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CHAPTER 1
AN OUTLINE OF THE THEORY OF GAMES

The germ of the theory of games, as we know it today, is con-
tained in notes by E. Borel {Ref. 5). He conjectured a special

case of the so-called Fundamental Theorem, but was held up{ M

by his failure to prove it. In 1928, John von Ncumann gavela
talk to the Mathematical Socicty in Géttingen (Ref, 22hand
gave a proof of that theorem, Very little was, howevery heatd
of the theory until 1944, when the monumental workiby 3. von
Neumann and (). Morgenstern {Ref, 24) appca.rcd The
mathematical contents of this book included\some further
developments, while the second-named autho( reputation as
a leading economist gave a clue to a pagmular application
for the theory. It was soon noticed — wliich is not surprising -
that a theory of compctitive games tolild throw some light
not only en features of relativclypeaceful economic com-
petition, but also on those of cml&}@mmﬁ, Ereopthen
o1, practical and theorctical.aspects were develdped side by
mde, and by now the theory of games has given rise to an
extended activity whieh, eomprises research even in such
abstract subjects as s€ttheory, and topology.

In this book, ohlys0me knowledge of — fairly elementary —
algebra and of Mpedr analytic geometry will be assumed.

The theorysofLinear Programming also drew its stimulus
from problems in economics, but has reached the status of a
theory in Jits”own right. Tt deals with a maximizing (or mini-

Mproblem that cannot be solved by the methods of
CaI s It is an interesting fact that problems of the theory
of games can bc shown to form a special casc of those of

\Llnear Programming,

* In most applications of ¢ither the theory of games, or of
Lincar Programming, the computations called for are so
extensive that {t would scem impossible to carry them out in
the lifetime of those who are interested in the answer, A great
deal of research has therefore gone into computing methods
and the advent of automatic computers has made it possible
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2 THE THEORY OF GAMES

to hope for answers within a reasonable time. This book will
deal with the computational aspect rather thoroughly, bui
without specific attention to problems posed by automatic
computing. Use will be made of geometric representations
where it might facilitate the understanding by those readers/A\
who find such methods attractive, However, those who prel,‘c\:'r" }
their mathematics o be formal will find that the treatmeniiis
precise, P
2. We now intreduce the problems which willhave “our
attention by a simple, though typical, example: ,ﬂ{c;“gamc of
Matching Pennies, Its rules are these: each af\two playcrs,
Aand B, puts down a penny, head or tail up, Without showing
it to his opponent. The pennies are thefyiricovered and A
pockets both if they show the same sileY otherwise B gets
them both, PN
This perhaps not very exciting gawme is convenient to intro-
duce some jargon which is alfeady well-established in the
litepateird bge W%‘PE%}%~ players, hence we speak of a
two-person game. Ono player wins what the other loses or, in
other words, the sum of their gains is zero, Hence the clumsy,
but generally accepted\name: zero-sum game. A game, in this
coniext, is a ccﬂeﬁf%n of rules which determine what the
players may dé; and who wins eventually what, dependent on
what the pla,ygzrs choose to do. A game consists of maoves;
that of Matching Pennies provides only for one move for each
player./Afy particular instance of a game is called a play.
) Thefindamental feature of games considered by this thcory
%he’ fact'that the gain or loss of either player depends not
_¢only on his own actions, but also on those of his opponent.
o, Tt is clear that this feature appears also in some problems of
(¢ economics, for instance at an auction, or at the Stock Ex-
change, and also in warfare,
_ One type of game which takes its inspiration from formal-
ized situations of warfare is that of the so-called Blotto games,
C[’{fcg’glgtl égzjg}oxlr;i isa vgry‘clementary example from
five companies. The Geng;rarian " ey and Colonel BUO“O)
roads and ca1:| sond Ezn reach a town on two different
mpany on whatever road he

NN



AN OUTLINE OF THE THEQRY OF GAMES 3

wishes. The Colonel can order any of his companies to defend
any read. A wins if, on any road, he has more companies than
Rlotto, Several more complicated versions exist. Wo refer the
reader to Ref. 20, Ref. 3, and the very amusing Ref, 28,

We continue 10 give examples of games and to discoss their
formal leatures. SO\
Tn games with more than one move for a player it is natural$ N

to Imagine that cach of them decides on his choice as the play
develops. However, it is often convenicent to imagine thatthey
decide in advance what they would do under all fassiblc
future circumstances. A collection of choices for gach,possible
situation is called a srrategy. In games with onlwome move a
strategy is identical with a move. O

As an illustration we consider a very simple gamc* with
‘bluffing’. By this term we mean that g player bids high on a
weak hand, in order to induce his oppmfjeﬁt to believe that he
has a strong hand, and therefore tg dbandon a pelicy which
would lead him to success. TR RO pLenyiehednition
of bluifing, which would in apyiease be very difficult to con-
struct. But the reader will Lu‘]derstand the term if he thinks of
such popular games as Peker or Bridge.

The game Is as follgﬁ{-:s: A gets one of two possible cards,
either the *high’ cardios the “low’ card, with equal probability.
If he receives the High card, then he must bid £2. If he receives
the low card, thes he may pay £1, or he may bid £2. B may,
but need notihallenge a bid. If he does not, then he pays £1,
If he challeriges, be wins £2 if A had the low card, but loses
£2 if A had the high card. _

"[‘&'@éame also exhibits what is called a chance move, i.e.
a..mb've whose outcome depends on chance. In this case it is

WJrovided by the deul of the first card to A. We shall now
{_construct the strategies for this game, and analyse their effects.

Stratcgies of A:

If the card is high, the bid is compulsory, but if the card is
Iow, then he may cither pay £1 (strategy A4;), or bid £2 (he
bluifs, strategy A,}.

* This is a simplification of the game mentioned on p. 91 of the volume which
conteing Ref. 27, For a more vomplicated game see Ref, 12a.



\game by assuming that any

o5 “ments is made up,

4 THE THEORY OF GAMES

Strategies of B:
If A pays, B can only accept £1. But if A bids, then B may
cither challenge {strategy B,), or not challenge (strategy A.).
The outcomes are computed as follows:
{Ay, By, If the card was low, A pays £1, If the card was high, A

bids £2,andwhenchallenged, wins £2. The probability of cach of \

these events is 1/2, hence the average pavment will be 10:- ;o@? ]
(Ay, B;). If the card is low, A pays £1. If the card is\ligh,
A bids £2, and B pays £1. The average payment is (%
(Ay, By). If the card is low, A bids £2 and, when Shallenged,
loses £2. If the card is high, A bids £2 and, when ghallenged,
wins £2, The average is thus again 0. \
(g, By). Ifthecard is low, A bids £2 and Bpays £1. If the card
is high, A bids £2 and B pays £1. Hence tHe payment is £1 to A,
The reduction of a game’s structiire, fo strategies is called
noralizing. There exists an elabdcate theory referring to
games i t_heiF pexiensive form, e, taking account of the
sEEEiBR A IRAVES an , innparticular, of the pattern of
information, i.e. of what eétgh‘ player knows about his own
and his opponent’s earljer'moves, We shall not enter into this
here and refer the readei to Refs. 24 and 20.
Not all games areyrero-sum games. In many purchases it
reasonable fg\\assume that the value which the buyer
attaches to the foods which he acquires is higher than the
price paid,qshilc the latter is at least the value attached to the
goods l?y the seller. Again, the loss of a particular ship might

meanymmch more for the successful prosecution of a war than

th‘q enemy realizes. Formally, however,
awithtwo players can be thoug

is

a RoMN-zero-Sim game
ht of as a zero-sum three-person
balance between the two pay-
: or received by, a third player who has no
{nﬂuence on the progress of the game, and whose only purpose
is that of making or receiving payments,

