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PREFACE TO FIRST EDITION

IN 1925 the author wrote a book (Statistical Methods
for Rescarch Workers) with the object of supplying
practical experimenters and, incidentally, teachers, o\f
mathematical statistics, with a connected accound, of
the applications in laboratory work of somejof” the
more recent advances in statistical theory, ~Some of
the new methods, such as the analysis~0f variance,
were found to be so intimately related\with problems
of experimental design that a con’g;zkl'erable part of
the ecighth chapter was devoted (to the technique of

agricultural experimentation, ard> these sections have .

been progressively enlarged ~with subsequent editions,
in response to frequent requests for a fuller treatment
of the subject. The desigh of experiments 1s, however,
too large a subject, and of too great importance to the
general body of é.ieﬁtiﬁc workers, for any incidental
treatment to be\adequate. A clear grasp of simple
and standardided statistical procedures will, as the
reader may.-Satisfy himself, go far to elucidate the
PfinCipKS:\'Bf experimentation ; but these Rrocedures
are themselves only the means to a more important
engi Their part is to satisfy the requirements of sound
\éﬁ']d intelligible experimental design, anfi to supply the
machinery for unambiguous interpretation. To attain
a clear grasp of these requirements we need to study
designs which have been widely successful in many
fields, and to examine their structure in relation to the
requirements of valid inference.

The examples chosen in t

v

his book are aimed at

Q!



vi PREFACE

1llustrat1ng the prmmples of successful experimentation ;
first, in their simplest possible applications, and later,
_in regard to the more elaborate structures by which the
different advantages sought may be combined. Statis-
tical discussion has been reduced to a minimum, and
all the processes required will be found more fully
exemplified in the previous work. The reader is, how-
ever, advised that the detailed working of numerical -
examples is essential to a thorough grasp, not onlsx of
the technique, but of the principles by which an-eéxperi-
mental procedure may be _]udged to be satlsfactory and

effective. \
.J\'*
'GALTON LABORATORY N4
July 1935 >
9 ":\\.

PREFACE TO FQTJRTH EDITION

THE second edition dlffered little from the first, pubilshed
a year earlier. Apart from numerical corrections the
principal changes\avere the fuller treatment of com-
pletely orthog%lal squares in Section 35, and the
addition of2 examples in Section 471, representing
some of.the newly developed combmatonal arrange-
men\”\ﬁhlch are attracting considerable interest. In
the{hird edition Sections 451 and 452 were added,
giVing a more comprehensive view of the possibilities
\\af confounding with many factors, and introducing
the method of double confounding. In ‘the fourth
edition, Section 62:1 has been added on the fiducial

limits of a ratio. The number of sections has not been
changed.-

DEPARTMENT OF GENETICS, CAMBRIDGE
1945
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1 AM very sorry, Pyrophilus, that to the many (elsewhere
enumerated) difficulties which you may meet with, and must

therefore surmount, in the serious and effectual prosecution of,

experimental philosophy I must add one discouragement moreé,
which will perhaps as much surprise as dishearten you;  and
it is, that besides that you will find (as we elsewhere ménition)
many of the experiments published by authors, or ¢rélated to
you by the persons you converse with, false and Uhsuccessful
(besides this, I say), you will meet with severé‘l\abservatlons
and experiments which, though communicated for true by
candid authors or undistrusted eye-witfiesses, or perhaps
recommended by your own experience;mnay, upon further trial,
disappoint your expectation, either not at all succeeding
constantly, or at least varying much fom what you expected.

ROBERT™ BOYLE, 1673, Concerning the
Unmcceufzdmss af Experiments.

o

AN
LE seul moyen de p 'v?énfr ces écarts, consiste & supprimer, ou
au moins & simplifiex, autant qu’il est possible, le raisonnement
qui est de nous{/& qui peut seul nous égarer, 2 la mettre
continuellemt;z\f..a Pépreuve de Pexpérience; A ne conserver
que les faits"qui sont des vérites donnédes par la nature, & qui
ne peuvei&*"nous tromper; & ne chercher la verité que dans
Ienchdinement des expériences & des observations, sur-tout
- dans lordre dans lequel elles sont présentees, de la méme
thanlere que les mathématiciens parviennent i la solution d’un
probléme par le simple arrangement des données, & en réduisant
le raisonnement 4 des opérations si simples, a des jugemens
si courts, qu'ils ne perdent jamais de vue ['évidence qui leur

sert de guide.
Methode de Nomenclature chimigque,

A. L. LAVOISIER, 1787,

N\



THE DESIGN OF EXPERIMENTS

I

INTRODUCTION N\
1. The Grounds on wﬁich Evidence is Disputed N

WHEN any scientific conclusion is supposed tc&be proved
on experimental evidence, critics who still “refuse to
accept the conclusion are accustomedite' take one of
two lines of attack. They may clam{ that the inierpre-
tation of the expenment is fanlty, that the results
reported are not in fact those which should have been
expected had the conclusionidrawn been justified, or
that they might equally wel] have arisen had the con-
clusion drawn been falses, Such criticisms of interpreta-
tion are usually treated as falling within the domain of
statistics. They.are'often made by professed statisticians
against the wopk\of others whom they regard as ignorant
of or incompefent in statistical technique; and, since
the interpretation of any considerable body of data is
likely t}g\mvolve computations, it is natural enough
that_guestions involving the logical implications of the
resuTts of the arithmetical processes employed, should
‘be’ relegated to the statistician, At —lea,st I make no
complaint of this convention. The statistician cannot
evade the responsibility for understanding the processes
he applies or recommends. My immediate point is
that the questions involved can be dissociated from all
that is strictly technical in the statistician’s craft, and,

when so detacked, are questions only of the right use of
o A



2 INTRODUCTION

human reasoning powers, with which all intelligent
people, who hope to be intelligible, are equally con-
cerned, and on which the statistician, as such, speaks
with no special authority. The statistician cannot
excuse himself from the duty of getting his head clear
on the principles of scientific inference, but equally no
other thinking man can avoid a like obligation. ~
The other type of criticism to which experungntal
results are exposed is that the experiment itseld was
il designed, or, of course, “badly executedy” If we
suppose that the experimenter did what{he intended
to do, both of these points come downtd’ the question
of the design, or the logical structurenp¥the experiment.
‘This type of criticism is usually made by what I might
call a heavyweight authority, ~Prolonged experience,
or at least the long possessiont of a scientific reputation,
1s almost a pre-requisite fgrf’developing successfully this
line of attack. Technicalidetails are seldom in evidence.
The authoritative assdttion His controls are totally
inadequate must'ﬁave-temporarily discredited many
2 promising line(of work ; and such an authoritarian
method of judgment must surely continue, human
nature beingtvhat it is, so long as theoretical notions
of the peintiples of experimental design are lacking—
notjons jlist as clear and explicitias we are accustomed .
‘/ta”{m@iy to technical details. :
'%;NOW the essential point is that the. two sorts of
P criticism I have mentioned are aimed only at different
‘aspects of the same whole, although they are usually
delivered by different sorts of people and in vei-y different
language. VAT the design of an experiment is faulty,
any method of interpretation which makes it out to be
decisive must be faulty toos It is true that there are a
great many experimental Pprocedures which- are well
designed. in that they say lead to decisive conclusions,
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but on other occasions may fail to do so ; in such cases,
if decisive conclusions are in fact drawn when they
are unjustified, we may say that the fault is wholly in
the interpretation, not in the design. But the fault of
interpretation, even in these cases, lies in overlooking
the characteristic features of the design which lead to
the result being sometimes inconclusive, or conclusive
on some questions but not on all. To understand
correctly the one aspect of the problem is to understand
the other. Statistical procedure and experimental
design are only two different aspects of the samé whole,
and that whole comprises all the logical redufirements
of the complete process of adding to natusalvknowledge
by experimentation. - I\
A\ N
2. The Mathematical Attitude towards Induction

In the foregoing paragraphs\the subject-matter of
this book has been regarded.from the point of view of
an experimenter, who wishés to carry out his work
competently, and having“done so wishes to safeguard
his results, so far as they are validly established, from
ignorant criticism,}:k\diﬂ'erent sorts of superior persons.
I have assumedy’ as the experimenter always does
~assume, that it 75 possible to draw valid inferences from
the resu]ts«lp} experimeéntation ; that it is possible to
argue from consequences to causes, from observations
to hypetheses; as a statistician would say, from a
sample to the population from which the sample was
drawn, or, as a logician might put it, from the particular
to the general. It is, however, certain that many
mathematicians, if pressed on the point, would say that
it is not possible rigorously to argue from the particular
to the general ; that all such arguments must involve
some sort-of guesswork, which they might admit to be
plausible guesswork, but the rationale of which, they

- .



4 INTRODUCTION

would be unwilling, as mathematicians, to discuss,

- We may at once admit that any inference from the
particular to the general must be attended with some
degree of uncertainty, but this is not the same as to
admit that such inference cannot be absolutely rigorous,
for the nature and degree of the uncertainty may itself
be capable of rigorous expression. In the theoryof
probability, as developed in its application to games of
chance, we have the classic example proving this possi-
bility. If the gamblers’ apparatus are really#rue or
unbiased, the probabilities of the differént possible
events, or combinations of events, can_h#, ihferred by a
rigorous deductive argument, althoushhe outcome of
any particular game is recognised tgMe uncertain. The
mere fact that inductive inferenqe:sare uncertain cannot,
therefore, be accepted as preclyding perfectly rigorous
and unequivocal inference. +\*

Naturally, writers on.probability have made deter-
mined efforts to inchide the problem of inductive
infererice within theambit of the theory of mathematical
probability, develéped in discussing deductive problems
arising in games'of chance. To illustrate how much
was at one time thought to have been achieved in this
way, I may quote a very lucid statement by Augustus
de Mqrgan, published -in 1838, in the preface to his
essay}o“n probabilities in 7%e Cabinet Cyclopadia. At
this\ period confidence in the theory of inverse proba-

Dbility, as it was called, had reached, under the influence
of Laplace, its highest point. Boole's criticisms had not
yet been made, nor the more decided rejection of the
theory by Venn, Chrystal, and later writers. De Morgan
is speaking of the advances in the theory which were
lea:fiing to its wider application to practical problems.

" There was also another circumstance which stood
in the way of the first investigators, namely, the not
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having considered, or, at least, not having discovered
the method of reasoning from the happening of an
event to the probability of one or.another cause. The
questions treated in the third chapter of this work
could not therefore be attempted by them. Given an
hypothesis presenting the necessity of one or another
out of a certain, and not very large, number of con-
sequences, they could determine the chance that an
given one or other of those consequences should arrivés)
but given an event as having happened, and which
might have been the consequence of either of¢saveral
different causes, or explicable by either ©f several
different hypotheses, they could not infer thé.probability
with which the happening of the event ,Ehpuld cause the
different hypotheses to be viewed, { But, just as in
natural philosophy the selection Jefvan hypothesis by
means of observed facts is always prehmlnary to any
attempt at deductive dlscovery ; so in the application
of the notion of probabﬂlty 4o the actual affairs of life,
the process of reasoning’from observed events to their
most probable antecedénts must go before the direct
use of any such antecedent, cause, hypothesis, or what-
ever it may be coj‘rectly termed. These two obstacles,
therefore, the miathematical difficulty, and the want of
an inverse mg\tﬁod prevented the science from extending
its v1ews\beyond problems of that simple nature which
games, of chance present

Referring to the inverse method he later adds:
h T}ns was first used by the Rev. T. Bayes, and the
author, though now almost forgotten, deserves the most
honourable remembrance from all who treat the history
of this science.”
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3. The Rejection of Inverse Probability

Whatever may have been true in 1838, it is certainly
not true to-day that Thomas Bayes is almost forgotten.
That he seems to have been the first man in Europe
to have seen the importance of developing an exact and.
quantitative theory of inductive reasoning, of arguing
from observational facts to the theories which anght
explain them, is surely a sufficient claim to a plate in
the history of science, But he deserves hénourable
remembrance for one fact, also, in addition, to those
mentioned by de Morgan. Having (pérceived the
problem and devised an axiom whicly N its truth were
granted, would bring inverse inferences within the scope
of the theory of mathematical probability, he was
sufficiently critical of its validity’ to withhold his entire
treatise from publication wiitil his doubts should have
been satisfied. In the evert, the work was published
after his death by his friend, Price, and we cannot say
what views he ultimarely held on the subject.

The discrepancy of opinion among historical writers
on probability ¥so great that to mention the subject is
unavoidable, (Mt would, however, be out of place here
to argue lfe’ point in detail. [ will only state three
cons@ggga.‘tfons which will explain why, in the practical
appli*sations of the subject, I shall not assume the truth
of :Bayes’ axiom. Two of these reasons would, I think,

be'generally admitted, but the first, T can well imagine,

ymight be indignantly repudiated in some quarters.
The. first is this: The axiom leads to apparent mathe-
matical contradictions, In explaining these contra-
dictions away, advocates of inverse probability seem
for.ced- to regard mathematical probability, not as an
objective qua.n‘tif:y measured by observed frequencies,
but as measuring - merely psychological tendencies,
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theorems respecting which are useless for scientific
purposes.

My second reason is that it is the nature of an axiom
that its truth should be apparent to any rational mind
which fully apprehends its meaning. The axiom of
Bayes has certainly been fully apprehended by a good
many rational minds, including that of its author,,
without carrying this conviction of necessary truth:
This, alone, shows that it cannot be accepted asy thie
axiomatic basis of a rigorous argument. \

My third reason is that inverse probabilityy s been
only very rarely used in the justification of; conclusions
from experimental facts, although the theory has been
“widely taught, and is widespread in.the literature of
probability ‘Whatever the reasor §Dare which give
experimenters conftdence that they gan draw valid con-
clusions from their results, they”seem to act just as
powerfully whether the expetimenter has heard of the
theory of inverse probabilifjf or not.

4. The Lagu: of the Laboratory

In fact, in thﬂe\\course of this book, I propose to
consider a number of different types of experimentation,
with especials beference to their logical structure, and to
show that }k‘hen the appropriate precautions are taken
to makeé\this structure complete, entirely valid inferences
may be drawn from them, without usmg the disputed

xform. /f this can be done, we shall, in the course of
'studles having directly practical aims, have overcome
the theoretical difficulty of inductive inferences.

Inductwe inference is the only process known to
us by which essentially new knowledge comes into the
world. To make clear the authentic conditions of its
validity is the kind of contribution to the intellectual
development of mankind which we should - expect
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éxperimental science would ultimately supply. Men
have always been capable of some mental processes of
the kind we call *“ learning by experience.” Doubtless

this experience was often a very imperfect basis, and

the reasoning processes used in interpreting it were very
insecure ; but there must have been in these processes
a sort of embryology of knowledge, by which new
knowledge was gradually produced. ¥ZE xperimental
observations are only experience carefully plantted in
advance, and designed to form a secure basiswof new
knowledge ; that is, they are systematicall§ telated to
the body of knowledge already acquired, &4nd the resuits
are deliberately observed, and put onstesord accurately.
As the art of experimentation adydutes the principles
should become clear by virtue_of Which this planning
and designing achieve their pufﬁ;nzsg}';

It is as well to rememberdin this connection that the
principles and method of even deductive reasoning were
probably unknown for.8everal thousand years after the
establishment of prdSperous and cultured civilisations.
We take a knowledge of these principles for granted,
only because géo\_netry 1s universally taught in schools.
The method\ahd material taught is essentially that of
Euclid’s @ext-book of the third century B.C., and no
one c:ax}\make any progress in that subject without
thggq\lghly familiarising' his mind with the requirements
ofia precise deductive argument. Assuming the axioms,
the body of their logical consequences is built up
systematically and without ambiguity. Yet it is certainly
something of an accident historically that this particular
dxsc.iphn.e should have become fashionable in the Greek
Universities, and later embodied in the curricula of
secondary educaFion. It would be difficult to overstate
?}i‘: fglrlsﬁza:he liberty of humafn thoughF has owed to

€ circumstance.  Since Euclid’s time there
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have been very long periods during which the right of
unfettered individual judgment has been successfully
denied in legal, moral, and historical questions, but in
which it has, none the less, survived, so far as purely
deductive reasoning is concerned, within the shelter of
apparently harmless mathematical studies. '

The liberation of the human intellect must;, however;{ >
remain incomplete so long as it is free only to work out
the consequences of a prescribed body of dogmatic
data, and s denied the access to unsuspected \truths,
which only direct observation can give. The develop-
ment of experimental science has thereforevdone much
more than to multiply the technical spmpetence of
mankind ; and if, in these introduqto?)f lines, I have
seemed to wander far from the jmmediate purpose of
this book, it is only because the ©wo topics with which
we shall be concerned, the ari§of experimental design
and of the valid interpretatisn of experimental results,
in so far as they can el technically perfected, must
constitute the core of ghis claim to the exercise of full
intellectual liberty, \’ _

The chaptersywhich follow are designed to illustrate
the principles vgﬁi'éh are common to all experimentation,
by means of #xamples chosen for the simplicity with
which these principles are brought out. Next, to exhibit
the prigeipal designs which have been found successful
in that field of experimentation, namely agriculture, in
}vh@c}l questions of design have been most thoroughly
-studied, and to illustrate their applicability to other
fields of work. Many of the most useful designs are
extremely simple, and these deserve the greatest atten-
tion, as showing in what ways, and on what occasions,
greater elaboration may be advantageous. The careful
reader should be able to satisfy himself not only, in
detail, w4y some experiments have a complex structure,
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but also 4ow a complex observational record may be
handled with intelligibility and precision.

The subject is a new one, and in many ways the
most that the author can hope is to suggest possible
lines of attack on the problems with which others are
confronted. Progress in recent years has been rapid,
and the few sections devoted to the subject in the author’s
Statistical Methods for Reseavch Workers, first publishgd
in 1925, have] with each succeeding edition, ¢émé to
appear more and more inadequate. On purely &tatistical
questions the reader must be referred to{*that book.
The present volume is an attempt to doqrére thorough
justice to the problems of planning éad’ foresight with
which the experimenter is confronted,)

\\
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II

THE PRINCIPLES OF EXPERIMENTATION,
- ILLUSTRATED BY A PSYCHO-PHYSICAL

EXPERIMENT N
. KO
5. Statement of Experiment O

A LaDy declares that by tasting a cup of tea made with
milk she can discriminate whether the milk ‘or the tea
infusion was first added to the cup. Wewill consider
the problem of designing an experinrent by means of
~which this assertion can be tested,'\%or this purpose
“let us first lay down a simple forfn'of experiment with a
view to studying its limitation$, and its characteristics,
both those which appear tovhé essential to the experi-
mental method, when well\developed, and those which
are not essential but augiliary.”

Our experimentoonsists in mixing eight cups of
tea, four in one wayand four in the other, and presenting
them to the subject for judgment in a random order.

“The subject has been told in advance of what the test
will consisf’namely that she will be asked to taste eight
cupsy that’these shall be four of each kind, ‘and that
they ghall be presented to her in a random order, that
ia:ifl"an order not determined arbitrarily by human
‘ehoice, but by the actual manipulation of the physical
apparatus used in games of chance, cards, dice, roulettes,
etc., or, more expeditiously, from a published collection
of random sampling numbers purporting to give the
actual results of such manipulation, Her task is to
divide the 8 cups into two sets of 4, agreeing, if possible,
with the treatments received.

k +1

QY
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I:.*@THE PRINCIPLES OF EXPERIMENTATION

j. - B, Interpretation and its Reasoned Basis

n considering the appropriateness of any proposed
experimental design, it is always needful to forecast all
possible results of the experiment, and to have decided
upon each one of them” Further, we must know b
what argument this interpretation is to be sustained;

“In the present instance we may argue as follows. There
are 70 ways of choosing a group of 4 objects dut of 8.
This may be demonstrated by an argument(familiar to
students of *“ permutations and combinatigns,” namely,
that if we were to choose the 4 objects ih’succession we
should have successively 8, 7, 6, k\objects to choose
from, and could make our sucéession of choices in
8X7%X6x35, or 1680 ways. Butun doing this we have
not only chosen every possiblelset of 4, but every possible
set in every possible ordery\ and since 4 objects can be
arranged in order in 4X3 X2 X1, or 24 ways, we may
find the number of fossible choices by ‘dividing 1680
by 24. The resulg 7o, is essential to our interpretation
of the experimgr}s.\ At best the subject can judge rightly
with every cup*and, knowing that 4 are of each kind,
~ this amoudtsto choosing, out of the 70 sets of 4 which
might :hg\chosen, that particular one which is correct.
fi\ sghiect without any faculty of discrimination would
in fact divide the 8 cups correcily into two sets of 4 in
.\Ioﬁe trial out of 70, or, more properly, with a frequency
which would approach 1 in 70 more and more nearly
the more often the test were repeated. Evidently this
freq.uency, with which unfailing success would be
achieved by a person lacking altogether the faculty
under test, is calculable from the number of cups used.
The odds could be made much higher by enlarging the
experiment, while, if the experiment were much smaller
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even the greatest possible success would give odds so
low that the result might, with considerable probability,
be ascribed to chance. '

7. The Test of Signiﬁcance

v Itis open to the experimenter to be more or less
exacting in respect of the smallness of the probability ,
he would require-before he would be willing to admit
that his observations have demonstrated a posxtwa
‘result. It is obvious that an experiment would be uggless
of which no p0551ble result would satisfy him¢{*\Thus,
if he wishes to ignore results having pl‘Oh&bllltleS as
high as 1 in 20—the probabilities beifig of course
reckoned from the hypothesm that the phenomenon
to be demonstrated is in fact absenrcv\hen it would be
useless for him to experiment withonly 3 cups of tea
of each kind. For 3 objects can “be chosen out of 6 in.
only 20 ways, and therefore\ complete success in the
test would be achieved wrthout sensory discrimination;
Ze. by pure chance,”’zin an average of 5 trials out of
100. It is usual andyconvenient for experimenters to
take 5 per cent. a‘s\\a standard level of significance, in
the sense that they are prepared to ignore all results
which fail to*reach this standard, and, by this means,
to ehmmat;e,\from further discussion the greater part of
the ﬂuc@anons which chance causes have introduced
into_gheéir experimental results, No such selection can
ehmi‘nate the whole of the possible effects of chance
toincidence, and if we accept this convenient convention,
and agree that an event which would occur by chance
only once in 7o trials is decidedly * significant,” in the
statistical sense, we thereby admit thatno isolated
experiment, however significant in itself, can suffice for
the experimental demonstratlon of any natural pheno-
menon; for the “one chance in a million” will
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undoubtediy occur, with no less and no more than its
appropriate frequency, however surprised we may be
“that it should occur to ws. "I{ order to assert that a
natural phenomenon is experimentally demonstrable
we need, not an isolated record, but a reliable method
of procedure) ¥In relation to the test of significance,
/ We may say that a phenomenon is experimenta\lly
demo_nstrable when we know how to conduct an experi-
ment which will rarely fail to give us a stqtiét‘ically

significant result O
Returning fo the possible results of {the psycho-
physical experiment, having decided that/if every cup
were rightly classified a significant positive result would
be recorded, or, in other words, that'we should admit
. that the lady had made good her claim, what should
be our conclusion if, for each- kind of cup, her judgments
are 3 right and 1 wrong 2\ “We may take it, in the
Present discussion, that any error in one set of judgments
will be compensated bysan error in the other, since it
is- known to the subject that there are 4 cups of each
klnd.. In enumerating the number of ways of choosing
4 things out of8, such that 3 are right and 1 wrong,
we may notethat the 3 right may be chosen, out of the
4 availablefah 4 ways and, independently of this choice,
that the} “wrong may be chosen, out of the 4 available,
alsoitd ways. So that in al we could make a selection
C{f}ghe kind supposed in. 16 different ways. A similar
m;tfkrg*u.ment shows that, in each kind of judgment, 2 may
5’!36 right and 2 wrong in 36 ways, 1 right and 3 wrong
In 16 ways and none right and 4 wrong in 1 way only.
It should be noted that the frequencies of these five
gsosi?;Il)SleOstis;étst }?f th};: experiment make up together,

It is obvizﬁsey;(fo Out;j, Fhe f s out of e

although ShowinJ I’) at 3 suc.ces_ses t'o 1 fall-ure, _
'€ @ bias, or deviation, in the right
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direction, could not be judged as statistically significant
evidence of a real sensory discrimination. For its
frequency of chance occurrence is 16 in 70, or more
than 20 per cent. Moreover, it'is not the best possible-
result, and in judging of its significance we must take
account not only of its own frequency, but also of the
frequency of any better result. In the present instancey
* 3 right and 1 wrong ” occurs 16 times, dnd ““ 4 right ™
occurs once in 7o trials, making 17 cases out of 76a$
good as or better than that observed. The reason for
including cases better than that observed.{bécomes
obvious on considering what our conclusidns would
have been had the case of 3 right andNivwrong only .
I chance, and the case of 4 right 16 chasegs of occurrence
out of y0. The rare case of 3 rightfand 1 wrong could
not be judged significant merely\because it was rare,
seeing that a higher degree ofssuccess would frequently
have been scored by mere c;hjéth’ce.
o RN .

V' 8. The iiull Hypothesis

Our examina;ior’;:x\of the possible results of the
experiment_hag [:I'}e}efore led us to a statistical test of
significance, by\avhich these results are divided into
two_classes (with opposed interpretations. Tests of
significaneelare of many different kinds, which need
not be;}é’ﬁsidered here, Here we are only concerned
with¢he fact that the easy calculation in permutations
wlich we encountered, and which gave us our test of
significance, stands for something present in every
possible experimental arrangement; or, at least, for
something required in its interpretation. ~The_two
classes of results which are distinguished by our test of
significance are, on the one hand, those which show. a
significant discrepancy fromi a  certain hypothesis;
namely, in this case, the hypothesis that the judgments

T
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given are in no way influenced by the order in which
the ingredients have been added; and on the other
hand, r which show no significant discrepancy
'EQDJMQN%GWA‘HT)MW'ﬁaY or
may not be impugned by the result of an experiment,
is again characteristic of all experimentation. Much
confusion would often be avoided if it were explicitly
formulated when the experiment is designed. vIficelation
to any experiment we may speak of this hypbthesis as
the “ null hypothesis,” and it should be noted that the
0 null hypothesis is never proved or esgal:fliéhed, but is

possibly disproved, in the course of éxperimentation,

Evé’_i‘y"e)tperimé’nt" may be said to exist only in order

to give the facts a chance of disproving the null hypo-
\N

thesig/) N\

-Ag might be argued that(i#"an experiment can dis-
prove the hypothesis that the subject possesses no sensory
diserimination betweenwo different sorts of object, it
must therefore be abléito prove the opposite hypothesis,
that she can ma}gq some such discrimination. But this
!asF hypothesis, Qowever reasonable or true it may be,
15 ineligiblesas™a null h othesis to be tested by experi-
ment, bec%usé it is inexact_.j If it were asserted that the
subject would never be wrong in her judgments we
should(again have an exact hypothesis, and it is easy
tosg€€ that this hypothesis could be disproved by a

\"s"ngle failure, but eould never be proved by any finite
~~\Lamount qf €xXperimentation. It js evident thaifthe null
 Bypothesis must be exact, tha is free from vagueness
and ambiguity, because jt must supply the basis of the

o : L
_ Problem of distribution,” of which the test of signifi-
cance 1s the solution, '
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without specifying what these death-rates actually are.
In such cases it 1s evidently the equality rather than
any particular values of the death-rates that the experi-
ment is designed to test, and possibly to disprove,/

In cases involving statistical “ estimation ’ these
ideas may be extended to the simultaneous consideration
of a series of hypothetical possibilities. The notion of
an error of the so-called “ second kind,” due to accepting’
the null hypotheSIS “when it is false’ may then b,
given a meaning in reference to the quantity t¢)be
estimated. It has no meaning with respect to~ snnple
tests of significance, in which the only avallable'expecta-
tions are those which flow from the nuH‘:hypothesis
being true. Problems of the more  elaborate type
involving estimation are discussed in C'Hapter IX.

.

9. Random;satmn the Physxcal Basxs of the Validity
of the Test

We have spoken of the experlment as testing a
certain null hypothesis,, namely, in this case, that the
subject possesses no sensory discrimination whatever of
the kind claimed ; \Q‘e have, too, assigned as appropriate
to this hypothesis a certain frequency distribution of
occurrences, based on the equal frequency of the 70
possible wa?s of assigning 8 objects to two classes of
4 each N\ih other words, the frequency distribution
apprapriate to a classification by pure chance. We
have now to examine the physical conditions of the
expenmental technique needed to justify the assumption
that, if discrimination of the kind under test is absent,
the result of the experiment will be wholly governed
by the laws of chance. It is easy to see that it might
well be otherwise. If all those cups made with the
~ milk first had sugar added, while those made with the

.tea first had none, a very 0bv1ous difference in_flavour i

o
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would have been introduced which might well ensure
that all those made with sugar should be classed alike.
These groups might either be classified all right or ali

‘wrong, but in such a case the frequency of the critical

event in which all cups are classified correctly would
not be 1 in 7o, but 35 in 70 trials, and the test of signifi-
cance would be wholly vitiated. FErrors equivalent® in

‘principle to this are very frequently incorpofited in

otherwise well-designed experiments. O :
It is no sufficient remedy to insist that,“ail the cups
must be exactly alike ”’ in every respect/except that to

‘be tested.  For this is a totally impogsible requirement

in our example, and equally in all gthér forms of experi-
mentation. In practice it js fobable that the cups
will differ perceptibly in theXthickness or smoothness
of their material, that the awantities of milk added to
the different cups will not 'be exactly equal, that thes
strength of the infusigh® of tea may change between

Pouring the first and tRe last cup, and that the tempera-

ture also at which fhe tea is tasted will change during the

course of the etperiment. These are only examples of

the differences probahly present ; it would be impossible

to present@n’exhaustive list of such possible differences
appropEae to any one kind of experiment, because the

-uncoutrolled causes which may influence the result are -

A

»

iascerts_tin how these should be hes

aly@ays strictly innumerable, When any such cause is

~;{'Iah1ed, it is usually perceived that, by increased labour
and. expense, it could be Iargely ‘eliminated. Too

frequen‘tly 1t is assumed that such refinements constitute
mprovements to the experiment. Our view, which
will be much more fully exemplified in later sections, is
that It is an esseatial characteristic of experimentation
that 1fﬁ‘ﬁ:arried_ out with limited resources, and an
essential part of the subject of experimenta] design to
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particu'Iar, “to which causes of disturbance care should
i be given, and which oxgk# to be deliberately ignored.
To ascertain, too, for those which are not to be ignored,
to what exfent it is worth while to take the trouble 10
diminishtheir magnitude. For our present purpose,
however, it is only necessary to recognise that, whatever|
degree of care and experimental skill is expended inf .
équalising the conditions, other than the one under
test, which are liable to affect the result, this equahsatron
must always be to a greater or less extent mcomplete,
and in many important practical cases will certéinly be |
grossly defective. We are concerned, therefore, that
_this inequality, whether it be great or sthall, shall not
mﬁmpugn the exactitude of the frequen‘\&y distribution,
on the basis of whlch the result of thQ ‘experiment 15 to
be appraised, ¥ ¢ P\
10, The Effectiveness, gf 'Randomisation
The element in the experimental procedure which
contains the essential safsguard is that the two modiﬁ-
cations of the test be}erage are to be prepared
random order.” ’I‘k}ls in fact, is the only point in the
experlmental proaedure in which the laws of chance,
which are o e in exclusive control of our frequency
dxstrlbunon‘r have been exphcltly introduced. vThe
phrase ; Jfandom order” itself, however, must be
regarded as an incomplete instruction, standing as a
ktad of shorthand symbol for the full procedure of
randomisation, by which the validity of the test of
significance may be guaranteed against corruption by
the causes of disturbance which have not been eliminatedy
To demonstrate that, with satisfactory randomisation,
its validity is, indeed, wholly unimpaired, let us imagine
all causes of disturbance—the strength of the infusion,

the 'Qﬁwk, the temperature at which it is.
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tasted, etc.—to be predetermined for each cup; then
since these, on the null hypothesis, are the only causes
influencing classification, we may say that the probabili-

ties of each of the 70 possible choices or classifications

which the subject can make are also predetermified. If,
now, after the disturbing causes are fixed, we assign,
strictly at random, 4 out of the 8 cups to each of our

. \ .
. experimental treatments, then every set of 4, whatever

its probability of being so classified, will certainly have
a probability of exactly 1 in 70 of deszig the 4, for example,
to which the milk is added first. However important
the causes of disturbance may be, even @ they were to
make it certain that one particulati3ét of 4 should
receive this classification, the probability that the 4 so
classified and the 4 which ought.q:}have been so classified -
should be the same, must belsigorously in accordance
with our test of significancg, .~

It is apparent, therefore, that the random choice of
the objects to be treated in different ways would be a
complete guarantegof the validity of the test of signifi-
cance, if these treatments were the last in time of the
stages in the pliysical history of the objects which might
affect their(éxperimental reaction. The circumstance
that the\lexperimental treatments cannot always be
appliedlast, and may come relatively early in their
hifst@ry', causes no practical inconvenience; for sub-
séquent causes of differentiation, if under the experi-

~Omenter’s control, as, for example, the choice of different

pipettes to be used with different flasks, can either be
predetermined before the treatments have been random-
ised, or, if this has not been done, can be randomised
on their own account ; and other causes of differentiation
will be either (¢) consequences of differences already
Tandomised, or (8} natural consequences of the difference
In treatment to be tested, of which on the null hypothesis
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there will be none, by definition, or (¢) effects supervening
by chance independently from the treatments applied.
Apart, therefore, from the avoidable error of the experi-
menter himself introducing with his test treatments, or
subsequBitly, other differences in treatment, the effects
of which the experiment is not intended to study, it
may be said that the simple precaution of randomisation .
will suffice to guaraniee the validity of the test of
significance, by which the result of the experiment.is
to be judged. O

774

44, The Sensitiveness of an Experiment. E.ﬁ'ects of
Enlargement and Repetition){)"

A probable objection, which the subject might well
make to the experiment so far described, is that only if
every cup is classified correctlyywill she be judged
successful. A single mistake will reduce her performance
below the level of signiﬁcgﬁéé. ~ Her claim, however,
might be, not that she eduld draw the distinction ‘with
invariable certainty, Bt that, though sometimes mis-
taken, she would be)tight more often than not; and
that the experiméi\t should be enlarged sufficiently, or
repeated suffieciently often, for her to be able to demon-
strate the \ﬁr\edominance of correct classifications in
spite ogni,casional errors.

Amextension of the calculation upon which the test
of ,s‘igniﬁcance was based shows that an experiment
~with 12 cups, six of each kind, gives, on the null hypo-
thesis, 1 chance in 924 for complete success, and 36
chances for 5 of each kind classified right and 1 wrong.
As 37 is less than a twentieth of 924, such a test could
be counted as significant, although a pair of cups have
been wrongly classified ; and it is easy to verify that,
using larger numbers stll, a significant result could be
obtained with a still higher proportion of errors. By
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increasing the size of the experiment, we can render it
more sensitive, meaning by this that it will allow of
the detection of a lower degree of sensory discrimination,
or, in other words, of a quantitatively smaller departure
from the null hypothesis. Since in every case the
experiment is capable of disproving, but never of
proving this hypothesis, we may say that the value of
the experiment is increased whenever it permi®s the
null hypothesis to be more readily disproved. R\

The same result could be achieved hy“repeating
the experiment, as originally designed, ahon a number
of different occasions, counting as a.‘fs.uécess all those
occasions on which 8 cups are corra¢ily classified. The
chance of success on each occasioh being 1 in 70, a
simple application of the thealy” of probability shows
that 2 or more successes I ¥o trials would occur, by
chance, with a frequency\below the standard chosen
for testing significance. o that the sensory discrimina-
tion' would be demofistrated, although, in 8 attempts
out of 10, the subjéct made one or more mistakes. This
procedure may(be regarded as merely a second way of
eﬂfa‘r.ging the\experiment and, thereby, Increasing its
sensiti\;en\e'ss; ‘since in our final calculation we take
account of the aggregate of the entire series of results,
wheshier successful or unsuccessful., It would clearly
bgﬁliegitimate, and. would rob our calculation of its

9

'\.._"asm, if the unsuccessful results were not all brought
»~\Jnto the account, : ' : :

12. Qualitative Methods of inéréasing Sensitiveness

Instead Oi:- enlarging the experiment we may attempt
to  increase its sensitiveness by qualitative improve-
ments ; and these are, generally speaking, of two kinds :
'(a) the reorganisation of its structure, anc[-(5) refinements
of technique. To illustrate a'change of structure we
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might consider that, instead of fixing in advance that
4 cups should be of ‘each kind, determining by a random
process how the subdivision should be effected, we
might have allowed the treatment of each cup to be
determined independently by chance, as by the toss of
a coin, so that each treatment has an equal chance of
being chosen. The chance of classifying correctly,
8 cups randomised in this way, without the aid of sensory:
discrimination, is I in 28, or I in 256 chances, and tHere
are only 8 chances of classifying 7 right and 1 wiong ;
consequently the sensitiveness of the experigient has
been increased, while still using only 8 cupS’and it is
possible to score a significant success, &een if one is
classified wrongly. In many types of experiment,
therefore, the suggested change indstructure would be
evidently advantageous. For the\special requirements
of a psycho-physical experimgnt, however, we should
probably prefer to forego thi§ advantage, since it would
occasionally occur that all the cups would be treated
alike, and this, besides\bewildering the subject by an
unexpecied occurrentg, would deny her the real advan-
tage of judging. by eomparison.

Another pOjs:sibIe alteration to the structure of the
experiment,‘'which would, however, decrease its sensi-
tiveness,-ould be to present determined, but unequal,
numbgié of the two treatments. Thus we might arrange
thateg tups should be of the one kind and 3 of the other,
/ebBo'sing them properly by chance, and informing the
sttbject how many of each to expect. But since the
number of ways of choosing 3 things out of 8 is only
56, there is now, on the null hypothesis, a probability
of a completely correct classification of 1 in 36. It
appears in fact that we cannot by these means do better
than by presenting the two treatments in equal numbers,
and “the choice of this equality is now scen to be
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justified by its giving to the experiment its maximal
sensitiveness.
With respect to the refinements of technique, we
have seen above that these contribute nothing to the
validity of the experiment, and of the test of significance i
by which we determine its result. They may, however,
be important, and even essential, in permitting, the
phenomenon under test to manifest itself. Though the
test of significance remains valid, it may be that.ayithout
special precautions even a definite sensory {discrimina-
tion would have little chance of scoring™g significant
success. -If some cups were made with India and some
with China tea, even though thé&Jtreatments were
properly randomised, the subjec,lQmight not be able to
discriminate the relatively smalt’ difference in flavour
under investigation, when Mt“was confused with the
greater differences betwegn leaves of different origin,
Obviously, a similar difficulty could be introduced by .
using in some cups.taw milk and in others boiled, or
even condensed piilk, or by adding sugar in unequal -
quantities, Th@é,\subject has a right to claim, and it .
is in the inferedts of the sensitiveness of the experiment, -
that gross Qifferences of these kinds should be excluded, |
and thavthe cups should, not as far as possible, but as
far as/is practically convenient, be made alike in all
.rf:sgeéts except that under test, :
.j}: How far such experimental refinements should be
~O carried is entirely a matter of judgment, based on
\/ experience. The validity of the experiment is not.
affected by them. Their sole purpose is to increase -
Its sensitiveness, and this object can usually be achieved .
n many other ways, and particularly by increasing the -
size of the experiment. 1f, therefore, it is decided that
the sensitiveness of the expetiment should be increased,
the experimenter has the choice between different
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methods of obtaining equivalent results; and will be
wise to choose whichever method is easiest to him,
irrespective of the fact that previous experimenters
may have tried, and recommended as very important,
or even essentlal various ingenious and troublesome
precautions.
N
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A HISTORICAL EXPERIMENT ON GROWTH RATE |

13. WE have illustrated a psycho-physical expgrim\ent,
the result of which depends upon judgmentsy/scored
“right” or “wrong,” and may be qpﬁropriately
interpreted by the method of the clagsical theory of
probability. This method rests on.&he enumeration -
of the frequencies with which differént combinations
of right or wrong judgments willdccur, on the hypo--

 thesis to be tested. We may goi illustrate an experiment ..

in which the results are(eXpressed in quantitative
measures, and which isvappropriately interpreted by
means of the theory of etrors. :

In the introducte¥y remarks to his book on “ The
effects of cross gnd self-fertilisation in the vegetable -
kingdom,” Chatles Darwin gives an account of the
consideration$ which guided him in the design of his
experiments’and in the presentation of his data, which
will : ove well to illusirate the principles on which
biological experiments may be made conclusive. The
passage is of especial interest in illustrating the extremely

Jerude and unsatisfactory statistical methods available
' at the time, and the manner in which careful attention

to commonsense considerations led to the adoption of

an experimental design, in itself greatly superior to
these methods of interpretation,

14. Darwin’s Discussion of the Data

- “1 long doubted whether it was worth while to

give the measurements of each separate plant, but have
26
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decided to do so, in order that it may be seen that the
superiority of the crossed plants over the self-fertilised
does not commonly depend on the presence of two or
three extra fine plants on the one side, or of a few very
poor plants on the other side. Although several
observers have insisted in general terms on the offspring
from intercrossed varieties being superior to eithery
parent-form, no precise measurements have been given ;
and I have met with no observations on the effects’ of
crossing and self-fertilising the individuals of the ‘same
variety. Moreover, experiments of this kmd require
so much time—mine having been contmued during
eleven years—that they are not kaely soon to be
repeated. N

“ As only a moderate number, {}f crossed and self-
fertilised plants were measured, it va$ of great importance
to me to learn how far the e;vé’rages were trustworthy.
1 therefore asked Mr Galtonywho has had much experi-
ence in statistical researelies, to examine some of my
tables of measurem \fs, seven in number, namely
those of Jpomaea,  Digitalis, Reseda Ilutea, Viola,
Limnanthes, Pe;‘zbua, and Zea. 1 may premise that
if we took by chance a dozen or score of men belonging
to two natign$ s and measured them, it would I presume
be ve %1 to, form any judgment from such small
numbers on their average heights. But the case is
somewhat different with my crossed and self-fertilised
pla.nts, as they were of exactly the same age, were
stbjected from first to last to the same conditions, and
were descended from the same parents.”” When only
from two to six pairs of plants were measured, the
results are manifestly of little or no value, except in so
far as they confirm and are confirmed by experiments
made ori a larger scale with other species. I will now
give the report on the seven tables of measurements,
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which Mr Galton has had the great kindness to draw
up for me.” "

15. Galton’s Method of Interpretation

“1 have examined the measurements of the plants with
care, and by many statistical methods, to find out how far the -
means of the several sets represent constant realities, such as -
would come out the same so long as the general conditiérs of
growth remained unaltered. The principal methods that were
adopted are easily explained by selecting one of fhe“shorter -
series of plants, say of Zea mays, for an example)

** The observatiens as I received them are shown in columns
II. and I11., where they certainly have no gzi#d facze appeararce
of reguiarity. But as soon as we arrange‘tliem in the order of
their magnitudes, as in columns I'V. apcbv., the case is materially
altered. We now see, with few gxéptions, that the largest
plant on the crossed side in each\pot exceeds the largest plant -
on the self-fertilised side, thaf. the second exceeds the second,
the third the third, and so, o, Out of the fifteen cases in the
table, there are only two’exceptions to this rule.* We may
therefore confidently~affirm that a crossed series will always
be found to exceec} dself-fertilised series, within the range of the
conditions undefwhich the present experiment has been made.

