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Preface by the Translators

Since 1934 the analytic theory of numbers has been largely
transformed by the work of Vinogradov. This work, which has
led to remarkable new results, is characterized by its supreme
ingenuity and great power. '

Vinogradov -has expounded his method and its applications J\n‘\

a series of papers and in two monographs 1}, which appearedMn
1037 and 1947. The present book is a translation of the"s‘ééond
of these monographs, which incorporated the improyéutents ef-
fccted by the author during the intervening ten VTS,

The text has becn carefully revised and to some gxtent rewtitten.
The more difficult arguments have been set ouft n greater detail.
Notes have been added, in which we megtion the more im-
portant changes made. and comment 44n the subject-matter;
we hope these will be of assistance orof interest to the reader.
in particular, in the Notes on Chap’téi' VI, we mention a simpli-
fication cffected by Hua in 1948,

We are greatly indebted{‘t,} Professor Davenport, who has
given substantial help th(\sﬁ'ghout. We are also grateful to
Professor Mordell and (& Dr. G. L. Watson for a number of
helpful comments. AN

A new method z'r.p;ﬂm analytic theory of numbers [Travaux de 1'Institut matheé-
matique Steklof \’wﬁume X (1937), Moscow and Leningrad]. The #ethod of
frigonometrical JKums in e theory of wumbeys [Travaux de P'Institut mathé-
matique Stcklp#f, volome XTI (1947)].
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NOTATION

Throughout the book, # denotes a positive integer greater than
1, and ' '

. A
Y= — A ¢
% ¢\
. N\
§ always denotes some number satisfying — 1 =6 = K
¢ (and similarly c,,...) denotes a positive constantel R

4

& (and similarly &, ...) denotes an arbitrarily smal M positive
numbher. \%
If F and G denote functions of certain variables, and G = 0,
the notations : v
F=0({) and FF

both mean that there exists a povsi;t’_ii}é constant ¢ such that
| 7| = ¢(z. The constant ¢ may,}’yéil‘l depend on certain other
paramcters (e.g. on #), but the “meaning will be plain from the
context. R\ '

The notation G > I o\a‘.m the same as F < G, but will only
be used when F and (hare both non-negative,

For any real nuuiber © we denote by [x] the integral part of
xand by 1) {x} t};lé..fractional part of x. We denote by |! % || the

distance of ,Q@mn the nearest integer, so that
O , _
;.ﬁ\x || = min ({x}, 1— {x}} = min jx —m |,
..\‘;

the Jast“minimum being taken over all integers #.
Ihﬁl and B are real numbers satisfying 0 £ B—4 =1, the
notation
A <2< B {mod 1)
means that
ht+A<z<hi+ B

1} Oocasionally, where there is no risk of confusion, { } arc used as ordinary

brackets. .
1=



X ) NOTATION

for some integer 4. Similarly for inegualities in which one or
both of the signs < are replaced by =,

If m is any positive intcger, 7(m) denotes the number of divisors
of m, 2(m) denotes the number of prime factors of #, and w(me)
is Euler’s function: the number of positive integers m' = m
with (m’, m) = 1.

We use the abbreviations

o« &\
g(a) — 62?33:“ g\
)
for any real number «, and C’,\ -
efay=c¢e (E) :;ﬁ'\\"
q v



INTRODUCTION

Onc of the most important problems in the theory of numbers
is that of establishing regularities of various kinds in the distribu-
tion of the values of a function f{x,, . . ., x,) of one or more variables.
We shall consider only thosc values of the function which cor

respond to the integer points (xy, .. ., %) of # dimensional ap@co

belonging to some given set 2. This set may consist either” of
all the integer points of the space, or of those mtcger points
which satisfy certain conditions; for example those p&mts whose
coordinates satisfy certain inequalities, or thosa’peints whose
coordinates are primes, and so on. AN

The problem just formulated in such generdl %erms can assume
very different special forms, according to Me’kind of restrictions
imposed both on the function f{x,, . . N %) and on the sct £,
We single out three problems whichy Wte of great Importance in
the theory of numbers. These prob],ems resemble one another in
their formulation, and moreoves the method which we shall use

tor their solution is substaptially the same. [ discovered this.

method in 1934 and gav&{he first systematic exposition of it in
1937. The method waglater considerably revised and simplified,
and the results reﬁnéﬁ'." The present book contains a new and
improved expositipn/of my method and of its application to the
threc problems{ )"

We procesdMiow to a more detailed description of the three
_problemg;.\ih"'question‘ We shall give a short account of their
orighi‘a;nd shall mention thé methods which cxisted for their
treatment before the discovery of my method in 1934,

1. A very important problem is that of the distribution of the
values of the cxponential function

Hoog oo %) = e(Flay, ..o %)),

where F(x,, .. ., x,) is a real function. The essence of this problem
1

Q"



2 METHOD OF TRIGONOMETRICAL SUMS

is to establish an upper bound for the absolute value of the
Suim

S=SiEy .. %) = Se(Flay, ..., %)
£2 0

extended over the integer points (%, ... %,) in £, it being un-
derstood that the number T of such points is finite. ‘As the absolute
valie of each term in the sum is 1, and the number of teftus is
T, we have for | S| the trivial estimate OV
ISI=T. o

The sign of equality holds if and only if all ’gké’}‘galues of the
function F(x,, ..., x,) are integers, or differ by {itegral amounts.
However, for very wide classes of functions F (v, . . ., %,) and
gets £2, it proves to be possible to esfca@'li'sh for | 5| an upper
bound very much more precise than ?J{a}rivial one just indicated.

This is of the form

1S | £ Ty,
where y tends to zero as t]jc» number T of points in the set £
increascs to infinity, eventhough the function F{x,, .. ., x,) may

simultanecusly undepgosa change of form. The factor y, dis-
tinguishing such a,b"thd from the trivial one, may be called the
“factor of reduction’.

Let us cqn;‘éi]jer in detail sums of the form
2N/ ,
s Ze(F (W),
whe{e&he summation is extended over all integers x in some

iptérval 2 =x = @+ P,or over a subset of these integers. Such

('siims are special cases of the general sum S with # — 1.

o

Much attention has been given to sums of the form

-1
(1) S=2Le(D(x)), Blx) = ax" + ...+ ay,
=0
where ¢ > 0 and (a,,..., @, ¢) = 1. The simplest non-trivial

sum of this form, namely

qil g,fax?),

&0



INTRODUCTION 3

was cvaluated by Gauss 1 and is called a Gaussian sum. The more
general sum (1) was investigated by Mordcll 2, who obtained the
estimate

1
S g™ : (1}: _)
. %

when ¢ is a prime. For the case when ¢ is not restricted to primes,
L. K. Hua ? proved that

S < g

This last inequality cannot be substantially improved,; th.cf\é)aré
infinitely many values of ¢ for which all sums of the fovni
o-1 ’\\
{2} - Do fax™), (a,q) =1, O
x=0
1-7 : "N
are equal to ¢*7 (see Lemma 4 of Chapter, 11y
It is also possible to estimate sums of e form

¢-1 , q_].' w"
Z ¢, (i(x) and  By(i{x)),
pnan R 2

~

where X
flx) = ax™ + .. R0 ax + ... T a_xtm

" Here the a's are intege’gﬂ“f is a non-principal character to the
modulus g, and »' is @gfined by xx’ =1 (mod g). We shall not
be concerncd with, &ich sums in this bock, and refer the reader
to the literatup@®’s s,

It is consﬁd\’e"ﬁa‘lbly more difficult to cstimate sums of the general
form O\ '

AN Q+P—.1
(3}
N\

O 's= 2 e(Flx)), F)—aa®+... + o
} 20 .

where (.and P arc integers (P > 0) and a,, ..., o are real.
The first general method for estimating such sums was given
by H. Weyl, and consequently the sums are called “Weyl sums”.
The estimate found by Weyl’s mecthod depends on an approxima-
tion to the highest coefficient a, of the polynomial F(x) by a
rational {raction. Let
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4 METHOD OF TRIGONOMETRICAL SUMS

¢
mn:E_i_B_z., where ({;,(]): 1, g>0, L‘; 1.
7 g

Then Weyl's method leads to the cstimate 7 | S| = Py, with

(4) » < PSP+ #g~t + Pt L gP—)2, wherc p ==

2rt

and ¢ can be taken to be arbitrarily small. O

In order to see more clearly the degree of p1'ecisjgn\0f this
estimate, consider the special case when ¢ < P andg=9., Then
{4) leads to the estimate | S| = Py, where A

(5) Vg d=e—e (D

Now let P — o0 and at the same time g <20@’ in accordance with
some law. Then the factor of reductisg; y" tends to zero, and
the rapidity with which it does scl@epends on the size of o',

| §

. ] N*,
If # is large then ¢, being about! > is small, and the estimate

(5) is then comparatively wg:ak

In Chapter VI of thisebodk, a new estimate for Weyl sums
is obtained by meansqf my method, and this estimate allows
one to replace thf?i@?;ponent o' in (5) by the number

\\‘.. .

3(n—1)tlog 12n{n — 1)’

N PE—
g =
4,

This tends™to zers as # — oo very much more slowly than

2n—1’

~
angflg%ﬁ’sequent]y for large # the new cstimate (8) is much more
preeise than the former one. :
O Successful variants of my method for estimating Weyl sums
/ were given by van der Corput (in letters to me in June 1936)
and by U. V., Linnik 8 (in 1842). But in the present book I confine
myself to a variant similar to one which I have expounded in
certain papers. '
- The sums (2) are special cases of Weyl sums with ¢ == 0,
:F‘ =q and F(x) = ax"fg.  As we have already seen, there are
infinitely many such sums for which S = ¢* This shows that
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in the cstimate {5) the number p’ cannot be replaced by any
number greater than » == 1/,

It is a plausible conjecture that the estimate (5) holds with
g’ replaced by » — ¢, and more generally one might conjecture
that the exponent g in (4) could be replaced by v —e. A proof
or disproof of this conjecturc would be very desirable.

But even if such a conjecture were proved, we should still be
far from having a completely satisfactory solution of the problem
of estimating Weyl sums. The following simple consideratipfisy’
illustrate this. Let s be any one of the numbers 1,.. ., n;\}md
let ¢ and P and all the coefficients of F{x) other th\aﬁ}ﬂas be
given, Let a, vary between 0 and 1, so that the sum (3} ybecomes
a function of «, say S{«,). Then \

1
) [1s@yra o
0 .
0+P-1 g+P-1 )
ST N g(F(xl) —o %y — F(x) —|~otsx3):~[‘e(o:s (44° - x%))dot, = P,
oG w=@ sl v D
since the integral N

NN

1 o\
j e{ot, (7™ %)},

4

is 1if %, = x and 0 otherwj:s; {sce Lemnma ¢ of Chapter I}. The
cquation (6) shows thatMf 0 << 4 < §, the estimate

(7) O 1Sy | = P

is true for all ayhptween 0 and 1 except possibly thosc lying in
a finite numbdr of intervals of total length = P21 which tends

to0as P . Roughly speaking, (7) holds for almost all sums

Sfe,). 8" :

U)Iﬁg:\fhe results of Chapter VI, it is possible to dcduce other
imp&ant conclusions concerning the distribution of the absolute
value of the sum (3). For example, the following can be proved.
Suppose # = 11 and let @ and P be fixed. Denote the sum (3)
by S{x,, ..., ). Then the cstimate

Slotg, « -0 oq) K pLos
is true for all points (x,, ... ®) In the # dimensional cube

N



6 METHOD OF TRIGONOMETRICAL SUMS

0<Za,=1,...,0=a, =1 except possibly for points lying in
a finite number of regions of total volume less than

P-o,uaw2

The more complete elucidation of the Tegions containing points

(%, . .., o) for which | S{m,, ..., «) | is abnormally large rc-
presents a most important task in the problem of estipfating
Weyl sums. o o &
. + £ N\
The methods used to find estimates for Weyl sumg~Can-also be

‘applicd to sums of the form ' ~\ o

04+P-1 , ‘ ’
(8) S= X I'(x)}, N\

=0 W

o/

where ) and P are integers (P > 0) apd\}vﬁere the sth derivative
of the function F(x) satisfies an jgequality of the form

| —
'(
ol
Fra

7

in the interval ¢ < xﬁg_‘rQ"—!— P. One sum of this kind has a
very important appl'\e*dtion to the question of the distdbution
of the primes ® I the special case when # = 2, sums of the
above form are pﬁreat importance for the problem of the number
of integer points in a given region in the plane or in space, for
example j:h.f;'.\région %2 42 = #? or the region 22 4 42 = 52 = 42
and a :n(f:?hod for estimating such sums was found independently
by }@q‘der Corput Y and myself 11. Van der Corput further showed
thats by imposing some additional restrictions it is possible to

(&ombine his method with Weyl’s method so as to improve the

Tesult. He also obtained estimates for the general sums (8) by
using Weyl's method 12,
In Chapter VI we apply my method to the sums (8) when

7> 11 and P <« 4 < P**® and obtain, subject to these con-
ditions, the new estimate

H

{9) S « p1-e - .
3n®log 125m

=4
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This represents, for large #, an improvement over earlier results
similar to that already mentioned in the case of Weyl sums.
Naturally the question arises whether a further improvement
on (9) is possible, that is, whether g can be replaced by a larger
aurnber. In view of the very general character of the sums S
in (8), it is difficult to make any specific conjcctures. Perhaps
it will be best to confine ourselves to an important special case.

. AN
Consider the sum

P+ ’ £\ *
S(i) — 02 giilogx’ ) :\“>
w=Py+1 ;\,,\/

where P, and P are integers satisfying $Py = F = Py,.and £ is
any number satisfying Po*? =1¢ = Py~ (This sum é€curs as
the example to Theorem 2b of Chapter VI.) Hefelwe have

— LSl
27 F (x) = tlog %, 2nF ' (x} = ( L}: :
and consequently .
._\.[”:]':‘:s
_.t_.._g (_lJn-l%::;:_‘(ﬂx_) < - ¢ .
2an(3P)" XN 7! 2rn "

Putting \ %iép)n
2% N on
A W, I = 3"

we have P <€ 4 K P?x “and
1 ONF !
— = (-w——lij'”s*'l—-—(ﬂiz < for P+ 1=x= Py+ P
AT A S B |
Thus the c:c;n\ditions which we imposed on the sum (8) are satisfied.
Furthef Ave have
3
=1 PP Py P n—1
r" | S{E) 124t = by 02'] j‘“’ g losx —loss) 7,
i'-"._'“_Es ap== Pptl = 1 .I'-'&”_2
But the integral
J‘P""dl Bés{logxl—lug ) gt
Pﬂﬂ—!

has the value Ppot— P, if %, = %, and is
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< | log %, —log x| -1

if x; 7 x. Putting x; = x 4 # in the latter case, we have

1(11“)
Q —_— —
& " x

It is now casy to deduce that

2

| 2
> ‘-—~—r, or |log x; —log x|tz —.
P Pt

l-._.
[logx;—logx =

Pnn—l P P P
j S 1Rt — PPyt — Pty & P Y« Prlog BN
n—2 "= it N
N ' Oy
S\

Pﬂﬂ-—-l ] . ': e/
10 [ 1SE Pl = PRy 4 02y 1o,
P AN

whence

n—2

) N

The cquation (10) shows that the number gJn the estimate (9)
cannot be replaced by a number of >é\':Moreover the same
equation shows that if 0 < 1 < 1 the eifimatc

(11) | S@#) | <« P¥
holds for all values of ¢ in the i;lféifval Pyt < = Pyl except
possibly for those lying in a¥nite number of intervals whosc
total length is at most P*"¥&2 and so is negligible in compatison
with Py*-1 — P n—2 for darge P. Thus, in a sense, the cstimate
(11) holds for almost(all sums S{).

Finally, we cmﬁi@br sums of the form

(12) 3 o(F(x)),

N/
where £ (x}iSe real function and the summation is extended only
Over a.slihset of the integers in the interval P=x<(Q+ P
All Fl}é\s ms with which we shall be concerned will have » PP
F?};{ﬁfa.’ .It must not be thought that an estimate for such a sum
“wunevitably worse than, or no better than, that which would
l.ac obtained if summation wero extended over
mterval. For example, if in the sum (2) we restrict x to thosc
mtegers in the interval 0 = % <C ¢ which are relatively prime to
g, the sum is always <« g%, whereas the sum (2) ilself can be

equal. to g% for infinitely many values of ¢, as we have already
mentioned,

all integers of the



INTRODUCTION 9

Sums of the form
(13] Ze(F(p)),
PEN

whers $ runs through primes, constitutc a particularly interesting
special casc of the sums (12). In Chapter [X we show how the
estimation of such sums, in the simplest case when F{p) = op,
can be reduced to a straightforward application of my method.
This is cffccted by means of the following identity (or certain
generalizations of it): O\

(14) 2() + I 0(p) = 5 uld)Pimd).

.

VN <pEN Lo =N "

Here d runs through products of primes (including t'b'qk‘fempty”
product 1) not exceeding 4/N, and m runs theebgh positive
integers. The identity (14) has been known fora Jong time, and
cart be very casily deduced from the Sicyf{ i Eratosthenes.
Closely related in some respects to the identity (14) is the famous

dentity of Euler: R\ .
1 —1~ N NI A !
(15) 5L H(l——-—) > Sl )) ,
= 11” 2 “}b " d=1 da*

wheres = o L etand o > 1 mThl‘: identity and its generalization
for the L-functions wer aier fundamental for the theory of the
distribution of the prithes, created by the work 13 of Dirichlet,
Riemanmn, Hadama’rd{dé']a Vallée Poussin, Hardy and Littlewoond
and others. Py \d

In fact the\iléntity (15) can be deduced from (14), by taking
@(m)} to bedp~® and making N — c0. We should mention here
that it wggf'by modifying the idea of the Sieve of Eratosthenes
that iggo Brun was led to his well known method, which has
made 1 possible to solve a series of very subtle problems i the
theory of the distribution of the primes.

2. Closely related to the problem discussed in § 1 is the problem
of ke distribution of the fractional part

fon o m) = (o5}
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of a real function F(xy, ..., %,). We again suppose that the
number T of points in the set &2 is finite. Each value of f{x,, . . ., %,}
satisfics 0 = f(xy, ..., x,) < 1. It transpires that, for very widc
classes of functions I* and scts £2, every number « in the in-
terval 0 <C ¢ << 1is approached by values of f{x;, . . ., %,). In fact
it can be proved that the distance from o to thc nearest
value of f(x;,..., #,) does not exceed y, where the number
y = ¥{T'} does not depend on « and tends to zero as I -,
even though there may at the same time be a variaj:igﬁﬁl the
form of the function F. Moreover in very general casés/it is also
possible to establish a considerable measure of uniformity in the
distribution of the values of f(x, ..., %.). I.‘Qi«‘é’uni[ormity is
expressed by the fact that, for any & with 0.\§ < 1, the number
H of values of f{x,, ..., x,) satisfying 05 f(x,, ..., %,) < & is
approximately proportional to §; morg@recisely,
H =15 + Gy,

where y, is independent of § and, tends to zero as T — 0. In
what follows we shall considey:bﬂly the case when the function
fis f(x) = {F(x)}, and » takes all integral values in some intcrval
Q=% < Q-+ P, or a geftain subset of these valucs, This is a
special case, with # :”}, of the general problem just stated.

The simplest problem to treat is that of the distribution of
the values of the\function

f(x) :{?g)} » Pl3) =a.x" 4 ...+ apx,

e
Wherga"g& 1, (@ ...,a,9) =1, and x runs through a complete
set ohiresidues to the modulus g. Here, using the estimate stated

~carlier for sums of the form (1), it can be proved that the number

of values of x for which f{x) lics in the interval 0 =fx) <8
is given by the asymptotic formula

H = g0 + O(g"7+5).

A more difficult problem is that of the distribution of the
values of the function

(16) Ha) = (Fx)}, Fla) = o™ + ...+ ap,
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where #,, . . ., %y are real and x runs through the intcgers of the
interval Q Z 2 << @ 4+ P (¢ and P being integers). The first
general solution of this problem was given by H. Weyl, who used
for this purposc his own estimates for the sums (3) which bear
his name, However, Wevl’s results were relatively crude. Later
the problem was extended and generalized, mainly in the work
of van der Corput and Koksma, who used better cstimates for
the sums (3) and (8), obtained by Weyl's method. The most\
precise result obtained by the application of Weyl’s method to A0y
question of the distribution of the values of the function (IQ)\can
be formulated. as follows. Let N
I Py
g 9 )
Then the number X of numbers in the sequerh:e
%) = {F{x)}, x»=4¢@,. Q~ P—l

which satisfy 0 = flx) < é is given byT

H=DP§ T..O.fpy ,
where N

74 ’ 1
y — PP g g P, o=
@

In Chapter VIII, my‘ method is applied to the estimation of
the error in the p,rebeﬁing formula, the result being an improve-
ment of a kir@d\‘:eﬁrﬁilar to that mentioned earlier in connection
with Weyl Qimé

Further\Jn Chapter V we obtain also a very precise estimate
for the d}stnncc from any proper fraction « to the ncarest number
in tl\e sequernce

= {Fx)} x=1,... 18",

where F(x) is as in (16), and 7 is one of the numbers #, ..., 1,
and A = 1/, and g, is detcrmined by

“z:_'"i‘_,(zr‘i'z)—l g; > 0.
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Finally, in Chapter X1, it is shown how my method can be nscd
to investigate the distribution of the wvalues of the function

@) = {op},

where $ runs through primes = X¥.

3. Of special interest are the laws of distribution of the valhes
of functions f(x,, ..., x,) which take integral values foy peints
(%1, . .., %) of the set Q. Herc the question arises hos\o#ten a
given integer N is represented by the function Flxy, ~. x,.) at
points of the sct . In other words, what can be$aid abont the
number of solutions 7(N) of the indeterminate, equation

(17) f(F, oo 2) = N

' N ' )

In some cascs we aim only at egtablishing the inequality
I(N) > 0, which shows that {17} ds)soluble; in other cases it
proves to be possible to find an asyfiptotic formula for I(N) or
even an exact formula for [(AJN

We now discuss in more detall the distribution of the valucs of
the function "

flr, o SX) = x £,

wherc it is supposeg:l\lﬁ% the set £2 consists of all points (xy, .. ., %)
of # dimensional{space with non-negative x,, ., , «x,.

Here it cap\$éry easily be proved that if » < 5 there is an
infinite sec Usiice of positive mtegers N for which the equation
(17), thskt:fs the equation

(18) o\ G4 L ah = N

T

Asansoluble, In fact, Ict Ny be a sufficiently large positive integer.
¥ {18) is soluble for some N = Vy, then all the numbers Kis - - 00 X
occurting in a solution will be found among the numbers

(19) 0,1,... [N

Tfherefore, making x,, .. | i the sum x,» 4. - %% run
ndependently through the numbers (19), we find among the
[No" -+ 17" sums all numbers N = Ny for which the equation (18)
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is soluble. Here those N for which (18} is soluble with unequal
values of xq, ..., %, will occur at least #! times (since %, ..., x,
occur o 7] different ways). The number of values of ¥ for which
{18) s soluble, subject to the condition that %, .. ., %, arc not
all different, is <« N ™™, Therefore the number K of all N < N,
for which {18) is soluble will satisfy

1 AT P *o Ay Vlr—1]

. (N - )" + O(N, ) .

¥l N \"\
7NN ©

L \
= ?;(L,-\ruv + 'l)n + O(j\rul—v) < 0_61?\.-'0:“:;“

K<

for sufficiently large N, This means that for momﬁthan 04N,
numbers N = N, the equation (18) is insoluble,Jahd this proves
our assertion, N /

What are the values of » for which (18Nis soluble for every
N 20, or at lcast for all N = ¢, wherd( ' is sufficiently large?
Lagrange *® proved that the equaticmy

PRI RRE:

is always soluble in 1'1()11—negzp{iﬁé integers x,, ..., %, In 1770
Waring asserted that for cyc}"y # = 2 there exists ¥ = »{#n) such
that for cvery integer Nz 0 the cquation (18} is soluble in non-
negative integers x;, ™., % 1his assertion became known as
Waring's Problem,ﬁ'\ft ‘was first proved by Hilbert in 1909. His
method was of a¥pmewhat special character, and since it led to
very large V‘Q%U}b for it is now almost forgotten.

In orderd&d give greater clarity to the subsequent cxposition
we int:jf_a(fﬁi‘:e the symbol G{n) to denote the integer with the
follm\ﬁ}jg property: there exists some ¢ such that for every integer
N = ¢the equation (18) is soluble for ¥ = G(x), but therc does
not exist any ¢, such that (18) is soluble for every integer NV = ¢y
when » — G(n) — 1. From what has been said above it follows
that G(n) exists and that G{x} > » for cvery #.

In 1919 Hardy and Littlewood developed a new method for
the solution of Waring’s Problem, which is incomparably more
general and cxact than that of Hilbert. These scholars found an
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upper bound for G{») of the form

(20) : Gin) = n2n-2jp,
where 4 — 1 as # — vo. Morcover, for
(21) ¥ = (n— 2)271 L 5,

Hardy and Littlewood gave for the first time the asymp,Qtic
formula 1 for 7{N}:

(ra+2y ., 1 N,
29 T Nf . L,.\."r'i,—l -G O L;\,.rv—l—c N ~
22 N = D) 2o O
where & = &(n, 7, N) is the “singular series” jtiu.:"'n'leaning of
which is explained in Chapter II below. Hagdyand Littlewood
also proved that, if (21) holds, > 1. The dsFiccent reflinements
of the method of Hardy and Littlewoogl,}d‘ue to L. K. Hya 17,
allow one to replace the numbers qu.£b¥ right of (20) and (21)
by 2= L1, P\%

In Chapter IV my method isapplied to the investigation of

G{n}, and gives the upper begnd

Gln) X8 (log n 4 11)
mstead of (20), As #,&00 this is of the order # log #, and con-
sequently is not much’larger than the lower bound » + 1 esta-
blished above, yAsMar as the asymptotic formula (22) is con-
cerned, its va{idit'y will be proved only for

N\ 7 = [10n%og 1]

(Chapte\i““\VII). It seems probable that by a further development
0’{" m¥ eth?d {or perhaps in some other way) the order of mag-
nitude of this Iower bound for might be brought down nearer to ».

_) “Another interesting problem is that of the distribution of the
values of the function

f(?l!"':?sr}z?blﬂ—’_"'+?rna

where #,, ..., 4 1un through the primes.

As eafrly as 1742, there arose from the correspondence of Gold-
bach with Euler the so-called “Goldbach’s Problem”, which is

the conjecture that every integer greater than 1 i3 the sum of
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not more than three odd primes. According to this conjecture,
any even number greater that 2 must be representable as the
sum of two primes. In 1919, V. Brun, when endcavouring to use
his method (mentioned above) to prove the latter conjecture,
showed that every positive even number is representable as the
sum of two numbers, cach of which is a product of not more than
9 primes. Later the number ¢ was reduced to 4, but the attempt ,
to prove Goldbach’s conjecture for even numbers in this way
did not succeed. In 1930, L. G. Schnirelmann, by supplementiﬁg
Brun’s method with arguments of his own concerning thc:ﬁeﬂ
sity of a sequence of positive integers, proved '® thad ‘every
intcger greater than 1 is representable as the sum of & bounded
number of primes; later the bound was brought d‘Q\wn to 67.

In 1923 Hardy and Littlewood indicated a meMiod for solving,
Goldbach’s Problem for odd N which is siilar in its naturc to
the method which these scholars crea‘ged:\for the solution of
Waring’s Problem. They established, conditionally on a certain
hypothcesis, an asymptotic formuladfor the number (V) of
representations of N in the forn;::: »

N = #5F py + o
\

where p,, g, P, are prﬁ@s.’ From this asymptotic formula the
validity of Goldbach’s, conjecture for all sufficiently large odd N
would follow trivie&ﬂly.’ The hypothesis underlying Hardy and
Littlewood’s work is the validity of a theorem, as yet unproved,
concerning thesseros of Dirichlet’s L-functions, Howcver, by the
beginning ©f\1937, a method was worked out by Page® and
Estermajin ® which allows one to deduce an asymptotic form-
ula ofq'r:.\ that part of the integral for I{N} which correspends to
the so-called basic intervals (see Chapter X). This mecthod is
applicable not only to Goldbach’s Problem but to similar morc
general problems. A series of such problems was solved towards
the beginning of 1937: it was proved that every sufficiently
large integer N is representable in the form N = p" + %" + &
(p’, p" primes, x a positive integer), and that every sufficiently
large odd N is representable as N = $; + p3 - P3P (b1, Ps Pa
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p4 primes), and so on. But for the solution of Goldbach’s Problem
for odd N it was necessary to have non-trivial estimates {or sums
of the form (13), with F(p) = ap, that is, for the sum

% e(up),
PEN

forall values of in 0 = « < 1not belonging to the basic in tervals,

The general method which I found in 1937 for estimatifyd the
sums (13} allowed me to solve at last Goldbach's Projglyn for
odd numbers, and also opened up a broad road to theMsiTution
of other very diverse analogous problems, for cxa;ni:gl;} Waring's
Problem for primes, that is, the problem of the'rg‘:f)reé&m tation of
an integer N in the form o

N =+ po
In Chapter X we restrict ourselves to fhe detailed solution of
Goldbach’s Problem for odd numbery.”  Yor a treatment of
the more general question we refcrthe reader to the excolient

monograph of L, K. Hua? 3%
In conclusion, I wish to qx,ﬁné’ss my gratitude to K, K. Mard-
janichvili who carefully read through the manuscript of this
book and drew my atj:{ntion to a number of oversights.
¢ \J
\ L\ REFLERLENCES _
1. Lanpay, H. I{w,{e\s::c-»xgm iibey Zaklontheovie (Hivzel, Leipzig, 1927, repriated
by Chelses,, N?sw York), vol, I, 158 -156.

2, '_\{[ORDELL:,”‘I;:' J. On a sum analogous to a Gauss's sum, Quaps, . J.oof Matk,
{Oxforgh, @ (1932, 161—167.
3. ‘I‘IU O0-KanG. Additive theory of prime wumbers, Trudy Mat. Tnst. Steldov,
{2@(1 47). [Russian with English snmmary. |
4 ylj‘\'OGRADO\T, L M. Sur la distribution des résidus et des non-résidus des
p\Jussances, fouwrnal Physico-Math, Sop. Undv. Perm. No. 1, (1818), D496
\ 3 See also Trans Amsrican Math, Soe., 24 {1927), 209—217, 218 ..296.

5. VINO(I}RADOV, LM An Hnprovement of the estimation of sums with primes,
Tzvestiva Akgd, Nauwk SSSR, ser, mat., 7 {1943}, 17—a4,

4, Eriwﬁlzi'om, H. On character sumg in finite ficlds, Acta Math., 71 {1939},

. \’INOGRADUV, I M. Analytical
fractional parts of an integra
(1927), 567—a7s.

B %;‘I:NI;QBU. V. Qg Weyl's sums, Doklady Ahad, Nauk SSSR, 34 {1942},

=1

prool of a itheorem on the distribution of Lhe
pelynomial, Tzvestiva Akad. Naug SS5R, 21



9.

INTRODUCTION 17

TeuwnakorF, N, G On zeros of Divichlet’s L-functions, Reoueil Math, (Mat.
Shornif), 1 (43) (1038), 591—601.

cCorvur, I Govas nrr, Zahlentheoretische Abschitzungen mit Anwendung

anf Gitterpunictproblome, Math, Zedfsche,, 17 {1923), 250—259,

11 Vivooranow, L M. On the distribution of the fractional parls of [unctions

of two variables, Tzvestive Lewingrad Polylechn. Unip., 33 (1927), 31—52,

12, Cewrut, J. G. vax per. Zahlenlheoretische Abschitzungen mit Anwendung
Fitterpunktprobleme 31, Mafk, Zeitsche., 28 {1928), 301 -310.

15, Trrenmansn, B C. The theory of the Ricmann zefa-function (Oxford, 1951},

14, Bruw, V. Uber das Goldbachsehe Gesetz und dic Anzah! der DPrimnzahlpaare,

Ar for Math, cg Natwvidenshab, 34 (1915), No. 8. A
13, laxiau, T, Vorlesungen #bey Zakleniheorie, vol, I, 11H—109. ”\'\\";’
16. ibid., ?48—975, D
1 ’

7. Huy, Loo-Kexe., On Wacing's Problem, Quart, . of Math, (Oxford )y \EMQQSS,

g 202, ”

. SeuxtrrLMaw, L. G, On additive properties of numbers, J(\bsr‘z}u Do

Poipteck, Univ, Nove Chevkask, 14 {1930}, 3---28. Scc alsg Iklau )i, Uber
wewtere  Lovischvitte dev additiven Zahlentheovie (({L ridge, 1937),

b4

Hap.

#

. Fage, A On the numbw of pritaes in an arithmetic p.Kg;eSalon Proc. London

i Soc. (2), 89 (1935), 116—141,
Ju!.w"r‘ER_\-IANN, T. Ploof that every large mte“er is' Lhr’ sum ol two primes
and a square, Froe. Londow Math, Soc. (2] -‘1-" 11937], 501 --5T6.

e
AN
<
«“‘
\‘
N
L B3
O
WO
3

P
L >
Vo 4
AN
)
y d
$7
\Y
\m;
£\
R
™
{.\“&
a \



NOTE ON VINOGRADOV'S METHOD

It is not always easy to recognizc the unity of idea underlying
the various forms which Vinogradov’s method assumes, and the
following remarks (though necessarily sketchy) may help the

reader. O\
The fundamecntal principle of the method is that it is possﬂ&lc :
to estimate effectively sums of the form A\
E E e{omv) s
A

(and certain similar but more ela.bomte sums) undehVery varied
conditions of summation on # and ». In the gpﬁhcatmns of the
method, the variables « and v often arise ag~furictions of a large
numbesr of other variables. Gencrally speakiflg, 1t is possible to esti-
mate a sum of the above form providedithat the values assumed
by & and v are distributed with a cettamn measure of regularity.

Three simple estimates for sumg*of the above form occur as
Lemmas 10a, 10b, 10c of Chapfer I. But not all the applications
of the method are based, oil_these particular estimates.