Generalizing further, one can think of n
which n opponents play. Such games can
Or NON-Zero-sum games, depending on the
ments at the end of the play. The theory co
results as one procecds from simpler to

-persor games, in
again be zero-sum
balance of all pay-
ntains, so far, fewer
more complicated

{



AN QUTLINE OF THE TIIEORY OF GAMES 5

gencralizations. In this book we shall only deal with two-
person games, but we mention in passing that there arve
two tvpes of n-person games, which are distinguished by the
names wopemme and nen-cooperative. The former are those
dealt with in Ref. 24 and their distinguishing feature is the
possibitity that the players form coalitions outside the game ,{ N
propar, by coordinating the strategies which they will applys
when the game starts. It has been tricd, not with comph;t?:’
success, to consider such arrangements as parts of thedcare
itsclf, and then to exclude ouiside combinations byitg rules.
Games in which each player looks exclusively afte}* himselt
are catled non-cooperative (Ref. 21) and two-pchrsbiY zcro-sum
games belong, of course, always to this calegary

3. We must now make it quite clear that hn} heory of games
approaches the question of what is the %8t procedure for the
players by a well-defined philosophy. Thi§ you may accept or
re]ect For a mathematician, at any ¥ate, there is great attrac-
tion in the fact that it lead¥ o l’i‘ﬁ‘nﬁ%ﬁmﬂ‘hﬂﬁ“ﬁf&emng
results. The approach will 0r'*ldu'111y emerge as we proceed;
it is not that of a gambler who' plays lor his excitement. Our
plaver an a.lyzcs the situgtion in an entirely unemotional way.

Let us consider a mare sophisticated game than Malching
Pecnnies with the %omng rules:

A and B chooge, independentiy, one of the values —1, 0 or
1. Let A's choigebe dencted by s and that of B by ¢. Then B
pays A the amount s(¢ —s) - Hr - s).

Tt is again’ clear that whatever A chooses, he cannot be
ceriainafithe ontcome, because it depends also on the choice
of \'lo obtain an overall picture of all p0531bﬂ_|t1es we
tabuldte the average potential outcomes in what is called a

pay-off table, or pay-off matrix, and which looks in the present
Lasc as follows:

’ B chooses £==
-] 0 1
—i 2 —t -2
A chooses s= 0 1 0 I
1 -2 -1 2
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6 THE THEORY OF GAMES

We have entered the amounts which A wins, and hence B
loses, given the combinations of the respective choices which
determine the cells of the table. We shall adhere to the con-
vention that the gains of player A are indicated. We shall also
call him the First, or Maximizing, Player and his opponent
the Second, or Minimizing, Player. The latter will try to lead{
to as small an amounnt in the table as possible, since his guingd
are the negatives of the entries, If any entry is negative,siffen
the First Player loses, and the Second Player wifi¥;\the
absolute value of the indicated amount, With thesé/gonven-
tions we may think of a game as defined by its\pagsoff table.

We see at a glance how the amount that A wins*depends on
the choice of B as well. Of course, neithet player knows
(without cheating} what the other will do.oT‘lﬁz theory of games
now assumes that both argue as follows;

For every choice that I can make,*T must fear that my
opponent makes that choice whichimakes my gain {or average
gg‘l%‘,mﬁ‘?fﬁérae@gaé 1(1)5‘1 'Erﬁ;vé) vthe smallest possible under
the circumstances, Hence, ifliiake that choice which makes
this smallest gain as large$s possible, then | am as safe as 1
can ever reasonably expect to be.

If both atgue in this cautious (or perhaps defeatist) way,
then in the present'game A observes that he gains at least —2,
Oor —2, dep:‘}ie t on whether he makes s= —1, 0 or 1. He
will therefqr% wchoose s=0, since this gives him the most
amongst, those safe expectations. B, arguing in a similar
fashion{ will decide to choose +=0. The actual gain of both
playgqs\wﬂl then be zero.

This type of argument is fundamental to our analysis. We

now what A and B would do if they knew what the other
decided to do or rather if they assumed that he would
argue as explained above and would act accordingly.

If A assumed that B, following this argument (or for any
other reason) has chosen 0, then he would choose 0 himself,
because this gives him the largest entry in the second columnn,
“’h“{h corresponds to B’s choice of 0. Hence he would do
pFemsely_ what he has already decided to do on the basis of
his previous argument. Similarly, B would not be affected in
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his decision even if he knew in advance that A had chosen 0,
as can be seen from the table. We see that the ‘second order’
approach, ie. the assumption that the opponent acts in
accordance with the philosophy of the theory of games, will
not induce either plaver to change his ‘first order’ decision,
taken on the basis of that philosophy.

This feature of our present game depends on the fact that )
there is an cntry in the pay-off table which is the smallest i in.

its row and, at the same time, the largest in its column‘The
position of that entry is often described, by anobvious
geometrical analogy, as a saddie poinf, and althoug"f'r}h_ls ex-
pression ignores the lack of continuity in the Pogitions and
is therefore not entirely appropriate, we shalme it because
it is already well cstablished, However, W{xsha]l avoid von
Nenmann and Morgcnstern 8 expression) spec1a]ly strictly
determined game’ (p. 150 of Ref, 74) whlch is the same as a
game with saddle point.

Of course, notpevery zero $IGR" ‘it&’;baﬂé&gﬁ?f Y08 fas
saddle point: Matching Peumes‘ls a trivial counter example,
As a firther illustration, cofsider the following game:

Thc two players choose, mdependently, a number cut of 1,
2 or 3. If both choose}he same number, A pays to B the
amounl of the ¢ sgn number, Otherwisc A rececives the
amount ¢f his own ftumber from B. The pay-off table of this
E]udm g Gamg-is.as follows:

P\ B

\“ i
X S S S
A 1 —1 1 1
N A 2 2 -2 2
O 3 3 3 -3

The minimmum of the column maxima (viz. 2) is different from
the maximum of the row minima (viz. —1). This means,
as is obvious bul will be proved analytically in Chapter 11,
that therc is no saddle point in this table, We must find a
method for ‘solving’ such games and must, of course, first
agree on what we mean by a ‘solution’.



8 THE THEORY OF GAMES

In such a simple example as Matching Pennics it is casy to
see what one should do. If the game is played but once, then
no choice is better than another. Bat if the game is Tepeated,
then it would certainly be a mistake for a player to show a
preference for either Head or Tail, because his opponent

could easily take advantage of such a tendency. One should ™

therefore use Head and Taif with cqual frequencies in the 4ng
run, and in such a manner that it is impossible to guess which
comes next. Such random choice at cqual long-ferm fre-
quencies could be achicved, for instance, by spinnjﬁg’the coin.

This argument applies to both players andJwdaksume that
both act accordingly. Then, in the {ong beth will win |
in half the games and lose 1 in the other Hi{>"On the average
they will thus win (. "N

To this result we apply an analysis\which is similar to that
applied to games with a saddle point. Let us assume that A
knaws, &% thithsrie kaewsnthat) B will use his two possible
strategies with equal frequenties. Then he has no reason te
change his own first ordetrehoice of equal frequencies. As a
matter of fact, he could now choose any frequencies he likes
without changing t};e’\hvcrage pay-off. However, it would not

P

be wise for him to make a change, because B could punish

him if he did. The same argument applies to B.

_The feature,of stability which we demonstrated for games
with sac}d\le.point has now been shown to exist also in other
games, ?rovided we consider also combinations of strategies
with! gtven frequencies. Such a combination is called a mixed
g;gregy, and single strategies, which appcar as labels in the

{paty-off tab_le, will be called pure. They are, of course, a special
case of mixed strategiecs, where the relative frequencies ate
zero for all pure strategies but one, which latter is used all the
time, Therefore, whenever we speak of strategies, we mean
mixed ones, unless otherwise stated.

