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PREFACE

Early in 1938 a small group of Gosset’s relatives and friends decided to examine
the possibility of arranging for the re-issue in a single volume of all the scientific
papers which he had published between 1907 and 1937 under the pseudonym
of “Student”. The project was a happy one, for a unity of purpose runs
through the whole of his contributions. In nearly every case the origin of a
paper lay in a problem or problems which required solution in connection with
his or his colleagues’ work at the Dublin brewery and, since tilé’ brewer is
concerned with barley as well as with chemistry and engineeting, the central
theme of Student’s contributions was the application of statistical method in
the research and routine problems of both industry a.nd~a;\gﬁculture. '

The simplicity and directness of his methods of approach, his clear grasp of
the practical issues, his appreciation of the limitadion of mathematics when
applied to the data of experience, his warning th}xa.t statistical technique should
be regarded as an aid to but not a substitute for common senss, have given to
his writing a fundamental appeal which will last, although the precise mathe-
matical methods by which he derived. his results may have been superseded. .
He was a pioneer worker in a fidld ‘ﬁ'ﬁ?&ﬂ?'&\i’f‘iﬁ’g"f&é%&r years, was rapidly
expanding and his work is intimately related to the historical development of
his subject. As such, it was ine’jﬁable that he made certain mistakes and that
his proofs were not all cor;é&, although it is surptising how right he was in
general and how often he,“got there first” by what was sometimes an inspired -
guess, O\ : :

Under these ch'ct{m\s%ances we have regarded our editorial role as & minor
one; we have n&(&ﬁtempted to point out every place where later work may
have modified ertain of his methods of attack or simplified his mathematical
proofs, for e do not expect the reader to regard this volume as a text book.
Where nuperical or algebraic slips have been discovered, some of them possibly
misprints, we have corrected these without comment unless the alteration
appeared seriously to modify the argument. Such few editorial comments as
were considered necessary appear in footnotes enclosed in square brackets _-and
followed by the abbreviation, En. In two instances the original paper contained
contemporary editorial comment by Karl Pearson, and here we bave ingerted
the letters K.P. to make the distinotion clear. To assist the reader; Student’s
references in the text to his own contributions have been followed by the
number with which the article is headed in this volume, .8. [2, p- 29). -The
main papers have been reprinted in the order of date of publication while &



viii Preface
fow shorter miscellaneous contributions are added in a separate section at
the end.

As a Foreword, an apprecmt.mn by Launce McMullen has been included
which, with slight modifications, is the article headed “Student as a Man”
that appeared in Biometrike, XXx {1938), pp. 205-10. For further appreciations of
Student’s personality and statistical work reference may be made to articles
by R. A. Fisher, Annals of Eugenics, 1x {1939), pp. 1-9; E. 8. Pearson,
Biometrika, XXX (1938), pp. 210-50; and to contributions by H. H., J. W. and
E. M. E. in the Journal of the Royal Statistical Society, o1 (1938), pp. .248-51.

The papers have been colleoted from a number of sources and we must thank
. the following authorities for freely granting permission for their res i}ssue in the
" present volume: the Editor of the Annals of Bugenics ; Messrs Bailliére, Tindall &
Cox, the Publishers of Bailliére’s Encyclopedia of ;S’ment@ﬁc Agriculture; ‘the
Trustees of Biomeirika; the Editor of the Eugenics Review$ ‘the Editor of the
Journal of Agricultural Science; the Editor of the Journalef the American Society
of Agronomy; the Director of Meivon; the PropnetoQOf Nature; the Council of
the Royal Statistical Society.

We are very grateful to Dr R. C. Geary and Mr E. Somerfield for assistance
in proof reading.

Finally we should like to thank Mrs W S Gosset and her brother, Mr G. S.
Phillpotts, for giving us this opportuyity Lomt editors of helping to com-
memorate a friend and teach¥¥ (o T lﬁ'éﬁr&hon in the past we have owed
much. On their behalf we mustalgo thank the Trustees of Biometrika for ac-
cepting -responsibility for pv.% idation and Mr Walter Lewis of the Cambridge
Unllverslty Press for i IIW le help in the arrangement and printing of the

volume,

S *“ _ E. 8. PEARSON
September 1942 § - JOHN WISHART

gt §
\



FOREWORD

WiLLiam SgaLy GoSsSET was born in 1876—the eldest of four sons and a
daughter. His father was Colonel Frederic Gosset, R.E., who married Agnes
- Sealy Vidal in 1875. The Gossets were an old Huguenot family who left France
at the Revocation of the Edict of Nantes. _ ' ~
He was a Scholar of Winchester, and wishing to join the Royal Engineers
passed into Woolwich but was rejected in the subsequent medical examination
(again in 1916 he wished to volunteer for the Army but was rejécted for short;
sight). He then went as a Scholar to New College, Oxford, wheére he obtained
First Classes in Mathematical Moderations and in Naturgl Science. In the
autumn of 1899 he went as a Brewer to Messts Guinnes§n Dublin. _
In 1906 he married Marjoty Surtees Phillpotts, youhgest daughter of the late
Headmaster of Bedford School. She was at abouf’that time Captain of the
English Ladies Hockey Team, and subsequensly.she played for, and captained,

1]

the Irish Team. They had one son and two daughters.

He died on 16 October 1937 and was gi;r;ﬁved by both his pgrents,. his wifé- |

and children and one grandson. > _ ,
It is not known exactly how or Whef ™ SiRIaRY 8 EMberest in statistics was
first aroused, but at this period seientific methods and laboratory determinations
were beginning to be seriouslylapplied to brewing, and it is obvious that some
knowledge of error functions, would be necessary. A number of university men
with science degrees had boen taken on, and it is probable that “‘Student”, who |
was the most mathematical of them, was appealed to by the others with vasious
questions and so began to study the subject. It is known that he could caleulate
& probable errordm 1903. The circumstances of brewing work, with its variable
materials aqd\'éﬂsceptibility to temperature change and necessarily short series
of experiyients, are all such as to show up most rapidly the limitations of large
sample thedry and emphasize the necessity for a correct method of treating
amall samples, It was thus no accident, but the circumstances ‘of his work, that
directed ““Student’s” attention to this problem, and so led to his discovery of
the distribution of the sample standard deviation, which gave rise to what in
its modern form is kmown as the #-test. For a long time after its discovery and
Publication the use of this test hardly spread outside Guinness’s brewery,_where
It has been very extensively used ever since. In the Biometric school at
University College the problems investigated were almost all concerned with
much larger samples than those in which “studentizing”, as it was sometimes
called, made any difference. Nevertheless, although their lines of research
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diverged somewhat rapidly, the dlose statistical contact and personal friendship
between Karl Pearson and “Student ”, which began during his year at University
College, were only terminated by death. g
The purpose of this note is not however to give an account of “Student’s”
statistical work, bus to try to give a more general impression of the man himself.
Although his public reputation was entirely as a statistician, and he was
acknowledged to be one of the leading investigators in that subject, his time was
_ never wholly and rarely even mainly occupied with statistical matters. For one
who saw enough of hit to know roughly how his time was spent both at work
- and at home, it was very difficult to understand how he managed to get so
much sctivity into the day. At work he got through an enormoys dmount of
the ordinary routine of the brewery, as well as his statistics. Ungil 1922 he had
no regular statistical assistant, and did all' the statistip;s"&nd most of the
arithmetic himself: later there was a definite department{bf which he was in
chargs till 1934, but throughout he did a great deal i arithmetic and spade-
work himself. Tt might be supposed from the amount he did in the time that
he was unusually good at arithmetic and th ’a}r&ngement of work; such,
however, was not the cass, for his arithmeticffeguently contained minor errors.
- In one of his ebituary notices a tendency to0 do work on the backs of envelopes
in trains was mentioned, but this tendefiey was not confined to trains; even in
his office much work was done on random scraps of paper. He also had a great
dislike of the tabulation of veswl@drandPEH¥eEd o do everything from first
principles whenever possible, This preference led in certain instances to waste
of time in routine work, blﬁi@aé of assigtance in maintaining that flexibility and
~speed of attack on new problems which waé 80 characteristic of him. Anp actual
example would need, t66, uch explanation of relevant circumstances, but I can
vouch ftor the analogical truth of the following. If a body performs simple
“harmonic motign\with acceleration x per unit displacement, it may readily be
sho?vn that’igh%ﬁericd of a complete oscillation is 2erp. Hence, in the case of
a gimple pendulum ¢=27./(/g) and l=gi*/4n®, where [ is the length of the
pendullg@a.nd g the acceleration due to gravity. Ifit were necessary to calculate
the lengths of pendulum eorresponding to different periods as a routine matter
m?st peopl-e would evaluate g/4a? for their locality and always multiply 2 by"
;lilzelf:mencalf:snst&nt, whiph onﬂd be abont 24-85. “Student” would probably
) tarted m 2m[\Ju every time. If therefore he had suddenly wanted to
ha::lz?ﬂ:h; p:r;zfe: :ﬁciilation of a weight on a stretched spfing he could
s € man who only remembered that }—= 24.85:
pendulum would be unable to tackle the probl: i b oor for
liminary work, ! | _ problem without much more pre-
“Pgl'lﬁ;?zh;i;&;;eﬁ:;;mz} not nefzt_asaamily the .n:Eos.t suitable for others not
versatility. Perhaps it is not altogether fanciful
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to compare the two methods with the organic evolution of, say, the human hand,
- the most versatile object known, and the construction of some highly efficient
but absolutely specialized piece of machinery. I do not mean to imply that he
gave this explanation, or was even altogether conscious of it. When he handed
over to me a routine calculation which he had done for many years, I was
astonished to find that he had written out every week an almost unvarying form
of words with different figures. To my question, “Why ever don’t you get a
printed form?” he did not reply, “Doing it from first principles every time
preserves mental flexibility”. He would have considered such a remdrk un-
bearably pompous. He said, “Because I'm too lazy”, to which.d replied,
“Well, I'm too lazy not to.” ) O

To many in the statistical world “Student” was regarded as a statistical
adviser to Guinness’s brewery; to others he appeared to bela brewer devoting
hig spare time to statistics. I héve tried to show thaf though there is some
truth in both of these ideas they miss the central point, which was the intimate
connexion between his statistical research and the’ ;ﬁ‘a.ctical problems on which
he was engaged. I can imagine that many thifl it wasteful that a man of his
undoubted genius should have been engaged invindustry, yet I am sure that it is.
just that association with immediate praqi;icél problems which gives ““Student’s ”
work its unique character and importéjncé relative to its small volume. On at
least one occagion he was offered. lﬁﬁ'%ﬁﬂ&iﬁf&"ﬁ}?ﬁ&iﬁ‘bment, hut it is almost
certain that he would not have béett a successful lecturer, though perhaps a good
individual teacher; nor is it kelfr that his research work would have flourished
in more academic circumstances; his mind worked in a different way.

The work in connexjon with barley breeding carried out by the Department
of Agriculture in Ireland, in which Messrs Guinness took a prominent part,
enabled ““‘Student? 36 get that first-hand experience of yield trials and agricul-
tural experimenis'generally which contributed so largely to his great knowledge
of the subjec(c;.'f’He did not merely sit in his office and calculate the results, but
discussed alt‘the details and difficulties with the Department officials, and went
round all"the experiments before harvest, when a “grand tour” is annually
carried out by the Departmerit, the brewery, and sometimes statisticians or
others interested from England or abroad. As well as the work carried out at t].lﬁ
actual cereal station near Cork, three or four varieties of barley are grown
2 or 1 acre plots at ten farms representing all the principal ba.rley-growing
districts of Ireland, so a visit to all of them entails a fairly comprehensive
inspection of the crops. : ' .

“Student” took a great deal of interest in this work from the beginning and
correspondence shows that he discussed the results of these tests with Karl
Pearson at great length when he went to study with him at University College
in 1906. -
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In the last ten years or so of his time in Ireland he played a leading part in
these investigations, and thus bad a perhaps unigue opportunity of following
experimental varieties from sowing through growing and harvest to malting
and brewing results, and also of carrying out or supervising all the relevent
mathematical work. At one time he also made some barley erosses in his own
garden, and accelerated their multiplication by having one generation grown
in New Zealand during our winter. These crosses were known as Student I and
11, and have now been discarded as failures, the inevitable fate of the large
majority. With characteristic self-effacement he was the first to point out that
they were not worth going on with. ' _ A\

He also made frequent visits to Dr E. 8. Beaven, whose work“en barley
breeding is well known, and discussed every aspect of yield ¢risls with him.
These visits were undoubtedly very useful, and although Ds'‘Beaven was never
tired of protesting that he was no mathematician and\did not understand
““magic squares” or “birds of freedom”, names whichih& preferred to the more
orthodox expressions, he had a vast experience of agricultural trials and was
very quick to see the weak point of any ex’periimisﬁt.- _

In spite of the quantity of work ““Student™ did he was never in a hurry or
fussed; this was Jargely due to the absence.of lag when' he turned his mind to a
new subject; unfortunately others weresnot always equal to this. He would
ring one up on the telephone and wp&g{;g?lﬁmh&gaﬁp some subject which might
have been discussed some dayspreviously. The slower-witted listener would
probably lose the thread of h.is:d\ikcourse before realizing what it was about and
would ignominiously have te'ask him to begin again. I have many times seen
him ha;d at it on a Monday morning, but at first meeting it was always “‘How
did the sailing go?” *Well, did you catch any fish?”, and he would recount any
notable event of hiy'swn week-end before plunging into the very middle of some
subject. I neveribeard him say “I'm busy”. _

“-Stud.ent. ”: had many correspondents, mostly agricultural and other ex-
penmegtfifp,~ n t.iiﬂ'eren? parts of the world. He took immense pains with these
Z;::, I?ii:e:)ef:ﬁﬁnegl i};cil;t;; ri;o ci‘;hen:t at great leflgth when h(? fxould eagily have

. . . 3 contain some of his clearest writing, and the mqre
d.ﬂii(cult points are often better elucidated than in his published papers,
the;riwl?nea:lo;:; ;?p:,ﬁlz:g' ;l:; fa:ct that a ata.tistit%ia.n must at.ivise ot.hers_on
oot o » aod { mcur_thf: accusation of butting in without

dequate knowledge. *“Student” was particularly expert at avoidi
disagreement; usually he was such an enthusiastic I - tho othe, sany E}mh
thet tho fact that he was giving advios ¢ usiastic learner of the Iother '8 subject

' The reader will by now have realized th'sc?ed npt.m’?. . N
of ordinary routiné as well as hig ata,tistiéaa.tl wi?ll{diin:hed:}d o larf ) gux;;ntity

" : T rewery, and all that in
| addition o consultative statistical work and to preparing his various published
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papers. It might thus be thought that he could have done nothing else but eat
and sleep when at home; this, however, was far from bheing the case, and he had
a great many domestie and sporting interests. He was a keen fruit-grower and
specialized in pears. He was also a good carpenter, and built a number of boats;
the last, which was completed in 1932, and on whose maiden voyage 1 had the
honour. to be nearly frozen to death, was equipped with a rudder at each end
by means of which the direction and speed of drift could be adjusted—an
advantage which will be readily appreciated by fly-fishermen. This boat with
its arrangement. of rudders was described in the Field of 28 March 1934 “In his
carpentry he showed preferences analogous o his mathematical ones previously
mentioned; he disliked complicated or specific tools, and liked t6'do anything
possible with a pen-knife. On one cccagion, seeing him countérsinking screw-
holes with a pocket-knife, 1 offered him a proper counteraifl]:: bit which I had
with me, but he declined it with some embarra,ssment,.'a:sf he would not have
liked to explain or perhaps could not have explained why he preferred using the
pen-knife, Qut of doors he was an energetic walker’ atd also cycled extensively
_in the pre-war period. He did & lot of sailing agd fishing. For his last boat he
had a most unconventional sail, which cannot be exactly described under any
of the usual categories; it was illustrated it\¢he Field article referred to above.

In fishing he was an efficient performer; he used to hold that only the size
and general lightness or darkness.of aulyatibedippogtant; the blue wings, red
tails and so on being only to attrgef the fisherman to the shop. This view was
more revolutionary when I firsy hdard it than it is now. He was & sound though
not spectacular shot, and W&\well above the average on skates. Until the
accident to his leg in 1934;he’was quite a regular golfer, and once went round a
fairly diffioult course in B:B\Btrokes and 14 hours by himszelf. Heused a remarkable
collection of old clubg ﬁ‘a,ting at least from the beginning of the century. In the
lagt few vears si\:k’e" his accident he took up bowls with great keenness, and
induced many ethier people to play as well. One of his last visits to Ireland was
with a teauf which he had organized at the new brewery at Park Royal.

On top of all this he knew as much as most people of the affairs of the world .
in general and of what was going on about him. It became very difficult to
imagine how he found 24 hours in any way a sufficient length for the day. His
wife certainly organized things so that the minimum amount of time was wasted,
but even so few people could approach such activity in quantity or diversity.

- In personal relationships he was very kindly and tolerant and absolutely
devoid of malice. He rarely spoke about personal matters but when he did his
opinion was well worth listening to and not in the least superficial.

In the summer of 1934 he had a motor accident and broke the neck of his
femur. Hehad to lie up for three months, of course working at statistics, and was
a semi-cripple for a year. This was particularly irksome for such an active man,
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a5 was the sheer unnecessariness of the accident, for he ran into a lamp-post ona
straight road, through looking down to adjust some stuff he was carrying; but
with great hard work and persistence he eventua.lly reduced the disability to B
slight limp.

At the end of 1935 he left Treland to t.ake charge of the new Guinness brewery
in London, and I saw comparatively little of him after that.. The departure
from Ireland of “Student™ and his family was & great loss to many who had
experienced their hospitality. His work in London was necessarily very hard
and accompanied by all the vexations inevitably associated with-abig under-
taking in its first stages, before any settled routine has been established;
nevertheless, he still found time to continue his st&tlstlcal work and wrote
several papers.

~ His death ab the comparatively early age of 61 was not only a heavy blow to
his family and friends, but & great loss to statistics,.aa'his mind retained its full
vigour, and he would undoubtedly have continued $0-Work for many more years.
I am very conscious of the inadequacy of islﬁe sketch, which eannot hope
to convey more than a faint impression of hls\Jquue personal quality to those
who did not know him, but it will have served its purpose if it helps any readers
to grasp the essential unity and’ dxrectness of the personality which lay behind
such widely varied manifestations.

LAUNCE McMULLEN

WWW.d.lJl huhbral y.org.in
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ON THE ERROR OF COUNTING WITH
A HAEMACYTOMETER

[ Biometrika, V (1907}, p. 351} ~\

'WHEN counting yeast cells or blood corpuscles with a ha,emacytomegér there are
two main sources of error: (1) the drop taken may not be representative of the
bulk of the liquid: {2) the distribution of the cells or corpuscles gver bhe area which
is examined is never absolutely uniform, so that there is dn’“error of random -
sampling”’. \% '

With the first source of error we are concerned only o this extent; that when
the probable error of random ampling is known we ean tell whether the various
drops taken show significant differences. What follows is concerned with the
distribution of particles throughout a liquid,\a8 shown by spreading it in a thin
layer over a measured surface and countmg the particles per unit area.

wwwadbraulibrar y.org.in

THEOEET;QAL CONSIDERATION

Suppose the whole liquid to'tave been well mixed and spread out in a thin layer
over N units of area (in the(haemacytometer the usual thickness is 0-¢1 mm. and
the unit area of g}y sq. oud.).

Let the particles stibside and let there be on an average m particles per unit
area, that is Nm taéether. Then, assuming the liguid has been properly mixed,
a given particle.ﬁl have an equal chance of falling on any unit area:

i.e. the chaitee of its falling in & given unit area is 1/N and of its not doing so
-yn. Y

Consequently, considering all the mN particles, the chances of 0, 1, 2, 3, ...
particles falling on a given area are given by the terms of the binomial

-84

and if M unit areas be considered the distribution of unit areas containing
0 o oiven by M[1 1y 1
» 1, 2, 8, ... particles Is given by _F)+N .
Now in practice N is to be measured in millions and may be taken as infinite.
Let us find the limit when N is infinite of the general term of this expansion.

BPS 4



2 On the Error of Counting with a Haemacytometer
The (r + 1)th term is -
( 1)mNﬂ- ( 1)rmN(mN—_ 1) (mN—2)...(mN—r+1)
- ﬁ -

1-% rl

N

_(1“1)m”~?m(m'1%7)(m_'%) ‘;'(ﬁ_%)
=\1-% S— _ .
_(1 miN — Ll =r) (N —r—1) .
=(-"5 ¥5.21 \

(MmN —r)... (mN—r— s+1) )\:\

+(—1) Ne sl

Lon)d)

1 2 r r+1 r4+s-1
NN N N'" N
all negligibly small compared to m, so that hhe ‘expression reduces to

‘But when we proceed to the limit

are

-—\\a£nd
L

21 r!
That is to say, the expanmﬁﬁﬂﬂh&ﬁar} org.in

m2 r 7
(1 m+——. +(- 1)"*—*.# )xﬁ=e-‘“x%.'

_ rl
Hence it is this distribiition with which we are concerned.
The firat moment; ab(iuﬁ the origin, O, taken at zero number of particles is

e~ 1"’—l¢\1n+-2—’+...—{-—-+...].

> m Smd r
er‘{’* m-{-———-{- 3 +.. +?‘m } .
N ' ‘
"'. mr'—'l
N = me ™1
o) me : +11+2|+ Heonit }
N = mxtota.l frequency.

Hence the mean is at m.
The second monient about the point O is

B 2%m?  3%ms rimr
8”‘{??1+‘—2'“1—+?+...+-;!'—+...]
2m? Imd rmT
— p—T — —
-4 {m+ 11 + 51 +...+( _1)!+...)
2m® . {r—1)m"
=emlm+ + e E NN TNE M Ll iy
{ I r— 1)!+ ettt oot }

= (ﬂi+ m?) x total frequency.



On the Error of Counting with a Haemacitometer 3
Hence the second moment coefficient about the mean
flg = m+mP—m? = m.

By similar® methods the moment coefficients up to Iu,,.were obtained, as follows:

B =m.
Jig = M.

. ﬂs = M.
fty = 3mi+m. A
ps = 10m*+m. O\
g = 15m3+ 25m? 4 m. _ N\

- m_1 A\
Hence ﬂ1=;§=ﬁ’ O
. m\\
e _ g, 1 &
and . ﬂg—ﬂ§—3+m.

It will be observed that the limit to which this ié%}'fbutioh approaches as m
becomes infinite is the normal curve with its ﬁ‘l‘, ﬂg, fs, ete. all equal to 0, &nd
Pa = 8, 8, = 15, etc.

Further, any binomial (p +¢)* can be put: mto the form {p+¢)*¥, and if ¢ be
small and ng not la,rge it approaches the' distribution just given..

Thus if 1000 (2% + 135) be expﬁﬂdb’dﬂﬂﬁé’,‘]gi’éﬂ’ﬁéﬂ Rlifference between any

52 5"
of its terms and the correspon,dm} term of 1000 e~® (1+5+2 ot gt )
A\

» The evaluation of the umme‘nts about the point O will be found to depend on the
expansion of r* in the form )\ ¢/ .

fon—2)1 " {r—n-1!" (r—n)!
VR o a, ' an
) -1
N "‘(r—n—z)l"'(r—n-l)* {r— n)*"' ey
Then if ?f}o’i'm the series for n+ 1 from this it will be found that the following relations
hold betweerYa,, a4, a4, ete. and the corresponding coefficients for n-+ 1, 4,, 4,4, 4,, ete.:
A1 = a; -+,
Ay = aytin—1)a,
A =a +{n"‘p+1}as 1
From these equations we can. write down any number of moments about the point O in
turn, and from these may be found the moments about the mean by the ordinary formulae.
The moments may also be deduced from the point binomisl {p+ )% when ¢ is small
and »n large and ng = m,ie.p = 1,¢ = 0, ng = . We have
Hy =ng=m,
fog = mpg = m,
&y = npg(p—q) = m,
e = npg(t + 3(n—2)pg} = m(l +3Im) = Imi+m,

T2
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el

is never as much as 1, being’ about 0-8 for the term 1000 6“5— which is 1755

5!’
against 176 3 frora the binomial.

5 5\ oo
Diagram I corapares 1000 e5 (1+5+ 2'+ Ayt ) with the binomial
1000 (12 + %)%, which of course differ, but not by very much.

Dracram L Comparison of the Exponential and Binomial Expansions

. e d
Firm line represents 1000e-5(1 +54... +f—,+...)

19 T yae "\.}
20 20)

. . "‘, X
129 __

7

Broken line Tepresents 1000(

1501 :
140
130 . Y
120f— 4 )

t T

T I T 1 T T T r—
G-1 2 3 4 56 ¢ 8 .95 10 11 12 18 14 15

1In applying this to actnal cases it must be noted that we have not taken into
account any “interference” between the particles; there has been supposed the
same chance of a particle falling on an area which already has several particles
as on one altogether unoceupied. Clearly if m be large this will not be the case,
but with the dilutions nsually employed this is not of any importance.

1t will be shown that the actual distributions which were tested do not diverge

widely from this law, so we will consider the probable error of random sampling
on the supposition that they follow it.
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We have seen that g, = m.
Hence the standard deviation = /m. :
So that if we have counted M unit areas the probable error of our mean (m) is

m
| 0-67449 ';/E

If we are working with a haemacytometer in which the volume over each square
i8 ygiyy mm. there will be 40,000,000 m particles per c.c. and the probable error

will be 40,000,000 x 0-67449 x J ﬂ—”; T\

Suppose now that we dilute the liguid to ¢ times its bulk, we shall then have
m/q particles per square, and if we count M squares as before, our probable error
for the number of particles per c.c. in the original solution will“be 40,000,000

' m 1 L mg
x067449qu(ExE). Tha,t1s40,000,000x067449~/¢ji,

That is, we shall have to count ¢ M squares in order $o'be as accurate as before.

So that the same accuracy is obtained by countingéhé same number of particles
whatever the dilution, or, to look at it from a ghghtly different point of view,
whatever be the size of the unit of area adoptqd.f - :

Hence the most accurate way is to dilute the solution to the point at which the
particles may be counted most rapidly, gai,nii[ to count as many ag time permits:

wirw dbrauljhpary org.in

then the probable error of the mean{ in0-67449 W where m is the mean and M
is the number of unit areas cou tféd over, squares, columns of squares, microscope
fields, or whatever unit be sélected.

But owing to the djﬂiqv.{lt;y of obtaining a drop representative of the bulk of
the liquid the larger exwors will probably be due to this cause, and it is usual to
take several dropaf\if"tWo of these differ in their means by a significant amount

compared with t‘.};:e})robable error (which is 0-67449 J (mlifms) , Where m,, m, are

the mea,n;;'aq:t@i[ the number of unit areas counted), it is probable that one at
least of theévdrops does not represent the bulk of the solution.

EXPERIMENRTAL WORK

This theoretical work was tested on four distributions* which had heen counted
over the whole 400 squares of the haemacytometer. The particles counted were
yeast cells which weras killed by adding a little mercuric chloride to the water in
which they had been shaken up. A small quantity of this was mixed with a
10 9% solution of gelatine, and after being well stirred up drops were put on the
haemacytometer, This was then put on a plate of glass kept at a temperature just
above the setting point of gelatine and allowed to cool slowly till the gelatine had
get. Four different concentrations were used,

* One of these is given in Table 1.
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In this way it was possible to count at leisure without fear of the cells straying -

. from one square to another owing to accidental vibrations, A few cells stuck here |
- andthere tothe coverglass, but, asthey appeared to befairly uniformly distributed
and were very few compared with those that sank to the bottom, they were
neglected: had the object of the experiment been to find the number of cells
present they would have been counted by microscope fields, and correction made -
for them; but in our case they were considered to belong to a different “popula- -

tion” to those which sank,

Those cells which touched the bottom and right-hand lines of 3 squa.re were -

considered to belong to the square; a convention of this kind is necessary a8 the |

cells have a tendency to settle on the lines.

There was some difficulty owing to the buds of some cells nemalm.ug undetached :
in spite of much shaking. In such cases an obvious bud ‘was not counted, but
sometimes, no doubt, a bud was counted as a.separate ce].l ‘which slightly increases

the number of squares with large numbers in the

- Inorder to test whether there was any local lac]éb homogeneity the correlation :
was determined between the number of cellg'érk & square and the number of cells
on each of the four squares nearest it; if frondany cause there had been a tendency
to lie closer together in some parts than m Others this correlation would have been :

* significantly positive,

Distributions 3 and 4 W@tﬁ\‘bﬁﬂ@é@iﬂatm weeyi{Table I1), with the result that
the correlation coefficients were. 0-016 + 0-037 and 0-015 + 0-037. This is satis-
factory as showing that th\c 1%1 no very great difficulty in putting the drop on to .

ount at any point and in any order; as good a result
may be expected from cotmtmg a column as from counting the same number of ;

the slide so as to be able

-#quares at random.{

The actual dlsisﬁbutmna of cells are given below, and compared with those

RIS

calculated on}he supposition that they are random samiples from a population |
following the'law which we have mvestlgated the’ probabxhty P of a worse fit

oc,curm:lg by chance is then found.
- L "Méan = 0-6825: 4, = 0-8117: s, = 1.0876,

Containing 0 1 2 3 4 5 cells
Actual 213 128 37 18 3 1
Calenlated 202 138 47 11 184 ¢4

. 2

Whenes x‘ =992 and P =004,
Best-fitting hinomial (1-1893 - 0-1893)--%054 x 400 for which P — 0-52.
II. Mean —1-3225: Hy=1-2835: o, = 1-3574.

Containing 0 1 2 8 4 5 §eells
Actual 103 143 98 42 8 4 2
Calenlated 106 143 93 41 14 4 1

Whence x* = 3-98 and P — (88,

Best-fitting binomial {0-97051 +0-02049)46-20%4 » 400 for which P =0-72.
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III. Mean =1-80: py = 1-98: gy = 2-629,

Containing ] 1 2 3 4 B 6 7 8 - 9 cells
Actual 75 103 121 54 30 13 2 1 0 1

_Y_.J
Calevlated 66 119 107 64 29 10 3 1

Whenee 2 =9-03 and P ={-25,
Best-fitting binomial (1-0889 — 0:0889)~2024 5 400 for which P = 037,

IV. Mean =4-68: p, = 4-46: gy = 4-98.
Containing ¢ ¥ 2 3 4 5 6 7 8 ¢ 10 11 12celk

Actual 0 20 43 53 86 70 b4 37 18 M & 24, 2

Calenlated 4 17 41 63 74 70 54 36 21 11 5 2 i
Whence x® = 9-72 and P = (-84, ‘ ' e\
Best-fitting hinomial (0-9525 +0-0475)* x 400 for which P =0-68. "\

These results are given graphically in Diagram II, on the riex$ page.

It is possible to fit & point binomial from the mean and‘the second moment
according to the two equations p; = ng, gy = npg, and these point binomials fit
the observations better than the exponential serigg, but the constants have no
physical meaning except that »g=m. And siz@s the exponential series is a
particular form of the point binomial and is fithed from one constant, while two
are used for the ad hoc binomial, this better, fit'was only to be expected.

Tt will be noticed that in both I and I1% the second moment is greater than the
mean, due to an excess over the ealcu:lated among the high numbers in the tail of
the distribution. As wag pointed ouﬁlﬁe\forel %ﬁe%'aﬂﬁﬁlfg ol the yeast cell increases
these high numbers, and there-is.also probably & tendency to stick together in
groups which was not altoge{ﬁer abolished even by vigorous shaking.

In any case, the probahilities 0-04, 0-68, 0-25 and 0-84, though not particularly
high, are not at all wnlikely in four trials, supposing our theoretical law to hold,
and we are not likely.bo be very far wrong in assuming it to do so.

Let us now apply it to a practical problem: for some purposes it is customary
to estimate the , doncentration of cells and then dilute so that each two drops of
liquid contdin on an average one cell. Different flasks are then seeded with one
drop of th&liquid in each, and then ““most of those flasks which show growths
are pure cultures’.

The exact distribution is given by

(i.r)2 $2 ) ' !
(1 +5 2 + + ETl + ..
which is
No, of yeast cells g 1 2 8 4
Percentage frequency 60-856 30-33 7-58 1.28 {18

or approximately three-quarters of those which show growth are pure cultures.
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CONCLUSIONS

We have seen that the distribution of small particles in a liquid follows the law

m"
e‘m[1+m+21 b +}

where m is the mean number of particles per unit volume* and the various terms
in the series give the chances that & given unit volume contains 0, 1, 2, ..., r, ...
particles. We have also seen that this series represents the limit to whlckl\any
point binomial (p+¢)" approaches when ¢ is small, insomuch thqt even

5 b"
(33 +5%5)1%° x 1000 ig represented by 6_5(l+5+2 Fe gt )\X 1000 with

a maximum error of about 4+5 in 180,

For the rough calculation of odds with # small compared to\l 7q the exponential
series may be used instead of the binomial as being less Iabonous

Finally, we have found that the standard deviatich, \6f the mean number of

S\
p&rtlcles per unitvolume is ~/ I where m ig the mean number and M the number

of unit volumes counted, so that the criteriou’ i’}f whether two =solutions contain
different numbers of cells is Whether %mumh g s gmﬁcant compared with

067449J( L ) -~
AjT)BLE I

Distribution of Yeast Qells over 1 sq. mm. divided into 400 squares
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* The prism standing on unit area.
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It must be noted, however, that the probable error will always be greater
than that calculated on this formula When for any reason the organisms occur
as aggregates of varying size,

In conelusion, I should like to thank Prof. Adna,n J. Brown, of Birmingham
University, for his valuable advice and assistance in carrying out the experimental
part of the inquiry. .

TarrLe I1
“Centre” squares
1l2je|a]ls]e ;7] 8|9 |1w]u|m s -
1 6| 6! o ||l of ¢ 3 2] ] %A | ¢ 1
;lj 2 6 {14 | 17 | 31 { 24 | 17 | 1p 5 6 2 I mN 134
g 3 8 {15 | 25 | 32 [ 37 [ 20 | 15| 7 7 1{w | — |1
2| 4 | 18| 3¢ |33 | 456 ) 48 | 41 | 22 7 5 }v.;,l — | 258
@ 5 115 )24 | 37 47| 39| 37|18 )12 11 |m 1 2 | 247
2 6 9| 17 | 25 | 390 | 34 1 32 { 14 8 2 f'l| 1 1 186
| ¥ 5[ 12 { 14 21 | 19 | 16 9 7 FNN— | — | — | 108
-8 8 3! 5 i 8| 12| 8 8 1 8 4} — | — 57
K- R 2! 6 7 s 1w 2| 2 3 [\~ 1 [ — | — 38
3 0 {—1| 1 1 4 4 4! — s | 1| — | — I8
. i7 | — 1 4 1 1 1| — & - = = = g
i2 — 1 1| — 1 1| — S — | — | = — 4
Totals] 72 |[136 | 180 |248 {244 |188 106.. 686 | 40 | 20 | 8 4 | 1296

Mean of mmdhmquéxgs AEBROTESD, 2130,
Mesxn of “ Adjacent’” aquarea, 4-7014; s.0. 2-116.
7= +0-016 £0-037%

Correlation table between the number Q{ eells in a aquare and the aumbers of cells in the faur adjacent
symares taken all over Table I, s 4,
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THE PROBABLE ERROR OF A MEAN
[Biometrika, VI (1908), p. 1]

_ INTRODUCTION ~

ANY experiment may be regarded as forming an individual of a “population”

of experiments which might be performed under the same conditi\ohs‘.‘ A series

of experiments is a sample drawn from this population. « \
Now any series of experiments is only of value in so far as it ‘eniables us to form

a judgment as to the statistical constants of the population te which the experi-

ments belong. In a greater number of cases the question finally turns on the value

of a mean, either directly, or as the mean difference bepween the two quantities.

If the number of experiments be very large, welmay have precise information
a8 to the value of the mean, but if our samplqbe‘small, we have two sources of
uncertainty: (1) owing to the “error of random sampling” the mean of our series
of experiments deviates more or les§ Wﬂéﬁﬂbﬁi@hem&m of the population, and

{2) the sample is not sufficiently large o\determine what is the law of distribution

of individuals. It is nsual, howeveryfo assume g normal distribution, because, in

& very large number of cases, this.gives an approximation so close that a small

sample will give no real information as to the manner in which the population

deviates from normality; §inee some law of distribution must bé assumed it is

better to work with a’¢rve whose area and ordinates are tabled, and whose
- properties are well kn‘oﬁm This assumption is accordingly made in the present

paper, so that its bontlusions are not strictly applicable to populations known not

to be normally.’ distributed; yet it appears probable that the deviation from
+ normality sl,lrbi,ist‘be very extreme to lead to gerious error. We are concerned here
solely withjthe first of these two sources of uncertainty. .

" The usual method of determining the probability that the mean of the popula-
tion lies within a given distance of the mean of the sample is to assume & nomd
distribution about the mean of the sample with a standard deviation equal to
8/\Jn, where s is the standard devistion of the sample, and to use the tables of
the probability integral. ' o

But, as wo decrease the number of experiments, the value of the standard

deviation found from the sample of experiments becomes iteelf subject to an
become altogether

increa.aing error, until judgments reached in this way may
misle&ding.

e
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In routine work there are two ways of dealing with this difficulty: (1) an
experiment may be repeated many times, until such a long series ig obtained that
the standard deviation is determined once and for all with sufficient accuracy.
This value can then be used for subsequent shorter series of similar experiments,
(2) Where experiments are done in duplicate in the natural course of the work,
the mean square of the difference between corresponding pairs is equal to the
standard deviation of the population multiplied by /2. We can thus combine
together several series of experiments for the purpose of determining the standard
deviation. Owing however to secular change, the value obtained is nearly \alwaYs
too low, successive experiments being positively correlated.

There are other experiments, however, which cannot easily be repeated very
often; in such cases it is sometimes necessary to judge of the déptainty of the
results from a very small sample, which itself sffords the only-inidication of the
variability. Some chemical, many biological, and most agficultural and lavge-
scale experiments belong to this class, which has hithétto' been almost outside
the range of statistical inquiry., - O

Again, although it is well known that the methad of using the normal curve
is only trustworthy when the sample is “largd’™ no one has yet told us very
elearly where the limit between “‘large” and “small” samples is to be drawn.

The aim of the present paper is to deterstine the point at which we may use
the tables of the probability mt‘é@’:“é%{%ﬁfﬁ?df the significance of the mean of
a series of experiments, and to -ﬁlnigﬁ'allernative tables for use when the number
of experiments is too few. K .

The paper is divided into thefollowing nine sections:

I, The equation is determined of the curve which represents the frequency
- distribution of standard(deviations of sarmples drawn from a normal population,

II. There is shown)40' be no kind of correlation between the mean and the
~standard demmgxyof such a sample.

' AN . '
ITI. The equation is determined of the curve representing the frequency dis-
tnbutmp\ of\s quantity z, which is obtained by dividing the distance between
the megn'of a sample and the mean of the population by the.standard deviation

of the samhple.

IV. The curve found in I is discussed.

V. The curve found in ITT is discussed.

V1. The two curves are compared with some sctual distributions.

VII. Tables of the curves found in IIT are given for samples of different size.

VII and IX. The tables are explained and some instances are given of their use.
X. Conclusions,
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Seporrow 1

Samples of # individuals are drawn out of a population djstnbuted normally,
to find an equation which shall represent the frequency of the standard deviations

of these samples.
1If s be the standard deviation found from a sample x,%,...x, (all these being

measured from the mean of the population), then
Seh) (S(wl))2 _ S8 S _ 28wy

52 =
) n ) n? n? ~

Summing for all samples and dividing by the number of samples wo get the

mean value of s2, which we will write §2: 2N
\
52 T M _ faln— D)
2 ' )
no n

. ) m'\'\ ;
where g, is the second moment coefficient in the original tiermal distribution of «:
since @, Z,, etc. are not correlated and the dJstantmn is normal, products

involving odd powers of &, vanish on summmg, so‘that ——(ELJ’—} is equal to 0.

If M’ represent the Rth moment coefficient of the distribution of s? about the
end of the range where $* = 0, Mwww d ﬁ%im:lllﬁrar oy orgin

oo (0
- (S(w ))2\’28’(9: )(S(ah)) (ﬂﬁ))‘

A n n T
S(a:"} 2S(x1xg) 28(z1) 4S(x2x2} S(x$)
\(F n? nd PYE
2
R Ly 21rTs) BS(x ) + other terms involving odd powers of z,, etc. which

NS ¥ will vanish on summation.

Now B(a?‘) has » terms, but S(z3x3) has in(rn—1), hence summing for all
samples and dividing by the number of samples, we get

;M ,(n—-1) 2;1,4 n—1) M 2(r.v,, [§)
My= i =~ B s TS

”‘{nz 2n+l}+ 2 (0 1) {n2— 20+ 3).

Now since the distribution of x is normal, g, = 3;52, hence
(n 1} o(n—1}{n+1)
. n *

My =y} {3n—3+nt~2n+3} = pj
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In a similar tedious way I find
P n—1)(n+1)(n+3)
PRLET [

and _M4=;¢§(n 1){n+1)(n+3)(n+5)

,ni
The law of formation of these moment coefficients appears to be a simple one,

‘but I have not seen my way to & general proof.
If now My be the Bth moment coefficient of $* about its mean, we have

ﬂf_fz'=ﬂ§(n;21){(n+1)é(n—1)}=2@%, : : s O
: RGN
=D+ {n+3) 3n-1) 2An—1) (n—1) O
Ma—ﬂg‘ : n? _; n T pe - 73 } "'}‘.

3( ){n3+4n+3 bn+6—nt+2n—1} = SMM

M = "ig'{(n ~1) (1) (n+3) (n+-5)— 3260 — 12— 120" 1P- (e~ 1%
~\*

pz(n ){n3+9n2+23n+15-32n+32 12n2+24n 12—n%+3n2—3n+ 1}

_ l2;,a§(n 1){n+3) www,dbra'uhbl ary.org.in
= o . . :‘: )
M; 8, M,, 3(n+3)

Henoe ' ﬂ Ma n\-l’ ﬂ _Mzﬁ n_1 "’

28, — 3;91-,%\;@— {6(n-+3)—24—6(n— 1)} = 0,

Consequently a curm of Prof Pearson’s Type Il may be expected to fit the
distribution of 62, .
The equ&tloﬁ,@emd o an origin at the zero end of the curve will be

.\'. \ y = pre-"?‘z
' PN ' M, 48n-1)n* an
where } =R 2 T B
N T, T Ty Bty
o4 n—1 3
and = =it ) P
p - 2 1 5

Cbnsequently the equation becomes
: : -3 _nz
y=0Cx2 g 2m
which will give the distribution of s2,

o n—3

The ares of this curve is OJ. 2 e %d:c I (say).
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The first moment coefficient about the end of the r&nge will therefore be

o B—1 —_2‘,"2 "—1 _ nx _nz
¢ xﬂeﬂma’m OT:z:ﬂezﬁa Of -—‘uga:2e2ﬂadx
o L .
I B I
The first part vanishes at each limit and the second is equa.l to
—1
#al n—1
T " a

. and we see that the hlgher moment coefficients will be formed by multlplymg
n+1

Ha, s ﬁg, ete., just as appeared to be the law oft fbrmatlon

."

sueeesswely by

of M;, M, M, ete

Hence it is probable that the curve found represents the theoretlcal distribua-
tion of s2; so that although we have no actual proof we sha.ltﬁsume it to dosoin
- what follows.

The distribution of s may be found from this, since ﬁhé frequency of s is equal
to that of s% and all that we must do is to eompreae the base line suitably.

Now if = ¢{s?) be the frequency eirve of ¢
and _ W(s) ww:dht;auliﬂbrel y.orgﬁ h
then ¥, 4(8%) =g ds

or Yads, (= 2iy,8ds,
LT AN
. R 2::2 _ne

Hence e =20s(s%) * e 2
is the distribution of 5. N<¢/ . _nst

This reduces to " yp = 205" e ¥,

Hence y = Ax“’% 2* will give the frequency distribution of standard devia-
tions of ea.mples ‘ofn, taken out of & population distributed normally with standard
deviation gThe constant A may be found by equating the area of the curve as

follows: N/ -
Area = Af an—2e 20 dg. (Let I, represent J. wPe i dx )

2 nat
Then I, = i :::P—‘ 4 ( —e 20”) dx
0 dx

"
X
o _nato=cwo g2 o B
=—| —zr-ig 2} L -(p-1) a2 gy
n . w=0 T [

o .
= ;(P“I)Ip—z)

since the first part vanishes at both limits.
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- By continuing this process we ﬁnd

Ll_g_(—s) (n 3)(n—"5)...8.11

or | = (‘9 ’. n—3)(n—35)...4.24

according as » is even or odd.

. o _ngt .
.But. I, is L e ¥dx = J (ﬁ) o,

© _nxt a2 _n_i: = a2 \
and I, is J.o ve dy=| ——e 2o T < O
Hence if # be even, O\
' Area N
A = > 'ﬁ—t »
LAY L
(n—~3)(n-ﬂ5),..3.1,~/(2 (-}:):’

and if » be odd, RO

A=

_ O
(n—3)(n— 5) P, ;(0;)3;

‘Hence the equation may be written .

WWW. dblaullbl.' Iy OTg.ip.y nz?
D i~ (2} V% e v
y= (n~3)(n—B)...3.TW \n/ \a*
| I 0 &
°or Y= (a=3) (Y. 4. 2("&5) e T {nodd), .

where N as usual represents the total frequency.
o\
2 SECTION i

To shaw th@there is no correlation between {a) the distance of the mean Of
a ssmple figm the mean of the population and (b) the standard deviation of a
sample(with normal distribution. |
(Y. é}learly positive and negative positions of the mean of the sample are
equally likely, and hence there eannot be correlation between the absolute value
of the distance of the mean from the mean of the population and the standard

deviation, but (2) there might be correlation between the square of the distance
and the square of the standard deviation.

et . . = (M) and o =,S(w§) _ (S(ml))ﬂ.
' n
Then if ml’ M be the mean values of 42 and 32 we have by the precéding path

M= p, &L_l_) and m ﬂ
)
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Now uBs? = iS‘_(ai) (&r’l_))z__ (S (5‘71))‘1
n P R

(SED\E L, Sy S Sl 6S(atad
- (0], et e
T n

nd nt
—other terms of odd crder which will vanish on summation.

Summing for ali values and dividing by the number of cases we get

M, o 1) g (n-1) ~
Ruzszo'u“o’s“'*'mlMl = ;:'hu%_";;g— '_,;;%_._3 %?" ’ N\
. : A\
“where R, is the correlation between u? and s SPAN
(m—-1) (n—1) (@)
Ru“sﬁo-u“ Ot J“’% nt = i"’% e {3 +n— 3}' = Hg’—ﬂ]- .
S

Hence R,s:0,:0, = 0, or there is no correlation bet@eett «* and 8.
SN

_ SeorroN IV .

To find the equation representing Wg@w&g{%{ig&ﬁon of the means of
samples of » drawn from a normal population, the mean being expressed in terms
of the standard deviation of the sample. ' :

We have y = of-l g"~2¢” 3" ag'the oquation representing the distribution of s,
the standard deviation of a}ample of n, when the samples are drawn from a
normal population with gtaridard deviation o.

Now the means of j;léesa samples of n are distributed according to the equation

7'\NW
\“‘ : = l}.(ﬂ "%: *
O y=Jeme®

*

and we haﬁé\’silo“m.tha.t there is no correlation between z, the distance of the
mean of\t?hé sample, and s, the standard deviation of the sample.
Now let us suppose z measured in terms of s, i.e. let us find the distribution

g

ofz=axfs. = -
If we have y; = ¢(x) and y, = ¥(2) as the equations representing the frequency

of & and of z respectively, then
ghdn = yydz = Ya s
So Yo = Y

* Airy, Theory of Errors of Observations, Part IT, § 6.

BPS
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Hence ' = I\\/T&/S):: BJ::"?

is the equation representing the &istributio_n of z for samples of » with standard
deviation s,

Now the chance that s lies between s and s+ ds is

Js+ds ¢ - _%d&
C—— gt 2
8 gn_l
oo 0 — _na' 1
. .[0 o"n“sn e wrds
which represents the N in the above equation. . O\
Hence the distribution of z due to values of s which lie betweeh sand s +ds in

stds (0 [ g _ng+e? ) ferde a0 ne(lrs)
— — pgn1 e [T d{? — ,8?&—1 e B! d&
Jo () Gl
o 0 _E g — g “E‘"\ _@ .
J. o_n_l-.s"“ze 20t g a’f 5 %e oidg
o S

Q"

y:

and summing for all values of s we have as an equation giving the distribution of 2

By what we have already prc{ved this reduces to -

ln—24d 5
= A 2 i i be odd,

y_2n713 _‘_5...1.5
iR=2 n-4 49 . -
and t =4,._..__,..'___ 2y —in s
: © Yo gi—3n_g 311 +2)7" ifn beeven

distance of‘t!l'e\mean of a sample from the mean of the

terms P\f:th'e’étanda.rd deviation of the sample for any normal population.
) - |

SecTioN IV. SOME PROPERTIES OF THE STANDARD
Deviarion FrEQurNcy CUrvVE

By a similar method to that adopted for finding the constant we may find the
mean and moments: thus the mean ig at I, I, s,

hich i ‘ 14 (n—2)(n-4) 2 %)f_ . .
whic 18 equal to _—__(n_S)(n___n-—5)"' .yt if n be even,

1 .
(n—-2)(n—-4) 3 /Mo . .
or (—?'a—‘_——a)(—n—_—s-j .‘2—,\/(5) ;/T&" i % be odd.

population expressed in -
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The second moment about the end of the range is

(n—1)o?
=

d of the range is equal to
— In+1 I

L

.

The third moment about the en
I_
I In 1 In—z

_ = g% x the mean.
The fourth moment about the end of the range is equal to

Lys (=Dt} , L
I . n A\
If we write the distance of the mean from the end of the range ﬁo-Nn and the
moments a.bout the end of the range v, »,, ete.,

Do n—1 D3 nz“*.\l
then 1’1=‘\7;;; Ve = Ta V3=W» Vg,'—‘-—n‘—-a*.
From this we get the moments about the mean: \‘\ !
2 L N \ \ }
pa="-(n—1-D¥), QO

WWW, i?raullbl ary.org.in
Hg = \/ {nD— 3(n~—-1)D+2D3}= T{QDE 2rn+3},

fa = ——2 {nL 1—4D% + 6(n— 1:}.{5'1‘2* 3D4) = E{nz ~1-D¥3D%— 21+ 6)}.
It is of interest to find out whahhese become when = is large.
In order to do this we mustfind out what is the value of D.
Now Wallig’s expressi,@ for 7 derived from the infinite product value of sin x is

N 224287 (20)?
AVt = 1232 5% (3n—1)%

If we assm\ﬁ“é:é. quantity 9( = ag+ % + etc.) which we may add to the 2n+1
4

in order to make the expression approximate more rapidly to the truth, it is easy

to show that 8 = — 1 511 i Em. eﬁc., and we get

2 +l+ I ) 22,42, 6% . (2?1)5
27 16n) T 123258 (2n—1)2

From this we find that whether % be even or odd D? approximates to n — g +£
when % is large.

. 'I'h]s expression will be found to give a much closer approximation to 7 than Wallis’s

-2

19
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Substituting this value of D we get

. 3 1 .
ol 1 1\ - JSJ(I_—%-'_IG?;?) _ 30t 1+i__ 1
M=o " T T 4nd » M T e T o 16n2)

Consequently the value of the standard deviation of a standard deviation which
o
Jam) J = (1/4n)}
curve by Prof. Pearson {¢/(2n)} when # is large enough to neglect the 1/4n in
comparison with L.
Neglecting terms of lower order than 1 n, we find

we have found ( ) becomes thesameas thatfound for the normal

N\

N

2 -3 1 1 RAY,
P = wiam—gp 52"3( 2n)(1+2n) .’1.\

Consequently, asn increases, f, very soon approaches the“va.lue 3 of the normal
curve, but 8, vanishes more slowly, so that the curve rem\a,ms slightly skew.

Diaceax L Frequency Carve giving the Distribution o'fx$b}:ﬁdard Deviations of ssmples
of 10 taken from & Normal Population

: v o10d ey -2
E i 2 e S = St

_ quaiion ¥y TE Ay (F)xse
A yranlihary org.in

W

oA \7£L\t\

S/
B\
i
EE" N

1°960 T5r . 1-75d

& & 9
N9,
Nofle
Fean |

I
f
¢

Diggram 1 shows the theoretical distribution of the standard deviations found
from samples of 10,

= o — 2ot
Y ﬂo.ge .

N0t o) 48 0
. 1.5.3
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Secrionw V., Some ProrsrTIES OF THE CURVE

4 2
5.— if n be even
n—2 n—4 3w
y=—T2 BT (1422)-n
w35 A58 L it ve oad
43at e
o s n—2 n—-4 X
Writing 2z = tan § the equation becomes y = W3 n_3 ... ete. x cos™ #, which
affords an sasy way of drawing the curve. Also dz = dffcos?6. | Q
Hence to find the area of the curve between any limits we must fingds
. '\N
no2n7d e, xfcos“‘zﬁdﬁ O
?1»-‘3 n‘_5 's.}‘
. n—2n—4 n—3 cos™ 20 sind
= n—4 (&
=—— ... A ——u.‘v
e Tyl ..ete {n_zfcos 9d9+[ po Y jn
n—-4 n—6 1
E n—4 ]
n-5'n =2 .ete.fcos €d6'+ s}etc [cos™—*@ =in &],

\
and by continuing the process the integral may Be'evaluated.
For example, if we wish to find the area between 0 and & for n = 8 we have

6 4 2 1 WW W dbrauhbl ary.org.in
f cos“ﬁd

= *.W.J. ms46fo}-}.5.~.gcos58 sin @

6 1 12 142
==+ cos@Pinf+=. —cos305m6+— —.—cos8®d sin 8,
T 7 3 53 n

PN\
and it will be noticed/that for » = 10 we shall merely have to add to this same
D6 42
7 © 2 2 ogT
expression the t:e!%b? 53 7 008 dsind.

The tables. @1} ‘the end of the paper give the area between — o0 and z

e N

N/ (orﬁ:-Eandﬁ':tan‘lz).

This is the same as 0-5-+ the area between 6 = 0, and & = tan—tz, and ag the
whole area of the curve is equal to 1, the tables give the probability that the
mean of the sample does not differ by more than z times the standard deviation -
of the sampleé from the mean of the population. :

The whole area of the curve is equal to

n—2n—4
n—3'n—5"
and since all the parts between the limits vanish at both limits this reduees to 1.

+3iw )
ete, X‘J- cos™28d8,
B L4
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Slm)larly, the second moment coefficient is equal to

| . 3 E—E n_d ..ete, xj cos”**ﬁtan*ﬂd&
n=3'n—5"
= ?f—_;g.té ...etc.xj (cos™4 8 — cos™ 2 ) db
n—-3 n—6 —37
-2 1
1 =
- -3 n—38
Hence the standard deviatm of the curve is 1//(n— 3). The fourth moment.
coefficient is equal to N\
n-2n-4 ..ete, xJ. cos“-zﬂ tan*6dd O\
'n-3 n— 5 Fes ) AN i
- n—2n—4 +Hr _‘2 ;
.. ete. x (cos™ 8 @ — 2 cos™—4 6+ 008" 2 6) d
T n-8n-5" —in AN . b
_n=2n-4 2An-2) 3 %)
“n-3n-5 =n-3 T n—3){n—5)N
The odd moments are of course zero, as the m{\fré 18 symietrical, so
3 —BP 6
ﬁl*o By=— _’5 —-34‘% 5

Hence as n increages the mmnplpbmes&he normal curve whose standard
deviation is 1/\f{n— 3}. N

AN y
fis, however, is always greater than 3, indicating that large deviations are more

common than in the normal curye. :

Discman IL éﬁ)hd cnrvey—g g g%; “’.B, z/s'=tan &
TN
Broken line curve y‘ﬁ in—;— e &4, the normal curve with the same standsrd deviation
H

s '"\s

\;“ 4 1

O i

o 3 . Pl

b

S
-~

s
w|Z
-
N
=
=
-
-

65 o3 F 105 755
Distance of mean from mean of population
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I have tabled the area for the normal curve with standard deviation 1 T80 a8
to compare with my curve for » = 10.* It will be seen that odds laid according
to either table would not seriously differ till we reach z = (-8, where the odds are
about 50 to I that the mean is within that limit: beyond that the normal curve
gives a false feeling of security, for example, according to the normal curve it is
99,986 to 14 (say 7000 to 1) that the mean of the population lies between —oo
and - 1-3s, whereas the real odds are only 99,819 to 181 {(about 550 to 1).

Now 50 to 1 corresponds to three times the probable error in the normal curve
and for most purposes would be considered significans; for this reason I have only
tabled my curves for values of n not greater than 10, but have given'the n = 9
and » = 10 tables to one further place of decimals. They can be used as founda-
tions for finding values for larger samples.t - \

The table for n = 2 can be readily constructed by lookmg out 8 = tan—1z in
Chambers’s tables and then 0-5 4-6/7 gives the correspondmg value.

Similarly 4 sin & + 0-5 gives the values when z = 3.

There are two points of interest in the n = 2 eu{xxe Here s is equal to half

the distance between the two observations. ta,n“k = g 80 that between + s and

1
~slies 2x 2 g5t haif the probability, i Led 1f" two observations have .been made

d ilib org.d
and we have no other 1nf0rmat1\6{x\1ﬁ “it Jfé affnl el;?élb{ ¢ ga.nce that the mean of the

(normal} population will lie between them. On the other hand the second moment

coefficient; is g i
—f tanaﬂhﬂ [tanﬁ—ﬁ:l = o,
-4 \\ —3r

of the standard deviationu 1s infinite while the probable error is finite.
\ </ .
SeEcTIiOoN VL PELOTIGAL TEST OF THE FOREGbING EquaTions

Before I hadss%ceeded in solving my problem analytically, I had endeavoured
to do so empu'icaﬂy The material used was a correlation table containing the
height gid-eft middle finger measurements of 3000 criminals, from a paper by
W. R. Mxcdonell (Biometrika, 1, p. 219). The measurements were written out on
3000 pieces of cardboard, which were then very thoroughly shuffled and drawn
at random. As each card was drawn its numbers were written down in a book,
which thus contains the measurements of 3000 criminals in s random order.
Finally, each consecutive set of 4 was taken as a sample—750 in all—and the
mean, standard deviation, and correlation} of each sample determined. The

* Bee p. 29,

T Eg. ifn=11,to0 thecorrespondmgvalue forn =9, weaddZxfxixix $cos* 8 sin 6

ifn= 13weaddaswe]l~1%, XEXExExExteos!®Osind, andsoon
1 I hope io publish the results of the correlation work shortly. [See 3 below. Eb.]



.c
B

24 - The Probable Error of a Mean ;

difference between the mean of each sample and the mean of the population
was then divided by the standard deviation of the sample, giving us the z of {
Section T, . | !

This provides us with two sets of 750 standard deviations and two sets of 750 2’s

on which to test the theoretical results arrived at. The height and left middle
finger correlation table was chosen because the distribution of both was approxi-
mately normeal and the correlation was fairly high. Both frequency curves, how-
ever, deviate slightly from normality, the constants being for height £, = 0-0026,
B = 3175, and for left middle finger lengths £, = 0-0030, £, = 3-140;, and in
consequence there is a tendency for & certain number of larger standard déviations
to ocecur than if the distributions were normal. This, however, aRiiéfa:i’s to make
very little difference to the distribution of 2. Oy

Another thing which interferes with the comparison is the't "fnpa,ratively large
groups in which the observations occur. The heights are arfanged in 1 inch groups,
the standard deviation being only 2-54 inches: while the finger lengths were
originally grouped in millimetres, but uﬁortunatel;(\I‘did not at the time see the
importance of having a smaller unit and condensed them into 2 millimetre
groups, in terms of ‘which the standard deviabion is 2-74.

Several curious results follow from taking samples of 4 from material disposed
in such wide groups. The fallowing, oints mag henoticed:

(1) The means only occur as multiples of 0-25.

(2) The standard deviations ogour as the square roots of the following types
of numbers: n, n+ 0-19, 4 0-25,% 4 0-50, n + 0-69, 2n +0-75.

(3) Astandard deviation belonging to one of these groups can only be associated
with & mean of a particulap kind; thus a standard deviation of A2 can only oceur
if the mean differs by alwhole number from the group we take as origin, while
- 4f1:69 will only ocouPWwhen the mean is at n + 0-25.

(4) Allthe fqu(iﬁdividuals of the sample will occasionally come from the same
group, giving g‘zﬁl‘o value for the standard deviation. Now this leads to an infinite
value 01? iz:ai;d is clearly due to too wide a grouping, for although two men may )
have thie sime height when measured by inches, yetb the finer the measurements
the more seldom will they be identical, till finally the chance that four men will
have exactly the same height is infinitely small. If we had smaller grouping the
zero values of the standard deviation might be expected to increase, and g similar
consideration will show that the smaller values of the standard deviation would
als-o be likely to increase, such as 0-436, when 3 fall in one group and 1 in an
adjacent group, or 0-50 when 2 fall in two adjacent groups. On the other hand,
whe:p t.he m_(-iividuals of the sample lie far apart, the argument of Sheppard’s
correction will apply, the real value of the standard deviation being more likely

to be gmaller than that found owing to thefre i i
. N quency in any group be eater
on the side nearer the mode, Y v IR eI g
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These two effects of grouping will tend to neutralize each other in their effect
~ onthe mean value of the standard deviation, but both will increase the variability.

Accordingly, we find that the mean value of the standard deviation ia quite
close to that caleulated, while in each case the variability is sensibly greater. The
fit of the curve is not good, both for this reason and becanse the frequency is not
evenly distributed owing to effects (2) and (3) of grouping. On the other hand,
the fit of the curve giving the frequency of z is very good, and as that is the only
practical point the comparison may be considered satisfactory.

