plots is large, and quite &
number of seasons pass fore enough repetitions are available to reduce the
error to a figure which will show that a new variety really yields better than the
standard. As, howeyér,it is as necessary to sample weather as districts, this is
of no great disadyantage.

The order ofithis érvor is of interest, and I have examined two series to determine
it; the first Was\(’arrled out between 1901 and 1906, when 51 comparisons hetween
Archer argd Goldthorpe gave an average advantage to Archer of 7-7 9, with a
standard error of a single comparison of 15-5 9. This tallies well enough with
the traditional 10 9, for the error of 2 comparison of a pair of plots at one station,
. having regard to the further real variation due to the differential response of the
varieties to soil, climate and farming technique.

The second series was carried out between 1925 and 1935, when two selections
of the Spratt-Archer cross were compared: they differed by 0-27 %, in 103 trials
with a standard error of 9-3 8.

These two estimates of the error of a comparison, 15-5 %, and 9-3 % , differ
significantly, and it is noteworthy that the smaller figure was found w 11;h barleys

which might he expected to react in much the same way to differences in soil
and weather.
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A second set of experiments has been carried out by the National Institute of
Agricultural Botany, and I instance it to give an idea of the advantage of using
a method which reduces the error at each station—namely, Beaven's half-
drill strip.

Tt has been said that from an experiment conducted by this method no valid
conchusion can be drawn, but even if this were so, it would not affect a series of
such experiments. Each is independent of all the others, and it is not necessary
to randomize a series which is already random, for, ag Lincoln said, “you can’t
unscramble an egg”’. Hence, since the tendency of deliberate randomizing is to
increase the error, a balanced arrangement like the half-drill strip is best if
otherwise convenient, ‘O

From this work I have taken two series, one of 22 comparisons bet®eeh Spratt-
Archer and Plumage-Archer barleys carried out from 1925 to 1928 when the
former yielded 6:1 %, more and the standard error of & comp\;aiison was 819,

There was, however, one experiment in which the methad was not followed
in several particulars, and if that be omitted the stan ard error falls to 5-6 %,.

The second series of N.I.A.B. experiments was a comparison between Spratt-
Archer and a selection from Plumage-Archer which :\}as carried out at six stations
and for three years. It is thus possible to ana,}jsé the variance, and though the
numbers are too small to give a significantidifference in variance, there is an
indication that the greater part was cotmected with the stations. The average
superiority in yield of Spratt-Archer Wwas 829, and the 8.0, of a comparison
was ‘8-4 9 ; this is significant for 18 eomparisons, so that the main ohject of the
experiment was attained prov{{éd’ that the stations conld be assumed to be a
representative sample, \

The analysis of variane® ¥ as follows:

A |

N4y ! Sum of Mean !

I)%'géa of freedom squares squares ;

S ] ' 11-13 :

2 SBeasons 2 22.25 . !

2 “Stations 5 81534 16307 !
s\.) Remainder 10 352:26 3528 !
Total 17 118985 6369 |

The remainder, of course, includes not only the error due to scil differences,
ithin each season and to

but also thoge due to the local differences in climate w1

the difference between the fields used at each station. o o
I have drawn attention to this small series because 1t indicates the possibility,

had there heen sufficient stations, of connecting the pecu.liar%t-ies of the soil and
weather at the stations with the relative yields of the varieties. Thus there was
an indication that Spratt-Archer was less superior to Plumage-Archer when the

yields were high, but it was by no means significant.
132
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Assuming, then, that the error of the one-acre plot experiment is of the order
12 9, and that of the half-drill strip 8 %, the advantage of the latter is not so
much that fewer experiments would be needed to evaluate a given difference in
yield, for in any case it is necessary to spread one’s net widely both in time and
space; nor is the smaller area occupied a clear gain, for it is offset by the necessity
for closer supervision; but it does make it possible to contract the hmits of
significance so that more series of experiments give definite answers o the
questions asked.

I have instanced the half-drill strip, but cbviously any method.of \veducing

the error is of advantage, whether it is by replication {includingfar instance,
~ multiple Latin squares), reduction of the size of plot, or ragular balanced
arrangement. g

The instances given above have been fairly simple, 1na,smuch as the differential -
response of barleys to variations of soil and climate is. ama]l but even in these
cases it would have been of advantage to have spraad the net wider: the next
experiment to which I am going to refer is of & mgre complicated nature, and is
concerned with the response of sugar-beet to a.Nuﬁch manures.

This has been described in the Rothamstet,Report for 1934, and though I do
not propose to try to add to the full analysls given therein, a short account of
it may be instructive. . R

The experiment was carried out in two seasons, at 13 stations in 1933 and
15 in 1934; all combinations of thitee manures at three rates per acre were tried,
and measurements of the welgl}bs of roots and tops, and of percentage of sugar
and purity, were made, an‘&\vanous conclusions were drawn as to the effects of
the manures. Among dthers, it appeared that some of these effects differed
significantly at diffepertt’ farms.

The next thing,/glearly, is to connect up these differences with the character
of the soil and .Wéafher at the various farms, but though mechanical and chemical
analyses of ﬁlie soil were carried out, there is no mention in the report of any
attempt #0,do this. Presumably there was no marked connexion, and further
resultS.ade awaited, for if “8 of the 15 centres gave significant increases in yield
of roots with sulphate of ammonia, while the remaining 7 centres showed no
appreciable increases”, the value of the result to the individual farmer will be
much increased by some indication of whether his land is to be classed with the
8 or the 7. I call attention to this in no spirit of criticism, but in order to bring
out the full possibilities of co-operation on a still larger scale.

Both Dr Beaven and the Rothamsted school have maintained that their
methods can be carried out by the ordinary farmer; and if for ordinary you
substitute exceptional, I agree; but the business, even of the exceptional farmer,
is to farm, and he cannot afford the time to weigh up small experimental plots
when he ought to be getting on with his work.
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And so, while a co-operative series of experiments should always include a
majority carried out on ordinary farms, there must be trained supervision and
cultivation money, and this can only come from the Government, working through
institutions like the National Institute of Agricultural Botany or Rothamsted.

Furthermore, the more complicated the method, the more supervision is
required; one man can just look after ten experiments with acre plots, with
hatf-drill strips you probably want at least three, and for more complicated
experiments even more; but farming is a large indusiry, and a gain, even a small

gain, per acre on 100,000 acres soon pays for the cost of making experiments,
. ) ’\
APPENDIX

N
L X

Tuae ERRoR oF HALF-DRILL STRIP EXPERIMENTSN

The half-drill strip technique has been criticized on the groupdifhat no valid
conclusion can be drawn from experiments carried out by it,@nd it may be well
to examine what truth there is in the assertion. o\

Essentially the method consists in sowing long narro strips of two varieties
of cereals in alternation. By an ingenious arrangemsnt at sowing, these strips
can be split longitudinally at harvest, and each kalf strip of one variety is com-
pared with the half strip of the other adjacent $o'it; to balance the linear term
of the fertility slope, the series begins andlends with a half strip of the same
variety. The series is therefore of the:fétm ABBAABBA ... ABBA, and to
caloulate the ervor of the difference {4 B) a degree of freedom is allocated to the
fertiiit-y slope. This is determineg@y the difference (S{4.B)—-S8(BA)1 /qihere
S{AB) is taken to be the su o 4 — B for all the comparisons A B, S{(BA) for
all the comparisons BA and #'1s the number of pairs.

Thus the analysis of ‘tlié -variance is given in a table of the form*

S

~ ,\ X Dfiegzﬁf;f Sum of aquares
A\ —
Ferility slope ! (S(AB) - S(BA)y1n
| Handom error n-2 (4 - By - {S(4B) - 8(BA)*1n
J Total |  n-1 S(4-BY

If, then, the variation in fertility consisted of random deviations sgperposled
on a uniform fertility slope, the procedure would be beyond criticism; 1t remains
to be seen how departures from such an ideal system invalidate the. argument,

The almost universal departure is that the fertility slope is mﬁymform, there

are, ideally speaking, parabolic terms, £0 that the positi?n ffiB represents a

different advantage to 4 at different points in the series. This will have_the effect

of increasing the apparent error, gince the sum of the squares of the differences,
(A — B)t—n{A —BJ} for S(4 - B)*. Ep.]

* [In this table it seems necessary to read 3

»
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8(A — B)?, includes just as large a component due to the fertility slope, while
the component calculated, (S(4B)— S{BA))?1/n, is smaller; this is because the
sign of A8 (and of BA) changes on passing from a falling to a rising part of the
curve. On the other hand, there is a corresponding increase in the real error
owing to the fertility slope not being accurately balanced, this error amounting
at most to 2/n of the fertility slope between a pair for each change of direction.