A pair of strategies with that feature of stability which we
have_c!cscnbed is called a solution (see IM.3 for a rigorous
i;iﬁtl?n). A strategy which appears in a solution is catled

oy,

To illustrate these concepts by another game, let us take

&
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the game with bluffing introduced earlier, Its pay-off table is

B
B ‘ BI. BE
4, | 12 0
AL ‘ 0 1

The sclution of this game is for A to take the first pure'

strategy twice as often as the sccond, and for B to da ‘the
samc. We write this down by simply quoting the relafig fre-
quencies, thus: (2/3, 1/3) for A as well as for B, Thig i’S:ﬁldCGd a
solution, because ne player can do better if thelefher sticks
to his strategy, but could gain less or lose morgthan 1/3 (which
is what A gains now) if he departed from thé ©ptimal sclution
and his opponent took advantage ofNCN\Incidentally, it is
intercsting to note that bluffing, which Is a feature of A’s
second pure sirategy, is actumwﬁmlmy@ gfighree
times in his optimal strategy., \

[t is possible for a game 1oy ‘have more than one solutien.
Thus, for instance, the gam&wﬁth pay-oft table

\ B
S

has the solul‘ie\n: {1/3,2/3) for A and (0, 1, ®)for B, and also the
solution 74274, 1/3) for A and again (0, 1,0) for B, Ttfollows that
the s{f&eglcs [¥#+#1—8, #t+41—9] for A and (0, 1, 0)
for, B are also solutions for any value of ¢ between 0 and 1.
Now it would hardly be justified to spcak of an optimal
@trategy without any qualification, if it could only make up a
“solution with some pdmcular optimal strategy of the opponent.
However, we prove in 1113 that if s, sp are strategies of A
and B respectively which form a solution, and if this is also
true of ¢4 and 7y, then (54, 75) and (¢4, s5) are also solutions
and all these pairs produce the same pay-off. The pay-off
resulting from a solution is called the vafue of the game.
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We have seen that not every game has a saddle point, How-
ever, it Is a fundamental fact in the theory of gamcs that every
Zero-sum {wo-person game with a finite number of stratcgies
has a solution, possibly in mixed strategies for one or {or both
of the players, The proof will be given in Chapter I71. e

A game in which both players use all their strategic i
their optimal solutions is called complerely mixed (Ref\13),
Maiching Pennics and the game with bluffing are sughgaines,
but the following is not: D

The reader will easily verify that it{splution is : (1/4, 3/4) for A
and (1/2,1/2,0) for B. This game.also supplies an illustration of

w19 SRSOI0k doginggion WE Sty that a puro stratogy domi-

nates ancther, of the sanigsplayer, if for any choice of the
oppotient the first is at~least as favourable as the other, and
for at least one choig\s definitely better. The pay-off matrix
above shows that B Wwould be foolish ever to use his third
strategy, which{é dominated by his second. It is thercfore not
surprising tlga}the third strategy does not occur in B’s optimal
strategy, abdbit could have been ignored from the beginning.
It must;be understood, though, that cven a dominated
strz};{gy’may be optimal. For instance, in the game
."\$~

A B

there are two solutions: (1, 0) for A and (1, 0) for B, and also
©, 1) for A and again (1, 0) for B. Thus both pure strategies
of V‘VA are optimal, although the second dominates the first
g e have not yet said anything about how to find the solu-

ons of a game, but only how to fest whether a pair of
strategies is a solution or not. We now add the romark that
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il the pay-off table is skow-symmetric, so that it remains
maltered if the roles of the two plavers are interchanged, the
value of the game is clearly zero, General methods of solving
games are given later, in particular in Chapter 1X, but the
impaticnt reader will be glud to know that the solutions of

*

all games which we mention are recorded in the Directory of N
Games at the end of the book. O
¢
o
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CHAFPTER II
GRAPHICAL REPRESENTATION

It will be helpful to readers who like to think in geomettical,
terms if we now introduce a graphical representation of cope,
cepls in the theory of games. For a presentation in the fwos
dimensional plane, we consider games where onc of ;hp\t”\%'o

players has only two pure strategies at his diSpOSQ'F anid we
again cheose \\

B

4 1 )
A ( 33”
2 3 .\4

as an example. We shall exhibit geotaetrical models for A as
well as for B, the former being, the player with two pure
SUALPEIE, The fesulty esgeasily be adapted 10 the casc when
it1s the mmimizing player who' has only two pure strategies,

N

Q A
Qs
p
OOH___”_“"_-_ —
\ </

1 g M It
Fig. 1.1

Ofﬁg can chqosc eif.her of his two pure strategies, or a mixture
1 ?th. His choice may be marked op a straight line of
cngth 1, as shown jn figure TL1, the points T and IT repre-

SENUng respectively the two strategies. Any intermedijate point
1z
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represents a mixture, so that for instance the strategy (1/4, 3/4)
will be given by a point whose distances from Il and T are
in proportion | : 3. Points outside the stretch I-IT need not
concern us here, because they could not be arrived at by two
non-negative frequencies,

Perpendicularly above the line i-IT we rmark heights corre-, ¢

sponding to the amounts which A wins when B 15es ong of hig
strategies, say the first, In this case, whon A uses the pure
strategy referred to as I, he gets 4, and if he uses II, hegets 2.
Moreover, if he chooses any combination (e, n) With =1,
he gains dni+24, Al these points with their heighf’s above
the aporopriate points on I-11, lie on the strajghe/linc OBy
in the figure. The lines aR, and (QyR,, (‘eresponding to
B’s other strategies, arc also shown, AN

Now assumc that A has chosen the RixCd strategy repre-
sented by S in the diagram. WhatepetnB docs, A will then
obtain at least the amount represent d by ight of the
lowest interscetion of the vertié%]f] t’ﬁ?‘éﬁrg?i% éggﬂjﬁflﬁ}ngc lgﬁrre-
sponding to one of B’s strategies (here B's second slrategy}),
Such a height can be found fesany point in T-II, and according
to the theory of gamies, A shibuld choose a point to maximize
this height, He shoulc(thcrefore choose the strategy repre-
sented by M, which i{aba distance of 3 i4fromIand1/4 fromII,
His strateny is thiis /4, 3/4), as we have already seen in 1.3, It
gives him a gain of 2.5, which is the height of V above M
and the valugydfthe game. . i

The diagtath also shows that B should never use his third
pure stritegy, becausc this line is everywhere above that of
his se€0ond. Whether the first or the second pure strategy is
b?ﬁ&f'or B depends on A’s choice; if A chooses M, then any

£ombination of B's first two pure strategies leads to the same
“\bay-off.

The reader will appreciatc that the pattern of strategy Iines
can be very different from that of our present example and
We mention, in particular, two cases: {«¢) when there is an
optimal pure strategy and (b) when there is more than one
Optimal strategy for A. These are iilustrated in Figure Ii.2.