The following are the figures for height: ~

Mean value of standard deviations: Calculated 2-027 + @ 021
: Observed 2-026\"

—_—

Difference = —~0 001

Sta.nda.rd devmtlon of standard deviations: Calculated } £0-8556 + 0-015
Observed © 0-9066

Diﬁ'e’[’&ice = +0-0510
&

O 16x 750 , 22
o

Comparison of Fit. Theoretical Egaatsén ry= Wa’ e

W W, dbl. ai;iibrary .org.in

Heale in terms of standard deviation of populatmn ‘.‘ N

| [ m e 4 Rl R l SLE R R R sy

g 2 81 & & \L 3 ] 2 818 8 3 8 2184
O T - L '9 s | | ’ S T - T R N -

=~ L] ™ 4 ™~ L~ =

Caleulated frequency )

14 | 103 | 27 | 45% | eq|7sH B7 | 88 | 813 | 71 |58 |45 [ 33 | 23 |15 | 9% | 5k 7
| Obaerved frequency \~

3 F14§|24’}|37§|1QT;'T§67 |73|T7|77§|ﬁ4|52§|49§135[28|12&|9 111*!7
Difference O

+1}l +4 | —2}| —\3:|.’11-42§1—11§1 —14| ull‘ -4 ‘ -7 | —5{;[ +4i| +2 | +3 ] -2§i -4 | +6 J 0

<™ Whenoe x2 — 48:06, P —0-00006 {about).

" In tabling the observed frequency, values between 0-0125 and 0-0875 were
included in one group, while between 0-0875 and 0-0125 they were divided over
the two groups. As an instance of the irregularity due to grouping I may mention
that there were 31 cases of standard deviations 1-30 (in terms of the grouping)
which is 0-5117 in terms of the standard deviation of the population, and they were
therefore divided over the groups 0-4 to 0-5 and 0-5 to 0-6, Had they all been
counted in groups 0-5 t0 0-6 ¥2 would have fallen to 29-85 and P would have risen
to 0-03. The y? test presupposes random sampling from a frequency following the
given law, but this we have not got owing to the interference of the grouping.
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When, However, we test the z's where the grouping has not had so much effect,
we find a close correspondence between the theory and the actual result,

There were three cases of infinite values of z which, for the reasons given
above, were given the next largest values which occurred, namely +6 or —6.
The rest were divided into groups of 0-1; 0-04, 0-05 and 0-06, being divided
between the two groups on either side. :

The caleulated value for the standard deviation of the frequency curve was
1 { £ 0-017), while the observed was 1-039. The value of the standard deviation is
really infinite, as the fourth moment coefficient is infinite, but as we have arbi-
trarily limited the infinite cases we may take as an approximation 1/41500 from
which the value of the probable error given above is obtained{ The fit of the -
curve is as follows: QO

Comparison of Fit. Theoretical Equation: y =2Trl\i eééi'b, #=tanf

|
o\

Seale of =
2 ] w oy w ) s " N s w 'y Y [ 3
S A S - T - - T - T B
. & = = v o =~ & ;o ow 9
! 1- i ! R 1 + N+ + + + 7+ ;
o :
g 21228 8|8 82| 2] 58| s i
18|88 |8 |2 s af% |8 |5|8|s %
E ‘ 1 t.‘\I! T T N + i T_ ?. S -
= | whwwi.dBraylifratly ofg.jn o + .
Caleulated frequency ™~

5 1 9% | 13| 344 | 443 | 78 |9 | 141 | 119 | Sy | 444 | 344 | 134 | 94 | 5
Ohserved frequency ’ :

9 |14 | 14|33 |43 k@.j\ugg | 1514 | 192 | 67} {49 | 26} | 16 | 10 | 8
Difference Vil . . |
+4 ] #8 | -2 | -1 l‘{'li"|’ 8 | 44 [ F104| +3 | -ME| +4f| -8 | +24| +3 | 4D

y \ ) Whence x¢ = 12-44, P = (-56. -

This is very satisfactory, especially when we consider that as a rule obssrvations
are teated a;.gﬁﬁhst curves fitted from the mean and one or more other moments -
of the ol?sgré&tions, so that considerable correspondence is only to be expected;
whilethis’curve is exposed to the full errors of random sampling, its constants
having'been caleulated quite apart from the observations, :

The left middle finger samples show much the same features as those of the -
height, but as the grouping is not so large compared to the variahility the curves
fit the observations more closely. Diagrams ITT* and IV give the standard devia-

_ tions of the z’s for this set of samples. The results are as follows:

Mean value of standard deviations: Calculated 2-186 + 0-023

Observed 2179

_—

Difference = — 0-007

* There are three small mistakes in plotti in i i
plotting the observed
make the fit appear worse than it really is. ¢ velues i Disgram I, which
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-~ Standard deviation of standard deviations: Caleulated 0-0224 + 0-016
Observed 0-9802

Difference = +0-0578

Greater
than I-7 _

. . o . 16750 ,
Compuarison of Fit. Theoretical Equaiion: y = Jeme® e
Seale in terms of standard devistion of pepulation
clalelvlwlela]lw|els 2|33 3 |213
sjs|sis|s|e|sls|2]|s|2|2|s18]s2 2|32
o lmle|le el | larleig|s 2|22 |2
[ =~ — ~ ] P " L
Calculated frequency . . O 3

1 {104 | 27 | 45¢ | 64 |78} | 87 |88 813 { 71 |58 |45 |33 |28, 115 | Ok b |7
Obeerved frequency B
2 114[27i|51164~}|91t%lﬁ&g‘&&&l?3;48}|40}14§¢‘|20|22}[1215 | M|
Difference

+3 | +3%] +3 | +8F] — |+123|+TH]-198]- 1s| +2 | ~9“ S43| 494 -3 | +TR| +2f| -] +

Whenes y! = 21-80, £ Q\Q

Value of standard deviation: Calculatedl ( % Q- 017}
W \Oﬂlbﬁﬂhﬂll ATy, 01% 982

D]ﬂ‘erence = —0018

o . SN ) oN
; Comparison of Fit. T{_ag(}etwal BEquation: y = ?cos‘-‘ 8, 2= tané
Scale of z ¢
| s
g & 218 [ ‘ﬁ ary vy w a " =
“‘l'-! & -~ N ~ ~ ,‘3 Q @ a !:: g g
g é ;g oY L : : + 0+ | £+ |+ |+
EIRESR P N~ - U I - O I O - U B
s B el s s s 2 % 8|8 181¢8
3 N SN T ! I O S I B T B
Calculaued‘ﬁ@qfumy

5|9§1135134§|44H78&1119|141 g |7 :
Obeearved froguency | 110 | 78} | 444 | 345 | 13k | 9%

4 |15§]18 |33;}t44 |'?5 !1221138‘120&171 |46§|38 ]11 ]9
‘| Difference

-l 6| +4dy -1 —&]-3&] +3 | -3 ) | -] 420 +1E | -2 -} | +1'fi

Whenos 32 =7-39, P = 0-92.
A very close fit.
We see then that if the dJstnbutmn is approximately normal our theory gives
us a satisfactory measure of the certainty to be derived from a small sample in
both the cases we have tested; but we have an indication that a fine grouping is
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of advantage. If the distribution is not normal, the mean and the standard
deviation of a sample will be positively correlated, so that although both will have
greater variability, yet they will tend to counteract each other, & mean deviating -
largely from the general mean tending to be divided by a larger standard devia-
tion. Consequently, I believe that the table given in Section VII below may
be used in estimating the degree of certainty arrived at by the mean of a few
experiments, in the case of most laboratory or biological work where the distribu-
tions are as a rule of & “cocked hat” type and so sufficiently nearly normal.

N\
) 31
_ 22 dd B N
_9n—4 . RO - tan —ba
SEcTioN VII. TABLES OF R2RTE 22 . Meost—2gde
. _ n—-3n—>6 21 =P
-, — neven iy
17 +52)
FOE VALUES OF 7 FROM 4 T0 10 INCLUSIVE
J T Tt \‘
Together wsﬂz. o) 2 dx for cmpﬁi{‘ﬁson when n = 10

I - . For comparison |

z(:;) n=4 n=>5 n=6 “Wwdlﬁfﬁlﬁlkra{f‘ tﬁgm”:m (i * —%dx)

K Jom | -a®
0-1 0-5633 | 0-5745 | 0-5841 | 0-5928, | 04006 | 0-60787 | 0-61462 0-60411
0-2 06241 | 0-8458 | 0-6634 | 0-6798 ) 0-6936 | 0-70705 | 0-71846 0-70159
0-3 06804 | 0-7098 | 07340 | 07549 | 0-7733 | 0-78961 | 080423 0-78641
04 07309  0-7657 | 0-7939 4 08175 | 0-8378 | 0-85485 | 0-86070 0-85520
0-5 07749 | 0-8131 | (-8428 [ 0:8067 | 0-8863 | 0-90251 | 0-91609 0-8069}
0-6 08125 | (-8518 | 0-88l3\ | 0-8040 | 09218 | 0-53600 | 0-04732 0-84375
&7 0-8440 | 0-8830 1 0-510G7) 0-0814 | 0-9468 | 0-95851 | 0-06747 006799
0-8 08701 | 0-9076 | 0:8832 | 0-9512 [ 0-9640 | 0-97328 | 0-08007 0-98253
00 0-8015 | 09269 ; 09498 | 0-9652 | 09756 : 0-9827O | (-98780 0-90137
10 09092 | 09419 {0°0622 | 09751 | 0-9834 | 0-08890 | 0-99252 0-09820
09236 | 0,95377| 0-9714 | 0-89821 | 09887 | 0-99280 | 0-99539 050926
09354 | €928 | 0-9782 | (-0870 | ¢-9022 | 0-99528 | (-99713 0-95971
00451 009700 | (-9832 | 0-9905 | (-9946 | (-99688 | (-99819 (-900886
0-953040-9758 | 0-0870 | 0-9530 | 0-9962 | (99791 | (-09885 (-90989
095987 0-9800 | 0-9899 | 0-0848 | (-0073 | 0-99850 | 0-99026 | (-00950

0-9836 | 00020 | 0-9961 | 0-9981 | 0-99503 | 0-99951
09699 | 00864 | 0-9937 | 00970 | (-9986 | (-99833 | 0-99068
09737 | 0-0886 | 09950 | 09977 | 0-9990¢ | 0-09953 | 0-99978
09770 | 0-9904 | 09959 | 0-9083 | 0.0992 | 0-99987 | 0-90983
09797 | 0-9919 | 6-0087 | 08083 | (9994 099976 | 0-99900

0-9821 | 09931 | 0-0973 | 0-9989 | 0-9996 | 0-99983 | 099993
00841 | 09941 | 09978 | 0-9002 : 0-9997 | 0-D9Y8T | 0-39995
0-9858 | 0-0050 ( 0-9982 | 09993 | 0.9998 | 0-00091 | (-99906
00873 | 09957 | 0-9985 | (-0995 | (-0998 | 0-00993 | 0-09987
00885 | 0-0963 | 0-9987 | (-9096 | (0298 | 0-00005 | 0-09998
" ¢-9967 | 09989 | 0-9996 | 00099 | 0-90096 | 0-99999
09908 | 09972 | 0-9991 | 0-997 | 09000 | 0-00997 | 0-09099
00816 | 090756 | 0-8992 | (-0098 | 00090 | 0-D00O8 | 0-99050
“ 00924 | 0-0978 | 09993 | 0-0998 | 0-9990 | 0-9D998 | (-00000
00931 | 0-998F | 0-999¢ | (-9998 —_ 098099 —_
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SrcTioN VIII. EXPLANATION OF TABLES

The tables give the probability that the value of the mean, measured from the
mean of the population, in terms of the standard deviation of the sample, will Lie
between —oo and z. Thus, to take the table for samples of 6, the probability of
the mean of the population lying between —co and once the standard deviation
of the sample is 0-9622, or the odds are about 24 to 1 that the mean of the popula-
tion lies between these limits. '_ ' ~

The probability is therefore 00378 that it is greater than once the standard
deviation and 0-0756 that it lies outside + 1-0 times the sta;nda;‘ii'déviation.

Ny

S,
77%a
S

. Smerrion IX. ILLUSTRATIONS OF 1‘5[5;1*1101)

Hiustration I. As an instance of the kind of use.which may be made of the
tables, I take the following figures from a table by, A.R. Cushny and A. R. Peebles
in the Journal of Physiology for 1904, showing the different effects of the optical
isomers of hyoscyamine hydrobromide in*producing sleep. The sleep of ten
patients was measured without hypnotigand after treatment (1) with D. hyos-

. cyamine hydrobromide, (2)witldirailitokopamipie hydrobromide. The average

number of hours’ sleep gained by theiuse of the drug is tabulated below.
The conclusion arrived at wag'ghat in the usual dose 2 was, but 1 was not, of

value as a soporific. o)
R\
Additional hours’ sleep gasned by the use of hyoscyamine hydrobromide
Patim}t:\ 2 {Dextro-) 2 {Laevo-) Difference {2-1)
¢ N\ +0-7 +19 +1-2
NS -16 +08 - +2:4
AN -02 +11 +1:3
{NY 4 -12 " +0 +13
NS L =0 ~0r 0
AN 8 + 34 +4:4 +10
o\ | +37 +5-5 +1-8
} 8 +{0-8 +1-6 +0-8
g -} +48 +46
10 +2:0 +3-4 +14
Mean +0-75 Mean 3 2-33 Mean +1-58
8., 70 8,D. 1-% - a.Db. 1-17

First let us see what is the probability that } will on the average give increase
of sleep; i.e. what is the chance that the mean of the population of which these
experiments are & sample is positive. +0-75/1-70 = 044, and looking out
% = 0-44 in the table for ten experiments we find by interpolating between 0-8697

and 0-9181 that 0-44 corresponds to 0-8873, or the odds are 0-887 to 0113 that
the mean is positive. '
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That is about 8 to 1, and would correspond in the normal curve to ahout 1-8
times the probable error. It is then very likely that 1 gives an increase of sleep,
but would occasion no surprise if the results were reversed by further experiments.

If now we consider the chance that 2 is actually a soporific we have the mean
increase of sleep = 2-33/1-90 or 1:23 times the s.D. From the table the probability
corresponding to this is 0-9974, j.e. the odds are nearly 400 to 1 that such is the
case. This corresponds to about 415 times the probable error in the normal
curve. But I take it the real point of the authors was that 2 is better than 1,
This we must test by making a new series, subtracting 1 from 2. The mean
values of this series is + 1-58, while the s.p, is 1-17, the mean valug heing +1-35
times the 5.p. From the table the probability is 0-9985, or the odd$.are about 666
to 1 that 2 is the better soporifie. The low value of the s.p. is Erobably due to the
different drugs reacting similarly on the same patient, so th,at there is correlation
between the results. S

Of course odds of this kind make it almost, certain thalt % is the better soporific,
and in practical life such_a high probability is L[\\most matters considered as
a certainty. S

Illustration I1. Cases where the tables will\be nseful are not uncommon in
agricultural work, and they would be morg\niimerous if the advantages of being
able to apply statistical reasomng.m&ihmwm.r_mmdg when planning the experi- -
ments. I take the followmg instances from the accounts of the Woburn farming
experiments published yearly by, Dr Voelcker in the Journal of the Agmculmml
Society. 2\

A short series of pot cult e\expenments were conducted in order to determine
the canses which lead to the\production of Hard (glutinous) wheat or Soft (starchy)
wheat. In three succeshiye years a bulk of seed corn of one variety was picked
over by hand and twe'samples were selected, one consisting of ““hard ”* grains and
the other of ¢ so%"ﬁ’:' Some of each of these were planted in both heavy and light
soil and the respling crops were weighed and examined for hard and soft corn.

The conclusion drawn was that the effect of selecting the seed was negligible
compayéd with the influence of the soil.

This conclusion was thoroughly justified, the heavy soil producing in each case
nearly 100 %, of hard corn, but still the effect of selecting the seed could just be
traced in each year,

But a curious point, to which Dr Voelcker draws attention in the second year’s
report, is that the soft seeds produced the higher yield of both corn and straw. In
view of the well-known fact that the varieties which have a high yield tend to
produce soft corn, it is interesting to see how much evidence the experiments
afford as to the correlation between softness and fertility in the same variety.

Further, Mr Hooker* has shown that the yield of wheat in one year is largely

* Journal of the Royal Statistical Society, 1907.
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determined by the weather during the preceding harvest. Dr Voelcker’s results
may afford a clue ag to the wayin which the seed is affected, and wéuld almost

. justify the selection of particular soils for growing seed wheat.*

The figures are as follows, the yields being expressed in grammes per pot:

Year . 1899 1900 1301
- Average gﬁi}:ﬂ%rd z-
Soil Light’  Heavy( Light { Heavy! Light | Heavy 1on _
Yield of corn from soft zeed 7-85 8-89 | 14-81 | 13-55 7-48 | 15-39 I1-328 q
. hard, 727 | 832 | 1381 | 1336 | 707 | 1313 | 10643 |
o N
Diifference ... e | 4088 {+0-57 [+1-00 | +0-29 [—049 | +228 | +0-885 0-778 -88
Yield of straw from soft seed 12-81 12:87 | 22-22 § 20-21 | 13-87 { 2257 17442 A
' . hard ,, 10-71 | 1248 | 21-64 | 20-26 | 11-71 | 18-96 1‘5-‘927
Difference ... e | +210 | 030 1+0-78 | - 0-05 | + 2-66- +3-B]' w1515 1-261 1-20

I we wish to find the odds that soft seed will give & better yield of corn on the ;

average, we divide the average difference by the st\apdard deviation, giving us

: 2= 088 D
Lookmg this up in the table for » = 6 Wﬁ find p = 0-9465 or the odds are i
0-9465 to 0-0535 about 18 to 1. o 3
Similarly for straw z = 120, #R@WSQQ’ #fif ithe odds about 45 to 1. 3
In order to see whether such edds are sufficient for a practical man to draw a
definite conclusion, I take anothier set of experiments in which Dr Voelcker con- -
pares the effects of different artificial manures used with potatoeson the large scale.
The figures represent the difference between the crops grown with the use of ]
sulphate of potagh and ka.m.'ﬁt regpectively in both 1804 and 1905: ‘
ewt. qry R: ton ewt. qr. Ib,

1904+ 108720 + 1 10 1 2
1905 + \& 0 3: + 13 2 } {two experiments in each year).

The avel-age gain by the use of aulphate of potash was 1525 cwé. and the
8.D. 9oew1: whence, if we want the odds that the conclusion given below is right,
2= 1" *%{ corresponding, when n = 4 » %0 p = 00698 or odds of 32 to 1; thisis midway
between the odds in the former example. Dr Voelcker says: “I may now fairly
be concluded that for the potato crop on light; land 1 cwt. per acre of sulphate of
potash is a better dressing than kainit.” :

As an example of how the tables should be used with caution, I take the 3}

following pot culture experiments to test whether it made any difference whether
large or small seeds were sown., :

Tltustration 111. Tn 1899 and in 1903 “head comn” and “tail corn” were taken |

. * And perhaps a foew experiments to sce whether there is & gorrelation between yield and
roelowness ™ in barley. _ -
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from the same bulks of barley and sown in pots. The yields in grammes were

a3 follows: : 1899 1903
Large seed ... 139 73

Small seed ... 144 87

+05 +14

The average gain is thus 0-95 and the 8.D. 0-45, giving z = 2:1, Now the table
forn = 2isnot given, but if we look up the angle whose tangent is 2-1 in Chambers’s

N\
640 ’
1405 = 39

tables
: tan—!2-1

T Tagr TOO=088,
8o that the odds are about 6 to 1 that small corn gives a better yial::l than large,
These odds* are those which would be laid, and Jaid rightly, by than whose only
knowledge of the matter was contained in the two experiments. Anyone con-
versant with pot culture would however know that the'difference betwoen the
two results would generally be greater and would correéspondingly moderate the
certainty of his conclusion. In point of fact a large-géale experiment confirmed
the result, the small corn yielding about 15 %, n6re than the large.

I will conclude with an exampls which cornes beyond the range of the tables,
there being eleven experiments. ..., 4 11;3’&11:];;1'31=y,0rg, in

To test whether it is of advantage to‘lgilri-’dry barley seed before sowing, seven
varieties of barley were sown (both kiln*dried and not kiln-dried) in 1899 and four
in 1900; the results are given in thé table.

1t will be noticed that the @edned seed gave on an average the larger yield

; &l » Price of head corn in Yalue of cro T acTe
I:b. head corn pez “T%0)| shillings per quarter Owt. straw per acre i shillingst
. K‘D.i K.D. | ~Difi. IN.K.D| K.D.| Dift. |8v.x.DJ X.0.| pit. [N.K.D.! K.D. | bt
| “io0s | 2008 (|5 1106 264 | 264 0 198 | %5 +52 | w401 | 152 +113
|| w8 | rmaNy — 20 | et oaet | iy | 22f | o2 | Jaf | oaser | 1k —73
1910 1 20U | +101 | 203 | 283 | —1 a3 24 +1 18 | 161 +3}
1899 o406 | 2185 | — a3 | 30 29 -1 23 28 +5 204} | 1994 | -5
2108 (N8180 | + 72 | o7y | o1 —3 a2y | 9 0 62 | 164 +2
196180 1025 | — 36 | 26 | 28 0 193 | 105 | — 142 1383 | —~24
20603 | 2122 + 82 29 26 -3 24} 224 ~23 188 155 —13
1447 | 1482 ! o438 ) o9y | 283 | ) 158 | 18 +3 118 1174 | —1
. 612 | tsd2 [ — 70 } 28i | a® —3 18 17} —-; 128y | 121 —173
Y 1316 | ia43 | 4127 { 30 29 1 149 115 | 40y | o9k | 1168 | 47
1511 | 1535 | + 24 | 284 | 28 -1 17 17 | +2 120 1208 | +3
Average | 18415 | 18752 | +337 | 2845 | 2755 | 081 | 1995 { 2105 | +110 | 14582 | 14488 | +112
Standard .
deviation - - 831 - - 079 - - 22 - - 687
Standard
deﬁat-iun} — _— 29-3 — — 0-28 —_ — 080 — —_— 240
/8 :

+ Straw being valued at 15s. per ton.

* [Through a numerical slip, now cdrrect.ed, Student had given the odds as 33 to 1 and
it is to this figure that the remarks in this paragraph relate. Ep.]

BPS _ . 3
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of corn and straw, but that the quality was almost always inferior. At first sight
this might be supposed to be due to superior germinating power in the kiln-dried
seed, but my farming friends tell me that the effect of this would be that the kiln-
dried seed would produce the better quality barley. Dr Voelcker draws the
conelusion: “In such seasons as 1899 and 1900 there is no particular advantagein
kiln-drying before sowing.”. Our examination completely justifies this and adds
“and the quality of the resulting barley is inferior though the yield may be
" greater . : _4
In this case I propose to use the approximation given by the normal curve
with standard deviation s/y/(n — 8) and therefore use Sheppard’s tables, looking up -
the difference divided by s/,/8. The probability in the case of yield.of corn per_ .
acre is given by looking up 33-7/22:3 = 1-51 in Sheppard’s ¢ables. This gives
~ p = 0934, or the odds are about 14 to 1 that kiln-dried cﬁ)fﬁ gives the higher '
yield. : S 4
Similarly 0-91/0-28 =3-25, corresponding to p = 0:9994,* 0 that the odds are
very great that kiln-dried seed gives barley of a worse quality than seed which .;
has not been kiln-dried. S
Similarly, it is about 11 to 1 that kiln-dried seed gives more straw and about
2 to 1 that the total value of the crop is less with kiln-dried seed.

www.dbraulibréry .org.in

SEcTtioy ¥, CONCLUSIONS

1. A curve has been found representing the frequency distribution of standard §
deviations of samples drawn from a normal population. _3
2. A curve has been found representing the frequency distribution of values '
of the means of such’ saniples, when these valnes are measured from the mean of :
the population in texms of the standard deviation of the sample. ;
3. It has beenishown that this curve represents the facts fairly well even when
the disbribqt@bﬁ of the population is not strictly normal.
4. 'P'txblgs'ére given by which it can be judged whether a series of experiments,
however,.shorb, havs given a result which conforms to any required standard Of'l’
accuracy or whether it is necessary to continue the investigation.

Finally T should like to express my thanks to Prof. Karl Pearson, without
whose constant advice and criticism this paper could not have been written.

* As pointed out in Soction V, the normal eurve gives too large & value for ¢ when the }
probability is large. T find the true value in this case to be p = 0-8978. It matters Little, 4

ztl)grive;, to & conclusion of this kind whether the odds in its favour are 1660 to 1 or merely
ol :
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PROBABLE ERROR OF A CORRELATION
' COEFFICIENT

[ Biometrika, VI (1808), p. 302] ~

Ar the discussion of Mr R. H. Hooker’s recent paper “The correlation of the
weather and crops” (Journal of the Royal Statistical Society, 1907) Dy Shaw made
an inquiry as to the significance of correla.hon coefficients demved from small
numbers of cases.

His question was answered by Messrs Yule and Hooker’ emd Prof Edgeworth,
all of whom considered that Mr Hooker was probably #afé in takmg 0:50 as his
limit of significance for a sample of 21. They did noty ‘however, answer Dr Shaw's
question in gny more general way. Now Mr Hogk\:er iz not the only statistician
who is forced to work with very small samples, @nd until Dr Shaw’s question has
been properly answered the mﬂt@gf@mmﬁwwi%qmlack the criterion which
would enable us to make full use of them,. 'I'he present paper, which is an account
of some sampling experiments, has twd eb]ects (1) to throw soms light by em-
pirical methods on the problem itself, {2) to endeavour to interest mathematlclans
who have both time and ability, tox}olve it.

Before proceeding further, itunay be as well to state the problem which cecurs
in practice, for it is often ¢dnfused with other allied questions.

A random sample has been obtained from an indefinitely large* population
and rt caleulated betwe‘en two variable characters of the individual composing the
sample. We requite’ the probability that E for the population from which the
sample is drawn\shall lie between any given limits.

It is clear thatt in order to solve this problem we must know two things: (1) the
distribution)of values of  derived from samples of & population which has a given
R, and (2} the a priori probability that R for the population lies between any
given limits. Now (2} can hardly ever be known, so that some arbitrary assumption
must in general be made; when we know (1) it will be time enough to discuss

* Note that the indefinitely large population need not actually exist. In Mr Hooker’s case
his sample was 21 years of farming under modern conditions in England, and ineluded ali
the years about which information was obtainable. Probably it could not actually have been
made much larger without loss of homogeneity, due to the mixing with farming under
conditions not modern; but one can imagine the population indefinitely increased and the

21 years to be a sample from this.
t Throughout the rest of this paper r is written for the correlation coefficient of a sample

and R for the correlation coefficient of a population.
1-2
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what will be the best assumption to make, but meanwhile I may suggest two
more or less obvious distributions. The first is that any value is equally likely -
between +1 and — 1, and the second that the probability that z is the value is
proportional to 1 — 22 this I think is more in accordance with ordinary experience: .
the distribution of @ priori probability would then be expressed by the equation
y={(1-27).

‘But whatever agsumption be made, it will be necessary to know (1), so that .
the solution really turns on the distribution of  for samples drawn from the same
population. Now this has been determined for large samples with as much accuracy
as i required, for Pearson and Filon (Phil. Trans. A, cXcI, p. 229 ef gei) showed. |
that the standard deviation is (I —#2)/n and of course for large samples the dis- -3
tribution is sure to be practically normal unless r is very close to unity. But their
method involves approximations which are not legitimate #hen the sample is
small, Besides this the distribution is not then normal, 8O t.ha,t even if we had the °
standard deviation & great deal would still remain unkdigwn. 3

In order to throw some light on this questlon\I ytook a correlation table* }
containing 3000 cases of stature and length of Ieft'\mlddle finger of criminals, and §
proceeded to draw samples of four from this' ‘population.t This gave me 750 §
values of r for a population whose real correlation was 0-66, By taking the statures
of one sample with the mldfﬁefﬁ!:@é#léﬁgw #he next sample I was enabled to 3§
get 750 values of » for a population whipse real correlation was zero. Next I com-
bined each of the samples of foupwith the tenth sample before it and with the 3
tenth gample after it, thus obtacimng two sets of 7501 values from samples of 8, §
with real correlation 0-66 a.%‘zam '

" Besides this empirical work it is possible to calculate a priori the distribution
for samples of two asfélows. i

For clearly the only values possible are +1 and -1, since two points must -3
alwayas lie on the{régression line which joins them.§

Next consulei\ he correlation between the difference between the values of one
~ character i 1}1 two successive individuals, and the difference between the values of 3
the other eharacter in the same individuals. It is well known to be the same as §
that between the values themselves, if the individuals be in random order.

. Also, if an mdeﬁmtely large number of such differences be taken, it is clear that §
the means of the distributions will have the value zero. Hence, if the correlation
be determined from a fourfold division through zero we can apply Mr Sheppard’s|| §

* Biomelrike, 1, p. 219: W. R, Macdonnell. t Biometrika, vi, p. 13. [2, p- 23]
1 Notstrietly independent, but practically sufficiently nearly so. This method waa adopted k
in order to save arithmetic, 4
§ There are of course indeterminate cases when the values are the same for cne cha,racter. 1

. but they become rarer as we decrease the unit of grouping until, with an infinitesimal unit of
- grouping, the statement in the text is true. :

Il Phil. Trans. A, cxcrr, p. 141.




Probable Error of a Correlation Coefficient 37
result that if A and B be the numbers in the large and the small divigions of the

table respectively cos I BB = R, where R is the correlation of the original

systen,

But if a pair of individuals whose difference falls in either of the small divisions
be considered to be a random sample of 2, their » will be found to be — 1, while
that of a pair whose difference falls in one of the large divisions is + 1. Hence
the distribution of r for sarples of 2is AN at + 1,and BN at — 1, where A + B = 1,

—1
and B — €08 R "\
T _ O
When R = 0, there is of course even division, half the values bei(i.g” 41, and
~1 . s N
half —1; when B =066, B = ﬁ?(lg? = 0-271, therefore 4 240729, and the

mean ig at 0-729 - 0-271 = 0-458, The 8.D. = /{1 —(0-458)2}=0-889. Tt is note-
worthy that the mean value is considerably less than BN ’

I have dealt with the cases of samples of 2 at some length, because it is possible
that this limiting value of the distribution with ity friean of (2/7)sin~? B and its
second moment coefficient of 1 —{{2/xr) sin—2 R}" iﬂay furnish a clue to the distribu-
tion when # Is greater than 2.

Besides these series, I have &not‘ﬁéi-‘“éi‘i!&'i‘fﬁij ‘(?h%ré’foiﬁd Yalues of » from samples
of 30, when the real value is 0-66. The dlsbn'butlona of the various trisls are given
in the table below, A

Several peculiarities will be notfbed which are due to the effects of grouping,
particularly in the samples of K\F‘Lratly, there iz a lump at zero; with such small
numbers zero is not an uncommon value of the product moment and then,
whatever the values of the/standard deviations, » = 0.

Next there are five indeterminate cases in each of the distributions for samples
of 4. These are dus.to bhe whole sample falling in the same group for one variable.
In such a case, ; bo't\.h the standaxd deviation and the product moment vanish and
Coris mdeternmgabe

Lastly{with such small samples one cannot use Sheppard’s correctlons for the
standard deviations, as r often becomes greater than unity. So I did not use
the corrections except in the cage of the samples of 30, yet on the whole the values
of the standard deviations are no doubt too Jarge. This does not much affect the
values of r in the neighbourhood of zero, but there is a tendency for larger values
to come too low, so that there is a deficiency of cases towards 1 and — 1, This
introduces an error into the standard deviation of all the series to some extent,
but of course the mean is unaltered when there is no correlation. The series for
samples of 4 are affected more than those from samples of 8, as the mean standard
deviation of samples of 4 is the smaller, so that the unit of grouping is com-
paratively larger,



86 182 [Fe9 98 | 00 | o€ | T [9€ (02 | % [ 1o | it [#e bet|z1 |8 (11| s |5 sr]w s [e(tlola]1][a]e]et]v]e]s]ola]s]v]0]
o Il I I I I I I ARV IR T A (R N [ pR Y O (i) e I S S T A T A S A A I A A I
IR I I 2SI 8 2R R GRS RSN SR RIS R RS N3 E %88
A BE AR R BB 22 R B N R M M M N A R R A R R R N R N
w%w%wﬂmwwww B R R I R E EHE R BRI R IR R R B ERR IR
Y #opeq 8 Sudnoid JoesegIp v WOy payEmoTss A[[BN40T SIeA. TOINQLYSIP STG) JO HURTOFA00 jusmwr e, |
" L4/ SUOHNQLISD 0 I0YI0 OTY UY (OL OT8 36T} OJYA ‘GPL 5T [930% O3 JUY] 08 ‘50RUD OJVULWLISIIPUT OALY IV IGTL, o
n.. r
1| e jor) e la|er]orfar|wlia v ot |—T1[—[1]|=]={1ogs eonwmesupa uonnquuq |
SIE[IIRI IS 3|3 8|8 ||s]RA8]|8 & &8
g/ 8|s|s|g|s|slg |55 |8yg|s/5|s|s|g|8 g8 aeog
R R R RO IR IR
“.ﬁr
7 8 30
. 7 . ) : sopdures
¥ |teg| 09 | 00 ‘Rosifocfeo| 69| 10 |Frwlbov ve ez L1 05 LT (T 0 (L L |9 |FB P |98 [ —[ 8|8 |— |8 ——I—|—[——[—|—| ‘000 Jo uon
=R ~B[OLI0)
! 7 i3 Jo
. 5 eajdmss
621 18 | ¥ o8] 17 (ReciberiPee| 1o [fea| o o1 (Boz| 11|31 8 (TT|6 |2 (#|o1|B | € |ofgjor 7 |1 8 |L|8|afg fr be 8 2 |2 ¥ ¥ € iqgg0;0uoy
. . - o . -B[BLI00)
;) 1/
4 8 Jo
: \\ 1 : uumm.wusm
—|—|—|&| e |4 %] 6 [ter|er |2z |z ot tsciteeibos| tez ve [Frabar| ¢ |For|Poz] ov | €5 | 6F | ap'fec 81| %2 |81 au ¥t ot ot jor| £ | 1 f—|—11 “uomywy
: h -anI00 ON
: ) #% Jo
) . sajduarse
6 \fetbas| 6 |Bat|Fruibeu|ELr| ¥6 [¥52 v | og | L1 [Fer] 75 Foz| 52 | a6 |1 |81 |08 | o1 begfor] 61 | a3 (27 | o1 tegHRL €7 | 1 61861 %6 €3 | €T |85 01| L1| 8 DM.%N_
7 N
+++++++.++++++++.++++.*..___H______.s..._._.________,r
R T I I S S TR R R R R 1 T R TR
N A N L B N NI A N A R A A S S B M A R R PR A PR R N 49 S Y B B RY B Y Y
SL8[8 8133325888 Y85 838/ R[RBSSR BRI |B[R[E)S

spuagoffooy) uoumpaLI0s) fo uOUNQIASHT



Probable Error of a Correlation Coefficient 39

The moment coéfficients of the five distributions were determined, and the
following values found :* :

Mean g.0. Hg Fio I Ky il A

Samples of 4 (v =0) — | oss12 | 03038 — 01768 — [i1¢8
Samples of 8 (r = 0) — | osml | 01302 — 0-0454 — | 2338

Samples of 4 (r=0-66) | 0-5809 | 0-4680 | 0-2100 -0-1570 (-2152 2-245 | 4-489%
[ Samples of 8 (r=0-66) | 0-6130 | 0-2684 | 0-07202 | -0-02634 | 0-02714 | 1-857 | 5-232
| Samples of 30 (r = 0-66) | 0-661 | 0-1001 | 001003 | -0-000882 | 0-00046L | 0-7713 | 4:580

Considering first the “no correlation ’ distributions, I attempted to fit a Pearson
curve to the first of them. As might be expected, the range proved limied and
as symmefry had been assumed in caleulating the moments, a Typg il curve
i—:;%E)Mn the range of va{éh\is 2-074.

Now the real range is clearly 2, and only a very small alteratfon i B, is required
to make the value of the index zero. Consequently the e,qu?atmn Y = yo{l —z?)?
was suggested. This means an even distribution of # between 1 and — 1, with -
§.D. = 0-5774+ 0-010 vice 0-5512 actual, sz, = 0-3833+0-0116 vice 0-3038,
s = 0-2000 + 0-016 vice 0-1768 and B, = 1-8004G42 vice 1-918, all values as
close as could perhaps be expected considering that'the grouping must make both
5 and g, too low, www dbr auli.l;iral'y org.in

Working from y = g,(1 —2%* for samples of 4, I guessed the formula

n—d

¥ = yo{1—~2% ? and proceeded to calculate the moments.
By using the transformation z, —\am 0, we get y = y,cos? 48,

des = 008 046, S
2J ydo =2y J cos™2 048,
0 N\ 1]

1 O i i
QJ\:c%dm = 2y, f cos™ 2 3d@ — 2%-[ cos" 1644,
N _ o 0
and so on. .\ ‘
. Whenc&;ﬂ;'{"

R _ 3 _3m-1) ., 6 -
\"“_n-l’ M= D m+ 1y P = n+1 =3 n+1’

resulted. The equation was y = y,](

Putting » = 8 we get the equation y = g,(1 —2?)? and
My = % = 0-1429 + 0-0050 instead of actual 0-1392,

,u4 = 2 = 0-0476 + 0-0038 . 0-0454,
= §-3780 + 0-0066 ” 0-3731,
ﬂ = 3-8 = 2:833+ 0012 ., 2:336.

* In the oases of no correlation the moments were taken about zero, the kmown ecentroid
of the distribiztion. -
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. - . a?  h200
The equation calculated from the actual moments is y = yo(l ) ,

T 09802
‘whence the galculated range is 1-98, whereag it is known to be 2.

The following tables compare the actual distributions with those calculated
from the equations. -

Drsiribution of r from samples of 4 compared with the equation
y = (1 -z

'y ary ] ty Iy ay w ey b b Ly
§|S [ S |5[3|8 |88 |58 |3 2|7
K ] [ i ! + | + + |+ + '& Q
s 8|2 818|188 8|8[8a.8 3
~| 8B B 5|8 88 8|8 Fi
Ll | i 1 i i | + | |+ NS +
Actual ... | 64 | 45} | 55} | 67 | 50 | 62 | 63 | 68 . 60 |44 V513 | 41} | 54
Caloulated | 65 | 56 | 56 | 66 | 56 | 56 | 56 | 56 | 5646 | 56 | 58 | 65
Differonce | -1 | ~10}| -4 | +11| +3| +6 | 27| +2 | 3a)| +8 -4 | -1l -1t

From this we get ¥ =13:30, P = 0-34. It “ri]lllhjwever be noticed that the 3
‘grouping has caused all the middle compartn:@nts to contain more than the
calculated, as pointed out above. W

wwr.d bl'aulibr:af'g}:or;g_in

Distribution of r from samples of, 8 compared with the equation C

750% 15

. < dulubetf S P 1Y. :

¥oxe 1 |

w = w [7RS o ) uw n w w1 e :
35 3849 888 8T8 818,
°'|° ] I ‘?\sl i + + + ¢t 3 x > o

S TN 0 <20 - - - - O - S B o | 3

| e oy ) W n ey Ky ) ey )
TISIEE (s 8 |58 | 8888 :
P N ' [ ; + + b+ o+ + '
Actual .| 2 N30 | as | 60 | 06 | 1143 | 103 | 85 084 | 65 | a7y | 144 | 3
Calealated QM 43 | 67 ) 87 | 100F | 106 | 1004 | 87 | 67 | 43 | 20 | 4
Diference'\—'ﬂ}] 6+l -7 | ve| 41 | | S1sg +113| -2 | 53 | -6 | -1}

N .

Yy Whenee 1 = 1394, P =0-30.

In this case the grouping has had less influence and the largest contributions
to x* (in the second, sixth, eighth and twelfth compartments) are due to differences
of opposite sign on opposite sides, and may therefore be supposed to be entirely
due to random sampling.

My equation then fits the two series of empirical results about as well as could
be expected. I will now show that it is in accordance with the two theoretical
cases n “large” and # = 2, for ¢ = 1/3/(n —1), which approximates sufficiently

cl(?sely to Pearson and Filon’s (1 —r8)/Jn when r = 0 and » is large. Also when
7 i8 large f, becomes 3 and the distribution is normal.
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And if n = 2, the equation becomes i = y,(1 — x,)1,* where '
. ~

e
2J. (1—22)-1dx
0
Put z = sinf, Then dx = cos#d8,

o ¥ttt =¥ oo

i.e. there is no frequency except where (1—22)-1 is infinite, all the frequency is
equally divided betweenz = 1 anda = — 1, which we know to be actua]ly he case.
Consequently, I believe that the equation y = g, (1 x’)n; probably i’epresents
the theoretical distribution of r when samples of # are drawn from’a normally
distributed population with no correlation. Even if 1t does not.\ doyso, I am sure
that it will give a close approximation to it. S

Let us consider Mr Hooker’s limit of 0-50 in the ]jght‘ of thjs equation. For

x =sinf ] and th.e Proportlon of the area lying

-~ 21 cases th ti
s the equation becomeg = 408\ 8

beyond & = + 0-50 will be

d=17
J; ww%% Icﬁﬂlbgéﬂgf org.in
i i
00313 §d6

0

1 find this to be 0-02099, or we‘ma,y expect to find one case in 50 oceurring

outside the limits + 0-50 whert 8Fe is no correlation and the sample numbers 21.

When however there is eOxrelation, I cannot suggest an equation which will

accord with the facts; but as I have spent a good dsal of time over the problem
I will point out some of the necessities of the case.

(1) With sma]l@.lﬁples the value certainly lies mearer to zero than the real

value of R, e.g. QO
. 2 .
>) Samp]es of 2: ' Mean at: ;r-sm“l R,

\ ) Samples of 4 (real value 0-66): 0-5611 + 0-011,
Samples of 8 (real value 0-66): 0-614] £0-065.

* If a Pearson curve be fitted to the distribution whose moment coefficients are iy = 1 = 5,
and sty = 0, we have f = 1, §, = 0, hence the curve must be of Type II and the equation
is given by ﬂ

ol : 2oy _ _ Bds = — )1,
y-_.yo(l_—) , where as_m_l and m_2(3"——ﬂ,} or ¥ = y(l—z%
agreeing with the general formula.

T The value must be slightly la.rger than this (perhaps even by 0-03) as Sheppa.rda
corrections were not used.

1 Again higher, but not by more than 0-02.
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But with samples of 30 (real value 0-66), mean at 0-6609 + 0-0067 shows that the
mean value approaches the real value comparatively rapidly.
(2} The standard deviation is larger than accords with the formula

(A =r)n—1)

even if we give the mean value of r for samples of the size taken, e:g. for samples

[

For samples of 4: calculated* 0-3957 + 0-0089; actual 0-4880,

For sampies of 8: ealculated 0-2355 + 0-0041; actual 0-2684.

But samples of 30, calculated 0-1046+ 0-0018, actual 0:1001, a.gmn 1'show that
with samples as large as 30 the ordinary formula is justified. O

{3) When there was no correlation the range found by fitting a Pearson curve
to the distribution was accurately 2 in the theoretical cagel of samples of 2, and
well within the probable error for empiricsl distributiohs of samples of 4 and 8.
But when we have correlation this process does not give the range closely for the
empirical distribution (samples of 4 give 2-137, aﬁiples of 8, 2-699, samples of
30, infinity} and the range calculated from samﬁ]fes of 2, which is

2J(4+3p,+ 13#2 93}
WO W dbralal”pﬂar‘y LOrgin

{(where yz = 1—{{2/m)sin~t B}?), ig a,iways less than 2 except in the case where
Mg 18 1, i.e. when there is no correlation. ;
~ Hence the distribution probgzbi}f eannot be represented by any of Prof. Pearson's
types of frequency curve unless B = 0.
(4} The distribution isgkew with a tail towards zero.
{6) To sum up: If = ¢(:c R, n) be the equation, it must satisfy the followmg
requirements. If R ﬁ“l 1 is the only value of x which gives the value of y other

than zero, If ‘§2 + 1 are the only values of x to-do so. If R = 0, the equation
n—4
probably redw}es toy = y{l—a®)y 2z,

Q.

’ ‘CONCLUSIONS - ,
It has been shown that when there is no correlation between two normally
n—a

distributed varisbles ¥ =yl -2 T gives fairly closely the distribution of #
found from samples of n.

Next, the general problem has been stated and three distributions of + have
been given which show the sort of variation which ocours. I hope they may serve
as illustrations for the successful solver of the problem.

* {1—-r%)/yf(n~-1), where r is taken as the mean value for the size of k
$ho real value R, the differonce would e ey e o of the sample. If we too
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THE DISTRIBUTION OF THE MEANS OF SAMPLES
WHICH ARE NOT DRAWN AT RANDOM

[ Biometrika, VIT (1909), p. 210]

It is one of the advantages of the normal curve that if samples are drawn at
random from any population, no matter how distributed, the distribbtions of
the statistical constants of the samples rapidly approach the Gausstan as the
samples grow large. ' O '

This being so, the result of grouping 2000 in samples of 25 given in Drs Green-
wood and White’s very interesting paper in Biomefrika (W (1909), pp. 376-401)
is surprising. : _ 3

For it is easy to show that if B;, B, be the constants of the distribution of the
means of samples of # drawn at random, correstIJQ’najng to f;, fsin the original

frequency distribution, then® P\
£ o B3
B, = El wwq.lg%ﬂiﬁreﬁ'y,uﬁgih

But in this case R\ p
- a0 A1 a,
fu= 17977 and B 0-4756, while £1= 00719,

f,—3 = 2-5790 and\'B,—3 = 0-3185, while b 2;3 = 0-1032.

Now neither of thegsban be considered significant with a sample of 80 means,
but at the same ﬁi@}”they‘ are both sufficiently different to suggest that the
conditions whichNed to the theoretical result have not been fulfilled.

The first thing which occurred to me was that as Sheppard’s corrections had
been used for the means but not for the original distribution it might be well to
try applying them to both. :

This however makes but little difference, for we get

198 Ay
f, = 19898 so that - 3 = 0-0796,
- 578 =3
= 2 P22 — 0-1109.
fo—3 = 2:7725 so that 95 O

I next considered the possibility that the samples were not strietly'r random bat
that there was some slight correlation between successive observ&tlops.

» Honderson, R., J. Inst. Actu. x11, pp. 429-42.
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I therefore assumed that the individuals composing the sample were more like
each other than to the rest of the population, that in fact there was homotyposis,
and working from this hypothesis I found that the slightest correlation produces
& very marked retardation in the approach to normality with increase in the

size of the sample, _

It will be observed that this is essentially a ** small sample” problem, for with
increase in the size of the sample the correlation due to likeness between successive
individuals diminishes except in exceptional cases, when it becomes manifest
as & well-marked heterogeneity. ™\

My results emphasize the necessity of avoiding anything which tends b6 produce
secular variation and as far as possible to nentralize it by repeat.mg rabservations
only after some time has elapsed. \

Thus repetitions of analyses in a technieal laboratory Should never fo]low one
another but an interval of at least a day should occur between them. Otherwise

a spurious accuracy will be obtained which greatly ~reduces the value of the
analyses, \J

In the present case there is not sufficient evideiieg to show whether correlation
was really present, but as in the course of a fairly extended practice I have not
yet met with observations in which this tendericy was a.ltogether absent, I incline
to the belief thit it was. www.dbr auhbral y.org.in

In any case, being ignorant of the taghmque, I can only suggest as possibilities

slight variations from point to peint on the slide, differences in light or in the
observer as the day went on. o)

The general problem is a\foﬂows

Let samples of n be drgwn from a population with constants us, #g, fa) S1» Ses
and let the samples beldrawn in such s manner that the individuals composing
each sample are oor(ela’oed with correlation coefficient #, then, assurning linear

regression and«homoscedastic arrays, the constants of the distribution of their
means (M, :%, > By, B,) are as follows;

1, s (n- 1),

M, =£§{1 +(n—~ l)f}{l +{(2n—1)r},

1+(n—1
4= i“?%:_Tr))ﬁ [ﬂ;{l+{3nfl-)r+3n(n-—l)r’}+3(n~1)(1—r)(l + nr) p3]),

B {1+@n-1rp
17 % A+ 0+ {(n—1)r)

_ Be{l+(3n— 1)r+3ﬂ.(n-—l)rz}+3(n—l)(1—r)(1 +nr)

2 (1+2r){1+(n—1)r} 21+2r} {1l +(n—1)r}
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As the method of determining the three moment coefficients is the same in each
case and it is merely & question of reduction to obtain B, and B, it will be guffi-
cient for me to give the proof for M,. :

Let #,%,...%, be the values, measured from the mean of the population, of
the individuals composing the typical sample, and let there be &V such samples.

Then

oo +as+.. 4,
W, = gt
1 S+ 48zl zy) + 68(2323) + 128(9:2:1:2353)+24S(x1x2x8x4) \
NZ' e S (i)
) A\
Taking each of these six terms in turn we have . PR N
A{8(=1)}  nlng,al) A ) N\ B
Nat — N.n& 58 D e {ii)
\

For S(1) has n terms, and when they are taken overail'the N samples which
compose the population there will be %. nzl of 24, n, ‘belng the number of x,’s in
the population and «, , the number of #,’s a,ssocu@ed with z,'s, and so on.

Again, there are n{n — 1) terms in S(a:axz), AWV .

Z{‘lS(x" ms)}
N.nt

_4n- ‘I}Z(na #}.mean value of 333)

< N.n?
But the mean value of xg\a@socla,ted in the sample with z; wﬂl bo 'xl, or
gince T 2a 16 18 *rxl, e . "
ANZ(48(@r)}  4n—1)2(n, .al.r)
T Nt Noad
\ . 4(n—1)r : '
R\ —— My (jii)
.\“ :
N\s' ~/ E{thxlxﬂ)} (ﬂ'_ l) {nzlxg .x{x%}
AR A i
_ 3(n—1) 2(n, .x{.mean value of z3)
R N '

[Now the mean value of 23 is equal to the square of the £.D. of the 2, array of
Zy’8, {#{1 — %)}, added to the square of the mean value of z,, (r223)]

_ 3(n—1)2n, {rfaf +adu,(1 — %)}
Ton? N
3('n

l){f’ +(1*r5)#§}. | ceene(iV)
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Again,
Z(128(zfw,25)}  B(n—1)(n—2) 20, 4, - 12xy7,)
Nnd S A N _
_ 6(n—1)}{n—2) Z(ny,,, - 25, . mean value of z;)
B nd N )

The mean value of z, for values «, and 2, of the other two variables is given by
the equation

Oy [Bu?y Razxz}
Mg, =~ Dy BT A
. " RBS [ 051 0-2}3
where the R’s are the minors of the determinant \ \)
. ' r .
L, r, v{ or m, = (x1+x2).(1 (:r1+a:2) 1+r
r, 1, r M\\
(7, 7, 1 \%
Substituting, we get . AN
Z{128(xkwywg))  B(n—1)(n—2) 7 Z{n ;_(xsxz +z3xE))
N.nt B n® "T+7 r N/ N ’
By (ifi) and (iv), www.dhbr auhﬁral y.org.in
: 6(% —1)(n— 2)
RN | +r {"F'i + 7+ (1 — %) pf}
A\ :
6{n—1){n—2 :
SS MO i e (v)
Lastly, b
2{248(9:1%%&:4}}\_}11 1)(n—2)(n— 3} 2Ny e 2 Xy LyTgTy)
Nnt \ nd N
N _ (B=1) (n—2) (0 — 3) Xy, - #1 %585 mean value of z,)
.f’:’o ns N
O '
As bef{am"the mean value of 2; comes from the multiple regression equation
mzl = -v--g' 131R41+x2%+$3&},
: aa | Ty Tz T
where the R's are minors of
' L, o, », 7
rn 1, r,.r
norn ol o7
*, r, v, 1
. (r(1—7)%)
. (3’1'*'9’2“5*"33)1 B os (21 + @y + ) 1+2



which are not drawn at BEandom 47

Substituting, we get
Z{248( zyxs2y)} _ (R—1)(n=2)(n—3) 7 Z (Mg gy - %y B By 2y + T3+ Xg)}

Nnt nd 142 N
=) (n-2)(n—38) r 3i(Rpgum, Ti2%)
= por TTo b .
. 3(n— - — 2
Applying (v), = (n—1) (ﬂns 2)(n—3) . i st (I=n)adh e {vi)

Substituting (i) ... (vi} in (i), we get

N

My = 2Lt 4= 1) 30— 1) e+ (197 )
+6(n—1)(n—2).r.{rp,+ (lz—fr}p,g} & \)
+3(n—1){n—2) (n—3).ﬁﬂ_{rp43|~{=l—r)y§}],

which reduces to the result given above, viz. o R4 o, '
M, = {1 +{n— 1)""}
Y el 2r) N

Using these equations it is possible to find valug@‘\xd?r which would satisfy the
conditions for the various constants, P \%

Thus (using Sheppard’s corrections for both, séts of constants) I find that with
the given values of P and ﬁj;f%,}%gl'ﬂ{ﬁ}fi-org-in
of B, and Bpiir = 0-063,
of fo andiB,, r=0-033.

o 2\ .

Now clearly if » were fitted by least squares or In any other way from these
three values it must clearly come closest to the #, value owing to the lower
probable error of y,. As agpteper fitting would clearly be very complicated owing
to the intercorrelatio ’{ifthe constants, I have assumed a value r = 0-01 ax a nice
round mumber; this\gives & value of M, higher than that found in the sample
before us, but ngbat all impossibly so. '

{1+ (3n—1)r+3n(n- l)r“};&4+3{?é; 1) (1—#) (1 +nr) i) 3

This gives &% 3, = 0-1101, actual 0-1074,
~O B, = 01397, ,, 0-4756,
N/ B, = 32012, , 83185

These constants give a Type I curve

] @ 24-64 x 7142
Y= 97-57(1+?(;—5) (1—5_-8—2) .

If we assume no correlation I geb a curve

2 1417 x 1266:5
Y = 109'0(1 +—l-9—2) (l—m'i) y

whence I get the following “fits”.*

* The figures given are really mid-ordinates, but for such small numbers the difference
between the mid-ordinate and the area on the base unit is negligible.



.
::i

48 Distribution of the Means of Samples

s(sfzlsls|sls zjgls(8 3|2 ]sge
o I/ R A O R IR T R O O O B O O

- -2 - - - - - =T - O~ - - O
- - T - I R II|IER R | S| 2|88
= Xy "y e =~ > = " =~ & s & N 2 = <.
Actual '
— | 4 | 8] 7T | 14 |12 |12 5| T |56 | 2|1 J 21 0q |~
Calcutated : No correlation )
101 | 2-42 | 528 | 8-86 } 11-89 | 13-07 | 12-18 | 9-97 | 6-90 I 4-27 | 2-36 | 1-18 ‘ — ‘ — | 092] -7
o —

L J

Calenlated: Correlation (-(1 : a :
1-85 1 327 | 6-02 | 892 | 1101 | 11-71 | 10-84 | 8-95 | 6-64 i 452 1| 282 | 1-64 I(YQOT — | 0-85 | — 1
. . \. i
These give P = 046 and P = 0-86 respectively, the firstibeing a good deal

helped by the convention that the tail should not be carried beyond the point at
which a single unit may be expected and the second Much less so. C

As the empirical curve fitted from the actual miements has a P of 0-92, the-
second curve may be considered fairly good, depending as it does on a guess
following on calculation. On. the other hand\g )’ of 0-46 with so few cases as 80
is not particularly good, and as Prof, Pearson has pointed out to me the graph °
distinotly gives an idea of gneatanshewhress thagis represented by the no correla-
tion curve. I do not, however, wish, 0 eontend that the circumstances attending .
the production of the sample actially conformed to the arbitrary conditions -
which I found it necessary 6 assume in order to simplify the analysis. But |
seeing that the fit is good @nd- that with such a small sample even the divergent
B, is not altogether intpossible, I think it likely that there was some sort of 3
correlation, though probably not that particular kind which has been assumed |

" in this note. AN ;

N
Z7\V

§ CONCLUSIONS :
1. Thatwthe approach to normality of the distribution of means of samples
dra“fn.{rg\m a non-Gaussian population is delayed by the existence of correlation §
between the individuals composing the samples. '
2. Thaton qe.rta,in arbitrary assumptions the constants of the new distribution
can be found given the constants of the old one and r according to formulae
given above. -
3. That using the above formulas and choosing a likely looking value of 7, & -

curve can be drawn to represent the sample in Drs Greenwood and White’s paper
with fair likelihood. ' :
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APPENDIX TO MERCER AND HALIL'S PAPER ON
“THE EXPERIMENTAL ERROR OF FIELD TRIALR”

‘ [J. Agric. Sei. IV (1911}, p. 128]

Note on a Method of Arranging Plots so as to Utilize @ given Area
of Land to the Best Advantage in Testing Two Varieties O

THE authors have shown that to reduce the error as low as possible it it hécessary
to ““scatter” the plots. I propose to deal with this point in the spegial case when
& comparison is to be made between only two kinds of plot& et us say two
varieties of the same kind of cereal.

If we consider the causes of variation in the yield of a ¢x6p ﬁ: seems that broadly
speaking they are divisible into two kinds,

The first are random, occurring at haphazard a.Il O%r the field. Such would be
attacks by birds, the incidence of weeds or thepteésence of lumps of manure. The
second ocour with more regulariby, increase frond point o point or having centres
from which they spread outwa.rds,mmga,k&% Jnsibgmges of this kind changes
of goil, moist patches over springs or the Presence of Tabbit holes along a hedge.

~ Having made this distinction between random and regular eauses of variation .
let me hasten to add that almogt all causes of variation may belong to one or
other or both of these classes a@cdrdjng o the size of the plot in question.

In any case a cons;deratm} of what has been gaid above will show that any

“regular’ ecause of varlatmn will tend to affect the yield of adjacent plots in a
similar manner; if the\gj,eld of one plot is reduced by rabbits from a bury near by,
the plotnext it willhardly escape without injury, while one some distance away
may be quite u&hched and so forth, And the smaller the plots the more are
causes of va.na&lon “regular’’; for example, with large plots a thistly patch may
easily ogeur. wholly within a smgle plot leaving adjacent plots nearly or alto-
gether clean, but with quite amall plots one which is overgrown with thistles is
almost sure to have neighbours also affected.

Now if we are comparing two varieties it is clearly of advantage to &rrange the .
plots in such a way that the yields of both varieties shall be affected as far as
possible by the same causes to as nearly as possible an equal extent. '

To do this it is necessary, from what has been said above, to compare together
plots which lie side by side and also to make the plots a3 small as may be practic-
able and convenient.

There is a reason, apart from the dl{’ﬁculty of cultivating very small plots,
why the plots should not be made too sma]l and that is, that when two dlfferent

BFS 4
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varieties are sown next one another the outside drill of each is under abnormal |
conditions and if it be counted in the plot may introduce an error which in a
small plot may be quite substantial, but if it is not counted the space wasted by
rejecting the outside drills of small plots becomes considerable.

Let us suppose that the smallest practicable size of plot has been chosen and
the land available for the comparison has been divided up into plots of this size
and sown, chequer fashion, with seed of the two varieties. :

Obviously nothing that we can do (supposing of course careful harvesting) can :
now alter the accuracy of the resulting comparison of yields, but we can easily
make different estimates of the reliance which we can place on the figures.

For example, the simplest way of treating the figures would be‘to take the
yields of the plots of each variety and determine the standard deviation of each
kind. Then from published tables we can judge whether subh b difference as we
" find between the total yields is likely to have arisen by, chance.

An advance on this is to compare each plot with itg neighbour and to determine
the standard deviation of the differences between these pairs of adjacent plots,

From what has been said above as to the ogéutrence of “regular” sources of
error it will be seen that such differences as these will be to a niuch larger extent
dependent on the variety, and toa lessexteriton errors, than if the mere aggregates -
are comparad WWW dbrauh):n ary.org.in ‘.

The standard deviation will therefore be smaller and the confidence which can |
be placed in the result increasedy"

By a further device we cagr;”s?tﬂl further decrease the standard deviation and
increase our certainty. | X\

- For if, instead of har¥esting the whole of each plot together, we divide each
plot into two before barvesting (and that this can be done is clear from the account
of the work done with 'the mangolds and wheat), then we get twice the number of -
comparisons, axkd }the plots being haif the size are comparatively closer together
and the error ‘of their comparison is reduced, - :

But, it- wﬂI be asked, why take all this trouble? The error of comparing plots - |
of ang_given size has been found by the authors of the paper, and all that has to
be done is to apply this knowledge to the particular sét of experiments. .

The answer to this point is that there is no such thing as the absolute error of -
a given size of plot. We may find out the order of it, be sure perhaps that it is not |
likely to be less than (say) 5 9, nor more than 15 %, without producing visible
heterogeneity, but the error of a given size of plot must vary with all the external
conditions as well as with the particular crops upon which the experiment i8
being conducted, and it is far better to determine the error from the figures of
the experiment itself; only so can proper confidence be placed in the result of the

experiment.

The diagram illustrates the proposed method of arranging the plots.
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The different shading represents the two different varieties.

The firm lines represent the outside of the original plots.

AA’ is part of the boundary of the experimental ground, part of which is
given in the diagram, :

The dotted lines show the further division made at harvesting.

Then the yields of the half-plots 1, 1:2, 2: ... ete. are compared together.

The outside half-plots are neglected as it is usual to discard the edge of the field.

I have determined the error of comparing plots of different sizes in this way
both with the mangold and the wheat figures. _ ~

A A N

7 ﬁgy ; R% ;\. \,
.