Furthermore nunless the fertility slope is of a periodic nature, a case to be
considered later, the incidence of these changes of curvature will be random,
50 that the general tendency will be slightly to over-estimate the errer, a fault
on the right side for most of us, and one which is compensated by the'smaliness
even of the apparent error. )

Periodic fertility slopes may undoubtedly oceur, but apart, from those due to
the works of man, they must be go rare as to add a negligible @isk; where, however,
they are due fo such causes as old ploughman’s “lands’{it should be possible
to avoid them by inspection; even if they have beei averlooked, the chance of
their affecting the mean difference is small, for te @6 so the period must very
nearly coincide with an odd multiple of the wiQ’t»}} of a whole strip; in general,
it is the apparent error that would be incredged.

We may therefore conclude that there is @ slight tendency for the error of a
half-drill strip experiment to be over- estlma.ted 80 that somewhat fewer sig-
nificant results are obtained than if the Yeal error could be accurately determined;
this is more than made up for by the smallness of the error itself as compared
with that of most other arrangenients.

"There remain two othericriticisms; firstly, that the system of drilling is such
that half the coulters of*the drill are allocated to one of the varieties and the
rest to the other; if, 4hén, the coulters on one side are badly set or stopped up,
the other may haye s’ constant advantage. This, though a real possibility, and
one to be guardéd dgainst by careful inspection, is not as serious as it sounds,
at.all eventg{with barley; for barley automatically fills up gaps to such an
extent tha\tr the alteration in yield by large changes in seeding rates is almost
inappgetiable, so that within wide limits of fanlty seeding it is the area devoted
to the Variety which counts, and not the exact distribution of seed within it.

The other criticism has more substance; by the half-drill strip method only
two varieties are. directly compared. This is just what is wanted where a standard
variety or rate of manuring is to be compared with a competitor for the rank
of standard; but if two or more varieties are to be compared with the gtendard,
their inter-comparison is, of course, subject to a much greater error.

Up to the present, the half-drill strip method has, as far as I know, only been
used for cereals in these Islands and in New Zealand, but it should be equally
useful for such manures as can he drilled, and a modification has even been
suggested for a forest experiment.
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COMPARISON BETWEEN BALANCED AND RANDOM
ARRANGEMENTS OF FIELD PLOTS

[ Biometrika, Xx1X {1938), p. 368]

[The following editorial note was printed ab the head of this paper: With very deep fepret
the Editorial Cormmittes has to report the death, on 16 October 1937, of Mr W_ 8. Gosset,
whose scientific contributions under the pseudonym of “Student™ are well known to all
statisticians. It is hopod to inelude some account of his life and work in the'ngxt jssue of
the Journal. : QS

Mr Gossot had been working at the following paper during the past summer, and &
fortnight before his death had discussed the draft, which is printed helow, with Dr J.
Neyman and Prof. E. 8. Pearson, It was then agroed that certainpoints in sections 2 and 3
needed elarification and Mr Gosset proposed to undertake this worlhimself; unfortunately
this final revision was never completed. Dr Neyman and, Prof. Pearson have theref?re
added in a separate Note (Biometrika, xxrx (1938), pp. 3%1-‘8\8) some comments, for which
they take full responsibility, regarding the points on{ Wi ich they know Mr Gosset had
intended to cnlarge.] )
Ix a paper read before the agricu]turaLa"ﬂ industrial section of the Royal
Statistical Society* I ventured to point Jut that the advantages of artificial
randomization are usually offset by‘aﬁ increased error when compared with
balanced arrangements. Prof. Eis}éer does not agree and has written a paper to
test the difference of opinio t@aﬁ there is between us.t .

In this paper I propose to.set out as clearly as I can just what is this difference
of opinion. " ’

Next I propose tosho
firstly from his ha¥ving made use
““systematic” affangements which I showed fo
the misleadh&‘g,‘bonclusions which he has found
compargd\ike with like, . dh

Third[y/ T will show that if he had not fallen into these pitfalls he wou d ave
been able o show that in the case which he took, & balanced arrangement does In
fact give a slightly smaller error than his randomized one.

Fourthly, I will describe just what is to be expocted wlhen balan@ﬁi a“?“g:;
ments are compared with random,} viz. that when the variance due to treatme:

' " . it
* W.S. Gosset, “* Co-operation in large-scale experiments *, Supplement to J. Roy. Statis
See, T (1936), pp. 115-22, {201
¥ Barbacki and Fisher, ‘* A test of the supf

Ann. Bugen., vir {1936), pp. 189-93. d where this is
§ Note that an arrengement can be both balanced and rendom an

practicable the aims of Prof. Fisher and myself are both satisfied.

i\v that the conclusions of Prof. TFisher’s paper all follow
of a method of caleulating the error of the
urteen years ago would lead to just
, and secondly to his not having

d preeision of systematic arrangements”’,

o
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is low compared with the error of the experiment, fewer significant results are
obtained than with random arrangements, but when the variance due to treat-
ment is high more significant results are obtained with balanced arrangements.

Lastly, I will give in an appendix the results of some testing of balanced versus
random arrangements on uniformity trials by Mr A, W. Hudson of Maasey
College, N.Z.

§ 1. Tae EFFECT oF LacK oF RANDOMNESS ON BIas

It is almost invarisbly necessary, when applying mathematios £o. practical
affairs, to replace the actual conditions by a set of simpler approximations with
which the mathematics are capable of dealing, and mathematical Statistics areno
exception to this rule. A

For example, the analysis of variance which is generallyuséd to determine the
error of agricultural experiments requires three assamptions to be made before
we can apply the method strictly: NY

(1) The systems concerned are to have normgk\v.ariation.

(2} The variances of like things should be efufal.

(3) The sampling should be random. AW

(1) If, as is usual, the variation is nof\normal our argument will not be im-
paired uunless the number of replicaﬁﬁh’s is very small, when departure from
normality introduces an added ungéi:fé,mty to the estimation both of mean and
perhaps even more of variance . '

{2) If, as often happens, tgi;re}variances are not equal, as for example when we
are pooling the variances of'\the yields of barleys which react differently to soils
of different fertility, we shall not in general invalidate our conclusions appreciably,
though in extreme cages attention should be paid to this source of error.

(3} If, however{the sampling be not random, there are such possibilities of
drawing false p({'lféiusions that Prof. Fisher has introduced a system of artificial
randomizing.jtc}ensure that the third condition is satisfied and brands all other
systems jnyalid. :

Nevgﬁhéiess, it is possible, by balancing sources of error which would otherwise
lead to bius, to obtain arrangements of greater precison which are nevertheless
effectively random, by which T mean that the departure from randomness is only
liable to affect our conclusions to the same sort of extent as do departures from
normality or inequality of variances,

Lack of randomness can affect either the mean or the variance, and it is the
first of these which is apt to lead ta invalid conclusions. Thus Mr Yates has shown
that it is practically impossible for anyone to select shoots of corn of average
length by eye, and in fact none of the senses csin be trusted to behave withous
bias. Those of taste or smell are peculiarly liable, and if comparisons are to be made
it is necessary to avoid giving the least inkling of the order in which the samples
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are to be presented, in fact it is better to let it be known that it is a random order,
In some cases the only way of avoiding bias is to withhold all knowledge of the
object of the investigation from those taking part, though unfortunately this
engenders a lack of interest in the proceedings.

Again, a promising experiment in nutrition was ruined by departure from
randomness when the schoolmasters were allowed to adjust the supposed uneven
effects of a chance selection of subjects for the Lanarkshire Milk Experiment, and
in doing so managed to select, doubtless from the most humane motives, 10,000
children to receive milk who were significantly lighter and shorter than the
10,000 *“controls” who did not. ' \

In agricultural experiments there are obvious possibilifies of bigg affecting
the mean in badly arranged experiments, for it is usual to find “fertility slopes ”
in most “uniformity” experiments, i.e. when an apparently, aipiform field is

 harvested in small-sized plots it is usual to find that the yielthis higher in some

parts than in others and tends to change more or less gradtially from one place to
another. Hence if plots of one variety ave sited; whether systematically or by
chance, nearer to one end of the experimental are&’jih (n to the other, the mean
is likely to be biased. )

S

To take the simplest case of two varieties or treatments, the layouts
_ A B A B A B 4B (systematic)

and A BA A B 4CB B (random)
will both favour B if the field is more fortile on the right than on the lefthand, the
second rather more than the firsh,

On the other hand the la)\dﬁt’ .

.~:~ABBAABBA

is balanced with regaf&‘ to a simple “linear” fertility slope, and the mean of

neither A nor B will\ie biased exeept by departure from linea.xjity. N .
It is, of cours@%péssible to imagine particular variations in soil fertility which

© will bias the means of plots arranged in this manner, but with one exception they

are of the fame nature and lead to the same sort of bias—but usually to a smaller

extent ak oceurs with artificially randomized layouts. . o
The one exception is a periodic wave of fertility due to prtizw_ous cultivations
which happens to coincide in period with the width of an odd integral number of

- quartets, a not particularly likely occurrence.