“ Next ‘as\regards the numerical estimate of this excess.
The mean(Xalues of the several groups are so discordant, as
is show:un the table just given, that a fairly precise numerical

ate’ seems impossible. But the consideration arises,
Wh er the difference between pot and pot may not be of .
.\.‘much the same order of importance as.that of the other
\/ conditions upon which the growth of the plants has been
modified. If so, and only on that condition, it would follow
that when all the measurements, either of the crossed or the
self-fertilised plants, were combined into a single series, that
series would be statistically regular, The experiment is tried
in columns VII. and VIII., where the regularity is abundantly '
clear, and justifies us in considering its mean as perfectly reliable.

* Galton evidently did not notice that this is true also before rearrange-
ment, .
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" T have protracted these measurements, and revised them in the .
usual way, by drawing a curve through them with a free hand,
but the revision barely modifies the means derived from the
original observations. In the present, and in nearly all the
other cases, the difference between the original and revised
means is under 2 per cent. of their value, It is a very remarkable
coincidence that in the seven kinds of plants, whose measure-
ments I have examined, the ratio between the heightsiF the
crossed and of the self-fertilised ranges in five cases }ngtthin very
narrow limits. In Zea mays it is as 100 to 84, andvinhthe others

it ranges between 100 to 76 and 100 to 86. A\ N
TABLE 2z 'm"\{'
Pat. Croszed, Se(—iert. Difference.
T2\ _

I 81 ol g -3
.o . . IBEANY 19 ~+o
i . . . 20\, rgg —13
I11, . . 213 16§ . —4E
oo (Sreg 16 —3%

SN g

“ The determination of the variability (measured by what
is technically call‘é:d\the ‘ probable error *) is a problem of more
delicacy thag that of determining the means, and I doubt, after
making many trials, whether it is possible to derive useful
conclusions’/from these few observations. We ought to have

‘ me?s"gi:}fhents of at least fifty plants in each case, in order to
b%na position to deduce fair results. |

S
e

8% “Mr Galton sent me at the same time graphical
“\ repfesentations which he had made of the measurements,

. and they evidently form fairly regular curves. He
appends the words ‘ very good’ to those of Zew and
Limnanthes. He also calculated the average height of
the crossed and self-fertilised plants in the seven tables
by a more correct method than that followed by me,
namely, by including the heights, ‘as estimated in
accordance with statistical rules, of a few plants which
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died before they were measured; whereas I merely
added up the heights of the survivors, and divided the
sum by their number. The difference in our results is
in one way highly satisfactory, for the average heights
of the self-fertilised plants, as deduced by Mr Galton,
is less than mine in all the cases excepting one, in which
our averages are the same; and this shows that [ have
by no means exaggerated the superiority of the crossed

A

over the self-fertilised plants.” (\)
"N\

16. Pairing and Grouping N

It is seen that the method of comparison @dopted
by Darwin is that of pitting each self-fértilised plant
against a cross-fertilised one, in conditipbns made as
equal as possible. The pairs so chos,e'{'r}or comparison
had germinated at the same time, andvthe soil conditions
in which they grew were largely\equalised by planting
in the same pot. Necessarily they were not of the same
parentage, as it would betdifficult in maize to self-
fertilise two plants at th€'same time as raising a cross-
fertilised progeny fron';:}he pair. However, the parents
were presumably g}o\wn from the same batch of seed.
The evident objéet of these precautions is to increase
the sensitivengss” of the experiment, by making such
diﬂ'erences:iiig‘\growth rate as were to be observed as little
as possibk}\dependent from environmental circumstances,
and assmuch as possible, therefore, from intrinsic
différénces due to their mode of origin.

The method of pairing, which is much used in
modern biological work, illustrates well the way in
which an appropriate experimental design is able to
reconcile two desiderata, which sometimes appear to
be in conflict. On the one hand we require the utmost
uniformityin the biological material, which is the subject
of experiment, in order to increase the sensitiveness



wplot or plots with which it is to he compared. If, there
») 'ff)re, onl-y two kinds of treatments are under examina-’
‘ton, pairs of plots may be chosen, ‘one plot for each
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of each individual observation; and, on the other, we’
require to multiply the observations so as to demon-
strate as far as possible the reliability and consistency
of the results. Thus an experimenter with field crops
may desire to replicate his experiments upon a large-
number of plots, but be deterred by the consideration-
that his facilities allow him to sow only a limited area
on the same day, An experimenter with small mafuials
may have only a limited supply of an inbred afid highly
uniform stock, which he believes to be (Particularly
desirable for experimental purposes. Orgé may desire -
to carry out his experiments on memhérs of the same.
litter, and feel that his experimenf.is limited by the
size of the largest litter he can obtain. It has indeed
frequently been argued that, bg’y}md a certain moderate -
degree, further replication eaw give no further increase

in precision, owing to theg\iticreasing heterogeneity with

which, it is thought, ifithust be accompanied. In all
these cases, hOWCVQIj,f,a.’nd in the many analogous cases.
which constantly~ arise, there is no real dilemma.”

- Uniformity is only requisite between the objects whose"
response is 0 be contrasted (that is, objects treated’

differently}) It is not requisite that all the parallel plots:
under e’ same treatment shall be sown on the same:
day4lbﬁt only that each such plot shall be sown as far:
a§\\’p055ible simultaneously with the differently treated

treatment ; and the precision of the experiment will’

‘be given its highest value if the members of each paif.
.are treated closely alike, but will gain nothing from-

similarity of treatment applied to different pairs, nor

lose anything if the conditions in these are somewhat

varied. In the same way, if the numbers of animals’
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available from any inbred line are too few for adequate
replication, the experimental contrasts in treatments
may be applied to pairs of animals from different inbred
lines, so long as each pair belongs to the same lme.
In these two cases it is evident that the principle of
combining similarity between controls to be compared,
with diversity between parallels, may be extended to
cases where three or more treatments are under investi< >
gation. The requirement that animals to be contrasted
must come from the same litter limits, not the amount
of replication, but the number of different tréatments
that can be so tested. Thus we might test three, but
not so easily four or five treatments, if it wére necessary
that each set of animals must be of the‘same sex and
litter. Paucity of homogeneous fiaterial limits the
number of different treatments|ifiyan experiment, not
the number of replications. It may cramp the scope
and comprehensiveness ofcaf experlmental enquiry,
but sets no limit to its pQSSlble precision.

17. “Student s’ ¢ Test*

Owing to th \Instoncal accident that the theory of
errors, by whi¢h quantitative data are to be interpreted,
was developed without reference to experimental
methods/ghe vital principle has often been overlooked
that phgf‘éctual and physical conduct of an experiment
muyst govern the statistical procedure of its interpreta-
gion. In using the theory of errors we rely for our con-
glusion upon one or more estimates of error, derived
from the data, and appropriate to the one or more sets

% A full account of this test in more varied applications, and the tables
for its use, will be found in Stefistical Methods for Researck Workers. Iis
originator, whe published anonymousty under the pseudonym * Student,”
possesses the remarkable distinction that, without being a professed

mathematician, he made early in life this revolutionary refinement of the

classical theory of errors.
Cc
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‘of comparisons which we wish to make. Whether
these estimates are valid, for the purpose for which we
intend them, depends on what has been actually done.
It is possible, and indeed it is all too frequent, for an
experiment to be so conducted that no valid estimate
of error is available. In such a case the experiment
cannot be said, strictly, to be capable of proving any-
thing. Perhaps it should not, in this case, be calléd*an
experiment at all, but be added merely to the(body of
expertence on which, for lack of anything (hetter, we
may have to base our opinions. All thatiwe need to
emphasise immediately is that, if an £gperiment does
allow us to calculate a valid estimaté{of error, its struc-
ture must completely determine the'statistical procedure
by which this estimate is to qu‘g’a\Fculated. If this were
not so, no interpretation of\the data could ever be
unambiguous; for we could’ never be sure that some
other equally valid mgﬂf{bd of interpretation would not
lead to a different result. '

The object of thte experiment is to determine whether
the difference jn'})rigin between inbred and cross-bred
plants inﬂup})‘c\eé their growth rate, as measured by
height at g given date ; in other words, if the numbers
of the tywg'soris of plants were to be increased indefinitely,
our :leﬁfct is to determine whether the average heights,
t'glwhich these two aggregates of plants will tend, are

s€qual or unequal. The most general statement of our

;;\'hull hypothesis is, therefore, that the limits to which

these two averages tend are equal. The theory of
errors enables us to test a somewhat more limited
hypothesis, which, by wide experience, has been found
to be appropriate to the metrical characters of experi-
mental material in biology. The disturbing causes
‘which introduce discrepancies in the means of measure-
ments of similar material are found to produce quanti-
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tative effects which conform satisfactorily to a theoretical
distribution known as the normal law of frequency of
error. It is this circumstance that makes it appropriate
to choose, as the null hypothesis to be tested, one for
which an exact statistical criterion is available, namely
that the two groups of measurements are samples
drawn from the same normal population. On the basis.
of this hypothesis we may proceed to compare the
average difference in height, between the cross-fertilised
and the self-fertilised plants, with such differenices as
might be expected between these averages, i “yiew of
the observed discrepancies between the{ heights of
plants of like origin. VO
We must now see how the adoptiss of the method
of pairing determines the de’tails,\bf the arithmetical
procedure, so as to lead to an mnequivocal interpreta-
tion. The pairing procedure,as-indeed was its purpose,
has equalised any differencesyn soil conditions, illumina-
tion, air-currents, etc., Jnb which the several pairs of
individuals may diffef\ Such differences having been
eliminated from, I}'{e\ experimental comparisons, and
contributing nogh\'m\g to the real errors of our experiment,
must, for this,‘wéason, be eliminated likewise from our
estimate of efror, upon which we are to judge what
diﬁeren;eg\between the means are compatible with the
null .bip’bthesis, and what differences are so great as to
be.incompatible with it. We are therefore not con-
cerned with the differences in height among plants of
like origin, but only with differences in height between
members of the same pair, and with the discrepancies
among these differences observed in different pairs.
Our first step, therefore, will be to subtract from the
height of each cross-fertilised plant the height of the
self-fertilised plant belonging to the same pair. The
differences are shown below in eighths of an inch.
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With respect to these differences our null hypothesis .
asserts that they are normally distributed about a mean-
value at zero, and we have to test whether our 15!
observed differences are compatible with the supposition -
that they are a sample from such a population. :

TABLE 3

Differentces in eighths of an inch defween cross- and
self-fertilised plants of the same pair O\

Q!

49 23 6 (O
—67 28 24\ +
2 41 ’gg N
1 I4 » GO
6 29 48

. ' . -

The calculations needed to makeé a rigorous fest of -
the null hypothesis stated abgué/involve no more than
the sum, and the sum of thé\squares, of these numbers.
The sum is 314, and, siee there are 15 plants, the
mean difference is 2058in favour of the cross-fertilised

plants. The sum(of the squares is 26,518, and from
this is deducteelf:ﬁ]e product of the total and the mean,
or 6573, quvk\g' 19,945 for the sum of squares of devia- -
tions from\the mean, representing discrepancies among
the diffésences observed in the 15 pairs. The algebraic f
fa.cl:,»h&e used is that |
) O S(x—£)2 = 52 —xS5(x)
o) where S stands for summation over the sample, and -
. % for the mean value of the observed differences, z.
We may make from this measure of the discrepancies
Jan estimate of a quantity known as the wvariance of an”
* individual difference, by dividing by 14, one less than .'3
the ngmber of pairs observed. Equally, and what 1s
more 1mmediately required, we may make an estimate :
of tl}e variance of the mean of 15 such pairs, by dividing
again by 15, a process which yields 94-976 as the estimate. |
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The square root of the variance is known as the standard
error, and it is by the ratio which our observed mean
difference bears to its standard error that we shall judge
of its significance. Dividing our difference, 20-933,
by #¢s standard error 9-746, we find this ratio (which is
usually denoted by £) to be 2-148.

The object of these calculations has been to obtain '
from the data a quantity measuring the average difféty,
ence in height between the cross-fertilised and the(self*
fertilised plants, in terms of the observed discrepancies
among these differences; and which, moreéver, -shall
be distributed in a known manner when €& null hypo-
thesis is true. The mathematical distribution for our
present problem was discovered I{,\ * Student 7’ in
1908, and depends only upon the niftaber of independent
comparisons (6t the number of>degrees of freedom)
available for calculating thelestimate of error. With
ig observed differences welhave among them 14 inde-
pendent discrepancies, and our degrees of freedom are
14. The available tablés of the distribution of # show
that for 14 degrees‘{iﬁ freedom the value 2:145 is exceeded
by chance, eithétyin the positive or negative direction,
in exactly 5pé¢ cent. of random trials. The ohserved
value of Z,/2%148, thus just exceeds the 5 per cent. point,
and thé\experimental result may be judged significant,
though\barely so. '

RS

AN

D 18. Fallacious Use of Statistics

We may now see that Darwin’s judgment was
perfectly sound, in judging that it was of importance
to learn how far the averages were trustworthy, and
that this could be done by a statistical examination of
the tables of measurements of individual plants, though
not of their averages. The example chosen, in fact,
falls just on the border-line between those results which
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can suffice by themselves to establish the point at issue,
and those which are of little value except in so far as -
they confirm or are confirmed by other experiments of °
a like nature. In particular, it is to be noted that
Darwin recognised that the reliability of the result
must be judged by the consistency of the superiority
of the crossed plants over the self-fertilised, and ‘not -
only on the difference of the averages, whiéhy might
depend, as he says, on the presence of %o or three
extra-fine plants on the one side, or of a(few very poor .
plants on the other side; and that ttlérefore the pre-
sentation of the experimental evidedeg depended essen-
tially on giving the measurements of each independent
plant, and could not be assessed from the mere averages.
It may be noted also that\Galton’s scepticism of the
value of the probable errgx,-deduced from only 15 pairs
of observations, thougﬁ,"as it turned out, somewhat
excessive, was undgubtedly right in principle. The
standard error (of\which the probable error is only a
conventional frﬁ(?tion) can only be estimated with con-
siderable unegrtainty from so small a sample, and,
prior to “(Student’s ”’ solution of the problem, it was
by no micans clear to what extent this uncertainty would -
invalidate the test of significance. From “ Student’s”
work' it -is now known that the cause for anxiety was -
AROC S0 great as it might have seeméd. Had the standard
 error been known with certainty, or derived from an
effectively infinite number of observations, the 5 per .
cent. value of ¢ would have been 1-960. When our .
estimate is based upon only 15 differences, the 5 per
cent. value, as we have seen, is 2-145, or less than :
To per cent. greater. Even using the inexact theory
available at the time, a calculation of the probable

error would have provided a valuable guide to the
mterpretation of the results, '
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19. Manipulation of the Data

A much more serious fallacy appears to be involved
in Galton’s assumption that the value of the data, for
the purpose for which they were intended, could be
increased by rearranging the comparisons. Modern
statisticians are familiar with the notions that any finité\
body of data contains only a limited amount of infopma-
tion, on any point under examination ; that this\Jimit
is set by the nature of the data themselves, and.tannot
be increased by any amount of ingenuity expended in
their statistical examination: that the\\statistician’s
task, in fact, is limited to the extractioh)of the whole of
the available information on any particular issue. If
the results of an experiment, as~obtained, are in fact
irregular, this evidently detracts from their value ; and
the statistician is not elucidating but falsifying the facts,
who rearranges them so as'to give an artificial appear-
ance of regularity. -

In rearranging tlre’ results of Darwin’s experiment
it appears that¢Galton thought that Darwin’s experi-
ment would beé ‘%uivalent to one in which the heights
of pairs of, Gontrasted plants had been those given in
his columns headed VI. and VIL, and that the
reliab%ﬁy‘ of Darwin’s average difference of about
2§ inthes could be fairly judged from the constancy
of-the 15 differences shown in column VIIT.

N~ How great an effect this procedure, if legitimate,
would have had on the significance of the result, may
be seen by treating these artificial differences as we have
treated the actual differences given by Darwin. Apply-
ing the same arithmetical procedure as before, we now
find £ equals 5171, a value which would be exceeded
by chance only about once or twice in 10,000 trials,
and is far beyond the level of significance ordinarily
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required. The falsification, inherent in this mode of .
procedure, will be appreciated if we consider that the
tallest plant, of either the crossed or the self-fertilised
series, will have become the tallest by reason of 2 number
of favourable circumstances, including among them
those which produce the discrepancies between those -
pairs of plants, which were actually grown together.
By taking the difference between these two favoured |
plants we have largely eliminated real causeg of error
-which have affected the value of our observed mean.
We have, in doing this, grossly violated\the principle
that the estimate of error must be baged on the effects
of the very same causes of variatipinas have produced
the real errors in our experimentonThrough this fallacy
Gealton is led to speak of theean as perfectly reliable,
when, from its standard errof )t appears that a repetition
of the experiment would gftén give a mean quite 5o per
cent. greater or less thaf*that observed in this case. '

20. nggmdomsaﬁon
Having dedided that, when.the structure of the
eXperiment,consists in a number of independent com-
parisong between pairs, our éstimate of the error of the -
averaggﬁiﬂ‘erence must be based upon the discrepancies *
betweén the differences actually observed, we must
ze;i‘t"enquire what precautions are needed in the practical
_\.fc'or}duct of the experiment to guarantee that such an
(O estimate shall be a valid one; that is to say that the
very same causes that produce our real error shall also
contribute the materials for computing an estimate of
it. The logical necessity of this requirement is readily
apparent, for, if causes of variation which do not influ-
ence our real error are allowed to affect our estimate
of it, or equally, if causes of variation affect the real
error in such a way as to make no contribution to our
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estimate, this estimate will be vitiated, and will be
incapable of providing a correct statement as to the
frequency with which our real error will exceed any
assigned quantity ; and such a statement of frequency
is the sole purpose for which the estimate is of any use,
Nevertheless, though its logical necessity is easily

apprehended, the question of the validity of the estimates

of error used in tests of 51gn1ﬁcance was for long ignored,
and is still often overlooked in practice. One reason
for this is that standardised methods of statistical analyms
have been taken over ready-made from a mathematlcal
theory, into which questions of experimental “detail do
not explicitly enter. In consequence shevassumptions
which enter implicitly into the bases ef\the theory have
not been brought prominently undér the notice of
practical experimenters. A secofid*reason is that it has
not until recently been recegnised that any simple
precaution would supply afmsabsolute guarantee of the
validity of the calculations®

In the experlment Jinder consideration, apart from
chance differences, ity “the selection of seeds, the sole
source of the exp\\}lmental error in the average of our
fifteen dlfferencas lies in the differences in soil fertlhty,
illumination; évaporation, etc., which make the site of
each crosséd plant more or less favourable to growth
than t}éssrce assigned to the corresponding self-fertilised
plant. It is for this reason that every precaution, such
~agunixing the soil, equalising the watering and orienting
the pot so as to give equal illumination, may be expected
to increase the precision of the experiment.. If, now,
when the fifteen pairs of sites have been chosen, and in
so doing all the differences in environmental circum-
stances, to which the members of the different pairs
will be exposed during the course of the experiment,
have been predetermined, we then assign at random,

N\
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as by tossing a coin, which site shall be occupied by the
crossed and which by the self-fertilised plant, we shall
be assigning by the same act whether this particular
ingredient of error shall appear in our average with a
positive or a negative sign. Since each particular
error has thus an equal and independent chance of
being positive or negative, the error of our averdge
will necessarily be distributed in a sampling distribution,
centred at zero, which will be symmetrical in the“sense
that to each possible positive error there, Qorresponds
an equal negative error, which, as our procedute guaran-
tees, will in fact occur with equal probaﬁﬂity.

Our estimate of error is easily geen to depend only
on the same fiftéen ingredients;"and the arithmetical
processes of summation, subgtagdtion and division may
be designed, and have in fact been designed, so as to
provide the estimate appropriate to the system of
chances which our methiod of choosing sites had imposed
on the data. Thigns to say much more than merely
that the experiment'is unbiased, for we might still call
the experimeht\unbiased . if the whole of the cross-
fertilised plaits had been assigned to the west side of
the potspand the self-fertilised plants to the east side,
by a gibgle toss of the coin. That this would be in-
suf.Qc;ieht to ensure the validity of our estimate may
he'easily seen ; for it might well be that some unknown
AN “circumstance, such as the incidence of different illumina-
' tion at different times of the day, or the desiccating

action of the air-currents prevalent in the greenhouse,
might systematically favour all the plants on one side
over those on the other. The effect of any such pre-
vailing cause would then be confounded with the
ildvantage, real or apparent, of cross-breeding over
inbreeding, and would be eliminated from our estimate
of error, which is based solely on the discrepancies
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between the differences shown by different pairs of plants.
Randomisation properly carried out, in which each
pair of plants are assigned their positions independently
at random, ensures that the estimates of error will take
proper care of all such causes of different growth rates,
and relieves the experimenter from the anxiety of
considering and estimating the magnitude of the in
numerable causes by which his data may be dlsturbed
The one flaw in Darwin’s procedure was the absence
of randomisation. N

Had the same measurements been obzamed from
pairs of plants properly randomised «tHe’ experiment
would, as we have shown, have fallep, on the verge of
significance, Galton was led greatly to overestimate
its conclusiveness through the mayor error of attempting'
to estimate the reliability of, thé comparisons by re-
arranging the two series inwotder of magnitude. His
discussion shows, in othe;':’.i'éspects, an over-confidence
in the power of statistical methods to remedy the
irregularities of the™~actual data, In particular, the
attempt mentioned\by Darwin to improve on the simple
averages of thepwo series ““ by a more correct method
. . . by inclading the heights, as estimated in accord-
ance with! gtatistical rules, of a few plants which died
before, \bhey were measured,”’ seems to go far beyond
the dimits of justifiable inference, and is one of many
md}éatlons that the logic of stauistical induction. was in
Sitd infancy, even at a time when the technique of accurate
experimentation had already béen notably advanced.

'21. Test 5f a Wider Hypothesis

It has been mentioned that ‘“ Student’s ” ¢ test, in
conformity with the classical theory of errors, is appro-
priate to the null hypothesis that the two groups of
measurements are samples drawn from the same normally
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distributed population. This is the type of null hypo-
thesis which experimenters, rightly in the author’s
opinion, usually consider it approprlate to test, for
reasons not only of practical convenience, but because
the unique properties of the normal distribution make
it alone suitable for general application. There has,
however, in recent years, been a tendency for theotetical
- statisticians, not closely in touch with the requbréments
of experimental data, to stress the element of ~n0rmahty‘,
in the hypothesis tested, as though it wete a serious
limitation to the test applied. It is, indeéd; demonstrable .
that, as a test of this hypothesis,\she exactitude of
“ Student’s 7 £ test is absolute. 1" may, nevertheless,
be legitimately asked whethek we should obtain a
materially different result ware it possible to test the
wider hypothesis which, 'fnerely asserts that the two
series are drawn fromYthe same population, without
specifying that this is. nformally distributed.

In these dlscus\smns it seems to have escaped recogni-
tion that th h}smal act of randomisation, which, as -
has been shown, is necessary for the validity of any
test of mgmﬁcance affords the means, in respect of any
pa.rucu{a‘r body of data, of examining the wider hypo- -
thesis)in which no normality of distribution is 1mphed '
The arithmetical procedure of such an examination is
tedmus, and we shall only give the results of its appli-

O™ ) cation in order to show the possibility of an independent

check on the more expeditious methods in common use.

On the hypothesis that the two series of seeds are
random samples from identical populations, and that
their sites have been assigned to members of each pair
independently at random, the 135 differences of Table 3
would each have occurred with equal frequency with a
positive or with a negative 31gn. Their sum, taking
account of the two negative signs which have actuallY |
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occurred, is 314, and we may ask how many of the 2!
numbers, which may be formed by giving each com-
ponent alternatively a positive and a negative sign,
exceed this value. Since ex Aypothesi each of these
215 combinations will occur by chance with equal
frequency, a knowledge of how many of them are equal
to or greater than the value actually observed affords a
direct arithmetical test of the significance of this value,
It is easy to see that if there were no negative sjg:n‘s;,\‘
or only one, every possible combination would exteed
314, while if the negative signs are 7 or mord, every
possible combination will fall short of this xaltte. The
distribution’ of the cases, when there argéMrom 2 to 6
negative values, is shown in the following-table :—

TABLE 4 2

Number of combinations of dzfere?,x;e.s:, “Bosttive or negative,
which exceed or-fall shori Ofsihe total observed

Numbe‘:'aﬁfcr:egative =>314 e 314 <314 Tatal.
'...\ '
o . W\ 1
I Oy 15, 15
2 \ 57 04 I 10 103
3 . RS 203 3 189 455
4 . K7, 302 11 1,052 1,365
5 . \"\ . 138 12 2,853 3,003
6 e\ . 22 4 4,982 5,005
7 or mégl:e 22,819 22,819
gotal . . . 835 28 11,508 32,768

In just 863 cases out of 32,768 the total deviation
will have a positive value as great as or greater than
that observed. In an equal number of cases it will
have as great a negative value. The two groups together
constitute §-267 per cent. of the possibilities available,
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a result very nearly equivalent to that obtained using
the ¢ test with the hypothesis of a normally distributed
population. Slight as it is, indeed, the difference
between the tests of these two hypotheses is partly due
to the continuity of the ¢ distribution, which effectively
counts only half of the 28 cases which give a total of
exactly 314, as being as great as or greater thamthe
observed value. \

Both tests prove that, in about 5 per cent{ of trials,
samples {from the same batch of seed would, show differ-
ences just as great, and as regular, as thiese observed ;
so that the experimental evidence is-§edrcely sufficient
to stand alone. In conjunction with\dther experiments,
however, showing a consistent)advantage of cross-
fertilised seed, the experimeng-has considerable weight ;
since only once in 4o trial§ would a chance deviation
have been observed bagh“so large, and in the right
direction. )

How entirely appropriate to the present problem
is the use of the{distribution of # based on the theory
of errors, whenJaccurately carried out, may be seen
by inserting ah adjustment, which effectively allows for
the discogitifiuity of the measurements. This adjustment
is not.isually of practical importance, with the # test,
at%;i‘s only given here to show the close similarity of
’tzhéx results of testing the two hypotheses, in one of

~Which the errors are distributed according to the normal
"y law, whereas in the other they may be distributed in
any conceivable manner. The adjustment * consists

in calculating the value of #as though the total difference
between the two sets of measurements were less than

that actually observed by half a unit of grouping;

This adjustment is an extension to the distribution of # of Yates'

adgu:tment fo’r continuity, which is of greater importance in the distribution
of %%, for which it was developed.
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z.e. as if it were 313 instead of 314, since the possible
values advance by steps of 2. The value of ¢ is then
found to be 2:139 instead of 2-148. The following
table shows the effect of the adjustment on the test of
significance, and its relation to the test of the more
general hypothesis.

TABLE 3 O\

Probability of a_Positive

Difference excee that
A observed

. {unadjusted . 2148 2-485 peRcent.
Normal hypothems{adjusted i . 2139 2:529n "N
Generat hypothesis . . . . . 2 634 o
\

The difference between the two hypotheses is thus
equivalent to little more than a prob{t\bﬂlty of one in a
thousand. \~
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AN AGRICULTURAL EXPERIMENT INA
RANDOMISED BLOCKS

22, Description of the Expetriment_)
In pursuance of the principles i’ndfi(‘:é‘.'ted by the
discussions in the previous chapters~w€ may now take

~an example from agricultural Jexperimentation, the

branch of the subject in which these principles have
so far been most explicitly developed, and in which the
advantages and disadvantages of the different methods
open to the experimentefimay be most clearly discussed.

We will suppose_thdt our experiment is designed to
test the relative productivity, or yield, of five different

va"ﬁetiésofafa,nm crop ; and that a decision has already

 been al‘rive{\‘a{f as to what produce shall be regarded

as yield. An' the case of cereal crops, for example, we
may degide 10 measure the yield as total grain, or as
graimsufficiently large not to pass a specified sieve, or

(gfain and strdw valued together at predetermined

‘.:.@*fces, or in whatever method may be deemed appro-
S priate for the purposes of the experiment. OQur object

1s to determine whether, on the soil or in the climatic
conditions experienced by the ‘test, any of the varieties
tested yield more than others, and, if so, to evaluate the
differences with a determinate degree of precision.

We shall suppose that the experimental area i
divided into eight compact, or approximately square,
blocks, .and that each of these is divided into five plots

running from end to end of the block, and lying side
48

[



DESCRIPTION OF THE EXPERIMENT - 49

by side, making forty plots in all. CApart from the
differences in variety to be used, the. #'c'ﬂe area 1s to
have uniform agricultural treatment.y At harvest,
narrow edges about a foot in width for cereal crops,

" or the width of a single row for larger plants, such as

A

roots and potatoes, are to be discarded from experi-
- mental yields; the central portions, cut to be of equal™

area, are to be harvested, and the produce weighed,
or, if preferred, measured in some other manner. A\
- In each block the five plots are assigned one\to”each
of the five varieties under test, and this assagnment is
made at random. This does not mean thah the experi-
menter writes down the names of the varieties, or letters
standing for them, in any order thatmay occur to him,
but that he carries out a physical,€xperimental process
of randomisation, using means which shall ensure that
each variety has an equal chance of being tested on
any particular plot of ground A satisfactory method
is to use a pack of cards‘iumbered from 1 to 100, and
to arrange them in ra{‘ndom order by repeated shuffling.
The varieties are theh numbered from 1 to 5, and any
card such as pu %er 33, for example, is deemed to
correspond 1 var:ety number 3, because on dividing
by 5 this n{n'nber is found as the remainder. Numbers
divisible by 5 will correspond to variety number §.
The ofder of varieties in each block may then be quickly
det{ermsned from the order of the cards in the pack,
“after thoroughly shufﬂlng The remainder correspond-
ing to any variety is disregarded after its first occurrence
in the block. o
Since 5 is a divisor of 2 hundred, cach variety will
be represented by 20 cards, and the probabllxtles of
each appearing in any partlcular place will be equal.
If we had been randomising six varieties we- ‘should

have used a number of cards d1v151b1e by 6, for example
D
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96, and could, for this purpose, use the same pack as
before, discarding the 4 cards numbers 97 to roo, or
indéed, any other four cards the numbers of which
leave the remainders 1, 2, 3 and 4 on dividing by 6.

To save the labour of card shuffling use is often
made of printed tables of random sampling numbers,
in which, for example, all numbers of 4 figurés are
arranged in random order. The first such table was
published by Tippett; another is available ih\Statistical
Tables, Starting at any point in suchl# table and
proceeding in any direction, such asfup or down the
columns, or along the rows, we maytake each pair of
digits to represent the number gf/a card in the pack
of 100, disregarding any whigh\may be superfluous for
our purpose. Using such migahs the process of random-
isation is extremely rapidy’and a chart showing the
arrangement of the eXperiment may be prepared as

quickly as if the varieties had been set out in a systematic

order, j\

. Ko
Y 23, Sﬁfisd;al Analysis of the Observations

A he aithmetical discussion-by which the experiment

\is to bé.hterpreted is known as the analysis of variance.

VThigHis a simple arithmetical procedu@ by means of

~ _which the results may be arranged and presented in a

A single compact table, which shows both the structure

N\ of the experiment and the relevant results, in such a

way as to facilitate the necessary tests of their signifi- -

cance. The structure of the experiment is determined

when it is planned, and before the content of its results,

f:onsisting of the actual yields from the different plots,

s known, It depends on the number of varieties to

be cpmpared, on the number of replications of each

obtainable, and on the system by which these are

arranged!,g in our present example in randomised
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blocks. ‘fIn its arithmetical aspect this structure is
specified by the numbers of degrees of freedom, or of
independent comparlsons/ which can be made between
the plots, or relevant groups of plots. Between 40 plots
39 independent comparisons can be made, and so the
total number of degrees of freedom will be 39. This
number will be divided into 3 parts representing the
numbers of independent comparisons (z) betWeén
varieties, (4) between blocks, and (¢) r __R_resentmgf the
dlscrepanmes between the relative performances of
different varieties in different blocks, Whlch lecrepanmes
provide a hasis for the estimation of éfor. We may
specify the Structure of our Typical egperiment by a
partition of the total of 39 degrees 0{ freedom into these

‘three parts as under. N\
TABI':}E "6
Structure of an Experigient in Randomised Blocks
Varieties . «30% . . N .
Blocks .27\, . . . T W
Error } . . . . 28 >
\\” Total . . - 3

-

It is easy to see that the number of degrees of
freedom ..fQ} any group of simple comparisons, such as
those ,between varieties or between blocks, must be
I Iess than the number of items to be compared. In
+He) present instance, in which the plots are assigned

SWithin the blocks wholly at random, the whole of the
remaining 28 degrees of freedom are due simpl _
differences in feriility between different mﬁﬂ-
samé block, and are therefore available for providing
the estimate of error. As will be explained more fully
later, many more complicated modes of subdivision of
the total number of degrees of freedom may be employed,
and will be appropriate to more complicated forms of
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experlmental enquiry. The form we have set out is
appropriate to the question whether the yields given
by the different varieties show, as a whole, greater
differences than would ordinarily be found, had only

prlate to test the null hypothes1s that our 5 varletg:s
“The completion of the analysis of variance™ Jvhen
the yields are known, must be strictly in abeordance
with the structure 1mposed by the demgn of the experi-
ment, and consists in the partition of a. Guantity known
as the sum of squares {f.e. of deviatioas*from the mean)
into the same three parts as thosguinto which we have .
already divided the degrees Gi\ freedom. Our data -3
consists of 40 yields (y), 5 frém’ each block and 8 from §
each variety which, for.further calculation, can be
conveniently arranged jnfa}table of 5 columns and 8 lines.

gy

RS TABLE 7

.S‘dsz( for caleulation of totals and means

v A" o
L .I 5 5 , 5 Total Mean

The totals of the five columns will then represent the
totals of the yields obtained from the 5 varieties, and
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may be designated by the capital letters P, Q, R, S
and T. The mean yields from the five varieties, found
by dividing these by 8, will be designated by small

letters #, ¢, #, s and £ In like manner the totals of the
rows will represent the total ylelds harvested from each

A,B,C,DE,F, G, H, and the corresponding means
bya b d e f gk Evidently, the totals of the(rows
and the totals of the columns are sub-totals of the 'same
grand total, denoted by M, from which the general
mean # is derived by dividing by 40. The‘drrangement
is illustrated in Table 7; also Table 7a) p. 66, gives
some numerical observations in this fqrm '
tThe sum of squares of deviag Gis from the mean,

which, in the analysis of varlarme is to be divided into
portlons corresponding to yarieties, blocks and error,

is found by adding together the squares of the 4o
recorded yields, and deductmg the product M. The
difference, which corresponds to the total 39 degrees of
freedom, is actuallysthe sum of the squares of the 40
differences or_deviations between the actual yields, y,
and their gederal mean, = ; it therefore measures. the
total amongt’ of variation due to all causes, observed
between/Jour different plots. The method we have
glveu{\however, for obtaining this quannty is convenient
for)gur purpose, for the product Moz is used also in our
naICulatlon of the other entries of the table, which are
Jindeed rapidly obtainable once the total sum of squares
is known. The portion, for example, corresponding to
the 4 degrees of freedom between varieties is found
simply by summing the products Pp+ Qg+ . . ., and
deducting M. Similarly, the portion ascribable to
the 7 degrees of freedom between blocks is obtained by
summing the products Ae+B4&+Ce . . ., and deduct-
ing M. Knowing the contributions to the sum’ of
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squares of these 11 degrees of freedom, the amount
corresponding to the remaining 28 degrees of freedom,
due to error, may be found by subtraction from the

total. In this way the total sum of squares, representing .

the total amount of variation due to all causes between

ot

the 40 yields of the experiment, is divided into the{

portions relevant to its interpretation, measuring respec- -

tively the amount of variation between varietgs, the
amount of variation between blocks, and thédmount of
discrepancy between the performances of ‘the different
varieties in the different blocks. Thé greater part of

the arithmetical labour is accomplished with the calcula- -

tion of the total sum of squares. \J

Corresponding to the thre® “sums of squares into
which the total has been (partitioned, we may now
calculate the ,;_I}Ea_u__r_;_ﬂgqga;és,“ by dividing each by the
corresponding humbe;..;o_f_’dégrees of freedom. Qn_the

~‘mull hypothesis the sigan squares for variety and error

Rave the 'partic_u:}érlz simple interpretation that each
may be regarded as an independent estimate of the
same single,quantity, the variance due to error of a single

plot. —Tf/#h€ Varicties had in fact the same yield the

tigan sqiare derived from the 4 degrees of freedom of
varleties would have, on the avérage, the same value
ag'that derived from the 28 degrees of freedom for error.

A In any one trial these values would indeed differ, but

.._’only. by errors of random sampling. The relative
precision of our estimates is determined solely by the

number of degrees of freedom upon which each is based,

so that, knowing these numbers, the ratio of any two .

estimates affords a test of significance. In other words,
on the null hypothesis the random sampling' distribution
f’f this ratio is precisely known. Thus, in our example,
it would happen just once in 20 trials that the estimate

based on 4 degrees of freedom exceeded that based on
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28 degrees of freedom in a ratio greater than 2:714.
If, therefore, the observed ratio exceeds this level, we
have a measurable basis for confidence that the differ-
ences observed between the yields of the different
varieties are not due wholly to the differences in fertility
of the plots on which they were grown. Again, in only\
1 per cent. of trials will the ratio exceed 4-074, a value

which thus marks the level of a more severe te$t)of

significance. Since tests of the same kind will be

required for all possible pairs of numbers ¢fidegrees

of freedom, it is convenient for purposes gt tabulation

to use a criterion which varies more regtlarly than the

arithmetical ratio employed in the illustrations above.
It'is usual, therefore, to carry out the calculation by

usmg the natural logarithms of’thé mean squares, and

since the difference of the twa }Dgarlthms specifies the

ratios of the corresponding, Dumbers, the tables used in

this test of significance give the values of a quantity, -
z, defined as half the, difference between the natural

Tograrithms obtained o\

The 2 test may be regarded as an extension of the '
¢ test, appropriate to cases where more than two variants
are to be gempared. Like it, it is derived from the
theory of érrors, and is exact when the normal law of
errors\wreahsed It is even less affected than the # test
by Such deviations from normality as are met with in

Jpractice. As with the £ test, its appropriateness to any

particular body of data may be verified arithmetically.
Such verification is not ordinarily necessary and is
always laborious. Often the number of random arrange-
ments available is far too great for them to be examined
exhaustively, as was done with Darwin’s experiment in
Chapter [II. Eden and Yates have, however, published
a method of obtaining rapidly the results of a large
random selection of these arrangements, and have
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demonstrated. how closely the theoretical distribution
was verlﬁed in material that was far from normal.

