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Preface

Although  constitutional diagrams of binary systerns lave been
deseribed so thoroughly that it is now a simple matter to study in this
field and to obtain a background which makes possible the understandings
and even ihe eonstruction of such diagrums, the same statement is not 9%
all true of three-component systems. Information coneerning the .Iaf;ter
15 tmostly contained in a series of articles covering special cazfhor a
group of gpeeial cases. In general textbooks which take up tl}a,@ii;::btlssion
i hieterngeneous equilibria, ternary systems are genera-llyn,ﬁrezfted in a
rather brief appendix to the seetion concerned with binery systems,
These treatments are in all cases so short that the Jehdder immediately
encouniers trouble upon attempting to proceed furtheh ™ He is then forced
te abiain sn understanding of this field by his Ownefforts without the
advantage of a systematic introduction, a meﬂm}} which is very instruc-
tive hut also very laboricus and costly in € For this reason only a
eomparatively small number @{:Mh}}k}ﬁl’bﬁ%&#ﬁiﬁgﬁmd opportunity io
delve into ternary sysiems sufficiently\to feel at home in this field,
wheress most, although they undegstand quite well the heterogeneous
equblibria of binary systems, have diffficulty in analyzing even the
simplest ternary systems. Indéed, many works on {ernary systems show
viclations of the elementary, teachifigs regarding equilibria which indicate
that the author himaself i ot well grounded in the theory underlying
such systems,

The advance of »gétematic alloying science and technique demands
increasing attention™o the field of ternary and higher alloys. Knowledge
of such alloys Boedmes continually more important and the need for an
clementary o sound infroduction to the subject -for both the student
and fechufielan increascs correspondingly.

The, j)i?rpose of the present work is to £l this gap by a discussion of
the fugdamental theory underlying ternary systems.

The study of three-component svstems is rightly considered to be very
difieult. This condition arises not only from the greater complexity of
ternary systems in comparison with the binary type but more especially
because the diagrams eannot be cxhibited as plane figures but require
a spatial representation. For this reasen, the subject sets up unuzually
high requirements as to clearness and thoroughness of cxplanation, An
cffort has been made to have the discussion in this treatise as conecrete
and informative as possible. Special care has been taken with refercnce
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to the difficulties which the bepinner mects. Interruptions in the sequence
of ideas have been avoided as much ag possible, and carc has been taken
to deal fully with those mental transitions which the beginner finds
troublesome. Only the simpler structural eases have been described, i,
those have been discussed thoroughly. It is boped that in this way the
reader will be able to learn without exeessive diffieulty the fundamental
theory underlying ternary systems, and that with the knowledge w0
obtained, he will have little trouble in understanding the cases which
oeeur in practice or in working out more eomplicated systems. A\

The methods used in investigating ternary alloy systems will rebdive
little attention here. For cne thing, such methods do not differ, faxticu-
larly from these used in studying binary systems and, for anGtlter; such
& deseription is beyond the seope of this bock. I appears, mm'e “desirable
to enliven the gubject by discussing some of the more HIII)OI’td.I‘lt indus-
trial alloys. This plan has been carried out in the last\tﬁrec chapters.

Although the presentation has been made on thesbasis of metallie alloys,
the conclusions are valid also for non- lnetallzc\)'stcms ag long as the
vapor pressure is negligible.

The author is indebted to Dr. 0. Dahly D\ M. Hansen, and Dr. W,
Pocher, who have most kindly given the iext a critical reading and elimi-
nated numcrous deficiencies of preserﬂsatlon, and to Dr, Ewig-Daus ior

reading the IJT\QQ‘fﬁ, dbraulibrary. 0155m

Berlin-Siemensstadt )
September, 1032, .

) _ G. MasixG.
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Chapter [

Introduction

1. TIIERMODYNAMIC FUNDAMENTALS

The relationships in systems containing one or two components cad b?
s0 readily understood from ordinary cxperience that fow thermodgnaic
considerations need be brought into their diseussion. In sucls¥sterns,
the phase rule, which is the most important of the t-herl'rw’d}im‘fmic laws
relating to heterogencous equilibria, iz of sccondary impeﬁaﬁée. Hence
this rule has generally not been introduced in the early paf of discussions
of keterogeneous systemns but has been relegated tolahvdppendix.

The facte are otherwise when systems with thredybr more components
are considered, These systems are inherently sobe complicated than the
singalary or binary types. Thé ‘fc%ﬂia‘érﬂt?ﬁ-ﬁ%l?&ﬁﬂpation diagrams
at constant pressure cannot be shown od :a ‘plane surface buf must be
represcnted by a space figure, a fact which makes their analysis more
difffenlt, It is, therefare, less easy:tb'comprchcnd the entire problem
froin a simple point of view, a‘m:i:for the sake of avoiding econfusion,
cxplanations should be baszed,en formal thermodynamie laws, For this
reagson, the phasc rule will.be’\iaken up at the beginning of this exposition
of ternary systems. 1 ﬁ{‘alﬁng a short recapitulation of the theoretical
foundation it will be a-;}med that the reader is familiar with the simple
form of this law asapplicd to systems of one or two components,

in thermodypah}\lcs we recognize a distinetion between homogencous
and heteroggr@@g gysterns, A homogeneous system is one in which the
chemical Cemposition and the properties—as specific volume, color,
elcctmqi{émma] eolution potential, eleetrical conduclivity, ete—are the
samesim 'every part of the system. In any system—homogeneouz or

N

l‘C"";ci"cfg:mleous—whicll i in equilitbrium, the temperature and pressure
a} the same at all points, Hence, in the case of a homogeneous systemn,
1t is possible to set up an equation of state involving a relation between
temperature, pressure, composition, and the various properties, which
will completely define the behavior of the system. The simplest case is
that of 4 system of one component such as a hormogeneous gas (hydrogen,
oxygen, water vapor, and so on). For such a system, the equation of
slate is

BT V=0, {n

1



2 TERNARY SYSTEMS

where P is the pressure, T the abzolute temperature, and V the speeifie
volume. For an ideal gas the funetion (1) takes the siraple and familiar
form of the gas law

' PY=RT, (2

where B is the gas constant and V the volume of a mol of gas at a given
temperaturc and pressure. In general, particularly for liguids and solids
the equation of state is more complieated than (2); fundamentallv, it is
expressed by, or ean be brought inte the form of (13, ‘

. . . N\

Experience has shown that if the equation of state of a svstem Cwni-
posed of one substance is known, it i= necessary only to speellyywe of
the three variables, e.g., the pressure and the temperature, the\préssume
and the specific volume, or the temperature and the epecifie ¥olume, in
order to fix all the properties of the substance. Jusi-"a'.é"the apecifie
volume is determined by the pressure and the temperature, so arc all the
other properties of the substance; and this statemeff holds regardless of
the state of aggregation, \

If the problem involves more than onc consﬁﬁ\ubnt, ag in the case of a
homogeneous substance compozed of two prx\ﬁbre components, then the
properties depend upgn, fisraelibesitjoargitell as upon the pressurc and
the temperature. The composition s gwpressed by the relative concen-
trations, ¢, of the different constit-uexj%-?s’—that 18, the ratio of their mass, m,
to the total mass of the systeméjﬁhﬁs:

4 in

=—, 3

where the subseript pﬁ}notes that the nth constituent is under consider-
ation. For the dgtermination of the composition of a system containing
n constituents,.it}is'ncccssary that n—1 eoncentrations be specified; thus,
for a threescamponent system, two concentrations must be specified.
The co ceﬁ}fation- of the last constituent is, of course, given by sub-
tractir}g%ﬂ: sum of the n—1 concentrations from the total concentration.
For.{s Bdmogeneous system of components, the equation of state corre-
LSHohding to (1) has the form:

\‘;

In simple cases, the validity of the above cquation is at once ‘evident.
Consider, for example, the case of & homogeneous solution in & closed
space. The volurne and other propertics of the solulion are known as foon
a8 the pressure, temperature, and n—1 concentrations have been fixed.

The empirical fact of the cxistence of an equation of state containing
n+2 variables, as shown in (4), capable of specify
homogeneous body composed of n constituents, is the fundamental
hypothesis upon which the phase rule rests. The importance of this

Fleves.. .onn,P,TV)=0, (4}

ing the behavior of a
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eruation is net set forth with sufficient clearness in most treatises dealing
with this subject. That an equation of state contains exactly n+2 vari-
abios, and henee that a simple gas has no other independent variables
than ¥V, P, and T, is an experimental fact with no theoretical foundation,
The fundamental sipnificance of this fact makes desirable a detailed
diseussion of it with respect to the phase rule.

A system which is composed of more than one homogeneous portion
iy sald to be a heterogencous system. The several homogeneous parts
sre separated from one another by definite surfaces; their properties
cr from one another by finite amounts. Gibbs called the homopentghs
ons of 2 thermodynamie system “phages,” a name which we ‘%ali
smploy hereafter.

‘n ¢ have mentioned frequently the constituents of a system Bncl have
soer i (4} thas thelr number is of great importance with, fespect to the
form of the equation of state. These constituents hav heen considered
as independent variables of the composition, Thab ié‘f;.\-‘e have gpoken
of n constituents when under the same circumstaneda‘the concentrations
of anly n—1 sonstituents are necessary for sp€eifying the composition
i a phase. Phase theory characterizes cm\atltuentq of thiz type as
indepeudent constituents. They 308 e Y YodBituents whose
eoneentrations in the several phases edn be changed independently of
eacn other. Consider a walter solutlemuf & salt. Its composition depends
uapen the amount of water magq and of salt m,, either of which ean be
changed independently of thes other. To specify the composition it is

L
\ Mg+ Myz0 ’

As long as the cophposition of the golvent—in this case, water—and
that of the soluie{ \{drs:}olved salt) do not change, the problem requires
ni further atte {.1911‘ With respect to the water, it is of no eonsequence
whether its gafetniration be specified by stating the quantity of hydro-
gen, Or uf«}wgen or of the water itself, since in any case the concentra-
tion isegiven by a number. The same conditions hold for the salt—
€.9..¢ #othmon salt. A system composed of wafer is a one-component
#yetem so long as the same proportion of oxygen and hydrogen is prezent
in all phases, which is the condition existing at ordinary tcmperatures.
However, at higher temperatures, at which water dissociates appreciably
into hydrogen and oxygen, the gas phase will generally have a different
ratio of hydrogen to oxygen from that existing in steam. Such a system,
even when its average composition corresponds to water, as will be the
case when only water was taken initially, must be considered a two-
component system.

[T aN]

sufficient to give the conceﬁ%ﬁtion of the salt, ¢,=

* Note by translator: Only two of these sre really independent, although any
pair may be selected.
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Let us consider more in detail the system hydrogen, oxveen, and water
at low femperatures; this system is composed of three independent com-
ponents. No reaction between hydrogen and oxygen oceurs, and there is
o dissociation of water. Henee, to specify the composition of any plasc
~—for example, the gas phase—it is necessary io state the amount of
cach of the three independent constituents, hydrogen, oxygen, and water,
On the other hand, if the system iz carried to lemperaiures at which

- dissociation oceurs and oxygen and hydrogen react with esch other, there
cxisls a relation between the concentrations of H., 05, and H0 o &he
form

N
28N
q "y ¢ i
K=" % O @)
el Oy
B0 "

N
known as the Mass Law. When such a relation exists® between the
various concentrations, these are no longer indepcnd\cﬁmf of each other.
For example, if the mass of oxygen and the mass afNYydrogen are speci-
fied, the mass of water is known from {5). ,Beduuse of this relation,
the number of independent variables has dqpfé’aﬁ&d by one and we have
again arrived akb g system svith two compgachis.

The quantitativerrekbiamsbyamieoreiighe pressure, the temperature,
and the concentrations of the constithients in the different phazes and
also the various equations of statc.ijfiich indicate the eonditions existing
within the separate phases are @){Trl‘&)lﬂel}’ camplieated for systems with
a number of components—igNfact, for oven a two-component sysbem.
For this reason, little usg.dsi made of these relationships in discussions
of hetcrogeneous equil'bf‘{‘a:’

The fundamental at%ments of thermodynamies, which arc used con-
stantly, refer to thewnumber of poasible ehanges in a system and the
number of phasesexisting in it. The formal expreszion of the relation
between these %0 numbers forms the content of the phase rule. This
rule is gen{rﬁl]’y written ag

O

pt+f=n+2, (B}

'whe.rejp'.is the number of phases present in the system, n the number of
u;\c{ep\endent constituents, and f the number of passible independent
\({hangcs of state of thig system. The nymber of possible independent
changes of state of the system is usually called the “mumber of degrees
of freedom.” The system is called invariant, mang-variant, bhi-variant,

tri-variant, and so on, according to whether it bossesses 0, 1, 2, 3, ete.
degrees of freedom, .

For 2 system of one constit

uent, like water, the phage rule takes the
form

ptf=3. ()]

It the systern consists of one phase—for

‘ instance, the gasepus— =2
that is, there are two degrees of freedom, , : 2

Thus, we can actually change



INTEGDUCUTION 5

two variables in any way desired—{or example, the pressure and the
temperature—and fix the volume automatically. If, on the other hand,
there arc two phases, as for water vapor in equilibrium with liquid
watcr, p=2 and thorefore f=1. In this case, for every temperature there
eorresponds a fived vapor pressure and hence also a definite specifie
volume for the vaper. There is, therefore, only one independent variable;
and since the same considerations hold for the lguid water as for the
vapor, the state of both phases is completely determined when this vari-
abic is fixed. NWext, if p=3, which is the casc at the melting point of iec,
both lirmid water and vapor being assumed present, f=0—that is, theres
arc no degrees of freedom and the system is completely fixed. These
three phases can exist simultaneously at only one given pressure‘and
lernperature, and hence the speeific volume and the other propqﬁ?» of
all phases are fixed ab the melting point. If an attempt ,ls smade 10
raise the iemperature by eupplying heat to the systemy) the gyatem
oppuscs the change by having part of the ice melt so thatfhp temperature
remains constant. This condition holds until all the fephas melted, after
which the temperature will rise for further addi tlor'g Bl heat. Ilowever,
there is now one phase less and eorrespondingly ong"additional degree of
freedom. This analysis shows that\«mbm@ﬁram}magqmt system, the
phase rule is simply the formal e\cpresqon afvommon experience.

In ihe same way the phase rule mag, b@ applicd to systems of more
than one component. Let us conmderl;rlnﬂy the case of a ternary system
where n=3 and the phase rule takég.othe form

R \ p+i=5. {8)

+$ )

For a homogeneous phadicfor example, a liquid alloy—there will he
four degrees of frecdomag will be seen from the following. It is possible
to change both the tefaperature and the pressure arbitrarily and, within
gcrtain limits, thdpwo concentrations ¢ and eg. There are therefore
actually four wafiables which can be changed as desired. If the com-
porition an@baiao the pressure and temperature are fixed, then all the
propertles dre determined, which is another way ol saying that the state
of the zﬂ]oy i= established.

7op the remainder of this hook, we shall consider the restricted case
in which the vapor pressure of the alloy is to be neglected. The state
of the alloy under atmosphcrie pressure is approximately the same as for
& condensed systom. By a “condensed system” is understood one which
is under a pressure greater than the vapor pressure of the substance, so
that the vapor phase does not exist at all. If the pressure is held con-
stant, one degree of freedom is lost and (8), specifying the phasc rule
for a ternary system, is changed to

pHf=4 Q)
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Further consideration of the sysiem will be taken up on this basis.

A homogeneous system with p=1 has three degrees of frcedom—the
temperature and the two independent concentralions—which deterniine
the composition. Henee, for the geometrie representation of such =
homogeneous system three dimensions are required.

If a system consists of two phazecs—{for example, one melt wnd one
erystalline phase—there will be only two degrces of freedem. If the
composition of the alloy is fixed, both of the independent varinlivs will
be used up and the temperature will be exactly defined. Thercfors, zwo
co-cxisting phases will be represented not by a state spaee but asghaie
surface, A W\

For the case when three phases are present, only one degracsnd Trdcdom
remains, or only one composition variable can be seleetcd ¥ibites
When the value of this variable bas been sclected, the t?mfzelntdn, arid
the other concentration variables are alzo fixed. ’I; l\\geon.”:tr ¢ repro~
sentation of three simultaneously existing phasfs s a space curve

" Examples which will be met frequently are the &irves which correspond
to doubly saturated melts {binary eutectic mel%

If there are four phases present there ma}a be no degree of frecdom
at all. The systéft vafPERik h&F%B‘%ﬂB Yemperature and the compo-
sitions of all the phases arc fixed. o

In its usual forrn ag given in (ﬁl, the phase rule has a formal and
artificial appearance which brmgs to mind no physieal images. For this
reasor, a brief and clarlfymg bt not completely rigorous derivation will
be given. The reader willfwte how extraordinarily simple the derivation
iz and how closely itg rel‘ated to everyday experience.

Consider a qystem\f n components. If it consists of only one phase,
it will have an equation of state with a total of n+2 variables as itlus-
trated by (4) NOf these only n+1 will be independent, for when num-
bers are arbif)rarlly selected for n+1 variables, the remaining varianble
can haveonly one value, This statement is equivalept to saying that the
system\'lﬁs n+1 degrees of frecdom, which is exactly the result obtained
by. s&bstitutmg I for pin (6). Henee, the phase rule has already been

'"tiemved for the case of one homogeneous phase.
’ Next consider 3 system composed of two phascs. For each of these

there will be an equation of the kind represented by (4); hence the
system will have two equations of state,

e, .06, PTP)=0
e, .. ¢ PTVH=0, (10}

where the constituents are represented by the gubseripte and the phases
by the superseripts. P and T will be the same throughout the system,
but the values of the concentrations and the specifiec volume will differ
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in the 'two phases. The concentrations in the second phase are not
independent of those in the firgt, for the concentration of each econstituent,
% . iz determined by the state of the first phase—that is, by the concen-
tration variables and temperature of the latter according to the equation:

o

o =flel,e, - el TPV, {1L)

This equation ig the general form of the law of the distribution of the
venstituents between the phascs. An example of the dependence of the
soncentrations in the second phase upon those in the first phase is
tihe vase of water vapor over a solution of common salt in a mixture off
watey and alechol. Bince an cquation gimilar to (11} may be obtained
[vr esch independent constituent, there will be n equations like g(LEY.
Looking over the situation as a whole, n new variables ha{é\ been
addad as # result of the presence of the sccond phase. Onsdhe other
ul, n+1 new relations have been oblained—that is, ong équation of
state and # equations similar to (11). The numbep@f,"independent
variabies has decreased by one, as has also the nundhtr of degrees of
iresdom.  For one phase, there were n-1 degrees of frecdom, but there
are only n now.* The phase rule has been sa(ik‘?ﬁed also in this case.

Upon proceeding in this way to a\‘s’%‘ﬁ’cﬁllb%%f# Mord Phisdy, it will be
jounid that for each new phase added thereiwill be introdueed n new
varinbles and n+1 new equations. Hed¢s, for each new phage added,
one independent variable {or otherwiseexpressed—one degree of freedom)
1z iost. This statement is complet-el;foequivalent to saying that the sum
of the number of phases and the sumber of degrees of freedom is conztant,
a3 viated mathematically in ‘(~6:}\ Aectually, the congtant is n+2, as was
obtainad immediately fora{lig’homogencous system.

1f some cxternal inflaence is exerted upon a system of one or more
degrees of frecdom——-{éi"example, the addition of heat—the temperature

*Note by fransluten/The decrease in the number of degrees of freedom in the
case of two phages{miay be analyzed in a little greater detail. There are n+2
verizbles in the firsh cqualion of state and # more (new) cnes in the sceond equation
of stute, or a:?t&l of 2rn4-2 variables. The total number of equations hag been
sliown ubovesbe be n+2. Treatises on algebra show that in a system of » equations in
% or more ¥erisbles the number of variables to which values may be arbitrarily
assigned/1s equal to the excess of the number of variables over the number of
cquafitgs?” In our case the number of independent variables—that iu, variables to
wihich, yalues may be assigned according to individual faney—is Zn+2— (n+2)=n.
A simple algebraic system in three equalions and four variables would be

@zt by + ez - dhE=0,
ezt b+ cezt+ et =0,
ast+bay + ez +dat =0,

The value of any ane of the varinbles, as z, may be selected according to whim, but
the system then becomes one of three varizbles and three eguations so that the
Valucsl of the remaining varialbles are fixed by the numerical values of the coeflicients.
In this case the excess of variables over equations was i, which is the number of
variables o which an arbitrary value may be given. It is also the result obtained
if n=1 in the expression 2n+2— (n+2).
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will usually be changed and, simultaneously, the camposition and rclative
amounts of the phases. The eonditions are different for an invariant
systemn.  Sinee there are no degrees of freedom, the pressure, the tem-
perature, and also the compositions of the various phases must remain
constant. Therefore, if heat be added to such a system, only the amoeunts
of the phases can vary. Changes of this type come about threugh the
movement of material from some phases into others, and muy eontinue
until one of them is consumed, :

2. GEOMETRIC FUNDAMENTALS QS

It haz been mentioned that the composition of a tcrna,ry'ég;%ém ig
established by two of the varlables, as ¢ and cp, Which:\;‘mec’ify the
concentrations of the components 4 and # respectively. Ithe concentra-
tion of the third component is obtained by subtractir;gj~£11e sun of these
concentrations from 1, sinee the sum of all three gonbentrations is taken
as equal to unity, \Y

; _ \ p
catertes=l, x’\\“ {12}

The eomposition of 3 ternary system ma\}: e reprezented on a plane
in either of two ways.dbhaulibromy, shgdBerbendicular coordinate system

. L
L Method of ploiting compositions
PAN in & lermary system with smyhagis
v/ on the component C.

O\
o7
AN

may be e{:g@lb};éd as shown in Fig. 1, in which the coordinates are the

ratius, \
,'s’\ €4 Cg
T\ —and —.
:"\:' Co Ca
\‘F}ms mgtlwd of representation is useful if one of the three components
Predominates, as in the case of a solvent. Tt will be scen that {he origin

of the coordingte system represents the soncentrations ¢y =ep=0; ce=1,
C(’JT‘FESD(]Hdiﬂg to the pure solvent, The pure components 4 and B,
which correspond to the valye of ¢c=0, are plotted at infinity; conse-
qt}ent]y their concentrations cannot appear in the diagram. This'method
will not be employed in the Present treatise.

For temary systems in whieh {1

ary e three components generally have the
samce relative Importance,

it is ususl to employ an cquilateral triangle,
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Sueh & triangle has the property that the sum of the lengths of the three
perpendiculars from any interior point M to the three sides is con-
stant and cqual to the height & (Fig. 2). If the height A is taken as 1,
and each of the perpendiculars Ma, Mb, Me, is equal to the coneentra-
tions ¢4, ¢x, and ¢p, each point in the interior of the triangle will corre-
spond to a definite composition in the ternary system. We are thus pro-
vitdedd with a very satisfactory method of representing the coraposition.

Cbviously, the corners of the triangle correspond to the pure com-
ponents, for at these points two of the perpendiculars to the sides of the
triangle equal 0 and the third is equal to 1. The percentage of a pary
ticulur ecomponent, as A in an alloy, is obtained by finding ihe aypred
sponding perpendicular distance from the point to the opposiley side.
The greater the distance of the point from A, the shorter Ma {ﬁll be.
When the length Ma becomes 0, the alloy contains no 4, aan, since the
paine Hes on the side BC, it represents a binary alloy of B) with €. In
& similar manner the side A8 represenis the binary all@x\s of A with B,
and side AC, the binary alloys of 4 with C.

All alloys whose compozitiong are represented bv@mta on the line mn,
which is parallel to BC, contain the gapie gg}rgg}{bq%;}, sinpg,the perpen-
dienlar distance from mn to BC is constant) Sunilarfy, alloys which
contein the same amount of 5 lie on a hnc paralltll to AC, and all alloys
which contain the same amount of € llewun“:u line parallel to AB. Alloys
which He on a line like €D that pasecsfhl ough the corner (7, are character-
izad by a constant ratio of the olhexfwo components 4 and B, because for
&ll points on such a lne the pdlio of the perpendicular distance to the
sides AC and BC is the sarp{e".,\

& -

N\

Y. 2. \\¢J

-_\-Ienhod'nl’ plotting compositions in
8 ternamsyétem with all components
ha&ilzrg\ qual importance.

PR Y
\ B
N\
o\ ¥
N

The ratio of the perpendicular distance ¢M {Fig. 2} to the height CD
is the same as the ratio of gB {=pA) to the lenglh of the side AC
(=B¢"). For this roason it is immaterial in specifying the concentration
whether the height 1 or ome of the sides iz taken as unity. In the
one casze, the concentration of ¢ at the point M is read ¢ and in the
ather, ¢B (=pA).

In practice it is customary to express the concentrations in per cent
—that, is, the sum of the three concentrations is set equal to 100, The
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sides of the triangle are divided intc 100 parts to provide a seale for
indieating the concentration of each eonstituent. In order Lo ohiain
concentration in € of a point M, a line pg 18 drawn purallel to the
opposite side AF and the distance pAd {or ¢B) of the intersections of this
line with the sides from the corners 4 and B is measured off. The raiio
of p4 to the lengih of a side then represents the concentration in € of
an alloy corresponding in composition to the point Ad.

Consider a mixture of two ternary alloys of the ecompositions 37 snd &
(Fig. 3) and having masses m and n. The problem iz to determine the
composition of the mixture. The rule here is similar fo that in Whary
systems. The final comipogition, P, of such a mixture always Ik on
the straight line joining the points A7 and N, and its positipi{‘ég\ deier-
mined from the masses m and n through the law of levers: QO

-

PN m "G

MP n° m'\{'

Although use will oceasionally be made of ik lrw, its rather siousle
geometric derivation will not be diseussed. Insthis caze, as in al] matiers
relating to the over-all composition of alloys made up of mixtures of
several other aMwyedbraglifear LB (the state of the contritu:ti g
alloys is & matter of no mportance.  Rof example, the points A and ¥
may each represent lmmogencous,p’a.ﬁases, or quite as readily, simply

mixtures of companents which, Rave not even been melted together,

Regardless of thege conditiongtthe composition of the mixture P is the
same, ~

of

(A
Three structural constitucnts
in a three-component svetora and
the law of the cenfer of gravity,

Fig. 3: Law of the strajght combining Fis. 4,
dipe for mixtures of two struetural
A\ Lonstituents,

From the law of the straight combining line it follows that if an
alloy, P, breaks up into two phases, M and N (Iig. 3), the three points
must lie on & straight line. Syeh a line connecting two phases which are
n equiltbrium with cach other s called 8 “conode.”

In t-hn? case of & mixture of three substances or partial systems M, N,
and O, in the amounts ™, 7, and o, respectively, the composition P lies

*The linglish “tie-]ine” is often i i i
5 > i used for such lines but it seems simpler to ado 4
the Germun “konode,” or “conode” if the term is Anglicized. P v
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inside the triangle WO (Fig. 4) at the centor of gravity caleulated by
supposing the three masses m, #, and o to be attached to the points M,
N, and O. The fraction of the substance M in the mixture P is equal
to the ratio of the line Pp to the total line Mp. Corresponding construc-
ticsn holds for the other two constituents ¥ and 0. This law, which we
il not derive here, is, as may easily be seen, an extension of the
cthod of detwmmmg concentrations in ternary systems to the caze of a
gle with unequal eides. Conversely, if an alloy, P, disintegrates
lic three phases M, N, and O, its composition must lie inside of the
iriangle MNO. _ C
It i+ evident that the law of the center of gravity need nof be limited
t¢ mixtures of three components—ihat is, to the triangle—but holdséaleg
ey wiztures of a greater number of partial gystems. Feor example,\ﬁ the
greblere is to determine the composition of a mixture of @ partsig! sub-
siance 4, b parts of substance B, e parts of substance €, and d parts of
substance D, the rule states that it corresponds to the ccn}er of gravity
of the polvgon, which is constructed in the same wig\ie the triangle
previousty diseussed, :.\\.‘
www,dbrauhblﬁé"y.org.gn

&
’:u
0‘2; e :’.. X
o 4 R d c
¥13. 5. The eutectie arrangement of s, Fa. 6. The peritectic arrangement of &
four-phase equilibrium. "} four-phase equilibriuem.

{ $

The coneepts emploved ‘&Bme may be applied to the phases present
in g ternary systom. For ‘gxample, if four phages coexist, they may have
composilions eorre~pg&dmg to either Fig. 5 or Fig. 6. Tn the first ease,
the composition ofnqne phase, d, lies Inside of the triangle formed by the
compositions of¢the’other three phases @, b, and ¢.  In the sceond eas e,
the omnpomltiQ\of each phase lies outside of the triangle formed by von-
necting thewompositions of the other three phases.

Tt }1'15 ‘a]rcad} been mentioned that in the caze of an invariant sya-
tem QiRe that Just described, changes of state can oceur only by altera-
tions 1t the amounts of the phases, not by shifts in their composition.
Binee the total amount and the total composition must remain unchanged,
the following conclusions may be drawn from the case shown in F3 ig. 5.
An alloy of the composition of the point 4 may consist ecither of a
homogeneous phase or of a mixture of hree phases @, b, and ¢ in pro-
portions determined by the law of the center of gravity. Thercfore,
there must exist the possibility of & reaction:

d=g+btc (S 3]
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in which the phases a, b, and ¢ participate in amounts corresponding to
the coraposition of the point d. Tt may be perceived immedialely that
any other reaction in this case is out of the question, for it is impossitie
to speeify a different group of phases which can transform into another
phase or eombination of phases without change of total composiiion.
The reaetion {13} is called & cutectic reaction when a melt, d, breaks up
into three solid substances @, b, and c. We see that the condiiion for
guch a reaction is that the composition of the melt Fe inside of the tri-
angle formed by the three solid substances, ~
The situation iz otherwise for the case shown in Tig. 6. Here\he
compaosition corresponding to the inferseetion of the two lines ac.&!}&’. bd
can be realized in two ways: first, through a mixture of the t#o plhinses
¢ and ¢, and secondly, through s mixture of the two phases\ hand d---

that is, "N
e=ato=b+d. \s (14}

Naturally, the amounts of g and ¢ and also B and\d are determined by
the law of levers, so that the mixture has the cg@pésition £.

N\

ww.dbraulibrary.org.in Z8)

R
~

i
,*  The spaco representation
L ol a ternary system.

T — Jemneraine

From the abg{(ﬁ,'\it follows that (15) is

\:\ ate=b+a (15)

e .

a possxblfe, and in fact the only possible reaction in this easc. Such a
reacinm oceurs when & molten material, d, reacts with one of the three
@c}"substances, b, to produce s mixture of two other erystal types,
oafid ¢. A reaction of this kind is ealled & “periteclic reaction” in agree-
ment with the nomenclature for g binary system. Thus, Fig. 6 represents
the arrangement of phases corresponding to the peritectic reaction, just
as Flig. 5 illustrated the ease for the eutcetic reaction,

It has been shown that three is the highest number of independent
variables which can exist in a ternary system at eonstant pressure.  From
this faet comes the possibility of representing the states of a ternary
syst.cm in a spacc diagrami, The variables concerned are the concen-
trations of two of the constituents and the temperature. The diagram
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iz usually arranged so 1hat the coneenirations are plotted on a triangle,
as shown in Fig, 2, and the temperature upon an axis perpendieular to
thiz triangle. Fig. 7 shows the resulting right-iriangular prism in per-
spective. The edges of the prism represent the state of the three com-
ponents at different temperatures. Itz sides show the {emperature-
concentration diagrams of the binary alloys formed between cach pair
of the eomponents of the ternary system. This method of representation
will be used throughout this hook,
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Chapter IT

Mechanical Mixtures Without Compounds
and Without Solid Solutions

AN
1. ProcEss oF CRYSTALLIZATION

4 N ¢
' (\)
Let us consider a ternary system in which the corresponthidy “hinary
systems are simple mechanical mixtures of the components, \ They NOSEess
eutectics, but, form neither solid solutions nor compound®, Furtherm

£,
neither solid solutions nor compounds occur withinﬁﬂgé%ernary systommn,

al
N
~ *

w4

)
[}
1
1
1
1
1
N H
>
N\ \
)

Fra. 8. The triangle of eoticentrations of &= meehanica] mixture with euteetic.

) In Fig. 8 is shown the concentration triangle of gueh g system with the
binary diagrams of the

along its sides. Representation of this kind is of
of 8 perspective

constituents of which it ig composed laid out

. ten employed instead

arrangement. In Fig. 9 the space figure of the same
14
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gvuiern may be seen in perspective, Corresponding points in the two
figures are indicated by the same letters, small in one diagram and capital
in tha other,

Sinve the three metals are completely soluble in the liquid state, the
system will consist of a homogeneous melt at elevated temperaturcs.
Himes only one phase is present, the system will have three degrecs of

edom—that is, both the temperaturc and composition of the liquid

r'

#iloy may be varied at will within the limits of the state space ceeupied
by the melt.

Uongider an alloy of the composition z (Fig. 8). As it cools from the
temnperature of the point X (Fig. 9), its representative point drops
through 4 scries of positions down the vertieal line XJ to the tempeshtiure
of the point J, at which freezing begins, According to hypothesly, only
pure esmponents can crystallize out; henee the process of crfstajlization
niiet begin by precipitation of one of the components. SigcéAthe precipi-

tated eomponent comes out asg solid, its solidification Yemiperature must

e highier than the melting point of the alloy. In thelease illustrated in
Figs. 8 and 9 the component B is the first to erystallize out of the liquid
alioy of composition . www.dbragilbrary org.in

As the crystals of 5§ precipitate out, the amelint of B in the melt must
cimrinish. In the example shown, the alloyig-has broken up into the corm-
poncnt B and the remaining melt z, I‘fijbm the law of the straight com-
bining line (Fig. 3), the straight lind onnecting 2 and B {Fig. 8) must
pass through the point ¢ which gives the composition of the whole alloy.

his fact provides a very simpl¢'sule for the displacement of the composi-
tion of the melt during the crystallization of one of the components.
The composition of the rchsz\lining melt moves along the projection of the
straight line connecting the precipitated component and the composition
of the entire alloy iulthe direction away from the point (the corner B)
representing the #diposition of the precipitated substance.

There are adwitwa phases which are in equilibrium with each other: the
melf saturpie%"in B and the crystalline B, According to (9), there are
now onlytwo degrees of freedom. The sequence of state points repre-
senting :f,hé melt therefore can no longer correspond to a space region like
that, for the homogeneous melt before freezing began, but must form &
surface. This surface, which in general is curved, is ealled the surface of
primary crystallization in analogy with the eurve of primary erystalliza-
tion for hinary alloys. During the primary crystallization of B, the state
point of the melt follows a path lying on this sarface. With continued
precipitation of B, the melt containg diminishing percentages of this com-
ponent and simultanecusly its freezing temperature becomes lower.
Hence, the surface of primary precipitation of crystalline B must descend
&4 it reaches from the B corner out into the body of the prism, something
in the manner suggested by the surface FGHL (Fig. 9).
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On account of the loss of B during the primary precipitation process,
the melt becomes relatively richer in 4 and €. Thus, 8 point must even-
tually be reached where it is zaturated not only in B but 4lso in one of the
other constituents~—for example, in A—and in this case the simultancous
erystallization of both 4 and B will occur. This condition is reached in
point m of the diagram (Tig, 8). The system now consists of three plases,
and henee ean possess only one degree of freedom. Therefore, for cach
temperature the composition of the melt is completely specified, and vice
versa. The scquence of points representing the donbly saturated melt will
thereforc no longer constitute a surface but only a gpace curve jlo @M

a
2\
'\
L 3 Ny

' 4 .‘
< 3

* The space diagram of & me-
chanical mixture shown in per-
speetive.

N\

.\“ 4

g, £/

though iﬁ% binary systern the simultaneous preeipitation of two kinds of
crygtgls”at a eutectic point corresponds to an invariant equilibrium, a
terpary system under such conditions &till has one degree of freedom.
Heﬁce, in this case the temperature continues to sink during the process of
erystallization while the composition of the melt moves along the curve fl.

The simultaneous Precipitation in a ternary systemn of two types of
crystals from a melt is designated as binary eutcetic crystallization.
During this type of solidifieation, structures are developed which are
similar to those produced in binary system; but on account of the slower
brocess of erystallization they are coarser and often less typical of
eutecties,

The curve FML (Fig. 9) represents the sequence of compositions of the
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liguad phase saturated in A and B during the binary eutectic erystalliza-
tion of these components. It begins at the eutectie point of the binary
systern AB and drops away into the interior of the termary system to
lower temperatures.

During the binary eutectic crystallization the remaining melt becomes
richer in €. As soon ag 1t reaches the saturation point, the simultaneous
wrecipitation of the three components sets in. The system is then com-
pesad of four phasez: melt and the three eryetalline substances A, B, and
€. In agreement with {9, there no longer exists any degree of freedom
st all, and erystailizalion must henceforth procecd at constant temper-<
ature and wilh unchanged composition of the molten material until allagf
the latter iz consumed—that is, until the freczing process is ﬁnishcd\”’l‘h})
gimuitanenus crystallization of three subsiznces is called “ternsry éutectic
orystallization” and correzponds to the point [ (Fig. 8) or .7"(‘«]?'1?. 9],
which is said to be the ternary entectic point.

All mclts having compositions in the field fBAL (Fig. 8] "‘is\ll precipitate
component B nhen they begin to freeze. Similarly, mc\di the field Afik
will throw out component 4 upon reaching the surfgm@o’f primary ervstal-
lization, while those of kKIRC yield componabi-£ulibMrsllagsihaving their
representative pointz in the subtriangle A3 wilMitst expericnee a primary
crystallization of either A or B, at the end of“which the binary eutectin
erystallization of both elements togethep Sl begin. During the latter
stuge, the composition of the doublv~s£tulatcd melt follows along the
line fi. In a similar manner, the blna,r,y eutectic erystallization of 4 and ¢
oveurs in the subtriangle 41C, aad\during the process the composition of
the molien portien follows a s;éqh‘encc of points on the curve ki, In region
1B the binary eutectic crh‘mlhzatlon of € and B proceeds, while simul-
taneously the melt folloghs along the curve Al Without further discussion
it is obvious that, for,éi‘{"melts the sclidifving process evenlually reaches
a ternary cutcctlt&{vatalhzdtmn in which the composition of the melt and
the temperatunengi/the system correspond to the ternary eutectic point !
(Tig. 8.

\ f; 2. SraTE SPACES

;blnaly diagram such as the one shown in Fig. 10 two kinds of state
rem%m may be distinguished: the homogeneous, illustrated by melt s, and
the solid solufions ¢ and 8; and the heterogencous, represented by arcas
s+, s+8, and a4+ B—that is, regions containing two phases. The sig-
nificance of the iwo types is quite different. Consider an alloy of the
composition #. This alley may be represented by the point m in the state
region of the homogeneous meli s. The location of m {hen gives the tem-
perature and composition of the phase at that femperature—that is, it
gpecifics the state of the alloy. However, if a point lies inside of a
hetcrogeneous field, as at n» or o, it does not correspond to any actual
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state. For example, an alloy of composition x at the temperature of point
n 18 composed of two phases whose compositions are given by the Inter-
scetion of & horizontal line through n with the sloping lince on either side
of this point. Thus the heterogeneous state regions in a binary svstem
actually indicate gaps—that is, concentralion and temperature regions
inside of which there is no actual state.

N\
Fig. 10, A
' Lilustration of a hinary constitie’)
;' licnal diagram. '\:\
C
A & 3 40

AN

A similar situalion cxists with respect fo the\sfite spaces in ternary
systems, and in these systems also it is necexs%r.y to distinguish between
the homogeneous and heterogeneous types. {The significance of the former
kind, called & “one-phadbspabbr BRI " The heterogeneous two- and
threc-phase spaces correspond to space saps in the diagram, within which
no hemogeneous phase ean exist, ,A’1§3~a]loy, the state point of which lics
in such a space, breaks up into twd jér three phases with compositions lying
on the surfaces which bound, the space. The rule by which these com-
positions may be found wilk uext be set up.

Applieation of these gfneral remarks to the previously diseussed case
of the freczing of Q‘erﬁary mechanical mixture vields the following
analysis. After the%mcess of crystallization of an alloy has begun, it
broceeds throughduf’ a definite temperature interval—that ig, in this in-
terval the allpy{\cbntinucs to break up into two phases: solid and mmelt.
There is, th8refore, space of primary erystallization which iz bounded
above &\if“hé'surfaee of the beginning of erystallization and helow by the

. i i i i i This lower
blage of points, cach of which is
’,,sdtiﬁ.ned by the coordinates giving the composttion of an alloy and the
\ emperature at which thig alloy becomes saturated in two components,
and therefore beging the stage of binary eutectic solidification. Evidently,
the surface so generated also forms the upper limit of the space of binary
eutectic crystallization. Since the binary eutectig crystallization always
ends at the ternary euteotic point, the spaces of binary eutectic crystal-

lizg.tion are bounded below by the horizontal plane passing through this
point.

Let us next consider the space of

primary crystallization of B (Fig. 9),
and assume that after the alloy X

reached the point ¥ upen the surface
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v erystallization, further cooling brought it to the point Z. It
in the space of primary crystallization of B, and the problem
i= to find In what manner the alloy indicated by the state point
nto e actually cxisting melt and crystalline B. The rule is
». Bince the average eomposition of an alloy consisting of two
= on the Jine connecting the compositions of these phases, it is
ly to draw o horizontal Hne through the point Z and the edge

e

(B o7 e yrism of state {at point N, Fig. 9} and extend it to its point of
A
:
; )
A,
""" &
i, 4 n
. ’/G
T snee diagram of a me-
¢ | mixture shown in per- i i
PA\Y 5
&

” PA

infersection “:i{ltg.\t.fte surface of primary erystallization (Qf F.ig‘ 9. O
specifing th .\{.mhposition of the melt with which B is in equilibrium at the
temperature under consideration. The line GZN is evidently a conode,
for it ‘CQI’IF::'E-)CfS phases that are at the same temnperature and in equil.ibrium.

Ihewsignificance of a space of primary erystallization requires no
furtifor diém_lssion, but. it iz desirable to consider more in detail the bound-
aries of such a space. For example, the space of primary crystajlization
of B is bounded abave by the surface of primary erystallization GHLFG
{Fig. 9y, and at the sides by the perpendicular planes corresponding to
the areas of the binary systems A-B and B-C, in which the primary crys-
tallization of B oecurs—that, is, the plane scetions GFG'G and GIHG'G.
In deseribing the lower boundary of this space it will be neeessary to .refer
again to the primary crystallization of the alloy = according to Fig. 8,
The lower limit of the space of primary crystallization of B will be at-
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tained for this alloy when the binary cutectic erystallization hegins—that
is, when the composition of the mell reaches Lhe point m, which marks the
intersection of the path zz' of crystallization with the line fl of doubly
saturated melt. Tt is at once evident that for all alloys whose composi-
tions lic on the line Bm, the path of erystallization will meet the curve fl
at the same point, m. Consequently, all these alloys will complete the
stage of primary erystallization at the same temperature—that of the
point m. Since the same analysis holds for the points of other lines ex-
tending from B to points on the space curve fI, the lower houndary of t}

space of primary ervstallization of B {(separating this space from the
region of the simultaneous binary eutectic crystallization of A and\:&) is
generated by the motion of a horizontal line, one end of which foNow¥ the
curve fl while the vther glides down the vertical axis B from Higher to
loser temperatures.  SBince, as has been explained abovelthe curve i,
or the corresponding line FI, (Fig. 93, descends fromd A to I, there ig
farmed an irregular left-handed serew surface having $he axis GB {Fig. 9)
and extending from F@' to LG™,. Fxuctly the samhe procedure can be
applied to the part of the epace of the primary,e'{'}sfallizatinn of B which

www . dbrauli br'al'y_orzg: m

Fs. 11,

View of the space of primary
erystallization of B as seen oh-
liquely from above and in the di-
rcetion af (Fig 8).

is relgted fo the binary eutectio erystallization of B and ¢!, In this case
-h’eaée'is obtained a surface formed by the movement of a horizontal line
one end of which passes along the eurve JIL while the other glides down
the vertical axis GB (Fig. 9). At the temperature of the ternary eutectic
point these two sercw surfaces meet in the line L&, {forming a rib.