Such layouts as A BBA are termed balanced, and a,ny‘number of tre?atn.:lents
in the Latin square which is not

may be set in a balanced layout, a8, for example, ] \ hich s no%
only balanced but random as well, “thus conforming to all the principles o

allowed witcheraft™.
Tt is reasonable to expect that balanced la}t
and that the mean will be less biased than 1 random,

outs will on the whole be successful
and this expectation is

~
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illustrated by some experimental sampling carried out by Mr A. W, Hudson of
Massey College, N. Z., who tested balanced and random blocks against one another
on three different uniformity trials. His results are given in the Appendix, and ail
that need be said here is that in fifteen experiments the balanced layouts showed
slightly more bias in three and less in twelve, the reduction of bias being very
considerable in some of the twelve.*

And this brings me to a question which has often interested me. Suppose there
are two treatments to be randomized—I take two for simplicity only—and
suppose that by the luck of the draw they come to be arranged in a very anbalanced
manner, say A4AABBBB: is it seriously contended that the risk*should be
accepted of spoiling the experiment owing to the bias which will affett the mean if
there is the usual fertility slope? For, as will be shown Iater,:}lot only will the
mean be biaged, but the apparent precision will tend to b high, and misleading
conclusions drawn much more often than the 1 or 5 %, of the tables. It is of course
perfectly true that in the long run, taking all possible_arrangements, exactly as
many misleading conclusions will be drawn asare allowed for in the tables, and any-
one prepared to spend a blameless life in repeatirig hin experiment would doubtless
confirm this; nevertheless it. would be pedanbii:&o continue with an arrangement
of plots known beforehand to be likely to Yead to a misleading conclusion.

Let us suppose therefore-—as indgéd: it is rumoured—that common sense
prevails and chance is invoked a sgéond time and that such an arrangement as
BBABBAAA is offered; is this to’be'accepted? It is more likely to give a biased
mean than BA BABABA, buf.then of course it is random !

And if this is not to begused, how about BBABAJRAA? In short, there is a
dilemma—either you must occasionally make experiments which you know
‘beforehand are likely(#o give misleading results or you must give up the strict
applicability of the\idbles; assuming the latter choice, why not avoid as many
misleading results'as possible by balancing the arrangements? And this, to do
Prof. Fisher juki"ce, is the direction towards which he is tending; in his paper with
Dr BarbaeKithe treats for the first time of “randomized sandwiches” to which
the obfedtion is, not an appreciable increase of error, but the practical difficulty
of working them.

To sum up, lack of randomness may be a source of serious blunders to careless
or ignorant experimenters, but when, as is usual, there is a fertility slope, halanced
arrangements tend to give mean values of higher precision compared with artificial
arrangements.

Next, what is the effect of lack of randommess on the variance?

In a later soction I will show that since in the “null” case, i.e. when no real
treatment differences exist, the aggregate variance due to “treatments’ and

* Mr Borden, of Hawaiian Sugar Planters’ Associstion, Hawaii, has obtained similar
results in similar experiments, and I have ro doubt that this will always tend to happen-
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residual error is constant for all arrangements of treatments in the blocks, those
with low actual error necessarily give high calculated values for the error and vice
versa, the calculated error, however, varying much Iess than the actual in ordinary
experiments owing to the larger number of degrees of freedom of the residual error.

'This, of course, has nothing to do with the origin of the experiment whether
randomized or not.

If, however, the arrangement is “randomized” one can-—before the draw—
state accarately, subject to normality, etc., what the chance of getting any
particular partition of variance between “treatment’’ and “residual error”’ will
be in the “null’’ case. After the draw, when one particular arrangement hs been
chosen, it is often possible to be sure that the chance has changed in onedirection
or another without, however, being able to define exactly what iy In parti-
cular, balanced arrangements tend to have lower actual errorsahd higher calcu-
lated errors than would be expected by chance before a ra,nd,oﬁzf selection is made,
and this is so even if a degree of freedom is allocated todersility slope, owing to
the departure of the “slope” from Hinearity. \

The consequence is that balanced arrangemen,ts%’ore often fail to describe
small departires from the “null” hypothesis,ag\éigniﬁca,nt than do random,
though they make up for this by ascribing (gienificance more often when the
differences are large.

Thus such departures from the “ nullypothesis as are found to be significant
by balanced are likely to be larger than those found by randomized arrangements,
and in particular those discoveredun the “null” case itself —5 or I % as the case
may be—tend to disappean a{to‘gether with balanced arrangements.

Tt will be seen then that the difference between Prof. Fisher and myself is not

a matter of ma,thematicag’%—'ﬁeaven forbid—but of opinion. He holds that balanced

arrangements may @rJnay not lead to biased means a,ccord'ing to 'the lifa of the
ground, but that ifhany case the value obtained for the error 18 80 misleading that
conclugions drdWh are not valid, while I maintain that these arrangements tend
toreduce th\é bias due to soil heterogeneity and that so far from the conclusions not
being yala they are actually less likely to be erroneous than those d]iawn from
artificially randomized arrangements. Further, that in the really nnportm?t
agricultural experiments which are carried out at more than one centre-—afld it
was of these that I was speaking—the very slight disadvantage tl}at an occa‘smnal
result at an individual station may not be recognized 2s significant owing to
over-estimation of the error at that station is more than offset by the greater
precision of the experiment as 2 whole. ‘ .

* is i ife table to give the expectation of life. Thus the
expef&fiéi ?;?&11;20:; ;S g:g;iﬁrgit? ;lffiﬁ can begreferred to an appropriate table, but

whon we particularize the Englishman of 40 33 & tin-mir{er or an agrit;;.}]tur‘tijﬁﬂou::;awz
know that the expectation is lower or higher than that given m the table w1 perhap

knowing very exactly by how much.

L]
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§ 2. BARBACKI AND FISHER

Such being our opinions, based in each case on @ priori argument, Prof. Fisher
rightly decided to put the matter to the test by assigning imaginary treatmentsto
plots of which the yield had been determined in a uniformity experiment both on
& random and on a balanced system, and published a paper,* of which he gives
the following summary: '

1. This inquiry wag carried out to test the truth of the opinion expressed by
‘Student’ that randomization achieves its object ‘usnally at the expense-gf Increasing
the variability when compared with balanced arrangements’, and that.one of the
means available to experimenters of reducing the error is by adopling a ‘regular
balanced arrangement’. « N

“2. Using an extensive uniformity test it is found that thélarrangements ran-
domiz:i.ng either pairs or sandwiches of half-drill strips give'&maller errors than the
systematic arrangement advocated as more precize. ®)

“3. As a consequence experimenters using the sxspematic arrangements syste-
matically underestimate their errors. AN

“4. The error estimated from a systematic.arfangement is ambiguous, and the
experimenter has an arbitrary choice between géyeral widely different estimates.

. “*5. Owing to the failure to furnish a valid-estimate of error, ‘Student’s’ test of
significance is not approximately correct ﬁii- ‘systematic arrangements,”’

The particular arrangement which\Prof. Fisher intended to test was the Half-
Drill Stript introduced by Dr Beaven some fourteen years ago and widely used
since then, but unfortunately half-drill strips are too large to lend themselves
easily to testing on ordina}y uniformity trials, and although Prof. Fisher has
laid out eight pairs of half*drill strips on his uniformity trials he has not in fact
compared them with @\corresponding random arrangement but has cut them up
transversely into@4ard lengths and has compared the actual error of the large
half-drill stripg%ith that calculated from the randomized?} sheaf weights of whick
they are coraposed.

Now,it‘happens that Dr Beaven had originally proposed to calculate the error
of the half-drill strip from sheaf weights of this kind, and that I pointed out in
this Journal thirteen years ago§ that since such “ sheaf weights” may be positively
correlated such a method of calculating the error is fallacious.

* Barbacki and Fisher, “A test of the supposed precision of systematic arrangements ",
Ann. Eugen. vi1, pp, 180-93.

t Prof. Fisher prefers to eall this the “Split Drill” Method, but though I agree that the
name is more deseriptive it is a pity to confuse the matter by a change of name after alt
these years. More particularly is it confusing to transfer the name “Half-Drilt Strip” to
small portions of the original half-drill strip as he has done, and I have called them by
Dr Beaven's name of ““Sheaf Weights™.

1 Not very much randomized ; he compares corresponding pairs just as anyone eise would.
§ *'On testing varicties of cervals®’, Biometrike, xv (1923), pp. 271-93, [11].
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This method of calculating the error has, of course, nothing to do with
balanced arrangements, except that it was proposed by Dr Beaven, the author
of the half-drill strip; it might just as well be applied to random arrangements, as,
for example, the “‘randomized pairs” of Prof. Fisher's experiment, each of which
was actually harvested in six separate drills from which the error could have been
equally erroneously calculated.