The relevance of cxpon\q}lal sums of the above general form to
particular problems in tHe theory of numbers is usually far from
obvious. IEwvcn Whérc such sums occur, or can be introduced,
it may be exc,ee.dsu’ﬁlv difficult to prove that the values assumed
by the v arlabke 4 and v have sufficient regularity of distribution
to lead tosa ‘useful estimate.

l"he,t,g- a}{e essentially four applications of the method in the
presént book, namely in Chapters IV, V, VL, IX. There is a certain
distinction which can be drawn between the applications in
Chapters IV and V and those in Chapters VI and IX. In the
former, the arithmetical problems under consideration are such
as to admit of treatment by any one of a variety of constructions.
The constructions used by Vinogradov are so designed as to lead
to exponential sums of the general kind mentioned above, and

18
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to ensure the necessary regularity of distribution of the variables,
To achieve this end it is necessary to use methods which, in
relation to the problem itself, appear to be distinctly artificial.
The position is different in Chapters VI and IX, the former
of which is devoted to Weyl sums and the latter to the sum
Ze(wp) extended over primes p. Here the exponential sum is
prescribed, and the difficulty lies in making its estimation dupen-
dent on that of other sums of the general type mentione(\i ~above,
To de this, very ingenious subdivisions and transforRations are
employed. The general line of argument is easily visi he in Chapter
IX, and was also visible in Vinogradov's earl:ier,aﬁﬂ"less elaborate
treatment of Weyl sums. In the present Cha.p,tf&r"’\:"l it s somewhat
obscured by the other devices which have betn superimposed on
the original main idea in order further Joumprove the final result,
But the technique of summation overs m Lemma 6 of Chapter VI
represents a generalized form of thedundamental principle men-

-tioned earlier, o\
Q
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Y,
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CHAPTER 1

General Lemmeas

&

In this chapter we give some general lemmas, which will be
applied in later chapters. Lemmas which are obvious or chL\
known are given without proof. Lemmas 10, 15 and 16 are or, 1g‘mdl
and it is the application of these that constitutes the chs’mlgtnshlnar

feature of the method of this book, :\3\"
Inniva la (Cauchy's inequality). Let v be a postédde whteger and
el ®y, ., Xy Vi, e Y, be veal. Then N
( SN -+ %1}’1’)3 = ( # + . ()((2“_ Ceee T ¥r )

Lesya 1& (Holder's inequality and the weqamhiy of the arith-
wmelic and geowmetric means). Let 7 bes W positive inleger, and let
w1 oand %y, ..., %, be non- nega,f;dg mmﬁ wumbers., Then

A Y I L L E M S jf\x Y and rxy. . x, (XX
Propf. We may suppoge. t‘hat y = 2. Let & be the arithmetic
mean of the numbers w,, ». ., %, Among these numbers there is
2 k and one_Z»# Suppose x, = = %, In the interval
0= 2z = min (h-<&y %, — &) the function (%, + 2)™ -+ (%—2)"
dccrtasea, dnd{’s’fgierefore
.,&m 4ox® W A (x4 % — A

Furthc&.“\fﬁh}:e (x;, — h) (%, — k) = 0, we have
o o

/ K% == By + 2y — A}
Denoting x, + %, — &, %, ..., %, in any order by 3, ..., ¥,
we see that
. : —
B =A™ and A A =AY Y

where the arithmetic mean of the numbers ¥,, ..., ¥, i again
equal to 4. Repeating the argument, we find that
21
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Yo A A A ™ and vy, S AL g,

Y "k e 2= R 4 and v._yv, < R
1t follows that

nrP4 . Fxm 2" and %y ..., 8,

which proves the lemma. I\
Lemma 2. Lel n and m be positive integers and et dyy. ... T
be non-negative real mumbers., Then \‘>
N
N/

7 g R\
( > 2—”T8) = XTImO
§=1 5=1 £E7)

& ®

Proof. By Holder’s inequality (sec I:e"f}}ma 1b} we have
i ™ 7 7 n ™
N 2_8T$ — 9—m Tl + 22—-8+1% ; = Tlm + Z 2_”1:{‘.\-) .
a=1 5=2 g=2
Repeating the argument, we e, that.

7 IR 7 "

2 2—$+11‘s)~;g3 T,m - ( = 2—5+2T3) ,

§=2 N 5=3

L 1
N
aX ¢

( : 'ﬁﬁ\:n—ﬂy“ "7 ' "’
) ) < T, + (24?-—??—11"??) :
whence tl’l;}riesult.
LEMMAS/ Let 7 be a positive integer, and suppose that N > 0.
Let iIg\,,ff\f'] denote the number of solutions of the inequalily
,\\"” 04 x5 SN
:g%\gﬁosﬁiw tnlegers x,, . . ., %, Then
~O" K (N) = T,N™ — gz,
\/ where 6 2 0 (and [6) < 1, as always) and
7 L0 +w)
'l + )

g =

@7

Proof.  Obviously
Ki{N} =N"—¢', where ¢ =0,
and the lemma is therefore true for » = §.
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We now apply the method of induction. Let us assume that
for some # = 1 the lemma is true for K,(N). We have
Basl¥) = Z KN—x)=T, I (Noea?)”— 58",
t=gZNY DNy

where 87 2= 0, Now

A‘Yg
2 (N ——x™)7 f (N—ax"ydx < X (N —ax")7,
0 ZN*

0eENY [
whernce O
N 'S\
2 (N—a")7= J (N — ™)y — NP o I
0N 0 . \"‘.
Hence, noting that 7, = 1, we have \\
A

NJ"
KNy =T, J. (N — x™)dx — 6 (y%.,l N
o W/

= TN iy 41 )1\”’
where
T4l = )y
T = vT f w P [ TNM = Tr r1r
(L rvdw)

and 8 == 0. Consequently thes lemma is also true for K_ (V).
LEMMA 4. Le N be an W}ger and Eet

\/ 1 )
S I [ ey (e(6) = &=8).
Then . t\/:
'{\ I 14 N =0,
O T 10 otherwise.
LEyma &) Qet m be a positive tuteger, let a be an infeger, and let
NS ,
a\Y; ¢ )
\ » .
3 Ed t — & — .
Q s=Teser (el ~o2))
Then

S= [ m ¢f ais divisible by m,
0 otherwise.

LeMMa 6. Let M and N be integers with M < N, and let o be
a non-inlegral veal number. Then

O\*
WD
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Yoefax) | = ——
e M | = 2]

Proof. Wc have

‘ y || elalV + 1)) —elalM) |
2 elax) | = o
D m=M 6(‘1) — 1 |
9
S ———=Hlalt QO
2 | sin @w | A
t \'
Lemma 7. Suppose 1 = 1. Then every veal num{)sr o can be

represented in the form \

~

7
n\

® :§+z, where (a,q} == 1, 0 <\g,,§‘tj |z | < —

!

Proof. Ixpanding « as a contm 2d fraction, we can take

afg to be the convergent with thgsgrcatest denominator not
excecding 7. PANY

Lemma 8a., Lef ' D

"‘

‘%J C oy + i)

2

where (f& g) =1 L&{f and g be mtege?s with 0 < g’ =gq. Let y

take the wvalues Is"‘ﬁ\ + L., f+4¢—1, and sngb?bosg that for

these values Of 5}\\1%6 )‘umnon wly) takes veal values, the difference

between the grealest and least of which does not exceed A {2 = 0).
(1) Supgose U =1, and let

o‘.o

Q“TE ( le_f;( )II) = Zmin (02 Tc%j |'|)
“I}ten

AN _
N\ Q<A +3)U +qlogyg

\ /  and

2y < (A 3)U% + 24U,

(II) Suppose V > 0, and let T be the number of values of y fo
which

(1 I D(y) || = Vg
Then :

T <424 9p,
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[
i

P?’O{J_f. Putting v = f + z we have

& + 02) Ii, w.here Oz) = af +p{f I 2).

12w} = ‘

For a suitably chosen B, we have B =< 4(z) = B + 4 for
z=10,1,...,¢'"— 1. Putting § = {B}, and denoting by the
letter ¢ the least non-negative residue of az + {B] to the modulus
c_,‘r, we obtain

OV
[ & {y) ‘ where § Zo(p) = 8 + 4 \\
{I) If ¢ == A 4 3 the estimates for £ and £, are ’El‘l\«l‘&t s0 we
can suppose that 4 «<¢g — 3. \.'\\
The values of p consist of some or all of the dmibers
N
0L ...,.¢—1L \\

Put ¢o— [f = A+ 17, s0 that 0 < g, < g; %nd notc that

0= CF( ) <'\‘;:"[pz
for every wvalue of g, ' \ ™

,‘

For the values of y for whlch

0=10 'mtzl ?—%, hg—1
{if they occur), we takg t \NE' term U in the sum defining £ and
the term U2 in the s,um' ’defining £2,. Thc number of the above
values is gy -~ 1 <I7 %4 3, and in thlb way we obtain the first
term in E‘dCh qs{ﬁnate
" For the y{hséé

.‘.\’?;:" e=12...,.9—¢—1
we ]]Q,\é../
’ o+ ale) |

I

=S

Nel) il = [

where s = gif g - a(p) < ygand s = ¢ — ¢y —elfo + ofe) = ¢

Plainly 1 = 5 « 17, and each value of s occurs for at most two

values of o- : '
Hence to complete the estimate for 2 we can take

N
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[Fla-13] [${z—2)] 25+ 1
2 X 2i<q X log 5

s=1 -5 §=1

< g log g.
To complete the estimate for £, we can take

2 X min (U2, 1% < 2 J. min (U?, 1¢%s2)ds = 240"
5=1 ]

(II) Tor ¢< 1+ 22V the assertion is Ob\uom for
g = A+ 2 -+ 2V the asscrtion follows from the [aqt\ “txha.., the

inequality (I) can hold only for O
=0,., [V]andg——ﬁ—l—l—i—V],.“ sg—l
LEMMA 8b, Leét : "\\"
\\}

a f
o« = E + —2, where (c;\\@ = 1,
Suppose that 2 < g ZW, 1 < Wb 2 W, and Pt
‘ .».Iz w1
o 2 gt

0<sghy 2| |oui|
Then N\
S < (@g, + Zg + 16Wg1) log W.

Proof. We d{s@c’t the sum S into parts according to the
scheme A

= 2+ +...4 T .
'\;w‘ 0<z2de  e<ezls ti—bla <z =W,
E r"ﬁalues of # occurring in the first sum, let g denote the least
noﬁ\\lcga’cwe residue of 2z to the modulus 3. Since

A ' az + Bzig
g = =
O T

and 0 <z = $¢, we have

fezlf = (s — $)/g,

s,/o

where
g = Q ]:E "'\--. E(I,
g—o if 9 > 39
Thus the first sum docs not exceed
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I s—3 + 3
by < 2 4+q 2 log 2k
o<s=dq § —%’ v losshe g (5 - 32‘) _%
= 2¢ +qlog 3¢
< 3glog g.

To the remaining sums we apply Lemma 83.,.(1). Fach sum is
of the kind considered there with A = 1 and with U = W/(7—%)g,

where § = 1,..., 7, Thus the sum in question is less than
qlog g + 4W/(j — &)g. e
Tinally, therefore, N
-~ i ‘j:.[;V l\}' g
S < 3glogg + 2 |lglogg + — ) A\ )
i=1 F—1) ¢

. Wk G

< {3g 4 log g + (2 + Zlog = —)
(8 4 fot) ! g 572 AN B—se

< (3¢ -k W+ 49) log g+ 4Wg 4 ZFog (3 + Weg™)

< (W, - Fg) log W + 16Wg-1dog7.

LeyMMa 8. Let P and m be émaggg@*}:&nd suppose that P > 1,
w0, s> 1: let kB be a veal nmniijgﬁz 1; and suppose that

ant  Gm o\
o L e =1 and 0 < < P
q g ¢\J
S oo -
Let y vun through at mpst P consecutive 1niegers, and let H denote

the number of values\'tﬂ}"ﬂ/ which satisfy
2) o |y || = RP
”\§¢
Then ,\\i“‘
N H < (3m + 2kgPT0) (Pt + 1)

W
Y

P{(@y{éi\/ict (m, g) = d, m == dmy, ¢ =dg,. Then

q1, q1
We can apply Lemma 8a, (II} to any sequence of ¢, or fewer
consecutive values of y, with V = APl =*g and A = #1,. The number
of values of y satisfying (2) in such a set will therefore be less than
my + 2 |- 2&P—%,. Hence the number of such values of y in
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a set of P consecutive integers will be less than

(12,124 28 PYogy ) ( Pyt 1) < (3my - 2k P1¢, ) (Pgy - 1)
e (Simyd ot 2k D) ( Pyt 1 -d)
=(3m 4 281 0g) (Pl - 1),

LEMMA 9. Let N and Y > 0 be integers, and suppose that
A =28 =2 Let v run through the values N, ... N . A—1,
and for these values of v let the function ®(y) take veal valyes Nubject

te the condition that \ )
ol —op) = b o vy =Ny s
7 =00 Pl = for _“*“vl_“‘f* —2
(1} Suppose that U =1, and put \
N+¥-1 ’\l;
S 2 min (UE', i )
AJB0) [
Then 2\ 4

S < [YA F0(2U2 + 24U).
(1) Suppose that W =Band let H be the number of values

oy
\

of v satisfying

{(II Dly) || < WAL
Then O

¢\J

USH < [YPAT 1)W1 1)
: 0 fa given real « and a given integer 4, there cannot
cxist m:o,{e“,than one value of y satisfying the inequalitics

Prooj,

B) O  sth<op)<atrarp
Firﬁf‘;f}forc the number T of values of y satisfying
SV @< B(y) Sa+ A7 (mod 1)

s equal to the number of values of j for which the incqualities
(3) are soluble. Consequenﬂy T=hy— By 1, where %, is the
greatest and %, the least of these numbers k. But obviously

PN) S+ A1 p by, o Thy < DN £+ V-—1),
whence we deduce that
hy-—h — A1 < PN 4 v _ 1} — (N} = gA-1(v — 1),
TLBA™MY — 1) a1 4] = YBA-1 4 1.
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(I} For 0 << {®{y)} < § thereis an s in the sequence s = 0, . . .,
[14] such that y satisfies the condition (4) with « = s4~*; on
the other hand for {@(y)} > % and for {®(y)} = 0 there is an s
in the same sequence such that v satisfies the condition (4) with
x4 A1 = 1—sA-" In both cases we have {| ®fy) || = s4~
Thercfore '

/’\‘

RE -‘-](‘—*U2 + E min (2Uﬂ, A))

s=1 2s?

= [YBA~L + 1](2U? + 240).

length 2W A1 can be covered by [2W 4 1] intervals Qf‘}gﬁgth
< 471 N ¢

Lemma 102, Lef (a,9) =1, ¢ = 1. Let \\

g=1 z-=1 N
S=12 XEnly)elary), 5
r=0 =0 o\,
and suppose thal
oy 1 O
Tl P=X,  ZHb)
=10 3

= YIS
N

2= Y,

Then N
HECogE

. e\ .

Provf. Using Cauchy’s Gdequality (Lemma la}, we have

A \\a 11 g1 2
| S PEX, 2 | Znly)e,(avy)
pPN\Y; w=0 | 3=0 i
:o\".: a-1 a1 ¢1 —_ .
AY =X, 2 I Zalvnelerlyy —y))
i a=0m=0v=0

For give;r}’;}l and y, summation over ¥ gives g ln(y)|? if y; =¥
and zefo)if y, #% y (Lemma 5). Hence |S 2= XoY,0.

Liwagata 100, Lot M, X, N, Y be integers, with X > 0,Y > O
Let

Dly) = %Ti(y_), where (a,q) =1, ¢ > 0.

4

Let ¥ m}z through the values y = N,..,N+¥—1; and suppose
that when y runs through any q conSecuiive values in this set the

N

¢~ 4
oA

(II} The assertion follows from the fact that an intervalyof’
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difference between the greatest and least values of the function y{v)
does mot exceed 7 (A > 0). Let
MeX-1 N+Y-1

S= X I inye(xD(y)),

a=M =N
and put
MiyX_ N4+¥V—-1
Z I P=X, X )| =Y, max|n@)| =g
=M . y=N A .
Then )

4N
"W
Proof. By Cauchy’s Inequality, we have ’

MyX-1| N4¥1 \ \\ Iz
ISP=X, Z 1 2 glyleade)) K
=M | y=N ) H

We compare the sum on the right m{h\\ -
M4X-1 X-1 'Ny¥-a N\ i

s='3 % E'yf}l)’e‘(;(xl—f-xz)@(y))“

B=M @g=-—X4] | vj=;N)'~':’ .
In the latter sum, there will beyat least X pairs ¥, ¥, for which
%1 -+ %; has a given value go‘}h‘l“the setx=M,. . K ML X —1.
Hence

Now
Ni¥o1 F4v—1 N

VR ZOE0] X R ot s @l —o0))

5=z
¢ \5,/ )

b=N vy =X
AIJI)I}’illgi L@}ﬁma 6 to the summations over %; and x,, we obtain
. \N’—:Y_]. . Nyv_3 1
é}'.\}é 2 gy = 7 min (2X2, - - 2)
‘.\\; ‘ ¥ =N w=N 4 ” Qj(}.) - (ﬁ(}’rl) ||

)The Y values of y in the inner sum can be split into at most

Yg' -+ 1] sets, each consisting of at most ¢ consecutive values
of y. To each such set we apply Lemma 8a, (T}, with @(y) — d(y,)
in place of @(y) and X+/2 in place of U, and with the same A
The sum over at most g conscentive values of v is of the form
£y, and is therefore less than

2(4 4 8)X2 4- 29X 4/2.
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Hence
NiY-1

S = (20 + DX+ 20Xy [Yer+1] % [l |
n=N
= ({24 = 6)X? + 3¢X)[Yg ! + 1]Y,.

In view of the relation between S and S, this proves the result.

LEvwma 10c. Let M, X, N, Y be infegers, with X > 0, Y = 0.
Suppose that A = 20 = 2. Let y vun through the values vy = N,..., |, o\
N - Y — 1, and for these values of v let the function Dy} take,

veal wvalwes subject to the comdition that %
Lo 1) o) < L.
1= ¥ y e ':~ )

Lel R\ S

M4 X1 N4.Y -2

S 5B Ernbe(vP0))d

p=M y=N {
and pul ¢ }
MoX1 Nev_1 v

Z | ‘_{9.,) |2 = X{)! E J'}?(y) | :c%?.g,w maxf ?;r(j)) { = 7. |

B=A w=N AN
Then ‘f‘,:':- v
| S| = (XY (4X o SAYBA- + 1R
Proof, The proof of thﬁ» preceding lemma. a.pphes down to
the inequality N\

N4¥-1 !\"‘—:"—‘Y 1

- l
St = Q_,E\-“{(v N E 7 min (2X 4(|D(y) — Blyy) [[2)'

The inner Nn satlsfles the hypothescs of Lemma 9, if we
take @(y) -\@(y,) in place of @(y) and X+/2 in place of UV in
that Icmma Hence

N4Y-1!
\S’ p{4X? 4+ 24X4/2)[VBA-1 4 1] E

L p(4X2 - 3AX)[YBAT + 1]V,
In view of the relation between S and S’, this proves the result.
LEMua 11 (Fourier serics). Let F(x) = Plx) + iQ{x) be a
periodic function of x with period 1, and suppose that the interval
0<Cx =1 can be split up into a finite number of intervals, such

7{vy)
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that the veal funclions P(x) and Q(x) ave continuous and monolonic
in the inferior of each. Suppose further that

Flx)y=$(F(x + 0) + F(x—0}))
al each point of discontinuity of the function. Then

o
Flx) = }a, + X (a,, cos 2mmx - b, sin 2xmx),
m=1 N
where

1 1 L\
= 2.[ F (&) cos 2mmédé, b, = QJ I{§) Siﬂ‘gmﬂfii‘f-

LEMMA 12, Let v be a positive integer, and, Eét o, f, A be real
numbers satisfying " \‘

0<Ad<d, A<ﬁ—a<1—A.
Then there exists a peviodic function fx} with ;bemod 1, satisfying

(1) plx) = 1 in the interval o c-f-‘ éﬁl =pf—
() wlx) =0 in the nlervaly ﬁ“—i— 34 < x =1 —1— o= - ?ﬁ-xj,
(@) 0 Zp(x) = 1 in the, ‘remamde? of the interval

o - —lA‘(“cél—:x—ug >

(iv) w(x) has an ex;ﬁcmsaon in Fourier sevies of the form

O =
p(x) = f\%‘.& H:—ME:I(am cos 2wz + b, sin 2emx),

where
*,?t | = 2(mm) L, b | = 2(mm)"0,
,\
~a, | =28 —a), [ b | = 2(8 —a),
O\\" 2 b

¥ 2 r \"
ol < (L)) <t (-~)-

"\ se s A e

\"\3 " Proof. Let py{x) be the periodic function of period 1, defined by
Yo%) = 1 in the interval o < 5 « 8,
Yolx )——Om the interval f<x<l4 g,
Po(x) = % for x = o and x=p.
Expandi_ng this function in a Yourer serics, we obtain

o

— 1
Yolx) = dago + X (@, cos Jwmx + B, o Sin 2mmx),
=1 ’ '
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where

o+l

g = 3J Yolx)dx = 2(f — ),

fi 1 .
o = ZJ cos 2mmady = — (50 2amf — sin 2wma),
’ o M

B
by = EJ sin 2mmadx = — (cos 2ama — cos 2mmf).
’ % His
N\
Definc & by 2rd = 4. Define the functions g {x}, ..., ¢.{%
all of period 1, by the recurrence relation S\

1 ® NG
-epg(-x) = -é-g.[_awg_l(x + 2z, o= 1,. N\

We shali prove by induction on g that }\
{1} y;'g(x) = 1 in the interval o« + @@»fr:& < f—d,
(i} y,(r) = 0 in the interval f 48 < #-< 1+ a— g0,

(i) 0 =y, (x) =<1 in the imetvals a-—pd =% = o+ @8

and §—o8 =x =408, (N

. e\ . .
(iv) y,(x) has the Fourier series cxpansion

O
Pplx) — B —‘&"’ % (@, COS Qrmx 4 By, SN Zremic),
O mm1
whoere §\,‘
,?}’ I (sin 2§ — sin 2w (En _23;;;5)9
,\:w;n‘tg maT e
W sin 2mmd) 2
me " (cos 2ama -— cos 2amf) ( Sl ) .

Suppose these four propertics hold for p,_(%). It {follows at once
that the first three hold for y,(x), since y,(%) is the average of
Yo-1(¥) in the interval (v —&, x + 9). As regards the fourth
property, we have
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| ‘21J1fa 5'9531(:0“2 k4t
Bg = 0[% 43%’1( -z} ZI s 2opmbdr
1 A 1
= gf ; dzJ. Yo1{§ 1 7) cos 2mmébde
— 1]
1 1
= é;r&dzj Yo (&) cos 2am (& — z)d&
- (1] .

1 8 . ‘
= % j_a {ﬂm._gq €08 2amz - by, o 4 SN 2amz}ds = @, L of e - —,

'

and the anélogous relation holds for by o N
Putting p(x} = y,{x), and recalling that 2¢dy—

*
273 A, the results
stated in the enunciation follow at oncesgs™

LEMMA 13 (van der Corput’s Lemma) \Joét M and M, be intcgers
with M < My, and Iet [(x) be a éw@;kiffereniiable real junction
defined in the dinterval M = x =5Mp and satisfying

0= /(=) 1 ) =0

Then, taking either both I{ze}]’— ‘sa'gns or both the -— signs, we have
M, s NS
% o(4f)) = [ elitmix + 20
w=3M {"‘x M

Proof. Tt %u}‘ﬁ}:e-; to consider the case of the -- signs. . We
apply Leml.ngi‘.,,ll to the function F(€) of period 1, defined for
0<E< Y F(é) = e(f(x + ¢)) and for & = 0 by

O FO) = #e(fi0) + elfx + 1))},
Pq{t%g é = 0 in the Fourier series for F(£), we obtain

~O He(/) + elf(r + 1)} = dag + X a,,
where n

oo = [ efftet-£))ae,

n = [ elfle 4 ©)) felmt) + o mer}a

Summing the above result for x — M,. .., M,—1, we have
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;zifg(f(x)) — Je(HM) — e (/L)) —- ‘:‘g(_;(g) e
= i . ‘{g(m’g‘) + e{— mé&)}e(f(£))dE.

m=1 v M
We can suppose without loss of generality that the common
value of thesc two expressions is real and non-negative, since
this can always be ensured by considering f{x} 4 A instead of

H{x), for a suitable rcal number A. On integration by parts, the., .

last serics becomces

o i My A {:\
z_ (— -.—) J {e(m&) — e{—- mé)de (f(c?))-,.): 3
sl . . 3“:\{.
- mEl Dmim J o m —|— f g(m§ +fg})

12mmfwm—-f{§

Since the valuc of the whole expressiorf is real, we can replace
the first sum by

( ) Mlidsm ’*r (mE + FE))
-m—-l. 2w {m\‘l_

and the sccond sum by\ similar cxpression.

20 + 116)

The function /(&) (m+f (£)) is non-negative and non-decreasing

in the interval of mtegratmn Hence, by the second mean value
theorem, >

2(mE + f(£))

R
’\.m' My i
Rl At
q';'z\ [un G
%)_a( M) {sin 2m(mM, + {(My)) — sin 2a(mM, + 1(Mo)},

where M < M, < M,;. The absolutc value of the last expression

does not exceed
1 2

L)

m+ % %m -+ 1

Similarly for the integral in the second sum.

N
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Finally, allowing for the two terms $e(f (M) and Ye(f (ML),
we sec that the difference between the sum and the Integral in
the enunciation does not exceed, in absolute value,

E 1/ 2 2
11 VA .
Bz +m.__1 25 (2m—|— 7 T 2m—-—])
2 2 1 42 M 2
=14+— 3 —(— — —_—-_—) =1 4 200
T om=1 W 2 —- 1 2m =1 TEA o
- A\
LemMMA 14a. Let P =1, let 2 be veal, and lef {:,}\
P (u:’s
= f e{zx™ydx, (N
o \:"\\\.

Then
2 ] p ;< — 1
IR i
|2 |7/ 288N % | > P,

Proof. The first of the twdliésults is obvious, so we can
suppose that z > P-» Makifig the change of variable 224" —= #,
we obtain oY

) NI =T 447,
wherc A\

"‘\
3@ G
U= ﬁ\zp‘(u) Cos mudu, V = J. (2} sin s da,
and ? ' ’
N o= 2P > 2, plu) = p(22)¥-1,

s N/

Werekpress U as
4

& °
= + f + .o+ f wlu) cos mu du,
0 z -3

A
~\J . . »
V v?rhere'* k= [c+ 1]. Since () is positive and decrcasing, the
first integral is positive, and the remaining integrals are alter-
nately negative and positive and decrease in absolute value.

Hence
B

| U] < max (Jjgu(u)du, Ew(u);izt),

whence
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o

Similarly, on expressing V as
1 2 aJ
f + f 4o+ f () sin o du,
0 1 . i
we see that the same conclusion holds for | V7|, TFinally, I\
7] < (e + @)= <2 &
...\'\ g

LEMMA 14b. Let N = 2, and let log N = v. Let z be veal ‘a.?z’?l"’let

0= [ 4as, rio= [ e (@

2logx 3O
Then O
I{z) < #min (N, | 2 |7Y) for all 3007

Jle) <t min (N, | 2]7) for = N

P

Proof. For the integral I{z) the resp]l;‘is?'trivial. The estimate
Ny {or J(z) is also trivial. It suffices, therefore, to prove that if
N-1= 7= N-* then N

Now

»

e logx
and O

\ e ¢(zx) 1 1 o
R Ty — s KT
en) log x log +/{2N) =z

O _

by the/second mean value theorcm. Hence the result.

N
L’ J < Nyt g 277,

“Q
PR
O\”

Lemya 15. Let &, ... L » be g [ixed integers satisfving
D he ... < l<wn and let k=1 be an integer. For each
t=1,2 ... k let there be given a nom-emply set S, of “points”,
nol necessarily distinct, where a “‘poimi’ weans a set of g inlegers
(e, . . oy, ).

Suppose that all poinis (Usp - - - U, ) of the set S, satisfy



38 METHOD OF TRIGONOMETRICAL SUMS

U < Mp>, .. U, < Mp~,
where M =1, p, > 1, and
L p € pp ™ fort=2 ...k
Suppose furither that for any intervals of lengths
JM;D;MI_”, e Mr?év;:l—v}, ~

the number of points of the sei S, whose coordinates fall gespectively
tto these intervals is at most D, \ "'_..\

Consider all possible selections of k points, one from cach of the
sets Sy,...,8,. For such a selection, denotgffﬁ& point selected

from S, by Wens - Upy). Put ' '\\
Us=Upt o F U U, 2B, ...+ U

. 0\¢/
Then, for every selection, we have O

(1) Uy < Mpyh, . XU, < Mp,».
Aiso, for any given inéeggfﬁi;z;: Ce By By, the number
Yz ..., 2, 2,) of seiecm'o‘?ga:‘so} points (U,,, ..., Uyl for which
2) Ut uUy=2, U, = 2,
satisfies ) {»‘}\\
® Sl ) <o, .,

Proof. {l,he mequality (i) follows immediately from the
hypotheses”of the lemma, since 1 1s the greatest of 4, .. ., pp
It ]thbe understood, of course, that & is bounded.

Ve have to prove the inequality (3). We can write the cqua-
{ions (2) as.
O°
'"\‘ [;1,9- =45 (Uz,r + ... -+ Uﬂ:,r}’
where # takes the valyes B, ..., 1, % The sum in brackets is always
K Mpy™ < Mpra-v, Thus, for given values of 2y oo ., Ay, the
coordinates of the point

(Ul,k) "oy U]_n)

lie in given intervals whose lengths are respectively

.y
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L Mp PN Mp O
It follows [rom the hypotheses that the number of possible choices
for the point (Uy,, ..., Uy,) s <Dy
Having chosen this point, we can write the equations (2) as
It"r2,,'r = {zv‘ - Ul,v‘) —_ (US,V' ; e _|_ Uk,r):
where # takes the values A,..., 7, #. The sum in brackets is, A\

always < Mp," < Mp,"1™",  Hence, for given z,, ..., 2, and |
given U, ;, . . ., Uy ,, the number of possible choices for the p;\)’li‘lt,\

Ugps oo Ugp) 15 K Dy W
Continuing in this way, we find that the number of~p0;:51ble
selections of £ points, satisfying (2), from the % sets ‘il Ca S is
<P, ... P, \g
This proves (3). N

Lrmua 16. Let 4 = RH, where R > 1,.12\> 1. Suppose that
—p =X, Yl,Y—l—R/X2<Y2, Y LHREX, <Y, =)
Let oy, ..., v, take all integral mmes‘w tke iniervals

Xy <oy =Y, .. X <9, =Y,
Lot E denote the number Qﬁé‘s"&s Uy, - - . U, for which the sums
.5}{\;};...,1}1”—1—...—1—3““
fadl inio any g-ivenQ ,3'1{3,‘;"}'@5;33 whose lengihs ave vespeclively

x\ P e,
Then O
{\ E <« H}nm—n?ﬁim—n
Proof \ ’Imtedd of the given intervals of lengths
\ 4 Pl—»v L. Pn(l——v)

we consider intervals whose lengths are respcctively

L g, ... P
Each sach interval is shorter than the corresponding interval of
the given set, cxcept for the last interval which is of the same
length.  We shall prove that the number of sets of values of
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¥, . .., 9, for which the sums in question fall into thesc shorter
intervals is
< Hlntn-1y,

This will imply the result stated; for we have then to multiply
this number by

[Pl—’l’ _|_ 1][?51—21’ + 1] L [Ibl—-ﬂ'.l) + 1] 2\
& pn-v[1+2+.<.+n} — pa}(n—n.

Oy

Let vy, ..., v, and v/, ..., 9, be two sets of valugs for which

the sums N
Se=u"+...+ok s/ =0 —|—'\."\'.'.' e R

both lie in given intervals whose lengths,’ for k-~ 1,... n, are
respectively 1, #,...,4" % Then N
(4) [se—s | S %1 fony= 1, .., m.
Lete,, ..., 0,bethe elementa’ry:sfmmetric functions ot wy, .. ., 2,
and similarly for ¢,’, . . ., 0, L bince all the values of the variables
v; and v, lie between —@dand $, we obviously have
(5) Se < phy Sy P, @, € PE, o < PP

for h=1,.. . n,g:‘;.\

Fhe power qu}n} 51, - - s 8, and the elementary symmetric func-
tions ¢, . 9\ Are connected by the well known formulae of
Newton: AW

»
J

:'\..
SKT‘:\,,&LS}%_I tose s —. . T (— 1 a s + ( l)Pko, = O
O k= 1,...%)

:~\’:~E‘ﬁese lormulae, together with the inequalities (4) and (3), im-
\'"\3“’ply that

(6) ;o L pVior §j—1,...

Since 91 =5 and oy = s,’, this is obviously true when § = L.
Also, if (6) holds for § < k, we have

- LA L N
O38%—3 "= 04 Spyf’ = (0,~0)')s,_, + o (S —Spy’) € P*7

for § < k. It follows from Newton’s formulae that
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kioy -0 | S sy~ |+ oseq—o's, 1+ ...
| oSy — opy 'S | L P

which proves {6) for § = & Hence, by induction, {8} holds for

j=1...n
Now
(0 -—v) ... (g—u,) =" ot =~ . {(—1)",. N\
Henee, if # 1s any integer satisfying | v ] = ¢, we have O
0—vy) .. (p—v)—w—u) .. (p—v,) < p O
by (6}. In particular, putting v = 9,", we have nf'\}‘.

(0 — ) - (o — ) KB
~Since | v, —w, = R for { < » by the condlt{ma 1mposed on
the intcrvals )1 <y, =Y, of the emmcm,i{)ﬁ\ it follows that
AT~y
<< Rl ,:{fﬂ

This shows that there are << H “.7}:p0531b1e vatues for »,. When
v, is fixed, thc same argument«cgh be applied to the variables
Py ..., U,y and the sums \"\

.

Uy -I.. _|_ E,&!\"\.} 5 n—l + L + Ut ﬂ—l’
and shows that there(aye < H"~? possible valucs for v, 4; and
50 on. Finally, the 11m1fber of possible sets of values forwg, ... v,is
”\(} Hﬂ i H\n— 1 = Hgnm—l]

LEMMa l"\Let % and 1 be fixed positive integers, and let v (m)}
dencte the ;m::mbe? of solutions of the equation %y... %, — # IR
WWW& wttegers (so thal, in particular, Ta(m) = -:(m) the number
of divisors of m). Then

(1) 'gk( ) & _me’

(i) X z(m) =z (logz -+ 2E—1) + O);

b<m s

i) X (r.(m)) < z(logz+ LT,

lm=z

Where E denotes Euler's constant.
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Proof. The resuits (i) and (i) are well known. An elementary
proof of (iii) was given by C, Mardjanichvili in Doklady Akad.
Nauk SSSR, 22 (1939), No. 7.