The complete space of primary erystallization of B is illustrated in Fig.
11, as it appeers when viewed in the direction of the arrow 28 shown in
Fig. 8. The alphabetical characters eorrespond to those of Fig. 9. The
upper boundary surface of the state space GFLHG is turned away from
the observer. The perpendicular planes GHG"G and GFG'G coincide
with the sides of the prism of state and are identical with the associated
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binary systems. The two screw suriaces which mark the lower boundary
are G'FLG™G and G"HLGYGE". The first separates the space of primary
erystaliization of B from that of the binary erystallization of A and B and
incluades alloys lying in the partial region BfIB (Fig. 8). The second
mzrks 1t off from the region of binary cutectic erystallization of € and B
and corresponds to alloys in the partial region BAE (Fig. 8). The first
sercw surfzee is left-handed; the second, right-handed. Their horizontal

line of intersection LG {Fig, 11} corresponds to IB in Fig. 8.
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Similew space states of primary crystallization exist for the other two
Cmnp”g}iénts. The projeetion of their upper limiting surfaces, which are
fﬁt@ gurfaces of the beginning of crystallization, are the curved polygons
Aflkd and CRIAC m Fig. 8.

The following observations may be made concerning the form of the
three spaces of primary crystallization. The upper surfaces of the spaces
intersect along the lines FL, KL, and IIL. Below, these spaces diverge
and leave room far other regions (of binary eutectic erystallization) be-
tween the screw surfaces and the sides of the prism. FEach state space is
named for the phase which separates out in it; hence in the case consid-

cred, the three regions of primary erystallization are called 4+ melt,
B+ melt, and C+ melt. '



22 TERNARY SYSTEMS

The spaces of binary euteciic crystallization adjoin the under side o7 the
spaces of primary crystallization. They exist because for each ternury
alloy there is a dcfinite temperature interval in which binary ecutectic
erystallization oeeurs, The boundaries of these spaces are easy to docuce
after the discussion of the spaces of primary erystallization. It is 24
clear that there must be three regions of binary cutectic orystaliization
which possess, respectively, the eonstituents:

A+ B+melt=4 4 B+s, N
B+ 0+ mell=B+C+s,
A4t melt=C+ A4+, ',\:\
Each of these state spaces ean be imagined with some aegl‘rrac%; from
portions of two different regions of primary cr}-'stallizatio,n‘}‘ﬁccurd' ¥ 28
the alloy lies in the area CRIC or the region BhIB, theNbinary euteciic
crystallization of B and C sets in at the conclusion 8L the prinary ¢rvs-
tallization of B or C. \/

When seen in the direction y8 (Fig. 8), the Space of binary eutesctic
crystallization of B and C has the form exhi{ﬁiéd in Fig, 12, In the front

.www_cjl"ifjl'aulibral'y_org.ih }
SAEIG, 12,

Al

o\ View of the space of binary
A eutectic erystallization of B and ¢
' 8% seen obliquely from ubove in

" the direction v8 (TFig. §).
PN

are the two serew aur\f;ces: the one, G"HLG™G”, which is attached to B,
and the other, JAENAJ"J, which is attached to C and forms with the first
serew surfacedthe’rib HT.. The space is bounded behind by the plane of
the binary §ystem BC and below by the planc of ternary eutectic ervstal-
lizatiomh \In Fig 12 the part of the space diagram between the observer
and g portion under consideration has been removed. The lettering is
theShne as in Fig. g.
Al intersections of horizontal, isothermal planes with the binary ecrys-
N tallization space arc straight-sided triangles, as would be anticipated
from the presence of screw surfaces. The boundaries of this space have
therefore the form of a three-edged tube, of which the back wall is formed
by the side of the prism, and the other two walls are the serew surfaces
generated by the motion of two straight, lines whose guter ends are con-
nected to the corners of the prism representing the pure evmponents, and
fvhose inner ends glide down the eurve HIT, (Fig. 9). This tube-likc space
Is constrieted in its uppermost seetion to the straight line G"J', which lies
m the binary system BC. The conditions are very similar for the binary
eutectic crystallization of 4 and B and A4 and C.
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{hn the basis of the above diseussion, it is posgible to speeify the com-
position und amount of the pheses inte which an alloy disintegrates if its
coreposition lies in the interior of a three-phase space. The composition
of Jle various phases iz given by the corners of the isothermal triangle
! 1231, and their amount by the center of gravity relation.

o7 complelmg the binary eufectic crystallization the alloy encounters
ternary eulectic erystallization. The latter does not have a state
spute in our representution but only an isothermal plane because the
: takes place at constant temperature. ‘
With the completion of the ternary eutectic crystallization, the progess
iion is finished. Since any alloy consists of three kl\nd‘a aof
4 B avnd (—we are evidently dealing again with a threciphase
diffcrence between this three-phase space and ghese previ-
-ansidered is that the composition of all three pha&es I8 now inde-

ni, of the temperature, since the erystals are composed ‘of pure com-
ponerds. The three-cornered tube stands vertically and eoincides with the
plt_m of state.

The prism of state of a ternary mixture wﬂh\@ ‘eutectic is divided into

3“4t apaccs: the homogeneous Spacé"wf"’ﬂ'i@‘ HHibriky ¢hBdd spaces of
v erystallization, the three three-~ corne‘red spaces of hinary eutcetic
allization, and the region of the com.plcte]y golid alloy.
v an alloy. cools, the state pcrmt representing it, in general, passes
“n nut_rh four regions: first, the fegion of the melt; then the spaces of
primary and binary eutectic crystalhzation and ﬁnally, the solid state.
In homogeneous spaces each point corresponds to a thermodynamically
pessible state, whereas 1r}siﬂe of the heterogeneous spaces each point cor-
rasponds to an alloy which has the specified composition but has broken
up into two or thre&’pflases In & two-phase system the two phases lie
upon & conode which passes through the point representing the total com-
position of th&\%lloy. In the three-phase space the phases lic at the
corners of \a%ﬁangle which includes the total eomposition.

T,
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e 3. STATE SURFACES

The state surfaces in a termary system are the boundaries separating
the different state spaces. The significance of such surfaces differs, de-
pending upon the spaces of which they form the boundary. A suriace
may divide a homogeneous phage of molten material or a solid solution
from a two-phase space; or it may separate a two-phase space, such as &
region of primary crystallization, from a three-phase space such as a
region of binary eutectic crystallization. In the first case, the meaning
is clear; the surface gives the temperature and the composition of melt
or of solid solution saturated in a second phase. In the case of the begin-
ning of erystallization of & mechanical mixture, the surface is called a
“surface of primary crystallization,” and specifies the composition of the
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melt with which the precipitated crystalline substance 1s m equilibrium
at the given temperature. The situation iz different for the houndary
surface between the spaces of primary and binary eutectic erystaliszation.
A point inside of either heterogencous system does nol correspond to any
possible state of the gystem and therefore neither ean a point - the
boundary between such regions. The boundary surface between Lwo such
spaces is composed of a series of conodes, and the only information a
conode ean give is to speeify for the given temperature the compositions
and amounts of the two phases composing an alloy which has COTDIrOsIHON
represented by a point thereon. The point itself corresponds to ni\pos-
sible state of the system. In gencral, it mav be said concemiﬁ;f, such
surfaces that the points lying on them eorrespond to no possifigs stie of
the system, but only give information concerning the twpxplfétscs out of
which the system s built up, in the same manner as a paint in one of the
adjoining spaces. The boundary surface may he asaﬁmc’d to have asso-
ciated with it the number of phascs present in tie‘adjoming space con-
taning the fewer—in this instance, two; for 4fe*amount of the third
phase in the three-phase space is zero at the’;’t})ﬁndary. The boundary
comes o existe‘ﬂé‘é%@&ﬁ%@&*ﬁrﬂl%‘ﬁﬁﬁmﬁd‘y surface the alloys of the
two-phase space have hecome saturatedii:rr the third phase.

The plane of ternary cutectic crystaMization presentz an exeeplional
case, fince it corresponds to an 'e(itjilibrium of four phages and iz the
boundary between spaces ha*{'m”g' three phases. This situation occurs
beeause the plane actually js a Qegencrated state space which can exist
at only one temperature.

Since the state surfagés.yield no information besides that furmished by
the state spaces, they {ﬂl not be considered in later chapters.

" 4 IsormeRMAL SmeTiONs

In analyzitg-ternary systems the need often ariscs for gaining a com-
prehens%\ﬁew of all the phases which exist in equilibrium at some
definit¢"teraperature.  For this purpose an isothermal seetion through the
spacesdiagram is of considerable aid.

(T examine our present system lot us consider again Figs, 8§ and 9 and
observe the nature of the isothermal sections which develop as the tem-
perature decreases. At high temperatures before the beginning of
solidification the whole concentration triangle is composed of a homoge-
ncous melt, and no phase boundarics exist. Relow the temperature at
which the primary crystallizsation of B sets in but still above the melting
paint. of both the other components, the section will show, besides the

refg;on of the melt, the heterogencous region of the primary crystallization
of B.

If the state prism (Fig. 9)

: 1s cut at the temperature of point Z by a
herizontal plane (iscthermal

scetion), the schematie diagram shown in
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Fig. 13 is obtained. The eurve pg is ihe infersection of the horizontal
piane with the surface of primary erystallizalion FGHLF of B in Fig. 8.

The curve fr iz the corresponding intersection with the surface of primary
erystallization of 4. The solidification of € has nob yet set in. The

Fia. 13
Tsothormul section at the tem-
porature of the point O (Fig. 9.

‘&

R 5
region #rpgCt indicates the composition of the alloygbich, at the tem-
peratore under consideration, are still liquid. Thé\areas rAf and pByq
are scetions through spaces of primary erystallizdfien. Consider an alloy

represented by a peint lying in one of Wﬁ?&ﬂ%}ﬁﬁ%ﬁiﬁﬁ%ﬂ% x in pByg.

N/

Fiz. 9.

The space diagram of a me-
chanieal migture shown in per-
spective.

-

The composition of the melt remaining after the solid component, B, has
separated to the extent prescribed by the given temperature is determined
by the point o at which a straight line extending from B through z strikes
the boundary pg. In Fig. 13, and ip later illustrations of isothermal sec-
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tions in which two phase areas of primary crystallization sre heing con-
gidered, a system of fine lines representing conodes is employe.! i g
the composition of the coexisting phases,

It is instructive to compare the diagram of Fig. 8 with that ¢ ¢ Tx

The first represents the projection of the prism (Fig. 9} on its bay

(4
Fre. 14. Isothermal scction after the Fro. 15 NBe¥hermal sechic
beginning of the binary cutectic bgg\igniug of the =
erystallization of 4 and B, vlibeetic crystaliization,

the second showsvﬂ’%@ﬂ?é'ﬁ%]}i%ﬁﬁﬁf'ﬁ'féi*ﬂi"iém. It must he obvious there-
fore that the two diagrams exhibit quite”different, data and should not be
confused with each other. The cdrves fl, Ik, and so on, which are slown
in Fig. 8, do not lie at a ﬁxgd’téfnperature and no information can be
obtained from them regarding the coexisting state points. On the other

AN
<\\3F’IG, 16. Isothermal section af (he tem- Fre. 17 Isothermal section below the
perafure of the eutectic point in binary eutectic point in the system
the systern Acr Al

hand, it is the prineipal purpose of an isothermal section like that in Fig.
13 to present, 5 view of the voexisting phases at some selected temperaiire.

If the temperatire drops still further so that the binary eutectic erys-
tailization of 4 and B oeeurs, the situation shown in Fig. 14 will be ob-
tained, In this diagram the alloys of the partigl region ABn have already
passed from the region of primary erystallization into the space of the
binary eutectic erystallization of A and B, with consequent creation of the
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iriengic APn. The alloys of the partial region nBo are composed of
line B and residoal melt having concentrations corresponding to
g on the boundary curve no. Alloys in the field mnd disintegrate
lline A and melts with compositions along the line mn. The
ioweno il is still homogeneous liguid.
on below the meliing point of € and the binary cutcectic point H,
above K (Fig. 9) is shown in Fig. 15. Besides the regions of
crvetallization there now exist two areas of binary eutectic ervs-
r The section obtained at the temperature of the binargs
in the svstem AC iz shown in Fig. 16. At a still lower temperature
o the ternary eutectic point, the diagram shown in Fig. 17 esylts.
¥ figures are understandable withouf additional discussib‘n. At
urs of the ternary cuteetie, the region of the melf\s shrinks
&, the areas of primary crystallization exist only assblle ribs LG™,
;. 121, and the flelds of binary eutectic cryst-allizétinn come into
ot with cach other. Below this temperature, the entire system con-
3 ¢ heterogenesus mixture of the three compox}@{,ﬁ A, B,and C.

. Beerons PERPENDICULAR To TEw-PlhmabbromorginatioN

e

Yoriical sections through the space dig};g‘r:a,n:l—wthat is, sections which
nendicular to the basal plane of the state prims—have a different
iideance frorn those described abgve. They permit the course of a
cuiar allor to be followed duljiilg’the freczing process, and for this
resson’ are valuable in studyingsthe changes of state of the various alloy
coimposttions, \Y

Iz examining a compl te'\‘tef'nary system, it iz usual to select the con-
centraiions to Le invcsti;\atcd according to a definite gystem.. Generally
the sclection will he made so that the compositions lie on straight lines in
the concentration(fnfngle. Upon these lines the perpendicular sections
arg creeted fromi/the results obtained by studying the state of the alloys
at dii'fﬂrcnt"t.énfperatures. Ag a rule, two kinds of sections are chosen.
The onc stards from a corner—for example, from pure component A (Fig,
18, BCfbt'{(:)ﬁ; Ag)—and is characterized by the facts that the ratio of the
aments of the two eomponents B and C is the same for all points and that
theMwmount of 4 decreases in going {oward the opposite side BC. The
oblier type of section lies parallel to a side of the triangle, as mn in Fig. 21.
For such a gection the amount of the component located in the opposite
corner—(C in this case—is constant, while that of the other two constit-
uents changes from zero to a maximum. In general, the kind of scetions
selected depends upon the nature of the system being investigated.

Let us derive some typical sections for the case under discussion. Fig.
18 shows again the concentration friangle; fI, ki, and k! are the curves of
the doubly saturated melt and [ is the ternary eutectic point. We shall
select the section mB which passes through the corner B, As is obvious
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from Fig. 9, the intersection of the plane of this section with the surface
of the beginning of crystallization has the form of the eurve act (Fig. 19},
with & cusp at ¢ produced by the intersection of mB with the curve of
binary eutectic crystallization fI (Fig. 18). From all alloys of the portion
¢B (Fig. 18) crystalline B is first precipitated. This process is complete
when the compasition of the residual molten substance reaches the point o
(Fig. 18), and the next devclopment is the binary cutectie cryataliization
of 4 and B simultaneously. For all the alloys, the field of primary
precipitation of B is limited below by the horizontal line rd iTipN9),
This line is one of the isothermal eonodes, previously discussed, whieh by
their motion generate the serew-type upper surface of the spacg wibinary
eutectic crystallization. The space of binary eutectic Cl‘ysfg:l;‘ii.':.’-é‘.tion of
4 and B together iz seen below the izothermal line ed. s

b
id
e
5
Fro. 18. Position of the vertieal section F1c. 19. Section mB (Fig. 18).
dlagrams mB and Ag,
\¥;

For the a,HQyé of the portion me (Fig. 18), the primary erystallization
of A t-agn]qiace first. The point representing the composition of the melt
movegalong the eonode extending out, from A and encounters, for the alloys
Iyipg:bctwacn n and ¢, the curve I somewhere in the interval cl. Hence,
L Jonthese alloys also, the primary crystallization of 4 is {ollowed by the
b.iila,ry eutectic erystallization of 4 and B. The more nearly the composi-
tion of the alloy approaches that of point n, the lower will be the tem-
per:‘ature at which the simultaneous precipitation of both components
begins. In Fig. 19 the curve cf represents the beginning of this binary
eutectic erystallization. For the alloy n (Fig. 18) the ternary eutectic
arystallization takes place immediately at the eoncl

— usion of the primary
erystallization. Alloys in the int

_ erval mn undergo, at the conclusion of
the crystallization of 4, a binary eutectic crystallization of & different
type——nz.imely, that of 4 and C. Curve Rf in Fig. 19 represents this
process m the binary seetion mB. At the conclusion of these binary
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sutectic erystallizations, the solidifieation of the ternary eutectic mixture
talkes place at the temperature of the horizontal line ge.

Altheugh the diagram of & binary system permits the composition of
all ihe phascs cxisting in equilibrivin to be read off directly, the same
statement does not hold in the case of a4 plane seetion of a ternary system.
To be sure, the curve ach shows, for the melts lying in the plane of the
cut, the composition at the time crystallization beging, but similar eon-
clusions eannot be drawn from the other curves. For example, the points
o1 the curves Af and fe merely represent intersections of conodes with thes
plane of the cut. In general, the phases which are in equilibrium with
sach ¢ther do not lie in the plane of the cut—a faet which will be appi‘e-
elsted after a bricf study of the line Af (Fig. 19), which is relatefl'fo the
squiiibrium between crystalline 4 and the melts along the lme M “of Fig.

Fis. 20.
Scetion Ag (Fig. 18).

\\ A w— %A 7
18" 1In general it s impossible to reach any conclusions eoncerning com-
position by measBbf plane-section diagrams. Consider, for example, the
ternary eutegtic)point which, in the cut of Fig. 19, corresponds to alloy n
on the h'la fn§ (Fig. 18). Concernlng its position in the ternary diagram,
the only th»mg which can be determined from the plane section is that it
lies£mne“here on the projection of the line An. Tt is quite possible to
lofhte'the ternary eutectic point, however, by using a second section dia-
gram—for example, Ag—in which it may be shown that the ternary
eutectic point lics on the projection of the line Bs. The intersection of the
lines Bs and An gives the desired information. The cut Ag, represented
in Fig. 20, is very similar to the cut mB.

A similar procedure may be employed to determine the position of a
curve of binary eutectic ervstallization. Consider, in Fig. 18, the interval

* Note by translator: The points & and § correspond to k and I, respectively, and
in gencral there is s one-fo-one correspondence between the pmnts of these two

lincs, By tracing, mentally, the solidification ‘E‘ ocess of alloys lying on the portion
mn of mB, the development of kf can be readily imagined,
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rs of Ag representing alloys for which the primary erystellizutics of B is
followed by the binary erystallization of A and B, as indicated hy the
curve of doubly saturated melt #1 (Fig. 18). The points of the airve gb
(Fig. 20} are the intersection points of the conodes eombining # and the
corresponding points of curve »l with the vertical plane Ag. #rom the
position of the point w2, corresponding to the alloy z (Fig. 13}, i' can be

tr

N\

O\

Fic. 18. O’

Position of the ~\-:fe1'tic:'4.'=. Fauiion
diagrams mB aﬁ‘d?Aq.:

M‘\Q.
‘x.‘\\..
www_d%raulibl'ary.ot:g_in ,"x\ -

deduced in a manner similar to that é‘mployed for the ternary cuvectic
point that the corresponding pointion the curve I lying at the sams tem-
perature must fall on the projettion of the line Bz, The next step is to
locate on the curve cf (Fi“g.*li}'), which also corresponds to the binary
eutectic crystallization a{ung the curve fi, & point z; lying at the same

.\\Q,t: é

O s
<"
\J §+8
:O\m a
2N\ e ;
\th. 19, i s+4
i,
J‘:\ Bection mB (Fig. 18), gM s+A+8
A .
e 5

m P - &

temperature as z, and then to find its position p in the binary section of
Fig. 19 and on the concentration plane of Fig. 18, The curve of melt
simultaneously saturated in 4 and B will have, at the temperature of the
points ©, and 2, the coneentration point which is the intersection of the
two lines Ap and Bx (that is, the position z). This method is applicable
to the determination of the position of the interval cl of the line fI, The
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nenessary condition for carrying out the above construction is the definite
estaldishment of the faet that the two curves considered, ab and ¢f, are
setually connected with the same binary eutectic erystallization.

Axn eesumption which underlies the establishment of a curve of doubly
R{l[urabb{.a melt is that the same curve of binary eutectic erystallization
wresent case, fl} is reached through both of the cuts under con-
To determine the full length of a curve sueh as fl, it is recom-
i to place the cuts so that at the side AB (Fig. 18) they come as
z {0 f a3 18 poasible without cutting the line fl—for example, in posi-
trated by Cf and {o. The cut Ot is very similar fo that of Bm
. particulsrly in having a curve whieh corresponds to Af. This
tated to the line 1 in the same way that Af isto kI Tt lics-below
fein of primary erystallization of 4 in the same way as does &fin the
iin S (Tig. 18). Through an extension of the sericg o eonodes
= through 4 and B, respectively, in the manner gihilar to that
ved abowve, the position of the eurve fl may be congtricted from the
intevsection points of the projections of the conodes.

which

WO W, dblfl{lbrary org. m

A
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Fre. 21,

Position of the vertical see- o\
tions ma and os.

Let us now considefAhe cuts which are taken parallel to a side of the
concentration trigngle? We may selcet section mn (Fig. 21). The curve
age (Fig. 22) ofbhe beginning of erystallization possesses a kink at g
produced by 'onssmrr the curve of binary eutectic ervstallization fl. In
the interval \vhp the primary crystallization of 4 is followed by the binary
sutectic N'VttalllZatlon of 4 and C together, it being understood that p
Hes t';hc interscetion of the Hne ma with the conode extending from 4
to I. In the interval pg, which extends from p to the point g where mn
erosses the binary cutectie curve fi, there occurs first the erystallization of
A and then the simullancous crystallization of A and B. These facts will
appear in the diagram of the eut mn (Fie. 22) which shows the lines mp
and pq marking the beginning of the binary cutcetie solidification. The
solidifieation process in the interval gn proceeds in a manner similar to
that for mg; hence, Fig, 22 requires no elaboration. Solidification ends
at the ternary eutectic point existing at the temperature of the linc Iyl

The cut mn (Fig. 22) offers the possibility of determining the ternary
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eutectic point without the assistance of another vertical section. The
desired point lics at the intersection of the extensions of the two lines Ap
and Br {Fig. 21) ; bence, it is necessary only to determine in the seetion of
Figure 22 the positions of p and r in order to draw these hines snd o
establish the pasition of the ternary eutectic point I This cut alse offers
the possibility of determining the position of the part gl of the curve of the
melt saturated in both 4 and B, for both pg and gr (Fig. 22) eorzespond
to the same binary entectic erystallization along gl. It is {herciore neces-
sary only to pick off two points at the same temperature on pg srd gnand
to extend through these, the corresponding comodes from A and 3 totheir
plaee of interseetion. This intersection lies on the curve ql. ,"{%qs, the
branches pg and gr (Fig. 22) vield the same information ag=ei“te ob-
tained from the two corresponding curve branches fe and ab inthe sections .
mB and Agq, respectively (Figs. 19 and 20). )

< :.’\\.

n ®
K\ o
AN
A+8+C &
.\o\‘..’ A+BL
Fia. 22, chi-fjnn’ mn {Fig. 21}, Fro. 22a. Section as (Fig. 21).

For comparison, the section os perpendicular to the plane of conecn-
tratiopwnll be developed, since it shows a typical deviation in form from
t‘hc,jcgt man (Fig. 22a). In the part of (Fig. 21) the primary erystalliza-

. Jiow'of A occurs; in the part tu the first solidification is that of the com-
\ popent C; while in part us, B crystallizes out first. Thus, the eurve of
primary crystallization o'tus’ {Fig. 22a) consists of three branches. At
the conclusion of the primary crystallization of 4 there securs in the pard
ot the crystallization of the binary eutectic A+, and the farther the
alloy is sway from the point ¢ of the binary side 4C (curve o"t, Fig, 22)
the lower will be the temperature at which this begins. This situation
comes about beeause the path of erystallization encounters the eurve of
binary eutectic erystallization ki at a correspondingly lower femperature
the farther the alloy is distant from o. Upon passing the point ¢ theré;
takes place at the conclusion of the primary crystallization of € an{i up to
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ihe intersection with the line €1 (Fig. 21), the precipitation of the same
binary eutectic. For the alloy lying on the line (I, the ternary cutectic
erystallization at the point I follows directly aiter the conclusion of the
primary erystallization of €. At the right of thiz interseetion the allovs
ropeat essentially the same fundamental performance which haz been
pictured for these lying on the left, only that the component B iz sub-
stituted for A.

Sume consideration will show that the curve # (Fig. 22a) cannot be a
continuation of 0"f, but that there must be at ¢ a cusp in the boundarvy
curve of the field s+ A4 C as a conscquence of the differcrnce between the
adjolning phase fields to the left and right of £, these being in the one kasc
s--4 and in the other, s+C, The reason for these statements may be
found by studying the space of binary cutecetic erystallization ghrown in
Fig. 12, In the case being considered this space will be intergéctefl by the
verlival section in the rib HL, The slope of the curve madjigby the inter-
section of the vertical plane with the bounding surfaceNILI'F”L on one
side of the rib L must be different from that produted by intersection
with the surface HG"G'"L on the d‘&hvéwsﬂnhz‘.auﬁkﬁiﬁﬁﬁa‘?"&i‘.@rsection of a
field of binary eutectic crystallization will ‘pé'e})cnuntcred in Chapter
IV (Fig. 44). &)

Fre, 12,

View of the space of binary eutecs! N
tie erystallization of B and € as geen
chliquely from ahove in the dirgctfon

) 3

& (Fig. 8), (\J

X

In the discussion afitle crystallization of ternary systems the deductive
method has hithgp\é..bccn employed. We have assumed the constitution,
tonstructed thesternary space diagram on the basis of the assumed char-
acteristies, and\finally built up the corresponding binary sections. In any
actual expé{}imental case the reverse process would be followed. The
ternary/sphee diagram must really be derived from the plane-section
diagram¥ determined experimentallv—for example, by thermal analysis.
Thgﬁ‘oosencss of the relationship between the vertical sections and the
ternary diagram has been shown, Tt is for this reason that the construe-
tion of the latter on the basis of the former is difficult and uncertain, In
all complex cases it is neccssary to increase the number of the alloys
mvestigated to a point where the horizontal section diagrams, as shown
in Figs. 13 to 17, may be established with certainty, As has been men-
tioned, these diagrams permit the immediate deduction of many con-
clusions concerning the form of the complex state diagram.

On the other hand, it s possible in many cases to obtain some knowl-
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edge of the ternary diagram from the form of the binary dingiut
ternary compounds invelving alt three components are s
may be assumed with considerable probability that if the b
consist only of mechanical mixtures without golubility gape
state, the ternary diagram will be of the simplest fype AIES
The general outlincs of the system may then be traced oub en
tration triangle on the basis of the position of the eutectic p
binary systems and further investigation limited primarily
determination of the position of the eutcctic curves and
euteetic point, disregarding the surfaces of primary orys
which the determination presents no diffienity but is usually o
interest.

~

SreprEMENT T0 CHaPTER 11 N
A (eneral Law Coxcrrwing CoNTIGUOUS, ST&TE Braces

The detailed view over the space figure of a terndry mechanical raixture
and its assoua‘tﬂe\g} Eglr';azg}a}]al ando} gr}th(:dl sectifhg"which has been vhrained
in the previous diséuzsion presentq the oppbrtumty for demen ng 8
geperal conformity to law which often @klE materislly in vnderstanding
ternary systems and permits errors tebe “diseovered readily.

We have observed that the homageneous single-phase space of the melt
is bounded by the two-phase spaces of primary erystallization, and that
the latter in turn are conpighous to the three-phase spaces of binary
euteetic erystallization. Wurther, the single-phase space has contact with
the three-phase spaceszduly along various lines and not over surfaces. A
gtate gpace can Ordirhmly be bounded by another state space only if the
number of phasesithe second space is onc less or one greater than thab
in the first spa,eesconmdered This condition is not aceidental, but is based
on & law of/which the validity is unrestricted, except that the phase rule
sets a Jifnif"to the maximum number of phases. A three-phase space
cannof “bounded by a four-phase space beeause the latter equilibrivm
dog& ot exist in the temperature-goncentration prism. A four-phase
stﬂlcture cannob exist except at a fixed temperature and is therefore re-
Strieted to a horizontal plane. Later, we shall go somewhat further into
this case although, in general, there is no exception to the rule. It 1= im-
p_ossiblc for a homogeneous single-phase space to be bounded by another
single-phase space or by a three-phase space. Furthermore, a two-phase
space can be bounded by a one or a three-phase space but not by another

two-phase space. It is casy to pereeive that this law is thermodynamicaﬂ}‘
Necel’sary,

Let us consider in detail some state space—for example, a two-phase
space. _The bord‘er_of this region will be reached whenever the eombina-
tion of phases existing in it ceases to be stable, This situation may ocour
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i only two ways. Firet, a peint of concentration or {emperature may be
il at which another phase can be precipitated out—for example, a
- may becowe saturated im a secord crystalline substance. The alloy
then enters s threc-phase region, a type of phase space which is per-
ible according to the phase rule and must therefore exist, for all the
suenens of the phase rule rest upon the fact that the available num-
t degrees of ircedom (which is variable and depends upon the condi-
) must actually be used, A two-phase space cannot border a four-
‘© space, 88 Is obvious from the following remarks. Were this truc,s
he melt mentioned above could beeome saturated simultanecusiy
wo other phazez in addition to the one with which it Was\,\'m
Bisrivm in the two-phase space. Such s condition is s specigly ease
and 1 possible only for certain definite concentrations; hence jtcan cor-
respond to points or curves only. In general, saturation wilk be attained
ior only one of the phases. Secondly, the alloy may entér ‘4 one-phase
a ‘That a two-phase space may border a single-phisé space is self-
evitient from this diseussion, for it is necessary onlydoreverse the order
of runioning and to inquire what Mgi@ﬁdsbimﬁdi@gﬁﬁtgﬁad@ can border.
L is al once obvious that the answer must be a%tffe phage space.

L1 raay also be demonstrated that the numledof phases in two adjacent
“egions cannot be the same, Consider againghe two-phase space composed
¢f two phases, o and b, and assume that the ncighboring space is con-
swructed of two cther phases—for egaﬁ;ble, a and ¢. Tt may now be asked
how the process of getting fromeone state space into the other may be
carried out, Tt could evidently \B;e accomplizhed only by the simultaneous
vanishing of b and appearamies of ¢ at the houndary. The appearance
of ¢ signifies that one phasé-for example, melt—has become saturated in
and has begun to pregipitdte out this phase. On the other hand, the dis-
appearance of b indicates that as the alloy passed the boundary of the
first two-phase spligl, the concentration of this phase was reduced below
the saturation Galie. Hence, the conclusion is reached that slong the
suriace of egitact of the two state spaces the melt must be simultaneously
saturategljff'two different phases; but the impossibility of such a case has
already Deen demonstrated. These conclugions are generally walid. A
phase E‘pace cannot be bounded by a szecond onc containing the same
number of phases,

It has already been mentioned that this analysis is limited by the
highest number of phases prescribed by the phase rule. An invariant
four-phase equiltbrium can exist only on a plane at constant temperature.
Hence, a four-phase space, which according to what has just been =aid
must be bordered by a three-phase space, shrinks to a plane—for cxaraple,
the plane of the ternary eutectic. This four-phase equilibrium plane must
be bounded below by another three-phase space—in this case, the space
of three solid phases. From this fact there exists a situation in which the
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three-phase spaces of binary eutectic crystallization seem to adjoin the
three-phase space of solid substances along a surface. This apparent
contradiction comes about through the existence of the plane of four-
phase equilibrium between them. I, is possible to formulate the relution-
ship between phase spaces in such & way as to make an exeeption of three-
phase reglons separated by a horizontal planc®

The above relationships are valid not only for three-component sys-
teins, but generally.

A point of interest concerns the reglons in the various plane seosibns
previously deseribed. These diagrams represent the intersection of planes
with the different state spaces, Hence, the conelusions dmwn”c’«{?ﬂ_j)rning
ternary diagrams rmuet likewize be valid for all plane f;cf;t.sﬁon;?, hoth
isothermal and perpendicular Lo the plane of cunecntrat(iuﬁ& A general
examination of these various diagrams reveals their obedidnbe'to the ahove
laws. Conversely, application of these principles 'E,CTE}E‘S' a3 2 method of
testing the correctness of any particular section. g

In any discussion of heterozensous equilikgrq}s.fln multiple cotnponent
systems, the above pringinles shapld intraysle’ kept in mind as a guide,

* Nate by translator: The four-phase plane ;rhay;be considercd a degenerate four-

phuze spance—that is, & four-phase space forSwhich one dimension has decreased
io Zero. ™Y



Chapter III

Unbroken Solid Solution Series

If the binary systems which constitute the ternary system form
unbroken serics of solid solutiens, then the latter may also be of this typé N
over the whole of the concentration triangle, Such is not always the casc
hawever, since gaps in solubility mayv oceur within the ternary g% E‘tem‘
‘Thig possibility will be reserved for later discussion. Assume the simplest
case—namely, that the binary solid solutions exhibit neitheSwaximum
nor minimum peints (Figs. 23 and 24). The crystalliza,\ti"gn in such 3

AN

Fra. 23.

Triangle of concentrations of =
system exhibiting eomplete mis-
cibility in {ho solid state. RS ’

system proceeds in a mar}ne\ 'very similar to that of a binary sclid solu-
tion. From an alloy X which at higher temperatures is a homogencous
liquid, there precipitatés out, upon reaching the liquidus surface, a solid
substance of comppsition ¥ different from X, At this moment the solid
solution is in e§uifibrium with the melt X and the horizontal line combin-
Ing X and %"a conode (Fig, 24). Coincident with precipitation of this
solid solutlon the composition of the melt ig displaced along the conode yz
in th@ dh‘cctlon indicated by the arrow in Fig. 23. This fact is pereeived
at &ch from the following analysis: The total composition of the alloy is
represented by the point z, which must always lie on the conode joining
the compositions of the solid solution and the melt, Therefore, the com-
position of the melt is initially displaced in such a way thaf the line yz
is tangent to the curve ztz at 2. Usually, as the metal solidifies the curve
xfz bends away from the projection of yz, and correspondingly ygz de-
viates from the line yz. During the entire process of freezing, the conodes
specify the composition of the melt and the solid solution which are in
equilibrium with each other. Throughout solidification, two phases exist
a7
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—the melt and the precipitated =olid solition in equilibiiiag
therefore, from the phase rule, the system at constani, ATy
degrees of freedom. Correspondingly, the contlinnum of a:

with it
Lag two
roied melts

(liguidus surface) must be represented geometrically by one voninnous
surface. Furthermore, since in contrast to the case conside : Chap-
ter IT, the composition of the solid solution varies continucil -, flie two-
phase space must be hounded by a second continuous surf: Lanely,
the surface of the solid solution in equilibrium with the melt <ife zolidus

surface). As a rule, both surfaces are curved.

In & sense, the two-phase space of primary crystallization peie
sidered here is a morc gencral case of the type described in 1
chapter. The latter is obtained from the one now under AFERNS
noting that in conscquence of the unchanging compositmﬁ;‘ O solid
phase (pure component) the solidus surface shrinks tN\s moint which
may be considered as the perpendicular section of thé Prise odoe,

R
(g in g

™y
O, 24,
S Space diagram of a systemn cx-
hibiting complete miscibility in the
solid state,

.\ c

P4

The solidification process Is completed in a manner similar to that 1n

& bin‘i"’;? lagram, As the composition and temperature of the melt are
displaced along the liquidus surface, and simultaneously more solid
material is precipitated, the composition of the solid solution is displaced
long the solidus surface through the mechanism of diffusion. As a con-
Sequence, the composition of the residual mels departs further and further
from the mean composition, while that of the solid solution approaches
the valte for the alloy. When the composition of the solid phase has
attained that of the alloy, the last drop of melten material will have
becpme solid. The curve zz (Fig. 23) represents the contimuum of com-
Positions through which the melt passes during the process of solidifiea-
tion, and the curve ¥, the eontinunm of compositions of solid golution.
At the beginning of solidification the liquidus line starts to move BWaYy
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from the point z in the direction of the projection of the conode y=.
Himilarly, the solidus line finishes its motion at the point x while pro-
eonding in the direction of the conode connecting the points 2 and z. This
situnfion is visualized more easily if the rcverse process of melting is
considered. At the beginning of the melting process the solid solution
hes the composition of the alloy z. The first drop of liquid to be given
off by the solid sclution will have (he composition 2. Sinec the mean
strnposition of the mixture of both phases must always be represented
the point z, it follows exactly as deseribed above for the beginning
ui freasing that, as soon as the first liquid drop is given up, the COMPOSta
tien of the selid solution z begine to move in the direction of the pres
ieetion of the conode zz. The eurves zz and yz are therefore thesumé
in: both the freezing and meliing processes. O

by

Frg, 25, www . chprauli

lsethermal  seetion through the
ireszitg ranuge in u system exhibiting
acmplets miscibility.

The conods connecting the tyyc(phases existing in equilibrium generates
2 kind of serew surfnce durinf the process of solidification. Its position
remams horizontal with onewend moving along the carve XZ (Fig. 24)
while the other follows@lle curve YX. The screw-axis is the vertical
line through the medneomposition of the alloy, for all the conodes must
pase through this geint,

The space difghdin breaks up into three partial spaces—the homoge-
leous gpace ,Q%E melt, the homogeneous space of the solid solution, and
between thiem the two-phase space in which both the solid and Hquid
exist, o ()

Th\s\f:f»rm of the isobhermal section in this case is very simple (Fig, 25).
The two homogencous areas of melt s and solidd solution m are separated
from each other by the two-phase band, in which the eonodes have heen
drawn in schemaiically. These conodes differ from those deseribed in
the case of the mechanical mixture in not all being referred to a single
pomt. For this reazon their position cannct be specified from the con-
centration of the solidifying alloy, as was done in the previous chapter,
They designate the solid solution and melt which are in equilibrium with
cach other at the temperature under consideration.
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From the form of the ternary diagram it is possible to derive at once

the nature of the vertical section, The cut Bo (Flg 23) huz ihe ‘form
shown in Fig. 26, and the scction on is exhibited in Fig, 27, The differ-

3!

3

o 8 g ,"‘:\ 3
F1e, 26. Section Be (Fig. 23). Fro. 37N\ Bection on (Fig. 23).
\J

I
- i iagram/of a two-component system
oy AgTS dnd thin diagrird o por o
is obvious. Stch Torms are mnpossiblediithe latter case. The reasen

this fundamental difference is that in Wweection of a ternary system, the

conades in general do not le in ‘j;flb" plane of the eut—a fact whieh is

Fre. 28, Triangle of concentrations of Fre. 24,
& ystem with complete miacibility
in the solid state and exhibiting =
ternary maximum,

Bpace diagram of a sysiem
with complete miscihility in the
solid state and exhibiting a ternary
maximuin .

particularly evident at the sides of the euts, Obvicusly the phases ¢ and
o” are not in equilibrium with each other, nor are #” and »”, for in each
case the corresponding phases are at different temperatures. The phasge
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which 1s actually in equilibrium with ¢” is a =olid solution of A and €,
of which the compesition, as deduced from Figs. 23 and 24, lies between
the peints o and 4. Similar considerations hold for the entire curves o'n’
and on”,

Just as in binary systems, there are ternary systems of the unbroken
selid solution type in which the surface of the beginning of erystallization
exiiibits & maximum or a minimum. It can be rigorously shown that in
sich a ease the surface of the end of crystallization also has a maximum

Fia. 300
Beetion no (Fig, 28).

\J

wwwrd 3rauli’i;}‘ar‘y_org_in
N

n{ ’; v 0
or 4 minimum at the same point and f;(rﬁéil?}s the liquidus surface there.
These maxima and minima may éxiﬁt‘ﬁf the component binary systems
or siraply within the ternary diagrafzf} Buch cases present nothing new.
A eystem (Figs. 28 and 28) mav(have a maximum g (@) inzide the con-
centration triangle, and in t};ig'"écnt will have a perpendicular section of
the form ngo, as shown n‘t\T\‘lE 30. At the maximum the lquidus and
sobidus lines are in contadt,

o\

A\



Chapter IV

System Having a Binary Compound with as {¥pen

Maximum but Without Formation of Solid Solction

O\
A, Bystem wiTH Two TERNARY EUTECTICS

1. Process of Crystallization ¢

If eompounds appear in a ternary system they may ei{h‘e‘.:? -
within the concentration triangle and hencc be ternapgh cb :
they may be binary compounds which originate, wmNRe bina ;Lems

and participate in the ternary system. A bettor designation than “eom-
www. dbraulibrary.org.in
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Fic. 31.  Triangle of cancentrations in the case of a binary com-

pound ¥ with an open maximum,

pounds” for these moleeular types would be “intermediate crystalline

forms with restricted solid solution regions,” because the theory of

heterogeneous equilibrium tells nothing about the molecular structure of

phases. However, it will be convenient in the following discussion to

employ the less acourate nomenclature. Assume the case in which the
42
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swstern exhibits only onc binary compound and no solid zolutions occur.
Fig. 31 shows the concentration triangle for such a system where one
i ¢ diagram 4-B possesses a compound V with an open maximum,
en there iz po formation of solid solution the solid portion of the
erunty system breaks into two partial systems, VBO and VAC, sepa-
rated {rom cach other by the dotted line V-C. In the first system, all

vy ailoys in the solid state consist of & mixture of the three erystal-
w types ¥, B, and ), and in the second of ¥, 4, and €. This structure
iz the ouly possible one for the solid allovs for, according to the phase ¢
ruie, only three erystalline forms may be present in any finite temapera-
are interval, and the absence of the compound V in any of the alloyh
1t & possible exception so long as equilibrivm conditions prgzw’@ﬂ, as
2 hern assumed here, N
ucxt guestion to present itsclf concerns the nature of/the freezing
25 10 alloys having such a eonstitution. The system«bo\ssesses four
¢ eaieclic points: a, b, ¢, and d. The simultat¢ble precipitation
wu crystalline formes such as occurs at each offhese eutectic points
mist take place at a lower tcmperatul}“é\'i{fdﬁl&;ﬁrléa?g\%f%z%gd%f%ﬁnof a third
gubstance, sinee the coneentration in the meltBE the phases erystallizing
out is diminished thereby. In other words, the’eutectic curves of doubly
saturated meit which start out from each.8fthese points must fall away
to lower temperatures as they proceed foward the interior of the triangle
to meet at some point. These interéqi}tions will next be considercd. In
general, the conditions here argffuite similar fo those in the case of
ternsry mechanica! mixturcs gis}ussed in Chapter II,

Let us consider, for exfmple, the curves of doubly saturated melt
whirh extend out frora dhand d. They meet within the partial triangle
AVC and at their intepdection point, e, the melt is in equilibrium with
the three erystalling Pofms A, €, and V. There occurs therefore an in-
variant, four-phase situation which can exist at only one temperature
ang one eompdsition of the melt and in which, as explained in Chapter 1,
two kinds of‘reactions may oceur upon the withdrawal of heat. If, aa in
the presguticase, one of the phases participating in this equilibrium lies
withift“the triangle formed by the other three, then the reaction which
takes'place is that the one phase (melt) disappears into the other three;
or, conversely, if heat is added, the amount of the one phase increases
at the expense of the ather three. The reaction is

melt e 2 A4 G+ V. (1

The other possibility, as discusscd in Chapter I, is that two phases react
with each other to produce two other phases. A necessary condition for
this type of reaction is that none of the participating phases have a
compoesittion which lies within the triangle formed by the other three
(in this case, 4, ¥, and C). (1) is the equation of a ternary eutectic
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reaction. It indicates how the solidification proeess is completed ai the
ternary eutectic point where the melt has the composition e. A ihird
curve of doubly saturated melt must also intersect at this poind. The
melt of this third curve must be in equilibrium with the two eryataliine
forms V and €.

A quite similar behavior takes plaec in the partial triangle VB¢ if the
assumption is made that the two curves, Bf and cf, of hinnry eutectie
erystallization which extend out from peinis b and ¢ interzect within the
partial triangle at 7, as shown in Fig. 31. This interseetion point. is IQ{e—
wise a ternary eutectic point into which must run = third eurve of doubly
saturated melt which is in equilibrium with V and €. .\?\

It will be seen that in the two partial triangles there are, foshetiively,
the binary eutectic curves ge and gf, along which the sama phascs, melt
and the two crystalline forms ¥ and C, are in equilibpiur. } Thev differ
from ench other only in the differcnt cnmposition‘gif"t-}’m liguid phase.
The melts having compositions on the curve gesbelong to the system
AVC and obviouslﬁblie xf%hin the, triangle AVCNMelts on gf beleng to
the systemn BV and Tie within that trian }é.\ These two curves must
mect in & binary eutectic point in which¢th® two substances, ¥ and C,
crystallize out without excess of eit-herigl ‘or B—that is, in the peint ¢
on the line V€. 1t is a simple matterdo’ show that this point musi, eorre-
spond to the highest temperature te\be found along the eurve egf. First,
there is the consideration wh‘r(-;h has already been applied to binary
eutectic points at the sides\of & concentration triangle——namely, that
through the addition of ,A{or B the amounts of the erystallizing phase
V and C in the melt aue’décreased ; henee the temperature of crystalliza-
tion must fall. Thi,sﬁgumcnt, is not completely conclugive, however, for
in ternary melts. gqltilibrium situations and states of disseeiation of a
complicated t}jpé thay occur which are nof readily perceived. In fact, it
will later l:;c B¢n that there are cases wlhere such a gimple analysis does
not hold, { )

Othefarguments of a simple kind may be presented. Let it be assumed
thatithe maximum of the eurve egf ‘does not aecur at g but at some

~DENL, o7, to the left of g. Tt may firat be assumed that in the interval g'g
the composition of the melt is displaced in the direction from g to g
However, since ¥ and ¢ are being preeipitated, the melt must become
continually richer in 4, and therefore its representative point must actu-
ally proceed in the opposite direction. This assumption having been
shown to give rise {o an imposeible gituation, it may next be assumed
that the melt zetually does go from g toward ¢ as V and ¢ solidify out.