Prof. Fisher has therefore caloulated the error of the half-drill strip by a method
which I showed thirteen years ago would be likely to give a fallaciously low value,
and quite rightly has not used this method to ealeulate the error of his “ randomi\zed
pairs”’: it is entirely due to this that he can draw conclusion (2) of his suminary.

From this single fallacious conelusion he boldly generalizes to reach eelusion
(3) which, as was shown by O. Tedin whom he quotes, is directly at Yartance with
the facts. Conclusion (5) also follows solely from Prof. Fisher’s faplty method and
not from the balanced arrangement. ' <

When the paper appeared 1 wrote a letter to Nature* polfiting this out, and that
the actual error of the half-drill strip aggregate was in g@od conformity with that
caleulated from the weights of the whole strips. ¢'¢

In answering me Prof. Fisher replied that, qrb ‘that case the error of the
“yandomized sheaf weights’ was so much smaller than that of half-drili strips
that eleven times the area would have to be wked to reduce the error of half-drill
strips to that of ‘“‘randomized sheaf weights” and further repeating his con-
clusion (4) with which I shall deallater.
~ Now one of the things that wasnoticed when uniformity trials first began was

that the same piece of land I it "Oilt_ in large plots gave a very much larger error
than if subdivided into small plots, and since half-drill strips were in this trial
twelve times as large o< # sheaf weights”, Prof. Tisher’s conclusion naturally
follows since he is ngt comparing like with like. .

Yet even so, th{is;é‘%vho have actually had to carry oub agricultural expe?nments
might very “{elj[ }refer to work eleven times the area with ordinary agricultural
methods andbools than have to sow and harvest 192 randomized sheaf weights ™,
if indedd that could be done at all under ordinary weather conditions.

Nevertheless, it is a fact that the error ‘of this particular set of half-drill strips
is unusually large. This arises partly because the number 0}" repetitions i's low but
chiefly from the fact that the uniformity rial which Prof. Fisher chos.e to illustrate
his argument showed a rather unusual feature due to faulty technique.

An oxamination of the original drills which were condensec} to form the half-
drill strips shows a periodicity, the averages of each eighth drill being for fifteen

repetitions: goaq 7900 7830 6795 6689 7478 6897 6697

These variations are obviously not due to chance (for instance, the tl?ird drill

* [SBee Pp- 2§8-19 below. Ep.]
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gave the highest yield in twelve of the sets of eight and second highest in the other
three) and are doubtless connected with some defect in the seed drill, probably the
tines were not evenly spaced, and this could possibly have been detected had it .
oceurred to Mr Wiebe to examine the working of the drill before sowing.

The result is that since six of the eight drills were added up to form a *“half-drill
strip”’, then one drill omitted, and then another six, and so on, there was a
periodie variation in fertility not coineiding in period with the width of the half-
drill strip, and this, as I pointed out in the Appendix to my Royal Statistical
Society paper, increases the calculated error but does not bias the nean,

For the same reason the correlation between the correspondingheaf weights
is very much higher than would usually be the case and full scopes tHereby given
to Prof. Fisher’s faulty method of calculating the error. . N

Let us now deal with Prof. Fisher’s fourth conclusion ::“fThe error estimated
from a systematic arrangement is ambiguous and the experimenter has an
arbitrary choice between several widely different estithates.”

We may observe in passing that this is anqth‘}f instance of Prof. Fisher's
passion for generalizing on somewhat narrpw~foundations, for the possibility
which he refers to is peculiar to the ha]f—dpili strip arrangement.

In the half-drill strip, however, it is pedsible either to calculate the error from
such aggregates as ABBA which Igtmed sandwiches in my paper to this
Journal or from the separate pa:rts;f of such aggregates, AB and BA, termed
“pairs” by Prof. Fisher, \ _

Of these the former is clea{igr’the better if only there is a sufficient number of
replications to give a good estimate of the error. As this is unusual it is generally
hest to give a degree of; \fﬁeédom to the fertility slope and calculate the error from
“pairs”, \“

Admittedly this{tends to overestimate the error with the sort of results
obtained in §¢§I‘”&ced with this choice, I personally choose the method which i3
most likely o be profitable when designing the experiment rather than use
Prof. Eisl‘lge\r’s system of @ posteriori choice* which has always seemed to me to
savour wgather too much of ‘“heads I win, tails you lose™.

§3. A PROPERLY BALANCED ARRANGEMENT

It appears then that Prof. Fisher's paper is altogether irrelevant to the question
at issue, but in order that Dr Barbacki’s work may not be wholly wasted we can
make a calculation of the error of a properly balanced arrangement of plots of the
same size as the “randomized sandwiches” of which he has calculated the error.

For it will be noticed that Prof. Fisher’s “‘systematic™ arrangement, though
“balanced” as “half-drill strips”’, is not so when regarded as a number of sheaf
weights”: lateral balance is necessary.

* Statistical Methods for Research Workers, § 24.1 (5th ed.), p. 125.
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The obvious layout is therefore to have the ABBdA arrangement in both
directions.

Thus:

ABBAABBAAR 4 AA44444A4
BAABBAABBA BBBBBEBEBE
BAABBAABBAetc.insteadof:BBBBBBBBetc
ABBAABBAARB AAAAA444A4
ABBAABBAAR AA44444A4
BAABBAABBA BBBBBBBB,\

eto ete.

This is merely a chessboard with fringes, each square being divided atharvest
into four. The “squares” should be long and narrow, to gain the advantage of
contiguity, and the comparisons should be made between a,djafcéiif long subplots
of the different varieties. I have not seen this rather db¥ious arrangement
mentioned before; it is admittedly no more suited fox agricultural work than
 ;andomized sandwiches”, but it might be used in p@tﬁdtdral work, where the
reduced “borders” would be of advantage, or forfpet culture.

In this case we can start from Dr Fisher’s Table 11 by reversing the signs of
columns (i), (i), (vi}, (vii), (x) and {xi) agd’g&lcul&te the error from an analysis

of variance as follows:* DN

Degrecs of i Sum of sguares
Variance due to of “split drill”

e ,\ freedom differencen

Longitudinal fe{tii;:y slopes 12 gBT,l?l

Lateral fertility slopes 8 4,508,506

Varietal diffefelite I 2,741

Residualerrors 75 3,068,681

L Trewl B 96 0,387,009

The differesice between A and B is thus 513g. and the s.D. of this difference
9950, ag-dompared with 2353 calculated from “random sandwiches™.

Thu&a\,‘s we should expect, the difference is comfortably within, the s.p., and
the s.D. a little below that caleulated from «pandomized sandwiches”™, itgelf &
partially balanced arrangement though random,

We see then that if a properly balanced arra
uniformity experiment of Dr Fisher’s choice the error is found to be, as usual, less

than his random arrangement, though not by much since “sandwiches” are

themselves balanced.

ngement is put down on the

* [The basis of this analysis does not seem quite clear. I‘t was a point on which
“Ziudent” had promised to cnlarge hefore the final presentation of the paper: =ce the

editorial note on p. 199 at the head of this article. En.]

[
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§4. Tue ErFEoT oF “BALANCING” ON THE “VaLiniTy”
oF CONCLUSIONS

From a priori considerations-—and Mr Hudson’s and Mr Borden’s experiments
are inaccordance with this expectation—it seems fairly certain {i) that “‘balancing™
has no tendency to bias the mean, and (ii) that when there is a ** fertility slope " —
or anything corresponding to it, e.g. a time effect—the result will be to increase
the apparent error but to decrease the real error. What effect has this on the
“validity " of conclusions drawn from balanced experiments? N

4 '\' ‘5
N

(1} The casc of blocks, randomsized or balanced, judge@&y\'tke z test

Let us take the case of four treatments in six blocks giving fifteen degrees of
freedom to the residual error and three for treatmentdy’and let us suppose the
arrangement put down on a uniformity trial, NY;

Then, once the plots and blocks are marked p:g't, the “total sum of squares”
and the “sum of sruares due to blocks™ are; fixed; the difference between these
represents in all cases the eighteen degrees of freedom due to treatments and
residual error, but will be divided bet}%‘eén the two in different proportions
according to the chosen a,rra-ngemepﬁ",b’f the treatments in the blocks. If the
arrangement is random the frequengy of any particular ratio is known to follow
- the z distribution, and owing t.ca."bhe skewness of this there will more often than
not be a lower variance of tl@%i‘eatmenbs with three degrees of freedom than of
the residuals with fifteen.

If the arrangemens, i not random the frequencies will not follow the z
distribution, e.g. with M egular unbalanced arrangements the variance “due to
treatment” will t€rid "to be high compared with that of “residual error”’, while
with regular bafanced arrangements the reverse is the case. Tt will therefore be of
interest to se@ What happens when a real “variance due to treatment ”* is imposed
on unifefaity trials which give ratios at different points of the z scale.