NOTLES ON CHAPTER I
Q!
Many of the lemmas in this chapter represent w E*L known
techniques in the analytic theory of numbers, N\
Lemma 4 is of course the fundamental punaplo of the Hardy-
Littlewood mcthod. In the original memon"b of Hardy and
Littlewood, the principle wasuscdina 911perf~1§01.111y different form,

namely that if f{x) = X a,a" for { {31, then
] . 21 z\‘.
Way = —- f’( )™My
3?
for 0 < v < 1. Tt was Vmogmdov who recognized that it is tech:
nically simpler to work3with finite exponential sums instead of
with power scrics.

Lemma 7 i3 on€ sof the simplest results on Diophantine ap-
proximation, aﬁd\s due to irichlet. For a proof not depending
on a knowledge of continued fractions, see Hardy and Wright,
An introdution to the theory of numbers (Oxford, 1945}, Theorem
36 (p, 3‘9)

er" usc of Fourier scries, as in Lemma 12, is essentially that
infxoduced into the analytic theory of numbers by H. Weyl in

" \h’l‘; great memoir in Math. Annalen, 77 (1916), 313—352, which
\ Y“also contains his estimate for Weyl sums,

Lemma 15 represents a generalization of a technique introduced
by Hardy and Littlewood in the sixth memoir of their famous
series “*On some problems of Partitio Numerorom”’, [Math. Zeil-
schrift, 23 (1925), 1—37].

1t may help the reader to appreciate the underlying idea if
we examine a particular case, which is essentially that of HardY
and Littlewood. Suppose g = 1, so that the numbers &, . . ., &, #
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reduce to a single number, say #. Take the sets S, fori=1, . . . &,
to consist of the swth powers of the distinct integers between
(say} p, and 2p, where p, — p1"P7. We can take M to be L.
The number @, in the lemma is the number of #th powers of
integers between p, and 2p, which lie in an interval of length
b = p -1 and so is bounded, The essential point of the
lemma, 15 that thc numbers -

U, =x"+4 ...+ x> where p, < x, < 2p,
are almost distinct. That is, the number of sets x4, ..., xk‘\fér.
which U7, assumes a given value is bounded (assuming A, te/be
fixed). Thus in the original form of Hardy and Littlewood, the
method is one for constructing distinct sums of k sith’ powers,
and it is used for this purpose in connection\with Waring’s
Problem, as for instance in Lemma 1 of C]]aI:J,th;IV.

Vinogradov’s more general form of the $finciple is applicd
later in the book (in Chapters V and Pljin conjunction with
Lemma, 16, o\

Lemma 16 shows that the Sums.o’f;'the powers, up to the nth,
of # wariables which run throug’h‘ ‘well-separated intervals are
(in a sense) independently andgniformly distributed. Lemma 15
will be nsed to facilitate the'repeated application of Lemma 16,

Vinogradov’s proof ofoLémma 16 has bcen replaced in the
present text by a sinipler proof due to Hua [Quari. J. of Math.
(Oxford), 20 (1940),/48—61]. Vinogradov’s formulation of the
lemma was slig\li}ljr more general. Instead of the sums

"o\i’;iﬁ—...+vﬂ,...,vl“+...—|—ﬂﬂ“
there stefied the sums

”\; J D 75 DM 7, S iy S + 0.7
where cach x is +1 or —1. The proof given in the text is also

casily adapted to give this slightly more general result. For we
may assume, without loss of generality, that

N

21:""'_"-_";¢‘|-:—l'-]'J zr+l=“‘:%ﬂ:__]-:

where the last cquation will not occur if 7 = #. Let vy, ..., 7,
and v, . . ., v, be two sets of values for which the sums



44 METHOD OF TRIGONOMETRICAL SUMS

%O b ot oand et 4L oxp

both lie in given intervals whose lengths, for 2 =1, . | , #, are
respectively 1, ,.., $7~1. Then, writing

Ss=v"+ ...+t u P e

S'=n"+ . e e ok
we have : \<\
_ ! k=1 — 7 ®
fsp—s | < p*Lfor b=<1,... n '\>§

With this new definition of s, and s, {and the {c}rrespondmg
definition of o, and o’} the proof goes throug);l(ﬁg before, apart
z‘/

from obvious changes, &

X0

Nl

N
/~: &
Y
QY
R\
Q)



CHAPTER 1II

The Investigation of the Singular Series
in Waring’s Problem

In the present chapter we cstablish some properties of ,‘g’l'i\%.\

“singular series’” &, defined below, which will be used inﬁ later
chapters (IV and VII}. This series was first discoveredt and in-

vestigated by Hardy and Littlewood. R4
Notation in this chapler. In the present chaptat¥we suppose
# = 8 and use the following notations. Ve \ 4
For (a, g} =1, g > 0 we put \‘
g-1 .”d
1) S{a, q) = T e (g

a=0 Ny
For integral ¢ > 0, integral N ~.gfﬁél fixed positive integral 7,
we denote by the symbol M(#8= M(g, N,7) the number of
solutions of the congruence {¢
% gl x5 =N (mod g),
when «, ..., x run ¢(igdependently through complete sets of
residues to the modulwgq Further, letting & run through a reduced
sct of residucs togthe modulus ¢, we put
S , .

(2) A@GNE Afg N, 1) = g7 Z{S(a, @) e,l—al ).

We z;l“e\fi'ﬁe & by

.\ ¥/ el
8)y\J & =G(N,7)= 2 4(¢,N,7)
21

(provided the infinite series converges).

By the letter p we denote a prime. It is well known that for
? > 2 and any integer s > 0 therc exists a primitive root g to
the modulus #*, that is, a number g whose order with respect to
the modulus 4 is ¢ (p), Every number in a reduced sct of residues
to the modulus $71s =g® (mod $%) for a unique bwith 0= b <<p($).

45
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For p = 2 there is no primitive root (mod 2%} if 5 = 2 but there
is'a number g (for example, 5) whose order with respect to the
modulus 2° is 1p(2*), and every number of the form 4m — 1 in
a reduced set of residues to the modulus 2¢ is —= g (mod 2%) for
a unique b with 0 = b < 1g(2).

By the letter v we denote the exponent to which # enters into
the canonical factorization of the number #. We put N

_{r+1ior p > 2 O\

r= T+2f01—}'§'——- 2 {':: w
We wiite \,‘
) Pp) = v(p.N,7) = 3 44N, 7)

g v’

(provided the infinite series converge@:}.}

. i W . . .
LEmMA L. For any integers 1 o) gy which ave relatizely prime

i palrs, we have QO
S(ab gl) e S(@m g:’u) ::::S:(EIIQI + s _JI' achk: .- {?R}’
where Qo= N g for s=1, .. Lk

Proof. We ha‘%’:é}\
Stan g2) - 5@y 0,

_ crg'l"\".’;dg—ll ﬂ ‘ a -
= :ﬁl;__' @, -xk:eg (91 T v + a) (lel - ... —'_Qﬁ:xk) r?)

o~

’\*Mq’,_J g,~1
R\ S %2 AT ((‘31@1 + aka). (@t ...+ Qkx*")n)’

AN\ @ =0 Bp=0
N\ .
~\and this proves the lemma, since Q1% - .. .+ Q, runs through
a complete set of residues to the modulus ¢, . .. g,

LEMMA 2. For any integers Qs - - o> Gy, velatively prime in pairs,
we have

Algq) - Alg) = Agg, ... g,).

Proof, Tf @1 - -+ @ Tun through the reduced sets of residues
to the moduli ¢, . . ., ¢ We have, by Lemma 1,
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Algyy - Algs)

T . & i
= {gr . )T X DSy, ) Slag ) Ye ( — (—l—l— o I‘) _\)
Ty 31 N 41 9t
- ‘ dota
={g3-q) "2 Z{S (@01 + a0 Q1---9’k)}r3( 1Ql T FQJLV)
21 ay 91 e gﬁ‘. !
This proves the lemma, since a,(y + ... + 4,0, runs throngha . &\
reduced set of residues .to the modulus g4 . .. g, A o
(\D
Levya 3. We have O ”

| Sta, ) | £ (8 — 1), where 6= (n, p — l);..;'“""‘.

Proof. Tt is well known that if (z, ) =1 thq...('sohgruence
% =z {(mod p) is soluble if and only if the indeX of z (that is,
the number b for which 2z = g® (mod p)) is a mlﬂhple of §, and
morcover when it 15 soluble the congrucnﬁ}e ‘has 4 solutions.
Therefore in the case § = 1 we have, by Pemima 5 of Chapter I,
S{a, ) — 0. In the case 8 = 1 we obtaii‘;, using the same lemma,

‘ N

&1 r—tls ind = i
S p) = 1= S B (ijd )ep(ﬂ)%

mE s <1 |
Lod—l »@\1 i ind z :
E\‘Z e (—— —) £,(a7) |
i 1 z=1 6
[ -1 a—l8p2l

= i(rﬁ 1) I 330 2 eg(m(ind z, — ind z})e,(alz, — z))} :

™ ztr—lz 1

¥

Heuce, COHEGRCE together for each ¢ =1,...,p— 1 the terms

satisfying ondition z = (mod $), we have
d—1 p-1 p-1 .
{\'5\(&{;’)) 2z (6—1) 21 z 1.‘35 (m ind 2ye,(a{t — 1)z}
4 m=1 {=1 z=
5—1

=B—1 2 (;;5 —1— Z ey(m ind i))

=1
As ¢ runs from 1 to p—1, the 1ndex of ¢ assumes all values
(mod 6) equally often. Hence the last expression is

(6—1) Z p= (8- 1)%-
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LEMMA 4. Lef « be an integer, and suppose that 1 <= » < n qud
(n, p) = 1. Then
S{a, p%) = p*1.
Proof. Transforming the sum S{a, $%) by the substitution
% = PN 4 2,
where & and 7z run independently through the values. O\
E=0,..,p—1,2=0,.. 7 —1, ¢

'\
£ Y
N\

we 1educe the general term of the sum to

(az“ anzn—1E
g - —

%
-

' 4 ’os

LS )\‘
since 2(¢ — 1) = ¢. The sum of the terms c:orrospondi_ng to any ¢
not divisible by p is equal to zero,, {Bherefore the sum Sia, $%)
is equal to the sum of those of itis"t':;:}ms for which z is a multiple
of p, ie. x is a multiple of p. {But the number of such terms
is equal to $*7 and cach offthem is 1.

-

Lemyma 5, Let « be Q",:;'»‘fntege?', o =1, Then
8 %) = p™S(a, p).
¢\
Proof. By 4He“definition of 7, we have # =2"=7+ 1
whence o = g\J- 2, Transforming the sum $(a, %} by the sub-

stitution ;"

o =T 4,
\V ;
Whp\&e,.f and z run independently through the values
N\ =0, p™ 1, z=0,..  prr1_]

o
A\\we reduce the general term of the sum to
az® guat-lf
(5
on recalling that PT divides # and « = 1+ 2. The sum of the
terms corresponding to any z not divisible by $ is equal to zero,

since # is not divisible by ™% Thus the sam S{a, p*) is equal
to the sum of those of itg terms for which 2 is a multiple of P,
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i.e, for which x 1s a multiple of 4. Hence

po-l %1 o
Sia, p*) = X eplap™x,") = = Sla, p*7).
=0 2

Lenma 6. We have
| Sa, g) | < #™¢"" and Alg) <.

Proof. We confine ourselves to the proof of the first mequahty

as the second follows immediately from it. Let e \
."\

g = P .. Py :“'
be the canonical factorization of the number g. We apply Tem-
ma I, putting g, = p % and defining a,,... 4 (au,\zs always
possible} by the congruence a = a0 + ... + &0y (mod g),

with the Q’s of Lemma 1. Then, defining the %y;frbol T{(a,¢) by
the equation S{a, g) = ¢*7T(a, q), we obtaiﬂ‘
Tla, q) = T{ay p2™) - (% B,
Ifl=ao=unand (n, p) =5 we ha‘%
|'.-’1(C£ Pu |‘_ﬁ 0t g,-)| ga Pot |/?:)aw./?5§n;
fa=1and (#,p)=1 wcu@e by Lemma 3,

1

| Tla, g et = < nph
f1«<a=unand (n ?5) — I we have, by Lemma 4,
| 7 g (agp®) | = protrpt = pU S
Thus for 1 'f%c“/ » we have
,j:z n if p = nb,
e
@ 4 | T(a, 2" Ié{lifp>ns.

These last inequalitics are valid also for « > #, since, by Lemma

. -
%, 1f « > % we have

T(a, Po’.) — ?!J—mil—v)?ﬁﬂ—IS(a, ;bﬂt-—n) — T(d, pc&ﬂ),
so that each T'(a, %) with o > # 1s equal to some T'{a, fﬁﬁ) with
g =un.
Multiplying together the factors T'{g, $%) for the various prime
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power factors * of ¢ which do not exceed %%, we oblain

i nb
jT(a, 7) | = u",

I S{a, q) | = agt-?,

LemMa 7. If v = 4n, and N is any inleger, the congrience

#H+ ...+ 5" =N (mod ¥}

N
~has a solution in which not all of x,, .. ., x, ave divisiple by p.
oA\
Proof. Tt will be sufficient to prove the solubility*of the con-
gruence p ~\
(5) %'ttt =N (mod P

for some value of ¢ = dn — 1, assuming ‘that (N, p) =1 and
0 <N < #?. Forif N is divisible by pthen N — 1 is not, and
we can solve the congruence for M by adding a term 1* to a
solution of the congruence for Now- 1.

If =2, then N < p¥= 2%%'= 4n. The congrucnce (5) will
be soluble with ¢ = N sineg, for example, it is possible 10 take
X% 1o beoall 1 o8

If > 2, we let = ¢{(N) be the lcast value of 7 for which the
congruence (5) is sQlible. Let g be a primitive root (mod #%),
and determine sQ\by

N\

O N=¢" (mod p"),
Let w be;ﬂie’x least non-ncgative residue of & to the modulus #,
0 th@‘gbg U <#. Suppose N, is another number which gives
the,\\g’ame value of v as N. Then

Ny=gh =g (mod g7),
50 that
\/ Ny =Nz" {mod $7), where z = g*.
Thus (5) is equivalent to

(gg)" ... L {(x2)* =N (mod p¥).
It follows that HIV) = (V).
. We divide all values of N with 0 < N < 47 and (v, 9} =1
Into classes, placing in the same class those with the same value
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of #A}. As we have just seen, the number m of classes satisfies
m = n, Lake the least number from each such class, and denote
these numbers, arranged in increasing orvder, by

N,...N

Obviously N, = 1, since 1 is the least representative of its set,
and is also the lcast positive integer. Here, since 1 = 17, we
have #N,) —1=2—1. ~We prove by induction that
HN,) = 2f — 1 for § =1,2,..., s Let this inequality be trge)y
for Ny, ..., N, The number N, is the Jeast representativig)of
its sct, and moreover one of the numbers Ny —1, th,_i‘% 2 is
not divisible by $, and conscquently belongs to one of the sets
with the representatives Ny, .. ., N, Hence HN, N 2h—14-2
=2(h+1) —1. Inparticular, wehavet(N, ) =2m— =9n—1<dn —1
and this proves the lemma for the case ﬁ<2\ ’

¢’ N

Lrexwa 8. If the congruence

yr = (mod(H)
is soluble with v not divisible by Py\then for any infeger s =y the
CORZFUCnee a4

meun (mod pY)
is also soluble. N

DPyoof,  There ig §@€¢éys_ a non-negative integer b satisfying
{6} \x'\" = y7g® (mod p*}.
In particulas)yg® = 1 (mod p¥); therefore b is a muitiple of
P'1(p —d), and since y = 7 + 1 we can put b= p*(p — )by,
where £))is an integer. We can replace the cxponent & in the
congsgénce (6) by the new exponent

b+ kpei(p— 1) = p7(p — by R,

where % is any integer, without changing the significance of the
congruence. Let = p%n,, 50 that (my, 2) = 1. The number &
can be so chosen that b, - kp*~" shall be a multiple of #,.

Then the new exponent takes the form p¥uyh = nh, where A is
an integer, and the congruence (8) becomes
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y'g"t = a (mod $).
This proves the lemma.
LEMMA 9. Suppose that s >y and v = 4. | Then
Mps, N, 7) = pts-11e-1),
Proof. By Lemma 7, there exists an integer v, not diwisible
by #, and integers y,, ..., y, such that

f~

Y'=N =y — =y (mod p7) NN
If x5, . . ., %, are any numbers congruent respecj;i(‘}t;}y o Ya ot ¥
(mod $%), the congruence '\\."
o\
=N —x"— . — gy Nniod P°)

is soluble, by Lemma 8. There are"\}%\—i’ choices for cach x, to
the modulus $*, whence the resulf,)

N/

LevmMa 10. Lef m be any“ﬁg‘ism:ve wnteger. Then

T A(q, Nty = m==0 M (m, N, 7).
t|tn )
Proof. We have \{
Edom—1 1 :
mM (m) ——;% ... 2 e(f'-(xlﬂ + .+ x,”—N}),
“'Z'“;a=0 =0 wr=0 N

by‘LemmeL;}'j"of Chapter I. We collect together the terms for
\u’lllchs.(\éfz\n) has the same value, and denote this value by mq.
FOr.QQGh particular ¢, these terms arise from values of ¢ for which

ff,{m\: b/g and & runs through a reduced set of residues to the

&

. \jl}ibdulus g. Hence,

g -

m—1 w1
mﬂ{f(m) = Z E E . 2 e (E (xln + e+ xrﬂ —i\'r))

dm b o5=0 g—g \§
> 1”’.)‘” St e
a3 (g (S, 9))7es(— BN}

=m" X Alg, N, ).

e[m
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LeEMMA 11, For v = 2n L 1 fhe two series (N, v} and p(p, N, 7},
defined by (3) and (4), are absolulely convergent, and moreover

BN, 7) =l y(p N,»),

where D vuns through all primes.

Proof. The absclute convergence of the scries &NV, 7] and
wlp, N, r) follows from Lemma 6. Further, for & > 2 we have,
by Lemma 2, '
wip, N, 7i-=11 { 2 A(pEN 1’)}2 T A{g,N,7) + X4 (g8,
psf p=f [ s=0 =£ e=& 3
where the last sum contains only such A(g, N, 7) as mz;rcapond
fo numbesrs ¢ which are not divisible by any p == 5\111 view of
the absolute convergence of &(N, ¢}, the last suih ténds to zero

as £-» o, and the preceding sum tends to @*(\N, 7).
\\

N/

¢’~

Temva 12, For v = 4n we have
&(N, 7) > Ly
Proof. By Lemmas 9 and 10, wr; have, for s >y,
>4 (g, N, r) = ?js(r,,}h(s =1 — p—?tf-lJ.

Q’|T’8 &N
Taking the limit as s —>-.@o,\“e obtain

SN, 2 7
Further, by Lemm‘a 6, we have

X
.s
»
N/

\ 4 »
7 (e, wﬂ)-*! = T AP N.7) < E o < pt,
g=1
since 1 — } < 1 — 4my = — 3. Hence, for a sufficiently large
¢ \w\héve for any p = ¢,
N w(p, N, v} > 1—p~2

- Therefore, applying Lemma 11, we obtain

SOV, 1) — M yp(p, N, 1) L p(p N, 7)

pe

= Mp7e T (L—7)

P pEe

> 1.

N

-~ ¢
o\
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NOTES ON CHAPTER II

The work in this chapter is comparatively straightforward, and
calls for little comment. The results are all due to Hardy and
Littlewood, and were published in the fourth memoir of their
series “On some problems of Partitio Numerorum’ LM ath, Zeit-
schrift, 12 (1922), 161—188). O

Hardy and Littlcwood defined, for Cvery prime p 4 .humber
¥» a8 the least positive integer p for which there exi{tﬁ“a\, positive
number % = Ji(n, p) such that w(p, N, 7} = & for w1 N and all
* Zy. They then defined I'(n) as the greatedt Valuc of y, for
all primes p. They proved that (N, 7) has aPbsttive lower bound
depending only on # provided that » =anax (I'(n), 4), and that
Fln) < 4m. )

They also proved that Gin) = F{Q}\ This inequalitv is often
more precise than the well khown inequality G} = # + I
proved in the Introduction toy this book.

In a later paper, the eighthvof the serics [Proc. London Math.
Soc. (2), 28 (1928), 518%5_;@], Hardy and Littlewood proved a -
result implicit in their eatlier work, namely that I'(n) is (cxcept
when # — 4} the .lgss;%t number # such that every arithmetical
progression CDHTQLI‘IS} an infinity of numbers which are sums of
at most posibive'integral #th powers. They also evaluated I'(n)
for many velues of %, Neverthcless the behaviour of I'(w) for
large nxi{i.gtill to a considerable extent unkigwn.

~#



CHATPTER III

The Contribution of the Basic Intervals
in Waring’s Problem

e\
Let Ny be a large positive integer, and lct W(N,) denote, t»h(\a"

mumber of vepresentations of NO in the form

{1 No=1x," oz D
where x,, . . ., x, arc positive integers. We can reprc:,ent W{Ng)
by a definite integral, extended over an 1nterva$pf length 1, as
in (2} below. The object of the present chaptet/is to investigate
the contribution to this integral of the bam wntervals, defined
below. We obtain in Lemma 4 an asyn}ptotw expression for this
contribution, which will be used in the later Chapters (IV and
VII} which deal with Waring’s Problem The ideas underlying
the investigation arc due to Hardy and Littlewood.

Notation in this chapter.( We suppose # == 3, and we denote
by # a fixed integer qat\}}nng v = 2n 4+ 1.

Let ¥ be a sufflclcnﬁy Jarge positive integer, and let Ny be
any positive integenmot. exceeding N.

Let P = [NV Oyhere » = 1fn as always. We obscrve that the
bositive mtc’g‘e(s x; in any representation of Ng in the form (1)
necessarily, satisfy x; = P. Define = by

\~ ’ T = 2uPr1,
Let \bo any fixed number satisfying
=f=1—mw

By Lemma 4 of Lhaptcr I we can cxpress the number W{Ng)

of representations of N, in the form (1) by the following integral:
1-1/7 .
(2) W (N,) — j (L(a))"e (— Nz da,
) —1fr

55
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where
F

L) = X e(ax”)

For any integers a, g satisfying

(eg)=10=Za<gq 0<g=< PP

N
we define a basic inferval consisting of the real numbers g given hy
A& ]
O
a ~ ~\
@ =—+4z where |z] = —
q 7 ~\

It is easily seen that two basic intervals which correspond to
different pairs of values of a and ¢ do nofoverlap. For if 4, ¢
and a;, ¢, are two diffcrent pairs, we ]{aye

A § R ¥ i \\l T 1
9 §1 g?r gT @
since 7 > Pl P g 1 Q’-:f"~

The intervals which lcrrmm after the removal from the 1ntcr—
val -—1/r < a = 1 — I/230f all the basic intervals will be called
the suppiementary 11&&;{\?&10,

We denote by W4(N,) the contribution of all the basic intervals
to the mtegral fﬁ) for W(N }. Thus

et

-z 5[ (z C+a)e (—(EJFZ) o) ds

a  a

(3) \: d=pf 8Y gt ¢
Y =S SWrN, e g), say.
e=pf a

DN
NS
*

A
p \’w Lemma 1. If « belongs to the basic interval corvesponding to 4, 4,

and o = E—I—-z then

) (L) = (g72S{a, ) (4))" + O(g=min(P, | z |-*)}-Y),

wheve

r
Sla, ¢} = Z e,ax™), I(2) =j e{zx™)dx.
0

z=1
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Proof. Wec make the change of variable ¥ = ¢/ + 5 in the sum

L{w}, where s takes the values 0, ..., ¢ — 1, and for given s the
variable # runs through the integers of the interval
(8 —sg 1<t = (P--s)gh
We obtain '
) a1 as® 7 N\
L) = T S oZ s 4 9)7) = E lasnID o
5=0 % q s=0 ',:\.
where \3\ )

D{z) = 23( zlgt + s)7). "<"3’5

The function f{£) = |z |{g¢ -+ s)* satisfies the corﬁimons of

Lemma 13 of Chapter I in the interval (5), sinceX () > 0 and
0< () ZnlzlgP 1 = nr—lP’ff<:\—‘7§%

Hence, allowing for the fact that the cndﬁo'r‘nt‘s of the interval
{5} arc not necessarily integers, we obtam

{P-5)a
D) =f (s (ezur SV 4 40

—sla
= g2\ 46
Thus ¢ '\‘Ez?\
N
(6) L{z) Sq7'S(e, I(:) + 47

By Lemma 14& of C(haptcr I and Lemma & of Chapter 1I we
have

Q;ﬁfs@ QI < g min (P, {2 7).
The e:,tmq‘m: on the right here is larger than the estimate of
31‘1"01‘\11&) “(6), ignoring the factor 4, since

Prtzg gt =g
and
|27 2o > PP = P =g

Hence, raising the equation (6) to the power #, we obtain

(L) = (g1 (s, pI ()" + O(g~*"(min(P, 1_z 1)) ).
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The exponent of g on theright is —»(r-— 1)+ 1= — 20+ | = —1,
whence the result (4).

LemMa 2. The contribution W*(Ny, a, q) of a single basic inter-
yal satisfies
(1) W*(No, a,q) = (¢75 (@, 9))"R(No)eo(— aNg) + O (g Pr-=-1),
wheve N\
- Oy
(8) R{N,) =J. {I(z}))el—aNg)dz. (N7
(N."

Proof. By (3) and Lemma I, we have /%

4

\

lleT a
* T P 1 F 4
W*(Ny, a, ¢)=(g75(a, ¢) J._lm )t z{le( (g ) ) dx
® K,
+0 { g1 f (mu](z?‘,fz*"))"—ldz }
il « N7 .

N
e

The last error term is oS

AN
O

P B8 ew

O{g—lf P14 _|_"Q—1 Pl - o(gulpr_.n—l}__
o QO L |

If we extend hé interval of integration from -—I/gr=z=1/g7

to the whole itterval from — o to o, wWe Obtd.lll (7). The error
mtroduced m; 'this operation is

( —r f ‘7—1 sz
N
\ 1eT .

— O( —W(gr)ﬂ! 1) — O(g_l_pr—n+l w)
\'"\)vwhence the result, since 1 — ¢ = —1,

LEmMMA 3. The integral R(Ny), defined by (8), satisfies

9y - R(ND) = u;_ﬁ)_)_ N1 4 O( ?—n—v),

provided Ny = 1IN,

Proof. Let N, be a positive integer less than N o- Then
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R(Ng) — R(Ny) =j°° (T())(e{— 2Ng) — e(— 2Ny))dz

<<J (min (P, 7)) (N — Ny)adz < (Ny — N, ) P2,
0

We ’ippTy Lemma 2 with &, in place of N, in the prCIB.l
case a == 0, ¢ = 1. This gives

W(Ny, 0, 1) = R(N,) + O(P=1),
Using the result just proved, and assuming that Ng—N,=0 (}{’fé") N

L 3

we have AN

WHN,, 0, 1) = R(Ny) + 0(P="). (D
Since W#{,, 0, 1} is the contribution of the intervdlial a1t
to the integral for W(N,), this implies 0

1-1jt
W(N,) — R(N, +f (L (o)) mz\;)}a + 0P,

We taks N; = N, — N’ —N", apd™ 1ét N’ and N’* assume the
values 1, ..., M, where M = [P”*"‘} Summing over N’ and N/,
and a,pplvlng Lemma 6 of Chapter 1 in the summation over N’
and N” in the integral omt{\e right, we obtain

3
M M \\
5 X WNg-=N"—N")

N'=1 N¥=1
AV sz o
= MER(NghF O(J. pr ||oc]|_'3doc) + oM7)
¢ \’ 1t
= M No) 4 O(M2P™™),
since \‘
\y) = O(Pr]_ﬂ 1) _ O(ﬂarz_pr n—1+2v) = O( fZPr—-n—V)

N/

The sum over N and N represents the number of representa-
tions of Ny as N+ N" 4+ %" . .+ x.» Hence, summing
over N, th(, value of the sum, in the notation of Lemma 3 of
Chapter I, is

M
2 (K¥y— ¥ — 1) — KNy =N — M ).

N7=:1
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We note that Ny — N — M —1 =N, —2M — 1 = 0. Hence
the last expression is

I+ ¥ ,
?"V( ( 1")) ﬂ{g}\;ﬂrv—l + O(ﬂ{:ji?\.rum. .2:],

Il 4+ )
since Q{MN?) —= O (M3N 2], Substituting this in the previous
result, and dividing by M?, we obtain (9). O\
LEMma 4. The contvibution W*(Ny) of all the ba\“au,\ intervals
to the integral (2) for W{N,) is given by \",
1 RS
a0 weiy = L0 s 5 4, N1 07,
F(?".U) a=rf .\.\":§
provided N, = IN. \
Proof. By (3) and Lommas 2 a.n'd\\g, we have
Wy = Z WA a,9)
qSJ’ﬂdt
L 2 (S (o, Y REGR—aNe) + 0 T T g1z
[T S ? g= a
00D g f}wfi( No, 7)
Liry) ’ i\qﬁPﬁ‘ q,‘ ¢
¢ '\,¢
. \\ ( z‘ E(g—l"rp.r—n—’v _. {?—11)1'—1.5—1))’
s\\ q=PB a

For each gﬂ:iere are at most ¢ values for 4, and the result follows’
on notmg"that

\J Y gl_w pron-v . O proa-r ’
z’\ e ( )
‘..{;{0 2 Pronct = Q(pren-i4p) — (P,
a5 P8
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NOTES ON CHAPTER TiI

This chapter has been rewritten, mainly in order to separate
the different arguments used and so assist those rcaders to whom
they may be unfamiliar.

The basic intervals of Vinogradov correspond in principle to
Hardy and Littlewood’s “major arcs”. Hardy and Littlewood
dissected the circle x = ¥ or rather a smaller concentric
circle, into “Farey arcs” as follows. Consider all fractions afg),
with (4, ¢) =1, 0 =a < g, 0 < ¢ =7, aranged in increaging
order. I a,/g; and a,/g, are the neighbouring fractionsfo alq
on the left and on the right, the Farcy arc surroungliiﬁ; dlg is
defined by ."‘}\\

N Bk
It is easily proved that the length of eaghipart of this interval,
to the left and to the right of ajq, lies betieen $(gz)~* and {gr)—t
(see, for example, Hardy and \W’rig@t,' § 3.8). _

Hardy and Littlewood took 7 t,Be P, which is practically
thesame as Vinogradov’s definjj:ioﬁ.’ They called a Farey arcamajor
orminor arc according as itaatises from a fraction afg with ¢ = P
or withg = P. The classi{iizi’tion was varied in different ways by
later workers on Warifig’s Problem, and the exact demarcation
is not usually of wital importance.

The major ar(jsﬁ"ér basic intervals, provide the main term in
the asymptot@}ﬁrmula for the number of representations. Thelr
treatment dt')hs not give risc to any very serious difficulties com-
pared with the problems presented by the minor arcs, or sup-
ple é"ﬁi’c’try intervals. The asymptotic formula (10) for the contri-
butior! of the basic intervals is valid for v = 2» + 1, as we have
seen in this chapter, and a better crror term could be found if
anything were to be gained by doing so.

The device used in the proof of Lemma 3 in order to deal with
the integral R(IN,) in (8) is by no means essential, but cnables
one to avoid some rather claborate calculations. For a direct
treatment, see Landau, Math. Zeitschrift, 31 (1929), 319—338.
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An Estimate for G{(n) in Waring’s Problem

A
‘The object of the present chapter is to establishe*g «certain
estimate for the number G(x) in Waring’s Problem. % explained
ln the Introduction, W’ '1r1ng s Problem is the pm’tﬂem ol deter-

every positive integer N can be reprcscntcd\m thc fmm

(1} N ="+ .. —{—x‘“
withnon-negativeintegersx,, ..., x Thc more fundamental problem
is that of representing not every A}’ but every sufficiently large N,
that is, every N cxceeding(seme number depending on #. We
denote by G(n) the least Vﬁ]ue of » with the property that every
sufficiently large positiye’ 1nteger is representable in the form (1)
The result of this Qh‘apter will be that

(2) _ \\ Gin) << n(3log n - 11).

The method\used for the proof is one that can be applied to more
general q‘uestloncs for example that of representing a large integer
N bylakum of values of a polynomial. But we shall not consider
such “questions here.
A N The number of representations of N in the form (1) can be

V ) “expressed by a definite integral, as in Hardy and Littlewood’s
solution of Waring’s Problem. The essential idea for the proof
of (2} lies in the introduction into this integral of two factors,
S(x) and Q{«), which enable one to estimate the contribution of
the supplementary intervals more effectively than was hitherto
possible. The construction of these factors is carried out by
imposing restrictions of a special kind on some of the x’s in &
representation such as (1),

62
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Notation in this chapter. We suppose »# = 3, and rctain most
of the notation of Chapter III. Thus N 1s arbitrarily large,
P~ N, and 7 = 2nP*1, We retain the same division of the
interval ljt = x = 1—1/r into basic and supplemcntary
intervals, but specialize the number § determining the classifica-
tion by taking 8 = 1. We take # = 4#, so that we can appeal
to the results of Chapter II

LEMMa 1, Let
(3} Py= [}P], Py= 3P/, .. ., P.Ic_ (3P . O

\

Let &, for s — 1, .., k, run through the miegm‘s of tkg* Sterval
P, ¢, < 2P, O

Then, for fixed k and sufficiently large P, fk;,‘\n@mbeys
R

v

ave all distinct, and all lie between (1P )“’ and (3P)".
Proof. We note first that the, deﬁmtlon (3)
)"

(2P,.,)" = P23, Phinly # = & = pr > (LP). Also

&
w = (2P, — 1)” +(2@ﬂ1 A (2P — )7
= (3P, — 1) 1B + Pk "
< (2P, — I)ﬂ A =-_>.P w1 o (2-P1}” =< (FP)%,
provided P is qufflélémly large.
Now ‘-uppoqc\?}lat
| QN . ER bt
wheﬂg\f@*:é‘ ?yc satisfy the same inequalities as the £’s. Suppose
& Ay, say gy > & Then
gt — < & T &
But
,’?lﬂ . é‘;ln = M‘Eln_l Z n"pln_li
and, by the argument used above,
52” + Co Tt Ekn << (2Pz)ﬂ _-i— Plﬂ_l'

ensures that -

N

~~ ’
WA
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This contradiction proves that & = #;. Obviously a similar
argument proves that & = #,, and so on.