24, Precision of the Comparisons

~ If the yields of the different varieties in the experl-
ment fail to satisfy the test of significance they will not
often need to be considered further, for the results) as
so far tested, are compatib]e with the view ghat all
differences observed in the experiment arg) dde to
variations in the fertility of the experimenta}, area, and
this is the simplest interpretation to put gipen them. If,
however, a significant value of # hag been obtained the
null hypothesis has been falsified, ‘and may therefore
be set aside. We shall thereaft\r\proceed to interpret -
the differences between the Wafietal yields as due, at
least in part, to the inherens, qualities of the varieties, as
manifested on the condu:u)ns of the test, and shall be
concerned_to_ know with" what precision these different
yields have been sevaluated. For this purpose the
mean square, corr@sponding to the 28 degrees of freedom
asmgned to e’xﬁor, is available as an estimate of the
variance of @)single plot due to the uncontrolled causes
which cahstitute the errors of our determinations, From
this fun&amental estimate we may derive a correspond-
mg\qstlmate of the variance of the sum of the yields
from 8 plots by multiplymg by 8, or, if we prefer, we
\may derive the variance of the mean yield of 8 plots
by d1v1d1ng by 8. In either case the square root of the
variance gives the standard deviation, and provides
therefore a means of judging which of the differences
among our varietal yield values are sufficiently great
to be regarded as well established, and which are to be

_ regarded . as probably fortuitous. If the experiment

leaves any grounds for practical doubt, values may be
compared. by the ¢ test mentioned .in Chapter IL.,
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remembering that our estimate of error is based on
28 degrees of freedom. o
It 1s an advantage of arrangements in randomised
blocks that, corresponding to any particular comparison
contrast, the components of error appertaining to this
comparison may be isolated. This is done simply by
finding the difference in yield, or performance, between
the treatments, or groups of treatments, to be compated,
in each replication of the experiment, Thediscreparicies
between these differences obtained from different replica-
ttons, taking account of their signs, constil;qté the com-
ponents of error appropriate to this comparison, which
may now be tested by a # test, independently of the
other comparisons which the e¥périment  affords.
Although fewer degrees of freedom are available for
the estimation of error from, these components only,
their isolation affords an edditional safeguard when,
as may sometimes occgr,f.’SOme_comparisons are, in
reality, less accurately evaluated than others. _
When the z test(does not. demonstrate significant
differentiation,,r%tibli caution should be used before
claiming significahce for special comparisons. Com-
parisons, whigh”the experiment was designed to make,
may, of course, be made without hesitation. It is
COmPaQ%BHS suggested subsequently, by a scrutiny of
the résults themselves, that are open to suspicion ; for
if the'variants are numerous, a comparison of the highest
{With the lowest observed value, picked out from the
fesults, will often appear to be significant, even from
undifferentiated material. Properly, such unforeseen
effects should be regarded only as suggestions For future
experimentation, in which they can be deliberately
tested. To form a preliminary opinion as to the strength
of the evidence, it is sometimes useful to consider how
many similar comparisons would ‘have ‘been from the

/



£

\ ™

g8 EXPERIMENT IN RANDOMISED BLOCKS

start equally plausible. Thus, in comparing the best
with the worst of ten tested varieties, we have chosen
the pair with the largest apparent difference out of 45
pairs, which might equally have been chosen. ~ We
might, therefore, require the probability of the observed
difference to be as small as T in goo, instead of 1 in 2o,
before attaching statistical significance to the codtrast.

¢\

N‘}ﬁ \)'g The Purposes of Replication O
An examination of the structure of~thie standard
type of agricultural &xperiment descyibed above, and
of the use made of its structure in the)statistical process
of interpretation, shows that the replication or repetition
of the varieties tested on diﬂ'@(el\it plots of land serves
two distinct purposes. It serves first to diminish the _
€rror, a purpose which..’hafs been widely recognised,

‘though' the manner inwwhich it does so has not always

been well understoad;. 'In our experiment the sampling -
variance of a mén yield was found by dividing the -
estimate of .vaifi%ce for a single plot by 8. Since the
variance of\a.\ single plot would not be necessarily or-
systematidally increased by increasing the number of
blocks the variance of our mean yields will generally
fall{ﬁ inversely to the number of replications included. .

zl&ﬁaggasing the number of blocks, however, we should

\.j;'have increased the area of the experiment, and it 18

e &

probable that this increase in area, even if we had used
the same number of larger plots, would itseif have
served to diminish the experimental error, If the area
of the experiment were kept constant and the replication
increased by using smaller plots we should only gain i
precision if, as abundant agricultural experiment shows
to be generally the case, the greater proximity of the
smaller areas led to a greater similarity in the fertility
of the soil. The practical limit to plot subdivision is
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set, in agricultural experiments, by the necessity of
discarding a strip at the edge of each plot. The width
of the strip depends on the competition of neighbouring
plants for moisture, soil nutrients and light, and is
independent of the size of the plots. Consequently,
as smaller plots are used, a larger proportion of the
experimental area has to be discarded. The soil heterds®
geneity of most experimental land is, however{ )so
pronounced that it is profitable to discard a considerable
proportion of the area, in order to bring the expetimental -
treatments or varieties to be contrasted mpre closely
together than would otherwise be possible{YWith plants,
such as potatces and sugar-beets, whgre 1t is sufficient
to discard a single row, one on each’ide of the plot, it
has been repeatedly found that\3{fips of 4 rows wide,
of which only the central two are’included in the yield,
make a more economical qs‘éiéf a given experimental
area than either wider or patrower plots would do.
Replication, therefore} in the sense of the com-
minution of the experimental area, down to plots of
the most efficient{size, has an important but limited
part to play in ingreasing the precision of an experiment,
[t should ngfsin this connection, be overlooked that
many otherfactors contribute to the same result, such
as accpi{’eﬁfj; in harvesting and weighing the produce;
in measuring the areas of land harvested ; care in the
cheice of the experimental area ; ininsuring the similarity
o ‘the treatment of its different parts; in safeguarding
the crop against damage, and its produce against loss.
All these factors contribute to the precision of the
experiment, and though, when the conditions are other-
wise favourable, there can be no doubt that attention
is rightly concentrated on diminishing the important
causes of error due to variations in soil fertility, it is
evident that, even in experiments in which these causes
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were almost wholly eliminated, neglect of common-sense
precautions, -which, none the less, require care and -
supervision, may lead to entirely unreliable results.

26. Validity of the Estimation of Error

Whereas replication of the experimental vagigties
or treatments on different plots, formed by th&isub-
division of the experimental area, is of valuecashone of
the means of increasing the accuracy of the gkperimental -
comparisons, its main purpose, which thérs is no alter-
native method of achieving, is to supgl¥’an estimate of
error by which the significance of\thtese comparisons is,
to' be judged. The need of suchJan estimate may be
perceived by considering theldoubts with which the
interpretation of an experimient would be involved if it.
consisted only of a singlewplot for each treatment. The
treatment giving thethighest yield would of course
appear to be the besfj*but no one could say whether the
plot would not iplfact have yielded as well under some
or all of the otheér treatments. If, indeed, the difference
in yield ap,péa\red large to the experimenters they might
argue that.8o large a difference could not reasonably .
be ascfibéd to a difference in soil fertility, since it was °
contedry to their experience that neighbouring plots .
weated alike should differ so greatly. To enforce this

~Jargument they would in fact have to claim that their past
'+ experience had already furnished a basis for the estima-

tion of error, which could be applied with confidence to
the circumstances of the experiment under discussion.
Even if this claim could be granted the experiment

~would carry with it the serious disadvantage that it -

would no longer be self-contained, but would depend -
for its interpretation from experience previously gathered. |
It could no longer be expected to carry conviction t0 .
others lacking this supplementary experience. How -
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weak the evidence of such previous experience must
always be will be seen by considering that, even if the
identical area of the experiment, divided into the same
plots, had been harvested under uniform treatment in
previous years, it would need twenty years’ experience
to form even the roughest judgment as to how great a
difference between the yields of any two plots would:
occur by chance as often as once in 20 trials. It i5,en
the exactitude of our estimate of the magnitude-of this
difference that the precision of our test of significance
must depend. Even such a tedious series ofpreliminary
trials, moreover, could only supply a,.divect basis for
the test of significance, if we cotld” assume the
absence of progressive changes, both” in the weather
and in the condition of the soik\™This consideration
cffectively demonstrates that the accumulation of past
experience, as a basis foR® testing significance, is
as insecure in theory asyit' would be inconvenient in
practice. N
The impossibility(of" testing two or more treatments,
in the same yeaq\'a,ﬁd on identically the same land, is
not, however, an ‘insuperable obstacle to exact experi-
mentation. | It;is surmounted by testing the treatments
not on identical land, but on random samples of the
same szerimental areas. From this aspect the appro-
priaténess of a random assignment of the treatments to
theldifferent plots appears most inevitably, We shall
{heed to judge of the magnitude of the differences intro-
duced by testing our treatments upon different plots by
the discrepancies between the performances of the same
treatment in different blocks. Our estimate of error
must be obtained by a comparison of plots treated alike,
but it is to be applied to interpret the differences observed
between sets of plots treated differently. The validity
of our estimate of error for this purpose is guaranteed



£

7N

6z EXPERIMENT IN RANDOMISED BLOCKS

by the provision that any two plots, not in the same
block, shall have the same probability of being treated
alike, and the same probability of being treated differently
in each of the ways in which this is possible. The
purpose of randomisation in this, as in the previous
experiments exemplified, is to guarantee the validity
of the test of significance, this test being based.gfhan
estimate of error made possible by replication.

RN
N/ 3

"\
27. Bias of Systematic Arrangements®

In any particular case it will probably ‘be possible
to assign sets of plots within an are¢ to the several
treatments so as to equalise their fertility more completely
than is done by a random arfatigement, and many
systematic arrangements forx\doing this have from
time to time been proposed.\J'The effect of such a pro-
cedure on the test of significhnce may be seen by imagin-
ing it carried out on anmvarea under uniform treatment;
so that the actual yields are not at all affected by the
reallocation of the'plots. In the analysis of variance,
therefore, the,fotal sum of squares is unchanged, as is
also the portion ascribable to blocks. If, therefore, the
agronomist’s ingenuity has been successful in diminish-
ing theMdifferences in fertility between treatments, the
dimittution of the sum of squares in that line of the
table will have been exactly counterbalanced by an

micrease in the sum of squares upon which the estimate

\ ™

of error is based. The effect of the rearrangement will
have been to diminish the real errors of the experiment,
but at the expense of increasing the estimate of error;
so that, although the comparisons have really been
tmproved in precision they will appear to have been less
accurate than before, and less reliance will be placed on
the result, In the opposite case, likewise, if by bad luck
or bad judgment the systematic arrangement adopted
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has increased rather than lessened the real errors of the
experiment, then the estimate of error will be even
diminished, and will be, for both reasons, an under-
estimate of the errors actually incurred. The results of
using arrangements which differ from the random
arrangement in either direction are thus in one way or
the other undesirable. This is to be expected, since in <
both cases the estimate of error is vitiated, or rendered
unreliable for the purpose for which it was made.

28. Partial Elimination of Error . “".’

It is to be noted that the restriction upon a purely
random arrangement which has beenN¥mposed, by
applying each treatment once only on~each block of
land, introduces no such disturbancesof the validity of
the estimate of error. For the differences in average
fertility between the different blpcks of land used, which
have been, by this restriction, eliminated from our
experimental comparlsons have been equally eliminated
from our estimate of eror in the analysis of variance.
Prior to the introcH uction of this method it was, indeed,
common for elements of error which had been carefully
and thoroughly eliminated in the field to be reintroduced
in the process-of statistical estimation ; so that successful
experimefita]l arrangements were made to appear to be
unsuc:t:%ul and vice versd. The essential fact govern-
ing,Qur analysis is that the errors due to soil heterogenelty
@ill*be divided, by a good experiment, into two portions.
The first, which is to be made as large as possible, will
be completely eliminated, by the arrangement of the
experiment, from the experlmental COmparisons, and
will be as carefully eliminated in the statistical laboratory
from the estimate of error. As to the remainder, which
cannot be treated in this way, no attempt will be made
to eliminate it in the field, but, on the contrary, it will
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be carefully randomised so as to provide a valid estimate -
of the errors to which the experiment is in fact liable.

29, Shape of Blocks and Plots

Having satisfied ourselves that replication, supple-
mented by randomisation, will afford a valid test of the -
significance of our comparisons, we may considexwhat
modifications of our practical procedure will sserfve to
increase the precision of these comparlsons J‘f several
may usually be given to choose one that apped.rs to be
uniform, as judged by the surfacevand texture of the
soil, or by the appearance of a {»rewous crop, though
the value of such judgments bypfispection, with which
alone we are here concernedy appears to be very easily |
overrated. After choosing ‘tHe area we usually have no
gu1dance beyond the vndely verified fact that patches
in close proximity are’ commonly more alike, as judged -
by the yield of crops, ‘than those which are further apart.
Consequently, the division of the land into compact or -
approximat s_ﬂgﬁg_a_tz_eﬂ:_ blocks will usually result in the .
blocks being as much unlike as possible, while different
areas within the same block will be more closely similar
than /jfthe blocks had been long and narrow. The

Hﬁat of this upon the analysis of variance is to place
ds large a fraction as possible of the variance due to

soil heterogeneﬁy in_the poruon ascribable to variation

between blocks, ‘this portion being eliminated from our
experimental etror ; and to leave as little as possible in
the variation within blocks, which supplies both our |
experimental errors and our estimate of them. It is
therefore a safe rule to make the blocks as compaCt
as possible. : -

- With' respect to our subdivision of the blocks into

plots our object is exactly the opposite. The experi-



SHAPE OF PLOTS 65

mental error arises solely from differences between the
areas chosen as plots within the same block, These
differences must be made as small as possible, or, in
other words, each plot must, so far as may be, sample
fairly the whole area of the block in which it is placed.

It is often desirable, therefore, when it does not
conflict with agricultural convenience in other way$,®
to let the plots lie side by side as narrow strips, €ach
running the whole length of its block. It is nat) how-
ever, in every type of experiment an advantage to use
such elongated plots. Some important caiges of soil
heterogeneity, dependent from agricultural operations,
affect the land in stripes. Elongated\plots will then
only beé advantageous if they can belaid transversely
to these stripes. When this would\eéntail inconvenience,
or additional labour in cutting\the correct area, as in
the case of strip plots witheegteals, running across the
drill rows, the labour available for the experiment may
often be better applied By using square plots, and im-
proving the accuracy in other ways. Plots of compact
shape are, indee{K,:'ﬁommonIy used in experiments in
randomised bloeks, not because the theoretical advantage,
of using elgrgated strips, in one direction or the other,
is not appreciated, but for the purely practical reason
that te fealise it by laying strips in the required direction
woult“be a more costly method of increasing precision
than other methods at the experimenter’s disposal.

e &
< xR

30. Practical E:.:ample
The following data show a comparison of the yields
of five varieties of barley in an experiment arranged in
randomised blocks, carried out in the State of Minnesota
in the years 1930 and 1931 and reported by F. R. Immer,
H. K. Hayes and Le Roy Powers in the Journal of the

American Society of Agronomy. The experiment really
' E
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dealt with ten varieties, of which five have been selected
for this example. The blocks in the example are twelve
separate experiments carried out at six locations in the
State in the two years.

REFERENCES AND OTHER READING

T. EpEN and F. Yares (1933). On the validity of Fisher's z test§
when applied to an actual exa.mple of non-normal data, }0urnaL~
of Agricultural Science, xxiii. 6-17. N\

R. A. FisHER (1924). On a distribution yielding the error fgnlzuons
of several well-known statistics. Proceedings of the Inﬁerﬂatlonal
Mathematical Congress, Toronto, pp. 805-813. O

R. A. FisHER (1925-41). Statistical methods for re§eatch workers.
Chap. VIIL. and the Table of z, Table VI,

F. R. Immer, H, K. Haves and Le Rov PDWER‘&\('I934) Statistical
determination of barley varietal adagtaﬁxsmn Journal of the
American Society of Agronomy, May"xXVi. 403-419.

L. H. C. TieeeTrT (1927). Random saf{lp]illg numbers. Tracts for
computers, xv. Cambridge Unieérsity Press.

R. A. Fisuzr and F. VaTES (r938-42). Statistical Tables for
biological, agricultural and ‘medical research. Oliver and Boyd
Ltd., Edinburgh. 'i"\’\

O



5

THE LATIN SQUARE

31. Randomisation subject to Double Restriction

Q"

TuE subdivision of the area of an agricultural exsi)e}\iment

. into compact blocks, in each of which all the ekperimental
treatifients to be compared are equally; represented
has been found. to add greatly to the‘?pre(:lsion of the
experimental comparisons obtainahle\by the expenditure
of a fixed amount of labour, and’Supervisory care, to a
limited area of land. An equally great advantage 15
obtained, in other fields of, research, by a similar sub-
division of the materiak-into relatively homogeneous
series, to each of whlch the different experimental
treatments are applzed in equal proportion. The extent
~of this gain is hr{m‘!sed only by the degree of homogenelty
which can b&fgbtained within each series. It is an
essential comidition of experimentation that the expel‘l'
mental material is known to be variable, but it is not
knom{r\lgm respect of any individual, in what direction
his\response to a given treatment will vary from the
average. No direct allowance for this variability can,
~therefore, be made. The knowledge which guldes us
\‘: in increasing the precision of an experiment is not a
knowledge of the individual peculiarities of particular
experimental units, such as plots of land, experimental
animals, coco-nut palms or hospltal patients, but a
knowledge that there is less variation within certain
aggregates of these than there is among different
individuals belonging to different aggregates. The

recognition of criteria by which the experimental material
4]
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may be fruitfully subdivided thus plays an important
part in all types of quantitative experimentation.

It was first shown in experimental agriculture,
though the principle has since been applied in other
fields, that the process of subdivision might profitably
be duplicated. This experimental principle i1s best
illustrated by the arrangement known as the Latig®
square, a method which is singularly reliable in giving
precise comparisons when the number of treatmgnté {or
varieties, etc.) to be compared is from 4 to 8.~\Suppose
we wish to compare 6 treatments, The,éxperimental
area (which need not be an exact squatg'in form, but
should be a relatively compact rectangle) is divided
into 36 equal plots lying in 6 rows’and 6 columns. It
is then a combinatorial fact thal;x\vve can assign plots
to the 6 treatments such that foreach treatment one plot
lies in each row and one im-edch column of the square.
It is possible generally to~do this in a large number of
ways, for if we start with one solution of the problem,
and rearrange the fows in it as wholes, in any of the
ways in which thes€ may be arranged, a large number
of new solutions will be found. With a 6 x 6 square the
rows maysBesrearranged in 720 ways, including that
from which”we start, so we have at once a set of 720
solutisknzé’f Equally, or consecutively, we may arrange
the olumns in 720 ways; and, finally, we may do the
same with the treatments, while still conserving the

{ “property which the Latin square was designed to possess.
-"The process of transformation will generate a number
of different solutions which varies according to the
particular square from which we happen to start. The
smallest transformation set comprises 1,728,000 solutions,
while the 5 largest each comprise 93,312,000. If a
solution is chosen at random from such a set each plot
has an equal probability of receiving any of the possible
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treatments, and each pair of plots, not in the same row
or column, has the same probability, namely one-fifth,
of being treated alike. The process of randomisation,
necessary to ensure the validity of the test of significance
applied to the experiment, consists in choosing one at
random out of the set of squares which can be generated
trom any chosen arrangement. \ -

The object of arranging plots in a Latin{square.is
to eliminate from the experimental compari§éns possible
differences in fertility W_I_'_l_i_ql';_\_g_;a.y exist;_bem{g@n hole

rows of plots, and between whole coltgnns of plots, as
they stand in the field. The need for such a double
elimmnation was particularly apperent to agricultural
experimenters owing to the {4et that in many fields
there is found to occur éthér a gradient of fertility
across the whole area, or i:)étrallel strips of land having
a higher or lower ferility than the average. But, for
particular frelds, inji's' not known whether such hetero-
geneity will be prore pronounced in the one or the other
direction in wihich the field is ordinarily culiivated.
Such soil varations may be due in part to the past
history of the field, such as the lands in which it has
been fald up for drainage producing variations in the
depthirand present condition of the soil, or to portions

\Q\Q\'ft' having been manured or cropped otherwise than
wthe remainder; but whatever the causes, the effects
are sufficiently widespread to make apparent the

importance of eliminating the major effects of soil
heterogeneity, not only in one direction across the field,
but at the same time in the direction at right angles t0
it. This double elimination is effected by the Latin
square arrangement, which combines the combinatorial
fact stated above with the possibility of basing estimates
of error upon an effective randomisation.
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L35, The Estimation of Error

As has been already illustrated in the experiment
in randomised blocks, the error will be properly estimated
only 1if the same components of heterogeneity which
have been successtully eliminated by the arrangement
in the field are also eliminated in the interpretation of.
the results in the laboratory. This elimination i3
carried out by an analysis of variance closely sn‘mlér
to that used in the last chapter. The 35 1ndependent
comparisons possible-among 36 yields give 35 degrees
of freedom. Of these, 5 are ascribable o ‘differences
between rows, and 5 to differences between columns,
Thus 10 degrees of freedom serve o represent the
components of heterogeneity, which have been elimin-
ated in the field, and must be exchided from our estimate
of error. Of the remaining)\25 degrees of freedom,
5 represent differences between the treatments tested,
and 2o represent compofients of error which have not
been eliminated, but @hich have been carefully random-
1sed so as to ensuré “Yhat they shall contribute no more
and no less than\thelr share to the errors of our experi-
mental compar;sons

The table shows the subdivision of the degrees of
freedom{6r a 6 x6 square, and in general for an sXs
squa;&t&éed to test s treatments.

~O° TABLE 8
\ ) 6 %6 square. & X £ square.
Rows . . .5 5—1
Columns . . .5 - 51
" Treatments . . 5 s—1
Error . . . 20 (s—1}(5—2)
Total . . 35 &1

Corresponding to each part of the degrees of freedom
the yield data of the experiment will provide a like
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portion of the total of what we have called sum of
squares. The first 3 portions may be calculated in
exactly the same way as are those for blocks and treat-
ments 1n the randomised block arrangement. Thus, if
the total yields in the rows are A, B, C, D, E, F, with
a grand total M, while the corresponding mean yields

are q, 4, ¢, d, e, f, and m, the portion of the sum of squares
ascribable to rows is O\
7N\S ©

aA-+6B+cC+dD 4 ¢E+Ff—Mm,\

The portions ascribable to columns_afd”to treatments
are calculated similarly, while thapascribable to error
is calculated by deducting the zyother items from the
total. This total sum of squglfes:; as in other cases, is
merely the sum of the squatés”of the deviations of the
yields'of all individual plots from their general mean,
and may be calculatedihy subtracting »M from the
sum of the squares ofthese yields.

33. ]“lety Treatment of Square Designs

When the possibility of effecting a double elimination
of errors\due to soil heterogeneity was first realised, the
mistaké was sometimes made of judging the precision
ofthe results merely from the observed discrepancies
Dbetween plots treated alike. This would be correct

& :,\:'OHIY if the whole 36 plots had been assigned at random,

\‘;

and without restriction, to the 6 treatments. Its effect
is that the 1o degrees of freedom corresponding o
rows and columns are included in the estimate of
error. ‘Thus what experimental design had gained in
the field arrangement was lost or thrown away in the
statistical analysis. Indeed, by this method the apparent
precision of the experiment, and the consequent reliance
placed on its results, is less than if the treatments had
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been assigned wholly at random, disregarding rows
and columns, for the large components due to these
have been excluded from the 5 degrees of freedom
ascribed to treatments, and therefore contribute more
than proportionately to the 3o remaining degrees
of freedom, which on this system is regarded as
error,

A fault of purely statistical origin also appears in
some of the earlier work, namely, the use of the total
number of plots, in place of the number of degrees of
freedom, as a divisor in obtaining the estimdted variance
of the mean square. This may lead {althe error being
seriously underestimated. Apart frem’ its arithmetical
simplicity, the great advantage of a(ranging the statistical
work in an analysis of variance’ lies in the safeguard
it affords against errors of Lhese two kinds. Once the
degrees of freedom are subtlivided it is apparent that
the residue after a,llqwmg for rows, columns, and
treatments has onlyreo degrees of freedom, and once
the contributions to,the sum of squares due to rows and
columns are identified and set aside, no one would
think of intrdducing these in attempting to arrive at an
estimate oferror. The mean square, obtained by
dividing?the residual sum of squares by the degrees
of freedom available for the estimation of error, is a
valid ‘estimate of the variance of the yield of a single
plot due to the components of error which have been
Urandomised. The sampling variance of the total of
six plots having the same treatment is found by multi-
plying the mean square by 6, and that of the mean of
such plots, by dividing it by 6. The variance so obtained
is itself liable to sampling errors, dependent on the
number of degrees of freedom on which it is based.
Since this number is often small, we should use the
exact z test for testing the significance of the group of
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treatments as a whole. If it is desired to compare any
two particular treatments, or to make any other simple
contrast among the treatments employed, whether based
on the totals or on the means, we obtain the sampling
variance appropriate to the expression, find the standard
error by taking the square root, and the ratio of the
differences to be tested to its appropriate standard @rror
will be the value of #, appropriate to test its significance,
with the same number of degrees of freedomyas that on
which the estimate of variance was orlg‘znally based.
Readers unfamiliar with the statisticalyprocedure of
these tests are referred to sz‘zsz‘zg}zz -Methods for
Research Workers. '
- In agr;cultural trials a smg"l\e Latin square will
frequently give precision hlgh\enough to reduce the
standard error to less than 2-per cent. of the yield, and
sometimes to less than & per cent. If experlmenmtxon
were only concerned, W1th the comparison of four to
eight treatments ox varieties, it would therefore be not
merely the prmc‘bpal but almost the universal design
employed. *t} &’ particularly fitted for the comparison
at a number\of different places of a small selected group
of hlghly\ qualified varieties, the relation of which to
varymg\ conditions of soil and weather needs to be
explored. Where it fails is to provide a means of testing
simultaneously a large number of different treatments
L (O)or varieties. The means used to obtain precision in
) such experiments will be developed in later chapters.

34. Systematic Squares

When the idea of effectmg an elimination of errors
due to soil heterogeneity in two directions at right angles
was first appreciated, the necessity for randomisation
in experimental trials was not realised. In consequence,
certain systematic arrangements were adopted. One
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of these, which may be called a diagonal square, is
shown below :— '

A B C D E
E A B C D
D E A B C
C D E A B
B C D E A

It will be observed that the conditions that one plof ef
each kind lies in each row and one in each colufin*are
satisfied by this arrangement. The plots sréceiving
treatment A are, however, all in a line along,fie diagonal
of the square, and other lines parallel to'“t\ﬁ_is diagonal
also receive the same treatment throughgut their length.
Consequently, there is ground to feap that if ridges or
strips of fertility run obliquelyXacross the rows and
columns they may give to somé of the treatments a
systematic advantage compared with the others. In
other words, the componénts of soil fertility in which
the areas assigned ta- different treatments may differ,
may, not improbably, be larger than the remaining
components, representing differences between plots
treated alike, oh which the estimate of error is based.
Consequentlyflif a systematic arrangement of this kind
is treated/@s though it were a Latin square two distinct
effects iy be anticipated. First, that the actual errors
in the ‘comparisons of the treatments will be greater
{han;f a properly randomised lLatin square had been
\uSéd, and, second, that the estimate of error obtained
trom the experiment will be less, by reason of the
exclusion of the more important components of soil
“variability, which have been confounded with the
treatments.
The first of these dangers was readily recognised,
though the second was ignored. Consequently, an
improved systematic arrangement has been widely used.
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It has been known in Denmark since about 1872, but
is usually ascribed to the Norwegian, Knut Vik. The
method is to move each row forward two places instead
of one, giving the following pattern :—

A B C D E
D E A B C

B C D E A N\
E A B C D O\

C D E A B o\

N

In this arrangement the areas bearing e?iéh treatment
are nicely distributed over the expgr‘}rﬁental area, SO
as to exclude all probability that ¥h& more important
components of soil heterogeneityyshould influence the
comparison between treatmentss This was clearly the
intention of the arrangement > but its fulfilment carries
with it an unforeseen ahid unfortunate consequence.
If, by the skill of the ®xperimenter, the components of
extor, by which the domparisons between the treatments
are affected are, On'the average, less than those given
by a random @trahgement, it follows that those available
for the estimation of error must be greater. This, as
with randémised blocks, is easily seen by considering
the subdivisiod of the sum of squares in the analysis
of w&tidnce. ~ The null hypothesis is that the treatments
are without effect, and therefore that all the differences
) ~vebserved among the ﬁxpWﬂH_@é o
\3 N e:’cggzm errord/ T hey are therefore unaffected by
: the arrangement adopted. The components ascribable
.to rows and columns, and eliminated from the experi-
ment, are also the same however the plots may be
arranged. Consequently, the total of the two com-
ponents ascribed to treatments and to error, that is to
say the true errors of our comparisons, and the estimate
of these errors supplied by the experiment, have a total
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independent of the experimental arrangement. The
sole effect of adopting one system of arrangement rather
than another is on the manner in which the fixed total
is divided between these two parts. The purpose of
randomisation is to ensure that each degree of freedom
shall have, on the null hypothesis, the same average
content. Any method of arrangement, therefore, which
diminishes the real errors must increase the apparent
magmtude of these errors, by which the validity of the
comparison is to be judged. The consequence, 1y that
not more but less reliance is placed, and&must be
placed, on the results, as a consequence ofithe experi-
menter’s success in excluding‘ the larger ¢omponents of
error from his comparisons. NG

It should be noted that this unfokthna.te consequence
only ensues when a method of\#iminishing the real
errors is adopted, unaccompanied by their elimination
in the statistical ana1y51s... $Fhus, when the treatments
are equally distributed am@hg the rows of an experiment,
the real error is usuallydiminished, and the estimate of
error may be dipfinished in the same measure by
eliminating the (ﬁéerences between the different rows,
The failure of;$ystematic arrangements came from not
recognising (that the function of the experiment was
not onlytotmake an unbiased comparison, but to supply
at thessame time a valid test of its significance, This
18 vlt}ated equally whether the components affecting
'the comparisons are larger or smaller than those on
which the estimate of error is based. The consequences
of accepting an insignificant effect as significant, or of
rejecting as insignificant one which, with sounder
methods of experimentation, would have shown itself
to be significant, are equally unfortunate. In fact, the
calculation of standard errors is idle and misleading,
if the method of arrangement adopted fails to guarantee

Q"
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their validity, and the same applies to all other means
of testing significance. '

The consequences surmised as to the effects of using
the two systematic squares illustrated above have in
fact been verified in detail by O. Tedin, by super-
imposing these arrangements, each 184 times, on the
yields obtained in uniformity trials, in which the ull
hypothesis is known to be true ; and by comparing' the
results with those obtained using random arrapgements.
The discrepancies found are just what might have been
anticipated on theoretical grounds. /Iheé diagonal
square gives larger real errors accom.pa:\ﬁed by greater
apparent precision. The Knut Vikisquare gives lower
real errors accompanied by less, dpparent precision. It
1s a curious fact that the bia;’g‘ﬁ‘ the Knut Vik square,
which was unsuspected, appehrs to be actually larger
than that of the diagonalssquare, which all experienced
experimenters would cg;"nﬁdently recognise.

35. Grazco-Latin and Higher Squares

- The numb\é;‘" of arrangements in a [atin square
is known f0r squares up to 7x7. Since the com-
binatorial<properties which these illustrate are useful
in exférimental design apart from their application
to_the’ double elimination of error, it is well to know

something of them, The 2 X 2 square
4 ~\’ ¢
w\\' w : A B
3

N B A

illustrates the fact that the three independent contrasts

among 4 objects may be resolved into contrasts between
pairs of them in the 3 ways in which such pairs can be
chosen, such as the rows, columns, and letters of the

square. ‘Similarly, the 8 independent contrasts among
9 objects can be resolved into 4 independent sets of
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2 degrees of freedom each, found by dividing the whole
into 3 sets of 3 objects. This comes from the fact that
not only is a 3x3 Latin square possible, but a 3x 3
Graco-Latin square. A pair of letters, one Greek and
one Latin, may be assigned to each cell of the square,

so that each Latin letter appears once in each row and )
in each column, and each Greek letter appears once i >
each row, once in each column, and once with eachy,

Latin letter, as is shown below :— O
Ae BB Cy RS
By Ce AP R&4
C‘S Ay Ba \J

By rearranging the rows amongﬁﬁemselves and
also the columns, so that the letterg;ﬁ the first fow and
in the first column are in order, ady Latin square can
be reduced to a standard forma3Since, after rearranging
the columns so that A is @n the left of the first row,
only the remaining rows will be disturbed, each square
of the standard form i§ eapable of generating s I(s—1)!
different squares, twhere s is the number of letters in
each row or colymn. When s is 2 or 3 there is only
one solution inlthe standard position, so that the total
numbers of,j\Lei.tin squares are 2 and 12 respectively.
There is @lso essentially only one 3x3 Graco-Latin
Squaft?;."ll\dmely that shown above; but apart from the
reatradé'ement of the Latin letters in the rows and

STatrns in 12 ways, the Greek letters may be permuted
among themselves in 6 ways, making 72 arrangements
in all.

With 4x4 squares there are four arrangements of
the Latin letters in the standard position, or 4 X 6 X 24 =
576 Latin squares. Only one of these 4, however,
yields a Graeco-Latin square, and that in two ways, so
that there are 2x6x24% (=6912) 4x4 Graco-Latin
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squares. The two arrangements of the Greek letters
are, moreover, themselves orthogonal, so that the 15
degrees of freedom among 16 objects may be divided
into 5 independent sets of 3 each, being the 3 independent
comparisons among 4 sets of 4 objects each, into which
the whole may be divided. An arrangement of this
kind is shown below, in which numeral suffices are used
in place of one set of Greek letters :— D
- A B.8 Cay D5 \ ~

Byy Ag D Gf ~\ N

Co Dy A48  Baap\ !

D, Cyua B8 Az’%\

There are in all 2 X 6 X 24% such arrangements.

The 5x 5 Latin squares i(}fh'e standard position
are 56 in number, and fall Ao two sets. One set of
50 yields no Graco-Latin 'square, but the set of 6,
which are symmetrical gbout the diagonal, yield each
3 different squares which do not differ merely in a
permutation of the\Greek letters. There are therefore
3 X6X24 X120%8X 5 Graco-Latin squares. The three
different arréfigements are all mutually orthogonal,
so that we(may add a numeral suffix, as in the 4X4
square above, and obtain 6 x6X24X120° solutions.
And we'may add a second suffix independent of the
ﬁrs‘{Qand of the letters, in 6x6x24x 120* different
ways. An example using two suffices is shown below :—

Aja; By, Chyy DSy Egey
Bgd; Chey  Djay Eifs  Azys
CsBa Dyys Ep8;  Age, By
Dyeg  Ega,  AuBs Bsy:  Cify
Eyve Ay Biey Cyop  Dify

Co_nsequently, the 24 degrees of freedom among 25
objects can be subdivided into 6 independent sets of
4 corresponding to the rows, columns, Latin letters,
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&1

first suffices, Greek letters and second suffices in the
Such a square may be said to be
completely orthogonal.

square above.

Completely Orthogonal 8 X8 Sguare

11 25 32 43 57 6 4 78

111 738 547 265 826 382 654 473
11 46 68 87 34 75 23 52
22 18 71 & 7 83 46 35 54
222 375 863 148 514 751 486 63%
22 64 45 53 76 38 1y LA
33 7 4 Iy 51 42 8 3 zf,‘,';.‘\'ﬁs
333 216 452 784 678 167 84% 3521
33 58 86 6z 15 24 W 47
44 63 56 15 38 2ANYS87 72
444 837 318 623 762 588 231 185
44 12 27 7 8 51 .\=§>3 65 36
55 81 48 34 16BN 73 62 27
555 642 136 871 287 428 713 364
55 37 72 26 43 6 1 8 4 18
66 47 84 285 75 12 53 31
666 583 725 47 341 834 172 258
66 21 13 ,40\35% 8 2 57 48 7 4

N\

77 36 2. 82 61 58 14 45
777 124 69 356 2435 243 568 812
77 85 N5 4 41 2 8 16 3 2 63
88 s~ 65 76 24 37 41 13
888 461 274 532 153 615 327 746

88 \Y 3 31 I 4 67 42 56 25
Alghéugh there are 9408 6 x 6 Latin squares in the
Sta{fldard position, belonging to 12 distinct types, yet
~wone of these yields a Greeco-Latin square, a conclusion
\e{rrived at by Euler after a considerable investigation,
but only recently established for certain by the enumera-
tion of the actual types which occur. Graco-Latin
squares are easily formed with 7 units in a side, or any
other odd number : the 7 X 7 squares have been enumer-
ated by Norton. It may be shown that with any prime

number (p) the p*—1 degrees of freedom among *
F
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objects may be separated into p+1 independent sets of
#—1 degrees of freedom each, each representing com-
parisons among p groups of p objects. Yates has shown
that this is also true of 82 objects, and the same can be
done with ¢2, as the examples illustrate.

After the rows and columns, the categories of sub-
division are represented by the numbers in the cells of
each square. The squares given may be randdmised
by permuting, (@) the rows, columns, and eash set of
numbers among themselves, (8) whole scts of numbers
with each other and with the rows and colimns.

Thus, in the 8x8§ square shownw:{b’é}ve, the seven
numbers represent seven different ways of dividing 64
objects into 8 groups of 8 cach, making with the rows .
and columns 9 ways in all, sol#Hat no two objects are
classified alike in any two of\tHe nine ways.

Completzly Og’féégomd OX 9 Sguare

IIIT 2322 3233 9549 V7437 8668  zg73 6886 4794
T 4546 7978 3834 6360 0492 2627 5753 8283

2246 3154 1365 V7672 8583 9491 6717 4928 5839
8322 2454 %{9.’ 7715 1247 4673 9538 3061 6196
3378 1289 Aarb7 8414 gbes 7336 4843 5751 6g62
6233 9665\“.~3?97 5926 8158 2581 4419 7842 1374

4435 5616 6524 3861 1742 2053 8399  goyy 7188
9744 (\379 6612 8567 2903 5135 7331 1486 4828

STV 6448 4659 1996 2874 3785 g132  y313  Baax

4955 7187 1523 6448 o871 3316 5262  8figg 2739
N
V6693 4571 5482 2738 3919 1827 7264 8145 9356

2866 5398 8431 1659 4782 7224 3143 6573 9917

7720 803y 9318 6255 4166 5344 2681 350z 1473
547? 8313 2345 4291 7636 1768 6084 o120 3552
8852 0763 7941 4387 5208 G179 3426 1634 2515
3688 6721 9256 2172 . gsny 8940 1895 4337 7463
9984 7895 &776 5123 6331 4212 gsss 2469 3047
7599 1932 4164 0383 3425 6857 8776 2218  s641
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35-1, An Exceptional Design

The principal use of Grzeco-Latin and higher squares
consists in clarifying complex combinatorial situations,
and will be illustrated in later chapters. Occasionally,
however, they may be used directly in experimental
design. An example of this exceptional use has been
given by L. H. C. Tippett. O

In a cotton mill one of 5 spindles was found te“be
winding defective weft. The cause of the defect \was
unknown. Its origin could, however, be traced, farther
by interchanging the component parts of the $pindle.
Four portions could thus be interchang’.e@\,\designated
by the symbols, w, x, ¥ and £. \

These parts were reassembled irg\}Wenty-ﬁve WAYS,
so that each of the five compor’len\s’w was used once
in combination with each of the five components z,
and so with each pair of comp@nents. The reconstructed
spindles were tested ﬁve’a.{fféi time, over five periods, so
that each component was used equally during each
period. K
The combinations used and the distribution of
defects in the fegulting weft are shown in Table &-1.

A\

TABLE 81
I . "y
L Spindle Composition and Defects Observed
W
e\ .. .
Period\ Cemposition of Spindle.
S
N
31 Wy ¥ V18 Wa¥s¥aly WXy Y52y Wats Y ety L
+-+
2 U3V 4% WXy V5%y Wyte V125 Ty X3 Vol Wty Vaky
+-+
3 WXy VaZs W5V 3% W1 ¥as VRS FT43 WXy V1284
-+ ++
4 2 XY T Wty V18 3T Va2 WX VaZy W5 ¥eZL
++
5 W Xp Vs WaXa ¥y WXy V581 LESY ST 5Ty Vafa
++
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In the table moderate defect is marked —+, and
severe defect + 4. It will be seen that severe defect
is confined to the five spindles made up using the com-
ponent w,, and is invariably present when this component
is used, The origin of the trouble was therefore traced
to this part, and this knowledge led to the discovery
of a cause of defect previously unsuspected. O\

Of the remaining 20 bobbins, 4 showed deféet to
a moderate degree. There is no sufficient .fé‘agon to
ascribe this partial failure to the parts used > the only
parts which show defect more than oncedredw, and y,.

In general, the danger of trying to-fest five different
factors (the four components and\the period) each
susceptible of five variants, in ondyv25 trials, lies in the
fact that we are examining only\25, out of 3125 possible
combinations. In consequenice any interactions between
the effects of one componef}t and those of another may
appear in the results ag{due to a third component. The
value of the test foris special purpose arises from the
technologist’s assurance that such consistent interaction
is, in the spegiglcircumstances, very improbable, He
has, therefore,\conﬁdence in interpreting Table 8-1 as
condemnigg" the component w,. A theorist without
such pragtical knowledge would, however, have no
diffigrlty in accounting for the effect in terms of %, ¥
anthz, and without taking account of %, For example,

<iffin the table we add the suffices of x and y and subtract

\”\ “that of 3, severe defect is only found when the resulting

number is 2 or 7, and is then invariably found. Such

a result might be actually misleading if the suffices

represented quantitative physical attributes of the com-

ponents, and had not heen assigned arbitrarily by the
experimenter.
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36. Practical Exercises

For experimental purposes it is, of course, the
properties of the smaller squares that are most useful.
The following data supply an example for. readers who
wish to familiarise themselves with the analysis of
variance in its application to experiments designed in a. {\
Latin square. They represent the results of such am
experiment carried out in potatoes at Ely in 1932. The-
six treatments designated by A BCDE F_consist
of different quantities of nitrogenous and phdsﬁhatic
fertilisers. The results in Ibs. of potatoescare” quoted,
with some simplification, from the 1932 Report of
Rothamsted Experimental Station. The analysis may
be checked by comparison with Ta]:;l:e} 31 and 32.