Thus it'inay be convenient to take as norm those uniformity trials which have
the same variance for “means of treatments” as that calculated from the residuals
and let this variance be 02, Then another set of trials may be considered of which
the means have a variance of 0-502 and consequently a variance of “residual
error” of 1-162, since 15x I 1 + 3% 0-5 = 18. This sct may be taken to represent
the tendency of balanced arrangements to produce low variance “due to treat-
ment”". A third set representing “‘ unbalanced ” arrangements may be taken with
& means vatiance 1-502 and a variance caleulated from residuals of (902

All three of these oceur, of course, in their proper proportions in random trials
and are none of them uncommon. They are merely taken here as types.
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In what follows I shall for convenience term the variance of means the actual
variance of error, ¢%, and the variance caleulated from residuals the calculated
variance of error. :

Now suppose that a real variance due to treatment—measured without error,
o%—he superposed upon the uniformity experiment. Then the caleulated variance
of error will be unaffected and the chserved variance due to treatments will be
0%+ 02+ 2rpop 6, and, since T and e are independent, the distribution of the
observed variance can be calcnlated from the known distribution of » when there
is no correlation, which in this case of four treatments is uniform between +1
Q!

From this we can determine the probability that any given 6%, sq]iergposed on
any particular arrangement, will be deemed “significant” when gompared with
the corresponding “caleulated variance of error”. A N

The results of such caleulations are given in the following\table, which gives
the probability of exceeding the & %, limit of significancesor if preferred can be
read as the percentages of “significant” results. !

RS
W\
Probability of obtaining{gignificant result
Actual vasidnde of error
Value of - _ ™
atiod 1-50° [ ~8 00 050t
Q Bamit of significance
2.96a2 $-290% 36307
T :g-}z S | o
10 ¢ ol -
15 X051 034 003
2-0 N 058 044 022
a5 0-63 0-53 (38
30 AY 0-68 0-60 048
3G 072 0-66 057
40(, 0-76 071 0-66
&5 079 076 0713
S\ 0-$2 0-B0 0-80
LAN B 0-85 0-84 86
SO 0-88 . 088 0-92
RS 65 0-90 091 007
\™ 70 (93 094 1-00
N\ 75 95 0-88 —
80 97 100 —
85 0-99 — —
9-0 1-00 — -

This table illustrates the fact that arrangements which give an actual error
less than the caloulated fail to give as many “significant” results aa those which
give larger actual errors up to a real treatment variance of about_ five timo.as th:e
average residual variance, at which point aboub 20 % of the exp'erlmen_ts still fail
to show significance in each case. When the real treatment variance rises above

this point, the smaller the actual error the more are the significant results,

14
BPS

o
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It is perhaps rather invidious to decide below what value of the real treatment

~ variance ““significant’” results are misleading, bus in any case it is clear that the

fault of the arrangements with low actual variance is not lack of validity., On the

contrary, conclusions drawn from experiments giving significant results by such
arrangements are more valid in the ordinary sense of that word.

These arrangements have so far been considered as having arisen in a random
manner, but by using balanced arrangements the proportion of arrangements
having actual low errors is increased, and hence conclusions arrived at from
balanced arrangements are more, not less, valid. .

Nevertheless, it is clear that if it is required to calculate the error}rom an
experiment, carried out at a single station it is advisable not onlyf0)balance the
experiment but to allow for the error eliminated by allocating a degtee of freedom
to the fertility slope. Even so it is likely that the actual exror will be less than
the calculated and the conclusions more valid than they; \aj;)pear to he.

(it) The case of half-drill strips judged’by the ¢ test

I showed in the Appendix to my paper on Co}gperative Experiments that it is
usually advantageous to allot one degree of\ffeedom to the fertility slope, and
that since fertility slopes are not usually"é;trictly linear there is a tendency for
the calculated error to be larger than thie actual error. Let us illustrate this in the
case of experiments carried out on the scale adopted by the N.I.A.B., namely,
with ten pairs of comparisons; t}ig\s of course rather a small seale, and of the nine
degrees of freedom one is a]@"at}ed to the fertility slope and eight to the residual
error of comparing the twe varieties.

In this case we aretdAary, not the position of treatments on a given piece of
ground, but the pieees.éf ground on which a half-drill strip of ten pairs is set and
the ““norm ™ \Vhﬁi’WB shall take is the case where, owing $o a particular uniform
fertility slope{&he calculated and the actual error exactly correspond with the
standard gr{:‘hi’ v '

With’ﬁ}:is ‘we can compare a case where the variance of actual error is 0-502 and

the caleulated error therefore (1+980) o? = 1406202, i.e, standard crrors (717

and 1-03¢. A tendency in this direction is, as noted above, common, since fertility
slopes are naturally not uniform; on the other hand, when the fertility slope is
small, random sampling may give us a case where the actual error is larger than
the calculated, let us say standard errors of 1220 and 0-97¢.

Then in the three cases we find from the ¢ table that the 5 ¢/ significance point
is for the “norm” 2-30c, for the low actual errer 2-37¢, and for the high actual
error 2-230, while the actual errors are distributed normally with s.8.’s. o, 0-7070"
and 1:22¢° and the percentage of “significant” resulss, i.e. those above the
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significant point caleulated above, can be readily determined for values of the

real (i.e. measuared without error) differences between the two “varieties”, say

A- B, ,
These are given in the following table.

! Variance of caleulated error 09408 | 1-Go2 | 10602

; Variannee of actual error | it 1-0o® 0-553

| %,E, calenlated 0870 1-0o0 103

4.5, actual i-22a 1-00 0305

© Limit of significance 2-23x 2-30¢ 237

: . A-B - -

; Value of Probability of significan} resulta
0 0-07 0-02 O™
0-5 0-¢1 008 004 U
10 018 (3 {1] 003
13 027 0-21 LA
203 042 0-38 » 4-30
25 059 058 LS a8
2.0 0-74 076 0-81
35 085 088 95
40 093 O, -89
4-5 097 79:90 }00
50 099 \ 200 —
b5 1-60 NS — —

It will be noticed that in the left-hand':éolumn there are two probabilities
given opposite 05, 0-01 that a negativesignificant result and 0-08 that a positive
significant result will be obtained. Fertunately such a case is almost impossible
unless of course “randomized pairs.were used instead of & half-drill strip. What
we are concerned with in praetide is something which tends towards the right-
hand eolumn which, as in Qhé\}ase of the balanced blocks, errs by failing to give

significant results when thedifference to be measured is smali, but from a value
of about 2-55—at which &ll produce significant results in 60 %, of trials—gives a
higher percentage, t.ha\n when the calculated and actual errors are equal.

Ii is clear, th 'fdre, that in this case too, conclusions drawn from a balanced

arrangementtare not less but more valid than if the arrangement had been

randome () :

The ahove tables rather emphasize the well-known paradox that it is just when
the experimenter is congratulating himself on the unusual smallness of his
experimental error—unusual, that is, for the type of experinient and number of
replications—that he is most likely to be betrayed into drawing false conclusions:
for the small calculated error indicates a large actual error, and this whether the
arrangement be random or balanced, though it is likely to occur more frequently
in the random.

In conclusion, I should like to emphasize the fact that when using the phrase
criticized by Prof. Fisher 1 was concerned with co-operative experiments carried

" out at a number of different places.
14-2
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Such experiments, as indeed all agricultural experiments, are only of value in
so far as the venue is representative of the conditions under which the results of
the experiment are to be applied, and so the result at any single station is not of
any particular importance in itself but only in its interaction with the results
obtained at the other stations, for only so can its representatwe nature be
established.

To take a simple case a variety trial may indicate that one wheat will do better
than another-in heavy but not in light soils; such a conclusion is more likely to
follow from an experiment carried out with a low real error and a correspendingly -
hlgh caleulated error at the individual stations than if a low calculated értor gave

“significant” results sporadically. D)

It is therefore important that the results should be determinéd with as little
real error as possible, and the calculated error at each station jg Siperseded by the
error of the experiment as a whole, (¥

AN

APPENDIX GIVING MR A. W. HUDSON'S C’({MH?ARISONS OF RANDOM
AND REGULAR ARRANGEMENTS ENUNIFORMITY TRIALS

Mr Hudson’s account of his procedure jg-as follows:

“(i) Four, five or six imaginary treatmenfs were allocated according to which
was the most suitable to the full utilization of the data.

“(ii) These were allocated to bloeks in a regular-balanced fashion and then
to the same blocks randomwise{ Using various numbers of ‘units’ per individnal
plot. N

“The regular arrangements were balanced by using two or four series in which
the treatmentsin the second and fourth series were in opposite order to those in the
first and third, thus £

U 1, 2, 3, 4, 1, 2, 3, 4, ete

O 4, 3, 2, 1, 4, 8, 2, 1, ete.