7
QO K
) \ by N \1

Considering first the m&gg&s:

The crop on half an actéin the present experiment was about 32,860 Ib., and
the standard deviation-Of a single one-two-hundredth acre was found to be
20-37 1b. Hence thé standard deviation of half an acre made up at random from
100 such small plétswould be 20-37 x /100 or 203-71b.,and the standard deviation
of the compaﬁs’cin between two such half acres would be 203-7 x /2 or 287 Ib.

This wotld’amount to 0-87 %, so that one could not begin to be sure that &
difference hetween two varieties of mangolds ecompared in this way (one-two-
hundredth plots arranged at random) until it amounted to say 26 %0

But now suppose that the plots were each originally one-hundredth acre,
- biseeted at harvest and compared as suggested above.

Then the actual figures given by the authors enable us to determine the stan-
dard deviation of the difference between the half acre.

It amounts to no more than 223 Ib. or 0-68 %. Le. although working with plots
twice the size up to harvest time we get the same accuracy with one acre of ground
as would have been obtained with (0-87/0-68)% acres or 1.65 acres on the first plan,

Now suppose the plots to be one-fiftieth divided into one-hundredths at harvest.

4-2
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Then I find the s.D. to be 274 Ib. or 0-83 %,

Bimilarly 111 th aere plots harveated as gﬁtha give a 8.D. of comparisen 32'?2 b, or EI' ]82(‘;,;’0
” » BUATE ' ] ” (+]
. }‘é » ” q long :‘; . M 329 .. I00%

With such small numbers the difference between the last two cannot be taken
as significant, but one would expect the square plot to give a worse comparison
than the long plot. '

We may summarize the above results in the table below:

: Percentage 8.5, i "Total area required A
Bize of plot .| of comparing to give a 8.0, of
4 acres 1%/, in the comparison
7N
1.th harvested aa ,3yths : 0-68 ’ 0-46 acres,
KA A 0-83 069
75 » LI 0-83 ' 075,
o » BGEATO 2, )14 1362 75
U w long &y o - L0 0109* "

The corresponding ﬁgures derived from the wheat results are set out in the

second table: N
9.0, in ok 5.D. a8 a 9 Total area re-
. comparing” | B o | quired to give a
Size of plot twe half Oi‘“{gp Orfa a.p. of 125 in
R 8 Zall ac the comparison
www.dbrau 1b;'a%[ivregrg i pa
zigth divided into ;i;ths at harvest {4~ 7-02 071 0-50 acres
TéK L] §1:‘|TF 1 N :' 8564 {-86 74 -,
T;?S z '1'51.7 ’ 11 N 11:56 117 1-37 »e
7% . % s N\ 10-40 1405 1-10*
¥ , B NS 19-40 1-96 384%
+45 taken at random \'\‘ W 4 - 128 14 108

A
* These samples are too small tg'#iive more than a rough indica$ion of the 8,0, and of the area Tequired.
I have elsewhere (Biometrika, viep>I0 [2, p. 20)) given special tables for dealing with such small numbers.
\X

Both these tables 'sh;ow that in the actual fields which were measured, the area
of land required to@ive a comparison between two varieties would increase rapidly
as the size of plobincreased if the same acouracy were required in the result.

Roughly @ehking one-twentieth acre plots of mangolds would require at least
twice ag'much land as one-two-hundredth acre plots in oxder that we may place

a8 much“eonfidence in the result, while one-fiftieth acre plots of wheat would
probably require more than twice as much as one-five-hundredth acre plots.

Henoe it is clearly of advantage to use the smallest practicable size of plot.

Also the advantage of comparing adjacent plots is apparent in these examples,
since with the roots less than two-thirds of the land is required to give the same

accuracy as random comparison and with the wheat less than half.
Of course the comparison of whole half-acre plots would be liable to give errors
- of quite a different order: thus the South half acre of mangolds is 4-7 %, better
than the North half acre, while the West half acre of wheat is 8-3 ¢, better than

the East half acre; such differences would be quite impossible if the half acres
were subdivided into the smaller sizes of plots,

e s e




6 | .
THE CORRECTION TO BE MADE TO THE CORREL‘ATION
RATIO ¥YOR GROUPING*

[ Biometrika, 1X (1913), p. 316]

Usixe the ordinary notation, viz. g, = the number in the x array of y's v}hose
mesn is at x,, §,, = the mean of this array, N the total number in $hégample,
and 7 the general mean of y, we have #* defined by the relation ()"
g = §@?4%32;?{)§_ AN - ()
¥ S\ )

If #? is required to fit a regression curve to the actual Ohservations ag in Prof.
Pearson’s original memoir “On the general theory of'skéw correlation and non-
linear regression’ (Drapers’ Company Research % emoirs, Biometric Series, It
(1905)), no correction is necessary. P \%

But if we require & ratio which shall remajn constant under wide variations of
grouping and of number in the sarﬁ’i)‘fé”a;ﬂ?f%ﬁibf?ﬁhﬂ%éﬂséqﬂenﬂy be more com-
parable from one sample to another, t})éfe' are two ¢orrections to be made.

The first of these has already béen given by Prof. Pearson (Biometrika, VI
(1911), p. 256), and he has expregsed it as follows: If 772 be the value of 7 actually
found by the use of (i), and 42 bethe value which would be found from an infinitely
large sample, then if « be the number of x arrays,

O\ Fr—(x—1) /N
, R

But there is'q&ﬁﬁher effect; of grouping which has not hitherto been noted
and which canhe evaluated as follows: ' '

Suppose the « , array to be divided into elementary « arrays and let y, be the
mean of the z, elementary array and »,, its frequency. ' -

Then clearly the proper contribution of the x, array to P is

S{rp ¥y j)z_} .

This i8 equal to No?
S{n 1 __‘__l_ o o 1 . - --_ . ..-_ _ _
o Nyogyp LU N—"Gz[S{np(yzp-y)2}+28{%(9:,—3;) (Yp— Y}
b : .

. ) ] + S{np(yp - gmp)ﬂ}]_
Now ¥, — ¥ is of course constant for this summation, :
S(np) = na:p and S{np(yp_?zp)} = 0’

* Bee “On the measurement of the influence of ‘broad categories’ on correlation

k3] by
Karl Pearson, Biometrika, < (1913}, p. 118. '
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therefore the contribution to 72
ﬂ'xp(g:c, “y)s+s{ (yp y:cp)}
Not Not
The first of these two terms is that which is obtained in the ordinary way, so
the contribution of each array should be corrected by the addition of the second
term and %2 itself by the addition of
S{ny(yp = ¥, | :
[ ﬂl\?o'g x .......(IV)
Now if Prof. Pearson’s correction (ii} has been made, we may tak@ thie point

whose coordinates are (2, y,) to lie on the regression line, and if further we assume
the regression line to be linear throughout the x, group and to be inclined at an

angle of ta,n—lr = ¥ t0 the horizontal. we have 7,
3 NN
0: 3
",

o,
. ¥ - —
Yp=%p.7,— and ¥, =2
g \

#

Henos () beoomes RNy L +)
No2 O

Now S{n,(x,—Z,) is the asmnmmgm ofsthe, group about its own mean
and when the distribution ig known(can often be approximately evaluated.
Similarly, when the distribution is known r, can be estlmated and the correction
to #? calculated group by group, \

But by making certain uQ:tptlons we can very much simplify the work, and
a practical test, in which the assumptions are not justified, will show the sort of
errors which are mtrodu\csd

The first &ssumpthns are that the regression is linear and the arrays homo-
scedastic. In this€ase of course r, is constant and equal to 7; we are practically
determining a ¥alne of » by the 7 method

.The correahon then becomes :

N
\'..

o " SISy, 7,
or writing Noj A® = S{S{n,(x,—%,)%|] and H? for the raw value of #? after
usging Pearson’s correction, we get from (iil) 42 = H2+ 52A2 or
. H? :
| B = m e diees (Vl)
To obtain & value for AB we still require to postulate something of the nature of
the distribution, and I propose to treat (i) of the case where the unit of grouping
is constant and small enough for the frequency in each group to be considered to

be distributed as a trapezium, and (ii) of the case where the frequency distribution
i8 normal.
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(i) First to find the second moment of a trapezium about its mean,

Let z, and z, be the ordinates forming the “walls”” of the trapezium and let
the group unit be &.

Then y = 2z +( i s ) x is the equatmn to the “roof”’ referred to the “floor”
{25+ 25} b

and left-hand “wall”” as axes. The area, is cleaxly —2—-— ~
The mean is at : ' O\
. € N\
2 B 2 (zg—2) B2 2h%| _ b 22,609
—_— = e = -, =T,
hiz,+ zg}jg yrde Rz, +2g) t 8h + 2 } 3zt 2y

The second moment coefficient about the axis of y is . *

2 o 2 (20— 2.} A zk"} " n2 B2y + %,
= PE L R ) o SO _ P Fe T s
k(zs+zs’)J 0 v da k(zs"l'zs’){ 4h .-”C.\ 6 zs+zs'
The second moment coefficient about the mean 18 ‘
B 3z, t7, B (22472 ﬁ{ +zs} : (z —zs-)z}
6 2,4z 9 (7 +z..,,)2 18 Z,+2
Clearly when % is reasonably s{ﬁall (;_I_:‘" ) is a guantity of the second order
and in this case \ ) 2
\ \ 2= k T (vii)
o\, 1202
\Y; :
s0 that \ k- 1}
{ .',, . 1 ?? -_ N ( ij)
"\,\\" 7= ) kg . Py J A V1

when blgeoumt of grouping is uniform and small.
(i) When the unit of groupmg is neither uniform nor amall and there ig no

special knowledge of the nature of the distribution, we must needs fall back on
the Gaussian curve to give us & first approximation to 2, and z, for each group.

In this case 9
1—AZ= NSI(ZS ) } ...... (ix)*
R,
and it is neéessa.ry to determine it, after fitting the frequency by means of
Sheppard’s tables. _
* The suggestion of this formula I owe to Prof. Pearson.
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Finally, what correction, if any, is to be made for the grouping of »?
This will become more apparent from the alternative formula for %%, namely

For the second moment of each array should be corrected by the subtraction
of n,k?/12, where k is the unit of grouping of y, so that

2 I_S(y_gs)z_ngllz

S(y—g)° - NK12 = ~

_Sy-9r-Sw-7)r
Sly— 7P — Nk3/12 Ky
— S(y_gs+gs_g)g_s(y_§s)2 (‘:.‘}' '
Noj K7,
_ Sty—72+ 280~ 5) G~ ) + SF,~PES Sy — 5,7
N2 O

— S{ns(ys __g)_ﬂ} ’\ 1.\

Not ! _ : N

since 8(F,—#)® when summed for each ingiﬁdual becomes 8{n ¥, — )%} when
summed for each array, and Sy w prapldb@rymrghes for each array.

Hence there is no correction to be made for the y grouping except Sheppard’s
correction for the standard dematmn of .

T have tested the results on al mstanee given in Prof. Pearson’s original Drapers’
Company Research Memoir, melytheage and auricular height in girls, correlation .
table pp. 34 and 54. The gieans of the arrays in the full table are as follows:

Even grouping (| \ ]
Number of gru:n,;p;f_g~ 7 age aulfi?:?ﬁlar Nu.(n)}ber Uneven grouping numher
M | 1N\ 1 height cases |y VI | viL
R f. - 3- 2 115625 i
7N — 4- 5 1169643 7
AN { — 65— 6 1174722 18
} — 6— 7 119-1000 40 -
{ — -8 120-3026 78 !
— 59 1218340 125
{ - 9-10 1217246 177 }
- i0-11 122-8160 235 —_— }
{ — 11-12 123-1427 261 — }
: — 1213 1238908 . | 3090 | __ _
{ — 13-14 124.8622 263 _ — }
— 1415 125-71468 198 | _
{ — 15-16 126-15656 214 — } }
— 6-17 b 1265340 162 5
{ — 17-18 126-9132 95
— 18-19 127-0205 61
{ — 19-20 129-5577 13
— 20-21 123-8214 7
{ — 21-22 126-5000 8
— 22-23 125-25 2
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These were grouped in seven ways, in three of which the groups were of equal
width, and the other four give an attempt at equal frequency: the method of
grouping is set out by means of columns headed in Roman numerals. The age
distribution differs significantly from the normal, the constants being £, = 0-0013,
fla = 2:7101, but it would perhaps have been better to have selected a less normal
distribution: still it represents the ordinary ““cocked hat” statistics that tend to
occur.

The regression is certainly not very linear, the growth apparently ceasing at
about 18-19, N\

The values of 3* {the raw value), H? {the value after using Prof, Pearson 8
*_correction) and #2 (the value after attemptmg to use the A? con‘ﬂctlon} dre given
in the following tahle: A\ ¥

N
77%&

T ""_—r”"

i i 1At from
Number | Number! l (
of ! ot PE f 7 I 20'“ normal curve
cuping : groups )
e 7} v |
T | 2 009183 | 0303 | 608412 | 008489 [ 0201 | 0-08494 } 0291
I 1 1 0-08657 | 0254 | 008200 | 008595 | 0203 | 008510 [ 0292
m s 007701 | 0278 | 007535 | DTG | 0296 | 008635 | 0204
w o 0-08836 ;| 0207 | 008510 |\ )— - 008953 | 0-209
v o 6 0-08342 ; 0-289 0'08133 o — 8'83353 8'332
VI % 008218 | 0287 r0d8isFmlibrary ork.in— - -
VL | 2 | 006203 I 0249 | ool | =Y OB | oorse | o312

Tt will be seen that the first thregi\with even grouping, are very close together,
though the number of groups hasbeen reduced from 20 to 5. Similarly, the next
three are close together, and‘t@e Tast is again by itself. ,

An examination of the way in which the groups are taken shows that the more
the tail is hunched toggthet the higher is the value found, and this is what would
be expected in this Paﬁ;ﬁmu]ar case, since there is practically no increase of head
height with age a?t\the “old"” end of the scale, whereas for purpose of calculation
we have assumeﬂ & congtant angle for the regression line. But it may be pointed
out that 4 varies (to the second place of decimals} only from 0-29 o 0-31 even if
we reduée he twenty groups to two, an extreme proceeding which is never done
in practice,

At the same time the ordinary six or eight groups may be expected to give
results a little too high when, as is usual, the regression line is curved.
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THE ELIMINATION OF SPURIOUS CORRELATION
DUE TO POSITION 'IN TIME OR SPACE

[ Biometrika, X (1914), p. 179]

I~ the Journal of the Royal Statistical Society for 1905,* p, 696, appeq,red\a. paper
by R. H. Hooker giving a method of determining the correlation of jvariations
from the “‘instantaneous mean” by correlating corresponding differénces between
successive values. This method was invented to deal with £he many statistics
which give the successive annual values of vital or commetéial variables; these
values are generally subject to large secular variations, gometimes periodie, some-
times uniform, sometimes accelerated, which would Jead to altogether misleading
values were the correlation to be taken betwee;:'\’tt}e figures as they stand.

Sinee Mr Hooker published his paper, thé\method has been in constant use
among those who have to deal sta.tisticaﬁ[ly,wi’tﬁ economic or social problems, and
helps to show whether, for exmﬁlépthei@mﬁdiyr’?ﬁmclose connexion between the
female cancer death rate and the quainﬁi;y of imported apples consumed per head!

Prof. Pearson, however, has pointed out to me that the method is only valid
when the connexion between the, variables and time is linear, and the following
note is an effort to extend L@Hﬁok&r’s method so as to make it applicable in a
rather more general way N\

I 2y, @y, %y, 040, Y1 4H s 1. be corresponding values of the variables « and ¥,
then if 2, x,, #,, eten¥y, Yo, %5, ete. are randomly distributed in time and space,

it is eagy to show(that the correlation between the corresponding nth differences
is the same ag$hat between « and y.

Let nDz.b}a’fhe nth difference.
For{ )" Dy = 3~ 5, . 1 DE = 2t— 22,2, 423

- Summing for all values and dividing by ¥ and remembering that since 2, and
¥y are mutually random S(x,x,) = 0, we gett

C_’zln, = 242,

_* The methad had been used by Miss Cave in Proc. Roy. Soc. LxXIV, pp. 407 et seq., that
isin 190’4. but bemg_used_ incidentally in the coursc of a paper it attracted loss attention than
Ho_oke_:r B paper which was deveted to deseribing the methed. The papers were no doubt
quite independent. '

T The assumption made is that » is sufficiently large to justify the relations

STz (n 1) = Sjia)fin—1) = Si(z)n and S et/ (n— 1) = S /(n—1) = S(a?)/n
keing taken to hold.
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~ Again, Dy =9 o 1DpiDy = @y - Ty, ~ gy + 259,

Summing for all values and dividing by N, and remembermg that x, and y,
and z, and yl are mutua.lly random,
¥, D:L-D_.o'xﬂz Uxﬂy = 2‘?’_‘,“0‘2,0'1,,

T\ DarDy = Ty
Proceeding successively,
FaDoaDy = VaoDonnBy = s =¥ i (1)

Now suppose z,, %, %5, etc. are not random in space or time; the problems arising
~ from correlation due to successive positions in space are exactly similar to'those

due to successive ocourrence in time, but as they are to some extent com*phcat»ed
by the second dimension, it is perhaps simpler to consider correlationdue to time.

Suppose then N

@y = Xy + bty + e+ dif +ete., 2, = X,+bt, +'c§§‘{-’fk'§ +ete.,

where X,, X,, ete. are independent of time and t;, ¥,, & are successive values of
time, so that ¢, —#, ; = 7T, and suppose y, = ¥; + b’tl%e'tz-;-etc as before,

Then D, = Dy —bT —cT(t; +1,)—dT(2 +zlt.,z S 2)--ete.
D= 1Dx—{bT+cTz+dT3+etc} Ay {2cT + 3dT? + 4¢ T2 + etic.}
AN dbrau ll.b]“al. "y orélif?d T+ 6eT* + ete. } —ete.

In this series the coefficients of 4, ¢, ett: #ire all constants and the highest power
of ¢, is one lower than before, so that. by repeating the process again and again we
can eliminate ¢ from the vana,b]@.qa the right-hand side, provided of course that
the series ends at some powefof ¥,

When this has been done > we get

D = .Dx +a constant,

> D, = Dy +a constant,

o X ki
B¢ § 7DouDy = TuDzaDy = TXT
and of course, y' " \DonyiDy = TabynDy 10T 4Dy and D, are now random variables
mdependen{; of time.

Hence ifave wish to eliminate Vanablhty due to position in time or space and
to determine whether there is any correlation between the residual variations, all
that has to be done is to correlate the 1st, 2nd, 3rd, ... nth differences between
successive values of our variable with the 1st, 2nd, 3rd, ... »th differences between
successive valies of the other variable. When the correlation between the two
nth differences is equal to that between the two (n+ 1)th differences, this value
gives the eorrelation required.

This process is tedious in the extreme, but that it may sometires be Necessary
is illustrated by the following examples: the figures from which the first two are
taken were very kindly supplied to me by Mr E. . Peake, who had been using
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them in preparing his paper “The application of the statistical method to the
bankers® problem” in The Bankers' Magazine (July—August 1912). The material
for the next is taken from a paper in The Journal of Agricultural Science (1v,
1811} by Mercer and Hall, on the error of field trials, and are the yields of wheat
and straw on five hundred ;1 acre plots into which an acre of wheat was divided
at harvest. The remainder are from the three of the Registrar-General’s Returns,

I 11 111 v v VI
Correlation between... | Sauverbecks | Marriage | Yield of _ N\
index numbers rate grain Tuberculosis death'\rate
and ... ..| Bankers’ Wages - | Yield of Infantile mbthty
clearing house iy straw £\
rettrna per —
head Ireland y“Hngland | Scotland
Raw figures ~033 _052 +0-753 +0-68°L) +0-35 +0-02
First difference +0-51 +087 +0-590 PO +0-69 4951
Second difference +0-30 +0-58 +0-539 LOae° +0-74 +0-65
Third difference +0-07 +0-52 +0-530 \ — —
Fourth difference +0-11 +0:55 +0:524 HV — — —
Fifth difference +0-05 +0-58 i -— '\ J e — —
Bixth difference — +0-55 N — — —
Number of cases 41 years 57 years 50'{)’[)16!;5 42 ye;q,rs

www.dbraulibrary.org.in

The difference between I and I1 is very marked, and would seem to indicate
that the causal connexion between index numbers and Bankers’ clearing house
rates is not altogether of the samé'kind as that between marriage rate and wages,
though all four variables are gomamoenly taken as indications of the short period
trade wave. I had hoped, £ investigate this subject more thoroughly before
publishing this note, b}l%‘l&rék of time has made this impossible. '
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TABLES FOR ESTIMATING THE PROBABILITY THAT THE .
MEAN OF A UNIQUE SAMPLE OF OBSERVATIONS LIES BE-
TWEEN ~oo AND ANY GIVEN DISTANCE OF THE MEAN OF
- THE POPULATION FROM WHICH THE SAMPLE IS DRAWN

[ Riometrika, XI (1917), p. 414]
. . N\
1n the last number of Biometrika (x1 (1916), p. 277) Mr Young completes the
table given in vol. x, p. 522 of the standard deviation frequengy “curves for
small samples by working out the cases where the numbers in the-sample are as
low as two and three, : "G

In the course of kis note he writes: “The smallest sample tonsidered is that of
» = 4 but samples of two and three are of occasional 'gecurrence, especially in
physical work, and now and again a value of the probable error of an experi-
mental result is deduced from a set of two o of {;Iii-ee observations.” .

Further on he states: “It is évident that the probable error determined from
a set of three observations is verx,grﬂ; BPW?I];ﬁhy and that when there are only
two observations it is very much worse. 5y = Y OT&MN

Now in my original paper (Biometﬁ@; vi, p. I {2]) ] stopped-at # = 4 because I
had not realized that anyone wounldhe foolish enough to work with probable errors
deduced from a smaller number-of observations, but now I too will complete my
tables, which will I think émphasize the moderation of the second guotation
from Mr Young's note. :

Generally speaking theré are two objects in determining the standard deviation
of a set of observatiohs; namely (1) to compare it with the standard deviation of
similar sets of Q‘t\é.gf%ations, and (2) to estimate the accuracy with which the
mean of the Qbsga}va.tions represents the mean of the population from which the
sample is drgwn. '

The formeér purpose is served by the table which Mr Yorng was engaged in
completing, the latter, which is by far the most common use of the 8,1., by the
table which 1 gave in my original paper and which I now propose to complete
downwards by including » = 2 and # = 3 and to extend upwards as far as n = 30.

In the tables the probability is given (to four places of decimals) that the mean
of & unique sample shall lie between —oo and a distance z from the mean of the
population, z being measured in terms of the s.p. (s) of the sarnple.

[By unique I mean to say that all the information which we have (or at all
events intend to use) about the distribution of the population is given by the
sample in question.] : .
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64 - Tables for Estimating the Error of the Mean

To compare with the last column of the table (n = 30) I have given the corre-
sponding probability calculated from the nearest normal curve, namely the one
with s.D. 8/4/(n - 3) (not s/,/(n — 1) as is usually given), and this shows I think that
for ordinary purposes Sheppard’s tables may be used with = > 30.

With regard to samples of two it will be seen that odds of 9 to 1 are reached at
a little more than three times the s.D., of 99 to 1 at a little more than thirty times,
of 999 to 1 ata httle more than 300 times, while 9999 to 1 is reached at in or ahout
3000 times the 8.D. !

Perhaps I may be permitted to restate my opinion as to the best W&ny judging
‘the aceuracy of physical or chemical determinations.

After considerable experience I have not encountered any determi‘na,tlon which
is not influenced by the date on which it is made ; from this it follows that a number
of determinations of the same thing made on the same day are likely to lie more
closely together than if the repetitions had been made enldifferent days.

1t also follows that if the probable error is caleulated from a number of observa-
tions made close together in point of time much ofjthe secular error will be left
out and for general use the probable error will 6 too small. .

Where then the materials are snfficiently. siia le it is well to run a number of
determinations on the same material through any series of routine determinations
which have to be made, spréadinPthuliPb¥er i hole period.

Thus an analyst may be determlmng the percentage of nitrogen in djﬁerent
samples of seed corn and wish te know the probable error of the determination,
i.e. how accurately his figures glve the percentage of nitrogen in a bulk of corn.

Let us suppose that he ncka.kes ten determinations & day for sixty days and that
it is of some real importance to him to get a clear ides of his error: he will do well
to get sixty differents@mples from the same bulk of corn and analyse one of these
on each of the sixfy days; unless I am much mistaken he will have a more modest

- idea of his infallibility than he had before he compared the sixty results together.
He will a,lso,qﬁso far as his repeated sample is representative, get; a close approxi-
mation b He probable error of a single determination.

In¢ome cases it is not possible to obtain s sufficient bulk of material, and then
it may e better to determine each result in duplicate, the repetitions being
separated as widely as possible in point of time. Then the square root of the mean
of the squares of the differences hetween corresponding pairs gives twice the
standard deviation of the average of a pair, and if enough pairs can be taken and
the determinations made on different samples this is & better method than the
other, as the error of the sampling is better sampled.

In the preparation of the tables a slight mistake was discovered in the second

row of the odd numbers in the original tahle by Mr W L. Bowie, to whom ¥ am
mdebted for the c&lculatlon of the new figures,
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AN EXPLANATION OF DEVIATIONS FROM
- POISSON’S LAW IN PRACTICE.

[ Biometrika, XII {1919), p. 211]

I her paper on the Poigson law of small numbers, Biomeirika, X, pp. 36t seq.,
Miss Whitaker after a very interesting analysis of the various atterapts' which
have been made to test Poisson’s law on actual statistics concludes ythat “A
general interprefation baséd on a very simple conception seems needed for those
demographic cases in which the law of small numbers appe&rs Tar more often o
correspond to a negative than to a positive binomial ", LK
The following is an atterapt to explore the genersgl ‘quiestion of what effect
various departures from the conditions which lead tq Poiszon’s law have on the
resulting statistics, and especially which conditio lead to positive and which to
negative binomials when the exponential mlght ab first sight be expected.
Poisson’s law has been applied to the ocgurrence of different numbers of in-
dividuals in divisions of space or tlm"éwt‘ﬁﬂé’bf&’éhévdeﬂﬁﬂsqums of a heemacyto-
meter, of deaths from the kick of & horsé'in Prussian Army Corps which may be
taken as individuals ocourring in divisions of space, or of suicides of children per
year in Prussia which are md1v1dm.ls oceurring in divisions of tirae. In such cases
it has been asserted that if the chance of an individual being found in a given
division is go small that when multiplied by the very large number of individuals
the product is still a redgonably small number, then the frequency of divisions
containing 0, 1, 2, .. individuals will be given by the terms of the exponential

.\.

§ Ne—’mll—i-m-i-

&

mr
: 31 + .. + + }

where N _ig ““he number of divisions and m the mean number of individuals
oceurririg in a division.

For the above to be true it is necessary

(1} That the chance of falling in a division is the same for each individual.

(2) That the chance of an individual falling in it is the same for each division.

(3) That the fact that an individual has fallen in a division does not affect the
chance of other individuals falling therein. .

As to these three conditions (1) is seldom or never true. I propose to show that
this is generally unimportant; unless the chances of some individuals falling in a
particular division are relatively high the Poisson law holds; the tendency however

is towards a positive binomial.
BPS : 3



66 Ezplanation of Deviaiions from Poisson’s Law

" Next (2)is c'omparatively geldom true except in the case of artificial divisions,
The result of this, as Pearson has shown, is that a negative binomial fits the results
better than the exponential.

Lastly (3) is often untrue. It will be shown that if the presence of an individual
makes another less likely to fall into a division the positive binomial, but if more
likely, the negative binomial, will fit the figures. best.

We may start from the fact that if the chance of an event happening be g and
of its not happening p, then the chances of its happening 0, 1, 2, eto. timesinn .
" trials are given by the terms of the expansion of (p +¢)*, viz. ~

pnimptlg :nw(r;T ) potqt : ete. O\
. ’ a\
As the moment coeflicients of this series about the zero t?]gd of the range are
= ng, : \
v= = npg+ n*g?, whence, g, = sn}gg,
thie binomial is completely determined if we l«:now\v1 and y, for
vi

— s’
and in particular the bmorm&l is (Baos;tti a(1 o and q are pomtlve} if ppfv; < 1 and
negative if gyfv, > 1. In the parﬁlcdﬁm E;saé YWheti Jio/v, = 1 the binomial becomes
the Poisson exponential.

It is therefore unnecessary tg deal with hlgher moments than the second for
the purpose in hand. e

- Let us first consider theiresult of each individual having a different chance of
falling in a given divisiom .

Let the chances of #/individuals falling in a given division be ¢,, ¢3, 93, -+ -
The chances of theﬁt fiot doing so are therefore {1 —qy), (1 -}, (1—4g5), ... (1 —~¢y)s -
and the chanc\& that 0, 1,2, ..., nof them will fall in that division are given by the
various terms of the expansion of :

{(1-g)+ {1 —g)+ g} {1 —ga) + a5} ... {(1 —q,) + 4.},

p = ‘”’5 q_l p—l—‘tiaa.nd\n———

ie. by

(1--¢,)(1 ‘"92} (L= g) + 81~ g) .. (1))
+ 8{1 {1 — qa} .. (l'__'QﬂL)}-l- vt {19295 - ¢l ~ Gy} - (1 _Q’u)}'*_‘
+4:92%3 - Ins
the term 8{¢,9,¢,... ¢}~ ¢,y) ... (1~¢,)} giving the chance that exactly r
individuals will fall in the division.
"The sum of the above series is clearly unity, so that the first and second moment

coefficients about the zero end of the series are given by two series of which the
rth terms are

rS{qIQ‘2 Qr(l_ "Qr+1) e (1 "“"q'n.)} Bnd rgs{QI_IQQ b Qr(l _Qr‘-i—l) e (1 _'q'n)}
respectively. '



Explanation of Deviations Jrom Poisson’s Law 67

These series may be summed by rearranging them in the ascending order of the

g products thus:

S{g:(1 - ¢2) (1 —gs).- (1 — ¢,)} = Slg) — 28(gygs} + ... +{~ 1y-1r.8(q1gs- - g} + ...
23@102(t — )1 — @) (1 = @} =28(qas) + .. + (—1F2r(r—1) Sloagp--q,) + .-
18{¢0s - 1 — qp) .- (L —g,)} = 88(0ug - @} + -

ey Tlr=1!
+( 1) ( 1)]( S(glgﬂ'“g&-}“f"

--------------------------------------------------------------------------------- W aprsa ks

O

{1 ga - (1= gra) e (1= @)} = ciriniininiireinrene e, r. ,8’(5;"19!s q,) +.

Adding these we get on the left v, and on the right S(q1)+ a\number of terms
of the form r(1 -1)y-18(g,49; ... ¢,) which accordingly vg@h and we geb

v = S(q). '
In a similar manner it can be shown that
vy = S{gy)+ 2&@‘19‘2),

and other moment coe&icient»s about zergtean be found in the same way, but we

are not here concerned Wlbh them W,gv'w dbl dulibrary.org.in
If g, g® are the mean values of ¢ ang' q’ obviously

D

V1 W‘&(Ql) = ”9, ' T e (1)
and %-&mwwmw~mm+wmm 8(3)
oy - = ng + n%ge - e (2)
7N A . _ _
0 . =nq+n“'q2-—n§’—wﬁ. R (3)
\Y 3
) \'\\ . o M= 7"4 ng —nog _
AN o =m§(1-—§—?). | S (4)
1f now'the distribution of chances is to e represented By the binomial (P + Q)N,
the; '
hen 1"'2 ng(l—F-03/f) -
Q=1-2=1-
ng
. 0'3 . (5
=g+—. e
q g . |

* The moment: coefficionts are:

Pa=npi—ngyy,
s = WG — 3 - 35— ) i+ 20 oty -
Ei=n5g |1+ 3{n— 2} 57} _n{7+6[n~6)pi}¢p,+121%(?—@«!‘::“6"«#4*'3" afrs

where _u, ote. are the moment coefficients of the g distribution and F=1-7.
. 52



68  Explanation of Deviations from Poisson’s Law
Since -the original ¢’s are the chances of events happening they are always
positive, 8o that the above expression must be positive and the binomial positive.
If now we introduce the Poisson condition that g though positive is negligibly
small (8) becomes in general zero, for o, is usually of the same order as ¢, and in
that case Poisson’s law holds in spite of the inequality of the original ¢’s. If
however 2/j is appreciably greater than zero (as in the extreme case

. o2
qlz%, Q‘g:ga:."_zqﬂ:O when ?Q‘__ _%)

the distribution of chances is to be represented by a positive binomial
Next we have to consider the effect of disregarding condition (2h f}amely that
the chance of an individual fa]]mg into it must be the same for edch division.
Let us suppose then that the q s are all different for each dxvmmn so that ng is

also different. €
Then writing m for ng and 7, m?, nq* for the meangofgn, m? and ng? taken over
all the divisions, we get from (1) _ N
| v =, O L (6)
- from (2) : -vg=ﬁ+ﬁ'§-@t"
: “g]e;—l—mz-f-a' 2 g, e N
b
oty = mﬁ']"‘ Fr7 . (8)
As before if (P + )V is the best ﬁttmg hinomial,
IR el
\\Q N vl m

Hence if o} > nq whlch if there is any appreciable variation in m is probable,
since as explained ahdve ng? is generally negligible, a negatlve binomial will be
found to fit better than the exponential.

- Clearly cql\k&tlon (2) ig" usually not fulfilled in the Wt&l and demographic
statistics; diwasions either of space or time are generally governed by different
envuonmehts which will vary the chances of an individual falling into them, and
50 we may expect that as a rule negative binomials W111 oceur in place of the
exponential.

Finally, suppose that the presence of an 1nd1v1dua.1 in a divigion influences the
chance of other individuals falling in that division.

Clearly it may do so either by way of increasing the chance or diminishing it.

o :Ff we suppose that g does not vary with the individual but that ng ( =) varies with the
‘division, the moment coefficients of the m distribution being written 4, then the moment
coefficients of the resulting distribution of divisions are as follows '

Be= m+mﬂe-
ﬂs' m+3mﬂg+mﬂ's; .
fra = T BMEA (T BI) ffty + Bty + mflye
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If the chance be increased it is clear that we shall get for the same mean number
of individuals per division a larger number of divisions containing high numbers
of individuals and a larger number of zero divisions. In other words, for the same
mean we shall get a larger standard deviation, so that g,/v, will be greater than 1
and a negative binomial will fi better than the exponential. On the other hand,
if the chance of other individuals is decreased by the presence of one already in
a division p,/v) will become less than unity and the best-fitting binomial will be
positive. The first of these two cases includes linking or clumping of events or
bacteria, the second such a thing as the counting of large cells on a haeiacyto-
meter whose divisions are comparable in size with them. A\

We have now shown that a popunlation Whlch,mlght be expected ot ﬁrsf. sight
to follow Poisson's law

(1} Will do so if the only deviation from the ideal eondltmns i that the chances
of different individuals faﬂmg into the same d.wmon arenot equal ag long as
these chances are all small,

(2) If in addition to this the chances of some mﬁwduals are lam'ge a positive
binomial will fit. the results better than the expoﬁeﬂtlal '
{3) If the different divisions have different; ebances of containing mdwxduals,
as is usual, a negative binomial will fit the. ‘results better than the exponential, *

except in so far as (2) may interferd)” ¥ dbraulibrary org.in -

(4) If the presence of one individualin & division increases the chance of other
individuals falling into that division, » negative binomial will fit best but if it -
decreases the chance a positive bhmmial. :

Generally speaking (3) is the\)pemtmg deviation ﬁ'om Pomson s conditions and
accordingly most statistich give negative binomials.

Finally, T should like %6 point out that the object of my ongmal paper {Bio-
metrika, vol. v [1]) wagto give the user of the haemacytometer & guide to the error
which he may ex 4 from its nuse, and that the net result was that the probable
error of his count was 0-6748 \/N, where N was the total number counted,* and -
that if ¥ beg reasona.bly large number tables of the probability integral may be
used, othepwise the exponential {or better still go on counting). This result is not
affected by slight deviations from the Poisson law, any more than shght deviations
from the normal law affect our use of the probability integral tables.

* Biometrika, v, p. 355, The proba.ble érror of mean js 0-6745 f(m/M), where m is the me:aln
. 2nd M the number of unit areas counted. Ifin t\hlS we put M = 1, then m = N and the to

count is N 4 § 6745 /N as above.
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AN EXPERIMENTAL DETERMINATION OF THE
PROBABLE ERROR OF DR SPEARMAN’S
CORRELATION COEFFICIENTS

{Being a paper read to the Society of Biometricians and ~N
Mathematical Statisticians, 13 December 1920]

[meemka XITT (1921}, p. 263] ) o\

I the British J ournal of Psychology,n p.96,*Dr Spearman sugges‘ned twomethods
of determining correlation, based on replacing actual measurements by ranks.
As an illustration we may take the following purely\imaginary example:

TaBLE I \\
s Length of \, Rank i Rank in 1
Individual Height middle ﬁngpr BI1 hlt,n length of
[ mm heig finger -
A4 6’ g W br‘qylil%_raary_m o.in g 1
B 5 3" »8 11:5 4 3
¢ [ 57 100 3 4
D I 6§10 124 1 2

Instead of correlating th ﬁgures in the second and third columns of the above
table Dr Spearman propose% to use the figures in the fourth and fifth columns,
and to determine one ¢#0ther of two coefficients: of these the first (p) gives the
ordinary correlation ‘cdefficient between the figures representing the ranks, and
the second {R) was'described as a “footrule” for correlation, i.e. a rough instru-

.ment which ¢¢ gl‘d be used by the unskilled. Dr Spearman also proposed to use
B in cases, where it was thought advisable to weight mediocre observations more
heavily tha.n extremes.

The method of determining p and R was to take the difference D between the
numbers representing the ranks, e.g, for 4 in Table 1

D=2-1=1.

* [Dr Spearmaa’s results were first given in a paper entitled “ The preof and measurement

of association between two things™ in the American Journal of Psychology, xv, pp. 72-101.
The dogmatic statements as to the aceuracy of his methods in that paper are, I think, erro-
neous, and he does not lay adequate stress on the fact that correlation of ranks is not a corre-
lation of variates and may differ very considerably from it. The suggestion of considering
the correlation of ranks is due to A. Binet and V. Henri: see Lo Fatigue Intellectuelle (Paris,
1888), p. 252, also L'Année Psychologique (Paris, 1898}, 1v, p. 155. Their process is very

obecure and they also do not appear to have realized that the correlation of variates is nob
that of ranks, 5.7.]
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8oy |

a{n—1) an?—1)
T8

8D - "
and R = -—ﬁ, B (id)

6

where  is the number in the sample: in the case of B, 8{D)}denotes the summation
of positive differences only.

Dr Spearman gave an empirical formula connecting R and p, viz. p = sin{IrR),
but I do not suppose that he attached any very great importance to bhm

He further gave the probable errors of p and R for the ecase of 10, oorrela.tlon ag
0-6745/\/n and 0- 4266/Jn
~ In his memoir ““ On further methods of d'\termmmg con-elanon 4 Prof. Pearson
investigated these coefficients for the case of the normal eo‘rrela.tmn surface and
- found the relations bstween p and R and r the ordindry Gorrelation coefficient

to be N4

| Then ' p=1~

i al f) ( )
= ¥ iy N\ 1
i@
and r=2cosz(I-B—1. e {iv)
. W dbrauhbl ary.org.in
Pearson further found the sba,nda.rd error of p to be for large samples

1%‘3 {1+ o-osgsgu 0-013p + 000205+ ..}, e (v
and of ,, i.e. 7 determined frona'p by (iii), to be
_ .
10472 5'—\‘!:;’3{1 500420+ 0-008+ 0-002% 4 .} e (vi)
n

He did not succeed\in eva.luatmg the error of B or of rg {i.6. of r determined by
{(iv}), but pointed-e ub that just as in the case of r the \/n in the denominator is
really \/(n — 1 ‘He also pointed out that B can only take values between + 1 and
~0-5and tha.t Spearman’s 0-4226/,/(n — 1) does not imply that E is more accurate
than g or'wArith their probable error of 0-6745/(,/(n~ 1), since & itself is smaller

than p or 7 in about the same proportion. _
Since that time the use of p and R has become general among psychologists,
“especially in America, where they are preferred to r on account of the ease and
- speed with which they can be determined for small samples.
For example, in a note on correlation in Employment Psychology, by H C.
Link,t a book written to urge the claims of Psychology on the dBV"Ot?Efl of “Scien-
tific Management”, the author mentioned three methods of determining correla-

* Drapers’ Campany Reseamh Mempoirs, Biometric Series, v, 1907.
t Macmillan, 1919, ) .
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tion, p which is to be used for samples smaller than 30, R for samples over 30 and
r which, though acknowledged to be rather more accurate, is not to be used at all
since it takes four times as long to calgulate as the others.

Now to save time at the expense of accuracy is justifiable when, and only when,
the time saved can be devoted to increasing the number of observations so as to
obtain greater accuracy on the whole series, otherwise it will take longer to get
equally trustworthy conclusions, and it seems to be of interest to investigate the
probable errors of p and R for samples of the size that the employment psycho-
logist is contemplating. And here we may note that the saving of time ouly oceurs
when the sample is comparatively small; as it increases, the labot -of grading
becomes more and more severe till at gome point in the nelghbourhood of 40 it
becomes quicker to use the ordinary product moment 7 if tl;a*tzb_e posstble.

It should perhaps be pointed out that there are many cages where it is possible
to grade a sample for some character which is not capable of being measured on a
scale, and it might be thought that in this case large samples could profitably be
dealt with by the p or R method, but in fact it w}}lst these scaleless characters
which present the greatest difficulty in gradings\\

We have then to consider the variability 0Bp and R and of the derivatives r,
and ry, determined from small sample ‘and it seemed worth while to use the
material of a former sampling'exp I%flellglll LAY 63285 an idea of how small samyples
depart from the results obtained by-Prof. Pearson for ideally large samples. The
material in question consists of 259 saraples of four drawn from a population of
3000 criminals whose height and left middle finger length give an approximately
normal correlation surface %h correlation 0-66,

These are capable of; bemg combined easily to give 375 samples of 8 and in
addition there are 100\8amples of 30, which may be taken to be a size of sample
which iz no Iongen qﬁte ‘small”.

Accounts of; Q;eformer results were givenin Biometrika, vi,p. 1[2] and p. 302[3],
since which. time the frequency distributions of the correlation coefficients of
small s@m‘ples drawn from normally correlated populations have been very
thoroughly investigated by Soper, Fisher and the authors of the co-operative
paper in vol. x1, p. 328 of Biometrike: it is hoped that some mathematician may
be interested in the general solution of the problems raised in the present paper,
which may then afford material for checking his results,

When I came to apply the methods to my samples I found that, owing to the
rather coarse grouping, there were a large number of ties, so that it became
necessary to find out the rlght correction for ties.

Prof. Pearson had discussed the question of #ies and had suggeated two ways
of dealing with them. One way was to rank them all as if they were the highest
number of the tie, which he called the bracket-rank method, and the other was
to rank them all half-way down the tie, which he called the mid-rank method.
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Thus the first way would rank 1, 2, 2, 4, while the second would rank 1, 24, 24, 4
if the second and third of four individuals constituted a tie.
Now the first would give different results according as we read the scale for-
wards or backwards and also alter the mean of the set of numbers, so I have only
" tried to use the mid-rank method, for which I have found the correction which
follows. :

CORRECTION OF p FOB TIES

If D = x—y, when « and y are any two variables measured from their fileans,

then D? =224 y%— 22y, '\:} :
Summing for all n samples and dividing by «, ' \ O
(D . 2
_._(n ) =0t +0h— 0,0y (U
Z(D* NV .
. rzy:(o_i_}_o,:_. (n ))/2({\5?’3 ..'....(Vll)

2%
W

If now xz and y. are the first n numbers, then ("

1 N fsum of first n numbers)*
o2 =0 = -, X sum of squares of first » J}uxplfers —( - )
B (n+1){Zn +B (n +\1’}3\y;f}15ffaulibral‘y,org,jn

= 5 -

%__ :
n-1 ) ’ imx\ ...... {viii)
12 \\ \ .
Substituting in (vii), wé_find

<

P\ _ Inﬂ—l 2(D#) /n’—l
oS 2
Q7 it =1} _ 5 pa)
. 6 .
.\'..' = ————— e (lx)
mwJ . nn?—-1)
vV 6

Now suppose that there is on the » side a tie of ¢ in number from ¢ tog+i—1.
Using the mid-rank method we substitute for each of the numbers

o | . 2g+t—1

g, g+, o gt 1 their rpean 5

unaltered, but in the sum of the squares

: . H2g-+t—1)%
@ +{g+1)+... +{g+t—1)*is replaced by ———"

Hence in finding o2 the mean i3

Hence o2 is smaller by . ' -
1 a @_Qj_'_‘:}_)f
'a{q*+{q+1)=+...-+(q+t*1) i
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‘This is equal to
1[392+2q{1+2+ +(t*‘1)}+{12+22+ +(t— )2} — tg —git—1)— (;1)2]
_ {t— 1)5(2&—1) t(t—l)2
—a{ }

8 4
-1y
T12q _
n—1 i(i2-1)
2 _ .
%= 13 127

N\

\

2 __
This is clearly additive for any number of ties, so that 1f I’, Z' (t(t 13 ))
summing for all the ties on the  side and similarly 7, for the Yy mde

_ni-1 T s _ ME—L, 5?,,
ol = 5 " and &% = 19
and substituting in (vii}, x\\
2
[n_ﬁ_l - —(T +T,)— {(_j?_‘)]
p=*w=J‘( —1_37, £ 0 ZT)
6 W\-ﬂa\/ ralﬁhbl arfto, L
oD &n.+1)- 200
me— . (x)
(n"j\}} nn?—-1)
S -2
NY pmi-1 .
2 G~ (T, + T,)— Z(D?)
_ .s\\i{"“;&___(”ﬂ‘l)d(:r' +T)} (L -7, .
T TS D hm)
& i (e +T)}
So thaw'if T, and T, do not differ appreciably
' (D> y
p=1- n(n2 )( ) v e (xi)
—(T,+T,)
In estima.ting T, or T, each :pa;n- contributes 1,
triplet . 2,
quartet 3,
quintet ,, 10,

‘and so on. For example, if the  ranks for a sample of 10 were
1,24, 23, 5,5, 5, 83, 8}, 83, 81,
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T, would be $+ 2+ 5 = 7} and if there were no ties in the y ranks p would be

165 -74-8(D%) 1573 - 8(D?)

{(T5—15)16%) ~ 0150, 165)
and if we were to take it as 1 — %-(5—,7;) the error Would come in the third significant
place of decimals.

In determining p for my 375 sa,mples of 8 I found that much-tied samplesusually
gave low values of p, and it occurred to me that although undonbtedly. equation
(x} gives the true value of the correlation of ranks, yet it might be that,the loss
of precision due to ties would give low values for the cerrelation. 2[‘6 tést this I
doubled the width of my unit of grouping first for one variable and then for the
other, so that I got three values of p for each sample: »

(i) Converting the original figures into ranks, (v
(i) Using coarser grouping on one side and the orlgmal groupmg on the other
before converting into ranks. AN

(iii} Using coarser grouping on both sides. (¢
An example will make my meaning clearer. 2\

Y0 reed | Both orbuped PG Ranks
ot 1} l.l
Original figures ] % 20 Oy cb‘&.%@bl‘ydbrauhbrﬁﬂy,org in @ 3
~ v P
x ¥ '5;:’2‘1 ¥ ‘k ¥ x> y x ¥ x %
_ et Nt ] ]
0 3 al - +2) | 5% 3 | 4 3 3
2 ! f}i o —13 + i 8 7| MW 7|7 ai
+3 +3 +1 A3 +2¢ +23 1% 3 | S - I 3t
-1 -2 | -2 -1 - |7 8 | p 8 | 8
+1 43 Pod +3 [ +4% 24 3 3 | 4 -3 3
+1 +2 %-“i +2 +4 - +24 1 32 5 i4 & 4 4
N ¢ SN () G s O S F O T I * lg 1
LTS B } +%. +Y | +4+ 4+ 3 f 4 6 4 61
AN Pairs .. ... 3 — 1% -2 1
~\J " Triplets ... - )= 1| - —
[ ) Quartets .. | — — |1  — |1 1!
- o n(n?—1) :
Here originally 7, = 1} and 7}, =2 and . —(—6— —(T,+T,) = 804.
After grouping « coarsely T}, = 86 and 7, = 2 L ow =176,
After grouping both coarsely 7, = 6 and 7}, = 5% . =724,

and p will be found to take the values 0-832, 0-869 and 0-828 in succession. Working
in this way I determined three values of p for each of the 375 samples and deter-
mined the mean, standard deviation and mean (7', + 7'} for each of the three

series of 375, These resnlts are given in Table II. . |
Here an increase in the correction to be made for ties from 3-82 to 9-04 has
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made & difference of 0-01 in the mean value of p, the probable error being about
0-015, and a still less appreciable difference in the standard deviation. It is,

Tasre II
. Iean
Mean p T Mean P, | Mean 7', (T,+ 1)
T
Original series ... ... 0-5798 0-2887 192 190 |, 382
x grouped coarsely ... 0-5798 0-2903 4-67 1-80 6-%
2 and y grouped coarsely - 0-5696 0-2874 4-67 437 )

N

T think, a fair inference that the correction is applicable to the sories in question,
and the reason for the observed low values of p in much-tied simples is to be
sought elsewhere.* But it will be asked “what if no correctiotnhé made for ties?”
The answer is that the mean value of p will rise as the ties-Betome more numerous
and the s.. will fall. Thus Table II would become Fable IIT if no corrections
were made, _ N

' TarLe IIT & °

A

Meanp JN o - Mean (T, +T,)
Original (sieries o 0602 N[ 02677 382
= grouped coarsely = ... 1 T -2887 6-67
z and y grouped coarsely .ww,d%ggghbl ¥ 'OL%ﬁ?‘i 304

At first sight this may appear fo'be highly advantageous, since the mean value
approximates more nearly Q’\ﬂfe value which would be obtained from a large
sample and the 8.D. is smaller. A little reflexion will show, however, that the means .
of the p’s of all populatitndwould be subject to the same rise and that in fact the
p of one population.is.no more differentiated from the p of another population
than_it is when gofrected, while the mean value when corrected is constant over
a fairly wide rg}n;bf ties. If the correction is not made p can be cooked up to any
required va%ﬁsa?by increasing the ties,

The faebis that as soon as there is a single tie, uncorrected p can no longer take
all valuéwbetween +1and — 1 and if one of the scales be reversed the correlation
. — T+ T)
instead of being —p becomes 'o+n__—_(n2~ 1y

6

* The low value of p for mueh-tied samples is due t0 the fact that a much-tied sample is
a3 a rule one in which the 8.D. of the original variables is low.

Now as a matter of experience I find that of samples drawn from a normally distributed

population those with s.0. above the average tend $o give high and stable values of the
correlation coefficient, while those with s.p. below the average tend to give low and variable
values.

The form of the correlation surface for variables o, and r,, is of considerable interest to
those who have 1o deal with small samples and merits the attention of mathematicians.
T hope to deal with the experisnce obtained from my samples at some later time. '

We are therefore forced to use the
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correction whéch after all'gives us the distribution of p that we should get from
ideal material containing no ties.

To see what happens when ties arv carried to an extreme I determined p from
the original table of 3000 entries { Biomelrika, I, p. 216) and from the same table
condensed to six groups each way by using a 4 in. scale of height and 0-8 mm,
scale of finger lengths.

In the first case p = 0-637 giving r, 0-655 and in the second 0-557 with r, 0-575.
There seems therefore in extreme cases to be a tendency for the correction togive
too low a value of p.

N

(NN
CORRECTION 0F R FOR GROUPING O '
8D -1,
In Dr Spearman’s original pa.perRls deﬁned as l-a-———--i yvhen 6 is taken
~ \
LEN

as the average value which S(D) assumes,
The simplest way to see that this is the average valie’is to write down all the

posslble Dr’g thus: \
1 1 O
2 - 2 1 N\
3 - 3 z\f\ﬂ'W‘,@'bllsulibral'y,org_in
4 4 3 N2 1
B KA : :
(n—1) (n—l)‘.{h%m mn—-3) (n-4) .. 1
n N Ni-1) (r—2) (0-3) .. 2 1

Here the two columns 6 the left are composed of the first » numbers. The
third column is formedhby subtracting the top number of the first column from
all the numbers m\t}le second column in turn, the fourth by subtracting the
second number ﬁo}n all numbers which give a positive remainder, and so on.

Thus the sumbers in the second column could be arranged opposite the
numbers@f the first column in ! ways.

And m}n —1)! of these arrangements any given paar will oecur.

Hence the average value of 8(D) will be

{[1+2+ +(n 1)]+{1+2+ (-2} .. +(1+2)+1}

-1 2 2. 3 1.2
Average value of S{D) = r[n(nz hl) ______(n )2(n ) et 2 3 } .
' 1 (n{n+ 1)(2‘-’?«_-!*1)_”(”4'1)
= L sy = oo [ 3 }

e B=0 i)
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If we now substitute in the second column ties instead of consecutive numbers .
we can find out what effect ties will have on the average value of §(D). As I can
see no general way of proving the results I propose merely to state my results as
follows:

(1) A tie of £ on one s1de which is opposed by no ties on the other side will

nt
diminigh = G —! by (2 1) if t be odd and by t(t 1ft be even.

(2) Overlapping ties on opposite sides mterfere W’lth the above mmplexule the

2
‘total to be subtracted from nT being increased or decreased (@ecording to

. N\
Table IV, : .\
TasLe IV N
Distance between centres of, tiaéj\ -
ztie|ytie| 0 3 1 | 1| 2 [ 20| 8 33 NV |4 | 5 | 58| 6
_.\*'

2 2 + 1 00— .’:
3| 2 0~ A
3 3 + 2 -1 — W2
4 | 2| +2]|" 0-> | £
4 3 + 1 =1 Q- \
4 | 4| +6 0 -1 oo
b 2 00— ' o
5 3 + 4 -1 | wwwt.dbrallibrirygre.in
5 4 4+ 3 -2 B | O
5 5 +10 0 4 -1 0=
6 2 + 3 0 ~&
g 3 + 2 1Y -1 0— )

4 +190 +1 RN -2 -1 0
6 | 5 | + 7 X S —4 -1 0
6 | 6 | +19 44N -4 -4 -1 0>
ki 3 - D" !
T3 1 +6] (N1 -1 -1 0— B
7] 4 RN -2 -2 -1 0-> :
7 5 +16 | NGO +2 -5 ] -4 -1 0—
76 [ N8 S T IR Y | —4 -1 0"
701 | 28N +7 | -6 | -10 i -4 Po-1 0--

'; cle., ete.

As exa.mple of the use of Table IV, suppose a set of eight ranks to cont&ln
on the z side a tie of 5 centred at 3, i.e. let the x ranks be 3, 3, 3, 3, 3, 6, 7, 8, and
let: the y ranks have a tie of 4 centred at 21, i.e. let the ¥ ranks be 21, 21, 21, 24,

2 _ .
5, 6, 7, 8, Then the amount to be subtracted from 8—6—1 is firstly § (for the & tie)

+% (for the 4 tie) + (from Table IV} = 1}. Had the y ranks been 1, 3}, 3}, 34,
34, 6, 7, 8, the correciion would be the same, but if the » ranks were 1, 2, 4%, 44,

42, 41, 7, 8, the correction would he 3+ 2 -2 = &,
and if ' 1, 2, 3, 53, 55,3,,5}3 3+i—3 =13,
and if 1.2,3,4,6}, 65,6}, 6}, $+2%=1

1t is only with very small and much-tied samples that the correction is appreci-
able.




TasLE V
Giving Frequency Distributions of Various Correlation Coefficients from 375 samples of 8 '
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B T P U S Y g [ .r Pl

DiscussioN oF THE FREGUENcY DISTRIBUTIONS OBTAINED ;
Tables V and VI glve the frequency distributions of r, determined with Shep- - 5
pard’s eorvections for grouping, of p and of B and their derivatives (from equa.tmns :
(iii) and (iv)) r, and ry. :

In addition we have, in Table V, r determined without Sheppard’s corrections
and the theoretical distribution of # calculated from the table (Biometrika, X1,
p: 384}, of the co-operative paper by interpolating between p = 0-65 and p = 0-70,
drawing the frequency curve and estimating the areas by counting-theé\squares:
it is probably not very accurate, byt fairly close to the truth, A\ 4

In Table VI is mcluded r calculated from the fourfold table t&ken through the .

, medians by Sheppard’s formula r = cos— where B g ﬁhe frequency in the |

nhB
A+B
“small” cells. This probably suffers a good deal from bhé coarse grouping which *a
malkes it necessary to divide the centre groups in an arb1trary manner, :
The most remarkable thing about these tablesx}s the very wide spread of al]
the distributions. There is of course nothing\) \aew in this, but I cannot help
thinking that an examination of these tabley may be beneficial for all who try
to work with very small samples,dbr au]_]_.b_["a]_ y.org.in
Besides this there is not very much ‘o be found in these tables which is not
seen to greater advantage in Tabies VIII and IX of the means and standa.rd
deviations, but as & matter of inferest I have compa.red lines 24 of Table V with - ’
line 1 by the xz test with the xfo}lowmg results: "

¢ TarLe VII
NS ; ' )
\.“ N 25 proups. 16 groupa
& . s '

| \O X P X ro
r with Shepgaﬁls corrections 30:10 018 2049 0-17
r without Shgppard‘ﬂ correctiona 20-43 687 12-39 0-66
T, actua}\ v . 60-25 0-000,084 30-63 0-01
¥y Acbual) 410 6-000,002 56-65 (say) 0-000,002

The 25 groups were the 24 groups on the right of the table and the tail, which
includes all groups which are less than 1-0 in line 1: the 16 groups were taken so
that no group in line 1 was less than 10.

With such & small sample as 375 the x? test is only decisive for considerable
departures from the theoretical and the regular excess over the theoretical for
all groups less than 0-40 avoids detection.

At the same time it is interesting to note that, judged by the ¥ test, Sheppard’s
corrections do not seem to have improved the caleulation of 7.

Tables VIII and IX give the means, standard deviations and coefficients of
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Certain Constants of the Frequency .Distributibn\,s of Various Correlation
Coefficients derived from 180samples of 30
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TarLg VIII
C“ermm Omtants of the Frequency Distributions of Various Correlation
Coefficients derived from 375 samples of 8
' .. |Iumber of samples | Number of mmples]
. Mean | sp. Coeﬁflent Tequired to give as | required to give an !
* i g intion | SFCBD AcCUTacy a8 | great accuracy &s
l variation | 100 samples of (1} | 100 samples of (2)
(1) r caleulated from co- . | an . . =
Cperative paper } 0831 o2 39-6 100 -
2 ;:r‘il‘i‘;"*‘w;‘:;‘:fioige?'} 0-624 +0-010 | 0-274 £0-007 | 43-9 £13 120 +5-9 100
. N
@ :e?:‘éfgglfg‘:“gu’:l‘;fg;} 0-614 £0-010 | 0-2T1 £0-007 | 441 313 117 £58 o8
(4} rp actual ... 0-586 £0-010 | 0-291 £0-007 | 49T £1-5| 4 135467 113
{5) 7, actual 0-566 £0-011 | 0-300 20-008 | 54-6 £1-7 153 £7:5Y 127
{6) g actual 0580 4-0-021 | 0-289 £0-007 | 49-8 419 — —_— f
{7) R actual 4407 +0-008 | 0-237 £0-006 | 58-2 19 & —
RPN TasLe IX

| www.dbrad br TN Umber of samples | Number of samples
1 [ A B" ﬁ cibat geqmredmgwaaa required to give sa
Mean DA great aceuracy a6 | great accuracy as
. . 2 “n&*m 100 samples of (1) | 100 samples of (2)
{1) r calculated from co- y '_’“ )
" Gpeative paper } 0-653 A8 1o 100 _
(2) r actual using Shep- y ve . p " .
P morssetions } 0-661 10907 | 0-101 £0-005 | 163 407 86 82 100
(3) rp actual t . 0-639 £0-008 | 0-113 +0-005 | 17-7 40-8 108 £10-3 + 125
(4) rg actual 3-638£0-008 | 0-122 4+ 0-006 | 19-1 109 1254119 148
{5y r Factual from median </
fourfold division } 0'600 10012 | 0-183 £0-009 | 30-1 16 | 2824251 38
=08 - ¢ .
A+B B \
(6} p actual ... 0-624 4-0-008 | 0-116 +-0-006 | 18-8 +0-0 - —_
(7) R actual ..., 0-428 +.0-007 | (F100 +0-005 | 234 +1-2 — —

N\

variation)of the frequency distributions in Tables V and VI and in addition the
calculated constants for the samples of 30.
As well as this I have calculated the number of samples which would be
required to give as great accuracy by the less accurate methods as 100 samples
determined (1) on the theoretical basis of normal correlation, and (2} on the actual

samples by the produet-moment method uging Sheppard’s corrections.
 The object of this is to get an idea of how much time must be saved in order to
gain by using the rank methods. First, however, we may note in Table VIII the
marked difference between the theoretical s.p. and that actually obtained by the
product-moment method.