TABLE«9}®
Arrangement and Yieldshof o Latin Square

E B B A C D
633 527 \{26,52 j00 | so4 | 416 1 3122

B oU" D E F | A
489 4757 1 415 488 591 282 2720

X

A/NME C B D F
\3,8&& 481 483 422 | 334 | 646 | 2750

JOF D E C A B
620 | 448 | so5 | 430 | 323 | 384 | 2719

PN

O | p|a B F | E | C
452 | 432 | 411 617 | 594 | 460 | 2972

C F A D B E
500 505 259 366 326 420 2376

3078 2368 2725 2722 2652 2614 16659

The following puzzle is of service in familiar-
ising the mind with the combinatorial relationships
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underlying the use of the Latin square, and the like,
in experimental design :—

Sixteen passengers on a liner discover that they
are an exceptionally representative body. Four are
Englishmen, four are Scots, four are Irish, and four
are Welsh. There are also four each of four different
ages, 35, 45, 55 and 65, and no two of the samg ‘age
are of the same nationality. By profession also four
are lawyers, four soldiers, four doctors and four tlergy-
men, and no two of the same profession are of the same
age or of the same nationality.

1t appears, also, that four are bache“l\rs four married,
four widowed and four divorced, ddd that no two of
the same marital status are of,the same profession, or
the same age, or the samesHationality. Finally, four
are conservatives, four hberafs, four socialists and four
fascists, and no two of¥ the same political sympathies
are of the same marital status, or the same profession,’
or the same age, onthe same nationality.

Three of the fasmsts are known to be an unmarried
English lawy%;‘x of 65, a married Scots soldier of 535
and a widgwed Irish doctor of 45. It is then easy to
specify pié’remaining fascist.

It 15 further given that the Irish socialist is 35, the
cohdetvative of 45 Is a Scotsman, and the Englishman
©of\s5 is a clergyman. What do you know of the Welsh

N IaWyer ?
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¥ THE FACTORIAL DESIGN IN -
EXPERIMENTATION O\
7N\ ©
37. The Single Factor A

77
& R

In expositions of the scientific use of &Xperimentation
it .1s frequent to find an excessive §tress laid on the
importance of varying the essential conditions ondy
one at a fime. The experirr@n\te'r interested in the
causes which contribute to alegrtain effect is supposed,
by a process of abstraction, to isolate these causes into
a number of elementary{ingredients, or factors, and it
15 often supposed, at leé;ét for purposes of exposition, that
to establish controlled conditions in which all of these
factors except eme can be held constant, and then to
study the effécss”of this single factor, is the essentially
scientific approach to an experimental investigation.
This idgakAdoctrine seems to be more nearly related to
expositions of elementary physical theory than to
lal;‘\&’;'atory practice in any branch of research. In
experiments merely designed to illustrate or demonstrate
m:;\’.’s’imple laws, connecting cause and effect, the relation-
) ships of which with the laws relating to other causes
are already known, it provides a means by which the
student may apprehend the relationship, with which
he is to familiarise himself, in as simple a manner as
possible. By contrast, in the state of knowledge or
ignorance in which genuine research, intended to advance
knowledge, has to be carried on, this simple formula is

not very helptul. We are usually ignorant which, out
8
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of innumerable possible factors, may prove ultimately
to be the most important, though we may have strong
presuppositions that some few of them are particularly
worthy of study. We have usually no knowledge that
any one factor will exert its effects independently of all
others that can be varied, or that its effects are parti-
cularly simply related to variations in these other factors,{
On the contrary, when factors are chosen for investiga-
tion, it is not because we anticipate that the laws, of
nature can be expressed with any particular simaplicity
in terms of these variables, but because they gvefvairiables
which can be controlled or measured with<eomparative
ease. If the investigator, in theseN\sircumstances,
confines his attention to-any single fagtor, we may infer
either that he is the unfortunate YI’Q\L‘II'II of a doctrinaire
theory as to how experimentafign should proceed, or
that the time, material or egliipment at his disposal is
too limited to allow him to\give attention to meore than
one narrow aspect of hjs‘pi‘oblem.

The modificatiorss possible to any complicated
apparatus, maching~or industrial process must always
be considered ad\potentially interacting with one another,
and must beZjiidged by the probable effects of such
interactiopsy If they have to be tested one at a time
this is néBecause to do so is an ideal scientific procedure,
but beéause to test them simultaneously would sometimes
be\too troublesome, or too costly. In many instances,

{as"will be shown in this chapter, the belief that this is
0 has little foundation. Indeed, in a wide class of
cases an experimental investigation, at the same time
as it is made more comprehensive, may also be made
more efficient if by more efficient we mean that more
knowledge and a higher degree of precision are obtain-
able by the same number of observations, .
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3§/A Simple Factorial Scheme

As an example, let us consider the case in which
we require to study experimentally the effects of varia-
tions in composition of a mixture containing four active
ingredients. It is indifferent for our illustration for
what purpose the mixture may be required. It giay
be an industrial product, a medicinal prescriftion, a
food ration or an artificial manure. It is suffigfent that
its efficacy in practical use cannot be calculatéd a priori,
but can be measured by its effect in Qe{i’ticular trials ;
and that the ideal quantitative compdsition is unknown
in respect to all four ingredients. Iihprinciple, it matters
little whether our doubts extendito wide variations in
the quantities to be employed,\or whether the variations
in question are proportionatély small; as they will be
when wide expérience has‘already determined the ideal
proportions within nalj’r‘dw limits. Nor will it affect the
question in princifle, if, as in some cases, the cost of
the items 1s anfi}nportant consideration to be debited
in assessing the net advantage of using more of them ;
or whetherias in other cases, the direct observations or
measurétents made in the test are alone to be considered.

S,Q;\deﬁned, the situation is clearly one of very wide
ogebrrence. Let us consider an experiment in which

46 different mixtures are made up in the 16 combinations
~O possible by combining either a larger or a smaller
A quantity of each of the 4 ingredients to be tested. The
quantities may differ in some cases by a factor as large

as 2, in which case each mixture will contain of each
ingredient either a single or a double quantity. The
factor need not be the same for all ingredients. For
some one or more of them we may doubt whether 1ts
presence in any quantity is desirable; or whether it

had not better be omitted altogether, We shall then
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test mixtures with or without this component. But, in
any case, the general question as to whether, of each
ingredient, more or less can be added with advantage,
can be settled by making up all combinations, using
either more or less of each component.,

We will suppose now that 6 tests are made with
each mixture, or ¢6 in all. The particular cases in
which the different mixtures are to be tried will be
assigned strictly at random ; or, as in the agriculmré.l
experiment illustrated in Chapter IV. (randgmised-
blocks), the tests will be divided into & seFies, each
supposedly more homogeneous than the(yhole, and
the 16 members of each will be assign{d at random to
different mixtures. Since no diffefehce of principle
arises here we will at first suppd&e that the tests are
assigned entirely at random. ™

In respect of any one pafticular ingredient the first
point to be noted is that welhave for comparison 48 cases
in which a larger, and~¢8 in which a smaller quantity
has been employed. ~These 48 are not all alike in other
‘respects. They a&:é(éilike in sets of 6, but the eight sets
differ from eacflyother in the other ingredients used.
Correspondingito each set of 6 in which a larger quantity
of the firs@ingredient has been used, there will, how-
ever, hala’set of 6 with a smaller quantity, and exactly
similgiio it in respect of the other ingredients. The
difference, if any, in the effects observed in these two
sets must be ascribed, apart from random fluctuations,
to the particular ingredient in which they differ. More-
aver, there are 8 such pairs of sets to supply confirmatory
evidence of this effect if it exists. For each single factor,
therefore, we have a direct comparison of the averages
or totals of two sets of 48 trials; and this comparison
will have the same precision as if the whole of the g6
trials had been devoted to testing the efficacy of one
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single component. The first fact contributing to the
efficiency of experiments designed on the factorial
system, -is that every trial supplies information upon
each of the main questions which the experiment is
desigped to examine.

AThe advantage of the factorial arrangement over
a series of experiments, each designed to test a sifigle
factor is, however, much greater than this. For svith
separate ‘experiments we should obtain no light\ what-
ever on the possible interactions of the- different
ingredients, even if we had gone to the Jabour of per-
forming 96 experiments with each of ¢hem, and so, for
each singly, had attained the same precision as that
which the factorial experiment cap’give. If, for example,
an increase in ingredient A s¥ere advantageous in the
presence of B, but were ineffective or disadvantageous
in its absence, we could ghly hope to learn this fact by
carrying out our test of A both in the presence and in
the absence of B ; and this, in fact, is what the factorial
experiment is designed to do—but to do so thoroughly
that the total System of possible interactions is explored
in its entirefy> To test if the effect of A in the presence
of B is greater than in its absence, we may compare
the total difference ascribable to A from one set of 24
pajrdvof otherwise comparable trials, in all of which B
is\present, with the corresponding effect derived from

(the remaining pair of sets of 24, in all of which B is
) “absent, This is the same as comparing the results of

48 trials in which A and B are both employed in large,
or both in small, quantity, with the other 48 trials in
which the larger quantity of A and the smaller quantity
of B, or vice versd, have been combined. We have
thus again a comparison between the results of two sets
of 48 trials, comparable in all other respects save that
in which we are interested, namely, whether the effect
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of an increase in A is, or 1s not, influenced by an increase
in B. This difference, if it exists, might equally be
expressed by saying that an increase in B is influenced
in its effect by an increase in A. The difference, in fact,
involves the two ingredients symmetrically, and is
technically spoken of as the interaction of A with B.
There are clearly 6 such interactions between pairs of
the 4 ingredients, and each of these is evaluated by the\
experiment with the same precision. o>
The 4 contrasts for single ingredients, and “the
6 interactions between pairs of them, still do nooexHaust
the possible interactions which may be gresent, and
which the experiment is competent to reveal. [t might
be, for example, that the interaction bétween A and B
is itself influenced by the quantity’o’fx\the ingredient C.
If we were to calculate the interastion of A and B for
those mixtures which had a larger quantity of C, and
subtract from this the caffesponding interaction for
mixtures having the smallét quantity of C, we should,
in fact, be adding up allﬁfhe results from mixtures having
either all three or a@“bne of the ingredients A, B and
C present in the darger quantity, and subtracting from
this total theeffects of all the mixtures having either
none or api*'t'wo. The measure of discrepancy is,
therefore\*&?fmmetrically related to the three ingredients
A, B .%h'é C, and is known as the interaction of these
th"{eﬁﬂ’iﬁgredients. If such an interaction exists the
fact may be stated, as above, by saying that the inter-
action of A and B depends on the quantity of C present.
Equally, we might make the equivalent statement that
the interaction of B and C depends on the quantity of
A present, or that the interaction of C and A depends
on the quantity of B. The three statements are logically
equivalent ; and for any set of three ingredients thfare
will be only one numerical measure of the interaction

Q

o

.
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to be ascertained from the data. Since there are four
sets of three which we might- choose, there are four
triple interactions which can be evaluated, each of which,
like the interactions between two ingredients, 1s found
by the comparison of a set of 48 chosen tests, with
another set of 48 in other respects comparable with it. %<

Finally, if we ask whether the interaction of ATB
and C is dependent on the quantity of D pfesént, it
appears that the answer to our question Qust be a
comparison symmetrically related to all fetisingredients.
This is made by comparing the eﬂ"egti{)f those mixtures
in which there is a larger quantisyiof 4, 2 or none of
the ingrediénts with the effectg of' those mixtures in
which there is a larger quantityée#’3 or 1 of them. There
is thus only one quadruplé\interaction in the system,
and this will be evaluatell-with the same precision as
all the others. We thus find that the 15 independent
comparisons amonglthe 16 different mixtures, which
have been madeCup, may be logically resolved into
15 intelligible\{{:omponents, as shown in the following
table ;(—

NS TABLE 10
” ::’\ Effects of single ingredients 4
»\ 4 Interactions of 2, 3
O\ . m3 4
\\ ” »n 4 1 I
Total . 15

The numbers are the coefficients of the binomial expan-
sion (1+4x)!, omitting the first. Each particular inter-
action may be clearly designated by the selection of
letters, such as ABC, which represent the ingredients
contributing to it. With respect to sign, it is a convenient
convention to speak of an interaction as positive when
the measured effects of the set of mixtures which
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contain all the ingredients invelved in larger quantity
exceed the measured effects of the remaining set.

The second advantage which we may note, there-
fore, in a factorially arranged experiment is that, in
addition to measuring the effects of the four single
ingredients with the same precision as though the whole
of the experiment had been-devoted to each of them, jt
measures also the 11 possible interactions between 't}\rése\
ingredients with the same precision. These interactions
may, or may not, be considerable in magﬂqﬁcﬁ' It is
none the less of importance in practical cases‘to know
whether they are considerable or not.. S\

The precision with which the 15 gontparisons have
been made is, of course, estimatedfrfom the variation
between the results of the 6 trials of each mixture,
Each mixture will therefore\provide 5 degrees of
freedom for making a pooléd estimate of the precision
of the experiment, thus giving 8o degrees of freedom
in all. The analysis O variance of the g6 trials thus
takes the simple forsn i—

A

N

TABLE 11
Degrees of
O Freedom.
~ ;.\ Treatments . . - 15
AN Error . . . . %o

\Y;

A N Total . 95

XFh'e sum of squares corresponding to error is divided
by 8 to obtain the estimated variance of a single
experiment. This, multiplied by g6, gives the estimated
variance of the difference between the sum of any
chosen set of 48 results and the sum of the remainder.
Thus we have only to add one-fifth of its value to the
sum of squares for error, and take the square root, to
find the standard deviation appropriate to each of the
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15 comparisons that have been made, and in relation
to which the significance of each may be judged. Since
80 is a relatively ample number of degrees of freedom
for the estimation of error, those differences may con-
veniently be judged significant, which exceed twice
their standard errors. ,
. N\

Had the experiment been arranged, for greater
precision, in 6 blocks of trials, we should in the:analysis
eliminate the differences between these blodks from the
estimate of error. We should then havg::"—""r

TABLE 12,4V
\JPegrees of
Freedom.
Blocks . . oW 5
Treatments . .\f‘ g 15
Error . AN - . 75
S0 Total .o

ay

leaving 73 degreesfjbf freedom for the estimation of
error; so that e sum of squares for error must be
multiplied b(‘f:96/75 or 1°28 to obtain the variance
of any cqr%arison between 48 chosen tests and the
remainéz\ag’~48.

o\’ .

N 39. The Basis of Inductive Inference

,(%We have seen that the factorial arrangement possesses
~N%wo advantages over experiments involving only single

\”“..

factors: (i) Greater ¢fficiency, in that these factors are
evaluated with the same precision by means of only 2
quarter of the number of observations that would
otherwise be necessary ; and (ii) Greater comprehensive-
#ess in that, in addition to the 4 effects of single factors,
their 11 possible interactions are evaluated. There is
a third advantage which, while less obvious than the
former two, has an important bearing upon the utility
of the experimental results in their practical application.
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This is that any conclusion, such asthatitis advantageous

to increase the quantity of a given ingredient, has a
wider inductive basis when inferred from an experiment

in which the quantities of other ingredients have been
varied, than it would have from any amount of experi- ,
mentation, in which these had been kept strictly constant, "
The exact standardisation of experimental conditions, e
which is often thoughtlessly advocated as a panacea,
always, carries with it the real disadvantage that a highly,
standardised experiment supplies direct information

only in respect of the narrow range of conditions athieved

by standardisation. Standardisation, therefot# weakens
rather than strengthens our ground for inferring a like
result, when, as is invariably the case, 'Qq;pra.ctic_e, these
conditions are somewhat varied. A&'the analysis of
variance clearly shows, such stahdardisation of condi-

tions is only of value in increa§ing the precision of the
experimental data when it is\applied to the tests to be
compared experimentally}® differences between which

affect the real errors,/and the estimates of error with
which they are ranﬁ@}mised. Such standardisation is

out of place whe‘n\a})plied to parallel tests designed, by
multiplying the\ébservations, to increase the precision

of all compémsons. In fact, as the factorial arrange-

ment wellﬁihustrates, we may, by deliberately varying

in each\ease some of the conditions of the experiment,
achidve a wider inductive basis for our conclusions,
owithout in any degree impairing their precision.

40. Inclusion of Subsidiary Factors

Factorial types of arrangement, by reconciling the
desiderata of a relatively wide exploration with high
precision, without sacrifice of either advantage, are
eminently suitable when alternative procedures of any

kind are apparently open to the experimenter. Thus it
G
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may be doubtful whether the cultivation of an orchard
1s most advantageously carried out in the spring or the
autumn of the year, More than one method of cultiva-
tion, also, may be advocated with apparently equal
force. Numerous similar examples will occur when the
modification of any pracucal procedure is under con-
sideration. ~ Schools of opinion are formed on_points
which without systematic trial we cannot know to have, or
to lack, real importance, as bee-keepers dlsputeswhether
the combs should lie parallel from the front ©F the hive
to the back, or should lie transversely to{this direction.
These are all qualitative differences, but; provided that
there is a quantitative method of\measuring any real
a.dvantage which they may confng they may be incor-
porated in experiments deszgned primarily to test other
points ; with the real advamages that, if either general
effects or interactions are, detected that will be so much
knowledge gained at 1o expense to the other objects
of the expenment and that, in any case, there will
be no reason forszdjecting the experlmental results on
the ground that‘ the test was made in conditions differing
n one or oth& of these respects from those in which it
is proposed t0 apply the results.

Theféis another feature widespread in experimental
work+where the factorial arrangement relieves the
mnwestigator of a troublesome cause of anxiety ; namely,
that the isolation of a single factor for separate experi-
Jmentation can often be achieved only at the expense
of a somewhat questionable arbitrariness of definition.
To consider a very simple case, the experimenter may
undertake to test the respective yields of two or more
varieties of a cereal crop. At first sight it will readily
be admitted that all other factors likely to affect the
yield shall be made the same for the varieties to be
compared. So the quantity of seed sown must be
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equalised. But if the seed-rates are measured in bushels
er acre, the bushels, measured as equal volumes of
seed of the different varieties, may differ in their weight ;
or, again, they may differ even more conspicyously in
the numbers of seeds which they contain. If the test is
to be carried out at the same single seed-rate for each
variety, the equality of seed-rate must be defined, for,
the purpose of the test, with some degree of arbitrariness
Unless we have assurance that variations in seedétate
will not affect the yield obtained, this arbitrariness’ will
infect the results of the experiment. Clearly,“on the
question at issue, as between the varieties,{if ‘would be
desirable to make a comparison using forveach variety
that seed-rate which is most profitable’ for it. This
may differ from equality, as measured by volume or
by weight, or by number of seedd16 the acre, by reason
of the different capacities of she varieties to withstand
causes of death, or, by foruing additional shoots, to fill
up vacant spaces. Thef,’éxperimenter who, in testing
the varieties, at the sgte time makes a sufficient varia-
tion in seed-rates(d embrace the optimal value, is
clearly in a bette%\position to meet the criticisms which
may arise fromthese considerations, than is one who
adopts anKél\'bitrary conventions as to what the phrase
“ equality‘of conditions 7’ is intended to convey.
I,{lXHe conditions of cereal cultivation, moreover,
varigtions in seed-rate inevitably raise with them further
(questions.  In particular, what space should be left
Between the seed-rows or drills? At a heavier seed-
rate it is reasonable to suppose that the d:_'ills could with
advantage be placed nearer together than they could
if less corn were sown, Consequently, the guestion as
to what is the most advantageous seed-rate can never
be answered experimentally without a simultaneous
variation in the width of the drills. Equally, no
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investigation of the question of drill-width can be satis-
factory unless the amount of seed sown be also varied.
The simple question, therefore, of the comparison of the
yields of different varieties of the same crop carries
with it the simultaneous investigation of the effects of
variations in other items of agricultural procedure.
These do not, however, if a logical and comprehensive
plan of experimentation be adopted, add to thegost or
labour of an effective experimental programme. ‘For
extensive replication of the plots sown iguin any case
a necessity, if accurate results are to be attamed and
this rephcatmn at the same time_.a§\jt increases the.
precision of comparisons, may be wsed simultaneously
to supply the desired variations 4ty all conditions likely
to be bound up with that w]:uch is the primary object
of the 1 mvestlgatlon \

For a given number, of trra]s, the more experimental
variants are tried the Ifexyer will be the absolute replicates.
Thus, with g6 trials, we may have 6 absolute replicates
of 16 different experlmental variants, and these, as we
have seen, Wibk\stlll leave 8o degrees of freedom for the
estimation_gfyerror. With the same material we might
test 48 different mixtures, or treatments, and still have
duplicdte “results for each. There would then be 48
degrées of freedom left for error. Although each test
ig\only made in duplicate, yet all the primary questions,

Cinito which the differences among them may be resolved,
) are answered with the same precision as though the

whole experiment had been devoted to each of these
questions alone; the loss of absolute replication is
made good by the hidden replication inherent in the

- factorial arrangement. The experimental error is no

larger, although, being based on only 48 independent
comparisons, it is known with a slightly lower precision
than if 80 had been available. With factorial experi-
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ments designed to make a large number of comparisons,
there will, in fact, usually be an ample number of
degrees of freedom for the estimation of error.

%1. Experiments without Replicationt

It may occasionally be desirable to dispense with
absolute replication altogether. This occurs when it is
required to test a large number of combinations simpl:
taneously without enlarging the experiment so greadtly’
as to make repeated use of each combinationy."and
especially, when there is reason to believe that most of
the interactions involving 3 or more fagtors will be
unimportant experimentally, in the séns& that their
real effects, if any, will be too small/to~be statistically
significant, in an experiment of ey size contemplated.
In such cases the whole of the indépendent comparisons
which the experiment provide§'may be assigned to the
factors tested and their interactions. There will in fact
be none ascribable to, pﬁi’e error, but there will be
numerous interactiong.the apparent effects of which are
principally due Cefror, and these may be used ta
provide a measutre of the precision of the more important
comparisonsy

For example, we may have 6 factors each providing
two al‘gﬁ‘{'ﬁé‘cives to be tested; and though we do not
kHOW:}z\prz'om' that these factors are unrelated, we may
hawesreason to think that their action should be suffi-

\&ieﬁtly nearly independent for all but the simple inter-
actions between pairs of them to be experimentally
negligible. If each of the combinations be tried once,
the 63 independent comparisons which the experl-
mint provides may be analysed as in the following
table.
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TABLE 13
Degrees of
: Freedom.

Single factors . . . 6
Interaction between 2 factors . . I3

ar n 3 rr - - 20

s at 4 : 4 131 Error 42

LkJ LS 5 L * . ) 6 4

" w6y . . t

N\

The 6 primary effects of the individual fagsors will
each be determined, as we have seen, by.thé’ whole
weight of the evidence of 64 trials. {6 test the
significance of the differences observed,/» Ve nay use the
42 degrees of freedom for mteractlon?:\ mvolvmg more
than 2 factors to supply an estimage of -error ; that is,
an estimate of the variance, dda“to error, of a single
trial, The same test may be"épplied to any of the 15
interactions between pairg of factors which may seem
to be possibly 51gn1ﬁcant. If none of these are very
important compared with the average of the remainder
we have an em.pmca[ confirmation of the supposition
upon which thé ‘experiment was designed, that the
6 primary fa(‘\térs are not strongly related. If, however,
contrary tg\expectation, it appeared that there was a
large intefaction between two of these factors, it would
be advidable to examine separately the interactions
be@feen 3 factors which involve these two. We should
Jhuts pick out 4 particular suspects out of the 42 degrees

Sof freedom pr0v1s1onally ascribed to error, leaving

N oo
%
\:

38 in comparison with which their significance could
be tested.

Such a plan could, of course, fail; and would do
so if a large number of the hzgh order 1nteract10ns were
more important than the primary effects. It would,
however, not likely be tried in these circumstances.
More frequently we should find that the true error had
been but slightly inflated, and the effective precision
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of the experiment slightly reduced, by the inclusion in
the estimate of error of some small components really
due to interactions of the factors tested.
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42. The Problem of Cbntrolling Heterogenéﬁ'y\

It has been shown in the last chapter that grea,t advan-
tages may be obtained by testing expeumentally an
aggregate of variants, systematmally“‘%rranged on the
factorial scheme. - The illustrationd have shown that
such aggregates may be very,‘fwimerous. When, in
Chapters I11, and 1V, the afdxvanta,ges of pairing, or
of grouping, the materlal i relatively homogeneous
blocks was discussed, i was seen that the precision
attainable by a giveny \@mount of experimentation was
liable to be reduced, “When the number of comparisons
to be made wad\ large, by reason of the increased
heterog‘enelty\whlch must in practice then be permitted,
among the tests in the same group.
- in ag:r\;cultural experimentation this effect expresses
- dtself Vefy simply in the increased size of the blocks of
lan liveach of which is to contain plots representative
of"z\d] the different combinations to be tested. Thus if
~there are 48 different combinations, each block will
\ “have 1o be nearly an acre in extent, and it is common
experience that within so large an area considerably
greater soil heterogeneity will be found, than would be
the case if the blocks could be reduced in size to a
quarter of an acre or less. The same consideration
applies to experimentation of all kinds. If large
quantities of material are needed, or large numbers of
laboratory animals, these will almost invariably be

Ig
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more heterogeneous than smaller lots could be made
to ‘be.. In like manner, extensive compilations of.
statistical material often show evidence of such hetero-
geneity among the several parts which have been
assembled, and are seriously injured in value if this
heterogencity is overlooked in making the compilation.

In many fields of experimentation quantitative
knowledge is lacking as to the degree of heterogeneity
to be anticipated in batches of material of different$ize,
or drawn from more or less diverse sources. This is a
drawback to precise planning, which increased care in
experimental design will doubtless steddily remove.
While, therefore, greater heterogeneity\is always, on
general principles, to be anticipated ghen the scope of
an experimental investigation ignfg be enlarged, this
feature will often do but little torannul the advantages
discussed in the last chapter“Nevertheless, the means
by which such heterogengity can be controlled are
widely applicable, and\will generally give a further
increase in precisiongIh agricultural field trials, where
the study of hetefogeneity has been itself the object of
a great deal of deliberate investigation, it is certain that
the further advéhtages to be gained are very considerable.

In the 4ast chapter, we have seen that a factorially
arrange}{(éxperiment supplies information on a large
number of experimental comparisons. Some of these,
su¢h as the effects of single factors, will always be of
Snferest. It is seldom, too, that we should be willing
to forgo knowledge of any interactions which may
exist between pairs of these factors. But, in the case
of interactions invelving 3 factors or more, the position
is often somewhat different. Such interactions may
with reason be deemed of little experimental value,
either because the experimenter is confident that they
are quantitatively unimportant, or because, if they
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were known to exist, there would be no immediate
prospect of the fact being utilised. In such cases we
may usefully adopt the artifice known as ““ confounding.”
This consists of increasing the number of blocks, or
groups of relatively homogeneous material, beyond the
number of replications in the experiment, so that each
replication occupies two or more blocks; and,af\the
same time, of arranging that the experimental gontrasts
between the different blocks within each repliedtion shall
be contrasts between unimportant intefections, the
study of which the experimenter is wil}i\ng’ to sacrifice
for the sake of increasing the precisienyof the remaining -
contrasts, in which he is specially¥\interested. To do
this it must be possible to ey@lhiate these remaining
contrasts solely by comparis@'ﬁ% within the blocks. It
is not necessary, however, .thét comparisons within any
one block should providc;-’;t}ie required contrast, but only
that it should be poss’,iBIe"to build this up by comparisons
within all the blocks of a replication.
2\
43, E{»ﬁm’ple_with 8 Treatments, Notation
A verysimple example of confounding suggests
itself wheéf’ we have 3 factors, of only 2 variants each,
and ufiite them in an experiment involving the 8 com-
bigasions, which they provide. It was in such an
experiment that the principle of confounding was first
_(Nused. As a convenient notation for these cases we may
U call the 3 factors A, B and C. Let us choose to regard
one of these 8 variants as a standard, or * control,”
and denote it by the symbol (1). The variant which
differs from this only in the factor A we will denote by
(@), likewise (8) and (¢) will stand for the two other
treatments which differ from the control in respect of
the factors B and C. The remaining treatments will
differ from the control in either two, or in all three of’
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the factors used, and may therefore be denoted un-
equivocally by the symbols (a8), (ac), (b¢) and (abc).
The same symbols may be used for the treatments,
and for the quantitative measures of the results of these
treatments, which the experiment is designed to ascertain.
Thus (a8) will stand either for a particular treatment

applied to an agricultural crop, or to the total yield of¢

the plots which have received this treatment. Equajlx,
it might be the average live weight, or the ayérage
longevity, of experimental animals which hage“been
treated in this way, if the experiment is aimed atsthdying
the conditions which influence weight or longévity.

In contradistinction. to the treatme:nts} or experi-
mental variants, denoted by such 'z{ﬁnbols as (2} we
shall use A, B, etc., to denote the e?c}perimental contrasts
found for the factors, and for their interactions. Thus
A will stand for the factor A and for its effect as rneafs_l_n_‘e:d
by summing the treatments-the symbols of which contain
a, and deducting those.which do not; z.e.

A = (abe)+ (@ (ac) H@) — @) =)~ (= (D)
or, by analogy %rith the rules of multiplication of
algebraic quamtities,
NS
\J A = (a—1)(¢+4+1)(c+1)
B = (—1)(a+1){c+1),
} C = (¢—1)(e+1)(e+1).
~Tthe corresponding expressions for the interactions
etween pairs of factors are then easily seen to be

AB = (a—1D)(F—1)(c+1),
BC = (—1)(c—1)a+1)
CA = (e—(a—1){6+1)-
Finally, the interaction of all 3 factors has the symbolic

expression ABC = (a—1)(d—1)(c—1)-

Similarl:}(;;;.\. X
and .'J\\"

and

4

Y
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The purpose of the symbolism is to make it easy to
denote any particular contrast, or interaction, and to
ascertain at once how the treatments should be com-
pounded in evaluating it.

Such a set of exght treatments might be not mbon-
veniently tested in groups of eight experimentd, trials,
on relatively homogeneous material, or on \blocks of
land, each containing 8 plots. If, howevej;, we decide
in advance that the whole value of the axperiment lies
in the s1mple contrasts A, B, C, and(in the interactionswy
between pairs of factors, AB B ,,and CA, while the
interaction between all 3 factordDABC, is unimportant
and may be neglected, then Jt 15 possible to divide the
land into blocks of only four“plots each, or, in general,
to subdivide the expetiffiental material in groups of
four, choosing thus «bre homogeneous groups than
could be obtained # $'had to be included in each group.
To do this we~ tmtlce that the particular interaction
ABC, which"w¢& are willing to sacrifice, is a simple
contrast between one particular four of our eight treat-
ments 'na’m’ely,

(abe)+(@)+ )+ (o),
anc{the remaining four
O (@b (be)+(cay+(x),
.{8.5' i Fig. 1.
V @ (3e)
(be) ()

(@) (n

&)  {ae)

F1G. 1.—Diagram showing the arrangernent of eight treatments in
two complementary blocks belonging to the same replication.
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If, therefore, these sets of four treatments are grouped
together in blocks, and two such blocks be assigned to
each replication, the contrast between the blocks within
each replication is merely the treatment contrast which

. we are willing to sacrifice. This contrast has, therefore,
been confounded indistinguishably with the differences
between blocks, which are intended te be eliminated
from the experimental errors of the comparisons we
wish to make, and from the estimate of these eFTOTS:
The remaining contrasts, representing single .factors,
or interactions between pairs of them, thoughynone of

them can be made by comparisons within.acsingle block, '
are all built up by combining a contrast)of one pair of .

treatments and another in the same bl6gk, with a similar )

contrast inside the other block 0f~th§ replication. The]

reader should satisfy himself that shis is so by examining |
cach of these contrasts. It dsithen apparent that the|
errors to which these conifasts are subject arise solely
from heterogeneity withit' the sets of four trials con-
stituting the blocks,~and that the differences between
different blocks cédiribute nothing to the experimental
error. By confounding the one unimportant contrast
with the difféfences between blocks, it is therefore
possible toP¢valuate the six more important CONLrasts
with whatever added precision is attained by using more
homog:e}leous material.

N
Y 45, Effect on Analysis of Variance

As an example, let us suppose such a test were
carried out with s replications. There would then be
ten blocks, and ¢ degrees of freedom belong to the
contrasts between these blocks, which have been elimin-
ated from the experimental error. Of these 9, one may
be identified with the treatment contrast which has
been confounded. The three independent comparisons,

QY
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within each of the ten blocks of 4, must be assigned
30 degrees of freedom. Of these, 6 stand for the treat-
ment contrasts evaluated, and the remaining 24 for the
experimental error available for estimating the precision
of the experiment, and for testing the significance of
any particular result. The analysis of any such experi-

ment is, therefore, of the form given below :—
O
TABLE 14 Degrées of
Fregdom.

Blocks . . . . . s N g
Treatments . . . - &0 6
Error . . . . ONY L 24
gtal . 5]
S

It is often instructive, apdz\ziicfords a useful check in
more confusing examples, \t& see how the components
ascribable to error may® be obtained independently,
rather than only by,sﬁf:;traction from the total. In this
case there are two Sets of five blocks, each containing
identical treatmients. The three differences among
these treat e(it§ have, therefore, each been evaluated
5 times, apd the 4 discrepancies between these 5 values
will giyéliz differences due wholly to error. Equally,
the other set of five blocks contribute the other 12 degrees
of\f'if%é’dom or error, making 24 in all, the total required.
(MWithout confounding, the analysis of the experi-

~ment would read —

N
%
\ )

TAEBLE 15 Degrees of

Freedom.
Blocks . . . . . . 4

Treatments . . . . . 7
Error . . . . . . 28

Total .39

so that the effect of the subdivision of the replications
has been to eliminate 5 additional degrees of freedom,
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one from the treatments and four from the error. If
greater homogeneity has in fact been obtained from
the subdivision, the components by which the error
has been diminished will have carried away a dis-
proportionate share of the residual variation.

The subdivision of each replication into two or
more blocks does not prevent, when this is desired,¢
the isolation, among the degrees of freedom assigned
to error, of the particular components of error whic
affect any chosen comparison within the blocks, \ Since,
however, the comparisons in which we are ifltérested,
such as A, are built up of comparisons wiglfi’blocks of
different kinds, they are equally affecttdiby the com-
ponents of error within each kind Q;E\blbck. Thus, in
our present example, instead of g~dégrees of freedom
only being available for the estimdtion of error of the
comparison A, 8 are available; and these 8 are the
same as affect the precision:gfthe interaction BC. Thus
the 24 degrees of freedont’ for error are divisible into
three sets of 8 each;\dppertaining to three pairis of
comparisons amo{g"..‘the degrees of freedom ascribed
to treatments.

451, Ge;@i‘s\ﬂ_ Systems of Confounding in Powers of 2

If ﬂ"}é}{periment involves s factors at two levels
each,{there will be' 2* different treatments. As in
S(;al:ié;'n 43, any particular treatment may be denoted
'By"é combination of small letters in brackets, and any
of the principal comparisons and their interactions by
Now, just as any two

have an interaction
h as ABC and ADE

If we

one or more capital letters.
primary comparisons A and B
AB, so any two comparisons suc
may be regarded as having an interaction.
divide all the treatments into two halves for the contrast
ABC, those in one half, including the control (1), will
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have an even number of letters in common with ABC,
while those in the other half will have an odd number
of letters in common with it. The same is true of the
cross division of the same treatments into two halves
for the comparison ADE. Consequently, if both sub-
divisions are made at once, the quarter containing the
cotitrol will contain all treatments having an{even
number of letters in common both with ABC and with
ADE. The opposite quarter will contain®\all treat-
ments having an odd number of letters in gommon with
both symbols. For this reason, if weggmbine the two
symbols ABC and ADE by throwing them together
and deleting any letters they havedst common, a process
which yields BCDE, this musfﬁb’e a comparison with
which the treatments in bgt’h\these quarters have an
even number of letters irftommon, and is therefore
the comparison of thgséﬁ"two quarters taken together
against. the two whi¢i are either odd to ABC and even
to ADE, or wice 92rsd. The comparison BCDE .is
thus the interaction of ABC with ADE.
The impértant consequence of recognising this
srelationshipy is that if, in an experiment with many
- factorsp &he comparisons ABC and ADE are both
confounided, with comparisons between whole blocks,
_ it\ﬁ"éééssarily follows that BCDE will also be con-
s"fﬁhnded._} In the language of the theory of groups, the
~\Scomparisons confounded {(together with an inert symbol
)7 1, the “identity ') constitute a “ subgroup ”’ selected
from the ““group ” constituted by all the comparisons
together with the identity. In fact, if we experiment
with s _factors in blocks of 2°—%, so that there are 2°
blocks in each replication, the 2 —1 comparisons to be
made (with the identity) form a group of order 2°, of
which we may choose any subgroup of order 2° to
specify the 2°—1 comparisons to be confounded.

”
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For example, with six factors using four blocks of
16 in each replication, we could not choose as the three
comparisons to be confounded the sixfold interaction
ABCDEF, and two fivefold interactions, for these
would not form a subgroup. The restriction under
which the choice is to be made would, however, allow
us to use ABC, DEF and their interaction ABCDEESN
or, equally, to use ABCD, CDEF and their interagtion
ABEF. By this rule the available possibilities\may
easily be reviewed, and a choice made in acgordance
with what is known of the factors to be usedy

It may be shown that, without cenfounding any
interaction of less than three factors,\we may use any
number of factors which is less than the number of .
units in a block. So with bloqks'})f eight we may use '
up to seven factors, and with blocks of sixteen s may be JJ
as large as fifteen. AN

When only one cojmi:{arison is confounded, the
contents of the two.complementary blocks are easily
written down. WHen, however, the subgroup of inter-
actions to be caffounded is of high order, to arrive at
the contents 0%, éach block by successive subdivision is
a tedious prb’éess. The block contents may, however,
be writtén"down at once, in the most complicated cases,
by a,@ﬂier method. It was observed in the first para-
graph’ of this section that the treatment symbols of
tientments in the same block with the *“control” all
Yhave an even number of letters in common with every
comparison confounded. (It is sufficient to apply this ..
test to @ members of the 2°—1 in the subgroup con-
founded, provided these @ are all independent, of, in

o

other words, provided they do not belong to a subgroup
of the subgroup confounded) The set of treatment
symbols which satisfy this condition themselves form

a subgroup, since if any two possess the propefty, 1t
H
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is obvious that their interaction must do so. Con-
sequently, we have only to find successively s—a such
treatment symbols in order to complete the particular
block containing the control. This may be called the
intrablock subgroup ; it is of order 22=%, The contents
of the block containing any other chosen treatment
may then be found by writing down the intéractions
of this treatment with the treatments of the gﬂ{rablock
subgroup. O

For example, to arrange the combmamons of 7
factors in blocks of eight, we nght ‘ehoose for con-
founding first the interaction )

ABC ;o0

if, also, we choose ADE, wevwrite down this new com-
parison and its mteractwn “with what has gone before,
thus :—

ADE, BCDE.

Taking neNFG we have
&G BCFG DEFG ABCDEFG;

BDF hés not yet been used and ylelds the foilowlﬂg

elgm i

DF, ACDF ABEF CEF ABDG CDG BEG ACEG

NS

V’completmg the fifteen interactions of the subgroup
confounded. For practical purposes we note that any
‘elements from the four lines in which the interactions

have been written down constitute a set of four mde-_

hpendent generators, from which the whole can be, as
indeed it has been, generated. We have now only to

find in succession those treatments having an even
number of letters in common with each of these four,
in order to develop the intrablock subgroup.
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It is easy to see that this condition is satisfled, not
only by the contrq_l___(_;)_, but also by
_ . A hod),
equally by (bcfg) giving
(betg)s (defg) s

a third generator is supplied by (ecdf) from which we

have the last four, \

N

(acdf), (abef), (abdg), (aceg) O

These are, then, the seven treatmentsyish the same

block with (z). The contents of the block containing;
any treatment not in this block may,s;f\\:fnce be written i

down from its interactions with thgs@ééiren. :

It will be noticed that in this é&xample the intrablock
subgroup is also a subgroup qf;t’h’e subgroup confounded.
These two subgroups, cach~of which can be uniquely
derived from the other, may be identical, or one may
be a subgroup of t}}ejbther, or they may have a sub-
group in common\,'\ or nothing in common but the
identity.

In the ex&ﬁiﬁle'in the last section, of three factors
in blocks "c\afffo'ur, the intrablock subgroup was

A, @ e @
mhlifé:i;he subgroup confounded was
~ I, ABC.

In order to pass from any satisfactory solution to
" one involving one factor less, it is a convenient fact
that we may delete all symbols of the subgroup con-
founded which involve any chosen letter, thus halving
its order, and at the same time delete the same letter
from the symbols in which it occurs in the intrablock

Q.
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subgroup. These changes introduce no new inter-
action to be confounded, and do not reduce the order of
any, so that if in the initial solution none involves less
than three factors, this will still be true of the new _
solution. Solutions for 6, 5 and 4 factors in blocks of

eight may thus be obtained from the solution given

above for seven factors. \
)

"N

45-2. Double Confounding N

In the Latin square it has been shgvytf} possible to
eliminate simultaneously the disturhaneés introduced
by heterogeneity of two kinds arisiig~from differences
among rows and differences among” columns. In the
same way a set of 128 tests may be heterogeneous in
one respect in blocks of eight) but in another respect
in blocks of sixteen, orthgonal to the others. For
example, a treatment might be applied at 8 sites on
each of ‘16 cows, with the possibility that the reaction
might be affectedboth by the individuality of the
~animals and by ¢he differences between the sites chosen.
In such cases z:%te subgroup of 15 of the less important
interactiong”,tould be chosen to be confounded with
cows, while a second subgroup, which must have no

elemefitin common with the first, could be confounded

withi\sites, '

~\VAs an illustration, to be worked in detail, if the

\”\3 solution given above were chosen for the distribution
of treatment combinations among the different cows,

we might choose for confounding with sites the subgroup
containing

ABCD,
ABEG, CDEG
BDFG, ACFG, ADEF, BCEF.