.,\.f} 2,1, 4,3 2 1, 4, 3, ete.
'Q 3,4, 1, 2 8,4, 1, 2, ete.

or alternatively, where the shape of the individual plot permitted, only a single
series, thus:

ete., 2, 1,4, 3,2, 1 Middle 1,2, 3, 4, 1, 2, 3, etc.”

Mr Hudson’s experimental work must not be taken as an attempt at a proof
that balan¢ed arrangements are likely to give a lower error than random un-
balanced arrangements; that seems to me obvious, and it is for those who wish to
disprove the obvious to obtain evidence in support of their eccentric opinions, but
it does give an interesting illustration of what is likely to happen in practice, and I
print it in the hope that it will help to clarify other people’s ideas as it has mine.
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TaprLe I

" Duata from Journal of Agricultural Science, Vol. 1v, Part 2, 1911
' Mercer and Hall. Mangold Plots

Numbe .
uraber of rows 20} Total number of units 200, but only 160 used in first th.rec...\

YUnits per row e 10
Random Bahnwdz )¢
B, Tr. | R.xU. | GM. | Caleu- | Dev.of Calew | Dok, bf
: : lated | T.M. from | Actual | Jop0q T.}f.‘zi‘fom Actual
1 8.E GM. 8.E. sE |{ GM. 8.2
20/4 Ix2 6564 | 663 - 33 584 | 618 Y 4 a4 205
- &7 - 10
+ L6 - 17
IS ) : | +7s AN - 17
10/4 2x2 13128 | 1416 +10-2 1045 1442 - 08 §-54
-4t O + 83
—122 (0NN - 149
+ 63 [ _ 54
10/4 Ixd | 13128 | 1640 127 | 1248 | 166 +163 | 1002
180 - 58
Sirs - 88
2 29 - 33
8/5 Tws | 16629 | 21620 -328 | 20 | 2292 | +150 | 164
& - 200 -162
N +278 - 55
N + 43 +197
OV +205 -132
. AN | —
4/5 25 32857 |- 50478 +55:0 50-8 54:02 1153 387
' s ~250 2157
\O - 32 “532
N +430 + 03
o\ -68:7 +44-5
o 3 ] :
.u\'o

Tablé Beadings: B./Tr. Blocks (replications) and frestments,
4 R. = U, Size of plot, rows x units,
G (leneral mean of all plots. ) .
. Calealated 8.5., i.¢. of means of treatmenta by analysis of variance.
Dev. of T.M. from G.M. Deviation of treatment means from general mears.

‘Actual 8.E., i.e. caleulated from previous column,
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Tasne IT

Data from Jouwrnal of Agricultural Research, Vol. X1xv, No. 8, April 1932
F, R, Immer, Yields of sugar beet

Number of rows ... ... 60 O
Units per row 10 A .
Total number of units 600 2 AN
A
Random ; % “Balanced
B/Tr. | R.xU. | GM. | Calow- | Dev.of | | Calew™;? Dev.of |
lated | T.M. from | Actual 1{1;;& T.M. from | Actual
5.E. G.M. BE NeE. G.M. ..
2076 1%5 255-9 3-28 + 1 322\N 327 - 11 3-40
+ 33 P \& ~ 37
+ 08 & - 21
+ 04 4N £ 61
- 62 MV + 11
+ 08 M 0
10/6 2x5 5119 | 842 JH0 | 106 852 + 75 9-8
SRl3-0 + &1
N 16 - 58
N i 2 -173
A +130 + 26
:..,> - §2 + 78
10/6 1x10 | 5119 {804 - 81 6-90 811 ~ 62 608
S + T4 - 17
Z 44 +104
AX + 95 - 27
O - 04 - 37
(N B .
¥ 6-0 + 37
4/6 .)XEX 12797 | 23-68 +682 52-1% | 3787 +114 10-0
R\ +40:5 + 54
N ~416 ~17-0
LY - 63 + 21
N ~733 - 54
N\ +125 + 38

_ % This is & “significant™ result—beyond the 1%, level—and it is perhaps a little unfortunate that
it sdhould l?ave ocourred in a mere sample of 21. Ft has, however, been checked both by Mr Hudson
and myself.
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Tasne II1

Data from Journal of Agricultural Science, Vol. xx11, Part 2, April 1932
Kalankar, Polatoes

Number of rows 96 Units per row ... 6 Total number of units 376
Random A Random B Balanéed,
B ,"’T]‘. R.x1. G Dev. of | Dev. of vof
L Cale. T.M. | Actnsl{ Cale. | T.M. | Actunal | Cale, “T;M. Actual
8.E. from | sp | sE | from | sm | s §‘fom | sE
GhM. GM. A eM
32/6 1x3 69:8 074 - 02 0-51 074 — 6 (-2 NS E ] - 0B 067
+ 04 - 0l '\§ + 03
- 01 - 03 NN C+ 09
- 06 + 02 g - 01
- 03 + 06} + 03
+ 08 "txo’a - 140
16,6 1= 139-6 1-62 -~ 1.9 1-7¢ 149 s“‘h'\l']. 2-05 1-55 - 14 1-20
: 1] N 18 + 13
+ 27 o - &1 + 0
- 19 o2 + 12 + 07
+ 07 + 11 0
+ 04 . " - 21 - k&
16/6 | 2x3 | 1396 ! 216 { + 02 [ 2T0 | 219 | —28 ) 162 220 | + 02| 138
- 1-LZ7h + 15 - 03
- 2@} + 08 - 21
P\ ! + 02 - 05
}\\9‘4 + 01 + 20
N 3.5 4+ 02 + OB
86 | 2x6 | 2792 | D95 + 88 | 484 | 547 | + 08| 383 | 636 + 30 | 2468
WL+ 09 + 60 + 33
s _ 54 + 21 - 20
Q) 14 - 38 - 3
\“ - 2.8 - 11 0
\ - 01 - 41 - 10
8/6 | axd | 2192 | 567 ] + 13| 371 558 + eli»g 452 | 860 | + i-i 442
) + 81 - b - 4
N\ + 3l ~ a8 - 22
39 ~ 01 - 27
S _ 35 - 44 - 09
_ 1t + 16 + 77
4/ 538 . 131 (317 | 3585 | - 59 | 216 | 37796 | - a3 &7
6 | &x3 | 5384 | 338 -4 1300 _10-B
+410 +108 + e
+35:8 ~189 - 08
-190 -125 1
_38-7 - 14-6 + 78




MISCELLANEOUS CONTRIBUTIONS
A. LETTERS TO NATURE

(i) AGr1¢ULTURAL FIiELD EXPERIMENTS
Q"
[Nature, cxxvi (29 November 1930), p. 843]

N

(\A
I~ the article with the above title which appears in Natwe'o’fﬁs October last,
p. 667, it is stated: ,

“Beaven’s half-drill strip method is described, but #ithout pointing out its
two serious but remediable defects: that the contimféﬁ use of one half of the
drill for one variety, and of the other half for the variety with which it is o be
compared, may introduce a constant difference the magnitude of which cannot
be estimated; and that the regular alternatiof %f strips of the two varieties does
not permit of a valid estimate of experil’neﬁt'al error.”

I submit that these defects are mox;e;théoretica,l than practical, and that any
maodification of practice in the a.ppli:éaﬁon of the method, such as changing over
seed boxes, would be a retrograde step.

To take the first, there are three possible ways in which one half of a drill
may differ from the other \i ~/ '

(1) It may cover a wider breadth of ground; this would doubtless have an
appreciable effect, bup it would be detected and allowed for by the routine
measurements takeh.dcross the stubble.

(2) The cou{e:‘may be less evenly spaced than those of the other, and

(3) Less sefdl may be drilled from it than from the otler.

Now, gp\ﬁg&l crops are wonderfully independent of the amount of sced sown.
1 havg-innmind two chessboard experiments, in one of which half the area was
sown\siéh seed 1 in. apart instead of the usual 2 in., and in the other, the rows
in half the experiment were 3 in. apart instead of 6 in. In each casc the heavier
seeding only resulted in a gain of about 3 %, and it is not to be expected that
such slight irregularities as oceur between the two halves of a drill would have
any measurable effect,

The second defoct, owing to the peculiar shape of the half-drill strip, would
only exist if the experiment were to be sited so that some periodic variation
existed across the breadth of the drills: otherwise randomuness is supplied by the
soil. By taking care that the experiment is drilled across ploughman’s “lands”
if they exist, and by bearing in mind the history of the last few crops, this danger
can be avoided.
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The pairs of strips fall naturally into two sets according as one or other variety
is on the right hand, and in an analysis of the variance of the difference between
varieties, one degree of freedom is taken up by these two sets. The estimate of
the experimental error arrived at in this way is perfectly valid, provided the
above precautions have been taken in siting the experiment.