In this case the temperature must rise, since ¢ has been taken to be the

maximura temperature in the interval g'g. As a consequence, the tem-

perature of the alloy must risc dwring this stage of solidifieation; but
such a situation cannot oeeur under equilibrium conditions. Hence, the

Ui,
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gecond assumption is aleo unjustifiable. Therefore, no other point
excepd ¢ can be the maximum.
The alloys with compositions lying n the cut VO erystallize exactly in
the same manner as in & binary system, The Houid alloys do not leave
" the concentrations represented by the scetion V¢ during the whole
crystallization process. To demonstrate this fact econvineingly, let us
consider the solidification of some alloy m (Fig. 31). The crystalline ¢
is precipitated from it and the composition of the melt is displaced in )
the dircetion of the arrow Cm passing through € and the point m. Thig
arrovs obviously les along the line VC, and hence during the processhoi
primary crystallization the melt remains entirely on this line, tp‘e}n
resching the binary eulectic point g, the compaosition of the melt*cannot

i
whew.dbra %h}ax"y org.in

9,
\V

S

2 S8
rm 381, Triangle of coneentrations in the case of a binury com-
N pound V with an open maximum.

pro\d any farther toward ¥, but remains on the line ¥ C The solidifi-
calion of all alloys of the scetion V¢ follows exactly as for a binary
allay, and in no inztance does the behavior of an alloy give any indi-
eation that it is 2 member of a ternary system. Such sections lying
within a system of higher order but behaving like a binary alloy system
are called “guasi-binary sections,”

Let us continue to assume that there are two ternary eutectic points,
e and f, lying within the triangles AVC and VBC, and hence that 7 is
& (uasi-binary section. The complete ternary systern breaks up during
the process of sclidification into two partial systems, AVC and BV,
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each of which represents the simple case of & mechanics] riiture ag
deseribed in Chapter II. It is therefore necessary only 1o eons
details of solidifieation by referring to that chapter. The pr
oceur here may be considered az those of two gimple sysiens
tics, which lic side by side in just the same way as in a bin
with an open maximum.

The partial ternary sysiews show a difference when compared with
two complete ternary systems which is very similar to the one demon-
strated by the two parts of a complete binary systemi. in the
case the liquidus curve makes a definite angle with the hovi
leaves the pure components, as will be observed for the =¥

eutec-

B-C in Fig. 81, For the partial systems of 4-B it will be ik tved that

the liquidus line shows no discontinuity at V¥, but forms gyt with

a horizontal tangent and hence is mathematically contiadols. Lituwise,
AN

Fizs. 32 and 33. Isothermgk‘é’ec\inns in the case of a compound ¥ which gives rise {o
\\ "8 quasi-binary section V.
the hiquidus surface of a tcrnary system shows no discontinuity where
it crosses thy \guasi-binary eut. This difference, concerning which no
further cxrp{fmation will be given, depends on the fact that in the melt a
partial digsoeiation of the compound oceurs in which V= A+ R.
It‘l?’:ee scarcely be said that this problem has nothing to de with the
) phade rule or the theory of heterogeneous equilibria, since the question
\Trf_re is one of homogeneous equilibrium within a phasc.

2, TIsothermal Sections

In Figs. 32-34 several isothermal cuts in the freezing range of the
system are presented. Ag ig customary,
lization are indicated by a system of conodes which connect the precipi-
tated solid with the corresponding melt. Fig. 39 represents the situation
after the primary crystallization of A, V,-and B has begun, but before
binary eutectic crystallization occurs. Wi
crystallization s+ 4, s+V, and s+8, the

the regions of primary crystal-

thin the regions of primary
alloys consist of mixtures of
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ials and their corresponding melts. In the remaining portion of the
systemy there iz only the homogenecus melt s.

Fig. 33 corrcsponds to a temperature for which the binary eutectic
ervitallization of 4 and V and of V and B has set in. Hence there will
e, in addition to the regions of primary crystallization indicated by
odes, the arcss s+ A+V and s+B-+V within which the alloy mem-
sosist of melt and two crystalline types. On the basis of the dis-
1 given in Chapter 11, it is self-evident that on isothermal sections
5 separaling regions of primary and binary eutectic erystallization {
magh appear as siraight lines, since they represent intersections ofaa

mtal plane with a surface which was generated through the méfﬁaﬁ

ke
of & norizonial line. The compositions of the melts a and b, “jith\each
o
c

which two crystalline forms are in equilibrium, lie on fhe, ‘dotted
ves. It s searcely necessary to mention that these curyésydo not lie
= section under conzideration but only intersect it.‘at.\ﬂle points e

Fig, 34,

- - LR
Isothermal sections in the case of A0%

a compound ¥V owhich gives rise to sl s
quagi-hinary section VI,

*

A later stage of goligification is shown in Fig. 34. All of the binary
euteetic points of thit\g¥stem have been encountered, and instead of four,
there are now si%’ycgions of primary crystallization in which the four
erystalline ty é!ﬁ\};l; V, B, and € appear. This condition arises from the
fact that th,c}ompound V and the component C have a region of primary
crystalliz\ﬁ:tﬁ)n in each of the partial systems AVC and VBC. These
parti'a\if regions of crystallisation produce the same crystalline forms but
a-re}ep‘arated from each other near the seetion V€ by regions of binary
eutectic solidification, There are alzo six areas of binary eutectic crystal-
lization corresponding to the two partial systems into which the complete
ternary system divides and two regions of homogeneous melt, s, and s;.

3. Vertical Sections

Of the sections perpendicular to the plane of concentration we shall
consider only the cut pg (see Fige. 31 and 35). A complete discussion
of this section is not necessary, sinee it is simply a combination of two
sections of the type discussed in Chapter II. The cwrve abc has a maxi-
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mum at the composition of the point ¢ (Fig. 31}, since b rnust e a polint
in the quagi-binary section previously mentioned. The curves b and be
lie outside of the cut pg and form the continuum of the points of inter-
seetion of the vertical plane with the conodes joining the curves ey and
gf with ¥. On the other hand, the eurve of the beginning of erystaltiza-
tion d3:f is composed of points which lie in the section. Tis miaxhinum,
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81, need not, however, corrcspnn(j'{té"the composition of the point &
Whether it docs or not dependg dpen the angle between the sections VC

and pg. In the general casc, 145 improbable that such correspondence
will oceur. ¢

B. SvsteM with A TerNary Eurreric anp A TERNARY PERITECTIC
1. Process of Crystallization
/e

‘It is not qe{t;sSary, as we have hitherto assumed, that the interzection
point of twe binary eutectic curves shall lie inside of the partial triangle
in m'hic}\ y originate—for cxample, it is quitc possible that the inter-
sect-iolfz;point ¢ of ae and de may lie within the triangle VBC, as illus-
wtrgitg’d' In Fig. 36. Since the melt represented by e is saturated in A and
\rz'}s:nd the liquid alloy corresponding to de is saturated in A and C, the

clt ¢ i3 simultaneously saturated in A, C, and the compound V. Hence,
the situation at ¢ must be that of invariant equilibrium. As the point
¢ does not lie within the triangle formed by the three solid phases, the
present arrangement cannot correspond to a euteclic reaction similar to
(1) but to onc of the type

Admelt e=Vs0 {2)

Con?ider the gpecial case of an alloy composed of A and ¢ in such pro-
portions that 1ts. average composition is n; then the amounts of ¥V and C
formed by reaction (2) will be such that their average composition also
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corresponds to the point ». The latter iz the intersection point af the
two lines Ae and VC. A reaction of the type piven in (2) is called a
“peritectic reaction,” and e is a ternary peritectic point.

If the composition of the alloy lies within the triangle AV, then
meit @ will be consumed by reaction {2) until it disappears, and only the
three erystal types 4, ¥, and € remaiin—that is, the zolidifieation process
comes fo an end at this point. On the other hand, if the eomposition of
the ulley lies to the right of the line ¥, the constituent A will all be
gonsuimed by reaction with the melt at ¢ and only the three phases V,
. wad melt ¢ will remain.

Curresponding to the existence of three phases V, €, and e, there x\:ﬂl\
he one degree of freedom. Hence, the temperature and the C()mpOSlh()nb
of the phases participating in the equilibrium may undergo a, change

The sliovs within the triangle AVC are not concerned by this condltlon
sinee for these all the melt is consumed at ¢ and the compbgl‘tlon of the
erystalline forms has been assumed not to change with\temperature, If

wiww . dbrauli \ar org.in
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143, 36,
Binary compound ¥V without a
quasi-binary seetion F¢. ~

& y

the alloy lies to il e’:ri\ght- of the line ¥ then V, €, and and the melt
remain, the last hidifig saturated in both of the solid substances. While
further premp{tﬁt;on takes place the composition of the residual melt is
displaced tcr the right—that is, farther away from the line ¥C—and
mmlilta.nesusly' the temperature drops. This hehavior signifies that
besl cs‘,the two curves ae and de & third curve, ef, interseets at e. This
curve runs to lower temperatures as it leaves e.

Later digcussion (Chapter V) will show that binary eutectic and peri-
tectic solidifications in ternary systems are not mutually exclusive as
they are in the binary case, but that the former type of erystallization
cen transform continuously into the latter. If an invariant eguilibrium
exists, as when one liquid and three solid phases arc present, this tran-
sition from one type of solidifieation to the other cannot take place. In
this case, the reaction can proceed only cutectically aceording to (1}, or
peritectically according to (2). The two types of solidifiealion are
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mutually exclusive and a transformation from one tyoo -ate the other
does not oceur,
After the substance A has been consumed at the peri

it iant g the
solidification of the alloy proeeeds by further precipils '

oand G,

during which the composition of the mell wmoves along 5. The
melt 13 constantly enriched in B and ceventually besore- wnted in
thig constituent, There will then be present besides the 1o three
solid substanees ¥V, B, and €, s0 that an invartand egelcheiay again

exizts; in this instance it is a eutectic equilibrium, since Tho oo g@ition
of melt { lies inside the triangle ¥EC formed by the il gs
substances. It need searcely to be stated that two addin’ g

binary eutectic crystallization bf and of must intersces 2
All compositions in the parlial system VBC complete thely *oix
at this point. , "‘ '

In spite of the difference in the process of freegitig of .. ».iovs, the
state of the system afier solidification is the Sdm¥ as in - ¢
viously considered 4 b'\[:Lgmgg%q,}t_]é;sgg‘g{ttcmer}iiis:valid [T
solidification process there has been no ddpérture from :il:
state, an assumption which, as is well kaiown, is seldom ful
teetic reactions under usual cooling cp:mﬁtions.

A e

Jdeation

I

. for pori-

Fic. 36.
Dinary compound ¥ withaui a
quasi-binary section V.

_’I'n';the case Just deseribed, the line V' does not correspond to a quasi<
. b;ms%ry section, for the composition of the meclt does not remain in the
jsection during solidification. Consider for example an alloy m (Iig. 36).
Its solidification begins by precipitation of the substance ¢ from the
melt. The eomposition of the melt is therefore dizplaced in the direction
from m toward g. As soon as g is reached the melt becomes saturated
in 4, not in V as in the previous case. As a rezult, the binary cutectic
crysta?llization of 4 and ¢ heging and the eompesition of the melt leaves
the. bl.na,ry eut VO to follow the curve ge. For the alloys of the part Vp
a similar procedure takes place; the composition of the melt, upon reach-
Ing p after primary precipitation of the compound ¥, follows along the
curve pe. Tn the part pg solidification begins with the primary crystal
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lizeticn of A and the composition of the melt moves along the direction
of the line coming from 4. The behavior in such a system may be
characierized by saying that the compound V which forms an open
maxinm in the binary system is partially transformed in the ternary
syziein into the case of a concealed maximum.

The behavior which has just been described is more complisated than
it the simple system first discussed. Henee, it is profitable to study the
courze of solidification by means of scetions.

2, Justhermal Sections

- ihe primary solidification has begun, there is a period when ghe’y
fiization of 4, V, and B has set in but no C hag been fofided.”
e is quite fike that shown in Fig, 32, Besides the region}pf the
ere are st the given temperature, three areas of prim@ry? erystal-

+ withinn which the alloys consist of a mixture of ;u.é;it‘and golid
constituent. 4

ﬁww,dbra uyb}‘\}'fy org.in

Frae, 37 and 38. Isothermal sebtions in the ease of a compound V without a quasi-
79 Whinary section VO,
\Y¥

At Tower temperatitis—that is, below the binary eutectic points ¢ and b
—Fig. 37 is obtx*aiﬁ}d’. This diagram differs only to a slight degree from
the one shown(In' Fig. 33 for approximately the same temperature. As
In Fig. 33, there are two ternary fields of binary eutectic crystallization,
S+A+K:a,r\rd s+V+B. The principal difference is that in Fig. 37 the
region\g# 4 of primary crystallization cxtends itself more rapidly and
has almost reached the binary cut VC.

For temperatures below the binary cutectic paint 4 (Fig. 36), the con-
ditions are as shown in Fig. 38. The point = of binary eutectic crystal-
lization of A and V has already passed beyond the line VC. The region
of homogeneous melt 5 has been reduced and a new area, s+A+C, of
binary eutectic crystallization of 4 and ¢ has come into existence as the
result of the section dropping below the temperature of the eutectic 4 in
the side AC. The assumption is made here that the temperature of the
binary eutectic point, ¢, on the side BC has not yet been passed,
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As the horizontal section descends to the temperature of the periteetic
point, e (Fig. 30}, the points eorresponding to m and » in Fig. 38 coincide
with e and the triangle Amn shrinks to the straight line Ae. The solid 4
can now exist in equilibrium with only one composition of Houid phase—
namely, the peritectic melt e. The line Ae is the line of interscetion of
the two screw-type surfaces which form the upper boundaries of the
spaces of binary euteetic erystallization of 4 and V in one cuse und of 4
and €' in the other (see Fig. 11, line LG").

Since the temperature now being considered still Hes above the cufectic
point in the binary system BC, the residual region, 8, of the homgpedneous
melt still extends to the side of the triangle which gorrespodds/yo this
binary system. For all temperatures below the peritectic ’;ﬁﬁint-, g, the
behavior differs from that just deseribed in that the solid a&pan no longer

Fres. 30 and 40, Isothermal Sechions in the case of a compound ¥ withnut a guasi-
+{.J) binury section. V(.

X\
exist along with the/melt. This condition arises, as will be seen in Fig. 40,
from the {acttlat all alloys within the partial triangle AVC have now
solidified. .'I:‘hé solidifieation process is unfinished only for the alloys of
the par&'\é.l}fi;mglc VBC. Hence from this point on, the diagram corre-
spond te"the process in a simple mechanical mixture which has alrcady
beedidescribed in conneetion with Fig. 17 and needs no further discussion.

m’;‘h} reader therefore need give no further consideration to the isothermal
\gtetions at lower temperatures.

3. Vertical Sections

0 the possible scetions perpendicular to the plane of concentration
we shall consider mn, op, gr, and At, as illustrated in Fig. 41. The first
fehreeA are parallel to the side AB of the triangle. The cut mn is shown
in F.lg‘ 42. This section shows that three differcnt kinds of primary
solidification take place. From m to g, the solid 4 (Fig, 41) 1= thrown
cut; from g to i, the solid V; and from I to n, the solid B. 1lence, the
curve of the beginning of crystallization (Fig. 42) may be considered to
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consist of three different portions which join one another. For the alloys
of the interval me’ (Fig. 41) the primary crystallization of A is {ollowed
by tha crystallization of the binary eutectic A+. The temperature of
the beginning of this binary eutectic erystallization becomes lower ag the
percentage of B in the melt increases {curve m'e’, Fig. 42). TFor the
alloy ¢ the ternary periteetic point, e, iz reached directly at the con-
clusion of the primary crystallization of A, Alloys of the segment e'g
(Fig. 41} undergo the binary eutectic crysiallization of A+V upon the
completion of the primary precipitation of 4. Those belonging to gh'
also precipitate out ¥V and 4 simultaneously as soon as the prlmary
crystallization of ¥ has been coneluded. All the alloys which have b&em
considered here reach the ternary peritectic point, e, at the conclusrc)n of
the binury cutectie erystallization process. Sincc an invariant, ethb-
ritm exists at e, the peritectic reaction occurs here for all a}loys at, the
constant temperature of the horizontal line m”e’h" (Fig. 421&‘

AWWW dlﬁx’ap%;@{a’ryﬁarg in 8

Fin, 41,
Paosition of sections mn, op, ¢r, and N
At. NN

The alloys of the intéryal b’ experience a binary eutectic crystalliza-
tion of ¥V and €' ag sdon as the primary crystallization of ¥V has been
completed (A7, F;g\42) In the section % to !, compound V is first pre-
cipitated, follewicd by the simultaneous formation of V+B (f, Fig. 42).
In segment In% comes out first and at the end of this process is formed
one of the®inary eutectics V+B or B+C.

Althouﬁl the solidifieation of alloys in the interval mh is completed
by ﬂ‘rﬁ peritectic reaction becausc all the melt has been consumed during
the process, in part kf some liguid alloy still remains after the completion
of the peritectic reaclion which consumed all the erystals of 4. Hence,
there follows a binary cutectic crystallization of V and C together, as
will be seen in Fig. 42. For the alloys to the right of A" (Fig. 41) the peri-
tectic reaction does not oceur.

Solidification of all alleys to the right of point % is finished during the
ternary eutectic crystallization which ocours when the composition of
the melt reaches f.

Consideration of the section op (Fig, 41) shows that the diagram
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(Fig. 43) has been only slightly displaced. The only marked difference
between the two figures is that the intersection point, g, of the curves of
primary erystallization of A and V lies to the right of the perpendicular
section V¢, Also the alloy &, which lies on the lne Ae, i3 to the right
of the line VC (¢”, Fig, 43). Correspondingly, the limiting camposition
for which the solidification is finished in the ternary eutcetic point f les
to the leit of the point e,

If Figs. 42 and 43 are compared with the corresponding case ilustrated
in Fig. 35, it will be scen that 42, and even more so 43, indicate 5 gon-
cealed maximum and a peritectic reaction. This situation will e \ade
clear in the next section. O\

The cut gr is different from those hitherto eonsidered becgwds o pri-
mary erystallization of the compound ¥V occurs (Fig. 44), Kor*the alloys
in the interval from ¢ to &, primary erystallization is iéliSWefi Ly pre-
cipitation of the binary euteetic A+C' {eurve g”d’). {Te the 1aft of VO
(Fig. 41), the erystallization process is completéd) by the poritcetie
reaction. In the alloys between the section ?{?‘ ahd the point & the
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Fro. 42, Sblion mn (Fig. 41). Fro, 43. Scction op (Fig. 41).

binaryg’e'l}tectic crystallization of V and € oceurs after the completion of
thg, %cj*itectic reaction. Solidification of all alloys to the ripht of the
'l"m:e. C is completed at the ternary euteetie point. FExamination shows
bt the cut V€' has no particular relation to the primary and binary
cutectic crystallization lines, Tt is only in the solid state that it provides
the boundary between the three-phase spaces A+ V-+C and B+ V+0C.
Regarding the form of the regions s+4, s+B, s+4+C, and s+B+0C,
the considerations are the same as those mentioned in connection with
Fig. 22a.
The cut At (Fig. 41) hags a comparatively simple form. The eurve of
the beginning of crystallization consists of the two parts, au and uf
(Fig. 45). Along the first curve primary crystallization of 4 occurs, and
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along the second the element € is precipitated. It is at onee obvious
that the binary eutectic erystallization of 4 and C in part Aw (Fig. 41)
musi begin at constant temperature, exactly as described in the case of
Fig. 19 (line a’y, Fig. 45), The same binary eutectic erystallization also
oceurs in the intcrval waw, this time at the close of the primary precipi-
tation of ¢!. The point w lies on the lne Ce, For all alloys of the
part Aw Uiere occurs at the conclusion of the binary eutectic crystalliza-

Ai el B0+ W dbrsm%&}@afy .0 FPZ?iPC+y
R
g I PN, .
Fra. 44 Seetion qr (Fig. 41), Fig. 45, Section Az (Fig. 41).

tion the ternary peritectic reaction in whieh the melt has the composition
of the point e, For the alloys of theMinterval we, this peritectic reaction
no longer takes place. For the aQt;ys within the partial triangle AV(C—
that is, from 4 to v in the cut Ats~the process of sclidification is brought

to a close during the peritectio reaction. For the alloys of the part vt
freezing is completed at theyernary eutectic point f.

AS
C. }KN TyrossieLE CoNSTITUTIONAL Cass

We may Proskeéé;’co ourselves the question whether besides the two
t¥Pes of solidifiedtion which have been discussed there is another possi-
bility, still thaintaining the assumption that the compound ¥ forms an
open maximum, Hitherto, eonsideration has been given only 1o the case
n whieh the curves extending out from the binary eutectic points ¢ and 4
on the one hand and b and ¢ on the other (Figs. 31 and 36) intcrsect each
other to form either g ternary eutectic or a ternary peritectic point. An
examination should new be made of the possibility that a different
behavior may oceur and that curves going out from a and & meet, asg do
likewise those extending out from ¢ and d. It is cvident that the first
condition requires the second to be true.

Let it be assumed that the conditions are as illustrated in Fig. 48,
The curve ge of melt simultaneously saturated in 4 and V and the
Curve be, which is the path of the liquid saturated in V and B, meet in
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the point ¢, At this point there is an invariant equilibrium with the
four phases 4, V, B, and mecit ¢. Hence, all concentrations are fixed
and the reaction which oceurs can affect only the amounts of the phases
under consideration. A little thought shows that such a reaction is not
possible. ‘The melt cannct solidify cutectically for it would have to break
up into the three solid phases, 4, V, and B, a condition which is impos-
sible according to the specificd concentrations, for the eompaositicn of
the liquid wounld have to lie inside of the triangle whose corpers arc the
concentrations of the three given solid forms. Furthermore. a pariffetic
reaction is also impossible because the four points A, V, B, andag Jvould
have to form & quadrangle without re-entrant angles. Sinp\é"ah three
solid phases lie on one side, 4B, of the triangle, the only réaghion which
could take place would be one in the binary system 4B\involving the
breaking up of the compound V according to the reait?\mn Ve A+ L

a\J )
¢ ”
&8
§*
s+l
Vel
V+a
A+E
\‘ 3
Fic. 46, Impossible ma}mr of freczing TG, 46a. The binary disgram AB for
in the cuse of a.bindry compound. the freczing process shown in Fig. 46.

PV

In thig fd8e the diagram AB takes on the form shown in Fig. 46a. The
mtersgefion of the curves ae and be (Fig. 46) lies at the temperature of
the '];r’}aking up of compound V in the binary system. This fact might
abdirst be considercd aceidental, but the situation could not be otherwise.

“\As s00n as the compound ¥ has split up there can no longer be two binary

N\ “eutectic curves. These must have joined and their junction must have
occurred at the temperature of the breaking up of compound V and the
point e. If the binary compound does not break up but remains stable
at low temperature, as was assumed at the beginning of the chaptier, the
path of the binary eutectic curves shown in Fig. 46 represents an impos-
sible case.

The above analysis is valid only as long as there is no formation of
solid sclution in the solid state. Let it now be assumed that the three
crystal forms 4, V, and B exist in the limited homogeneons regions a, ¥,
and 8, respectively, as shown in Fig. 47 (the boundary of the solid solu-
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tion regions may be assumed to be independent of the temperature). Then
the compuaition of the solid solution y existing in equilibrium with the
melt i In general not on the straight line connecting the constituents
e and @ whieit also participate in this equilibrium. According to the
loeation o/ the lines combining y with the other constituents, either a
eutectic 01 & peritcctic case will exist. If the lines are situated as shown
in Fig. 47, the invariant reaction will be of the peritectic type: melt

i If y lies at a rc-entrant angle the reaction will be of,
vpe! y =2 a+ A+ melt e. In neither casc can the golid solus

tion y be in equilibrium with the melt below the temperature of (thé
puint e. e\

Tiz, 47,

Ine freezing process of Fig, 46 be-
eoues posmble if limited solid sohz-
tinr formation oeeurs.

It 13 evident therefore that the prééesées of solidification lustrated in
Figs. 31 and 36 and discussed ifi\sections A and B represent the only
Possible arrangements for a bitary compound with an open maximum.

&
D. Two Compounns) H‘HE Krarxrerz MEerHOD or W. GUERTLER

Let us now considet’s system with two binary compounds V, and Vs,
a5 illustrated in FI& 48, In the simplest structural case, these eompounds
behave as stmple, eomponents—that is, the ternary system is divided by
quasi-binarx'g ‘tions into ternary sub-systems of the type which form
simple meeh#nical mixtures with eutcetics. This problem corresponds
to thg qffe discussed in section A. Let it be assumed that the system of
Figd48)3§ divided in » similar manner. It will be noticed that such a
divisih is possible in two ways: either into the partial systems AV,V,,
ViV.B, and V.BC, or into the combination AViVs, ViVsC, and V1BC.
In the first case, VoB is a quasi-binary cut and in the second, V,C. In
the former division, the compound V; cannot exist together with C,
whereas ¥, and B can coexist; in the second, ¥y cannot exist simultane-
ously with B but ¥, and C may oceur together. Between the two possi-
bilities rather important structural differences cxist.

Since, according to the phase rule, only three different crystalline
forms may exist gimultanecusly in a phase space in whick the tempera-
ture varies, only onc of the two possible alternative types ean ocecur.



58 TERNARY SYSTEMS

Henee, this conclusion is quite independent of whether any of the vertical
cuts V1, VoB, and V.V, behave as quasi-binary scctions during the
freezing process. It should be emphasized that the present discussion Is
coneernced enly with the solid state, and also that it is rigorously correct.
Guertler' developed his Klarkreuz method for making a preliminary
test of the type of ternary system being examined under the assumption
that solidification takes place in the simplest way with the formation of
quasi-binary seetions. Consider a system like that shown in Fig. 48, in
which the two compounds, ¥; and Ve, oceur in the binary systems. AZoth
of the two possible types are constructed. Then instead of proCegding
as {ormerly to the study of & more or less random series of copipdsitions,
the alloy of composition x which lics at the intersection of lig'lines V,C
and Vo8 is examined first. If the crystal types Vi, C, },, and B are
knowt, it is pessible to determine immediately by emmmamon whether
NS
1€ry.01‘g.il'ix~\\:

W

Fis, 48N,/
. \ (Qtasi-binary sections for two com-
{peiinds.

the structure is compdsed of erystals of ¥y and € or of V2 and B. In
doubtful eases, théyinvestigation may be supplemented by examining a
number of alloys along the lines V,C and V3B, and from a knowledge
of their mct{lod of gsolidification as revealed by structural features, noting
whether 48 or V2B is the quasi-binary section.
This\ingenious method gives a conclusive answer when the constitu-
tlgpa} vase is the one deseribed under A {eutectics only). It fails, how-
. EVer, for case B—that is, if the portion VaViBC involves ternary peri-
AN Jtectic reactions as wcll as eutectic ones. Expcrience has shown that
peritectic reactions so seldom run to completion that the structural inves-
tigation of the alloy having eomposition z does not give definite results.
Furthermore, it is not possible to establish which section is the quasi-
binary one, beeause neither V€' nor Vo.B is necessarily of thiz type.
Under such circumstances, the Xlarkreuz method must be abandoned and
recourse had to the usual procedure of & complete investigation of the
system.
While the Klarkreuz method does seem to be limited, & trial is recom-
mended in all cases in which its application appears possible. If it is
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suceezsful, the investigation will be much shortened. If diffeulties arc
encountered it is always possible to proceed to the usual gyvsiematie
studics.

Further consideration of systems with multiple compounds but without
solid solution formation appears superfluous, sinee no fundamenially new
constitutional cases arise, although the complications may increase. This
stetement holds also if a ternary compound appears. For this Teason,
ternary compounds will not be treated in this book. . {\



Chapter V

Solid Solutions with Solubility Breaks
in Two Binary Systems O

A, Eurseric Casg
1. Process of Crystallization, State Spaces P\Y
The state diagrams which have hitherto been discuss%d may be rigos-
ously derived from thermodynamic reasoning; partic-u}arly 18 it true that
if the type of diagram of the ternary system is Rubawn, the general form

www. dbraulibrary .org.in ) ,'\\o'

X'
N\
w4

N
O
AN A

L0 (R Ak
\\s.l /

Fic. 49. Triangle of concentrations in the ease of two cutectic solubility
gapd in the solid state.

of the equilibrium surfaces and the equilibrium spaces are predictable.
Under no circumstances, however, can the constitution of the ternary
system be predieted from the disgrams of the binary systems from which
it is formed. For this rcason we shall generally limit ourselves to the
consideralion of the simplest or most illustrative cases,
The above comments are valid also for all the further cases considered
60
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n this book,  As the complexity of the system grows, the number of
possible assumptions, eompatible with the given bmar'y gystems, which
may be mada concerning the constitution of the ternary system inercases
continsusly. In general we shall be concerned only with illustrative
eases and shall not attempt to exhaust all the thermodynamically per-
igsibile possibilities. To do o would be extraordinarily difficult.

snslder the systern indieated in Fig. 49 in which the two binary sys-
s -5 and B-C possess solid solutions with miscibility gaps, whereas
the third system, A-C, cxhibits complete solubility. Let it be assumed™
that. iin the terary system no new type of erystal is formed sand
that the gap in selubility extends completely through the ternary syktem
The ladier azssumption is not necessarily true, since such a gap m&y close
within ihe ternary system; but discussion of such an cxam]:ﬁe will be
deferred unti] later fChapter VIII}.

The {a] mmmﬁ faets concerning the form of the ternar} Spa.ee dlagram
shown ir Pig. 49 may be stated immediately. Sincehe miscibility gaps
in the solid state do not close withinsthe. @mﬂ@m&om be some
infernal connection between the two binary syktems which display this
characteristi c Furthermore, this connectien/must not encounter the
gide AL otherwisze g mlqmbﬂlty gap woqu appear in the system A-C,
in contradiction to the original assumptmn Hence, there must be regions
of homogenesus solid solution « andh ,8 extending out respectively from
the side AC and the corner B. Iathe simplest ease, the boundaries of
solid sclution regions at the fimidh of solidification are the dotted curves
dg and ef. Since only twof t}\'pes of crystalline material appear in the
whole system, the sceur hce of either a ternary eutectic or a ternary
peritectic point is imposgible, and the freezing process must come to an
end without encountgfing such a reaction. The two eutectic points of the
binary systems misk be connected by a echtinuous curve mn. The limits
of compositionw6f the saturated solid solutiong in the ternary systems
will geﬂeralQ\r’hangL with temperature in much the same manner ag in
binary s.yslems. For this reason the solubility changes in the three-
comengm' system will not be considered. It is obvious that the curves
dy ﬁ?lﬁ"ef in Fig. 49 correspond 4o the limif of solubility only at the end
of the freezing process. Since the solid solution y in the system CB
Passes continuously into the golid solution « in the system AZB, the entire
region will be designated as a.

In the simplest case, the liquidus surface has the form given in Fig. 50.
It falls continuously from the side AB toward the side BC and has in
intermediate regions a cutectic depression MY, which drops away to
lower temperatures in going from M toward N. In these remarks, the
assumption has been made that the system AB melts at a higher tem-
Derature than the systers BC, as depicted in Figs. 4% and 50

The freezing of the homogeneous areas AdgC and Bfe of the concen-
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tration triangle proceeds in the same way as in the previously eonsidered
problem of complete solid solubility described in Chapter 11I, Consider
the solidifteation of an alloy of the composition x (Fig. 48). Upon
reaching lhe liquidus surface a erystal of composition y is preeipitated
out. During freezing, the compositions of the melt and the golid follow
alung the curves xz and ye, respeetively, Before the melt z has reached
the curve of doubly saturated liquid mn, the composition of the solid
solution has reached the composition of the point =, which meangsthat
solidification has been coumpleted. The path indicating the course of
solidifleation corresponds in all details to that described in Ti#e/23 and
24 of Chapter III, ' O

A D

Sghé:mat.ic space diagram in the
cs;:’-_eé of two eutectic solubllity gaps in
Jthe ®olid state.

Conditions diﬁ’eg}h} the solidification of an alloy of whieh the com-
position lies within the miscibility break defy. TFor such an alloy, crystal-
lization canngbbe completed in & homogeneous manner. As an example,
let ns consiffer”the solidification of an alloy 2/ (Fig. 49), Freezing will
begin wilh)the precipitation of a solid solution, g/, in the same way as
it dogs'in = homogeneous portion, but before all the Jiquid has been con-
§1'1if1§:’d the composition of the golid has reached the bounding ecurve dg at

~the point 47, The fact that the zolid solution y” is saturated signifies
N Ahat there must be a second phase with which it stands in equilibriurmn—
in this instance, the solid solution 2”7, The liquid is therefore saturated
in both @ and 8 solid solutions as soon as the composition of the « solid
solution has reached the point ¥", and conscquently throws out also
& solid solution of composition 2, Ilenee, there sets in a period of binary
eutectic crystallization which differs from the previously deserihed proc-
ess of this type only hecause the composition of the crystalline substance
changes. The composition of the ligquid must now be at the point & on
the curve mn of doubly saturated melt, At this stage the saturated solid
solution ", the melt 7, and the average composition 2° He on a straight
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line, for the alloy consists of two phases, 3 and 27, the amount of the
third phase 2 as yet being infinitely small.

As scon as the precipitation of the third phasc has begun, the system
is comiposed of three phases and possesses one degree of freedom. “This
condition implies that the compositions of the three participating phases
lie on definile spacc ecurves, as previously discussed for the melt in a
binary enteetic solidification. The saturation eurve for the melt is mn;
for the solid solution « {=y) the saturation curve is dg; and for the
solid solution 8, ef. o

The thice pliases define a concentration triangle 42"z similar to, the
triangle of the binary euteetie crystallisation of mechanical mixtures
described in Chapter II. In that chapter it was shown that thé com-
position of a melt moves along the curve of doubly saturated liquid,
while the ecrapositions of the erystalline materials remain unchanged
gince only pure components are precipitated. In sueH\ & system the
solidification process cannot be completed with the wresipitation of only
two kinds of erystalline materials, fowth\éﬂibﬁé@ééﬁéﬁm'ﬁ‘tﬁﬁﬂpoint, z,

] P

RO \

Fra. a1, Change of concentrations for,} w Frc. 5la. An impossible arrangement
an euteciic three-phase reaction. . for the case shown in Fig. 51.

4\

of the whole alloy would, n{ces’sarlly have to lie on the conode connecting
the two erystalline matcr\&ls % and 8. So long ag the compositions of the
two solid substances.dre fixed—for example, at the corners of the con-
centration trmngle—u‘thl:a condition cannoi be satisfied; hence erystalliza-
tion must he {,omjereted by the precipitation of a thlrd solid constituent
having a ('or@onmcn such that it forms with the first two a triangle
within w hi€INy’ is located. It is obvious that the third component, C,
satisfles th condition for the systems discussed in Chapter 11

In‘nhe ease now under consideration the composilions of the two erystal-
lm\t?fpe\ %" and z”, which are in equilibrium with the melt " can
also vary, Freezing proceeds in such a way that the entire triangle
Y22 s dis splaced, during further erystallization, {o lower temperatures
in the direction toward higher concentration of ¢ along the curves dg,
mr, and ef,

As previously mentioned, the composition of the alloy {point z/,
Fig. 51) lies, in the beginning, on one side of the iriangle outhned by
the three phases, because at this time the quantity of 2" present is
infinitely small. As freezing continues, the compositions of the three
Phases are displaced by the processes of precipitation and diffusion along
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the saturation curves in the direction of the arrows to points indicated
by the position of the dotted triangle. After this displaceront. o will
be found in the interior of the triangle. The relative amounis of ihe two
crystal types and liguid metal existing at any given tirme tiong the
solidification period may be determined by the application of #he center
of gravity rule (Chapter I). As soon as the eompositions, 1 and 27,
of the two solid =olutions have been displaced so far that the polat 2’
lies on the conode conmecting them, the amount of melt 7 st _have
decreased to zero, thus bringing the solidification process to'y close.
The result is & mixture of two solid solutions (=y) and 3. (5l be
scen that solidification comes to an end for alloys within(t?z"e portion
efgd (Fig. 48) of the system, without any of the phases ataihing 4 com-
postiion corresponding to a point on BC. N

During solidification the horizontal triangle y%2%" i= displaced to
lower temperatures, thus generating a threc-edptnpred, tube-like space
which differs from that illustrated in Fig. 12 by \baving its back side also
displaced. Thisvthwedbrhatebspayeongip hoseonsidered to originate ab

R

X 3

/S S

Br  Rig 52

*

88 Three-phase space of binary cuteds-
&8 tie erystallization.

N
the horizontal eut%{}iﬁ ’line of the binary system AB, extend into the
interior of the system as a three-cornered tube, and end at the horizontsl
line of the euteebic arrest in the gystem BC. The shrinking of the tube
to a line ak :the gides of the concentration triangle corresponds to the
dccreasu:e“\':rﬁlmher of degrees of freedoms in the two-component sysicms.
T.he form/of the tube is indicated schematically in Fig. 52.
f&;ll tle consideration will show that if the arrangement of the gpace
'dlagram isb lilt:e that shown in Fig. 50—that is, with the temperature
»\;0 the hegmmflg of crystallization decreasing toward the reader—then
tch concentration point 2” of the melt must always be in advance of
¥ and 2”. In other words the concentrations of the three participating
ph&s.cs yf’, 2", and z” are dizplaced, during the binary eutectic erystal-
lization, in the direction of decreasing temperature, hence in the direetion
of. the BIrows in Fig. 51. Such a position of the triangle as shown in
Fig. 51a is impossible beeansc then the triangle cannot move to bring

z into its interior, a condition which is essential if the alloy iz to consist
of the three phases 4", =", and 2”.
The alloys

having compositions on the cu i j
cute e rve mn begin the binary

allization immediately upon starfing to solidify. In the
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present cese Lhe binary eutectic crystallization differs from the similar
prozess i a two-component system because of the new state region which
comes into exigtence, Beginners frequently fail to note thiz difference
and urz inclined to assume that in the ternary system the three phases
which sve in equilibrium—that is, the melt #” and the two solid solutions

s

¥ sred z"—all lie on a conode. If this idea were correct, the three-
cornerad space would shrink to a surface generated by the motion of a
horizontal line. As a consequence, the binary eutectie erystallization of

any given sllov within the ternary system would necessarily take placg\

N
RGN

Fru, 48, Tri.\flg]é of concentrations in the case of two enteetin solubility
« gapa in the solid state.

:..\.;,
Q- y
at a congtint temperature, a conditionr which would be in contradietion
to Lhe ‘}ﬂ‘l&a? rule. Furthermore, the untenability of such a construction
o he demonstrated on the bagis of the group of general laws presented

he appendix to Chapter 1L
We shall now take up the consideration of the various state spaces
which are developed during the solidification process. Adjoining the
homogeneous space of the melt are the two regions of primary erystalliza-
tion, one of « substance and one of B crystals. The latter are bounded
in part by the two homogeneous spaces of « and § substances, respec-
tively, and in the central part of the system by the tubular three-phase
space of binary crystallization which has been described. Below_the
fube is the two-phase space of the mutually gaturated solid solutions
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@ and 2. This space Is bounded along its two lower ~ies by the twg
homogeneous regions of a and 8 solid sohutions,

Leb us next consider what form the state =pace of the 5 «nlid solution
must have. The dizcussion of the concentration trinmeie (Pig, 19] hag
already demonstrated that. for temperatures at which {he sinary enteetic
crystailization occurs along the curve ef, this stute sproe mist extend
into the interior as far as this curve.  Obviously, the Lowwdary which
scparates it from the space of primary erysiallization of g atbigh
temperature is the surface ERFE (Fig. 50). Bolnw the curve B the
state space of 8 substance is no longer bounded by the region g primary
crystailization but by the two-phase region of 2 and A s @Nsolutions.
For this reason the boundary surfaee of the region of’,i;,{‘ el solution
mush undergo a discontinuous change of direction at thi\eubve ZF. The
form of the state space of the # solid solution, when&fewed in the diree-
tion of the arrow g (Fig. 49}, is represented gollematically in Fig. 53.
4 www . dbraulibrary.org.in 7

5‘ v )
) )
& ’:; Nad
W\, 50,

Schematie space diugrim n the

euse of two cutectic solubility gaps in
the solid state.

Thf.) lcftc;ziQE:}Jn this figure is the same
Teglons \which adjoin this sip
boundary surfaces. The state

as on Fig. 50. The two-phase
gle-phase region arc indjeated on its

\ space under consideration iz hounded on
t'hp{hjp by the slanting surface ERF, and on the side toward the region of

thole+ £ mixture by the concave surface E'EFF. On the surface EBF,

the 8 solid solution may he said to be saturated with the melt, and, in the
S&Me way, on the boundary surface EFFE

saturated with ¢ phase, e be considered to be

The‘ region of homogeneous o solid solution differs from that of A in
ngt being located in 5 corner but along an entire side of the concentration
Fnangle.. It is schematiecally Tepresented in Fig. 54 where it is viewed
in the direction Teverse to that from which Fig. 53 is seen—that is, a3
lt' ;é)pc;rs from the eorner B Again the lettering is the same as in the
-.pdf}) la!grzim ghown in Fig. 50, The perpendicular planes CGGYCT
and DAA'D’ arc parts of the planes of the two binary systems CB and
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AB. Along the surface CADG the solid solution, «, is in equilihrium with
the meit. Hence, this surface is the boundary between the single-phase
region of z solid solution and the two-phase region in which this sub-
stance criginates. Along the surface G'GDD’ equilibrium with the g8
solid solution existe. The zurface which bounds the ¢ space musl there-
fare undergo a discontinuous change of direction at the line GD.

£ i Wi i:ﬁ"aul{)ral'y_org_in
Fia. 83, The soace of 8 solid solution Fie. 54. ,The spuce of « solid solulion
a3 seen In the divection =8 (Fig. 49). wheg\viewed in the direction oppo-

Jsitedo that of Fig. 53.

The suriaces EEF and CGDA oﬁjjg"rgs. 53 and 54 are the solidus
surfaces of primary crystallization of\® and = solid solutions, respectively.
The regions of primary erystallization of « and 8 solid solutions are
limited above by the liquidud suriaces AMNC and MBN, respectively
(Fig, 50), and below b}fitlﬁ solidus surfaces comprising ADGC and
EBF, together with the Wper surface of the three-cornered tube of binary
eutectic erystallizationy(Fig. 52). That part of the surface of the threc-
NS/

R0
Fr’m\éﬁ_\’“
~‘\I"he space of primury erystalliza-

) \’ Hon of £ solid solution (Fig. 49).

\ )
cornered tube designated as DM NG forms part of the boundary for the
space of the primary crystallization of @, while the surface BEMNF is
sitnilarly related to the primary crystallization of 8. The two surfaces
intersect along the rib M.