6-2



84 Probable Error of Dr Spearman’s Correlation Coefficients

I atiribute this almost entirely to the grouping, which was unfortunately

rather coarse and which cannot be corrected by Sheppard’s corrections in small
samples. The slight divergency of the population from normal correlation may
have helped to a very emall extent, but for the most part the excess in the lower
values of # which cause the mean to be low and the .. to be high is due to those
samples which have low 8.p.’s, and I incline to believe that if the grouping can
" be chosen so that the 8.D.’s are not less than 3 the actual distribution of » will be
found to be very close to the calculated for samples drawn from normally correlated
~ material. . ~

In Table IX, on the other hand, the actual hag a higher mean and lower s.0.
than the calculated, but as the differences are in each case less tham twice the
probable error, I think we may put them down to the error of xa:i&om sampling,
which is of course large in such a small sample ag 100. N

Next we may note that Prof. Pearson’s formulae, no Qoﬁbt because they are
correct for grades, do not enable us to correct rank correladions for small samples.
The means of both 7, and 7 are too low for samples of 8, and for samples of 30
probably so. \ o

As for the 8.9.’s of p and p,, the values fourid)are in the case of samples of 8
much higher than those caleulated from e uations (v) and (vi), which are 0-258
and 0-243 respectively. The s%\ﬁ\?ﬁfe%r% \ ﬁfrﬁb%'\%%r, give values which agree
sufficiently well, for the calculated 8.0 is in each case 0-114, well within the
probable errar. ~ .- \ '

Line 5 in Table IX shows that-as determined in this investigation Sheppard’s

median division formula gives. & mean value of r well below the population value '

and a very high s.p.* While this ig not unlikely to be the case for small samples
the arbitrary divisiomyofthe central groups makes it impossible to say that this

is not due to the factthat we have only used an approximation to median division .

in this case. ) '

The chief point of interest however in Tables VIII and IX Iies in column 4,
showing themumber of samples which we must have to get the same‘accuracy by
the varioud'methods as that given by 100 samples in which r is determined with
sufficiently fine grouping by the product-moment method.

Column § is put in in case there are any who do not accept my explanation of -

the difference between the calculated and actual distribution of #, namely that
it is due to the coarse grouping. I have not.been able to estimate the probable
exrors of the figures in column 5 as they are complicated by correlation between

: —p? i
* The 5.D. celeulated from the formula o, = i J‘\(/}-\T 4 ){%} is, however, rather higher,
being 0-191 if 7 be taken as 0-66 and 0-207 if r be taken as 0-609. Miss Elderton kindly locked
up this formula for me, but 1 cannot find that it has been published. [See, however, Bio-
metrika, 1X, p. 23. It is also involved in the early paper by Sheppard, Phil. Trans. A, 0XCI,
pp. 147 et geq. E.P.] : )




Probable Error of Dr Spearman’s Correlation Coefficients 85
the numerator and denominator of the fractions from which the figures are
calculated. They must, however, be larger than the probable errors in column ¢.

In any case there is a strong indication that with samples of 8 the loss of
accuracy due to the use of 7, instead of r will practically always more than counter-
. balance the gain of time in calculation. Rither method is, however, so little to
be depended upon for a single sample of very small size, except as the merest
indication, that very little is lost by the use of r,. If, however, & number of small
samples can be averaged so as to obtain a coefficient of some value, the product-
moment method should be used when possible.

‘With samples of 30 the 8 %, more samples required compares fairly with Prof.
Pearson’s 10 %, more for large samples, but seeing that the particularysample of
100 gave too low a value for a,, the value of Ty, which must be cog’relsi,ted with it
is likely to be low also and the 8 % may easily be 18 % or more} '

In any case it would very seldom pay to have to collect 897 more samples of
30 even if one could save 8 %, of the time on samples of £hat size.

Tn both tables there is a considerable loss from the use of 75 instead of 7, since
from 13 to 16 9, more samples would be required of the former to give the same
accuracy as the latter. The gain in calculation,ig not very appreciable, since most
of the time is spent in ranking the samples. Dr Spearman prefers R to p at times
- because less importance attachesto Sbxajiysamples but as the extremes of

gmall samples tend to be outliers evqn’i}i ‘normally correlated material owing to
the phenomenon to which attention"was drawn in Galton’s Difference problem,*
" it seems to me that as much weight'as possible should be given to them.
L

73

A \ .
To COMBINEJ;\VO MEeTHODS 0F DETEERMINATION

At an early stage ih the investigation I hoped to be able to combine 7 and 7,
to get a value less subject to error than either. Curiously enough Prof. Pearson in
his editorial in 'e{lé,st number of Biometrika gives the equations which I pro-
posed to use £ “‘the purpose (p. 7(29)). .

As they a.re perfectly general I will state them in a slightly more general form.

If 2@nd’y be two estimates of any quantity obtained in different ways, then a
quantity z can always be found which will have a lower error than either of them,
unless z and y are perfectly correlated. '
y = Ty~ %%y, 02— 1,,0,T,

a2 4ot =2, 0,0, O3t of— 20,00y
_ . otoy(l-1s)
T 024 0E =200y

Thus g, e i)

and o2

* Biometrika, 1, pp. 385-99. In this connexjon it is of interest to note that the correlation
surface of ranks is not an elliptical hill as is the normal correlation surface but two com-
paratively steep ridges joined by a saddle, the ridges having a skew section.
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In the case of the samples of 8, x may be taken as r without Sheppard’s correc-
tions and ¥ as r,, when we have

= (0-271)2 = 0-073,441, 0,0, = 0-078,861,

ot = (0-201)% = 0-084,681,

Yoy = 0-885,
and hence from (xiii}, .

: 2 = 0:804r+0-1967,

and ) o, = 0-270, ~
i.e. there is no appreciable gain in our case since o, is 0-271. It may be bbat with '
a lower value of the population correlation the gain would be gre&ter, but on the
other hand if » had been determined for very fine grouping o7 wald have been
0-0625, the contribution of 7, to z would have been practically hegligible, and the
gain in accuracy by the use of z less than that found. Thereds, however, another
case where the above formulae might be applied, namely to the values of p
obtained from the original grouping and those from.charse grouping.

These are given in Table 11 from the first amktﬁird lines of which it appears
: that o, and o, may both be taken as 0-288, 5)

"‘b@brﬂyh}’ba}y orgin
2~ .

and as L j) 903 o, = 0-281,

In this case o2 reduces to

This is somewhat more encouraging, but the process is rather troublesome and

could only be applied to cases where there is a proper scale. I, however, there is

_ a proper soale greater scetirady conld be obtained by the product-moment method

with very little more, trouble (amce we have now to make two. calculations to
find p).

We may the fm*e conclude that as far as this samplmg experiment may be
taken as typie

{1) Where the unit of grouping is small (say < %; the s.p.} the product-moment
method«should be used if the most is to be made of the time and statistics at our
dlsposa.l ‘however small the sample, :

(2) Where a coarse grouping has to be used, the mean value of r will fall
below that calculated from the co-operative paper (Biomeirika, X1, pp. 328 ef seq.)
and the s.p. will rise, For small samples Sheppard’s corrections will approxi-
mately correct the former but will increase the latter still further. Indeed it is
possible that for very coarse grouping p might vary less than r. _

- (3) For this, or any other, purpose ties should be dealt with by one or other of ~
the formulae in equations (x) and (xi) of this paper.

{4) Where one or both variables can be ranked but not gealed, as frequently
happens in some kinds of work, or for what Prof. Peargon has called “purposes
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of assay’”’, p can be determined with &dva.ntage and may be congidered the mtural
method to adopt.

(5) In such cases it should be borne in mind that for small samplés the dis-
tribution of p is similar to the distribution of 7, but that the mean, even of o
is Jower than that of r and the s.p. greater by amounte which doubtless depend
on the population correlation. ,

(6) R and rp are not worth determining in serious work; their use should
therefore be confined to the elementary statisties for which its suthor intended R,

(7) Tt is interesting to observe that Sheppard’s median division fourfold fable
has given for small samples a mean value very much below the population value. -
While this is only what one might have expected it may in this ca&esbe due to
the coarse grouping which prevented me from making an accurate me&la.ndlﬂmon :

(8) The following problems might be of interest to mathematielans: ,

(a) The determination of the form of the rank correlation- a\n'faoe

{b) The determination of the frequency distzibution. aﬁp for small samples
drawn from a normally distributed population.

(¢} The determination of the nature of the correlation surface when & st&ndard
deviation is taken as one variable and the correlgtiofnr coefficient as the other, both
being deterntined from small samples draw'from a normally distributed
population. www.dbrailibrary org.in
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ON TESTING VARIETIES OF CEREALS

[Boing a Paper read o the Society of Biometricians and
Mathematical Statisticians, 28 May, 1923]

[ Biometrike, XV (1923), p. 271]
"\
OsJECT OF EXPERIMENTS

THE object of testing varieties of cereals is o find out which will pay the farmer
best. This may depend on quality, but in general it is an increage of yield which is
profitable, and since yield is very variable from year to year and from farm to
farm it is a difficult matter upon which to obtain conelqs;ye svidence.

Yet it is certain that very considerable improvemenss in yield have been made
as the result of replacing the native cereals by 1mpm\§xed varieties; as an example
of this I may cite the case of Ireland, where vanétles of barley have been intro-
duced which were shown by experiment to hawe an average yield of 15 to 20 %,
above those which they rephwﬁwgﬁﬁfgééﬁﬁsoiﬁﬂbably, a gain to the country
of not less than £250,000 per year. Al'the cost of experiments from. the com-
mencement to the present time ca.nnot ‘have reached £40,000 the money has been
well spent,

OBIG}N OF VARIETIES

In the first place the orduﬁry cereals, wheat, barley, oats, and so on (malze 18
not here considered), are allself-fertilized and occurin races broadly distinguished
by different botamca\characters—l’otato Oats, Rwett Wheat, Chevalier Barley,
and so forth. _ ¢

Besides theae%ota,mcally distinguishable races, it is possible to pick out strains
from comme‘rcaa] seed which differ from one another in all kinds of ways: time of
rlpemng,\percentage of nitrogen, yield, etc., although botanically the same.
Many ofthese strains have been selected from time to time, certainly from the
end of the eighteenth century up to the present time.

Finally there are hybrids, the result of deliberate crossing, a.nd the selection
of the best individuals out of the many thousands which may be grown in three
generations is one of the more difficult problems with which the plant breeder
has to deal, but it is only after he has made his preliminary selection that his
hybrids concern the experimenter who is testing varieties.

Owing to the fact of self-fertilization, the various races, strains, and even to

& large extent the hybrids, remain practically constant from year to year if once
pure seed has been obtained.
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Craier Sovurces oF ERROR

The peculiar difficulties of the problem lie in the fact that the soil in which the
experiments axe to be carried out is nowhere really uniform; however little it may
vary to the eye, it is found to vary not only from acre to acre but from yard to
yard, and even from inch to inch. This variation is anything but random, so that
the ordinary formulae for combining errors of observation which are based on
r&ndamness are even less applicable than usual.

Next of eourse, is the weather: that will hardly affect experiments carried out
in the same field in the same year, but experiments carried oubin different digtricts
and seasons meet with variations of weather which may produce results Yuite in- '
' consistent with the experimental error determined at either place, Obvmusly,
the weather needs to be well sampled hefore dra.wmg general conchismns

The effects of soil and weather on the yields are far greater tim.n the differences
which we have to investigate, and it is because the pla.nni]gg{of experiments and
their interpretation when completed aré not quite straightforward that this paper

has been written.
MeTHODS OF OPEBATIL}G

‘There are, broadly speaking, two methods of ﬂperamng

(i) On a large enough scale tg.nge, Ebguﬁglp@ggaﬁncultuml 1mplements
ploughs, seed drills, reaping machines, etexy

{ii) On quite a small scale with spades and dibblers, and sclssors under a wire
net to keep out birds and rabbits. )

Taking first the laxge scale, it l{a.s the advanta.ge that the farmer, who always
bas a healthy contempt for a@:le‘nmg may pay some attention to the results; he
is to this extent right, that lfﬁe-scale conditions cannot be accurately reproduced
in a wire cage, and in fa,ct some varieties which have come out well on the small
scale have not done a& Swell in the field, ‘though this is not at all common, Large-
scale work, then, isyiecessary as & final demonstration, and historically, it was on
the large scale that variety experiments were first carried out.

a3
e

O LareE-ScanLs WoRK

As anfistance of large-scale work we may take a series of experiments carried
out by the Department of Agriculiure in Ireland to find out the best vanet‘.y of
barley to grow in that country.
~ The experiments lasted six years, vide Table I, and during that time seven

varieties were tested; only two, however, Archer and Goldthorpe, were carried -
through from start to finish, as the others were either dropped when they were
found to be iriferior, or were not among those chosen in the first place. The original
seed was ordinary commercial seed, and the plots were two acres in extent. This
is very large even for a large-scale plot, but it was intended that the produce

N
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ghould form the raw material for further manufacturing experiments. This was
a wise precaution, as has been found recently when a barley in other ways among
~ the best was found to be quite unsuitable as malting material.

The produce of the plots was all valued (in those days—1901-6—values were
fairly steady from year to year), and this gives a method of combining yield and
quality, but although the quality varied very much from one farm to another,
there was generally only a small difference between the quality of different
varieties grown on the same farm in the same season. The value of the. crop per
acre depended chiefly on the yield. _

During the six years 193 plots were grown and at different times eighteénfarms
provided the land. These farms were scattered up and down the banfey-growing
districts in Ireland. Here, however, we shall deal only with the 51 plots of Archer,
and the con-espondmg 51 plots of Goldthorpe.

The value per acre, then, of the 51 Archer plots varied beﬁween 90s. and 234s.
with a mean of 178s. and a standard deviation of 33-8g The value per acre of
the Goldthorpe plots varied between 99s. and 230s. with'a mean of 166s. and a
standard deviation of 33s. The difference, therefo;-e\\vas 12s., and at first sight
this hardly appears significant, for had the Arch}r and Goldthorpe plots been
independent, the standard deviation of th difference would have been about 6-5.

This brings us to the first pr:lruclf‘ﬁl 'i?]éﬁaa\g[ncﬁtural experiments, viz. that
only comparative valuss are of any use. Jdfwe are told that on a certain farm a new
variety of barley produced 30 cwt. to the acre, we admit that the crop is good, but
are not much interested. If, in a dition, we hear that Archer gave 25 cwt. to the
acre on the same farm, we b n,to take notice; for it is some evidence as to the
value of the new varietyya %ﬁ it is the difference of 5 cwt. to the acre which
appeals to us and not the avtual yields themselves. In point of fact, of eourse, the
yields in these axpenments were not independent. Each Archer has a corre-
sponding Goldthogp@,\at.nd by considering the 51 differences, we find that the mean
difference betwe&s ‘Archer and Goldthorpe has a standard deviation of 3-3s.

This reduction of the standard deviation of the mean difference from 6-5 to 3-3s.,
by conmderﬁﬂg the individual differences between corresponding pairs, depends

of courss.en the fact that corresponding pairs are highly correlated, so that the
last term in the formula
: Ca-B= °&+°'B—2"ABO'A°'B

is by no means negligible. The art of designing all experiments lies even more in
arranging matters so that 7 45 is as large as possible, than in reducing 0% and o%.

That the conclusion that Archer was better than Goldthorpe was fully justified
is shown by the fact that taking the yearly averages Archer beat Goldthorpe every
year, while in the individual farms Archer beat Goldthorpe in all but three out of
eighteen, and of these one farm was only used one season, and the other two in

two seasons. Further, it was discovered during the course of the experiments
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that the Archer was practically identical with a barley which the Danes called
" Prentice, which had beaten all others in their long series of experiments. Both
" Archer and Goldthorpe were, practically speaking, new to Ireland, and they-—
or some improvement* on them—have now almost entirely driven out the other
inferior barleys from most parts of the country.

Such, then, is the sort of error which attaches to large experijnenta.l piote, that
is to say a standard deviation of about 10-15 %, for a single comparison, and this
i found to be the order of the error in all ordinary large-scale work—it dods not
vary very closely with the size of the plot, provided that the plot be above say
one-tenth of an acre, though there may be a slight decrease of error with inerease
of size. S

It follows that although it is quite within the power of any individual farmer
to carTy out a large-scale experiment (and the Iarger the easier to oa}ry out), it is
only by co-operation that enough evidence can be obtained # be of any value.
This co-operation can in practice only be arranged by a gqm‘ment department,
a large agricultural company, or a farmers’ associatiah, and it is ‘government
departments that have had most success. D A

: SN\
SMALL-ScALE WoORK

We may next discuss small-scalewori Heasibmty s and a-modification intro-
duced by Dr E. S. Beaven, which combines the advantages of the ordinary large
scale with a considerably smailer ervor. The considerations which led to this
modification were derived from experience of small-scale technique. -

Preliminary Considerationsy ~Before coming to sny actusl -qompa.}'ison of
varieties on the small scale, attention is directed to some preliminary experiments
carried out by three different sets of investigators: Stratton and Wood at Cam-

bridge, Mercer and Hall‘at Rothamsted,} and Montgomery at Nebr@sk&-égl'i', el

cultural Experimental Station.§ '
The first haryested J%th acre of mangolds in régg-acre plots: the second, one

o u At o th
acre of wheat, ib. shs-acre plots, and an sore of mangolds in gjy-acre plots: the
third two years in succession harvested the same JZsth acte of wheat in rrg-acre
Plots, anid alf weighed the produce of each plot; Montgomery determin ﬁd"‘h"-‘ per-
centages of nitrogen as well. All three oxperiments showed the same thing: that
* In particular & hybrid of Archer with Spratt made by Capt. Hunt,ar]j ’ Sip:amfz; |
which praved its superiority to Archer and other varieties in “chesaboard *riaia s
that dﬁt&i}.ed below, ’ . . AR T T EE .
"1 J. Agric. Sci. 1, p. 417, “The interpretation of experimentel results™.
I J. Agrrw Sei. 1v, p- 107, “The expanmen‘bal error of field tr].'lalﬁ‘_‘. VT 1d and’
§ Nebr. Agric. Expt. Sta. 25th Ann. Repori, 1910-11, pp. 164-80, * Variation 2 . Bur
methods of arranging plots to secure comparative results”s a'.nd Ug Dept. t]f::;ﬁg&-_y;
Plant Indust. Bul. 269, “ Experiments in wheat breeding: experimental arror o
and variation in nitrogen and yield”. )
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the variation is not random; the yield varies from point to point with an irregular |

regularity; there is consequently correlation between one plot and its neighbours,
and generally there is a tendency for one end of a field to yield more than the other.
This i only what is to be expected from a priori considerations; naturally the

nearer two plots are together the more likely is the soil and its condition to be

similar on each of them, and the obvious conclusion may be drawn that the smaller
the plots the more exactly can the yield of adjacent plots be compared.

Taking the investigation of Mercer and Hall on the 500 “plots ” of wheat, it
should be noted that they were only taken as plots at harvest and before cutting
formed an unusually uniform area of one acre, part of a much larger field of wheat.
The mean yield of grain per plot was 3-95 Ib. with a range of 2:1855-14, and a
standard deviation of 0-46 Ib., or 11-8 %, of the mean weight of aplot.

If two adjacent plots were taken as gig-acre plots the s.,]),.ﬁ,;ﬁ‘ to 10 % instead
of the 8:2 %, of random sampling. 2\

#

- If four adjacent plots were taken as t}5-acre plots the $'D. fell to 8-¢ % instead

of the 5-8 %, of random sampling. \

If ten adjacent plots were taken as #5-acre ploj;s"?h’e s.D. fell to *6-3 9, instead
of the 3-7 9%, of random sampling. B\ W

If twenty adjacent plots were taken ag 4 acre plots the s.p. fell to *5:7 %
instead of the 2-6 %, ofi&ndoggﬁgﬁg@?%worgjp _

If fifty adjacent plots were taken ag %’-acre plots the s.D. fell to *5:1%, instead
of the 1:6 %, of random sampling, ™5

The high value of the standaprd 'deviation of the larger plots compared with

that which would have been\expected had the aggregation been carried out
randomly is due to a similﬁause to that which decreased the error of the com-
parison of Archer and‘(%’cildthorpe. There is correlation between the neighbouring
small plots which make up the larger plots, so that the last term in the formula

\ [

is not negljgible. This last term is in fact the bridge over a pitfall which has
tmppt?d{{i@ariy, including—as will be shown later—the present writer.
In ahappendix to Mercer and Hall's paper I pointed out that advantage may
be taken of this correlation if we consider the difference between adjacent plots.
Thus we have

2 —_ ]
O p=03+05+2r g0 0y

——

T Caloulated 8.0, age
Bize of plot 8.D. {’iﬂmgla of difference !  Actual 8.0. of re(i[t‘loiﬁzsl at-{t:)nla'zﬁuce

{acres). D o between random | difference between |- o 1 "or y comparison

percentage pairs adjacent pairs t0 1%
1/500 116 T e | 112 o
1/250 -0 14-1 ! 9-7 0-?2 aore
1125 89 126 ‘ g-3* 137 ..
1750 63 89 g-7% 110 .,
1726 57 81 3.9% 384 .,

* The nambers are too few to do much more than indieate the tendency.



On Testing Varieties of Cereals 95

Except in the case of the 1l;-acre plots we actually find that the standard
deviation of a difference between two plots is less than the standard deviation
of a single plot, and that working with gl;-acre plots, the standard deviation
of a comparison between the varieties grown on s total area of half an acre is
as low as 19,. On the lines of the 2-acre plots more than half a square mile would
have beenrequired. - Further, there is every indication that smaller plots would be
© still more economical of ground,

These have been termed preliminary experiments, and so they are for the
purpose of this paper; but in point of fact they followed the practical application
of the principle which has just been outlined, and & further step in advance had
already been made. .

Carrying the principle ¢f maximum contiguity, which he had deduced a priori,
to its extreme logical limit, Beaven had compared two varietids.in his cage by
sowing alternate rows. He used a pure line of Archer barley,&nd one of a variety
called “ Plumage ', which is allied to the Goldthorpe of the Trish experiments. He
also grew skth acre of each outside the cage and foundfhat whereas the Archer
gave slightly the better yield outside the cage, the dage work gave the yield of

- Plumage some 20 %, better than the Archer. ° o o _

He sent me the figures to look at, and 1 fqundx hat so far from the correlation
between the yields of adjacent drills belpg.pastire. . 7as significantly negative.

This was quite unexpected at the time (1905), but the explanation was simple,
viz. that when a plant of one variety is grown next to one of another variety it is
abnormally situated, and is subject to abnormal competition.

In this case the Plumage wagla'taller barley and shaded the Archer; probably,
also, it started growth moxiguibkly undergound and so annexed more of the soil

‘than its competitor. Anyhow, it was clear that a comparison of adjacent rows,
with the possibility of.\iﬁt;iarferenoe of this kind was useless.

AN
O\ Tar SqQuare YARD Prov

To avoid this%ﬂ’ﬁ culty, Beaven invented in 1909 the “‘square yard ” plot, which
is formed byéomng eight rows 6 inches apart, 4 feet long, and with seed 2 inches
apartdfi'the row. This gives in the firsi place a plot 4 feet by 4 feet; but at harvest
the out¥ide rows are rejected and the outside 6 inches at each end of all the other
rows, thus leaving the inside square* yard for the measurement of yield free from

the competition of other varieties.

¢ "Thero has been some controveisy in America 48 to the advisability of testing varieties
in alternate rows, but lately T. A. Kiesselbach (J. Amer. Soc. Agron. (1918), No. 6, pp. 23541,
“Experimental error in field trials”; pp. 242-7, ““ Plant competition as a source of error in
field plots™) has come to much the same conclusion as Beaven, viz. that although certain
varieties may not under some circumstances interfere with one another, yet it is dangerous
to allow any chance of the experiment being subject to this source of error, and that the only
safe thing to do is to surround each experimental area with a border of the variety grown
upon it, and te discard this border at hervest. :
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TaBLE I
® Irish Experimental Barley Plots. Yield and Money Value Per dore of

Archer and Goldthorpe 1901-6

Note,

The Irish barrel of barley contains 16 stones,

_ " Archer Goldthorpe
- T Place District -
armer Yield V.P. A, Yield V.P. A
Barrels | Stones | £ s. 4. |Barrels| Stones | £ s d.
1901:
McCarthy | Ballinacurra Cork 11 1 g ¢ 0 7 0 5 2 0
Hawkins | Whitegate . 10 3 8 3 0 7 12 6 3 0
Dwan Thurles Central Plain 15 2 1113 0 13 14 11 0 O
Wolfe Nenagh o 11 0 | 813 0| 10 0 A8 30
1902: i
MeCarthy | Ballinacurra Cork 12 8 8§13 0 | a4 B1 ¢
Hawkins | Whitegate " 14 0o |1012 0} 13 N |13 0
Wolfe Nenag Central Plain | 12 2 9 4 0 13 ()6 02 0
Willington | Birr : 12 8 918 0 % 3 76 0
Gorman Enniscorthy Wexford 11 5 5 2 ol 41N 4 ¢ 2 0
Nunn Castlebridge ” 11 3 818 02N 4 9 0 0
Im: w\ ’ ",
McCarthy | Ballinacurrs Cork 6 10 4 13\ 7 4 § 5 0
B | | ometvwn| 3| 3 [ A| 6| 3|30
enagy eni i 8 2 JON, T
Willington | Bire 9 13 ;&9 0 8 0 6 6 0
Gorman Arnestown Wexford 5 EN410 O ki 11 515 0
Nunn Castlebri " 12 7\, 916 0 9 15 '] 716 0
Quinn Carlingfor Louth 11 | 42 |-8 ¢ 0 9 3 700
Kearney Greenore ,www.dbrqqht;g‘grg.m .12 0 7 13 519 0
1904: -
McCarthy | Ballinacurra Cork ARV 4 715 0| 11 14 9 8 0
Hawking | Whitegate " | 210 1 .| 87 0| 10 4 8 4 0
Wolfe Nenagh Central Plain {13 3 |10 90 0| 11 8 2 7 0]
W) n | Birr » 28 11 3 $17 0| II 14 9 4 0
Kelly Portarlington BPAN 12 1 L 912 0| 1 3 9 0 ¢
Allardyce | Monasterevan . g 7 10 7 81 0 10 b 8 7 0
Roche New Rom Wezford 8 2 | 816 0| 7 0 {560
unn g ) 9 2 78 0 & 4 419 0
Keamney | Carlingfo L\ Louth 8 0 6 7 0 9 7 79 0}
Begrave Dunleer A\ ¥ ” 12 1 g 9 0] 11 7 9 7 0
1905: PR . '
McCarthy | Ballinagirs | Cork 12 8 | 98 0| 13 1 | 918 0
Hawkins | Whitegate W 11 11 9 8 0| 11 5 B4 0
Walfe Ne, Central Plain | 14 6 |1W014 0! 15 10 |10 30
Willington | Birn " 14 11 {1114 o] 13 38 1011 0
Luttrell | Monasterevan ” 14 8 [11 0 0 12 13 914 0
ﬁ:ﬂg‘b% \Portarlington ” _ 12 1 819 0] 10 8 717 0
| Tullamere » 13 12 | 1018 1 8§10
Nunn Castlebridge . Wexford 11 8 7 15 g 1? lg 8 0 0
Dooley New Rosa » 13 0 (100 ¢ 138 1 (w12 o
Kearney | Carlingford Louth 14 8 912 0] 11 4 712 0
1§me Dunleer 14 7 1111 0] 12 8 919 0
%ﬁCahl:h_}ly WhJB&ll_ma' curea Cork 9 4 | 7 60| 9 11 72 0
Wo‘i'f J X tegal woo 10 9 T12 § & 14 6 g 0
|| Wolke . Bit’-rl;a-gh Centtal Plain i(l) }2 814 ¢ 8 13 861 @
lingto; "o 5 8 0 0 9 16 7 6 0
iiuttmll Monaaterevan " lg 10 73 ¢ 10 9 717 ©
ulhall » . 8 9 6 0 13 14 w7 0
%latthm;s %ullamf " 8 14 616 0 8 11 611 0
N“““‘“ BgTa. SLown » 15 4 {11 7 0| 13 14 1w e 0
unn Castlebridge Wexford 11 .
Dooley New Ross 14 lg 13 19 6] 1o 9 718 g
Kearney | Carlingford Louth 11 11 8 57; g g > g g 0
Segrave | Dunleer - 1 ¢ |10 8 0! 18 l% g16 0
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So far as T am aware, no one has made any further inquiry as to the most
" economical size of plot; the square-yard plot only utilizes for yield determination
5th of the experimental area, and to make it smaller would waste still more
ground, while the larger the plot the more we depart from the principle of
maximum contiguity. '
~ There are probably not enough data to discover by the calculus the size of plot
which will give the minimum probable error per acre, and no one seems to have
faced the labour of an experimental determination. At all events, without any
further investigation the square yard plot has been adopted as the unit in some
8ix or seven experimental cages in the British Isles. ~

N
¢\

COMPARISON ON A “CHESSBOARD"

Having adopted the unit, it was a comparatively simple ;gg.ﬁfer to set units of
-two varieties in a *‘chess” or ““chequer” board: subsequently'it was found that
more than two varieties could be economically compared at the same time.

To illustrate the problems which arise when weome to compare several
varieties grown together on a *‘ chessboard”’, we/miay take Beaven’s No 1 Yield
Experiment of 1913.# A

In this, 20 plots of each of eight races of batley were grown on a regular system
of repetition, and the followihi GBEGFYAKBIHE WER ade for each plot:

Nupréi"of plants,
Number of ears,
“Weight of ears,
p o\".IA’Ve'ight of straw.
‘For the purpose of thig llustration we need only consider yield of corn, i.e.
weight of ears. "
The eight races contisted of

{ "~ [¥nglish Archer } Selection made by Beavén.
Four strains of 74 ’
AN . |lrish or Early Archer 8election made by Capt. H. Hunter, B.Sc., of the

Erish Archer, No. 5 Irish Department of Agriculture.
O A selection made by Beaven which originated in
Vo Plumage { Denmark. Wide-eared barley somewhat like
4 Groldthorpe.

Fach of these wasg, of course, descended from a single seed a fow generations
~ back, and

i From s Plumage-Archer cross made by Beaven, th .d bein,
145 and 145/46 { a re-gelection from the firat, ¥ Beaven, Wie secon €

“ Biffen " | 1391;2?0?&:1;’ Emfagaor of that name from » Plumage-Archer

Three hybride {

In order to simplify the comparison of errors it is best to work as long as
possible, not with the standard error but the “ variance”, or square of the standard
error. It has two advantages: (i) that variance can be added or subtracted without

* Vido Diagram I, p. 97,
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the preliminary squaring and subsequent extraction of the square root, and (ii)
that the area required to give any required accuracy varies directly with if; in
order to give the same error a comparison with a variance of 60 only requires
half as much ground as & comparison with a variance of 120. '

Further, the variance taken in each case will be the variance of the average of
20 plots or differences between plots, or whatever it may be, and to get this we
divide by 19, and not by 20, to correct for the small number.

The following table gives the means and variances of the average of 20 plots
for the eight races as follows:

TasLe II A
Mean weight per | Variance of she | ()
plot, grammes | average of 20 plots |\ "

145/48 3187 947 A\
Barly Archer 306-5 1389 € ™
74 3046 80,77
145 300-7 Pag™
English Archer 297-8
Flumage 295-2 150-8
Irieh Archer, No. & 276-5 LN\ 8LT
Biffen 270-8 N 1420

Average 2064 N 1141

www.dbratlibrary. org.in
CORRECTION ROR PoSITION®

There is & great disadvantage in correcting any figures for position, inasmuch
as it savours of cooking, and besides the corrected figures do not represent any-
thing real. It is better to arr qge’in the first place so that no correction is needed.

. In the present case the ‘Ev%-tical"’ arrangement is satisfactory, but as to right
and left it is not so. En‘g!iéh’Archer averages 0-2 rows to the left of 145, 0:4 to the
left of 145/46 and so on, 1-4 rows to the left of Biffen. Asthe average value per plot
of a row is about 3*3'grammes higher than that of the row on its left, it might be
thought right t6'thake the following corrections: .

*

¢N® 145/46 ... ... 3187+10=3197
\™ Early A ... .. 3065 -0-3 =306-2
/ TA .. e e 3046-1-7=3029
146 .. . e B00-7 41T =3024

English 4 ... ..  2078+23 =3001

Plumage ... 205-2 +0-3 = 295-5

Trish 4, No. 5 ... 2765 —1-0 = 2753

Biffen e e 9708 —2:3 = 2685

» For an elaborate method of Correction for Inequality of Soil, see Pearl, *' A method of
correeting for soil heterogeneity in variety tests™, J. Agric. Res. v, p. 1039.

In this paper Dr Pearl has corrected yield on the analogy of a contingency table, The method.
which is probably as good a way as any of correeting for position, seems to me to be open to
gerious objections. A blot on the paper is the publishing of & ““probable error™ calculated .
from four cases without either correcting for the very small number or ealling attention to
the fact that they are appreciably too low.

a
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The error of a comparison would no doubt be reduced very slightly asit generally ;:::

is by any operation of this kind.

In any case the order is not altered, and I do not think the correction is worth "fff:
making; the proper courge would have been to reverse the order of the plots half

way through so as to compensate for a possible tendency to improve from one
end of the experimental area to the other,

VARIANCE IN TasrLe IT

With the small numbers in question the variance figures do not differ signifi-

cantly, but incidentally there is no indication that the hybrids are more variable

in yield than the pure lines. ¢

\

In order fo get a clear idea of what these figures mean, let s suppose that a
standard error of 1%, is desired, say 3 grammes, a variance of 9. That would
require an ares 114-1/9, or 12-7 times as large as the present 20 plots.

If now the plots had been randomly placed, the ¥atiance of a comparison
between two of the races would have been approximately 228, and about 25 times

a8 much ground ag was used would have been r\equu'ed to reduce the standard -

error of a comparison to 1 %,.

In order to give a general idea, gf,lté)(ﬁ ng bhe variability, chiefly due to
goil, which has to be regarded as error When we consider the yield of varieties,
Diagrara 11 has been prepared in Whlch each 20 grammes of yield above 160
grammes below the average yield of the variety is represented by a diagonal line
drawn across the square representmg the plot. It will be notjced that the shading
grows heavier towards thejright of the diagram, and that while it is by no means
regular, the correlation between the sha.dmg of nelghbourmg plots is obvious to
the eye. : <

The &rrangement\of the different races in a chessboard is of course designed to
take advantage(of this correlation by comparing always neighbouring plots as in
the fo]lowmg éxa.mple which concerns the first pair of races in the table.

Begmn%ng at the left hand of Diagram I, 145/48 is in the middle of the first
verti¢alline, and Easly Avcher at the top—the former being indicated by the letter
0, andthe latter by E. The yield of the first is 2658, and of the second, 230-1. That
gives & positive difference of 35-5. The next appearance is in the third line, again
s positive difference, this time of 44:4. In the third occurrence the 145/46 js in
the fourth line, and the Early Archer in the fifth line,'and the difference this time
is negative and 374, and so on.

The variance of the average of the 20 differences thus obtained is 124-0, very
:mch less than the 233-6, which is the sum of the variances of the averages of the

WO TRces.

- Now, if there were only two races in the chessboard it would be comparatively
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straightforward—the standard deviation would be found from the variance, and
Sheppard’s tables (or preferably with such small numbers, ““Student’s *) would be
used to judge the significance of the mean difference. In point of fact, however,
the two races do not stand alone, and the question arises whether it would not be
better to take the average variance of all the 28 differences between all the possible
pairs of eight races.

Of course, it is not hkely that all our races would have the same variance, but
with our small numbers such differences as there may be are almost certainly
swamped by the error of random sampling, which, a8 pointed out above, will
account for the observed values. From that point of view then it is bester to
average. O\ '

Again, all the comparisons are not of equal value: Irish Archer No; 5 is always
found exactly on the right of English Archer, while Plumageis either three
squares above Hnglish Archer or two below and one row to the right, and as will
be shown later, there are indications that this is enoughy t‘affect the variance. -
Still it is not a very big thing, and the advantages of usitig'a single figure far out-
weigh the slight loss of accuracy. I have calculated)thie 28 variances and they
range from 44-1 (English Archer-Irish Archer o> 35) to 192.9 {Early Archer—
Plumage), with & mean of 107-9, This is shg]ltl {gwer than the 114-1, the average
variance of the races. In other words, we Wo. l&v%ralﬁne& lﬂy chessboa.rd.mg to the
extent that we are as accurate as if we. h:ad devoted twice the area to plots ran-
domly arranged. N\

The calculation of these 28 V&rl&{ces is tedious, but fortuna.t-ely there is a short
cut which gives an identical result)

In the following proof ca,plta\.}s\;,ubscrlpts indicate variance dlrectly measurable,
which is taken as the meanvalue of such variance, while small subscripts indicate
variance deducible frong the observations,

If we suppose the.tatal variance o2 of mn plots (i.e. % groups of one of each of
m races subject to\\bhe error of random sampling) to be divided into three parts:

(i} that duelto the m races if measured without error: o3;
(i1) thai; dﬂe to the position of the » groups of m races from left to nght of the
diagram’ (in’ this casge 20 groups of eight) also measured without error: o2;

{iii) the casual error, which is the only part subject to random samp]mg al;

these thres parts may be assumed to be independent so that

o = O} + 05+ 00
also the variance of the means of the races as we measure them is
s o2
02 = O-r + R
mn

the last term being due to the fact that we have only mn cases to give us the
mean,
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P
Bimilarly, the variance of the means of the groups as we measure them is

ot g2
g gty Te_Te
o4y = 0+
ET 0 T m mn’
and the total variance as we measure it is
2
¢
0% = gf—-%;
T ! mn’
from which eliminating o2, ¢2, o2, we find

mn{oh— ok~ 0y)

N T T a
_ : : Zal e '
and consequently ;‘9 ) AN

Ny
which is the variance of & comparison between » groups of two-rdces, is

R ooy -oy-oh), O
m—T)m—1) -

RO

* In my first atbemnpt to obtain this formula, I overlogked the — o2 /mn in the three equa-
tions for o3, oy and o3, It was only after receiving a\étber from Mr R. A. Fisher, who had
independently arrived at the correct formula, that T fetind my mistake. Mr Fisher sent me
two proofs, one of which was purely wlgeblruinaltpeayirgy ini his notation the identity

2 I(» N
(3K e ZRP-nix, -2,

m{mul)S2(n.—l}

nm L »n . "
SS(XXKP-mS (X~ Xy-ns(X,- X
_11u{hy 1 1 )
DR\ (m—1){n—1) '
and the other, which he himselP’prefers, I append below: :
“Let there be n trials)indicated by suffices 1..., g..., » of each of m varieties similarly
indicated, by suffices 1 .,30"..., m. ' _
Recognizing that motonly differences of varisty but differences in the conditions of the
triale may have a.f%qted the yields, we may obtain an estimate of what the variability would
be if the conditigns of any one trial could be replicated in a number of experiments with the
same variety(proﬁded the following simple assumptions hold good. The yield obtained in
any exgerirpgnt is the sum of three quantities, one depending only on the variety; a second,
depending only on the ‘trial’; and s third, which may be regarded as the ‘ experimental
error’ varying independently of variety and trisl in & normal distribution about zero with
& standard deviation which it is desired o estimate. '

To obtain such an estimate we may fit the system of yields X ,, with a system of wvalues
4 ,+ B, choosing the latter so that

S(X py— Ay~ B

is & minimum. Any one of the m+n quantities 4 ,, B, may be assigned an arbitrary value,
and the remaining 7 47— 1 are then determinate: the observed values may therefore differ
from those fitted in (m—1) (n— 1) degrees of freedom, and the corresponding estimate of
the standard deviation ascribable to experimental exrror will be found by dividing the
minimum value of {1) by (m—1)(n—1). Evidently (1} will be a minimam if

4.+ 8B, = X,-I-XG—X,
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To obtain the variance by this formula is a comparatively simple operation. In
this case owing to the fact that I grouped the 160 observations in 10-gramme
groups I got 109-3 by the short cut instead of 107-9, but it really should give an
identical value.

Taking the square root we get a standard devmtlon of 10-4 grammes or there-
about for the standard error of a comparison, i.e. & probable error of about 2-4 %,
This is probably as near as it is worth while going in any one season, for the experi-
ment must berepeated several times to sample the weather properly, and cage area
i3 too valuable to expend more than is absolutely necessary on a single experiment.

Before leaving this subject of chessboards, I would like to show in ratheér'more
detail that even with such small plots as thess, slight differences in the,arrange-
ment within the group tend to increase the variance over that dueto-the ideal
juxtaposition. \ -

I have, therefore (see Diagram ITI, p. 104), separated the varions kinds of
comparisons and averaged the variance, in each case asﬁh&t of the average of
20 differences. ’

The figures are not of course worth a great deal, butsﬂfere is & marked tendency
for the comparisons between the more distant plotk to be the less accurate.

For purposes of iltustration, I have correlated the distances with the variance
for the 13 positions by the Spearnﬁ‘ﬁ‘ﬁ“ﬁfﬁtﬁfﬂﬁ' bR S A= + 0-41.

where X , is the mean of the values obtained W‘lﬂ:l varlety 2, X ,the mean of the values obtained
with trial ¢, and X is the general mean. .

The actual evaluation is most convem\ntly carried out in the following form of the analysis
of variance:

Variance \pegrees of freedom Sum of squares
\ “ B
(@) Due to variety 5N/ m—1 nS(X,-X)
A\ X 1
. \'“' u .
(b) Due to trial { n—1 m8X,~X)?
£ } : i
N ma
(¢) Random variation (m-=1{n-1) 88X, -X,—X,+X)*
N 11

mmJ mn
(d) Total mn—1 S8(X-Xp
11

The sum of squares in line (¢) being ealculated by subtracting the values of lines (a) and
(b) from the total. If either variety or ‘trial’ were without significant effect on the yield, the
corresponding mean square would not differ significantly from that of line (¢). To test the
significance of such a difference we may use the fact that the estimates of varianee in (),
() and {¢) are all independent, and when m and # are fairly large the natural logarithm of
the mean square has standard deviation /(2/n;), where n, is the number of degrees of freedom.
In comparing two such independent estimates of the mean square, we therefore obtain the
difference of their natural logarithms, and assign to it a standard deviation '

o
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Drisaran IIT

The sma,il%cale work with which I have just dealt affords a means of picking
out: goo}ldfanemes which can be tested in field trials. The whole eight varieties
were tested on about {1 acre, sowing about a quarter of a pound of seed for each
race. We now proceed to the most acourate method yet devised for field trials by
which two varieties are compared on a total area of 5200 square yards, just over
an acre, with, in the case which I shall give you, a standard error of 0-63 9. Of

. ‘\ Tee HaLr-DRiLL STRIP METHOD®

course, it will not necessarily be as low as this always.

The field is cultivated as usual up to the time of sowing, exeept that particular

care is taken to clean the ground of weeds.

* For a full aceount vide “ Trials of new vanatles of cereals”, by E. 8. Beaven, J. Minist.

Agrie. xx1x, Nos, 4 and 5 (1922),

" Distance he- Vari Number of
Fosition tween centres ariancs differences
—_— . Verti_ca.l" _
& 113-9 112
X | v 865 80
' [ X
| [x1 57 929 64
P | X | AN
B - _
3 b 57 1255 2
x| x| 8 91-2 o))
x| ¢
. 12 80
=] 9 10 P
\.
(X1 1% 167\ 12
. }.— }
X T T3] 1z 185 40
I 1x§ 127 SO 1146 48
[x] - O
[ [x] w w‘db{‘i_l#‘lj'b-ﬁart Org.ifya.s 8
x 3
I T E3 T 4 1320 14
[ x| AN 185 1311 28
| X K
L1 Exls
i WO 179’ 94-5 8
| X | P\ '
"
:"\s.
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When sowing, the seed box of the drill is divided into two across the middle,
and the middle coulter put out of action. The seed of the two varieties is put in
the seed hox, one on each side of the division. Thus when sowing a drill strip, one
half {i.e. 6 or 7 rows) is sown with one variety and the other half with the other.
On turning the drill at the end, the next strip is sown 80 that two half strips of
the same variety are next each other, buf care is taken to leave an interval
between the two drill strips exactly equal to the gap in the middle of each drill
strip between the two varieties.” It requires careful steering but it can be done.

When the experimental field is sown, we get first a single half-drill strip of one
variety, then two of the other, then two of the first and so forth, ending, with a
half-drill strip of the first. This ending is necessary in order to digeount any
fertility slope from one end to the other of the field. The space outgide the experi-
mental area should be sown all round with a similar grain,.as the outside is
naturally abnormal and is more Iiable to attacks from all kmds of enemies.

At harvest the outside row of each half-drill strip next*te the other variety is
pulled up by hand and discarded to oliminate the ‘‘horder” effect, and also to
facilitate the use of the ordinary reaping machine, Ifbhe two varieties do not ripen
together one must be cut by hand when ripe, bub if there is so little difference
that both can be cut on the same day the reaping machine can be used on both.
In either case each half-drill strip W'GUtHEHEH ¥ ¥ ai8that the produce of each
sis-acre can be tied up in two sheaves.geparately. In Beaven’s case ten such
s+g-acre plots went to each half«dljﬂl‘ét’fip._ :

These sheaves can be weighed 'cﬁ the field, and so we can get the total produce
of the field in plots of ﬁ-acr{aﬂ can compare each gig-acre with an adjoining
one of the other variety. N\ _

Two things are to be n\oﬁe& at this point: {1) That without a very great deal of
trouble the plots ca,n,QQb be threshed out separately, but, fortunately, it hag so
far always been foundvhere the matter has been put to the test that the varability
of the yield of 1 sxpressed as a percentage of the grain is less than the varia-
bility of the tbbal yield expressed as percentage of total yield. In the Mercer and
Hall expeﬁﬁent, the standard errors were 11-6 and 11-9 %, and Beaven’s ex- -
perience has been similar. Thus the figure which we obtain for the standard error
is likely to be in excess of the truth. (2) From a practieal point of view it is easier
to work with a few half-drill strips than a larger number of short ones, but if we
depend on the weights of a few drill strips, there is considerable uncertainty about
the standard error of the result. It was hoped that by determining the standard
error of the difference between adjacent ziz-acre plots, we could deduce the
standard error of the average of n such differences by the formula o, =& [\n, 80
that it would be immaterial whether the drill strips were long and few or short and
many, as long as altogether there were » pairs of adjacent subplots. Indeed up to
the time when I came to write this section, it was believed that this could be done.
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Beaven showed me his figures before publication, and T did not at the time observe
that the formula canmot be used without further investigation, nor, so far as I
am aware, hags anyone else drawn attention to it. Nevertheless, T think it will be
clear from the general considerations which have been advanced throughout the
paper that there is a danger that the differences between corresponding con-
stituent plots of a drill atrip, even when they are as narrow as these, will tend to be
correlated, and the formula o, = ¢'/\/n, which required independence of the in-
dividuals which are to be averaged, cannot be used without correction.® That this
ie so in the particular case which we are considering is made highly. probabie
from the fact that the variance, expressed in terms of the percentage of the total
weight of O, of the difference between the total produce from A and € is 0-664
of the total weight of C' when caleulated from the 27 differences between adjacent
half-drill strips, while it iz only 0-301 when calculated fromd%hé' 270 differences
between adjacent subplots. The two figures should be the-8athe within the error

of random sampling, but differ probably by more thau*twice their standard
deviation. N

The results of the 1921 Trial are shown in Ta,b]egIII and IV, which are taken,
with his kind permission and that of the Minigtny'of Agriculture, from the Sup-

plement; to Beaven’s paper, and ‘give thhg we hﬁé og; _thier,] sheaves, on the individual
half-drill strips, and on 243 of the 240 plots ", Which go to make up the half-drill
strips respectively. N

~

It will be seen that by taking the.“diﬁérenoes between adjoining hal{f-drill strips
(or plots) a large part of the er;'qr}m,' ag usual, eliminated.

*+ A fallaoy arising from a sﬁnjluq\negleet of eorrelation has come under my notice in some
American work, but there the ghsurdity is more easily demonstrated. In the JJ. Amer. Soc.
Agron. 1X, p. 138, A. G. McCgll proposed that in order to save the trouble of harvesting and
weighing Jl.th acre plots a:number of square yards should be cut out and harvested separ-
ately, the square yardshémg taken systemabically through the +&th acre plot, and the yield
per acre ealculated from these square yards, So far, so good, by taking enough square yards
the slight loss of adctracy may perhaps be made up by gain in time or feasibility of operating.
Butin 1919, Arayiand Steinmetz, J. Amer. Soc. Agron. x1, pp. 88, 89, applying this method,
comparad the érror of the yield caleulated from a few square yards cut from each of & number
of {i5th akre plots with that caleulated from the [Lth acre plots themselves. They found it
substantially greater, but, say they, by inereasing the number of square yards cut from each
1gth acre plot to n, we can decrease the error in the proportion 1 {+/n, and so we can actually
determine the yield more acourately by weighing up 10 or 20 square yards than by weighing
up the whole half acre. It iz rather surprising that they did not realize that there are 484
square yards in 5th acre, 80 that by taking 484 square yards they would be likely to be more
accurate than if they took any lesser number and a fortiori tremendously more accurate
than they would be if they took the same 484 square yards and called it Fsthacre! Of course

. 1+(r—1)r
their formula also should he & (—(-n ! » where r is the correlation between the yields

on the square yards composing 415th acre plots, and not T /o : .
The same fallacy has been used to extol the “rod row” method of determining yield, i.e.

the method of eutting along the drill a row one rod in length to represent the yield of the plot
from which it is cut.
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TaBLE III. Warminster Field Variety Trial, 192Y. Half-Drill Strip Weights,
comparing: Two races of barley, viz. “C” and “A”. Area of each half-drill strip
=100 sq. yd. Total area=1700 sq. yd.=0-56 acre for each race. Showing total
weight of sheaves on each half-drill strip

[ ] Weight of Difference - Weight of Difference
H&].f—(_lnll sheaves on haif- between Ha].f-_dn}_[ shea,ve{sgon half- between -
S‘l‘r]?lp d.lf]]_l St»l'ip “A EH &Ild M Gu Et-l.'lp d]'ﬂl E'ﬁl.'ip “,él“ -&nd "] C”
Number 1b. ib. Number Ih. b,
i(o!l “A »r hE C” ‘iA rh (lA 55__(‘0!! 3] Oﬁ, “A,, “C,, iiA 7 p (SA !,_“ 0??
1 165-4 29 | 1609 N\
2 164-6 - 08 30 160-2 - 07
3 1734 31 K T6e3
4 1595 +13-9 32 153:20) +11-1
5 169-3 _ 33 1449
6 169-3 34 N 1543 + 94
7 1749 Q’s.\ 1586 '
8 179-8 - 49 38NN 147-7 +10:9
9 1725 K 1424 ot
| - ”’ 4l =1
101 177-6 + %wklbf‘aul bl::‘e%_‘y.org.in 1430 *
11 1829 SN 39 143-6
12 170-7 +1229 40 1387 + 49
12 1733 A 41 1811
14 1675 | A\ 58 - 42 1432 | +121
15 1785\ 43 1453
16 166-1 \ +12+4 “ 1416 + 37
17 1745 NG/ 45 1 1480
18 ANA70:3 - 432 46 150 + b
19 O 1o 47 1540
20 ,JQ‘H +127 48 1554 - 14
21 S0 1660 : 40 151-1 :
.22 159-1 - 89 50 1493 - 18
N3 1687 51 149-7
24 1612 + 75 62 1456 + 41
25 160-3 53 1463
26 164:2 | - | 54 1585 +12-2
27" 167-0 Total | 4251-3 | 4368-1 —
28 1565 +106
' Average 1575 | 1618 + 43
per cent. { 100 102-1 + 27
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Further, it is obvious that there is a general decrease in fertility as we go from
drill strips with low numbers to drill strips with high numbers. It follows thatthe
difference A — C will tend to be greater when ' follows A than when 4 follows C,
and since this is always possible, experiments of this nature should always be
planned so that there shall be an even number of differences, the series should
begin and end with half-drill strips of the same variety: in this case we may
simply leave out the last drill strip and finish at half-drill strip 52. :

There is also a curious feature about these figures which can only be put down
to some systematic error in technique; namely that when we compare together
the adjacent half-drill strips of 4, that with the higher number always ‘yields
higher, although the general fertility runs the other way, and the sams isdrie with
regard to € in eight cases out of thirteen. N

Both. these kinds of error (that due to the general fertility slqpe‘and that due
to the different fertility of odd and even half-drill strips) are la,x:gely eliminated by
Beaven’s arrangement by which in alternate compa.rmons\fl follows € and C
follows A, and this can be made evident by adopting &8 init not the difference
hetween adjacent half-drill strips but that between the'sum of the two contiguous
half-drill strips of A and the sum of the two half dpﬂl strips of C which enclose
them, N

This may be described as a ‘* sandwiehd h,mnﬂhian'p,aayrbﬂmoted that just as there
are subplots composing a half-drill strip, ge. ‘there are “subsandwiches” which will
also tend to eliminate the same errors asithe “sandwiches”’.

The following table gives the differences A — C' for the thirteen * sandmches
composed of half-drill strips 1 to 52

\ \\ TasLe V

Half-drili stup - ., | Hali-drill strip
numbe{s“ 4-¢ numbera 4-¢
K™ +131 29 to 32 +10-4
5 8 - 48 33 ,, 36 +203
L9 173 37, 40 + 55
w13, 18 + 646 41 ,, 44 +158
Y 17, 20 + 85 45 ,, 48 + 37
N> 21 ,, 24 + 06 49 ,, 52 + 23

/ 25 ,, 28 + b4

- The mean A —  for sandwiches is + 8-05 and the variance, making allowance
for the pitifully small number, is 51-41. This leads to a variance of the difference
between the total produce of A and of C expressed in terms of the total weight
of C of 0-398, intermediate between the 0-664 calculated from the h&]f drill strip
differences and the 0-301 calculated from the subplot differences.

1t should be noted at this point that the “sandwic ”* is a perfectly legitimate
device for eliminating errors commen to both variants whose difference is to be
measured, and that it is only by using it that we can get the true value of the error
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of the comparison; whereas the subplot difference would really lead to a larger
value than 0-301 if we had sufficient knowledge to be able to apply the true

formula *(1+(n—-1)7
-

A similar caleulation based on the “subsandwiches”, i.e. sandwiches one plot
in depth, gives a value of the variance 0-248 corresponding to the 0-398 from the
whole sandwiches. The standard deviation of these to some extent correlated
figures is not easy to determine, but the difference between them must be of the

.order of once the standard deviation. This is not significant, but with@ur small
numbers if; is not inconsistent with the expected correlation between the ““sub-
sandwiches.” composing a sandwich. Until a number of experimeﬂiss have been
carried out in several places and the results submitted to a.na.lysjg; 1t would he wise
t0 keep the number of drill strips as large as possible and eeonomize in length in
spite of the practical difficulties of doing so. N

Since the variance calculated from the drill-strip.sasidwiches is subject to a
large error of random sampling owing to the necegsary paticity of numbers, it is
well to calculate also from the “subsandwicheg\and take the larger of the two
in determining the standard error. O

It is possible that some of, my msedemanay danise some better method of
utilizing the weights of the ““subplots *than I have been able to do, and I com-
mend the problem to them. \ "" )

In the present case it is probabli better with only thirteen sandwiches to take
the-standard error of a ainglgié&ndwich and use “‘Student’s” tables, when the
probability that such s large. positive difference should occur by chance is found
to be 0-001, The differencé is therefore quite significant. If, however, it is required
to compare the standar@/error with other experiments, we can say that the most

- probable value is ofily"0-63 %, on a total area of about 1 acre. '

Other precal,is(on’.s, such as correction for moisturs, ete., are taken as & matter
of course. O

&«
&

" Cowcryusions

~

The ehief difficulty of corparing varieties consists in the fact that the differ-
ences to be measured are quite small compared with the variations due to soil
and weather. While the latter is not within our control, the errors due to the soil
may be reduced to reasonable proportions in any one of three ways: :

(1} Large plots may be repeated many times. An ingtance is given of this when
in the Irish 2-acre experimental plots a difference of 7 % in the value per acre
was proved with a standard deviation of about 2 % in 51 trials, ,extenaﬁng over
six years.

Undertakings of this magnitude are hardly to be put in hand by any but |
Departments of State. o '
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(2} Quite small plots of one square yard, surrounded by a border of the same
variety as in the square yard, may be grown under a wire cage on a regular system,
technically called a “ chesshoard””. An instance of this is given when, in Beaven’s
No. 1 Yield Experiment of 1913, eight varieties were compared on a total area of
about {Lth acre using about 5 oz. of seed of each variety, with astandard deviation
of a comparison in a single year of about 31%,.

The large number of varieties which may be compared at once, and the smail
area which is required, make this an ideal method of testing new varieties. On
the other hand, a wire cage is not a cornfield, and the varieties found to be best
in the cage will always require further testing on the large scale. The methed is,
however, within the powers of anyone who can build a cage, and has thenecessary
skill and patience to conduct the experiments. A\

(3} By means of Beaven’s “half-drill strip” method, two Va.netles may be
compared on a total area of about one acre in one year with # s’bandacrd deviation
of a comparison of less than 19,. This combines the advaa.’ttage of growing corn
on the large scale with an accuracy almost as great as that of small-scale work;
and is within the powers of anyone who can combiné-the necessary knowledge
and patience with the control of skilled agneultur&l labour.

Tt is shown that methods (2} and (3) depend £or" their accuracy on the fact that
the nearer two plots of ground are si’ﬁh’éfﬁé&”ﬁ]‘ié‘h&@iﬁ Silglity are the yields corre-
lated, ro that we are able to increase the eﬁ'ect of the last term of the equation

0% =04t 0'23 274p%4%8
(where 4 and B are the varietied t0 be compared) by placing the plots to be
compared with one another as glear together as possible,

A formula, due to Mr RR.} Fisher, is given for ca.lculatmg the error of a
comparigon in a “chessboard” experiment, which may perhaps be found useful
elsewhere.

Finally T have to; th&nk Dr Beaven both for allowing me to use his experimental
material and fm; \uch invaluable assistance in the preparation of the paper.

2

A ADDENDUM

Since wri:tmg the above I have had the advantage of witnessing the ha.rvestmg
of Dr Beaven’s 1923 experiment and of discussing the whole question with him
very thorcughly.

He thinks it probable that the whole or a part of the correlation between the
yields of the “plots” which together formed a drill strip in the 1921 experiment
may have been due to slight differences in area consequent on irregular steering of
the seed drill, such as would have been caused by the horses pulling unequally.

Measurements which we made on the stubble of the similar 1923 experiment
showed not only that such inaccuracies occur, but also that they can favour one

of the varieties.
8

BPS
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Tt is, however, & fairly easy matter after harvest to measure the total width
from the outside drill of one half-drill strip to the outside drill of the same variety.
This measurement includes the space between the drill strips, which is variable
owing to the difficulty of steering and is now made in practice across each drill
gtrip in several places.

It is thus possible to estimate a.ccurately the total area oceupied by each
variety and to make the necessary correction to the total yields.

As, however, it would hardly be possible to correct the individual drill strips
or “plots” which are used for the purpose of calculating the error, that calculated
error will be in excess of the truth. O

In Dr Beaven’s opinion the operation of taking differences has for‘all practical
purposes eliminated the correlation due to the position of the / plots” and in
view of the other causes of variation in the differences, numerous and diverse
as they are, he still considers it legitimate to treat the differerices between the
“plots” &8 if they were random, and to use the formularoy/n in caleulating the
error of his mean difference. I feel, however, that a single operation of this nature
is hardly likely to eliminate all the correlation and that there is need for further
inquiry: if as the resnlt of a number of experlme)lts it is found that the error of
the mean difference calculated from the wéights of the half-drill strips is not
significantly greater than thi’ ‘Eﬁeﬁiéﬂgﬂ ot &ie < plota”, then the latter
undoubtedly provide the more accurate® data for the calculation of that error,
and it will be a matter of 1nd.1.{'ferenee‘ Whether the drill strips be few and long or
short and many.

Meanwhile they should be &m’ade a8 Numerous as is consistent with the suc-
cessful carrying out of the\(}nous agmcultural operations, which are of course
made infinitely more d}ﬂi(:ult and tedious by the necessity of turning horses and
. machines at the end©f€ach short length.

But whether we ke few long or many short strips is not a guestion of the first
importance: m\elbher cage the method is without doubt the best that has hitherto
been devlsed', Tor large-scale expenments.

o'\’
£ {'

LaTter NoTe

The following note relating to a paragraph on pp. 98-9 above was included
by Student in the next volume of Biometrika (Xvi (1924), p. 411):

1 wish to apologize to the readers of Biometrika for having allowed it to appear
that I was the author of the term “Variance” defined as the square of the
Standard Deviation. It was first used by Mr R. A. Fisher in 1918 in a paper en-
titled *The Correlation between relatives on the Supposition of the Mendelian

Inheritance”, Trans. Boy. Sec. Edin. 111, 2, pp. 399-433; and he has published
many papers since in which the word has been used.
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NEW TABLES FOR TESTING THE SIGNIFICANCE
' OF OBSERVATIONS

[Metron, V (1925), p. 105]

I~ Biometrika, vi, pp. 1-25 [2] it was suggested if z = ¥/s, where z is the dlstance
of the mean of a sample of # from the true mean of a normally Chstnbuted
population, and s is the standard deviation of the same sample, 1 &)

JEEE) \

then the frequency of z is given by the frequency curve

I'n)
“Tam-n e 2"‘\

and that consequently the integral .., dbrauhh ary.org.in

; F{% (1+22)indz
gives the probability that the meamof a sample of » drawn from a normally
distributed population, measuredx\m terms of the standard deviation of the
sample, shall exceed the va,lu& '

Tables were constructed for values of # from 4 to 10 [2, p. 29], and subse-
quently, in Biometrika %I, p. 416 [8, pp. 62-3], from 2 to 30.

It has since been&lﬁ)wn, as in the preceding paper by Mr Fisher (Metron v
{1925), pp. 90—104%\1;113.1; the suggestion was in fact justified, and that the integral
has a much W}d&;r application than was originally suppesed.