It would be a pity to interfere unnecessarily with the simplicity of this very
efficient method of conducting field trials.

(ii) AGRICULTURAL FISLD EXPERIMENTS A

[Nature, cxxvil (14 March 1931), p. 404] « \

.,

M=z HowaRrD’s letter in Nature of 31 January last (p. 166) gives’ilolferesting con-
firmation of the reviewer’s opinion in Nature of 29 Novembery 1930, p. 843, that
depth of sowing influences the yield of wheat, yet I ventureto Suggest that such
an extreme case as he quotes scarcely bears upon the ponib at issue, When seeds
do not germinate, it is equivalent to a light seeding-rete, which, as I pointed
out, makes wonderfully little effect on the-yield Whether such differences a8
one may expect to occur between the depths ofedulters in the same drill make
any appreciable effect on the yields of thth:lifEerent rows is still, I think, an open
question, and I suggest that the diﬁq;‘enées which the reviewer 'ha.s observed
between the yields of his rows may‘have been due to th‘.air bemg. unevenly
spaced. The yield which is comp Atively unaffected by seeding rate, 18 thsft per
areal and not that per linear uni\h he reviewer quotes ‘“an apparently uniform
field” at Aarslev as upsettingmy view that for practical purposes ran'domness -
" can be obtained from the(Ralf-drill strip “provided care in tz?ken to drill across
ploughman’s ‘lands’ 25 4f they exist; yet Dr Sanders in his e?,’ccount o.f t;a‘t
experimen$ makesm@ mention of an “ apparently uniform field” (. Agf'ﬁﬁ- ‘;;
XX, p. 65), but Writes, “This oscillation apparently arose as a legacy of the o
ractice of pldughing in high ridges”, and so on.
’ F":ven if %ﬁ?uisujfabilityg' of the field had been overlpoked, th.e Aarf-slev plo:;
were probably a good deal wider than drill width, and half-drill strlps_:;rlo:h
have been extremely unlikely to coincide both in breadth and phase wi ; thz
periodicity in question, while any partial coincidence would have betraye
existence of the snare. . L
;S‘Jici:]ley, there is a fallacy in Mr Howard's last sentt?nc(%—‘ It ;s Obu‘;mui rig
such questions that nothing can be gained by the 3:1,313’]1‘3&“0‘_1 of Om.;st?:n "
figures to the results obtained by poor agriculture. Therfa is 1:0 quwit,h ,oor
course, of connecting the half-drill strip meth’od. of expeﬂni}en lnf oI‘diIIl)aI'Y
agriculture; its great merit Hes in the fact that in its preselftulc;rm 1 i:,Swould i
farming practice: if, however, that practice were poor agrioulture,

»
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a mistake to carry out trials by methods conforming to better standards; field
trials must be capable of being considered a random sample of the practice, not
of the theory, of agriculture.

This may seem a hard saying, but an example will make my meaning clear.
After a long series of experiments the Irish Department of Agricnlture decided -
to introduce Dr Hunter’s Spratt-Archer barley as being the best suited for the
country. This was almost everywhere a great and outstanding success; yet in
one district, which shall be nameless, the farmers refused to grow it, alleging that
their own native race of barley was superior to it. After some time the Depart-
ment, to demonstrate Spratt-Archer’s superiority, produced a single-khe culture
of the native barley and tested it against the Spratt-Archer in,€he district in
question. To their surprise, they found the farmers were perfectly right: the
native barley gave the higher yield. At the same time the reakdn became plain:
the barley in question starts more quickly and is able\.tfysmot-her the weeds,
which flourish in that not too well farmed land; Speatt-Archer, growing less
strongly at first, is, however, the victim and not_the conqueror of the weeds,
and the original experiments, carried out on welp}a'rmed land, were definitely
misleading when their conclusions were appli€d)elsewhere.

Taught by experience, the Department, is.qiow engaged in breeding a barley
to meet their conditions: and this barleyiwhen obtained, will rightly be tested
by “results obtained by poor agricu}t;ui’e‘”.

~

(iii) THE HaALF-DRILL STRIP SYSTEM
' AGRI\Q{fLTURAL ExXPERIMENTS

[Nafu}'e; cxxxviI (5 December 1936}, p. 971]

Pror. R. A. FisEBR AND DR BARBACKI have recently published a paper
in the Annals %Eﬂgen-ics entitled “A test of the supposed precision of syste-
matic arrangements’’.* There is a good deal in the Ppaper with which I am not
in agreemeny and with which T hope to deal elsewhere, but a letter from a friend
of ming In” Australia, who has heard at second-hand that Fisher’s *“‘results
showed not only that the half-drill strip failed to give a valid estimate of error
but was less accurate”, shows that it would be better not to let such rumours
get a start, for they are quite unfounded,

In the paper, the crop on a uniformly treated field was assigned to two
imagined treatments A and B on a systematic plan in which eight strips of the
width of a half drill were assigned to A > and eight to B, in the usua) arrangement
of an eight comparison half-drill strip experiment. Apart from the fact that one

* Barbacki and Fisher, “A test of the supposed precision of systematic arrangements ,
Ann. Bug. viz, Part 2 (1936),
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should have at least ten comparisons—in Beaven’s original paper* there were
26—the representation is a fair one,

The authors, for the purpose of ascertaining the degree of precision which is
obtainable from the systematic arrangement in question, have taken the weights
of grain, not from the total area of each of the 16 strips, but from 12 sections
of each strip, and have treated these 192 sections as if they were independent
half-drill strips—in fact they have called them half-drill strips—and from the 96
comparisons they have calculated a standard error to represent the precision
which they suppose an advocate of systematic arrangements would attribute
to the method. But, of course, the sections of a half-drill strip are nos in fact
independent, and in this case are markedly correlated, so that thefigire which
they obtain is much too small to account for the observed djﬁerqn(::é between the
A’s and the B’s—and they draw conclusions adverse to the systematic arrange-
ment and not to their own method of calculation. < D

The procedure adopted, of dividing up the long-8trips, is that which Dr
Beaven* originally proposed in 1922, namely, weighing the sheaves off equal
segments of his half-drill strips and calcula,tinggs}}e ‘error from these weights;
but so early as 1923, I pointed out that t1ii§ method would probably give a
fallaciously small value, and since then it has been customary to regard the
whole length of the strip as the unit in $lig*calculation.

Had Prof. Fisher and Dr Barbacki*ealculated the error on that basis,} they
would have found a standard erroriof 2:37 9, of the average yield, while the
actual difference between the A{s and B’s amounts to 1-75 %,; that is, the differ-
ence between two things IQ‘GH should be the same within the error of random
sampling is in fact no moere than ¢-75 times the standard error. o

The authors’ 'practiesl demonstration of the correctness of my a priori

ing i ' . tifving to me, but I must nevertheless insist
reasoning is, of course, very gratiying ealfediill
that their paper/has no bearing whatever on the error of present-day ha

strip experiments.
. Bea‘veh\;.“‘ E[‘rials of new varieties of cereals”, J. M inist. Agrw xxn;%Nos. 4 ;;ﬁd ;371 9[212[) .
+ ““Ktmilant™, *On testing varieties of cereals ", Biometrika, xv (1923), pp. 286, 257, [11,

. 108}, -
P tadent ", “Yield trials ", Baillére's Eneye. Soi- Agric. 11 (1931, [15].

in large-scale experiments ™, JJ .’Roy. Statist. Soc. Supplerent (1936), [20].

* (lo-operation
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B. CONTRIBUTIONS TO DISCUSSIONS AT MEETINGS OF THE
INDUSTRIAL AND AGRICULTURAL RESEARCH SECTION
OF THE ROYAL STATISTICAL SOCIETY

{i)
[Supplement to J. Roy. Statist. Soc. (19384), 1, p- 18]

MRr GossET said that Dr Pickard had given such a wide and comprehensive
survey of the application of statistical methods to industry that,\ih spite of
having had a considerable experience himself, there was practicaily nothing
that he could add on the subject, He had started with the r;a,ui\ma-teri-al in the
field, and ended with the finished cloth, and in his own patticular industry he
had had similar problems from one end to the other. 0, _

He would like to refer to the question raised at,.the)end of the paper—the
selection of the statistician for industry. In his firmya man who had had some
. experience of the industry had been sent out ahd taught statistics. That had
happened some time ago—in fact it was twenfyiéight years since he had ridden
across the Berkshire Downs on a bicycle to interview Prof. Karl Pearson in 1905,
On the whole, this had been found to ]oe‘én,’ good method, and perhaps because
they had been working at it for so lpfig, they did not experience the difficulty
of the horrible jargon referred to by Dr Pearson, and it did not appear to produce
quite such terrors even amongdthe senior members of the firm. They more or
less understood, and if theycdid- not understand they were quite polite about it.