The region of primary crystallization of 3, when viewed in the direction
of the arrow {Fig. 49) and from somewhat below, has the form given in

lFig‘ 55, in which the lettering corresponds agsin to that of Fig. 50. BN
18 the liquidus surface and MNFE is the screw-type surface of separation
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between this region and the three-corncred tube of binary cutectis
erystallization. Solidus surface LBF, which separates this apace from
that of the homogeneous # solid solution, is on the back side in g, 55,
The curves MB and BN lie in the binary systems AB and 50

The space of primary crystallization of « has a form similus to the

one just described, but differs from it in having its back poriic: made
up of the side AC instead of being located in a corner,
The state space of the mixture of  and 2 has the form of foupedged

prism with eurved bounding surfaces. On its sides this prism 1" sahded
by the surfaces G'GDD’ (Fig. 54} and E'EFF’ (Fig. 53) &M by the
vertical outer prism surfaces. At the top it is bounded Ly-thi“nteriace
against the region of binary cuteetie crystallization—hat 15, by the
surface which is hidden in Fig. 52, 'This surface islgtherated by the
motion of the horizontal isothermal line whose P\ndé move along the
curves DG and EF. ')

In order to obtain a more complete picture\ol the equilibrium which

oceurs in the system, d\gga@ﬁglgﬁt&‘ngi{iqszﬂ&ﬁe horizontal and vertical
sections of the space diagrarm. "

S 3
AN

2. Tsothermal Sections « \

At 2 temperature which les 'geléiv" the meiting points of 4 and B but
is still higher than the melting painit of ¢ and alse higher than the binary
eutcetic point M (Fig. 50) ~fhe isothermal section has the jorm shown
in Fig. 56. The Iargest"arca represents the still liquid alloys. The

the ease of two cutectic solubility gaps in the
solid state,

reglons marked « and 8 represent gections through the spaces of the
cor_responding homogeneons solig solutions. Fields g4« and s+g8, in
which conodes have been drawn, constitute the portions of the isothermal
plgne which intersect the gpaces of primary erystallization.

At ‘the temperature at whieh C melts, which is alsg above the point
N (Fig. 50) but below M, the isothermal plane cuts through the three
eurves MN, DG, and EF, corresponding respectively to doubly saturated
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k]

melt, # selid solution, and 8 =olid solution, in the three points =, y, and z,
forrns a trinngular section of the three-cornered spaee of binary
o, ag shown seliematieally in Fig. 50. This isolhermal cut
1 in Fig. 57. The three-phase region xyz iz here indicated
by the leiters owg. Adjacent to this triangle are three two-phase regions
iv, the region z+ 8 of the mixture of two =olid sclutions in which
of solidifieation has alrcady been eompleted, and the regions
3. corresponding to the equilibrium of the melt with « and 8
{nitside these binary regions there are the homogcneous\

The position, s shown in Fig. 57, of the two bounding eurves m€ and
of! uf the epace of the two-phase mixture of melt s and solid sellition a
is peruilar to the tcmperature of the melting poiat of €. This peeuliarity
is thut in thelr excursion along the sidez of the t-ria,nglel‘a:t]"only this

PR

.M\\

Hru, B,
Schematie spuce diagram in the O

tuse of two eutectic zolubility gaps Iy

Lhe zold state. N\

one temperature @s the ends of these curves make contact. For all other
temperatures,, 'é}é’n in the neighborhood of ¢, they are separate from
each otheleA”bove the point ' the terminals of these curves lie in the
two points % and p, as shown in Fig. 56 where the two-phase system
8+G}@s’éntirely to the left of € for temperatures which are lower, but
sitfhmbove the eutectic point N (Fig. 50), the isothermal section has the
forei shown in Fig. 58 in which the two points n and p are located to
the right of €. This case roquires no further diseussion. It is readily
seen how crystallization has proceeded hevond the stage illustrated in
Fig. 57 by extension of the state fields of 2, 8, and 2+5.

Tnspection of Figs. 57 and 58 reveals that the boundary curves of the
homogeneous regions «, 8, and s have kinks which do not appear in
Fig. 56. This situation ariscs from the fact that in Figs. 57 and 58 the
homogeneous phases are in equilibrium with different crystals in different
parts of the isothermal section. The discontinuities occur where the
plane intersects the various space curves—ior example, ¢ (Fig. 67) Is
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the interscetion point of the plane with the curve KF {Flg. 53); m i
the intersection with D@ (Fig. 54); and o, with MN (Fig. 507,

As the temperature sinks, the triangle mgo, which is the cross-scetion
of the three-cornered tube of binary culectic erystallization, apnroaches
the side BC and shrinks together. Upon nearing the side £, the points
m, g, and o all move toward pesitions on a straight linc paraiicl to the
side BC and eventually coincide with it. When the triangle has shrunk
to a horizontal line lying in the side E(C, freezing 15 ecomplete and the
whole concentration triangle eonsists of the two single-phase spaces\of
o and # solid sclutions and the intermediate two-phase region eomposed
of the mixture of both, The bounding curves in the isothermal{ilqnc no
longer show diseontinuities since the termperature now being engidered
lics underneath the points F of Fig, 53 and @ of Fig, 54.

The discussion of the sections shown in Figs, 56-58 mdkes appropriate
the following remarks confirming the explanations Og"\véﬁ in the supple-

Fra. 580N\™

,I’sgtﬁermai scetions in the case of
WO eutectic sclubility gaps in the
L Owolid state,

ment to Chapter IR, Tt was thero showm that adjoining state spaces
must differ exaent 10T some points of contact by exactly one phasc, and
that thiz phagé Will he present in one of the state spacE:s but, not in the
other, In ..(he Present ease the homogeneous regions 2, B, and s are
bounded NGy the two-phase spaces «+8, s+a, and s+ B, and these in
turn b'o T t.he threc-phase space $ta-+8. A movement from one single-
pl}&g’e.spacg Into another single-phage space cannot be made directly, but

\P"or;}lly by going through a two-phase space. Movement between two two-
.hasc reglons may take place either through a one-phase or through a
three-phase region, For example, in going from s+ to s+8 (Fig. 57),
the route may pass either through the region of the melt or through the
region of binary eutectic erystallization s+a4 B.

3. Sections Perpendicular to the Plane of Concentration

There remains to be eons
purposes of discussion it w
and Cp (Fig, 59).

‘idered the form of the vertical sections. For
ill be convenient to select the cuts Bm', mn,
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It is readily evident from Fig. 59 that the line formed by the inter-
section of the eut Bm' and the surface of the beginning of primary
solidification s composcd of two segments which meet at the point k
I¥ing on the eurve of doubly saturated melt. Whether the eurve km’
climbs in going from k to m’ depends upon the {form of the space diagram
(Fig. 50)-~that is, upon how rapidly the temperature of the beginning
of freezing falls in going from A to C. If the decrease iz very rapid the
point " {Fig. 59) may be at a lower temperaiure than the point k. In
Fig. 60 the opposite =ituation has been assumed, A

For all alloys of the interval kB, the primary precipitation of g sub>
stance sets in first. The t\\O-ph&@ region s+ lies Just belopd J\Q’
(ITig. 80). Alloys of the part {B complete their solidificationn thia
field und the end product is the homogencous solid solutlon"ﬁ. Thus,

ﬁi

Fic. 58. Position of cuts w'B, m»n\a.nd F1e. 60. Seection m'B (Fig. 59).
. .\\ s

the region s+ 3 is boun(icd by the & area which extends to ! (Fig. 59). To
the left of I the biha¥$’ cutectic crystaltization of x and 8 simultaneously,
follows upen tlle\eoncluqon of the primary crystallizalion of 8. In a
similar way, €0lidification of alloys along m'k results in the precipita-
tion of prl&‘r} o solid solution. In the interval m'o, % subslance is
the finaleprdduct of the freezing process, but along ok a period of binary
eut@&tm\m}'btalllzahon gete in after the primary cry-,talhmtmn has been

mpTeted, Since the alloy eorresponding to point m’ is not a pure
component, it does not zolidify cempletely at one temperature, as does
the substance B, but freczes during an interval. For this reason the two
curves fom’ and om” do not intersect at the left side of the diagram in
the same way that the curves kB’ and 1B’ do at the right. The region of
binary eutectic erystallization is bounded below by an area which repre-
sents a mixture of the two solid solutions o and 8.

From the discussion concerning the relative positions of the cor-
responding points on the three curves mn, ef, and dg (Figs. 49 and 50) it
is clear that the triangle okl must be so sxtuated that the line ol uniting
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the two saturated erystals o and ! (which are not in cquwiitrium with
each other since the conodes, in general, lie outside of the plang of this
seclion) is underneath the point %.

The left side of the cut mn (Fig. 61) is quite similar 1o thai of Bm'
in appearance. The right side, however, differs from Fig. &t in that the
heterogeneous field o+ 8 extends over to the right-hand sile, az does
likewize the region of binary euteetic crystallization s+x+ 2. The two
curves kI and ol must intersect ench other at I on the right-Laud ordinate,

Q"

—

!
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Fre. 81. Scetion mn (Fig. 59). .~.’:"’ Fia, 62, Section ('p iTiz. 56).

since on the side OB the tube
erates to a horizontal line, 4
In Fig. 62 is shown t}le\éect-ion Cp (Fig. 59) which pazse
corner . In the segnept Ck, o solid solution is precipituted primarily,
whereas in the parg 13 he # solid solution comes oub first, Jor the most
part the diagram§s exactly similar
but there is ohe‘difference, namely,
ture of the/ping C relativ
away fgn?}\(,'.

Of\the binary euteetic solidifica’ion degen-

sz hrough the

in form to the cut shown in Fig. 61;
that on account of the low tempera-
¢ to 4 and B, all the curves rise in going

R B. Perrrroric Cage
_ L\ Process of Crystallization,

\ ) Fig, 63, which illustrates the peritectic case, presents also the second
simple example of limited solubility in the solid state, This figure shows
a c_oncent-ratlon triangle involving two binary peritectic systems with
hm_lt_ed solubility, Certain features which occur during the process of
SDIIdlﬁGf]tIOD of such a system are quite similar tq tho:e in the ternary
sys.tem just described.  Only two types of solid substances appear, both of
which extend across the concentration diagram from one binary system
{;0 another. Their boundaries, at the finish of solidification, are indicated
Y the curves dy and ej. Furthermore, the curve of doubly saturated
melt must connect, the two peritectic points m and n, because in the

State Spaces
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absence of a third sclid phase, solidification comes to an end without
eneountoring = ternary eutectic or perittectic point. The next problem
for consideration eoneerns the manner in which the process of solidifica-
tion iz changed from that in Section A by the peritcetie arrangement of
dg, and ef. The ternary space diagram of the peritectic case

3

ourves 7
is presented in Fig. 64, in which the capital letters correspond to the
small letters of Fig. 63, The solidifieation of all alloys of the concentra-
tlon reglon A BN begins with the preeipitation of the homogencous g
solid sulurior.  The state space FPEBFF’ of this phase has the sang@\

genersl form as the corresponding space shown in Fig. 53 for the sygtem
2 AN
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T1a. 03 ‘T}iﬂ’ngIe of concentrations in the eaze of two peri-
.‘\'~ teetic solubility gaps in the soiid stale,

- with a (,uté\tLE ’;solubility gap. Solidification at first proceeds exacily
as for hﬂmcﬁeneous golid solutions, If the alloy lies within the region
of hOrnQééileous 2 s0lid solution, the melt will be consumed by the freczing
DI'O@:S ‘before it reaches the limit of saturation with respect to the 8
phiage, During freesing of alloys in the region mefn, the compaosition of
the 2 substance reaches the boundary eurve ef—for cxample, for an allay
T at some point y (Fig, 64)—while simultancously the eoncentration of
the melt arrives at point ¢ on the curve mn., The melt ¢ and the solid
solution ¥ arc now in equilibrium with the « solid solution at the peint 2
—~that is, both are saturated with e erystals, a condition which means
that the region of hinary peritectic crystallization has becn reached.
Thesc relations are illustrated on a magnified scale in Fig. 65; tzy rep-
resents the position of the three-phase triangle at the beginning of the
peritectic solidification. As the temperature decresses, the compositions
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of the three phases arc displaced along the curves DG, EF, and MK,
(Fig. 64) in the downward direction. Corresponding to the geometrie
arrangement of Figs, 63 and 64, the direction of displacement is indicated
by the arrows yy’, 22, and ¢¥',

It is now appropristc to ask what significance is attached to the term
“binary peritectic” in comparison with “binary cutectic” when ternary
systems are concerned, and what geometrie conditions are conneeled to
binary peritectic processes. At the suteetic point of a binary system the
melt ¢ breaks up into the two constituents of the cutectie, the crysid(Nne
substances 2 and #: 5 — @+B. On the other hand, in the periteaticensge
the melt s reacts with onc erystalline substance z to form adgtey) sub-
stanee 8: s4+a2— 8. Since both equilibria are invariant, t}ht‘ question
a8 to which of the two processes occurs is answered at oneg'by determining
the eoncentrations of the threc participating phases. If zjhe conceniration

2\
P N\
A org.in )
y-OT'8 N

Finiéd.
: Space diagram corresponding  to
% Fig. 63,

of the melt s'hes between the two solid substances 2 and B the rcaction
must be of}t"eutectic nature, However, if the conecntration of one of
the twq’%bstanccs——for example, S—is between that of the melt and
the gﬂier solid solution, the peritectic process is involved. In a ternary
sy«tb.m, similar relationships exist, as discussed for invariant equilib-

Qu}m in the previous chapter. For mono-variant equilibrium, conditions
are more complicated because the compositions of all participating phases
change during the binary euteetic or peritectic reaction. For example, one
phasg, as the melt, may be consumed not only by conversion into solid
solutions but alse by absorption by these solid solutions ag they change
composition through diffusion. Crystallization may be termed “binary
eutectic” when the amount, of solid Phascs increases and the quantity of
tclt deereascs, and called “binary periteetie” if the amount of the melt
and of one of the solid phazes decreases. Observation of the conode tri-
angle will indicate which process is proceeding,
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In the investigation of the movement of this triangle the agsumption
will be made, for the sake of simplicity, that the three arrows which
indieate the dircetion of the change of concentration of the three phases
are parallel to each other and similarly inclined to the axis of tempera-
ture. Then during a period of crystallization, the friangle 2yf will
experience a displaceruent only, but not a change of form or size. Next,
let it be azsumed that the points 2, v, and ¢ arc displaced during erystal-
lization in the dircctions zz/, yy/, £¢' toward 2’, ¥/, and ¢, respectively.
Further, let 2" be the composition of the alloy. Before the displacemend]
the ratio of the amount of phase ¢ to the total amount of alloy'{:‘ is
{:

given by the ratio of the length we’ to the total length wy (zec Chapided,

section 2).  After the displacement of the concentrations intq the new

™

Fro, B3,
63 wiww. dbra
Chunges in coneentration for bi-
nary eutectic and peritectic reac-

tions, P

positions y’, 2/, and ¢/, this ratic “becomes wz'/u'y. Inspeetion shows
that the amount of y has dec}@a.sed. The necessary condition that the
ratio should not change—théi is, the proportion of ¢ should not be altered
—is that the segments y# ‘and «'u rcmain paraliel to each other. In
other words, the disp}a'c:ement ¥y’ must take place in the direction of the
side zf of the triapelé/ Ii the direction of the displacement corresponds
to the arrow tt’.’;\ihé amount of y increases. A similar analysis makes
evident the {460 that the percentage of solid, z, increases in cithe}' case.

It is possimﬁto deduce from the position of the path of erystallization
what kigfhcf process is taking place in the three-phase space. If ‘t-he
&FI‘QWI}hich indicates the change of concentration of the melt pom'ts
away JSrom the triangle as ¢¢” (Fig. 65), a cutectic erystallization is in
progress.®* If it has the direction #, there occurs instead a peritectic

pert F N i

Eurectic

*Note by translator: By “eway {rom the triangle,” Masing apparently means in
& dircetion  lying between the extended sides as in the figure. Lf il;g: c{i:mp;acemcnt
is to either side of this vertical angle, the reaction I3 of the peritectic type.
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reaction, y+£-—z, in which both ¥ and ¢ are consume:] ittt is used

up first. In case the digplacement is in the direetion Y, 4 phase £ s
conzumed; whereas the amount of ¥ increases. On ihe ooy nand, a8
mentioned above, if the arrow points in the dircetion 2, b nuantity of

the phase ¥ will remain unchanged and the procoss wiil comist simply
In the precipitation of solid solution z from melt £ Dis
direction yf leaves the quantity of 2 unchanged, These Lzt cas
only rarely and will therefore be Ppassed over without furilicr cormment,

The above discussion shows that, unlike a binary syve'c:r, o téshary
one permils continuous transformation from the cuteelic to fevitectic
type of reaction corresponding to a ghift of the direction @ he”arrow
which indicates the change of concentration of the phaszes

After this introduction, no difficulty should be experjalierd in securing
a general view of the complete system. The surface ©f 4o booinning of
crystallization consists, as is evident from Fig. 64 of two shects which
interseet along the curve My of doubly satur{tsd melt.  Cin the sheet
AMNC the Efygfﬁﬁggﬁég"@f’%-%éfﬁs, while‘gtr the sheot ATAY, 8 solid
solution appears. The melts whose compegitions lic on the fine MN are
saturated in both o and g. Freezing of(swth alloys begins i onee with
the binary peritcetic solidification, e

The region of primary erystallizabion is bounded ahove by ths surface
which marks the beginning of f¥eezing.
formed by the sides of the Prsit; the surfaces of the end of salidification
of solid solution g (EBF) dndsolid solution = (ADGC), and the surfaces
by which it is separatedifrom the space of binary peritectic crystalliza-
t.in.n. That part of theMast-named region which is connected with the
primary solidifieatioh of 8 is the surface which is formed by the gliding
of a horizontad, {iie from me through the position ty to nf (Fig. 63).
Similarly, fon$hé crystallization of « it is the surface generated by the
movement/of'a line from md through z¢ to ng. The line zy, which gen-
Cl‘atC_S the\third boundary of the three-cornerced tube of binary peritectie
f{"ee@‘ig, i3 not concerned with the region of pritnary crystallization,
Smee s movement forms the under boundary of the three-phase space

"ggairésb the two-phase space oceupied by the mixture of solid solutions
¥and 8.

"The space of primary erystallization of # has exactly the same form
as deseribed for the cutecti
crystallization of o solid &0

the torresponding space in

Its remaining houndaries are

¢ case (_)f Fig. 55. The region of primary
lution in the perilectic syslem differs fro?
the eutcetic case only in having its cdgo 4
_ 4 e g its cdg
(Fig. 61) below MN. A 4 tonsequence, the surface MDGN separating

fuh:s space from the.region of binary peritectic solidification copstitutes
its upper boundary insteaq of & lower, as in the cutectic system.
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corresponding region in the eutectic system (Fig. 54), except that the edge
D@ Hes at a higher temperature than AC.

The region of binary peritectic crystallization is & three-cornered tube
similar o that previously described (see Fig. 52), the difference being
that the isethermal {riangle which moves along the curves EF, D@, and
MN to {oon the three-cornered tube has what may be ealled its “liguidus
corner’”’ following along MN (Fig. 64), or mn (Fig. 63), at one side of the
curves Jdy und ef. On the zides of the prism corresponding to the binary
syelems 42 and BC this periteetio tube degenerates to a single isothermal(
line. N

The segion of the mixture of the two solid solutions = and 3 Ji¥ 'F;\t}}e
form of an upright curved prism. Above, it is limited by the ‘surface
developed by the gliding of the horizontal line from DE to £ cn two
sides by the bounding planes of the state prism, and on,thy other two
by the surface B'EFF’ (Fig. 64) which scparates it fi‘b}n the 8 solid
solution znd a similar boundary agajnal, W adtbfsQabem

Summarizing, the entire system consists of threg Ogenecus regions,
one of melt and the two solid solutions « and B;.&E Ywo spaces of primary
erystallization; onc of binary peritectic erystallization; and the region
of the binary mixture of the solid solutions z and g. This general
deseripiion ean be understood better b3{~cdhsideration of isothermal and
veriical sections such as have been ug’ed'in diseussing previous structures,

2. Isothermal Sections. Sectifhs Perpendicular to the Plane of Con-
centration im}

At a teraperature belowhthe melting point of B but above that of M
and & {Fig. 64) the cxfstallization of g material will have started (Fig.
66}, but the largestyplt of the system will still be liquid. The two homo-
geneous regions gf\:m'clt s and solid solution 8 sre separated by the band
43, :"\l. .

AN

2 &

*
g

s 66.
\ /' Isothermal scetions in the case of two
peritectic gaps in the solid state.

At temperatures below M but still above N the situation depicted in
Fig. 67 exists. Since binary periteetic crystallization is in progress, the
isothermal cut will contain the three-phase conode triangle tzy. The
corners of this triangle touch the homogeneous regions and th‘erefore
designate the eompositions of the three homogeneous phases w%nch are
in equilibrium with each other at the given temperature. Since the
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solidification of « substance has begun, there will be a region of homogene-
ous « solid solution. The significance of the several ficlds agrecs with
the corresponding fields shown in Fig. 58 except for charactoristic differ-
ences required by the form of the diagram—for example, the region of
the melt which still remains lies on the side AC. This charuacter of the

(A
Fros. 67 and 6%{!&3?%%‘%—% ﬁ%f‘*dflﬁf’d?gh f case of twg }JL’;it-eL‘tic gaps in the solid
state, py \\:

section is maintained unti] the temperatur}drops to N (Fig. 64). Then,
the triangle yz¢ approaches the side{BC of the concentration triangle

(Fig. 67), until finally ali three poiats, ¥, z, and ¢ make contact simul-
taneously. \

Af a.tem.perat-ure below Nand A the horizontal section has the form
shown in Fig. 68. The fie]ld“8 o solid sclution now extends through to

{“x\
v 1‘9

Fig. 69, Bection rB (Fig. 63). Fra. 7. Seetion pg (Fig. 63).

the side BC; henece, the m
num with 8 byt only with o solid solution,

Finally, let us consider the threg vertical enuts Bp, pg, and Cr (Fig. 63)'.

The first of these is exlibited in Fig. 69, It has a form quite analogous

to the section given in Fig. 60, b g itecti
of the o Sven in 6. 00, but because of the peritectic character

olten substance tan no longer exist in equilib-



SOLID SOLUTIONS WITH SOLUBILITY BREAKS 79

surface, certain variations occur. The point %, which represents the
doubly saturated melt, lies to the left of the zolid solution o instead of
being at the right, as in Fig, 60.

The cut pg iz shown in Fig. 70, This figure is analogous to Fig. 61
and requires, therefore, no complete discussion. The three-phase field
s+a+ 4 falls away on the right to ¢, as shown in the figure, for reasons
which wiil be obvious from & comparison of the relative positions of the
cut pg and the triangle yzt (Fig. 63). It will be gseen that this triangle,
as it is displaced toward the side BC with deereasing temperature, will{
first toueh the scetion pg with the corner £ For this reazon, point fan
Fig. 70 will lie at the highest temperature. The point z of this t;jgri‘glé

7NN
< 3

%7 2
..,\\

w.dbraulibraryerg.in
Fio. 7L N

Scct.im}'\é‘ (Fig. 63).

will next reach the section ang@vill have the second highest temperatu}-e.
The third corner, y, of therthiee-phase space, as shown in Fig. 70, lies
at the lowest, tempemt.ure\s} the three points. The eut Cr has the .form
shown in Fig. 71, Whic}i'm&y be compared with Fig. 62. The point ¢
must lie Jower than*s'$dr, as seen from Figs. 63 and 67, the latter reaches
the vertical scetifn™t a higher temperature than the former. For the
rest, the cut Qrt}ﬁé,y he visualized without additional discussion.

C. TR’IKNSFORMATIDN oF 4 EuTEcTIc INTO A PERITECTIC SYSTEM
AL

'%1‘;0"50111bility gap in the one binary system has & peritcetic charg.ctfar
while/that in the other is o eutoetic type, there must take place within
the ternary system a transformation of the one type into the ot-hcr.‘ Tt
has already been pointed out that the binary peritectic can pass into
the binary eutectic by & continuous change in the form of the conode
triangle of the three-phase space. -

Fig. 72 represents the triangle of concentrations for this structural
case. Since, a3 in the systems just described, the present diagram is
toncerned with only two different crystal forms, the process .Of sohd:ﬁga-
ti.‘m proeeeds without the appearance of & four-phase invariant equilib-
rium,
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The concentration point, m, representing the melt in the binarv
AB, must lie to the left of d, whercas the corresponding con
in the system BC is located to the right of g, It is evident
curves dg and mn must eross somewhere inside the ternary s
comode triangles yzt, ¢'2't, and ¥"2"t” indicate how this transinrmation
from a peritectic configuration to a cutectic arrangement tniles place
within the ternary system. The crossing point of the two curves min and
dg has no real significance, as congideration of the triangle ¥'z'¢# will show
immediately.  All points of this triangle lie at the came {em pordture,

svztem
Ation, n,

the two
The

ni.

N
O\

Fre. 7%, Triangle of
f7uld one cutecti
\;"\"bmary systems,
O\
Frp}n;t.he nature of the binary diagrams w
Mh8 urves man, dg, and ef mus

concentrafions in the case of ane peritectic
¢ solubility gap in the solid state in the

hich form the sides AB and BC,

\{ b fall continuounsly in going from the side
\\ AE to the side BC, THence, the point ' on the curve mn lies at o lower

temperature than the point z on the same curve, On the other hand,
on the eurve dg the point 2* lies at higher temperature than the point 2.
Hence, infersection does not actually oceur, but the curve mn of the
dU“bF}' saturated melt passes ahove the curve dg of saturated solid
solution af z,

The space flgure of the constitutional case being eonsidered will be
found in Fig. 73 in which, a5 is usually the case, the capital letters
ecorrespond to the lower case type in Fig, 72. There is now no difficulty

In obtaining a comprehensive view of the process of solidification and
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state spaces and state surfaces which exist. The relations
elely o those given for the two structural cases which
have just b seribed.  The three-edged region of binary peritectic
and eutectic sclidification s of some interest. It is shown schematically
in Fig. 74 in » perzpective view ag seen when observed in the direction
from C towsre AF. Ncar the side AR the rib MN hides the rib D&,
the latter conies into view at B near the middle of the ternary system
and continues {0 be visible. The curve MN turns sharply to the right as -

of the several
eorTespond col

. N2
A\

£\

T S (TS

F1e.73. Space diagram c-orl’esponding.f.b Fic. 74 Three-phagc space for ;he
Fig. 72. - freezing porcess illustrated in Figs.

¢ \J 72 and 73.
L\

it approaches N. Thisféversal of the relative posttions of ifhe two curves
is characteristic of bhe ‘g‘)“assage from a peritectic to a eutectic system. ‘

Since the preseptcase offers nothing essentislly ncw over fc-hose wblch
Lave just been(diféussed, consideration of isothermal and vertieal sectu_}ns
will be omitted For a vertical section parallel ta the side AB and moving
fway fFQn;’.it- there ocenurs a transformation from the type of diagram

showa @) Fig. 70 to that given in Fig. 61.

\ }



Chapter VI

All Three Binary Systems Without Compounds but
Having Solid Solutions with Solubility Gaps
in the Solid State O\

7\

1. Process or CrySTALLIZATION >
We turn now to the consideration of a case whichfmgj-' be viewed as
a more general forin of the problem of mechanichl Yhixiurcs treated in
‘Chapter [I—that is B terpgr% stemy for whieh Bl three binary systems
AW " ary . oTy. \ .
exhibit eutecti??.:a\a‘ﬁ’c{:I possess Tlm;%j;ed g‘}lid solubllity. If we assume certain
limiting conditions—namely, that the soli {‘a(}lubihty gap docs not vanish
within the ternary systern (such s disapheurance is possible and will be
encountered later in Chapter VIII) hild that no new types of crystals
appear—eertain statements concernipg the constitution of the alloys in

R Q

Isothermal section after conclusion
of freczing in the case of golubility
gaps in all three binary systems.

the'golid state may be made immediately. At each corner ihere will be
@region of homogeneous solid solution. Eac
yBY surfaces over which the first golid sol
solutions existing at the other two corners,
of its bounding surface the A-rich & solid solution will be saturated with
the B-rich g erystale, and over another portion with the ('-rich v crystals.
Consider an isothermal section through the system in the solid state, The
intersection of thig plane with the bounding surfaces just mentioned will
form bounding eurves, which for the « solid solution will have the seg-
ments a”a and aa’, as shown in Fig. 75. The discontinuity at a arises
because along the segment a’a, the solid solution « g in equilibrium with
and saturated with g Phase, and along ag”, with y substance. At a, it is
82

h such region will be bounded
ution is saturated with solid
For cxample, over a portion

N
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saturated with both 8 and y phases, and hence is in equilibrium with
both {ypes of crystals. The fields of howogencous y and f solid solutions
will exhibit very similar boundarics, as has been illustrated in the figure.

The « soli:d solution on the curve ¢’d is in equilibrium with 8 solid
salution of varying composition indicated by the points on the curve
¥'b and, mutually, the 8 solid solution is in equilibrium with « phase
of variable eomposition. The alloys of intermediate coneentration—that
is, thase in the region a’b’ba, where ab is a straight line—consist of mix-
tures of z snd § solid solutions, The system of conodes indicates hows
the various alloys in this two-phase region are composed of two mutually
saturated solid solutions in cquilibrium with each other. In the (i
way, the alloys of the region a”ace’ are composed of crystals o % und v
and the allays of the region ¢”b”be of y and g. A\ 3

Next consider the alloys inside the triangle abe. The.gc':@rc composed
of three Kinds of solid solutions whose respective compositions correspend
to the puints a, b, and e. This fact 11%€;$ed%$_rgqtgg¥&§éd_ ’9}' the Eollo.wing
analysis. Let a point z within the triangle I[I)e, seﬁ}zgtga,g'é]ﬁd let it be
assumed that a straight line drawn through if, €% shown in the figure,
encounters the curve aa” of « solution safdizdted with v at x’ and the
eurve Hb” of 8 solid selution saturated with.y at . Furthermore, as an
experiment, let it he assumed that tbc’::ﬂloy z iz composed of the two
erystalline types ° and z”. Both,;h’éwever, are saturated with y, and
hence are in equilibrium with y~JFherefore this arrangement is funda-
mentally equivalent to equilipfiurmn ameng the three phascs «, 8, and .
If the pressure and the tcrm}zrature in such a system are held constant
there can be no dcgrci\.péo‘f freedom—that is, the compogition of the
different phascs canudy change when the composition of & is altered.
This result comes, dbout becanse the origipal assumption was not justifi-
able* Therelo é; hn alloy x cannot be composed of solid solutions
and &7, bt i}:—x’}aml all allovs within the triangle abe—must be comFJ(fSCd
of the thrge phases with cumpositions a, b, and ¢ The triangle abe is a
threc-phdgt region in the solid state. .

Thesolid alloys may be divided into three groups according to the
ITf?\tlli’é of the phase spaces in which they lie. These are: ('1) the
honiogencous «, 8, and ¥ solid solution regions, (2) the three regions Qf
two-phage alloys consisting respectively of a+f, @+ and S-+y solid
solutions, and (3) the region of threc-phase alloys of which the structural
constituents are the three crystalline types « 8, and y—that Is, the alloys
inside of the triangle abe.

*Note by translator: The hypothesis is impossible at the start. Mo adsill]ld
solution iz szsumed io he in equilibrium with ¥ phase of one compozition {a)nt the
£ solid solntion in equilibrium with ¥ phase of a different composition, bu » e,
definition of a phasc 18 & portion of matter which is homogencous in compomt;ol;:l,
ete. Hence the original assumption leads to an iopossible situation and canoot be
correct,
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Comparison of the relations existing in this system with those in the

simple mechanical mixture deseribed in Chapter 11 shows ut onee how
much more complicated the diagram has become throweh the Jormation
of solid solutions in the corners of the triangle. In the foriner cnse there

was in the solid statc only the one field involving the uixiire of the

three pure components; here therc are no less than seven (iUferent state

regions, It appears also that the space diagram for a sitapie mechanieal

mixture is a special case of the system under diccussion oud magbe

assumed to originate when the homogencous regions of 4, 8, and y\dolid
(\AD
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F:IG:Yﬁ‘I Trizngle of concentrations in the ease of eutectie solu-
\V bility gaps in =i three hinary systems.
:\\ "
solutians shrink down o th
Lbiflary state fields o A,
\A;B, BC, and AC,

In Fig. 76 the concentration triangle is cxhibited in the usual manner.
In order to avoid any possibility of confusion of the two types of diagrams,
the distinction between this diagram and the one shown in Fig. 75 will
pe emphasized (also refer to Chapter II}. ‘The Iatter représents an
izothermal eut through the space diagram of the alloy system. Tt indi-
ca};es, by the ngze of conodes, the various phages which are in equilibrium
with each other along the boundary lincs, On the other hand Fig. 76
shows the projection of the space diagram on the plane of CODCEI‘:ﬁI‘ﬂ.tiOnS'
The bounding lines of the state surfaces which are given thercin do not .

correspond to a fixed temperature, This figure is well adapted to provide

C pure components and the corresponding
B+y, and a+v vanish into the binary systems



ALE RINARY SYSTEMS HAVE SOLUBILITY BREAKS 85

& eomprohensive view of the whole golidifieation process, but does not
specify what phases are in equilibrium with each other.

The Hnes of intersection of the bounding surfaces of the liquid state
are drawn zolid in Fie, 76. The heavy dotted lines mark the intersections
of the surfaces which bound the homogeneous solid solution regions, It
has been sssumed thal changes of the saturation boundaries of the solid
goluliin =ith decreasing temperature may be neglected,

The ioilewing remarks may be made concerning the form of the liquidus
surface. Clorrosponding 1o the three kinds of golid solution which arc
precipitaced out, there exist three continuons curved sheets, each of\
which gpesifies the temperature and composition of melt saturatedwith
one of the three solid phases. These portions intersect in curves\t, ki,
and Kl aiong which the melt is simultaneously saturated in two kinds of
solid solution., The common intersection point of the.thrge curves
correspends to a lguid composition which is simultaneqpsly’saturated in
th(? three arystalline forms , g, and\yw\Jigggg %-l_%?%s_ta_ﬁ’?igressure this
point renresents an invariant, four-phase equilibriufi, Tifettiore, 1 must
be either & ternary eutectic or a ternary periteétie point. For a simple
mixture without the formation of solid solution}the latber possibility does
not exist, In the present instance it may b’gcﬁr under certain conditions
concerning which we shall shortly have something to say. Fig. 76
evidently reprcsents the eutectic a;;ran'gement because the point I lies
within the triangle mno formed bithe three erystalline phases which are
in equilibrium. (More will be.saic’i’about thig triangle later.) Obviously,
solidifieation must be complete at the point f, from which fact ome
deduces that the curve ﬁ; ~~}'ZE, and ki, which start out from the bpoints
f, h, and k, respectively, and extend into the Interior of the triangle,
must descend to lgwer temperaturcs, and that ! must lie at the lowest
temperature. 115 also clear that the points m, 7, 0, and I, lie at the
same tempe;aﬁuﬁ"_that of the ternary cutectic point. As an illus.trat.mn
of the liquidus surface, which has just been described, the same diagram
will seryvg\as was shown in Tig. 9 {p. 16} for the caze of a simple mechan-
ical nijwture without the formation of solid golution. _ ‘
£ The’ salidification of alloys which in the solid state have either single-
phelse or two-phase structures follows in exactly the same way as Was
described in Chapter V. During the process of solidification t‘-he state
point of the melt moves along the liquidus while the cor‘respondmg state
point of the precipitated solid moves along over the solidus surfacc.. if
the composition of the alloy lies within one of the bomogenecus regions
of solid solution , 8, or y, the molten material will all be used, and the
solidification process finished before the path of the melt mfzets ong o1
the curves of binary eutectic crystallization fi, k1, or ki—that 15, before
sceond type of solid begins to be precipitated (Fig. 76). H the alloy has
two phages in the solid state, then after the termination of the process
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of primary crystallization of one solid form—{for example, 8, which i
indicated by the melt reaching either fl or Al—the binary eitectie soldi-
fieation begins. These binary eutectie Processes occur in exaetly the same
way as has been described in Chapter V. They are campleted when the
tonode joining the two solid solutions in couilibriuns with cach other
moves into such a position that it ineludes the point representing the
tomposition of the alloy. Thig geometrie situation signifies that the
wolten material has heen consumed and the solidifieation process finished.
- Obviously, this analysis applies only {o those alloys which lie within\oue
of the binary portions aa'é'd, bb7c”e, or acc’a” (Fig. 75). Fot alloys
within the triangle abe, the liquid subsiance hecomes sniuratet 1 the
third erystalline constituent before the conode which comt{iglés the first
two solid forms to be precipitated has moved into & posiion to include
the point which represents the composition of the allof &For all alleys,
ternary  eytectic erystellization at the invarign ‘éf:]llﬂibrium point
must take place at the of igary solidiffedtion period. In this
region the Sp%ggfd iﬁfﬁ?fgg?lltgc‘%?é%g’stalliz;x«ﬂiﬁl' is bofndcd below by
the horizonta) plane passing through the 1.em?;t~r:v eutcetie point.

If the changes of concentration of the @aM¥d solutions arc disregarded,
the points q, b, and ¢ and so forth of Fig. 75 correspond fo the points
™ %, and o and so forth of Fig..%8" The constitutiona] casc being
analyzed offers the opportunity of:éxt-énding the dizeussion of binary and
tetnary cutectic cr vstallization “processes bevond the limits reached in
Chapter IT. During binags, sutcotic crystailization only one degree
of freedor exists, and 1Hi§ statement is valid for eaeh of the three
participating phases. Hence, there corresponds to each of the phases, not
& surface but only & ehrve in the space diagram. Yor 1lie doubly saturated
melt this curve ig the Intersection of two sheots of the surface of primary
erystallization-{e9. one of the cirves fl, Al, or kl (Fig. 76). In &
similar mannp, torresponding curves which specify the composition
of the dobly’ saturated solid solutions cxisting in equilibrium with the
melt magalso be r eprescnted as tlic interseetion of two simply saturated
surfaees® For example, the eurve n'n indicates that the 8 solid solution,
..“’hl?h ‘Partieipates in the binary eutectie solidification, is simultancously
Iequilibrium with melt and o solid solulion. This curve is the inter-
section of two surfaces which eonstituio two portions of the bouudary
of the space of 8 solid solution. The first is the surfacc over which the
B phgse is saturated with melt—-that ig, the =olidus surface of the primary
solidification of 8 substance whoge projection i# represented in Fig. 76
by the_ sorface Ba'nn”. The second is the surface gver which the 8
phase is saturated with e. For (he sake of simplcity the latter surface
has been assumed to extend vertieally downward so that its projection

upon the horizonta] plane may be represented by w'n. The curve #7

1s therefore the intersection of two bounding surfaces of a phase space
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in the same way as has been specified for the eurve . The fact that in
Chapter IT eurves of the type represented by fI appeared to be of a
special type arose from the circumstance that when no solid solution is
formed the space of homegencous solid solution degencrates to a vertical
line coincideni with the concentration’ of the pure component., These
ideas could Lave heen applied in Chapter V in the discussion of the
eutectic and weritcetie ecazes.

Naturally, similar considerations apply to both the other cases of
binary eutectic crystallization which oceur in this diagram. There is
general validity to the law which states that eorresponding to a threg-
phase equilibriurm there are three curves, each of which lics in the bound?)
ing surface of one of the participating phases and represents a.‘d.ijs\con-
tinuity on this buunding surface such thab upon passing across, it the
sccond phase, In whiek the originally considercd phase is satiigated, is a
different one. N

The three-phase spacc criginates thenvhy dbemosesigabiel ikorizontal
conodes between cach pair of the three curves mentigngd in the previous
paragraph. It starts out from the eutectic linc{ifthe binary system,
expands to a three-cornered tube in the intexiarof the space diagram,
and in the present instance, is bounded below by the horizontal plane
of the ternary euiectic. It ig, in fact, brotght abruptly to an end by
this plane which cortesponds to thesgdturation of the mclt in three
different kinds of crystalline substangds, and thercfore indicates a four-
phase equilibrium. Each of the thfee spaces of binary eutectic crystalliza-
Fion resembles the form illusi';lgat}ad in Fig. 12, exccpt that in the present
instance the back side does®ot coineide with a binary system but extends
Inside the state prism. A®tually, the rear portion of the tube is generated
by the gliding of & cofidde—for example, the line m'n’ in Fig, 76 along
the curves m/m and n;ﬂt The trisngle yzt represents an isothermal section
theough the threedsrnered tube of binary eutectic erystallization of «
and B. The li\é’y’z ia not, in genera], pa,ra,llcl to the side AB of the con-
tentration thbngle, and this statcment is also true of mn.

'_The il?thséc-tion of the three curves of doubly saturated melt f, kI, and
Al iy the ternary eutectic point has been noted. To all these curves one
p}.lasf‘““the melt—is eommon, whereas the solid substances in equilibrium
With it are different for each line. In the same way the points m, #,
4nd o (Fig. 76) must each represent intersection points of three curves
Y1g in the houndary surfaces of a homogencous region. It is obvious
ab onee that such is the case. Let us consider, for example, the point 2.
A% this point the 8 solid solution is in equilibrium with the melt and the
Y0 saturated orystalline substances @ and y. Summation of the com-
ations of three phages which include § as & participant yields the
t.urflf TOUPS f+g+5, B+y+s, and B+y+a. The first two correspond

© Previously mentioned ribs on the surface of the space of homogene-

Q
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ous B substance. They arise from the binary eutectic orystallization
of 8+« in the onc case and B4y in the other. The +hrd corresponds
to a rib produced by the junction of the surfaces gver whic
with & and with », respectively.  These surfaccs b already been
deseribed.  For the sake of simplicity, it is assumed that s ire vertiesl
—that is, any dependence of the degree of saturation of solid solution
upon temperature is neglected. Their intersection wili “herefore be a
straight line perpendicular to the plane of coneentrstion. This line
cannot be seen, since in Fig. 76 its projeetion eoincides wiih the poinbo.
These three curves meeting at point  are equivalent from {he stahdpoint
of phase theory. The emphasis which has frequently benn\:ﬁiaced on
the first two is the result of the considerable interest wghighr has becn
attached to the process of solidification, However, thezigvelopments of
the last few years have shown that the position of the ecful Lrium surfaces

in the solid state is very influential in relation toshovbehavior of alloys.

Indeed, as a?{}%\lg dlgg_aﬁlim%j@gm#ant fo know the poszition of the

boundary surfaces in the solid state and also 'ﬁhélr curves of intersection
—which, in general, are not straight linegCthan it is to have complete
knowledge of the process of solidificatiod, »In the same way, the points
m and o may be shown to he the interséetion points of three bounding
curves of doubly saturated solid phases,
The above facts haye genera] application.
invariant equilibrium is the intefsection of ¢
equilibrium. Each of the thtee curves has associated with it one phase
which is common to ail, {Phis phase is the one whose composition gor-
respends to the poi‘nt\ck invariant equilibrium—{for example, for the
£ phase the point n{ for the 7 Phase the point o, for the & phase the point
m, and for the melt/ s the point I (L)
The light detted lines i, no, om, ml, nl, ol have ancther meaning.

They are the\rihe on the surf aces of two-phase spaces. Concerning them,
more w;ll ="gaid later,

s & 15 anturated

Eaeh of the four points of
hree curves of three-phase

al
e

N 2. 8raTE Sraces

X ?The discussion has now progressed to a point which affords a general
view of all the state spaces which are developed as the result of solidifica
tl.o n. The regions of binary euteatic crystallization have already been
dlscugsed n & preliminary way. The regions of homogeneous solid
snl}ltwn have a form Iike that shown in Tig. 77 in which the spaee of 8
solid solution is viewed in the direction from the side AC toward B.
Thz_e lettering corresponds to that in Fig. 76. Bwnn” is the surface over
which the g solid solution is saturated with the melt—that is, the solidus
surface; n'nnyn’; is the surface of saturation of B solid solution in the ¢
phase and n”nnn”; is jts surface of saturation with y. In this figure
the more general cage has been assumed in that the position of these
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surfsces deponds upon the femperature. The region is bounded behind
by the planes of ths binary systems AB and BC. The ribs n'n, nn,, and
nn” indieatc the vurves along which the # solid solution is saturated in
two other phis i the paint n gives the composition of g during the
invariant euicc wdlibriumm.  There are corresponding spaces for the
other two golid s types « and .

e, 73, Iy ‘\
28
The sizte gpace of the homoge- ; e\
neous zolid selutions @, 8, or v (Fig. hy

785

wiww . db

: similarity between the solid yégion which has just
been deserihed snd the corresponding one in Ghapter V. The principal

There is a cer

difference is that in the present case theleurves of doubly saturated

arystals do not extund 1o the sides of the'prism but are intersected inside
by other similar curves, N

SN g

Fie, 73,

The state £
erystellization (Fig. 76).

uce of primary F1e. 79. State space of the mixture of
two erystalline types a+ 8, 8+ 7,
or ¢« + 7 (Figs. 75 and 76).