Now we turn to B, ¥f there is a saddle point, the answer is

N

\

‘4
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trivial. If there is none, then it is clear from figurc 1i.1 that
B must use his first two pure strategies only and it will, in
fact, be proved later (in IX.2) that if A has only two pure

ar 2

4

tal X
Fig. 12 (N

strategies, B nced never use a combindtion of more than two
hl}l:is;lf. B’s gptimal mixture is charicterized by the fact that
whatever & L #8\the same. Hence we can find
Be) ffffff&g‘ E%‘%?%%'pmaﬂd to I-I through V and
taking the ratio Q01! 0,6, or also RoRy/RyR, (see figure
IL1). These ratios are€qual by virtye of simple properties of
sn_'mlar triangles angi 'a)so equal to the ratio of the f requencies
with which the p{:g Strategies are used in the optimal mixture.

of B is represented by a
¢ the two pay-offs against
the two pure strategies of A, In our illustrative example they

will i -
llft;: the points f_’lq(él, 2), Py=(1 3), and Pa=(33 4).
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averuge of the pay-offs against each pure strategy, Lhe weights
being p, ¢ and », adding up to 1. Hence B's sirategy {p, g, ¥)

will be represented by a point whose abscissa and ordinate

wwaphdbrauli brary.org.in

NN
g, 113

are the appropriate]xjé{eighted averages of the abscissae and
ordinates of the peints of B’s pure strategics. We therefore
draw the ‘strategy ‘polygon’ of B. This is a polygen which
mcludes all peints representing pure strategies and also any
point that Jie®dn a straight line betwcen any other two points
of the polyecn. Thus it is a conveX region and is known as
the convely hull of the given points. All its vertices correspond
o uﬁ?\ét'rategies, but some pure strategies may also corre-
SRONd to points inside the polygon.

3We are only concerned with points inside and on the edges

Nand vertices of the strategy polygon, because points outside

1t could only occur if at least one weight were allowed to be
fegative, Now given the point of the polygon, or the strategy
chosen by B, A should choose from his own strategies the one
giving the highest pay-off. If he chooses his first pure strategy
he gains (the amount of} the abscissa of B's strategy point,
andif he chooses his second pure strategy he gains the ordinate
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of B's strategry point, Therefore if 1his peiut is below the line
L which bisects the first and the third quadrant, then A should
choose his first pure strategy, and if it is above, iy second, If
the point is on L, then A gets the same amount whichever
strategy he chooses, whether pure or mixed. B should selecta
that point of the polygon which gives A least, i.c., whoge™
larger coordinate is smallest, ;:\

To find this point geometrically, imagine a righigngled
wedge with ifs vertex on [, and its sides parallel to thd\aies of
coordinates and extending in their negative directigné Starting
from the feft of and below* the polygon and pi§ink upwards
until it reaches the polygon. The paint of Comtact, or one of
them, indicates an optimal strategy of B. o\

1t will be seen that i £ intersects the \on’lygon at all, and if
the inicrsection with the smallcsg ab8éissd, or ordinate, is on
an cdge of Negative slope (i.e. one tha slopes downwards to
the right), then that point of intérsection gives B's optimal
strategy (0 in lobg HoWaver, if these conditions are
not” Both Lhﬁé&??%gg It{gwmc one of the vertices which

5 N I

N\

¢.& it_« )
Fia\\/
4 PZ

* We imaginc that the axi i i
5 i i i
and that (he directions of thgf;ileasc:ssae W horu.onm]. e o Srdimates b

S are positive ang negative a3 in the diagtam,
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verlical support fo the polygon and if the bisector meets first

ong of these, then the solution contains a pure strategy of B,
given by the vertex from which that horizontal or vertical
emanales, It should be noted that this can happen even if, on

its further course, the hisector I meets a side of the polygon

{as in fgure 1.4(a)). In (2) neither pure strategy of A domi- _a
nates the other, while in (4) the first pure strategy dominates.£ '\\
(The two parts of figure IT.4 refer to the gamges defined by ;:\

2 5 3 3 4 AR
ot 3 Dmo 1)
respeciively.) .

Clearly, it there is a point P, in the pol‘gg%f above and to
the right of a peint P,, also in the polyzanthen P, need not
be considered because P, has both cderdinates smaller than
P,. This caplains the significance of theds] es of thg qdges of
B’s strategy polveon. Tn figurd M IEE' ﬁﬁsﬁbl‘r‘iﬁt}‘e‘ﬁgﬁ:gﬁ)m of I,
with the polygon is with a ling “of ncgative slope and the
hotizonial and vertical Supports are therefore irrelevant in
this case. N

3. We now look for@representation of A’s strategies which
can be superimp sé{}bn the same diagram as that showing
B’s and thus give ascomplete picture for both players at one
glance, We gkt Yhercfore find a way of showing the gains of
A and howhtied depend on his choice of strategy.

Letus dondte A’s two pure strategies by &) and S, Let him
choosg&«(}ie mixture (m, #) with m—+» = 1. If B chooses the
strategy’point P = (i, ), then the pay-off to A is »ex; +ay,,
agd We want to find a convenient geometrical meaning for

IS expression.

N\ . . . .

v We draw a line th rough the origin whose equation is
X1y = 0 and call it A’s sirategy line. Since both m and #
are non-negative, this line will cither coincide with onc of the
axes, or it will have g negative slepe. Notice also that if =1,
and hence n=0, the strategy linc will be the axis of ordinates
and sy, 1y s then simply the distance of P from this line,
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i.e. the abscissa of P. A simifar remark applies to m--0 and
r=1, and the ordinate of P. However, the distance of P from
a line mx +ry = 0 is, in general, not simply the average of
abscissa and ordinate with weights a7 and n respectively. A
different representation is then required, Ke

Draw through P a parallel to mx-ny = 0, ie. the ligh "
whose equation s MX+0y = mx,+ny,; intersect thig line
with x=y, ie. with L (see figure II.3). The point of“ihfer-
section, Q, say, has an abscissa, and ordinate, /8gnal to
(moxy +ry))f(m +1) = mx, Tnyn which is the expreSsion for
the pay-off. \/

Now consider again A’s strategy line zix LS 0. B should
choose that strategy point available to hi rough which a
parallel to A’s strategy line intersects LM a point with as

top. In spegial ¢ ¥iZ. henghe first side met of the polygon
is pArdief vyt ‘éﬁ%ﬁ’ﬁ%ﬁ; Al points of it are equaﬁy gﬁg)od
for B and, in particular, any of the two vertices on this side,
which correspond to pife strategies,

A will, of coursgsehoose the Strategy line, say §, which
makes the abscissg of that point on L, which B obtains by the
argument just desctibed, as large as possible (see the point J
in figures 11.§ and IL4). If B’s polygon intersects I, first (i.e.
nearest to{the lefi-hand bottom) in a side of negative slope,
then A fannot do better than to chooge his line parallel to that
side ,(a}g n _ﬁgure IL3). But if there i8 no intersection at all,

ggr}ﬁr?t an intetsection with ap edge of positive slope (as in

! -3, B’s optimal strategy is given by
(1/2,152,09, while A’s is given by the coefficients of the eguation



GRAPHICAL REPRESENTATION 19

of §. The numerical values of these coefficients are easily
derived from the fact that the line S is parallcl to PP, e to
(e —~ay)x + (ay —ay)y = 0

and we find that the cocfiicicnts have the ratio 1i4 234, In N
figure 114 the oplimai strategies form a saddle point and 511:@:'\\”:
even easicr (o find. The value of the game is the abscissa of )
@ in cach case. a §

These considerations contain implicitiy a geometrica‘bﬁméf
of the fundamenta! thenrem, when one of the playersd as only
two pure strategies, The next chapier contain@algcbraic
proof which holds gencrally, \

»,},,

ox{/

1
X ¢
S

A\
.dhraulibrary.org.in
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CHAPIL R 11
ALGEBRA OF THE THHORY O GAMES