To make out a complete scheme showing what
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treatment is to be applied at each site on each cow, we
must form the intrablock subgroup for sites, namely

(efg)
(edf), (cdeg)
(az:e), (a.ﬂfg), (adef), (adg)
(abf), (abeg), (abed), (abedefg), (beef), (beg), (bde), (6212).

These 15 treatments and the control are then assigned
to any one site on the 16 cows, and the corresponding
treatments at other sites are found from thejc)ifiter-
actions with the intrablock subgroup for cows, ‘Thus
the required treatment at any site may be-yvritten out
at once in an 8 X 16 table. : \ '

A circumstance well worth takip@hifito account in
such cases is that the sites available’jﬁight be so closely
alike in pairs, e.g. on the Right-and Left sides, that
treatments applied at similagsites on the same animal
might be regarded as pexfeetly comparable. On this
view only 3 degrees of ’fr’éédom instead of 7 have been
confounded with difference likely to matter, and a set
of four interactiofinsuch as the four listed on the last
line of the subgtoup confounded with sites, will give
reliable experipiental COMpPArisons. Consequently, we
might ha¢é used important comparisons, involving
only orié;o'r two factors, in their place, had this eased

the difficulties of setting up a. good experimental design.
¢ 0\: ¢

Q!

<\: ) ..~ 46. Example with 27 Treatments

The principle of procedure illustrated in Section
44 may be extended and generalised n a large numbe.r
of ways. Since only a few of these can be exemph.-
fied, the reader will find great advantage in investi-
gating the possibilities of similar designs appropriate
to the special problems in which he is interested.
The variety of the subject is, in fact, unlimited, and
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probably many valuable possibilities remain to be
discovered. We will consider next an experiment with
3 factors, in which each furnishes not two but three
variants, so that there are m all 27 combinations to
be investigated. Thus a large-scale investigation of the
manurial requirements of young rubber plantations, in
respect to the three primary manurial elements, nitrogen,
potassium and phosphorus, combines, in addition to
whatever basal treatment may be thought deSIrable,
single or double applications of these threg -fnanures ;

making in all three levels for each 1ngr€ﬁ1ent such as
nitrogen only, nine combinations for any?two ingredients,
and 27 for all three together. .

In order to reduce the size of} ‘;he block below that
needed to contain 27 plots, We" have, to gulde us in
choosmg a smaller size, the, faét that blocks of nine will
in any case be needed, i\ all the interactions between
pairs of factors are tot be conserved. The experiment
will therefore have fine plots to a block, and three
blocks in each complete replication. Everythmg now
depends on thé choice of the sets of nine treatments
which are to,be assigned to the same blocks, and, of
course, wifliin each block to strictly randomised positions.
In ordet”to conserve the main effects and the inter-
actiq‘ﬁ}f’between pairs, a set of nine treatments chosen
;c}j’})ecupy the same block must fulfil the following

/requirements :—

(i) the three levels of each ingredient must be
represented by three plots each, _

(11} the nine combinations of each pair of ingredients
must be represented by one plot each.

I the set satisfies  the second group of conditions it
satisfies also the first. It is not, however, at first sight
obvious that the second condition can be fulﬁlled at
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once for all three pairs of factors. The combinatorial
relationship exhibited in the Latin square may here
be applied most valuably.

Let us set out the nine combinations to be chosen
in a diagrammatic square with three rows and three
columns, and let us lay it down that treatments in the
first row shall receive nitrogen at the first level, treats
ments in the second row at the second level, and treat-
ments in the third row at the third level. Thén“the
requirement that the three levels of nitrogenishall be
equally represented in our selection is sq.;isfﬁéd easily
by having three plots in each row of~bur diagram.
Similarly, we may lay it down that the¢olumns of our
square correspond to the levels ofrabundance of the
second ingredient, potash, in thesmanurial mixture to
be tested. It is then clear that we must have three
plots in each column, and, ifithe interactions of nitrogen
and potash are to be copserved, that there must be one
plot at the intersection of each row with each colummn.
With respect to thiejfevel at which phosphate is applied
to any plot, we\clannot now represent it by its position
in our diagratamatic square, but shall simply use the
numbers 1.4, 3 inserted in any position in the diagram
to represgut the level of the phosphatic ingredient.

Iﬁ\h?)}iv appears that a selection of nine treatments
wilh' satisfy the conditions laid down above, if it can

. berepresented diagrammatically by a square containing
{Unine numbers at the intersections of the three rows with
the three columns, of which every row must contain
1, 2z and 3 once each, in order that the interaction of
nitrogen and phosphorus should be conserved; and
every column-equally must contain a “ 1,7 a 2" and
a ‘“3,” to make sure of conserving the interaction of
potash and phosphorus. We have, in fact, mferely to
arrange the numbers 1, 2, 3 in a Latin square in order
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to obtain a single selection of the treatments, which
might preperly occupy a single block.

Ak &
92y I 2 3
g | 3 1 2 Q.

There are only 12 solutions of the 3 x3 Lapi@"sﬁu&re.

If we choose one of these to represent they contents of
one block, we must next enquire whetheslary selection
of treatments to occupy the other blafks in the same
replications can be made to satisfy $he conditions. We
may convince ourselves on thisypeint by considering
the effect on our chosen selegtfon of making a cyclic
substitution of the Ilevels dfyphosphate ; that is by
substituting 2 for 1, 3 forgyand 1 for 3 throughout the
diagram. Repeating siith a substitution three times
will clearly bring usiback to the original selection ;
but the two new gelections first produced will (1) both
be represented by Latin squares, and (i) will between
them and the original from which they were derived
contain all~27 treatments. This last essential fact
becomes_ elear on perceiving that the number in any
partielar cell of the square must take the values I,
2,(3.90 successive applications of the substitution, what-

_~&veér may be the initial value, while the aggregate of

‘the 27 treatments used are represented simply by these
three numbers, placed at all the nine points of the
diagram. _

The 26 independent comparisons among 27 treat-
ments may be analysed according to the factors involved,

as in the following table : —
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TAEBLE 16

NK
PE
NP .
NFK .
)
O
If, therefore, we make up the contents of the blégk in
accordance with the solution provided by #He' Latin
square diagram, we shall have sacrificed @{particular 2
out of the 8 degrees of freedom for triple ihteraction.

It is, of course, always easy to recoghise the particular
components of treatment in which¥blocks in the same
replication differ, and to obtaip the aggregate sum of
squares for the six triple intéractions which have not
been confounded, by subffaction. This residue of
unconfounded interactions may then be tested for
significance like othertheatment effects, and will usually
be of service in cohfirming experimentally the supposi-
tion upon whichithe experimental design was based,
namely, thatctife triple interactions as a whole had not
been quant{@tively important..

Therefs, however, a certain advantage in being
able wo" recognise which particular contrasts these
uaconfounded interactions represent. For then we
canl, if we wish, subdivide them to examine the signifi-
cance of more particular effects. In the case of the
design under discussion, based on a 3x3 Latin square,
the combinatorial properties of such a square are such
as to make this recognition easy. It has been mentioned
above that there are only twelve 33X 3 squares, and we
have seen that each belongs to a set of 3 which can be
generated from it by a cyclic substitution. There are,

Total

[+
lO\] o9 e e o WO
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therefore, only 4 such sets, and the 4 squares below are
representatives chosen one from each set.

L 1I. I1I. Iv.
1 2 3 I 3 2 I 2 3 1 3 2
2 3 1 3 2 1 31 2 2 I 3
3 I 2 2 I 3 2 3 1 3 2 1.\

It may be observed that the second représlf:htative
1s formed from the first by interchanging,‘th\e numbers
2 and 3; the third is formed from the first by inter-
changing the second and third rows, ‘and the fourth
is formed from the first by interchienging the second
and third columns. If we consider, now, examples
Nos. I. and II. it is to be gbServed that they agree m
the three plots having phgsphate at level No. 1, but

differ in the other six. «\f, however, we applied the

cyclic substitution to.the first example, it would, after

one operation, agre&*with the second example in the
three plots at phgsphate level No. 3, and differ in the
other six;  while after a second operation it would

agree only"i}}s\the three plots at. phosphate level No. 2.
Consequently, the nine treatments in any selection of
set 11.(appear three each in the three selections of set L.,
theselSets of treatments being those having the same

guantity of phosphate. The treatment comparisons
~Srepresented by the subdivision of the 27 treatments
' as in set II. are therefore wholly independent of the

treatment comparisons of set I. Both represent 2
degrees of freedom out of the 8 available for triple
interaction, and these 2 pairs of degrees of freedom
have nothing in common. Consequently, when the
pair of degrees of freedom of set I. are confounded,
the pair represented by set I1. are wholly conserved.
The same relationship subsists between set 111, and
set 1. if we consider the treatments represented in the
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same row, i.¢. those at an equal level of nitrogen,
instead of those represented by the same number, at
an equal level of phosphate. The examples shown above
agree in the first row and differ in the two other rows.
If the cyclic substitution be applied to the first example
it will agree with the third successively in the second
and third rows, while always differing in the remaiming
two. Consequently, the third set, like the second))
represents a treatment contrast wholly independent)of
that represented by the first, and which is thekefore
entirely conserved if the latter is confounded: Oln like
manner, the treatments in any selection ofiget IV. will
be distributed by threes in the selections of set I., these
threes lying in the same column, and h\aving therefore
equal quantities of potash. The 2aldegrees of freedom
of set 1V. are also, therefore,wholly conserved. It
should be noticed further th,z'tf;‘,'the three sets—I1., IIL.
and IV.—are not only independent of set I., but are
also independent of eagh other. Thus in the examples
shown, 11. and I11.,4gtee in a single column, I1. and
IV. in a single row, %id 111. and IV. in a single number ;
and, in view ofywhat has been said above, these facts
suffice to shdw that the pairs of degrees of freedom
represen ed{b\y these sets are wholly independent and
have na&fng in common. Since all are included in
the 6.8egrees of freedom conserved, they must therefore
condtitute the whole of the 6 degrees of freedom, and
corfstitute parts of it which may be separated in the
analysis and examined separately in the test of
significance.

Supposing, then, that th

out with 12 replications, or, ;
choose one of the 4 pairs of degrees of freedom 1nto

which the 8 triple interactions have been divided, and
decide to . sacrifice these particular components of the

e experiment were carried
in all, 324 plots, we might
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triple interactions, in order to increase the precision of
the comparisons to be made in the 6 components of

~single factor effects, the 12 components of interactions

between pairs of factors, and the 6 components of triple
interactions which have not been confounded. The
experiment then consists of 36 blocks of g plots each,
so that 35 degrees of freedom are eliminated ag ‘répre-
senting block differences. The sets of trqa{ﬁr@nts in
different blocks within the same replicationare assigned
by using one of the cyclic sets of 3 x 3.khatin squares;
remembering, of course, that toppgir‘aphicaﬂy these
treatments are not arranged in a Babin square, but are
assigned at random to the g plotdin the block. Each
set of ¢ treatments replicatfzd:\‘iz times will provide
88 degrees of freedom for €wyor, or 264 in all, so that

the complete analysis of,.t.}'ie experiment may be shortly
represented as below 5%

™S TABLE 17 Degrees of
< Freedom.
Blocks, z ) . . . . . 35
Single factors . . . . . 6
Igteractions between pairs . . . iz
\ \ Vniconfounded triple interactions . 6
{ OError . . 264
& Tot: -
O otal . . 323
) \0\\ . I
A\ 47. Partial Confounding

In the example we have just considered with 27
treatments it has been shown that we can gain the great
advantage of smaller blocks, or increased homogeneity
of material, for all the primary comparisons, and their
interactions by pairs, at the expense of some sacrifice
of information about the triple interactions, which are
presumed to be comparatively unimportant. The
advantage of such a procedure would be great in many

‘ practical cases, even if all knowledge of the interactions
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of a higher order had to be forgone. Formally, how-
ever, the typical experiment discussed has shown that
the sacrifice required is that of one only of four portions
into which the triple interactions may be divided, and
that we may sacrifice whichever one we please of these
four portions. If, now, it is thought that knowledge
of these interactions, though admittedly comparatively
unimportant, is not wholly worthless, the fact that ptly
one-quarter has to be sacrificed will appear to be@teal
advantage. This advantage is not, howevery made
fully accessible by the experiment propos &> for the
6 degrees of freedom conserved, while théyafford satis-
factory guidance as to the significance\or insignificance
of such triple interactions as méy~ exist, represent
manurial contrasts of a somewha’complex kind, and
are not in fact the components we should choose for
separate examination if theriple interactions had been
conserved in their entiretgh® '

When the quantity of an ingredient of a mixture
has been tested at@hree different levels the two inde-
pendent compaxzia)ns which these provide may often
be usefully sx{b}divided in a particular way. We may
regard the,fifference between the highest level and the
lowest . 88% representing the principal eflect of the
ingredi&ﬁ;, that is, as giving us the average effect brought
about* by a unit addition of this ingredient, a.verag_ed
dyer the range of dosage studied. In conjunction with

\his principal degree of freedom we may introduce a
second, orthogonal to, of statistically independent of,
the first. This will be found by subtracting the sum of
the effects of the first and third level from twice the
offect of the second level of concentration. Thus if
(1), (ng), (n;) stand for different levels of the amount
of nitrogen in a manurial mixture, or for the measured
effects of such treatments, the two components of the
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effect of nitrogen which may conveniently be separated
are defined by

N; = (ng)—(ny)
Ny = 2(rs)—(1)—(n,).

These forms at least will be convenient when the,con-
centrations tested differ by equal steps, or by“\steps
which, on any hypothesis under consideratiof;<should
produce equal effects. They may be modified to other
orthogonal linear forms when the relatighship between
the quantities used experimentally is{df a more com-
plicated character. Here we aresgoncerned only to
illustrate the statement that whenshifth order interactions
are regarded as having any_ekperimental importance,
our interest will usually beceentred on particular com-
ponents into which such interactions may be analysed.
The statistical independénce of the two forms proposed
above may be con¥eniently verified by multiplying
together the coefficients of (72;) in the two expressions,
and adding the(product so formed to the corresponding
products for the coefficients of (n5) and (z;). If these
products add up to zero the components designated are
statistically independent and represent mutually exclusive
degreés of freedom. .

\Considering the 4 degrees of freedom for the inter-

and

JJaction of two ingredients, such as nitrogen and potash,
N 1t is now readily seen that these can be denoted by the

four symbols, N, K,, N,K,, N; K,, and N,K,, any one
of which may be interpreted in terms of the treatments
concerned by algebraic expansion. Thus :—
NyK; = (ny—ny)(les—4y)
= (”séa)*(”lfés)‘—(”aéﬂ‘l‘(ﬁﬁl)»
and S0 with other expressions. It will be seen at once
that, if our interest in the interaction between nitro-
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genous and potassic treatments arises principally from
a suspicion that, with a larger supply of nitrogen, there
may be a greater need for or opportunities for the
utilisation of potash, then the particular component
N, K, will have an interest which the other components
from which it has been separated do notshare. Similarly,
with triple interactions it might well be that the solé
scientific interest of the eight independent comparisons
which, in our experiment, these afford, lay ifi)'one
particular component such as N, K, Py. P\

The inconvenience of the confounding ptdcess used
in the experiment consists, therefore, in-the fact that if
the triple interaction, or any component of it, is possibly
of sufficient magnitude to be not WQO]IY negligible, the
components of triple interactipd, )conserved by the
experiment will not probably, be themselves of any
special interest, and, in thgaﬁ‘.la'bsence of the two com-
ponents which have beeftdconfounded, will not afford
the means of isolating{the more interesting components
for special study..{% would seem, therefore, that it
would have beeén preferable, if possible, to have spread
such informatidn] as the experiment is designed to give
respecting, €h€ triple interactions, equally over the
8 degree,.sip? freedom of which they are composed, unless
the s;r&fure of the experiment is itself such as to 1solate
for.tenservation just those components which are of
'thfe\’ greatest interest. The process of spreading the
wvailable information equally over the whole group
of comparisons which are affected is known as partial
confounding. '

In our example there are 12 replications. If the
number of replications, as in this case, 15 divisible by
4, then, instead of completely confounding 2 chosgn
pair of degrees of freedom out of the four pairs a.V?.ll‘
able, we might partially confound all four, by using
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each cyclic set three times instead of using the same set
twelve times. The treatment comparison represented
by any cyclic set will then have been conserved in
9 replications, while it has been sacrificed in 3. Al
these comparisons will therefore be capable of evaluation
from the results of the experiment, though with_only
three-quarters of the precision with which interaetions
between pairs of factors and the effects of singlexfactors
have been evaluated. In such an arranement the
general advantage conferred by the prineiple of con-
founding may be most clearly seen, ¢ the reduction -

in the size of the block from 2% plots 1o 9 will probably

have increased the precision of theunconfounded com-
parisons in a higher ratio thantthat of 4:3; and, as
the triple interactions are’\Jonly confounded in 1
replication out of 4, they, aso will be evaluated with

increased, but more mipderately increased, precision,

in spite of the quagtet of the information respecting
them which has heen sacrificed in order that the blocks
might be reduced. to ¢ plots each.

The infdemation concerning the triple interactions
which has(heen supplied by the experiment, if partial
confounding has been practised, will be in the form of
con’g{é%}rs between the three sets of 9 treatments, each

\\ I 2 3 2 3 1 3 1L 2
0N 2 3 1], 31 2], iz 3}
) 31 2 T o2 3 2 3 1

specified by one of the four cyclic sets of Latin squares.
These contrasts must he gathered separately from
those parts of the experiment from which they are
available, without using those parts in which they are
confounded. By this means the comparison is kept
rger elements of soil heterogeneity,
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contrast between the three sets of treatments may be
obtained by adding up the aggregate response to these
sets of treatments, in the g replications in which these
contrasts of manurial treatment are not those which
characterise whole blocks. A different set of 9 replica-
tions will provide the material for evaluating the con-
trasts between the sets of treatments of the second .
group, namely,

N
¢
1 3 2 2 1 3 302 1y LA™
3 2 I ¢, I 3 21, 2 1 3735
2 1 3 3 2 1 1 3 24

while different sets of nine replications wﬂP give the
contrasts between the cyclic derivatives\obtained from
the squares Pz g - \\

3 1 zand2 N3

2 3 I 3 W
If, now, we are specially intérésted to evaluate a parti-
cular component of the trjfp:l'e interaction, such as that
which has been denotéd above by N, K,P;, we must
obtain this by a com'bi\hation of the contrasts which the
experiment provides directly. To do this may require
some Ingenuity,. OThe solution in this case is found by
using only tHeSe squares in which one diagonal, or the
other, confains plots with the highest or lowest level
of pho‘%'éte. Thus, if we compound with the proper
positi{'fe and negative signs the yields given by the experi-
mént for the 8 squares set out below, it appears that

i

231t 123 321 213
3t12]—|231]+{2z13])—|132
123 312 I 32 321
312 I 23 321 I3z
Hlzz3t)—={312}+|[r32)—1213
123 231 213 321

1s equal to 3 N, K, P;.
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With the aid of this example the reader will do well
to consider how the data of the experiment should be
combined to obtain other types of interaction, such as
those denoted by N,K;P,, N,K,P;, and N;K,P,, and
to satisfy himself that these can each be derived by a
similar choice of appropriate compounds from the data
provided by the partially confounded experiment. .
471, Practical Exercises ,'\\

1. Show that, if each factor be tested at &0 levels,
so many as fifteen factors can be tested in ‘Blocks of 16,
without confounding any interaction oﬁxless than three
. factors.

2. In a linkage test with elgth’enetlc factors, show
that a selection of 8 out of the 128 possible types of
multiple heterozygotes cang be made so that each of
the 28 palrs of factors isyin ““ coupling ” in 4, and in

“ repulsion " in 4. o

3. Using a comp}etely orthogonal 7x7 square,
show that with eight replications a set of 49 varieties
may be tested ifi blocks of 7, so that every possible pair
of va.rieties gceurs once only in the same block.

Show~that the same may be done, in eight replica-
thIlS, ){nh 57 varieties in blocks of 8, and that it cannot
be doti€, in seven replications, with 43 varieties in blocks
o ;

SN 5 Twenty one experimental plants have each five

\”“\ leaves growing serially along the stem. Show how to
allocate 21 treatments to the leaves, so that each pair
of treatments occurs once on the same plant, and each
treatment occurs once on a first leaf, and once on a leaf
in the other ordinal positions. (Youden’s Square.)

- 6. If 144 varieties be set out diagrammatically in

a 12X 12 square, and tested in blocks of 12, so that in

one replication varieties in the same row fall in the
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same block, and in a second replication the blocks
contain varieties in the same column, show that the
sampling variances of comparisons between pairs of
varieties which {¢) are, and (8) are not, tested in the
same hlock, are in the ratio 13 : 14.

7. If 512 varieties be set out in an 8 X838 cube
and tested in three replications in orthogonally chosen ,
blocks of 8, compare the variances of the comparisons
of any one variety ‘with others which (4) occur in the
same block as the first, (§) are connected with it at’one
remove through other varieties, and (¢) are.énly con-
nected at two removes (73 : 78 : 79). Ry

REFERENCES AND OTHER:\READING

F. YaTes (1933). The principles of orthogbﬁzility and confounding
in replicated experiments. Journ@h'of Agricultural Science,
xxii. 108-145. o\ ¢

~

F. Yatrs (1035). Complex experiments. Supplement to Journal of
the Royal Statistical Societyy vol. ii. 181-223.

F. Yatss (1936). A new method of arranging variety trials involving
& large number of v{rieties. Journal of Agricultural Science,
xxvi. 424-455. ()

F. Yarss (1936), *Imcomplete randomised blocks. Annals of
Eugenics, vil.('g1-140.

R. C. Bost and®: KisHEN (1940). On the problem of confounding
in the geregal symmetrical factorial design. Sankhya, v. 21-36.

R. C. Boseahd K. R. NAIR (1939). Partially balanced incomplete
block esigns. Sankhya, iv. 337-372

R. A, PasHer and F. YATES (second edition 1942). Statistical Tables.

,Oliver and Boyd Ltd., Edinburgh.
© RV, Fisuer (1942). New cyclic solutions to problems in incomplete
N\ blocks. Annals of Eugenics, xi. 290-299.
R. A. FisHER (10945). A system of confounding for factors with more
than two alternatives, giving completely orthogonal cubes and
higher powers. Annals of Eugenics, xil. 283-29¢.



VIII

SPECIAL CASES OF PARTIAL CONFOUNDING

48. TrEATING of a subject such as experimental design
in general, it is possible to give adequate spaes only to
general principles leading to the more a,dvantageous
procedures which are available. Thesgib is essential
to grasp.. Their applications to partlcmar details that
arise in practice are of endless Variety and afford scope
for a great deal of 1ngenu1ty hese require to be
studied in detail by workers it d}ﬂ'erent fields of experi-
mentation in order to reap Ihe full advantages which a
clear grasp of general pnr]mples makes possible. It
may be of use in thig chapter if we consider some of
the more special apphcatlons of the pr1nc1ple of partial
confounding whlch were found to arise in their early
application to di trials in agriculture.
\ 49, Dummy Comparisons

It may happen that, in order that the different
Varm\nts of each factor may occur with proportional
fregiency in combination with the variants of other

~factors, certain of the combinations used are actually

) indistinguishable. For example, in an experiment with

four different mtrogenous manures we may also wish
to vary the quantities used. We may wish to compare
plots receiving no nitrogenous manure with others
receiving a single or a double dressing. These single
and double dressings will be applied to different plots,
in each of the four nitrogenous materials to be tested,
and the precision of the comparison between single and

132
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double applications will be enhanced by the fact that
each is represented on four kinds of plots. In order that
the comparison with the plots receiving no nitrogenous
manure may be of equal precision, it is necessary that
these shall be as numerous as those receiving single or
double dressings, and therefore four times as numerous
as any one kind of these. To compare the efficacy of £
the four kinds or qualities of nitrogen simultaneously
with the three quantities (o, 1, 2) with which they.\éﬁh\
be combined, we might make blocks of 12 plots, each,
in which the plots receiving single or double ~dressings
will be manured differently, while the 4 plots Tecciving
none will all be manured alike. ThelEomparisons
among these within each block wilt heyascribable solely
to experimental error, including inMthat term, as is
usual, variations in the fertility.o"l’i different plots in-the
same block. Thus, if therpjfwl\;ere 5 replications, the
analysis of the 59 independent comparisons among the
6o plots would not be . ™ )

¢.& ‘m ’\TABLE 18 Degrees of
\\ Freedom.
Blocks €N . . . . . . 4
Treatments . .11
Erro{ ", 44
\“\’ Total . . 59
but ‘.f\ .
o\ \ - TABLE 19 Degrees of
\ 3} Freedom.
Blocks . . . . . . . 4
Treatments . . . . . 8
Error between blocks . . . . 32
within blocks . . . . .13
Total . . 59

Here we have divided the 47 degrees of freedom avail-
able for the estimation of error into two parts, to show



134 CASES OF PARTIAL CONFOUNDING

that 15 degrees of freedom come from a comparison of
identical plots in the same block, 3 from each of the
five blocks, while 32 come from the comparison of the
differences among the g different treatments in the five
blocks in which they are tried.

As between the two factors of quantity of nitrogen
N, and quality Q, the 8 degrees of freedom between“the
g treatments will be allotted as follows. There." will
be 2 for the comparison of the three levels of thehitrogen,
and 3 for the four qualitatively different mixtures in
which it is applied, leaving 3 more fob ‘Interactions
between N and Q. In other words~wé have, as we
would have if the four manures were applied only in
single and double doses, 3 degrges for quality and 3
for interaction. The addition”%f“the plots without the
nitrogenous manure has left fhese two classes unaffected,

but has added 1 to the degtees of freedom for quantity
of nitrogen. N\

™\
SN g

50. Intereétion of Quantity and Quality

In this c%@eétion a modification is to be indicated
in the manperin which the effects of quality and inter-
action ar€to be reckoned. If we were to consider
N and,®’as two independent factors, the 3 degrees of
freedom for interaction would be obtained simply by com-
pdtison of the four quantitics by which the double appli-

:.gcations of each manure exceed the effects of single
\"“; " appl%cations of the same materials. Equally, the simple
qualitative effects would be represented by the contrast
between the four totals of single and double dressings

of these four materials. Such a subdivision is seen to

be not wholly satisfactory, when we consider that the
que.a.ntitativ.e contrasts are differences caused by quanti-
tative variations in the very substances which the
qualitative comparisons are intended to compare. Thus,
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if a quantity of nitrogen applied as cyanamide differs
in its effect on the crop from an equal quantity of nitrogen
applied as urea, it is to be anticipated that with larger
quantities of the manurial applications the difference
would be enhanced. In fact, the hypothesis that the
differences are proportional to the quantities of nitrogen
applied is in many ways a simpler one, in the sense of,
being more natural and acceptable, than that the differ>
ence should be the same irrespective of the quanti'tjge'sﬁf
material added to the soil. A
If we take this view, results in which ghie double
dressings of two ingredients differ by twicé’as much
as the single dressings, but in the same ditection, would
be regarded as exhibiting pure effests” of quality Q,
without interaction NQ. The interactions must, there-
fore, be identificd with the three iidependent comparisons
among the four quantities aghich would be obtained
by subtracting the yield, ©of the double dressing from
twice the yield of thg ‘corresponding single dressing.
For these four quantities would all be equal if inter-
action, in the sémge”in which we are now using this
term, were completely absent. Equally, the primary
effects of quadity will now be reckoned by comparing
the four gnms found by adding twice the yield of the
double\zz\a:iip]ication to the yield from the single
applié’a}ion of the same manure; as in calculating the
',,':;régi‘ession »  of the manurial response upon the
(uhanurial difference to which it is for the present purpose
to be considered as proportional. The statistical prin-
ciples and methods in ihe treatment of regression are
developed in Statistical Methods for Research Workers.
That these two methods give different  sub-
divisions of the same total follows from the algebraic
identity
aby)it M-y = 3exty) +3(x—29)°
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If x, y stand for the yields of the double and single
dressings of any manurial material, the two terms on
the left represent the squares assigned to Q and NOQ,
using the convention that “ interaction *’ means variation
in the values x—y, while the two terms on the right
represent the squares assigned to Q and NOQ on the
convention that *‘ interaction ”* means variation amdng
the values x—2y. The same method of subdiyision
with appropriate coefficients is evidently apphcable
whatever may be the ratio between the quantities used.
Note that the divisor of each square is the sum of the
squares of the coefficients, while the swmhof the products
of the coefficients in any two squaresvof the same set is
zero. N

51. Resolution of Thred Eomparisons among
Four.Materials

The 3 degrees of"‘f{;é’é'dom in Q or in NQ are the
three independent ~comparisons among four different
materials, such m$ sulphate of ammonia (s), chloride
of ammonia, (%@, cyanamide (¢), and urea (u)., Thesec
may be syStematically subdivided, if it is thought
convenient(to do so, as the three possible comparisons
betwgg(n}“opposing pairs of materials, There are in

fact\just three ways of dividing four objects into two
sets of two each ; these are 1—-

stm—c—un
S—pi+-c—u
S —c-t 1,

and these are all mutually independent, as may be
verified by observing that the sum of the products of

the coefficients {41, or —1) of the symbols in any two
of these three expressions is zero.
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Regarded combinatorially, this is equivalent to the
statement that a 2 X2 Latin square is possible, namely,

A B
B A,

for in such a square the four objects are divided into
pairs in three ways, as rows, as columns, and as letters, ,
and the specification of a Latin square requires that
these shall all be mutually independent. N,

£\
L &

52. An Early Example

An experiment with sulphate of ammeonid; chloride
of ammonia, cyanamide and urea, in quaﬁtfties o, 1, 2,
with and without superphosphate, was’carried out in
barley at Rothamsted in 1927. TWwo replications, or
48 plots, were used. These were divided into four
blocks of 12 plots each. In two'blocks phosphate ()
was applied with chloride offammeonia and with urea, in
both single and double-dfessings, while in the other
two blocks it was applied with sulphate of ammonia
and with cyanamidé.) Each block contained two plots
without nitrog‘eno}s or phosphatic dressings, and two
plots with phogpﬁatic only. The plots were assigned to
treatments dt.random within the blocks.

Am%g*the 18 different treatments there will be
17 indep ndent comparisons. One of these, however,
namely,

"\ (p—1)(5y+Sq—mty—WgCyCa—tiy —tg)

has been confounded with blocks. There are 16 degrees
of freedom for treatments in the analysis, and 3 for
blocks, leaving 28 for error. It would, however, be a
mistake to assume from this that these 28 are all pure
error, for it will appear that owing to the occurrence of
dummy treatments, or more properly of plots treated
alike in different blocks of the same replication, the
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degree of freedom destined to be sacrificed has in fact
only been partially confounded. .

It is inmstructive in such cases to consider exactly
what comparisens will consist solely of error, unaffected
by any treatment differences. Within each block there
are two unmanured plots the difference between which
1s pure error, and two phosphatic plots of which-gha

A B O

~'\

wd) | mp)| @ | O | @ | B | GsY s
480 542 373 186 268 2G7 536, | 471

md) | (@ | | 0 | ) | N | o
431 | 365 | 293 | 281 343 | 4430\ 408 | 522

(2) | (2) || 0 | o oD | (5) | ©
284 313 330 260 366"' N 412 250 239

) | O | | an B | @ | s | )
475 | 275 | 242 | 395 {N244 | 396 | 4oo | 228

~

(2)Y 1 (B [ ) [ ) | () | () | () ] ()
344 277 359 4 368 413 512 259 453 !

) | @ | & om |omp | @ | s | ©
401 420 \\464 542 504 409 389 267

ONC D
Fic. 2, :;A.I;angement of treatments and yields of grain in experiment
omguantity and quality of nitrogenous fertilisers in barley 1927.

samg‘f\s true. Here, therefore, we have 8 degrees of
freedom contributing only to our estimate of error.
<\{Fo make sure that these are not counted a second time,
it 1s sufficient that all further comparisons to be made,

if they involve these plots, shall involve only the pairs

of plots treated alike taken together. Next, observe
that there are two pairs of blocks with the same treat-
ments, 10 in each. The 10 differences between the
performances of these in the two blocks of a pair will
be distributed about a mean representing the difference
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in fertility between the two blocks; but the 9 degrees
of freedom of their variation about this mean will be
pure error. There are thus 9 degrees of freedom from
each pair of blocks, or 18 together, which, with the 8
from within blocks, make 26 in all. In subsequent
comparisons we must, however, treat the two blocks of
each pair together. Finally, the two pairs of blocks
have two treatments in common, those unmanured and
those having phosphate only. The differences betwéen’
these two treatments. in the two pairs of blocks will"not
be necessarily the same, and the discrepangy.fbé‘tween
them will be pure error; this last degreg-of"freedom
makes up the total to 27. ‘

The yields of grain from each plogyin’ units of 2 oz.
are shown in Fig. 2; the contributiens to the sum of
squares ascribable to these 27, degrees of freedom of
pure error are shown in Table-20.

Squares involving two_plots only are divided by 2,
others such as the first two entries in the second and
third columns depend.@Qn 4 plots, and are divided by 4,
and the squares of{differences between pairs of blocks
by 24. Finallythe discrepancy of 47 units between
(#)—(1) from@he two pairs of blocks depends on 16
plots, and /has its square divided by 16. The several
ingredie(t}‘zire thus brought to a comparable basis.

It $as mentioned above that the single manurial
contiast
V (p—1)(s1+sq—my—mgHerrtea—m—4s)

in which the blocks differ, had not been totally con-
founded, meaning by this that it could be indirectly
~estimated by comparisons within blocks. The comm-

parison within blocks, independent of all those used 1n
the estimation of error, which depends only on this one
manurial contrast, arises from the fact that though the
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TABLE 20

Analysis of Components of Ervor

Squares of Differences

Squares of Differences between like Treafments

betwoen like Plots in in like Blocks, N
& \‘:\..
(#) . . 841 {(p) 78125 (D) (Y7 g0
{ry . . s476 | {1} . 3200 (#) L7 2138
() . . 2209 | (u8) 2809 (e 7y . 3364
(. . 31l 1936 (c;’g' . 289
() - . 4489 | (5} 17424 (A 12544
(m . . 1089 | (my ) . 484 \\\Non) 4
8y . . 236 | (s, 8) 1024\; (219} 529
(.. 64 | (e0) - 53 (¢a) 2304
(s2) . LI84Y (522 5184
15265 | {mag) . . \Nid44 (my) . . 400
Total {29075 Total . —456'3
OV 500365 26049°6
Diferences () (1) inRairs Summary of Contributions o
of Blocks. \"\ Pure Error.
N _
P j\ I%-i%ig?ﬂif Sum of Squares.
A B~ Ol 151
D .AY . . -y 8 763275
—¢NY — G 19518-25
AFDY 97 9 13474-83
D\ —ul 1 473216 138-0023
1B e 40 — _—
L€ e 104 27 40703-64583
B4C . . . . 144
A+D., . . . o7
B+C—-A-D . 47




PRACTICAL EXAMPLE 141

treatments concerned are not to be found in the same
block, yet the different blocks in which they appear
also contain some plots treated alike, with which each
group can be compared. In each block, in fact, we may
compare the plots having single and double dressings
of nitrogen with twice the sum of the plots having none.

Thus two blocks give '

(Bsp)+(p52) () (mg) +(pen)+-(422) K \:\
) —2(0)—2(0)—2()—20) = 1433 57

while the other two give O

() F o)+ (pm)+(pmy)+(e)+ (e +{pus)

L (pua)—a(p)—2(p)—2(1)5alT) = 1015, 1480;
~Nx\ , A D

whence we obtain by subtraction()"
(?—I)(Sfi“-fe‘“ml‘—mzf{'-}{i‘{:52‘_“1"“2) = I45.

The value for each blockils a combination of 8 plots
with coefficient -1, afid 4 plots with coefficient —2, so
the sum of the squdres is 24, or for the four blocks, 96.
The contributiointd the sum of squares of this partially
confounded m@ntrial comparison is therefore 145% 96,
or 219-01ofe~ To the divisor, 96, the plots having the
treatmen\t"s\’fo be compared contribute only 32, so that
the gg{ﬁparison is made with only one-third of the
]grt:cli‘sibn of the 16 unconfounded Comparisons.

“The other elements in the analysis may now be
evaluated. The 3 degrees of freedom between blocks
are easily found to account for a contribution of
12,215:75 to the sum of squares. The total effect of
treatments could now be obtained by subtraction of
the three items already evaluated from the total ; fthe
interest of the experiment, however, lies in evaluating
the separate factors of the treatment differences. The
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total yields, contributed by 8 plots each, in the six
classes of treatment formed by combining two levels of
phosphate with three of nitrogen, are shown in Table 21.

TABLE 21
No Single Double
Nitrogen. \ Nitrogen. | Nitrogen, Tot.a.k
With phosphate . ; .| 2237 3280 3876 ¢[\9,393
Without phosphate . . 1996 2046 3499\’\ 8,441
Sum . . . .. 4233 | 6226 | 3% | 17834
Differcnce . . . . 241 334 ¢ {377 952
~h

Plots receiving phosphate have exceeded those not
receiving phosphate in all byoy2 units, so that the 1
degree of freedom, P, contribiutes 9522 48, or 18,881-3.

We may next take the' 2 degrees of freedom for
quantity of nitrogen Nywand 2 more for interaction with
phosphate NP, ™%

The 2 degrees(of freedom for N are evidently found
by comparin&{hé sums 4233, 6226, 7375; clearly the
principal effect, the contrast between double nitrogen
and nongiZis the important part; the difference 3142 -
from g2 plots contributes the large item 3142%--32, Of
308\’5:65’—12 g for N;. The remaining degree of freedom,
cocresponding to diminishing return for the second

M:\’;d(')se of nitrogen, is found by subtracting the first and
O last totals from twice the total for single nitrogen,
squaring, and dividing by 96. This gives 844° +90,
or 7420-16 for N,, a much smaller, but still a significant,
value. We may treat the differences in the same way.
For N; P we have 1362+ 32, or 578, and for N,P 50*+96,
or 26-0416, both quite insignificant contributions, though

in both cases of the expected sign. The items evaluated
so far are ;:— '
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TABLE =2z
Degrees of Sum of
Freedom. Sguares.
N, .o . 3085035-125
N, 1 7420107
P 1 18881-333
NI 2 604042

We may now consider the qualitative differences Q, N\
and their interaction with quantity NQ. The totals
S . 2SN
from 4 plots each for the single and double applicauon
of the four nitrogenous nutricnts are shown in Tabte 23.

TABLE 23 \x
‘ Material. l Diﬁ'erqnc-;s between Pairs.
. Quantity. — ' Pat”T mebu mebe
| P N R R A SRR G
(1) 1524 | 1618 | 1615 4469
{2} 1693 | 2110 | 1607 1965

2(2)+(1) 4910 | 5838 | 48293} 5399 520 | 1498 358
2{1)—(2) 1355 | 1126 | «B23 | 973 | —I1§ —879 421

R\ _

The 3 degreexq\'\é)‘f} freedom for Q and for NQ can
now be found elthér by taking the sums of the squares
of the deviasigns from their means, of the last two lines
and dividing’by 20, or by splitting the columns in the
three pe&sible ways into two opposed pairs, and dividing
by 8g‘.\ The latter process gives i—

O
'"\3 W TABLE 24

\ Squares of Squares of
Differences. Differences.

Q NQ

sta—c—1ut . . 270400 13225

mtu—s—¢ , . 2244004 772041

mte—s—u . 128164 177241

2642568 963107

—— —C—————

Q . . 33032°T NQ . . 12038-8375
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being each for 3 degrees of freedom. The separate
evaluation of these three comparisons as above brings
to light the somewhat suspicious circumstance that the
largest contribution in each class is from the particular
contrast between nitrogenous materials which has been
used (in its interaction with phosphate) for confounding.
If it is a coincidence that the two pairs of nutpients
most contrasted in their effects on yield, and m their
interaction with quantity of nitrogen have beén- chosen
for the purpose, then the choice has been an unfortunate
one. If not, then we may suspect thaf, ‘the conditions
in. the different blocks of land usgagt\have, in some
obscure way, influenced the appardit*reaction to these
nutrients. ) PN

Had we adopted the subdivision between Q and
NQ by means of the surig (2)+(1) and differences
(2)—(1), we should hdve 21,739:094 for Q and
23,331-844 for NQ, maklng the same total, but giving
a larger contributioftMfor interaction than for the prime
factors of qualityn” The subdivision employed above
is therefore Qferab]e, as based on a view of qualitative
differences mg\‘e in keeping with the facts.

The, f&ifiaining interactions of phosphate with the
qualipy-of the nitrogenous application QP, and of
plgs"phate with quality and quantity of nitrogen NQP,
may be evaluated in a manner similar to Q and NQ,

\fiising the differences in place of the sums of the plots
v which have and have not received phosphate. In this

group, however, we must remember that a particular
component involving the contrast

(s—m-tc—un)

has been confounded with blocks. The differences in
y1€1(:l ‘between plots receiving phosphate and those
recerving none are shown in the following table —
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TABLE 25
Material. Differences between Pairs.
—_— ] mts  mtu stu
Quantity. 5. . e, #. —fy =i —ER
_ I —
{1} 1360 150 67 —19
(2) 307 | —18 69 19
2 ()41 | 750 | 114 | 205 19 640 (822} 450
2 (1)—(2) | —35 | 318 65 —57 275 {(—231) —475

oo

The two unconfounded comparisons in the grqqp'\QP
make therefore a contribution evaluated by fumming
the squarcs of 640 and 450 and dividing b 80. This
gives 765125 for these 2 degrees of feegdom. The
two corresponding components of N@P/is the sum of
the squares of 275 and 475 divided-by 8o, or 3765:625.
The manurial comparison which' Bas been confounded,

namely, N
(p— I)(‘gl‘g“f2”?§g~*:mg‘[’51+52’“1““2)

is not precisely a co “Sment either of QP or of NQP,
as we have defin dehese groups. [t would be a com-
ponent of QP jen“the alternative definition discussed
above, and t};\’eirémaining unconfounded portion is the
componeng,0f NQP of that definition, namely,
,\\:..\(35——1)(52-51—m2+ml—]—cz—cl——ug—}—ul).