The t&ble@:\hltherto published suffer however from two defects: (i) that as
n increasee the z scale becomes very coarse, and (i) that except in the case for
which it was designed, », the number in the sample, is not the best number
under which to enter the ‘table, but »— 1, the number of degrees of freedom.
~ The present tables have, therefore, at Mr Fisher’s suggestion been constructed
with argument ¢ =z ,/n, where n is now one less than the number in the sample,
which we may call ", They correspond to Sheppard’s table, when that is used
to test the significance of the mean of a large number of observations.

Table I extends from ¢ = 0 to £ = 6, at intervals of 0-1, from » = 1 to » = 20,
inclusive; in each column in which values of nore than 0-99995 occur, the first
of these is written 1-0000, and further values are not given.

H-2
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Table II gives values beyond ¢ = 8, to six places of decimals, from which values
aceurate to four places of decimals can be caleulated by proportional inter-
polation. The intervals are, therefore, unequal, and increase as ¢ becomes larger.
In this table no values are given under n = 1 and »n = 2, as these can be easily
calculated from the ordinary trigonometrical tables by the formulae

n=1 p= %+g (where tan 8 = 1),

¢
n=2 =1+ sinﬁ(wheretant?:——).
p=3%+1% 2 ~
Table III gives coefficients for caleulating the difference between, the'value for
# =00, i.e. Sheppard’s table, and that for », where p is arrived at.by4he formula

Ny

PEP 7% m w w oo

This gives values of p, estimated to be aceurate to 0800005, when 7 is greater
than 20, and, in fact, at 20 and 24 the following d@‘erences were found:
A

lnes of ¢ | 06 | 15 | 20 | 25 | 30 | 85 | 40 hab | 50 | 55 | 60 | 65 | 70

fferences '

W W] raulgﬁlaasr y ,Bf"tg. in

-EEEBncea - - — - + 8 + 93 -14 -18f — 48 4201 + T | — —J
=24 RN ; ;

The above differences are mis.he seventh plaée of décimals, and are between
values of p given by the~a§plzoxifnation and those derived from the cosine
formula using seven-placgtables. Mr Fisher’s note (Metron, v {1925), pp. 109-12)

explains the basis on,whith the coefficients were caleulated. -

The methods of paléﬂ]ating and checking the tables were as follows: -
1. Values of g for

{ = Q-.{?;\I—O, 15, 2-0, 2-5, 8-0, 3-5, 4-0, 4-5, 50, 55, 6:0, 6-5, 7-0,
and AV n=1,23, 4, 5, 6,7, 8, 10, 12, 15, 20, 24,

were calghlated from the cosine formula ( Biometrika, v1, p. 10 [2, p. 217), using
seven-figure tables; these values, though they are the sum of {n terms, appear
to be accurate within about 0-0000003, and were checked by recaleulation.
They were also compared with the values obtained by the use of Table III,
which both served as a further check, and also to show within what limits
Table 111 could be used for constructionsl purposes.

2. From the values thus calculated under » = 6, 8, 12, 24, together with
n =cc {i.e. Sheppard), the remaining frame valoes under # = 7,9,11, 13, 14, 15,
16, 17, 18, 19 were interpolated by coefficients calculated by Mr Fisher for
asymptotic interpolation. These were checked by recalculation and cross-
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differencing, i.e. by comparing the difference p,—p, _, with p,.,—p, for the
same values of £, and any doubtful values were recalculated by the cosine formula,
as also were any values in which the fourth plaee of decimals was donbtful, i.e,
whenever the fifth place of decimals was 4 or 5.

3. Having thus obtained a frame, this was filled in to five places of decimals
in three ways: (¢) by interpolation, using where necessary both four- and six- point
central interpolation. It was found that over the greater part of the table the
true values lic between the four-point and the six-point interpolation, but for
high values of ¢ it was usually sufficient to use four-point, six-point being required
only to locate doubtful values. (b) For very low values of #(= 1,2 and .3) the
frame was found not to be sufficiently close with low values of 4, and\alternate
values had to be calculated from the cosine formula, the remaining: odd values
being interpolated by four- or six-point central interpolation. (¢} As » increased
it was found possible to make more and more use of Tahle, 111, beginning at
n = 4 with values of { less than 1 and ending at » = 20~ mth the whole table.
These values were recalculated as a check. Second difiérences were then taken
down the columns and any doubtful figures cheqke&‘from the cosine formula;
a3 before, this was done whenever the fourth figute was in any doubt. '

Finally, the whole table was cross-differericed, and a very large number of
values were recalculated from the cc‘)‘é“u’l%? c?xyrlﬁ{’ﬁ&ryﬁle‘%ynfew alterations were,
however, found to be necessary. [\

Table 11 was altogether calculated ﬁ't)m the cosine formula; as it is designed
to give an accuracy of four figureg'by proportional interpolation, it was possible
to increase the interval between the t entries as ¢ increases.

Table IIT was calonlated }rom Mr Fisher's formulae, and I have to thank
Miss W, A. Mackenzie, MSc of the Rothamsted Statistical Laboratory for
kindly checking this p\a,;‘t. of the work.
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TapLe 1. The Probability Intégml of ¢

. =1 2 3 4 5 & 7 g 10
=2 3 i 5 6 7 8 9 10 11
40 500,0 | -500,0 | -500,0 | -500,0 | -500,0 | -500,0 -500,0
0-1 531.7 | -535,3 | -58G,7 | -537.4 | -537.9 | 5388 -538.8
02 5628 | -570.0 | 572, 57404 | 57TE8 | 5760 517.3
0-3 SR | 5038 | 8081 | -610.4 | 8119 | ‘6129 BLL3
02 5211 X 642, -B45.2 | -617.2 | -6485 651,2
05 | 647,6 | 6667 | -674,3 | -6Y8,3 | 6800 | 682,86 -686,1
06 672,0 | -685.3 | -T04,6 | 7096 | FI2Y | -T14,8 7101
0.7 894.4 | -rel. 328 | 7387 [ 7424 | 7449 75001
0-8 148 | 746,82 | 7389 | -765.7 70,0 | 7729 1188
09 7343 | 788, JEXB | 1005 | 7953 | T9R.G 8054
10 750,0 | 7887 | -s0d,5 | -813,0 | 5184 | '822,0 8296
11 651 | A0T.0 | 8242 | 433.5 | 83003 | -B43)3 -B51.4
12 TT5.9 . 541.8 | -B5L.E | -358.1 | -B423 ST11
13 701.3 | 4384 | R5T.S ! BBS.3 | 748 | -8YHB BEB.B
11 8026 | 8518 | -87% 8829 | -8B9E | 8845 9041
15 81,8 | 863,58 | 8847 | -896,0 | 0030 | -wo7.® aL7,7
16 8222 | 8746 | 8060 | -907.6 | D14% | -DI9L6 929,7
1 -R30,7 | 8844 | G062 | -917.8 | -9251 | -930.0 -040/0
18 838,6 | 8932 | 9152 | 926,80 | b54E | -B39.0, 84900
19 8458 | 9011 | 9382 | 93409 | 9121 | 9460 0667
2.0 852,4 | 008,72 | -030,3 | 941,9 | 9490 | J9EN 963,3
2.1 -858,5 | 0147 | 9367 | D482 | -055.1 | 959/8 9690
9.9 864,2 | 08008 | 94214 | D537 |. 960,56 |L-OBL,9 973'8
2-3 -869,5 | 9250 | -94T.5 | -058.5 | 965,14} 060.4 97T.0
24 B74,5 | 93008 | 5201 | D6208 | 0692 974 98103
“es | 8789 | 9352 | -9se1 [VYREAOTRRBRTITYRUE: 984,3
2.5 -883.1 | 939,23 | 0588 | -970.0 [ \9v58 | 979)7 “988.8
a7 -287,1 | 9499 | 9631 | 9730009786 | -0822 -9BE,8
2-8 890.8 | -946.3 | 966,1 | 9758 [*-9B1.0 | 9844 9906
3.9 #94,3 | 04004 | 9687 | DTS, | -9%31 | 8863 2921
‘3.0 -897,6 | 9523 | 97,2 | #9800 | -985.0 | -988,0 093,39
31 9007 | 95419 | 9732 J\81e | bBEe | -0R94 -094.4
- 3.3 9036 | 957.3 5.3\ 98305 | 9880 | -990.7 -005.3
3-3 -D06,3 9596 | 97,1 U850 | -089,3 | 9918 9960
31 9089 | -BELT &8 | 9%6.4 | 9904 | 99208 908,
35 9114 5 963,64 (80,3 | 9876 | 9014 | -093.6 997,1
3.6 13,8 | Q65.4/N981.6 | 9886 | 9922 | 9443 -997.8
8.7 16,0 967.(\. 082,90 | 9894 993.0 9950 37,9
a3 1801 | -9gB8%[ -08il0 | -Dod’d : : 0083
39 920,1 | -9TRY 985,0 991,%2 | -594,3 | -B98,0 -998.5
40 922,0 AN9714 | 926,0 | -901.0 | 9948 | -096.4 -998,7
41 92304 \9r2'1 986,09 | -992.6 | -D05.3 | -096.8 -008.9
1.2 925163 " 0780 | -987,7 | 993.2 | 0958 | 9973 -089.1
43 pans”| 210 88,4 | 9037 1| a0r -2
a4 AN 0 | 8760 989,1 994.2 ’ 997,7 999,3
45 N 9304 | 977,0 | -089.8 | 9946 | 9968 | -997.9 ~099,4
48 D3Le | 917 | 990.3 | 9oa0 | 0073 | 9982 999’5
17 933,31 | 4788 0009 | 9953 | -997.3 | -998.3 D005
4.8 9346 | -979,6 | 9914 | 9057 | 9978 | 0085 2ub.6
19 935,9 | -bs0d | 9%1)0 | 9960 | D978 | -008.6 9997

50 037,2 | 9811 | -992,3 | 0083 | - ;

51 9384 | 9818 ; 8027 | 9965 ‘gg?jg 333:3 Doy s
52 9385 | -ga@s | 9931 | 9967 | 0983 | -909°0 099,38
53 90,6 | BRI | 0934 97,0 | 9984 1 90 8
54 9417 | 9837 | 99308 | 997,z | -98805 | 900’2 auh;8
55 942.8 | -984,2 | 9941 | 997,83 | 9986

58 D438 | 48408 944 | 4075 | o8y 333’3 3333
5.7 9447 1 9853 | 9946 | werl7 | gowls : 9999
58 | ‘9487 | 985% | 4949 | vo7i8 | 9psls | -099d 99,9
59 946,6 | 986, | 9951 | D979 | 900D | 9995 598,9
6-0 9474 486,7 5,4 -998,1 499,1 999,5 -399.9
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12 ¢ 13 14 15 i6 17 18 19
13 14 1s 18 17 18 19 20 L @ ¢
500,0 | -500,0 | -500,0 ! -500,0 | -500,6 | 500,0 |*-500,0 | -500,0 ' .
3300 | -539,1 | -589. | -530.2 | -539.2 | -630.2 | 539, | 5393 gggg ggg’gg?’g 3.'}
3776 | AT | -BTT.8 | BT | 5730 | -GTRL | 5781 | -5T8.2 | 5782 | 57818507 | 02
81578 | 6155 | 8157 | 61520 | -B16,0 | 6161 | 6162 | 616,32 | 6144 7,001, | 0-3
6510 | -B522 | 6524 | -652.8 | 65,2 | 6529 | 653,1 | ‘6532 | 6533 | 6554217 | 04
696,9 . -697,3 | -687.6 | -687,8 | -688,1 | -688,3 | 8854 | B )
3202 | 72008 | 790 | 7213 | 72105 | 7218 | -72200 -73315 L ?g}.’ﬁ%’g\ o
7514 | 7510 | -T5%.3 | 1527 | -75310 | 753.3 | 7A3.6 | 7538 | 1540 | -158,036.8 | 07
TR0 | 7RL0 | TSL5 | 789 | 7823 | 7826 | 782,91 -183,2 | 7834 | -788,14406° | 08
307.1 | 8073 & -80R3 | -808.8 | 8093 | 8097 | 810,0 | 8108 | 810,86 | 815939,8 | 0.9
16,93
831,65 | -832,2 | 832,9 | -833,4 | -833.9 | -B34,3 | -834,7 | 8361 | - “ .
25405 | Rh4d | -B55.1 | -855,7 | -856,2 | -B5G.T | -BST.1 | B5T,8 2223 \-gﬁ’g%’g H
8732 | 9742 | 8750 | 8756 | -876.2 | 8767 | -8I1.3 | -BIT.8 | BTT.A 1.°884930,3 | 13
801.0 | R10 | ‘3027 | -BeSd : -904.0 | -BOLs | 8050 | 89414 | -8pals\|°-0031095 | 13
0086 | 9075 9084 | -909/1 | -909]7 | 9103 | 91,7 | 911,3 | M6 9192483 | 14
920.3 | -9o12 | -029,1 | 9228 | 0235 | -9d4,0 | -924,5 | 925,04 854 | - .
5322 | 0333 | 5340 | 0348 | -035.4 | 936.0 ; 0365 L 331;.; 322;};33;? 13
G126 | 9435 | 0144 | 9451 | <0458 | 9463 | 946,38 | 9278/ GTT | 955ASLE | 17
95105 | @52, | -053.3 | -054.0 | 954,6 | 9552 { 9357 | @561 | 9565 | -964,088,7 | 18
95901 | .35001 | -9600 | -061,8 | -D62.2 | 9627 | 963,2 N083, 0| 9712834 | 19
9657 | -966,6 | -967.4 | -062,0 | 0886 | -p69.1 | -we@ellor0,0 | -970.4 | 077,200.9 | 20
11,2 | 9721 | OTEB | D75 | ATL0 | HT45 | (BTN 0753 | 9757 | -982,136,6 | 21
D759 | A768 | 9774 | 9781 | -DT8.6 | -979,0 ‘9%9,4 -079,8 | 980,1 |- -986,096,6 | 2-2
9790 | -980.7 | 0813 | -BR1,9 | -98%4 | 988 3'3 | .083'5 | 988 | 980.275,9 | 23
08372 : geA.0 | -O84.6 | 9851 | B85S | 9859 |986,3 | -O86,6 | 9869 | 9918025 | 24
-986,0 | -DA6.T | 9BT,3 | -BRT.T | -988 * 1| -989,4 | 993,790.3 | 25
9884 | 9890 | -989,5 | +990,0 | 0903 [¢ ﬁtl%’ﬁg) Cﬁ%%“ . '388,8 | 28
490.3 | 000.9 | -991.4 | 0918 ‘Thnned | o9y | 620 . '538.0 | 2.7
9G2'0 | 9925 | 0979 | 9933 [ -9D3.6~) -993.8 | D041 | 9943 | 0945 | -007.444.9 | 38
0033 | 9038 | 9042 | -894)5 | D945 | -095.0 | HN5.2 | 0054 . 134,2 | 29
994,5 | -084,0 ¢ 0052 | -995,5 [(*995.8 | -008,0 | 996,2 | 996,38 | 9968 | 098,850.1 | 3D
395°4 | 9958 | -906% | 996.3~{\0968 | -096,7 | -996,9 | -00T,1 [ 997,21 -999.032,4 | 31
996.2 | 0985 | -006. | 0070 D -997,2 | -99T.4 | 997,50 | -997,6 | 98T.8 | -999,312.9 | 32
596.8 | 98711 | 997.4 | - 9977 | -087°9 | -995,0 | Do)y | 9083 | 990,5186 | 3-3
997,4 | 99708 | 9978 |, IR0 | 982 | 998,3 | 98,4 | -998,5 | 9988 099.663,1 | 3-4
997.8 | ‘o980 | 0oe.2 hbosa | 9985 | -0es.6.| 9987 | 9088 | -098,0 | 009,767,4 | 34
998.2 | 0os.4 | -9gglp’} -998,7 | -998,8 | 9989 "0 | 999,0 | -999;1 '540.9 | 38
598.5 | 9987 | 008,87 .908.9 | 908,0 | -999,1 , ‘2 | 9b9,3 | -099,802,2 | 37
998.7 1 0980 ‘339’0 90971 | -990.3 | -999,3 | -999,3 | 9094 | -a09,9077 | 38
908.0 | 9991 ‘o | 9993 | -900.4 | -9BD.4 | 9935 | 9895 | 9998 | 699,951, | 3D
9993 | oo9.5.) 0903 | 099.4 | -o09,5 | 9935 | 000,6 | 9886 | -090.8 | -099,068,3 | 4-0
594,38 3 999.5 | -999.5 | -D59.6 | -999.8 "7 ¢ -D99,7 { -999,7 | 999,970.8 | 41
9994 ;9895 | -499,6 06 | 0907 | 9997 '7 | 9998 | -990'8 | -099,936,7 | 4-2
900,5 fa90!s | -9n96 | -000)7 | -999,7 | -099.8 | 990,8 | 9998 099,34 1 -999,991,5 | 43
999;618-9906 | -599,7 | -909.T | 9898 | 9998 D008 | -$99.8 | 099.9 | 9829946 | 44
£299% | 9907 | 9998 | 0998 | 9998 | -999.8 | -999,9 | -999.9 | 999,9 | -999.996,8 45
9987 | 999’5 | 009.8 | -000/8 | -999.9 | 9999 | 9999 | -9p0,8 | -999.9 | 539,091, 18
Do'7 | 4958 | 099°8 | 9099 | 009)0 | 9999 | -9aw9 | 999.9 | 999,9 | -099,998.7 | 47
9998 | 9008 | 509.0 | -994.0 | -098)9 | 9999 | -999.9 | 999.9 | 99,9 .099,999,2 | 48
999'8 | -999.9 | -009'9 | -509;9 | 9999 | -999,9 | 999.,8 11-000,0 1-000,0 | 999,909,5 | 48
909.8 | -999.9 | -999,9 | 999,9 | -999.9 | 999.9 1-000,0 999,099,7 | 50
2079 99009 | 5990 | one | 099 [1-0000 | 929.0898 | 51
999.0 | 999’9 | -099,0 | -999,9 {1-000,0 - .| -990999,9 | 52
9979 | 90973 | 99979 [1-600.0 999,099.9 1 5-3
999.9 | -999°9 [5-0000 . |1-600,000,0 | 54
998.9 | 990.9 e
8990 11 :
000z 0 . 51
5-8
59
80

NOTE, n=n'—1 is the munber of degrees of treedom used in the estimate of variance.
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Tasrr II. Supplementary table for high values of ¢

n=3 n=4 =5 a=hH n="T =8 ‘ n=5 n=10
¢ =4 n' =5 n =6 ‘=7 n =8 ' =1 n’ =30 n =il

6-0 '] -995,364 | 998,058 | 900,077 | 990,518 | 999,789 | 090,838 | 999,800 | .008934

65 | 996,203 | 908)555 | -BUO;357 | -000.484 | 908,833 | -800)008 999,966

70 -991,007 098:904 | 9699542 | -DIDTRR | -00H802 | 999944 | 990968

75 99? 544 | 999,155 059,965

80 | -bOTBB2 | -p29.338 | -B90,754 | -000,808 | 999,954

g5 1 998 ang

90 [ 998552 [ -090,578 | 999,859 | -999,947

10-¢ | 998936 | -H99,7i0 | 990,915 | D9Y.OTL \

110 | 959,196 : ;

12-0 | -999.377 | 999,862 | -999,965 | A

140 1 999,605 | 909,924 )

16-0 999,735 999,955 . "\

20-0 | -009363 \

24-0. | 9907881 A

28-0 | 599,950 ) . ‘WU |

Liuear interpolation between adiscent entries will give fopr)iéhm ACOUrACY.
TanLe ITT \\
{4

¢ o G o | e t Nve, O, 2 C
0-1 | ©10,023,31 | —-00L,261 | —-001, 207,2 028,49 | ~1-308,5
0-2 | 020,334,2 | —003,616 | —-003, 3%““"# dgﬂgaﬁr @éﬂf‘ﬁ%@@@ﬁ * 135,32% +-144i23 © —1-BL0.E
0-3 | -03L,178)5 | —-004.177 | —-004.5% oara °3-3 | 016,897,1} 176,850 | -254.5% | —1-837.2
0-4 | -042719,3 | —-006.087 | —-005.88 34 | 0131553 [ 1887741  -353)27 | —2-034.8
05 | -055,010,2 | —-008.500 | — 006,97 ’oua’z 3-5 | 010,117.7 | 139,969 | 18535 | —2-752.8
0-6 | -087,877,8 | —-011,505 | —-007,72 X Nooz,6 | 36 | 006878 | 12 497,49 | —2503,1
0-7 | -081.420,2 | ~015432 | 007,98\ 0028 ] 37 | oo Tre2 wég%‘;’ 538,13 1 —2123,7
0-8 | 0850188 | —-019,99% | —007,74 )" 0026 | 3-8 | 004’2523 0RH,640 | 557,33 © —1-025.7
09 | -108,363,2 | —~-025.066 21| 39 | 002,139)7 | -QTLIASE | 556,67 —1-0501
10 | -120985.4 | —-030.246 40 | 002,375 | 058066 | -638.80 | — 4417
11 [-132,380,7 [ —-034,007 41 | 001 . 5 . : -
1-2 | -1a2)14002 | —-08g8 2484 e -381'?32’3 -3%3’%?% bl i %ggg
1-3 § -149.819.0 | —039.583 ) 43 | 0008074 | -028/438 | --416.51 | 1-169.2
1-4 | 155,147,7 | —-037,344) 44 | 000,558,6 | -021.773 | -365.31 | 1-535.3
15 | 157,849'8 ~-03¥ & 45| -000,382,1 016,436 -313,58 1:791,6
18 | \157,951,2 | {026,071 . ! . . .

17 | -155.486,7 | 005,833 i3 | o0 00898 | mares | 1oens
18 1 1eneat.o ml'.:::' 546" 48 | 0001145 006,508 | 176,63 ! 1-946.2
20 1341*!;;?1{6? beite 510000483 | 00nBE| MOy LN
21 924 4 092,473 K . . .

22 | M90LL | 12109 53 | D0o0i0d | 0omass) 0amss| 1498
2-3 | -M2id51.8 148,472 43 | -000,012]2 001,085 047,06 | 1-100.4
24 | -000,8322 | 178,147 54 | 0000076 | 0000713 | 03537 a10.7
25 | -0T9.425.1 | -19%ErT 53 | 000,004,8 | 000,472 | 02547 3799
2-6 | -068,512.4 | 209,710 ; ) .

2 | 0583128 [ 29005 23157 | banoar| oeod0s| arsist o00d
24.] 048,080,8 | 234693 | ~- -580,9 | 58 | -000,001,0 1 000’15 VT4 31405
3_3 ‘ggg,gggg _gﬁ. g-.{g 180,82 | —1-070,4 | 59 100,000,8 000 1%8(?} :333,33 3 g,g

57 —085,59 | —1-572% | 60 | -000,000.3 -000,050 -004,05 -193.9
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MATHEMATICS AND AGRONOMY*

[J. Amer. Soc. Agron. XVIII (1926), p. 703]

THE nature of pure mathematics is such that the conclusions follow inevitably

-{rom the premises and may be said to be contained in them. Consequently, if in
applying mathematics to affairs we reach absurd conclusions, we may\be sure
either that a blunder has been made or that in gome essential point ‘the data of
the mathematical problem did not correspond to the facts. _

For it must be remembered that mathematical analysis deals with abstractions
and that commonly the abstractions chosen are very muchnidre simple than the
facts, either in order to secure a generalized result, or beSanise the analysis would
otherwise become too difficult, _ O L

Thus, even in the ordinary textbook problem’se may have to deal with °
woightless ropes or frictionless pulleys, with bagins which empty through the
waste at a uniform speed regardless of the depth, or bricklayers who work at the
same rate, however closely they may e ¢toadndrngather,

GENERAL CANSIDERATIONS

It may be assumed then thatdFmathematical analysis applied to the inter-
pretations of agronomic experiments has given absurd or inconsistent results, it
is probably because the fact;}ere not correctly represented by the abstractions
with which the mathem‘a\ti'cﬁ dealt. It may, therefore, be worth while to consider
what limitations are Jiniposed by the imperfect correspondence between the
conditions of o e‘x;peﬂments and the mathematical abatractions from which
are eonsbructed?ﬂ%"tables which are used to interpret their results. It may also
be possible tolfind means of designing experiments so that they may be inter-
preted itk ais little error as possible,

I shall'begin by setting out, as far as may be, in non-mathematical language,
the reasons which lead us to use certain tables in interpreting our experiments,
and then examine the conditions under which we are justified in doing so. But
however much it may be desired to avoid mathematical language, it is necessary
to define a certain number of terms accurately, and in what follows the following
words will be used in the sense given below: _

Y. Variable. A quantity that can present more than one numerical value,--
®8- height, birth-rate, the yield of a plot.

* Personal contribution. Received for publication 26 March 1926. I should like to thank
Frof. J. H. Parker and Dr H. Hunter, who kindly suggested that I shouid write this paper,
DrR. A. Fisher, “Mathetes”, and severel other-friends who have helped to clear up the

obseurities of the original manuseript.
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2. Variale. An 1nd1v1dual value of a variable, e.g. 5 ft, 10in.; 19-63 per 1000; .

194 1b.

3. Population. All the 1nd1v1duals under discussion. It should be noted that -

all these individuals need not exist. We may be dealing with a population of all

individuals which could have existed under certain conditions. A populationmay,

and generally does, vary in more than one character. It is necessary to be quite
sure exactly what is the populatien with which we are dealing, and to remember
that our conclusions eannot necessarily be extended to other populations. If, for

example, we have s series of plots from which we deduce that one variély of oats

- will givea higher yield than a second, and all the experiments were parried out in

an exceptionally dry summer, our population would be “comparisenvof yields in’

~ anexceptionally dry summer”’, and without further work it is obvmusly impossible
to draw general conclusions applicable to comparisons of, yields in all summers.

4. Sample. A number of individuals selected to repnesent & population,

5. Random Sample. A sample selected in such away that any individual in
the population has an equal chance of being included’in the sample. It is always
difficult, and often impossible, to discover &nythmg definite about a population
from a sample which is not random.

‘6. Frequency. The number of vanates'eccm'rm%]between any limiting values
of a variahle. WW W dbrauhbl ATy .Org

Clearly; it 1s possible to give a geometncs,l representation of the frequencies
occurring in any sample by settin@out the seale of its variable horizontally along
a base line and measuring verﬁca,lly the frequency on each unit of the scale.

This gives the familiar ﬁguie}eonmstmg of columns of equal Wldth but of unequal
height which is known dg)e histogram.

If the sample is sma}ll we may have such a figure as this:

Shoandl

Each squa,re represents one variate; but if the sample is larger, it will take &
more cont-muous form, such as this:
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As the numbers increase, the tendency is for the outline to become more and
more regular. : ' '

It should be noted that, in practical affaivs, the eolumns of the histogram
must necessarily have a definite width, that of the unit of measurement; this
must be at least the width of the smallest measurable unit of the variable and
is wsually much wider. Thus, although weight can be measured in fractions of a
gramme, the yields of plots are given to the nearest pound or cental.

Nevertheless, we can imagine that if the unit of measurement were to be
decreased indefinitely and the sample increaged without Hmit so as.t¢ become
an infinitely large population, the histogram with its irregular étgp:g would be
replaced by the smooth continuous curve which is known as a fréquéncy curve.
These frequency curves are necessarily abstractions; nd'bodx ever reached one

AT “dbrauli brary.org:

by plotting out the frequency of & s;i,ﬁ:nple, but it is often comparatively easy by
following the instructions of mathematicians who have studied the subjeet to
find the eguation and dr&vv\%}je graph of a frequency curve which deseribes a
population such that a given sample might have been drawn from it by random
selection. While &equéxicsr curves are of many types, the only one to which
attention need here)be drawn is that discovered by Gauss and La Place, and
known variously by their names and as the “Probability Curve” or ‘“Normal
Carve of Em:rr\‘ This curve was reached by supposing that the error of an
observationijs the sum total of an infinite number of infinitely small components
each of Which may be either positive or negative, and it purports to give 1‘:he
frequency with which errors of any given magnitude occur. The following
Properties are of interest:

1. Tt is symmetrical about a middle vertical line—the mean. . '

2. The curve is completely determined if we know the total frequency which
1t represents, i.e. the area between the curve and the base line, the mean, and
tither () the average of the squares of the distances of the errors from the mean,
the mean square of error—called by R. A. Fisher the Variance—or (b) the
average distance of the errors from the mean—the mean error.*

* In view of the fact that some American writers have stated that it doe? now m'llﬁzh mat&er
Whether the probable error be caleulated from the mean square (Bessel’s formula) or the
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3. The square root of the mean square of error is called the “ Standard Error”
or ‘‘the Standard Deviation’’| s.D. :

4. 0-6745 times the standard deviation is called the ““Probable Error”, and -
i such that in this special type of curve one-half of the errors lie within a distance
of once the probable error on either side of the mean. It should be noted that -
apart from this normal curve of ervor, the probable error has no exact meaning. :

5. Tables giving the area of the curve lying between any given error, z, and
either the mean or — oo have been constructed. In these “«” is measured either
in terms of the standard deviation or of the “Modulus™ ¢ (¢ = the 3.p,&%/2) and
the area as the fraction of the fotal area of the curve. O\

* Since an unknown observation may fall with equal probability imanyf equal area
of the curve, these tables can be used to calculate the odds against an'observation falling
beyond any required distance from the mean. O\

6. Many naturalily occurring populations may be dege}ibed very closely by a
" normal curve of frequency, and can then be determixed by the total frequency,
the mean, and the s.n. \\

7. Although many populations exist which.atinot be described by this curve,
the samples which we are able to obtain in{agifonomic work are generally too .
small for us to be sure that the %gl%ﬁgn”theér_ reyresent is not normal.

=8

AT 4T,

8. Even in the case of samples 31" wn' from a. population admittedly not
normal, the means of such samplesibelong to a population (of means) which
becomes more and more nearly xiormal the larger the samples,

It is, therefore, usual to assmie, and in the case of large samples the assumption
can be made without app}'e\xﬁble error, that the published tables of the normal '
curve can be used to calgulate the odds against the mean of the sample differing
by more than any retniired amount from the mean of the population.

It should here };{Q\rémarked that in order to be able to use the tables in this
way there mus@e’_a unit of measurement of the variation (standard deviation,

probable erzory or modulus of error), and thete are two ways in which this can
be arriyed-at. - ' '

Théfizst way is that used by astronomers, routine analysts, and such people
as can repeat observations many times in a standard manner. Working in this
way, they can find & value of the s.p. from some hundreds of determinations of
the same quantity, and they can then use this figure for smaller numbers of
determinations in subsequent experiments, '

The second way is more usual. It is to caleulate the s.p. of the sample and
use this value instead of the s.0. of the population. This has the advantage that

mean error (Pgter’s formula), it may be as well to state categorically that it does matier.
R. A, Flfsher (1‘11 Monthly Notices, Roy. Astron. Soc. June 1920} has shown that the latter
mﬁ‘thcfd 1s equivalent to wasting 12 9/, of the observations, since 100 cases treated by the
first give as accurate & measure of the probable error ag 114 cases treated by the second.



Mathematics and Agronomy 125

at all events there can be no possibility of using the s.p. of the wrbng population,
which, conceivably, might otherwise happen. But, on the other hand, very few
series of experiments are sufficiently long to allow of an exact estimate of the
$.D. being made. _ : _

For the s.p. determined from a sample is just as muach subject to error ag is
the mean, and consequently, if  is to be measured in terms of the 8.. of the
sample, the uneertainty of the conclusion is necessarily increased. iFurther, it
does not follow that the frequency curve of means of samples when measured
in this new unit, which is different for each sample, will any longer be found to
approximate to the “normal”” curve. In fact, it has been shown not to do zo for
small samples, and Student’s tables* have been constructed to meet@ﬁe}mrticular
case of small samples drawn from a population which is itself normally distributed.
* This survey of the foundations on which the applicatiof, of probability to
affairs are based has doubtless seemed long and, I fear, tedious; yet even so, it
cannot be regarded as more than the merest sketch,sand’1 shall be fortunate if
it is even considered accurate by those entitled tg\an opinion on the subject.
Novertheless, we are now in a position to judge how far it is appropriate to use
the two sets of tables, i.e. those of the normal-curve, typified by Sheppard’s,
and Student’s, in the interpretation of agronomic work. _ -

' W"A{"a\f:,(‘iBrau.ljbt'ary.org,in
: A:PPLICATm,’Isﬁ'fo AgrONOMY

It may be assumed that the objact of all agronomic experiments is to find out
whether some change of pr&{téeé iy likely to benefit farmers who follow it. The .
- change is commonly of mahure or of seed, but sometimes of method of operation.
In order to simplify maﬁ@éi‘“s, it is proposed in the first place to desl with a change
typified by the replagemient of one variety of cereal seed by another.

Taking this siQple cage, the following points must be borne in mind when
using the tablegin* order to judge of the significance of conelusions: _

1. The population to which the conclusions are to be applied is one of yields -
of cereals'grown in fields on the large scale. That being so, the population of which
the expetinents are to be a sample must not differ in any essential point from this,
and in particular must be coextensive with the possible large-scale population.

Thus, if it is desired to estimate the result of replacing variety 4 by variety B
Over an area part of which is affected by drought and part not, the experiments
must be spread over land subject to both sets of conditions, and even then it is
best to regard them as belonging to two separate poptlations. o

Similarly, in & variable climate (and where does the climate not vary?), the
Xperiments must be carried over a series of years to correspond to that population-
of large-scale Practice which is spread over the future.

* [Seo pp. 29, 62-3 and 118-20 above. En.]
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Again, there is a disproportionate amount of border in any reasonable size of
experimental plot. This border must either be in contact with another variety
- or with ground nnoccupied by crop. In either case the yield of the border strip -
is lable to be different from that of the interior, so that if the results are to be
applied to the large-scale population of which the border forms a negligible
fraction, it must be rejected. s

Lastly, as far as may be, large-scale methods of agriculture should be used.
Granted that it is often not possible, there is a danger that results may not be
applicable to the farmer’s case every time this principle is departed from, and
every result obtained by small-scale methods should be rigorouqlxghecked on
the large scale before making recommendations to the farmer. o : R
" 2. Generally speaking, but not pecegsarily, the population.of large-scale yields
with which we are concerned is a population of “diﬁ?erppées”, i.e. some such
question as the following is asked: “By how much may we expect the yield of =
variety B to exceed that of variety 4 if they were sowh alternatively on the same
soil in the same seasont” I 7.\

That being s0, it is clear that the observeddifferences will not represent the
true differences even in the sample plots as§wo crops cannot cccupy the same
place at the same time. Observed. differendes will miss the mark not only becanse
the experimental soil and thé%edPEEEREENAN SR by the experiment may nob
be random samples of the soil and weather to be explored, but also because the
actual plots laid out for the tw; {yarieties will usually differ in fertility. This is
one of the largest sources of efrors in field experiments, '

Nevertheless, we are stiﬂ\&aaimg with a sample of differences and it is clearly -
advantageous in this sintple case to do all caleulations in terms of differences.* '

Thigis not to say th?ﬁ Percentages should never be used; that is another method
of substituting onédfigure for two which has its nses, but percentages should be
used with thq@réﬁ.fest care, they are fertile mothers of fallacy.

3. In using‘either of the tables we assume that the experimental results are
a samplgf ?i‘é,wn from a population distributed normally. This is doubtless very
often’wearly true, but the limited number of experiments usually prevents us
from being sure of it. What, then, is the extent of the uncertainty arising from

) * Note ‘that the formula connecting the 2.1, of a difference with those of its comyponents
i8 0% 5= 0-31""0‘“3‘2"430'43'3’ wheve o,_, is the s.0. of A— B and so on, and 7,5 19 the

correlation betwoen 4 and B. Only if r,, = 0 doss this degenerate into what I may call the
astronomer’s formula:

0'?;1_3 = 9'3, +0’§.

In any well-planned experiment r, is high, and there is considerable advantage in cal-
culating the odds according to the correct formula. By considering tho differences at once,
we'avoid all this difficulty of correcting for correlation. I

In sotue American work the taking of differences seems to be considered the essential point -
of what they are kid enough to call ** Student’s Method *, but his old artifice must at least

date back to Noah, who doubtless had oceasion to estimate the comparative appetites of
his male and female passangers. .
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this canse? The answer is, that if we have enowgh data no appreéié,ble error is
introduced, since even if the population is not normal the distribution of the
means of large samples is very nearly so, but with very few repetitions we have
to fall back on the general experience that such frequencies as those of yield's'
are generally not badly represented by the normal curve, and hope for the best.
Fortunately, the approach to normality of the distribution of the mesns of samples
is very rapid, and appreciable errors are not likely o arise from this assumption,
if we are dealing with the mean of more than a dozen repetitions. '

4. Even supposing that an assumption of normality is justifiable, Student’s
tables must be nsed in caleulating from small samples the proba_,bi]ity‘that the
results could have occurred by chance. To use the other method ig'deéfinitely
wrong, especially as it gives too high an estimate of the reliability 6f the results.

5. That being so, the only object in calculating the probablesérror in such.
cases is to compare with other experiments. Even for this plgrﬁoaé it is necessary
with small samples to divide by » —1 and not by » to xgash the mean square.
But indeed “probable errors” derived from only two or ‘tlires cases are so subject
to chance that it is somewhat doubtful whether ?ixseful purpose is served
by caleulating them. For example, if 10 were the{yalue of the ‘“‘probable error”
of a population and values were to be found from samples of two or three, only
49 %, of the values would lie between\ﬁ\&ngg’figmﬁb&%gﬁ samples of two and
but 68 9 in the cage of samples of three,™ '

The use of »— 1 as divisor is also necétsary in calculating a standard deviation
from & largé number of small samples of size n, which H. K, Hayes* proposes
to call the “Deviation from ¢ e\Méam Method ™. ' '

Tt is necessary to remembeha,t the correct formula to use is

o o= Jwass)

.

where d is the deviéﬁdn from the mean of the sample and ¥ “ig the total number
of deviations. ¥When 7 is quite small this correction makes an appreciable
difference. . (" : :

6, Fre@ue‘ﬁéy curves are reached by assuming an infinitely large popult'a.ti.c'n
and an infinitely small unit of measurement, and there is no trouble in imt_tg‘mmg '
an mﬁ“itely large population though we have only to deal with the ﬁni’qe sample
before us. But the unit of measurement must be the same for both, and, therefore,
10t only not infinitely small but as large as is convenient or customary- This is
another of the discrepancies hetween the facts and the mathematics which does
ot matter very much as long as the samples are large, but may make a good deal
of difference when they are small. With small samples the unit of measurement
should be quite small compared with the difference which is being measured.

8, * dj‘ C;?ntﬂ'({l of soil heterogeneity and use of the probable error conceps in plant breeding
UCies® s Ming. Agric. Ezxpt. Sta, Tech. Bul. 30 (1025).
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For example, Student’s table has been made to give absurd results by supposing
that all the values happened by chance to coincide, when the odds became .
infinite. The probability that resuits should have the same value is not negligible
when the unit of measurement is large but becomes vanishingly small ag the ./
unit of measurement is decreased, until, in the limit, the infinite odds only ocecur
infinitely seldom. Nevertheless, when the repetitions are few and very high odds
are obtained by the use of Student’s tables, it is well to consider whether the
result is not due to a value of the s.p. having occurred which is much smaller
than usual, and if this seems likely, to discount the apparent certainty ac¢ordingly, -
' The tables are calculated to give the odds correctly if all the availableinformation
is contained in the sample. If additional information ia available, $uch as that .
the s.. of similar experiments is usually larger, we are quite éntitled to draw ;
attention to it, even though it may not be possible to iftroduce it into the
caloulations. In fact, tables can only be an aid to, anfl Mot a substitute for,
common sense, N4
7. The experiments must be capable of being considered to be a random
sample of the population to which the conclusions are to be applied. Neglect of
this rule has led to the estimate of the value of statistics which is expressed in
the crescendo “lies, damned lies, statistics?. .
Well-conducted expeﬂmentwuaiblﬁ@bﬁfﬁéysﬁ'ﬁpﬁsed to give results which are
random samples of the population of ‘possible differences between the yieids of
' plots sown with varieties 4 and & which could be grown on the experimental
ares under climatic conditions sitilar to those of the season in which the experi- -
 mente were carried out, but\‘frt"must be confessed that in some cases it is only
by courtesy that experimeénts can be considered to be a random sample of any .
population. In. such\cgges the greatest care must be exercised in drawing
conclugions. P \d

Nevertheless, we)tieed not go as far as 8. C. Salmon,* who says: “It is with -
this source oflerror (soil heterogeneity) that Student’s method may entirely
fail”, and p;béiaeds to illustrate this by a comparison of yields in a tillage experi-

- ment eafried out on two plots over a period of ten years. With all respect, I do
not think Salmon credits the user of the method with common sense. For he
supposes that as the result of this comparison it will be concluded that the fact -
that one of the plots gave significantly higher yields than the other will be put

down to the tillage treatment, '

‘A moment’s eonsideration shows, however, that the population from which
the sample was drawn is a sample of differences of yield between these two plots
In all possible seasons; whereas, considered as & sample of difference in yield due
to tillage treatment in all soils similay to that experimented in, it is only one case
from which, of course, no definite conclusions can be drawn either by Student’s

* J. Amer. Soc. Agron, xv1 (1924), pp. 717-21,
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method or any other. If, however, tén repetitions had been made with an
arrangement of the plots whick cowld be considered random, the population sampled
 would have been that of “all similar soils”, and the error introduced by soil
heterogeneity would have been weighed and allowed for by the use of the tables.*
8. To sum up, the experimenis must be conducted in such a way that their resulis
may be capable of being considered to be a random sample of the population to whick
the conclusions are to apply. The unit of measurement must be small compared
with the differences likely to be found, and the replications must be sufficient
(a} to give significance to the mean difference, and {b) to give a sufficientlghclose
estimate of the variability to enable us to measure that significance withacturacy.
And here it may be pointed out that in some cases, could we bat know the
variability accurately, very few experiments would be required ~§6~demonstra,te
significance. If, to take an extreme example, a difference of tenjunits is found
between a single pair of experiments and it is known from ‘other work that in
this case the s.p. of & single difference is likely to bevn the neighbourhood of
two units, a considerable, though somewhat indefinite, degres of confidence
could be reposed in the result. This leads me to guggest that a careful tabulation
and examination of 8.p.’s of experiments condueted at each station might be
very valuable as showing within what limits'the s.D. of a new experiment might
be expected to lie, and what sort of weightttallibegivenstio a result which would
otherwise lack significance owing to want of knowledge of the variability. Useful
though this might be, it is clearly better to arrange the experiments so that we
- shall have sufficient replications~to lead to significance without going beyond
the experiment. itself. N\ '
Elsewheret 1 have drawmp attention to Beaven’s half-drill strip method of
comparing two varietigs 6f cereals—a method which seems to me to fulfil the
necessary requiremqnt§'ivhen but two varieties are in question. Here I propose
to deal shortly W:i‘bli R. A. Figher’s ““Latin square’” arrangement of experimental
plots, This arr@nfgc}ment is calculated to reduce and allow for the error introduced
by soil heterogeneity and is suitable for work on any scale from rod rows or small
recta,nglﬂé.}‘.«ﬁlots up to large-scale plots of all sizes, provided always that the
borders of small plots are discarded or that there is room enough for large plots.
Fisher outlines the method of the Latin gguare on pp. 229 to 232 of his book

* As Hayes (loc. cit.) has also complained that when eomparing different seasons’ yields
Student’s method does not allow for soil heterogeneity, I should like to emphasize 1fhat 1
may be ased to estimate the uncertainty dee to the season or to the scil heterogeneity, or
even to both, provided we are satisfied that the experiments may be considered to belong to
& single population, To eompare mere average yields in different seasons and then to
eomplain that no account has been taken of soil heterogeneity is as if a man were to feed
wheat into & mill and then complain that the resulting meal ““had entirely failed to makeo
oaten porridge”. :

t Biometrika, xv (1923), pp. 271 ef seg.[11].

BFg .
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on Statistical Methods for Research Workers (Messrs Oliver and Boyd, Edinburgh),
and bases it on the following principles:

- 1. If there are contributory sources of variation which are all independent, the
variance of the whole will be the simple sum of the variance contributed by all

the sources. As mentioned above, Fisher defines variance as the square of the
standard deviation, or in the case of errors, as the mean square of error. We may
therefore, for example, be able to analyse a total variance into (2) that part °
contributed by the varieties {of seed or culture) having different yields; (&) that

part contributed by say an East to West heterogeneity of soil; (¢)‘that part

contributed by say a North to South heterogeneity of soil; and (#)-a random

effect of =oil heterogeneity not included in (b) and (¢), which ae\iot random.

2. It is possible to arrange » plots of each of » different \{axj;etles in s square® ;

80 that each row and each column of the square contains qri'efplot of each variety, _;_-j

but that otherwise the arrangement is “random . H@ving done so, we can -

estimate variances (@), (b) and (c), whence by subtractmg their sum from the .'

total variance of the »?* plots, we can estimate Vahance (d), which is now the .

only one which affects the comparison between ‘Ehe varieties,

Fisher’s justification of his method might perhiaps be considered to come under
the head of mathematics, which we have agreed to avoid, so agguming its
.correctness we may proceed“i; llfrla:laiup%

a simple example. N\
Let us suppose that we are tg'test four varieties (4, B, C and D) of & cereal
" by sowing four plots of each it b Latin square. We have to arrange the 16 plots '
80 that each row and colamn bf the square contains one of each of the varieties, °
and yet the a.rr&ngement 13 otherwise to be random. We first proceed to draw
a diagram with four'ro%s and four columus to represent, the 16 experimental
plots. By suitably! a?ﬂocatmg four faces of a die, we can throw to find out which
variety shall oks.upy the left top corner. Let us suppose B. We then proceed
along the top,fow, throwing a die each time, and get ¢ and A. The fourth must
- be D. Ne}it the left-hand column is suitably filled in by D, €, A. Note when
there arg only three possibilities two faces can be allocated to each variety and
when only two, three faces, :
The intersection of the second row and ecolumn can now only be filled by A
or B, and a throw of the die makes it 4. The intersection of the second row and
third colamn may be B or €, and we tind €, the last of the second row is therefore
D

B, and the last column must be B or there would he two (s in the third row.
A . o
C

* Tho actual shape of the Latin square will bo similar to that of one of its constitusnt

plots and may therefore be only diagrammatieally square. This is quite immaterial to the
a.rgu.ment

e the s%jb]ect. by the consideration of
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Finally, the intersection of the third row and second column may be B or D,
‘and a throw of the die makes it B, which fixes the remaining three places.

‘ . B € A D
D A ¢ B
C B D A
A D B C

This, which was actually arrived at by die throwing, is one of the 288 possible
arrangements, and we may further use it for purposes of illustration by supposing
that the yields were those of the 8.E. corner of Montgomery’s* diagram of piots
of Turkey wheat given on p. 37 of bis classical “Experiments in Whea‘t\B}eedmg ”

) The yields in grammes are as follows: ' O
0 Sum of ™ "«, Means of
v TOWE, Towd
B 6817 & 633 A 726 0 835 5861 71526
D 602 A 662 o 640 B 0 2,604 651
¢ 665 B 136 D 830 A B98 2,620 657-25
4 609 D 706 B 79 ¢ 678 N\ 2,783 89570
Suma of o ’\ & )
cols. 2,493 9,787 2,786 2811 10,877
623-25 696-75 696:5 < 8 702'75 (eneral mean
\ 47981
WWW d brauhbl ary.org.j Averago
4= 72 1+ 662 +  B9B 600 Vo 8505 64875
B= 817 + 700. + 73608 + 90 = 2,843 71075
¢ = 683 + §40 B 418 - = 2,666 666-50
D=. 835 + 602 + \630 + - W8 o= 2,773 603-25
_ {8) Varisnee of Columns iy \\"

Taking 2600 aa a working maan,‘the deviations of suma of culumns from this are
(£A07 and the squares 11,440

, R V7187 34,969
: ~,\" +186 - 34,596 .
NY 211 44,521

! - _

T \%tal 477 125,536 .

i o) ‘Deduct  H4TT? = 56,882-25

: N® 68,652-75 - 49 =17,183:1875

'&lwxde by 4 beca,use we have worked with tofalz and we want. to change to means.

(b) Var's'ame Of FOuR
As above, deviations of sums of rows from 2600 are

+261 and squared 63,121
4 4 . ) 16
4+ 249 841
+183 33,489
e 47T 162,487
Total + 477 3688225

Deduct  H47T)2

45,584-76 +4==11,396:1873

* U.S. Dept. Agric. Bur. Plant Indust. Buwud. 269,
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{(¢) Variance of varielies
Deviations of sums of varieties from 2600 are

~ 5 and aquares 25

+243 . 59,049

+ 66 4,366

+173 . 20,820
Total 477 93,360
Deduct  $(477)2 56,882-25

36,476-76 -4 =0,119-1875
{€) PTotal Variance . o :
Taking 680 as a working mean the deviations of the yields of the individual plots are as fq]]\ows:

Yield of plot - 680 Bquared
- 63 3,969 A
- 3 9 ¢(\AN
44 2,118 £\
+155 24,025 >
- 76 . 3,084 (n""
- 18 324
- 40 © LGo0D) ’\'\
+ 20 : 400 &
- 15 225
+ 56 3.136 WV
- B0 2,500:~\ /
- 82 8,724 &
- 71 5,001
+ 268 7 N\676
+110 12,100
-2 " N 4
w.dbraulikr® . Hin
Deduct (3% -5625
68,932.4375

' A\ _

We have next to perform dn)operation analogous to that of multiplying by -
J{nf(n—1)} in the case of,th)Eng the 3.p. from a sample of #. Fisher's way of
doing this is given below in the table of the analysis of the variance:

MY :

Varianee Begreea of Sum of , Standal:d
due to . N\ Sfreedom . squares Variance deviation
Varieties {\] 3 9,119-19 N
Columne. B 17,163-19-
Rowg..\" b 3 11,356-19
(Itenza;nder _ [} 31,253-87 5,208-94 722
“otal 16 86,8324

In the above table the first column is descriptive of the variance arising from

different sources. . :

Woe are chiefly concerned with that entitled “ Remainder”, which enables us
“to arrive at an estimate of the random errors which are not associated either
. with variety or with that part of soil heterogeneity common to whole rows or

columns. The second column gives the “Degrees of freedom”. In the first,
second, third and fifth rows of the table the degrees of freedom merely represent
one less than the number in the sample (4 varieties, 4 columns, and 16 plots
altogether) and are strictly analogous to the »— 1 quoted above. The number
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in the fourth row is obtained by making the first four rows add up to the total

of the fifth. ' .

~ The principle of degrees of freedom is widely applied by Fisher, and the idea
behind it is that if there are a number » of variates of which the mean is used
in the calculation, all bit one of them can take any possible value; but when
n—1 values have been chosen the last one is fixed by the mean, so that only
n—1 variates are free to vary, If, in addition, some othér statistic is used, such
as the 8., only n— 2 of them can be varied, and so on, _ :

In this case there are fifteen degrees of freedom in the total and threemets of
three degrees of freedom are taken up by the varieties, the rows, and the columns,
leaving six for the determination of the variance of the random eggcir.“

In the third eolumn the first, second, third and fifth rows are/the sums of
squares calculated in (c), (2), (4) and (d) above, and the féurth is found by
making the first four rows add up to the last. R4 :

In the fourth column the required variance is given by dividing the figure
in the third column by that in the second and from thiis is obtained the s.p. by
extracting the square root. If this had heen f&gnﬁ from enough degrees of
freedom, we could find the s.D. of the difference’betiveen two varieties appropriate
to use with tables of the normal curve by dividing by ,/§ (the 2in the denominator
being due to the fact that we are to }ﬁﬂgé‘é‘f‘ﬁe‘mgmﬁwgnw of a difference, and
the 4 to the number of replications), whith would give a s.b. of about 50, while
the greatest difference between ‘f,va,r'iéties” is only about 60. Obviqualy, this
would not be significant, as indgf;d}n this example it should not be, the “ varieties ”
being &l the same—Turkey Bed wheat. In fact the significance is even less, as
with only six degrees of freedom Student’s table must be nsed.*

Unfortunately, Student’s tables were constructed some time before the Latin
square was thought oﬁ ‘and it requires some care to enter the table aright.

In the first plaga"{ve have to enter the table under the heading % = 7, one
more than the de@re-e of freedom, since if Student’s table had been headed with '
the degrees of freedom, the headings would have been one less. : _

Secondlys,"to obtain z, we divided the difference (say B—A which is 62) by

the 8.p. x 1—2%“—' in which the /2 corresponds to the fact that we are considering

%

8 difference, the \:‘7/'\/4 to the fact that the original table was constl*uctefi_ §o a8
to give the probability for means of 7, while we only have means of 4. zis here,
tl}erefore, 158 or just under (-5, which if looked out in this table under n = 7
gives P = 0-86, a satisfactorily non-significant result.

* This applies to the tables given in Biometrika, v1, p. 19 and XT, p. 4186; and’i_:hose n ?.he
new edivion of Tables for Statisticians and Biometricians: The tables in Fisher’s Stasistical
Methods for Research Workers and those which are to appest in the next pumber of Meiron -
8re given under the headings of the degroes of freedom. [The Biometriko and Metron tables
8re thaso printed on pp. 29, 62-3 and 118-20 of this volume. ED.]
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Looked at from another point of view we should require a difference between
'_ varieties of not less than 100 grammes, or some 15 %, for it to be worth while R
testing under such conditions as Montgomery’s with only four plots of each
variety.

I have illustrated the method on a Latin square of four plots per side, choosing
& small number so as to maks it easy to follow the arithmetic, but in point of
fact four replications are decidedly too few and much larger squares are recom-
mended. One of the disadvantages of this particular illustration has been that °
whereas usually the variance is much reduced by the subtraction of that@ssociated
with rows and columns, there has by chance been very little reductqujn this case. -

o

The following table gives other possibilities: ~
| ' Nuwber of | Heading of RE$S j
° Number of Number of nzgltg;r ffggs; ?cfr igl‘;g:; gg { & Factor to mulbiply :
varieties | replications | plots calculation | Student’s | ) D by in calonlating 2%
of error tables
AL
' o 27
4 ) 4 i
4 16 6 L \/ ( o )
N\ 2x13 A
5 5 25 12 071 \/(5—,{) ,‘
o\ 3
6 6 38w dbraLg]j:Brar Y .Orgen ,\/ (2 "621) ;
7 7 © 49 \ 30 —_ Use normal curve with
4 18 84 N 48 — { 2 )
PR A
t Number of replica.tiani'\‘ o 1 Three less than the number of replications.

In the last case there'w"ill’ be two replications in each row and column, and care
must be faken that the arrangement is really random, e.g. if one plot of A has
been fixed in a row the chance of filling the next with 4 must be only half that
of filling with \oéb-c}f the other letters not yet represented in the row.

‘.\w.'
) Corvornusion

Q)

To sum up, in planning agronomic expei‘iments use plenty of replications and i
make quite sure that your results are capable of being considered to be a random
sample of the population about which you wish to draw conclusions.

* [I% should be remembered. that this is the z of Student’s original notation [2, p. 17

above] and not the quantity defined by R. A. Fisher and now generally used in the
analysis of variance. Ep.] . :
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ERRORS OF ROUTINE ANALYSIS

[ Biometrika, XIX (1827), p. 151] ~

Iniroduction. Dr K. 8. Pearson, Biometrike, xvim, p. 192, has )given the
moment coefficients of the distributions of range in small sampleg*drawn from
the normal population when the number in the sample Ties. between 2 and 6.
Mr L. H. C, Tippett, Biometrika, XvII, pp. 364-87, had a]:eady provided similar
data for samples of 10, 20 and 60, but Dr Pearson gives\mproved.values in his
Table VIIT which I have used. \ _

These constants provide a means of drawing cumm} which approximate closely
to the actual frequency curves of the distributionefranges, apparently sufficiently
closely for us o use their integrals as probab:hty integrals for the occurrence of
ranges of fairly large size. v dhE Julibrar y.org.in

Thus the real frequency curve for rangein sampiés of two is known to be a half
* normal curve of standard deviation 3f2°g; whereas the Pearson curve found from
the moments is a Type I with equatmn

+ 2\ ’ L D569 x 4569

If they be drawn on th‘e same scale, Fig. 1, we see that for the greater pa.rt of
the way the two cuﬁ% are practically identical.

Assuming then;. As seems likely, that the approximation in the case of the
larger samples‘ls\even closer than in the case of samples of two, we have here &
means of d&t»ermmmg the probability of oceurrence of ranges of given size in the
case ofquite small samples, assumning as always a normal population. Now it is
just in the case of these small samples that most of the tests which have been
proposed for the rejection of observations fail; there is no possibility of finding the
true mean of the population. Mr J. O. Irwin, Biometrika, Xvi1, pp. 238-50, has,
it is true, proposed to use Galton’s differences for this purpose, but on the Othl’:‘l‘_
hand, there are cases in which the true standard deviation of the population 1s
Enown with some approsach to accuracy, and it seemed in such cases Dr Pearson'’s
worl should enable us to reject determinations so widely spread ssto render the
occurrence of the observed range unlikely to any specified degree.

Happening to mention to Dr Pearson that I proposed to apply his work to the
rejection and repetition of analytical results, he suggested that the readers of
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Biometrika might be interested both in the application and, indeed, in a descrip-
tion of the errors of routine analysis from which the necessity of rejection arises,
In endeavouring to fall in with this suggestion, I propose to set out, firstly,
what routine analyses are, and to what sort of errors they are liable; secondly,
the advantages that accrue from a statistical examination of these errors; and,
lastly, the bearing of Dr Pearson’s paper on the vexed question of the repetition
and rejection of results. '
At the outset I may state that, though no analyst, I have been in ¢lose touch
for some years with a routine laboratory, the authorities of which have vory kindly
supplied me with some of their results for the purpose of the present‘paper.

*
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Routine Analysis. The difference between research and routine is fundamental
to the scope of the present paper, and it lies in the relation between the analyst
and his work rather than in the actual process of the analysis. Thus, what is at
one time a research involving concentrated thought and watchfulness on the part
of the analyst may, later on, become the merest routine; every step known and
prepared for in advance, and requiring not the resourcefulness of the chemist of
high degree but the machine-like accuracy of the well-trained assistant.

This is not to say either that research may not make use of routine processes,
as it frequently does, or that routine processes may not form the subject of
research, as they constantly should; yet, broadly speaking, we are not coeerned
with the distinguished chemist who determines the atomic weight of q,fn,element_
to  places of decimals, and has theories about the value of the (» + I}$h—it would
be impertinence to talk of errors in such a connexion. A\ '

No, we are going to deal with the chemist who has to méke similar analyses '
day after day and year after year; with, for example, \the: public analyst who
provides evidence to convict the milkman of watering his'milk; and the grocer of
sanding his sugar; with the works chemist, who méybe spends his whole life in
determining the acidity or alkalinity of solutious, :c)' again, with the assayer, who
must find out which of innumerable samples bfore are payable.

There is often enough little or no-seidhlibdibntepesbgim such determinations,
yet their practical value is in the aggrpgéie enormous; the application of science
to industry would without them be all but impossible.

These people are not so much troubling themselves about the nth place of
decimals; their problem is tQBget’ results as quickly and as cheaply as possible;
quickly, because events may be waiting upon them, and cheaply for reasons that
need hardly be eIabomtgd." :

They must, howeyer, attain sufficient accuracy for the purpose in hand, which
is generally concerfied with the third figure rather than the fourth, and is often
enough satisfied +h the second. Nevertheless without this minimum of accuracy
the analys.isifs:‘vmrth]ess, go that the chemist in charge of the laboratory has to
make hifhgelf very sure that it is reached.

Obviotsly he cannot be sure, unless he has made some determinations of the
error, and he can only reduce his error if he has a working knowledge of the
sources of error. : '

Sources of Error. The first of these, very often the chief of them, is not strictly
a laboratory error; it arises from the difficulty of obtaining & sample in a bottle
which shall represent perhaps some tons, or even hundreds of tons, of material.
This difficulty of sampling provides a convenient excuse for discordant results, but
the wise chemist will see to it that the sample is drawn in & manner which will
rob this excuse of any appreeiable validity. And that is by no means easy: but
the errors of commercial sampling do not fall within the seope of this paper, 80
I do not propose to say more about them here.
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Nor do I propose to deal with the allied problem of subsampling the sample -
which has been received for analysis. This may be in the case of solids quite a "
difficult matter, and can lead to appreciable error unless a suitable technique is
employed. .

- After this, each operation of the analysis contributes its error; F am told that
the standard error of weighing on a balance is about one in two thousand; sll
analyses involve at least two weighings and there are 6ften more. Then we have -
such things as titration, generally contributing quite a small error; transfer of
material from one vessel to another; digestion at a uniform temperaturegfiltration,
incineration, and so forth; all these add their quota. A\

These errors are not necessarily symmetrical, some of them.involve loss of
material, and for this reason a chemist will sometimes prefer, the higher of two !
results. ~ :

 Perhaps a description of & very simple analysis may illﬁétra,te the kind of thing
that happens. Let us suppose that it is required tg dstimate the percentage of
moisture in a sample of grain, not as part of a reseafch but for the commercial -
valuation of & large bulk in a ship or warehquss; it will very likely be one of &
namber of analyses the results of which will"o# required by the next day. -

Firs.t, 13he sample is s“b%iBlﬁﬂpﬁHL}%T?%' hed portion of the ground-up
material is put into an oven on a small tray. The oven is kept at a constant
temperature for & fixed number of. hours, the tray is then removed, cooled over
concentrated snlphuric acid and{@uickly weighed. The loss of weight is taken to -
be the moisture present in thé"Weighed quantity which was put into the oven.