We shall now introduce algebraic nottions and algcbrajc\
treatment, in order to ohiuin pencral results, 2
Let A haven strategies and B have stratesics, The pavaeff
for the combination of A’s i-th and B's j1h .srml.cg}'.:wﬂ‘l be
denoted by ;. If A uses his pure strategics in Emfmrt{ons _
XX, Whete X+ L 5 v 1, then we denoté/this mixed
strategy by {(x)= (g, o x). Similarly, a 111i.xpd}t1‘:ltcgy of B
is denoted by O)=0n, ..., 3,), where N\Y +_1',,;=_1- Qf
course, xy, ..., x,andyy, ...,y arcall non-hégistive. This will
always be understood whenever we usethiPnotation (x) or ().
If A and B choose, respectively, sj‘ra}begics {x) and {v) then

T 3
the average pay-off is > xa_}?%~_..
librari=éfg.in &8
R@’o‘&r‘“’c%lﬁl;f er howyzﬁc stratcgics should be chosen, If A
chooses the strategy (%), 8%} then he must fear that B will
choose that (1) which makes 3 Y , Y;ay; as small as possible.
k <

Now if B can do this\by a mixed strategy, then i can also
do it by at least, éng

_ | “& bure strategy, because this pay-off is &
weighted average\of amounts 2. %455 with positive weights ¥;

adding up to dnity, and Can therefore not be smaller than the
smallestofthe S x,
3 b I

455 Henee A need only scrutinize B’s pure
strgte:,@}eé and note which gives the smallest pay-off for any
(his” (A’S) own strategies. Given (), we write for that
_Swiellest outcome
N mj_m Zaﬁfs:z Gk ., . ()
Y i i
where j (£) describes that strategy for which the minimum is
obtained, when (£) is given,
A wishes to make this mini

maX min Y q,,x,=max S
(x) i (x}
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We describe v, as the maximin and note that the ‘pure’ maxi-
min, viz. Mmax min 4;;, is clearly smaller than or egual to w,.

I )
We may repeat this argament fromt B’s point of view. We
start by assuming that he chooses (7) and then obscrves that
A would do best by choosing that strategy which produces

ma*{ Z a;¥;= 2 ¥ - . . (E’j\:

B will therefore Lhoose hls own strategy such that the pd:} “off
becomes
Min Max > a4, y;=min > a0 Ve, SAN “\ 4)
o 87 A
Again it is clear that the ‘pure’ minimax, viz. .@m max g, 18

7

larger than or equal {0 v,. &

Tt should be understood that when we'$pgak of a maximum
Or a minimum, there may be more pha,n one strategy which
produces it and when we mentionsiké optimal strategy, we
may be referring to just one ofemlbraulibrary org.in

The Fundamental Theorem\of the theory of games, of
Minimax Theorem (M.M,T')states that always v=v,. It is
casy to show that v =48 that the maximin is never larger
than the minimax. lqdée}} define (%) by

\\vl-— mm z Fay
and (F) by o\ vz—max ? Fitis
@; ;
then v Q\;z Z Xy ¥itlss and 4 5”‘2 Z X Pty

The hl hand sides of the inequalitics are equal SO ¥ <Py
Thgs'M .T. will therefore be proved if it is also shown that
Vo,
:'\%]‘t also follows that if the pure maximin equals the pure
- minimax (i.e, if there Is a saddle point: the equivalence of
these two statements will be shown in IIL.3), then they both
equal »,=v,. '
We shall prove the M.M.T. in the next scction, Assuming
its validity, we see from {1) and (3) that

> 2 a%efi 2 G Fe= 2, ¥
I i i i
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These equations tell us that the two strategies {2} and (§)
which were chosen to give, respectively, the best protection
against the pure strategies indicated by /(%) and (), alse
give the best protection against one another. Conscquentiy,,
il A chooses (%), B need not choose 7 (X) to incur the least.
possible loss, but might equally well choose (y), whichj)vill
generally be a mixed strategy. This could not be true\unless
every pure strategy which forms part of (7) gaveStogether
with (%), the same pay-off as does the pure stratepy)y (7).
Nevertheless, it is not true to say that B can/iise either 7,
or j (%), and view A’s choice with equanimiitv¥On the con-
trary, he can do this only if he chooses (3 Nbecause otherwise

A might be able to deviate from his o;{im strategy and get
mere than the minimax Vg, N

A

2. We come now to the preof. pf the M.M.T. Many proofs

that given by the same alithor in Ref. 23, 1. Ville produced
an elementary proof in, 1938 (Ref. 27), of which more will be
said later, and Ref,@ contains, on pp, 153 /. the proof re-
produced here, Alfurther proof, actually for a more peneral
Fhe\?ﬁlms, will Be given when we deal with Linear Programming,
in 300

It is, thehy our aim to prove that v =, and we know
already thiat it is sufficient to show that vy zv,.

Theproof follows from two lemmas which we must first

%m‘enstrate.
"\

::Lemma {: The thearem of the supporting hyperplanes. (T.S.H.)

Let the valyes ay =1, ..., mj=1,..., m) be given. We
speak of a set (ay;, ., ., ni) 43 a point 4, in n-dimensional
Space and say that a further point A=(gy, ..., a,) belongs to
the convex hyll of Ay o0y A, if we can find non-negative
values ry, ., | Iy adding up to unity such that

G=hag ... ol
for all i=1, ... n
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This hull is indecd convex, i.e. if two points belong to it,
then ali points on a straight line between them also beiong
to it. The reader will have no dilliculty in deriving this from
the definition. The T.S.H. (in the form in which we need it)
states that, if the point 0=, ., < 1) does not belong to the
convex hullef 4, ..., 4,,, then one can find values v, .. 5280
such that for any point A belouging to the convex hull we hux;'{:}

B T S s St § 3 N
+ . - - . - 2 p |
For =22 or 3 this is intuitively clear (sce figure 1 L UNFhdse
L ¥

Ine
J\\ Fig. T11.1

;?zﬁimbcgses als@ oxplain the name of the theorern, o hvper-

e § . . . . '.

imensigm% f{}e,generahzatmn ol line and planc o higher
E’B DOWEive the proof of the lermm
16 dots not belong to the convex

DQ@NH C, different from 0, for wh
Jistince from 0,

a for gencral n.
hwdl € then there s o
: 1 wh the square of the
R 1o the sum of the squares of ¢~
3 [ _ SUares of €7y ¢o-
“;ngnlgﬁtﬁs, 18 smallest, Let it be the poing . fy, .
now an arbitrary painy of C

LR

or eve o Sy ot {ay, L ).
oo _‘I'f); Etﬁtlwe]en 0 and |, the Point with coordinnes
cast g g also belong to ¢ Moreover, it wiil he at

is, l.e.

2 [ra, +(1 Nk




by the T.S.H., we can find (5y,
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It follows by clementary algebra that, if t0,
2 Z 5@, =843 (a; ~5,)2 =0,

i

If ¢ tends to zero, the inequality tends to '\\
2 5{a;—5) =0, i.c. 25T 570 O
7 i i

(becausc S is different from 0). This proves the 1h@c§rcn‘i,
£ &

Lemnia 2: The theorem of the alternative for mm‘r;é\(’.c. (T AL

‘Let the values a,; be given and consi der the'convex hull €
of the points Ay, o, A, (defined as befereyand of the points
(1,0,....00, (0, 1,0,...,0), .. 0,8, %, 0, 1), The point
0 either befongs to C, or does not Oelong o it. The T.AM.
states that in the former case there.8xists some (1) such that

toaEs i <Oforal, . . )
wiy.dbra gﬂﬁ‘ar Y OLE i ! ¢
and tﬁat In the latter therelexists some {x) such that

XN L x>0 for all j, . (it}

' N
Case 1. The pot ' belongs to C, ie. there exist values

s + oo Ty 2l NON-negative ang adding up to unity, such
that \

tlaﬂ B ‘j"tmagm "%‘fm_;g-_=0, or f]_aﬂ_ +... +fm T =0,
Now 1%, 44, must be positive, since otherwise all
L =20 m+n) would be zer0 and could not add up to 1.
gﬁﬂom that y==#(, +. . . Fip) satisfy (j).