The regions g

speces of primarf homogeneous solid solution are bounded abave by

ing molter, wo F erystallization—that is, by two-phase spaces contain-
Be iy e abterlal and one type of crystalline solid. 'I.‘hc latter spaces
Tstalligat; ounded byt l1gu1dus surfaces. The region of primary

1on of 8 material is shown schematically in Fig. 78 where the
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observer is looking from behind B toward the side 447, In this fipure
the lettering corresponds to that used in Fig, 76, The two shects ARy
and fBn’ are plane surfaces and lie in the sides of Ui pri<u of state.
The zolidus surface Bn'nn’ (Fig. 77), which limits the rewion ol 3 solid
solution, has been exposed by the removal of the space of Lhis substanee
o that the state space as sliown in Flg. 78 has a hallowed-out form:
hn'nl and fn'al are the two surfaccs wlhich separate the vesion under
congideration from the twy three-phasc gpaces of binary euteetie crystal-
lization involving 8. The upper bounding surface A7, wlichig the
liquidus surface of the § ervstals, is turned away frem the oherver.
2 A\

N

! i
wiwrw .dbr| ulil?'ral'y_crg_in i"\.

¢ /’D
’.'\'.3 o

Ftﬁg"?ﬁ. Tﬁaqgle of eoncentrations i the
~\ & hility gaps in all three binary systems.
A

caze of eutectic solu-

Thereis 4 marked similarity

:ingoone for the simple mech
~

between this stale space and the correspond-
. anical mixture shown in Fig. 11, except for
\ \the removal pf the region of homogencous g solid solution. Corresponding
spaces of primary erystallization exigt for the « and v forus.
Spaces which inelude two solid crystalline forms will next be considered.
'I:i’m’s:e are the regions mnn‘m’ {Fig. 768) for the mixture of « and B
- 0%on for B and v, and m"o’om, for the mixture of g and - solid selutions.
The general form of these regions is Mustrated by the z and § mixture
shown in Fig. 79 in which the observer looks in the dircetion of the arrow
OP (Fig. 76). At the rear, the space s bounded by the perpendicular
nary system AB. The surface m'mm,m’y geparates it

b i . .
rom the region of homaogeneous # solid sohution, while the fage n'nn?
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which is turned away from view is the houndary against the homogeneous
8 solid soludon. In agreement with the aesumption that the solubility
in the solid #tate clianges with temperature, these two bounding suriaces
are bath curved: but no statement can be made conecrning their exact
form. The surizee m'n'nm is the boundary against the three-cornered
region of binary eulectic solidifieation of « and 8. The face mnnymy
separates the remion under consideration from the three-phase space of
the mixture of sulid «, 8, and y. Since the lalter two surfaces of
inhomogenenus regions are boundaries that are gencrated by the moved
ment of concdes along the curves m'n and »'n in the one casc andathe
curves e, and nrg in the other, their intersections with the isqﬂ{'e?m\al
planes arc séraixtt lines. The threc-phase space which containg, the' three
golid solutions is outlined by the triangle mno as it slides dya’il?.to lower
temperatures.  In general, the positiong of ils corners i) vary with
temperature on aceount of changes in solubility ofMlte® homogenecus
phases. This region lhas the form o‘EV‘sIW-Q}bpm;slihmatpj,yowgmical, three-
cornered tube. Iundamentally, it does not dif{et\bﬂrticularly from the
three-phuse space of binary solidifieation. \

The 14 different regions of state may be gimgiraarized as follows:

(1) The region of molten substance g\

{2) Three regions of primary solidifigation of &, 8, and v, respectively,

{3) Three regions of binary euteddd solidification of the combinations
A+ B, By, and a+, N ) .

{4) Three homogeneous reglens of the solid solutlons «, 8, and v,
respectively, . 28D

{5} Three spaces of ﬁﬁtures of two different solid solutions z+§8,
@+y, and B+y, 2N

{6} One three-phfise space containing a mixture of the three solid
solutions «, 3, af(iy,

One sees ea"&ﬂ} how complicated the whele situation iz in comparizon
with the @mple mechanical mixture without solid solution which was
descrit{c@f’m Chapter 11, This complication has come shout from the
Presefcs of a region of homogeneous solid solution about cach component.

Tt has already been mentioned that the straight lincs which combine
the points m, n, o, and 1 of the several phases taking part in the in-
variant eutectic equilibrium correspond to ribs on the bounding surfaces
of two-phase spaces. The way in which these ribs originate is ebvious.
The rib mn, which is shown in Fig. 79, comes at the junction of the two
bOunding surfaces one of which separates the two-phase space containing
@ and 8 solid solutions from the space of binary eutectie crystallization
of these two substanees, and the other separates it from the region of the
mixture of «, 8, and y. The lines no and mo have a corresponding
significance for the substances f+y and a+y. AS shown in Fig. 78, the

line In is the isothermal rib at the bottom of the two-phase space of the
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primary crystallization of 8. In a similar manner the v, =7 zrises from
the primary crystallization of &, and rib lo from the prizery erystalliza-
tion of v.

Finally, if one considers the scveral triangles which re
taking three at a time the four phases partieipating . !
equilibrium—mnamely, the triangles min, nle, mlo, and = it will be
observed that cach of these represents a plane gection 'iiough & three
phase space, and in fact is the terminal plane of the space. ror exam%{e,
min is the lower boundary plane of the region of binary eutuctic SOl i
feation of & and #; nlo has the corresponding significance _i't'.\r«ji\and W
as does likewise mlo for o and y. The triangle mno is the upgra haotndary
plane of the region of the three crystalline forms «, 8, au o The fact
that this triangle coincides with the plane of invarlant ecuilibrivm
has no particular significance, and comes about onlydéeausc | les within

formed by
: invariant

www.dbraulibrary org.in
4 i ¥ b ¥4 xi\\'

7

Fia..35,
' * Binary compound ¥ wilhout 2
}"  quasi-binary section VO,

the triangle formed hy m, n, and 0. TIn the peritectic case—ior example
that ShGW{l;iTl\ Chapter IV, Fig, 36—the conditions are otherwise.
the inveriant peritectic shown in this figure the four phascs in equilib-
rium AR, he melt e and the crystalline forms 4, C, and V. The aggregste
of t}qe\gontributing phases forms a quadrilateral AVe( instead of c0or
.Ffﬁl?ondmg_ to some triangle. In this system (Chapter IV} there are t%0
~\\ggions which lie above the peritectic plane and terminate on it—namely,
’ the space of binary eutectic crystallization of A and V (triangle 479
and_ 2 similar gpace for 4 and € (triangle ACe). There are also W
regions whick begin with triangles lying in the peritectic planc and extend
down to lower temperatures. One of these triangles is AVC which #
1{;};31 up_peL:V bﬂunda:ry of the region containing solid A, V, and ¢, and the
cryzza;fizatzgnt}fngl ;lidt}(li t:UP surface of the space of binary euteet?
.A general eignificance is attached to these relationships. The pa"tisl
tr{angles assoclated with a plane of invariant equilibrivm are bount
arles‘of thre‘e-phasc regions which terminate upon this plane. Furthel
the lines which conneot: the various state points of this plane correspol
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to ribs in the houndary surfaces of adjoining bi-variant two-phase spaces.
At the ners, the invariant figures touch the spaces of the homoge-
Neus s nees which contribute to the equilibrium. Also, at each corner
three s eross, each of which represents the corresponding tempera-
tures gned eowpositions of one of the phases saturated with the other
two. It

3

Eelpful to keep these relationships in mind as an aid in making
ramg and alzo as a useful check against errors in the com-

= oy

theymal section for the strue-
e shown in Fig. 76 before the
fag of eutectic erystallization.

wowrwr.d brauli Byggesy

R
3. IsOTHERMAL SECTIONS

The form of the isothermal sections. may be derived from the space
diagram alveady deseribed. When .the temperature ig still above the
highest binary eutectic but below the'melting point of all the eomponents,
the isothermal section has the form shown in Fig. 80. Besides the
homogeneous regions there Be seen the two-phase regions of primary
solidifieation. As soon %& ‘the temperature drops below the highest

Fio. 81. Isothermel section after the Fic. 82. Tsothcrmal section in the tem-

beginning of euteetic erystallization perature reglon _of t:he.three binary
of & snd 8. eutectic erystallizations.

eutectic point f (Fig. 76) there appears in the section a two-phase_ ares
of solid « and g8 phases (Fig. 81). Since at this temperatur:e th(? binary
eutectic orystallization of » and 8 oceurs, there js found in this cut &
ternary region of «+S-+s. The bounding curves of the homogeneous
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solid solution areas e and 8 already show =2 kink, for over one interval
thege phases stand in equilibrium with each other, and over the remainder
of their length coexist with the molten substance. For & Lemperature
unrderneath the lowest binary point but above the lernary eutectic, the
“cut shown in Fig. 82 is obtained. On all three sides of the rteiangle bere
are binary mixtures of two types of erystals and adjoining them, cor-
responding three-phase regions. The space of homaogencous melt has
been greatly diminished. o

Af. the temperature of the ternary cutectic, the region of ihe melt\has
shnmk to a point, and the areas s+, s+, and s+, wiith show
primary solidification, to lines. The section is then as dopiededn Tig
75 where z speeifics the composition of the cuteetic ralgrlt.f‘ For lower
temperatures, as has been explained, the form of theSeub is also that
given in Fig, 75 cxcept for the disappearance of tb‘a'\lhélt.

4. Seerioys, PRATENRIGHIAR S0.THE PLayear CoNCENTRATION
Of the vertical sections the three indicated 7 Fig. 83 as Bz, 22/, and 1y
will be studied. As will be scen at onqe’hom this figure, the lquidus
curve of the section Bz has the form réprdsented in Fig. 84, which shows

Fia. 83\ Pm;it.inn of the vertieal see-
08 tloms 28, 22, and oy,

Fro. 84, Scelion z8 (Fig. 83).

4 ¢\’ 3
\ the cusp d corresponding to interscetion with the line i (Fiz. 83). From

the part dB (Fig. 83) primary g crystallizes out. The vertical section
thgrefore shows, adjacent to the region of the liquid mctal, an &area of
primary erystallization of 8. Next to this area there will Be, according
to the concentration, cither the field of homogeneous g =olid golution,
or that of the binary euteetic crystallization of 2+8. Consequently,
the lower boundary of the region of primary erystallization of 8 is com-
posed of the two curves db and b'b. In the part Bb of Fig. 83 the
process of solidificalion is finished as soon as the primary preeipitation

of 2 Phasc 13 complete, whereas along db it is continued by the binaty
eutectic freezing of & and B.
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In the cage of mechaniesl mixtures discussed in Chapter II, the path
of crystallization could be deduced from the law of conodes because the
compesiticn of {he substance precipitating out was known, and all
conodes extended out from the eorners of the concentration triangle. In
the present instance the conditions are different. For example, consider
the alloy ¢ (IMig. 83); it is no longer true that during the precipitation
of the £ ervsials, the composition of the melt is displaced along the
projection of the straight line Bi. In general, the composition of the
melt will deviate {0 onc side or the other of this line (although usuallyf
not markedly) sz 8 continues to freeze out, so that jor different allgys
lying on Bf the path of the melt will intersect Al at different peints.
Henee, ihe line db’ (Fig. 84) which corresponds to the beginnipgibf the
binary eutectic solidification is no longer straight and horizoptal *but, in
general, enrved as shown in the figure. g,

o\
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Fro. 79, Stute space of the mixture of
two eryslalline types & — g, B+
or @+ v (Figs. 75 and 76).

Frc. 78. The slalc spate v6! primary
erystallization e, 76).

I

That f-he'%iﬁal of primary solidifieation of # actually
shown in, il?ig- 81 follows from an inspection of the space of primary
erystallig@tion represented in Fig. 78. The eut being considered passcs.
th?éﬁgh" the point B of this space and also intersects the rib nn', 43 18
evideht from Fig. 83. The area so formed hag three bounding curves:
one against the space of the homogeneous g solid sohution (thg cut
through the surfacc #”8Bn'n, Fig. 78}, one against the region of anm*y
euteetic solidification of & and @ (the intersection of the plape with the
surface nifn’), and one against the liquidus curface ThBS (which is away
from the observer). Whether the curve &'d (Fig. 84} descends or ascc.nds
in passing from &’ to d depends slogether on the position of the \'crtlfzal
seetion in relation to the space figure (Fig. 78). If the vertical sectu‘.m
is 50 placed that it intersects nn’ near » and If near f, the curve b’?‘. will
have a position like that shown in Fig. 84. On the other hand, if the

has the form
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section euts na’ near #” and If near I, then #” will v '+ -o» than 4. The
outlines of the area of homogeneous g solid solutivi .o seadily deduced
from an examination of Fig. 77. _
Next consider the line segment be {Figz. 83} betw.. o e interscetion
of the line Bz with the curve of doubly saturated < 50 solution ma'
{paint b} and its intersection with the baundary rib e 1 iig 79) located
on the surface of the a+ 4 region. The alloys along <hi- Jowe must frexf_:ﬁe
according to the manner of 3 binary eutectic and firativ oomsist ofamix-
ture of o and B substances. These facts give rise, in Feo 84, to the area

marked @+p8 which adjoins the region of binary eutciile F:rj@ﬁallization
@+fS+s. The origin of this a+ 8 area is made more o; (it by exam-
ination of the a+ 8 space shown in Fig. 79 The piypaAetion Bz cuts
successively the curve n'n near » and then the lingn¥. © I this way 8
picee of the state space a+2 is cut off in the siviriiy of oy and the

t

. resulting cross-section appears as in Fig. 84, Ruf¥oen i noints ¢ and e

{Figs. 83 and, §4) dheaplobesr pbselidificationerminates m the ternaty
eutectic point. Left of the point d on the sakve f (Fig. 83}, the primary
erystallization of « phase first takes\pldce. At the conciusion of this
Process there next occurs for compdsitions near d, the binary eUte‘?tw
freezing of « and £ and for alloy s fehr g, a similar precipitalion involving
® and y (area s+a--y in Fig, 849 The division between these two types
of solidification comes at t-hej;ioi’nt ¢’ on the line ml (Fig. 83). The me-lt
of this particular alloy A¢’) has already reached the ternary eutectit
point upon the complgtfolt of the primary solidification of #. From the
position of ¢’ on t%f'\éeﬁode mi, it follows that the alloy at this tempera-
ture must consist of two phases having the respective compositions
and I In copipmhity with the above facts, Fig. 84 shows the space of
primary soljdifidation of 4 touching the plane of ternary cutectic crystal-
lization at)e™

Thgi}?lﬂ §+a+y must meet the side z at g point, for in the space
diagfan this space touches the side AC in & straight line. Conscquently,
attihe point z, the eutectic erystallization proceeds at a fixed tempers-
range. The area of primary solidification of
from the @ area because the vertical plane
n along a side instead of in a corner. .
h 22" (Fig. 83). The curve of primary sol_ld]'
minimum value at g (Fig. 85). To the right
d to the left, &. In the portion 2’g, the pracess
ed with the freezing out of the g solid solutiod-
Hence the area of homogeneoys £ phase adjoins the lower right side of
the ﬁ?ld of primary erystallization of this substance. Over the interval
qr (Fl.g- 83) a period of binary eutectic crystallization of 8 and y follows
the primary process, 'The smali region in which this binary solidification
oeeurs Is marked s+g+y in Fig. 85, Adjoining this region is the are

eneounters the former regio
Consider next the sectio
fication passes through a
oig g precipitates out, an
of solidification ig complet
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micture of 8 and y solid solutions. The form of this area
1 from the space diagram shown in Fig. 79 in the same
2] ¢+ 4 in Fig. 84 was developed. The horizontal par-
beundary of the region s+8+y {Fig. 85) correspends
wwal from » to the intersection of 22" with In (Fig. 83).
2t ile point of intersection (not lettered) the primary
far 8 is followed at once by the ternary eutectic solidifica-
of this intersection, as far as g, the binary eutectic
2 and A is a feature of solidification. To the left of g,,
fieation is that of a.

tion cuts the boundary of the region of the mixttre
« and 8 at g in Fig. 83. Left of ¢, the eut refnams
within the = ase region, whereas immediately to the right\it Ties in
the ficld mpo of three solid phases. In agreement with thfig fact, the
proeess of sofidification is completed in the interval pgjgi&{ the binary

rrag of the
may be dar
manner as the
tion of the
to the she

freezing n
tion, To e !
crystalilzating
the primary

The weslir
of solid s

el

www . dbraulibracy .01"g.iﬁ1
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Section 22’ (Fig. 83).

)

&

eutectic c.ryst.al]i?.&t‘l’ﬂf]“éf « and 8; hence, the field of the binary mixture

of solid « and g &)joined directly to the region s+a+g. On the other

hand, as Woul@lb\f anticipated, over g7 (Fig. 83) the binary crystalliza-

tion is foliowed by the ternary onc at the temperature of the line gr.

As n comenqgitence of the fach that g stands on the curve fi, the points g

and gahave the same composition—that is, the one lies above the other
i Fap &5.

he form of the region of primary ¢

of the field of hemogenecus @ alloy T8 n.

four-cornered shape of the region s+a-+pg in Figs. 84 and 85 originates

from the oblique interseetion of the vertical plane with the three-

eornered tube of binary eutectic crystallization in such a way that l?esides
des of the tube, it also

forming curves of intersection with all three sl ’

euts the horizontal plane of ternary eutectie crystallization upon which
this tube terminates. The trace of the intersection with this plane
provides the fourth boundary, €'¢, in Fig. 84 and g't in Fig. 85. The ficlds
of s-+aty (Fig 84) and s+8+y (Fig. 85) have simpler forms beeause

rystallization of o and the shape
uire no further explanation. The
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the vertical plane cuts the corresponding thrce-cornercd tubes longitu-
dinally. Henee, only two sides of the tube are cut and the traces of these,
together with the intersection with the horizontal ternary cutectie plane,
provides the three curves forming the boundaries of the fields in question.

There still remaing for discussion the field of primary erystaliization,
s+ in Fig. 8. As is evident from the position of zz° (Fig. 83), the
vertical plane cuts the space of primary erystallization of 8 {Fig. 78) in
the manner to be deseribed. Upon starting out from the side BC, the
vertical plane cuts the surface nn”Bn’ (Fig. 7R) in the ridge n”BNand
then enecunters the line #™n. The trace of nwn”’Bx" upon ilie part vl the
vertical plane included between these two intersections corddspdnds to
the curve 22q of Fig. 85, The part of the plane botsween t};égﬁztcrsectiuns
with an” and In is represented by rg in Fig. 85, Pasging ‘s, the plane
next meets the surface Ifn’n (turned away from the,ébsérver in Fig. 78)
which separates the space of primary crystalliza,ti‘o}z\of 8 from that of
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the binary eutectic}nlidiﬁcal,inn of & and £, thus generating the curve tg
{Fig. 85). Theeurve g2’y is produced by the intersection of the plane
with the Iiguicl‘us surface hifB.
It mf}ﬁ’\’{k“shown that there are cases in which the vertical plane euts
the reg{on‘ of primary erystallization in only two eurves,
L-;}E\ls consider the section zy (Fig. 86). To the right of the point %
) .‘Eh?re this seetion cuts the curve f, the primary crystallization of g oceurs
“\\éhd to the left, that of «. Correspondingly, the liquidus lne in Fig. 86
“has two parts which meet at w. No field of homogencous golid solution
appears in this section since the vertical plane does not crogs any sueh
space.  All compositions between v and the right side of the diagram
undergo the binary cutectie solidification of B and y together as 5000
as the primary precipitation of 8 material has been compleied. The
alloys'to the right of « beeome completely solidified during the binary
euteetic process whereas those lying to the left as far as o cxpericnce the
ternaryleutectic erystallization. In the interval uw, the binary eutectic
m‘ystalhzs‘iti{m of # and v is followed by the ternary eutectinﬂ process:
Over the interval v the ternary process is preceded by the precipitation
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of 2 and 8 simuitancously, whereas between v° and % it comes at the
completion of the binury euteetic erystallization of the @ and v substances.
The left side of Fig. 86 is very similar to the right and needs no explana-
tion,

The region of primary crystallization has a simpler form here than
in Fig. 85 becausc the plane has no contact with the fields of homogeneous
solid solution, and therefore no curves of the type of g2 appear. A still
smpler case oceurs 3 he section does not pass through the region of
binary euteetic crysiellization of « and B8, as in the sections «'y’, parallel
to the side A3 bul passes between ¢ and the pont b (Fig. 83). In this
seetion only the cutectic solidification of B and y follows the prin}g?}(
arystallization of 8. Af the point, ¥, where the vertical planc cuts the
curve kI, the binary crystallization begins directly from the melt The
points ¥ and 1w (Fic. 86) have thus moved to coincidence. Inﬂié"middle
portion of the section »3, the primary crystallization of yodulirs; hence,
the liquidus line consists of three porticns, RS

In the cases under disenssion, the sect\i\’o\;{l\gI?la?k%alll)héjﬁ:atf&i%lé%'ﬁrimarily
from consideration of the space diagram. Tt iz alédypossible lo procecd,
& mentioned in Chapter 1T, by following the ‘ciﬁn'ges in the concentra-
tion of the various phases during freezing an@ Wrawing conclusions there-
from concerning the menner of cr}-‘stall‘izé{tiﬁ:‘n. For example, it would
be agreed from a consideration of t-hc“m't’:i:y that during the precipitation
of # the melt hecones continually paster in this phase, and for any imitial
somposition on the imterval yv is displaced toward AC until the curve hl
B encountered. From here on,\{;ot.h 8 and y arc precipitated in a binary
eutectic crystallization in‘mh'refl the compositions of the melt and of the
B and y crystals move ref‘v}}etively along the lines kl, n”n, and 0”0 from
right o left. Becauswof the precipitation of the 8 and v solid solutions,
the melt iz gradu@lly” consumed. If the alloy lies between ¥ and %,
solidification mg'}*p compleled before the melt becomes saturated in the
¢ constituentssthat is, during the binary cutectic erystallization. If the
Mean eomgasition of the alloy is between u and v, the melt will attain
the compasition ¢ and solidification will be finished by the ternary eutectic
“stallization. 1t is instructive and is recomraended to the reader to
2022t other purts of this section as well as other seetions of this diagram
 a similar manner. By what method one arrives ab the construction
f{f i‘;diagram is immaterial. In order to avoid errors, it is recommended

ek frequently one method by the other.



Chapter VII

Systems with Solubility Gaps in the Liguid State

A, Ligumn Stare Q4

It has hitherto been assumed that metals in the Hquid sf_-a.ie.e’qiwolublc
in each other in all proportions, However, in many irgoetent metal
systems the constituents are soluble in each other in thgziiﬁuid siate to
only a limited degree. Examples are the lead-containfné"eopper alloys
and the systems lead-zine, lead-aluminum, and so ond & 7

Before taking up the guestion of solubility g8ps in the liguid state,
the relations Th%”dﬁ‘él-%’é%i?b}ﬁé%liya%ﬁgﬁ?nary s}'stini)s should be reviewed.

Although a continuous transition from thg Anizotropic crvstalline phage
to the liquid or vapor form cannot bs;'@ss:ﬁmed, sueh & ¢hange does
proceed between the fluid and gaseous'stdtes. It i3 well known that by

. 87,
Gep in miseibility in the
liquid state in a binary systein.

Temperatire

A
the ap;{li"g\ation of & sufficiently high presgure, the trapsformation from
the Miduld to the vapor state as the temperature riges may be caused
t'o\,jt‘a‘kc place in a continuous manner. For one-component systems there

,..\ii§~a definite temperature and pressure af which the vapor and liguid
\ ‘phgses become identical. A this point, the temperature is called the
“eritical temperature” and the pressure, the “critical pressure.”

In many two-component systems there exists two liquids which possess
only s limited degree of solubility in each other. For a rising temperature
the gap in miscibility in such g system generally hecomes narrower and
vanishes altogether at g temperature called the “eritical temperature”
of the system, At thig temperature the two liquids which previously

i gle, homogeneous phase. Such a system
the critical point. Below the tempers-
109

is illustrated in Fig. 87 where & is
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Ug:iufaia?ife I‘ef};re;;lz"\i'r)ﬂ.:ll.by th‘; poin.ts?‘ a and b at the c'nds of H'Im
a the sam tca. Kilg 87 ', are in eq.mhl_)rum} with each otnil‘ anud h.r-
for they are 0’ m}l‘?@‘f‘iivu.re,l Those hm‘lznmal.lmes‘ art:x called “conodes”
he - C'hr:a-!ue type as L-ho;.c described in Chapter 1. ‘
Phases Ch&n{;{e ;11:}\ ich the l"-('JﬂCCI‘lU'thlOHE of the two 1111_1t-ual.1}-' S‘EItU‘J‘ﬂ.-':L‘f:
the mml o }tcmperainre 13 very complex. Cases cxm‘t n whieh
homy e‘-fleousplin ‘ lt%s at o l(l)‘.\-' t.c-lm)f_‘.rnture, and a separation of (He
Tises, This laq?“d, 1nt.q twu 11111:113Flble [)I‘tt”i’-‘u l'}.L‘CLII'E- a3 the tcr.nper:mu‘v
Whpoged th&tﬁt} Cfi-‘ﬁe W,]“.HFJF he discussed further. Instend, '1t will e
a0d that the o teb Immj.'i(!-lb?[lt}'.Eippc‘&lrs az the temperature 2 lowerrd
) GOnsidfr;' eeomes wider if the lerperature draps farthier,
B 8% some iy lon of ternary svstems may now be taken up.  Assume
misﬂibility 2o I:g)e?ature olnc.of the bmlary systems——c.gr., AR—hy: 4
ave complety ,mi :;ﬂ bthe. liquid .sta'te (Flg., .88) but that the other two
The miseibilsy scibility in the liquid C(_"!Ilt%ltll'}l’l.
¥ gap must be cloged inside the ternary system. To
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each point on the curve ak—for example, the point y---thire corresponds
a point = on bk which gives the composition of the seenmil liquid phase
which is in equilibrium with the first. Henece, 2y is n conwle. The entire
solubility gap may be considered to have eonodes passing seress it. Upon
approaching the point where the gap in solubility is elosvs, the conodes
become continually shorter and finally shrink to zero lepmh. At this
puint the two coexisting liguids have identical eormpositions anit merge
into a single phase. The point & at which the two plases merge s
called the “eritical point” for this case. Q)
The position and size of the gap, akb, is displaced with temppetature.
For each temperature at which the break in solubility exisig ‘{.}}}%re will
be a “partial” eritical point, k. 1f the assemblage of such seclaon diagrams
is developed into a space diagram the result will be as g-‘iaﬁ}vn in Fig. 8.
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T, 59. Thp s;a-te‘ sp?(’.:\ of o mixture Yo, 90, Yzothermal seclion throu_gh.ﬂ
of two Houids in a ternary system. region of immiscibility in the lltﬁ_ﬂd
The critical pofatilies in the binary glate with the eriiieal point ipside

system A,E.i.;\ 3 of the ternary svstem.
'I'_he_mll}hil’l}ﬁien of akb eurves gives a kind of vault or partial dome which
diminishies in size toward the top—if, as assumed here, the gap in solu-
bﬂ.it;ﬁf narrows with rising temperature. If the gap always hecomes
Parrower as it leaves the side AB to extend into the interior of the ternary
“\wystem, the dome will lean againet the side AR of the prism of state-
That is, the dome is cut off by the prism side before iis zenith has been
reached,

;f a line kK is drawn through the continuum of eritical points which
exist on the isothermal sections at successively higher temperatures, it
must end in the eritical paint K, which lies in the binary svstem {equiv-
alent to k in Fig. 87}. This point K will accordingly he the highest point
of the curve kK, which is called the “critical curve.”

I.;et us consider a point, 2z, inside the region of limited miscibility
(Fig. 88), The conode which connects the two liquid phases into which
an alloy of composition z breaks up, must pass through z regardless of
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the temperature being considered. Howcever, the succession of conodes
which pass through z as the temperature riscs will not, in general, lie
in a vertical plane, for the surface generated, if the series of conodes is
congidered az 4 single conode which ascends as the temperalure rises, is
8 serew surfaee which rolates about a vertieal axis Z through 2. The
degrec by whick this screw surface deviates from a plane is usually small,

We shall niexi consider a consequence of the form of the conode surface
described in the previous paragraph. Assume that the region of
Immiscible Hquids (Fig. 89) is cut by & vertical planc zo placed that the
zenith, ¢, of the eurve of intersection lies on the critical curve LK. The
curve of intersection ach will then appear similar to a hyperbola.{ ‘The
fact to be abscrved is that two points on ach which lie at the s'ar'n.e} tom-
perature will not be the ends of conodes. \

7
)

g N <

Ia. 01, Seetion Lke that in Fig. Qﬁ@t T1c. 92, Section similar to Mg, 91 al a
u lower temperature. The sap) of still lower temperature,
immiseibility  louches lh\\binury
system AR, A\

The breal; in soluf}ﬁity nced not necessarily lie so that for all tempera-
tures it extends Gt from a binary system and is closed off inside the
ternary systchiw IL may originate wilhin the ternary system. Consigier
such g ca.‘se"ﬁeginning at a temperature above the dome of the region
of jmmi%ib?]ity. When ihe temperaturc has dropped a litlle below tl.‘.lC
top Of‘ihg' immiscibility space, an isothermal seetion appears as shown in
Fig\ep) The scetion ak,bks of the dome lies entirely within the Lrlapgle
and has {wo critical points, &y and ks, at which the two phascs in equilib-
Mum with cach other beeorne identical. As the temperature is lowered
further, the region of immiseibility widens and touches one side of {he
triangle——for example, AL (Fig. #1). It is casy to see that the pqmt
of tangency of the boundary of the gap against the side of the prism
of state must be a partial eritical point if a contradiction s to be.avoldec'i,
For still lower temperatures, the form of section shown in TFig. 92 is
obtained. This diagram does not differ in any essential way from the cne
exhibited in Fig. 88.

Q"
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As shown in the preceding paragraphs the zenith of the dome-like
space of immiscibility Hes within the interior of the prism of siste. The
critical curve passes through this point and runs down both sides. Below,
she space of immiseibility, if not closed off by an inverted doire, will be
hounded by the region of solidification.

Tt is obvious that the form of the region of two immiseible lauids 8

very simple so long as only the space in which the alloy 3n lguid is
gonsidered. )
N\
B, MecHsNicAL MIXTURE WITHOUT THE FORMATION ¥ ':'%,UL{D
£\

SOLUTION AND WITH a GAP IN SOLUBILITY IN THE L.
WHICH DOES NoT INTERsECT ANY EuTEcTIC O

<

X ATE

1. Process of Crystallization. State Spaces 2

L

We next take up the consideration of crystallizati‘f;ﬁi\of alizvs in regions
of immiscibilitiil She adibragieor Binway of iftroduction, the hehavior
in binary diagrams will be studied first. Thé%iscussiun +wiit be limited
to the simplest case, which is the mechanie&a} mixture withoui the forma-
tion of solid solutions and without compoufds. In Fig. 93 thors is shown
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e d . 8 Solidification diagram of a bi-
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LN nary syStem with s gup of zohi-
gf} '3 bility in the liguid state.
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such a\bl}hhry system with & gap in sclubility in the fluid alloys. The
Process, f solidification takes place in $he following manner: From the
malteh alloys with compositions in the interval ac, constituent 4 erystal

o izcs out in the normal way. When the melt has reached the composition
"\ of the point ¢, 2 second liquid phase, d, is also preeipitated. Fer constant
pressure, the systemn iz now invariant, since it consists of three phases
—n&mely, two melts and the solid constituent, 4. There occurs there”
fore at constant temperature the reaction: ¢ — 4+ d until all the melt ¢
is consurmed. After the completion of this reaction, the composition of the
melt moves along the curve df while component :,1 is precipitated 1 the
normal manner. If the composition of the alloy lies botween ¢ and &
the process of freezing differs from that just deseribed oply in that it
begins with the invariant reaction. T1f the composition is to the righ

of d, the gap 1 M T . 3
fention, gap in solubility is without influence on the process of golidi
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An essentinl faet in the above example is that during solidification
there eomes inlo existence a new kind of invariant equilibrium char-
acterized the presence of two liquid phases, The presence of the

three phares desmands that the line ed be isothermal.

Consi on of the ternary system will now be taken up and the
assumaption suade that the region of immiseibility in the liquid state has
the form 1lustiznted in Figs. 88 and 89, in which the gap in solubility
rower ag the distance from the side increases. It will further
thut the eutectic curves gi, Al, and ki lie outside the regigfi\

1seibiliiv {Fig. 94). Hence, as the temperature drops, the region
A
NS ©

N

becomes ¥

A\
NN
< 3
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A
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Fll?-.%z.\%riangfe of concentrations qf_ a mcchan_ical mixture
\hﬂ"iﬂg in the liquid state a solubility gap which does not

{\eut o cutectic curve.
Of'hﬁm\lsﬁbilit-}’ must somewhere encounter the surface of the begimning
O\CI‘ysta-llization of 4. To make the casc more definite, suppose that
the curve marking the intersection of this immiscibility dome with the
Swface of the crystallization of A is ¢'md (Fig. 94). This surve has a
@ifferent signiﬁcraajnee from akb in Tig, 88, for the latter simply representf
B0 isothermal section through the region of immiscibility, whereas dmj
® the trace of the jmmiseibility dome on the liquidus s.urfa-ce of h.
Whether o'md’ has all its points at eonstant temperature 1s one of the
i . .
tems to he investigated. hich is s0 placed that

Let us consider the f freezing of meit =
: he process ol Ireezing ! 1 i €.
the line Az, when extended, strikes the previously mentioned curve om
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The solidifieation will begin in the normal manncr, as deseribed in Chap-
ter II, by the erystallization of A4 out of the melt. Az a conseguence,
the composition of the melt moves along the projection of the Jine Ax
unti] 1t inlersects the curve omd’ in the poinl x”. At this siase, o second
liquid phase appears. As an cxperiment, its compuosition will firet be
supposed to lie on the extension of the line Az at the puint 3. The
relationship between ' and its decomposition products will then be:
s A4y

This reaction must obviously proceed in an invariant manger for
geometric reasons. During a reaction proceeding in cither dife®ion, the
composition of the phase 2 must not change in siwch a v.'a-y\as to depart
from the line Ay, nor may the phase ¥ leave it The, ,ij:t' may also be
seen from the viewpoint of phase theory. On the ligd, Ay, the ratio of
the amount of 5 to the amount of ¢ i constant (§eéChapter T, Section
2). Because of the requirement that all thgee\phascs must lic on a
straight line, one com asition variable is lost. \The system has only two
independent coﬁ”s%’i"?ﬁ'é%‘éa ]:lztz%{?sléyb%rly'%ﬁe.a’é}ohnt of 4, and the amount
of either B or € can bhe changed indepetidently on account of the fixed
ralio between B and ¢, o

The above analysis reveals thatan unnecessary restriction has been
made, since in g three-companens %;jfstem at constant pressure, four phases
may coexist in an invariant }léquilibrium, and the pronounccment of
the phase rule ig importapt"eXactIy because it specifies that the theo-
retically possible degreeOh, tomplexity must actually be realized.
. This lirttation ean b8 removed immediately by dropping the assump-
tion that the second\iﬁ]uid phase lies on the extension of the line Az". Let
Us assume that“th:e composition lies at some other point—for example,
at 2. In thisyfgy a three-phase triangle A2’z is ohtained which has simi-
larities to tl{c triangle of the binary eutectic solidification described in
Chapter &1{ Actually, the behavior is quite similar throughout, except
that il\ SHapter 1T only one phase, the melt, had variable composition
Whmﬁ%&s in the present case therc aro two liquid phuses, #’ and 2z, of which
the“eomposition can vary. :

<‘; “When the zecond liquid phase begins to form from the mixture of 4

and ', the compaosition of the latter ynust be displaced along the boundary
curve toward m, for this curve specifics the compositions of the phases
contributing to the threc-phase equilibriuvm. The concentration point, &,
must be in the interior of the three-phase triangle. The temperature
must fall, gsince therc is still one degree of freedom, in exactly the same
way ag it does for binary eltectic solidification. Thig fact implics that
along the curve e’z'm the temperature must deerease in the direction from
¢ toward m. Also, the composition of the point z must change with
diminishing temperature and must, in fact, move along the boundary
curve d’zm in the direction from &' toward m.,
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It ig clear that the points #° and z on the bounding eurve must be at
the same temperature, since the corresponding phases are in equilibrium
with each other; hence, the line 'z iz a conode, As the three-phase
reaction proceeds, corrceponding to each temperature there will be a pair
of points cn the curves ¢z’m and d’zm, and these points will eonstitute
the cnd points of eonodes. Several such conodes are indicated schemat-
ically in Tig. 94, Trom the above discussion, it follows at once that
the surface ¢ really constitutes a part of the liguidus surface of,
component, .. It is generated by the gliding of an isothermal line down
the branciiez e'm and d'm of the curve cmd’. : .\\.

In binary systems, a reaction between two melts and one solid fomnis
designaied ss “monoteciic.” In ternary systems, as will be sueii later,
there ray be similar reactions and in addition those in whifh two solid
phases participate (such reactions are invariant). A gedetion of the
type described above will be called a “monotectic thegphase reaction.”

In what manner will the monotecticwtirdbnsidibiragetivg.in the above
tase be completed? The answer depends upon b fiutual positions of
the points 7, y, and z and the displacementg '& © and 2. If the dis-
Placement is such that the composition of ¢he sccond melt reaches the
sceond interscetion of the line Az withsthe boundary curve (y, in the
present casc}, the alloy, z, will then eansist only of the solid form, 4,
and the liquid phase, ¥, while t.he‘ﬁi"sft-’ liquid phase will have been used
Wp. The system no longer possesses three phases but has returned to &
two-phase equilibrium betwcen'\'A and y. The further solidification of A
will procecd therefore ine thewhormal manner by the movement of the
tomposition of the melt‘ahmg the extension of the line Azy as A is pre-
eipitated, This procesaviil continue until the melt encounters the lir}e
#l and the binary ,eli‘tc::-.tic crystallization of 4 and B begins. Th.ere Is
10 need for givigy turther details since the process of selidification is
exactly like 4Haf described in Chapter 1I.

Next, suppbse that the composition of the alloy is such that its repre-
sentativeNpuint lies on the line Ax. During the monotectic ternary
reagkign the melt lying on the z branch of the boundary moves around
fo the point 7, lving on the extenston Az’ of Az, while the melt on th‘e
z branch sfill lie;s on the @ side of m, with the result that the latter Is
tonsurned first. Then, as further solidificaiion takes place, the compost-
tion of the remaining melt will move along the extension of .the line ‘.11::,’1
in the direction toward line gl. Obviously there must be an mtcrmfzdlsftte
eomposition such that neither melt is consumed first, but the two 1"_11_“(15
merge. This point of mergence, m, must have the signifi eance O_f a crlthE.ll
Peint, since the two phases of limited solubility become identical. It is
elear that this condjtion can be fulfilled only for alleys whose composi-
tions lie on the line Am, m being the critical point_. Tn this case, the
monotectic ternary reaction does not end by the disappearance of one
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of the liquid phases but by the mergence of both. Further soluditieation
takes place through the preeipitation of A in the usual manner.

Is is also clear that m lies at the temperature minimun of Lhe curve
&md’. i some other point, ¥, were the minimum, then for 2 puint such
as z, lying between v and m, it would be impossible to find = carre-
sponding point at the same temperature on the portion ¢’ which would
represent a melt in equilibrium with the first one. A point in equtitbrium
with z; could be found only in the interval yd’. This resuli s # 2ongredie-
tion of the original assumption, since the eritical point s diwgd as
being between the two liquid phases of limited mutual =0l

From the above analysis an idea has been pained of {
curve, ¢'md’, of the intersection of the region of hnmijsgiin
liguidus surface on which A is precipitated. This cuﬂ"ef gl Vi
¢ and d’ toward the inner part of the triangle, a.nii‘tt» nuint of lowest
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tempcratu;:f,: toincides with the eritical point m. This point m alse lles
on the c;itg’}a"-l curve kK (Fig. 89), situated on the surface of the dome
of thevfegion of immiscibility.
}f;{'}}e coneentration of an alloy is such that it Hes within the region
’gf. hm_ited solubility, its behavior en cooling will differ from the cases
~\uust discussed only by having the monotcetic three-phase reaction begin
7 as soon as the temperature has fallen to the point where solidification’
sets in. No other process oceurs sinee the alloy already consists of two
llqll_ld phases. For example, suppose the alloy n (Fig. 94) before the
begmnil.lg of the precipitation of crystals of A consists of the melts Z2
and . in amounts determined by the law of levers. During solidification
t-h'e three-phase iriangle Axyy, is displaced by having the side mey2 in
Tig, 94 back downward away from the point of alloy composition. The
process of monotectic three-phase reaction in this case differs in no way
from that deseribed previously for the alloy x. The solidifieation of 2il
allqys whose compositions lic outside the line Agas, which iz the tangent
to the curve ¢’md’ passing through A, is not influenced by the existence

N two [iquids in a ternary

AR,
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1 in the liquid state, since this gap does not lie on their

o,
I to depict the form of the state space which arises

ation process. The reglon of liquid immiscibility,
cimilar to that shown in Fig. 89, rests upon the liquidus
surface of il ¢ jonent A and its line of intersection with this gurface
is the curvs ¢ {Fig. 94). This surface is generated, a8 has been
mentioned, th.ougn the movement of the line d' along the curves ¢'m
and d'm. &0 omothe moviog line reaches the houndary curve of this surface »
—that is. i heeomes tangent lo the curve gmd’. R
Above the surfice ¢md’, the alloys consist of two liquid phases, %1
and 5. According to the general rule (see supplement to Chapter 10§}
this space i adjoin either a one-phase ar & three-phase :sﬁgée. In
the prescot instance, the space helow must be a three-phase one, sinee
the precipitation of the component 4 begins as S0On ag-the state point
of the alioy reaches the surface c’md?«'wTﬁldHEQEFﬁE%}%?g?c?ﬁn between
the two melts, & and sg, and the solid material {4.Qm’st, c(ﬁ'rcspond to a
state spaer of which the form can be pictured,ﬁgost easily by following
the motion of the three-phase triangle Ax'z gFﬁg.‘94] . As has been noted
in other systems, the phase triangle degenerates to 2 straight line on the
side of the prism of state (¢'d’ on side AB). The comer z of this triangle
advances from the side into the interior of the triangular prism and traces
a skew curve ¢'m (actually a kind“el rib) upon the surface of the space

of monotectic equilibrium. lt{is characteristic of spaces in which there

fed with critical points thab two gides of the

cxigt partially miseible pha inci
three-phase triangle, a8 5‘5 and Az, approach cach other and coincide at

a point, as m. The boudaries of the three-phase space mMay be describ.ed
in the following rghafwer, The upper boundary 1s the suriace ¢md’, which
is generated by 4le movement of the conode line. Upon one side t.hc
space rests‘afainst the binary system AB. The boundary surface, which
is the meft \Nntercsting, is the one generated by ihie displacement of an
isothpl‘{ﬁﬁl straight line, one end of which lies on the point A and hence
camadve only in the vertical direction, and the other, starting ab t-‘n:%
poipd ¢, follows along the boundary curve through & and m around to &’.
Since the points ¢’ and d’ lie ab the same temperature, the phase spacc
81 +82 1+ A touches the side 48 only at the one isothermal ling, and hE-l:ICB
is completely closed thereby. It hag the form of an assay crucible l}jng
on its side. The end at A is drawn out in the vertical dirccti_on and Fhe
sides are formed by the curved surface generated by the hontmntal line
pagsing through 4. Where the ¢rucible touches the side AB its surf_ace
exhibits & horizontal (isothermal) crease. The open end of the crucible
is outlined by the boundary curve cmd’.
This crucible-shaped form produces in the
erystallization of 4, & region which prevents the

af the solubihis
paths of soli

It is mew !
through the -
which has a ¢

state space of the primary
{theoretically irpos-
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sible) direct contact of the space of two liquid phases, 5,+ss, with the
space of primary ecrystallization of A by the insertion of a threc-phase
region, & +s82+ A, between these two two-phase regions.  Also, for alloys
in the partial reglon Ae’z, it separates the two regions of primary ervstal-
lization of A from cach other. This space 1= thus surrounded on all sides
except over the surface ¢'md’ by the space of primary solidification of 4,
and for this reuson does not stand out in the ordinary perspective picture.
Q"

N

%7 7
N
Fra. 95, PR\Y
Bpace diagegw eorresponding o

O D
&

Fig. 95 showsz a view of tle combined spaces of monotcetic reaction
snd primary solidiﬁwti{mg\of A. The three-phase region extends out
from c'md’. N\
The remaining state ‘spaces of this system correspond to those of the
mechanical mixtupes{ Chapter IT).
AS

2. Isothern;g{ Sections

We shﬂ\]i\now attempt, through consideration first of isothermal and
then Qo'fs vertical sectlons, to develop & completely understandable picture
c)f' tha& process of solidification, In Fig. 96 iz shown an isothermal section
~aba/temperature below the beginning of the precipitation of 4, but above

NHe initiation of the monotectic three-phase resction. (The assumpticn
has been made that the two liquid phases already exist.) This section
cor{sists of the small region of primary solidification of A and the melt
Whl(.}h in the area s;+s, consists of two liquids of limited solubility.