Here we have the errors’of subsampling, grinding, two weighings, and of
driving off moisture by Heat; hardly any one of these operations is as simple as it
sounds. The grinding)fer example, whether done in a mill or with a pestle and
mortar, leaves material on the grinding surfaces; this material iz not the same as ';i
the bulk but igxemposed of the finer or more adhesive part of it. It is, therefore, g
necessary t0\grind and throw away a small quantity before dealing with the
portiop\wh’ieh is to be weighed. Then we have the fact that organie mater
exposed to the atmosphere, generally if not always, tends to get into equilibrium
with themoisturein the air, hence both grinding and weighing must be done rapidly.

When in the oven the loss of weight will depend not only on the exact tempera-
ture and time, but on the ventilation of the oven and the number of samples in it.
Nor is all the loss necessarily moisture, carbon dioxide may either be formed and
lost by oxidation, or be lost by splitting off from some already oxidized compound.-
We may even get the estimation too low owing to an increase of weight due 0
absorption of oxygen. :

' (_)f course, in a research one would work in an atmosphere of nitrogen and +
weigh the moisture absorbed by phosphorus pentoxide, determining one sample
at a time and weighing at intervals until the weight became constant, but routine

e
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analysis has neither time nor money for this: it has to rely on keeping the con-
ditions constant. The most it can do is to check an occasional resnlt by the more
lengthy method. _ .

All this sounds as if the results would be very inaccurate, yet it is not so. The
moisture of grain, lying between 10-20 %, can be determined with a standard
deviation measured in percentage moisture of about 0-2, or 1 part in 500.
Naturally, different laboratories, using different ovens set up wnder different
conditions, do not necessarily agree with one another, but they will probably agree
to this order of accuracy in their relative estimates when comparing different
~ samples, and that is usually what is required. KQ

We now come to a phenomenon which will be familiar to those'who have had
astronomical experience, namely that analyses made alongsideone another tend
to have similar errors; not only so but such errors, which I m@ﬁ call sermi-constant,
tend to persist throughout the day and some of them thronghout the week or the
month. N\

Why this is so is often quite obscure, though, ©statistical examination may
enable the head of the laboratory to clear up largesources of error of this kind.: it
is not likely that he will eliminate all such érfors.

The chemist who wishes to impress his\clients will therefore arrange to do
repetition analyses as nearly as PosIbEb 8 Ehe pxrBatitne, Dut if he wishes to
diminish his real error he will sepal;dtfe them by as wide an interval of time as
possible, Here are some exa,mp{es:

In 1905 a quantity of mat{fia}l wae taken, mixed as well as possible and stored
in Winchester bottles. Samﬁles were taken from these and analysed daily between
the beginning of April and-the end of August—100 in all, This, though ;%tatistica].ly
speaking a small saniple, represents an amount of work which a routine chemist
will not easily be-persuaded to undertake.

At each anpalysis seven items were determined and of these 1 have now
examined five: all are troubled to a greater or less extent by semi-constant errors,
as is mosh gasily shown by a comparison of twice the variance of a single analysis
with ohe that of the difference between consecutive observations: if the arrange-
ment were random they would of course be the same within the error of random

sampling.

TABLE 1
. Correlation
Iteﬁn Twice Variance of between con-
. variance difference secutive analyses
IR H AR
] 2.90 : 1-60 . +0-27
: 0625 0434 r031
3 0-0748 0:06068 +0-19
.4 0171 0157 : +0-00
: iz Bt _sow |
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Of course, not all of these correlation coefficients are individually significant,
but they are iflustrative of a general phenomenon. I do not recollect having met
with a case where the correlation wag negative.

The two top lines of dots in Fig. 2 give the individual analyses of items 2
and 3, the latter of which gives the percentage of moisture in the samples. The
lines across the diagrams show the mean values of these.

I will now give another case of a routine analysis repeated in a time series.
Here, as a check on the accuracy of the estimation of nitrogen by the Kjeldaht
method, a determination of the nitrogen in pure crystalline aspartic acid was made
about once a week from 1903 to the present time. The method is a sténidard one
for the determination of “amine’” nitrogen in organic matter. A weighed quantity
of the substance to be analysed is digested in strong sulphuric agidiwhich destroys
the organic matter and converts the nitrogen into ammoniuu sulphate. Excess of
alkali is then added and the nitrogen distils over in the £61in of ammonia snd is
caught in a measured quantity of acid, where it is es{ima,ted by titration of the
excessive acid with deci-normal soda. 4D :

Of course the amount of nitrogen in a crysta’llilﬁ substance can be caleulated
within narrow limits and the third row in Fig, Egiires the calculated (as a straight
line} and the actual {as spofs) since 29 April}]. 924 up to the end of 1928.

At first the results were all too 1%/ BREHE AU Bi"the process were under
examination and the later estimates have risen and the variance has decreased
owing to improvements which havebeen effected : simul_ta.neously, the time taken
has been reduced by half. ch‘.a?bout six monthg before the beginning of last
November the results were}em&rkabiy good; one could have calculated the
atomic weight of nitfogeg'frbm the mean with an accuracy which would hardly
have disgraced research)but there has since been a falling off, the average of the
last seven being ratherover 1% too low. Thisillustrates the sort of difficalty which
arises in routine’aiialysis, for no one is conscious of any alteration in method, nor
has a close sefirch revealed the caunse of the change.

The e;rai'gta,tistiea which I have cited up to the present have all been obtained
by the Iabé)ratory in the course of investigation into, and control of, its error.
I am now going to give some figures taken from some published analyses which
seemn to e to show that similar *“semi-constant”” errors probably exist in another
laboratory; it would surprise me.to find any laboratory without them, but it is
only by chance that they become apparent unless they are de]jberat-ely sought for,

The analyses are published in the Report on the Sugar Beet Experiments 1925,
“issued and distributed without charge by the Department of Agriculture of the
Irish Free State. - ) )

These experiments were conducted at 424 farms, all the twenty-six counties
being represented, and the comple'te programme, congisting of two plots of each

of four varieties, one top dressed with nitrate of soda and one not, was successfully
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carried out in 163 cases, in another 190 it was found necessary to top dress all the
plots, and the remaining 71 cages fell through for one reason or another. It is
the 163 complete results with which I propose to deal.

It will be seen that each farm produced eight different lots of beet and as each
of these was analysed to find the percentage of sugar we can average the figures to
get the percentage of sugar for the farm. Further, the date on which the analyses
of each farm were carried out is given in the report, and in Fig. 3 are given the
averages of analyses made on the same day as central points with lines extending
upwards and downwards showing the extent of twice the standard deviation of
the mean of the number of analyses, ranging from 8 {(one farm) to 96 (gwelve farms), - :

which were made on that day. <\ _
K .
—-20-0 \V/ =
sn\‘
e 19-0 : —
_ ] wiw gl I:Fl’l'ii’l’ By ylorgin
L 18-0 - : J -
";"
N . 4
L 17-0 1 119 -
. 454 .
4 11 I\
o | _ : _ B
. A
—15-0 ' . _ —
IR NN N NN NN SR N AN ERE N R RN
312 4 6 810121416182022242628302 4 6 8 101214 16 18 20
135 7 9111315171921232527291 3 5 7 9 11%34156175;931
OCTOBER NOVEMBER ' DECEMBER

Fi1a. 3. Means of Daily Analyses with kines showing on each side of the Mean twice the 8.p. appropriate
to the Number of Analyses made on any given day. The 8.b. is derived from the total observations

by the formula 1 8a -ap
o=V (sen)

where g=average of a farm,
& =mean of a day's analyses,
#=number of farma analysed in the day.
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1t is obvious from an inspection of the figure that there was a distinet rise of
sugar between the beginning and end of November, which is doubtless due to the
gradual maturing of the roots, but it is not easy to account for the marked dip
shown by the analyses carried out on the 5th, 7th and 8th of December, on any
other supposition except-that of laboratory error,

The thirteen farms, the produce of which was analysed on those dates, were in
five counties, so that the roots were sent up by five different men and may be
considered a random sample of the material to be analysed in the early part of
December. It has been suggested that the loss of sugar was due to the aetion of
frost on the roots before they were drawn from the ground or whilst(in, transit
. from the farms to the State Laboratory. From inquiries which I ha¥é made I am
satisfied that the lower sugar content is not attributable to sugh-aétion for such
frosts as were experienced did not apparently affect the leaves{Jot alone the roots,
and the packing of the beet to ensure its arrival in fresh condition at the laboratory
obviated any possibility of freezing in transit. \

I have also been informed that beetrocts lose sug'g}r\ ‘when they are clamped.
I am assured, however, that none of the samples .t’c}Whjch the report relates was
pitted or clamped but that each sample of roots.was washed, topped or crowned
and dispatched to the laboratory immediateljafter being taken out of the ground.
The roots were forwarded by pass&ﬁéﬁﬁﬁﬂ%’%@’ ¥ 8dBure quick transit, were
unpacked immediately before the a.“naljféis was commenced and, as & rule, the
analysis of a sample was completed within twenty-four hours of its receipt in the
laboratory. It seems likely, theréfore, that the low results were due to errors of a
similar nature to those whigh were observed in the other laboratory.

To embark on a long 88316’8 of analyses in order to determine error is always a
considerable undertakingand is often impossible owing to the tendency of organic
substances to chang§{~“’ith time: added to this, unless special precautions are
taken, such as wg%ﬁake:_n in 19085, the operators may, in spite of themselves, be
more careful W‘hen analysing special samples of this kind, so that the series may
not represmjﬁ,\ & random sample of analytical errors.

It is (;onfrenient, therefore, to take advantage of the fact that important
analyses are often repeated as part of the routine and to csleulate the standard
deviation of the error from the differences between pairs by simply dividing the
variance of the differences by 2 and taking the square root.

I give in Table II the standard deviations of errors of the items 1 to 5, the.
variance of which I gave before, but having in addition further determinations
made from the differences between 100 pairs analysed in 1925 and in 1926,

The standard error arrived at in this way is that of analyses made within a
comparatively short period of time and does not take acecount of the variation of
the “instantaneous mean’> which we have just been observing. It is therefore the
correct measure of the error if we wish to compare such analyses with each other
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Tasre II
Error differences between pairs
. . . 1%5 . —

Tsom P 1005 1925 1026
I 1048 0-805 0-731 0-660
2 0-559 _ 0466 0-386 0-523

3 0193 0174 0-138 0152

4 0-293 0-280 0-326 0272

5 1-640 1-570 2:810 2.120

N\

but is too small if the analyses were separated by a wide interval, (Ou the other. ;

hand, the standard error derived from 100 analyses spread over’ thireé months is
too large when we are dealing with the differences between cgnsecutwe analyses.
The difficulty can only be removed by reducing the secula;‘ Va.na,tlon to negligible
limits. \

Perhaps it wonld be well to illustrate this point in some further detail. Suppose
a merchant to be offered two samples of grain at th\e same price: ag far as he can
judge they are of equal value but he is uncertajn w\z‘hether the moisture is the same.
He gets them analysed and is returned the figte 14 %, for sample 4, and 15 %, for
sample B. If the standard deviation of'the error is 0-2 9, clearly he should
purchase 4; if the error wers @*%intatﬂehlﬂ néE&¥hch matter which he bought.
But observe in this case, as in many- others, he is really only concerned with the
difference between 4 and B, andif he controls the analysis he will get them done
alongside each other so as to.ayoid their being affected by semi-constant error,
and the error of the a,nalysﬁ\mll be about that found from 100 differences.

On the other hand, suppose he has bought cargo of grain and an analysis tells
him that the moisturets'17 ¢/, while it is common knowledge that 17-5 9, is the -
highest moisture af which grain will keep. Here he is not concerned with relative =
but with a,bsolut@\values and the error now includes the semi-constant error, so that
the value deduoed from the 100 analyses spread over g long time is the better.

Ag a aort of coro]la,ry of the existence of semi-constant errors in the same
 laborabary, we find that different laboratories have different constant errors, and
a wise man will always consult the same analyst and not be troubled overmuch
if & second analyst does not exactly agree with him.

I have now, I hope, shown that routine analyses are subject to errors of which .
it behoves the head of the laboratory to be well aware. He may then judge
whether his analyses are sufficiently accurate to bear the weight of any actions . .
which it may be proposed to base upon them, and if not, how many repetitions
will suffice to make them so; he will realize that an analysis made elsewhere is not
necessarily less valuable than his own because it does not agree absolutely with it,
and he will be in a better position to set about improving the details of his
methods than if he were ignorant of the magnitude of his errors.
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I now turn to the particular point raised by Dr Pearson’s paper. It will be
realized from what has gone before that important analyses may have to be
repeated and the same applies of course to those which have given results at
variance with @ priori expectation. Very important results may even have to be
repeated more than once, and it is only natural to regard these pairs—triplets or
quartets—with suspicion if the results are not “concorda.nt”, ie. have a wide
range.

The result is that there is a tendency to make further repetition in such 08888,
to reject discordant results, and to accept the mewn of the remaining observa.t]ons
all the same this instinctive distrust of width of range needs some ]uatiﬁcatlon
and, if justified, some rules for repetitions. O

For if the error were normally distributed there would be'ng ativantage in
rejection; this fellows from the fact that in normal dlstl‘lbllt\lO.l}S there is no corre-
lation between the square of the mean and the variancegimilarly, in platykurtic#
distributions those samples with large variance even tentl 30 have the more accurate
means. Actually, however, many if not most routine analyses have a leptokurtic
error system, possibly because the standard deviation as well as the mean js
subject to variation with time, and insuch cases re]ectlon of outlying observations
improves the accuracy of the mean; apart. from this we are all fallible and the

FAp dbt aulibrary.org.in
procedure takes aceount of blundérs

‘.'

* In case any of my readers may beuifamiliar with the term *'kurtosis” we may define
mesokurtic as *““having S, equal to 3” \WhllB platykurtic curves have f; < 3 and leptokurtic

> 3. The important property which follows from this is that platykurtic curves have shorter
“tails”* than the normal curve of error and leptokurtm longer “tails". I myself bear in mind -
the meaning of the words by the above memoria technicn, where the first figure represents
platypus, and the second kangaroos, noted for *lepping”, though, perbaps, with equal
reason they should be hares!

"BPS 1o
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The following table gives the values of 8, for samples of the ﬁve items of
analysis which I have given before:

TasLe III
Differences be- Differences Differencea
100 analyses of | tween conse- between 100 between 100
Ttem 1805 cutive analyses pairs in pairs in
of 1905 1925 1926
1 31 27 4-8 5-F ~N
2 35 29 82 74
3 2-3 2-6 29 328
4 2.0 27 10-4 1623
b 10-0 5-5 50 ¥l

In this table the differences between the 8,'s of twenty j'{earé. ago and. those of
the present day are rather remarkable, and though awith*small samples such as
these the standard deviation of 8, is enormous I should hesitate to assert that
they are due to random sampling; I am inclined $6/hink that there has probably -
been a twofold change, (1) that the error of the@reat majority has decreased, and

1{Z) that possibly owing to work being carried on at higher pressure there is a
rather greater liability to blunders In thls way the standard deviation remained
much the same but the kurtosis hasr?ﬁémla?sngLﬁe that as it may, the tendency
to leptokurtosis is apparent and repetitions justified except in the case of No. 3,
which, as I mentioned beforg,{indicates moisture. Here the kurtosis of the
difference between pairs is gpproximately “meso” while that of the 100 analyses
appears to be distinetly platykurtic; this is in accordance with another distribu-
tion of moisture deteljr{rihations which I have examined. :

Why this should ¢ I have no idea, but obviously if & normal error were
superposed on an iustantaneons mean which moves to and fro on, let us say, asine
curve, the resghing distribution would be pla.tykurtic: something of this sort may -
have ha.ppe‘ned

Assmmng, however, that discordant observations are to be repeated and if
necessary rejected, it is obviously of advantage to work on a regular system, -
and since we do not know where the mean is I propose to use the range as
follows:

Let W, be the limit at which with a sample of n, the chance of obtaining &
greater range than W, is p (say 0-05), then if w,, the actual range of a sample be
greater than W, repetition should be made. Let w,, be the range of the new
sample including the repetition, then if w, ., < W,., the mean of the  + 1 results
should be accepted. If, on the other hand, w, , > W, , the most outlying observa-
tion should be rejected, and if then the resulting w, < W, the mean of these #
should be accepted, but if not, a further repetition should be made and the whole

" n+ 2 observations examined afresh, and so on until a sample of at least » is



Errors of Routine Analysis 147

obtained lying within the required limits. For example, we may have a quartet
of analyses

22-31 _ ’ W, = 2-4.
23(5) J the values of ¥, for this analysis (8.0, 0-675) being as follows 1}:;: : gs
26-6 W, = 2-8.

Here w, = 38, so we repeat and get 23-9. Then w; = 3-8 and we reject 22-8
leaving w, = 3-1. We therefore repeat again getting 25-5. Then we have wg = 3-8,
wy = 31 (rejecting 22-8) and w, = 2-5 (rejecting 26-6). Still another repetition
gives 25-0 and we reject in turn 22-8, 26-6 and 26-0, leaving 23-5, 23-9, 25-0 and
25-5, with a range of 20 and an average of 24-5 which we accept,. "%/

To obtain I, the eurves giving the frequency distributions of range for samples
taken from a normal population were drawn from Pearson’s. gonstants and the
limits at which p is 0-1, 0-5 and 0-02 were determined, This gives us limits for
samples of 2, 3, 4, 5, 6, and between 6-10 we can interpolate with the aid of
Tippett’s values for 10, 20 and 60. W, is of course given'in terms of the standard
error calculated from samples of analyses such as{I*have instanced above.

TasLe IV
P n__a[iaf\m",fj ij‘giiﬁl;‘_@ggy.m g-ing =002
W, 23 3 2.9 33
W, 2.9 34 38
W, 33 36 41
Eole@ | B 8
W B .7 +| ua
w e 41 45
Wy 3-8 43 46
W, 3.9 43 4-7
Wio NG 41 &5 49

Fig. 4 gives a g‘sirfﬁarison of the distribution of range in samples of 4 calenlated
from Pearson’s\constants with the actual distribution in samples of 4 which
oceurred in 'Ishé'ordinary course of business when an important series of analyses
was beméfﬁade: the item was that which I have indicated as (1} in the tables
of this paper, ' - '

Tt will be seen that while the general shape of the curve gives a fairly good fit
(P = 0-13 for 5 groups) there is excess at the tail end, showing the leptokurtic
nature of the distribution and the advantage of repetition.

To recapitulate, routine analyses are subject to errors of which an estimate can
be made either by a special analysis of a comparatively large number of samples
of the same material, or by considering the differences between pairs which oceur
in the ordinary course of business. Owing to the fact that there is usually a
secular variation in the error these will not in general give the same result and

. care must be exercised in the use of the standard deviation obtained. ¥rom such
* 10-2
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. determinations of error combined with certain factors obtained from Dr Pearson’s
paper on the range of small samples, we have derived limits at which repetitions _
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should be made and beyond which outlying observations should be rejected.
A rule is given for the application of this procedure, but it should always be
remembered that such rules are to be regarded as aids to and not as substitutes
for common sense.

I should like to thank the authorities in charge of the laboratory who have
allowed me to use their figures and several friends who have helped in the prepara-
tion of the paper, particularly ““Mathetes”, who has computed the equations and
drawn the figures for me. I am further mdebted to Dr Hinchcliff of the Free
State Department of Agriculture, who supplied me with information a.bout the

sugar beet, Oy
. \. iy
% 4
N
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YIELD TRIALS
[Bailliére’s Encyclopeedia of Scientific Agriculiure (1931), p. 1342]

It is quite easy to produce new hybrids; from a single cross fertilization between
two varieties of a cereal one can select thousands of strains, differiig more or
less in some character from all the others. Whether any partlcularst‘faxn is worth
preserving will depend upon many things, but among them oné is indispensable:
the yield must be sufficiently high to make the crop profitable:~\

Similarly new manures or combinations of manure’@re continually being
proposed, and the one condition of their use is thap ¥he increase in yield which
they provoke must be such as to pay for the c0st,0f ‘applying them.

As improvements are nowadays not likely to be :%ry great, it becomes necessary
to estimate comparative yields very closely, and this is not as simple a matter
as it may appear at first sight.

In the case of selection of s,tca,mﬁ;ei'.higlﬁyye&dgthe difficulties are of two kinds:
(1) That similar envircnmental eond.ttlons of weather, soil, ete., may evoke
different responses in strains, even though nearly related, of the same race; one
may be better snited than another by a light soil, or a dry summer, and so on.
(2) Quite apart from chaa‘a\{@mstles of this kind, the soil on which the plants are
grown is never uniformpgo that differences in yield arise which have nothing
to do with the straing/which are being tested. Similar considerations apply to
manurial and other trials.

Clearly, d1ﬂ‘§j11tles of the first kind can only be surmounted by repeated trials
in many seasgns and in all relevant types of soil and situation; but until we have
arrived at some method of estimating what error is introduced into our con-
clumomby difficulties of the second kind and of reducing this error to manageable
dimensions, we are not in a position to say whether observed differences in yield
are due to the different strains, to their differential response to their environment,
or merely to chance variation in the soil on which they have been grown.

In what follows it is proposed first of all to give a brief account of some of
the methods of arranging yield trials which have been introduced during the
past twenty-five years, then to indicate the general reasoning which enables us
to estimate the degree of reliance which we can place on our results, and, ﬁna]]y
to work out two examples of the actual calculation of such estimates.

Although it must have been recognized long ago that experiments to determine
comparative yields were not quite stra,lghtforwa.rd the science of planning such
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experiments was not investigated up to twenty-five years ago, and the practice
of the art ig only now becoming general.

It is true that sound results had been obtained by long continued trials carried
out over a wide area with comparatively large plots, notably by the Danish
Royal Agricultural Society and by the Irish Department of Agrieulture (Sfut-
ningsberetning om Maltbyg- og Hvedeudvalgets Virksomhed Vedrovende Byg- og
Hvedeavlen, Chr, Sonne, Foredrag i Det Kgl. Danske Landhusholdnings-Selskab
den, 1 April 1903; H. Hunter, The Barley Crop, Ernest Benn, London), but, on
the other hand, there was a tremendous amount of energy wasted on experiments
from which, as we now know, it was impossible to have reached religble con-
clusions. . O\ '

To obtain decisive results in this way it is not only necessafy)to work on a
very large scale (in the Irish work Archer and Goldthorpe barleys were compared
fifty-one times over a period of six years), but the differences to be determined
have to be comparatively large, for a single one-acre pTc;t must exceed another
by at least 25 9, if it is to be considered significantly better.

It was not, however, until 1910-11, with the publication of papers by Stratton
and Wood, Mercer and Hall, and Montgomery, (T>B' Wood and F. J. M. Stratton,
“The interpretation of experimental results”, J. Agric. Sci. vol. m1, No. 4;
W. Mercer and A. D. Hall, “EI‘\PMW&%%‘- ﬁﬁld trials”, J. Agric. Sci.
vol. v, No. 2; E. G. Montgomery,  Variation in yielﬁ and methods of arranging
plots to secure comparative resultd™y Nebr. Agric. Expt. Stat. 25th Ann. Report,
and ‘“Experiments in wheat bfeeding”, U.8. Dept. Agric. Bur. Plant Indust.
Bul. 269), that the real difficulties of the problem became fully apparent. Each
of these papers dealt with the yields on the component parts of an area of land.
Stratton and Wood de@’l‘iﬁrith & acre of mangolds in plots of 15} acre; Mercer
and Hall with 1 acrgbf wheat in g3g-acre plots, and also with 1 acre of mangolds
in s15-acre plots;Montgomery, for two years in succession, with wheat grown
on the same ,ég\x"cre and harvested in 7y-acre plots.

‘In each.dase the area was chosen as being particularly uniform in appearance,
in ea,ghséa?;e the yields showed unexpected variability. Further, this variability
was no¥ random (see section on Randomness), nor, on the other hand, was it,
except in the very slightest degree, regular. There was, it is true, a general
tendency for plots at one end or side of the area to give higher yields than those
at the other, but the “contours of fertility’”, though they existed, showed no
exact parallelism {unpublished work by R. A. Fisher). :

This suggested at once, firstly, that great accuracy would be obtained i_f plots
whose yields are to be compared werg sited closely together so that chance
variations in the soil fertility should be shared as equally as possible; and,
secondly, that to obtain this close siting the plots must be kept as small as it is
convenient to work with, especially if many variants are being tested.
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But, besides convenience in working, there is another limit to the smallness
of experimental plots.

‘This is due to the fact that the outside of a plot does not represent a field crop,
gince it is in contact with plants of some other variety, or subjected to another
method of treatment, and experience has shown (T. A. Kiesselbach, “Plot
competitioh as a source of error in crop tests”, J. Amer. Soc. Agron. vol. X1;
E. 8. Beaven, “Pedigree seed corn”, J.R.A.8.E. vol. Lxx, 1909) that plants
- growing alongside one another are in strong competition for both food and light.
Nor can this difficulty be overcoms by leaving unoccupied space hefween the
plots, for even in this case the outiside plants are only representative of the
outside of a field where the plants are able to get excessive nouri‘shment and,
of course, the outside forms a small part of a large field, but‘a very sensible
proportion of a small plot. It is, therefore, necessary eithér o have the plots

so large that the “border effect” is negligible, or to dlsca,rd the outside rows and
plants from the portion which is to be weighed. A

The first system of yield trials based on a realization of the foregoing facts was
Dr Beaven’s “chessboard” system of square yard plots (E. S. Beaven, ¢bid.;
“Student”, “On testing varieties of cereals’, Biometrika, xv, pp. 271-93 [11]},
which was, in fact, in use at Warminster,in-1909 before the publication of the
three papers which have beemui‘sedbljguh‘bl‘ary,org.in .

This system, which has become thq'af]andard method of comparing the yields
of varieties of cereals under wirg/oages, derives its name from the fact that the
plots are square. Each squa,l;q'rﬁeasures 4 ft. along the side, and in it are sown
eight rows of seeds at 6 in. Between the rows, the seeds being planted 2 in. apart
in the rows. At harvest{liowever, the two outside rows are rejected, and also
plants in the 6 in. at bgth ends of the other rows. Thus mterference with neigh-
bouring varieties id reduoed to a very small amount,

The a.rrangeﬂ\ént of the plots in the experimental area merits attention, and
should fulfil the following conditions:

(1) The mean position of each strain tested should be the same, to counteract
the effects of a possible “ fertility slope””.

(2) Different plots of the same strain should be spaced so as not to be needlessly
close to one another; each strain then shares as far as possible in the casnal
vicissitudes of the experimental area.

Beaven’s own arrangement was as follows:
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the panel of forty plots beimg repeated as often as is considered necessary,
generally, in his case, four times. '

It will be seen that this evens up a fertility slope across the panel, but that the
earlier letters are more to the left than the later by a small amount—A4 averages
25 of a square to the left of the centre line, H the same amount to the right of
it—and to correct for this, the present writer has suggested that alternate panels
should be reversed, H being written for 4, and so forth. This contravenes con-
dition (2) at the places where the panels join, but not to a very serious extent.
- Even so, this arrangement has been eriticized on the ground that a regular pastern

makes it impossible to assume that the error of estimation is random,

Be this as it may, such an arrangement has two solid advantzz:g‘es\for this
particular purpose over partly random or controlled random arrangements, such
as Fisher’s randomized blocks or Latin squares which are{described below.
These advantages are: (1) that the chances of mistake aredessened by a regular
gystem, and such niistakes have been known to oecur ‘even with the most
experienced workers; (2) that the use of such plots for observation purposes is
very much facilitated by the ease with which a Rartk{ular strain may be picked out.

The chesshoard arrangement has been of‘great practical gervice in testing
barley hybrids, and, in fact, the two varigties of barley most popular at the
present time in the British Isles, thgﬁﬁ%ﬁﬁﬁﬁ%?@ﬁﬁmttﬂmher {see Barley),
were both tried out in wire cages in thig way, and found to be superior to their
competitors before proceeding to trial on a larger scale. :

On the other hand, selectiong-which have proved successful in the cage have
not always succeeded in the\éeld, though this is probably due to the fact tha,tl
there is a difference betwedn horticultural methods such as are there used and
the ordinary procedurp.of’agriculture. ¥t may also be due to the wire covering,
and experiments whislr Mr M. Caffrey is conducting at the Royal Albert Agri-
cultural College {(lasnevin, Dublin, in the open, may throw light on this point.

Before considlering large-scale work, it is necessary to refer to “rod rows”,
i.e. plots consisting of a single row of plants one rod in length, These have been
used la.rfg%if in American work (H. K. Hayes and A. C. Ay, “Experiments in
field technigque in rod row tests”, J. Agric. Res. X1, p. 399), but in their original
form, though, of course, very convenient for purposes of observation, they are

nearly useless for the determination of yield even when replicated many times.
This follows from the fact noticed above, that the yield is due not only to the
inherent quality of the seed, but also to the vigour or lack of vigour of its
neighbours, _ : .

In a modified form, where three or more rows of the same variety are grown
consecutively, and the outer rows rejected when determining yields, but retained
if necessary for use as seed, the rod row system can give useful results if sufficient
replications are made. Even so the area wasted by rejected border &rqounts t?
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a large proportion of the whole {67 9, with three consecutive rows, 50 %, with
four, as compared with 44 %, in the chessboard), so that the method is not
recommended, except as a rough test at the stage where a large number of strains °
or hybrids is to be eut down by wholesale discards, while at the same time as
much seed as possible is wanted for those selected for further trial (F. W. Hilgen-
dorf, “Plant breeding methods results”’, N.Z, J. Agric. March 1928).

LarGE-ScaLE WORK ~

Beaven’s Half-Drill Strip Method. We now come to methods af\carrying out
experiments on an agricultural scale, and here, again, Bea.ven\ has introduced
& method which takes full advantage of the light thrown on, the problem by the
papers cited above (E. 8. Beaven, “Trials of new varietiesiof cereals”, J. Minist.
Agric. vol. xxrx, Nos. 4 and 6 (1922); “Student”, loeeit.),
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In order to compare ¥ields grown on areas as contiguous as possible, he took
an ordinary seed dmlllof which he put the middle coulter out of action and
divided the seed Box“into two halves. Seed of different strains having been put .
in the two hah@s, the drill is driven down the field, and wheeling at each end, it
sows the stranﬁz as in Fig. 1. At harvest the outside drills of each half-drill strip—
those in, &Dnﬁact with the other strain—were pulled up by hand and discarded
to avmd the “border effect”, and each half-drill strip eut separately. If the two -
strains ripened simultaneously they were cut by a reaping machine, but, if not,
one had to be cut by hand.

Originally a machine was used which delivered a separate sheaf off each
55 acre, but this procedure was criticized on the ground of lack of randomness,
and was afterwards found not to be necessary, the gain in the apparent accuracy =

over the plan of weighing only the totals of each half-drill strip not being found
worth the additional trouble. '.

The weight of each half-drill strip is then compared with its neighbour of the |

other strain, and the layout of long narrow plots placed closely together ensures
that the error of the companson ghall he small.
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To compensate for the probable fertility slope the series shonld begin and
end with the same strain, and the following precautions be taken:

(1) The ground chosen for the experiment must be free from periodic changes
of level, such as those left by having been laid down to grass in “lands”, or, if
present, the seed must be drilled across these “lands”,

(2) The drills should run across those of the previous cultivation.

(3) The experimental area should be surrounded by at least one drill of the
same kind of crop as is being experimented with.

{4} Great care must be taken when sowing to drive quite stréight, sogthat the
* “inside’” wheel of the machine may run as nearly as possible in the.game track
ag it made when it was the ““outside” wheel in the last journey irCthe other
direction. _ - L™ :

(5) After harvest the drilling must be checked by meastring the distances
between the outside rows of corn, which may be appretiably different in the
case of the two varieties owing to the horses pullinghnequally, and this will
favour that variety which has the wider gap. A%however, the gain will be -
approximately proportional to the gain in area, dllowance can be made for this.

To avoid this difficulty Beaven now usegha.8pecial drill ag follows (W. H.
Parker, ““ Report on trials of four new barleys”, J. Nat. Inst. Agric. Bot. No. 14

(1925)): A W ,.d'b.i:éuiljbrary orginy

—

T T T S S S N T S S
V3° 6 9 6 6 & o 6 & 6 o 6 5 & v 6 3V
Wheel. \ . Wheel.

As before, the seed box ig divided so a8 to take two strains, but the coulters
are spaced so that between each four rows, 6 in. apart, there is a wider gag of
9 in., enabling each fout’rows to be cut separately.

Half of the sets of four consist of two rows of each strain, end these are dis-
carded at harvest:\the others are thus arranged in the same manner as before
(ABBAA.. B4), and not only have the advantage that they are sown on
equal areag \Jﬁfﬁebher the drill be driven straight or no, but they are also flanked
by two disearded rows of their own kind, thus reducing interference to a minimum.

It wilMbe seen that the half-drill strip can only compare two strains at a time,
and if several are to be tested it is necessary to compare each with a “* control .
This is a serious limitation; nevertheless, the shape of the plots enables the
comparigson to be made with great accuracy. _ '

This arrangement of plots also has been criticized on the ground that it is
not random.

The application of the principle of long and very narrow strips thus introduced
by Beaven for cereals can, of course, be applied to root crops, but for manurial
experiments there would be danger of the benefit of the manure straying to the
neighbouring plot. For these, the plots must be wider, and the method of their
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arrangement has been made a special study by Dr Fisher, at Rothamsted. As
a result he has evolved (1) “Randomized blocks”, and (2) the *‘Latin square”’
(R. A. Fisher, Statistical Methods for Research Workers, Oliver and Boyd,
Edinburgh).

In the former he divides up the experimental area into blocks, which wiil
contain one of each of the variants $0 be tested (varieties, manurial treatment,
or whatever it may be). Within the block the arrangement is random, determined
by some such method as dice throwing. The advantage is that since all the area
of any one block is likely to be more uniform than the whole area, the tri@hwithin
that block will be affected to a less extent by variations in soil fertility than if -
the plots were scattered about over the whole area, and yet the axrangement js
random. The disadvantage is that in practice it may happen t thatthe particular :
random arrangement adopted may result in one strain (or treatment) having
a more favourable mean position than another: in a ;nga.;onty of the random
blocks it may be on the north, and the north end njerefertile than the south,

- Such a possibility is allowed for in the subsequent,talculation, but the general
effect is to introduce an unnecessary increase of ﬂnoertamty into the result: the =
error is larger than need be. {

To meet this Fisher evolved the Latm'Square where the mean position of
each variety is situated in theSAheFRLENEY In¥lEHE it oceur in each row and in
each column of a “square™, repeatmgfﬁhe “gquares”’ as often as may be Tequired.
Thus four strains (4, B, ¢ and D) might be arranged in a square thus:

AN

i$ 3

4 Db ¢ B
£ B A b ¢
&

S b ¢ B 4
N ¢ B 4 D
N\ )

’." i Fie. 2

the actyall pomtmn being obtained by dice throwing with i mcreasmg limitation,
as, for example, after the top row has been fixed no further plot in the first
column can be 4, and so on.

This most ingenious arrangement is ideal from the point of view of interpreta-
tion, but care should be taken not to have the plots so large that they do not lie
closely together, or the error of the results, accurately though it is estimated,
may be so large as to make the experiments inconclhusive.

The Latin square need not, of course, be square; it will be of the same shape

“as any of its constituent plots. Thus, in the case of potatoes, where there is some
evidence (R. N. Salaman, ““ The determination of the best method for estimating
potato yields”, etc., J. Agrie. Sei. xm1 (1923), p. 361) that the “border” effect: is
negligible, the width of each *“plot” might be a single drill, and the length (for
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four strains) one-quarter the length of the field; a number of such “squares”
side by side would doubtless give results subject to a very amall error,

At first sight it might seem that cereals might be tested by a combination of
Beaven’s half-drill strip with the Latin square, but the practical dificulty of the
time taken to clear out the seed boxes after every strip, or alternatively of driving
the drill straight enough to be able to drill in one variety at a time, and then fill
in with the others afterwards, seems to be insuperable, unless a drill with spare
boxes and arrangements for changing them quickly could be devised for the
purpose. In any case, room for tummg the horses would have to be left hétween
the ends of the plots. \

But besides the technical difficulties, it may be impossible to~ uso the Latin
square for lack of room, since the repetitions must equal the nlmfber of varieties
or treatments to be tested. In such cases it is often posmble to use equalized
random blocks,® which enable the principle of the Latin gquare to be used without
the very large number of repetitions. For example, thewiter was able to suggest
an arrangement to a horticultural experimenter, who wished to compare ten
treatments with five plots of each. He was anxm‘us to use the Latin square, but
realized that if he used two Latin squacres the tWO sets of five treatments would
not be properly comparable. \

The proposed arrangement mcluﬂ*ecﬂﬁmtdndmngnhblocks but, whereas the
first was completely random, each fitbher successive block had its randomness
more and more controlled, just ad’each successive row in a Latin square.

It will be zeen that each columh can equally be considered a “block”’ , and that
with one small exception it is.as “equalized” as a Latin square: a. fertlhty glope,
therefore, either in the diregtion of the rows or of the columns, does not introduce
errors, and the error*¢f’a comparison will be correspondingly reduced. The
exception is that qwip\g"to there being an odd number of blocks, 4, D, E, Fand J

N e o E C 4
NOF A & 1 4 i} Bkt
e
~O H J D P E
) B o 7 A o } Block IT
B 1 A G D
£ z 4 A 2 } Block 1T
¢ F B 1 J
4 E ¢ | b B |} Bkt
D A F J B Block
Lo o H g | -g |} BokV
Block Block Block Block Block
1 2 3 4 5
F_m.3

+ T have seen no account of work planned in this way, but it is an obvious application of
Fisher’s methods.
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oceur in the top row of their block three times and in the lower row twice, and
vice versa with the others.
To sum up, the following methods of testmg yields have been described:

On the small scale:
(2} Beaven's chesshoard.
{6} Rod rows,

On the large scale: _ .

{c) Beaven’'s half-drill strip. : ~
Applicable to either large or small scale: A

{4) Fisher’s randomized blocks. N

(e) Fisher’s Latin square and its modification, equa.hzed random blocks.

In the foregoing all reference to two methods—namely, the use of ““control”’
plots, and the estimation of yield from samples taken frem the plots instead of
by harvesting the whole plots—has been omitted.

The former method was never very sat'isfacto;'y\}R. Summerby, “Acocuracy
in field experiments”, J. Amer. Soc. Agron. yol=xviL, No. 3), and it was quite
usual for “‘corrections” based on the “control’™ plots to increase the error of
comparisons: it has now been superseded by the methods outlined above.

- The latter method, on the GthetNgHlRES %6t Vet been fully worked out,
though it appears likely that in some\@ases it will become the ordinary way of
estimating vield (F. L, Engledow, A census of an acre of corn”, J. Agric. Sci.

xvI (1926), p. 191; A. R, Clapk m “The estimation of yield in cereal crops by
sampling methods” J, Agm}\ el XIX, p. 214; J. Wishart and A. R. Clapham,

“A study in sa,mphng teeBnique: the effect of artificial fertilisers on the yield of
potatoes”, J. Agric. S¢i: Kix, p. 600). Care should, of course, be taken to discount
any sources of erro(,,%uch as loss of corn from shattered ears, which may take
place in one va.p%‘y on the large scale, but not in samples cut by hand.

;~\ ¢ "
\\/ STATISTICAL INTERPRETATION OF RESULTS

£

For an adequate exposition of the methods of statistical analysis the reader is
referred to treatises on the subject (R. A. Fisher, loc. ¢it.), but an indication of
how it comes about that we must invoke the aid of mathematics to make the
most of our experiments may not be amiss.

To take a very simple case: Suppose 4 and B are compared in 1927 and 1928
also € and D, and the following results obtained:

1 Year Yield per acre in cwt.
A B C D
1927 20 23 20 2
1928 19 24 21 28
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In each case there is an average difference of 4 owt. between the pairs, yet most
people would probably conclude instinctively that more reliance could be placed
on the comparatively concordant differences between 4 and B than on the
discordant results for C and D. We therefore tend to give weight to concordance.
;i 212, we shonld probably
fee] satisfied that our conclusion that B is better yielding than A is strengthened;
we therefore put more reliance on increased repetition of experiments. But suppdse

Again, suppose & further experiment in 1929 gave

that mstead we had repeated the € D comparison and obtained — s ;; , would the

three O D comparisons which include the discordant 1928 result be' bstter than
the two 4 B comparisons, concordant though they were? o

Clearly we cannot answer questions of this kind by unaidéd dommon sense,
but fortunately mathematicians have dealt with the ev1cleq13mi value of events
of this nature, and we can use the methods and tables ofthe theory of chance,
provided always we make certain that the fund&me@tnl condition of applying
the theory—namely, that the cvents with which we d’e@l are random—is adequately
satisfied. S\

Randommness. In view of this proviso it ig, lmportant to 'bave a clear idea of
what constitutes randomness, and!th;sdblﬁylmmeaﬂg BASY,

in our particular case a series of y1e1da would be random if the value of each
of them in relation to those of the others were quite independent of its position
in time and place relative to them»

As mentioned above, this dges not happen in practice; yields of plots situated
close to one another are more alike than those far apart, and in partioular there
is a general tendency for\ylelds to inerease or decrease as we go from one end or
side of the expenmenisa,i area to the other. Tt is therefore necessary to arrange
the positions in st\h ‘a Way as to superpose randomness upon the biased fertility
of the soil. Thls‘may be done in two ways: either the positions may be assigned
by one of :tl{e recognized methods of invoking chance—dice throwing, coin
tossing, ©atd drawing, and the like—or a regular pattern may be devised which
will equalize the more probable variations in fertility, but which will yet be
sufficiently complicated for it to be a matter of chance how the residusl variations
may affect any particular comparison.

Thus in Fisher’s randomized blocks each treatment is repeated once per block,
ensuring that each shall be equally affected by such variation as is common to
the block, but the position within the block is determined by chance; similarly,
the variation in fertility common to the plots which make up any row or column
of a Latin square is equally shared, but the positions in the row or column are
determined by chance.

Beaven’s chessboard system, on the other hand, depends on a regular arrange-
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ment, but one which is sufficiently complicated for the claim to be made that,
by imposing it upon the ordinary variation in the soil, we get in fact a randomness
in the residual variation from the mean of each small group of consecutive plots,
which enables us to take advantege of mathematical analysis. Nevertheless, we
must be eareful to avoid arrangements in which the mean position of the different
strains is not the same for all, and also such an order as:

A E D ¢ B

B 4 E Db ¢ ~
¢ B A E D
D € B 4 E O

B D ¢ B 4 “

where a possible crest or trough of fertility parallel to th,e‘ijijégonal of A’'s might
improve or depress the yield of one variety, withoutahy warning being given
by the calculation of a large error of observation fm}n the observations.
Beaven’s half-drill strip is, essentially, in a rather different position. Its pattern’
is of the simplest, it can only vary between A B\8... BB4and ABB... 44 B,
of which the former must be chosen in case’there may be, as is probable, &
“ fertility slope” across the dHIRY TS UL [énldth and narrowness, however,
ensure that the difference between adjacent half-drill strips is otherwise random
_on ordinary soils, but it is necessaty to avoid possible periodic variations in
fertility parallel to the drills. THus, if the field had been laid up in “lands”, and
the drills were of such & width\}ha,t the bottom of the land was always occupied
by the same strain, a non-sandom system of error would be included which would
vitiate the resnlt. Sinilatly, a periodic variation in fertility might be left by
previous cultivatiqn.;a\,lld to avoid this, Dr Hilgendorf of the Canterbury Agri-
cultural Co]lege\;ﬁevif Zealand, drills diagonally across previous cultivation.
Analysis ofjl?ﬂriance. With suitable precautions, then, all these arrangements -
give resultg which can be treated by the methods of the Theory of Chance, and,
as it happens, the particular method (“The Analysis of Variance”) introduced
by Fisher, primarily for this purpose (R. A. Fisher, loc. cit.), can be applied to
all of them, and I have limited my discussion of the Theory of Chance to such.
considerations as seem to me to be necessary to an understanding of this methed.
If, then, an experiment is repeated several times, we get as a rule as many
different results, though by chance some may be identical. If these results are
random, we may attach more weight to their mean value the more numerous
and the more concordant they are.
The measure of the weight to be given to a Mean is the Standard Deviation
(8.p. or o), which is derived as a rule from the results themselves by the following
procedure:
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Taking the difference between each result and the Mean, it is squared, and the
sum of these squared differences is divided by the number of experiments less one.
The quotient is called the ““ Variance” of the results, and the sqnare root of the
Variance is the Standard Deviation.

The Variance of the Mean is obtained by dividing the Variance of the results
by their number, and, as before, the Standard Deviation of the Mean is the
square root of its Variance.

In algebraic notation, if z,,%,,...2, be n expenmenta,l Tesuits, and F their

mean, then _ A
— 2
‘the Variance = S(x ﬁ, _ A
"n— ]. '\' N 3
. . Y : N
the Standard Deviation, o, = J ("S(Tfj'f_)‘)= . N\
. e \ v
the Variance of the Mean = fgm(_xuﬂ, W
n(n—1) _ \
and the Standard Deviation of the Mean \\ '
: J Sz — )3 )
h {n(ngl

W dbra

Ha,vmg obtamed the 8.0., we can, by~ mf’elxl'?'lrlglgy & 6aftes constructed for this
purpose, find the chance that the meanof an infinite number of repetitions under
the same conditions would differ ¥ less than any given amount from the mean
of the few experiments which 'We have made. Thus a difference as large as, or
larger than, cnce the s.D. ofd t% mean of a large number of results ocenrs 16 times
in 100 such series of expenments as large as, or larger than, twice the s.p. about
2-3 in 100; as large ag or\larger than, three times the s.p. only about 0-13 times
in 100, and thereafter'its rarity increases very rapidly.

We can thus.l&ige of the value of our evidence, and as in other matters, the
degree of accutacy which we demand will depend on the importance of the action
to be taken' rélative to the cost of repeating the experiments.

For many purposes a probability of twenty to one is considered sufficient
to justify drawing a conclusion, and & result which leads to such a probability
is often conventionally called “s1gmﬁcam *, This corresponds to a qua.ntlty
1-65 times the s.0., when the s.p. is known accurately

Now it can be ahown that, provided randomness has been observed, variances
are additive. If one set of causes, say the innate differences in fertility between
the strains which are being tested (variance ¥}), act simultaneously with another
set, of causes, say random errors of the plots which are being tested (variance F),
then if V] be the total variance of the yiclds,

V=¥V,

EES II
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' Similarly, if we can arrange the plots as in randomized blocks, or the sets of
Beaven’s chessboard, so that part of the variation is common to the blocks or -
sets (variance V) and part random (J, as before), then

Vi=¥+h+F
Or in the Latin square: ,
' K=K+Vmws+vt;olumns+z'

In any of these cases it is the differences between the strains which make up
¥, about which we have to form a judgment, and it iso, = /¥, with which e have
to measure the certainty.

Now ¥} is calculable, it is the total variance of the yields, and %, %, ete., are
the variances of the means of the straing, of the means of the blq@ks, ete., so that
we can find ¥, by difference. N

Degrees of Freedom. But before giving an example of 33}'1:e determination of ¥,
by this method, it is necessary to introduce the reader 40 one other technicality.

It will have been noticed that in caleulating the variance the sum of the
squares was divided not by # the number of {lts, but by one less than that
number. The reason for this is that since We‘do not know what would be the
mean value of an infinite number of resqlts' ebtained under like conditions, we
are driven to use the mean of the dbresulbewhisk #e have, and it can be shown
that this would necessarily give t0o Jow a result were we to divide by n. We are
on the average right if we d1m1msh that number by one.

Now for any given mesn it.ds ‘only possible to vary n—1 of the results, the
last one is fixed by the afﬁ"a;nd the other n— 1; hence, there are said to be
n— 1 degrees of freedom. Tfin addition to the mean of the whole we also calculate
from the mean of & grdup, say the yield of the plots of a given strain, the number
of results which can'vary is again diminished by one, there are now but »—2
degrees of ém, and gimilarly for each such mean. But it should be noticed
that if the gefiéral mean and the means of all the strains but one are calculated,
-the remaifing one is now fixed, i.e. the means of the strains, foo, have & degree
less fiéodom than the number of the strains.

In this way the original n — 1 degrees of freedom may be allotted to the different
variances with-which we are dealing, each variance accounting for one less than
the number of categories from which it is calculated, and the balance is left for
the calculation of the random variation. Thus, in a Latin square in which five
gtrains are tested in twenty-five plots there are

5 strains taking up 4 degrees of freedom.
B rows P | "

5 columns ,, A

3
1

So that of the original 24 degrees of freedom only 12 are left for the calculation
of the variance due to random error,
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We are now in a position to calculate a very simple numerical example.
Suppose we had arranged plots of four strains (4, B, ¢ and D) in & Latin
square as follows: 4 B ¢ D

¢ D 4 B
h ¢ B A
R 4 b ¢

and that the following yields had been obtained:
5 &8 4 2
5 4 2 B O\
1 6 3 5 O
5 2 1 4 :"~’«.

Can we say that the yield of B under the conditions of. tﬁe experunent is sig-
nificantly better than that of D?.

For simplicity the above yields have been chosen{o‘that the general mean is
a whole number, 4, and in working we may rewnta\t‘he yields as differences from
that number, thus ¢

):
Bur?;s of Awngdh f%ulibral‘y,org,jn . Average
S a8% Also:
+144 0-2 43 Y A=+1-241-2=-2 -}
+1 0-2+1 {0 <N 0 . B=4441-1+1=+5 +13
-1+2-141 +1 0N+ = 0+14+2+0=+3 + 3
+1-2-3 ¢ -4 \ o1 D=-24+0-1-83=-6 -1}
Sums of ' ¢
Columme +2 +4-6 0 0
Average +3+1-¢3 0 A"

The total varia \bhen is the sum of the squares divided by the 15 degrees of
freedom; or ﬁft.ee?n times

= (BP16 4044414044+ + 144+ 14+141444940) = 48,
The cbntnbutlon made to this by the variance of the strains is } for each 4,
22 for each B, and so forth, or

125 9 9
A 18p.
4‘4+16 16+4I b

Tt will be seen that this result can be arrived at more eagily by taking 1 of the
squares of the sums, i.e. 3(4-+25+9436) = 18},

Similarly, the contribution made by the variance of the rows is
H9+0+1+16) = 61.
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And the contribution made by the variance of the columns is
1{4+16+3640) = 14,

These facts are then set out in o table as follows:

. Degrees of . Sums of . Standard
Variance due to . freedom squares Variance ]| deviation
Strains - 3 184 617 | —
Rows 3 64 217 | —
Columns 3 : 14 4-67 ! —
Random error 1] 9 15 ! 1-225. O\
Total 15 48 32 ’ £\

the degrees of freedom and the sum of the squares due to random error being -
obtained by differences between the total and the sum of the ‘other three; the
variance is obtained by dividing the third column by the. ge:}ond and the standard
deviation by taking the square root of the variance. '

Now the average difference between B and D is 22,/and the random variance
~ of each mean is 1-5/4, but since we are dealing, vhth the difference between the
two, the variance of this difference is twice this 0n0- 75 and the standard deviation
is ,/0:75, or 0-866. The difference between Bfmd D i, therefore, 2-75/0-866 = 3-17
times the standard deviation, an ui}(}b BeiSoRel out opposite { = 3-1/3:2 in
the columin headed by 6 degrees of fededom. '

. "With standard deviations calculaﬁed. from so few degrees of freedom, ** Student’s
tables must be used: these tables are given in full in Metron, vol. 1 (1925)
[12]; an abstract is given m\ﬁ‘lsher s Statistical Methods for Research Workers,
1st ed. p. 137, and they, are also given in a somewhat less convenient form in
Biometrika, x1, p. 416 [8]and Tables for Statisticians and Biometricians, 2nd ed.
p. 63. I using the la@b two, the 3-17 must be divided by the square root of one
more than the d{grees of freedom, and looked out under the column headed by
the same number, ie. we look out 3-17//7.

In any ¢ cfise we find the probability of obtaining a smaller difference by chance
to be about 0-99—i.e. it is 99 to 1 against getiing such a large one—and we may
therefore suppose that the difference between B and D would again come out
in favour of B, if B and D were grown again under similar conditions.

On the other hand, the difference between C and 4 is only 1:25/0-866 times
its standard deviation, say 1-45, and on looking this up we find the probability
of obtaining a smaller result by chance is only 0-9, i.e. the odds are only 9 to 1
against getting such a large difference, and we cannot conclude that the difference -
between (f and A4 is due to the straing and not to the positions of the plots in
which they are grown. o

Tt should be noticed, however, that the formula which we have used in com-
paring B and D is that which it is correct to use when there are but two means
to compare: it would be right to use it, for example, if we have a number of trials
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of B and D in different places or seasons, and we wish to examine the whole series
of comparisons of B and D.

If, however, there is no particular reason why we should compare these two
rather than any other pair, it is clear that the chance of obtaining a large difference
between some pair or other is greater the larger the number of possible pairs.
- To meet this Fisher suggests that the mean of each strain should be compared
with the general mean, and that the strains should be divided in this way into

(e} those significantly greater than the mean;
{6) those not differing significantly from the mean; and
(c) those significantly less than the mean. O\

2\,

Q"

The appropriate standard deviation to use, if o be the standard deviation of
the random error of & single plot, and there are n repetltxons Ql'ld i strains, is

oAf(m—1) R&
CJam) \/
In this case n = m = 4, and the standard deviation igtherefore 1-225 x Y= ‘/3 = 0-53.

Referring to the table, we find that the 20: IN ]J.B}lt corresponds o twme the
standard deviation (f = 2-0) for 6 degrees of'.freedom, and accordingly we may
divide the four strains as follows:, .., db;-auhbl ary.org.in

B, significantly better than the mean;

A and ¢, not different sngmﬁca.ntly from the mean; and

D, significantly worse than hhe meai.

~ The above example, though\\made up”, illustrates what commonly happens
.in practice—namely, that the variance of the rows and of the columns which
we bave neutralized imhbhe asrrangement of the Latin square ig in each case
greater than the Randem Error, and we have therefore increased the precision
_of our experimen by this arrangement.

It is not usua.],,“lh)wever, to.have an exaet figure as the meun, and the following
example of 4> half-drill strip experiment which was actually carried out at
Ballinacdrrs; Co. Cork, in 1929, gives the procedure when measuring not from

_ the mean, but, to avoid working with fractions, from some arbitrarily chosen
origin. This trial compared a selection from Dr Hunter’s Spratt-Archer barley
with his selected Archer in twenty-two half-drill strips each. It will be noticed.
that when Sprati-Archer was on the north, there was practically no difference,
but that it was markedly better when on the south; thus there was a fertility
glope across the strips, and the two sets should be averaged separately at the loss
of a degree of freedom. '

Naturally with only two varieties to compare we do not concern ourselves
with anything but the differences between corresponding strips, and to avoid
fractions, these differences are measured in }-1b. units. The mean is here fractional,
and to save arithmetic, an arbitrary point is chosen ag origin. Now any arbitrary
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origin may be chosen, but since the largest difference is +40 and the smallest
— 24, the obvious origin is zero. [A useful exercise for the beginner would be to
take another origin (say -+ 10), measure each difference from this, and work out .
the example again; the same result should be obtained, and to facilitate en
exercise of this kind the figures which should be identical in any such comparison

are given in italics,

Thus, if + 10 were chosen the differences would run:

+4+25—34—6—16, and so on.]
Table of Yields

Difference, SA. é "

Yields
tt- Spratt- S ratt-
mer Archer Apr?iler " K AI_Jrchar
37, No. 3 on North ¢ on South
Ib. Ib. : NS } .
36 33 I
41% 328 o\ +35
34 44 \s -24
40 39 "D . + 4.
37 38F N\M -8
- 373 365, ™ + 5
384, /v dbrauldbihry jorg.int14°
421 w88 +16
41 423 - B
43 N 40 +12
” o442 + 1
g* & 384 +14
41 i‘\ 29} + 7
\& 384 +28
42 + B
N\ 42 404 + 7
S TR 393 + 2
WO a 39} + 8
\ : 41 39 + 8
& 3% 41} -7
\: } 6 g ~14
o \J 43 33 +40
o8 Bun 888} - 848 + & 1157
~NO : +162
\ 7 Average 404 38-5 + T34

I owe these figures to the courtesy of the Irish Free State Department of Agricalture,

We have first the sum of the squares of all differences:

196 +1225 + 576 + 16 + 36 + 25+ 196 +225 + 36 + 144 + 1 + 196

+49+676 +81 +48+ 4 +36 + 64 + 40 + 196 + 1800 .-
‘To correct for the arbitrary origin we subtract 22 times the
aquare of the mean distanee from the origin, i.e. 22 x 7-364?

The sum of the squares due to the North/South fertility slope

(5157 L s

Sultracting the seme correction for the arbltmry mean

Weget .. e .

v

be76

1193
4483

-

8

= 2243
= 1193

650
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We now arrange as before:

Variance due to Dmnf f E;’;Br;r . Variance g;:?adt?;ﬂ
North/South fertility slope 1 1040 1650 -
Random error 20 3433 17165 131

Total 21 4483 2135 —_

It will be observed that all the figures in this table are the same no matter
what arbitrary origin is chosen, and this method is the same no matter how
‘many different sources of variance are aceounted for; the same correction (the
square of the mean multiplied by the tetal number) is subtracted from “the sum
of squares due to each source and from the total.

The mean difference is then 7-364 in favour of Spratt- Arch@’r 37 No. 3, and

68

the variance of the comparison is —gg + Biving & standdrd ‘deviation of 2-79

(about 1-7 %), and we have

Looking this out in the table under 20 degrees of freedom, we find P = 0-9921;
i.e, we should get a result in favourof ISrpr&tlﬁl AP6REE 97, No. 3, as large as this
by chance if there were really no dlﬁ:e]:e;nee only 79 times in 10,000 trials, and
we may conclude that under the conditions of the trial Spratt-Archer is definitely
the higher yielding barley. o)

The following table givesithe variances which are removed in finding the
random error in the vanous methods described when calculating the degree of
significance of the resu]j:a by the analysis of variance:

N

Chessboard & ) . E szed
(balanced \. ‘Haafdn'n Randomized Latin qd“ah% ol
panelsas strips blocks ROUATE mnbloc;-i::

mcommend.ed} 0

Variapes of) Variance of Variance of Variance of Variance of
straigs } straing straing shrains strains

Varjancd of Variance of Variance of Variance of
sots blocka rows blocks

“BC]'OBS "

Variance of Fertility Variance of Variance of
fertility slope slope columns blocka
in halanced across M*dowm™
direction strips
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- GENERAL OBSERVATIONS

While it i§ obvious that there is much to be gained by planning yield trials .
in such a way as both to reduce the experimental error and to obtain an accurate
estimate of it, 4 s important fo remember that conclusions can only be drawn
applicable to the particular conditions under which the trials were carried out.

For this reason, trials should be repeated season after season, and in so many
different places as to cover the probable variations in soil and c]jma,,tg in the
districts in which practical application is to be made.

When this hag been done, the accuracy which our technique hdgenabled us
to obtain will enable us to analyse the results, so as to find out héther some of
our strains/treatments suit certain goils/seasons/climates be‘eter than others.

Moreover, it is not enough to show that one stra,m/tr\eatment is superior to
another in yield; to achieve lasting success we must subjéct our product to tests
for quality.

Thus, the Irish barley trials culminated in m t:u:\lg and brewing tests, as also
those now being conducted by the National Tustitute of Agricultural Botany;
Biffen’s wheats were chosen for their baking sbrength as well as yield, and so on.

- On the other hand, accounts Qﬁamaldrgmmaeggpgatpes rarely conclude with a -
table of moisture percentages and an estlm&te of relative palatability (F. Johnson
and O’C. Boyle, “The industrial and nutritive vélue of the potato in Ireland”,
J. Dept. Agric. for Ireland, voL XVDI No. 4}. This may help to account for the

. modern potafo, _ \\ .
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THE LANARKSHIRE MILK EXPERIMENT
[ Biometrika, XXIII (1931), p. 398]

IN the spring of 1930 * a nutritional experiment on a very large scale was eérried
out in the schools of Lanarkshire. \

For four months 10,000 school children received § pint of milk per da‘y: /5000 of
these got raw milk and 5000 pasteurized milk, in both cases Grade A(Tuberculin
tested); another 10,000 children were selected as controls and the whole 20,000
children were weighed and their height was measured at the heginning and end of
the experiment. \/

" It need hardly be said that to carry out an experimenb.of this magnitude success-
fully requires organization of no megn order and thefhole business of distribution
of mitk and of measurement of growth reflects great credit on all those concerned.

Tt may therefore seem ungracious to be wiséafter the event and to suggest that
had the arrangement of the experithét WEEH s Efferent the results would
have carried greater weight, but what £q]16v5vs is written not so much in criticism of
what was done in 1930 as in the hopethat in any further work full advantage may
be taken of the light which may hethrown on the best methods of arrangement by
the defects as well ag by the raerite of the Lanarkshire experiment.

The 20,000 children werechosen in 67 schools, not more than 400 nor less than
200 being chosen in any*ghé school, and of these half were assigned as ““feeders”
and half ag * controlg"f,\s”ome'sbhools were provided with raw milk and the others
with pasteurized niilk, no school getting both.

This was probhl}ly necessary for administrative reasons, owing to the difficulty
of being suré bt each of as many as 200 children gets the right kind of milk every
day if tHere were a possibility of their getting either of the two. Nevertheless, as
I shall point out Iater, this does introduce the posgibility that the raw and
pasteurized milks were tested on groups of children which were not strietly
comparable.