& 2. (figure L1.1) The point o does not belong to C. Then,
« 5 8,) such that

T T S QAN for ali ; a,...
and §1>0, ... 5,0

(because the points (1,0,...,0) etc. belo
sequently the values Xg=5/(sy +.
proves Lemma 2, the T.A M.,

This lemma will now be used to prove the Fundaments]

g zlso to C.) Con-
-« +8,) satisfy (). This



3

™

ALGLEBRA OF THE THEGORY OF GAMES 25

Theorem (M.M.T.). In case 1 above we have {3) such that,
for all i, ¥ a;,+0, und hence also max > a,; 0.

K i J
Therefore

YpmMin max o, Z ag;¥; =0,
[0
In the second case, there cxists (x) such that, for all y,
> a;x;>-0, and hence also min Z a,;x, >0, Therefore 4 W
;i N\

i N
vy =max min >, 2 a;x;>0. \
)y F i ...\
Thus we have shown it is not possible that suriultaneously
<0 and v, =0, A

Now consider the pay-off table with enx ‘Qs\a” k,where k is
some arbilrary constant, positive or mga ive. In exactly the
same wuy as before we can show tHaty it is not possible that

<k v, should hold, whatevegk- “Therefore Vp CHIL Never
be sutaller than vy, Wthl'l prov.&swheCMI‘MfIbl ary.org.in

Because of the great mathématical Interest of this theorem,
we outline J, Ville's pme*ménttoncd above, Tt follows from
(4} that

"‘\Nl"”‘ z gV =V

for all (y). In OJFN words, there is for cvery () at least one
I such that Z ay¥i = Vg

I 15, S%wn in Ref. 27 that it i3 then possible to find an (%)

sud\lhat

S

z aux V=Y

"\ f‘or every (). It follows that

¥y <smin Z au%y; < maxmin > > 4%,y
) (G R

=rnax min Z Z Xy vy
(=) i

3, In L3 we introduced the concept of a selution of a game.

N

n\.
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We now give a precise definition of this on rather diiferent
lines, which we later show to be equivalent to that in 1.3

Any pair (£) and ()} is a solution of the game {ay,) if

> > a;%,7;~=max min > > &%, y;=1min max > 2 gy

i ® 0TI » @ TS

Nothing ¢hat we have said leads to the conclusion that'there
can only be oze solution to a game. But since therg Tan only
be one single maximin or minimax, it is clear that glhsolutions
lead to the same value y= ¥y ==V,, Viz. the valuc,\of the game,
Now let both the pair (%), (7) and (%), (7)hdJolutions. Then
the pair (£}, (§) is also a solution, becaugey by virtue of the
definition of a solution, K7s)

Ei: 2. %; §; >Z 2 aa‘j)-{is}_’;;i;z 2 0% §y
J R J

and also

ww . dbraulibrary. in
It Ifo‘ﬁows that all terms in*these inequalities must have equal
value, &

We now considér ‘the following question which is clearly
of practical ipnpartance. Let g pair of strategies (x} and ()
be given. Howgan we test whether this pair is a solution of a
given game\

Ir (xi)\'(y”) is a solution, then necessarily
A2 ; XY=, T ayx' sy, for all (»)
N\ i ij

“and

(b 2 ;Z WX Yy> 3 ; axy'; for all (x).

22 a5% 5 >3 Dk, =2, 2 4%
LI

A )
' a solution, as will now be shown. In words, we prove that
if both players have chosen their strategies and none would
be better off by changing his, as long as the other keeps his

unchanged, then the Dair js a solution. The proof is as follows:
From (a) and (b) we have

) I‘é‘i'c]lx Z ; GxXyy=2 3 QX ¥y=min Y > ax' vy
FET Y = T
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But clearly we also have

(d) minmax > > aux,p,<max 3 > agxy’;
S5 T ' ] &
and
(&) maxmin > > ayxp;=min Y Y agx’y; N
CI 0y T 7 ¢S
Because the left-hand sides of (d} and (e) are equal, they st
be equal to the middle term of {c} as well. This comp]e;es@}hc
proof. It also shows that the definition of a sclution givén here
is equivalent to that of 1.3 €%

K the game has a saddle point, ie. if we caﬁ:}nd pure
strategies (xp) and () satisfying (a) and (b),¢heén it follows
from (c), (d) and (e) that the value of theypame equals the
maximum of the row minima and also_thé-minimum of the
column maxima. For a large pay-off Jhatrix this provides a
much more convenient criterion for the existence of a saddle
point than a search for it throughehs thewitola-matrixin

4. If a game has no saddle point, then the determination
of a solution or even of ité~value is no easy matter. We refer
this guestion to a laterpart of the book (Chapter IX in paz-
ticular) because it wgﬂ],\be answered by a compuiing routine
which solves a rnc{vé\gencral preblem. This latter will now be
ntroduced. \

Let a pay-gft.matrix be given. If A chooses {x), then he
can be cerfaifl-of obtaining at Jeast min > a;x; — v, We have
! ]

lherefta(c;“\"
\,§~~&Ux1+...+a,,jx,,;av for j=1, ..., m.
N X+ bkx=1
AN
\and Xiy 0oy X 20,

A wants to make v as large as possible, (It will then be the
value of the game.) This value is not necessarily positive, but

- will be so if we add a constant to all &;; 50 as to make them
all positive. This increases the value of the game by the same
constant, but does not change the solution, We may therefore
C
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assume that v is positive and iniroduce new variables x;"=x;/v
which will then also assume non-negative valucs only.
Dividing the inequalities by v, we obtain the system

R
Sap/>l forj=1,...,m ~
=1 ¢\
and e
” : N
2, x/=1v. N
i=1

The right-hand side of the last equation must h&ﬁqfnimizcd.
Repeating this argument for B, we obtain'thesct

L $
Zlaﬁy,-’él for f’=1,',\\‘, EF
= &
and J'x\
” A\
2y is to be thaximized,

i=1 AN
we Ty by 3uliby Wi games problem can be reduced

to a special case of a mere general problem, which can be

N

cxpressed as follows: . _
Lot @y, b; and ¢(begiven constants, for =1, ..., n and
=1 ..., m lfjn,\cl':ﬁcn-negative values x; and y; such that
2 g%y ;bj, making > ¢zx; as small as possible
and . < I
“g #:;V;=C;, making 3 b; as large as possible.
I

:T}lc two problems, which are respectively gencralizations
those which A and B have to solve, are in a relation to one

3 another, which we call dugl, It will be shown (in VIIL3) that

\ 3

the maximum of JZ b;y; equals the minimum of > ¢;x,. This

is, in the special case of the theory of games. e iuivalcnt to
the M.M.T. v oF games, eq

Yet another way of reducing the games problem to onc of
L.P. will be shown in 1X 1. ¢ ?