Fig. 87 represents conditions during the period when the monolectic
three-phase reaction is in process. The region Azz iz the scction of the
three-phase space made by the plane under consideration. It will be
not_ed that this arca has already moved away from the side AB. In the
region Ad'z the primary solidifieation process has heen resumed after
completion of the monotectic reaction. It is evident that the three-phase
reglon s1+3+ A is not directly in contact with the homogeneous melb
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hut is separated from it by the two-phase space 8343, The downward-
moving izothermal plane encounters this region before intersecting the
three-phase spaee, s+ 82+ 4.

The supzestion of two different liquid phases, sy and s, in the phase
field of the homogeneous liquid in Figs. 96 and 97 can have a meaning

www.dbl‘aulibraryg)rg,jn

Fro, 97, Isck ermal gection after the

formatiéniel a threc-phase field in-
volxiid?g3 o melts.

Fie. 96.' Isnthermal section afler the
beginning of solidification of A.

ouly in 2 restricted sense. The two liq,Lﬁds merge into each other and
actually constitute the homogeneous région s. Such a dual designation
is an outgrowth of the concept of a ‘eritical point. In recognition of this
peculiarify, the melt in ite vicinity is marked with a double index {ss).
Below the threc-phase regiopypthe process of so_lidiﬁcation jg no longer
affected by the gap in soh{bfh‘ty

)
F1q. 08, :"§1'

Pogitidn of the vertical sections
An«ﬁ’, Co, and Coa.

4 ..\’ :
e\

Q¥

e other two compopents is

In Figs. 96 and 97 the crystallization of th ‘
e introduced by eomsider-

not considered sinee no new features would b
g them.

3. Vertical Sections :

The four vertical sections designated as Ap, ar; €0, aud Cor 11141*“1%(-]?'-?8;
Way be selected for diseussion. In the interval A of the cutl ’ If-
99} the primary solidification of A oceurs first. The interval zy O




i12 TERNARY SYSTEMS

responds to the region of the two liquid phases. Al o

. the precipita-
tion of 4 from a single liquid phase is resmimd. Tl

vy solidifica.

ton of 4 in all alloys in the inferval dx is folluwiil, Vesinning ab the
temperature of the point 2, by the monoteelic ronrsin helween this
component and the two liguid phases sy ad s Heroo, e popion si+4
is separated from the three-phase space S1+a+.1 el 06 by the
lsothermal straight line gz, A straight isothermal Jiu: . iy bounds the
battom of the latter region, which is the ficld of the 1 i reaction.

The end of this reaction is reached, for all alloys Laving compositiofis to
the left of y, when the phase  has been consumed and ! multenvsub-
stance is composed of y alone. The form of this throe.phes dresymight
also have been deduced from the knowledge that ihe Luwddry surface
in the space diagram was generated by the motion of agg fihiermal line
of which one end passed through 4. Ag the tempcrgitfl.:rr; dropa further,

2\Y

wy w.dbrauljbrary.org.in }
72 O s,
e Ndipra

S N R
A+B+{
. ]
7 r

Fre. 100, Section ¢r (Fig. 98).

the region of primary solidification of 4 ig again cneountered. From

this point onz\tfle freezing process goes on as deseribed in Chapter I,
and no ferther deseription is required.

Nex{;é?msider the eut gr (Fig. 100). In the interval from g to d, the
lattfa;f ?{ieing the point of intersection of the plane with the tangent Ab to
,thf: Tegion of two Liquid phases, the Path of the melt is not affected by the

“Rgbsence of the gap in miscibility. The region of immiscibility can affect
only those compositions Iying bet

: ; Ween d and y, and in this interval a
three-phase area with two liquid melts i encountered during the freczing
process. The upper boundary o

. ] f this ares ig the line of intersection of
the vertical plane with the surface &enerated by the motion of a conode
over ‘the‘ curve produced by the meeting of the immiscibility dome and
the liquidug surface. The point & ig at a higher temperature than ¥

since it lies on a higher conode, However, the difference in temperature
between these points is less than

lower boundarvy of this region can i
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ing that 1§ iz jroduced by the inferseetion of the plane gr with the path
of the isotheraan} line which passes through A and the points of the curve

Thmy.

Over ‘i iniesval do’ the three-phase region will be reached, as the
alloy cools 1 the space of the primary crystallization of 4, whenever
the conode avroe pussing through 4 meets the boundary curve at some
point in th on 27b. Since the point b is at a lower temperature than
#, the hour:duey eurve has the form bz’ shown in Fig. 100, The alloys of
the part .y cncounter the three-phase region upon cooling below they
space of twe ligquids. They leave this region &g SoON 88 ONE of the liqlgid
phases iz vzhausted. In the interval 2'm the first liquid phasge 1o, be
consumed il be s, whereas in the part my it will he 8, m being tp:é erit-
ieal point (Fig. 100). The curve bmy corresponds to the;seu}ghangcs‘
The peiné 7, since it is the eritical point, must lie at the lqw:e;st- tempera-

/N

www . d bl'aulibral'y_grig_in

TFra. 101,
Section Co (Fig. 98). .3

ture. For this reas’siil; “the lower boundary curve of the monotectic field
must drop 3Way\irdm y to lower temperatures if the cut is so.taken that
m lies between 8 and y, No discontinuity occurs at the point b (Fig.
1003, Sin?(:'g‘gmy (Fig. 98) is & continuous curve. )

Let panext consider the cut Co (Fig. 98). In the partial regiont Ce, t}_le
complohent C erystallizes out firsh (Fig. 101). Along en, Ais the first solid
C&@I}ODEH’G to appear. In neither interval does the gap of msolubllltj.r have
any influence. Over no, the cooling alloys pass through the region of
limited miscibility corresponding to two liquid layers, and as soon a8 they
leave it, experience the monoteetic reaction whieh oecurs in the §pace sl—.l-
32+ A. The upper boundary of the area of this reaction (no’, Fig. 101) 181
produced by the intersection of the vertical plane with the surface ¢md
{Fig. 94}. As already described in conneetion with the cut g7, the alloy
will pass downward through the lower boundary of this area when one of
the two liquid layers is consumed and the composition of the other has
reached the second intersection of the conode through 4 {(and, naturally,
through the representative point of the alloy) with the houndary curve
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gmd’. Ttis further ohvious that the temperature of the points in the lower
boundary of this region decreases as the composition changes from ¢ to
the alloy whose conode passes through m and thereafter increases. Again,
ihe point m corresponds to the lowest temperature of the curve nwmo” (Fig,
101}, Further solidification follows in the customary manner for
mechanical mixtures and does not require description.

If the scetion is taken so that it meets the curve zybmy, (Fig. 98) to the
left. of b, the only difference from ¥ig. 101 is that the reglon s +ayf4,
beginning at point n, experiences a bulge on the leit side similar & Mat
shown in Fig. 100. A more exact determination of the form of jffl\?lE\-‘.”CCt'iUn
wiil be left to the rcader.

On the section Coy, which does not meet the region of il immiseible
liquids, precipitation of either A or C begins in the noffpul manner over
the entire length (Fig. 102}, The alloys in the inf;p@ial dy0, move tem-

wpwrw. dbraulibrary . qrg.in

D
’\ g
e, X ;
ke
AP 102,

Section Cen (Fig, 953,

Oy

porarily inte, tlifs Tegion 5,450+ A as solidifieation proceeds. The bound-
ary curve,of the three-phase area is simply the cross-scetion made bY the
verticalplaric passing through the erucible-shaped region described above:
T‘he\%cuntinuity on this boundary which was shown st 7 in Fig. 101 has
digappeared, since the three-phase field is entirely surrounded by the one

patate space, s+ 4.

\
) 3

C. Gar v SoLUBILITY IN THE
Liguip Starte INvERRUPTS A EuTECTIC CTRVE

1. Process of Crystallization. State Spaces

. It is well known that in & binary system of the mechanical mixture
type which exlibits a gap in solubility in the liquid state, the entectic
cannot ocour 1n the gap. If the euteetic did occur within the field of two
mcomplet}ely miscible liquids, four phases—1iwo solid and two ligruid—
would exist simultancously, a condition which would be in violation of
the phase rule, which specifies that only three phases can exist in equilib-
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rium in & binary gysfemr. Since in a ternary system there iz one more
degree of frecdom, this difficulty disappears and the possibility of a binary
entectic solidifteation occurring in the presence of two liquid layers
actnally exists. Thiz caxe will now be examined.

Let it be assumed that the position of the gap in solubility is sueh that
the curve of the meif saturuted in both A and C—line ki in Fig. 103—runs
into it. The question may new be put concerning the manner in which
selidification occurs wnder such circumstances. The alloys with composi-
tions in the field Aik will first be considered. After the primary crystal-
fization of 4 is corpleted, these allovs undergo 4 hinary solidification of
dand € together, during which the composition of the melt moves along,
k. Upon reaching i, the curve cneounters a region where greater compli
eation exisis, The melt ¢ finds itself in cquilibriun with anathey;,rﬁelt, 7,
which fics on the oprositc side of the gap and at the same temperabure, ij

www. dbra uljbrarjy?)r\g.in
€ AN\NVd f &

Fe, 103

Triangle of coneeantrations of a
mechunieal mixture having in the
liquid state o gap in solubility which
interseels & euteetic curve,

(4

R

being the conode which conndels the two melts, The system of four phases
I;;:;U solid, A and (?.,.:Einfi two liguid, ¢ and j—must be invariant.
I‘Oact'ie, 1t‘_0f111 exist At<enly the one temperature, and furthermore the
theiy zn “'hm'_h_ocﬂl?.%‘"cfin change only the amount of the phases but not
individﬂmlposn On:-\" It i3 at onee evident that the arl."angeylent- of t.l?e
case (Cu"‘ SJE:%'E’&‘ 20Ints in Fig. 103 corresponds to the invariant cutectic
in the ?Hlp\arg Chapter I) and that the reaction wh‘ich 0ccurs H.lllst result
e ],E}\Ilgf}tl{at{nn or decomposition of the melt i: zéA—FC’—E—;. Such a
tio% hls (tESIgnated a2 & monotectic four-phase reaction. For an extrac-
from lefte;;’-the erystallization of 4 and € occurs, or the reaction runs
ol only ¢}, ’?ght As soon as the melt 7 is exbausted, the system consists
can nznw e three phascs A4, C,and j. The binary cutect}c erystallization
Blentip Teslime it DProgress. The melt moves along i f;o. the t-a:{nary
taneou-)]pumt Lat which all {hrec of the components are precipitated simul-
usly.
Sai;rlzinsaillld,lﬁcation of the alloys of the field Cik is aclcompllished n the
£ twg rzu"’ Xeept that therc is o primary erystallization of C, not of 4.
&0us of binary cuteetic crystallization of 4 and € are sepa-
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rated by a plane of invariant equilibrium resulting from the presence of
the two Hquid layers.

Freezing of the alloys in the triangle 4in takes plaes in the following
manner: Some time after the melt has hegun to precipitate eomponent 4,
1ts composition reaches a point on the interval ni. There then begins in
the same way as described in the previous section, the formation of a see-
ond liquid phase having a composition represented by @ yeint or the line
dj. More exactly, the composition of this new phase iz at the opposite end
of the conode which passes through the composition of the first Phaee.
During the monotectic reaction which oceurs, the amount of, he, melt
lying on ni decreases while the quantity of the liquid phase onghaifterval
dj beeomes greater and, simultanconsly, the erystallization & A proeceds.
The temperature drops during this period and continupg™e do so as the
reaction continues, and the two melts move along the t& o rouandary eurves
until they reach the points 7 and j, respectively. JBOth are thon saturated
in both 4 and medﬁraniibﬁalpoﬁﬁgoﬁlgoljdiﬁ@_t.jgn progresses as it did
for the alloys of the region AiC—that is, the/3wariant reaction between
the four phases 4, C, 7, and j takes placer After the conclusion of this
reaction, the binary solidifieation of 4 ahd"C is continued with lawering
temperature as the melt moves along {he-eurve jl.

In the partial region Anc, the first Melt is consumed before the point £
is reached and also before the séj:imd melt reaches § in passing down the
curve dj during the monotectidernary reaction. Alfter the melt of inter-
val cn is exhausted, the pr'{nary erystallization of A is resumed, and upon
is completion there oggiine the binary eutectic solidification of either A
and C orof 4 and B topether, depending upan the composition of the alloy.
The solidification ghthe alloys in this area takes place in exactly the same
manner 4s in th€’ase deseribed in section B.

The freezing of the alloys lying in the field cie jd differs from the process

Just described only beeause the separation into two liquid layers occurs
before selidification begins, and consequently the monotectic three-phase
reachion starts simultaneously with the crystallizing process. The three-
pliase reaction is followed cither by the primary solidifiation of A or by
£ \the’ monotectic four-phase reaction.
" It has been assumed that the region of two liquids extends beyond the
eui‘:ectiC curve ki and has some such boundary as the curve imj. The two
points ¢ and j lie at the same temperature since they are the end points of
a conode. Since the liquidus surface on which ¢ begins to be precipitated
s]op.es dowm.a.'ard toward ki and i, the curve #mj, which is the line of inter-
sectmn. of this surface with the dome-like region of two immiscible liquids,
mus% rise to hipher temperatures ag it leaves ¢ and j. Exactly the same
considerations which in the previous section demonstrated that the critieal
point, m, lay at the minimym temperature, show that in the present n-
stance it corresponds to the highest temperature on the curve.
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rated by a plane of invariant cquilibrium resulting froms the presence of
the two liquid layers.

Freezing of the alloys in the triangle Ain takes place ™ the following
manner: Some time after the melt has begun to preciplivic component A,
its composition reaclics a point on the interval ng There len beging in
the same way as deseribed in the brevious section, the furiaaiion of & sce-
ond liquid phase having a composition represented by 4 ;oint or the line
dj. More exactly, the composition of this new phase 1z af, th [_:pposite.gnd
of the conode which passes through the composition of i first nhase,
During the monctectic reaction which oceurs, the amauni of ghe’ melt
Iying on ni deereascs while the guantity of the liquid phasce optlle mterval
dj becomes greater and, simultanecusly, the crystallization ¥4 proceeds.
The temperature drops during this period and continued ¢a%io so as the
reaction continues, and the two melts move along the tvé/boundary curves
until they reach the points 7 and J: respectively. 25t are theo saturated

in both A and @pexsdl brosal b 6RIERD solidiﬁ{ation progresses ag it did

for the alloys of the region AiC'—that is, the/Invariant reaction between

the four phases 4, C, ¢, and } takes places “Wfter the conclusion of this
reaction, the binary solidification of 4 ahd*C: is continued with lowering
temperature as the melt moves alon g the curve jI.

In the partial region Ane, the fizgt "Melt is consumed before the point i
is reached and also before the se@nd melt reaches j in passing down the
curve dj during the manotectic“ternary reaction. A fter the melt of inter-
val en is exhausted, the pri ary erystallization of 4 is resumed, and upon
its completion there 0colirs ‘the binary eutectic solidification of either 4
and C or of 4 and B together, depending upon the composition of the alloy.
The solidifieation of the alloys in this area takes place in exactly the same
manner as in thelcase described in section B.

The freczipgiol the alloys lying in the field ciejd differs from the process
just dcscr%bgd only beesuse the separation into two liquid lavers oeceurs
bCfm.C f\a\ﬁdiﬁcation begins, and consequently the monotectic three-phase
reactiomstarts simultaneously with the erystallizing process. The three-
phagevreaction is followed either by the primary solidification of A or by

{*he“monotectic four-phase reaction,

It h_as been assumed that the region of two liguids extends beyond the
eutectic curve &7 and has some such boundary as the curve imj. The two
points < and j lie at the samo temperature since they are the end points of
a conode. Since the liquidus surface on which € begins to be precipitated
slop_es dawnward toward ki and il, the eurve imj, whibh ig the line of inter-
scction of this surface with the dome-like region of two jmmiseible Hquids,
must rise to higher temperatures ag it leaves ¢ and j. Exactly the same
eonsiderations which in the previous section demonstrated that the critical
point, m, lay at the minjimum temperature, show that in the present 1n-
stance 1t corresponds to the highest temperature on the eurve. '
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‘e tion of the alloys in the region Cimj proceeds with the
i {7, the corposition of the melt eventually reaches a
-+ mj. 1f the composition of the melt reaches a point fo
the left of . is formed a new liquid phase of which the representa-
tive poing Ling <1 tie Interval mj. On the other hand, if it reaches a point
to the rigi.. o7 %, the new liquid phase has a eomposition represented by a
point on i, If the composition of the alloy is on the line joining m and
0, the path f ikr melt will reach the point m and the hitherto homogen-

eous meii will separate into two liquid phases. This change occurs in thed
tsual marner experienced by a cooling melt when it strikes a eritieal
point on tLe surface of a space within which two liquid phase?,,\é)?is}?.
During the monotectic reaction which now sets in, the erystal ligation of C
tekes place, accompanied by a drop in temperature, while the fiva liquids
move alorg the boundary curve toward and j, respectively’OWhen they
reach these points, the precipitation of A begins. Theg¥Stem thus enters
the stage of the proviously describedwrsondterssidifouirylage squilibrium
in which the reaction proceeds, a3 stated before):11{\1t11 the melt ¢ 15 ex-

R &S

As the &
erystaliizing
point on tic oir

Fia 104 &N
State space of the regitmy, of immisei-
bility (Fig. 103}. o

€3
8\ 3

&

N\

hausted, Whﬂeumﬁ}tﬁc simple binary
begins. For théalloys baving compositions
of immiscibility, the three-phase reaction s
beginning ‘G solidification. ‘
It iﬁéd"fv possible to take up the form of the state spaccs which develop
duriiAhe freezing process. The lower boundary, cimjd, of the space of
tWoliquid phases consists of two parts. Tn part écdj, the temperature de-
treases in going from ¢ toward i and from d towarc% j- In. part imj, t-}‘le
temperature rises in going from and j toward m; i is an isothermal rib
on the lower surface of the two-liquid state space. This st:atc space has
the form shown in Fig. 104 when viewed from below in the dn"‘ecfmon of t:he
arrow z8. The face, dzc, lies in the binary system AB; xynjd is the hfdj
den pertion of the upper and side houndary surface of the space, and o:’c'zm;
is the previously mentioned two-part under surface; ™2 18 the Gl“ltlcal
curve which lies on the part hidden from the observer. This eurve inter-
seets the curve cxd at the point of maximum temperature, 2. _
Adjoining the underside of the space just deseribed are two monotectic

eutectic crystallization of A and €
in the part imje of the region
tarts simultancously with the
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three-phase spaces, one having two liquids and the solul 4, and the other
with two liquids and the erystalline €. The outlines «f e first are ob-
tained in 8 manner similar to that used to deduce the form of the crueible-
shaped space described in the previous section, but with the additional
consideration that in this instancc the lower boundury is an isothermal
plane. The situation may be described by suving Lhal the monotectic

Fia. 105, O

[ Ly e -k N
State space of s+ s - CL O\

™\
three-phase reaction is prematurely stopped by the cccurrerite of the in-
variant four-phase reaction. It will be seen further opf e this condition
affects the diagrams obtained by taking vertical sectiﬁn; .

The three-phase space, in which the crystallind\NE in cyuilibrium with
two liquid phasts, Hak %UTL%J}%%I}YH%@&&(I n 2105 when viewed in the
dircetion of the arrow (Fig. 103), Tts upp@j\’ééundary is generated by the
movement of an isothermal line passinghgough (' and moving along the
boundary line imj; below, it is limited bythe partial plane jCi {Fig. 108)
of the monotectic invariant equilibrivin.

Of the remaining state SPaceg,. i{‘nne have properties which have not
already been covered in Chaptdel,

2. Isothermal Sections

Let us assume thatﬁlﬁ?:’ebmponent A has the highest melting point. 5o
long as the region 0~f primary erystallization of this component does not

Fre. 108. Ilsothermzlxl section after the Fia. 107. Isothermal section afier sope-
begm_mng of solidification of 4 and ration of the fields of congentratioll
£ (Fig. 103).

of the two melts.

encounter the space of two liguids, no complication arises; henec there 15
no necd to consider an isotherma] sectlon at these temperatures.

In Fig. 108 is shown an isothermal section which cuts the three-phase
gpace of the two liquids s, and &z and the solid A, but does not involve C
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in the three-phi s> i oilan, The outlines of the areas of erystallization
of A corresponed i olisely to those shown in Fig. 97. At this tempera-
pure the erystalinnon ul (' procecds from one liquid in the normal man-
ner. The see:iv, =uiwn i Fig. 107 corresponds to & lower temperatire
gt which there 1< . hree-pliase cquilibrium of ¢ with two liquids. The

triangle sq4-g.-i i vertesponds to & horizontal seetion through the state
space shown in 'ue 105, Between the two monotectie {hree-phage reglons
lies the area of tww ipuids. The binary eutectic crystallization of A and C

<, Tig 108 corresponds to the temperature of the conode
liquids and also

has already bey
i (Fig. 103, The wo three-phase regions having two

Fic. 168,
Tsothermeal soction shortly before
the completion of aolidification.

the region of binary eutectic cryst-alliz;’ai;'{on of 4 and C along the left have

all met together. They reveal dhe form of the four-phase quadrilateral
After melt, s, has been consuged, the three griangles s+ 5+ 4; s1+82 10,
and s, -+ A+ (7 are repla-cécébj? ’the one triangle s+ A+C and the binary
eutestic erystallizationroceeds in the normal manner.

3. Vertical Sectigis™

The SectionS'\i}t;ssing through A but missing the conode #j present o
Situations digél‘\%nt from those discussed in section B. In Fig. 100 18
shown thé: eut Ah (Fig. 103) which follows the line passing through
COIEP@H@'ﬁt A and the eutectic in the binary gystem In _t-he part 4b,
th€re\fitst oecurs the primary crystallization of A. With sinking tre_mpel.‘a-
ture; the composition of the melt, approaches p. When it reaches this point
the montectic three-phase reaction 81 48944 sets in, but is interrupted by
the invariant four-phase resction as soon a8 the two liquids reach.the
respective concentrations i and J- Continued freezing eventually brings
on the stage of binary eytectic erystallization of A and C. Hence, 0ver
this composition range (thab 18, Ab) there are rnet succeseively the three
arcas s+ A, s;+s2+ 4, and s2 7+ A+C (Fig. 109} separated from gach other
by isothermal lines. In this connection it should be remembered that the
adjacence of the last two regions is only apparent. Actually they are
separated from each other by the invariant four-phase system- In the
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interval be the primary precipitation of A oceurs from the mixiure of two
liquid phases. Over eg the fiesi evidenee of freezing is the solidification of
( from the same mixture. The curve eg (Fig. 1091 iz Ui trace of the
front surface, jmie, of Fig. 105 upon the vertical plane Ak, the point g
eorresponding to the place where the plane crosses the rih jma; go repre-
sents the cut made by plane Ak with the partial surface j0'Cm, which is
turned away from the observer in Fig, 105. From this figure it iz evident
that the lower boundary of the field s4s:+C must be an isothermal
straight line, a fact which is required by the cxistence ¢f the invariant
equilibrium at the close of this reaction. The precipitation of O from
homogeneous melt i the first event in the interval gh. In the igteryal go
{Fig. 103}, the path of the melt encounters the line gj, and hofice s mono-
tectic reaction involving sy, s, and € oceurs. On the p‘th‘el hand, the
alloys of ok are uninfluenced by the region of the twu,if\nmi;scib‘le liguids.
\

/N
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Fz, 109, Section Ah\(Fig, 103). Fig, 110. Section Op {Fig. 103).
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Let us next{consider the section Cp (Fig. 103} which is exhibited in Fig.
116. Ovpr{j;he interval Ce, primary crystallization of ' oceurs first: oVer
Ces, ff@lﬁ homogeneous liquid; and in the interval c,e, from & mixture of
tv&fa l;i’qmds, as shown in Fig. 110. Trom e to p, A is the first wolid con-
"\gt'}t;mant to be precipitated from the liquids s; and s,. The upper and lower
‘Potndarics of the region s,+s,+C must be isothermal lines, since on the
boundary surface of {his space (Fig. 105) all lines passing through C are

conodes.
Pf section which passes through p and to one side of but pear € will have
a dlagr'am similar to that shown in Fig. 110. The most important differ-
ence will be that the region s; 482+ C will not extend to the side of the
Se?tlﬂn, as will be quite readily understood frem studying Fig. 105. 1o
this case, the region s;+s;+C will have a form somewhat like it has in

Fig. 109.
The reader may be left the problem of working out the cases where the
vertical plane cuts the three-phase spaces s, +s,4 4 or 5, +ss-+C, but PO
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the space of two liguids. It will be found that the three-phase rcgions
having two molten phases will be involved only temporarily during the

L4

freezing process.

D. ApprTioNan Casus wiTiH A SOLUBILITY GaP IN THE L1QUID STATE

It i3 evident that the fundamental possibilitics for the case of a
mechanical mixiure with eutectie and the formation of two phases in the
liquid state arc exhausted. Just as it is impossible in & binary system for
the cuteetie to oceur in an interval of two liquids, so {or a ternary system\
it is Limpossible that the ternary cuteetic shall {all in the region ofatwo
immiseible liquids. 1f this should oecur, there would exist simultag’cbnsly
the five phases s, s2, 4, B, and €, a condition ¢ontradictory ta the phase
rule, On the other hand, there is the possibility that threc hmud phases
could exist in a ternary system. This case will not be tak@n up sinee it
has not been known actually to oceyr,  Like ?&TCE: no (30131”%s eratlon will be
given to other constitutional cases mvolvmg two 1q1¥ Js Sueh as systems
in which solid solutions or compounds oceur in the\ﬁtﬂld state, since these
present nothing {undamentally new. In thla\wlume, only the funda-
menital problems ean be presented. o\

o’



Chapter VIII

Two Binary Systems Form Unbroken Sevizz of Solid
Solutions, the Third Has a Gap in Miscibility
in the Solid State

1. GeENerAL. PRoCEss oF CRYSTALLIZATION. ST.

N
A,

e\
N aCES

In the constitutional problem now being set forthgdina?it be obzerved
that results found in Chapter VI for the liquid stafe i, mder eertain
conditions, be appliedbtasiitaaljossg in N4

In Fig. 111 the constitutional diagram is shewn with tl:e i inary systems
laid down about the concentration triangies ' Systems A sn BC form an
unbroken series of solid solutions withd@f)maxima or miv s, bub in the
third system, AB, there is a gap jn sollibllity and 2 eutectic naint. In the
liquid state all three components afe'mutually compleiciy »nindle,

Fra. 111. .

The triangle of soncenirations
in the case of a miseibility g8p
the solid state in one binary sYs”
tern and complote tmiseibility in
the liquid state.

" The points ¢ and d specify the limits of the interval of insolubility &b

the temperature of the eutectie point in the system AB. This gap extends
in some manner into the ternary system. It eannot, however, reach the
other binary systems, since these possess unrestricted solubility in the
solid state. Henee, it must end within the ternary system. Such & situd-
tion can exist only if the two branches, ¢e’ and dd’,"extending out from ¢
and d meet in some point, m. Tn such an event the compositions indicated
by the two branches must obviously beecome identieal, Since the t%0
crystalline solids @ and g separated by the gap thus become jomned 0
gether, t}}GSG two phases must be the same at the point m. Therefore, the
point m is a critical point in the scnse employed in the previous chapter.
122 :
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The {forns
about tit

21 theory concerning heterogeneous equilibria is not concerned
olecular state of substances, but deals with the erystalline
gtate just &3 with the liquid or gaseous. Therefore the hypothesis of a
eriticat point in the golid state may be treated in exactly the same way as
wag done i vho previeus chapter when digcussing regions of. insolubility
and critics! phenomena, However, it 18 desirable to mention briefly the
possibility of such a eritical point from the viewpoint of structure,

An Iso + phage, whether a liquid or a gas, is defined by its volume,
pressure, Sooperature, and composition. No more facts are necessarys {
hence, v Liguide which possess the same pressure, temperature, and com-
position a1} aiso necessarily the same volume, are identical. A different)
situstion exists with respect to the crystalline state. For solid su})&tﬁnces
there is to the variables of an isotropic phase, a new charagteristic
—namely, the degree and character of their anisotropy. A crgaial may be
regular o hexagonal, and in the latter casc may have~different axial
ratios. This pew factor is not & true indewed bent nbriablectiom the view-
point of phase theory; it cannot be varied, becausq«@ch erystal posscsses
a definiie and characteristic state of anisotropy., However, there is the
eonseqience that two crystals of the same yolume and the same composi-
tion but with different crystal forms may gppear to be unlike substances.
The experiments of G. Tammann on tHe application of pressure showed
many instances of two crystal formsélf bne substance existing beside each
other at the temperature of trapsformation and although their volumes
were identical, they had decidédly different properties.

In view of these facts i does not follow at once that if two crystals
@ and 3 have the same c,onx;osition as they do at point m (Fig. 111) they
are identical. 1t is more/logical to inquire under what eonditions such an
assumption can be(thade.

Obviously tllea.cz\éonditions must be similar to those necessary for the
formation of\sin Anbroken series of solid solutions between twa erystalline
substances, \Experience has shown that. one requirement is that the space
lattices<gb the two components must be the same (within small differences
of.ét‘c{m{c distance). That this condition is necessary but not sufficient
to iure uninterrupted miseibility is also known.

If the metal ¢ forms solid solutions without restriction with both 4
and B, the space lattices of both 4 and B must be gimilar to that of C, &Fld
hence to each other, Obviously, this hypothesis is gatisfled in .the dia-
gram of Fig. 111. Since the space lattices of @ and § become continuously
more nearly alike, the crystals differ only in composition and become
actually identical inm. T herefore m is a critical point. o

The above analysis has yielded a concise picture of the constitution of
the alloys in the crystalline state. The diagram exhibits & break in
solubility, emd, of which the boundary, in general, changes with temper-
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ature and which has fundamentally the same nature as a vegion of im-
miscibility in the Hquid state. It can also happen, in comirast with the
gituation presented in Fig. 111, that the gap in solukalily is entirely
within the solid state and is closed above by a eritical poini. In this case,
the system AB also freezes as an unbroken series of solid wwlutions. Cor-
responding to each temperature there iz a point, m, tn which the two
phases present in the gap become identical. These points way therefore
be termed “partial critical poinls” and the continuum of all of them de-
scribed as a “critical curve” as mentioned in Chapter Vil. Conderning
all these situations there is nothing to be said beyond the analgsis given
in the previous chapter. R s,

Let us next consider the solidification process in soms dotail. If the
break in selubility, emd, extends from low temperaturediiphis: the [reczing
point, then during erystallization a three-phase equilibrium will develop
in certain concentration aress. The melt and thet erysts] forms,  and
8, will pm‘ticiﬁﬁ%‘ﬁtﬁ%ﬁ@émﬁffﬂf‘iﬁﬁﬁ‘wmch mgxbe considered analogous
to the monotectic state space dizcussed ingghe’ previons chapler, except
that in the latter there were two liquidsﬁf-‘md one erystailine substanee.
The three phases will lie at the corner® ol conode triangies, us illustrated
by zyt in Fig. 111, If the curves ez ard dyd’ slope away from cand d to
lower teraperatures, then, as scef from ¢, the point {, representing the
melt, must lic in frant of the gonoﬂ'e Ty connecting the two crystalline eon-
stituents. In Fig. 111, this*agsumption regarding the downward slope of
cze’ and dyd’ has beenghfde. The continuum of composilions of melts
which participate ir;‘t.h} three-phase equilibrium is represented by the
curve fh. The position and nature of its end point, A, will be the subject
of later discussioh,

The freczing’ of the alloys having compositions outside the solubility
gap procegds,with one cxception which will soon be explained, in exactly
the same fianner as in a system having complete solubility in the solid
stat\e\For example, suppose the alloy, I, begins to frecze in such & wa¥
thzi;g a solid solution of composition k& is precip;itated_ The compositions of
¢hoth phages then follow along their respective curves in the way depicted
yin Chapter III and the molten material is exhausted before its paih inter-
cepts the line fh and, aceordingly, before the requirements for the {orms-
tion of & three-phase equilibrium are satisficd. 1f the melt should reach
the curve fk, then the solid metal precipitated would nccessarily have 8
composition on the curve dd’c’c. This situation would be impossible
because the average composition of the two phases which compose the
alloy must lie on the conode connecting them. Therefore, the discussion
of the freezing process may be limited at first to the allays which lic insid®
the miscibility gap ce’md'd -

The freezing of the alloys of this region occurs in the same manner 89
for the compositions deseribed in Chapter V which fall in the miseibillty
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gp. After the primars erystallization has been completed, the melt
enters the three -phuse resion in which two kinds of erystals are preeipi-
fated. The three-phase (rangle shown in Fig. 111 is displaced to lower
temperatures 1 i e conode conueeting the two solid phases reaches the
point represeriing {he composition of the alloy. Solidification is then
complete,

Some of the conode triangles (of the type zty), more exactly, those for
which the conceniration of the melt lies near point b, project beyond the
rgion cc’d’d, g 112 shows such trigngles on 2 large scale. One of the

forners of these iriangles lies on the curve of the eutectic melt f, while
the ather two are an the curve e'md” on opposite sides of the critical Roin
M. The envelope of the two sides of the trian
tonstitutes the suriace o'md'nhoc’. *
The allovs which lie inside this region constitute the execpiion men-~
tioned above. Repardless of the faet that they lie outﬁia’e the hetero-
www.dbraulibrary, yg.in

gles whose apices Jie.on fA

7N
<

Fi. 112,

_ Process of [reezing shown in
Fig. 111,

Eeeous region, thed :c;{periencc during their freezing an interval in which
they break up iptolihree phases, as shown by the fallowing analysis.
Let us can, dder’ an alloy of the composition p, Tt will begin. to golidify
by Precipitabing solid solution of some composition {, During further
so}idiﬁ@.&fﬁioﬁ the mels and the solid solution will follew paths whose cor-
espofiding points are connected by conodes passing through p. This
Sttuatien continues only so long as the alloy consists of two phases. ’I"he
two lines ¢y and gr, which pass through p, are conodes. Hcpce? during
frecaing, the alley p at some temperature, Ty, consists of the Jiquid s and
the crystalline &, while at some lower temperature, T, it is eomposed of
%lid solution of eomposition ¢ and melt of coraposition r. The second
‘emperature, T, must be lower than T, since the temperature deereases
In passing along the curve d’gm from d’ toward m. During solidifieation
of the alloy, the composition of the solid solution moves along the curve
W from ¢ toward &, while simultaneously {he composition of the melt
follows the curve pus. When the points d” and s, respectively, are reached,
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the precipitation of a second solid solution begins. The alley then enters
the three-phase region, the point p, moving into the conods t:langle of the
three-phase region. An example of such a triangle is vy the tem-
perature drops, the compositions of the erystalline phases ol along the
curves d'ug and ¢’zz, while the composition of the mell ninves along syr.
The amount of the second crystal type, which lies on the worve ¢rz, first
inereascs and then decreases, and finally becomes zero as ihe tamposition
reaches z, since at this peint, the alloy p again eonsists of twn phages,
g and r. Thus, the three-phase region is Ieft behind and Lustier solidifiva-
tion proceeds as in the simple cuse of homogeneous =olid . 'S:utiﬂQs; the
composition of the melt continues along some curve, rr’, « fultof the
solid solution starts from ¢ and finishes at p. The finu

freezing process is a hamogeneous solid solution, p.

L1

$ }
Fea\I13.
. ’."“ Space disgram corresponding to
«) Fig. 111

N

Fig. 113 shoms™the space diagram for the case under ronsideration.
The trough ix tBe liquidus surface beeomes flatter in going from F toward
H, and gligahpears at the latter point, Below H the liquidus surface is
contintehs!

Thag part of the space of binary eutectie erystallization which relates
towlloys Iying within the heterogeneous region ec’d’d (Fig. 111) has cxactly

“\the samc form as the one considered in Chapter V. Tt is a three-edged
space which extends inward from a conode on the side AB and becomes
rapidly narrower as it approaches the point m. The upper boundary of
the region is formed by the movement of two conodes which intersect each
other on the curve fk of doubly saturated liquid. The lower boundary 18
formed ‘by the downward gliding of the line which ties together the 0"
responding points ed, xy, ete. For alloys within the curve cc’d’d, the JoWel
boundary surface is reached before the melt sttains the composition h*

* Note by trapslator: The original has m instead of 1 i lation
) the h used in thig translat
'I;lkxe meiﬁt tiiloes not at any time have the composition m and certainly not all t
gcfooys %h e region of immiscibility become solidified {reach the hoftom surfact
b re the composition of the melt cxtends heyond the boundary ec'd’d (or ¢¢™
Or congistency with previous methods of specifying such regions).
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The zitustion 18 quite different for these alloys outside the hetero-
genegus region in which, temporarily, three phases are formed. On the
upper surizce of the ternary state space the rib fh 1s still to be found.
The lower boundary has transformed into a curved surface, The form of
the cntire three-phase space is difficult to represent by & sketch. It can be
undersieod more satisfacterily from the sections shortly fo be described.

2. I:OTHERMAL SECTIONS

The izothermal sections above the region of binary eutectic erystalliza- »
tion reveal nothing in addition to facts brought out in previous cases.
An igothermal section (Fig. 114} at about the temperature of the euteetip,
eurve {4 is of interest. As the temperaturc decreases, the threefpiiase
triang!s cxisting in the successive sections becomes narrower %ntgl,’upon

Fic. 134, Izothermal section in the t\rmﬂ Fie. 715, Isothermal section of the sys-
5

peraiure range of binary eufeetic tem shown m Fig. 1_14 after con-
crystellization (Figs. 1114@5‘ clusion of the eutectic crysialliza-
tion.

reaching the tempefatire of the point %, it has shrunk to the com.}de mh.
At the same timgﬁxé boundary curves of the area of the melt against the
regions 3+G,\&ﬁd's+ 8 gradually undergo a realignment and at the' tem-
perature himeet to form a continuous curve. For temperatures slightly
below fr,,\’tHE various areas are the two-phase portion a+ 5, the band 9f
hotGaencous solid («, 8) solution, the two-phase field of melt and solid
(‘"37‘} ‘solution, and finally, adjoining the component ¢, the single-phase
field of the liguid alloy (Fig. 115).

2. VERTICAL SECTIONS
sections are those which intersect
outside of the heterogeneous

Of gpecial interest among the vertical

the part of the three-phase space which lies _ T
Tegion; in other words, those which pass between the points m and . e

tuts op, gr, vy, and wu will be examined (Fig: 116). The section opl 1
represented schematicalty in Fig. 117. Tt s Si}’.‘ﬂll&[‘ to one of the teﬂ):iamh}; ‘:i,
given in Chapter V and requires no explanation. It may be noted,



128 TERNARY SYSTEMS

cver, that the intersection point o; with the three-phase space lies at o
temperature higher than point py, in agreement with the positions of the
conodes in Fig. 111.

In the section gr the curve fh of doubly saturated meit still produces a
crease in the liguidus surface; henece, there is a kink, ¢, in the corre-
sponding enrve i Fig. 118. On the other hand, ull the 2luvs of this sce-

A S on K
T 7 ~
17y
w.dbraulibrary org.in
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Fic. 116. Position of the vertical sec- ,Fi&.\l'l'?. Section op (Fig. 118).
tions op, gv, wu, vy, and 4b, - g

% 3
S

tion are homogeneous in the =olid staj:é;émd henee the solidus curve must
be continuous. This apparent coz)tfrfafdiction is explained by the eircum-
stance that the threc-phase spacg‘in the interval between m and A does
not make contact with the region of the solid state. The section of the
three-phase field shown ifiNFig. 118 has the form of a suspended zack.
This sack-shaped ﬁelfiz“mfmst have a continuous lower boundary since the
,\\..
O %

F 7 E:
Fie. 118, Section gr (Fig, 116). Fic. 119. Section wu (Fig. 116).

erystalline phases in the adjoining field comprise an unbroken series of
solid solutions which, however, vary in cormposition from o to 8.

The eut ww goes through the points h and m which lie on a conode and
are, aeccordingly, at the same temperature.  In this eut the liguidus curve
is of the continuous type, because at the point A the crease outlined by the
curve fh has been flattened (Fig. 119). Over the interval ush, B solid solu-
tion is firgt preeipitated, and this process is followed by the binary eutectic
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erystallization of « and B, as shown in the triangle hmaue of Fig, 119
After cocling through this three-phase region, the alloys next enter a
two-phase area, cither a-+ 8 or melt+. Characterizing the solid solution
precipitated below the threc-phase space of « and especially contrasting
it with i quite arbitrary, since m is a point on the critical curve lying
on the houndary surface separating the region of one solid golution from
the space of the mixture of two solid solutions. On this curve the erystal-
line phasce are identical. In general, the curve mim (Fig. 119) does not
coincide with the critical curve and hence a choice between the forms
« and § may be made. However, if mm, does coincide with the eritical
curve, whick is a possible case, such a differentiation is impossible. . The
eritical scparation eurve mmg then indicates, in this special cageonly,
that to the left of it the two substances @ and g have become identjeal in
character. For this reason, in Fig. 119 this field has been{n@irked (28}
instead of simply «, O
W\\!W.dbl'aUlibT‘Q'y_org_jn
o \¢

7

)

v V
TFra. 120, Section vu (Figm)- - Fm. 121, Section 4b (Fig. 116).

The cut v (FigM20) is quite similar to that shown in Fig. 119. ‘The
three-phase fieldABG longer separated from the s+« region by a borizon-
tal line, since thothree-phase space i cut slantingly by the pi.ane v The
interzcctionf  of the vertical plane with the curve fA must lie at a higher
tEmpergtﬁﬁg than ite intersection, ¥, with the curve cc'd’d, for the latter
lieg i'nsia?c the isothermal conode triangle associated with . ‘

Seciion Ab (Fig. 121) has a special form which arises from the cond_l-
tion that it cuts ihe three-phase space twice, as is quite pO?SlblC: first, in
the interval gk and again in the vieinity of the curve fh (Fig. 11_6)‘ 'I:h:a
situation cxists beeause the three-phase space lies partly ou_ts@e o d d
and has an arrow-like projection extending toward h. Th(? liquidus line
of this section shows a discontinuity at the intersection with fh; to the
left, of the digcontinuity is the region of primary crystallization of % and
to its right the region in which 8 is first precipitated. At the dlSCOI:l‘
tinuity, e, a three-phase region is joined on in the manner already shown
in Fig. 118. The areas of primary golidi eation of @ and B comp‘letely
surround the small three-phase ares. After completion of the primary
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erystallization of «, the alloys of the interval gh enter the vegian of binary
euteetic solidification of @ and 8. The plane Ab cuts woiyv i sides of
the conode triangle which generates the ternary space - iv, the side
which connects the melt with the o erystals and the sid 11 connects
the « and 2 solid solutions. At mo point does it make couvisct with the
third side, whieh ties together the melt with the associater 3 substance.
Hence the left-hand three-phasze region has only two bouwsuary curves, as
shown in Fig. 121. Just below this field is found the L+.-;iase ayeg of
o and A solid solutions,

The circumstance of a plane intersecting a state space bwin emebcnts no
peculiar difficulties and may appear in other instances—ior &7 "}\UTP if the
houndary surface of a state space has a complicatedagli ivhled form.
Such forms are readily possible, though they were ugh \pc iated in the
constitutional case which has been deseribed. In Qh&mcﬁ. ¢ given above,
the double mtmsectlggra Ipse from the specml Jairh of il state gpace.
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Chapter IX

Tron-Silicon-Aluminum Alloys

1, INTRODUCTION

The zioys of aluminum are of special interest among alloy systems, ot
ternary snd higher degree not only becalse the most valuable alloyﬁ\af’é
preparsd by the addition of two or more metals, as exerplified bg,i}Dui‘-
alumin with 3 to 4 per cent copper, 0.5 per cent MAENESIUID, gn}l 0.5 per
cent manganese, OT Lautal with 3 to 4 per cent copper, 14462 per cent
silicen, sud 0 to 1 per cent manganesg, hutypecalise comme}c?zil aluminum

AFECU ﬁf’f o584 silicon. In-

practicelly always contains impurities, particular

dustrial stuminum and its alloys are always systems of three or more
components; hence, & knowledge of ternary systents is important in their

AN\

20°

Q \ ot . ayr
\ ) Fie. 122. Triangle of concentrations of the aluminum-silicon-
jron alloys.

theoretical treatment. Furthermore, the impurities ip industrial a]u-
minum have a considerable influence on the mechanical behaviar of the

metal, so that for many purposes their presence cannot be neglected. .
by only a limited

In gencrsl, the alloys of aluminurn are characterized
solid solubility of aluminum for other components but the metal 18 much
inclined to the formation of compounds. The ternary systemns aré very
complicated for this reason and a complete gnalysis of them is mosb
difficult. However, since only the aluminum-rich alloys are important, it
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iz permissible to limit the discussion to the aluminum corner. In the
present chapter, only the deseription of the iron-silicon-aluminum ayatem
will be given. This system is involved In all industrial aliove and has a
special importance for this reason.