Secondly, the selection of the children was left to the head teacher of the school
and was made on the principle that both “controls” and “feeders” should be
representative of the average children between 5 and 12 years of age: the actual
method of selection being important I quote from Drs Leighton and McKinlay’s®

* Department of Health for Seotland: Milk Consumption tm:dthe Growth of Schoolchildren,
by Dr Gerald Leighton and Dr Peter L. McKinlay (Edinburgh and London: H.M.
Stationery Office, 1830).
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Report: “The teachers selected the two classes of pupils, those getting milk and
-those acting as ‘controls’, in two different ways. In certain cases they selected

- them by ballot and in others on an alphabetical system.” 8o far so good, but

after invoking the goddess of chance they unfortunately wavered in their ad-

herence to her for we read: *“In any particular school where there was any group

to which these methods had given an undue proportion of well-fed or ill-nourished .

children, others were substituted in order to obtain a more level selection.” This
is just the sort of after-thought that most of us have now and again and which

is apt to spoil the best laid plans. In this case it was a fatal mistake, for in con- E
sequence the “controls” were, as pointed out in the Report,* definitely superior - -

both in weight and height to the “feeders’ by an amount equivalent to about
3 months’ growth in weight and 4 months’ growth in height.

Presumably this discrimination in height and weight was nét taade deliberately,

but it would seem probable that the teachers, swayed by(the very human feeling
that the poorer children needed the milk more than the eémparatively well to do,

must have unconsciously made too large a substituKiqn of the ill-nourished among
and that this unconscious

the “feeders” and too few among the “contréls’
selection affected, secondarily, both measurgments.
Thirdly, it was clearly impossible to weigh such large numbers of children

without impedimenta. They“WéféW’éiﬁﬁ%ﬂ“ﬁ%ﬂ indoor clothes, with certain
obvious precsutions, and the differenge’in weight between their February garb

and their somewhat lighter _clotb,ing’i’n June is thus necessarily subtracted from
their actual increase in weight between the beginning and end of the experiment.
Had the selection o “cbnthqle”’ and “feeders” been a random one, this fact, as

pointed out in the Report;* would have mattered little, both classes would have -

been affected equally,bat since the selection was probably affected by poverty it

is reasonable to sqppé)sé that the “feeders”’ would lose less weight from this cause
than the “controls?”. Tt is therefore not surprising to find that the gain in weight

of “feeders i’i}ﬁer “controls”, which includes this constant error, was more
marked, relatively to their growth rate, than was their gain in height, which was
fortundtely not similarly affected.

Fourthly, the ““controls™ from those schools which took raw milk were bulked
with those from the schools which took pasteurized milk.

Now with only 67 schools, at best 33 against 34, in a district so heterogeneous

both racially and socially, it is quite possible that there was a difference between:

the averages of the pupils at 33 schools and those of the pupils at another 34schools -

both in the original measurements and in the rate of growth during the experiment.
In that case the average ““control” could not be used appropriately to compare
with either the “raw’ group or the “pasteurized” group.
This possibility is enbanced by the aforementioned selection of ** controls”
* Bee footnote on p. 169.
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which can hardly have been carried out in & uniform manner in different
achools, : e

Fortunately it would still bo possible to correct this, for the figures for the
different schools must still be available in the archives.

Diagrams 1 and 2 give the average heights of “controls”, raw milk “feeders”
.and pasteurized milk ‘‘feeders” for boys and girls respectively. The heights at
the beginning of the experiments are set cut against a uniform age scale centring

Age
55 8% 7% % o 1% 1 . agk

52k}

7 O Disgram1
Mﬁw,dbrgu’liﬁi‘aKM%%HT or 'BQES, i

.
oy

R\ " xAverage height at end of experiment
A5 ’ Contral
AN amr—nma—a Raw milk * feedara™
A\ ———————— Pasteurized * fosders™
_____ ¢\J
+ Pt - \\
% 4 \
427" >
A/
I
i \ 1 1 L 1 . 1
c a2 gra” 733 850 802 749 471
R 26 327‘% are 419 4688 363 285
P 27 850 334 38g 402 338 258
) Numbers in each group

each group at the half year above the whole number. This is doubtless accurate
enough except for the first group aged 5 and less than 67, which was very much
smaller in numbers than the other groups, either because only the older (or larger)
children are sent to school between 5 and 6 or because the teachers did not think
that the smaller children would be able to play their part. For this reason they
should probably be centred more to the right compared to the others. A similar
argument might lead us to centre the ““11 and over ” group a little more o the left.

The average heights at the end of the experiment are of course set out four
months to the right of those at the beginning and it will be noticed that except for
the first group, which is clearly out of place, not any of the points diverge very
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- much from their appropria,te line of growth whether “controls™, “raws® or -
* pastenrized . : : '

The case is very different in Diagrams 3 and 4 which show the corresponding
average weights, Here there is, after the first two ages, a very decided dip,
especially in the later ages. The weights at the end of the experiment are too low. -
This might be accounted for by a tendency in older children to grow normally in

6% 8% 7% 8% 8% 10% 1% 12%
, :

S5k . N

1
521

o
=]
1]

Height—inches

HEIGHT OF GIRLS

» Average height st commencement of experiment
¥ Aversge height ot end of experiment

i

-hl_l

5
T

Centrol
o — Raw milk * feedars™
45 N mimi— e Pasteurized *feeders™
y it
42 =
i 0o,
o \"\
O\
40 ‘ a I 1 L ] (] L
¢ 51 \" ees’ 718 802 820 729 484
R 18N\ 322 335 a14 408 373 261
P ﬁ( } 358 852 - 410 © 406 340 246

Numbers in each group

height and subnormally in weight during the spring, but I think it much more
likely that older children wear about 1 Ib. more clothes in February than they do
in June, while in the case of younger children a more limited wardrobe permits
of fewer discards.

The authors have tried to show that the selection of the “controls” has not
affected the validity of the comparison, by computing the correlation coefficients
between the original heights (and weights) and the growth during the experiment

_for each of the 42 age groups into which the measurements were divided. These
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they find to be quite small even though they are here and there significant, and
they argue that the additional height and weight of the “ controls’ was without

- effect on the comparison of subsequent growth.
Now this might have been a perfectly good argument had the height and weight
been selected direcily, but if, as I have indicated was very likely the case, the

Age
5% 6" " ) R 10 1% 12%
?Q' T L] T
Q"
8o 2 AN
L]
f_ 55|
= g \
i 4 N
= 23 ol N Diagram 8
50 www,dbliaz gbral‘y,%lfbﬂ,r OF BOYS
N W » Average weight at mt of exp
sr" KAverage weight ot and of experiment -
~ — — Control
451 Attt Bew milk “ feedecs
o Y 00000 memme—w Pastenrized ** [cedars
- \\ -
i 2N
a0k
AY¥
N
{ "\s v )
a5 AND I t ' I 1
733 850 803 149 471
g gg A 33% are 418 466 363 265
P 27 a0N8ED 834 3e9 402 238 258
\'\ N Numbers in each group

selection was made according o some unconscious scale of well-being, then it is
surely natural to suppose that the relatively ill-nourished “feeders” would benefit
more than their more fortunate school mates, the “ controls”, would have done by
the extra § pint of milk per day.

That being so, how are we to regard the conclusions of the Report:*

(1) “The influence of the addition of milk to the diet of school children is
reflected in a definite increase in the rate of growth both in height and weight.”
" This conclusion was probably true; the average increase for boys’ and girls’

* See footnote on p. 169.



174 - The Lanarkshire Milk Ezxperiment

heights was 8 % and 10 %, over *“controls” and for boys’ and girls’ weights was ;
30 %, and 45 %, respectively, and. though, as pointed out, the figures for weights
were wholly unreliable it is likely enough that a substantial part of the difference °
in height and a small part of that in weight were really due to the good effect
of the milk. The conclusion is, however, shifted from the sure ground of scientific

1 y Y v, 12Y,
wsfz 6% 7Y% a% A ‘0. 2 1 lI P 2
T T T 1
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P 26 N 333 352 410 306 340 - 248
N N - .
\ ) ) Numbers in each group

inference to the less satisfactory foundation of mere authority and guesswork by
the fact that the “controls™ and “ feeders” were not randomly selected.

(2} * There is no obvious or constant difference in thiz respect; between boys
and girls and there is little evidence of definite relation between the age of the -
children and the amount of improvement. The results do not support the belief
that the younger derived more benefit than the older children. As manifested
merely by growth in weight and height the increase found in younger children
through the addition of milk to the usnal diet is certainly not great.er than, and 18
probably not even as great as, that found in older children.”
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Now from the authors’ point of view, believing in the validity of their com-
. Pparisons in weight, this is much understating the case, as the following table
derived from Capt. Bartlett’s condensed tables* shows:

.

Gain in weight in ounces |  Gain in height in inches As % of control |
z;g; :;1 by feeders over controls by feeders over controls Woight Height
Boys J Girls Boys | Girs Boys | Girls | Boys | Girls

G 6and 7 | 1-1340-73 | 1-2440-72 { 0-083 L0011 | 0-059-£0-011 9 13 11 8
8and 9 3-1540-68 | 4-4740-67 | 0071 3:0-011 | 0-098 +0-010 30 51 10 \ 14
16 and 11 5-21 £6-85 | T-88 £0-79 | 0-037 10012 | 0-055 40012 78 73 ] 8

Note that the P.E.’s are calculated from Capt. Bartlett’s tables and are subject,
as his are, to his having interpreted the methods of the ongmal R.eport eorrectly

From this they might have conecluded:

{a) That in the matter of weight older children, both boys and girls, derived
more benefit, than younger, while

(b) In height the younger boys did better than the-glder, though the difference
is not guite significant, but that there was no regtﬂa?r tendency in the matter of
girls’ height. ¢

In the light of previous cnﬁcm%mgﬁrbwa%nmgthbe content to say that
apparently the dlﬂ‘erentml shedding of clothes between the “feeders™ and the
more fortunate ““controls” is more m&rked with older children (and possibly with
girls than with boys), and that thereds some probability that younger boys gain
in height more than older. \

Finally, eonclusion (3) runh\V‘In so far as the conditions of this investigation
are concerned the effects of yaw and pasteurized milk on growth in weight and
height are, so far as wé.gan judge, equal.”

This eonclusion has‘been challenged by Capt. Bartlett,* and by Dr Fisher and
Capt. Bartlett, 'adw conclude that there is definite evidence of the superiority
of raw over pastetrized milk in both height and weight.

Even they, however, point out that the raw and pasteurized milk were not
supphed t8 the same schools, and their conclusion amounts to saying: “If the
groups of children taking raw and pasteurized milk respectively were random
gamples from the same population, the observed differences would be decisively
in favour of the raw milk.”

Unfortunately they were not random samples from the same population: they
were selected samples from populations which may have been different, and more-
over the “‘controls” with which they were compared were not appropriate to

# “Nutritional values of raw and pasteurized milk™, by Stephen Bartlett, M.C., B.Sc.
(J. Min. Agrie, April 1931). .
¥ Nature, 18 April 1931, p. 591, “Pasteurized and raw milk ",
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either group; and so—again it is & matter of guess and authority—I would be ;
very chary of drawing any conclusion from these small biased differences. :

That is not to say that there is no difference between the effect of raw and -
pasteurized milk—personally I believe that there is and that it is in favour of raw
milk-—but that this experiment, in spite of all the good work which was put into g
it, just lacked the essential condition of randomness which would have enabled
us to prove the fact.

This note would be incomplete without some constructive proposals in case it
should be considered necessary to do further work upen the subjegt, and ae- %

cordingly I suggest the following; \ )
(1) If it should be proposed to repeat the experiment on the s@ihé‘spectacula,r
scale, : ' A 5
(@) The “controls” and “feeders” should be chosen by the teachers in pairs of
the same age group and sex, and as similar in height, weightand especially physical -
condition (i.e. well- or ill-nourished) as possible, andsdivided into “ controls” and
*“feeders” by tossing a coin for each pair. Then egch pair should be considered to
be & unit and the gain in weight and height by thel “feeder ” over his own *“ control”
should also be considered as a unit for the purpese of determining the error of the -
gain in weight or height. e _'
In this way the error wﬂ]va:lﬁh;@v}ééﬁmﬂyg%% smaller, perhaps very much
smaller, than if calculated from thes means of “feeders” and “controls”. |
Ifin addition the social status gfeach pair be noted (well-to-do, medium, poorly .
nourished or some such scale}\further useful information will be available for
comparing pasteurized andraw “‘feeders”.
If this is found to be 106 difficult & perfectly good comparison can be made by :
adhering to the origim}l plan of the 1930 experiment and drawing lots to decide
which should be ‘%gentrols” and which ““feeders (this is better than an alpha-

betical arrangp;géﬁt), but the error of the comparison is likely to be larger than
in the pla,n’apgﬁned above. ' '

(b) Ifibisat all possible each sehool should supply an equal number of raw and
pastedrized *feeders”, again by selection of similar children followed by coin
tossing, but I fear that this is a counsel of perfection.

{¢}) Some effort should be made to estimate the weight of clothes worn by the
children at the beginning and end of the experiment: possibly the time of year
could be chosen so that there would be litéle change in this respect. .

(2) it beagreed that milk is an advantageous addition to children’s dict—and
I doubt whether any one will combat that view—and that the difference between
raw and pasteurized milk is the matter to be investigated, it would be possible to
(obtain much greater certainty at an expenditure of perhaps 1-2 %, of the money*.
and less than 5 ¢ of the trouble,

* This is a seri_ous consideration: the Lanarkshire experiment cost about £7500.
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For among 20,000 children there will be numerous pairs of twins; exactly how
many it is not easy to say owing to the differential death-rate, but, since there is
about one pair of twins in 90 births, one might hope to get at least 180 pairs in
20,000 children. But as a matter of fact the 20,000 children were not all the
Lanarkshire schools population, and T feel pretty certain that some 200-300 pairs
of twins would be available for the purpose of the experiment.

Of 200 pairs some 50 would be “identicals” and of course of the same sex, while
half the remainder would be non-identical twins of the same sex.

Now identical twins are probably better experimental material than is available
for feeding experiments carried out on any other mammals, and the efyor of the
comparigson between them may be relied upon to be so small that 50 pairg of
these would give more reliable results than the 20,000 with Whmh we ha.ve been
dealing.

The proposal is then to experiment on all pairs of twins of t‘he same sex available,
noting whether each pair is so similar that they are proba.bly “identicals™ or
whether they are dissimilar. NG

“Feed” one of each pair on raw and the other o]xpa.steunzed milk, deciding in
each case which is to take raw milk by the toRs'of a coin.

Take weekly measurements and weigh without clothes.

Some way of distinguishing the WhilHREUHI ¥4 - Bther is necessary or the
. mischievous ones will play tricks. The obmous method is to take finger-prints, but

a8 this is identifiéd with crime ingeme people’s minds, it may be necessary to
‘make a. different indelible mark-on & fingernail of each, which will grow off after
the experiment is over. \\

With such comparatively small numbers further information about the dietetic
habits and social positien-of the children could be collected and would doubtless
prove invaluable. /2."

The comparatla{a Variation in the effect in “‘identical”” twins and in “wunlike”’
‘twins should fﬁrmsh useful information on the relative importance of *Nature
and Nurtur&

To suftn wp: The Lanarkshire experiment devised to find out the value of giving
a regular supply of milk to children, though planned on the grand secale, organized
in a thoroughly business-like manner and carried through with the devoted
assistance of a large team of teachers, nurses and doctors, failed to produce & valid
estimate of the advantage of gwmg milk to children and of the difference between
raw and pasteurized milk,

This was due to an attempt to improve on a random selection of the * controls
which in fact gelected as ‘‘ controls” children who were on the average taller and
heavier than those who were given milk.

The hypothesis is advanced that this was due not to a selection of the shorter,
lighter children as such to take the milk, but to an unconscious bias leading the

BPS ’ 12
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teachers to pick out for this purpose the needier children whom the milk would
be most likely to benefit.
_ This hypothesis is supported by the fact that while the advantage derived from
the milk was only 8-10 %, of the gain in height, without much variation for age,
it was 30—45 % of the gain in weight, varying from 9 to 139, in the younger
children (who do not seem to have shed much clothing in the summer) up to
73-78 %, in the older children—who obviously did.
Suggestions are made for the arrangement: _ _
(1) Of a similar large-scale experiment on random lines, and N
(2) Of a much smaller and cheaper experiment carried out on p&n‘:s of twins
of like sex. -
The second is likely to provide a much more accurate detelmma,tlon of the
point*at issue, owing to the possibility of balancing both na.tm‘e and nurture in
the material of the experiment. A\

W ,dbraulﬁigl‘a;'y org.in

ad

\\ o
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ON THE “z” TEST
[ Biometrika, XXTIT (1931), p. 407]

Ix the last number of Biometrika Prof. Pearson sounds & warning noté agamst
the use of “Student’s”” z to determine the significance of an a.vera.gaﬂs.fferenee
between two sets of correlated variables.

As this use is one to which I attach considerable importancs, ‘and as Prof.
Pearson’s criticism does not all seem to me to be concerned with my own method
of using 2, I should like to present the case from the pointof view of the experi-
menter who for some reason or another has to work with'emall samples,

In the great majority of experiments of this kimi\v}e are concerned with a
difference: e.g. of yield between two varieties of a-Cereal; of weight between pigs
fed on complete food and others on food defidienit in vitamins; of size of loaf
between breads baked from different flours; . ofireaction times between alcoholized

* and non-aleoholized persons, and s ¥’ dbra“l‘b‘ary org-in:

Now it is an elementary principle m‘a,'llr such experiments to reduce the error of
such differences by arranging that they should lie between variates which, apart
from the experiment, are as similar as possible.

Thus each pair of cereal plota should be grown not only on the same field but as
near as possible to each othér in that field; the pigs should be of the same sex,
from the same litter and.as nearly as possible the same weight at the start; the
loaves should be mixédat the same time and pit next to one another in the oven,
and the alcoholizéd&,nd non-alecoholized persons should alternate their roles so
as to compare gaeh person with himself.

In other Wéj‘tiﬁ, every care should be taken when planning the experiment to
get the éartelation between corresponding variates as high as possible, with the
object of reducing the error and so of obtaining significant results from the small
number of experiments which it is possible to carry out.

Now Prof. Pearson’s criticism may be summarized under three heads:

(1) That, assuming the advisability of the ““2”’ Test, it is only when the valuc
of z which is obtained is high that we can dra.w any useful conclusion: if it is low
it cannot detect samples which may be abnormal in other ways.

Agreed, but this inability to detect abnormalities extrancous to the test itself
is shared with all single tests of significance and the result s that the wise man
will never go further in the direction of asserting similarity than to say, “The

sample affords no evidence that, ete.”
I2=2
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(2) That, since we cannot deduce with acouracy the correlation of the populs-
tion at large from the small sample before us, we are debarred from making use -

of that correlation to reduce our error.
But in fact we do not use the correlation in testing the significance. In obtaining

our sample of difference, yes, but once we have the differences they are. merely -
a sample from the indefinitely large population of differences, which might have
been produced under similar conditions and I may say with the same p (not ») and 1
which we, rightly or wrongly, assume to be normal. At all events Prof. Pearson ;

is not here attacking # on the grounds of lack of normality. The corrdlation will -]
 vary from sample to sample, just as does the mean or standard, déviation, but
these variations in correlation do not affect the fact, which Prof_ Pearson admits, .

that in a normal population z can be used to test the signiﬁ(ca;nce of the mean of
small samples. R?,

What we actually ask ourselves is the following queét;(}fl: _
If the average difference between A and B in the\population were zero, what

T TR T TS TINA CL )

would be the probability of obtaining a sample of differences giving a value of z |

as high as that observed? and if this proba.bﬂjt{y\is sufficiently small we say that
the difference is significant. Y

{3) Prof. Pearson warns, ug, .46 ﬁg >
experiment we have carried out and siveording to the particular set of differences
which we have tested for significance. '

In this of course I agree with him, yet. I do not feel that the warning is very

l.gt}lrfira.w our conclusion from the

much needed. In the hyosoyamine experiment which he quotes, we are able to :

deduce significance fromda consideration of the effects of these drugs on the same
individuals while We&(')iﬂd not do so from groups of different individuals. But
surely no one is mych interested in the latter point; if I am to take one of the drugs
I will pay a g&dzdeal of attention to the probability that laevo will make me °

Q
¢plonger than dextro and very little to the fact that the experiments
give no satisfactory answer to the question of what will happen if I take laevo

and I‘ny\:\ﬁfe dextro.

personally sle

To #m up, in properly planned experiments errors should be reduced as mueh
as possible by the selection of highly correlated individuals to compare with one
another. This correlation should to a greater or lesser extent reduce the variation -
in the differences between these individuals but does not prevent them being
considered to be a sample drawn from a population of differences to which the
“2” Test may be applied. Finally, care must be taken in'pla,mﬁng the experiment |
that the differences to be examined for significance shall be those which furnish

an answer to the question which we are asking.
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EVOLUTION BY SELECTION
THE IMPLICATIONS OF WINTER'S SELECTION EXPERIMENT®

[Hugenics Review, XXTV (1933), p. 203]

For some time after the publication of the Origin of Species it was gene\rally
~ held by those who accepted Darwin’s reasoning that species ongmatad by the
accumulation of small variations in the same direction under thé influence of
natural selection; and the occurrence of large “‘mutations”, sa¢h as the Ancon
sheep, was perhaps rather overlooked. The rediscovery of Mendelism, however,
hag tended to emphasize the latter portion of Darwin’g work, rather to the
exclugion of the former, until it is actually held in \Sertain quarters that the
selection of small differences can onlylead to small, Q* ab all sventsstrictly limited,
changes of type.

Yet it cannot be denied that, apart from eolours and other “fancy” points,
the actual improvement of domestgq,m%ﬁgg&sypgl& proceeded by just this
accumulation of small differences. R

If I am not mistaken, the view ,,that-. ‘selection is limited can be traced back
to Johannsen's work, where he showed that from an ordinary stock of beans
there could be isolated a numbér-of “pure lines”, which differed from each other
in the mean weight of their seed, but within each of which no appreciable genetic
variation in seed weight © gould be detected.

His work has led tqa. considerable advance in the selection of cereal seed,
since it is quite certain’ that for practical purposes “pure line” seed will behave
in much the samé%my as if the plants were propagated vegetatively; they will
start grom&’o&geﬁher and will ripen together, and their seed will be uniform
and behavewniformly in its turn. Yet Johannsen, working of course with self-
fertilizing material, found pure lines, not ¢ pure line. Obviously, therefore,
mutations had oecurred with sufficient frequeney to produce them; and, given
time, it may be supposed that even in self-fertilized organisms progress could be
made merely by selecting the extreme pure line, waiting for & mutation, selecting
again, and so on. Tedious work—but for the Origin of Species there is now
plenty of time.

From a practical point of view, however, the plant breeder cannot aﬂ'ord to
wait for favourable mutations; he cross- fertilizes—and so in most cases does

* Winter, Floyd L., “Continuous selestion for composition in corn”, J. Agric. Res.
July-December 1929, pp. 451-75.
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nature. Now until experience has been accumulated, the results of eross-

fertilization are unpredictable; but very soon certain facts begin to emerge—
“Tall is dominant to dwarf”’, “Two rowed is dominant to six rowed”, and so
forth, and such things attract attention and rather obscure other equally im-

portant facts. Cross a ‘“dense’ and a “lax” variety, and among the ultimate

progeny may be found plants ‘“denser” than the “dense” parent and “laxer”

than the “lax” and almost anything between. Cross high and low protein, and .

the same overlapping will be found when the first mix-up has sorted itself out.

Try to explain this on Mendelian lines and it will soon become obwious that
even in self-fertilized plants there must be a tremendous variety, of ‘genetical
make-up; one or two relevant genes will be quite inadeqguate to exp’lam the facts, "2
ten or twenty will complicate the caleulation, but will be none too-many. Perhaps

it would be better to postulate 200-300 and reduce the prab'lem to mathematics.
Since characters which do not affect the survival of the organism are not

) encountering selection, an ordinary cross-fertilizing population must be expected
to accumulate among all its members very large anmbers of genes ‘correspondirnig

to such unessential characters. In ordinary tlmes ‘these would roughly neutralize

one another, each individual carrying a mixture of genes which would produce

variation in opposite directions, so that enly a limited genetic variation would

vesult; but with a change ofenthGHMBET titksrservoir of genes would serve a '
very useful purpose as raw matem}ﬂ for selection: some characters, formerly ;

neutral, would then affect survivéihand all those genes which produce favourable
somatic variation would tend\to be preserved while their opposite numbers
would be eliminated. Thu# the accumulation of small variations in the same
direction could proceed far beyond the original range.*

\X
* Perhaps this arguqxent may be clarified by an Hlustration. Suppose during a peried
when height is of no, particular importance o an organism two hundred smell mutations
have succeeded, Q\esta.bhshmg themselves in equilibrium, each of which affeets height to
an equal extent, say, 1 mm. We may vepresent the first gene as either a,, present, or by,
ahsent, the ﬁecond 83 ¢y or by, and so on. Then any individual will contain either ;a4
by, op bkb, and the proportions in which these possibilities oecur will be assumed for the

sake of\illustration to be 1.2.1; similarly with the other subseripts, so that the distribution

of individusals according to the numberg of “¢™ genes which they contain will be in pro-
portion to the coefficients of the bmomial {a”+ 2ab 4 b%)30% or of (a1 b)M%.

. The standard deviation of this binomial distribution is 10, so that although it would be
possible for an individual to contain the “a” genes in any number from ¢ to 400, yet in
practice even a population of 100,000,000 would be very unlikely o outrange 140-260

corresponding to 120 mm. of height between the highest and the lowest individual, Jess
than one-third the possible range.

e

If now we imagine only the highest helf of the population to mate {(at randoin) we should .

“ LT

get a rise in
range would hm‘d]v be altered, so that the process could be repeated, a further rise of

8 mm. obtgined, and so on until the mean would rise well beyond the value of the original
extreme individual: snd all this without fresh mutations. Of course this illustration has

content of § in the mean value, to 208, while the standard deviation and

been simplified to the point of absurdity, but it may serve to exhibit the possibility of

sueh potential variation.
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That such a state of things does indsed exist seema to be indicated by Winter’s
paper, to which I am now drawing attention. This describes a very determined
experiment carried out on “corn”, i.e. maize. Now maize is commonly cross-
fertilized ; unless cross-fertilization takes place, the stock is apt to die out—which
makes pure line selection very difficult. Nevertheless much may be done by mass
selection, and it.1s with mass selection that Winter was concerned.

Premising that he selected continuously for twenty-eight years, from 1896 to
1924, it is perhaps best to quote his description of the procedure verbatim:

One hundred and sixty-three ears of a variety known as “Burr’s White " wa}e used
as foundation stock from which selections were made in four different\directions,
namely for high oil, low oil, high protein and low protein.  ° N\

These four strains were carried on in the same way. In the high pretein, for example,
twenty-four ears highest in protein were selected for seed and planted in an isolated
plot, each ear in a separate row. These ears were harvested geparately and the seed
for the next crop selected from the ears which were found to be highest in protein.
Nine years later the system was modified somewhat in ag\attempt to prevent loss of
vigour by inbreeding., Alternate rows were detassgll’eﬁ"and seed was selected only
from the highest yielding detasselled rows. In }921\this system was again modified
to reduce the amount of inbreeding. Two seed\etirs were taken from. each.of the
detasselled rows regardless of yield. N

The high oil, low oil and low proteistedtiyweibrimilarkyivonducted, selection being
made each year of ears highest in oil, lp\'ffiﬁ‘b in oil and loweat in protein, respectively.

For a proper appreciation of the'work the original paper should be consulted,
but only a few figures will be #&e’ss&ry to display the interest of the results:

I will deal with the ﬁggl}eé giving the percentage of oil, which are the more
striking, but the facts age.8imilar in the case of the protein.

(1) Two strains have-been selected, one which has a mean percentage of oil
about fwelve timga:thé standard deviation of the original population above the
original mean, 4ud the other about seven times below. As illustrating this, the
minimum valié in the high race during the last five years is considerably higher
than the Maximum value found during the first four years and, on the other
hand, $hé maximum value in the low race is even more markedly below the
lowest in the first four years. ' )

(2} Although the standard devia.tiqn of the high race has risen and that of the
low has fallen during the experiment, it would be hard to say whether on the
whole there has been a decrease oran increase in variability owing to the selection.*

We may assume the variance to be composed of two parts, one inherent and
therefore subject to selection, and the other environmental, or “‘fluctuating ™,
and therefore a hindrance to selection. Just what proportion we should allot to

* f, has pointed out to me that this might perhaps be explain'ed
by 3?£:;§$§i?:ﬁﬁstzzloenﬁronp§1mw .effect when acting on plants en:f'eebled by in-
‘breeding. But the steady rise in oil percentage right up to the end of experiment: seems to
require an almost undiminished genetic variability.
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ProTEIN
Mean val " Standard . R )

Year ea%{:' ale devjilat?on Lowest variate ! Highest variate
1896 10-93 1:04 83 _ 139

High = Low High Low High Low High Low
1897 10-99 10-63 116 0-00 83 892 136 140
1898 1098 10-49 1-22 1-32 77 75 149 13-4
Is9g | 11-62 959 1-28 1.01 &4 67 148 131
1920 . 14:01 754 1-79 0-89 95 60 17-4 105
1921 1666 - 9-14 1-84 1-35 9-4 6- 188 O\ 134
1929 17-34 7-42 1-24 0-70 12:6 61 20-6 9-6
1923 1853 648 - 141 073 13-1° 50 19°%, 94
1624 16-60 838 ¢ 119 117 14-6 81 A9 11-8

O1L N
—

Year M;:Z nofv 2}1‘8 g::?&?;g Lowegt ¥ariate Higheat variate
1896 468 0-41 a9 6:0

High Low High Low jsl\igh Low High Low
1897 479 410 0-38 028 N 86 34 57 47
1898 510 3-59 0-48 032 {HVa1 32 67 4-8
1599 585 3-85 0-42 0324 [ 43 28 6-5 46
1920 428 1-80 - B8 orsTif 1-0 10-6 24
1691 984 171 ‘“"’%—‘ggbmf‘.gﬁs TR 10 117 23
1522 986 1-68 054 w3019 81 69 113 2:2
1623 10-68 1-58 085 N 024 83 11 118 21
1624 9-86 1-51 061N\, 022 84 09 117 2-2

NN\

) 3

each of these we have no séné» means of judging, but in both cases the latter is,
I believe, likely to be vetylarge. Incidentally it may perhaps account in both
cases for the obvious pofrelation* between the mean and the standard deviation.

In any case the inlierent part of the variation had of course a smaller standard
deviation thanﬁ@é.i‘.’ observed for the whole, perhaps much smaller, so that the
movements of‘the means were, respectively, more than twelve and seven times
this “inherent” standard deviation. Hence either the possibilities of variation
latentdnthe original material were enormous or a steady stream. of favourable
mutatiohs was maintained to carry the means along.

In any case, these results cannot be explained on the basis of a few easily
detected genes. But by reducing the problem to the simplest possible basgis—
starting from the intensity of selection, the rate of movement of the means ab
first, and the difference between the initial and final values of the mean—it is
possible to make some sort of caleulation of the minimum number of genes which
might allow of so large a change by repeated selection. And I find that the order
of these numbers is 100-300. There is little indication, however, that selection

* It is reasonable to suppose that a given variation in environment would produce
greater variation in a high genetie stock than in & low one.
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had yet reached its limit after twenty-eight years, and we should probably be
within the mark if we assumed that the number of genes affecting oil (or protein)
content in Burr’s White Maize may ran up to thousands,

But if we have thousands of genes, continuous selection in one direction may,
in fact must, result in progress almost without limit (at all events until the
progress itself induces counter-selection as perhaps it does in the case of low oil
content) for although the selection will reduce the number of genes there will
he time for fresh mutations to oceur to keep up the possibility of further selection,

: ~

N

SUMMARY AND CONOLUSION O

2\,

To sum up: Winter has in this experiment succeeded, by cqnt\inuous mass
selection, in producing two races of maize, one of which has(migre than twice,
and the other less than one-third, the normal oil content. { &

In a character so influenced by environment the progress has, of course, not
been uniform in its manifestation; but it appears tq{lgve been comparatively so
genetically, and shows little or no indication that.'Q' bas reached its limit in either
direction. : Y%

It does not appear that such steady progl;eés could be obtained with less than

hundreds of genes affecting oil content alidatlseems. agfmnlikely that there are
thousands. In any case it is clear that the posaibilities of continuous selection
of small variations for the formation of new species are likely to be very much.
greater than would appear mepely from a consideration of J ohannsen’s work on
pure lines, which was carriéi%ﬁis on a gelf-fertilizing organism.

And so we reach the conception of species patiently aceumulating & gtore of
genes, of no value undétexisting conditions and for the most part neutralized
by other genes of opﬁoéit.e sign. When, however, conditions ch&-nge, u_n]ees too
suddenly or drasi;ﬁ}é]]y, the species finds in this store genes which give rise to
just the variatioh which will enable it to adapt itself to the change, .

It followd that the change appears to have produced the variation which.lt‘
has mefely“éeleeted from among those potentially present. Thus we can reco?:lcﬂe
the view held, amongst other people, by the late Walter Heape, that the environ-
ment produces the required variation, with the older Darwinian‘selgctlon of
random variations, to which it appears at first sight to be diametrically opposed.
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A CALCULATION OF THE MINIMUM NUMBER OF
GENES IN WINTER'S SELECTION EXPERIMENT

{Annals of Bugenics, VI (1934), p. 77]

I a note on Winter’s selection experiment* published in the Eugeni;:}_ Keviewt
1 made the following claim: \

28N

By reducing the problem to the simplest possible bagis. . .it is ppséi})le to make some
sort of calculation of the minimum number of genes which might allow of so large s :
change by repeated selection. And I find that the order of \thgase numbers is 100-300,

Prof. Fisher, however, pointed out in Nature] that L'had in fact over-gimplified °
my problem and that no such conclusion eo_ul'k\b‘e drawn from my “sort of *
calenlation’. RS : :

This did not in fact invalidate my main thesis, which was that species tend fo -
accumulate a sufficient store of genes of ne particular value until they meet with, '
a change of environment whetthdilstore qprovides material for selection far
beyond the normal range. . \\ _ ;

But aithough the caleulation\was based on over-simplified data and was
superfluous to my argument, i\ of sorne interest in itself, and the present note |
is an attempt to “mend Hséh}’md” by making more reagonable assumptions.

I shall start by giving\a very short account of Winter’s experiment with an ;
abbreviated table, hopihg that my readers may be sufficiently interested to study -
Winter’s paper forythemselves. _

Then T shall inake an estimate of the standard deviation of that part of the
variation in gil'content of Winter’s maize which was due to genetic constitution,
and meaglg:e'fhe difference between the mean oil content of his high” and ““low” "
racesditberms of this standard deviation.

I shall next make an estimate of the minimum numbers of genes which would
suffice to account for so large a ratio between the possible range and the standard
deviation,

Finally, Ishall discuss the variouns assumptions which have been made, pointing
out _Whjch of them are in my opinion reasonable, which have reduced the minimum

* “The mean and variability as affected by
corn’, J. Agric. Res. xxxix (1929}, pp. 451-75.

1t “Evolution by selection. The implications of Winter’s selection experiment ', Bugenr.
Rev. xx1v (4 Nov. 1933) [18],

I “Number of Mendelian factors in quantitative inheritance, Nature, cxx1 (18 March
1933), p. 400,

continuous selection for composition in
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number of genes to a figure below that which is probable, and which are merely
the best assumptions we can make. "

Winter’s experiment, then, was concerned with a continuous selection of maize
in the directions of high and low protein and high and low oil content, and Iam
only concerned here with the latter. - o

The experiment was begun in 1896 and has continued to the present dax,*
but only the first 28 years were reported on in his paper, i.e. till 1924, The following
is his deseription of the procedure, which I have only altered by instancing the
oil content part of the experiment; whereas he guoted the similar case*af the
protein: . \

One hundred and sixty-three ears of & variety known as *Burr’s White” were used
as foundation stock from which selections were made in four different directions,
namely for high oil, low oil, high protein and low protein. .= ™

These four strains were carried on in the same way. In the ligh oil, for example,
twenty-four ears highest in oil were selected for seed and plarited in an isolated plot,
each ear in & separate row. These ears were harvested separately and the seed for the
next crop selected from the ears which were found t6>be highest in oil. Nine years
later the system was modified somewhat in an attempt to prevent loss of vigour by
inbreeding. Alternate rows were detasselled andyséed was selected only from the
highest yielding detasselled rows. In 1921 thisystem was again modified to reduce
the amount of inbreeding. Two seet ws@é@tﬂdxmﬁmh&ch of the detasselled rows

regardless of yield. ~

N

The high protein, low protein and.low oil tests were similarly conducted, selection
being made each year of ears highést in protein, lowest in protein and lowest in oil,
reapectively. ¢\J

(™
Y. No. of ears A Jﬁean ?’luﬁ Standard Lowest Highest
sar analyaed H of I;iln.ge deviation variate - variate
1896 163 L 468 0-41 39 80
High . ow | High Low | High Low | High Low | High Low
1897 g0 V50 | 479 a0 | 038 020 | 38 34 57 4
1398 2180 108 510 369 048 042 &1 32 87 48
1800 | A08° 144 | 565 385 042 032 +£3 28 85 &6
1900 £T\Yo8 144 6-10 357 0-44 (-36 46 26 74 45
1900 NJi26 128 | 624 345 | 045 026 | 49 28 T 4l
1920 120 120 g9-28 180 | 062 021 78 10 106 24
1921 120 120 9:04 171 066 013 g4 10 117 23
1982 120 120 986 168 | 054 019 g7 09 113 22
1923 126 120 | 1008 148 065 024 83 11 18 21
1824 120 120 9-86 1-51 061 082 $4 09 | 11T 22

The above table gives certain figures for the first six and the last five years of
the experiment, and it will be seen that, although the original maize only varied

* Mr Winter in correspondence & year or two g0 told me that bqth ther?e experimenty
and one on height were still being continued and still showed 2 c?nt.mued, if less marked,
effect of selection. In the lattor case he had arrived at mean heights of 8 fi. and 8 in. 1n

two races derived from a 4 ft. maize.
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in oil content from 8-9 %, to 6-0 %, the lowest variate of the high race after 28 years k

" ..of selection was 84 % in oil content, while the highest variate of the low race
was only 2-29%; in each case they were clean outgide the original range, a fact
. which seems difficult to explain except on the hypothesis that the oil content of
the original race was due to a number of genes which largely neutralized one
another, soms raising and some lowering it, thus a,llowmg selection far outside
the original range.

It will be noticed that the standard deviation of the percentage of oil in the
original race was 0-41 and that as time went on the high race became more

variable and the low less so: this was presumably due to the interaction of the

environmentsl variation with the genetic, an individual tending td produce high
oil giving more scope to changes of environment than one whlch fends to produce
low oil. N

Nevertheless, on the whole the variation has not deﬂre&sed and we shall
probably not be far wrong in assuming that there was\ne apprecmble change in
- variability for the first three generations of selectl.({n, So that we may take the
original standard deviation as the root mean sg}'@&re of the seven values 0-41,
0-38, 0-29, 0-48, 0-32, 0:42 and 0-32, WhichisO‘?as

After three selections in each direction the miean of the high race wag 5-65 and

that of the low 3-85, a dlffemcﬁllmialllﬂfﬁ’amdl #his difference may be taken as

genetic. 3

Now we are told that in the ,ﬁrst generatlon 24 ears were selecﬁed in each
direction out of 163 and, on the assumption of normal distribution of oil content,
the mean of these selected B@rs would have an oil content 1:56 x o, above (or
below) the mean, o, being\the standard deviation of the oil distribution. It i
further stated that there/were 80 ears analysed of the high race and 50 of the
low in the next gener&tlon, and it is, T think, a fair inference that 24 of each of
~ these were ta.ken\m ‘the next selection. This is confirmed by the fact that in the
later generatlohs 120 ears (5 x 24) were invariably analysed.

The mean* of 24 ears selected from 80 {on the normal agsumption) is 1-167,
above £he)ean and that of 24 from 50, 0-830,, below the mean, and the corre-
sponding figures for the next selection (2% and &%) are 1-71e, and 1-34c,, 8
that the total shift of the mean of the high race was (1 56+1:16+1-71) o, = & 430‘
and that of the low race

(1'56+0-83+1:34) o, = 3730,

or altogether the races were shifted apart 8-160,, of which 1-80 appears to have
been genetic, as shown by the distance apart after the six selections.

Now if o, be the standard deviation of total variation and o, of that part
which is genetic, then, on the supposition of independence between the environ-

mental and genetic parts of the variation o, /o, is the correlation between the
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genetic and the total variation, so that ¢2/o? is the regression factor reducing
the mean of the selected portion to the mean of the next generation.

Hence 8160, x:_;zf = 1-80,
k4

' 1-80
Gy = I/(mx 0 38) = (-29,

Since the differences between the means of the high and low races in the last
five generations were 7-48, 8-23, 818, 8-50, 8-35, we shall not be far.wfong if
we estimate the genetic range abt not less than 29 times the genstm atandard
deviation {29 x 0-20 = §8-41}).

We have now to estimate the minimum nurber of genes which wi].l give as large
a ratio as 29 between the maximum range and the standard Jeviation,

In the first place it is clear that less genes will be requiréd‘if the effect of each
on the oil content is the sare, and we shall assume that ¢ach gene if homozygous
produces an effect 2% and if heterozygous . F\thhteet us suppose » genes, the
rth o be present in 7, of the possible loci and abggnt in ¢,, and let

) - - Qr
= Ere B+
Then p? individuals will be 2k high%rébtﬁmglb@athwgane, 2p,4, individuals wili
be k higher owing to that gene, and\g¥individuals will have no effect from that
gene. (I have taken the rth gens as increasing the oil, but clearly, the same
effect is produnced in the case ofagene which decreases the oil, but the convention
in this cage is that p represe\s}s the absence of such a gene and ¢ its presence. )
Then the dmtmbutlon of’all the » genes will be given by the various terms of

the expansion (4 30 )8 (py+ ) - (BH G o (Pat G,
and the extrerfx{'i}idividua.ls' (in genetic constitution) will be present in the
proportions (N s paps pt.ph and gleb.gfodh
~and theywﬂl differ by 2nk, whereas the standard deviation of the expansion is®
- {2a(pg—o3)t ks
where P is the mean of the p’s and § of the ¢’s (which we may take as  each),
while 0, is the standard deviation of the p’s (which also = o).

Now accordmg to Prof. Fishert the frequency distribution of the p’s is given
by the equation Af = C/pq and, after some tedious algebra, I find that
_N___.,_ '
= = 5NE, L)
where N is the number of loci (here 2 x 163 = 326), and this rednces to - 0-0783.

and q,.

Li inti », Biomelrika, XII
* “An explanation of deviations from Poisson’s Law in practice™, .
{1819), p. 213 footnote [9, p. 671, 1 Genetical T}wory of Natural Selection (1930), p- 9L.
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Hence we have the standard deviation of the expansion
J(2n x 0-0783} &,
and the ratio of the extreme range to the standard deviation

2nk
J(2n x 0-0783} k
Hence to determine » we equate ,/(25-5n) = 29, n = 33.

In this caleulation the following assumptions have been made, which seem to
me to be reasonable, and small departures from them will not serious\ly affect
the result: ) O\ '

(@) The distribution.of the percentage of oil has been taken a3 normal.

(5) 1 have taken the genetic standard deviation as being appreclably constant
for the first three generations and have assumed that the difference between the
high and low races at this point will be suificiently acdarate to give the genetic
part of the variation.

To test this I have calculated the number of eﬁes on the basis of

taking the first  pair of seleeiglqr% giving 33 genes

or J(25-5n).

up to the second RN N . 25 ,,
., ,, third A\\ .33,
_ ”. ; fourti ™ db{a{;}litbralzorglﬂ 31
T (T 36,

All numbers of much the same &;‘der

(¢) 1 have assumed line r\mgressmn of genetlc on total variation and inde-
pendence between the genetic and environmental variation.

{d) I have assumed that the mean value of the p's and ¢’s is §.

(e) Following Fisher, I have assumed an equal distribution of the logarithm
of the gene ra; 'Q.;Thiﬂ should follow whether the gene is absolutely neutral or
has a small selective advantage. My own fecling is that there must be a large
class of va.rlafnona which, if they occur in an individual at one end of the range,
are favmxrable, but are unfavourable at the other. As the general distribution
in the 8pecies tends to be broken up into local races with means more or less
different from the general mean, genes will introduce themselves by mutation .
into such local races as are favourable to their retention and, when firmly
established, into the main body of the species,

The following assumptions are such as to give a minimum value of %:

{/) I have taken the minimum range as 8-41, i.e. I have not allowed for any
genetic variation beyond the means of the last generations, whereas Winter
actually found during the next eight years that the means were still moving apart.

If, for example, I had added even as little as three times the standard deviation

outwards at each end, making 35 times the standard deviation,  would have
risen to 48,
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(9) 1havealready mentioned that the assumption of equal effects from all the
genes minimizes n. _

(%) I have assumed absence of dominance. Clearly dominance would increase
the standard deviation for the same range and s0 increase .

(¢) I have, naturally, only been able to deal with such genes as were included
in Winter’s sample of 163 heads, tracing back to, at most, 326 loci. Hence only
quite a small proportion of the rarer genes can have been included, and, according
to Fisher, far the greater number of genes consists of those which indivi ually
oceur but seldom. Further, even of these genes included in the original sgmple,
many must have been lost at random in the first fow selections and 86 not have
been taken into account by the calculation., )

Lastly, the remaining assumptions cast an element of doub$, on the whole
calculation: 7

() Although the standard deviation is correlated withthe mean, so that we
seem to be measuring variation at the low end of the\distribution in smaller
units than at the high end, I have taken the differérice between the means of
the high and low units as if it was uniform, and divided by the standard deviation
determined at the middle of the scale. T suspest that this tends to exaggerate
the difference and so n. '

(k) T have assumed that the effesi of tHorgelifsanvadiditive, whereas they may
really obey some quite other law. 3%

Nevertheless, though T do not feél that the above calculation can be altogether

absolved from the charge of, ‘:playing with figures”, I think that it does really
afford some evidence that tbe\ﬁﬂ percentage of Winter’s maize was conditioned
by the presence, or absenge, of a number of genes, at least of the order 20~40,
possibly of 200-400, and fiot at all likely to be of the order 5-10.
" The 100300 mmuﬁu\m of genes of the former paper has therefore been reduced
to 20-40, but ho}((e{rer few or many genes may have been present, the fact
remains that.W‘}nter was able to select his maize races far outside the range of
his original Material. This seems to me to justify®

the conception of species patiently accumulating a store of genes, of no value under
existing conditions and for the most part neutralized by other genes of opposite sign.
When, however, conditions change, unless too suddenly or drasticallly, the species
finds in this store genes which give rise to just the variation which will enable it to
adapt itseif to the change. o o

It follows that the change appears to have produced the variation which it has
merely selected from among those potentially present. Thus we can reconcile the
view that the environment produces the required variation, with the older Darwinian
selection of random variations, to which it appears ab first sight to be diametrically

opposed.

* “Evolution by selection. The implication of Winter’s selection experiments "y Bugen.
Bev. xx1v (1933), [18, p. 185).
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CO-OPERATION IN LARGE-SCALE EXPERIMENTS

TA Discussion, opened by Mr W. 8. Gosser, at the meeting of the Industrial and Agmt
cultural Research Section of the Royal Statistical Society, 26 March 1936. Bir Daniel
Hall, K.C.B.,, FR.S., in t.he_ Chair,] N\

[Supplement to J. Roy. Statist. Soc. 11z (1938), p. 11550
"\

At the outset I must confess that the title is to some extent misleading: co-
operation is, I ar quite sure, advantageous in all large-seale éxperiments whether '}
industrial or agricultural, but it happens thas, tho;aé]i “no farmer, I have only ;
~ had first-hand experience of co-operation in agtitulture and Iy paper must, -
therefore, deal with that. On the other hand, thiere are several Fellows present
who will doubtless be able to draw ana,logieg;.ftém agriculture to industry as the
general principles of experimentation are/@emmon to both.
Forty years ago agricultural experintents were mainly carried out in faitly .
large plots, generally withomt téplichtiomysard im consequence the soil differences

between two plots which were to.be compared were often so large as to obscure
the issue. \

E
Then about thirty ye&rs:'%o, several different investigators harvested ap- ;
parently uniform fields by'small plots, and it at once became obvions that the
variation in fertility fiom point to point in a field is so distributed that to obtain’
the hest experimental results it is necessary to work with a number of small
plots, These sl}le‘d'be arranged so that comparable plots lie close together, and
it appeared further that this replication of plots enabled us to make an estimate
of the errorof our results in a single experiment: before this it had only been

{ experiments carried out at a number :

possible$0 estimate the error of a series of

7N

of gtations or in a number of years.

Finally, about fifteen years ago, Prof, Fisher introduced the principle of
randomizing the position of the plots in the various systems of randomized blocks.
and Latin sguares with_whjch many of you are familiar. This enabled us to
obtain a certainly valid estimate of the variability of our results, though usually :
at the expense of increasing that variability when compared with balanced
arrangements. : -

Nevertheless, it must not be supposed that valuable results could not be:

obtained by the primitive methods of forty years ago; for example, in the 1880% -

&Eld 1890’s the Danes, working with comparatively large plots, with few replica-
tions, but at several co-operating stations and in a number of successive seasons, _
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were able to establish that Prentice was the most suitable barley to grow in
Denmark.

On the other hand, Mr Yates has pomted out that it is not uncommon, when
using the most modern methods in manurial experiments, to obtain & significant
result on one oceasion, but, on repeating the experiment in another year or in
-another field, fo get an equally significant result in the opposite direction.

Nor is the reason of this far to seek; among the many causes which influence
the result of an experiment, we can only control by the arrangement of ourplots
those connected with the variation in fertility of the experimental ares; apart
from these we have the wide differences in soil and elimate over the digtricts in
which we wish to apply the conclusions which we draw from our experlments

Hence the old work, if repeated on a representative scale and@itfficiently often,
was able to give results which were applicable over a wide aréa, while the very
accuracy of Mr Yates's methods enables him to reach s:gmﬁca.nce for results of
merely local value, \ \

Nevertheless, it would be a mistake to mdu%the accuracy by insufficient
replication, for only by repeating such work a# d.lﬁ‘erent times and places can the
causes of such apparent anomalies be traoed and for that the more we can
eliminate mere soil errors the better

auhbral y.org.in

But such repetitions can only be camea out co-operafively, and I propose to
give some instances of such co- operatlon beginning with the simplest technique.

Just before the beginning of thi# century the Irish Agricultural Organization
Society, which-later becam ﬁfue Department of Agriculture, began & research °
into the most suitable variety of barley to grow in Ireland, and this research
has been continued to the’present day. During this time three varieties of barley
have been introduced into Ireland, after adequate evidence had been obtained
that each was betfér'than the barley which it succeeded, and the methods of
seed dJstnbutwn\are such that after a very few years the new barley has replaced
the old in pra,ctma]ly all the barley-growing districts in Ireland.

. It is interesting to note that the first of the three barleys to be introduced was
found to We identical with that which the Danes had proved to be most suitable
for Denmark; the other t“o were obtained from 1t by cross- -fertilization by
Dr Hunter. _

The resulting gain in yield has been remarkable, and though it would be easy
to attach too much importance to evidence supplied by the official estimates,
they tally fairly well with the claim which has been made, on the basis of the
experimental plots, that there has been a gain of from 20 to 25 Y%

During the last ten years the official yield has dropped below & gr. only once,
while only twice in the previous sixty years did it rise above that figure.

The low yields between 1916 and 1925 were partly due to unfavourable weather,
but also to the extension of arable land during the war, with consequent inclusion

BFS 3
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TarLr I
Yield of Barley in Irdand in Quarters per Acre

[_ Before experimenting F After experimenting
18661870 4-0 1901-1905 4:5
1871-1875 41 1906-1910 4-7
18761880 . 30 1911-1915 4.8
1881-1385 3-9 19161920 - 41
1886-1800 a9 19211925 41
1801-1895 43 1926-1930 53 N\
18961900 43 1931-1935 &1 :

of less suitable land, and to the subsequent decline in farmingjeeimique owing
to wages being high compared with prices.

X

The experiments are carried out at about ten centres where three varieties are -

tested against the standard variety in one-acre plots;"fhis somewhat primitive
arrangement has been carried on up to the present Qay in order to provide plenty
of barley for quality tests. D :

In any case, after some years the weather,aﬁ}l the barley-growing land of the
country were sampled in a way which wqﬁld be impossible at a single station.
The number of farms should, of urfﬁ;b;’ﬁé'large;', and doubtless it would be but
for the fact that only one ‘Siﬁh‘éi%%%?aviﬁ‘é%fé' for supervision, and ten farms at
distances of, in some cases, over 100 miles is as much as he can manage even
when the experiment is of thig(very simple type.

The error of a compa,r;ia;‘fri)etween two one-acre plots is large, and quite a

number of seasons pasghbefore enough repetitions are available to reduce the ;

error to a figure which’will show that a new variety really yields better than the
standard. As, howewer, it is as necessary to sample weather as districts, this iz
of no great disadyantage.

The order'dlf:%ﬁs error is of interest, and I have examined two series to determine
it; the ﬁrs\t Was carried out between 1901 and 1906, when 51 comparisons betiween

Archét\;a;{id Goldthorpe gave an average advantage to Archer of 7-7 9%, with & )
" standafd error of a single comparison of 15-5%,. This tallies well enough with -

the traditional 10 %, for the error of a comparison of a pair of plots at one station,
having regard to the further real variation due to the differential response of the
varicties to soil, climate and farming technigue.

‘The second series was carried out between 1925 and 1935, when two selections - |
of the Spratt-Archer cross were compared: they differed hy 0-27 %, in 103 trials

with a standard error of 9-3 9,

These two estimates of the error of a comparison, 15-5 % and 93 %; differ
significantly, and it is noteworthy that the smaller figure was found with barleys
which might be expected to react in much the same way to differences in soil

and weather.

e
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A second set of experiments has been carried out by the National Institute of
Agricultural Botany, and I instance it to give an idea of the advantage of using
s method which reduces the error at each station—namely, Beaven's half-
drill strip.

1t has been said that from an experiment conducted by this method no valid
conclusion can be drawn, but even if this wers so, it would niot affect a series of
such experiments. Each is independent of all the others, and it is not necessary
to randomize a geries whjch i8 already random, for, as Lincoln said, “you gan’t
unscramble an egg”. Hence, since the tendency of deliberate randomizingis to
increase the error, a balanced arrangement like the half-drill strip ) best if
otherwise convenient. ' ' O

From this work I have taken two series, one of 22 compa;_n'son&bétwean Spratt-
Archer and Plumage-Archer barleys carried out from 1925401928 when the
former yielded 6-1 %, more and the standard error of a coﬁi}mrison was 819,

There was, however, one experiment in which the method was not followed
in several particulars, and if that be omitted the s’o&’;ﬁé&d error falls to 569,

The second series of N.I1.A.B. expeﬁmentslqu :’a}compa.rison between Spratt-
Archer and a selection from Plumage-Archer which was carried out at six stations
and for three years. It is thus possible to adalyse the variance, and though the
numbers are too small to give a s‘i@ﬁﬁggﬁiu&lﬁﬁ%%%aﬁ&nce, there is an
indication that the greater part was'cennected with the stations. The average
superiority in yield of Spratt-Arclier was 8-2 % and the 8., of a comparison
was ‘8-4 % ; this is significant forJ8 comparisons, so that the main object of the
experiment was attained pro}ged that the stations could be assumed to be a
representative sample. . (>~ '

The analysis of va.riarige is as follows:

o X
£\
1

" t Sum of Mea
.‘Ik\grees of freedom s;u]];ms N aquarzs
N Seasons 2 9295 | 1113
Y Stations 5 815-3¢ 183-07
Remainder 10 ] 352-26 3523
Total 17 1189-85 6999

The remainder, of course, includes not only the error due to soil differences,
but also those due to the local differences in climate within each season and to
the difference between the fields used at each station. _

1 have drawn attention to this small series because it indicates the possibility,
had there been snfficient stations, of connecting the pecauliarities of the soil and
weather at the stations with the relative yields of the varieties. Thus there was
an indication that Spratt-Archer was less superior to Plumage-Archer when the

yields were high, but it was by no means significant.
’ 132
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Agsuming, then, that the error of the one-acre plot experiment is of the order
12 %, and that of the half-drill strip 8 %, the advantage of the latter iz not so
much that. fewen experiments would be needed to evaluate a given difference in
yield, for in any case it is necessary to spread one’s net widely both in time and _ }
gpace; nor is the smaller avea occupied a clear gain, for it is offset by the necessity |
for closer supervision; but it does make it possible to contract the limits of
significance ‘so that more series of experiments give definite answers to the
questions asked. :

I have instanced the half-drill strip, but obviously any method of reducmg
" the error is of advantage, whether it is by replication (mcludmg, For instance,
" multiple Latin squares), reductlon of the size of plot, or ~regul&r balanced

arrangement. - N

The instances given above have been fairly simple, matsmuch as the differential
response of barleys to variations of soil and climates 'small; but even in these -
cases it would have been of advantage to have spread the net wider: the next

. experiment to which I am going te refer is of & rhore complicated nature, and is
concerned with the response of sugar-beet o artificial manures.

This has been described in the Rotha-mated Report for 1934, and though I do
not propose to fry to admvﬁhglféﬂim%gﬁven therein, a short account of
it may be instructive. N

The expemnent was. carried; ‘out in two seasons, at 13 stations in 1933 and

© 15 in 1934; all combinations-of three manures at three rates per acre were tried,
and measuremenis of t.he\w‘elghts of roots and tops, and of percentage of sugar
_and purity, were madg, and various conclusions were drawn as to the effects of
the manures. Among jothers, it appeared that some of these effects differed
significantly at diffsrent farms.

The next t?h%ng, clearly, is to connect up these differences with the character -
of the soil a:nd\we&ther at the various farms, but though mechanical and chemical
ana.lyses\of ‘the soil were carried out, there is no mention in the report of any
attefnptto do this. Presumably there was no marked connexion, and further
results are awaited, for if “8 of the 15 centres gave significant increases in yield -
of roots with sulphate of ammonia, while the remaining 7 centres showed 00 -

_appreciable increases’, the value of the result to the individual farmer will be
much increased by some indication of whether his land is to be classed with the
8 or the 7. I call attention to this in no spirit of eriticism, but in order to bring
out the full possibilities of co-operation on a still larger scale. |

Both Dr Beaven and the Rothamsted school have maintained that their
methods can be carried out by the ordinary farmer; and if for ordinary you
substitute exceptional, I agree; but the business, even of the exceptional farmer,
is to farm, and he cannot afford the time to weigh up small experimental piots
when he ought to be getting on with his work.
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And so, while a co-operative series of experiments should always include a
' majority carried out on ordinary farms, there must be trained supervision and
cultivation money, and this can only come from the Government, ivorking through
institutions like the National Institute of Agricultural Botany or Rothamsted.
Furthermore, the more complicated the method, the more supervision is
required; one man can just lock after ten experiments with acre plots, with
balf-drill strips you probably want at least three, and for more complicated
experiments even more; but farming is & large industry, and a gain, sven a small

gain, per acre on 100,000 acres soon pays for the cost of making experiments,

APPENDIX T D
Tur ERroR oF HALF-DRILL STRIP Expmnrmﬁ,ﬁ. -

The half-drill strip technique has been criticized on the grolmd that no valid
conclusion can be drawn from experiments carried out by, 'a.nd_it tiay be well
to examine what truth there is in the assertion. - '\ S '

Essentially the method consists in sowing long. mﬁ'owstnpa of two varieties -

of cereals in alternation. By an ingenious arrangbment at sowing, these strips
can be split longitudinally at harvest, and each-half strip of one vatiety is com-
pared with the half strip of the other adjgeanit to it; to balancs the linear term
of the fertility slope; the series b%ﬁghn&agnﬁé'_aﬁﬁﬁrﬁllﬂaﬂ strip of the same

variety. The series is therefore of the form ABBAABBA...ABRA, and to

calculate the error of the difference [ — B) a degree of ft_eidom ﬁﬂqc‘aﬁeﬂ.to the
fertility slope. This is determined’ by the difference (S(4.B)— S(BA)) 1/n, where
S(ABj is taken to be the $um'of 4— B for all the comparisons AB, 8(BA) for

all the comparisons B4 qfrid n is the number of pairs. o
Thus the analysis of\the variance is given in a table of the form*

Degrees of

O " frepdom Sum of sguares
Pertility slope | . 1 | (SER - sEAn
Random error n-2 _ 8(4 - By -(8(4B) - S(BAN
Total -1 | S(A - B?

If, then, the variation in fertility consisted of random _d'eviationg stqrpoEfegl
on a uniform fertility slope, the procedure would be beyond eriticism; it remaina
to be seen how departures from such an ideal system invalidate the. argument.