3. As long as we consider only pure strategies, the pay-offs
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form a discrete set, With the introduction of mixed strategies

this s, of course, o longer true. We can now state that A has

at his disposal a set of strategies > aux,=X{xy. .... x,),
;

say, and B the set > 4_ @Y= Y (31, .. .2 ¥m). The pay-ofl result-
¢\
ing from any ﬂamcular pair of stralegies 1s 3 Zat,xzya N

P(’Cl, L Y,,, vls L 3ym)3 Say e "

7 we comader a pay-off function Ay -+ g -4 |-Anxy
where x and p take values between 0 and 1, thcl this game
1% equivalent to a finitc discrete game in whlch the players
have two stralegies each., But we can further 5_renerahze by
assuming for X and Y some other, nop@e@essarily linear,
functions and for P some other, llqt{glécessarﬂy bilinear,
function, In general cascs, c.z. when'ihie pay-off funclion is
not continuous, our proof of the MJM,T. loses its validity.
We cannot enter here into mozgtdetail than to mention that
J. Vilie (Ref. 27) has proved th&mdhﬂ&@gﬂuaaﬁwergndmlds
if the pay-olT is a wntumw.s Tunction of two variahles in the
closed unit square (see glsd Ref, 20, p. 186), while more com-
plicated cases are tackled, for instance, in Refs. 16 and 17.

Finally, we I‘llCI;ltl that a very thorough account of the
theory is given fiNlic first two chapters of Ref. 4 which is,
however, notabook for beginners.
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CHAPTER 1V
AN OUTLINE OF LINEAR PROGRAMMING

The term Linear Programming (L..P.) describes the solution
of the following problem:

' N . N
wTet a set of equatiens, or constraints, be given as followst

anXy *... Fanx, =b 's.\

A N ¢
AmXt .. ey, =h, e\

It is required to find non-negative values of ,the “variables

Xy + .-, Xy, Which satisfy the constraints and make the value

of a given linear form (L.F) O :

C=e%+.,. —i—r:,.g('f{x o. . . @)
as small as possible. N
© can assume that the m equations are not linearly

dependemy’bébxﬁ&@%ﬁ’é&ﬂé‘poﬁld drop one or more of
them. . RN

The same problem, butewsthout the condition that the
variables must be non-negative, can be transformed into the
above by substituting #y—x,’ ~x;”. Moreover the above form
is also appropriate.tq ‘epresent the case when some or all
equations are r,el{éoéd by inequalities, since

@it -aysx, < b O aypxy ... ta,m, b
is equivale{lt 10

% %‘\"""I_anjxn +xn+j‘:‘:bj or ayx+.,. Tl Ky —x,,+,=bj

w{ﬁ;’t{ie brovise that x, ,; is also non-negative, We call these
Xy additional (or slack} variables.

:". If it Were our aim to maximize » given L.F., then we could
3 reduo_e this problem to the previous one by requiring that the

must, of course, change the sign of the smallest value of the
ml_m_mlzed L.F., in order to obtain the largest value of the
ongmmal L.F. which was to be maximized. Alternatively, we
could consider the maximizing problem as one in its own

30
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tight. We shall therefore speak of ‘optimizing’, whenever we
mean either maximizing or minimizing, as the case may be.

We saw in the last chapter that an algebraic formulation
of the games problem leads to L.P. We now give further
examples which show how ability to deal with an L.P. _
problem may prove useful in a great variety of situations. S\

Perhaps the carlicst problem of ihis type to appear g,
print is due to F. L. Hitchcock (Ref. 12, see also Ref. lﬂ-aﬁd
Chapter XXIII of Ref. 15 by G. B. Dantzig). Assunice that
there are a, ships in the ports £, and that we wisht0"move
b, of them to ports of destination @, We asglimie that it
would not matter which ship goes where, if i\\were not for
the fact that the cost of moving a ship fron{\onc port to the
other js different for different pairs of ports]

We denote the number of ships t0{Be*moved eventually
from P, to , by ,; and assume thaf the cost of thus moving
one ship is known and is ¢ 4. It is, bﬁigﬁ‘a% to make the total

Sl Il Yl Tary Org.in .
removal process as cheap ag. poSSiDe, Le. 10 mifimize

2.2 CosVser Subject ta D y =B, for all ¢, and to ¥ y,=a
5t s NN t

for all 5, and remembefing, of course, that the y,; must be
non-negative. If we, have also information on the cost of
transportation b tv’@eri poris of the same set, and perhaps
also to and from ports which are neither P nor Q, then we
can alse considethe possibility of trans-shipment, 1.e. calling
at intermediate’ports, Moreover, the cost of storage and dock-
ing could al8o be taken into consideration. (For a simple
method\6f solution see Ref. 7a.)
is“transportation problem, at least in its simplest form,
j&fformally identical with that of allocating n persons to n
»30bs in such a way that their total value is maximized, when
A/ the value of any person in any job is known and measurable.
A problem from another field is this: You are fold that -
you need at least b, units of fats, b, of proteins and b, of
carbohydrates per week 1o rcmain strong and healthy and
¥ou know also that the units of various food iterns, say F;,
contain respectively a,; (j=1, 2, 3) units of these ingredients,
You wish to buy food at least total expense, but so that you
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meet the nutritional requirements, If, then, ¢, is the prics of
one unit of F; and x; the amount which you buy of it, then
you want to minimize > epx, subject to 2w, by for
i i

J=1, 2 and 3. We have introduced the = sign, becanse jt CanA
happen that it is cheaper to buy some item in excess of (Rew
minimum requirement {Cf. Ref, 25), \,\

Variations of this problem may be more realistic than this
simple form of it. For instance, you might not like te Qave 100
much starch in your diet and may he prepared{1&/pay for
limiting the amount of certain food items. I AG0Tted nprob-
lem, that of provisioning at sea, it can be argid that what
matters is economy not primarily in cost b@ rather in weight .
or bulk, and that one must therefore minirize the over-supply
which leads to the difference Betwqm,[thlc two sides of the
inequalities above, W

L.P. models are Aappropriate i fany more sitnations. A
Wareh\%\ﬁ&.%liﬁﬁli‘tﬁa‘symm@ﬁ when prices are lowest and
to sell when they are highést, but his storing capacity is
limited, and this restriction affects different goods in different
ways (Ref. 6); there afd\different ways in which bleading of
petrol cun satisfy varisus Tequirements and the cost, and the
selling prices fgf'\‘ﬂie different products are also different
(s Ret. 10)\onéwmight wish to start an advertising campaign
and s;lect yatidus channels whose efficiency is expressible in
quantitative’ferms, so as to minimize the cost or, conversely,
S0 as fowmaximize the cffect for a given total cost, Similar
exampies will be found in Ref, 15,

JMast if not all these illustrations had a flavour of eco-
JA0Mics and we mention a final example from the theory of
e firm (see Ref. 11), We assume thut a firm can use various

production processes, P; and that their intonsity can be
neasured. We also assume that the intensity is such that when
1t 15 multiplied by 5 constant, the requirements for all

materials R, used in the brocess are multiplied by the same
factor. Denote the amount of B; needed in P; when its
intensity 18 unity by g, Then, if P, is used at the {non-
fhegative) intensity level ¥ the requirement which arises for
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R, is > auy;. If the profit of the product of process P; at

unit level is p;, we may imagine that the finm tries to uss its
various production methods at such levels that the total profit
> pip; is maximized, subject 1o the fact that not mere than
O\
7o \
We have bere assumed that the 1n(,0mu from sales is pro*
portional to the amount sold and that the amount, &f faw
malerizl neccssary Tor any process is proportional te Lts level,
Hence the name linear (i.e. proportionaly progrdwiming. In
more rocent literature this term has been replaced by Activity
Analysis of Production and Allocation (th° ‘tifle of Ref. 15),
hut we retain the older and shorter term as d.Convenient name
for a well-defined problem. (For fubthiar cxamples consult
also Ref, 19.%) Economists wounld, nad doubt have many more
remarks to make as to the \a!ldlty of the models, but we do
not wish to mtrude mto their d@mﬁbt aulibrary org.in
Cne might perhaps think,{for 2 moment, that such prob-
lems could be solved usinpndifferential calculus, However we
shall soon sce that the sONtions we are seeking will be found,
not in general at pmn\«: where some derivative is zeto, but
always at points &t‘he boundaries to the rogion of possible
values of thd, %_Udblcs miroduced by the requirement
that these should be non-negative. Tt is therefore clear that
special tehfiGues are required to handle these problems
cfﬁcientt)\ -
{Before showing any of the methods which have been
dm d for L.P., it is of interest io answer & question which
B2y be asked m conmnection with practical problems, such
S B3 that of the advertiser which we have mentioned. Assume,
™ first, that m constraints are given and that it is required to
minimiize an L,F., C. We may think of this as the cost of a
process, and of the right-hand side of the first constraint, say
by, as of ils product whose amount has been fixed, while the
remaining a —1 constraints represent side-conditions, It may
then be asked whether, given the minimum of C as the expense
* 5ee also Heis, 29, 30 and 31,

J
r; is available of R;, i.e, subject to } a; v
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which can be allowed, it would be possible to produce, in fact,
more than by, (See Ref, 29, App. to first paper.)