9. ProcEss ofF CRYSTALLIZATION. STATR Spaces

In spite of much carcful study, the fernary system of the iron-silicon-
alumipum alloys has not vet been completely explained, even 1n the alu-
minum corner. Noticeable contradiclions exist between the cosults pighe
various investigators. This condition is partly due to failure to obtaiy a
trie equilibrium statc because of the sluggishness of the alluysg \Fence,
the ternary system given here has only o tentative eharmte:r.;:\ '

The results to be shown arc based on the work of Fussiaptl some ac-
counts in English? The concentration triangle of the/faivaty alloys is

(¢
www . dbraulibrary org.in ."’}
Ko
eAl; X
gy o\ o
N P 125
b ™ 5. 123,
L i o N 16 ) ,
e PR AN Partis]l  dlneran  {zche-
N X ° matie of the sinminum-sili-

ean-iron alioys,

’\

1'0131‘9{1?1&(1 in Tig. 122 together with two of the binary svstems. Silieon
f?rg}s with aluminum a mechanical mixture having a euteetic at approxi-
\”'tr;latcly 13 per cent si.licon. At the aluminum end there is at (he comple-
tion of freezing a solid solution containing about 1.6 per cent silicon, hut
as J‘Ehe temperature falls the percentage of silicon in solution decrcases
rapidly. However, the present discussion will not be concerned with
ehanges in the solid state but will be limited to the solidification proeess.
Tormation of an aluminum-rich solid solution in the iron-aluminum
system to any appreciable extent has not been demonstrated. In the
following analysis a very low solubility of iron in aluminum will be

assumed.
) ilum_mum forms a number of eompounds with iron, of which the oné
richest in aluminum has the formula FeAl,. In Fig 122, the system 18
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exhibited a2 possessing a small open maximum as reported by Gwyer and
Phillips.*  Actuxlly the maximum may be a covered tne® The situation
appears Lo be a horder-line case, and since the behavior at the alumimm
corner would not be materially affected, the assumption of an open maxi-
mum wili b retained. The form of the iron-aluminum diagram at higher
concentrativas of ron and that of the iron-silicen system are of little
interest in considering the slummum-rich alloys.

The ouilines of the assumed constitution as set down by Fuss are as
follows;

(1) The section FeAly-8i is quasi-binary (see Chapter IV). This el
ggmstance pernits us to restrict the study te the partial triangle Al’ﬁf’%‘-’»*

i A\
{2) In this quasi-binary section there is & ternary compound FesAlsSis,
which crystallizes peritectically with a eovered maximum.

As a basia for further discussion, it will be convenient te‘dge the partial
concentration triangle FeAls-Si-Al, shown with its assoé'ifm\ed binary sys-
tems in Tig. 123, As will be observed“if?rﬂ\?"n%ﬂﬁadilé mﬂltgqmtem forms
practically no solid solutions and has on one ghde’a compound which
originates in a peritectic reaction. This cage-has not been explained in
every detail but with the aid of the analyfedvef Chaplers IV and V its
treatment offers no difftculty. "

From the invariant points a, b, c,,s;fp{i“d of the binary systems, there
must extend out into the ternaryl¥¥stem eurves of doubly saturated
Iiquid. Yrom a, ¢, and d these cutwes will be of the binary eutectic type,
while from & a binary peritectle eurve will originate. These curves must
intersect somehow in the iffdrior of the ternary system, and their inter-
gection points will corre}}ﬁn{d to invariant equilibria of the liguid with
three erystalline phagésy [t may be easily shown that the two curves, bk
and ¢, eannot mestSOF they should, a contradiction would arise like that
demonstrated ipyGHupter IV, section C, since here also three crystalline
phascs FeAl, {T¢7A1,Sig, and 8 lie in a quasi-binary system on one straight
line in thefegncentration triangle. Aecordingly, there is only one possi-
bﬂit}’——,l)a:mc]y, that the surve bk of the peritectie reaction

£\
N et s+ Fadly == FesAlSis

(1)

%
en}uunters the eutectie curve ak of the eutectic reaction

melt s =2 Fedl+AL {2)

When the melt has attained the composition k, the following phases
exist simultanecusly in invariant equlibrium: melt, Al, Fedls, arlld
Fe,AlsSis. Since k lies outside the triangle formed by these three solid
phases, it must be a fernary peritectie point. If it lay to the left of the
tine Al-Fe,A i Sis——for example, in the position kit would corregpond 1o
& ternary eutectic point. Sueh a position js theoretically possible and
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could oceur in a way similar to that described in Chapter IV, szetion B,
illustrating the transition of a binary eutectic into a ternery periteetie,
exeept that the transformation would proceed in the reverse
exact location of % is not known, but for simplicity it wili oo q.eume
have & peritectic position.

The peritectic reaction experienced by the melt of composit s ki i3, if the
ternary compound FepAlSi, is designated by V,

st+FeAl, == Al+ V. {3)

For the present, the existence of the small region of solid znlutinn: adjac\cnt
to the aluminum corner will be ignored. O\

In those alloys which have compositions within the triangioANFEAL-T,
assuming no relatively insoluble envelopes surround th Drevipitated
graing, the melt will be consumed in the peritectie reactioﬁ.. "’}ﬁ-mnce; freez-
ing is completed at & by the reaction (3). On the og’h'qr*i'mr'_d, if the com-

www.dbraulibrary org.in \J
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T 124
" Space diagram correspundirg Lo
|*  Fig. 123

position of Alre. ‘alloy les outside this triangle and no envelopes have
formed abtut/the grains, the compound YeAl, will he exhausted first. In
this eyemt, the freezing alloy will reach a threc-phase equilibrium,
s+{ﬁfl}1— V. The melt of this equilibrium lies on the curve ki, Iis tempera-
,Lut'e decreases in going from kto 1. At the point I there occurs the ternary
\e}lfcctie crystallization of the phases Al V, and Si for all alloys of the
partial triangle Al-7_Si.

Fig. 124 shows schernatically the prism of state with its liquidus surface.
Over the surface FeAls-B-K-A-FeAl;, FeAl, is precipitated until the mekt,
moving along the conode which extends out from the corner FeAls, reaches
one of the curves BK or 4K, Depending upon which curve the melt
reaches, there oceurs either the binary peritectic reaction (1) or the eutec-
tic reaction (2). In systems having a binary compound with an open
maximum (Chapter TV) completion of the three-phase resction is always
followed direetly by the ternary invariant four-phase conversion. In
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the present case, an interesting exception occurs for those alloys lying
in the portion VokV (Fig. 123) because the compeund FeAl, is used up
during tie binary peritectic reaction before the melt reaches the point k.
As an exsmple, consider the alloy z. During the primary erystallization
of YoAl, the composition of the melt is displaced to point %, whereupon
the uperitcetie reaction setz in and the composition of the liquid moves
along the curve bk toward k. The alloy can consist of threc phases—melt,
{,, and V—only as long as the point x lies within the triangle formed by
the campositions of these three phases. Obviously this condition will cease {
to exiat as soon as the melt reaches the composition ¢ on line Vz. The
alloy then consists of only z and V, the phase FeAls having been conspn&e@?
From thiz point, primary erystallization of ¥ occurs unti! the melf teaches
a tomposition on ¢l or ki, after which further solidification procgedf.s in the

P, 125, "
Btate space of primary crystallizazy ™
tion of the compound ¥V (Fig. 123} -:’: .

mannet norma-}(f;; a mechanieal mixture, until the eutectic point ! is ?t-
tained, Ingh& region bkl the precipitation of ¥V oceurs first; in region
(St) cld, Si\s erystallized initially; and in (Al}ald, primary crystals of Al
are fO}"I'Iiéd‘ﬁ rgt. The whole process of solidifieation for thesc regions d(_:nes
nof differ from the manner followed by the mechanical mixtures consid-

ered in Chapter I1.
Let us consider next the state
The space of primary crystallization of

as the space shown in Fig. 11 (p. 20}, : i .
space of primary solidification of the peritectically crystallizing ¥ 1s ex-

hibited in Fig. 125. BCLK is the liquidus surface whieh indieates the
compositions of the melt sgturated in V. NaturaH}.r, the amount of ¥V for
alloys on this surface is infinitely small. Besides this area, the state space
has the additional upper boundary surface indicated. by F’BKVQ. '.I‘hl% is
the boundary against the region of the binary peritectic erystallization

spaces which arise upon solidification.
TeAly has exactly the same form
for a mechanical mixture. The
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which produces V from the reaction of melt and FeAl;. Typical of the
boundary against a three-phasc space, this surface is generated through
the gliding of & conode one end of which passes through V' and the other
moves along BK. As we have seen, the complete upper boundary surface
gignifies that the region of primary crystallization of ¥ can be reached,
as the temnperature decreases, net only directly from the melt but alse
after passing through a binary peritectic reaction. Tle lower boundary
of this space is typical of a space of primary ecrystallization—thatls, it
consists of two screw-shaped surfaces of which one (V,(/LV,) separates
the space under consideration from the region of the binary cutectic crys-
tallization of V and Si, and the other (V,KLV;) S(epm-apc-}e,\lt from the
similar region of V' and Al. The first is not vistble at altNm Fig. 125, and
the sceond enly partly so. AD

There is yet to be discussed the three-phase spa‘ée\gf binary peritectic
solidification. AhAaus haneibe-lopmaahe three-gairered tube; its surfaces
are generated by eonodes which glide along ,qthw;es representing the eom-

fedl ¥ ¥l

CBiE 126,
State space of the binary peritectic
reaction (Fig. 123,

positions of the phases contributing to the three-phase cquilibrium, The
first of i{l,xcqéﬁonodes connects FeAly with {he melt, the second connects ¥
with thevntelt, and the third, FeAly with V. When intersected by an iso-
thethal plane, this three-phase space reveals the conode triangle so fre-
:qgently encountered. The space under discussion is shown in Fig. 126
...\;'I.,‘he 'only way in which it differs from the space of binary eutectic erystal-
l1zat}0}1 shown in Fig. 12 (p. 22) is that in the latter case, both kinds of
precipitated crystals Jic at the ends of a vertical sequence of conodes from
which the state space extended, whereas in the present figure, the melt lies
at one end of the eorresponding conode. The result of this arrangement
is that the rib produced as the ternary space reaches out into the interior
?f the prism of state extends out from B. Furthermore, the surface which
1§ developed by the gliding of the conode VB lics on the sloping underside
of the state space. This surfacc is the same as shown by the corresponding
le.tt.crs VBEV; in Fig. 125 and separates the three-phase space from the
region of primary crystallization of V which exists at lower temperatures:
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A consideration of the remaining state spaces may be omitted, since
they offer nelhing in advance of examples given in Chapters IT and IV, as
the reader may easily convince himself.

3. CRYSTALLINE STsTE

We next pass to the discussion of the crystalline state. Of greatest
interest 12 the small region of solid solution in the aluminum corner. Fig.
127 represcnts a schematic scetion after the completion of solidification.

Adjoining the field of the aluminum-rich solid solution are the two-
phase regions @ + FcAly and 2+ V., The position of the point d on thegside)
Al-8i of the concentration triangle is in agrecment with the assufp:fjtion
that the » solid solution, whieh is in equilibrium with silicon, i ~fi‘§e from
iron. Tf iron were present, the point d would not lie on the sithe A8 but
would be some distance—perhaps a short one—inside theledfcentration
wisngle. Such a situation would mean ¥REY FRRAEH FEGATE Bde there
existed still another two-phase region, «+ Si. N\ )

The position of the point b is not known exact! 2 ‘However, the following
staternents may be made. The solubility of €Micen in solid aluminum is

Fia, 127, n

Pastial diagram of the a‘lt'\-‘
minum-silicon-iron al]qu:‘seE- 24
Al

tion in the solid state. \ /d
y

ot VS
h

PN\Y;
2,
:"\.50

known o he vém“ much dependent on temperature. At low temperatures,
the point 1:: very elose to the aluminum corner. If the o solid S()ll:ltl(m
eXiSti{!g: i equilibrium with the compound V econtained appreciable
amofinty of silicon-—meaning that & must le close to d—one would expect
t“ha?é‘ter suitable heat treatment of a mixture of = solid solution and com-
Pound ¥, there would be a preeipitation of Si erystals. However, Fuss
¥as not able to bring out such a structural change in a letl:l]"C of _t-hls
t¥pe, whieh fact would indicate that the point b must Jie in the immediate
Reighborhood of a, henee quite near the alaminum corner, Unf ortunat-cl};:
Fhe location of this point is not casy to determine, since the compound’_ v,
 developed peritectically and is therefore inclined to form a covering
fround the previously precipitated erystals of FeAls. Hengce, the pfOSSI-
bility stin) cxists that b coincides with d; Fuss himself appearﬁd to tavor
this idea, (Tt must be remarked that the statements of Fuss in the pre-
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viously eited work are very briel and occasionally uninictigible. Hig
illustrations of the concentration triangles are not free frean fusion.)

Gwyer and Phillips have stated that three ternary compounds are
formed within the ternary system Al-Fe-5i, Asg has been rosniioned, this
question has not been definitely settled. In this discussios wo have used
the diagram worked out by Fuss because his work is luter cod 2he resulta
simpler. Furthermore, only one compound has been revesied by x-ray
Investigations. N\

In consideration of the fact that V always forms around the compound
FeAlg, the pregence of the latter substance during the prima:y'{;'r}'@jz-‘alliza-
tion of ¥ must always be reckoned with throughout the regic \bounded by
ekzb (Fig. 123). This condition may appesar in industrial»llivs when the
iron eontent is higher than corresponds to the eutecti@pbinm
above about 2 per cent. In the partial region bklc’l‘h?fre acciues, as bhas
been previously mentioned, the primary solidiffedtton of V. and in the
field (8i) cid, oF’S’i}“ﬁ’d&”{%@é’%ﬁﬁﬁfﬁ‘aU gmystal formation may oceur
in Silumin, which is an alloy containing abéu¥’ 13 per ccnt siiicon, or the
eutectic proportion (point d). If the Silumin becomes contaminated with
iron, as may happen during manuf»&gfufing when iren-containing alu-
minum is frequently used, the compesition will move away from the point d
into the interior of the system. I:f:’éﬁﬁicient iron is introduced, the eompeo-
sition of the alloy may pass bevond the lines ki or ic.

&




Chapter X
Tin-Zinc-Copper Alloys

1. DBiNary SyYSTEMS

Of the many important ternary systems based on copper, only the,c.o})c
per-zinc-iin alloys will be examined. The description of this rzj’stem,
which is the basis of the red brasses, follows closely the invcs’gig’gtibns of
Tamrmzarn and Hansen.$ Both of the binary systems ainc-copﬁer and tin-
copper exhibit very complicated diagrams and, as would bfs\éxpected, the
ternary svstem 1s likewise complcx‘?’w‘ﬂ?‘ablﬁﬂéﬁmﬁi@ﬁiﬂn will be
limited to the copper-rich porbion as worked out by the above authors.
This pertion is also the region of the industrial‘l’xim ortant alloys.

mﬂ

Fie. 128. 7008] :
=
Partiul diagram of the ,g"',\ J \ z N N2
tin-copper alloys, accordin&\ - \
to M. Hamasumi and 8./Ni-
shigara. o ar &7 |
gary < —\ ef|ar 7
»\,\ a+f| i’ pé gt
.\’\\ . 500°0— 7 30 35 g
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Adifficulty in describing this system arises immediately from the fact
that'the copper-tin system has not been worked out in the same satisf ac-
tory manner as the constitution of the copper-zing alloys. The constitu-
tional diagram developed by Bauer and Vollenbruck” and used by Tam-
mann and Hansen is questionable in SOME details. In the fol!qwmg
analysis we shall use the recently published results of M. Hamasuml and
8. Nishigori,® although their diagram should not he considergd as final,
The part of this diagram which is of interest to us is presented in ¥ig. 128.
Tnspection shows that three erystalline types &, B, and y are prempltfmted
from the copper-rich melt. During cooling, the v substance breaks up mfjo
other erystal forms, but en account of the complexity of the system there 18
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gome uncertainty regarding the exact arrangement. The ¢ and » forms are
without technical significance. A transformation of the 5 crystals also
occurs upon cooling. In this case the produets arc the = and § erystals
{the « substance being disregarded). The 8 phase is classed among the
industrially important types since it occurs in many enginecring alloys.
The pursuit of the transformations of the v, ¢, 9, and § crystalline forms

a

083
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\ 3 Fie, 12g. The copper corner of the triangle of concentralions
of tin-zinc-copper alloys. (See note, page 142).

" into the ternary system would be difficult and of little profit since many
of these changes have not been satisfactorily explained. Under the eir-
cumstances, it is desirable to use for the tin-copper system s schematic
and sirppliﬁed constitutional diagram from which conéidemtion of the ¢
phase ig omitted. This simplified diagram and that of the copper-zine
ternary diagram are shown in full Enes and the solidus in dotted ones.
Corresponding to the practice in this hook, the liquidus curves within the
alloys are shown in Fig. 129 laid out on the sides of the ternary trisngle-
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Aceording to this simplified gcheroe, 8 and  combine 1n & eutectoidal®
reaction: ta form § substance. Upon further cooling to about 520° C the 8
material hreaks up eutectoidally into « and 8 crystals.

In the hinary system capper-2ine, three kinds of crvstals, o, 8. and &,
are precipitated from the melt. Thus, the behavior of this system iz simi-
far to {hat of ibe tin-copper, but is considerably simpler in the part which
is of interest in our discussion, particularly because both the 8 and y forms
are stable down to ordinary temperatures. A transformation occurring in
the g substance will be neglected.

Consideration of the binary system tin-zine may be omitted since only
the copper-rich portion is being examined. A

e
9. ProcEss 0F CRYSTALLIZATION. STATE SPACES O ’

Tn the following discussion we shall restrict ourselves to thet ‘part of the
ternary diagram which @, B, 0y anbstances are precipi@(éd as primary
erystals—that is, the part inside the Wvﬂﬁb@m&ggyﬁm i .

The o solid solutions formed along the tin and zingsides Bi'the diagram
both have the same crystal form, a8 is obvious sinte)l oth adjoin the copper
corner. Also the g phases in the two binary\ye Tis gre isomorphous and
possess an unlimited mutual solubility, so €at : mediately after solidifi-
cation there iz a band-like continuous, gpace of homogeneous 8 gubstance

extending through the ternary systemiirom the zine to the tin gide. The
als, but this point has not

same condition seems to be true.fob the v eryst
becn thoroughly investipated.d” We shall assume that the y solid golutions
on the copper-tin side and~on the copper-zine cide are isomorphous and
completely soluble in e #h other.

Freeging proceedsexattly as described in Chapter V, gection B. The
liquidus surface, ¥Hich separates the region of homogencous mel’E from
the regions of &orphage spaces of primary precipitation consists of three
parts: pﬁrt"{;@u) ed in which the primary crystailizatinn of & substance
oteurs, p '“c'dfe in which 8 cryghals first appear, and the par’? beyn‘nd ef,
with Whpse outer beundary we are ot coneerned and in which primary
Efﬁhdiﬁtation of v crystals takes place. This surface 'ftppears a5 shown

\'QVFIg- 130 when looked at across the concentrafion triangle toward the
cOpper corncr. The different parts are labeled to correspond to the type
of substance which precipitates first. The capital letiers correspond to the

lower casc ones of Fig. 129,

The melts which lie on the line ¢ ‘
both & and 8 crystals of which the compositions lie
ik (Fig. 129}, respectively. These three phuses ¢F

£ Note by translator: The statement that thig Teachion i eutc_qtoidul appears
strange, a3 the diagray indicates @ peritectoidal renclion. In a eutechis TRACECS,
substanee breoks up Into {wo. 1o the _preg;ent case, tﬁvo 3 LT
onc, a bype of renction which is or}_lmm'ﬁy_callgd peritectic.
continues to call this transformation sentectoidal,

4 are in equilibrium simultancously with
on the curves gh and
eate 8 three-cornered

Q
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tube of binary peritectic crystallization of the form described in Chapter
V. An isothermal section of this space iz illustrated by the wrinizle ngp*
in Fig. 129. Some idea of the shape may be gained from obscrving that
the temperature of the equilibrium curves decreases in paszsing {rom the

Fia. 130.
g B Liquidus surface of the vin-ziace N
m copper ailoys at the copper comor

zine side to the tin side. Quite similar bchavior oe-cur‘sf foP the rmelts ef
(Fig. 129} which are in equilibrium with both the glphase alang Im and
the y substance alamrg #Braulibrary org.in \%

In the solid state, the crystalline forms o, g )and y arve scparated by
golubility gaps in which the alloys arc cor ;S()}ed of two phases,  Speei-
fically, these gaps are the two-phase spae€sy2+2 and f++.

Fig. 131 represents the space of 2 solijd’ solution when iocked at across
the prism of state toward the coppgfledge. The two-phase regions ad-
joining this space are noted onjbhc'various surfaces. GIHCu) iz the

Fio. 1310,/
Sidtespace of @ solid solution
ctk"fhf’s.t in the direction toward
Z¢apper,

PR
AN
"\

\‘;

solidus surface of the « substance; UG Ha outlines the boundary between
the @ and °'_+:8 spaces. The naturc of this houndary surface at low tem-
peratures will be eonsidered later; for the present, only the portions which
are concerned with the {reezing of the alloys will be described.

*Note by translator: The triangle ngp in Fig. 129 is incorrectly plzeed. The

point p on ¢d should lie further from the copper-zine side than the points » acc €.

It should alse be noticed that the -8 peritecti i R higher
than on the tin side instead of lower aspdlr-la;(; lfn 0313 lg1:h§ 231.uc side is actually high



TIN-ZINC-COPPER ALLOY3 143

Botwceen the single-phase spaces of the melt and the « solid solution lies

the swo-phase reglon of primary solidification of the latter phase. This

. has vhe appearance shown in Fig. 132 when scen from a point below

ar the copper edge. HGCD is the houndary surface against the
nse space o+ g+ melt.

pace of 3 phase is shown in Fig. 133 where the ohscrver is again

lonking toward the edge which represents copper. On the back partion,

State spacc of the pritaary solidifica-
riap of @ substanee.

D

7 '\'

T_'.oi._ vizible, the 8 solid solution is i equilhriw, I?girth‘.th}_a subst-qnc_&
LIKAT is the solidus surface. On the forward surfag it finphase is in
equiiibrium with y solid solution. The conditions ghlew temperatures will
be deseribed in section 3 of this chapter. W

The homogeneous space of y phase has the, ferm exhibited in Fig. 136
{wher looked at from the copper edge)s The lettering corresponds to
that given in Fig. 129. This space will e described in more detail in the
following section. N

Tra. 133
Qiate space of 7 sold solution when
looked at away {rom copper.

2. REAcTIoNS IN THE C'RYSTALLINE STATE. SrATE SPACES

As hag heen demonstrated, the process of solidification is very simple.
The difficulty in getting a comprehensive view of the whole gystem comes
from the numerous transformations which ocour in the solid state. These
changes are so complicated that we have already had occagion to‘ simplify
the diagram of the tin-copper alloys for our theoretical discussion. Wc
shall start out from the tin-copper alloys and attempt gradually to gain
an understanding of the transformations which oceur in the solid state.
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Such a view can be considercd to have only an outline form. The various
details are likely to be modified by later experimental work.

According to the above mentioned investigations of Tammann and
Hansen, the temperature of the transformation during which the 3 phase
changes into « and & substances rises in moving away from the tin-vopper
side into the interior of the ternary system. Nothing definite can he stated
concerning the reaction by which the § phase is produccd from g and v
especially since the form shown in Fig. 129 is only hypoilictical,  Sipce,
however, in the zine-rich alloys B phase exists beside v phase Aidlow
temperature, the assumption must be made that the temperagfrdhof the

NS ©

_Fig 134,
:3;' Invariant reaction im the tin-rich
" allays (peritectic case).

g;&é(;koidal formation of § substance decreases with increasing zinc con-
~fent. The simplest course of events within the prism would be that the
Ntwo three-phase equilibria, 8, v, and § (cydse;, Fig. 134}, during which the
last-named phase is formed and a, 8, and 3 {g:1byd.), where the 8 constituent
breaks up, should eome together inside the ternary svstem and form an
invariant four-phase equilibrium. Such a scheme is depicted in Fig. 134;
ae is the tin-copper side of the concentration triangle on which has been
erected a part of the tin-copper diagram shown in Fig. 129. The heavy
lines lie within the concentration triangle.

The 8 crystals form solid solutions over only a very limited range and
their solubility may be neglected, Starting out from the eutectoidal
equilibrium §+y=28 (the horizontal ¢;dye;) the three-phase space develops
In the interior of the ternary system into the form of a three-cornere
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tube, dropping away to lower temperature. Although the composition of
the § erystals (point d) remains approximately unchanged, the composi-
ticns of the 8 and v phases, which participste in this equilibrium, maove
along the curves ¢f and eh to lower temperatures. The isothermal sec-
flons thirough the three-edged tube are triangles of the kind iHustrated
by e'de’.

Tl three-phase line a,b,ds, which corresponds to the reaction 8=2a+3,
is likewise expanded to a three-cornered tube inside the ternary systeme
The composition of a phaze participating in this equilibrivm is displaced
along the curve ag, that of the @ phase along &f, both curves elimbin}g\to
higher temperature, while the 8 substance remains practically uwthanged
at point , TIsothermal cuts of this state space may be illust}'@‘;:efi by the
triangle a'b’d. A

The g #olid solution at f, the point of intersection of the %wo curves bf
and cf, is in equilibrium with threg,‘,\g,@?gb}?lgﬁqur%i_g;{ o%:nfin{s' ‘ Hence it
takes part in an invariant equilibrium. The other ‘partidipating phases
have compositions corresponding to the following ﬁofnts: e—g, y—h, and
5—d. As was pointed out in Chapter I, thefour-sided plane figure dhgf
corresponds to an invariant reaction which béeﬁrs at econstant temperature
and composition of the reacting phasqs;but- inereases the amount of two
of them at the expense of the other twew, This is the type of reaction which,
if a molten phase were present, wouwld be termed “peritectic four-phase.”
In vhis case where all the phases are solid, the reaction is ealled “perifee-
toid.” From the standpoint.gf phase theory, therc is no difference between
the peritectic and perit ct@d’reaetions. ‘ )

In the present instarelé, it is elear from geometric analysis, that the
peritectaid reaction-piust consist in the conversion of 8 and y to @ and 8:

\¥

N \“ . -

The subscrifts mdicate the compositions of the phases taking part in the
equilibripin ] . . .

Thepreblem of determining in which direction this reaction will pro-
EeesL:w\bcn hest is withdrawn is a very simple one. Thf: plane of the in-
vAgidnt reaction separates two regions from cach other; in one, the phasc:
8 and v but not & and § ean coexist, wherea_g in the other, @ and 3 byt nof
8 and v can be present simultaneously. Since the three-phase regw%-g
%, 8, and § crystals, as we have seen, reaches the plane of invariant Equ_l 1=
rium as the temperature is increasing; hence, fro}'rl ur.lderncat.lfbli'; is
obvious that 2 and § exist beside each other below Fhe m\.ranant equill rmﬁn
of @, 8, v, and §, whereas from analogous wnmderahonﬁdregtzlu‘di?li Ea(.:
nature of the threc-phase space of 8, v, and 3, £ and "fﬁé z;af of heat
exist only at higher temperatures. Therefore, for a W}t mr it :
the above-stated peritectoidal reaction proceeds from Je hod from highor

Actually, the plane of invariant equilibrium i reac

Bt e aptia.
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temperaturc by two three-phasc spaces, the space of 8, v a
and the space of 3, v, and § phases. The second hag a
cussed; it extends out from the binary copper-tin system ¢
four-phase plane quadrilateral. Among the alloys high |
langer pbeerved. Conversely, the space of 2, 8, and y attains ihe
plane from the zine-rich portion, The latter space has yei 1o be consid-
ered; its isothermal section near the planc of invariant sm
illusirated by the triangle ¢'f#". The joining of the
triangles 2,8 and 8;8mm produces the quadrilateral gfdh of
equilibrinm. N
After the continued withdrawal of heat has brought the mv.d atd reac-
tion to a elose, either the 8 or the y phase will have been u Jp. Inthe
firgt case the three remaining phases wilt be ag, yu, and & 12 second,
g, By, and 8;.  From the two triangles fgd and gdh, th{?r.:rf-.e—_;)'r.-a::.c spaces

o

11 o phases
uly been dis-
& enda at the

ibrinm 18
ree-phase
inveltant
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Fra, 135, ()
S}'BLE’;m of Fig, 134 on the asenppsion
of @ gutectic arrangement.

LN

2+B+8 and a4 K8 extend to lower temperaturcs. The first of these has
already been e}{am'ined and found to terminate in the binary tin-copper
gystem on the horizontal line aibyda. The second progresses toward the
zinc-rich'&\lkars. We shall soon concern ourselves with it,

Eac@f the four phases whieh participate in the invariant equilibrium
talgeg: part in three three-phase equilibria which are connecied with the
:in(vjarumt one. For example, the @ phase appears in the three systems
@+ 8+y, at+B-+3, and a+y+5. The sequence of state points of the sev-
eral phases which participate in these equilibria form cusps on their
homogeneous state regions, Hence, for each phase there are three
boundary curves which interseet in the composition at which the phase
participates in the invariant equilibrivm. For the ¢ phase these curves
are ag for the equilibrium «+8+3, gi for the equilibrium a+ g+, #0d
gm for the equilibrium «+vy+3. The assumption has been made that the
last curve falls steeply to lower temperatures. The three corresponding
curves for the g substance are bf for 2+p+ 8, fe for B+v+58, and fk for
@+B-+y; and for the y solid solution they are ¢k for B+v+8, hn for .
¥+y+3, and M for @+ 84y, The curve an drops rapidly to low temperd:
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furez in much the same manncr as gm. The crystalline § constitutes g
: ion from the general behavior, since its composition is fixed at point
f, and therefore its state point can move only along a vertical line. Each
Hivee curves ineloses with the associated connecting surfaces a three-
704t threa-phase region,  For cxample, the eurves gi, fk, and ki mark out
so-phase space of a, B, and y substance; the curves gm, in, and the
i line passing through d outline the region of x, y, and § eryatals:

The arrangement which would exist under the assumption that a »
adecioidel rather than a peritectoidal change oceurs iz represented ir
Fig. 125, In the eutectoidal case the 8 phase could exist only abovq}x

e A
N

7N
S
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T1c. 133, State space of § solid sulution
when looked at away from copper.

eopper, 2K
o |
only below Qé\fémperature of invariant equilibrium. Since, howeve'r,
the terapesive of the invariant equilibrivm has been fmfnd experi-
mentally %e lie between b, and 1, the assumption of a eutectoidal char}ge
conegklipts the experimental facts. For this reason no further attention
Wiﬁ\bé paid (o the eutectoidal hypothesis, ‘

Qn the basis of the above discussion it is now possible to give a more
complelc deseription of the low-temperature part of the region of a
solid solution as cxhibited in Fig. 131. The points labeled with small
letters correspond to the peints similarly marked in Fig. 134. The point
g represenis a eorner of the four-phase quadrilateral. The curves ga
and g extend out from this point and run to lower temperatures. The

BUrve gi, an the other hand, must first rise to higher temperature as the

; i he
Percontage of zipe increases. Its further eourse 1s determined by t

eondition that on the zinc side 8 phase still exists at ordinary tempera-
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ture. To satisfy this condition, the curve must pass through a maximum
at some point, z, and then descend rapidly, as shown in Fig. 151,

An aceount can be given also of the region of homogencous 8 substance
(Fig. 183). Below, this region is hounded by the rib &f #lung which the
B phase is in equilibrium with the ¢ phase on eurve ag and with the 3
crystals at point d. The point § in Fig. 133 lies at the saine feniperature
as g in Fig. 131, The curve fk, like gi, in moving taward the zine-rich
side must rise to higher temperatures and then drop rather abruptly.
The rear surface of Fig, 133, on which the B phase is in equilibridm with
the x phase, possesses no complexitics at low temperatures. ,Q:n\the fromt
side of the portion ¢fb, the # subslance is in equilibrium wisinte 5 phase.

The space of the y phase is represented as viewed \irffu the copper
edge, or equivalently, from the 8 space, because theappesite side iz not
well understood (Fig. 136). The several curves g‘r'\iié surface correspond

www.dbraulibrary.org.in

to those appfeﬁ\fin'g in Tigs. 131, 133, and 134 so that a complete descrip-
tion is unndedssary

Between these various homogencous spaces there exist two- and three-
Phasg\tegions. Their forms are determined by the forms of the homo-
genfaus spaces which they connect. Detailed analysis of these spaces

Al not be made. However, the “+ B+ region is worthy of comment.
ws\; I has been noted that the three curves, gi, jk&, and ki, which bound this
region, all pass through a maximun. These three maxima lic in a line
on one conode, a situation which means that the whaolc state space at this
point has shrunk to a straight line. It liex, in Fig. 134, between the
lines g'A’ and g”h”. On either side of this conode, the conode triangles
have an arrangement a3 if one were reflected from the other in a mirror.

4. SECTIONS THROUGH Tig Brace DiscraM

In order to obtain a more
in the ternary systemn, we sh
scetions at different temper

coraplete view of the equilibria which oceul
all eonsider, as usual, & series of isothermal
atures. After the primary solidification of
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the o phuse 15 in progress, but before that of the # and y phases have
set in, the secilon has a very simple form. Af the copper corner there
iz & region of homogencous « cubstanece and adjoining it a band-shaped
two-phase region of ¢+melt. Beyond this band the ficld of homnogencous
melt extends over the remaining portion of the triangle. After freezing
has progressed to a lower temperature, there appears, in addition to the
# Tegion, one of homogeneous 2 extending put from a side of the concen-
tration Lrisngle, Besides the fislds s+, 545, and a+ g, there originates
during solidification the threc-phase field s+%+@ in an arrapgement .
analogous to that of ¥Fig. 67 (p. 78), cxcept that the letters o and 3
¢hould be interehanged. With decreasing temperature, the @ field extefids
itsell until it reaches in & broad band across the triangle in a pafner
comewhat like the z band of ¥ig, 68 (p. 78). This band i%,seﬁarat.ed
from the « fleld by a two-phase band of a+8. At this terpgerature the

# substance is no longer in equilibrigm, p&})}%‘ a%ﬁbrlnacrlgf di}gl?én the pre-
AL AT RN “oin

O
¥1a. 137, Isothermal section\he; the Fro, 128, Ieothermal section in the
solidification of the @\f, and ¥ temperature raoge of the trapsfor-

phascs, O™ mations in the solid state.
\¥

cipitation of ywéxt}\fs“tals begins, configurations appear between the 8 and
v fields whi&%\ wre similar to those previously cxisting between the  and
# fields. A¥ter the field of the y phase has extended iteelf across the
triangley but before the temperature has dropped to the pomt where
tr@ﬁcﬁ‘mations oceur in the solid state, the isothermal section appea;rs
as sMown in Fig. 137. The position of the boundaries between solid and
melt ceases to be of interest at this point since the low-copper phases are
not to be gonsidered here.

In the course of further cooling, the temperature will cross the line

cidyey (Fig. 134). Since the temperature will still be babov‘c ay and g%,
the boundary curve of the field of & solid solution will still be qf.the
continuous type (Fig. 131), because the o phase is for all compaositions
in equilibrium with the 8 phase. The boundary curve between.thc
homogeneous # phase and that of the two-phasc region & +p3 must like-
wise be continuous for the same reasoD, &S shown in Fig. 138. On the
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side farther from the copper corner, the region of g8 phase hez 2lready
encountered the line fe (Fig. 134}, with the result that its boundury eurve
has & diseontinuity. This sifuation arises beeause the # mais stands
in equilibrium with the y phase for some compositions, whereas 7or cthers
it is in equilibrium with the § substanee. The three two-phase regions
A+y, B+8, &+ are scparated by the three-phase region £-+++8 in
agrecment with the general law stated in the suppletvent to Uhipter 11
that two-phase regions cannot adjoin each other. A~

For further lowering of the temperature below the maxi 1 wunt,
z, on the curve gad (Fig. 131) but still above the invarient equiliitidm, g,
the z phase is in cquilibrium with the y phase over a smalladcsl in
the vicinity of x; over the larger part of this boundary 'c’gr:\-"é, HOWEvVer,

Cu
& E_ﬁ A
ey =
7 R
& RN
AR
PAN
"."

Fres, 139 and 144, .\'Iso’thermal gections in the tomperature range of the transforma-
O tiong in the solid state,
I

~E
it is stilhin cquilibrium with the 8 material. Correspondingly, Fig. 139
showg’:,:’a, gap in the 8 fleld within which there is equilibrimm between 2
and\y.  In this gap there arc also two three-phase regions (z+8 )1

\"Cﬁl‘}d (Gj-_ﬁ—ky?z, in which the same phases participate but with difi=. 4
ompositions in each friangle. The remaining part of the seetica is
similar to Fig. 138.

.As the temperature drops still further, the interval between the two
Fl‘langlcs widens, as may be scen from Fig. 133, while simultaneously the
mterval between the points of intersection of the isothermal plane with
the eurves kf and of (Fig. 134) diminishes. The paths of these intersection
points {actually kf and cf) mect at the point [ after a sufficient lowering
of the temperature. Thus the two triangles a+8++ and g+y+3, as

s}}own in Fig, 140, come into contact to form the four-phase quadrilateral
pictured in Fig. 134.
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As mentioned previously above, the combinations in which both g
and + particaipate cannot exist below the invariant plane. Ience, as the
tempersitre continues to fall, the guadrilateral illustrated in Fig. 140
splite aleng the dotted line into the two triangles, A+ a+8 and «+y+8.
Yor a smell additional drop in temperature (nof, however, below a of
Fig. 131 or b of Fig. 133), the isothermal section takes on the appearance
itlfustrated in Fig, 141, where for the first time the o solid solution is
dound in equilibrium with the § substanee. This figure shows that the
' » phasc participates in two-phasc equilibria with all three cther phases
-"and thay there are two ¢+ f phage flelds.

When the temperature drops below that of points @ (Fig. 131} and(®)
{Fig. 133) the region of 8 crystals on the tin side disappears and'\with’
it those phase fields in which the 8 substance existed. The spagé ol“the
mixture of a and § erystals then extends to the copper-tin side of the
concentration triangle, with the res%i;,&lflé\&%%‘iigg&g‘lﬁy%frgt_}%@f scetion is
much simplified {Fig. 142).

O
N\
Fros. 141 and 142 J¢othermal scetions in the temperature range of the transforma-
0\ tiong in the solid state.

"'Géf:ﬁtin has now assumed the form which persists down to‘ordinary
teml\t&}aure, with the qualification that the triangle a—l—ﬁ-i-y.wﬂl slowly
approach more closely to the zingc-copper side. There remain only the
two three-phase triangles, a+y-+8§ and a+8-+v. They are scparated
from each cther by the two-phase area a+v.

As the reader will have noted, this discussion has s!ssumed that the ¢
erystals persist, in the high-tin alloys, down to ordinary temperature.
The facts are otherwise, for there is a geries of complicated transform.a-
tions in the ternary system (see Fig. 128)_ whieh cannot be I"E'ﬂftilfy
explained. At the present time, only two reglons pf thc. ternary s:.scfl:n;
are reasonably clear—namely, the tin-rieh part, in which the & an
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phases are in equilibrium with each other, and the high-zin: rogi
whieh the 3 phase is stable at ordinary temperature. in
mentioned portion, the = phase ean exist in equilibrium witk ih
stance, but how far this situation sxtends toward the tin =
known. The firgt case iz illustrated by the red brasses and b
by the tin-containing special brasses which are of considerable indusic
value.

\ZDQ.Q) E: Mo N\
o - ANV
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Fra. 143. Crystalline types in the tin-poor tin-zinc-uoéi}cr allovs

at Jow temperaturcs, T\
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Fig. 143 shows the actual boundarics of seyeral fields in tihe high-zine
part of the ternary system at about 400° ":ﬁecause of the nupertance
of this region, three vertical sections ax® shown in Figs. 144, 145, und
146, corresponding respeetively to 125,25, and 7 per cent of lin? The
first vertical section 1s so loeated tha»t-’iﬁ intersects the region of honogene-
ous B phase at low t-emperature,,'m;hereas the second and third sections

do not. ,j:'.

The first. section (Fig. 144) resembles the zinc-copper diagram in its
prineipal features, ex??pﬁ}that three-phase fields appear in place of

\
F1a. 144. Partial saction in the tin-zine- Fie. 145, Partisl section in the tin-zine-
copper system for a constant tin copper system for a constant tin
content of 1.25 per cent. content of 2.5 per cent.

peritectic straight lines. Furthermore, between the ¢ and «+ /4 fields
there are two other regions in which oceur, respectively, mixtures of
« and y and of «, 8, and y phases. These regions come into existence &b
relatively low temperature by the interscetion of the vertical plane with
the carve iz (Fig. 131). Since this curve specifies the compositions of
& solid solution which are in equilibrium simultaneously with 8 and v, it
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follows 1hai ihe three-phase field must touch the @ region In this inter-
seetion. Iin wther words, adjoining the « space are the two regions ikm
and mikn (1o i44) in which exist, respectively, the mixtures a+y and

. Ligher temperatures these two ficlds move closer to the

: side, us may be scen from the form of the « and B spaces
igs. 133 snd 134) and hence leave the plane of the vertical gection,
of the alloys of this section is therefore very similar to
that of urlinary brass except for the small interval in where the y
phase apnears, O\
The section shown in Fig. 146 no longer encounters the 8 field at low
tepersture. This substance appears here only as 2 constitucnff.gf"the

LT

Frc. 146,

Partial section in the tin-zine-copper
systerm for a constant tin contemt of
7 per cent,

three-phagze ficld, a+8+y. It i8 pnf‘lb'nger an independently formed
structural constituent at low tempe’::ea.ture. This condition agrees with
the observed faet that in bragses containing more than 2 per cent tin, .
no primary 8 crystals are to.be*found.

The section of Fig. 1 6{'{‘3@10 longer in contact with the three-phase
triangle a+ g4y at lqwt}%mperature and, correspondingly, the g phase
is not to be found, /Fhe allays of this field are considered to be beyond

the region of quc\ié!}ﬁrasses.
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Chapter XI

The Allotropic Forms of Iron in the Ternary System

A. INTRODUCTION. STATEMENT OF THE PROBLEM N

In the solid state iron possesscs three modifications generallw térmed
%y, and 8. The a form exists from room temperature to ahfutH06° C;
between 806 and 1401° C the  variety prevails; above t}lé. latter tem-
peraturc and persisting to the mclting point is the 3 lgc::d’iﬁmtion.

The y form has a Tace-centered Jattice, whercas thé?% and 5 mndifica-
tions are body~celﬁ&%&%ﬁ%ﬁ%ﬁ%l%g%:'idence iﬁ&}?;tes that ihe latter
two forms are structurally identical. The sitdhabion may he regarded
as the mterruption of one phase ficld by she/entrance of another—y
iron in this case. This conecpt fits in witl&t"he fact that in lhe termary
alloys with which we shall shortly be egngerned, instances oecur in which
the y region disappears and the « @nd'ﬁ regions merge.

~

31;,%36' 3209
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P47, Diagrum of the fron-carbon Fr:. 148 Partial dingram of the iron-
m\./ alloys. 7

\ ) silicon alloys.