The almost universal departure is that the fertility slope is not nniform, there

are, ideally speaking, parabolic terms, so that the position AB represents a

different advantage to 4 at different points in the sertes. This will have.i_:he. eﬂ"eet
of increasing the apparent error, sines the sum of the squares of the differences,
* {In this table it seems necessary to resd S{4 - BP —n(d — B for S(A- B E_D']
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S(A— B)?, includes just as large & component due to the fertility slope, while
the component calculated, (S(IE?) — S{BA4))%1/n, is smaller; this is because the
sign of A B {and of BA) changes on passing from a falling to a rising part of the
curve. On the other hand, there is a corresponding increase in the real error -
owing to the fertility slope not being accurately balanced, this error amounting
at most to 2/ of the fertility slope between a pair for each change of direction,
Furthermore. unless the fertility slope is of a periodic nature, a case to be
considered later, the incidence of these changes of curvature will he random,
so that the general tendency will be slightly to over-estimate the error, a fault -
on the right side for most of us, and one which is compensated by bhe smallness
even of the apparent error. O 3
Periodic fertility slopes may undoubtedly occur, but apdrs, from those due to -
the works of man, they must be so rare as toadd a negligibie rigsk; where, however,
they are due to such causes as old ploughman’s “lahds”’, it shonld be possible
to avoid them by inspection; even if they have heen overlooked, the chance of
" their affecting the mean difference is small, & ‘&0 do so the period must very
nearly coincide with an odd multiple of the &idth of & whole strip; in general,
it is the apparent error that would be iner¢ased. '

We may therefore conclude that Iﬁ}gﬁgéris a slight tendency for the error of a '

half-drill strip experiment, to be ’@vgr}estblfﬁti:a.%éd, so that somewhat fewer sig-
nificant results are obtained thanif the real error could be accurately determined;
this is more than made up fel\by the smallness of the error itself as compared
with that of most other a»@'ngéments : |

There remain two otfier criticisms; firstly, that the system of drilling is such
that half the coulter’sf the drill are allocated to one of the varieties and the
rest to the other; if-“then, the coulters on one side are badly set or stopped up,
the other mgg(]j&’ve a constant advantage. This, though a real possibility, and -
one to be glarded against by careful inspection, is not as serious as it gounds,
at all events with barley; for barley automatically fills up gaps to such an
exteht\that the alteration in yield by large changes in seeding rates is almost
inappreciable, so that within wide limits of faulty seeding it is the area devoted
to the variety which counts, and not the exact distribution of seed within it. .

The other criticism has more substance; by the hatf-drill strip method only
two varieties are directly compared. This is just what is wanted where 2 standard
variety or rate of manuring is to be compared with a competitor for the ri_ulk'
of standard; but if two or more varieties are to he compared with the standard,
their inter-comparizon is, of course, sribjeét to a much greater error.

Up to the present, the half-drill strip method has, as far as I know, only been
used for cereals in these Islands and in New Zealand, but it should be equalll_’

useful for such manures ag can be drilled, and a modification has even been
suggested for & forest experiment, ' ' '
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COMPARISON BETWEEN BALANCED AND RANDO
ARRANGEMENTS OF FIELD PLOTS

[Biometrika, xx1x {1838}, p. 363} ~
[The following editorial note was printed at the head of this paper: With very déop regret
the Editorial Committee has to report the death, on 16 October 1937, of Mr WASL Crosset,
whose seientifie contributions under the pseudonym of “Student” are wall \known to alt
statisticians. It is hoped to include some account of his life and work in’the next iasue of
the Journal. : e, A\

Mr Cosset had been working at the foowing paper during thé\phst summer, and &
fortnight before his death had diseussed the draft, which is\printed below, with Dr J.
Neywan and Prof. E. 8, Pearson. It was then agroed that certain points in sections 2 snd 3
needed clarification and Mr Gosset proposed to und_ertake'thi‘b’mfk' himself; unfortunately
this fina] revision was never completed. Dr Neyman ahd Prof. Pearson havs thefeforo

added in a separate Note (Biometrika, XXX (1938), pp. '380-88) some coxnments, for which

they take full responsibility, rogarding the pointy o which they kmow Mr Gosset had
intended to enlarge.] &30 S

®

IN a paper read before the agrieulﬁﬂ&ﬂ&ﬂdylwgﬂ sedtiién"_df the Royal

Statistical Society* I ventured to.pofnt out that the advantages of artificial

randomization are usually oﬁset}by an increased error when. cofapanedl with
balanced arrangements, Pro {Pisher does not agree and has written a paper t0
test the difference of opinion that there is between us.f - L C
In this paper ¥ proposéco st out as clearly as I can just what is thig difference
of opinion. K7, o o
Next 1 propose\td‘éhow that the conclusions of Prof. Fisher's paper all follow

firstly from hisj'}hwing made use of a method of caloulating the error of the:

“ gystematio®® arrangements which I showed fourteen years ago w-)\_i;ld-lead to just
the misiég,tﬁng conclusions which he has found, and secondly to]ns not having

compared like with like. L T
Thirdly, I will show that if he had not fallen into these pitfalls he would have
been able to show that in the case which be took, a balanced arrangement does In

fact give a slightly smaller error than his randomized one, -+ - '
Fourthly, I will describe just what is to be expected when balanced arrange-
ments are compared with random,§ viz. that when the variance due to treatment
« W. 8. Glosset, **Co-operation in large-scale oxperiments ", Supplement to J. Roy. Siabisé
Soe, 1 (1936), pp. 116-22, [20]. ' . [
+ Barbacki and Fisher, “A test of the supposed precision of systematic arrangements
Ann. Eugen. vii {1936), pp- 13_9—'93- : : : S P
1 Note that an arrangement can b mth]fbalm'ed and random and where, thi8 ¥
practicable the aims of Prof. Fisher and mysett &ro both satisfied, . . .
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is low compared with the error of the experiment, fewer significant results are -
obtained than with random arrangements, but when the variance due to treat-
ment is high more significant results are obtained with balanced arrangements. -

Lastly, I will give in an appendix the results of some testing of balanced versus
random arrangements on uniformity trials by Mr A. W. Hudson of Massey
College, N.Z.

§1. Tusg ErrecT oF Lack oF RANDOMNESS ON Bias

It is almost invariably necessary, when applying mathematics &0 }Jractical
affairs, to replace the actual conditions by a set of simpler approximations with
which the mathematics are capable of dealing, and mathematicglstatistics areno .
exception to this rule. P\

For example, the analysis of variance which is generaliyased to determine the
error of agricultural experiments requires three assunip\!;ions to be made before |
we can apply the method strictly: O

(1) The systems concerned are to have normal variation.

(2) The variances of like things should be équal.

(3) The sampling should be random.  \J

{1) If, as’is usual, the variation is notiiormal our argument will not be im-
paired unless the number ‘0f FER5AMERSE %9 Ry small, when departure from
normality introduces an added uncéttainty to the estimation both of mean and
perhaps even more of variance!, ' 5

(2) If, as often happensythe ‘variances are not equal, as for example when we
are pooling the variancesof the yields of barleys which react differently to soils -
of different fertility, wEahall not in general invalidate our conclusions appreciably, -
though in extreme-gades attention should be paid to this source of error. N

(8) If, howeyér; the sampling be not random, there are such possibilities of
drawing false(@enclusions that Prof. Fisher has introduced a system of artificial
randomizing to ensure that the third condition is satisfied and brands all other”
systemismvalid. o

Nevertheless, it is possible, by balancing sources of error which would otherwise :;
lead to biag, to obtain arrangements of greater precison which are nevertheless .
effectively random, by which I mean that the departure from randomness i8 only
liable to affect our conclusions to the same sort, of extent as do departures from -
normality or inequality of variances.

Lack of randomness can affect either the mean or the variance, and it is the y
first of these which is apt to lead to invalid conclusions. Thus Mr Yates has shown #
that it is practically impossible for anyone to select shoots of corn of average.
length by eye, and in fact none of the senses can be trusted to behave without
biag. Those of taste or smell are peculiarly liable, and if comparisons are to bemade |
it is necessary to avoid giving the least inkling of the order in which the samples
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are to be presented, in faet it is better to let it be known that it is a random order.
In some cases the only way of avoiding bias is to withhold all knowledge of the
object of the investigation from those taking part, though unfortunately this
engenders a lack of interest in the proceedings. '

Again, a promising experiment in nutrition was ruined by departure from
rapdomness when the schoolmasgters were allowed to adjust the sapposed uneven
effects of a chance selection of subjects for the Lanarkshire Milk Experiment, and
in doing so managed to select, doubtless from the most humane motives, 10,000
* children to receive milk who were significantly lighter and shorter thah the
10,000 ““controls” who did not. _ ' A

In agricultural experiments there are obvious possibilities of biag“affecting
the mean in badly arranged experiments, for it is usual to find “fertility slopes™
in most “uniformity” experiments, i.e. when an’ apparently\uniform field is
harvested in small-sized plots it is usual to find that the yield ‘is higher in some
parts than in others and tends to change more or less gradnally from one place to
another. Hence if plots of one variety are sited, whether systematically or by
chance, nearer to one end of the experimental areh than to the other, the mean
is likely to be biased. o\

To take the simplest case of two varietiesior treatments, the layouts

A B A B A B abBulegstematich
and ABA A BA'B B (random)
" will both favour B if the field is more fertile on the right than on the lefthand, the
. second rather more than th @'sﬁ.
On the other hand the Jayout
;"4 BBAABBA
is balanced with rgg&;r”d. to & simple “linear” fertility 310?9’ a.1.1d the mean of
neither A nor B\Quﬂ be biased except by departure from linearity. - )

It is, of coutde, possible to imagine particular variations in soil fmﬂ“‘?’ which
will bias the\‘ﬁéans of plots arranged in this manner, but with one exception they
are of the dame nature and lead to the same sort of bias—but usually to a smaller
extent—as occurs with artificially randomized layouts. - . L

The one exception is é.'periodic wave of fertility due to prffVlOUS cultivations
which happens to coincide in period with the width of an odd mtegl_‘al number of
quartets, a not particularly likely occurrence. ‘

Such layouts as ABBA are termed balanced, and any_rfumber of trt.aatrflenta
may be set in a balanced layout, as, for example, in the Latin squao which s nob
only balanced but random as well, “‘thus conforming to all the principles of
allowed witcheraft”. .y

Tt is reasonable to expect that balanced layouts
and that the mean will be less biased than in random,

will on the whole be successful
and this expectation is
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iliustrated by some experimental sampling carried out by Mr A, W. Hudson of | |
Massey College, N.Z., who tested balanced and random blocks against one another |
on three different uniformity trials. His results are given in the Appendix, andall
that need be said here is that in fifteen experiments the balanced layouts showed
slightly more bias in three and less in twelve, the reduction of bias being very |
considerable in some of the twelve.* - _ 5
And this brings me to a question which has often interested me. Suppose there
are two treatments to be randomized—I take two for simplicity only—and |
suppose that by theluck of the draw they come to be arrangedin a veryun alanced |
manner, ssy AAAABBBB: is it seriously contended that the, fisk should be
accepted of spoiling the experiment owing to the bias which willaffect the mean if
there is the usual fertility slope? For, as will be shown laten, not only will the y
mean be biased, but the apparent precision will tend to-hehigh, and misleading -
conclusions drawn much more often than the 1 or 5 % ofthe tables. It is of course
perfectly true that in the long run, taking all possible arrangements, exactly as.
many misleading conclusions willbe drawn asar allowed for in the tables, and any- }
one prepared to spend a blameless life in repedting an experiment would doubtless
confirm this; nevertheless it would be peg]}mtic o continue with an arrangement -
of plots known heforehand to he likely'to lead to a misleading conclusion. _
LR rau " YL O .1 7
Let us suppose therefore—as i ,eéﬁ it 1§ rumoured—that common sense °
prevails and chance is invoked a, setond time and that such an arrangement &8
BBABBAAA is offered; is this.to be accepted? It is more likely to give a biased
mean than BABABABA\‘Eﬁt then of course it is random! :
And if this is not to be used, how about BBABABAA? Tn short, thereiga
dilemma—either youlmust occasionally make experiments which you know
beforehand are ]Jksly to give misleading results or you must give up the strict;
a.pp]jca.bility.%fﬁﬁe tables; assuming the latter choice, \ﬁhy not avoid as many :
misleading feshlts as possible by balancing the arrangements? And this, to do -
Prof. 'I'f‘i:sk{ef'just.ice, is the direction towards which he is tending; in his paper with :
Dr Barbicki he treats for the first time of “randomized sandwiches” to which ;
the objection ig, not an appreciable increase of error, but the practical difficulty 3-;
of working them. _ ' : ;
To sum up, lack of randomness may be a source of serious blunders o careless’
or ignorant experimenters, but when, as is usual, there is a fertility slope, balanced

arrangements tend to give mean values of higher precision compared with artificial
arrangements,

Next, what is the effect of lack of randomness on the variance?
In a later section 1 will show that since in the “null” case, i.e. when no real
treatment differences exist, the aggregate variance due to “‘treatments” and:

* M_Bo?d?n, of Ha?vaﬁan Sugar Planters’ Association, Hawaii, has obtained similary
results in similar experiments, and I have no doubt that this will always tend to happet-3
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. residual error is constant for all arrangements of treatments in the blocks, those
with low actual error necessarily give kigh caleulated values for the error and vice
versa, the calculated error, howsver, varying much less than the actual in ordinary
experiments owing to the larger number of degrees of freedom of the residual error.

This, of course, has nothing to do with the origin of the experiment whether
randomized or not, _ ]

If, however, the arrangement is “randomized” one can—before the draw—
state accurately, subject to normality, etc., what the chance of getting any
particular partition of variance between “treatment’” and ‘“‘residual erfor” will
‘be in the “null” case. After the draw, when one particular arrangement-has been
chosen, it is often possible to be sure that the chance has changed.iitone direction
or another without, however, being able to define exactly w'hgt itis.* In parti-
cular, balanced arrangements tend to have lower actual errots and higher calou-
lated errors than would be expected by chance before a, radom selection is made,
and this is so even if a degree of freedom is allocated\bo'fertility slope, owing to
the departure of the “slope” from linearity. PN '

The consequence is that balanced arrangeméntd more often fail to describe
small departures from ‘the ‘“‘null” hypothesis'as significant than do random,
though they make up for this by ascribing: significance more often when the
differences are large. W d p¢~éulibral~y,org_ in o

Thus such departures from the “ngll’” hypothesis as are found to be significant
by balanced are kikely to be largerthan those found by randomized arrangements,
and in particular those discoyéted in the “null” case itself—5 or 1 % s the case
may be—tend to disappearaltogether with balanced arrangements. .

It will be seen then thafthe difference between Prof. Fisher and myself is not
a matter of mathematie$<heaven forbid—but of opinion. He holds that l?ala.nced
arrangements may/gr may not lead to biased means according to the lie of the
ground, but thaf&in"any case the value obtained for t_he error ig 8o misleading that
conclusions diwn are not valid, while I maintain that these arrangements tend
toreduce the 1;'13,3 due to soil heéterogeneity and that so far from the conclusions not
being %alid they are actually loss likely to be erroneous then those d;:awn from
artificially randomized arrangements. Further, that in the really nnportm?t
agricultural experiments which are carried out at more than one eentre—-afld it
was of these that I was speaking—+the very slight disadvantage t}fa't' an occa..smna.l
result at an individual station may not be recognized as significant owing to
over-estimation of the error at that station is more than offset by the greater

precision of the experiment as a whole. ' ' ’ :
‘i : ' ; ble to give the expectation of life. Thus the
ex;,i:;ﬁ;; ?;,_Ifm]]jc;'go;? ::: Etifgnu:ﬁrﬁ;na;}fi? can be éf'lefernead to an sppropriate table, but

when we particularize the Englishman of 40 as a tin-miner or an sg::‘ﬁih;?hl‘:x“pwmmmg
know that the expectation is lower or higher than that given in the

knowing very exactly by how much.
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§ 2. BArRBACKI AND FISHER

Such being our opinions, based'in each case on a priori argument, Prof. Pisher
rightly decided to put the matter to the test by assigning imaginary treatmentsto ;
plots of which the yield had been determined in a uniformity experiment both on
a random and on a balanced system, and published a paper,* of which he gives
the following summary:

“1., This inquiry was carried out to test the truth of the opinion expressed by- :
‘Student’ that randomizstion achieves its object ‘usually at the expense ofincreasing -
the variability when compared with balanced arrangements’, and that one of the
means available to experimenters of reducing the error is by adoptmg & regular
balanced arrangement’. N

“2. Using an extensive uniformity test it is found thab "the arrangements ran-
domizing either pairs or aandwiches of half-drill strips gives .smaller errors than the |
systematic arrangement advocabed as more precise. '

‘3. As a consequence experimenters using the s&s&emaﬁw arrangements syste-
matically underestimate their errors.

_ 4. The error estimated from a systematic arﬁangement is ambiguous, and the
- experimenter has an arbitrary choice between deveral widely dlﬁ'erent estimates. .
*5. Owing to the failure to furnish a valid estimate of error, ‘Student’s” test of :
significance is not approximately ‘éb’i"ﬂéﬂﬁ@fﬁ" %yREBrfutic arrangements.”

‘The particular arrangement Whlch Prof. Fisher intended to test was the Half-
Drill Stript introduced by DrBeaven some fourteen years ago and widely used
since then, but unfortunately half-drill strips are too large to lend themselves
eagily to testing on ordinary uniformity trials, and althongh Prof. Fisher has
laid out eight pairs of\Kalf-drill strips on his uniformity trials he has not in fact
compared them Wltl’tsa corresponding random arrangement but has cut them up
. transversely 1n15q5 yard lengths and has compared the actual error of the large -
half-drill strips wwith that caloulated from the randomized} sheaf weights of which
they are gsmposed.

Now it happens that Dr Beaven had originally proposed to calculate the error
of the half-drill strip from sheaf weights of this kind, and that I pointed out in :
this Journal thirteen years ago§ that since such “sheaf weights’ may be posibively 3
correlated such a method of calculating the error is fallacious. :

¢ Barbacki and Fisher, *“A test of the supposed precision of systematic arrangements”,
- Ann. Bugen. vii, pp. 189-93. ;
T Prof. Fisher prefers to call this the *Split Drill” Method, but though I agree that the
name is more deseriptive it is a pity to confuse the matter by a change of name after alt ;
these years. More particularly is it confusing to transfer the name “Half-Drill Strip” to
small portions of the original half-drill strip as he has done, and I have called them by
Dr Beaven’s name of **Sheaf Weighta .
1 Not very much randomized ; he compares corresponding pairs just as anyone else would. ;
§ “On testing varieties of cereals”, Biometriks, xv (1923), pp. 271-93, [11]. :
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This method of caleulating the error has, of course, nothing- to do with
balanced arrangements, except that it was proposed by Dr Beaven, the author
of the half-drill strip; it might just as well be applied to random arrangements, as,
for example, the “randomized pairs” of Prof, Fisher’s experiment, each of whick
was actually harvested in six separate drills from which the error could have been
equally erroneously calculated. '

Prof. Fisher has therefore calculated the error of the half-drill strip by a method
which 1 showed thirteen years ago would be likely to give a fallacionsly low value,
and quite rightly has not used this methed to caleulate the error of his * randémized
 pairs”: it is entirely due to this that he can draw conclusion {2) of his€hnmary.

From this single fallacious conclusion he boldly generalizes to reach conclusion
(8) which, as was shown by O. Tedin whom he quotes, is directly.at variance with
the facts. Conclusion {5) also follows solely from Prof, Fishel;’sjf&ulty method and
not from the balanced arrangement. ' ' o

When the paper appeared I wrote a letter to Nafure* pojnting this out, and that
the actual error of the half-drill strip aggregate was m@ood conformity with that
calculated from the weights of the whole strips,~% -

In answering me Prof. Fisher replied that)in that case the error of the
“randomized sheaf weights” was so much smaller than that of half-drill strips
that eleven times the area would H&vé H4 b Rsa YooFeditos the error of half-drill
strips to that of “randomized sheafWeights” and further repeating his con-
clusion (4) with which I shall degilater."

Now one of the things that wagnoticed when uniformity trials first began was
that the same piece of Ia,ndjﬁh out in large plots gave a very much larger 91'1:01'
than if subdivided into sall plots, and since half-drill strips were in this trial
twelve times as large(ds”“‘sheaf weights”, Prof. Fisher’s conclusion naturally
follows since he is,n@i\éomp&riﬂg like with like. . .

Yet even so, tlﬁﬁe who have actually had to carry out agricultural exp?mnents
might very well ‘prefer to work eleven times the area with ordinary agnc-ulturgl
methods arid $ools than have to sow and harvest 192 randomized sheaf weights ™,
if indeedhihat could be done at all under ordinary weather conditions.

Nevertheless, it is a fact that the error of this particular set of: h'alf-c%nll strips
is unusually large. This arises partly because the number o.f repetitions 15 low but
chiefly from the fact that the uniformity trial whx;;:h I;ro? ﬁ’;:he:e 21}1101: :;c; illustrate
his argument showed a rather unusual feature due to Iauwlly « ’

An iil;lmina,tion of the original drills which were oc?ndenae(}_to 1:01111 the half-
drill strips shows a periodicity, the averages of each eighth drill being for fifteen

repetitions: 6739 7200 7839 6795 6689 7478 6807 6697
These variations are obviously not due to chance (for instance, the
+ [See pp. 218-19 below. Ep.] ' '
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gave the highest yield in twelve of the sets of eight and second highest in the other

- three) and are doubtless connected with some defect in the seed drill, probably the

tines were not evenly spaced, and this could possibly have been detected had it
occurred to Mr Wiebe to examine the working of the drill before sowing.

The result is that since six of the eight drills were added up to form a * half-drill

strip’’, then one drill omitted, and then another six, and sc on, there was s - I
periodic variation in fertility not coinciding in period with the width of the half- -

drill strip, and this, as I pointed out in the Appendix to my Royal Statistical
Society paper, increases the calculated error but does not bias the meéan,

~ For the same reason the correlation between the corresponding heaf weights
is very much higher than would usually be the case and fuil scop€is thereby given
to Prof. Fisher’s faulty method of calculating the error.

Let us now deal with Prof. Fisher’s fourth conclusion:?*The error estimated
from a systematic arrangement is ambignous and the ‘experimenter has an
arbitrary choice between several widely different egsbimates.”

We may observe in passing that this is another instance of Prof. Fisher’s
passion for generalizing on somewhat narroW foundations, for the possibility
which he refers to is peculiar to the half-dzilldtrip arrangement.

In the half-drill strip, however, 11; ﬂsmble either to calculate the error from
such aggregates as A BBA w‘fuc%laf ermoc r§andw10hes in my paper to this
Journal or from the separate paa'ts of such aggregates, AB and BA, termed

“pairs” by Prof. Fisher,

Of these the former is cleatly the better if only there is a sufficient number of
replications to give & goodwestimate of the error. As this is unusual it is generally

best to gwe a degree of {reedom to the fertility slope and caleulate the error from
“ pairs”

Admlttedly hlS“bends to overestimate the error with the sort of results

obtained in § 4 aced with this choice, I personally choose the method which i
most hkely 10 be profitable ‘when designing the experiment rather than use
Prof. F:sher s system of a posteriori choice* which has always seemed to me t0
savour rather too much of “heads I win, tails you lose”,

§3. A PROPERLY BALANGED ARRANGEMENT

It appears then that Prof. Fisher’s paper is altogether irvelevant to the question .

at issue, but in order that Dr Barbacki’s work may not be wholly wasted we can

“make a calculation of the error of a properly balanced arrangement of plots of the -

same size as the *““randomized sandwiches” of which he has calculated the error.

For it will be noticed that Prof. Fisher’s ““systematic” arrangement, though -

“‘balanced” as “half-drill strips”, is not so when regarded as a number of * sheaf

weights”: lateral balance is necessary.

* Statistical Methods for Research Workers, § 24.1 (5th ed.), p. 125.
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The obvious layout is therefore to have the 4BBA arrangement in both

‘directions. :

Thus: .
ABBAABBAAB AAA44444
BAABBAABBA . BBBBBEBR
BAABBAABB A etc.insteadof: BB BB B B B B ete.
ABBAABBAARB AAA44444
ABBAABBAAB AAAAAAAA
BAABBAABBA BBBBBBBRRARL

etoe. ete. O\

This is merely a chessboard with fringes, each square being divided.at harvest
into four. The “squares” should be long and narrow, to gain thé“advantage of
contiguity, and the comparisons should be made between adjavent long subplots
of the different varieties. I have not seen this rather abvious arrangement
mentioned before; it is admittedly no more suited for ‘agricultural work than
“randomized sandwiches”, but it might be used in sebicultural work, where the
reduced “borders’” would be of adventage, or fot(pot culture. '

In this case we can start from Dr Fisher’s Table IT by reversing the signs of
columns (ii}, (iii), (vi), (vii), (x) and\im%g%?ﬂ{ggg%%otl‘%gjﬁnor from an analysis
of variance as follows:* R\

Sum of squares

: ~\ . Dﬁgl’e&ﬂ of of “aplit drill”
Variance due t?\ \“ . froadom ooplit dri

»
Longitudinal fertitity slopes - 12 887,171
Lateral fertility slopea -8 4,503,;5{2?
Varietal diffevence 1 i .
Residual prroes 75 3,988,681
 Towl) 96 0,387,099
==

The ditfemngé:between A4 and B is thus 513g. and the 8.D. c.;f ﬂu’z: difference
2259, as gbmpared with 2353 calculated from “‘random sa.nd}n(fhes .

Thus, as'%e should eﬁpecﬁ, the difference is comfortably w1thu'1 the 8.D., and
the s.p. & little below that caleulated from “randomized sandwiches”, itself a
partially balanced arrangement though random. ‘

We see then that if a properly balanced arrangement is pub down, on the
uniformity experiment of Dr Fisher’s choice the error is fc!und ﬁ‘? be, as-usua’l: less
than his random arrangement, though not by much since “sandwiches” are
themselves balanced.

eom quite clear. It wa3 A point on which

. i i o1 g not s :
[The basis of this analysis doe T esmtation of tho papet; see the

“8tudent™ had promised to enlarge before the
editorial note on' p. 199 at the head of this article. Ep.]
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§4. THE EFFECT OF “BALANCING” ON THE “VaripIity”
oF CONCLUSIONS

From a priori considerations—and Mr Hudson’s and Mr Borden’s experiments
areinaccordance with thisexpectation—it seems fairly certain (i) that “‘balancing”
has no tendency to bias the mean, and (ii) that when there is a ““fertility slope”—
or anything corresponding to it, e.g. a time effect—the result will be to increase
the apparent error but to decrease the real error. What effect has\this on the -
“validity” of conclusions drawn from balanced experiments? ,{ )\

"N
Ny

(i) The case of blocks, randomized or balanced, judged ?Jy the z test

Let us take the ease of four treatments in six blbeké:giving fifteen degrees of -
freedom to the residual error and three for treat:Qents, and let us suppose the
arrangement put down on a uniformity trial. 7> '

Then, once the plots and blocks are mark‘etikut, the “total sum of squares”
and the “sum of squares due to blocks” @fe fixed; the difference between these
represents in all cases the eighteen degrees of freedom due to treatments and

L . v dburaul ry.org, . R .
residual error, but will be %\ﬁe&l }Jbetween the two in different proportions
according to the chosen arrangement of the treatments in the blocks. If the
arrangement is random the frequency of any particular ratio is known to follow
the z distribution, and owi 40 the skewness of this there will more often than
not be a lower variance f the treatments with three degrees of freedom than of
the residuals with fiftgen ' :

If the arrangemént is not random the frequencies will not follow the z .
distribution, e,g{"with regular unbalanced arrangements the variance ““due to
treatment "’ g’i‘ﬁ:iﬁend to be high compared with that of “‘residnal error”, while
with regylgi‘;balanced arrangements the reverse is the case. It will therefore beof
interestbosee what happens when a real “variance due to treatment’ is imposed
on unifermity trials which give ratios at different points of the 2 scale.

Thus it may be convenient to take as norm those uniformity trials which have -
the same variance for ‘“means of treatments”’ as that caleulated from the residuals
and let this variance be o2, Then another set of trials may be considered of which |
the means have a variance of 0-502 and consequently a variance of “residual
error”’ of 1-10%, since 15 x 1-1+3 x 0-5 = 18. This set may be taken to represent.
the tendency of balanced arrangements to produce low variance ““due to treat- .-
ment”’. A third set representing * unbalanced ”” arrangements may be taken with -
a means variance 1-5¢% and a variance calculated from residuals of 0-902.

All three of these ocecur, of course, in their proper proportions in random trials
and are none of them uncommon, They are merely taken here as types.
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Tn what follows I shall for convenience term: the variance of means the actugl
variance of error, 6%, and the variance caloulated from residuals the G&Ictdated
variance of error.

Now suppose that a real variance due to treatment—measured mthout. erTor,
o%—be superposed upon the uniformity experiment. Then the calculated va.nanoe;
of error will be unaffected and the observed variance due to treatments will be
0%+ 02 + 2r,p o7 0, and, since T and e are independent, the distribution of the - -

_observed variance can be calculated from the known distribution of r when there - *
is 1:.10 ccirrelamon, Whlch in this case of four treatments is uniform betweeﬁ\+l C

From this we can determine the probabﬂlty that any given 0%, sqperpoged on- "
any particular arrangement, will be deemed “mgmﬁcant” When ehmpa.red mth L
the corresponding “calculated variance of error™. . Lo

The results of such calculations are given in the fo]lomng ‘table, whlch glves“" e
the probability of exceeding the 5 % limit of sxgm.ﬁcanae, or if preferred can be-'. i

read as the percentages of “significant” results.
\ ¢

* Probability of obtammg s@mﬁca.nt. resulir
Actu&l wman of err
Yalue of Nl il -
oo 150? “’Wldbfalqldaﬂary -11 g.in 0-5a* -
Limit of significanee .
3.90¢% 36300
05 \\ 0-22 . 0 0
10 041 S | 0
15 s 0-51 034 0-03
2.0 W 0-58 045 . 028
25 L) 063 V083 0-36
30 : 068 0-60 . 0-48
(3% 072 © 066 057
ANEY - 076 071 066
V45 ) 076 073
JN T 540 082 080 0-80
_e N 53 (-85 0-84 - 088
H™ 60 (-88 088 002
/ 65 0-90 0-91 997
70 093 0-94 . 100
7-5 006 98 -
80 0-97 100 -
25 009 — -
90 100 — -

This table 111ustrat-es the fact that arrangements which give an actual error,
less than the calculated fail to give as many “gignificant™ regults as those whi
give larger actual errors up to & real treatment variance of about five times the’
average residual variance, at which point abont 20 o/, of the experiments still fait
to show significance in each case. When the real treatment variance rises above
this pomt the smaller the actual error the more 810 the eignificant results,

BPS o
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It is perhaps rather invidious to decide below what value of the real treatment
variance “significant” results are misleading, but in any case it is clear that the
fault of the arrangements with low actual variance is not lack of validity. On the
contrary, conclusions drawn from experiments giving significant results by such
arrangements are more valid in the ordinary sense of that word.

These arrangements have so far been considered as having arisen in a random
‘manner, but by using balanced arrangements the proportion of arrangements
having actual low errors is increased, and hence conclusions arrived at from
balanced arrangements are more, not less, valid. \

Nevertheless, it is clear that if it is required to caleulate the erxor from an
experiment carried out at a single station it is advisable not ony to balance the
experiment but to allow for the error eliminated by allocating-aidegree of freedom
to the fertility slope. Even so it is likely that the actual’grror will be less than

the calculated and the conclusions more valid than $héy; appear to be,

A\ :
D
(i) The case of kalf-drill stripggudged by the § test

I showed in the Appendix o my paper'o;f Co-operative Experiments that it is
uaua.lly a,dva,n?a:geous to a\lﬂlgutw%?_ aﬂﬁﬁ?ﬁ?ﬁ?g Eﬁ%d‘?m to the fe?tﬂlt.y slope, and .
that since fertility slopes are not ugnally strictly linear there is a tendency for
the calculated error to be larger than'the actual error. Let us illustrate this in the
" case of experiments carried oub.on the scale adopted by the N.I.A.B., namely,
with ten pairs of comparis 8, this is of course rather a small scale, and of the nine
degrees of freedom one igallocated to the fertility slope and eight to the residual

error of comparing thé’two varieties. _
In this case we are-to vary, not the position of treatments on a given piece of
ground, but thiL sigées of ground on which a half-drill strip of ten pairs is seb and
the “norm” Jhich we shall take is the case where, owing to & particular uniform
fertility g]g;pé, the calculated and the actual error exactly correspond with the .
standérd error .- |
Witlthis we can compare a case where the variance of actual error is 0-50° and
the calculated error therefore (1 +0_85) o? = 1-0620%2, i.e. standard errors 0-7lo
_and 1-080. A tendency in this direction is, as noted above, common, since fertility
slopes are naturally not uniform; on the other hand, when the fertility slope is
small, random sampling may give us a case where the actual error is larger than .
the caleulated, let us say standard errors of 1-22¢ and 0-97r.
Then in the three cases we find from the ¢ table that the 5 9 significance puoint _:E
iz for the “‘norm” 2-300, for the low actual error 2-377, and for the high actual
error 2:23¢, while the actual errors are distributed normally with 8.E.’s. 7, 0-7070
and 1-22¢ and the percentage of “significant” results, i.e. those above the |
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significant peint caleulated above, can be readily determined for values of the
real (i.e. measured without error) differences between the two “varieties”, say
A-B.

These are given in the following table. -

Variance of calculated error - (042 1-0ot

08ot
Variance of acteal error 1-5q2 1-0ert {l.ggf
3.E. caleulated e - o . 1080
s8,E. actnal : 1-22er 10 0707
Limit of significance C 2Rl 2-300 370
L L \
Value of 4 GB Probability of significant reaulta N\
0 407 002 LN
05 0-0F 008 004 A
10 016 0-19 LS00
15 027 0-21 A7y 11
20 042 038 3 080 -
2.5 059 ] 0-38° S ) 058
3.0 74 TGN 081
35 0-85 . O;gg: 095
40 0-03 0 008
4-5 097 099 100
50 - 099 NS 100 —
&5 1-00 W -

It will be noticed that in the left-huthd=ehlraty thierénare two probabilities
given opposite 0-5, 0-01 that a negativésignificant result and 0-08 that a positive
significant result will be obtainedsFortunately such a case is almost impossible
unless of course ““randomized a;ib}” were nsed instead of a half-drill strip. What
we are concerned with in pra\dgﬁce_is something which tends towards the right-
hand column which, as in, the case of the balanced blocks, errs by faiﬁng. to give
significant results when' tHe difference to be measured is small, but from g._.value
of about 2-55—at ywhigh all produce significant results in 60 % of trials—gives a
higher pereentag%th'an when the calculated and actual errors are equal.

Tt is clear, tligrefore, that in this case too, conclusions drawn from a balanced
arrangement)are not less but more valid than if the arrangement had been
random\ ) L ' L

The above tables rather emphasize the well-known paradox that it is just whe'n
the experimenter is congratulating himself on the unusual smallness of his
experimental error—unusual, that is, for the type of experi‘ment and number of
replications—that he is most likely to be betrayed into drawing faJse conclusions:
for the small caloulated error indicates a large actual error, and this whether the
arrangement be random or balanced, though it is likely to ocour more frequently

in the randem.

In conclusion, I should like to emphasize the fact tha.f.. when usmg ;:: medl’h‘“e
eriticized by Prof. Fisher I was concerned with co-operativeé experiments

“out at a number of different places. ven
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Such experiments, as indeed all agricuttural experiments, are only of value in
.80 far as the venue is representative of the conditions under which the results of
the experiment are to be applied, and so the result at any single station is not of
any particular importance in itself but only in its interaction with the results
obtained at the other stations, for only so can its representatwe nature he
established.

To take a simple case a variety trial may indicate that one wheat will do better
than another in heavy but not in light soils; such a conclusion is more likely to
follow from an experiment carried out with a low real error and a correspondingly
hlgh ealculated error at the individual stations than if a low calculatedl error gave

“gignificant’ results sporadically. )

It is therefore important that the results should be determmed with as little
‘real error as possible, and the calculated error at each statxon 18 superseded by the
-error of the experiment as a whole. §

>
APPENDIX GIVING MR A. W, HUDSON (%MPARISONS OF RANDOM
AND REGULAR ARRANGEMENTS IN UNIFORMITY TRIALS

- Mr Hudson’s account of xhqaqﬂhmdﬂmngr sefollows:

“{) Four, five or six imaginary treatments were allocated aceording to which :

was the mosat suitable to the fulk atilization of the data.-

“{ii) These were allocated, to,blocks in a regular-balanced fashion and then :

to the same blocks randomﬁ&e using various numbers of ‘units’ per individusl
plot.

the treatraents in tigsecond and fourth series were in opposite order to those in the

first andthzrd\kbus 1,28 41,2 3, 4 ete.
'.\3 - 4, 3,2, 1, 4, 3, 2, 1, ete.

O\ "2, 1, 4, 3, 2, 1, 4, 3, ete.

' . 3; 4’ ls 2, 3, 4, 1, 2, etc.

or a.lternatively', Where the shape 6f the individual plot permitted, only a single ;

gperies, thus:
ete., 2, 1, 4,3, 2,1 Middle 1, 2, 3, 4 1, 2, 3, etc.”

Mr Hudson’s experimental work must not be taken as an attempt at a proof
that balanced arrangements are likely to give a lower error than random un-

“The regular arrangements were balanced by using two or four series in which - '5

balanced arrangements; that seems to me obvious, and it is for those who wish to

disprove the obvious to obtain evidence in support of their eccentric opinions, bub -
it does give an interesting illustration of what is likely to happen in practice, &ndI
print it in the hope that it will help to clarify other people’s ideas as it has mine.



Random and Balanced Armngemf}nts-of Field Plots 218

TARLE T

Da:ta from Journal of Agricultural Science, Vol. 1v; Part 2, 1911
Mercer and Holl. Mangold Plots

Number of rawa
Units per row

} Total number of unita 200, but onIy IGIJ used in first three; \

Y

; =
] Ra#dom . Bﬂh«'n‘@d . ‘—’
B,Tr. | B.xU. | @M. | Caleu- | Dev.of | Calou- | _Dew of |
. lated | T.M. from Actaal | Jaeeg Qp.ﬁf from | Actual
8.K. G.M. SB[ s PG . BB
2074 1x2 656-4 6-63 - 33 G584 | BT |+ 44 245
. - 57 =10
4 16 RS - b7
+ 75 .,x-,\\’ - 17
_ N LD
10/4 2x2 1312-8 14-16 +10:2 Jd{lﬁ\. 14-42 ~ 08 | .°564
P + 83
~122 § " _ ~ 14
+ 632 3 I ('
) — e ‘:”""'-a-u ibreryqrar——{—— :
1074 1x4 | 13128 | 1640 | 4129 | 1348 | A66L | +163 - | 1002
- -is0 | - &8
JAN+ TS - §8
) R - 20 ~ &5
8/5 Exs | 16429 2{‘2 ~328 | 250 | 2202 | 4150 | 164
— -0 : -16-2
) +27-8 - 58
+ 43 +19-7
\X +2045. -i32
43 2x5 | 83857 | 5078 | 4560 | 506 °| 5462 | +163 [ 367
\O d 7770 lase | Z157 _
p - 49 . —’g'g
2 +43:0 4
R - 687 4445
N\ y -
Table}:eadmgs B./Tr. Blocks (repheatlons] and treatments.
R.x Size of plot, rows x units.
(.M. (Yeneral mean of ail plots.
Calculsted 8.E., i.e. of means of treatmonts by analysis oi' mnanl!!-

Dev. of T.M. from G M. Daviation of treatment meana
Actual 8.E., 1.6, calenlated from previous column.

from genersl Imears.
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TaBrE H
Data from Journal of Agricultural Research, Vol. x1urv, No, 8, April 1932
' F, B, Immer, Yields of sugar beet
Number of rows 60 N
Units per row 10 A
Total number of units 600 2\
7NN ¢
_ Random | A MBalanced
&
B./Tr. | B.xU G.M. Calcu- Dev. of Calou® Dev. of
lated | T.M. from | Actual Jsﬁed T.M. from | Actual
S.E. a.M, 5B NC\s.E G.M. 8.8
20/6 1x5 2559 328 + 11 522y 327 - 11 340
+ 33 N - 317
+ 06 | L& - 21
+ 0'4 3 + 6'1
~ g2 N + 11
+ _Q~8 . 0
10/6 2x5 8119 o Bidbr uhhrial"ﬁ ork.il+6 852 + 78 9-8
I3 + 51
= 16 - 58
m — T2 -17:3
A +13-0 + 26
O\ - 62 + 78
10/6 1x10 | 5114 [\ 804 | - 61 600 | su - 62 608
\ + T4 - 17
P - 44 +10-4
NS + 95 - 27
N/ - 04 . - 37
\ - &0 S+ 39
46 |- sx6| 12797 | 2368 | <esz | s21* | 8187 | 4114 | 100
o\ +40-5 + §4
RO\ -418 -170
R - 83 4+ 21
) -733 - 54
+125 + 36

* This is & “significant”
it should have ocenrred in

and myself,

result—beyend the 19, level—and it is perhaps a kittle unfortunate thab
a mere sample of 21. It has, however, been checked both by Mr Hudson -

T P A M S



Random and Balamed Arrangements of Field Plois 215

Taerre III

Data from Journal of Agricultural Science, Vol. Xx11, Part 2, April 1932
Kalankar. Potaloes _ i .

Number of rows ... 86 . Units perrow ... & -Total.numherbfu.nitsl . B78

; Random A ~ Random B Balanced [,
Dov. of Dev. of Dew:
Bfr | RexU. | GM- | g | TN | Actual | Cule. | TM. | Actusl| Cale. BIh| Aotuol|
5. | from 8.E. LB, from 8.E. s& |“from am -
GO : G.M. oM |
326 | 1x3 | 608 | 074 | — 02 | 051 | 074 | - 06 | 044 3.1}-74" - gg - 087
1 SRR £ 8 IRV A ¢ S B
- 08 + D2 ¢ -0l
~ 03 +. 06 + 08
+ 08" N - 10 _
16/6 | 1x6 | 1396 | 162 | - 19 | 174 [ 148 +\l~; 26 | 1e | - 14 120
"o _ \& 4 . . :
’ + 29 wi— 31 + 08
- 10 | a2 ' + g"l'
s 07 \ . , 1l. 4.1 . .
o ww‘c'ltp"auhblafy;ﬁlg in _ 15
16/6 | 2x3 | 1396 | 216 | + o-% 216°1 219 :ffg 182 | 22| + gg
- 1. & . . L - *,
— za\ + 08 -2l
< Y’ + 02 -~ 0-8
R 0\1 + 01 + 20,
¢ N 35 + 2 ) + 08
W6 | Twb | 2183 | 600 + B8 | 484 | 5d7 | + 081 88| B 430
2 I + 21 -3
\\ T 14 - 38 - 3'3
~\M - - 11
O Ia -4 i
> o I g . . 4
86 | 25802192 | 507 | .18 | oM | b8 | + 80 482 | 56 il
: \ 3 + i’{ - 38 - 22
+. a - 0l - 27
- 35 _ 44 - 00
- 11 + 18 : v
g : . . 76 | - 33
4/6 | 8x3 | 5584 | 333 ﬂlg-é 317 | 3685 ;33_3 A Rl ot
. : " + 56
+41-0 t}gg . - 0B
+::‘l1g'g 125 + 11
~ 19 8
T387- -146 +7




MISCELLANEOUS CONTRIBUTIONS
A. LETTERS TO NATURE

(1) AGRICULTURAL FIELD EXPERIMENTS _
[Nature, cxxvi (29 November 1930), p. 843j \
Ix the article with the above title which appears in Natwre of 25 Ottober last,
p- 667, it is stated:
- “Beaven's half-drill strip method is described, but W]thout pointing out its
- two serious but remediable defects: that the contmued, use of one half of the
drill for one variety, and of the other half for the variety with which it is to be
compared, may introduce a constant difference the magnitude of which cannot
be estimated ; and that the regular a,lternatlon,o}strlps of the two varieties does
not permit of a-valid estimate of experlmeni:a,i error.’
I submit that these defects are more thgoretical than practical, and that any
modification of practice in YHe's 1%%:?10%1 oPehe’ method, such ag changing over’
seed boxes, would be a retrogr&de §tep.

To take the first, there are tl%ree possible ways in which one half of a drill
may differ from the other: )

(1} It may cover a w1der breadth of ground; this Would doubtless have an
appreciable effect, but ib“wonld be detected and allowed for by the routine
measurements take acrosa the stubble.

(2) The coulters.may be less evenly spaced than those of the other, and

(8} Less seed\may be drilled from it than from the other.

Now, cerdal ¢rops are wonderfully independent of the amount of seed sown.
I have in' {niind two chessboard experiments, in one of which half the area was
SOWN W1th seed 1 in. apart instead of the usual 2 in., and in the other, the rows
in half the experiment were 3 in. apart instead of 6 in, In each case the heavier
seeding only resulted in a gain of about 3 9, and it is not to be expected that
such slight irregularities as occur between the two halves of a drill would have
any measurable effect.

The second defect, owing to the peculiar shape of the half-drill strip, would
only exist if the experiment were to be sited so that some periodic variation

_existed across the breadth of the drills: otherwise randomness is supplied by the
soil. By taking care that the experiment is drilled across ploughman’s “ lands”

if they exist, and by bearing in mind the history of the last few crops, this danger
can be avoided.
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The pairs of strips fall naturally into two sets according as one or other vaifﬁety
is on the right hand, and in an analysis of the variance of the difference between
varieties, one degree of freedom is taken up by these two sets. The estimate of
the experimental error arrived at in this way is perfectly valid, provided the
above precautions have been taken in siting the experiment. '

It would be & pity to interfere unnecessarily with the simplicity of this very
- efficient method of conducting field trials, :

. I . . .\
(if) AGRIOULTURAL FIELD EXPRRIMENTS O\

"N\

[Nature, cxxvit (14 March 1931), p. 404] |

M=z Howarp’s letter in Noture of 31 January last (p. 166) Qwea interesting con-
firmation of the reviewer’s opinion in Nature of 28 Noventber, 1930, p. 843, that -
depth of sowing influences the yield of wheat, yet I wgﬂgure to suggest that such
an extremne case as he quotes scarcely bears upon th'point at issue. When seeds
do not germinate, it is equivalent to a light seeding rate, which, as I pointed
out, makes wonderfully little effect on the-yield. Whether such differences as-
one may expect t0 occur between the depthis'of coulters in the same drill make
any appreciable effect on the yie]&‘é%ﬁ%n%’?ﬁ‘i’ﬁ’&?ﬁﬁf %4 % still, I think, anopen
question, and 1 suggest that the d}ﬁerénces which the reviewer has observed
between the yields of his rows miay have heen due to their being- unevenly
spaced. The yield which is eon aratively unaffected by seeding rate, is tha?t per
areal and not that per Iineapﬁni’o‘ The reviewer quotes *“an &pparently uniform -
field” at Aarslev as upsetting my view that for practical purposes ran-domness .
can be obtained from_the half-drill strip ““ provided care is taken to drill across _
ploughman’s ‘lands~{i§“if they exist; yet Dr Sanders in hig account o'f th&js
experiment malg%ﬁé mention of an “apperently uniform field” (J. Agric. Ses.
XX, D. 65), but writes, “This oscillation apparently arose as a legacy of the old
practice of ploughing in high ridges”, and so on. - | _
Even i i;Ee uisdfabﬂity of the field had been overlooked, th-e AM"BIW Plolt;
were probably a good deal wider than drill width, and half-drill strips ;o:h :
have been extremely unlikely to coincide both in breadth and phase med the
periodicity in question, while any partial coincidence would have betray e

existence ‘of the snare. . . . o ' .

Finally, there is a fallacy in Mr Howard's last sent(?nc&.—-‘ It is obuv]'::eus 1dn
such questions that riothing can be gained by the application of form p zu; ;
figures to the results obtained by poor agriculture.” The;:a is nf) qwef! ﬂllon, !
course, of connecting the half-drill strip method. of expenmenbl.tftg'mordinpoo
agriculture; its great merit lies in the fact that in its preael?t form i .;swonld&bri |
farming practice: if, however, that practice were poor agriculbure, I
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a mistake to carry out trials by methods conforming to better standards: field
trials must be capable of being considered a random sample of the practice, not -
of the theory, of agriculture. _
This may seem a hard saying, ‘but an example will make my meaning clear.
After a long series of experiments the Irish Department of Agriculture decided
to introduce Dr Hunter’s Spratt-Archer barley as being the best suited for the
country. This was almost everywhere a great and outstanding success; yet in -
one district, which shall be nameless, the farmers refused to grow it, e]legmg that
‘their own native race of barley was superior to it. After some time the Depart-
ment, to demonstrate Spratt-Archer’s superiority, produced a singlé;line culture
of the nafive barley and tested it against the Spratt-Archer in, thé district in -
question. To their surprise, they found the farmers were perfeetly right: the
native barley gave the higher yield. At the same time the veason became plain:
the barley in question starts more quickly and is ahle to smother the weeds,
which flourish in that not too well farmed land; Spratt-Archer, growing less
strongly at first, is, however, the victim and népythe conqueror of the weeds,
and the original experiments, carried out on‘w}ll farmed land, were definitely
misleading when their conclusions were apphed elsewhere. _
. Taught by experience, the Departmesit'is now engaged in breeding a barley
to meet their conditions; hA"1H} %m&’ ar}wcﬁén obtained, will rightly be tested
by “results obtained by, poor ange\xlture '

-
+$ )
(i) THB HALF-DRILL STRIP SYSTEM
"AGBICULTURAL EXPERIMENTS
AS
p {Nature., cxxxvin {5 Decemnber 1936), p. 971}
Pror R. A, .E\is’HER AND Dr BarBACKI have recently published a paper
in the Anm]:s of Fugenies entitled ** A test of the supposed precision of syste-
matie a.rramgements” * There is a good deal in the paper with which I am not
in agreement and with which. I hope to deal elsewhere, but a letter from a friend
of mine in Australia, who has heard at second-hand that Fisher's *results
showed not only that the half-drill strip failed to give a valid estimate of error
but was less accurate”’, shows that it would be better not to let such ruamours -
get a start, for they are quite unfounded, |
In the paper, the crop on a uniformly treated field was assigned to two
imagined treatments 4 and B on & systematic plan in which eight strips of the
width of a half drill were assigned to 4, and eight to B, in the usual arrangement -
of an eight comparison half-drill strip experiment. Ap'art from the fact that one

* Barbacki and Fisher, ““ A test of the supposed precision of systematic arrangements’’s
Ann. Eug. vi, Part 2 {1936). phosed precis: ysteman g
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should have at least ten comparisons—in Beaven's original paper* there were
26—the representation is a fair one.

The authors, for the purpose of ascertaining the degree of precision which is
obtainable from the systematic arrangement in question, have taken the weights,
of grain, not from the total area of each of the 16 strips, but from 12 sections
of each strip, and have treated these 192 sections as if they were independent
half-drill strips—in fact they have called them half-drill strips—and from the 96
comparisons they have calculated a standard error to represent the precision
which they suppose an advocate of systematic arrangements would atfribute
to the method. But, of course, the sections of a half-drill strip are tob m faet
independent, and in this case are markedly correlated, so that theSigufe which
they obtain is much too small to account for the observed diﬁgrgp&b beiween the.
A’s and the B’s—and they draw conclusions adverse to the'systematic arrange-
ment and not to their own method of caleulation. - (N

The procedure adopted, of dividing up the longstrips, is that which Dr
Beaven* originally proposed in 1922, namely, weighing the sheaves off .equal
segments of his half-drill strips and calculating the error from these welghts;
but so early as 1923, I pointed outt that this‘method would probably give &
fallaciously small value, and since then it\has been customary to regard the
whole length of the strip as the Hnftifl thd ikkeuiationin '

Had Prof. Fisher and Dr Barbaoki ealculated the error-on that basis,} they
would have found a standard ertor of 2-37 %, of the average yield, whiioi the
actual difference between the 4,}3"1‘1 B's amounts t0 175 %; that is, the differ-
ence between two things }vh%h should be the same within the error of random |
sampling is in fact no moré than 0-75 times the standard error. .

The authors’ practical demonstration of the correctness of my a priori

ing i v ifyi t I must nevertheless inaist
reasoning is, of {3(1111'\86, very gratifying to me, bu  halfedril
that their papeblm’s no bearing whatever on 1_:he error of present-day half-
strip expeﬁglé:nts. _ '
N
* Bedven;* Tri jeties of coreals
t o 8 Tr by i&‘iﬁﬁﬁ;ﬁ?@ of vereals *, Biometrika,

p. 106].
I “Student u’ “Yield trials”
in large-scale experiments ™, J.

. - ] . , 2].
» J. Minist. Agric. xx1x, Nos, 4 and 51922},
xv {1928}, pp- 286, 287, (11,

, Baillére's Eneye. Sei. Agric. 1t (1931), [15]. “ Co-operation
Roy. Statiat. Soc. Supplement {1836), (20].
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B. CONTRIBUTIONS TO DISCUSSIONS AT MEETINGS OF THE
INDUSTRIAL AND AGRICULTURAL RESEARCH SECTION
OF THE ROYAL STATISTICAL SOCIETY

(i)
[Supplement to J. Roy. Statist. Soc. (1934}, 1, p. 18]

Mg GosskT said that Dr Pickard had given such a wide and compx}ehens_ive
survey of the application of statistical methods to industry that)'in spite of
having had a considerable experience himself, there was préctically nothing
that he could add on the subject. He had started with the'raw material in the
field, and ended with the finished cloth, and in his own Particular industry he
had had similar problems from one end to the other. N\

He would like to refer to the question raised at bhe end of the paper—the
selection of the statistician for industry. In his firm, & man who had had some -

. experience of the industry had been sent out :ehxd taught statistics, That had
happened some time agé—in fact it was twenty-eight years since he had ridden
across the Berkshire Downs on a bicycle gdinterview Prof. Karl Pearson in 1905.
On the whole, this had beé”nwféi%]laﬁ%lclr +3 %%%Hl method, and perhaps becaunse

they had been working at it for so'leng, they did not experience the difficulty -

of the horrible jargon referred tolby Dr Pearson, and it did not appear to produce
quite such terrors even among the senior members of the firm. They more or
less understood, and if they did not understand they were quite polite about it.

If a man were sent ous from the industry and put to school again, he was apt .

to forget what he h&{fleamed, and it -was most important that such people
should be in congbahit touch with their Professors. As Dr Pearson had pointed

ouf, one reasop~was that the mathematical tools which the Professors provided

would hardlﬁbe exactly what were wanted unless they knew how they were
to be uged,) -

Another point arose from the peculiar nature of statistics. It was impossible

to apply statistical methods to industry or anything else unless one had a certain

amount of intelligent experience as a background. That worked both ways. The

practical man had to go and talk to his Professors partly in order that the .
Professor himself should ghare his experience. In actual fact all statistical - -

methods were strictly applicable to practical affairs; they all depended upon -
random samples and, as everyone knew, there were no such things. That, of

course, was an exaggeration ; there were two random phenomena, one of which was

the disintegration of radioactive elements, and the other was Tippett’s numbers. -

The whole art of statistical inference lay in the reconciliation of random mathe-
matics with biaged samples. Every new problem had some fresh kind of bias

e I T T P
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and might contain some new pitfall. The only way not to fall into these pitfalls

was to talk over the problem with some intelligent critic; and so the practical

man, if he were not entirely foolish, talked over his problems with the Professor,

and the Professor would not consider himself to be a eompetent critic unless

he had had some experience of applying the statistics to industry, and had
learned the difficulties of that application. :

it
) N N\
[Supplement to J. Roy. Statist. Soc. (1936}, i, p. 173} .

M= GossET said he would like to confirm a remark of Prof. Pegirgon’s about
the difficulty of working with large-scale results. In most cases-the whole object
—or one of the principal objects—of manufacture is to keop the product as
uniform as possible. In addition to that and in order<te obtain that, it is
necessary to keep the raw materials as constant as posgible; consequently, when
one looks at large-scale results, there is no varigtrin\n to work upon, and the
statisticians are helpless, at any rate until somebling has gone wrong.

Mr Gosset said that up to the present he(had been interested in sl?ectsch
glass only as a consumer, and his excuse forintervening in this discussion was
that he could illustrate the use”of ' WiiiplePstatistioal method on the tables

which were given at the end of the_péﬁer. : ) b
In an investigation such as this) where one wished to throw light on

behaviour of a large-scale- rod{as\s, the method of oorre]a.f:ion was very often
useful, but at first sight the fables did not look very promising, split up s they
were into very small samplés, both by the small numbers of journeys per pot
- and the different kinds"of glass. In this connexion he would say to MT_J emfatt
that there were twa tses in correlation, one was the use of the regression line,
- and that was dotbtless the best, and the other its use morely as & measure of
the relati tween the two things. :
There lﬁs@ﬁhod of eomlatg:m used largely by paychologists, km"",m
“ Spemﬁ;;ﬁ’é method ”’; it was not an efficient method—that m; it did not; uti .
all the information supplied by the samples, so that about 20 % ‘“‘If"_’ “m
must be collected to give as accurate a result as.the ?rdmary oorre tt.ll‘::t when
cient, yet, owing to an artful method of caleulation, xt.waa 80 simple it wae the
playing with other people’s figures, for instance on a railway ]oumeﬁ, —
obvions one to use. It consisted of !‘eplﬂcingh each “"ﬁz by the figure repre
senting its numerical order, and correlating these nurmbers. .
By fhjs method, Mr Gosset said he had obtained weighted average mm*‘::::
coefficients between the number of veing and the order of the Jou;]:y;e ‘;m e
it beyond all question that the later the journey th? womblein the tablea:
weighted average was derived from all the 98 samples discovera
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the mean size of sample was just over 4, the greatest was 8 and the smallest 2.
- The average results were as follows:

For 4 31 2-6 times its standard deviation
w B 27 31 " ” ’
n U 0-44 2.2 " ”» *
n D 011 08 1 » ]
w B 0-19 1-3 ” » »
Total 0-26 &5 . ..

4, B, and C were all significant. D and & were not so, but there was no evidence
that any glass behaved differently from the others. When he said “Standard
deviation” it was caleulated on the supposition that there was no sorrelation
at all. It meant the standard deviation of correlation coefficiénts of samples
of the appropriate degrees of freedom drawn from uncorrelated material, and
the mean 0-26 corresponded to a correlation coefficient \of about 0-30 if large
samples had been obtainable, ' )

This did not confirm the authors’ conclusion, and\Mr Gosset could offer no
opinion as to the disagreement unless it was the/@ustom to stop using, at an
early stage, pots which had given poor results. QA:thiIa,r investigation into seeds
showed that there was no evidence of correfation between seeds and order of

X

journey except in the case of glass 4, whete'the correlation was 0-27, 2:3 times
- www.dbraulibeary .org.in
the standard deviation. O
He had also tested the correlation™between refractive index and both seeds
and veing, the former without qn;jr'success, but there was a distinet indication
that the higher the refractiv\%‘iﬁdex, the worse the veins; perhaps the veins
themselves had a low refractive index. The evidence wag not significant, since
. the correlation coefficient 916 was but 1-6 times its standard deviation, but if
the matter was of any i\ﬁ;fwrtance, this might give a line for further investigation.
Mr Gosset again~gxpressed his great interest in the subject-matter of the
paper. N

~O (iii)

QY

[Supplerent to J.. Roy. Statist. Soc. (1937), 1v, p: 89}

M=z GGosseT wished to say a word for the control chart. It had been talked
about as a sort of wall ornament, but in point of fact it was a very useful thing.
He had had control charts in the laboratory which had led up to nearly halving
a laboratory error, because they gave a hint as to what to look for.

And in this discussion, although the method of testing the strength had heen
aspersed, it was clear from the control chart that the method was good enough

to show secular changes, unless indeed, as was unlikely, the secular changes
were due to the testing machine itself. '
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{iv)
[Supplement to F. Ray. Statist. Soc, (1937), 1v, p. 170}

Ox reading Mr Bartlett’s paper, I saw that I could add little or nothing
to his treatment of the statistical principles involved, but it occurred to
me that other people besides myself might have had their curiosity aroused by.
certain matters of less interest perhaps atatistically but yet of some praétical
fmportance. I refer of course to the results of the experiments, 1 theréfore
wrote to Mr Bartlett, who very kindly sent me his copies of the four‘papers in
the list of references, with which Dr. Crowther’s name is associated; and I am
going to give an account, necessarily inadequate, of the fine p1ecB of work which
they describe, S
- The four papers deal primarily with the cotton crop.n Egypt particularly
in the Delta. Cotton is grown in Egypt as an anpal’and not, as might be
expected, as a perennial, hecause of the pests by which it is afficted, especially
the Pink Boll Worm. This has so much increased\of late years that the methods .
of cultivation have during the last ten yeats-been modified throughout the
country. At the same time, new varietiéwditte-digen-introduced, the bendenc.y
being to produce larger yields of cotton of shorter staple. That being so, it
became necessary to examine how“far these changes have altered the old
standards of manuring and, pambularly, what proﬁt was to be derived from

nitrogenons manures. \\

The experiments directed by Dr Crowther were concerned mainly with the.
elucidation of this quesgtiéd and, as you have heard from Mr Bartlett, were
carried out at several &tations, where the effects of various levels of nitrogenous
manuring were co ired under different conditions. of spacing, watering and
phosphate ma.nm‘mg, and with different varieties of cotton.

The actual-gain from the use of nitrogen varied with the spacing adopted
with the(différent varieties and, naturally enough, between the different
stations, but the average profit from the use of nitrogenous manures was over

- £3 per acre, and at only one out of eight stations was the profit not appreciable.
Hed the optimum quantity of nitrogen been used, the gain would have been
considerably more, Furthermore, an experiment with wheat following cotton
at & single station showed that in that case the increased yield of wheat more
than paid for the nitrogen applied to the cotton. I think that is & very good
instance of what large gain can be made: £3 an acre on all the cotton of Egypt
would produce an enormous amount of money.

These results may not seem to be very surprising until you learn (a} that
previously it was generally believed that nitrogen was of little or no value to
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the cotton crop, and (b) that in Egypt nitrogenous residues were supposed to be
leached out by the irrigation water.

An investigation into the relation between the supply of nitrogen and the
development of cotton leads Dr Crowther to the opinion that it is largely owing
to the closer spacing of modern practice that the plant can make good use of

added nitrogen, but I should like to ask whether the substitution of the mo~'»m

nitro-chalk for nitrate of soda or ammonium sulphate may not also have had -

a beneficial effect of its own. - ~
I have now much pleasure in moving a very hearty vote of thanks to Mr

Bartlett for his paper, and if I have rather strayed from the stralght\:mnd narrow

path which he has himself followed, I have done so in the conﬁdeﬁt expectatmn
that my lapse will be atoned for by the speakers who will fQHG&W
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