Thisigives 303 +32; OF 2869°031.

“\“The complete analysis of the yariations observed
¥mong the yields of the 48 plots may therefore be set
out as in the Table 26.

The total sum of squares for the 47 degrees of
freedom, which have above been evaluated individually,
must check with the sum of the squares of the deviations
of the yields from the 48 plots from their mean. without

regard to the manurial treatments they have received,
K
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or to their topographical arrangement. This affords a
check both on the arithmetic and on the logic of our
procedure, at least so far as to show that it has consisted
in a subdivision or partition of the different components
of variation actually present.

TABLE 26 ~

Degrees of Sum of Mean £\

F r%edomA Squares, Squ&l’\é.\“.“} Loge
Blocks . . . . 3 12215750 | N
N, . I 308505-125143p8505-125 | 2+8659
P 1 18881+333\ 18881:333 | 1-4601
Q 3 3303208 | 11010-700 | 1+5905
N, 1 7420M67 7420°167 | 1'0021
NQ 3 v2e38-838 | 4012-946 | 0-fgal
QP 2 K 7651250 | 3825:625 | 0-6709
NP 2 \N| ) Gog4-042 302021
NQP . . . 2 3705-6G25 1881812
NOQFP unconfounded o 2869+031 2869031

QF J confounded N 219-010 219010 | ...
Error N\ 40763-646 1509765 | 02060
p 47 447965917

N
3

Next, i;\}lay) be noticed that the confounding
employedyhas involved =z component of treatment
recogn{s?ﬁ)le as an interaction of P with one of the
quahty’comparisons Q, but not identifiable with either
of\the particular aspects which we have thought it

\.jp'roper to recognise respectively as QP and NQP. It

‘thus resembles the components confounded in the experi-
ment with 27 treatments, discussed in Chapter VII.,
and, as in that case, would be a source of inconvenience
if the unconfounded component observed were one of
any importance. The table shows, however, that in-

the present case the component in question is of no
practical interest,
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3. Interpretation of Results

The treatment comparisons in the table have been
arranged to show first those which have had a significant
influence on the yield of grain, next those in which
there may perhaps be an indication of real influence,
but of a magnitude which could only be demonstrated
by more precise experimentation, and finally thosé.
which in the present experiment appear to have exerted
no appreciable effect. By far the largest contribyition
is made by what we have called the principazlnéﬂ;ect of
nitrogen, this 1 degree of freedom contajning indeed
more than two-thirds of the total. The ¥oean square 1s
over 200 times the mean square for)error, Of, since
/200 exceeds 14, we may see at gice that the general
effect of nitrogen in this expepitent is over 14 times
its standard error, and isg:lgefefore determined with
comparatively high precision. The single degree of
freedom for phosphate Has a mean square over twelve
times the average, showing that this effect also is certainly
significant, thoughthe quantitative value of this m-
gredient has bee evaluated only roughly.

The ‘statistital significance of cach contribution to
the total i{’fn}ost easily determined from the last column,
which &hiows the half values of the natural logarithms
of thénean squares. The table of z (Statistical Methods,
Table V1.) shows that, with 27 degrees of freedom for

“\error, the amount by which this entry may exceed that
for error, at a 5 per cent. level of significance, is
7187 for 1 degree of freedom
6oy ,, 2 degrees "
and -5427 » 3 » g
The corresponding values for significance at the 1 per

cent. level are 1-0191, 0-8513 and o-7631. The value
for Q is therefore significant on the higher standard
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(1 per cent) and that for N, at the lower standard
(5 per cent.). We may therefore take the values of
Table 23 to indicate that chloride of ammonia was
really more successful than sulphate of ammonia or
cyanamide in stimulating grain production, with urea
in an intermediate position, and that the second nitro-
genous application was in general less fruitful than the
first. ' O\

The mean squares for NQ and for QP ~sheugh
considerably larger than that for error, do\nGt reach
the £ per cent. level of significance., »Jt * therefore
appears that the suggestion of the figares of Table 23
that chloride of ammonia and ureaare not only more
successful than sulphate of amm@?}lél and cyanamide,
but are disproportionately so ip':a’le double application,
though supported by the )dait«'si, is not demonstrated ;
and that the suggestion oftThble 25 that when sulphate
of ammonia is used superphosphate is morc effective
than with the other nitrogenous fertilisers, must also
be regarded as debbtful. The remaining 6 degrees of
freedom, ascrib\able to manurial treatment, are clearly
insignificant®e such an extent that it would have made
no appregigble difference if their effects had been included
with thgs€ of pure error. This circumstance shows that
the Jprinciple used in the choice of a component for
copfounding was in fact justified by the result. Their

(scparate evaluation serves to show how this can be
) done whenever necessary, and supplies the safeguard

that our positive conclusions are based on an estimate
of error uncontaminated by possible interactions among
the treatments.

This example illustrates the fact that when quanti-
tative and qualitative factors are combined in the same
experiment, the special meaning of their interactions
may well be taken into account in experimental design.
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Especially, when the quantities involved include zero,
some of the treatment COMparisons vanish, leading, on
the one hand, to an increase of the comparisons available
for error, and sometimes also to the partial recovery of
comparisons which would otherwise have been totally
confounded. The reader should consider the effects of
one simple modification of the design used, by supposing
that the component .
(P'_I>(51‘|’52'_.ml"mﬁ‘fl‘l‘ﬂz'“l*“ﬂ s\ ~

were confounded with one pair of blocks,{and the

component RY
(?_I)(fl“sz‘mr{‘mz—l‘-ﬁ“cz_%‘f‘%&z)
with the other. \*\\

54, An Experiment w1§h81 Plots

1n considering the expe;tii*hent with 27 treatments
in Chapter VII., it was;': Kown that these could be
arranged in blocks of .o at the expense of confounding
2 of the degrees oifljfreedom representing triple inter-
actions. It wasidlso shown that when replication can
be carried outdn multiples of 4, the confounding could
be spread gq'uz‘xily over the whole of these 8 degrees of
freedom, §o-that all triple interactions could be recovered
with sotne relative loss of precision, though possibly an
abselite increase. When quantitative and qualitative
f&stors are combined in the same experiment there 18
Jittle point in restricting the effects of confounding to
the triple interactions as defined for the purpose of that
example. Moreover, it is often necessary to se€ what
can be done in experiments of less than 108 plots. The
following design, which was carried out in potatoes at
Rothamsted in 1931, shows a method of utilising 8I
plots so as to gain the principal advantages which the
experiment was intended to secure.
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The factors to be tested were three levels in the
ratio o, 1, 2 of nitrogenous manure in combination with
three similar levels of potassic manures. The potassium
was to be supplied in three qualitatively different
materials, namely, potassium sulphate (s), "potassium
chioride (#), and a material known as potash manure
salts (p), consisting of potassium chloride with a'{arge
admixture of common salt. The plots were difidéd in
9 blocks of g plots each, each block containing)one plot
with every possible combination of the threé levels of
nitrogen with the three levels of pota%l:' The 3 plots
without potash therefore received resfactively o, 1 and
2 doses of nitrogen. The same waS true of the 3 plots
receiving a single potassic d}'\e’sging, and of the 3
plots recetving double potagsie’ dressings ; but in the
case of these we have tg\choose in which form the
potassium shall be supplied. 1In fact, at each level
of potash one plot ‘;ré’c'eived sulphate, one chloride,
and the third potash manure salts. The only
ways in which ¢the blocks can differ consist in the
manner in which the three kinds of potash in cach
level are agsigned to plots receiving o, I or 2 quantities
of nitrogen/ '

Congidering only plots receiving single potassic
dressinigs, we may designate those which receive sulphate
of ‘potash with o, 1 and 2 quantities of nitrogen by

M:fiﬁ, 5; and s,. Then the set of plots at this level within
) any block will have some such formulz as So?Mypg, OF,
if we make the convention that the suffices are to be
taken in their natural order, simply by sm p. If, now,
corresponding to the block or blocks represented by
the formula s p, there are equal numbers of blocks
represented by the formule 7 p s and P s, 1t 1s clear
that the 9 kinds of plots which receive single potassic
dressings will occur in the experiment in equal numbers ;
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and, in fact, that we may assign 3 of our blocks to each
of these formule. We might equally have used the
formulee s p e, pm s andm s p, but our choice is limited
to these two cyclic sets. The same is true of the specifl-
cation of the blocks in respect of the plots within them
which receive a double dressing of potash. The parti-
cular design we shall consider is that formed by cheosing,
one of these cyclic sets for single potash, making a
similar choice for the double potash, and finally deciding
that each of the 3 blocks which have the same férmula
at one level of potash shall have three different formulee
at the other, so that the ¢ blocks are allc assigned to
different sets of treatments, They aresallhlike, in sets
of three, at one level of potash, and.@,ﬁdifferent sets of
three at the other level, like the raWw§and columns of a
3 X 3 square. o\

As in the previous exa}‘m’plé, let us now consider
which comparisons are available for estimation of error,
and which remain for esiiimations of the effects of treat-
ments. Since the thfe treatments without potash are
the same in everylblock, the comparisons among this
group will at once vield 16 degrees of freedom. At the
level of single potash. the three treatments are the same
in sets of\three blocks each, so that each set yields
4 degregs-of freedom for error, or 12 in all. A second
groupof 12 is provided by the level of double potash,
bringing the total for comparisons made between plots

at’the same level of potash up to 4o. We must now
confine ourselves to comparisons in which plots with
the same potassic dressing in the same block are treated
together. Comparing the plots receiving single potash
with those receiving none in the same block, we see that
this comparison is the same in three sets of three blocks
each, giving 6 degrees of freedom, while six more are
obtained by comparing the double potash plots with
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those without potash in the same block.* There are.
thus 52 degrees of freedom ascribable solely to experi-
mental error. Together with 8 for comparisons between
whole blocks, and 20 for comparisons among the 21
different treatments, we have enumerated the whole of
the 8o degrees of freedom in the experiment. Thcre
.could be no more contributions to pure error, unléss
some one or more of the treatment comparisongs had
been totally confounded with block differences. &

We may now consider the manurial camparisons.
There are seven combinations of quantityyand quality
of potash, the six comparisons amongwliich may be
resolved into 2 for quantity K, 2 for quality Q, and the
remaining 2 for interaction of guantity and quality
KQ. The distinction hetween~0 and KQ will be
made by the same conventiod 25 in the last example.
Variation of the quantity3of nitrogen increases the
number of manurial combinhations to 21 and therefore
introduces 14 new comparisons. Of these, 2 ‘represent
the effects of quantityof nitrogen only N, 4 the inter-
actions of qua}r_\;@itétive variations of nitrogen and
potash NK, 4nthe interactions of quantity of nitrogen
with qualityCof potash NQ, and 4 more the triple inter-
action NKQ. All these groups of comparisons, except
those.dé&moted NQ and NKQ, are obviously free from
confoiiding, for they can be made up directly by
comiparisons within blocks. It is only the last 8 degrees

“f freedom which require special consideration. As
often happens, and as the previous examples have
already illustrated, we shall best see what has happened

* The last two sets of six components each are not, however, independent,
since the plots without potash are used in both, The sum of squares for
all twelve is most simply obtained by deducting from the 26 degrees of
freedom among the totals from each block for the 0, I, and 2 levels of potash,
the 2 degrees of freedom for K, the 8 for blocks and the 4 partially confounded
effects of treatment which will be identified later,
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to this group of comparisons by resolving them into
components in a way specially appropriate to the
structure of the experiment.

Since qualitative differences exist only in plots
receiving either single or double potassic dressings,
the eight comparisons, with which we are concerned,
are equivalent to the four representing interactions of;
nitrogen with quality of potash on the plots receiving,
single potassic dressmgs, together with the similar
four on the plots receiving double potassic dressmgs
Let us consider these two parts separately. llISI, as the
three independent comparisons among the ~four nitro-
genous materials of the last example were subdivided
in the same manner as the contrasi§ybetween rows,
columns and letters in a 2X 2 Latin”:ahuare so we shall
now use the analogous property ‘which a 3Xx3 square
possesses. Let the rows of su:::h a square correspond
to the quantities o, 1 and 2, taf ‘nitrogen and the columns
to the three sorts, s, a,naﬁ of potash. Then three of
our blocks have, in resp‘&ct to the single potash dressings,
the formula s p #2.¢ {Fhese we may call blocks of type
A and insert thé\letter A in the three corresponding
cells of the squfare. There will also be blocks with the
formula p m‘s, which we may call type B, and with the
formula \egasp which we may call type C. If these
letters \be' inserted we shall have a 3x3 Latin square
ag\s,hﬂgwn below :—

V Kind of Potash.

Quantity of nitrogen . © Aea CB By
I Cy DBa A
2 B Ay Ca

To the Latin letters in the square, Greek letters
have been added, in such a way that each appears once
in each column, once in each row and once with each
Latin letter. The whole thus constitutes what is known

Q!
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as a Grazco-Latin square. The fact that a Graco-
Latin square is possible shows that the eight independent
comparisons among nine objects can be resolved into
four independent sets of 2 degrees of freedom each,
each pair being the comparison between three sets of
three chosen objects each. These are the two com-
parisons among rows, two among columns, two agiong
Latin letters, and two among Greek letters. Lt'will be
observed that the comparisons among Latin Igbteifs have
been chosen to correspond with the diﬂ'eye'ncés among
the sets of blocks; consequently, thig)"comparisons
among the Greek letters are independént of these block
differences, and, like the comparisogs between rows N
and columns Q, may be made’/by comparing yields
within the same block. By:#dding up the yields of all
plots having treatments of the combinations indicated
by the letters a, 8 and y, e may evaluate two treatment
comparisons which have not been confounded. Two
more are likewise mbtained from the plots with double
potassic dressingsy’ In this way four of the eight com-
parisons represented by NQ and NKQ are isolated.
The 4 remaining degrees have, however, been partially.
confounded.,

THéconfounding of these four remaining comparisons
withtblock differences is incomplete, owing to the fact
"th:at the blocks, which differ in respect of them, agree

~Oin containing other plots treated alike, with which they

may be compared. Thus, in the three blocks of type A,
the plots with single dressings of potash having the
chosen constitutions §,, #; and 2, are situated in the
same blocks with an aggregate of plots receiving no
potash, and with an aggregate receiving double potash,
both of which are the same as the aggregates which
occur in the three blocks of type B, and in the three
blocks of type C. We may therefore compare the total
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yield from the treatments s,, p; and s, with the totals
from the other sets of treatments p,, »; and s, and

TABLE 27

Arvangement and Yields of a Complex Experiment
(spmhy (smph
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g, 5y and py, by subtracting in each block the sum of
the yields from plots without potash, and with double
potash, from twice the yield of the plots with single
potash, and adding together the results from blocks in
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which the plots with single potash have been treated
alike. The manurial comparisons so made clearly
represent two of those which have been confounded with
blocks, but which can be made, in the manner explained
above, by means of comparisons wholly within blocks,
with a satisfactory precision. The sum of the squares
of the coefficients of the e¢xpression \
byt R\,
is 6, and to this total the coefficient of £, gonfributes 4.
Consequently, the comparlson so mad@ among the
different sets of plots receiving singl& potash has two-
thirds of the precision of the other ¢omparisons of the
experiment, and so, perhaps, ahigher precision than
they would have had, evern\if unconfounded, in an
experiment with 27 plots tQ. each block.

The student may famlharlse himself with the process
of analysis described abmre by applymg it to the yields
of tubers in quarter -lbs. shown in Table 27 of the
arrangement of e treatments in different plots.

The upper\a\nd lower figures represent yields with
and w1th0u.t' \phosphate, which was applied as an addi-
tional méntire to half, chosen at random, of each plot.
The sufis of these yields may therefore be analysed as
expi}nned above, but their differences, representing the
e‘ffects of the phosphatic manure, and its interactions,

m‘ Jare already freed from all block effects, and will have
" their own standard error estimated directly from the dis-
crepancies between these differences in plots treated
alike.
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IX
THE INCREASE OF PRECISION BY . CON-

COMITANT MEASUREMENTS, STATISTICAL
CONTROL N

N

55, Occasions suifable for Concomitant Me'ésurements

In the preceding chapters we have \been principally
concerned with the means whereby experimental pre-
cision may be increased through the knowledge that
groups of material may be selécted, the parts of which
are more homogeneous thah)are the different groups.
We have been using such, facts as that animals more

~ nearly related by blop;}'iaire generally more alike than

animals less nearly felated, that men of the same race
or district are likgly to be more similar than men of
different races,iflf}at plots of land resemble one another”
more nearly\k\l fertility the closer together they lie; or
that apparatus supplied by the same manufacturer will
generally e more nearly comparable than the makes
supplied by different firms. It has been shown that
“great increases in precision are possible by utilising

Athese and analogous facts, even when the amount of
' material which is closely homogeneous with any chosen

unit is extremely limited, provided that within this
limitation we may assign the treatments to be tested
at will so as to build up a comprehensive experiment.
There is a second means by which precision may,
in appropriate cases, be much increased by the elimina-
tion of causes of variation which cannot be controlled,
which has the advantage of being applicable when we

cannot exercise a free choice in the distribution of the

158
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treatments. For example, in a feeding experiment
with animals, where we are concerned to measure their
response to a number of different rations or diets, we
may often be able to ensure that the animals entering
on the treatments to be tested shall be of the same age,
and often, also, that they shall be closely related, or of
the same parentage. But such groups of closely related
animals as are available will not, at the same age, have,
attained exactly to the same size, as measured by
weight, or in any other appropriate manner.(n':I.f' we
decide that they shall enter the experiment ai’the same-
age, it may well be that the differences in iittial weight
constitute an uncontrolled cause of v@‘jation among
the responses to treatment, which wilgéén'sibly diminish
the precision of the comparisonsy\(}f the animals are
assigned at random to the different treatments, either
absolutely or subject to restzgi€tions of the kinds which
have been discussed, thedifferences in initial weight
will not, of course, vitiate the tests of significance, for,
‘though they may contribute to the error of our com-
parisons, they will\thén also contribute in due measure
to the estimates(Of error by which the significance of
these comparispns are to be judged. They may, how-
-ever, congr{iﬁ{e an element of error which it is desirable,
and posdible, to eliminate. The possibility arises from
the fadthat, without being equalised, these differences
of., jfﬁfial weight may none the less be measured. Their
effects upon our final results may approximately be
estimated, and the results adjusted in accordance with
the estimated effects, so as to afford a final precision,
in many cases, almost as great as though complete
equalisation had been possible.

Similar situations frequently arise in other fields
of work. In agricultural experiments involving the
yield following different kinds of treatments, it may
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be apparent that the yields of the different plots have
been much disturbed by variations in the number of
plants which have established themselves. If we are
satisfied that this variation in plant number is not itself
an effect of the treatments being investigated, or if we
are willing to confine our investigation to the effects on
yield, excluding such as flow directly or indirectly ffom
effects brought about by variations in plant aumber,
then it will appear desirable to introduce~int6 our
comparisons a correction which makes al}gﬁvance, at
least approximately, for the variations imyield directly
due to variation in plant number itselfs In introducing
such a correction it is important toumtake sure that our
procedure shall not in any wa =’1h}ifalidate the test of
significance to be applied ¢\ the comparisons, and
thought will often be requiréd to assure ourselves that
the effects eliminated slza:ﬂﬁfeally be only those which
are irrelevant to the ajmof the experiment.

Again, let us suppose that a number of remedial
treatments are tg.Re tested on an orchard or plantation,
the trees of whick show in varying measure the effects
of disease. It rhight be possible to grade the individual
plants psiét o the application of the treatments, and
to appiy-the treatments to equal numbers of plants
showiny” each grade of injury. But this would not
al®ays be possible, especially if it is not to individual

~plants but to small plots, each containing several plants,

that the remedial measures must be applied. Such a
procedure would also, in any case, necessarily sacrifice
the advantage of propinquity of the areas which it is
desired to compare, To meet this difficulty it is open
to us to apply the different treatments to plots random-
ised and adequately replicated, but chosen without
regard to the initial grade of injury of the plants they
contain. The grades of injury of these plants may,
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however, be recorded both initially and finally, when
the treatments may be supposed to have exerted such
effects as they are capable of, and the comparison of the
final condition of the plots which have received different
treatments may be adjusted to take account of the
degrees of injury initially shown by these same plots.
With perennial plantations the same principle may
very advantageously be applied to studies of the effects
of manuring, pruning, and other variable treatment§,)
on the yield. Yield in such cases is evidently nftich
influenced, not only by variations in soil fertility,*but
also by the individual capacities of differqniplant_s,
which, whether hereditary or not, persist:ftom year to
year. Records of the yield of individualrubber trees,
or of small areas of tea-plantation, t@s\show large and
relatively permanent differences. Ifsuch cases records
of yield for a preliminary perigd inder uniform treat-
ment provide a most valuablelguide in interpreting the
records after the treatmgrif;s’ have been wvaried. It
would in these cases bepossible to choose areas for the
different treatments such that their previous record was
approximately egialised. But to do so is usually
troublesome, inekact, and unnecessary, Moreover, as
the plots so chdsén cannot also be arranged in compact
blocks, oxj.‘jﬁ"other advantageous arrangements, such
as the Lagin square, the loss of precision due to sacrificing
this ad%rantage is often considerable. It is now usual,
thefefore, to arrange the plots in some way which is
topographically advantageous, irrespective of their
previous records, and to utilise the information supplied
by these as an adjustment or correction to the sub-
sequent yields measured under varying treatments.
It may be noted, however, that with annual agricultural
crops, knowledge of the yields of the experimental area

in a previous year under uniform treatment has not
: L
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been found sufficiently to increase the precision to
warrant the adoption of such uniformity trials as a
preliminary to projected experiments. Such & pro-
cedure necessarily nearly doubles the experimental
labour, and as it is not found to double the amount of
information supplied by the experiment but to increase
it, perhaps by so per cent., it is clearly unprofitable.
For, by the application of twice the expenditure in
time and money in the experimental vear, thel athount
of information recovered may with confidence be
expected to be approximately doubled. Consequently,
on grounds of precision alone, such pfeliminary trials
with annual crops are not to be résommended. The
fact that they entail at least a years.delay in the experi-
mental results adds to the force.§fthis conclusion.

In many cases it may b&,possible to take two or
more concomitant measurements, each of which severally
may be expected, whentproper allowance is made for
it, to increase the pr«ér;:ision of the comparisons to be
made, and which4f used jointly, may increase them
stll further. THus, if groups of school children be
supplied, in gtaﬁ‘ition to their home diet, with a ration
of milk, either raw or pasteurised, children in the same
school ndy” be assigned properly at random to the
groups, téceiving these different additions to their diet.
Wﬁ:el%large numbers of subjects the age distributions
ofithe two groups may be very nearly equalised, but

N

(with the smaller numbers attending a particular school

such equalisation of age will necessarily be somewhat
inexact, and, apart from age, it is certain that the two
groups of children will differ somewhat in the initial
height and weight. The variations in these initial
values, moreover, may all be suspected of having,
possibly, an appreciable influence on the apparent
response to the nutrients as measured by increments
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in height or weight. The most thorough procedure for
such a case would be to eliminate, or make allowance
for, all these three variables jointly; and, though it
might not in fact be necessary to take account of more
than two, or of even one of them, we could only assure
ourselves that such a simpler procedure was in reality
effective by examining the effects of making allowance
for all three jointly. ' .
(\A
56. Arbitrary Corrections O

In the examples cutlined above, in which an{observ-
able but uncontrolled concomitant might reasénably be
expected, if proper account can be taken of it, to add
to the precision of the results, it is,still a common
practice to introduce corrections atkived at @ priors,
without reference to what the data themselves have
to tell of the amount of the cetrections to be applied.
Thus in a feeding experimedtiwith animals it might be
thought proper to take acepunt of the variation in their
initial weights by calenlating the responses of different
individuals, not by,€heir absolute increases in weight,
but by their in‘crggse relative to their initial weight, or
as percentage dnereases. Equally, in allowing for the
effect of var,'\ai:i\on in plant number upon an agricultural
yield it_is\possible, and has sometimes been thought
approprﬁfé, to calculate the yield per plant in place
of théyield per unit area, as the measure of the efficacy
gfft:j:}}e treatments to be compared. In judging of the
effécts of treatments on the grade of visible damage
caused by disease it might be thought sufficient to
compare the differences between the average grades of
the different plants receiving any treatment, before and
after that treatment has been applied, in order to allow
for the fact that the areas differently treated, though
assigned properly at random, were not initially in exactly
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the same condition. When allowing for the differences
between different plots observed in a preliminary trial
of a plantation, either the proportional system, or that
dependent on simple differences, might equally be
advocated, and would, perhaps, not give greatly
different results.

Such methods of discounting @ priors the effetts of
concomitant variates, so utilising them to increase the
precision of experimental comparisons, should“hot be
rejected as invalid, even though we may kntw that the
suppositions on which they are based arelexperimentally
untrue. The experimenter, for examf)fe, has a perfect
right to measure the efficiency of diffefent feeding stuffs,
either by the average percentagévincrease of different
animals, or by the averagesabsolute increase, as he
pleases, and, with a propefly “designed experiment, he
will ascertain whether thé materials tested do or do not

_give significantly differéht results as measured in these
alternative ways. He has this right, none the less, even
if experiments With a2 uniform feeding mixture, and
animals of vi(yihg'initia.l weight, have shown that the
Increments NNt weight during the experiment period
neither ageindependent of initial weight nor are pro-
portional’ to it. What such experiments would make

clearyis that, for the purpose of detecting differences
b'&éen the feeding stuffs tested, with the greatest

~possible precision in relation to the size of the trial,
v~ neither method of measuring weight increase is ideal,

and that both are capable of some improvement. If,
for example, in experiments in the course of which the
average weight of the animals had doubled, it was
found that an initial difference in weight of 1 1b. was
followed at the end of the experiment by a difference
on the average of 14 Ibs., it is obvious that an allowance
on this scale would be preferable, for.the purpose of
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comparing different feeding stuffs, either to an allow-
ance of a pound for a pound, as is the effect of taking
simple weight increases without regard to the initial
weight, or to an allowance of 2 1bs. for 1 Ib., which would
be approximately the effect of judging the experimental
results by the proportional increases in weight.
Preliminary investigations of the correct allowancgé ™
to make for concomitant variates are usually wantihg,
and are, fortunately, not a practical necessity, for the
results of a replicated experiment may themsejves be
used to supply what is wanted, Let us suppose that
five feeding stuffs are to be tested, each™on ten pigs,
the animals being assigned to the dlfferent rations
entirely at random. The avera Aritial weights of
the groups assigned to the dlﬂ'erg\t feeding stuffs will
therefore vary somewhat by chance though this varia-
tion will not be so great as: She variation between the
initial weights of the dlﬂ"erent animals receiving the same
feeding stuff. The asmgnment being at random in
fact gives an assyraice that the average differences
between the différent lots of ten shall be smaller than
the individualdifferences in the ratio 1: /10 or, in
fact, shoulds bé ‘rather less than one-third as great. A
direct comparlson within the groups receiving the same
mixtufelof the extent to which greater initial weight is
fOlles?ed_ by greater final weight, will, therefore, gener-
ally ‘supply an estimate of the true allowance to be
{niade of amply sufficient accuracy for the small adjust-
ments which are to be based upon it. Moreover, such
an aflowance based on the very same data to which
it is to be applied, is generally preferable to one based
on other experlments even if these are much more
extensive, since it is certain that the conditions in which
different experiments are made vary greatly, and-in
many unknown and uncontrolled ways. We have no
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assurance that the allowance appropriate to one set of
conditions or to one type of material shall still be even
approximately appropriate when the conditions and
the material are varied. Consequently, even if the
appropriate allowance for each concomitant variable
had been previously ascertained by sufficiently extensive
experimentation, it would still be advantageous }ely,
in each particular case, on the internal evidencs, of the
experiment in question. It may also be nated that by
doing so the experiment conserves its propefty of being
self-contained, and, therefore, ade uate” to supply
genuinely independent testimony on ¥y point in dispute,
and that such complete independshce is attenuated, if
not lost, if extraneous data areo\iﬁ}rbduced in the process

of its interpretation. V)

Q"

57. Calculatiofi“of the Adjustment

The process ofsélailéulating the average apparent
effect on the expexinental value of the increase of one
unit of the coplomitant measurement is, in principle,
extremely six{ii)'le. Statistically, such values fall into
the class of what are known as “ regression coefficients,”
and the¥ariety of methods, appropriate to calculating
such defressions, forms an extensive subject, which is
tra{fé& more fully in the author’s book, Stetistical
,@z‘ﬁods Jor Research Workers. To illustrate the

N ﬁrinciple used, the detailed working for a simple case

will be given here, from which the reader who is un-
familiar with regressions will be able to see exactly
what the calculation amounts to, though a fuller study
would be needed to recognise how the operations should
best be carried out in particular cases. We will suppose
that five feeding mixtures are being tested in respect
to the live weight increase produced by them, between
fixed limits of age, on groups of ten pigs, assigned at
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random to each of the five mixtures. If no account
whatever were to be taken of the initial weight (%), we
might deal with the final weights () as follows :—The
ten final weights for each treatment are added to give
totals corresponding to each treatment (A, B, C, D, E),
and divided by 1o to give the corresponding mean
values (@, 4, ¢, 4, ¢). To judge of the significance ©f
the differences between these totals, or between these
means, we must make an estimate of the magnitade
of the variations due to uncontrolled causes, \including
initial weight, and this we may do by examiing the
variation in final weight among pigs fed\with the same
mixture. Bach set of ten pigs treated\alike will supply
g degrees of freedom for this purpos}', or 45 degrees of
freedom 1n all, for the estimatiorof error. The sum of
squares, corresponding to each. degrees of freedom, is
found by squaring the tes‘final weights, adding the
squares and deducting Aw, the product of the total and
mean weight for the tfeatment concerned. The sum of
squares corresponidilﬁg to the 4 degrees of freedom for
variance amorigl ‘treatments is likewise obtained by
adding together the products of means and totals for
the several@reatments, and deducting the product of
the grqgj&tbtal and the general mean, 7.¢. by

_ § Ag+Bb+Cet+Dd+Ee—Mme;

T,

m:\’&'}'{ere M stands for the grand total, and » for the
“Jgeneral mean. The analysis of variance is thus of the
simple form :—

TABLE 28

Degrees of
Freedom.
Treatments . . . 4

Error . . . . .45

Total . . 49
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Obviously, an exactly similar analysis can be made
of the initial weights (x), though this is of no direct
experimental interest. To do so is, however, the first
step to take in utilising the values » in order to adjust
the final weights () in making a closer comparison
of the responses to different feeding mixtures. The
next step is to make a third table of the same ¥ind,
utilising now, at each stage, instead of squarés, the
products of the numbers x and y. Thus, for\each set
of 9 degrees of freedom recognised as er:'rf)r,’ we take
the product of the initial and final weight/df each indivi-
dual pig, add the products for the ten pigs treated alike, -
and deduct the product of the initialNotal and the final
mean, or, what comes to the sapi@ thing, of the initial
mean and the final total. JWa"thus have a sum of
products for the 45 degrees of\freedom ascribed to error,
comparable in every respect with the sum of squares
belonging to the same degrees of freedom for the initial
weights, or for the fnal weights. Equally, for the
4 degrees of freedom ascribed to treatments we may
find the appregriate sum of products by multiplying
the initial tgtal weight for any treatment by the final
mean weight, adding the five products so obtained and
deducting-the initial total weight of all the pigs, multi-
plie%?‘}? their final mean weight.

The three corresponding tables derived from the
squares of the final weights, the squares of the initial
weights and the products of the two series, contain all
that is needed for the adjustment of the final weight,
and for the further study of the adjusted values, In
particular, the appropriate adjustment to be subtracted
from each final weight to allow for each additional
pound in initial weight, as judged from the internal
evidence of the experiment, by a comparison among
pigs treated alike, is found simply by dividing the error
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term of the sum of products by the corresponding term
in the sum of squares of initial weights.

This procedure is of quite general application. If,
for example, the experiment had been of a more intricate
design we might have chosen sets of five pigs each,
from ten different litters, and assigned one pig of each
litter to each treatment, so that the treatments should
be tried on animals of more nearly equal genetic cotﬂ-}
stitution than if a lot of fifty had been distributed wholly
at random. The analysis would then have taken the

form '\;
TABLE 29 ')
Degrees'of
Free\flem.
Litters . . Do
Treatments . . . .\ 4
Error . . . N 36
Total . .,":;. . 49

The differences between htters being thus eliminated
from the experiment, koth in the effects of treatment-
and in the estlmatlomo}‘error, we should in consequence
derive the adjusmﬁsﬁ‘t by dividing the error component
of the sum of, products by the corresponding com-
ponent in the strm. of squares in initial weights, because
it is now.Gly the relation between initial and final
weight Q‘nong pigs of the same litter that is wanted in
ad_]ustmg the results. We may, therefore, in all cases
ohta:‘n the empirical adjustment, indicated by the
ﬁﬂrtzcular results of the experiment, by dividing the
error component of the sum of products by that of the
sum of squares of the concomitant observation.

In cases in which it is desired to make allowance
simultaneously for two or more concomitant measure-
ments, separate analyses in the same form should be
made for each of these, and for the sum of products
of each with the dependent variate to be adjusted, and
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with each other. The error terms of these tables will
then provide a system of two or more linear equations
in accordance with the general procedure of partial
regression, the solutions of which represent the average
effects of unit changes in the several independent
variates. The principle of the adjustment is thus
exactly the same whether we have to do with one.con-
comitant variate or with many, and the use oftwo or
more such concomitants involves no unmanageable
increase in the labour of computation, {Bhe limiting
factor in the utility of concomitant gbservations lies
rather in the labour of additional n¥€asurements, which
may not, even when the best paessible use is made of
them, lead to so great an increase in precision as could
be obtained by increasing thesize of the experiment on
a simpler plan, or, in othet\ways, by the expenditure of
an equivalent amount oftime and attention. In cases,
however, as with th&Vinitial weights of experimental
animals, where the(tneasurement to be used as a concom-
itant is one Whid}\would not in any case be omitted, the
precision Whic\:h\ can be gained by a direct evaluation of
their actual'effects is entirely profitable to the experiment.
AS
PRI 58. The Test of Significance
\"\\Wé have now to evaluate this gain in precision so

that the significance of the responses to different treat-
(Uments may be tested after adjustment, Since the

adjustment has been obtained from the error term we
may regard 1 of the degrees of freedom ascribed to
error as having been utilised in evaluating it. Suppos-
ing, that is, that only one concomitant variate has been
used, and therefore only one coefficient has been
evaluated. In general, the number of degrees of freedom
utilised is equal to the number of concomitant variates.
After allowing, therefore, for the initial weights of the
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animals in our experiment there will remain only
44 degrees of freedom for the estimation of error if the
animals have been assigned wholly at random, and only
35 degrees of freedom if they have been assigned at
random within the litters. The deduction to be made
from the sum of squares ascribed to error in the analysis
of the final welghts due to the removal of this 1 degree
of freedom, is easily calculated. It consists of ghey
square of the error component in the analysig)of
covariance, divided by the error component(of the
analysis of variance of the initial weightsl® After
deducting this portion the sum of square§\ascribed to
error may be divided by the degrees of freedom, to
obtain the mean square appropriate’’to testing the
significance of differences among\the adjusted final
weights, This use is entirely appropriate only if, as
should be the case in a properly tandomised experiment,
the differences among thetmean initial weights of the
different groups of animals are small compared with
the differences amongst t'animals of the same group from
which the ad;ustmén\t has been evaluated. If this were
not so, the ad_;usted values would in some measure be
also affected By-the errors of estimation of the value of
the adjust.mﬁlt applied. It is therefore a useful
resource\o apply a test of significance to the adjusted
Values,,or any component of them of special interest,
Whrch ‘shall take full account of the inexactitude of our
Sstimate. We may illustrate the procedure for the case
in which sets of five pigs from ten different litters have
been assigned at random to the five feeding mixtures.
In this case 9 degrees of freedom representing
differences between litters have been eliminated from
the experimental comparisons, and from the estimate
of error., With these we are no longer concerned. The
sum of squares corresponding to the 35 degrees of
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freedom for the estimation of error, after adjustment,
has been evaluated by means of deducting the square
of a term from the analyses of covariance, divided by
the corresponding term in the analysis of variance of
the initial yields. The same process is now applied
using the sum of the components for treatment and
error from the same tables, This gives us the sa¢h of
squares corresponding to 39 degrees of freeddfn; for
1 has been deducted from the 4o originally @yailable.
Subtracting now the portion obtained for\error, the
difference represents the 4 degrees of freeddm ascribable
to treatments, after exact allowance hé% been made for

 the sampling error of the coefficient, used in their adjust-

ment. The sum of squares for the§é degrees of freedom
may therefore be compared with)that for the 35 degrees
of {reedom due to error, as i an ordinary analysis of
variance, in which no ;;E;ﬁéomitant variate has been
eliminated. The sumf*squares ascribed to treatment
by this method willbe found to be somewhat less than
the correspondings value derived from the adjusted
means and totdls; althdugh these adjusted values are
the best available from the experiment, only because
a calculable’ portion of the variance among them is
ascribable”to the sampling error of the estimated rate
of a‘i\»ﬁ:u.\irance, which portion it is proper to remove in
making an exact test of the significance of the variation

¢observed. In cases where the concomitant variation

W

has not been properly randomised, the omission of this
precaution may lead to serious errors, but in such cases
the possibility of testing significance accurately is

- always questionable.

58-1. Missing Values

It sometimes happens, in an experiment in which
some cause of disturbance has been carefully equalised,
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as are the rows and columns in a Latin square, that,
by some unforeseen accident, one.of the experimental
values is missing. This may happen through the death
of an individual, injury to a portion of a growing crop,
a gross error in recording, or to any such cause. With-
out the missing value equalisation is no longer complete,
and it is sometimes thought that the whole experiment{
has been wasted. Indeed, the possibility of sueh
mishaps has been held to be a reason for avoidipg all
experiments having intricate or complex s;rgc‘tures.
The technique applicable to concomitant observations
does not, however, rest upon any assumption of equal-
isation, and may be used to recover the ‘information
available in the values that remain. ,/Fle experiment so
repaired will not, of course, be sgﬁg}xfd as if it had not
been injured; but there is no, feason to suppose that
the loss of information suffere@will be disproportionate
to the value of the experigient as a whole.

Instead of estimating® an adjustment based on a
regression coefficient, (it is convenient to estimate the
missing value itse{f\i“’The principle employed is simply
to insert an algehraic symbol () for the missing value.
The ordinarydprocess of analysis of variance will then
yield not sholly numerical expressions for the sums of
square’s\:'Bﬁt algebraic expressions quadratic in . If,
for e:;}a.mple, the sum of squares for error is

O A—2Bx+Ca?
Sthis will be minimised for the value,
.

which is the required estimate of the missing observatim:l.
For this value of #, the sum of squares ascribable to error 1s
B2

A=T

which corresponds to a number of degrees of freedom
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one less than would have been available had no value
been missing.

It will be noticed that the coefficients of 22 in the
different lines of the analysis are all positive, and corre-
spond with the analysis of variance of the concomitant
observation, while the coefficients of —2x correspond
with the analysis of covariance. As in the ca&d of
concomitant measurements, where allowance’{}mst be
made for the sampling error of the regressiongtheTesults
of inserting the estimated value are not sd:‘é:ccurate as
if that value had actually been observed?f nevertheless,
an unbiased test of significance may.b}\made by mini-
mising the sum of squares for theNbtotal of errors and
treatments, and from this miniiiséd value subtracting
the minimised value for errop\Gnly. .

The reader is advised %o practise this procedure,
using such an example qs:that shown in Table g, omitting
any one of the 36 values there given. If more than one
value is omitted, thére will be two or more unknowns,
and the process.8f minimising the sum of squares will
yield as mangiequations, analogous to the simultaneous
equations if\partial regression.

It isyifibtructive also to follow through algebraically
the pracess given above, ¢.g. to show that when a single
valugis missing from a 6 X6 Latin square,

N ¥@) the reconstructed value is

&

516 (6R'-+6C"4-6T" —2M)

when R’, C’ and T’ are the incomplete totals for row,
column and treatment from which the observation was
mussing, and M is the incomplete total of all observations.

(6) The sum of squares ascribable to treatments in
testing' significance is ' '

I T I ' ' '
g (T-=Tyr+ o0 GT'+R'+C'—M)?
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where T stands for the total of any of the completely
observed treatments, and T for the mean of these totals.
Evidently, the value lost has not affected the precision
of comparisons among these treatments, representing
4 degrees of freedom. The second term gives the com-
parison of the incompletely recorded treatment with
the mean of the other five. '

59.. Practical Examples

%

A ¢
2N

N

N/

In Table 29-1 the pairs of numbers are the initial
and final weights (after 12 weeks) of fours E}bups of
Northumbrian sheep, treated respectiv ely With"A nothing,
B phenothiazine, C minerals and D both*phenothiazine

.

Initial and Final Weights in lbs. W Exﬁerxmmml Sheep

TABLE 291

S

(W. Lyle Stewi’s daia)

\s

G ;
W

Ry

’o

A B. ™ C.