Further notation. Let 2 run through the integers defined in
Lemma 1, and let

(4) S{n) = Zefan).
The number U of these integers « is given by
— PJ )
U= P.P,...P,, A\’

and obviously U is a trivial upper bound for S(\orj e have
X

U PUmd b Gon™ N
. .“\\\o
The exponent here 1s QS
1 — {1 —»)* A
T— 11— — n{leLM1—»)F).

NN

We choose k to be the least’iﬁt‘e‘gcr for which

B(LEW)* < 7,

™

so that Y

G o UsPE

The explicit yalue of % is

(6) \/ = l: log 127 + 1:|.
N — log (1 --—-],r)

\&
stPy = [P¥]. Define a set of integers #, in the same way as
th‘é Integers u, but with Py in place of P and %, in place of &
. \i:\jl"hese integers all lie between (1Py)» and (1P,)", and their
N\ nuamber U, satisfies :

' U, > Pun(l—(l—v}ko).
We choose %, to be the least integer [or which
%(] “—'.!J)kﬂ_l << %,

and have

(7) U, s Pl
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The explicit value of %, is

log 6#
8) B, — [____ ]
{3) 0 Zog (1—7) + :

Let » run through the primes in the interval 1P, < v Z P,
and Iet V' be the number of these primes. We have

1_p N
(9} V> Pyflog Py » IF75 R
oA
Drefine O (::r) l)}r . ;“g\ /
(10) Q) = B Deavmm,y). . <‘~7'«,

The trivial upper bound for Q(«) is VU,.
Leuna 20 If o belongs o any su;ﬁgﬁiemenm?{jmewaﬂ then

Qo) < Ugh Pamide, \*

Proof. By Lemma 7 of Chapter I, each % can be represented as
i Ry \y Y
#w=— -4 2, where (&, 49) = Q g = P s =gty
g
The fact that « does not b@long to any basic interval means
that if ¢ == P then |z{& ¢ 1L
Case 1. S‘z@pose tk\A y = Pt We have

{11} ,\‘) r—lfg]z| Py
Put v = g¢ 4-‘«&%;;]1@1"(3 {, s are integers and 0 = 5 < ¢- We have

l\ i n ..
f’{cf i) o) = e{uo(% + z{gt + s)“)} == e(1g D, (1)), say.

Déﬁne £(x) to be 1 if x is one of the numbers #,, and 0 otherwise.
Define ?;s( ) to be 1 if ¢ 4 s is one of the numbers 2, and 0 other-

wise. Then
a—l

Qx) = T X L &(x)n,{) (5P, (),

. &= D T &
where  the summations are over (FPg)" < % < 1 Py)"
(3P —s)g1 <t = (Py—s)g ™
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We apf)ly Lemma 10¢ of Chapter I to the sum over % and o
We hawve

Dt 4 1) — D (¢) = nga(gt + qf 4 s)1,

and the absolute value of this lies between 1/4 and 274,
. where 1f{4 = ang |7] (1P,)"%. By (11}, noting" that 7 < Pr1
& PP, we have Py <« A « Py L. The hypothesis 4225=2
~of the lemma is satisfied, since § = 2"~1 here. In the nbtation

of the lemma, \ \

X< Py Y= Pygt, Xo= U, 7 —_L,ll__ Y.
In the conclusion, we can omit t}l(‘}’méﬂ;l{i;"l Yia-t, since
YBAY <« (Pyg )Pyl <2 1. Hence, foreadh s,
 EZEn0el,0) « G + A
SN Pyl
- Thus _ RN\ "

Qo) < (U aPy 1)} < (U, PR,
Case 2. Suppose t‘@ﬁ'bi < g = Py". If o =y (mod g), we

- have '{M,\
&\ P
N\ \ E(C(%B'Un) . 3(_3{0?’} E "P(d})’
0O q
where AV
x:\"'
&/ ,F(v) = gm" & ?(Q’P{)ﬁ)hlpoﬂ = 1.

ALet 0y) denote the number of primes » with }P, v = B
' ;"\‘,WhiCh satisfy v* =y (mod ¢), and enumerate these primes (if
\\: “there are any) as #, ), ..., Yoy (¥). Since v is restricted to prime
values, we have (v, ¢} =1 éxcept when v is a factor of ¢. ‘The
number of solutions of x* — y (mod ¢), 0 = x < ¢ is O(¢°) when

(%, ) = 1, and the number of factors of ¢ is 0(¢g°}. Henee

o{y) K (Pogt + 1)¢°

Lct @ be the greatest value of o(y), and define g,{y) to be
Uaf 7 = o(y) and 0 otherwise. Then
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wa,

Q) = X i Qf{f}f(x)g(%(ay + w(m(y})))

[
3
o

b2

=1

E: E(x)n,-(y)%%(ﬂy + ’P:‘(}’)))’

y=0

where p,{v) = p(v;{y)). The meaning of {{x) and the intcrval

" of summation for x are the same as in Case 1. O
We apply Lemma 105 of Chapter I to the sum over x and 5N
In the notation of that lemma, we have ' o\
o/
X< Py Vg Al, Xy =Uy p=1
Also \’m'\'\."
-1 . \J
Yy = Ly} = min (P, g).
=4 ::\
Hence, for each 7, A\

¢’ N/

23 stwmie( 2oy + 000 & Tomin (Po 76
@ oW v‘;'&
Thus ’?’:’;‘“
Q) < o(U, min (PyghP,")E
< (Pog + A9 U,y min (P, g) Pyt

U B PP + Po))E < Py (U, Py™tilt.

Turorem. G@f% % (3 log n 4 11).
"~

Proof. L<EIE(N ) denote the number of representations of N as
B R N et Aot ALY

wh i}i;v satisfies the same conditions as #. Then I{N) i3 the
nuthber of representations of N as a sum of 7 + 2k + &, nth
powers of positive integers satisfying certain conditions. Wc. sha.ll
prove that I(N) = ¢ for all sufficiently large N, from which it
will follow that

Glun) =7~ 2k + ko,

Here v = 4%, and & and k.u are given by (6) and {8). On noting
that
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141
__log{l—v)zlogg_?—i_lj !
~we obtain
G(n) < 4n + 4 + (n — 1)(2 log 12 + log 6n)
=dn + 4 (n—§)(3logn 4 6.7...)

< n(dlogn + 11), QO

since 2 log 12 - log 6 == 6.7 . . | O
For the proof that I{&) > 0 wc start from  the cxpression
1-1j% O3
I{N) = f (o))" Qfo) (S(cc))%{—'eﬂ’a] or,
e A
Consider first the contribution I **{Nkwhich the supplementary
intervals make to this integral. B\X;’Lémma 2 and the trivial
estimate | L(x) { < P, we have \)
« \J 1
(N}« P*UD%E%“*‘%HI | S{o) 2de.
\”::’; 0
By Lemma 1 the numbefg¥ in the definition of S(x) are distinct:
hence .

O
N\ 1
(W S{a)2dae =T,
O [ 156l
Thus »,
W,
LO7 DN < UT g,
Th_@“mjpnes
N
Q?Q ¥4 (N) < VU, U2Pr——hv,
“since

VURU » Pin+i+dv—e
by (56), (7) and (9).
Now consider the contribution J *(N) which the basic intervals
make to the integral for I(N), This can be expressed as
I*(N) = SW*(N,),
N,

r = Il ]
where Ny = N — Vg — % — 2, and summation is over all the
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values of v, uy, #, #'. Here W¥*{¥N,] has the meaning of Chapter
1II, and by Lemma 4 of that Chapter we have
I*(N) = C, Z N X A{g, Ny, r) + OFU P,
Ny 0<g=EF

where €, is a positive number depending only on %. Further,

by Lemuma & of Chapter 11, on noting that 1 — »» = — 3, we have
S A(g, Ny v) < = g2« P .
2> P& : > PE ¢\
Henee O ’
(13) I*{N}y = C, ZN" BNy, v) + OV, U2P"—”'*3’}.”"~

A D
The number of numbers N, is VU,U?, and cach of fh}m Is

> N — P3Py — (3P)" — GP)L30P™
Further, by Lemma 12 of Chapter II wgn‘i}tziﬁ-‘c SN, #) > L
Hence the first term on the right of (13{8"> VU, pr-s, It
now follows from (12) and (13) that (N} > 0 for sufficiently
large A, z::’a )
NOTES ON CHAPTER IV

This chapter has been expanded somewhat compared with the
original. The expansioh(was most necessary in the proofl of
Casc 2 of Lemma 2. (The original proof is exceedingly concise,
and is formulated wifhout the variable , as if y(v} were a function

The readersdihb is not familiar with work on Waring’s Problem
may find th@%llowing considerations helpful. We are representing
a large mpmmber N as a sum of sth powers, some of which are
restr{cted in various ways. The number of sets of values over
which %11 the variables in the represcntation can range is PTVUUR
It follows from the work of Chapter IIT that the contribution of
the basic intervals to the integral for the number of representations
is expressible by an asymptotic formula if # = 4n; and for this
it is immaterial what restrictions arc imposed on the variables
other than x,, ..., %,. Lhe main term in the asymptotic ex-

vy e

pression is of the order VU, U2P™" Hence, in order that the
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method shall succeed, it is necessary to have an estimate for the

contribution of the supplementary intervals which “‘saves” more

than P* in comparison with the trivial cstimate. In the present

treatment, this saving comes from two sources. In the first place,
. . 1 .

the use of the identity J.OIS(oc)Fdoc = U saves an amount U,

1

which with the present choice of % is about "~ This aecounts

for all but Pk of what is needed, but nevertheless amagw idea is
required to save this small additional amount withou$ hﬁroducing
too many further # th powers. The additional savivg is cffected
by the use of Q{a). The estimate obtained fop,@ (%) in Lemma 2
is essentially ' m"\'\' '
_ Plo—satidnid) \4
as compared with the trivial estima,t’g\\VU , which is about
P}-I-%ﬂ-‘ﬁf?T\’J_

Thus a saving is effected ofeabont Pii+ %,

There was an earlier fo;z:ﬁ‘;bf the method, given by Vinogradov
in 1934, which led to the result G(n) < 6n log # <+ O{n). This
already contained tyfb, factors corresponding to S{z) and Q(a),
but the treatmepd:"bf @{x) was not quite so effective.

For results ouNG(n) for individual small values of %, seeG. L.
Watson, J, Condon Math. Soc., 26 (1951), 153 —156 Ta simple
proof thab&(3) = 7]: H. Davenport, Annals of Math., 40 (1939),
731—“\@?” [proof that G(4) = 16 and that a modified number
G*j(}.satisfies G*(4) =< 14]; H. Davenport, American . of Math.,
54,(1942), 199—207 [proof that G(5) = 23 and G(6) = 36].

m:~§j"Lemma 1, which is the essential basis for the use of S{x), is
<)~ due to Hardy and Littlewood. It is practically the same as the
special case of Lernma 15 of Chapter I which was discussed in the
Notes on that Chapter. However, Hardy and Littlewood did not
themselves use the exponential sum S (z). They used the lemma

in their estimation of G,(%), which is defined as the least 7 fof
which the numbers not representable by # nth powers have 2er0
density. This enabled them to improve their previous estimatt

for G(n), but the improvement was not significant for large #
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Approximation by the Fractional Parts of the
Values of a Polynomial

Lt

'\
£\
« N/
-
F N
< D

Hey=a, s+ ...+ a9 + a,a
be a polynomial with real coefficients, where k, \s, i, n are
positive integers in increasing order, In the pre%ent chapter my
methods are applied to the problem of fﬂldll]&Iﬂtegerb z such
that the fractional part of f(z) dppmmma@a\ to a given real
number A, The result will be expresscdaiiterms of a rational
approximation a/¢ to a particular (,(J&fflCle'Ilt a; of f(x). We shall
determine an exponent ¢ = o(4, ,vng such that, provided g is

sufficiently large, there always exlst integers z and » satisfying
| f(z) —v — A | < —deo<z<¢“
[t would be possible to tr {in a similar way certain more general
questiors, for example that which arises when f(x) is replaced
by a function whichsyis‘not a polynontial but which is in certain
respects similar t§a polynomial.
Notation in tﬁﬁs chapier. We denote by g the number of the
exponents sz\ ., {1, n and by D their sum, so that

‘:':“' =h+...+7+#n
W, cs{\aﬂ' suppose that # = 5. We put » = I/u as always, and
A= 1/,

where [ (as already stated) is a particular one of %, ..., n.
Suppose that

7]
a, = 2 -+ ?, where (a,¢) =1 and ¢ = cgln),

7
where ¢ (n) will be detcrmined later.
71
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Let ¢, ..., ¢, be constants satisfying

A1 B—1
" gy

0<<ep <t ... <, <4, £,
‘ gt ¢,
LR H

Let
(1) p=[g"] and p, = P for t=1,.. . &,

A\
where £ will be chosen later and is bounded in i‘t‘;ﬂiﬁ”ﬁf n. Let

N\

(2) Xt,g = [P, & — [Pfl_sj‘”ﬁ\.s
for4=1..  kands=1,.. . ¢ o\
LemMa 1. Lel the numbers my ., where f<= 1', o hands—1,...g

be dntegers satisfying O << m, , = M, bllere M is a positive tnteger.
Let x,, denote a variable which ags’e}}’ws all integral values in the

inferval \ W
(3) X:,s <3?j»;g§ Xt,x + &,
La U, fort=1,. fa’;l;if;d r="h, ... 1, %, denote the funclions
of these variables f{f@ed by
(4) (&\\\”—L’ (IR ETR U SRR S -/ N
Let U, for:;z;:vé B, ... 1, n be defined by
(5) »\\w U,=Uy,+ ...+ U,,.
Foz&ﬁy particular values of my y, ..., My ., let wiz,, ..o %)
‘ci{eg}otg the wumber of sefs of wvalues of the x's _?‘,w which
\\i w\'(ﬁ) Uy=2z,..,0,=2,.

Then if ¢ (and thevefore p) is sufficiently large, we have

M, L p)YP
(’]’) Yizg, ..., ) € _ﬁL = B, say.
Hy,1 My g

Proof. We obtain the result by an appcal to Lemma 15 of

Chapter I. The hypotheses of that lemma are satisfied, and it
follows that
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{8) 1CTRN 1 )<<@1. o

where @, {for £ —=1,..., k) dcnotes an upper bound for the
number of sels of values of the x’s for which

(9) Ut_,h» Ceey Ut,n
lie in any given intervals whose lengths are respectively
(10) MpM, L Mp KON

It remains only to estimate @,. We do this by first estima‘{i}w
the number @, of sets of values of the «’s for which the Kumbers
(%) lie in any given intervals whose lengths are res,Recflvcly

1 Mp, L., MprL
(11) P b N

These intervals are shorter than the correspon;hg intervals just
mentioned, except for ihe last, which idfthe same length.

Since we are now concerned only wmh“a single value of ¢ we
can omit the suffix ¢ from the vana:ble:. x and m for the time
being, Let %y, ..., %, and %, + & '=;D”-. , %, + £, be two sets of the
variables for w}uc‘h the numbers, (9) he in intervals of the lengths
(11}, Then ~\

(s + 0) — ) 4 S Sy + G — 51 = 6Mp,

w4

o

ml((xl Il :1)]@ x&iﬁ}\ '|_ ’{_ ?nﬂ'((xg —I“ '.i-a)ﬂ T xﬁﬂ) = Bnﬂ(‘{zbﬁn_l'

.\‘

Here \,
wl’«\\(xa + ‘};z:);"t_-‘j“'s]'a - k‘;s(xs + 9 )
»\::\:” = Wi, (p, ) ﬁh g2 SAY,
&Ild\mula,rly with the other exponents in place of %, wherc, in
view of (I}, (2) and (3), the numbers S 1, . . o fla g Will be ar-
bitrarily near to I if 4 is sufficiently large. The sy:,tem of equations
now takes the form

Y TUPT A S S M 18, 0y = = 8, MhL,

. -1
N e + 6" B gl = O Mn
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Regarding these as g linear equations for the g unknowns
My lp, . - ., WL, We obtain

ml, <M for s=1,..., ¢

B =
Hence the number of possibilities for £, ..., £, is
M7
< - . N

Wy .. .M, .

Restoring the suffix £, we therefore have \ \)
. My AR

(12) o —— . LA

e My (O

To deduce an estimate for @, we havd fﬁérely to zplit up the
intervals of the lengths (10) into intgrwals whose lengths do not
excecd those specificd in (11), We\c?bta.in
(]3) @t e ?tl—?w. . 1 fwdj ‘«ﬁsc—l)v@ Y
The result {7) now follows,'ifom (8), (12) and (13).

Lemma 2. Let T = F(m}l ooty ) denote the sum

(14) T = z& @y Us + .. + agynU,) |,
where 2, dmbtes a sumw extended over all integers %, 4, . - . X
Satfsfymg (3)4 “and Uy, ..., U, are defined by (4) and (5}, Then
o
{ AFeib+L —Dp4ge D1y L
(1:»&\ 1’“<<;bﬂ(hr GeRRRY L ) ,
& Plygee s Wy,
gehere
m\: "7 l . -
NS (18) E={. . &)

Proof. We note first that & is the number of possibilities for

all the variables Xy1 - X g DY (3); so that 45 is the trivial
upper bound for 7T,

It follows from (I4}, by Cauchy’s incquality, that

P=p EIZ:] Lo (%yh(Ura' —Ud+.. . +ay U, — U”))’
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where 2, denotes a summation similar to X, extended over
variables x', and U7, ..., U arc similarly defined in terms of
these variables. We can write the last inequality as

an
(17) T2 = p 2 2. .. 2 x{etg, ..., wdelaytu, + ...+ ay™u,),
w=1 wy Hy
where (i, . . ., #,) denotes the number of sets ¥ and x' for which N
Uy —Uy =ty .. . U —U,=u, \:\\"“\
O
In terms of the function 9(z, . . ., z,) of Lemma 1, wey; have

ylog, o th,) = 2 (L )l o, {m—ﬁ— uﬂ)

£ EN \\"‘}
Obviouszly \

T Twlz, .2 :5{2\

g E ,“}
hence, by Lemma 1, RO

x(,w;;, [ -z,t_n)\ ’\5;15

Also N

T Z g o) = 22

ty gy :..,;zk
hence ¢ E\J

N .
(18) LB My, . uy,) KB
RN \}“ﬂ

We note also tha bince U, < Mph, ..., U, < Mp* by (2}, (3),
(4), (5), the I‘t\mz*tlon (8 oo o thy) must vanish outside a region
of the fm"m\
(19) o |2 | = ¢MMP, .., |0y | = VMPT.

’ \ ,
Ap}lymg Cauchy’s mequahty to (17), and using (18), we
obtain

2
< p2e X ... 53 e(@ny ™ty - . ..+ Ay )
ty Hyy E'I-‘=1
= pREQ X . B | Sl - ) [
. Y et}

say, where the summation for #y, . . ., %, i over the region (19).
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We now use & device which was first introduced in the proof of
Lemma 10b of Chapter I. Iet #;” be a variable running through
the integers of the interval | ;| =< 2¢2Mp*  For any integer
# in the same interval of {19} as #;, the number of solutions of
w, + w, = u 1s at least e®MMp. Hence

2T5¢h i2
Tt & — ? 2 L B S 4y, M’;)\
g ug Uy Uy . \ \
We now interchange the order of Summation Lm\}:1 denote
summation over all the variables #, . . ., #,, other ‘tlmn ;. Such
a summation comprises < M7-1p"~ tcrms I@en
PE0 & % sy N4 )
Tt DIEDIED IR ¥ zg(aa(%z_}’z)(uz’ + ’fs}f
J/I?_‘J =1 =1 | g up’ x"\\'; |
HETD ™ Iz
< : Mot pPt E E x(‘zz{yll — i)
M vp=1 ¥~ L n{; :
B ’:B‘ 3 [ 1
L FIQM2 P2 TN E min y M2p%, AL
e N ol

by Lemma 6 of Chagﬁer I

For a particular gy the diffcrence " — v* runs through certain
integers in an 1&1\ ral of length $* =% ¢. Hence we can replace
the sum oyen ;yl and y by

x,\ ; ! AF2a _1
’\\*:\' Pme M2p ’4||a,zz||é},
whe}c z runs through an interval of length ¢. Herc

\\\, . 2 = az + Gg—_lz
7
We can now apply Lemma 8a ([} of Chapter I, with
g =q A=1,U= Mp.
It follows that the above sum over z is
<& M2p21 + Mr?blg & Mrz?bzl.
Finally, we obtain




CHAPTER V 77

T4 < BRQMo-2pl- 2 2p %
[ DMpP\L
N1 i ) .
p=
Substituting for @ from (7) and noting that
E> (py.- )

by {16) and (2}, wc obtain the result stated.
THEOREM. There exists cy(n) with the following propertyy Ly
Hx) be a polynomsal of the form under consideralion, and lek ajq
be a vaitonal approximation' fto a; with g > cy(n). Tken, ﬂoy any

N\

veal A, there exist infegers z, v satisfying a\;,
(20) f)—v—Al<g?  0<zg,
where .5\\;

log D oSN

(21)

 dugl (log D + 1) log (QIOg D+ Dy

Proof. We take g to be any fixed ?omnc nurnber, and have to
prove the result when o has the Va.Itle given in (21). Let A = g7¢,
and define o, § by « 4 }4 =8 — 34 = 4. Let y(z) be the func-
tion of Lemma 12 of Cha,p"tér I, where the positive integer 7,
which we shall replace “to avoid confusion, will be fixed later.
Then y(2) = 0 excepf\ywhen 2 is congruent (mod 1) to a number
in the interval 4 O =7z< A+ A Tf we can prove that for
sufficientiy largs\g therc exists a positive integer z < 7% with
p{f{z}) > O\tf}: conclusion will follow. :

By thg}:@\mma just referred to, we have

O p(z) = 4 -+ val2),

Whtg(e\:“
wolz) = 2 (4, cos 2amz + B, sin Zamz),

m=1

and the coefficients 4,, B,, satisfy

A, « F{m), B,, < F{m),
where

' i the sense defined at the beginning of the chapter,
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A Fm 2 i o = A7,

provided R is bounded indcpendently of ¢, ds it will be. It will
suffice to prove the cxistence of a positive integer z < g“*” for
which wo(f(z}) > — 4.

We consider the sums

(22) Sl‘-,s(y) = E Tpﬂ(]‘(yxt,s))J

Tt g

s - 41
F(m):{zi i m <A1

Q]
O
where x, , runs through the integers indicated in {3 ) ‘3(\ & observe
that, for y=1,..., 4, N

s —P(ch + 070 < plip + :f?l_s}‘{ P

If %([( z)) = — A for all positive mte&s z < q2“, we shounld
have \g
S: AY) = :ﬁlft

N/

for i=1,.. k’mds--l..,:‘g.
Let R\

.\

/\

3
.;L

(23) H=2

Il S, ) |-
" Np=1

t=1 g=1

Then we should
H = pAR(E L EY = pAE,

QOur object 1<;‘now to prove that the (,ontrary is true, namely that
(24) y\\\ H < pAME,

for s\ﬁ}ﬁmently large g. This will establish the Thecorem.
:..\By (22) and the expansion of w, we have

o |

\' Sisly) < § Fm, ) Ee{mmf(yxm)}-

me =1 T
Henee, by {23},
-] o
(26} H< X ... 3 Flmy,) ... Flmy )T (tqq, . . . g )
my =1 iy g=1 ’ '

where T is the sum of Lemma 2. Plainly ¥ F(m) < 1.

=1
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Let M — [¢2™*7, and let R = [{k + 1)}ge,® — 17. Then
Y e cmd
(MAYF < (gmon)F < g tiree,

Hence
(26) X Fim) < (MAY™ « g+bee
m= A

and O
27) 2 Fmpmtw X Amt 4+ T A %m R Ko N

! £ N

wE M m= g1 L "6
< A < AME, AR

The trivial estimate for T is $Z, and it follows frq{( {26) that
the contribution to (25) of the terms for whicllany one of
My, - e, P2y, , €Xcoeds M s SO

<<:b’_ —(k -+ 1} (pHAM‘? r}& \
For any fixed value of g this is of lowdr mder than the right
hand side of (24). ’»:.

There remains the contribution oﬂ"b‘he SUm Over #y 4, ..., My,
which do not exceed M. By Lemma 2 and (27}, this is

<& ’)‘J._, (1{9(“1] ?);;\Dv—-gs};) ~1) ( r(m)?n—{‘)kg

< paaptsng S p o
It suffices now to) ch@ose %k and p so that the expression in
brackets tends t{i\(}'db g = oo. We have

P S PO, M = [0, = (Y,

so that "r‘.'hg‘égexprcssmn in brackets is < g% where

”gsm:%%+JMy+ﬂ—ﬂqH—ﬂ+€
where ¢ ig arbitrarily small with & and ¢,. We require « to be
negative, which will be the case (for sufficiently small &) if

o{(4k + 1)g}— M1 — (1 —»)*D}

is negative. Thus we can take o to be any number less than
M1 —(1— v)’cD}‘

(28
) g4k + 1)




Q

80 METHOD OF TRIGONOMETRICAL SUMS

We choose % to be the least integer for which
1
log D — 1

Dl —v)F <

or in other words
_ [log (Dlog D -+ D) L 1]'

- —log(1 —»} N
Since — log(l —») = »/{1 — Jv}, we have \\:\
E<n(l—)log (Dlog D + D) - \ D
The expression (28) is greater than ,~'§; 3
log D "’:f}\ -
4nglflog D+ 1) ((1—d»)log(Dylog D + D) — ;1}

..\~~

Since D = 5, we have \
Hog(Dlog D + D) q‘]og»{ﬁlog 5) = 3256, . .1 = 1.

Hence the last cxpressmn,\is gTeater than the value of ¢ in the
theorem, and the condl‘tlon i3 satisfied.
An example. To Iﬂut,tmte the theorem, take

\'\{”} (%) = ax™ + x4/2,
where # = § @bd o is real. Taking I = 1 and a, = /2, we can
choose afgn; o be any convergent to 4/2. Since the continued
fractmn"for 4/2 has bounded partial quotients, we can find, for
any\Qrge N, a convergent for which ¢ < N¥ «¢g. As D= #n + 1
and.g = 2, the theorem tells us that if ¥ is sufficiently ldrge there
-cX1st integers z and # such that

| day/2—v—Ad | <N® 0<z<,

where

log{n + 1
QU = . g( ' ) -

10n{log (1 + 1) + 1) log ((n + 1) log (n - 1) +# = 1]
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NOTES ON CHATPTER V

This chapter has been considerably revised and cxpanded. The
need for revision was greatest in the proof of what is now Lemma
2: the account in the original is difficult to follow because of the
numerous misprints and the extreme conciseness,

The aim of this chapter, that of showing that the inequalities \

(20 arc soluble, is achicved by showing that there is some IntcgCy,
z for which | y,(z) | << 4. To effect this it is enough to estimaté
a sum of products, such as H in (23). The main idea. hcs in
the construction of H which is so designed as to lead o 4 type
of exponential sum which can be effectively estlma\,tcd These
sums, in accordance with the general principle Of Vinogradov’s
method, ave of the type X Ze{owr), wherc on YS\(f “the variables #,
v arises from the variables %, and the other\from the variable y.
The estimate obtained for @, in the proof of Lemma. 1 represents
aresult of a similar nature to Lemma, iﬁ 6f Chapter I. The choice
of the intervals (3) for the vanablga,xf,s ensures firstly that these
variables, for fixed ¢ and s = Isa"., g, lie in ““well-spaced inter-
vals”, and secondly that the Q‘ders of magnitude of these variables

d1m1111:.h as ! takes the, yAlies 1,..., % in the manner required
for Lemma 15 of C hapt\s T. The aim in this choice of intervals
for the x,, is to cngate’that U, .. , U, defined by (4) and (5},

arc regularly distfibdted in the scnse expresscd by (7).

This 1egnlau{3\of distribution is nceded to estimate the sum
on the ughtitxf” {17}, which is a generalized form of a sum of the
type X Me(3uv). The regularity in question is conveniently cx-
Pressed by (18), and enables one to majorize T* by a sum which
actially is of the form X Xe(onv).
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Estimates for Weyl Sums ~
In the present chapter my method is applied to pxoxe twoe

theorems which give cstimates for sums of the forr;;
M+ P

e(f(x)) N

o=M+1 ' AN\
The first theorem relates to the case when\ (x) is a polynomial
of degree # + 1, and the cstimate obtain¢d’depends on a rational
approximation to any one of the coefﬁéltnts of the powers of x
higher than the first in the polynomnl f{x}. The sccond theorem
relates to the case when =), i, a real function which, in the
interval of summation, behdvcmn a certain scnse like a polvnomial
of degree u. ,";
The same method caalso be applied when # is not necessarily
constant, but we do{n})t consider this case here.

Notation in tkas\s}mpter We suppose # = 11 and put

o"’
L 3

' k—n-[~ b= [in - 3.
We dengfé\hy k a fixed mteger grcater than #, and write
O o= (s
Weudenote by
O fio) =a, 2+ oax

\a polynomial of degree # + 1 with real coefficients.

Furiher notation. The following notation and terminology will
be used in Lemmas 1 to 5 below, (Lemma 5 plays an important
part in the proof of Theorems 1 and 2, and is of interest in itself.)

For any real number R > 1 and any integer g we denote by
L{R; g) any sum of the form

(1) L(R; g) = X e(f{x)),

§2
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extended over all integers « in an interval
{2) R+ R <<x=ZgR4+ R,

where O =< R* <= R” = R. The precise values of R’ and R"
in such @ sum will not be important. The integer g will be called
the sndicator of the interval {2} or of the sum (i}, relative to K.

A product of b sums, each of the above type, with the same'§
R but with various indicators g and various values of R’ an@,-

R, can be written as a multiple sum: £\
(3) L(Rig) .. . LR ) = Z{R g, oo 8ods AN
where ’ \ e
W ZRig..am)= T elfm) o BV,

BT €
the summation being extended over all iqt@ég;r‘al points (%, . . ., %)
in the Aox in & dimensional space deﬁpéd by
(5) GR+ R/ <% =gR+ R’ G=1....0)

We dcpote this box by B(R{gy, - . .. ), and call g3, .., & the
indicators of the box, relati"vé to R. Such a box will be described
as “a box of type B(R\}\\.m

If the sums on thelaft of (3) are all the same, the box defined
by (5) is of a spedal kind, since g, R, and R, are then in-
dependent of t@é{falue of 4. Such a special box will be called a
diagonal box&sﬁmc one of its diagonals is a segment of the line
%= ...\, The symbol B' will be reserved for diagonal
bOXe's's_:"\""

X\‘a\@‘tof b integers g, . . -, g, Will be called a proper set if among
them there exist » integers, every pair of which differ by at
least 2. In the contrary case the set will be called improper. A
box of type B(R) or a sum of type Z(K) will be said to be proper
or improper according as its indicators constitute a proper or
improper set of integers. The definition is relative to the number
R, but this number will always be given explicitly in the descrip-
tion of the type of the box or sum.
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Finaily, it will be convenient o use the notation
4
xT

to denote a sum of < A terms typified by 7. In writing an
inequality of the form

F: C
2T« XT, O

it will sometimes be tacitly assumed that the sum on Lh‘ ught is
suitably chosen, in a manner which will be clear froni, B context.
Thus we may write N

A AC 7 Z‘"
T <CIZTT, )
where C is a positive integer, meaning that the sum on the right

is chosen to be the sum obtained \ﬁmm that on the left by
repeating each term € times. PN

W

Lemya la. Let p = RH, zeiksfe R =1, H =1 La BUp)be
& diagonal box, and let x, be, aﬂ“mteger " ihe corresponding interval,
s0 that (%, . . ., %) is a ;ﬁoz;wf'm BYp). Let B(R) = B(R; g1, &)
be any proper box conthmed in BYp), and let Z(R) be the correspond-
tng sum. Then \s )

N/

| Z(R) | p (X U* o+ XU ™)

PN 1y e
PR FFL R S

. | -
DX, = X.(x,) = ?—r_r[“(xﬂ) Jor v=— 1, ... %1,

\'"\;tUl*, . O,?_H ), not mecessarily distinct, in n —|— 1 ci:ammzsmn@i
space. This set of poinis has the properties:
(i) the coordinates of every point of S* satisfy
W p L Uy ™
(i) given any n inlervals of lengths
pl-—'v’ . Pﬂ(l_v}

the number of poinis of S* whose first n coordinates U, oo, UL
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jall respeciively into these intervals 4s
& RZb----nH%n(ﬂ—l) P%[ﬂ-—l]‘
Progf. As in (3), we have
Z(R) —~ Z(Rigy, - » &) = LR &) - LIK; &),

where O
L(R:g) = T elf@), ’

&
summed over all integers %, in an interval of the form ({5 .‘;;;\u
ecach sum L(R;g,) we put ;== % + 2 Then N

L(R; g;) — Ze(flx + v;}) \:\"\,\\.
o, \
= X elflwo) + Xy + - A 0,
.?;f . Q":\\~
where the summation is over all iuteggzrs:;,r;'in the interval
(8)  exg - GR+ R < =%+ GR AR
and where Xy, ..., X, are as ,cjlé:fihed in the enunciation.
Since g, ..., g i$ a Proper’ set of integers, we can SUppose
without loss of generality ’(z\o‘r;\permutil‘lg the sums L(R; g)) that
(7} g 1< g™ L < g Bam 11,
We have \<"
| Z(R) 2B LR g0) - - - LR &) P
£ ) .
\\\_ T X, U+ XedUen®),
™ Ty een By
\\-'her‘e\i;,\,;;, ..., g Tun through the same intervals as oy, .- - ¥

tespletively, and wherc

?’-h . 3 J— I—
U =o ...+ B = Vpgr T — " =Ll B 1.

Let S* denote the sct of all integral points (%, .o Upd™)
in # + 1 dimensional space, arising from all sets of values of
9y, ... vy specified above. These points are not necessarily
distinct; each point occurs as often as there arc values of v, .. - U
which give rise to it. The expression for | Z(R) it is of the form
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stated in the enunciation, and it remains to prove that the set
5* has the properties (i) and (ii).