In binary alloys, the transformations in iron may be influenced in
cither of two ways; the introduction of the second element may widen
the v field or may cause it to become narrower and disappear. The
most familiar example of the first, case is presented by the iron-carbon
system of which the constitutional diagram is shown in Fig. 147. (The
stable graphite system is omitted from consideration.) Obviously, the
range of y solid solution in starting out from pure iron is extended both
upward and downward. The § field is isolated in the solidification range

154
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so that a later combination with the « field is impossible. In contrast
with this type of system there arc others—for example, the iron-silicon
alloys, which exhibit & very different behavior in this respect. Fig. 148
shows that the y region is constricted with inereaging silicon content
and vanishes entirely at ahout 2 per cent silicon,

Fxamination of the diagram of Fig. 148 shows that it differs in two
respeets from Figo 147, Tirst, in no instanec is the v phase formed
directly from the melt, as is the esse for certain compositions of  the,
iron-carbon alloys. Secondly, the ¥ region vanishes before it comes ifto
coitact with another erystailine phase—such ag iron silicide. Digregard-
g the fact thal the boundary curve of the y region terminatés at both
ends in the pure componcnt iron, the y “bulge,” ag it is frcqué}{tly called,
presenis nobhing unusual. The 3 erystals show at g deﬁni’tqfemperature a
maximum solubility for siIicon,\\gﬂ@é@gﬁ@iﬁliﬁgpéglg,_ggw\m many other
cases of limited miseibility, ’

It is obvious that if two binary systems invql Ang iron and one olher
component and having configurations like th’c‘&é shown in Figs, 147 and

.

Fia. 149, " :.“ 2
Triangle of conccntmtiqps‘of the par-
tial system TedB. \‘

\\ w4

N\

148 arc combinedN#Y s ternary system, then the one arrangement must
somehow pass @%er into the other. On the other hand, these configura-
lions are e((ch;simifar that at first glance a transformation from one
into ‘Lhe~,l§h10r appears impossible. The problem, which we are about
to Unde:r.bﬁkc, of making this transition is one of special interest in the
theory/of ternary systoms. In recent years if has been studied by E,
S}hcﬁm and also in the numerous investigations of the ternary systems
of iron by R. Vogel'! and W. Késter'? and their co-workers,

In a ternary system, both the nature of the diagram and the structure
of the alloys must evidently depend upon the character of the substances
added. The type of binary diagram which the added components make
with each other differs from one case to another, and may in the t.ernz‘ary
system cause scrious complications which have no essentigl connection
v.:ith the problem we arc atiempting to solve. Under th.e cireumstances,
the simplest case will be assumed—that is, the two Cl’)l:lStltLl(‘ltﬂfS added t.o
iron form with each other an unbroken scries of solid solutlons. This
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solid solution phase, which is assumed to extend for some dislance into
the ternary system, will be designated by C.

The apparent difficulty in attempting to get from a diagrzm
one shown in Fig. 147 to another like that of Fig. 148 lles nil
in the fact that both thesc figures illustrate binary systems.
systems there is an added variable, and there arc correspons
possibilities of transition, as has been observed previously.
centration triangle of the hypothetical system is ghown 1
Concerning this triangle only ome definite statement can he e
namely, that the boundary of the € solid solutlon must r;n},\‘h{ |UN1E
fashion aleng a curve ab which may possess discontinuities. 8 vansi-
tion of the system shown in Fig. 147 into that illustrated in Wiy, 148 will
be traced by the use of a number of vertical sections gl pagsing through

\\
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Fro. 150. Scetion Féa{,\ (Fig. 149, Fig. 151. Section FeB, (Fig. 149).

the iron cornefof the triangle. In the vicinity of the side I'ed, which
correspondgybo/the diagram in Fig. 147, the vertical sections still have
appro:%za@'ely the same form but have been modified into the ternary
type. ¢h & section is illustrated in Fig. 150. Tt differs from the one
Sh?ng in Fig. 147, principally in having the invariant jsothermal
mifgeé-phase lines replaced by regions of three-phase equilibrium cor-
\ responding to

&+ iz,
s2y+
yeza+ O

‘Fig. 151 shows the mature of the transformation which occurs in the
dlag.rarn of Fig. 148 as the vertical seetion moves into the position Fel;.
f&gam the most important change is that the invariant equilibrium of the
isothermal line has been replaced by an area of three-phase equilibrium,
s+a+C.

‘Comparison of the diagrams in Figs. 150 and 151 reveals that they
differ from each other with respect to the form and boundary of the ¥
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ficld in two ways, just as do the corresponding binary systems. In
Fig 153, the y area is completely surrounded by the « (3} region, whereas
. 150 it iz in confact with both the € crystals and the melt. The
ation will be facilitated by dividing the transformation into two

:eurs in contact with € but not with the melt.
Thi mext section will consider the transition from Fig. 151 to Fig. 152
and a later one, the further change to Fig. 150. ~

N
B. RESTRICTION OF THE y SPACE IN THE SoLip State ()
'\ ¢
N

1. Riate Spaces R

Tue # and 8 erystals are taken to be fundamentally idenftic‘ail. Hence
a change from the @ to the § ﬁeld,wsamm%pyi‘g@iﬁnﬁnuous man-
ner. As the scetion under consideration (Fig. 152) -approaches the side
Fel? oi the triangle (Fig. 149) the points ¢ and band likewise the points
¢ and d must move toward each other and fQﬁd}y merge. Since  and

A

Fiz. 152, ..

Type of section intermediate between
Figs. 150 and 151, \\"

N

¢
7N
:"\s.

8 are ide}lt%:ﬂ, the space eurves which these terminal points describe must
not form kinks when they meet, but must produce eontinuous curves.
THeypart of the state space of homogeneous y substance which lies
tween the sections shown in Figs. 151 and 152 has the form shown
in Fig. 153 where the observer is looking from within the ternary space
toward thc Fe corner, On the surface of this space are two ribs am
and &m, which as they approsch the side FeB merge and disappear. The
curve knl lies on the side FeB and kaobi is in the plane of the cut FeD.
The rib amb fades back into the surface and disappears at m, which %s
so loeated that the tangent to the curve is vertical at this point. It is
evident that the y solid solution is safurated with different sgbst'ances
over the two surfaces aknlbm and aobm. The first surface indicates
the temperature and composition of y phase saturated with «(5) substance
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and the sccond gives the same information about ¢ substance saturated
with . In other words, the surface aknlbm is the boundary befween
the region of the homogeneous y phase and the two-phase region of
v+ (8), and aobm is similarly related to the two-phasc space of v+ C.
These two state spaces cannot adjoin each olher but, as the sipplement
to Chapter II pointed out, must be separated by a three-phase space.
In thiz case the three-phase space is x (8) +{ ++, which touches the ¥
region along the curve amb and is intersected twice by the vertieal
section Fel), with the consequent production of the twn curvefided
triangles, aex and bdy (Fig. 152}. A
The depicted form of the state space of O {(Fig. 154) st \b@g}unilar
1

Lo

to that of the v solid solution. Certain compositions of the Wphase are
in equilibrium with % and others with the » phase. Gomesponding to
the rib aobm of Fig. 153, there is a rib a’o’d'm’ on the :bmmdary surlace
of the C substancowspacd Hfdiglibbdlry oy onch point"b}l the surface aobm
there iz a corresponding point on the surface a’obw’ which is connected

\
9.\l
y%¢
\8
)

AN
Fi: 133, Space of_*;' solid selltion le- Fw. 154, Space of C subslance be-
teeen the sectmng shown in Flgs, lween the sections of Figs. 151 and
141 and 152, D 152.

\¥
to the first b%t & conode. This faet naturally holds for the points on
both 130“{“1@% curves. The part of the two-phase space of y and €
CT}"S’Ea]SQﬂLhiCh is under consideration is hounded on one side by the out
FCD‘—:ZEhElL iz, by a vertieal plane—and on the other by a surface which
ispgemerated by the motion of a conode having its ends on the eurves
\magsrb and ‘a-’m’b’. Its ends are closed by the surfaces avbm and a’o’b'm’”

Hence this space has the form of a horizontal eylinder which has been
sectioned lengthwise by the FeD plane.

In Chapter 11 it was shown that a surface generated by the motion
aof a conode corresponds to a houndary surface between a two-phase
and a three-phase space. The present case involves the boundary of the
three-phase space « (8) +v+C, which iz developed by the motion of a
eonode having its ends on the curves amb and ow'd. The boundary
of such 2 space has the form of a thres-edged tube and is developed by
the motion of a horizontal conode triangle. A space of thiz kind g;enerally
terminates either in the isothermal plane of a four-phase equilibrium or
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on a gide of the prism of state where it shrinks to a straight line, In
the present example we are not constdering a complete phase space—and
~ this remark holds for the other spacce—but only that part to one side

of the arbitrarily located ptane FeD). The intersection of this plane
with the three-phage space, e+ + C, forms the three-cornered arcas, ace
and bdy, shown in Fig. 152. These arcas inclose, on this section, the

Fic. 155, ¢
Brace of the mixture of ¥ and ¢ be- Reer 2
tween the sections shown 1o Tigs. 151 and =
152 when looked ut from ihe side Fed
(Fig. 149). ¥

two-phase area y+¢, Actually, on the FeB side of the p}fiﬁ]’é Feld, the
threc-cornered # (8} +y+C space surrounds the ytﬁ&{égiun, When
Tooked at from the side Fed, thi¥f Patthrolibighy0@Hite has the form
depicted in Fig. 155. Since the cut FeD has been Igeited by chance, the
fincs xe, xe, yb, and yd are nct conodes; ne';t,l}‘&'are they in general,
straight lines or isotherms, N\ v

A two-phase space of v+« () adjoins e part of the state space of ¥
cvvstals which is outside the surface agbm (Fig. 153). This two-phase
spuece i5 bounded on the side opposité{thfz v region partly by the a phase
region and partly, on the surface j@ub"d, by the a+y+C region. It has

m‘} g I

I'},ﬂ 156. Two-phase space a(8) + v a8
seen whon looked at toward the
10N COrner.

Tro. 157, Space of « (3) solid solution
between Lhe sections of Figs. 151
and 152

the shape shown in Fig. 156. As usual in these figures, the lettering of the
various points agrees with the eharacters in Figs. 153-?57. . The_(spaee
form shown in Fig. 156 surrounds the region pictured in Fig. 133. It

o originate from the movement of the triangle kea

c be 1 ined t
an be imagine ve od and the

in such a manner that the corner, c, glides along the eur
corner a, along ab; meanwhile two curves, Enl .and knyd, are generated
by k, with the result that a four-sided figure s developed. One sces
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that the boundary surface aepdb adjoining the threc-phuaze space
#+y+C does not extend to the side FeB, ag indeed 1L couwhi not because
this three-phase space does not appear there.

The homogeneous o space surrounds the two-phuase 2 (5) -y region,
In the section FeD it is separated from the 8+ C field Ly *I.o elrve ¢fs.
Aleng the curve epd (Fig. 156) it touches the z4v+C For the
one-phase « territory to have contaet with this three-phas: suaes over a
surface i3 not possible, as was seen in Chapter II; Fig. 152 shows that the
two are scparated by the two-phase a4 ¢ region. Toward
the a substance scparates the «+ ¢ space from the oy tor
that the two twe-phase regions touch along the curve cug
analysis it will be deduced that the a region has appr(mq
shown in Fig. 157, as seen when the obscrver looks tm\’arf.

From this figure the reader may imagine how the QN ity coniaining the
www.dbraulibfary org.in

“fom this
{he form

F1a. 158, Isothermal ?\gmn above the Fro. 159, Isothermal scction between k
temperatureg of ‘¢ phase. and ¢ in Fig. 152,

space &+, } nzid Wlthm that, the y space, closes progressively toward the
side FeB, \ébovc the space is limited by the solidus surface. Below, it
extends(ts Yoom temperature, although in Fig. 157 the lower part has been
cut fo\ =ave space. The dotted curve indicates how the cavity in w ‘hich
they and v+« regions lie, cxtends 1nt0 the interior of the « space, €orre-
s‘pondmg to Fig. 156,

\ ) The transition from the configuration in Fig. 151 into that of Fig. 152
has now been followed out ('ompletely The state spaces which have been
established may be listed as follnws

(1) Three homogeneons regions comprmmg the v, €, and « (§) phases
(Figs. 153, 154, and 157).

(2) Three two-phase spaces y+¢, y+a(3) {Fig. 156), and 2(8)+C.
(3} A threc-phase space a(3) +y+C (Fig. 155),
2. Isothermal Sections

In order to obtain the clearest possible picture of the various configura-

tions, let us consider several isothermal sections. The freezing process is
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of no inferest in the part of the concentration triangle marked out by
Feidii; henee, the discussion may be limited to the solid state. The first
seetion wili be taken above the y region (Fig. 1568} and in it, as in the
folicwing diagrams, the part of the boundary curves outside the selected
line ¥eld will be dotted to show that this plane has no fundamental
sy eance,

The pleture is very simple.* Besides the two homogeneous regicns of
@ and £ erystals, only the two-phase region «(8) +C is cut by this plane.
Obvicusly, the direction of the conodes need not agree with that of ghes
lne ¥FeD. A similar diagram is cbtained by a section taken belgw the
v ficld. We may next consider a section taken below & but aboqe\:’ o{Fig.
1521, The shape of the boundary curves ean be obtained fromy an ex-
sriinstion of the various state spaces. Since the y space (Fag’ 153) has
beer: cut above @, the boundary line of this field will be a L‘c{ﬂtinuous gurve,

www.dbraulibrary . owgy

¥16. 160. Isothermal section between ¢ Fra. 161. Isother;;nal §ection belween o
and & in Fig. 182, .\ and b in Fig, 152.
+8 3

Since the cut is also a-EQ\\é'c (Fig. 156), this condition holds also for the
outer boundary of tieregion of a+y. Furthermorc, no kink can be ob-
scrved in the bsuiary between the two-phase field of +C and the 2
region. Conta@.bctween the y space and the two-phase region of y+C
does not: geg f or at this temperature the y field is completely surrounded
by o sub;t\@n"cc. Hence, the isothermal section shown in Fig. 159 dacs not
differ iﬁ;lCh trom the one in Fig. 158 except that inside of the ¢ field there
arethe'y and y +a regions. ‘

"W section taken below ¢ but above a (Fig. 152} will have the outlines
itfustrated in Fig. 160. On the basis of Fig. 153, it may be ass‘umed that
the y field is bounded by a continuous curve. Such an assumphpn for the
field % +y would be an error, however, since in this section the ribs ea and
cp (Pig. 156) are cncountered, and the boundary eurve must posscss a
discontinuity. On opposite sides of the discontinuity, the v+a field m}lst
be in cquilibrium with different phase aggregates. On the 1e1t .Of thle kink
it is adjacent to the z space because the surface of separation in thie case

# Note by translator: Fig, 158 appears to be in error if the actual instead af fhf:t
schemntic situstion is considered. To avoid the v space, the isotherrnal plane mus
lie at 1400° C or above, yet at this femperature the plane would surely emcounter

the spuce of liquid metal.
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is mbep (Fig. 156). On the right it is separated from the « -ty +C mixture
by the surface acpdb.

For a temperature between the points ¢ and b {Fig. 152, the isothermal
section appears as in Fig. 161, The boundary curve of the y region now
has a kink, for it borders on two different two-phase ficlds—mnamely,
y+C and a+vy. The complete conode triangle is revealed by the scetion
of the three-phase space (Fig. 155) by the igothermal plane. Iig corners
touch the homogeneous phase spaces «, v, and C.

Starting out from the point ¢ (Fig. 152), the conode triangle - Lapo
moves toward the side FeB as the temperature falls (Fig. 161}, wteGoes
not reach it and later returns toward the plane FeD. When tju{ {ehTpera-
ture has fallen below & (Fig. 152), the isothermal section agaiwresenibles
Fig. 160 and still later assumes a configuration similar tg 1% 159,

The isolhermal sections are not difficult to understantl)> Study of them
is complicated onlVHetAREMIPIRE PEHINT the £{&EbLle being analyzed
is located arbitrarily and represents no theoretically“ important boundary.
o\

Frz. 162.
Section Feld (P, 1610,

Account has bocn taken of this faet by extending some of the boundaries
ag dotted limpg beyond the FeD plane. The exposition which has been
made in, ¢ foregoing paragraphs serves as an cxample of how selected
portiog®\of a diagram can be analyzed and how the apparent difficulties
v\hlc’h arise from considering only a fraction of the gystem may be over-
" gon’l»e

\ / In the following discussion of vertical sections it will be observed how
complicated they are and how little they contribute to a thorough under-
standing of the case. This condition results beeausce the vertical sections
have no physical or phase theoretical significance, whereas the isothermal
scetions give an insight info the equilibria existing in the system. The
only advantage which they offer is the possibility of following, experi-
mentally, the state of a given alloy at different temperatures.

3. Vertical Sections

We shall limit the discussion to sections passing through the Fe corner
of the concentration triangle, as shown in Fig. 161, This figure will be
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agsumed to correspond to the temperature at which the conode triangle
approaches most clescly the side FeB, or, in other words, to the tempera-
tere af which the curve epd (Fig. 156} becomes tangent to a vertical plane
passing through the Fe corner (that is, through the &l corner). We shall
also assuimne that the curve ab becomes tangent at the same temperature to
another vertical plane through the Fe corner. This assumption is not at
all necessary but does simplify the discussion.

The vertical sections of the part FeEB (Fig. 161) show nothing im-
puztant in addition to what wag indicated in Fig. 151. Phase combifa*
tiong in which v and C appear together do nof oceur, o

The section FeG has the form ilustrated by Fig, 162, The ;,f.\ﬂél'd still
Las a continuous curve as its boundary and is completely surreunded by
the 2+ region. The three-phase space (Fig. 155) has alechdy made its
appcarance, but as & comparison of Figs., 155 and 161 Wil dcmonstrate,

www.dbraulibrary. sfgin

Fe LY # Fe
Fic. 183, Section FG‘H\(Tig. 151}. Fic. 164. Section FeJ (Fig. 161).
the 1ib od has.b 51\1 intersected twice, whereas ribs ab and xy lie completely
outside of this.éut. Hence, in this section the space of a+y+C 18 bounded
by two eur¥es, one of which is the trace of the outer surface of fuhis gpace
on the}x‘rertical plane and the other is produced by the intersection of the
plateWwith the surface abde (¥Fig. 155). ‘ ‘ _
““he scetion FeH (Fig. 163) differs from the previous one in that it
ifftersects the region y+C. Since the side am'd’ of the € phase space
(Fig. 154) has not been reached, whereas the curve amb (Fig. 153) 1s
intersected at two points, the cross-section of the state space of v+C
made by the plane FeH has the form agb (Fig. 163). The outer boundary
surface of the region ¢+y+C is cut in such a way as o produce a curve
similar to agb. In this section the two regions yii-C and z-+vy+C have not
s the region of homogeneous C' crystals.

33;"}5]'3;1;}11238 nearl?r the position of the cut approaches t}}e line FeJ,_the
farther the two regions y+C and ¢+y+C cxtend to .the rlght, and th}s is
particularly true for the area agb (Fig. 163). As is immediately obvious
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in Fig. 181, the distance between g and r deereases as the <x
place. In the section Fe/ (Fig. 164) the points g and 7 have
ously attained the boundary curve of the C region. Yoy pl
FeD, the two three-phase arcas move apart until the seeiion o ¥p 152
is attained.

C. SePaRATION OF THE 8PACE OF THE y CRysTALS
Froym raE Sormus SurrFack

We shall now proeeed to an analysis of the transition from it
of Fig, 150 to that of Fig. 152. The principal difference betwog
diagrams is that in Fig. 150 there are two three-phase
volving the melt—namely, s+8+y and 8+y 4+ Co—wherea:
there exists only one such three-phase region—speciﬁcal]ys . ;

The transition can proceed through an invariant fourdiliasd ¢q.ilfibrium
in which the phasgs s, oy pr&fddrpdrtieipate. In C})&f{vtgr VI an cxplana-

P
F10:365.

O The part of the trianziz of con-
\ centrations which lies beiween the
" scetions of Figs. 180 and 151 The
proeess of freezing,

tion was given of the factit}at four three-phase equilibrium spaces adjoin
any invariant four-phigs equilibrium. In the system under discussion the
four three-phase régions are: s+5+4v, s+y+C, s+84-C, and §+y+C.
In the eutecticygase the invariant reaction is: se=28+y+C, whereas in

a peritectic arcangement one of three reactions may oceur:
'..\:,

\,,’ YO,
O sHY=3540,
™ s+ O =y 48,

ijlgb, according to the diagram, $ but not y exists at high temperatures,
\whereas at lower temperatures the y phasge but not the 3 oceurs, the first
periteetic reaction must be the one which prevails,

We shall assume that the transformation is a periteetic one and that the
four-phase equilibrium is approached from above by the three-phase
gpaces s-+3+vy and s+3+C and from below by s+y+Cand $+y+C. In
other words, the temperature of the invariant equilibrium lies below the
three-phase fields s+8+y (Fig. 150) and s+8+C (Fig. 152) and above
the field s+y+C (Tig. 150). The curves of doubly saturated liguid will
therefore have the positions given in Fig. 165, which brings to mind the
configuration discussed in part G of Chapter IV. Such an arrangement
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z1ble here since the system poszeszcs a limited degree of solid
-, Corresponding points of Figs. 150, 152, and 165 are all marked
same letters. The eompositions of the ¢rystalline phases par-
Hefneting in the equilibria are outlined by the dotted curves. From the
H of the quadrilateral GELF of invariant equilibrium, one notes that
siem undergoes & peritectie reaction in which the two phases, melt
2 & phase 7, give place to the v phase of composition & and C phase of
compasition #. The liquidus surface is represcnted schematieally IQ
‘Fi\r 145,

s the diseussion of Fig. 165, it is advantageous to cmploy they bxparv
s FeA (Fig. 147) rather than the section diagram lying tuthm the
nary system (Fig. 1607, The principal difference between thevdiagrams
is that instead of the ternary ficlds qigsga and hihzhs of Flg 150, hori-
m\\

N
ML anrgian

LR

www . d brafiika

Frz. 1686,

Spaee disgram corresponding to Fig.
155. o

zontal straight lines, ‘pemtectlc and one eutectie, are in evidence.
This change has no, 1};%91109 on the discussion. In the part FegsGFf,
the v phase is nof, 111 ontact with the liquid alloy; the 8 substance is in
equilibrium with fhe melt in this field,

The transitigy from the configuration of Fig. 150 to that of Fig. 152
has now }1 accomplished. "The circumstance of there being a y field at
lower tétaperatures in the latter diagram has nothing to do with the
presehb problem and offers no difficulty, This field exists because the
boundarlcs of the spaces of the different erystalline phases descend, as the

\tempcraturc decreases, in such a way that the « field which extends up to
the Fe corner as shown in Fig. 150, widens out from there to the side FeD
(Fig. 165).

Since the transformations of the remammg struetural features of Figs.
150, 151, and 152 are essentially straightforward, no further details will
be discussed.
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. This footnote ealls attention to refercnecs 4 and 5. ¢ ~f’§
. Gwyer, A. G. C, und Phillips, H. W. L.. “The COnst.itution'§f~Ailéys of Alumi-
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146
Pressure, neglect of, in alloy systems, [
Primary crystals, change in composition
during solidification, 123
Prism of state, 13, 23

G
Quasi-binary section
definition, 45
in alumnirum-silicon-iron system, 133
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Reaction
eutectic, 11, 12, 17, 31, 43, 61, i
in solid copper<tin-zine alloys, 144
invariant, 104, 107, 116, 144
monoteatie, 107, 111, 115, 113, 119
peritectie, 12, 49, 54, 74, 133, 166
peritectoid, 145

] )
Suck-shaped area in vertical section, 128
129 \
Saturation )

of & liquid in one solid pha,se\ 1:;, 73
of u liguid in three solid spha.z.es simul-
tuneously, 17, 85 N\
of a liguid in two hd' phases zimul-
368 (G 73
of a solid phasd, with liguid, 66, 86
of solid p}}a%s.mth each other, 66, 80,
85, W16
Screw-typex durlaces
gcnera.tmn of, by moving conode, 20, 28,

»." 39 52, B3, 103, 136
CNptersection of, 20, 22

O Sectlons perpendicular to plame of con-

centration {see vertical gections)

Silumin, 138
Solid solution
change in composition of, during solidi-
fieation, 38, 62, 64
chunge of limiting: composition  with
temperature 61, 137
relationships in systems with solubtlity
gaps, 82
relationships in systems with two binary
eutectics, 61
Solid solutions
changes in composition of, in solid
copper-tm-zmc alloys, 146
transformations in, in golid copper- —tin-
gine alloys, 143
dolidifiention
change in composition of lignid during,
15, 17, 37, 49, 62, 95, 125
impossible case, 56
in aluyminum-iron-silicon alloys, 132
in copper-tin-zine alloys, 141
in irop-carbon-silicon alloys, 154
in mixture of two liquids, 104, 115
in quasi-binary section, 46
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Solidification—eontinued
in systems having solubility gap in
liquid state, 104, 114
in systems with complete solid  solu-
bility, a7
in systems with one binary compound,
43, 48
in systems with selubility gap In vne
binary system, 124
in systems with solubility gaps in three
kinary sysiems, 85
in systems with solubility paps in two
binary systems, 61, 72, 79
in systems without solid solution or
eompounds, 15
of ternary mechanical wixture, 15
over an interval of changing fempera-
ture, 71 Wi
Solidus surface, 37, 41"
Space curves
junection of, at close of binary eutectic
aclidification, 43, 44
of doubly saturated melt, 18, 20, 29,
44, 87
of doubly saturated melt, method of
determining position of, 29

of three simultaneousty existing phases)®
6, 63, 87
relation to boundary surfaces, 16,87
Space diagram, derivation, af (34
State spaces \
heterogeneous, 23 O
homogeneous, 23, 300 ™
in a]uminum-iror;-!si]’mon svstem, 135
in copper-tin-z{Dy System, 142
in iron-cazhén¥silicon system, 157
in systcms%ui’ving solubility gap in

S

liqli:id state, 109, 117

in sf%tems with complete solid solu-

\\bility, 30

in/systems with solubility gap in one
binary system, 126

in systems with solubility gaps in three
binary systems, 88

in systems with solubility gaps in two
binary systerms, 65, 76

in systems withaut solid solutions or
compounds, 17

of hinary esutectie crystallization, 22

of mixture of two liquids, 102

of primary crystallization, 20, 79

one-phase, 18, 34, 66

*

of three-phase equilibrium, 16, 87, 2B

State spaces—continued
phasrs possible in couligun..,
significance of, 18
three-phuse, 28, 31, 100
tube-like, 22, 64, 75, 77
two-phase, 34, 60, 54
State surfaces
between primary wnd bingie
tion spavce show
isothermal secrions
change in direction w
space changes, 65
forination of vib al ju:
surfuces, 20, 22, 57, &,
generated by moving o
68, 76
in a systern withod@\hiid solition or

.78, 109

o

a2 N
\Ei??tég,alﬂiabrm‘y'm'g'm compounds 23\

of primary JGevatallizatic:  definiilon,
15, 23 N\
significanea ef, 23, 83
System”' W
ahtwiinim-iron-silicon, 131
bifgakiant, 4

N »égpper-tiu—zinc, 132
N\ divided into two partisl systems by

compound, 43

having solubility gap in liguid state,
100

having solubility gap in solid state, 122

heterogeneons, 3

homogeneous, 1, 5, 7, 15

invariunt, 4, 104, 115

iron-carbon, 154

iron-catbon-silicon, 154

iron-silicon, 154

reno-variant, 4

shift from cutectic to perilectic type,
79

tri-variant, 4

with cornplete solid solubility, 37

with no solid solubiiity, 14

with one binary compound, 42

with one ternary eutectic and one tor-
nary peritectic, 48

with selubility gap in one binary sys-

tem, 122

with solubility gaps in three binary
gsyetermns, 82

with solubility gaps in two binary sys-
tems, B0

with two binary eormpounds, 57
with two fernary eutectic points, 43
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T
Tomperature changes
diiring binary eutectic reaction, 16, 65
cluring primary solidiffeation, 13
Terpary cuiectic

v

Variable lost by action of law of straight
combining lne, 106
Variables in equation of state, 2, 7
impossible if one binary system has  ¥ertical sections
complete solubility, 61 in copper-lin-zine alloys, 152
syslem haviap binary compound, $4 in iron-earbon-silicon alloys, 158, 163

in system having threc binary sysiems in systems having  solubility gaps in
with solubility gaps, 85 liquid state, 111, 120 ¢
in system without solid selution, 22 in systems with complete solid “edlu-
Ternary  peritectle impossible if one bility, 40 '“\
hinary systern has complete solu- in syastems with one bma):} \wmlﬂouﬂd
lity, 61 47, 52 % \J
Transformations in solid state in systems with solu}ei‘hty gap in ona
in eopper-tin-zine alloys, 143 binary system/ 327 ’
1’1 fI'ODs 15¢ ) - dbré@llﬂ?ﬁ?ﬁ Bi{ﬁ' ﬁﬁjﬁblh’ry gaps in three
_in iron alloys, 185 ) binaty sysbems, 94
Triangle of concentrations for ternary in systems Wtk solubility gaps in two
. system, 9 bindTi, Eystems, 70, 78
Tri-variant system, 4 in sysbems without solid solution or

tube-like space Seompounds, 27
of bi ic crystallization, 22, ¢ -
of béiaay cutectic crystallization, .meﬂmd of selecting {two common
BN types), 27
of binary peritectic erystallization, 76 N
degeneralion of, into isothermal lipey® Significance of, 27, 28, 162
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THE PHASE RULE

by Alexander Findlay, A. N. Campbell
& N. ©. Smith

Chemical phenomena of one, two, three, four, and multiple compo-
nent systems are covered in this completely revised standard text.
Clearly written and well diagrammed, THE PHASE RULE will prove

especially useful to graduate students in the field.

Brought up to date by Professors A. N. Compbell and N. O. Smith,
this volume contains brand new material on such important fopiéa}ss
the treatment of binary and tertiary liquid vepor equililqrib:,\ solid
solutions in ternary systems, phase changes in cooling of tetniaty salts,
quinary systems of salts and water, sa[rir!g out, soa zéysfems, and
fuming liquids. The revisers have followed ME¥eFHHMHs in changing
the emphasis in ternary systems from rectanguiar 0 friangular coordi-
nates. They have clarified the graphic repres,a’r,} fion of quarternary
and placed emphusjs’}n‘ihe solid model as a

reciprocal salt systems;
d on the distinction

means of coordinating p-t, t-x and p-x sections, an
between sections and projections. &%

“Recommended with confidence,SEIENCE PROGRESS. **Of particular
and ceramics, and to the

interest to students of metuilu.rd?; geclogy,

chemist and chemical engiﬁeer concerned with phase equilibria,™
CHEMICAL AND ENGINEERING NEWS. 'Should ronk as the standard
work in English on the subject,” NATURE [London].

ect indices. 2 appendices. 236 figures, includ-

9th edition. Autheridubi
§ al, xii 4+ 494pp.

ing 14 solid médels. 505 footnotes, mast hibliographic

5% x 8. \:\
'.‘\ $92 Paperbound $2.45
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HIGHER MATHEMATICS FOR STUDENTS
OF CHEMISTRY AND PHYSICS

by J. W. Mellor

This standard texi, which has ojded generations of physicisiz and
chemists, has not been superseded as o practical intraduction to
higher mathematics. Practical in approach rather than ob

builds its many examples and exercises out of familiar maie;i:
actual laboratery situations, and presupposes only a working leaovl-

. . 2NA .
edge of elementary algebra and the meaning of g few fri.a.ﬁ\!*-'\:’:'*me‘rnc
formulas. L >

ol
™

Beginning with differential calcufus, the author p;'cifc:aecis through
analytical geometry, infinite series, _probabiIi’ry,fﬁ\e?ermirm?s and,
similar topics, Tr\gt\:lﬂf\r“ﬁ‘gkﬁgl#ﬁﬁa%'ccl)rgéltréifed, and priesentufioyw is ex-
ceptionally clear. :'\\:

CONTENTS: Differential calculus. Coordindi'} or analytical geometry.
functions with singular properties. Ipfé;;‘rﬁl calculus, Infinite series
and their uses. How to solve numéﬁcal equations. How ic solve
differential equations. Fourier's f.h,éj&rem. Probability and the theory
of errors. Calculus of variation$,* Determinants. Appendix i: Collec-
tion of formulae and tablé\of reference. Appendix II: Reference

tables., N

“An excelient refere‘né\work. If the reader is not familiar with this
book . . . it willrepay him to examine it,” CHEMICAL AND EN-
GINEERING NENYS. “Has served generations of physicists, chemists
and asfrongzuq;}s -+« a dassic,” ASTROPHYSICAL JOURNAL, “An

eminently \eadable and fhoroughly practical treatise,” NATURE
[Londgni

» L
Undgbridged republication of 4th edition. Prefatory note by Donald
Miligr. Index. 800 problems. 189 figures. xxi 4 641pp. 5% x 8.

$193 Paperbound $2.00



THE ANALYSIS OF MATTER
by Bertrand Russell

The relationship between the new physics and human perception is here
given a briliiant exposition by one of the most agile minds of the 20th
wentury. Both philosopher and mathematician, Bertrand Russell is noted
for his clear thinking and clear writing. This classic volume is a pivotal
work in the development of his theories, and will prove especially intéry
esting to scientists, philosophers and mathematicians. AN
After defining his problem, Russell discusses The Logical Analysissf P\};ysics,
covering pre-relativity physics, electrons, protons, quomumog"qd‘"felaiiviry
theories, tensors, matter, space, ond other pertinent 10pics.?Prdceeding to
Physics and Perception, he treaQ\J}eg_@Epgﬁgﬁgm.ﬁ@pgwmve perception
to common sense to physics; discusses inferences, \asnvmental analogues
io perception, and similar matters. Fincily, in the Sffucture of the Physical
Warld, he considers space-time order, causal dides and laws, periodicity
and quatitative series, neutral monism, andather subjects. The final chapter

N/

contains summaries and conclusions.

Reviews of original edition: ”Mosf';hc‘i:‘dugh treatment of the subject that
has yet been published,” THE NATION. “Masterly piece of clear thinking
and clear writing,” NATION AND ATHENAEUM.

Unabridged republication @}\1927 edition. New introduction by Lester E,
Denonn. Index. 8 figuresiViii + 408pp. 5% x 8.

5231 Paperbound $1.85



GUIDE TO THE LITERATURE OF
MATHEMATICS AND PHYSICS

Including Related Works on Engineering Science
by Nathan Brier Parke lil

WHAT literature is available and WHERE can it be found? Fuily revised
—uand for the first time available in a handy, inexpensive edition—
this unique, up-to-date GUIDE TQ THE LITERATURE OF MATHEMAT{CS
AND PHYSICS puts a comprehensive library catalogue at your finger
tips. 2 AN

Ny

Over 5,000 entries {more than double the number in rhe.ﬁ?s\t edition)
are included under approximately 120 subject headings, further sub-
divided by an wesadbradlibravlyragdings, Every Bréach of physics,
mathematics, and related engineering science ig fﬁify represented. For
example, 28 books appear under the subheath ‘Projective Geometry;
78 under Geometrical Optics; 22 under CQ%TC Rays; not including
cross-references and general works, $ N

All books were selected by « prdcfjgiﬁg'muthemcfician and physicist
on the baosis of current significariee, fullness of treatment, and the
ability to give clues to further, r:ri’u;‘ériol on g subject, Citations are os
full s possible—giving auvthor 'title, edition, publisher, place, data,
number of volumes or “anber of poges. Many recently available
Russian works are inciddgd. Discussions of the literature under each
heading define fhe’ s}biecr matter and provide numerous cross-refer-
ences and sugggﬁiohs for further investigation, The GUIDE also con-
lains an extensive’ listing of bibliogrophical aids: abstracts, indexes,
periodicais,‘;r‘év]'ews, biblicgraphies, directories, encyclopedias, docu-
menfary'\(‘e;i’roducﬁons, guides, and library resources, A complete
Authqr.)und Subject Index aliows instantaneous location of the biklio-
graghical data on any book.

\This GUIDE will not only save you countless hours and help you locate
much difficuli-to-find material; it will offen help you shape your prob-
lem and prevent o duplication of work by showing you exactly what
has been done on o subject, With the litergture grown to such huge
proportions, the GUIDE TO THE UTERATURE OF MATHEMATICS AND
PHYSICS has become an indispensable research assistant for every
physicist, mathematician, engineer, scientist, student, and researcher.
2nd revised edition. Over 3,000 entries, 71-page introduction. Indexes.
464 pp. 5% x 8, Paperbound $248



THE THEORY OF THE PROPERTIES OF
METALS AND ALLOYS

by M. F. Moit and H. Jones

The application of quantium mechanical processes to the theory of
metals has led to a spectacular resolution of certain basic disparities
between theory and experiment. In this work the authors use quantum
methods to develop mathematical models which account for the prop-
erifes of pure metals and alloys. In particulor, they show how crystq
structure, magnetic susceptibility, electrical and optical properﬁgfz\and
fundamental chemical phenomena are related. Experimentelresults
are linked closely with theory and where more than on'e,“fo}'mulaﬁon

has been proposed the merits and drawbacks of each arg discussed,
www . dbraulibrary or %’iﬁf . .
Drawing upon hundreds of original papers by sdehymen as Einstein,

Debye, Bragg, Bethe, Fermi, Sommerfeld, Bloch\Wigner, Heisenberg,
and others, the authors develop the fhermulx? perties of the crystal
fattice, electrons in equilibrium in the crysfqﬂ'l‘ﬂiﬁce, motien of electrons
in an applied field, cohesion in pure m:efhls and alloys, the crystal
structure of metals and alloys, heat gapacity and megnetic properties
of the metallic electrons, and fhr-.fwélécirical resistance of metals and
alloys. Such phenomena as reﬂfe{ﬂibn and refraction ot various wave-
lengths, x-ray emission and,dbsorption, cohesion in alkali metals, noble
metals, transition meial;{b}rd divalent metals, para-, dia- and ferro-
meagnetism, scatfering}\\ai’ vorious temperatures, resistance of pure
metals and dilute gndconcentruied metallic solutions, and many others
are considered jn"\d’e"rail.

Infroductiop‘\’;l\3“8 figures and scores of tables. Appendices of free
electronsiu}rtf physical constants. Bibliography. Name and subject in-
dices. Xiih -+ 326pp. 5% x 8.
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5456 Paperbound $1.85



WHAT IS SCIENCE?
by Norman Campbell

Written by an eminent scientist, this is a first-rate introduction 1o the
nature and methods of scientific thought. It explains clearly the role
of experiment and mecsurement, the role of mathematics, cig sots
forth vatious kinds of scientific laws and points out the ddifference
between !aw and theory. No knowledge of science or mathenilics
is needed to follow the author's remarkably clear expmit:’pv\, This
is an ideal book for a beginning student who wishes o Ju'\’:i:"\f"sfate—
ment of basic scientific method and principles, wirhoui‘%géhnimliﬁes‘

Partial contents. TWO ASFECTS OF SCIENCE. Devglb}:mén? af pure
learning. Science and other studies, and natyre. S’c"!e.\q?:e tnd sciznces,
SCIENCE AND NATWRHTWHY 8 9 Bhlieve g external worid?
- Characteristics of sense-perceptions, Qur b:ek\ef in other pecple. A
definition of science, etc, LAWS OF SClE’f\JC’E. Why science studies
laws. Development of laws, Laws and c;el{.lsés and effects. DISCOVERY
OF LAWS, Problem and solution. Elasticity of laws. Significance of
genius, etc. EXPLANATION OF LAWS: What is o theory? Difference be-
tween science laws gnd theo:{é’s:“\’alue of theories. Invention of
theories, unalogies of theorigsf'A;e theories reol, efc. MEASUEEMENT.
Numbers, counting, propga“rq‘es that are measurable, lows of measure-
ment. Multiplication. QOrfet. Laws, etc. NUMERICAL LAWS AND USE
OF MATHEMATICS I{\I\SEIENCE. Numerical laws, Source of numerical
relations, Derivec{.r@ebsurement. Calculation. The Newtonian assump-
tion, etc. APPLICATION OF SCIENCE. Limitations of science, cerfainty
of knowfedg'e\.;\‘Pbpular fallacies. 192pp. 53 x 8.

N\ $43 Paperbound $1.25
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MATTER & MOTION |
by James Clerk Maxwell
Retes and Appendices by Sir Joseph Larmor

Consinereg by many educators to be ong of the finest elementary scientific treatiseg
Ever wiitier, this work contains ali the tharacteristic freshness and elegance of Maxwell's
writings and gives llluminating glimpses of a great mind's approach to fundamental
subjects. After 75 years MATTER AND MOTION still retains its power of suggestjoa‘\it
teserves a place in any well-rounded modern scientifie library.. \

A5 drawn up by one of the masters of science the book is a reasonaple cunsp%sihs of
the Nawtomian dvnamics. Ms generalizations proceed gradually from simplgparticies of
matier o physical systems that are beyand complete analysis. « \J/
The treatment of the fundamental principles of dynamics has been, ﬁniéﬁged along the
authar’s own lines Ly the inclusion of the chapter “On the Equd ion of Motion of a
Cannectad System,” from Yolume v Eled bty g WA REEA Two appendices have
been added by the editor, one dealing with the principles sof\Fefativity motion and the
other with the wider aspects of the principles of least act'o\n. 178pp. 5% x 8.
9, \

, Paperbound  $1.35
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FOUNDATIONS OF SCIENCE:
THE PHILOSOPHY OF THEORY AND EXPERIMENT

by N. R. Campbell

In this volume, formerly entitled PHYSICS. THE ELEMENTS, Dr. Camp-
bell provides a critique of the most fundamentaql concepfs of science
in general and of physics in particolar. Hjs point of view is that of
the experimental physicist rather than the mathematician. This, com-
bined with his knowledge of the entire fieid of physics, allows\his
investigation to proceed clong unique lines. .\:\

This book has three purposes. (1} To discover why ,cér\fain pro-
positions of science are accepted without question;(Tﬁese include
the use of hypothesis and theory, induction, applicat’dl of ““Rumbers”
to phenomenag, d%‘ér‘?sl?é'ﬁﬁltika’r?’&yy?f;%lenfc. (2) T8 Hemearcate science
from philosophy, and to discuss ottempts to mdke one o branch of
the other. (3} To clarify our undersfunding;\of the tools of science
{theory, probabiiity, medsurement), to pr}vlenf errors in their use,
and to extend our understanding of }f}e‘ phenomena which we in-
vestigate by their means. The Outhgf:’.drqws upon the work of count-
less predecessors, ranging fromj&ul:lid and  Aristotle to Maxwell,
Planck, Poincaré, Bergson, anc{fscéres of others.

This is not an elementary Seotk. If is written for the reader who has
o good background in thé’physiccl sciences and it has been accepted
as o classic in s field. It is difficult to conceive that anyone in-
terested in the scighces would not profit by studying this monumental

FOUNDATIQ{\;S\ OF SCIENCE is divided into two parts. The first parf
analyzes:{ ¥ presuppositions upen which scientifie thought is basad.
Subief:\*':;murfer of science; the nature, discovery, proof of laws;
fbgaijﬂéé; chance and probuability; science and philosophy are dis-
“wssed, and the pPhysical nature of the world is studied in relation
fo problems suggested by mecheanics, thermodynamics, gas theory,
and electricgl phenemena. In the second part the author covers the
nature of experiment and the application of mathematics; measure-
ment, magnitudes, fractional and negative, units and dimensions;
errors of measurement efc, are all considered. An appendix covers
problems that arise from relativity, force, motion, space & time.

Index. xii |- 565pp. 5% x 8.
Paperbound $2.95



(continued from inside front cover)

Statics and fthe Dynamics of & Particle, W. D. MacMillan $2.00
The Theary of the FPotential, W. D. MacMillan §2.25
Anaylsis and Design of Experiments, H. B. Mann Fi45 Q.
Meson Physics, R. E. Marshak 3195 A
The Electromagnetic Field, M, Mason & W. Weauver $2.004 \\
Applications of Tensor Analysis, 4. J. McConnell 31.8\2\
Theory of Vibrations, N. W. McLacklan 813583
Higher Mathematics for Students of Chemistry & Physics; WMoy §225
Jucobian Elliptic Function Tables, L. M. Mihae—li}{wr\mon $i.35
Treatise on Theromd 'na‘mi?ija‘x Hﬁ”%ﬂ BI7s
Les Méthodes Nounellds”, e%r{a ﬂ’l?gcéng?tltéy ‘(?(’f(é.}te, H, Puoincaré
Three volume set  §7.50% "
Adpplied Hydro- and Aeromechanics, I, {’m}xﬂl & 0. Tietjens $1.85
Fundamentals of Hydro- and Aeromechanies) \.4 Prandil & O. Tietjens §1.85
The Theory of Sound, Lord Rayleigh Two volume set, §4.00
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