57, 94 ) 80 45, 70 38 79

54, 84 \iﬁ 55, 90 | 59, Tao

43, 81y 62 49, 6o 45, 72

58, 8 40, 79 37, 58 44, 77

44, 7507 | 49, 79 49, 8z 47, 75

,\67 50, 79 52, 61 52, 9§

/78 44, 86 43, 79 37, 66

¢\?4, 71 | 44, 70 | 63 82 | 49, 90

54, 8o 44, 75 56, 90 38, 83

S8 47, 63 | 42, 79 | 28, 39 | 33, 59
A7 s, 90 | 43, 68 | 44, 69 | 65, 106
9 - 52, 86 | 43, 80 | 49, 9o | 35 61
47, 79 42, 77 47, 79 | 41, 79

' 56, 7o | 44, 74 | 45, 74 | 43, 73
44, 74 54, 84 40, 7jo 41, 74

fo, 82 43, 77 40, 62 41, 85

34, .56 46, 7o 39, 71 47, 83

30, 49 31, 67 35, 62 51, oI

31, 28 41, 70 48, B4 48, 84

32, &8 i 31, 66

018, 1456 | 824, 1424 864, 1450 | 885, 1600
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and minerals., Analyse the variance and covariance of
initial and final weights, within and between groups,
and compare the average final weights after allowance
for variations in initial weight.

Table 30 shows the arrangement of an experiment,
carried out in sugar-beet, at Good Easter, Chelmsford,
in 1932, by the National Institute of Agriculuiral
Botany. Three varieties, @, & and ¢, are tested{n’com-
bination with eight manurial mixtures, r€§pectively
containing and lacking sulphate of ammértia, at the
rate of 06 cwt. of mitrogen per acre,‘Superphosphate
at the rate of o-5 cwt. P,O; per agt€) and chloride of
potash at the rate of o-75 cwt. KO per acre. The
twenty-four combinations of the>three varieties with
the eight manurings are arranged in four randemised
blocks in the order shown. \I1 each plot the first number
is the number of plants’ Jrﬁ:ed while the second 1is the
weight in pounds of wa,shed TOOtS.

In carrying out\the analysis it should be observed
that the varietiessshow significant differences in plant
number, so thgbt the yields in root weight adjusted for
plant numbsr will not necessarily represent varietal
differences“in yield under any uniform system of field
treatme\nt but should represent yield differences for
eq I»pla.nt establishment.

\ hen variation in plant number is not Iarge a

~ \propornonal allowance, based on a simple regression

V

coefficient, is often entirely adequate. Theoretically,
however, we should not expect the relationship between
yield and plant number to be represented by a straight
line over a wide range, but rather by a curve, having
a maximum within or outside the range of the observa-
tions. To deal with curved regression, when it seems
to be advantageous, it is only necessary to introduce
not only the plant number but its square also as a second



TABLE 30

Arvangement, Plant Number and Yield, of Combined Manurial
and Varictal Experiment with Sugar-beet

(Rothamsted Experimental Station Report, 1932)

b

I, I1. 111, Iv.
end 103,112 | drp 142,150 | anpk 107,139 | ap 109,162
on 121,118 | anpk 147,155 | & 114,127 | 6pk 143,139
ank 134,112 | ¢ 138,132 | ¢ 119,123 | c& 129,15}. N
b 156,117 | cn 141,152 | ¢# 127,120 | anph 14'8,'5:@2
ot 131,152 | cpk 126,115 | bnp 133,118 | Bx "'41"5‘{},174
_cpé 129,140 | ap 134,175 | en 127,149 bﬂ'“}\\ 120,143
| &p 123,118 | dud 142,144 | arn 127,16055 'a)é 143,188
Mp/él 146,144 | &5 138,150 | anp 1‘1.9,?5“7\ dnp 138,157
& 145,133 | Dk 145,132 | 67 ::146,166 @ 127,158
an 130,184 | énp 144,575 éxﬁﬁ'“ 138,155 | ¢p% 142,i52
bnp 140,168 | apk 133,1”58:7 139,138 | enp 143,773
ok 126,143 { ank §5(§,393 bk 129,130 | anp 132,193
b 152,140 | & . \\;7,130 . enpr 120,173 | 64 147,147
bk 136,143 ;,—(5~ 139,142__mé 107,147 _cp 124,138
b 124,563\' 519 138,10;. bnk 133,142 | ¢n 127,165
& ‘\I«Q;r\({zo cnpk 125,160 - ak 130,141 | ank 138,151
€ ..\~.’,"’:13,122 ak .161,1.84_ ek 118,142 | dnpk 140,153
ch_;ié 120,162 | an 134,178 | @ 134,142 | & 127,128 |
| anpk 120,175 | @ 133,102 | 6p 125,124 | an 139,199
apk . 126,140 | bupk 135,100 &bk 125,132 | enpk 137,185
angp 132,190 .cm’z 128,152 | ¢enf 102,152 | apt 132,160
ap 115,173 | & 152,137 | &% 107,121 | ¢ 127,140 i
ck o1,107 | ¢ 149,17F | apk 106,148 | énk 148,150 !1
bpk 137,127 | anp 104,166 | ank 101,171 | enk 110,130 ‘l
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concomitant observation, and to treat these exactly as
though they were two independent variables, The
fact that one of these may be calculated from the other
does not in any respect interfere with their use in this
way, and, of course, in special cases, the same principle
may be used to introduce more complicated curyes.
Sound judgment as to the probable value of'<§uth
elaborations, in comparison with the work véguired,
can only be gained by trying them on bodies of actual
observations, such as those shown in the ta\bilg_.

‘&

e\
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THE GENERALISATION OF NULL HYPOTHESES.
FIDUCIAL PROBABILITY

60. Precision regarded as Amount of Information )

N\

Tuc foregoing Chapters, I11. to IX., have been devoted
to cases to which the theory of errors is a,pp.foﬁi'iate;
that is to say, to cases in which the experimental result
sought is found by testing the significdnce of the
deviations shown by the observati@;ﬁ; from a null
hypothesis of a particular kind. Lﬁ}tl:{is kind of hypo-
thesis all discrepancies classifiéd> as error, and not
eliminated from our compgrf:ééns by equalisation or
regression, are due to vari&tibﬁi in the material examined,
following the normal law™of errors with a definite and
constant, but unknowd, wariance.

Granting the s\épr’opriateness of null hypotheses of
this kind, our ptigpose has been 1o diminish the magni-
tude of the éxfét components in the comparisons, and a
number of/devices have been iltustrated by which this
can bedohe, while at the same time the requirement
can he'satisfied that the experiment shall supply a valid
qsgtiﬁia};e of the magnitude of the residual errors, by
Sghich the comparisons are still affected. In general,
it has been seen that, with repeated experimentation on
like material, the variance ascribable to error falls off
inversely to the number of replications, so that in
measuring the effectiveness of methods of reducing the
error, an appropriate scale is provided by the inverse
of the variance, or the énvariance, as it is sometimes
called, of the averages determined by the experiment.

179
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If, therefore, any such average 1s determined with
a sampling variance V, we may define a quantity I
such that I = 1/V, and I will measure the quantity
of information supplied by the experiment in respect
of the particular value to which the variance refers.
Information, of course, like other quantities, may be
measured in units of different sizes, according té the
subject under discussion. Thus, with agricultural yields
it is convenient to consider an experiment @iving a
standard error of 1o per cent. as supplying~erie unit of
information.  One giving a standard  @ror of only
5 per cent. will, therefore, supplyMour units. - An
experiment with a standard error Of* 2 per cent. will
yield twenty-five, and one with‘@ standard error of
I per cent. will yield a hundied of such units. The
amount of information is thus measurable on a scale
inverse to the variance, of'mverse to the square of the
standard error. R\

One immediate sconsequence of this method of
evaluation is thas\when an experimental programme
is enlarged by%§imple repetition on like material, the
amount of information gained is proportional to the
labour andlexpense incurred. Consequently, we may
ascertaj{.l’;}the cost, per unit of information gained, of
any type of experimentation of which we have adequate
experience ; or, if we wish, using the data from any
sifigle large experiment. The cost of attaining any
desired level of precision, or of gaining any desired
amount of information by the same method is thus
easily calculable. What is more important, the relative
costliness of different methods of experimentation may
be directly compared, and the saving effected by
improved methods of design, or by the use of con-
comitant observations, may be given an entirely objective
and tangible value.
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In such calculations it is important that the items
of labour and skilled supervision chargeable to a parti-
cular method of experimentation shall be fairly and
carefully recorded and calculated. For any time and
labour devoted to experimental work must be regarded
as having been diverted from other work of scientific
value, to which they might otherwise have been given.
Even rough costings of this kind will usually show that

the efficiency with which limited resources can e

applied is capable of relatively enormous increases-by
careful planning of the experimental programine, and
there is nothing in the nature of scientific_weork ‘which
requires that the allocation of the resourdedto the ends
aimed at should be in any degree mougher, or less
scrupulous, than in the case of a coinmercial business.
The waste of scientific resources iz Tutile experimenta-
tion has, in the past, been jdimense in many fields.
One important cause at least of this waste has been a
failure to utilise past .eXperience in evaluating the
precision attainable bjian experiment of given magni-
tude, and in planfing to work on a scale sufficient to
give a practicallp\useful result.

A serious.&onsequence of the neglect to make
systematically” estimates of she efficiency of different
methodxo‘f‘ experimentation is the danger that satis-
factory thethods, or methods which with further improve-
r}leni"é,re capable of becoming satisfactory, may be
Gverlooked, or discarded, in favour of others enjoying a
temporary popularity. Fashions in scientific research
are subject to rapid changes. Any brilliant achievement,
on which attention is temporarily focused, may give a
prestige to the method employed, or to some part of it,
even in applications to which it has no special appro-
priateness. The teaching given in universities to future
research workers is often particularly unbalanced in

N\
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this respect, possibly because the university teacher
cannot give his whole time to the study of the practical
aspects of research problems, possibly because he un-
wittingly emphasises the importance of the particular
procedures with which he is best acquainted.

61. Multiplicity of Tests of the same Hypothesj§™

The concept of quantity of information is applicable
to types of experimentation and of observafiphal pro-
grammes other than those for which the theory of errors
supplies the appropriate null hypothesés)” Before con-
sidering these, as will be done in theéd® lowing chapter,
it is advisable to consider a somewhat more elaborate
logical situation than that intedduced in Chapter II.
It was there pointed out that,Un order to be used as a
null hypothesis, a hypothesis tust specify the frequencies
with which the different, #esults of our experiment shall
occur, and that thegiffterpretation of the experiment
consisted in dividing these results into two classes, one
of which is to helyidged as opposed to, and the other
as conformaBké\ ‘with the null hypothesis. If these
classes of r€sults are chosen, such that the first will
occur whef the null hypothesis is true with a known
degree.;tff' rarity in, for example, s per cent. or I per
cent\zaf trials, then we have a test by which to judge,
ata known level of significance, whether or not the data

(¢ontradict the hypothesis to be tested.

We may now observe that the same data may
contradict the hypothesis in any one of a number of
different ways. For example, in the psycho-physical
experiment (Chapter I1.) it is not only possible for the
subject to designate the cups correctly more often than
would be expected by chance, but it is also possible
that she may do so less often. Instead of using a test
of significance which separates from the remainder a
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group of possible occurrences, known to have a certain
small probability when the null hypothesis is true, and
characterised by showing an excess of correct classifica-
tions, we might have chosen a test separating an equally
infrequent group of occurrences of the opposite kind.
The reason for not using this latter test is obvious,
since the object of the experiment was to demonstrate, /
if it existed, the sensory discrimination of a subject
claiming to be able to distinguish correctly two cldsses
of chjects. For this purpose the new test proposed would
be entirely inappropriate, and no experimenterwould
be tempted to employ it. Mathematically,ﬂidwever, it
is as valid as any other, in that with proper randomisa-
tion it is demonstrable that it wouldygive a significant
result with known probability, df<the null hypothesis
were true. O
Again, in Darwin’s exggriment on growth rate
discussed in Chapter 11143t has been shown that the
test of significance using ¥ Grudent’s ” £ is appropriate
to the question with{a view to which the experiment
was carried ou <~~Many other tests, however, less
appropriate in this regard, or quite inappropriate, might
have been apglied to the data. Such tests may be made
mathematically valid by ensuring that they each
separaté,) for purposes of interpretation, a group of
possibi‘e cesults of the experiment having a known and
ms,niaﬂ probability, when the null hypothesis 1s true.
 For this purpose any quantity mighthave been calculated
from the data, provided that its sampling distribution
is completely determined by the null hypothesis, and
any portion of the range of distribution of this quantity
could be chosen as significant, provided that the
frequency with which it falls in this portion of its range
is ‘05 or -o1, or whatever may be the level of significance

chosen for the test.
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Some such tests would be of no interest in any
circumstances with which experimenters are familiar.
Others, though not appropriate to the object Darwin
had in view, might be appropriate to an experimenter
studying a different subject. Thus, if the aim of the
experiment had been, not to ascertain whether the
average height of the cross-fertilised plants was or
was not, greater than that of the self-fertilisedy - but
whether the difference in height between the crgss? and
self-fertilised plants of any pair was distributed normally,
or in an unsymmetrical distribution, a valie test appro-
priate to this point could be devisedyNIn addition to
calculating, as in Chapter I11., the sum of the squares-
of the deviations of these differen@es from their mean,
we might calculate the sum of ‘th} cubes of these differ-
ences, having regard to their signs, and the ratio of the
latter sum to the former raided to the power of 3/2 may
be shown, on the null hypothesis, to have a determinate
distribution for a givemnumber of pairs of plants.. The
exact form of this{istribution is at present unknown,
since the distrii(fﬁiénal problem here considered is not
one of those that have been solved, Nothing, however,
but lack ef¢hiathematical knowledge prevents us from
stating exaltly outside what limits the ratio must lie .
to hay&)a given level of significance, This test would
picl;%it as statistically significant quite different scts
of€xperimental results from those selected by the # test.

"\t is in no sense a substitute for that test, or suited to
perform the same functions. It is designed to answer a
different question, although in both cases the question
is answered by selecting a group of possible experimental
results deemed to contradict the same null hypothesis.
They may properly be thought of as testing different
features of this hypothesis. The hypothesis tested in
both cases states that the distribution of differences in
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height is centred at zero and is normal in form. The
one test is appropriate when we are interested especially
in the possibility that it is not centred at zero. In this
case the question of normality is, as has been shown, of
quite trivial importance. The other is appropriate
when we are interested in the possibility that the dis-
tribution is skew, or unsymmetrical about its mean,
and in this case the value of the mean is entirel}z:}
irrelevant. O
The notion that different tests of significante, are
appropriate to test different features of the gamhe null
hypothesis presents no difficulty to workéss engaged
in practical experimentation, but has beemthe occasion
of much theoretfal discussion among §tétisticians. The
reason for this diversity of view-peidt is perhaps that
the experimenter is thinking ingerms of observational
values, and is aware of Wha.t;c’ib?aervational discrepancy
it is which interests him, and which he thinks may be
statistically significant, dafore he enquires what test of
significance, if any, is@yailable appropriate to his needs.
He is, therefore, nqt\ﬁﬁally concerned with the question :
To what obseryatibnal feature should a test of signifi-
cance be appliad? This question, when the answer to
it 1s not alre “y known, can be fruitfully discussed only
when tﬁr&ékperimenter has in view, not a single null
hypothésis, but a class of such hypotheses, in the
sigdificance of deviations from each of which he is
e éliy interested. We shall, later, discuss in more
detail the logical situation created when this is the case.
It should not, however, be thought that such an elaborate
theoretical background is a normal condition of experi-
mentation, or that it is needed for the competent and

effective use of tests of significance.
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/Gg Extension of the ¢ Test ...

e

In hypotheses, based on the theory of errors, there
is, however, one extension which is normally held in
view, and which, for the great simplicity of its conse-
quences, is well fitted to introduce the more cosftplex
situations in which methods of statistical egtimation
require to be discussed. In Chapter I1I. wedllastrated
““ Student’s ” # test of significance with Darwin’s data
on the growth of young maize plants, #Fhe hypothesis
to be tested was that the difference i height, between
the cross-fertilised and the self- fertxhsed plant of the
same pair, was distributed in seme normal distribution
about zero as its mean. We m1ght however, have
considered a similar hypothe51s g1v1ng to the mean
difference any other rrurnber positive, negative, or
fractional, of inches,oN1f, instead of testing whether
or not the mean (;ould have been zero, we had chosen
to test whether, Srnot it had any unspecified value, g,
measured inggighths of an inch, then the deviation of
our observgd mean, 20-93, from the hypothetical value,
B 18 ‘.’\N'“

\"7 20°93—p

anﬁ\tms quantity, on the hypothesis to be tested, will

be distributed normally about zero with a standard

deviation, of which we have an estimate based on 14

degrees of freedom, the value of which is g-746.
Consequently, if

_ 2093y

T 9746

then # will be distributed i 1n the dlstrlbutlon given by
“ Student ”’ for 14 degrees of freedom, a distribution
which is known with exactitude independently of the
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observations. We have the important logical situation,
in which a quantity, 4 having a sampling distribution
known with precision, is expressible in terms of an
unknown and hypothetical quantity, p, together with
other quantities known exactly by observation. We
say known exactly, because the mathematical relations
stated are true of the actual values-derived from the
observations, and not of the hypothetical values of which,
they might be regarded as estimates. Such actyal
values derived from the observation are distinguished
by the term sfatistics, from the parameters,or hypo-
thetical quantities introduced to specify the)population
sampled: o O .
An important application, due fa> Maskell, is to
choose the values of # appropriateltd any chosen level
of significance, and insert themninthe equation. Thus
£ has a 5 per cent. chance gf¥lying outside the limits
+2-145. Muluplying this® value by the estimated
standard deviation, 9-746, we have 20-go and may write
.imx\
X p = 209342090
C = 0-03, or 4183
PN\
as the corsééponding limits for the value of x.
Ongifafniliar way of viewing this result is, that the
expemmient has provided an estimate, 20°93 eighths
of @n inch, of the average difference, u, between the
ights of two sorts of plants; that this estimate has
a standard error 9746, and that “ Student’s ” distribu-
tion shows that, for 14 degrees of freedom, the 3 per cent.
level of significance is reached when we pass outside the
limits -2-145 times the standard error. An alternative
view of the matter is to comsider that variation of the
unknown parameter, g, generates a continuum of hypo-
theses each of which might be regarded as a null
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hypothesis, which the experiment is capable of testing,
In this case the data of the experiment, and the test of
significance based upon them, have divided this con-
tinuum into two portions. One, a region in which p
lies between the limits 0-03 and 41-83, is accepted by
the test of significance, in the sense that valuesqqof u
within this region are not contradicted by the data, at
the level of significance chosen. The remainderdof the
continuum, including all values of w outside these
limits, is rejected by the test of signiﬁcanéé"

It can now be seen that the # testli& not only valid
for the orlgmal null hypothesis thagithe mean difference
is zero, but is particularly appropsiate to an experimenter
who has in view the whole set\of hypotheses obtained
by giving p different values. The reason is that the
two quantities, the sum ang: the sum of squares, calculated
from the data togeth&r contain all the information
supplied by the data~&dncerning the mean and variance
of the hypothetlcql normal curve. Statistics possessing
this remarki%é property are said to be swufficient,
because noyothers can, in these cases, add anything to
our infor\niation The peculiarities presented by 2
which give it its unique value for this type of problem,

are\;f\e'

A\ \ (i) Its distribution is known with exactitude,

without any supplementary assumptions or
approximations.

(if) Itis expressible in terms of the single unknown
parameter, g, together with known statistics
only. _

(iii) The statistics involved in this expression are
sufficient.
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R T
~" 21, Fiducial Limits of a Ratio

The flexibility and directness of the fiducial argument
is well illustrated by its application to find the fiducial
Limits of a ratio between quantities having normally
distributed estimates. Galton, whom we quote on ,
page 30, was interested in the ratio of the measurements
of self-fertilised to cross-fertilised plants. He gives otﬁg’}
ratio for maize as 84 per cent., though the totals &Dthe
fifteen pairs of plants given in his table, afog and
2423, in eighths of an inch, give a ratio @ziper cent.
1t is often convenient to the experimentée {6 state such
ratios, and it is useful also to be axb{e;;to state limits
within which the true ratio probably lies.

In many cases, where the V' measurements are
necessarily positive, it is satisfa}ctbry, though somewhat
laborious, to make the testvof the preceding section
using the logarithms of &l measurements in place of
the measurements thefaselves. The difference between
the logarithms of, medsurements of the same pair would
be treated as norn\lglly distributed about some unknown
mean, reprt;génfiﬂg the true _mean rati(?. More
generally, however, negative ratios are possible, ‘and
it is of mofe interest to consider the ratio of the true
meang yather than the logarithmic mean of the ratios.
Il‘}s@é&d of finding the fiducial limit of 4, by applying

{ih;e £ test to a set of quantities

X—Y—h

and finding the values of p for which ¢ has a given
level of significance, we may instead apply the £ test
to the set of quantities

y—azx,

so that the fiducial limits of @, at, for example, the
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5 per cent. level, are such as to make # = 2-145, for
14 degrees of freedom.

The total of the fifteen values of y—az will then be
2109—2423 «, and the term for the discrepancy between
the means in the analysis of variance is

(2109—24230)2/135. ~
The sum of the squares of the deviations frém’ their
mean of the individual values of y—ax is ("
3771-6—1—2225-8(20,)-5-:1721-73(0;?5’;'""

¢ .
a quadratic expression in which the defficients are the
sums of squares and products (with reversed sign) of
the deviations from their meansJof the measurements
of ‘the self-fertilised and then&ross-fertilised plants. If
the first expression bears to the second the ratio #/14,
then o must satisfy the gifadratic equation

38754302~341405(2a)+205286 = o,
the roots of whighg
X \} = 49980 and a = 76209,

show thatﬂﬂie data contradict, at the 5 per cent. level
of sigmjficance, any statement of the form * The true
ave‘x@gé’ for self-fertilisation is the fraction « of the
true” average for cross-fertilisation,” whenever a lies

coutside the limits 76-209 per cent. and gg-g80 per cent.

"The fiducial probability that a lies between these limits
18 95 per cent. /

V63, The % Test

What is meant by choosing a test of significance
appropriate to a special purpose, may now be illustrated
by considering what should be done if the experimenter
were interested, not in whether the mean of the distribu-
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tion could exceed a given value, or could lie in a given
range, but in the value of the variance of the same
distribution. What is now needed is a test of significance
provided by a quantity (i} having a precisely known
distribution, and (ii) expressible in terms of the unknown
variance, ¢, of the distribution sampled, together with
sufficient statistics only. .
Now, if x%/z is the ratio of the vaniance, as estimated.))
from the sample for » degrees of freedom, to the frue
variance, ¢, it is known that x? is distributegj;"inde-
pendently of the mean and variance of the popllation
sampled, in a distribution which is known\when 7 is
known. If we wish to set a probable upper limit to the
value of ¢, we note that for % = 145 %* is less than
6:571 * in only 5 per cent. of trialgnvPutting this value

for x? in the equation, N
. 10945
X =S $ 4
we have RS
3 Z‘ﬁ — 3035-

N

In other wordsj,;variances exceeding 3035, or standard
deviations ex¢eeding 55°09, are rejected at the 5 per
cent. leveloftsignificance.

Equ@\lhi, had we wished to set a probable lower
limit .o the value of ¢ we should have noted that x?
excéaﬁs the value 23-685 in only 5 per cent. of trials.

nsequently, the rejection of the 5 per cent. of values
of x* which are highest will exclude values of less than
19945/23-685, or 844. We may thus reject valules.of
the variance below 844, or of the standard deviation
below 29-06, at the 5 per cent. level of significance. _If,
however, we rejected values for the standard deviation

* For Table of y* see Statistical Methods for Research Workers,
Table III. .
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both below 29:06 and above 55-09, we should be
rejecting both of two sets of contingencies each having
a probability of 5 per cent., and so should be working,
not at the 5 per cent., but at the ro per cent. level of
significance, If he wishes to work at the g per cent.
level, the experimenter has the choice, according to the
purpose of his researches,

(i) of ascertaining an upper limit for the\iﬁii\mown
variance without rejecting any, lewer values,
(i1) of ascertaining a lower limit wrthout rejecting
any higher value, or “‘\
(iii) of ascertaining a pair of litnits beyond which
values are rejected, I‘epresentmg two fre-
quencies totalhng 5 ?fer cent. together.

The tests apprc;prlate» for discriminating among a
group of hypotheticaliipopulations having different
variances are thus qulte distinct from those appropriate
to discriminating/@mong distributions having different
Means. W1th1ng\1e limits of the theory of errors, the
mean and the\tarlance are the only two quantltzcs needed
to spec1fy the hypothetical population. It is the circum-
stance, that statistics sufficient for the estimation of
thesgxtwo quantities are obtained merely from the sum

the sum of squares of the observations, that gives
a, pecuhar simplicity to problems for which the theory

\Oof errors is appropriate. This simplicity appears in an

\ )

alternative form of statement, which is legitimate in
these cases, namely, statements of the probability that
the unknown parameters, such as g and ¢, should lie
within specified limits. Such statements are termed
statements of fiducial probability, to distinguish them
from the statements of inverse probability, by which
mathematicians formerly attempted to express the
results of inductive inference. Statements of inverse



HYPOTHETICAL VARIANCE. 193

probability have a different logical content from state-
ments of fiducial probability, in spite of their similarity
of form, and require for their truth the postulation of
knowledge beyond that obtained by direct observation.

In the discussion above of the results of Darwin’s
experiment, instead of saying that at the 5 per cent.
level of significance we should reject hypothetical
variances excceding 3035, 1t would be equivalent to
say that the fiducial probability is 5 per cent. that tkfejx
variance should exceed 3035. Equally, the fidugial
probability is 5 per cent. that it should be less tHan 844 ;
conscquently, it is 1o per cent. that it shoutd ke outside
the range between these two numbers. aWith respect
to the mean, it may in the same way bQ\Said that it has
a fiducial probability of 2% per cepti\Of being less than
0-03, or of being greater than 41:-835, and, in the same
sense, a probability of 95 per.cent. of lying within these
fiducial limits. N\

™

64. Wider Tests Qg\séd on the Analysis of Variance

In the more géneral type of problem, to which the
# test is applicable, and in which we may have an analysis
of the variafice into a considerable number of sub-
divisions, Awe-have a wide choice of tests of significance,
each agpropriate to answering a different question-
Logigally, these questions refer to the acceptance Of
rejection of different hypotheses or sets of hypotheses,
<ahd it will be useful to discuss them explicitly from this
point of view. The practically useful variations are
those which concern the hypothetical means of the
different classes of observations which have been made.
As an example, let us consider the 6 X 6 Latin square,
of which numerical observations were given in Chapter V.
The ‘arithmetical analysis obtained by the method
there described is set out below.

N
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TABLE 31

Degrees of |  Sum of Mean

Freedom. | Squares. Square. $ Log.
Rows . 5 54,169
Columns 5 24,467 . e
Treatments . 5 248,180 49,636 i'g524
Error . 20 30,541 1,527 02117

Total 35 357387 o dNIT407

7\

It will be seen that the value obtaifted for & was
1:7407. The 1 per cent. level for 5 “c%g'rees of freedom
against 20 is -7038. Consequently, the data very
significantly contradict the hypothesis that all treat-
ments were giving the same ¢yaeld. We might, if it
seemed appropriate, go further and say that if { stands
for the true value of which”z is an estimate, then all
hypotheses which makg ¥ less than 1'0349 are contra-
dicted by the data at¢hé 1 per cent. level of significance.
The hypothesis that the treatments do not affect the

" yield makes {ia—?\o. The wider hypothesis, that the
yields produe{d by the different treatments are a random
sample frath a normal distribution, will provide an
indetermi:slate positive value for £. If ¢ were I-0349
the mé‘an square ascribed to treatments would be 7923
timq’s.\’that ascribed to error. Since the mean square
gSc}ibed to treatments includes also the variability due

~to sampling error, the portion due to the effects of
\M‘;" treatments themselves cannot be less than 6-923 times
as great as the variance due to error in our estimates

of the mean yields from the several treatments.

The mean square due to error has been found to

be 1527, and this is the variance ascribable to error of
a single plot. Dividing by 6, we find that the variance
of the mean of six plots is 2 54'5. Multiplying this by
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6-923 we have 1761-9 as the least admissible value for
the variance due to treatments. The standard deviation
corresponding to this variance is 41-97, or just over
g per cent. of the mean yield, 462'735, observed in the
experimental plots. It may be noticed that, apart from
the inappropriateness, in the present instance, of the

hypothesis that the #reatment effects constitute a sampley

from a normal distribution, the calculation abgve
departs from strict rigour in accepting the estimate-of
error based on 20 degrees of freedom, without making
special allowance for the fact that this estimate is itself
liable to sampling errors. \

We have treated the experiment abeve as though
nothing were known of the treatmedts applied, or as
though these were regarded merelyfak causes disturbing
the yields with an unknown vahnce. Actually, it is
known that the treatments D\ E, F differ from A, B,
C in including an additional nitrogenous dressing,
while A, B, C and, in likémanner, D, E, F differ among
themselves in receiy@g respectively o, I, 2 units pf a
phosphatic dress{gﬁ The 5 degrees of freedom ascribed
to treatments are; therefore, not plausibly to be con-
sidered as hgmbgeneous among themselves, but may
properly [{e:,’subdivided, as we have seen in previous
chapters)into unitary elements of very different agri-
cultugal importance.

,oThe total yields of the six treatments are set out
¢below in relation to the manurial treatment recew.ed.
The eighteen plots receiving the nitrogenous dressing
exceed the remaining eighteen plots in yield by 1667,
so that this degree of freedom, N, contributes 1667%/36
or 77,191, to the total of 248,180 ascribed to'treatmentS-
The second degree of freedom of primary importance,
P,, is found by subtracting the yield of the twelve pl9ts
without phosphate from that of the twelve plots with

N\
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double phosphate. The difference is 1977, so that the’
contribution of this degree of freedom is 1977%/24, or
162,855. This is the primary effect of phosphate. The
second degree of freedom of this ingredient, P,, may be
found by observing that the increment in the yield of
twelve plots, due to a single application, is 1179, while

Q.
TABLE 32
e,
Nit'.lli ?gen. Nitrogen. T(?talz\ Difference.
No phosphate . . 2070 2431 § {’4501 361
Single phosphate . . 2550 FI2N\N 5080 56H2
Double phosphate . 2867 36MN\Y| 06478 744
Total .. 2496 {9163 16,650 1667

NN

the additional incrementdue to the second application
is 798. The differencdis 381, and represents the excess
of twice the yieldsdr a single application over those
for o, or 2 umt? The contribution of this degree of
freedom is th tefore 381%/72, or 2016. Similarly, using
the dlfferen&s between the yields with and without
nitrogengyinstead of the sums, we find for NPy,
3832/24. = 6112, and for NP, 192/72 = 5.

We are now at liberty to discuss the significance of
aa\h degree of freedom severally, and, because the

NBxperiment is a well-designed one, we shall find that to
" each corresponds a system of appropriate hypotheses

relevant to the aims of the experiment. Thus, the
1 degree of freedom due to nitrogen has a mean square
50-56 times as great as that due to error, The value of
“ Student’s ” # is therefore about 7-110. The 5 per
cent. value of # for 20 degrees of freedom is 2-086, so
that at this level of significance we may exclude all
hypotheses ascribing to the nitrogenous dressing less
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than 5-024/7-110, or more than ¢-196/7-110 of the
apparent benefit observed. This conclusion refers
directly to the manurial comparison on which it is
based, and is entirely independent of the other con-
clusions to be drawn from the experiment as to the
effects of phosphate or of its interactions with nitrogen.
Naturally, also, if there were no such interactions, the ,
conclusion would be applicable at levels of phosphatic
manuring other than those used in the experiment;
The data here indicate that the return from njttogen
would be definitely higher with higher phidsphatic
dressings than those used. The inference @5 to the
return with the actual phosphatic dressings used s,
however, direct and independent of the\hteraction.
Each of the other elements inté which the effects
of treatments have been analysed may be treated
independently, as we have treated N. A glance at the
items of the expanded analysts of variance will show
on which of these decisivelevidence has been obtained.

“\ TABLE 33

Component of %\ ™ Degrees of Mean
TreI;tment. \ \ Freedom. . Square.

N N\ - . . T 77,101

PSS . . . I 162,855

\.J . . . . I 2,016

.~\'§1 . . . . I 6,112

\,\\u NPy - . . . I 5

\ \\ Total . 5 248,170
N Error . 20 1,527

\Thus the primary effect of phosphate, like that of
nitrogen, is demonstrated with unquestioned signiﬁcanc?,
and the magnitude of the return evaluated with fair
accuracy. On the other hand, the contribution of the
component NP, is much less than might have appe-arecl
as the result of random errors. The results are entirely
compatible with the theoretical possibility that the
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response to nitrogen at different levels of phosphatic
application changes in strict proportion to the amount
of phosphate applied. The two remaining items, for
P, and NP;, are intermediate in magnitude, indicating
that the evidence of the experiment on two corresponding
modes of varying the null hypothesis is of an inter-
mediate character. For P, the contribution, 2016, is
statistically insignificant. The experiment dpes" not
prove that the additional response to the secongd- dose of
phosphanc manure 1s certainly less than tha.t % the first.
It is in fact less, in accordance with comménagricultural
experience, but the experiment could ‘not suffice by
itself to demonstrate the reality of this decrease. If we
consider a series of hypotheses,with different values
for the diminishing return, and determine which of
these values are compauble ‘at any given level of
significance, with the Qbserved yields, some of the
values which would ap’pear to be acceptable would be
negative, z.. would sépresent increasing returns, though
in the greater pdrt of the acceptable range positive
values would Rretvall Even if the test of significance
were chosen, $0'as 1o determine not both limits, but the
lower level venly, this lower limit would be found to be
negatw{e »“For ¢ about 1-15, the fiducial probahility of
" inereasing return ” is about 13 per cent.

n the case of NP}, which measures the extent to

\.j\qéhich the response to nitrogen is increased by an
\Jincreased phosphatic dressing, the state of the evidence

is somewhat different. The value of “ Student’s” #
i1s 2-0004, while the value which is exceeded either
positively or negatively in 5 per cent. of trials is 2-068.
If, therefore, the experimenter had no more reason to
expect an increasing than a decreasmg response the
observed value would have fallen just short of 5 per
cent. significance. Since, however, normal agricultural
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experience would lead us to anticipate an increase,
while a decrease would be somewhat anomalous, this
test tells us not only that the observed magnitude of the
effect is nearly significant, but also that it is in the right

direction. These two independent pieces of evidence

are combined by choosing a test, which determines a
lower fiducial limit only, z.e. by taking for comparison
the value of £ 1-725, tabulated as corresponding to the
probability 10 per cent. This test shows that, at{he
5 per cent. level of significance, any hypothesis (¥hich
gives to the increase, in response to nitrogen, anAegative
value is contradicted by the experimental fesults, or,
in other words, that a positive effect i {Jemonstrated,
at this level of significance, by the experiment. As in
other cases, where an effect is littletmore than barely
significant, the precision with which/its value is estimated
is, of course, extremely low. o\

It would have been degitimate to choose other
comparisons among the! treatments employed, and to
make with them othef tests of significance. We might,
for example, have Compared the plots receiving double
directly with thp?s\receiving single phosphate, and ha}ve
discussed thesgignificance of this difference, in i1solation
from the diher experimental results. The only incon-
venie c.e{o% such a course is that if, as s usually the
case,\%é result is to be used in the examination of
sg:.i\élitiﬁc theory, in the framing of practi.cal advice, or

n conjunction
%ith facts of the same kind as the remainder of the
experiment provides, it is clearly preferable that the
whole of these should be recognised by means of a series
of independent tests, each having some agricultural
relevance, Although a series of tests can always be
chosen, “independent of the one with which we may
start, the supplementary information provided by them
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will often be of too complicated a kind for its bearing
on our effective conclusions to be readily appreciated.
Consequently, it will usually be preferable, as in the
example chosen, to design the experiment so as
to lead uniquely to a single series of tests chosen in
advance. §
Where a number of independent tests of significance
have been made, on data from the same experiment,
each test allowing of the rejection of the true\hypotheses
in 5 per cent. of trials, it follows thatha ‘hypothesis
specifying all the differences in yield\batween the treat-
ments tested will, although true, \be rejected with a

" higher frequency. If, thereforé}y'it were desired to

\

examine the possible variations of any hypothesis
which specified all these, Wifferences simultaneously
while maintaining the 5v~p’ér“ cent. level of significance,
a different procedure ghould be adopted. Actually, in
biology or in agriculture, it is seldom that the hypothetical
background is so.fully elaborated that this is necessary.
It is therefo@f"ﬁsually preferable to consider the
experiment, Jas we have done above, as throwing light
upon a nuiber of theoretically independent questions.
There s however no difficulty, when required, in
ma}\ifig"'a comprehensive test on all questions simul-
tgme\ously, as in the # test first employed, or in extending

~this test so as to specify the aggregate of compound

“hypotheses which are contradicted by the experiment
at any assigned level of significance.

In analysing the degrees of freedom ascribable
to treatments in the 6 X 6 Latin square, certain differences
were obtained from the experimental yields, such as
the 1667 units of yield by which the plots receiving
nmtrogen exceeded the remainder. Any hypothesis
respecting the difference in yield of the six treatments
used may be specified by the hypothetical values which
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it gives corresponding to these observed differences.
Thus if oy were the hypothetical value corresponding
to 1667, a, corresponding to 1977, and so on, the sum
of squares for the 5 degrees of freedom representing the
deviations of the observed responses to treatments from
those predicted by hypothesis would be

(1667—ay® | (1977—ag)® | (381—0y)®
36 + .24 T 72

N
A,

383 —ay? (IQ‘;‘:s)z
+( - +’:....‘.72
/ _ AV

We may now find how large this expfession must
be in order that z should be equal to\its 1 per cent.
value. This value as given by the &able is o-7058.
Adding to this % log, for error, J2¥17, we have -g175
corresponding to a mean squaig 5265, or to a sum of
squares 31,325. The 1 pemicent. test of significance
for a hypothesis specifyingiall the values ¢y, 04, . -
a; will therefore rejecs(any hypothesis for which the
quadratic expression{3gt out above exceeds 31,325, and
will accept all hypéﬁheses for which it has a lower value.

A\

‘65, Comparisons with Interactions

Thg‘::\last class of variation to be considered in the
tesgsof significance derivable from the analygis of
rariance consists of cases in which we compare primary
}ects with interactions, or interactions with interactions
of a higher order. If, for example, a test were cz—}rried
out of five varieties of an agricultural plant, using a
Latin square laid down at each of ten representative
farms, in a region to which the five varieties tested have
all some claim to be thought appropriate, the experiment
at each farm will provide an analysis of the form :
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TABLE 34

) Degrees of

: Freedom.
Rows . . . . . 4
Columns . . . . 4
Varleties . . . . 4
Error . . . . . 1z
Total . .2

2 A

If we have corresponding data for eachsof ten pla
the whole series will yield together 40 degrees of freed
for rows and 4o degrees for columns, all of wh

- represent components of heterogeneity which have be

eliminated. There will also be~r20 degrees of freed
in all for error, But the remashing 40, composed of 1
components ascribed to, ¥ariety at each of the t
places, is divisible into‘.qgﬁegrees of freedom for varie
V, and 36 for interaction between variety and place V
There would, of coutse, also be g degrees of freedo
representing thetcentrast between places, but with the
we are not cancerned. The complete analysis of suct
record of 280 yields would therefore be as follows :—

R TABLE 3
X Degrees of
& - Freedom.
O ) Rows . . . .. 40
(" Columns . . . . 4o
) Places . . . . 9
Varieties . . . . 4
VP . . . . 30
Error . . . . . I20
Total . 249

It would be proper, of course, to examine the reco
from each farm for significant differences between t;
varieties, for even if these were not concordant th
might indicate a greater aptitude of some varieti
compared with others to the soil conditions of a particul
site. Even in the absence of significant differences ¢
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individual farms, the results of the different experiments
might be sufficiently concordant to give a significant
comparison in the analysis of the entire experiment
between varieties and error. This might not, however,
be the most appropriate comparison to make, for since
the varieties might react differently to different types
of soil, it is not improbable that the mean square corre-
sponding to the 36 degrees of freedom VP is greater

than the mean square due to error. If the precision of-

the individual experiments were high, the difference
between the aggregate yields of two varietiess might
be significant compared with error, although one was
the better at only six places, while the other was better
at the remaining four. In fact, if iy concern is to
ascertain not merely the best varie€y,on the aggregate
of the ten fields actually used, bub-fo ascertain which is
the best over the whole area.;’&le’emed suitable for this
type of crop, within the region from which the sites of
the experiment have been selected, the COITLparison
between varieties Vand interaction of varieties and
places VP will be fi{e tore appropriate. For, if the ten
sites have beenp(thosen at random from this area, a
significant difféfénce in this comparison would indicate,
at the leyélyof significance used, varietal differences
app]icatﬁé""to the whole area. The precision of- this
compayison may not be greatly increased by higher
preclsion in the individual experiments, especially if
the mean square corresponding to VP is considerably
greater than that ascribable to experimental error. To
increase its precision we may rather require an increase
in the number of sites used, or in other words, if the
area sampled is considerably heterogencous with respect
to varietal response, it may be necessary to sample 1t
more thoroughly. The hypothetical population with
which we are principally concerned will then be the

Q.
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population of possible sites available for growing the
crop under consideration, rather than the population of
possible yields of plots within a given site. The test
employed is, in fact, equivalent to -considering, from
each farm, only the aggregate vield of each variety,
and the estimation of error within each individual Latin
square is of value, apart from the local informiation
supplied, only in providing assurance that the ‘experi-
mentation has been carried out with an(Cexactitude
sufficient to guarantee the adequacy of the“comparisons
between different places. O

Cases in which it is one of théthigher order inter-
actions, rather than error Propgs,) that should appro-
priately be used as a basis fo:@ests of significance, are
relatively numerous. The da¢h of Table 74 {p. 66} are
of this kind. Agricultural ‘éxperiments, whether with
manures, implements 'gffi:ultivation or varieties of crop
plants, are much affegted by the weather. If a treatment
effect is significanty compared with error in any one
year, the experjm}nt will have indicated what treatments
have in that’year proved most advantageous. But, if
independentexperiments over a series of years show
a signifiednt difference between treatments on the one
hand.‘znd the interaction between treatments and years
on.the other, the experiment has shown what treatments

are the most successful in an aggregate of seasons, of
Owhich those experienced may be taken as a random

sample. There seems, in fact, in ne part of the world
to be any such similarity between successive seasons as
would make the experience of a sequence of trials
unreliable for future application in the absence of
genuine secular changes of the climate.