Since {%g, - . ., %) is in BY(p), and the box B(R) defined by
(5) is contained in B* (p), all the intervals (6) for the variables
v; are contained in the interval —p = v; = p. Hence U <47
for » =1,...,n 4 1, and the property (i) holds.

To prove (ii), we write
AN
UF =V *+WHdlorr=1,..., %5 ~\"
where Q;’ .
.V *et "1?‘—}_ . —'_ f"ﬂrs I{??‘,k - U'{H—lr —l" + ?" —_‘Lb | 1 e _I'IEl‘JT'
By (6) and (7}, the variables »,, .. ., v, RO through the integers
in » intervals, contained in the mt&lwﬂ —p = vy 7P, such

that every two intervals arc separated by a gap of lelwth = R
We now appeal to Lemma 16 of Lhapter I. This asserts that the
number of sets of valucs of vy, v, for which %, ... V * fall
into any » given intervals:.@hose lengths are respectively

‘.;51"-»’ e O
is S‘
The number(of possible values for each of ©,.5, ... vy 18
= R+ 1 R. For each set of values Vptts - - - Ty, the number
of scts of\zalues of vy, ..., v, forwhich V,* + W*, ..V *+W*
fall ‘IQtG given interv als of the specified lengths is as es stimated

a“bi,p'\\re The property (ii) of the set $* now follows.

& Héﬂ{n—l)ﬁﬁmmli‘

O Lemma 16 If R* € Hirtnbpde-D) thon Lemma la vesmains

true even if the box B(R) is improper.

Proof. The proof is the same as before, but instead of ap-
pealing to Lemma 16 of Chapter I {which is no longer applicable)
we take the trivial upper bound R? for the total number of points
in the set $*. By the hypothesis of the present lemma,

Rﬂb & REb“nH%n(n_l}ﬁé(n_lj,

and the conclusion follows.
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Remark, Lemma 1b is of course trivial, and is formulated
mercly for convenience of reference later.

Leomma 2. For H > 1 and any H,, the number N{H) of im-

proper sets of integers gy, . . ., g, satisfying
Hy< g S Hy+ H (=1...0)
can be csivmated by '
(8) NH) < H . Ko
Proof. For any such set gy, . . ., &, let G be the least nuﬁ:ﬁ)er

in the set; (7, the least number in the set which is grea:tei‘ than
G, + 1; G, the least number in the sct which is g&cﬂter than
Gy + 1; and so on. This defines a sequence Gp\Gs, ..., ter-
minating say at a number G, which has the pr&perty that every
number in the set is =< G, + 1. Since the setQImproper we must
have m -2 #, A\

There arc at most [H] -+ 1 pos‘sabxlltle% {Ur cach G, and therefore
at most {E + 1)"* possibilities for,Gl, e G When Gy, .., Gy
are known, each g must have one of ‘the V'LIueQ

Gy Gy + 1, Gy, €2+ 1. G G+ 1
These valies number QWQQ 9y — 2, and therefore the number
of possible impropem séts gy, - . . & satisfying the given in-
equalities is at mos.\t
SO H + Dren — 2P,
whence the Q‘:"s\tf[t
LLMM—&& \Lei n = 3 be an integer. Any diagonal box of type
Bt {2l ;fam be subdivided into boxes of types

V7 Bey, Bep,. . BET)
each of which is a proper box of ils type, together with other boxes
of the type
B(27%),
which may be improper. This can be done in such a way that the
#number BW of boxes of the type B(27°p) satisfies
(9 B® g 281 foy s=2,..., %
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Proof. A diagonal box of type B(p) is defined by b incqualities
of the form

gp+ P <x,=gp+ P F=1,...9),

where 0 = p' < "' = p. This can be subdivided into at most
92 hoxes of type B(27%) by dividing each ol the intervals
gp < x, = (g + 1) p into four equal parts. Each box will be of

the form & \J)

g2+ P < x 227+ ?55”,..}‘@ =1,...,5)

where 4,

A
0= p) < = 23

and each g, huas one of the value?'\é;gf,\\ég 41, dg - 2, 4243
Some of these boxes may be psORer and some Improper '} we
denote the proper boxes by B{2+%p) and the improper boxes by
B"(2-%). &

We subdivide each of'thc improper boxes B”(2-%p) into at
most 2° boxcs of type B 62“'313), and classify these as B'(27%)
and B"(2-%p) according as they arc proper or improper of their
type. We coni{iﬁmt the process until we have subdivided the
improper boxbs of type B”(2-M1p) into boxes of type 5(277f),
some of which” will be proper and some improper.

We newhave the situation described in the enunciation, and
it rengajis only to prove the estimate (89). The indicators of the
Varl'e‘&gs boxes of type B(2—*+p) arc integers, cach of which is

gk of the integers 21g L ¢’ where g’ — 0, ..., 2°-1 — 1. Hence,
s ~\by Lemma 2 with H = 2*7, thc number of improper boxes
Bn(2—3+lp) is <& Qfs—1Hn—1) For s—1 = 2, e 1, C&Ch

such improper box is divided into a bounded number (= 2°) ‘f’f
boxes B'(2p) and B"(2-p). Hence the estimate (9) is valid
for s = 3, ..., % Also the total number of boxes of typc B(27%)
is at most 2%, and therefore the estimate (9) is trivially tru¢
when s == 2,

1} In point of fast, since # = 11, all boxes of type B{2—%p) will be impropel
for the first few wvalues of s,
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Lemyia 4. Lef p; be an arbitrarily large positive indeger, and let

By e p O 7, = [vlogy $,]

for t=1,2,... , k+ 1. Let Lp,) = L{py; g) be any sum of the
type (13, Then, Jor t=1,... k we have

J [ L(py) §oriten

{10) 0 Mt s) N .
l«z 3 | ( -sp) 12| L{p, )|2b(k|h—t}’ ~,\“‘\
e O
where {.}"
(11‘} Jf(f S) A --3(211 —2a)h+h—L1| 2sup BEP(RLR - f:} \
and where '

(i) each sum of type Z(27°p,) on the vight of¢ (\12)) is extended over
a box of type B(27°p,) contained in the dwgmbli box of iype BT{(p,)
corvesponding o (L(p,))";

(i1) 3 s << 5, the sum Z(27%,) 1ss ;z‘)m{m‘

(iii) ke dnfeger g implicit ike defamtim of each Lip, ) on
the right of (10) depends on s and oh the particulay term in the sum
of < Mt s) terms:; A

{iv) the diagonal box b, ’éy;ﬁe BY(p,1) corresponding to cach
(L{peue))? on the right (10} is contained in the diagonal box
BY(p,) c,owewpowdmg Yo (L{p,})0.

Proof. For ¢ memcn(,e of writing we put I =% 4 4 — ¢ and
omit the suffix $/from #, in the proof. We regard (L{p,))> as a
multiple ﬂ&rs Gver a diagonal box of type Bf(p,), and we sub-
divide this\box in accordance with Lemma 3. Corresponding to
this, \gb}h\n‘smn we have

) 2 2 % b

( (Ibt))b_ E % Z5(9 sib)

where the boxes for the sums J (2—*p,) are contained in the box
B'(p,) and are proper if s < u. Repeating the term correspon-
ding to each box 2¢ times, wc can write

25’3

(Lip)) < %o X[z |

5=2
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To the sum on the right we apply Lemma 2 of Chapter I, followed
by Holder’s incquality. Thus

/A
L0 < X (2| Z(27%p,)])2=D

ge=2

Ui 2"
& E gsn{2{1+1)—1) E |Z(2—s?f)|2{£ N,
5=2
glanl+ll '\“\
« T I IZEp)R 120N .
s=2 n
/ ’¢‘
Now consider an individual one of the sims Z{2-%p,). This

/N

factorizes, in accordance with (3), as )

Z(27%,) = L{27D,; &) N L2795 g,
By the inequality of the arlthmejug}nd geometric means,
b” ]
#12(2 %)/{EJM b &)

whence, by Holder’s meqjuahty,
&\ 3 '
tﬂ%%ﬂ“«LIMT%gMP“

Each sum 143 *;b,, g;) on the right is extended over an interval
of length 412”’15# We split up this interval into intervals of
length #¥;.,, each of the form

"\‘~

N ghrn+ B <5 = ghus + 7,

')Er:};vrere g takes certain consecutive integral values, and
£

\»}J 0= 9" < p" =Py

The number of such intervals is at most

_5?-'%
y.n

2= 27p} 2 < 27/,

since
28 < M L H)

Accordingly, each sum L(2-5p,; ¢,) splits up into < 27 sums



CHAPTER VI 91

gach of which is of the type L{p,.4). Applying Hélder’s in-
equality, we obtain :
» 2—-S¢, tv

| ZEmpd |* € B @mpdf T L) P

( 2540 } a8t
« T | L) P Q

Each L{p,.,) here is extended over an interval which is contamed\
in one of the b intervals defining the box of type B(2 g:bt \g:})r—
responding to the sum Z{2%p;} on the left. The latter” Box is
contained in the original diagonal box B'(#,). Hence th@/dlagonal
box of iypc B'{p,,,) corresponding to each (L{#{a))® is con-
tained in the original diagonal box BY(p,) 'c\Qr'responding to

(L(Pl‘\'l)b “o\x:.
We now have ANV
_ 7 M,a) 7
| Lip) POV < X & | Z 2“‘;53 l‘* | L{pwa) .
g=2 '\ “"
where AN

.

Jf(f S) — 22sn{l+1j 2 \?} 2b; — D—s(2b— 2ﬂ}3+23?‘ap by

- This is the result '15=sertc‘d\¢\and the statements (1), (1), (i), ({iv)
are obvious from the(proof.

Lemma 5. Lel sfl \bg an arbitravily lavge positive integer and let

»\,, My
S )]
R\ =M+l

where, M \}sv awy integer. Let
\" Py = Pl{l_v}‘-l and 1, = [»10g; P.]
fort=1,... B+ 1. Then

L
{12} TRE & 3, X XKy e,

a=2 5, =2

J = p2rEthip .. pk)_abpkﬂ_zm D{2n—BRtb—n)} (syh-oe+3)
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and
{(13) K51, ....8) = 2 e Xyx o |- X ¥

Ty

1 . . .
In the last jformula, X, = A f7 (x4), where xy, is an inleger which

depends on the particulay ferm Kis), ..., s,) in questiofN The
summation on the vight of (13) is extended over the puints ‘1\’1‘ o Epga)
of a set S of imiegral poinis, not necessarily dssm@ an #+ 1
dimensional space.  This set S depends ony Whe  pariicular

K{sy, ..., 8,) in question, but not on the roe[!m,ef?{s of flx). All
puints o_f the set S satisfy " .\
{14) |2 | = epgne oo | 2,40 5 ﬂp L

, , : N
and for awy given n inlegers zj, L W
(%9, .o\, Xppq) OF S for which X))

L >
/
& N

1»1, LR, =3,

) 2

w the wmumber of poinis

xl -
1S <y where »s
w= (P ... 25.—‘}:cm1;P 267 9l —2b | §agn=1) syt =%,

Proof. We can{.anp\posc that the sum T is of the type L(fy),
since it can alw‘{}@’be split into two sums of this type. We apply

Lemma 4 w1th =1 to | L{p,) | ***+M giving
C\, e M50
,\r 12b{k Ry < E E /() 31?5 )|a L(:b 2{:@4 1

A& 5
V@ we apply Lt,mm’t 4 with t = 2 to cach term (L {py)[®F"

"\On the right, and continue this process, finishing with an ap-

~\plication of Lemma 4 with { = £ The result can be expressed
in the form

$

) Hh M Misy, o ..si)
(15) X X K(sy, .. Sph
1—=2 s‘.r=2
whcre
Misy, .. sp) = MQ,s) ... Mk, s,)
(16) P

l - D8y {(Bh—n) (k+h—1){ 20 x%b&f&b?"[ﬁi-l ie- ﬂ,
=1
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and

(17} K(sy, o0 85) = [ ZE@p) . L | Z(27%p) [P | L ()P

It is plain, from Lemma 4 and the above construction, that

(i) if s, << #, the corresponding sum Z(2~%p,) occurring on the
right of {17} is proper;

(it} if BT(pyy,) denotes the diagonal box corresponding to
(L{ps H))“ in any K(sy, . . ., 5;), then there cxist diagonal boxesy,
of types B7(py), . Bf(p,:) such that, for ¢ =1,..., &, B”'(yb,)
contains both the dmﬂ()nal box B'(p;,,) and the box B{‘J “‘sp
correspontding to Z(27%p,).

For the rest of the proof (apart from a mere verlflcaéhsn relatmg

to M{s,, ..., S} we shall be concerncd with tlie form of one
particular K(s,, . .., s,} in the sum on the right~of (15). Thus
we can think of s, .. ., S, as fixed, and the.Z’s and Lipyy,) as

particular sums of the specified types. W(‘: take x, to be any
integer in the interval of summation, for the sum L{#.y). Then

the point {x,, . . ., %) Is in the dldvq'nal box B'{p,.:), and hencc
Is in the diagonﬂ boxes BT(pl) BY(p,) mentioned in (ii)
above.

We first investigate anf mﬁwldudl sum Z{27%p,) in the fac-
torization of K(s, . : \} Suppose first that s, <, so that
by (i} above the csum 1.:3 a proper sum. We apply Lemma la to
this sum, ‘ra]\mg

\“ p ?t! _" 2“8‘1{’\5: H = 251
and x; as }u,st specified. The condition R > 1 is amply satisfied,
since ;é; >> pF = 2% > 2% as we saw in the proof of Lemma 4.
It fél{ﬂﬁs from Lemma la that

P Z(27%p,) |° :
(18) ¢ — T (XU + oo+ X Upnid®),

Uet®

the summation being extended over an # + 1 dimensional set

of points S,#. This sct of points is such that
(a) the coordmates of every point of S satisfy

Y
Ut, #pl

N
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{19) U< Py - Ut,ﬂ—f—l* < Pt

{b) the number of points of S* whose first # coordinates fall
respectively into any given intervals of lengths

P P
is < @, where
qje — Rﬁb_nﬂ'{&-nm—l)pé-m—])

— (2—-‘%?’)#)25’—“ (2s¢)1§n(n—1)?5£-:15{n—1} < \"\

O

& ot ‘
Suppose next that 5, = 4,. By Lemma lb ttt\ &ame conclusions
hold, provided we can verify that 9

En o Hintn—t }p%j Aty

This condition, in the present ap,pl\atlon is equivalent (since
$p=1) to

(‘) 'mP ) << (’_27}‘3 H{ﬂ.—l}p zfn—l}
or A ’w
p}ﬁn—i—n < 93nlnt1,

and so is satisfied, sm}e 7 <« 2% by the definition of %, Thus an
expression of tﬁ&\form (18), with (a) and (b) above, holds for
cvery factor ], Z,(2 *$,) |2 In the factorization (17) of the particular
K under gohdideration,

VVe n*o}w turn to the last factor on the right of (17). We have

Z]\b 1‘[’ }bk+1 l2bh = 2 (XIYI _i_ ' + Xﬂ+1 'n+1$)l
Hpae oWy
\Vherc
Y =y ...+ Yor = Yoner — - - - — Yaor'
forr=1,... n —+ I, and where Yy = x; — xg and x; runs through

the interval of summation for Li{peir). As x,is in this interval,

it 1s plain that |y, | =< $,.,. We can rcwrite (21) as

(22) |L{pen) PP = 3 XY+ ... 1 XY™
¥1* Yo'

the summation being over a set S* of poinfs, not necessarily
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distinct, in # -+ 1 dimensional space. The number of points in
S¥ is = py, 2, and each point satisfics
(23) yvl* =4 ?5}'1:+1: ey Y-n-l—l* <<Pk+1n+1

Multiplying together the expressions found in (18) and {22}
for all the factors on the right of (17), we cobtain

K{sy, ..o Sl {
. =2 ... poR > 6(X1(U1 + ¥, *) O\
(24) ) R R\
arem F gl {\
[ + et _i- Xﬂ-:—l(DT'n+1 + Yn—}l*))* ("}'«, “
where K7, \

(25) U, = U 4 ...+ Up* for =1 . am+ 1,
and X, denotes a summation for the point [
70\

(U#,1$: ey Ut, 'n+1*)“‘\“’

over the set S.* mentioned after (18). NIt’ will be appreciated

that the set S;* (for # =1, k) dépéﬁds on the value of s,
as well as on 7, but we reﬂard $1, 1% 8 as fixed for the present.
The summation for Yo%, .. ., Y,,ﬂ'* is over the set S*, as bcfore.

Now let S, denote the set of'w dimensional points derived from
the n 11 chmem,mnal sei“’§ * by omitting the last coordinatc
of every point. It i u\olierstood that cach point is counted as
often as it arises, and therefore the number of points in S, is the
same as the number/in S,*. The statement (b) above gives an
cstimate for the n\amber of points of §, in intervals of the prescribed
lengths, W, &"f}p]y Lemma 15 of Chapter I to thesets Sy, ..., 54

taking they numbers h,..,ltobel, , n — 1 without exception
(so that\g‘ = n) and takmg M =1 It follows from (a) and (b)
lbm\e that the hypotheses of that lemma are satisfied. Hence,
for any # given integers z;", .. . ! the number of selections
of points, one from each of the # 4- 1 dlIIlCDSlOHd.l sets Sy%, ..., 5%,
for which
Uy=2z,...U0,= 2,
Is < @, where
P=0¢,...D,

®; being defined in {20).
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Let 5 denote the # + 1 dimensicnal set of points
U+ Y% Unn + Yon®),

where Uy, ..., U, .,, defined in {25), arise from every selection

of points one from cach of the sets §;*, ..., S;*, and ¥,*, ... YV . *
represents every point of the set §*. Then the expression (24)
for K{s,, ..., s3) is an expression of the form (13), suminsd over

points (&, ..., %,.,) of S. All points of S satisfy (LEHby (19),
{25), (23). The number of points of S satisfying O

4
Xy = E, - X, = E,, “" 3
s>
. . . S N\
for n given integers 2y, ..., 2, 1s < where
— 255
P = (Pr)""D N

(PHI)QM n P, 20— %{n—;—}qg{ 28 [-4n{nt1))s,

N/

as asserted in the enunuatlom

We have now proved all. ﬂmt was asserted, apart from the value
of J. It thercfore rema:ms only to verifly that M{s, ... )
given in (16}, satisfi\e{*

\'\‘w’ Msy, ... s.) <]

for all choice§of s,,...,s,. Since b >u and &2 —{ + A =14
we have A/

N’ x
\i”\. M (g, . oo, 5p) =TT 2-sd@d-2mini2agn g 200 (k—t4i)
"\ t=1
R\ 2 2y
AN s MBn—2R—m){st o) ( IT p &t H] .
~\J =1 ;

N Now p) — P4/Prsq, hence

= PSPy p) T
This gives the value of J, and the proof is complete.
LEMMA 6. Let m and P be positive integers, and let ¢’ be a redl
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qumber satisfying 0 < o' < 1. Le
F

= 2 e{mi(x)).
n=1
Let v be one of the numbers #n + 1, n, . . ., 2, and lel the coefficient
a, of [(x) satisty
7
A fi - \ ,\
a, o= — | —, where {a,q) = 1 and 0 <Jgq < e A
g ¢ (\)
{ heit Y \v/
1 '\“’g
N [ ,Slzh[fc- B g _H_p%n[n\m]—umﬂle’ '- j |]"‘ * BB{? |!a)(}«
(2()) ] W0 0 \é o zb[; n
| 2] -0 2|
| e

; \J
where Ky

3 A
Tyt = Tt (g, ) = 5 elogx - st o maaam Y,

= ’: '»I
and N*

B — o+ gP &N P + )

Prooj. Let ¥ = [P-2L lfgfme S*y), fory=0,1,..,Y—1,
by ,&'
Sy )?%(E e(m(ily + %) == 1())-
t"‘ 7 x=1
Then, putting x\—-’ V- | %,
’\vl

&=, 3 emfe)) 1 = 15204 20y

l+b‘

Hel@f&lmmmw over y 1nd dividing by Y, we have

b

|m|—r42|51Ul+FK

Therefore, by Halder's inequality,

Y1 2 iR
| S, |}m“""i'}lJ i< (Y_l > 1SF (v} l)
y=0

- FRBLE)
-+ %
¢

' ¥l
(27} @ V-1 % 1 5% AL YA

w=0
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By Taylor’s theorerﬁ,
mfly - x)—mfly) = Yo + ... 4+ ¥V, 4"

where
# # 41 .
28y Y, = (y) =] O y) = ( + )anﬂm}.n—:l—; -
A 1
PR | N\
+ (} - )au'—:lm;y <~ am,
! ¢\
and in particulars ’ \“\'
Y'n+1 = My 1 - "\}‘.
Hence. R 44
I ’ N }
Sl*(y) = 21 B(le 4+ ...+ Ynx\“;_|— ?ﬁ'gn+1xﬂ'i']J‘
k= ’xt\

Let £, denote the small region yax dimensional space round
the point (Ve ..., Y,) consisting ©fpoints (x,, . . ., o) satisfying
oy — Y, | = §P17 @ e, — Y, | = 1Pt
Since 3(1‘3) = O 81, *fi?f’ﬁ < 1, we have
elYyv + ...+ qu ) = efox ... oo xt) — O(P2)
for any point (ege\A, ocﬂ) in 2, and for x = 1,..., P. Hence
SSy) =T*(oy, .. ., 0,) + O(Pl—E’)
for any such bél;lt where T * is the sum defined in the enunciation.
It follows.\from this that
\;5‘ se:(y |2b{LTnJ & | T *(051, e mﬂ) l BW(kth] | YRO(EAR)

fgr ’(ocl, Con 2y In 02

'\}'Let T(€2,) = v{Q,; o, . . ., &) denote the characteristic function
‘of the region Q (mod 1), that is, the function which is 1if ey, . . ., &
differ by integral amounts from the coordinates of a point in
12, and 0 otherwise. We note that T,* is a periodic function of
&y, - . ., 0, With period T in each variable. Integrating the last
relation with respect to o, .. ., %, over £,, we obtain

V| Sy¥(y) [gptata <<f | T,* {2ack+h)dal oo day, - VYR

“sy
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where ¥ denotes the volume of £2,. Since
V = P-intwi—ng
we obtain

1 1
| Sy¥(y) PPt Pinndying J' .. f LT xR (Q oy . . dag
< 0

0 73b (Kot
IT} (k+R)_

Substituting in (27), we have N\

1 1 Y1 s
| 51 :2hfifu+h.} e Ijéﬂ{ﬂ-'—l)-l—ﬂg'j - j E Tl* [zbtk-]-h] y-L E _;( )docl, H’d’.
=0 y‘snu» -+

The desired result {26} will now follow, in view of the dCf]l’llthIl
of ¥, provided we can prove that ‘ "‘.\

w

Y-1 \
S v(2,) < H = {m+ gP7 ) (PG 1),
¥=0 ’\ &
for cvery point {o, . .., &,). This is tahfamount to proving that
the number of values of y for whichy .Q contains a point whose
coordinates differ from ey, . . ., %3 'by mtcgral amounts is <« H.
Let £, and 2, correspond to ’f.wo such values of y. Then, by

the definition of .O,, we ha\
YLy \Y.niyo =C, +0(P7),

r 1{}9'_' r—l(}u) == v‘—l + O(P_TH_Q’)!

N\

where (. ’Qr—1 are integers. It suffices to prove that if v
is fixed, t "@ telations admit only of <« H values for y. By
(28), thc\i}ﬁatlons are

.-

S ]. —n—p"
\”\;3’ (MIL )am’mw—yu) = C, + O(P™2),

(% _|; 1) Bt (3% —0") + (T) a,m(y —yg) = Cpoy + O(P7H1E),

# -1 e
(252 Jamamorss s £

ne—v 4 2
+ (Z) arm(y - yl)) = Cf"—l + O(P—r+1,_g':].



1040 METHOD OF TRIGONOMETRICAT. SUMS

If we multiply the second cquation by 2!, the third by 3!, and
so on, we obtain equations in which the first term on the left is
always divisible by the left hand side of the first equation, the
quotient on dividing the first term of the sth equation by the
left hand side of the first equation being

3 a

n...(n—s—i—‘.),)y—_—yo, Q

¥—"%Ya A o
which is O(P*1). Hence we can subtract this mul‘r’i"ﬂx\a of the
first equation from the subsequent equations, and» 30 remove
the first term from each of these subsequent cqua,tmm, without |
disturbing the various error terms. When thik ¥ done, the equa-
tions other than the first become \Y

? (T) @y ﬂ;‘; ) 0D ),

31(;)%%@2—3/02)*‘3!(MTI)%_ m(} —g) = Cg 1-O(P 72,

ay
)
.‘.'

)a ?ﬁ(} —=r1 }_.an—-.‘r‘—_l) -

(m —» + 2)! (
" f 1
B ﬂ _\K\|" 2 - (T) ﬂ'-,.m(}" _3’0) = Cr—l’ _. O{P_'?I i-l—Q’},

where C, (757, €,y are intcgers. After multiplying the second
and bub‘i&;}ﬁtﬂt equations here by suitable positive intcgers,
depmk“hg only on the position of the equation in the series, a
similax* situation arises, and we can again remove the first term
fzom the second and subscquent equations, on modifying the

N mtegers on the right. Finally, after # — # -+ 1 such operafions,
‘there remains one equation of the form

Dan{y —yo) = C + O(P~=1-¢),
where C is an integer and D is a positive integer depending only
on 7 and v (which can actually be taken tobe {(1'21.,, (n—r+2}1)%,
though this is not important). :

To estimate the number of values of y satisfying such a rclation,
for fixed y,, we appeal to Lemma 8c of Chapter 1. The relation
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is cqmivalent to
|| Dina,(y — o) | < ¢’ P=r2"
We have, by hypothesis,

Dwma  Dwmb
Dma, = —— + -,
g g
wherc R
(a,q9) =1, 0 < g <= P "\r\“\

Also y runs through Y < P consecutive mteger-,, and » A—xg ) 1
Hence the Jemma is applicable, with s = 7 -+ ¢’ and Din, Tn place
of m, and asscrts that the number of values of Qi\saﬁefvmg the
relation is \
< (m 4 gPE) (Pt 4 )
This proves the required result. \\
TrroreM 1. Let P and m be ﬁosmw mf,gge'rc Let
1) = e AR e,

a, are veal, a,mi fet

\
SES e(mi ).
\\1\ r=1
Let v be ome of the xaynbers w1, ., 2, and suppose that
\) 0
a, '\—'—i— —, where (a, g) =1 and ¢ > 0.
Ve
Then \\\
()g) '\ “’ Sl << Pl—@}nzg.‘lr,

4 "/

wheye)

where a

wrls t 7ot

T ¥
= and ¢ = 9(1 + :—)-
7 g log (12n(n -+ 1)/7) 30

Here v is defined in terms of ¢ and P by
i) g=c,P% for 1<qg=cD,
(i) 7=1 jor P <q=6Ph
(i) g = c,P™7 Jor P E g < F
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where ¢, ¢y ave awy selecled positive constants {e.g. ¢ = ¢y = 1).
Thus 0 << 7 =1 always. _
Proof. We shall apply Lemma 6 to the sum 5,, and then use

Lemma & in order to estimate the multiple integral on the right
of (26). We first determine % as a function of » by putting

B l:log {3n(n - 1)j7) 1] N

A e T )
which ensures that O ”
(30) o= (L —oF o —— O

3n(n + L'
We note that, since A\S)
(n—H)t < —log (L——pad (n —1)7,

we have ~N\

N

(31) (n—1) log (3n{n-+1)/7) =y b (n—3) log (8n(n--1)/e) + 1.

We apply Lemma 5 to the sum T,* of Lemma 6, so that in
Lemma 5 we have to meﬁlace 2 by P, M by p, and take

flx) = ma, x"t + B - + ...+ ax. Wce obtain
\ e J
- (32) | 1 *‘*{fm*"" & E X DKF(sy, . S
where \,", L
K{E@l e Sg) = Z e(X %, + ...+ X, ¥uah
Bpa == Py

'msl\t ¢ summation herc is over a set of points $ as described
i\lfi “Lemma 5. TFor the polynomial just mentioned, we have

-4

2 ) .
\' Xi=a + (I)xzxﬂ 4L+ (T) 2,0, (M 1' ]') @ aaMEy

_ #) -+ 1 el
X2 — Gf.g %" P + ()) s xon 1 + ( 2 ) 5L_R+lmx(, 3
_ ' n+ 1 i
X“ - Ty + ( n ) 5::?1_'_1??'53'0,
Xop = W 1
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Thus
Xy Ao X gy =g + ok Ay, + A mag g,
where A, ..., A, are given by
/41 - x]_,
2
4y = (]) K%y + %a, ’\
N\ ¥
# O
‘4'."; ._- ) o 1’{ + + ik N ¢
Ve p 2
J. ’\\ 0
w41y %4 | &
Anﬂ-_( [ )xu"x1+---+( " Xo¥y, —|—'\K\\}
The A’s arc always integers, and A4, -—= .. \} =0 only if
xlz...zan(). ~("\.\
We have, therefore, . O
N
j j (Sq, ..o Spiday . do, (BN
A\
. E J j Ay + /\—i— A, — Ay, )day ... day,
2y

and by Lenmma 4 of a\b}er I this does not cxceed the number
of points (x, .. ., ,mj)in the set S for which

\\./
'\w xl—-...—-x = 0.

By Lemma 5\1h15 number is < p (with p, = P}. Thus, by (82},

Ha ~[‘|f * bRy | da, & L E T

=2 sk'—l
Ifere
Tp = pRrm(py | py)hemng et
where
A= —-2n 4 2h(b—n) + 26 —inin + 1) ,
S 2?@ + (21 4 4){b—mn) + 20— nln 4+ 1)
- z( 1 3Yh— Ln(5n 4 13)

W
=
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since b = (5n—1). Also

Pro P = P,

Hence
Jv < ?512?:(%5 B —pn(nt Lt nin] 110 Z—(8ik- - 15]
whence, summing over s, ..., S, we have N\

1 1 .
j . j | T | PR, | da, f’lgb(k+m_’}”t" f\&
b 3
e

‘

Applying Lemma 6, we obtain '\~§
(33) | S, | 2ik+h) o H P ~1+{n+1}e |2b[k+?&)+2n(aq\1}ﬂ\ { P g’}mkqu_
Since ¢’ = 0, we have ’\\'\ ’

3 ¢ mbgt
H = (m + gP—f—e’H}(Pg ;+ 1) < m
grg P

respectively, 1n ‘che thrcc c&%‘s'm the cnunciation. Hence

(34) . H <« mPT,

by the defmltlonq&&‘-r Further, since % = 11,

0 .\ \6 = 1: il j_,
- .m’\lwg 12n{n - 1} — 3x2 (2log 12 - Tlog 11)  22#2

Hen C(, \?)

Ir'\

D
N

{

L
/
;/
]
l
ﬂ:a
I
—
-
-
-—
Py

—
.!._
% =
""-q._.-/
I I
P
L.
=
— —
—
T
= =
e
r—
—_
|_ cf_. =
w‘ —
faes
=
o

A
|
3

From these resulfs, and the incquality for ¢ in (39), wc have

— 7+ nn A 1)0'+ (n 4+ 1)¢
<—T+6‘ + 13'1’1’ = —----%T(l—llc-,v}.
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Hence, using (34) and the last incquality, we deduce from 33
3 q ¥
| S, lﬂbtk+?¢-} < PRbikrh) = G T—VIE) 4, + (Pl—g’szmMJ_

Thus to establish the desired result (29), we need only prove
that

5 1 f
. gr 1 — 57} , 1 29
%) et 0 BE R Q
Recalling that 4 = » 4 2and b — [§# + 31, and using the uppex’
bound for % from (31), we have O

2b( k) < 2(8n + §)((n—F) log (3n(n + 1)/7) +'JT,§§’;?% +2)
e S

%
— 5+ Bl — %J(lg( i .1);1)1&.;%)

Y

since AN

3

.
(S
”
wlr-j ‘

Thus to prove the flrsxxgequahty in (35), it is enough to show
that

(1 — 2T + (1= ) > 1+ Jo
and in fact w“(\e"hax»e '
(1 =157 Q\Q\}J’u L)1+ B (1 —3v) = G -F 55e)® + 50" = O
To pros@ “he sccond of the inequalitics (35), we have to show that
M\zw 2b(k + k) > dn*log (12n(n + 1}/7).

By u].)

2b(k + k) > 2(5n — 1) ((n— 1) log (3n{n + L)j7) +» 1 2).
Hence it suffices if

2 —L)n — 1) > 3n? and 2(8n — -+ 2) > 22 log +.
Both these arc satisfied for # = 11 (the second since log 4 < < %)
and the proof of Theorem [ is now complete.
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Example. Suppose that in the polynomial f{x) onc of the
cocfficients @, - .., @y is 4/2. Then, since the continued frac-
tion for 4/2 has bounded partial quoticnts, we can satisfy the
requircment that

N
with a value of g with ¢, P < ¢ < P, where ¢, is a suitabld\positive
constant, Thus we have the sccond of the threcy éa.\:w in the
enunciation, and = = I. The theorem implies thd:i,,,

< OY
3 (m((x}) & P .9(1|v,30}mao

. O
1’,’\\3

3n2 log '1"23}(?1 +1

Lyemma 7. Let N and P bg, mfegem r EJsmg large and pusitive,
Let F{x) be a veal ;‘mesﬁmn ‘defined for N =x <N L P, and
having in this m.rﬁerml awmmuous {n + 1)h derivative Scms;‘ymg

where

Q:

Es

\_. < IL”(”) = ¢ ,
\'\\J’Ao 3 DT A,
where O
:si\:) P <<A(! ‘<< P2|-2v‘
ot "\x\ 9
.‘i\ Sp == A+EP o( F (x)).
¢ ..\x; . B=N41
\’\~'Let g safisfy 0 < p << 1, and lo
4 [ 1 [1—91 (ﬂ+1]
Then
G0

1 1
(36) | <« P bkt Hyulnply PRE(RGA)—1 |.2v+{-n—:1]gj o .[ [ Ty* |2b{fc+?ll doty - - det,
o o

. (Pl—@)2b[k+h}l
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where

P
To*log, oo o) = Zoelagn -+ .+ o,07),
r=1

Proof. In principle, the argument is similar to that in the
proof of Lemma 6. Let ¥ —= [PT2]. Define S,*(y) by

n
S*(y) = T e(Fly + x) — F()). \\
&=1 /\‘
Then, noting that 0 << p, << P, we have .ng\\"l’
N+Ppy ~\ by
Sy =1 2\ 2 e(Fly + ) 4 0(py), ,8
N m=1 &
and therefore \\\:\,&
N-r-!-'i‘-pl ] \
1Sl =pt 5 1S5 H@%
F—I¥
Hence, by Holder’s inequality, ;;'
S, [2etE+n) ‘f,:\ )
{37} & . —B0(R4R) PR R)— 1N+P_m‘\ #fay) 1200hD] 1-@)28Usth)
T ERELR) PABES 2‘\;TS {v) | + (P8
,f;,r=;\

on noting that p, << Pl "\
By Taylor’s theorerii\ view of the condition on Fim+Lix}

we have :w,
. '.xt\:}. . CF |
By -+ gy QT () = Yar 4 b Vo 00 907
i 1}
AY
for 1 = x é\p’l where
; I
S Y,=Y,6) = 5 FOb)

We Yote that
:.{‘f._ Pl g Ay ANC = A€ & PE,
o
so that

s

i ¢ o
(05 ) = 1+ o0
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Define the region £, in # dimensional space to consist of the
points (, . .., «,) satisfying
R Y R P
Then for any point («, ..., 2,} in 2, we have
Se*(y) = Te*{oy, . . ., x,) + Op1P70), ~
whenec

| S’ *( ) |2b{k+m & | T % |2b{].. i} 4 (?5 P2 23.-[5\_\;]\.