If a man were sent out fr.cﬁl the industry and put to school again, he was apt
to forget what he had .\léa;rned, and it was most important that such people
should be in eonstal\t fouch with their Professors. As Dr Pearson had pointed
out, one reason wa*s;t-hat the mathematical tools which the Professors provided
would hardly belexactly what were wanted unless they knew how they were
to be used, ' .j'f; _

Anot;harﬁ p\oint arose from the peculiar nature of statistics. Tt was impossible
to apply statistical methods to industry or anything else unless one had a certain
amount of intelligent experience ag a background. That worked both ways. The
practical man had to go and talk to his Professors partly in order that the
Professor himself should share his experience. In actual fact all statistical
methods were strictly inapplicable to practical affairs; they all depended upon
random samples and, as everyone knew, there were no such things. That, of
course, wasanexaggeration ; therewers tworandom phenomena, one of which was
the disintegration of radioactive elements, and the other was Tippett’s numbers.
The whole art of statistical inference lay in the reconciliation of random mathe-
matics with biased samples. Every new problem had some fresh kind of bias
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and might contain some new pitfall. The only way not to fall into these pitfalls
was to talk over the problem with some intelligent critic; and so the practical
man, if he were not entirely foolish, talked over his problems with the Professor,
and the Professor would not consider himself to be a competent critic unless
he had had some experience of applying the statistics to industry, and had
learned the difficulties of that application. :

{ii)
[Supplement to J. Roy. Statist. Sac. {1938), 111, p. 173] A

M=e Gosser said he would like to confirm a remark of Prof. Pearson’s about
the difficulty of working with large-scale results. In most cases thexhele object
—or one of the principal objects—of manufacture is to keg:p’,t}ie product as

'uniform as possible. In addition 6o that and in order te foB%ain that, it is

necessary to keep the raw materials as constant as possiblé;. tonsequently, when

" one looks at large-scale results, there is no variatioh. to’ work upon, and the

statisticians are helpless, at any rate until something.hias gone wrong,

Mr Gosset said that up to the present he had. Been interested in spectacle
glass only as a consumer, and his excuse for ihtervening in this discussion was
that he could illustrate the use of a simple-statistical method on the tables
which were given at the end of the papgi',' )

In an investigation such as this,‘fvy'hére one wished to throw light on the
behaviour of a large-scale: proces€)\the method of correlation was very often
useful, but at first sight the tables did not look very promising, split up as they
were into very small sa.mp]é&,\ﬁoth by the small numbers of journeys per pot
and the different kinds of ;glass- In this connexion he would say to Mr Jennett
that there were two ubeés’in correlation, one was the use of the regression line,
and that was doqhtléé's the best, and the other its use merely as a measure of
the relation bet}\séeil the two things.

There wasa method of correlation used largely by psychologists, known as

hod—that is, it did not utilize
all the $uformation supplied by the samples, so that about 20 ¢} larger samples
must be collected to give as accurate & result as the ordinary correlation coeffi-
cient, yet, owing to an artful method of calculation, it was 80 simple ifhat when
playing with other people’s figures, for instance on a railway journey, it was the
obvious one to nse. It consisted of replacing each variate by the figure repre-
senting its numerical order, and correlating these numbers. .
By this method, Mr Gosset said he had obtained weighted average corrfalatnon
coefficients between the number of veins and the order of the journey, v.vhlch pultt
it beyond all question that the later the journey the worse the veins. This

weighted average was derived from all the 98 samples discoverable in the tables:
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the mean size of sample was just over 4, the greatest was 8 and the smallest 2.
The average results were as follows:

For A 031 2.6 times ity standard deviation
w B 0-27 >l " . "
2 C 044 2.2 ” L4 :
»r i 0-11 08 Y] " L
w B 0-19 1-3 1 . "
Total 026 4-5

L2 LB i

4, B, and € were all significant. D and E were not s0, but there was no evidence
that any glass behaved differently from the others. When he said " standard
deviation’ it was calculated on the supposition that there was no ¢errelation
at all. It meant the standard deviation of correlation coefficients of samples
of the appropriate degrees of freedom drawn from uncorrt:lape‘di\nalterial, and
the mean 0-26 corresponded to a correlation coefficient of @bout 0-30 if large
samples had been obtainable, D

This did not confirm the authors’ conclusion, and I\-Ii’-s\(iosset- could offer no
opinion as to the disagreement unless it was the ustom to stop using, at an
early stage, pots which had given poor results. A sfﬁx}.\\ér investigation into seeds
showed that there was no evidence of corre[aitib\n between seeds and order of
journey except in the case of glass 4, where thé correlation was 27, 2.3 times
the standard deviation. N\

He had also tested the correla.tion‘b(;ﬁvecn refractive index and both seeds
and veing, the former without any shecess, but there was a distinet indication
that the higher the refractive index, the worse the veins; perhaps the veins
themselves had a low refractive.ndex. The evidence was not significant, since
the correlation coefficient 0-16 was but 1-6 times its standard deviation, but if
the matter wag of any impertance, this might give a line for further Investigation.

Mr Gosset again eg{_piressed his great interest in the subject-matter of the
paper. &

N (iii)
<\} [Bupplement to J. Foy. Statist, Soc. (1937}, 1v, p. 89}

Mg Gosser wished to say a word for the control chart. It had been talked
about as a sort of wall ornament, but in point of fact it was a very useful thing.
He had had control charts in the Iaboratory which had fed up to nearly halving
a laboratory crror, becanse they gave a hint as to what to look for.

And in this discussion, although the method of testing the strength had been
aspersed, it was clear from the control chart that the method was good enough

to show secular changes, unless indeed, as was unlikely, the secular changes
were due to the testing machine itself.
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(iv)
(Suppiement to J. Rey. Statist. Sec. (1937), v, p. 170]

OX reading Mr Bartlett’s paper, I saw that I could add little or nothing
to his treatment of the statistical principles involved, but it occurred to
me that other people besides myself might have had their curiosity aroused by
certain matters of less interest perhaps statistically but yet of some practical
importance. I refer of course to the results of the experiments. I therefore
wrote to Mr Bartlett, who very kindly sent me his copies of the four{papers in
the list of references, with which Dr Crowther’s name is associatéd,*and I am
going to give an account, necessarily inadequate, of the fine piecelof work which
they describe. ’ :'f

The four papers deal primarily with the cotton crop in:Egypt, particularly
in the Delta. Cotton is grown in Egypt as an annualand not, as might be
expected, as a perennial, because of the pests by whﬁ}n it is afflicted, especially
the Pink Boll Worm. This has so much increased of late years that the methods
of cultivation have during the last ten yea,t‘s: been modified throughout the
country. At the same time, new varieties-fiave been introduced, the tendency
being to produce larger yields of cotton ‘of shorter staple. That being so, it
became necessary to cxamine how “fat these changes have altered the old
standards of manuring and, pag‘t{icula,r]y, what profit was to be derived from

nitrogenons manures. (\J

The experiments djrected\b}' Dr Crowther were concerned mainly with the
elucidation of this question and, as you have heard from Mr Bartlett, were
carried out at several stations, where the effects of various levels of nitrogenous
manuring were compared under different: conditions of spacing, watering and
phosphate manuiring, and with different varieties of cotton.

The actuallgain from the use of nitrogen varied with the spacing adopted,
with the\f:iﬁferent varieties and, naturally enough, between the different
stations, \Wut the average profit from the use of nitrogenous manures was over
jons was the profit not appreciable.
Had the optimum quantity of nitrogen been used, the gain would have been
considerably more. Furthermore, an experiment with wheat following cotton
at a single station showed that in that case the increased yield of wheat more
than paid for the nifrogen applied to the cotton. 1 think that is a very good
instance of what large gain can be made: £3 an acre on all the cotton of Egypt
would produce an enormous amount of money.

These results may not seem to be very surprising until you learn {a) that
previously it was generally believed that nitrogen was of little or no value to

L4
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the cotton crop, and (b} that in Egypt nitrogenous residues were supposed to be
lIeached out by the irrigation water,

An investigation into the relation between the supply of nitrogen and the
development of cotton leads Dr Crowther to the opinion that it is largely owing
to the closer spacing of modern practice that the plant can make good use of
added nitrogen, but I should like to ask whether the substitution of the mo~srn
nitre-chatk for nitrate of soda or ammonjum. sulphate may not also have had
a beneficial effect of its own.

I have now much pleasure in moving a very hearty vote of thankd\to Mr
Bartlett: for his paper, and if I have rather strayed from the straight, &r\id narrow
path which he has himself followed, I have done so in the conﬁde.mt Expectation
that my lapse will be atoned for by the speakers who will follo

\
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