‘The same principle is of wide application in economic
and sociological enquiries, where, in comparisons of
rates of death, morbidity, births, prices and so on, the
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efiective unit is far more often a district, or a town, than

an individual. The supposition that rates, based on

the registration of individuals, possess the precision

which would be appropriate if all the individuals con-

cerned could be regarded as independent in their

sociological reactions, is clearly inappropriate when we

are interested in the effects on these reactions of economic

or legislative causes, or other agencies derived frofo
social organisation, liable to affect large numbers) of
individuals in a similar manner. The effective gamiples

available for administrative decisions, eg‘f{m”though

based ultimately on millions of individualpersons, are

often much smaller than those availablérin biological

experimentation, and for this reasonﬂt‘\é(quire, even more

than the latter, the accurate metheds of analysis by

“which small samples may be i;}fségp"reted.

R « "0
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THE MEASUREMENT OF AMOUNT OF

INFORMATION IN GENERAL O
66. Estimation in General S D

TrE situations we shall now examine ar'e;.\'of a more
general character than those considered:'in the classical
theory of errors, which have been dealt'with in previous
chapters. It has been seen in thesldst chapter that we
may be interested to interpref’the data as arising,
subject to errors of unknown‘ﬁ:]égnitude, but distributed
normally, from one or maréAinknown quantities, para-
meters, of which we arg:qi}iterested to form estimates, of
known precision, ancl;«;‘tiii make this precision as great
as possible. In the thost general situation of this kind,
all the different.kinds of individual events which it is
possible to ohserve are regarded as occurring with
frequencies™unctionally dependent in any way on one
or morg(of such unknown parameters, This is the
generalsituation considered in the Theory of Estimation.
F Rﬁ;\’fhe purely statistical standpoint, they present the
pfoblem of how best the observations can be combined,
(S order to afford the most precise estimates possible of
) the unknowns. The mathematical principles of this
process of  combination are now satisfactorily under-
stood, and have been illustrated in detail in the ninth
chapter of the author’s book, Sta#istical Methods Jor
Research Workers. From the point of view of the
practical design of experiments, or of observational
programmes, we shall here be concerned only indirectly

with the technique of the calculation of efficient estimates,
206 . -
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and can turn attention at once to the problem of assess-
ing, in any particular case which arises, the quantity
of information which the data supply, and which we
may assume will be efficiently utilised.

The reason for this standpoint, so contrary to that
traditional among statisticians, deserves some explana-
tion. During the period in which highly inefficient
methods of estimation were commonly employed, and,
indeed, strongly advocated by the most influential)
authorities, it was natural that a great deal of ingenuity
should be devoted, in each type of problem as, it arose,
to the invention of methods of estimatiqn}'j«irith the
idea always latent, though seldom clearly” expressed,
of making these as accurate as possible/ The attain-
ment of a result of high accuracy wa$, in fact, evidence
not only of the intrinsic value ofythe data examined,
but also to some extent of theyskill with which it had
been treated. ‘The extent toswhich this was so was the
greater the more inefficiert “were the methods ordinarily
recommended ; but, glearly, in any subject in which
the statistical methéds ordinarily employed leave little
to be desired, the, precision of ihe result obtained will
depend almostlentirely on the value of the data on
which it igobdsed, and it is useless t0 commel?d.th.e
statistic.ia\ii}‘if this is great, or to reproach him if it 18
small, {At the present time any novice in the theory of
estimiation should be able to set out the calculati?ns
fiedSssary for making estimates, almost, .if not quite,
as good as they can possibly be. Any improvement
which can be made by further refinements of computa-
tional technique are, in ordinary Cases, and setting
gross Incompetence aside, exceedingly small con}pared
to the improvements which may be effected in the
observational data.

The amount of information to be expected in respect
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of any unknown parameters, from a given number of
observations of independent objects or events, the
frequencies of which depend on that parameter, may be
obtained by a simple application of the differential
calculus. It may be worth while to consider a few easy
examples in detail, in order to obtain a clear grasp of
the process generally involved., N\

67. Frequencies of Two Alternatives( )

Let us suppose that only two kinds} OY objects or
events are to be distinguished, and irhat we are com-
cerned to estimate the frequency, g~ W1th which one of
them occurs as a fraction of all Qeplirrences ; or, what

comes to the same thing, the cgm\plementary frequency,

g (= 1—p), with which the~alternative event occurs.
We might, for example, helgstimating the proportion of
males in the aggregate, ~of live births, or the proportion
of sterile samples drawn from a bulk in which an
unknown number OF organisms are distributed, or the
proportion of a‘éperlmental animals which die under
well-definedseiperimental conditions. The experimental
or observatiohal record will then give us the numbers
of the 4o kinds of observations made, ¢ of one kind
and .é\:df another, out of a total number of 7 cases
exdmined. We wish to know how much information

_due examination of 7 cases may be expected to provide,
<“concerning the values of p and ¢, which are to be

estimated from the data.

A general procedure, which may be easily applied
to many cases, is to set down the frequencies to be
expected in each of the distinguishable classes in terms
of the unknown parameter. For each class we then
find the differential coefficient, with respect to p, of this
expectation. The squares of these, divided by the
corresponding expectations, and added together, supply
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the amount of information to be anticipated from the
obscrvational record. That such a calculation will give
a quantity of the kind we want, may be perceived at
once by considering that the differential coefficients of
the expectations, with respect to p, measure the rates
at which these expectations will commence to be altered
if p is gradually varied ; and the greater these rates are,
whether the expectations are increased or diminished
as p is increased, or in other words, whether. the
differential coefficients are positiveé or mnegative,” the
more sensitively will the expectations respondsto varia-
tions of p. Consequently, it might have beenailticipated
that the value of the observational record £gr our purpose
would be simply related to the squares,o.&\these differential
coefficients. O

We may now set out the pro'éeés of calculation for
the simple case of the estirpgft’ion of the frequency of

one of two classes.

: TABLE 36
oA
~ . .
Observed Expected 8lﬂ%reptla1 I jdm\2
Frequency. 1ency. oefficient. —-(~—)
() .‘%%K(m) dmfdp m\dp
: \' N —_—
a \ Fis: ” nlf
& & gn —n nig
j “ 7 . o alpg
\ -

thé frequencies expected are found by multiplying the
number of observations, 7, by the theoretical ‘frequency,
#, which is the object of estimation, and by its fzomple-
mentary frequency, ¢. The differential Cf)efﬁments of
these expectations with respect to g are simply » and
—#.  The sum of these is zero, as must be the case

as is usual, the number of observations made

whenever, o
tis

is independent of the parameter to be estimated.
o
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obviously, therefore, not the total of the differential
coefficients which measures the value of the data, but
effectively the extent to which these differ in the different
distinguishable classes, as measured by their squares
appropriately weighted, as shown in the last column.
The total amount of information is found to be

72
I1=2 \
A
rq A2
and we may now note the well-known facn that, if our
sample of observations were indefinitely,dnéreased, the
estimate of p, obtained from the dafa) tends in the

limit to be distributed normally akott the true value

with variance 2?-3—’ The genera{'zﬁ\léthod here given of

measuring quantity of inforfoation thus agrees with the

concept, which has beealformed of this quantity in

previous chapters, where' we were concerned only with

normally distributederrors.

N
68. Functional Relationships among Parameters
It is oftén true that the frequency of a particular

event améfig different events of a like kind is itself an

objecj:.jof"énquiry, as 1s the case, for example, with the

se}g\(’a}ib of births. More often the frequency is itself

Qrﬂ}r of value because it is believed to be functionally
~related to some other quantity of more direct importance.
\\‘: " The frequency, g, of sterile samples from a vessel con-

taining an unknown density of organisms is related to

the average number, m, of organisms in the sampling

unit, by the relation,

p=em
m = —log p,
where the logarithm is taken from a table prepared on
the natural or Napierian system.
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If now the object of making a count discriminating
only the two types of sample, viz., sterile samples which
contain no organism, and fertile samples which contain
at least one, is to make an estimate of the density in the
material sampled, or in the material from which the
dilution sampled was prepared, we shall be interested,
not directly in the amount of information about g, but{
rather in the amount of information about 7, which the
sample provides. Since 7z and p are functionally re{ate&,
this can be obtained by using the relationship,directly,
from the amount of information about . >

I in the table set out above, showing tlie calculation
of the amount of information respecting,y supplied by
# observations, we had diﬂ‘erentiate({}@*lﬁh respect to 7
instead of in respect to p, the proctﬁés would have led to

the amount of information with\respect to 72. The com-
ponent terms of this caleulatidp* would each have differed
from those we obtained only in containing, as an addi-
tional factor, the squaxe.of the differential coefficient of
# with respect 10 s In general, if I, stands for the
amount of information with respect to 7z, and I, for the
amount of infofmation with respect to p, we have the

transforma,t\ici)h formula .

2
S I, = i@) I,
NS o
In the'present case
) p=e"
ence
P ew— —
an = ¢ ?
And since
I, = -
?opg

it follows that
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As in the case of g, if the number of samples examined
is increased, our estimates of m derived from a given
number of samples tend to be normally distributed about
the true value, and the variance of this limiting distribution
is given by the reciprocal of the amount of information,

Vi) = L "1 §
e KoY
The errors of estimation are least when # gs‘néar to
zero, and increase rapidly if s is made ,I.a;fgée. This,
however, does not mean that the determjﬁation will be
most accurately carried out with verghigh dilutions;
or with very small sampling units, by which means »
may he made as small as we plgaSe; for it must be
remembered that if we reducehe sampling errors of
by making » smaller, we willnot necessarily diminish
the relative magnitude Q{i"t’hese errors when compared
with 7. To minimisgthe relative magnitude of the
sampling errors, we.need to consider the variance of 7
divided by 01;,3?{"1 fact the variance of log, 7 ; thus

N\ I Iem—1
Yltog m) = L Vo) = 1

7

This quaitity tends to infinite values when # is made
either,very small or very large, This expression for
theqlimiting value of the relative variance in large
samples, corresponds with the amount of information
spplied by an experiment, however small, relative to
log 7 ; for by the general transformation we find
2522
em—1’

I{log m) = u

It appears equally that the amount of information
supplied by the experiment relative to log 7 is given
by the expression

2923

Il == .
em—1
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This quantity vanishes as » tends to zero or infinity,
but is finite at all intermediate values; and the relative
precision of our estimate of the number of organisms
will be greatest if the dilution or the sampling unit
were adjusted, so as to maximise this quantity.

Fig. 3 shows the quantity of information, for all
values of #, for which this quantity is not very small.

b & & %O B % i 2 4 G

3 ; } ) Ll = - I3
Fro. 3.—Quantity bf fhformation as to the density of organisms in a medium
accordifightt the average number m of organisms per sample.
7\

The hqfi}onta] scale is logarithmic, so that values of e
ingl\iczitel:l at equal intervals are in geometric progression.
I%.i8 evident from the figure that the most useful \falues
are between about 1-1 and 2-2. The absolute maximum
of information is given when is about 1-6, or, more
precisely, a number 7 with rather remarkable properties,

such that
[—e® = 3,

since

p=e

N

N ¢
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it follows that the ratio of 4 to ¢ is the same as the ratio
of (2—) to 2. Numerically, it appears that

# = 1'593,624,26
I—e™" = -796,812,13 = di = ¢
22— = 4061375174
e* = 203,187,87=1~lh=p. N

The ideal proportion of sterile samples for estitnating
by this method the density of the organismg18, there-
fore, just over 20 per cent. Any propostign between
1o per cent. and 33 per cent. sterile will, H@wever, supply
nearly as much information, and tha(aim in adjusting
the sampling process should be to_ebtain a percentage
of sterile samples between theseBrnits. The maximal
amount of information per sastiple is

§ = 647,610,245 h{2—1) = 4 §§.

To find the minimal{humber of samples needed to
estimate s with any" given precision, we may now
equate #Z to thejuvariance of log required. Thus
if we required 6. reduce the standard error of # to about
10 per centPof its value, we might put the standard
error of dg’ equal to o'1; the variance of log =
would then be o-o1 and its invariance would be roo0.
We should then have
.’s'\ '

A

#E = I00,

NS

¢ o'i..

w

. 7 = 154°4.

Even in the most favourahle circumstances, therefore,
it would need 155 samples to reduce the standard error
below 10 per cent. of the estimated density. Since,
owing to our ignorance of the true density, the dilution
cannot be adjusted exactly so as to give the ideal pro-
portion of sterile samples, it would usually be wise to
divide the amount of information required by a smaller
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divisor than the maximal value ‘6477, e.g. by -6, which
would raise our estimated requirement to 167 samples.
The whole calculation shows that the method of estimat-
ing the density of organisms by discriminating only
their presence, or absence, in samples 1s of low precision,
compared with methods in which individuals or colonies
may be counted. !
In many types of research a series of dilutionssi\s
employed, giving densities falling off in geopBttic
progression, with a constant factor most comptonly of
2 or 10. The amounts of information supplied by each
of these is represented in the diagram (Pag."3) by the
heights of a series of equally spaced ovdifiates. If the
series is extended so as 1o cover,s{ﬁ"densities which
supply an appreciable amount of.’ﬁﬁfdrmation, the sum
of the ordinates for two-fold ditution is nearly constant
in value and has an averaggﬁ.&tlue
2 W

_ N 20373,138.
6 lagye
Q&

ar

This is, therefore,sthe amount of information supplied
by a single sdmple at each dilution, and this may be
used to calefilate the precision to be expected, using
any nuwBer of samples at each dilution, or to caleulate
the puntber of samples required to attain any stipulated
level of precision. For four-fold dilutions the average
m@‘iﬁduﬂt of information supplied is, of course, a half,
Nand for eight-fold dilutions one-third of the number
found above. For ten-fold dilutions it is about three-
tenths, but for the higher dilution ratios the sum of the
ordinates shows a rapidly increasing variation, with
the consequence that the amount of information aﬁctuglly
obtained becomes less reliable the larger the dilution-

ratio employed.
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'69. The Frequency Ratio in Biological Assay

Use is often made of a frequency ratio between two
distinguishable classes, to supply a measure of an
underlying variate, as when the toxic content of & drug
is inferred from the mortality of experimental animals
receiving a known dosage, or from the dosage reguired
to cause a given mortality. The underlying theorv is
itlustrated ii Fig. 4. Tge curve represzntgxé\“ﬁorﬁlal
distribution with unit standard deviatiogl,}‘aivided by

|— : “’\'\. _1.

04

o3

o2

0l

-3 2 R 0 x M i z 3
2 3 L4 5 6 7 8

Fig. 4.-—Normz3]£ﬂ$tribution curve to illustrate the interpretation of
QQI’Ceutage mortality as a probit value,
the ordinatd P M into two porticns. The area to the
left of the‘erdinate represents the proportion, #, which
die under the treatment, the area to the right the pro-
porﬁ@n’, g, which survive. The height of the ordinate
%s}trepresented by 2, and its distance from the central

(axis of the curve by x, taken positive to the right of the

h
3

axis. As x increases from —oo to <, the proportion
dying increases from o to r. Knowing any of the
three quantities x, p or ¢, the other two can be obtained
from available tables. An experimental determination
of the fraction, p, will therefore supply a corresponding
determination of the deviation, x, and this is found, in
a large number of cases, to increase or decrease pro-
portionally with the logarithm of the toxic content of
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the dose. If, therefore, the relationship between dosage
and mortality has been established for a standard
preparation, the toxicity of any material under test
may be gauged by observing the mortality which
supcrvenes on a known dosage of the material to be
tested. Moreover, so long as a linear relation holds
between the toxic content measured logarithmically and
the deviation, x, the precision of the assay will, be,
proportional to the precision with which x is estim&ted:

As is seen from the figure, if x is increased\ by a
small quantity &», the initial increase of p is z&\i.i:‘: Hence

dp
d—x~ = Z. :'\\:

But we know that the amoung of information with
respect to x is given by the equation

Jone
e
Fa N 7252

O e

where » is the nuy}be.r of animals employed. Although

¥

.

L is least whéR’'p equals g, or at 50 per cent. mortality,

g O

th {eity of information 72 s greatest at this
e quantity of in , =
R | 77

pOiQﬁ.:" Hence for a single test, the highest precision
{s\obtained for a given number of animals by adjusting
h‘te dosage approximately to the 5o per cent. death
point. The quantity

nzt

=2

2q

is used further as the weight to be assigned to the
estimated value of z when a number of tests at different

dosages are to be combined. The quantity 54z, known
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as the “ probit value,” is used as a practical measure of
mortality, and Dr C. I. Bliss has given tables of the
weighting factor, and other relationships needed for the
more complex problems which arise in toxicological
rescarch. Fig. 5 shows the amount of information
respecting the probit value supplied by each animal
observed, for different percentage mortalities. “I% ‘will

-7 ’\“ =
S
< N
6 N
'\ o
-5 Y
4 # \\"
4 L &
‘:\
N A »
-2 ,:' 4
~\
| +\J
A\
o 108,520 3 40 50 60 70 80 90 i6D
'\EI’G 5.—The amount of information as to the probit in terms
\\‘ of the percentage mortality,

,b,:e\seen that when the mortality is between one-third
.(Odnd two-thirds, the information gained falls little short
. of the highest possible.
Tables and illustrations of their use are given in
Statistical Tables.

70. Linkage Values inferred from Frequency Ratios

When an organism receives from its two parents
corresponding genes of different kinds, it generally
hands on one kind to half its offspring and the other



LINKAGE VALUES 219

kind to the remainder. The numbers of the two kinds
of offspring observed may, however, differ, either by
chance or owing to the unequal viability of these two
kinds. The parent is said to be heterozygous for the
Mendelian factor in question. If the parent is hetero-
zygous for two different factors, which are not linked in
inheritance, he may make contributions of four different
kinds to the germinal constitution of the offspring, and,
these will occur in equal numbers. If, however;“the
factors are linked, or carried in the germ-plasm~.b§ the
same chromosome, the two gene-combination$ Feceived
by the heterozygote from his parents will e, handed on
to the offspring more frequently than tk\e rémaining two
combinations formed by interchangifig the pairs of
genes. The intensity of the linkagie)is measured, in an
inverse sense, by the frequency\amiong all the offspring
of those receiving recombindtions. When the recom-
bination frequency is smally the linkage is close ; when
it is large, approaching,so per cent., the linkage is loose.
The type of mating<which best tests the intensity of
linkage is one with an organism distinguishable from
the heterozygoteyin respect of both factors, 7.e. when
there is dominance, with a double recessive.

If ther&)s no difference in mortality among the four
disting.QisHable types of offspring, up to the time at
whichy ‘they can be recorded, any such mating will
detérmine the linkage value, with precision limited only
b§% the number of offspring. Thus, if a fraction, 2, of
recombinations is estimated from a count of z offspring,
the amount of information available as to the value of

pis

£

[=".
?

If, however, the two types counted as recombinations
have an average viability different from that of the two
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types of parental combinations, the linkage value so
estimated will be distorted by the differential mortality.
It is possible to overcome this difficulty by making up
heterozygotes of the two kinds possible, so that the
recombinations from one set of matings are genetically
similar to the parental combinations from the other.
Thus, if in one set the apparent recombination value
has been raised by differential viability, it will’have
been lowered in the other set. If, therefore, we have a
record of two such sets of matings as shown in the

following table ' RS
Recom- Paredtal )
bination.  Combinhtion. Total.
Ist set . . . & :'\\§1 "y
2nd set . . . ay '\ by g

we may argue that the ratio @3/4, has been raised (or
lowered) in the first set intthe same proportion as the
ratio @,/6, has been loweked (or raised) in the second.
Hence, if we take the\geometric mean of these two
ratios, and use, as our equation of estimation,

£ )

2

K™ b Jaz

. g byby’
we shall ©btain an estimate unbiased by differential
mortalityy'in so far as it is caused by the factors studied.
Te determine the precision of such an estimate, we
may consider first the precision with which the quantity
\N"
\S

Iog‘-g = logp-—log g

i1s derived from a simple frequency ratio @ : 4 ; since

it follows that

. #
Liog ot = 2%9%1, = g% pg = Y
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and since, as our estimate, we shall put

&

=2 .=
p‘—nr?'—ﬂ;

the amount of information may be written,

I:a—é;
7

2 i O

N
%
S

N

or, in large samples, the sampling variance of log

R
Now, in estimating log 2 from the gedtnetric mean

I I
ab :z+3°

%

. N\
of two observed ratios, we are takl’ng ‘half the sum of

two estimates of log 2 and the samipling variance will

therefore be one-quarter ofy the sum of the four

reciprocals.

1, 1 I 1
NS S S
A * by + as ' by
AN S
: L1

&y 1001
o7 atuta

AN/

where /4 19\:\‘}18 harmonic mean of the four frequencies
observedy”

The information respec
'roril,v’ #, estimated in this way,

Hence,

ting the recombination frac-
may be calenlated,

as before, from that respecting log g, and is evidently

I, = Afp'"
what proportions the two types

d, in order to secure the greatest
ber of organisms bred and

We may now ask in
of mating should be use
precision for a given num
examined.

If p., ¢, stand fo

r the proportions observed from
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matings of the first kind, and p,, ¢, from matings of
the second kind, the amount of information has been
shown to be inversely proportional to

I I I I

or to mPp1 Mgy Maps Mgy
QY
NN
mprf1 - %abady O\

We wish to make this quantity as small (as' possible,
consistently with a fixed total of organismis observed,
7y +7y. 1f the numbers are such as to Mlke this quantity
a minimum, it will be unaltered by 2" small decrement
in the number #;, accompanied\by a corresponding
small increment in the numfer x,. But if #», is
diminished and 7, increasedby a small change &#, the
quantity above is increased by
a’m __dn
Jfpq n%Pags

Hence for the most satisfactory proportion,

\< n’h1 = npag,.
We should then endeavour to adjust our observational
numbers'so that

s
\V @by = @by ;

i;i%'i:her words, the product of the observed frequencies
,o\from one set of matings should be approximately equal
\”\3 ~ to the product from the other set,

By reversing the manner in which the frequencies
are combined, the data may be used to determine
differential viability, in the same way as they are used
to estimate the recombination frequency, The con-
sequence is that the same proportionate numbers from
the two types of mating, which are ideal for the estima-

tion of linkage, are also ideal for the estimation of
differential viability.
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71. Linkage Values inferred from the Progeny of
Self-fettilised or Intercrossed Heterozygotes

With many plants it is easier to ensure self-fertilisa-
tion than to execute controlled crossings, consequently
much of the information available as to linkage in plants
is derived from the families of self-fertilised heterg:™
zygotes. With animals also such data are obtained ih
the course of combining two recessives not yet ayailable
in combination. Methods of estimating the \intensrty
of linkage have been examined in Chaptety¥X. of the
author’s Statistical Metkods, and analggpus but more
complex cases have been discussed by<J.* B. Hutchinson
and F. R. Immer. We are here @nly concerned with
the evaluation, in such problem’s} of the quantity of
information as to the linka[gé ~alue postulated, which
the data make available. (I there is reason to suspect
differential viability, t]:lé;‘e'is no satisfactory substitute
for back-crossing, seswe shall discuss only the case in
which this complieation is absent.

The frequénoiés of the four distinguishable types
to be expected may best be inferred from that of the
double reeessives, for this is only produced when both
of the/dmiting gametes lack both dominant genes.

‘Whenthe two dominant genes have been received by

théjparents from different grandparents (repulsion), the

(proportion of such doubly recessive gametes will be
'1 p, where p is the recombination fraction. The pro-

bability that both the uniting gametes are 'of this lfind
is therefore } %, or } p " if the recombination fractions
should be different in male and female gametogenesis,
and are represented by 2 and p'. We may, therefore,
represent this fraction by % 6, noting that for repulsion
4/8 will be the recombination fraction, or at least th.e
geometric mean of the two recombination fractions, if
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there are two different values. The frequencies, in any

' case, are expressible in terms of 8. Consequently, it is

only of this quantity that the data provide information.
The data provide no means of detecting any difference -
that may exist between p and p’, and we shall from
this point use the symbol y merely as an equivalent to
v/6. In the case of coupling, on the other hand) the
doubly recessive gametes will be of the parental’ com-
bination, and the recombination fraction willbe 1.

From the expected proportion of double recessives
the proportions of the other classes may be easﬂy inferred
from the fact that each recessive separé’cely must appear
in one-quarter of the offsprmg, ireespective of linkage.
The two singly recessive geuot\ypes have, therefore,
each a proportional expectatlbn of %+ (1—8), leaving

1 (2+8) for the last, or doubly dommant type.

Having evaluated the expectations, we may now,
as before, caiculate gllrectly the amount of infoermation
which a record of # offspring will supply as to the value
of 8. The table:*below shows this caleulation.

\\ TABLE 37
i dmi?
OESPm,l(%n ;xpected dujdf. i( dLg) , Total.
\ o
\:"\l.
N »
\\ 1 2 #faf
\$ # FE
1(1*9) T n{4(1~86) 272{1426)
(1-0) =2 | g |[ 40 GED
gu +8) j— #/4(2+6)

from which it appears that
#{1-F 28
29(1 —b8) (2+6)
for all values of 8. It will be noted that the second and
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third classes of offspring, the expectations of which are
the same functions of 8, might have been treated together
without altering the result. In fact, we are only con-
cerned with the total number in these two classes, and
not with the parts of which this total is composed, in
estimating the value of 8. The fact that these two
classes are usually distinguishable adds nothing to ot
information. The same applies wherever distinguishable
classes have proportional frequencies. O

Knowing the information available respecting 6, we
can now obtain the quantity of informatic:{l;‘respecting
x. FDor, since QO

= x% \
dBldy =2% OB
and ‘ A\
N s,
(aTx) AT 4.
Hence N\

. e 2(1-26)
= IS G G

This quantity.a{i&s steadily from the value unity
when @ = o, the\}losest possible linkage in repulsion,
through 16/g-when § = }, linkage being absent, to an
infinite val(e-when 8 = 1, the limit of close linkage in
coupli’ngg;.\When linkage is at all close, therefore, inter-
bree.cliﬁ‘“ of heterozygotes in coupling is immensely
maofe informative, for the same number of offspring,
~than the interbreeding of heterozygotes in repulsion,
Roughly speaking, with 10 per cent. recombination,
coupling matings are worth about ten times as much_ as
repulsion matings; and if the recombination fraction
is as small as 5 per cent., they are worth about twenty
times as much.

Lack of recognition of this great contrast between
he amounts of information supplied by these two types

of progenies has led, on several occasions in the genetical
P
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literature, to curious misinterpretations of the genetical
results. Indeed, it greatly delayed the discovery of the
phenomenon of linkage itself, for English geneticists,
discussing undoubted cases of linkage in plants, while
observing the occurrence of recombination among the
coupling progenies, failed to recognise its occurrence in
the progenies from heterozygotes in repulsiof,” and
were led to believe that these two different, §3pects of
the same problem followed different laws. The' discovery
of linkage was thus delayed until animil geneticists,
working with a biparental organisgt,)>Drosophila, in
which back-crossing is as convenientas the interbreeding
of heterozygotes, demonstrated that the recombination
fraction was the same, irrespeétive of whether the two
dominant genes entered the€)cross from the same or
from different parents. Had the plant geneticists been
aware that a progeny’:bf 200 offspring in repulsion
might be equivalent)in evidential value, to some 23
offspring in coupling, they would, perhaps, have grown
sufficiently numérous repulsion progenies to have demon-
strated the idefitity of the two phenomena, which had
attracted their attention.

A pusiiber of further inferences of practical interest
fol[qw\i”?om the evaluation of the amount of information
tosbe derived from progenies by self-fertilisation, which

thé reader may usefully verify for himself.

(1) With close linkage, progenies obtained by self-
fertilising heterozygotes in coupling are of nearly
equivalent value with back-cross progenies. Thus the
advantage of back-crossing when it is possible, lies, in
cases of close linkage, principally in the opportunity it
affords of eliminating, and of evaluating, differential
viability, and of detecting any difference there may be
in the recombination fraction in male and female
gametogenesis.
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(z) When no double recessives are available, the
only doublé heterozygotes that can be formed are in
repulsion. Self-fertilising or interbreeding these supplies
very little information when the linkage is close. When,
however, on growing such a progeny, this situation is
found to have occurred, the plant geneticist has usually
che choice of two alternative methods of adding to. his,
information in the next generation. (¢) He may rgpeat
his previous procedure on a large scale, and (8) lie'niay
grow selfed progenies from the last generatiop,;~and so
ascertain which are homozygous and which hefté’fozygous,
and among the double heterozygotes, which are in
coupling and which in repulsion. Supposing the land
and labour required to grow eachistich family to be
equivalent to that of growing 2 sself-fertilised plants of
the kind first obtained, procedure (§) will be the more
profitable when linkage iscvery close, and less profitable
when it is looser. It is apifistructive problem to ascertain
" at what linkage valte " the two methods are equally
advantageous. 1o considering this problem it should
"be noted that in(procedure (8} the geneticist may choose
to form fantilies from the singly recessive plants, or
from the double dominants, or from both, but has
clearlymothing to learn from the doubly recessive plants.
The &alue of the second season’s work will lie, not in
thé.fotal information gained by a complete classification,
~but only in information additional to what has been

) “gained by the first season’s work. In the second season,

however, there will be some further information, from
the progenies of 25 plants each from those self-fertilised
plants which happen to be double heterozygotes, and
of these a certain proportion must be expected to be in

coupling.
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72. Information as to Linkage derived from
Human Families

- The greatest obstacle to the study of linkage in man
is that it is seldom possible to test or examine for known
factors so many as three generations of a family showing
any hereditary peculiarity. Consequently, when dopble
hetcrozygotes are found among parents, it is nog ‘lipown,
supposing there is linkage, whether they are if toupling

. or repulsion.  Apart from recent race mi};;zfré, however,
and other causes of disturbance, thesewt'\wb phases may
be expected to occur in equal number¥and, indeed, this
fact, when true, can be verified froudthe family records
of only two generations. The péssibility of obtaining
from such records indicatiptis’ of linkage was first
proposed by Bernstein by :}gé“use of methods, however,
which do not in general wiifise the whole of the informa-
tion in the record. The problem has since been more

fully discussed by Haldane and others. We shall here

only illustrate the "general mcthod of assessing the
amount of inférmation obtainable by a classification of
the different&inds of families in the record.

ManyNare anomalies are transmitted from genera-
tion tgJgeneration by persons heterozygous for the
mutants responsible. If these and their spouses and
children are examined for some known factor, such as

m:’ﬂié capacity for tasting phenylthiccarbamide, a certain
\J number will be heterozygous tasters. Since homozygous
tasters cannot be discriminated from heterozygotes,
this will only be known if the affected parent iIs a taster,
and if at least one of the children is a non-taster, Only
such families can, therefore, be included in the record.
Apart from the classification of the children, such
families are of two kinds: () in which the normal parent
1s a non-taster, for which Bernstein’s method is satis-
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factory; and (8) in which the normal parent is a
heterozygous taster, for which it is less successful, and
which we may take as an example.

The families of two in such a record are of seven
possible kinds, which are shown in Table 38 below,
where distinguishable individuals are denoted as follows :
the affected 4, normals e, tasters T, non-tasters Z Thels

Grst six kinds of family are arranged in the table\in
- %

TABLE 38 ~\

¥§$]3f Frequency cxpected. . 4 mﬁ?;ﬁ‘ . ”iz i—-’;)z
AT At aT at Coupling. Repulsion. O i=1 E=1
I e o | —

¢ 0 o 2 x° (1i—x)? }._ | _

o 2 0 O (1) o . “1, 2¢ | —2 3 8
1 o o 1| 2x{i+x 2(1-—;{)(%'—{')3"} el — 6
200 ol Xetty e JHTE TS /3

o 11 zx(z—x) ) a(;’—';ﬁ} .
11 0 o z21—x Lax(z—x) } z{142£)) +4 | 3 163
. )
o 1 0 1 zx(l-—;}\\" 23(1 -3} 2£ +2 3 3
oY 7 o 7 80/3
MK o
2.\

N W/

paixjs,%é“ajch member of which has the same frequency

for\Heterozygotes in coupling as the other has for
”'~j’€pﬁlsion. The combined frequency of these two kinds
NVof family is thus independent of the relative frequency
of these two kinds of heterozygotes, while the equality
of frequency of members of the same pair will serve to
confirm the view that the two types of heterozygote are
équally frequent, or, if this were not so, to estimate
their relative frequency. We shall here be concerned
only with the combined frequency of these pairs. This
combined frequency, being a symmetrical function of
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the recombination fraction, y, and 1ts complement 1—y,
may be simply expressed in terms of the product,

€= x(1—y.
The expected frequencies are shown in the table for a
total of seven suitable families observed.

In order to assess the efficacy of the classificdtion
in detecting linkage, we need to know the ameunt of
information which it provides in the limit-for loose
linkage, when x = §, and ¢ = 3. After \celculating,
therefore, the values of dm|d¢ for therfeur types of
family 1o be distinguished, the frequencies are rewritten
for the particular value ¢ = 1, and the amount of
information calculated for this V,al’e}f in the last column.
It is easily seen that the totalathount of information is
80/3 for seven families, or tHeinformation per family is

z‘v%’é’o/zr.

The loss of information in Bernstein’s method arises
from the fact that he draws no distinction between the
types of family inithe first and second pairs, or between
the third pair*dnd the last type of family. If we were
to throw thése together, so distinguishing only two
groups offamilies, and relying on the relative frequencies
of these)two groups only for the detection of linkage,

=
we\gh@uld have the table set out below.

™
&

AN TABLE 39
1 fdm2
., am|df. m oy -25-)
E=1 =1
First group . -. . .| 3—6¢ -6 3% 72f7 .
Second group . . - | 246¢ +6 3% 27
Totals . 7 ] b 1447
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The amount of information available from seven
families, using Bernstein’s classification, is therefore
only 144f7, in place of 80/3 available when the families
are fully classified. The fraction of the information
utilised by Bernstein’s method is the ratio of these two
quantities, or 27/35. This ratio is termed the efficiency
of the method. For larger families its value is found{
to be somewhat, but not much, lower, the limiting valae
for large families being 9/16. There is, however,\io
difficulty in utilising the whole of the information

~available in the record for families of any size&jerrce the
loss of information, and its cause, are recoghised. The
reader may find it instructive to examine)n like manner
the classification of families of three {P}}'«\I‘dren.

X 3
NN

73. The Information elicite@\by Different Methods
of ]-%stimaﬁon

The fotegoing example illustrates the fact, of very
general importance?..ﬁat methods of estimation which
proceed without feference to the possibility of evaluating
the quantity of\information actually contained in the
data, are liabl to be defective in the quantity that they
utilise. Whien, as is usual, many methods of estimation
are av‘g\iléible, it becomes important to be ab!e to .distin-
guish\which use less, which more, and which, if any,
_usaall.  Since the method of measuring information,
{yhich has been illustrated, is applicable to data of all
kinds, it is only necessary, in order to ascertain how
much information is utilised by any proposed method, to
determine the sampling distribution of the estimates
obtained by that method from quantities of data of the
same value as those observed. It is often possible,
though sometimes a matter of great ma1:.herr}atical
difficulty, to obtain the exact sampling distribution of
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the estimate arrived at by any particular method, and
in such cases the amount of information elicited by the
estimate is that of a single observation drawn from this
distribution, calculated exactly as in the cases illustrated
above.

In many cases in which the exact distribution of an
estimate derived from a finite body of data is unknown,
it is easy to show that as the sample is increased in
magnitude, the sampling distribution tqn@%“_.\ to the
normal form with a calculable variance,\ V, inversely
proportional to the size of the sample, se'that

. X

V= PN
where # is calculable for anysehosen method of estimation.

We shall now show, iy a direct application of the
general method of caleulating the information to such
a distribution of a.proposed statistic, that the amount

of information elitited by the statistic is %
'S v

Since, ip\ﬂié limiting case considered, the distribu-
tion of the Statistic becomes continuous and all observable
values 8§t are distinguishable, instead of a summation
ove;‘\a.\{umber of classes, we shall be concerned with an
integration over all the elementary ranges, 4T, in which

sthe statistic T may be found to lie. T, then, is known

~O to be distributed about the true value 6 of the para-

N/  meter, whatever it may be, of which T is an estimate,

in a normal distribution with known variance, V. The

probability that it will be found to lie in the infinjtesimal
range, dT, is therefore,

_(T—ep

! ¢ 2V 4T,

2wV

df:
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Differentiating this with respect: to 8, in order to
ascertain how much information about ¢ the value of
g, regarded now as a single observation, provides, we

ave

T—8
_v_ df-

The square of this divided by &f is now seen to be
T )2 . ‘:\
( Vg ) df, . ;.\

-
£ NN
S D

and the integration of this over all va]uqs'\(i’f T gives
simply QO
: v I N,
F= O
AYC Y R

since, as is well known, the aveiage value of (T—6)2
is equal to V, V being, in factpthe mean square deviation,
or variance, of the normaldistribution.

Consequently, we have found that the amount of
information provided by an estimate, normally dis-
tributed with Var'eiflcé V, is equal to 1/V, the énvariance
of that normaldistribution. It is thus easy to test
whether inyfie limit for large samples any proposed
method ofyestimation tends to elicit the whole of the
informq’f}dh supplied by the data, or a lesser amount.
We Have only to compare the quantity 1/V with I, the

';\a;n‘i,t:r'ﬁnt known to be available; or, dividing both of
< these quantities by 7, to compare I jv with the amount
of information, 7, provided by each individual observa-
tion. The ratio of the amount elicited to the amount
available is called the ¢ efficiency” of the method of
estimation under discussion, and it has been demon-
strated, as the common sense of the method requires,
that the efficiency can in Do circumstances exceed

unity.
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74, The Information lost in the Estimation of Error

In the limit for large samples it is always possible
to obtain estimates of 100 per cent. efficiency, but with
small samples, when treated exactly, this is not found
to be generally possible. In some simple cases, how-
ever, estimates may be made, which in themgelves
contain the whole of the information available for finite
samples. These especially valuable and comgfréRensive
estimates are called sufficient statistics, and“the great
simplicity of the problems, which fall under the head
of the theory of errors, is due to thefact that with the
normal distribution both of the Jquantities requiring
estimation, the mean, and the varience, possess sufficient
estimates. It is for this reason\that in so much experi-
mental work we need only ©e concerned with the pre-
cision of the total, or mikan, of the values observed,
and with the estimation\6f this precision from the sum
of the squares of theresidual deviations.

There is, however, one point in connection with
experiments dmvelving measurements, to which the
theory of erz:qk is applicable, which may be cleared up
by the methtds of this chapter.

When,” as the result of an experiment, a value x
has, Been assigned a sampling variance, 5%, validly and
coerectly estimated from # degrees of freedom, the

~Position is not the same as if the variance were known
\”‘} “with exactitude. Our estimate of the variance is itself
subject to sampling error, and exact allowance for such
error is made by using the true distribution of #, instead

of the normal distribution, when testing the significance

of the deviation of our observed value from any proposed
hypothetical value. In view of this procedure, it must

be considered to be inexact to state the amount of
information supplied by the experiment respecting the
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true value of which x is an estimate, merely as 1/s% as
though our estimate were known to be normally distri-
buted with this variance. We need, in fact, in con-
sidering the absolute precision of an experimental
result, to take into account, not only the estimate s*
derived from the data, but also the number of degrees

of freedom upon which our estimate, 5%, was based. . &\
Now the probability that the quantity defined, by
the relationship S N,
X—p = t, p ’:.‘; N

where z is the observed value and p th Rypothetical
value of which it is an estimate, shall ligip any assigne
range, 2%, is given by the { ormula N

4

w—1, ’~~x\ v
! AN dt
2 O .
df = ————— 7 A’
! '\/wzz’:’ (I -+ ‘)
2 ‘v #
or in terms of x and u,"By
by ,_‘_J; d
4 N x
g AQ—_-__ L3 ————  _n *
af T, 1-[—(x‘—’£2 3 t1)
o7 vV T

From I\h}swe can evaluate the amount of information
suppﬁzed by an observed value, #, relative to the unknown
parameter, g, as we have done with the norma} curve
. (@bove, by differentiating with respect o #. This gives
‘ nt1 (o
nst G—w?’
T
squaring this, and dividing by 4, we find
(RS A o i/
EE S Nk
[I+ ns?
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When integrated over all possible values of the observable
quantity, x, this amounts to

#n4-1
(rf-3)s%

It appears that the true precisions of our estimate
is somewhat lower than it would have been, had ‘the
variance been known with exactitude to be 52, Taithe
extreme case, when # = 1, and the estimate, i) based
on only 1 degree of freedom, the precision1§ "halved.
And in general, the true precision is less¢than it might
be thought, if the uncertainty of outlestimate of the
variance were ignored, by the frag;i;on 2f(n+3). It
may thus be worth while to sactifice, to some small
extent, the aim of diminishinghthe value of s, if this
diminution carries with it agy.undue reduction in the

number of degrees of ffe&dom, available for the
estimation of error. N

3

74\
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