Integrating over £,, the volume of which dsy pl—%ﬁ“"r“P‘“Q,
. A\ 3
we obtain AD
A\
| Sy¥(y) e S

1 1 Y
Spdrepre[ [ | T P Qe (2,
n } ~

7{£2,) being the characteristic (hnction of 2, {mod 1). Sub-

stituting in (37), we see th’a% the desired result (36) follows,
provided we can prove that

I\A—R—:al
AT g, < e
A
for each pomt\@1 %,

Let 2, and 2, be two regions cach containing a point whose
comdmatea ditter from #y, - .., %, by integral amounts. Taking
only th’,e\%th coordinates, it follows that

\\V\ LY o9~ Yo lyo) | < pyPe.
Np
i:\';v pl_nP'—g << P2v+9"‘40h.ly

for

Aof’fn & Aul—n(l-- oi(nx1) < {P2+va1—n{1--g},.'(n+1]

l—|—%o
%—I—l

e+ o)L —n sz
Thus

1Y uly) — Yalye) 1| < P4
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We have to cstimate the number of integers y satisfying this
inequality, with N <y =N 4+ P —p,.
Put @ly) = Y,(y) — Y, (3} Then, for N <y < N 4 P —p,,

By + 1) — By = Y./ ) = - Fori(y,)

for some 3, with N = y, £ N + P — $,. Hence (taking F(*+1 (y)

to be positive without loss of generality)
1 =g - 5] ( \i\
=P+ -2 = O

where 4 = Apf(n + 1), § =¢". The function @(y),géﬁéﬁcs the
hypotheses of Lemma 9 of Chapter I, with ¥ =P —p, + 1,
W < "€ (and a different value of N). Henbénby (I1) of that

Iemma, the number of values of y i3 N
«mwu-w<W«Fw
This proves the desired result. ’\"*'

TasorEM 24. Let N and P be @z{ié;g'.é*‘r;, P being lavge and positive,
Let i“(%) be a veal function, ,dé;‘med for N=Z=x =N+ P, and
having in that interval a com{mwus (n + L)th demmm,'e satisfying

1 e _}_’"(n A (g )' o'
. b 2
41T 4
wher. \ ¢
x'\iw: P << Aﬂ << P2+2.y-
Let 0
.\\"' NyP .
o\ Sy— X e(Flx}).
N r=N+1
ThenN/
N, )
(38) S, < PV, where g

Y7 32 log (1..25?3)l
Proof.  This is similar to that of Theorem I, but uses Lemma 7
in place of Lemma 6 Put

log (6n 4 6)
f[_mguva+q’

N
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g0 that _
{39) g = (L —)* < (bn - 6)7L.
We have
(40) B < (n—4%)log (6n 4 6) - L.

Applying Lemma 5 to the sum T,*(xy, . .., «,) of Lemma 7,
Le, taking a, = oy, . . ., @, = o, g, = 0in the f{x) of T_f.}'{ma 5

we obtain \
Y oo &y
%ffﬁm“<l-~EZme-SA

8==2 & =2
where _ Q”g
.K(Sl, cen Sy = 2 e(X;x, —|— &v—--- s -,.!.ﬁ,'n"ll,
R e e !
and the summations are as expla,mcd\% Lemma 3.
In view of the present form (.)f“z‘\x}, we have

9 o ’s,} . "
X, = o4 + (1)“2360 .o+ (l)%%”—l,

\; . 2 2
/Yg = ‘Df.z - ... —i— (Q)Oﬁwxnn_‘
X \ ..
We note that,%\ before)
',xXQxl e+ Xx, = Ay, == A,
where, } ..., A, areintegers and are all 0 if and only if %;, .. ., %,

are\s‘ﬂ/ 0, Hence
O i
AN 2 J.Ksl,... Jddoy oo do, 2,

<> It follows that
j J‘ | T L |2h(L-l—f:.}da, o

T
<« 2. Z‘. Jv
=2 SA—2

<& ?5121‘*{Iﬁ+h}—-%nfn+11+§-n[-n:_1)6,
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as in the proot of Theorem I. Applying this result in Lemma 7
we obtain

5222?(1{: LR & j)]_%ﬂ{“+1]0'.P2b(k+h]_1"|'2v+[n+1}g + {Pl—Q)%U\HM‘
Recalling that p, — [4,0-2/%1] and A, < P>, we have
by {39,
?r)lén(vwl)d & ?x)lm’lﬂ & Aull—gn,-'(ﬂ.|_1) < PHG‘ N\
Farther, A
vr+ 1) - v(l F“% sy O
310g (I125n) ~ 3(3log11) ~ 1277 3¢

(n+ 1)p =

Thus the preceding estimate for S, implics (¥
S, 2b(kth) g P?.b(k-;-h}—-g-l-% (P1_9 2b(fc\n'

)
Comparing this with the desired result {@ we sec that it
remains only to prove that )

‘\'

- > 9!;(134.,&“;@

Using (10), we have .3?,:‘
& f—zv . iy
2h(k + k) = 2(3n +%‘) n— 1) (log (bn 4+ 6) + %)
. \\ 1
3732(1 4 3.9 (log n + 3.22)

since ‘\’
(1 —2.50)( {%‘3 1) — (1 + Z)(1 —&9) = 07w — 7.550% = 0
for n = ]1{\(111(1

T‘og (61 + 6) <log » -} log 1% < logn + 1.88.

e
log (125n) — (L + 3.1v){log # + 3.22)
— 1.60 ... — (3.1y)(log = -+ 3.22)
= 1.60 — 3.1 {Jog 11 -+ 3.22)/11 > 0.
Hence

a_ 25
& 12V __l .

Sh(k 4- #) ~ 3n*log (125n)
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THEOREM 2b. Let N and P be integers with P lavge and bositive,
Let Flx) satisfy the hypotheses of Theorem 2a, but wilh the stronger
condition

P Ay« P2

o Ay Let @(x) be monotonic for N = x = N + P, and sippose
max | Px) | <« D,
Then, ¢f 1 = P, = P and

NP, \‘>
S(P) = X D(x)e( F(x)), X O
r=N+1 A%
we have PN\ 3
Y

S(P,) < PP 8, where ¢ —

Proof, Tet '\\;
NiP -
5,00 = BOHF()
N w—\"‘l—l
for integers P, S&tlbfylllg 1«‘: P,=P. If Py = A, the
hypotheses of Theorem 2& \are ‘:atl%flt,d for S (P ) mih P in
placc of P, Hence, sub}cct to this condition, wc have

{M’G\z(PU) < Pj-¢ <« pre.
If Py < Aol"m""%\ﬂ{e same result follows from the trivial cstimate
:S () < P, < pEvieim o pi-g

since g Q‘:ﬁ\/ 2 + 2»).
T e\result now follows on expressing S(P,) in terms of the
5, (Py) for 1 < P, = Py, and applying partial summation.
"\ WLxample. Vo illustrate Theorem 2b, consider the sum

‘,I E—}-Pl
\/ S= X x
o= P4l
where s = ¢ L §, g = 0, £ > 1, and

_ 1= P, =P i £ p<plnn,
We have @(x) = x~9 and

2aF (x) = —tlog x.
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Hence

‘ Fintl (x) ‘ B ¢
i 2a(n + l)x“'i‘f

| {# 4 L}t
The hypotheses of Theorem 2b are satisfied if we take

A= 2afn + DEP)ET, & = 24,

since then P < A, « P2 Also we can take @, = P~%. Hence,
if # = 11, we have A\
_ AN
. 1 \ >
S« P17€, where p = ——————~ N
3n2 Iog (126#) \ 3
A

NOTES ON CHAPTER YDy~
"

This chapter has been considerably egcpa:mﬁed, and the different
steps towards the proofs of Theorems l'and 2a have been separated
into lemmas. The language of « pXlimensional boxes” has been
introduced to facilitate the dissussion of multiple sums, and to
cnable us to make clear a n»y@er of points which are not explicit
in the original. e\J

The main ideas in the\%mof of Theorem 1 may be summarized
as follows. Lemma u:ﬁ»%hows that the estimation of a Weyl sum

can be made to\ide\p'end on the estimation of
O\
’I‘\i%.”: J | Tl* 528 539(1 [ d!x.n — -i\'r*(P! S), say.
oy 1]

This»Q‘s:t\z;hation is required to be of the form
4
A'T$(P, S) <& Pﬁs—%n(n+1}+§,

where 8 is in a cerfain scnse sufficiently small 1}.
The above multiple integral does not exceed the corresponding
integral N(P, s), formed with the term 8t gy omitted from

*) The precision of Theorem 1 will depend on being able to choose 8 sufficiently

small without choosing s too large.
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Ty* (ie. taking a,,, = 0), and this integral has a sinple arith-
metical interpretation: it is the number of solutions of

e eI A e ol Y

x1"+...+x"‘=y”+_,_—|—}-'_,",
in integers satisfying 1 <x, = P, I =y, = P. An cstimate for
this number of solutions gives a measure of the regulatity of
distribution of the power sums on one side of the egiﬁa)ion% So
far it has not proved possible to obtain an effe(,tlw eslimate by
a direct argument. R N

The treatment applied to obtain an t‘btlm”\& Tor N*{P, s}, and
in effect for N(P, s), is to majorize | Ty* | #b¥ sums of the type K
of Lemma 5. The variables x4, . . . s Eingd in these sums K arise
as power sums, and the conqtmctm@, is such as to ensure that
these have the regularity of diste thution cxpressed by the final
clause of Lemma 5. This in turrr gives an cstimate for the mul-
tiple integral corresponding( to each K,

Lemmas 1 to 4 1epre&.cnt steps towards Lemma 5. The tools
for the production of.gwell-distributed power-siimns are found in
Lemmas 16 and 15 U‘f\Chapter [. Lemma la represents the appli-
cation of Lemm {6 of Chapter I to multiple exponential sums of
a special kindy and Lemma 15 of Chapter [ is applicable to
certain proditcts of such sums in the manner seen in the proof of
Lcmma'«"{.“’

S“ideldblc difficulty arises, however, from the fact that
LGJ:!‘I a la is applicable only to sums of a rather special kind:
those over proper boxes. This difficulty is surmounted by the

:.llbe of Lemma 3, which shows how a box can be subdivided into

boxes, some proper and some improper, in such a way that the
total volume of the improper boxes is very small relative to that
of the original box. When this subdivision is applied to sums,
the contribution of the sums cxtended over improper boxes 1s
small,

Lemma 4 prepares the way for the production of sums of the
type (17) in the proof of Lemma 5. To cach such sum V inogradov
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then applies Lemma 15 of Chapter I and Lemma la of Chapter VL.
The essential idea in the latter is, of course, Lemma 16 of Chapter L

It has been shown by Hua (Quari. J. of Math. (Oxford), 2
(1949}, 48—61) that Lemma 5 is not essential for the estimation
of N(F, s), and consequently not essential for the results of this
Chapter. The main innovation is that the integration over the
unit eube is carried out at an earlier stage. We proceed to outline\
what the effect of this idea would be if wc conserved the p1 ebent\

notation and started from Lemma 4. O
Applying Lemma 4 with f{x ) replaced by f*(x} = o, 2"y :~.f’.: ooyx
{i.c. writing 4,4, — 0, &, = ..., @ = 2), wc obfghl on in-

tegrating each side of (10) over the ubdt)“hypercube
0oy =1,.. ., 0= a, =1, N\

N(p, 2b(k + B —t+ 1)) P\

N\

He Mit,#) pl 1 W W
“ Xu X f c J | Z(27%p,) |2 I:If(’}f’ﬁﬂ | B8 oy L dat,
0 ™

s=2 0

Now N

1 1 N _
[ [ 2L oot . do,

{+

N\

is the number of ‘s()];u“f’ions of

% 4+, + ‘73{:‘\}‘“371 + ... K=y~ % Yt Y
Nl
x ,,\ "i_xb ﬂ+x1 'I— —Hf;“_jf T |_ , _I_ybf-n_l_yl-nw%__ . -_‘1"}';“,

wh\cﬁ — 2b(k + b —— ) and where {x,/, . . Sxand (v, .. L)
lie in B(2-%p,) and the variables x and y lie in the interval of
summation of L{py,). In view of the invariance of the above
equations under a simultaneous translation of all the variables,
we may assume that 1 =% = P and 1 <y:, épm
{f=1,...0). TFor any given values of %) um, Y
the equations are of the form
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=yt Gy
=yt
By Cauchy’s inequality, the number of solutions of these equations
in &y, ..., %, Yy, - - ., ¥, does not exceed the number of solutions of
Bt F =t Ty |
S L\
e e R T
and this number is N(p, 4, ). N\

Now the number of possibilities for the wedables of the type
%', ¥" can be estimated directly by means efl}émma 16 of Chapter
I applied to % of these 2b variables {unleds s = 7, in which casc
the trivial estimatc must be taken). /THus we obtain an estimate
for N{(p,, 2b(k + A —t + 1)) inMebms of N(p,,,, 2b(k-+-h—1)).
Successive application of this rdduction formula for { =1,.. .,k
leads to an estimation of N{P s).

Actually Hua’s method dlﬁcrs from that of this chapier in some
other respects (although'the ideas are similar) and the ineqgualities
he obtains arc slightl‘y more precise than thosc of this chapter,
In place of Lem a’4 of this chapter, Hua uses a result which is
very similar bu\more appropriate to his method, He obtains,
by the argl{n}ent outlined above, the reduction formuia

"\JNP, 5) < (log P)? pre—tinti2e—min N(P s 5)

for %“f&n {(n + 1) + n. Repeated application of this reduction
formuli shows that for any integers s, [ satisfying s=1n(n+41)+#

inﬁe hawve

N(P,s) < (log P)BPr—tntnid+d,
where
&= $n{n - 1)(1 —r)h
This estimadte is of the kind sought in connection with Weyl sums,

and leads to slightly more precise results than the corresponding
estimate of this chapter.
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The Asymptotic Formula in Waring’s Problem

Let WI(N) denote the number of representations of a positive
integer & in the form _ ey
- e\
N=x"+...+=%" \ o7
where &, ..., %, are positive integers. Hardy and Litflewood

gave an asymptotic formula for W{N} as N — o0, and’g\s’zéblishcd
its validity when » and r are fixed and 7 = (B3>2)2"7 + 5.
The main term in the asymptotic formula is<;\
(_F(]- + ”')_)_ j\,rrv—l,g(}\r; ‘?,):x
Iiry) o\

an expression which we have already;énbountered'm Chapter I1I.
We recall that &(N, ¢} 3 1ifr =4, by Lemma 12 of Chapter TI.
Inorder that the asymptotic feTtmila should be valid, one needs
an estimate of lower order than N for the error term. As
mentioned in the Introdﬁéti'on, such an estimate was found by
Hardy and Littlewoo,d;.bn the supposition that » satisfies the
mequality stated above.

The object Qf\"ﬁig prescnt chapter is to prove that, provided
# 12, the asytaptotic formula of Hardy and Littlewood for
W(NY} is }aziiid for

P

\
4

The proof is based on the improved estimates for Weyl sums
found in the preceding chapter.

Notation in this chapter. We suppose # = 12 and retain the
symbols b %, & with the same meanings as in the preceding
chapter, namely

y = [10n2log n..

b=[n+1, h=n+2 o=(1—2"
117

N
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We denote by % a positive integer, depending only on #, to which
a value will be assigned later,

Levma 1. Let py =1 be an inleger. Let a,, ... a; be fixed
positive ntegers with a, > 0, and lel
fay=ax"+ ... + ax.
Let
?’J] . :“\
Ty(w) = 2 e(af(x). ,
»=1 £\ \
Then \\\ .
e
f | T (9’) | A ELR) doc ‘4/ p it — ?’i—“— ?!ﬂd)ﬂ'
,\.\‘..
FProof. We use Lemma 5 of (,‘haptm VDwith a,,, = 0. This
gives \
’\
7 m g
Tem < B YK sy, 5 0,
§q=2 < b —2
where .;3:{‘
K(sy, ..., 5050) = 2. .:::*.., %y, o wela(n X, + b X)),
fﬂl N Ty

. £\
the summation beu over
_C}} =H S hy P = x, 0Py
We also hﬁve'the cstimate (%, .. ., x,) < v, where
«\w f“i” <<P 2H(h4-R) - 1n{n+1)_ A{R+1IF Po-(y4 - Ry

W \(ecall that X, = f‘”(xo);}‘ where x, is some integer. All
thé X, are mtegers and X, = a, > 0.

\, Now

o) :
/ J.e(oc(xle—i— ceeF 2,X,) e

]
is 1 if
(l) x1X1+"‘+ann_

and is 0 otherwisc. When x,, . , ., %,_; are given, the equation (1)
admits at most one value for %,. Hence the number of possible
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sets of values of x,, ..., x, which satisfy (1) is

L pip® .. pyt = pyEnnl
It follows that

1 .
jf((sl, e Sy alda < pEe Dy,
0

whence ~
1 7]'1 \
: 2o (kth) - A1) Ty A e
[inwmem <« 5.5 iy O
: &‘1—2 sk= ..,\\
un M . \J/
e T S
5 =2 PN ‘
Bh{ktR)—n4 L nint LT &
& ?51 {ot-h)—ntinintl}& \\,,‘\\

Lemma 2. Lef

~) '

a 6 K.
(2) o o= — _I_ - where (g{} 91) — ]_, Pll—w ‘.fl}\g\'g 2?3?1“_1-
7 ¢ {
Let p, be a positive integer, and let  \ <

L >

Al
’&

T, = E.g(‘d‘x“)
= ™
Then
IE <P,
where O
(3) 0. & nn — 1) log (120%))2.

Proof. The res‘ulf is an immediate deduction from Theorem I
of Chapter V\I\"\I‘n that theorem we take m to be 1, and replace
n4 1 throuﬁ‘tout by #. We take f(x} = ax™ and » = ». Because
of the %est«nctlom on ¢ in (2), wec have either the first or the
S0CO 'd\p‘f'thc three cases in the theorem. In the second case the
paramtter 7 is 1. In the first casc the parameter 7 is = 1 —v,
since ¢ = ,1-%. Also g can be replaced by the smaller number .
Hence the conclusion follows with

I —w
T 3(n— 1) log (120 (n — 1)(1-—2)7Y)
= (3n(n — 1) log (12n?)}~%, '
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THEOREM. If v = [10n®log %], the number W(N)| cof represen-
tations of N as the sum of v nth powers of positive infegers salisfies

(L))" s
wen = S W rere, ) + ovn-s)

Proof. Let = [NY] and 7 = 2rp,"1. Let
£Vl N

Tofae} — 2 efxx™). \

#=1 Oy

Then, as in Chapter IIT, but with 7,(x) for Lz} and ¢, for P,

~

i-1ft ™\
@) ) = [ (Trel -y i

We divide the interval of integratioiNiifo basic intervals and

supplementary intervals. The basi@jsﬁzfervais comprise all « of
the form N\

a : ¢ ",.‘Q 1
a=— -z where (g, ghs 1, 0<<g = p,"7, |2 =—.
V:‘¢ . . g‘r

This is the same def:initiéif as in Chapter III, cxccpt that § has
now the special valyd\1 —» {(and $, replaces ). Any « ina

supplementary ir}‘gm,;\'al is representable {not necessarily uniquely)
as )

N\

@, ) 1
(5) o =27, where (¢, ) =1, pi* <g =7, 7] = —

\’\-’e\hé\'}e
N WN) = W) + o),

;"("‘;flel‘e W¥{N} is the contribution of the basic intervals to the

~

\ )

“integral {4) and W#*(N) the contribution of the supplementary
intervals,

Since v = [10s?log #] > 2n 4 I, we can appeal to the results
of Chapter I1I for the contribution of the basic intervals. By
Lemma 4 of that Chapter, we have

1 r

(P(I I _1}1 f\UT_I 2 ‘4 ((]’ i\’r, ’,V) + O{j\;ﬂ'—l—v;ﬁ.).

T—#

WH(N) —= o
0=gzm
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By Lemma 6 of Chapter IT, noting that # = 2u + 2, we have
ANy« T g g p WO o N

7= 'nll“" a3 pll—r
Hence
Ity .
I/V.k *\a T A,T\.TW'-IF-"' E\T z\l.‘w—l—-v X
(. T S, 7) + Of )

N
We have now to cstimatc the contribution W¥**(N) of the |
supplementary intervals to the integral (4). By Lemma 1, with)
flx) = x™, we have . QO
1 N
f E Tl(:x) 1BO(RLR) oy o Ib 2b(k+k}_n+;nm:_1m.,f"..
0 ' ! \\
Further, any a in a supplementary interval is reri':esentable in
the form (5). It follows that the hypothcseshof Lemma 2 are

satistied, and therefore if » = 26{k + %) \’&’E,\h'lvc
| Tqlee) | T-205+0 < p, - fr .amm)fl—el
~in the supplementary intervals, Where p is given by (3). Thus
W**(N) tgij)f ",
~\
A= —1n %\\1_ Vo + (r — 25k + &))o.

It remains only, towprove that W**(N) < N™~" that s,
that 2 = 9. Tho number & is still at our disposal, and we take

\:\"k B [log (0.61% log 1217%) n 1],
— log(i —v)

where

thus engurmg that
\ ) o = (0.6n2log 121%) L.

The function log (0.6log 12#2) — 0.8log» is decreasing for
# = 12 since its derivative is

1 ( 2
—— —0.8),
n \log 12 + 2log#
and log 12 4 2log# = 3log 12 > 7. The valuc of the function
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when # = 12isabout — 0.5. Hencelog (0.6 log 12#2) < 4.8 log n,
and therefore

1,_,__1
Ee——"(28logn) + 1.

Also
B+ 1 h=n+2 7= 100t logy — 1,
Hence A

 §

QYD
#{n +1 ) ;‘E,\ -
T L.2x% log 1242 l‘
+10%210gn~1—(2%+ )(nm——((jg‘logm—ﬂ—l—?y)

#nin—1) log\\w

or
(6n(n — 1} log 12037 > — B(n2 1}+ 2012 log n — 2
(5% —|—»2)((ﬁ,——-—)( Blogn) - n - 3)
= (6n® - 1.4n + 2‘8}&T0g n— (10n2 + 170 + 3},
Since # = 12 and (log 1g3—1 << 0.41, the last expression is
> (1,942 ﬁ‘ﬁn + 1.5} log » > 1.5#(n — 1)log #.
On the other hamé&‘)'n {n— 1) log 12#% < 18n{n — 1)log #. Hence

,«‘,w’ 15 1
:.x)\./’ A>l———--1—2§v
x'\‘“'
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NOTES ON CHAPTER VII

This closely follows the original. The reader will recail (see
Notes on Chapter IV) that it is necessary to save more than P
on the integral for the number of representations. The sav ing
cticcted by Lemma 1, on 2b(% +- /) #th powers, is# — 1n (# -+ 1)o.

: I O

The choice of % is such that in#{n + 1)o is about - -, and\>
2.4 log# O\
then 2b(k + %) is about 5#2log#. The rest of the neccs\ar}’
saving 1s effected by the inequality of Lemma 2, \nhlch Saves

about

1
~—- on cach additional #th power. Q&ﬁ be seen

B2 Og 7
that the constant 10 in the final result is of no SPQS\? significance
{for large #),

{/
\ \\
‘
L 3 )
'Y N
X ¢
{s:‘«
N
%“ "“
\‘::‘
"\
AN
§<\§}
(x)
o Oud
> \. ¥4
QO
f:\”'
\V
/\s./
x\\
N
3



CHAPTER VIII

The Distribution of the Fractional Parts
of the Values of a Polynomial N\

in the present chapter, the estimate found for \Fév} sums in
Theorem T of Chapter V1 is applied to the proot af'af asymptotic
formula for the number of fractions in the 'a'e'cii'i%ncc

| (%)), where x = 1, 7
which are less than a given number taween 0 and 1.

~We shall restrict ourselves to the.c'@sé' in which j{x) is a poly-
nomial with real coefficients. W shall suppose, as usual, that
the degree of f(x} is fixed, thought the method is also applicable
if the degrec increases slowli'at the same timc as P increases
and the form of f(x) varjes!

THEOREM, Suﬁpq,’s{e "= 11, and let

p '\ﬂ;) = Q2™ L 4w
be a ﬁoﬁynom{aiﬁiﬁk real coefficients. Let s be one of the numbers
n 1. @und suppose that
o a
Y .
S
Lhien the number T of integers x with 1 < x < P for which

O :
\'\;"' o)) =y (0<y <)
s given by

ﬂs:

f
=+ E‘“:’ where (a,¢) = 1, ¢ > 0.

T =yl +0(Pr2),
where

T
3n2log (12n(n 1 1)/z)
and T 15 defined in terms of P and g as follows.
124
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g =0cP" f 1 <g=¢P,
T=1 'E:fclp“ig<cp3—
g = ¢, "7 df g, Pl g =g, PR

Here ¢, ¢4, ¢y arc positive constants which can be chosen
arbitrarily.

Proof. Put 4 — P2, We can obviously suppose that A < 1,
since otherwisc the thcorem asserts no more than the trivial {
cstimate T = O(P). L

Let A, B be any two real numbers with 0 = 65— 4 = 1 —~\‘QA
We apply Lemma 12 of Chapter I, with

W

"
r=1a=4d—34 =B+ i4 ,\'i‘y
By that lemma, there exists a function y(z) with f):er}lod 1, whose
value is Y
1if 4 =<z=8 (maod 1), \‘

Oif B+ A=z=12+ A4—Amod 1),

and otherwise between 0 and 1. Th’ié;"‘function has the Fourler

\‘”

serics expansion NN
piz) = (B—A4 + 4} - g a,, cos 2amz 4- b, sin dmmz),
1

where
a,m & m?{,\bm L if m =< A7,
l'é'l'_fm‘ b, < A lm2 il m = A7

Let T(A4, B)\dénote the number of integers  with 1 = x = P
for “hlch ;@ f{x} = B {mod 1). Then, by the above,

™

OPXe Y4, B) = 3 y(flx)) < T(Ad—4, B+ 4).

NOW\' g

m=1

F o
(2) T (f(x)) = P(B—A +4)+ X (852" + baSu’ )
w=1 : m=1
where

S — S 1405, = 3 e(mfx)).

=1
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We apply Theorem I of Chapter VI to the sum S,,. ‘This gives
S_ & m‘zg,u’r PI--Q—Q,’(SO»},

where v and g arc as defined in the enunciation. Hence

Z (amsm’ _L bmsm”)

1

AN
« Pl-g-gilsia) X 120/t + p-o—giiaon] 5 A-Tgp—aNoiT

maA-T e Rty r:\“\’
. ", . . . . e
Since 2pfr << 1, the last expression is s W

L 3

%G
R
1-0—0/ (301} 4—20/T 1-0—0/(300) 4 a0 —BoiT
< F 47T 4 p A .\,'fl .

Now 4 = P®and 7 = 1 always, Thus AS)

2t B :'\\J 2r T
¢ g log (12n(n + 1)z} :ﬁ;B}oflog 12n(n 4+ 1) T
whence ' 0
N e
2"62?—& e -7 .,
'\ ¢ 30n

It follows that the ]@viaus expression is < P1-€.
Substituting iI‘l_' (’2)\, we have
P

lﬁf"(f(x}) = P(B—4) + 0(P9),

N
By (l),xtJ\iis‘ is an upper bound for 7(4, B) and a lower bound
for E{I}:’—A, B+ A). In particular, using this upper bound
Wit and B replaced by 4 — A and A, we obtain T {(4—A4, 4)
g{PA and in a similar way T(B, B 4+ 4) < P4. Hence
O~ ~ T(4, B)= P(B— 4) + 0(P9).

This result has been proved for any real numbers A, B satisfying
0=B—A4=1—24. Ify=<1— 24 we can take 4 = 0 and
B =4y and obtain the desired result. If y > 1—24 then
Il — 9 <24 << 1— 24, and wec can take 4 =yand B =1 and
obtain the desired result by subtracting the interval {y, 1) from
the interval (0, I).



CHAPTER VIII 127
NOTE_S ON CHAPTER VIII

 The reader will observe that therc is a certain analogy betwecen
the relationship which this chapter bears to Chapter V and the
relationship which the preceding chapter bears to Chapter IV.
In Chapter V the problem was that of finding some integer x for
which #{x) is near to a given real number, and therefore x could
be restricted to integers of some special kind. Similarly in Chapter \
IV the problem was that of representing N In any one way ag A’
sum of #th powers, and again the variables could be restfigted
in any way. In the last two chapters, on the other ha}{d, the
probleins concern all integers from 1 to P, and the 6nl known
method of attacking them is by employing an esbi({}:}te for Weyl

SIS, \\
Ve \.a
$7

W
«"5
S 3
> ¥4
\
Py o
oA
&Y
TR g
&3
] ot 7
N
o Y
“
o“\
m\
" 3
7N\
L >
t'\?..l
P
L >
P \d
e S t/
N W
O
\..'
.’\
W\
N



CHAPTLER IX

Estimates for the Simplest Trigonometrical
Sums with Primes N\

In this chapter I apply my mcthod to obtain eatniates for
sums of the form : \ O
Z efap), A\
nEN ‘M.'\'\.
where o is real and p runs through the prmies. These cstimates
depend on rational approximations tojthe number .

It may be noted that the same\mcthods can be applied to

surns of the form PN\%

> »e( 2f (),

'p<\’
where f{p) is a polynonﬁa;l ‘of higher degree than the first, the
estimates then depesidling on rational approximations to the
coefficient of some"‘bower of # higher than the first; or more
generally wherc®{{g) is a function which in a certain sense ap-
proximates closely to a polynomial.

The sameGhethod also makes it possible to cstimate certain
purely dmhmetlcal sums in which the variable is a prime, for
examgle sums of the form
R\ 2 qglp+ k),

w\. \ ) pEN

\J where ; % s a non-principal character to the modulus g and (£, ¢)=1.
More generally, by combining my method with that of certain
English mathematicians, it 1s possible also to estimate sums of
the form

Z x(i()),

where /(p) is a polynomial whose values are integers.
128
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Finally, it may be noted that in all such questions it is possible
to replace the variable p, running through primes, by a variable
runming through some other sequence of positive integers, e.g.
the sequence formed by the primes in a given arithmetical pro-
gression, or the sequence of intcgers @ for which u({a)y{a) has
a given value, or sequences consisting of products of wvarious
general forms. 2\
Notation in this chapter. The letter p will always denote a’
prime, unless otherwise stated. N will be an arbitrarily“]ai‘g“é
positive integer, and we write O

¥ = log N. O

4

Lunwa 1. Suppose we are given any three z’-ncréa}gag seqiences
of positive inlegers. Let o assume all values wity, where uy yums
through all integers of the first sequence and_ f,;;}'uns independently
through all integers of the second sequence. ‘Eeﬁ v run through the
infegers of the thivd sequence. Suppose Wt

1 <U <N, U U <U.
" Suppose that ' N
N\
PR N : .
woee 2 e (@) =1, 1<g <N.
VAN
Let x“
NS == X X efumw)
x:\ il Ueuzl" v2Nie

Then O

N/

ANS « Net(gt L gN T U - UN).
P,r'\océf;’;'Let &(z) denote the mumber of representations of an
infoger 2 as wyu,, so that 0 = &(z) = (2). Then
S= X &z Z eloaw),

gt wENz
where z takes all integral values in the interval specified. By
Lemma 17 of Chapter I,

2 (r(2)? < UP

i



130 METHOD OF TRIGONOMETRICAL SUMS

Hence, by Cauchy’s inequality,
' S2Up X | X elww)
Uzl w=N/z
=Ur X Z X elasfv-—v)).
U<a<U’ wsSNji o'=Njs
By Lemma 6 of Chapter I, noting that z, for given v and o', runs
through all the integers of a certain interval of lengiihv U7,

we have . ’\t\"
: ] N (PR
2 U X X mn|U— — 81

D<IT o< lofw ) ')

For each value of » we split the SLlpgféé;fion over ¢ into
<« NUg™ + 1intervals each of length<&='¢, For such an inter-
val, the sum over v’ is of the type Q};\m}sidcred in Lemma 8a of
Chapter I, with 2 = 1. Hence each $dch sum is < U |- glogq.
Thus PANY;

St < UP(NU) (B + 1)(U + ¢ log g)
KNYAGL N | UL 4 UN),
since log g << log N = 7 This gives the result.

Q

Lemma 2. Let, g{’;.\be a positive integer. Letf ¢ run through any
finite set of pos‘z‘&}e tniegers, and let {(2) be an arbitrary function
of 2. Let L

N/

NS = % #a), Si= T 0.

o t#, Pi=1 2=0 {mod 4)

5" = 2 u{d)S,.

AN aip

\”\“M oreover, if f(z) = 0 for the values of z under considervation, and
tf W is an even positive integer, then

(2) _ S'= X pld)S,

&P
Ligy=m

Proof. We have
LudS. =2 T @il

2|.P 2]P z=0(mod d)
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The coefficient of f{z) is

Z pd),
afte,a
which is 1 if (P, z} = 1 and 0 otherwise. This proves (1).
Tor the sccond result, it suffices to prove that if #:=(P, z)>>1,
then
Y ou@d =0

ain
N

Rigy=m N

O\
for any cven positive integer m. If Q2(n) = £, we need cdfﬁdér
only the case m < £. Collecting together the divisors dioli# with
the same number of prime factors, the above sum i§) ’

N\

'\

()

It is easily proved {e.g. by induction on} t):}f:élt the value of this

sum is D
(t — I}Ti—i'{:‘j
B
THEOREM. 1 Let 2\
NS
a8 O
o=+ — Where (a,q) =1 and 1 <g<N.
f] ?z \s
Let 2N
~O S= 3 elup).
7 pEN
Then O
N 2
v S« NrE((gt + gN71)E + H),

wheve
H = exp (3v7).

Proof. Let P denote the product of all primes not exceeding
A/N. The positive integers z =< N satisfying (z, P} =1 consist
of 1 and the primes p satisfying /N <p =N. In the notation
of Lemma 2, putting f{z) = e(wz), we have, therefore,

N\
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S'=ela)+ I elwp) =S+ O(VN).

W N<pEN

Thus, by the identity of that lemma,
S =2 uld)S; + O(+/N)

alp
=2 u{d) X eladm) -+ O+ /NY,
g7 m=N

We divide the interval 0 << s = N into subintervals of tli“e\form
M <m =M, whete M < M' < 235 ¢ O

and put U
SM) =2 u(d) X eladm)N
i|P Mam=ZM
m=EN/d M\\.

The subdivision can be effected with <% éubinter\rals, and con-
scquently S is a sum of <7 sums offlle form S(}), together
with an error 0{+4/N). R

We consider firstly any sum S/ ) for which M =1I. By
Lemma 6 of Chapter I, -~

&N
S{M) < o2 mir ( 7)
O S 2
where now we cani»«zglmv 4 to run through all positive integers
=N/M. The akﬁlo'{fte"sum 15 of the form comsidered in I.emma 8b
of Chapter I with W =N, W, = N/M. Hence
S{M) <H¥NM + g+ Ng1) log N < Ny (H! + gN-L — ¢1).
The s:uig.\of €7 such sums thereforc satisfies the incquality
cnungiitted in the theorem. :
aWe consider secondly any sum S (M} for which M = H. We
~(dcal first with those values of 4 in S (M) which arc composed
\/ entirely of primes =< H?, We shall prove that the number of such
values of d is <t NM~1H-1, For suppose 4 is itself greater than
NM=H-1 The number x of prime factors of 4 satisfies

H™ = d > NM-1H-1 > NH-2,
whence, by the definition of H,
(2% 4+ 2144/7 > 7, or x > V¥ — 1,
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Hence for any such 4 we have z(d) > 2¥"~, and the number
of possibilities for d is
<« = M o Ny« NaE,
a=xpr 2V7
on using Lemma 17 of Chapter T and noting that #2-V7 < H}
since # is large and 4/¢ <¢ 2. This proves that the number of .
possible values of d of the kind under considerationis < NMTH1\
and their contribution, say Sy(M),; to S(M) is < NH'. The st
of < + such contributions satisfics the inequality enunciat(;}i. ’
Tinally, we have to consider ;‘3;:
SM)—SMy= B T p(d)elodit)”
Mom=M 4d=ZNim N

where M < H and 4 runs through divisors of\2 which have at
least one prime factor > H2 We write fgb\éb ast expression as

¥ S,/ (M) -2 S},

where >

S/My= Z&N X eludm),
;‘lcf:fm_._‘-:'ﬂ'f Y A Nim
d rumning now through d,i{ii;\)rs of P which have exactly % prime
factors > H? and for ﬁh\ch wid) = 1, and where S, (M) has a
similar definition buf with u{d) = —1. Also k=1,2,..., and
the greatest valud®f % is < #, since a number not exceeding NV
has <« ¥ prin}g—{;ﬁétors‘ It will be enough to consider S, (M},
as the same\treatment applies to S,"(M).
We campare S;/(M) with the sum T,(M) defined by

SO roan= TSI elapim),

N/ Mem=M pt=Nim
where $ runs through primes satisfying H® < p = 4/N, and ¢
runs through divisors of P with p{t) = —1, which have exactly

k — 1 prime factors > H? Each numbcr ¢ for which {p, i) =1
is one of the possible values of 4 in the sum for 5;"(M ), and cach
such value of 4 arises % times in the sum T, namely with $ as
any one of the % prime factors > H? of 4. The number of terms .
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m the sum T, for which {p,#) > 1 is obviously
«M X X 1<g«M ¥ NM-pt < N2

prusNiM g H2
B HE
Hence
1
(3) : S(M) = E T.(M)+4 O(NH-?).

o

To cstimate the sum 7, we split the interval A2 <A N
into <7 infervals of the form Q < p = O, “herC'Q\ 0" <.
Let T, (M, () be the part of the sum T M) co%r&pondmg to
such an interval of primes . Then “t N

WM, Q)= X h) E\ e(amgﬁf)
. MamZd Qop=( whpbeN

To this we apply Lemma 1 above,, t}kmg # = mp and v =1{
where £ is restricted in the mannel\a,lreadv ::tated Sinee U in
that lemma corresponds to MQ hE:re we obtain

To, Q) < Nr(g N1 + M-10-1 + QN1
Now H® =< (Q = /N, sdgiéﬁat M—Q-! < H-® and
MON™' < HN—% < H2. Hence
whernce, sum.'xniiﬂg over < r values of (,

SO T ) < Nt 4 Nt 4 B,

By ‘(.,3"}\; the same holds for S./(M), and similarly for S,” (M),
with"a factor 1/k.  Next, summing over % and noting that
S log » < #*, we obtain
'"\ w4
N S(M) — So(M) < Nr¥{(gt + gN-1) + H-Y),
Finally, summation over < 7 values of M gives the result stated.

LeMMA 8. I} x > 2 then

1 1
b *"——-loglogx+c+0(—),
ﬂéx? Xl
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1 (l—é) =i T O(U—o;x—z)’

PET
where ¢, ¢ are constants and ¢y > 0.
Tor a proof see, for example, A. E. Ingham, The distribution
of prime numbers (Cambridge, 1932), 22—24.

Lenma 4. Define b and by by

b= exp (773, b, = exp (%), ey
Suppose that _ : \5\ )
0<g<h, 0=i<g Go=1
U=0 WZx=h \"\'\L"

Let T denote the number of numbers of the fmfm g% 3{‘— I which are
not divisible by any prime = by and which sgﬁg\fa}

(1) U<qgn+1=U -+ W.;}\“
Then
\gs Y
T« w705 S
“ j’q

Proof. Let py, ..., P, be J{lc primes not exceeding &, which
do not divide g, and let P =5, ... P, s0 that Q(P) = 0. Let
m\_— 212 log ¥ 1+ 1.

We take f{z) = 1ig@emma 2, and let z run through all integers
of the form gx A¥in the interval (4). By (2),

. & .

\\*w' T= % u{d)Ss
\ g P

,:"o A =m
whepeshow S, is the number of integers gx 4- which satisfy
(4) and arc divisible by 4. Since (d, ¢) = 1 we have obviously

W
gd:Eg-—l_Bd
Thus
Wl . d | Ei a
T—i X ﬂ')l + (s)
q | d|P d 1 -
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the second sum’ on the right arising by counting the number of
divisors d of P with 2(d) = s. As regards this second sum, we

have
E (U) < E ad & g™+l <& blmﬂ—l’
s A 2=0
and, since W =% and ¢ < &, N
) N
] 2 N
bl oo 3)15 logr - i - .U_. ,.:\\"l'
! o by g NJ
O
Hence it remaing only to prove that D
#(d) Y
o € — {rq)5%.
al d TINY
Qay<m A\

For the sum without the res’mctlon £(d) = m we have, using
the second result of Lemm&‘%

\“

\ 1 log (g + 1)
I ( p)<<_ exn

dIP d\\ P=hy 10—8’ 1
&' o a

and this Sdtlsf\_: the required ineqguality, since log b, = »'~%.
Further; \&’é hawve

w

s i 1
Qy o~ 32 %o
4 d: P d s=m+1l fjF d
‘}};\ @15 m L) =s
<\;“; = £ _I (._1_ . s L)s
y N 181 APy Pa

Now, by the first result of Lemma 3,
Upy .o+ 1py <loglog pp + ¢ + 1,

and since log p, = log by = #1~% we can replace the last cxpression
by logr. Thus, since s! > (s/e), we have
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1 = e log 7\ ® 3vs
s o 3 (Y 8 (el
le d s+l

£3{d)>m

4
on noting that m > 4logr and ¢ < 3 and 410g§ = 1,

The last result completes the proof of Lemma 4.

THEOREM 2a. Lei by = exp (%), Suppose thai O
0<g=<exp () (a9 =1 )
O
and lel W\
S= 2 elap), N
N-d=p=N def) ,\’\ ’
where R\
Njb, =4 < N. AN\
Then '::\\3
L Alg)E N
S DNY;
7v/q O

Proof.  Let b= exp (r%) as’ before, and b, = exp {¥1™*).
{Thus by << b << bg.) Let P denote' the product of all those primes
= by “}llch do not divide g

We apply (1) of Lemma\Z with f{z) = ¢,(az}, lettmg Z Tun

through those integer e interval N —- 4 < # = N which are
relatively prime tog ¢ This gives
(3) D3 e = 2 #@)S,
’\"z\; A<zEZN #HE
\\ [z, Pgl=1 d=N
wlhere \w
(6) ,}. S,= X ¢,ladm).
N N—4 N
~O° 7 "Fa
\ g {m,a) =1

We first obtain an estimate for the right hand side of (5), a.nd
afterwards investigatc the difference between the left hand side
of (5) and the sum S of the theorem.
We have
g—1
Se= T Zaltjelal),

=0
(i, el=1
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where Z,{/} denotes the number of integers z satisfying
{7) N—Ad<2=N, z2=1{modg), z==0 (mod d).

Since (d, g) = 1, we have

A
2l = — o
oA) = 7+ 0 ~
Hence A ¢
28N
4 et \:\\“
S, = = 2 g,{al) + Ofy) il
g -0 "%
itai=1 A

) x:\ w4
by a well known result. It will hesconvenient to modify the last
formula slightly; putting Z, = Z( 1) we have

$

® Ss =wle) 2. + 0().
We shall use this in {58 right hand side of (5) if 4 = ~

ot A
If d > N5, we h‘a\ve
¢ L\
\} s
N bR = d > N =exp (&),

»
N/

£
/
whence g@) > 7%, and therciore

il

N 2

¢
'S:\: T{d) = 28 = cxp (#{log 2)7%) = exp (0.557%).

Hél\lce
\\ X (S« X S o(d) exp (— 0.55%)
P
v & “ N% <d=N Noa «:.-m‘:fh—r
NS <a=N a

& exp (— 0.55°) X . 2 t(d),

maNY g

where d now runs through all integers in an interval d, < d =d, %,
where 4 = Afmand d, + k < Nfm. By Lemma 17 of Chapter I,
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Y 7(d) = hlog (d - k) + dylog(l + hdy) + (2E — 1)k
dy<dEdy Lk + ((dl - }I)é)
LdArjm + Afm + Afm + O((N}m)})

< Arfm - O((Nfm)?).

Hence
. Ay JUAL &
2 0S| <exp (—0.55¢5) X (__ 4+ (f—)g) \
ar L \H " A ¢
4 m < NE & \..5
NI d= N ."\\ ol
3 \/
<exp (— 055 (Ar* 4 NF) o\
A (O
& ) .\in\,\\
71/q NV
. 3 AN
since N3 < 4 and +/¢ << exp (37°). L&
The same estimate applies to PN,
x Zp
2P QN
-d. ) -
M <dE
sinee Z,, by its definition \‘n: {7} (with / = 1) obviously satisfies

e z 1

Hence, by (S)Qnﬁ,the results just proved, we have
Y™ A
S @USS: = nla) B wld)Zs+ ONbg) 40
dla,, el
g\g& ds}\
{Bm Lemma 2, letting » run through the integers of the interv. al
N — A <2 = N which are =1 {mod ¢}, and tdkmg Hz) =

wi sec lhat
X pul(d)Z,

alP
=N

is exactly equal to the number of the above integers z which are
relatively prime to P. By Lemma 4, with I =1, U=N—A41,
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W —= A, this number is
A ¥ &
< A9
€4
This completes the estimation of the right hand side of (5}, and we
have now proved that

A{rg)*® N
S ee) < {rg)™
N—A<zzN 74/ A
{zPay=1 "N,
2N

The condition (z, Pg) = 1 is equivalent to the Séndition that
every prime factor of z is greater than &, The number I of
integers z in the above sum which arc 1191}1;?;1.1are free satisfics

N

4 4
Dz X (— + ]) (,éa. VN < —
?JU&DS\/V ?’—" \60 ?"\ 1?

“0

and s0 can be neglected. Let
(9) Hy = 2 e, laz,),

N =
?;; WA <z, =N

where z, runs through the numbers which are pmdac s of &
distinct primes all, gfeatcr than &, Then, since N -— 4 == &,, the
sum S of the e:rm\hcmtmn of the Theorem is H,, and by th( ahove
results we ha,%p
. \ / X
O A Lirg)*
\~ . B=1 ¥ (]

wh@tﬂ ,{n € # as usual. It remains to {ind an cstimate for H,
wﬁen k= 2. We shall prove that
~
) A
o 4/q

for £ = 2, and this will give the derived estimate for S, since

X Uk < logr & (rg)®.

The sum H, defined in (9) is related in an obvious way to the
sum I, defined by
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(1) Ly= 2 X elapv),

N-A<pvsl
where p runs through primes greater than &, and » runs through
products of £ — 1 distinct primes all greater than 4, The number
of terms for which {p, v) > 1 satisfies the same estimate as D
above, and the other terms give every term in the sumn H, each
exactly & times, Hence

q i .10 { A )
PR T g A
and to prove (10) it suffices to prove that ,.,}.‘\"/
A(rg)* O

].2 L << \:"‘\
_( ) & ?’\/g \'}
for & = 2. \‘\\

fn the sum L,, we have

by << P < E\fb 7~I1
since v > b*1. We split up th_ls mterval into < v intervals of
the form
(13) Y<p= Y’“’\—hmre ¥y <Y’ £ 3Y;

and we then further sp\’t up each of these intervals into <« Y1
intervals of the form

(14) U &35 + W, where b = W = 2b.

Consider tk\part of Ly correspondmg to primes ¢ in one of these
last mtermls The error introduced if we replace the condition

of S‘El‘i{ﬂ’ﬂd.tlon on v, which is

N-—4 <P g
4
by the simpler condition
| N—A4 N
- LU =
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is
NW ) NW ! WA NW Uy
(e (W) vy
(%(Uﬁ—i_ )KW( 7=t v \aw T 1)
Now
NW b W < blb I
av Sy be " PNy \
1 o1 ey
E l\‘b = ﬁ o _1 . Ve \
f\fﬁ' _ bﬂ ?’2\/(} % W
(N.’S
Hence the error in question is ,\\~
w4 A,

< U:V?\/g \)

After making this change, the pa} of L; corresponding to an
interval (14) of values of p ig v

M= E’f‘ > eqlapv).
U-";::;U W IL;A -C'u<%r

Let £{7) denote thq"n\lllnbcr of primes $ in the last sum for which
=1 {mod g) \a}id let 5(#) denote the number of valucs of »
in, the last sy for which v = # (mod 7). These numbers arc 0
unless (/, ;<= 1 and (£, ¢) = 1, and in the latter case they can
be ebtlméted b} Lemma 4. Since W =% and
4/U\>§ /(Nb }{Nby 1) > b, and since the upper bound for ¢
11 4 &emma 4 is amply satisfied, we have

Q‘v

»\v

N\ . Wirg)™ Alrg)*
Now
-1 g-1
M=3 ¢ (Y (E)e (alt);
=0 t=y

and on applying Lemma 10a of Chapter I we obtain
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M < {g(Z1e0) 1) (E | nitin)}H

)2
W2irg)e A3(rg))d

<< (Iq 1'293 L 2?,2&,
WA (?’9’)43
D?zx/g

ir follows that the contribution of an interval of the form (I14) N\
to L, satisfies the estimate just given. The contribution of an’

mterval of the form (13) is therefore - ;\\“\
WA(rg)® Y rq)te \
()t Y Alg) 3\

Urtv/g b 1iy/g ,.3.'\

since W <6 and U Y. Finally, on addmg\«{\' such con-
tributions to give L,, we obtain the required rqsult {12).

THEOREM 2B, Suppose that ¢ :’\
7= N/H, where 1 < H S%3p (7).
Suppose thal ‘,”.:’g
A\ . |
& = 2 + z, where (a, ¢g) =0 < ¢ < exp (), |z] = q_r
7 )
Let ) wt\\
= I eap)
E { \\ Dg)\"
Lhen .“\':}"’
Ve 's.; N ¥, 5_6
;'\.5\ s« (g}
Q« %1

Pmoj“& We split up the interval 0 < p =N into [exp 7]
intgrgals of length 4 = N [exp r#]~%. Denote one such interval
byW, — A4 < $ = N,. Putting , = log Ny, we have r, = r and

r=logd =r— V7.
Also
Nyexp (—+/7) << 4 <Ny
The contribution of am interval Ny — A < p =N, to the
sim S is
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pX e(gg} + .zp),

Ny—d<pEN

and

e(2p) = e(zN,) + O (i)

ge
To the sum . A
% e(ap) .
Ni=d<pEN, p 0\\
we can apply Theorem 24, the conditions of wh:ipliiﬁre satisfied

since R\
q = exp (1) < exp (?’1“:)'\"\1"
L . ._\;n‘\.
and R
4 = Nyexp (—#) > Nygxp (—,17%).

\"
)

a N A () 42 Alrg)

b e(—p—;— p}« _(_}9')_;_ < ( L
o Med<esy, VM o8 e o ogr Vg
since Al < N cxXp (—-—7%]5\‘117[ < #1. Finally,

N A Nigpe
a{'\é%'exp (rt) -2

& .
: o Vg
LEMMA E{}S’%g’)pose
Q> O<ec=g 0<o=
5 ‘- e e ]
Let @\yun through all distinct positive integers not exceeding N
which are products of distinct primes not exceeding N°. Then
. \,tﬁtme numbers d can be distributed into ai most

} . : 1 a
W D = cxp —————( °87)
Slog (14 ¢)
disjoint sefs, with the following properlies.
(1) To cach set there corvesponds a positive number @ such that
all the numbers in the set satisfy

@ _(_gdg_(pl-}—c'

It follows that

S
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{ii)  Suppose that, for a particular sel, p > NY, where the number
y (which may vary from set to set) sabisfies

0<'y ~ 1l—ag,

Then theve exist for that set two increasing Sequences of postiive
inlegers x and vy such that all the infegers x le in an interval

o = X = M, where NV < gy = N3, o
and such that the products xy, with A
o N ¢\
e, y) =1 2y = o

\l

comprise precisely the wumbers & of the set in guestwn ea,ck r@eated

the same number of times.
Prooj. Define a function ¢(#) for mntegers / = 0\337

p(0) = 1, p(1) =2, gt + 1) = (p@))hor = 1.
Let 7 be the greatest integer for which gs{‘c\)"< N?: then
(14¢yrtlog2=0 logN = o7.

Since o = % and log 8 > (1 + )2~‘>‘( -+ ¢)?, this implies

L \ ]0'r ( 4 )

Let R =[], Then b@sh number d under conmderatlon has at
most K prime factorf; since any product of R + 1 distinct primes
15 \ l

\223 (R4 2) >SN

for suffici@{y large N. We can vepresent each d as
:"QI';53 d= by - - br
whege ;ach p; is cither a prime or 1, and where
N Zppz.. Zpe]

{with $, > gﬁjH un]ess py=1). .
For each § -= ., R we define #; = t,{d) to be the unique

integer ¢; for whlch
(15) pll) < 55 < 9l + 1
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Thus £; == 0if p, = T and #, = 1 if p, = 2. Then cach number &
defines a sequence #, .. ., ¢, of integers satisfying

(16) TZHZ L. 2t 20

It should be observed that the number 4 = [, which arises as the
empty product of primes, corresponds to the sequence 0, . . 0.

We collect together all numbers 4 which give rise to 1}1‘-\mme
sequence 4, ..., ¢p, and thereby distribute all the numbers d
into sets, It remains to be proved that these sets h't\*v\tnc pro-
perties stated in the ecnunciation. O

A sequence #y, . . ., f, satisfying (16) is umque]y‘ determined if
we know how often each of the numbers r,\\, . 0 ocenrs in if,
The number of times each of these numbers occurs is at most
R, so the number of distinct sequenceg Wi, .., kg 1S

RT+1 < 7T+1\& D

by the inequality for proved earhcr
For each sequence we defme ¢ by

¢ —jo‘P(fI) - @)

Then for all the numtier&. & which correspond to this sequence, we
have d = ¢ by (1<) Also, if £, > 0 and ¢,,, = 0, we have

d=p;.. ?f“(’?’ th+1).. -, “l‘l):(‘}”(fz)- -@lts)) T gt

and this con(}lusmn holds also (with equality) when all the {; are
0, in whidi case ¢ = 1. Hence (i) holds.
N 0\(@01151der a sequence for which

ad
NS

AN g =ol). .. pl) > NV
\m \Define an integer s, where 1 <s < R, by
pltn) . olla) S NY < ofty) ... ().
Patting

Py = ‘P(-‘fl) it
we have

Po =Py . P < ®pt*e,



CHAPTER IX 147

and
N <go Zlt) ... (1 )N® < N9,

Now let ¥ run through all distinct products ¢, . . . p, for which
{(13) holds for y =1, ..., s and for which

Pi> P> > py

and note that p, > 1 since () > 1. Let y run through al
distinct products p,, . . . P for which (15) holds for j=s+1,.( R
and for which O

Per1 > - - > Pr, ) (":'«:

where it is understood that the inequality p, ;,*}z};.l is to be
rcplaced by p, = $;,4 if p, == 1. The inequalities’ for x and g,
are satisficd. Each product xy, where (x, gh= 1 and xy = N,
is 2 number d of the set corresponding to.thé&sequence 4y, . . ., #g,
and it remains to consider how often eachi'? is representablc as xy.

f, in the particular sequence #,3.+., #; under consideration,
wc have £, > .., the choice of x‘and y for given 4 is unique;
for then x is the product of g:lI those prime factors of 4 which
are = @(t,) and y is the p;oduct of the others. Now suppose
() = @), and let o\

Bty fea b,

be all the ¢ equa}\"tb"’é Then the intervals for the prime factors
Papp o Pk x«@d the prime factors gy, . . ., ps, of ¥ all coincide.
Any af whig h\bclongs to the set under consnierdtlon has exactly
5y — 8 H 1 distinct prime factors in this interval. Of these, any
$—-5 l}- I can be assigned to x and the remaining ones to y.
H{r}qe ‘the number of representations of 4 as xy is

S5 — 8 + 1) :

s ——s 1)
and this is the same for all numbers 4 in the particular set.

LEMMA 6. Let x yun through one increasing sequence of positive

wntegers and y vun through another. Let u run through all products
of c; faclors, one from each of ¢y IRCreasIng sequences of positive
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entegers, and lel v yaum through all products of ¢, factors, one from
each of ¢, increasing sequences of positive integers. Suppose that
U=1, X =1, and
(17) Nt « UX < N1,
Suppose that

U<lU U, X <X <X

Let © satisfy \
Nt =7 < Nexp (—v). O
Let o
a0 "~
a=—~+ —, where (a,q) = | and expfaf)’= ¢ = .
g g RS
L_et A,

4= (g + gN-D
and let K be a positive integer saéis}lyﬁifzg
K &d-
Let g":;”
iy ;-s::"‘ )
S = Ejjzz 2 XX elakuxyve) ‘
P8

=11 u & ¥ v |
) \\
where the summaig@ 18 extended over
U<u2l, X <x= X, weyw <N, (5,7) 1.

»
4

Then

£
\
O
N4
3

N . L UX\be
D7 s<kn (,41—8 ( ) )
O - Tloxtw

,f‘;’l}%o f. Werecall first an elementary identity which is applicable
(o sums which are subject to the condition (%, ) — 1. It # 1s
N/ any set of pairs z, y of integers, and f(x, y) any function, the
identity is

Z jlry) =X ud) T fdx, dv.
v in a=1 da’, dy" in &
{a, ¥ =1
The proof is immediate, since the coefficient of f(x, y) on the right
is Xu(d) extended over all 4 which divide both % and Y.
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Applying this principle to the sum S, we obtain
K C
SE X X |ZXZXe(ahdPuxy'y)|,

k=1 d=1 u =z v e

where x” and 9' run through the sequences obtained by dividing
by d those terms of the x and y sequences which are divisible by
d, and where the summation is extended over I\

{18} U<cusl, X <do X', dPuxy'v =N, r:\t\'

We consider first the terms with 4 > 4 in the su,m.\ The
number of representations of an integer ¢ as uw'y’p{dacs not
exceed T, 4, ,5(f), and consequently the number of ‘§8lutions of
the mequahty ux'y'v < A, where 1 <N, is < Q% Dy Lemma 17
of Chapter I, where ¢; depends only on ¢, and ;)" The part of the
multiple sum which corresponds to 4 > A{lfﬁ therefore

<k T Y <ENrg @RNA,
dx A1 d2 Q
since A% & exp {(—r). Thus this part satisfies the desired
mequality.
It now suffices to consu:ls:(\thc sum 5 defined by

3

AN .
[’]9]1 s\SVZZ Z 5,5;_1;;
N Rl dsAt
where O
\, _ZE|ZEe(akd%axyv)|

s/ '
N\ .
the condﬁmns of summation being those stated in (18). It will
be cen\émcnt also to write

; K
(20} §'= X S, where Sg= X S,

a=4t k=1

The number of representations of an integer z as ux' does not
exceed 7, 44(2). Hence

S e = S teual®) E T efakdzy'v) |,

TEET ox i 'y ¥ #
T-\:zs—d— - dizy e EN |
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where z runs through all integers of the interval indicated, and
¥’, v have the same mecaning as before. Applying Canchy’s
inequality, and using Lemma 17 of Chapter I, we obtain
UX -
(Sq,1)2 € — ™ pX I E 2 elakdzy’ u)
! d X Ux v |
s zi_d. dgzr.- =N :

A\
where ¢, depends only on ¢;. We write the squarc of tho\eum as
a double sum over y', v, yl, '4')1, and interchange Ulk‘ Yorder of
summation. For specified ¥, v, 9,’, #,, the variable Arhns through
all integers of a certain interval of length <« L:;X?{g? Hence

(Sqx)? ”‘j\‘\"
UX UXNY 1
& e D VD 2 2 min ( h : )

»
eI N(GUX) ! '5’1 v EN(EDX) 1 ) .:%w il | or_f:f2k (yf T — -"|,.-'T "E.‘l) | |

W

Let 'zp() denote the number of r.e‘presentatmm of an integer ¢
as . Then the number of repr(-sentatlon'% of an integer ¢ as.
YU — oy is N

Ei’a}f(t)w(é + ),

and here ¢ runs thm\sgh the integers of an interval of length
LN@UX)™ tihg that () < T, +1(f), and using Lenmima 17
of Chapter I, sre have

AN J . i\-‘
E wE*‘QW +5) = (E PRI (Z P+ )t < N
t
whel\& depends only on ¢, Using this in the inequality for
(: d}!)g we obtain

w\\: w4 \T ’O""X 1
N Sasl?<re T min (2, _)

; 1
OSSN (Al -1 || de%s '

il

I

Conc;equentlj,, applying Cauchy’s incquality in the deflmtlon of
Sz in (20), we have

KN X T 1 .
(21} (S < _d;_ 7y % min (Eg . )

? r
E=1 0=Zs=N{qUx)-L o d || adZks ||
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We now consider three cases, depending on the magnitude of
g in relation to N. In all threc cases the estimate will be derived
from Lemma 8a of Chapter I, but the details vary.

1 . B
Case 1. Swuppose that N1 = ¢ = N, We split up the interval
of summation for d in (20) into < subintervals of the form

D<d=D where D = D' Z 2D,

For all values of 4, & s under consideration, we have\
d%hs = 2DKN(UX)t. The number of representations of '
positive integer ¢ as d2hs is < N®. Hence (21) implies () ’

KN 2. )L RN UX

(S 3 min (-—,—— i\t
S St 2 Dl oD D
iR 3 54 w4

the last term being an estimate for the coni:l;i}s}xfir)n of the terms
in (21) with s = 0. We split the intexyah6f summation for ¢

inte at most _ _ RS

2DKN o}
intervals of length = ¢. Fonthe sum over any subinterval, Lemma
%a of Chapter I (with }(%1 and U replaced by UX/D, which
iz 3 1) gives the es‘Ei}nété UX/D + glog g. Hence

." KN™E (DKN VDX .
; 9L () ()

Dea=il, D2 _UX?
=X¢
AW K2Ne+ee (1 q 1 UX)
O S D S S Uituint
N < YN tTox TN
Thes O
AV ( . — (ﬂz o +UX)
S )2 & KANPTE A% - i
Dedsh’ ! Ux N

Summing over the subintervals for 4, which are <7 in numbecr,
we obtain from (20) the same estimdte for (S")2, apart from a
factor 7* which can be absorbed in N° This gives the result
enunciated, since N¢ can be transforred as required, in view of
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the fact that ¢ and g~IN are greater than positive powers of ¥
by the hypothesis of the present casc.

1
Case 2. Suppose that g << NT, Let 6 = (42, ¢) and put 42 - dd,,
g=0f,.. Let »= (k,gq;) and put = wk, ¢, = #fy.  Since
d = 471, we have

adik  0dk adik Od.k
L e 4 2k

Vil T KL 72T
Here (adyky, g5) = 1, and \ y

cd®h =

Ay 'di‘k a7 1,..,"‘i
<

ML e A
T VN TN q\ 72

For a particular value of %, the sum N \J

&/

(22) z min (UX ——1—-)

0<s=N(gUX)-1 ~." || adks ||

on the right of (21} can be f‘Stln’l’lfed by Lemma 8a of Chapler I,
with 1 =1 and a/g rep]aced by adikfg,. Taking intervals of
length = ¢, for s, wé\obtam for the above sum the estimnate

N
\ N 1) (UX + oo )
dUng [ d ’?2 ggE
{.\‘}.\"' . 8(£+ . N +UX)
A\ Nag, 727 gxt 7T

N \

T,
N

\Iiéfng this in (21), we obtain

\:

K 28
(Sa)? < — ol 2 (d2g2 + g5 +

awx T a)

N UX)

We recall that ¢, = gy, where » = (g, 2). The values of % which
correspond to a particular x are multiples of », and their number
Is at most K/x. Hence
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- KE\‘T N D’X K
(502 ‘¥ (o K
92 wley B2y Tt T )
KEN N LTX
I (et et D)
e ql dUX d
K%N (N V - )
KQN N A
< 42 + q + — + UX) :“.\:\\““,
Using this in (20), we obtain ”.(”f'g

1 1 UXE T
S* < ENG™ (—+ i-|———+ ) SOt
j\ll déd_l d
This gives the inequality cnunmated mtlka diffcrent £).
( a,se 3. Suppose that g > N__ In thls case we must have

T I NID also. Let 6 = (d%, q) and put d2k = d,8, ¢ = ¢,8. Then

adl 6d,
wdll,—="2— 4 —,
\“\ 9 T
and O
.,dz\\ B _ & _
Ror’ A = ey
Hence we cafi?apply Lemma 8a of Chapter T to the sum (22),
with 4 = &w‘ We obtain for it the estimate
D N ) ( Ux )
S 1) |2k ~— 4+ g 1o .
< & (dUXgl + 7 G108 01

Here the first term in the first bracket can be omitted, since

5 3 3 )
N 1NI< NMk((EWA—S N1

WX ST= "3 3 3
Hence, on noting thatlog ¢; =7 < A, we obtain on substitution

in (21)




154 METHOD OF TRIGONOMETRICAL SUMS

e RN K
(S4)? <<_d“2'—é'"£ 2 [dRUX + ¢y),
r=1
K2N
a2

{23) (Sq4)2 < A= EKUX + g).
5
We now usc the hypothesis that UX <« N1, This imphes
3 (N\E 3 O
AKUX < A3N1 ¢ (—)‘ Ni g,
q

Hence N\

. N (g

Finally, by (20),

3 La\J
S« NKA- (i) S ARENKA-
N 2 S ATEN
whence the result. \ O
Levwa 7. Suppose that {n;iéﬂma 6 the sequences for x and v
reduce to the single number 85 Let the other hypotheses be as before,

except that (17) is mpm@d 5y the weaker hypothesis
N\

(\J Nt ¢ U < NA*
o .
Then \ h
1\3-¢
ANV S «<KENA=(A - (—) )
::\u’ U
"\50
Prodfs In this case, since (¥, ¥) = 1 necessarily, the sum-
mation over 4 in the proof of Lemma 6 disappears and we can put
_dr=>1 throughout.
\\ "In Cases 1 and 2 of the proof of Lemma 6, the hypothesis
UX < Nt was used only to transfer powers involving & In
1 TXN
Case 1 we used the hypothesis when replacing N by (ﬁ + Y ) .
In Case 2 we used it when replacing A-% by the same expression,
These replacements are now no longer nceded, since the result

asserted in the present lemma allows a factor A-<.
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We therefore nced only consider the proof of Case 3 above.
Patting d = 1 and X == 1 in {23), we obtain
Sy € KN¥A—S(KU + ¢)t,

and this estimate is valid also for 5 since there is now no sum-
mation over 4 in (20), Hence

KU g\t \
ST KNAF + = A ¢
N TN :\’\..\
<« ENA (4240 4 A2, O
since UIN <« A% and gf/N < A% This gives the estlgtatc stated.
TereoreM 3. Lef © satisfy \\
Nt <7 =Nexp(— ﬁﬂl\\J
\\
Siuppose that O
a 0 ™
o = — + —, where (a, g)m.l id exp () =g =57
g gr Ny
Let N\
8 < + v
Let ’ \:\\z .
S =X | X eloekp)|
“\/ E=1 |p=N
where N
g"}‘ Kz A2
Then “&\
{.\’;Z‘ S «KNT(AI_S _[_ NY_!\.LE)

"\)‘,/

y?oof Let P denote the product of all primes = i\'-’ and let
O denote the product of all primes p satisfying \Ta < p = N.
For § = 1,2, 8, 4, let D; run through all distinct products of §
distinct primes. Decfine S; by

S, = S,(&) =Dzm e(okD;).
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Then obviously

K
— 3 | S,(k) | + O(ND),
k=1

s0 it suffices to prove the result for the sum on the rtight here,
For s =1, 2, 3, 4 we define a sum W, by

Wo=W,k)= 3 ... 5 elehy,...9) _ ~
‘.IJ’:._IQ &’S|Q
V... =N ’\ \

Each ¥ 1s either 1 or a product of distinct primes a.ll &reater than

N5, The contribution to this sam of all terms fo{* whlch V1.V
is divisible by the square of a prime is m'\ﬁ.
N 1+€ \ "
< X <« J.\@,
:p>N% \‘
Excluding these terms, each prodlicf 'y . ¥ 18 a product of at
most 4 distinct primes, and S0 isa divisor of ¢. Any particalar
product of § distinct prlmeq \where j=1,..., 4 will occur ¢’
times as a value of y, ..y, since cach of the primes can occur
m any of y, ..., . "Hence
sS, +\g{‘9; LSS, W+ O(NEY),
Thus the sumgly,, . . ., 54 are related to the sums W,, ..., W,

by the four hnmr dpprommatwe equations
(N
\\*:\;Sﬁ Set Sat  Sy= W, —O(W*e
WY 25 4 4,4+ 8S, - 165, — W, + O(Nﬁ*e

\”\ 35; 4+ 9S, + 215, 4+ 818, = Wy + O(N3
4
( 51

45, + 16S, -+ 645, - 2565, — N

It is now plain that in order to prove the desired result it suffices
to prove that

X
Z(Wil+ . 4 | W) « EN(di-¢ . N-He),
k=1
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We shall carry out the proof for 2| W, |, and it will be plain
k

that the same method {with rather simpler details) applies to
the sums of the other W’s,

We have
W4: ... 3(0513\3}’1---}’4)’
%10 #,l0
Yy 0y =ZN

_and the first step is to express this in another form. We rep]ar:é

the condition 4,}Q by the condition (y;, P} = 1, and so on¢"\T'he
only effect of this is to admit addltlonal terms for whlch\some y

is divisible by the square of a prime greater than N { T«he sum of

such terms is O{N5 ), as already proved., Hemse lt suffices to
consider W,', given by

Wy = 2 ... = elahyin . va)
(¥, P)=1 tra P1=1 KV
¥y W SN A\
In accordance with Lemma 2, we cazn' express this alternatively as
= X uld) 2. *,u;(d ) 2 elakdymy . .. dgny),
&P 1y iy

dymmy e dﬁ"”‘;sN
where the d’s and #’s ta»kc all positive integral values subject to
the restrictions mdxife&

We now apply Lemina 5 to each of the four variables dy, d,, 43, .
The wvalues of {1 Yan be distributed among at most D disjoint
sets which sdtisfy (i) and (i) of Lemma 35, and similarly for
dy, dg, %J\We alse split up the interval 0 < my =N into <7
subintef¥als, each of the form

,\'ffz’ M, < wm =M, where M; < My’ = 2M,,

ndl“similarly for m,, s, M, .
Now consider the contribution to X | W,'| corresponding to
)
four sets of values for d,, dy, 45, dy and to four subintervals for
#my, My, Mg, . Lhis s of the form

T— 3|2 Selohd;...m) |

E=1 & My
iy g EN
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where d,, d,, d;, dg rTun through certain integers in the intervals
L= dy S @ g S 4y < gt
and sy, m,, s, my Tun through all integers in the intervals
My <wmy =M, ..., M,<<m =M,
The number of sums such as T which we have to consider is
< Dt < rrexp ((log 7)?) < A5, N\

and consequently it suffices to prove the inequality of the enun-
ciation for each sum 7. We can restrict oursclves to ca.se» i which

%
ot

(24) My My oga> N5, O

for in other cases we have the trivial cstimate”

T < KN3 ’”"’,, N

where ¢ can be taken arbitrarily sma}I\ and this gives the desired
result, §

-

\ 2
Case 1. Suppose that IIIIM‘@M oMy = N5 Let £ be the least
integer for which =

N

MIQQM Mz, ... @, > N3;
plainly 1 <¢ = 4\\Deﬁnc v by
(25) ) Mlﬂ'ﬁﬂf{ Mgy ... ¢, If\,? — N,

N

oles

so that cps‘pN?’ Let =3¢ then 0 <<y < 1 — .

The&at of values of 4, under consideration satisfies the con-
dltlm’l}at > NV of part (11) of Lemma 5. Hence there exist two
111Qrea.5mg scquences of positive integers x and y, with

%‘?6 N?Y < & = No+hite
such that the values of xy with (x, v) =1 and xy = N give all
the numbers d,, each with the same multiplicity.

We put u = mympmgmyd, . . . d,_;, and we divide the values of
# into <y sets, each of which is contained in an interval

(27) U<u =0, where U < U’ = 2.
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We also divide the values of ¥ into <« # sets, each of which is
contained In an interval

(28} X <= X', where X < X' = 2X.

1f 7y is the part of the sum T which corresponds to two such
intervals of # and x, we have

K
sTy= X% _IE 2 X X elakuxyn) |, &
=1 uw = % o X \\.
where # runs through integers of the interval (27) whighy a\,fe of
the form mymgmgnyd, . . . 4,5, and x runs through thoge flumbers
of its particular sequence lying in the interval (28}; and where v
runs through the scquence already mentioned, a,n\d where v tuns
through integers of the form d,,,... 4, (or s 1 if this product
is ermpty). Also s is a positive integer nax}rely the multiplicity
of the representations of the numbers, d\fn the form xy.

The above multiple sum is of the typé estimated in Lemma 6.
All the hypotheses of that lemmarare satisfied (¢; and ¢, being
at most 7), except possibly thése relating to the magnitude of
UX. As regards this, we haye

UX> (‘Ml'MaMaM—ﬂ’: )Y =N
by (25) and { g'm}i
UX %M MMMl o TN RO
oz NEroes — NELe),

2
5

O
Thus, ifrs, \ié;"&.ufﬁcicntly small, all the hypotheses of Lemma 6 are
sat1sf1‘ed and it follows that

\ } T, < KN4 + V-’r+8)
Since 7, was any one of < #? parts of T, the desired result follows.
Case 2. Suppose ﬁmt MM 2M My > i\fﬁ and that some product

of M’s lies between N5 and N' (The product of M’s may be a
single M or a product of two or three distinct M's or may be

MM, M.M,.) By permuting the M’s we can suppose that
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2 3
Ns< M, .. M,<N3

for some ¢ with 1 = ¢ <4,
We introduce variables % and © by writing

W=y, U= iy . iy deded,,
Then # is restricted to an interval of the fnrm
U<u=<U' where U < U’ < 16U and Nﬁ = U = ﬁ

We apply Lemma 6 with the sequences for x and ¥ consrstmg each
of the single number 1, so that in particular we c:m\ teplace X
by 1 in the conclusion. It follows from Lcmmg 6 that

(o (1 5]
€ KN{41-¢ \-*fﬂ}
whence the result, as before.
Case 3. Suppose tkat Ml.?l/[zM 3M > N5 and that no product

of M’s les between Nﬁ zmd V In particular, therefore,
'M’ 1M'2M oMy > NE
We can suppose WN‘\ﬁout loss of gcnerahty that My <M, =M,=M,.
We prove f1r.;=t that M,y > N + In the contrary case, we should
have M, g\M Y, ﬁ Ni 4 whence Il/faM = N‘Z’ and therefore, by tbe
hypothqsm of this C'ISE, MM, < N 8. This implies M, = M, =< N3 5
Hemc;: MMM, = N' and :0 by the hypothesis, MM M, <] '%.

”‘Ba‘t now M, M,M,M, << NG, contrary to the inequality stated
above
We consider two cases. Suppose first that

My < NA* and either g < I\flﬂ or g > Nlﬂ.

We apply the special form of Lemma 6 given in Lemma 7,
taking
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o=y, v = ey igiad dyd,d,.
We can take U = M, since then Nt < 7 = NAY. The result is
Ty < ENA-S(A + (M,)-+)

& KNAT%,
stnce M, > Nt > A2 because of the hypothesis on ¢. Thus the
result follows. N
Suppose next that A

o RN
either M, > NA* or N% < ¢ < NS, O

In the latter of these alternative cases, N < A-20, In “the former,

every value of o4

4§ ) 4
~.¢/\

"
N

dy ol yd i iy D

()
s = NM, << A4 andalso k £ K <<A§21 Hence, in either case,
the number of 1eprea‘entat10m of anyninteger z as kd dydod i ity
is <@ A%, Thus A

Ty « A 5ZY Deloamy) |
‘j my
where ¢ < z < KN/M,(an And m, runs through all integers of an
interval of length <§K}\\’ /2. It follows that
. (KN 1
""}’1<<A‘32m1n :
[ oz [f

Applying, Lémma. 8b of Chapter I, with W = KNand Wy = KN/M,,

AN KN N
A < A—s(?- bt —-) log (KN)
g

1
—2¢ ki
< KNA~ (M:L + ot g)

& KNA—2#(N-t 4 ¢t + gN'h)
< KN(N-#€ 4- 427%),

whence the result.
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NOTES ON CHAPTER IX

The proofs in this chapter have been given in greater detail
than in the original, It was found necessary to modify the final
stages of the proof of Theorem 3, and in this connection a special
form of Lemma 6, gi\fen in Lemma 7, has becn introduced.

. Theorems 1 and 2b give estimates for the sum
N

2 e(ap) N
pEN ¢\

which are used in the solution of Goldbach’s Prol;]:eﬁ'l for three
primes in Chapter X. The estimate of Theoren Wis significant
onlyif g > # (and of course ¢ < N1, The"jcg‘si’.fnate of Theorem
2b, on the other hand, is significant if ¢ is’gkehiter than any fixed
positive power of », however small, provided again that ¢ [s not
too large. As g is small, it is natural thdt the proof of Theorem 2a,
on which Theorcm 2b depends, shp,uI& make use of the regularity
of distribution of the primes amohg the residuc classes (mod 7).

It is possiblc to obtain the gastilt of Chapter X without using
Theorems 2a and 2b by basihé;'thc proof on Siegel’s clags-numbir
theorem instead of on Page’s work: see the Notes on Chapter X,

Though we do not pfopose to comment in detail on the contents
of Chapter IX, wi @oﬁld point out that Lemma I, which iz fun-
damental for the work of the chapter, gives an cstimate for a
certain sum_gf; the general form 2 Ye{wnv) mentioned in the
Note on Vifiggradov's Method. Many of the later complications
are due 46 the need for arranging that in applications of this
lemm&tﬁé number I/~ - UN-! shall be reasonably small,

&«
S

“\'~ >3
mJ

\‘;
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Goldbach’s Problem
In the present chapter I give a solution of Goldbach’s pro‘qlem\
concerning the representability of every sufficiently largenodd
number N as _th'e sum of three primes, and I establish anl}?symp-
totic formula for the number of representations. ™\
The method used here enables one also to solve/fitore general
additive problems involving primes, for examplé"t}c question of

the representability of large numbers N in {h,e form
. AY,

ﬂ‘! — ?In + L. _{_‘?&;2.

(Waring’s problem for primes). But [ db ot consider these more
general questions here. N\

For the solution of Goldbac]:}’s:pfoblem I express the number of
representations by an integraly similar to the one first used by
Hardy and Littlewood in{the same connection. As in Chapters
IV and VII, 1 divide ghe interval of integration into basic and
supplementary intexvals. For the contribution of the basic inter-
vals, a general metited (that of Estcrmann, based on Page’s results
onthe distribu{i(}ﬁ of primes in arithmetical progressions} had been
worked out+by English scholars not long before the appearance
of my Wgﬁ% on Goldbach’s problem in 1937. This method applies
both to Goldbach’s problem and to more general additive problems
Wit primes, and it is based on the modern theory of L-series.
Iinghe prescnt chapter I treat the contribution of the basic inter-
vals by using a simplified form of Page’s result (Lemma 1) in
conjunction with Theorem 2a of Chapter IX, which was based
on Brun’s raethod. In estimating the contribution of the supple-
mentary intervals I use solely my own method, in the form of
Theorems 1 and 2b of Chapter IX.

Notation in this chapler.. The letter p will always denote a prime.

163
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N will be an arbitrarily large positive integer, and we put
r = log V.

LEMMA 1 (Page). Let m(N; ¢, I) denote the number of primes b
satisfying p < N and p =1 (mod q), where (I, ¢) == 1. Lef Ege €,
61 be fixed positive numbers, and suppose that

0 < g=r )
Then, if q is not exceptional, we have R : N
w(N: g, 1) — LJ‘N dx 10 (EV?'*") ‘\ \Y)
¢lg)J2log x 7p(a)

The exceptional values of q, if any, are muﬁts;ﬁlessgﬁ sSome one number
go which satisfies \

o = 72700, N

Proof. This result is a deduction from those of A, Page, Proc,
London Math. Soc. (2), 39 (1 935), 16—141. The proof depends
on the theory of L-series d\eve”loped by Dirichlet, Riemann,
Hadamard, de la Vallée PQussm Hardy and Littlewood, Landau
and others; and cannot b&%given here.

Page’s Theorem 1 agserts that

N
Wig.l) = Tz log x +OWexp (—Crh)) + ro(g))’
where o, -\'al (g) 1s the greatest real zero possessed by any J.-
functi ’bo the modulus ¢, and € is a positive absolute constant.
As rega ds the first error term here, we have

,..\"\ g ¥ exp( Crh ) & Ny—o—a-1 Ny
A" r@{q)
since p(g) < ¢ < #. As regards the second error term, this also
will be of the form stated in the present lemma if N1=% = #°,
that is, if

(l} lg‘lgl_.c]ogf"

4
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Page’s Lemma 9 asserts that the more precise inequality
01 < 1 — C,yf(log 7} is true for all but certain exceptional values
of g, these exceptional values being multiples of some one number
Jo- Also 61(g) = oy(g,). Now Page’s Theorem 2 asserts that

Ce

ofge) =1— . %
o) = g0t log? (g, + 1)
and since (1} is supposed not to hold for g, we obtain A
cgot log? (g0 + 1) > Cy/(log r). ‘"}\ ~
This implies the lower bound for ¢, stated in the presg:;{t’igmma, if
N is sufficiently large. \:m:\'\."
LEMMA 2. Let v = Nr—°, where ¢ = 4, and stV
vz NV
R = (J (7)) 3e(— 2V} de,
it
where o\

Ji) = F\Lﬁ@ dx.

Selogw
Then \~\

Proof. Let \)
I N
N\ I 2[ e{2x) .
2

%w’ P

Then .\
R Y
Q ]](z)—I(z)[gfz(@—-;)dx<<ir .

Also, for | z| = 1z, both J(z) and I{z) are majorized by
r~Imin (N, |z [™),

by Lemma 14b of Chépter I; the condition [z | < N-% being
amply satisfied if |z | =< Ifr. Hence
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fl,."r
—1fT

Further, since I(z) < #1|z | always, we have

T@))PE— @)

dz <<f Ny=2(y~t min (N, z71))2dz
0

& Ny,

3 ® . .
j | {2z} |® dz y—sj 277 < Ny 2,
17

ifr
These two results show that if \
3 ¢O)
R, — f (1) ez, -
then “‘s‘ .
R—R,<Nws (2
Next, putting \’

S(z} = #1 Z e(z;(}\

we have I{(z) — S{z) <+ for ]z} =%, as a special case of
Lerama 13 of Chapter I (Or dfmctly) Hence

[ | aeyr—swy

dz <<: J. 7Lyt min (N, 271))2dz <« NvP

Thus, if i\
SR [* (s ana
p.N = z))%e(— 2N )dz
LOT 04
then "‘)
,\f}" R— R, < N¥%,

No@ﬁy the definition of S(z),
. L
Q\:“ PR, = ; wlz% %Z_J E,,E_s (21 + 20 + %3 — N))dz,
and this equals the number of representations of N as x; |-%,+%;
where x;, x,, x, are integers = 3. Plainly this number is
EN?% 4 O(N), whence
Ry= r3(3N? + O(N)),

and the result follows.
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THEOREM. The number I(N) of vepresentations of an odd positive
integer N as pp + py + p, can be expressed by the formula

LN
I®) = S &) +o )

73

where € > O and

S = {I(l + @—_117) I (1 —m);:\:;"\

'\
the first product being exiended over all primes. Merbover, the
product S(N) satisfies O3
6 v\
G(N) > o QO

for all N. 7 \d

COROLLARY (Goldback's theorem). Therésexists a number c, such
that every odd integer N = ¢, can be. vepresented as the sum of three
Drimes. AN

Proof. Define S(x) by 29

By Lemma 4 of Ck@te}r I, we have

) 1-1/T
) = [ (S (o) e

L) —1ft
I ) ]
We diyifs the interval of integration into basic and supplement-
ary int '§als. Let
;\’:‘;‘; T = N?'_14.

"4

‘W\e ‘define the basic intervals to consist of all & of the form

(2 a:g—i—z, where (a,9) =1, |2 = 1fr, 0 < g =%

g
and the intervals which remain after the removal of these from
the interval of integration will be the supplementary intervals,
Plainly no two basic intervals overlap, since (with an obvious
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notation)

‘afl 2 I S
e (a S EAPA PN
1 gz 192 T

—

By Lemma 7 of Chapter I, any « of a supplementary interval
can be represented by

(3) o= i -+ 2z, where {a,g) — 1, |2
7 Oy
We write [{N) as \\\ .
L) = L) + 1Y), A

N

= (rg)™", P g EEN

where I, (N} denctes the contribution of theg fasic intervals to
the intcgral for T(N}, and I,(N) denotes i€ rontribution of the
supplementary intervals.

The proof of the theorem falls infw/ h\c stages.

1. The estimation of I,(N). Lets3(Be in a supplementary inter-

val, and therciore of the form (3). \H g = 714 we apply Theorem I
of Chapter IX, the h\»potheSGb of which are satisfied sinec
|z = (zg) = ¢2 We Qb’tﬁlll

S(a) //Nﬁ((q 234 N Y+ oxp (- b)) < Nk

If #2 < g = y1¢ We\\&pph» Theorem 2b of Chapter IX, the hypo-
theses of w hich‘are satisfied, and obtain

:’;\’} . - N(# _5_
‘:\‘,O b(a} << y( g;{ /< \ .
Y vV
Hen.c\&”
o rm) <N 8 [ s pa

The integral on the right represents the number of solutions of
p =P =N, and is thereforc < Nv-1. Henece

I,(N) < N3 8

2. Basic intervals corresponding to a non-exceptional value of q.
Putting ¢; = 3 and ¢ = 48 in Lemma 1, we have

€
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(4) AN g ) = —— | P
¢lg) /2 log %

wlg)

for ¢ = #%, provided that ¢ is not exceptional. We shall apply
this result with N replaced by various other numbers. Strictly
speaking, the concept of “exceptional” and “non- -cxceptional”

values of g is one which is relative to N. But in the applications
0f {4) which arc made later, N will be replaced by numbers whése
logarithms are always asymptotically equal to 7, and it is apparent
from the proof of Lemma 1 that the same definition<bf““ex-
ceptional ¢~ and of ¢, will serve for all such numb@m

Let 7,, denote the contribution to I,(N) made by an in-
dividual basie interval corresponding to a fra(,tlan\?t/q for which ¢
is not exceptional, Tet

D = /], A =Ny~
S\

1 ¥ ( E\r?,_49)

We split the sura S(«) into D --- 1:5grpis of the form

S, Ny) = B clop),

L

\'I-qiﬂ:'unﬂ.l

where N, takes the valuesd .~'
(5) ’\zl——-.'\rw—@fors—o L...D—2

lhcrc remains a su}n\our p=N—(D—114 = 4, and this is
Ny 3L, Henf,f" )
AN J
(6) o Sl = - X Sfa, Ny} + O(Ny 3,
N\ Ny
where ”’&I\‘E'a,kes the values (5). The lower limit of any sum is
at lﬁapt A, the logarithm of which is asymptotically equal to r.

»\In, each term of the sum S{x, IV,), we have
e(zp) == e(@N;) + 01z, A).

The number of terms in the sum is

N, -
f Oy — O(dr),

¥4 logx

using the special case g = 1 of (¢4}, Hence, since
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{|z] . A)Ar2 & v724% 1 < Ay 8,
we have

(7) S, Ny) = e(aNy) 2 e lap) + O(4718),

Ny—4 <3N,

The number of terms in the sum on the right satisfying p =1
(mod ¢), where (I, ¢) =1, is N

1 "Nl dx (A?'—IE) S,y
‘f_ O b} :“\\ -
w{g) d ¥y-a log x ®(g)

N

by Lerama 1 in the form (4). The number of teffhs for which
divides g is < ¢ <« #® < A%, Hence A\S)

S{a, Ny) = ﬁ S oyl (zN)J i 1 0(Ars)

[za) =1

N\-A log x

‘,o

_alg) [N el NS 1
B @JNI_A log‘% d + 0LAr™)

_alg “e( X) .
 oly) J;\'}A log x & T O™,

since e(zN;) — e(gﬁg) % | 2] A in the interval of integration, and
lz]A. A2 <§Q%1.r‘13 as verified above.
Adding thqwanous sums S{x, N;), we obtain from (8)

\“' #lg) .
. Sle) = —==J(z) + O(Nr3).
A 3 P(g)
The”contribution of the particular basic interval in question is

given by

o [ )

Now J(z) < r*min (N, |z| 1} in the interval of integration,
by Lemina 14b of Chapter I. Hence
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[l GG+~ Cgre) |-

Nyp—18 1T —20
e
Hence
M) : ey
o ) Y ‘2”3“3(_3“"“0((@(qllil:\

. O
Surmnming for @ over 0 < a < g, (4, ¢) = 1, we obtain™
N\

4
\ 3

S1,,= G@)R+0 (Nﬂymzo) ,,'\“‘"
@ (P(g) \\.}
1 \
where o \\,
Glg) = ——— X gyfE
@ (99(?))“ ) ( )
and

yro 8N
R = f s%} 36(— 41\/)

—Ir‘l'

By Lemma 2 togcther w1thfhe obvious inequality |G (¢} =(p(g)} 2
it follows that \\

O Ne N2
Gy, =—0G of—]-
R et ()

3. Bamﬁ(}bﬁwmis corvesponding to- an exceptional value of g.
Again \g&;@ it up S{a) into D — 1 sums S(e, N,) as in {6), where
N tal(éé’ the values (5); and again we express S{x, N;) in the

O%"he contnbutlon I, , of an individual basic interval is

e e A A

= DX 2T, Ny Ny, Ng) + OWNZH),

Ny Ny Ny

wherc N,, N,, N, assume the values (5) and where
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Lo (¥, Ng, Ny} =

i k !
J S (i + 2, Nl) s(i -z, N, )5 (E + z, NS) e(— (i—}—z\i\’) iz,
it g g . i !

and where the error term O(N%3) ariscs from the error term
in (6). If we replace each S here by the main term on the right

of (7}, the error introduced is ~

Z Ay 12 Ay18 g ABN Y8, A
I\
Hence o\

« \/

I, (N1, Ny, N3 :.L‘;'(E\rl}S'(.?\f'vg)S’ (Ngle, (—Na)W %&61 BN Ty by,
where \:"\.\'\'
SN = I efap)
and \\
ALT « \V
W= J e(#(N; + Ny Ny — N))dz.

|
=1/t \"3;

To obtain an estimate for?ﬁhf: sums S° we appeal to Theorem
2a of Chapter [X. This s}\x"gws that

Ar®e
N/ T,\/g .

To estimate }If"}\.ﬁ:‘: observe that if N, = N -~ g4, etc., as in {5),
then D

)
REREARS

i”\z.:’
.\’\\ﬁ/ < min (77, | 4(2D — $;— 83— S3) | 7L

Subf{‘pt‘vthtiﬂg thesc estimates in the expression for [, AN, Ng, Ny)
«{n\d”ﬂlen SUMMINg OVeEr 5y, Sy, S5, We obtain

. ?52 301 D-1 Bl
I,.< (—-—) X X X min (v, | A(2D —s;--s;, —s3) |7
T 5 =0 8 .0 5,=0

+ NEN-1p—6 L NZp—81,

For a given intcger %, the number of solutions of the equation
2D — 8, —5;— sy = A will be <« D% Hence
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D1 D-1 -1
% X Zmin (v, |AQ@D —s; —sy— s5)17)

gyl ape=0 gy=10

an
< DEL L D2 Y, (A « DAY,
k=1

Thus
N2yt N2yl
I g + Nt ——.
g vy
Summing over a, for a particular g, we obtain Oy
. \*27%‘ 'S\
4 « N\
E Iﬂ a ‘<< <“:"
92 ..' 4

It will be convenient to express this in a form c\on@arablc with
that of the corresponding result obtained in thelprevious stage.
Since N2r—3G(g) < N%*(p(g))~2, we can writevthe result as

RE (Wﬁ‘)

Glg) + Q
{g) hragh

% Ia,a =

4, The jormula for I{N). By th,e‘resulta of the last two stages,
on recalling that the exceptlonal ‘values of g considered in the
last stage arc multiples of gn, Wwe have

y /ZJ N2 | N2y
LR — 1 S
x\s.: g=rt ?’4((?3(?))2 sy 7* (gﬂs)-}

OY N Nw (73) Nyt

Thus, taking into account the estimate for [,{N) obtained in the
first stage, we have .

) __; 5 Glo) + O(N?).

¥E
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5. The investigation of S(N). We first prove that if (g, ¢,) = !
then

G(g:)G(q2) = G(g14,)-

Since u{g) and p(g) are well known to be multiplicative, it suffices
to prove that the sum
-1
X ¢, Na) O
(aas °=1 \“\’
is a multiplicative function of ¢. This is immediate, SIIIB& if &
runs through a reduced set of residues {mod gl) dnd Ay THDS
through a reduced set of residues (mod ¢,), then az{gag "y TURS
through a reduced set of residues (mod g,q,):
The series A
W)= Z Gl

is absolutely convergent, since G g? »<< ( (g))72. Putting
g = 1+ G G +

@N

Now G(p*) =0 1f s> 1, since then y(ps) = 0. Also

'\}

we have

(p — 1)=* if N is not
l p_l . divisible by ¢,
“@) = —\(f—’ NS (p— 1) N is divisible
by #.
o
8  ew) = II (1
EL o

1 1
- )H (1 —— )
(?5—1)3 N (2,5_,__]_)2
This is equivalent to the formula stated in the enunciation, since

1—(p—12 !

T+p—17° " gk s
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As regards the magnitude of G(N), we have, by (8},

G(N) > H(I ___(p_l_)

#|N —1 J 2

1 f

> I (1 — —) =,

» ?52 772

since IV is odd and consequently in the former product we have ’
p— 1 = Py, where $, is the greatest prime less than p. )\
This completes the proof of the theorem. O

7

NOTES ON CHAPTER X .53

This chapter has been expanded, and ,d’g:fts\aﬂs of arguments
supplied, but otherwise there is no gighificant change. The
deduction of Lemma 1 from the resnlts :ciplicity stated by Page
has been inserted, and attention }%és'"been drawn to the relative
nature of the concept of ”excegtiéifal 7’

It will be noted that in the'présent chapter the lengths of the
basic intervals are defined ¥ z] < vtinsteadof by | 2z | < g1zt
as in the chapters on, ;ifing’s Problem. The reason why this
simplification is possible lies in the small order of magnitude of ¢
in the present definition.

An alternative ;vay of obtaining the results of this chapter is
to base the stédtment on a theorem of Siegel instead of on the
work of Pagé. Siegel's theorem implies that

\(‘\; ) 1 fN dx
‘"‘;.’?L' 7 ; N [ —
O =5 Jelog

for some positive absolute constant ¢. This is a stronger result
than that of Page, and there are no exceptional values of ¢.
It cnables one to approximate to Ze(op) when o is near to a
rational number ajg with g < #* for any fixed ¢ If ¢; 18 chosen
fairly large, Theorem I of Chapter IX provides a sufficiently
good estimate when o is not of the above form. For a treatment

+ O(N exp (—c (log N,
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of Goldbach’s Problem on these lines, see T, Estermann, Jutrodrc-
tion to modern prime number theory {Cambridge, 1952). Kstor-
mann’s Theorem 586 is a special case of Theorem I of Chapter 1X.
A detailed account of recent researches on Waring's Problem
for primes, using Vinogradov’s method, is given in L. K, ua’s
monograph Addiitve theory of prime numbers, Travaux de I'Institut
mathématique Stekloff, XXTI (Moscow and Leningrad, | AT
Russian with English summary). N
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CHAPTER XI

The Distribution of the ¥ractional Parts
of the Values of the Function ap

In this chapter, the results of Chapter IX are applied tQ' e
solution of the problem of the distribution of the fractlonai‘ parts
of the valucs of the function «p when p runs through, prlrhes not
exceeding N, (&

The method used here makes it possible to bOIVf‘ the general
problem of the distribution of the fractional papts of the vales
of a function f{p) when f{p) isa polvnumla,l\o{ egree higher than
the first, and also when f(p) is a funghipr which approximates
well in & certain sense to a polylwmlz}l‘ But we shall not consider
these questions here. o\

Notation in this chapter. The l\etiér 4 will always denote primes.
N will be an arbitrarily larﬂc ‘positive integer, and log N = 7.
We denote by =(N) thc ~n‘a}nber of primes not excceding i,

THEOREM. Let % sa\m]‘y
& ;\?z =7 =< Nexp (—ro).

Let o be veal, a}k%i”imp;ﬁose that

N
2 AN+ 6, where (a,q) =1 and exp () =g =7
AN 7?9

Le{\HTN } denote the number of primes p salisfying
p=N, =4
where 0 < g << 1. Then
H(N) — () + O(Ny),
wheve
we (gt 4 gN T 4 N

177
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Proof. Let

Sp= 2 elwmp),
PEN
where s is a positive integer. The hypotheses on 7, «, ¢ ars
the same as in Theorem 38 of Chapter IX.
Let ¢ be any fixed positive number, and let
Ay = (71 4 gN-)i-8 4 N—ita O
K, = [4,72]. .;\'

Then taking g, in place of & in Theorcm 3 of Chapter "[X and
noting that 4; > 4, it follows that if

E—TK = Z [Sm i;
m=1

then \ &
Uy «KNAl i

for any positive integer K =X K

The proof of the present theorem starting from this inequality,
is essentially the same as the proof of the theorem in Chapter VIIL.
We can suppose that AQ 4. since N is large. For any real
4, B with 0 £ B A'< 1—24,, we apply Lemma 12 of
Chapter T with 2\

P w = A — 34y, = B+ 34,

B O\.,O
We obtaj negtunction y{z ) with period 1, whose value always
lies bet\ "0 and 1 and is

NS

AN 1it 4 £2=< B (mod 1),
\”\ 0 B+ A, =2=1+4~4, (mod 1).

This function has the Fourier serics expansion
o
p(z) = (B—d4 4 4y) 4+ 2 (a,, cos 2mmz + b, sin 2amz),
m=1

where a,, < £, b, & by, if By, 18 defined by £, = m—tifm =< A2,
B = A7m=2 if m > 4,71 It follows that
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B plap) = (B—A + An() + B (05 + BuS),
= m=1
where S,/ and S,  are defined by §,, = S, 4+ 158,
We have '
Y (@,Sn + DSyt € 2 By | Sy
= m=1

m=1

= % by Sult Z AnlSal

m=K m=K y
1 L \“\

We apply partial summation to the first sum. Not Ythat

0 = b, — By < mo? for all m, we obtain \ g
% A Spl= 3 kU, —TU R4
m=E, 1 [ mak ( " 'm—l} \§\
= B (b i)V %hKlUKI
mEK,—1
< I mmNA +J(A “1K,~2)(K,NA,)
m=K-1

< Ndy log Ky a|—x\TK -1

< N4, log(,dl—l} + N4,
Nyl

< y\

if we take ¢ in the d@hﬂmn of y to be 2. Since | S, | =N
trivially, we have ,edso
X Ay I\Sm |« X A4,7'mN < N4, < Ny.

m= K o Nud m> K,
Hence O
e:‘.\\ S plap) = (B— A)n(N) + ONy).
; PN

AN
'%he rest of the proof is completed in the same way as in Chapter
VIII, and the conclusion follows.
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NOTES ON CHAPTER XIi

if wis an irrational number whose partial quotients are bounded,
we can choose ¢ to lie between two constant maltiples of /N,
and the conclusion of the Theorem is that

H(N) = pu(N) + O(N-%1¢),

The error term is remarkably good, and is of course much bette}\*
than any error term that is known for the asymptotic exprssion
of #(V) itsclf as a function of N, O

The Theorem has one imperfeclion: as it stands:ii}dmea notf
establish that #f « is any fixed frrational number thehl¥hie fractional
paris of ap ave uniformly distributed in the é-ntaﬁ:kl (0, 1}. Tor
if V is an arbitrarily large integer, and we approximatc 1o « by
afg in the usual way, with 7 = N exp (7%7%), then ¢ may not
satisly the hypothesis ¢ = exp (). Jddeed, this will certainly
happen if « is an irrational number Whose partial quotients in-
crease with great rapidity. o

The result stated above is inefatt true, and it is easy to com-
plete the proof by dealing sep'ar::l'tély with the casc when ¢ = exp(rf},
Theorem 2b of Chapter EX “covers this case if ¢ = #1¢, and if
g <2 #1® the resolt can iE{asily be deduced from what is known
concerning the distlibhwtmn of primes in arithmetical progressions.

The result can heéxpressed in another form, as was suggested
by Professor ’H%':ﬂbronn (in conversation): ¢f oy > 1 and o, is
not an integy ',.\.é!w numbers [nog], for w=1,2, ... incude in-
findtely m@y'yﬁrémea For the integers m given by m = [nz,
are ]_}rp(:',ifﬁ&ly those integers s for which

N

\ 1 H 1

. %p g
and il «, is irrational the above result with « — 1/, implics
that there are infinitely many prime valucs of # with this property.
If a4 i rational, but not an integer, the numbers of the form
[#e5] include at least one arithmetical progression ax 4 6 with
(@, 8) = 1, and the result follows from Dirichlct’s theorem,
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