Imagine that only the second to m-th constraints exist and
consider all values 4, and C which can be obtained by those
x; which satisfy these constraints, If values 4,* and ¢, and\
also values 5, and C” can be produced respectively b
making x;=x," or *i=x;", then the pair 5, +(1 — )P, zand
$C (1 —1C" can also be produced, by the avalogous com-
bination of x,” and xy". Hence if we consider, in a'ﬁ?iir'tesian
plane, points (b, ) which arc obtainable from variables

L2, . . %
satisfying the last m—1 constraints, these pomts)wll form a
convex areg. ’

c

W W

¢J
\\\ b

N\

Fig. Tv.1

For apy.‘giyen by the smalfest value of C will be the ordinate
of the'lawer intersection of g vertical with abscissa 4, and the

cg:’iéx area. It follows that, if the value of &y lies between the
a

3. The v’ariou's computational routines for solving the L.P.
problem differ in the way in which the goal is teached. In
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this chapter we procced by first finding a set of non-negative
values x;, ..., x, that satisfv the constraints; only then shali
we be concerned with finding out whether other non-negative
values of the variables would produce a smaller value of C.
In Chapters VIII and X1 we infroduce methods in which we
start from values that are not nccessarily non-negative and.;f\
then scek values that are all non-negative, o\

The number of equations, s, will generally be smaller thaw
the number of variables, »>but even so we cannot be dettain
that @ solution in non-negative variables exists,?/Bhis is
illustrated by the constraints x;+x,=1, X, —3‘3;2.~By sub-
traction we obtain x, +x;= ~1, which is clef]yxMmpossible
with non-negutive values. S\

To make the subsequent discussion simpjér, we introduce
the following terms: ¢ ,\

A selntion is any set x; which gitisfies all constraints,
irrespective of the signs of the valyes. (It does not take any
account of the L.F, and js thug'fie¥ 1fbREeSHHIV X S ORAIHA of
the L.P. problem as a whole sy

A feasible solution (f.s.) 48,2 solution with non-negative x;.
A basis is u set of m vatiables such that the matrix of their
coeflicients in the s leohstraints is not singular. These m
vatiables are basi¢ \variables (b.v’s)—in relation to that
basis —and the g&%fs are non-basic variables (n.b.v.’s). The
basic solution {bs.) associated with a basis is obtained by
putting the, Adyv.'s equal to zero and solving the constraints
for the b’ :

A flasgc}easib!e solution (b.£.5.) is, of course, a basic solution
thatigualso feasible.

' would be more in keeping with usage in algebra to call
,ilh’e aggregate of the sets

.: - (au-ljs Ty a-umf)
for j=1, ..., m a basis (as 1s done, for instance, in Ref. 9),

but we find it convenient to use this term for the set of corre-
sponding variables,

4. The first procedure to be explained is the so-called
Sitplex Method {S.M.), due to G. B. Dantzig (Ref. 15,
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Chapter XX1}. The name derives from the accident that one of

the first examples to be tackled by this method contained the

constraint > x;—1, which is the equation of a simplex in
i

n-dimensional geometry.. The name is now used for the pro-

cedure whatever the form of the (linear) constraints,

In this method our steps are as follows: 2N

To begin with, we find a b.f.s. Then we determine ngiher
the optimum has already been reached. If not, lhen we'telete
one of the b.v.’s from the basis and introduce anothet griable
instead. The new basis is treated in the same. way ind the
steps are repeated, if necessary. It will be sliewd (hat this
process must eventually terminate by eith Producing the
optimum or by showing that the constrainté e contradictory,
or by showing that the values of the Lo\ which can be pro-
duced by b.f.s.’s are unbounded (fromtbcxlow if the L.F, is o
be minimized, or from above in the dpposite casc).

A simple illustration of the lastyhentioned case is given by
% =0 RO ATV 00 o e ative xy and x.

We assume now that a b.£s, has been found, by inspection
or by the physical natuze of'the problem. Otherwise compli-
cations arise which wil{‘bc deult with in Chapter Vil,

An example wilLKelp' to make the principle of the method
clear. Let the following problem be given:

ON—200 4 xytxg=2

737 X —2xy-lxy =2

¢ Xt Xy t+xg=35
"\:\ Minimize x, —x; = C, say, for non-negative x;.

Thb\t:ohstraints may, for instance, be thought of as having

afisen from inequalitics, because each of x,, xg and x, occurs

,jgh_ly in one of the equations.

) In this case it is easy to see, by inspection, that a b.f.s. is
BIven by xi:=0, x,=0, x,=2, x,—=2, X57=5. We can cxpress
the constraints as equations for the b.v.’s in terms of the
n.b.v.’s, as follows:

Y,

Xy =242y — oy
Xg=:2— xy4-2x,
=3~ X;—~ x

N

2 \J
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We nast also express € in terms of the n.b.v.’s. As it happens,
this Is alrcady done.
We consider next wheilier the munimum of € has already
been reached. Now the coellicient of x; in Lthe expression for
C is negative. Consequently an increase of x; will decrease C
further. Butif we increase x,, then vy, x, and x; will changeand A
we st be caraful not to make any of these variables negative. ™
For x, this danger does not exist at this stage, because an\,
increase of x; would increase x, as well. Regarding the other
variables, we find that x; may be increased until it is 2/dvch
miakes x,={, x,==& and x;=3. This rcsult is quite acfeptable,
because the nurober of positive variables is thenlagaih ihree,
as before. \ '
The new Dasis consists now of x;, x; and x},\\ro sturt with
the next stage, we cxpress these variablos.dud €, in terms of
the n.bv.s x; and x,. This is casily done‘bty solving the second
equation for the new b.v., viz. xy, thus™

wwwedbraulibrary.org.in
Xyo- 2+"Jl§.;—‘~ Xy y-org

and substituiing into the U'thcriéhUations. giving
Xz 6 F3x, —2x,
; \ 3—3x9+ x4
0 87 —2— xo+ X
We can decreass C\B}rther by inzreasino x;. We notice also
2\C sing x,.
that only x, is, i Manger of becoming negative through an
excessive indicise of x,, and that the latter variable can be
mcreased.tc{..l' withoult causing any barm, but not further.
Substilgtiqn into the other eguations gives x;=4, and x;=9.
Ol%niorc we cxpress the b.v.’s, and C, by the n.bv.’s:
+ &
™ = 44— x/3-2x;/3
N xy= 1+ x{3—x/3
- ' Xg= 99— xp X
C= —3 2 2x,/3 453,
No increase of either x; or x5 would decrease C any further
and we have therefore reached the final solution. The lowest
obtainable value for € is —3, and it is produced by x;=4,
X¥;=1and x, -9,
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5. 1t is clear that in carrying out the computations it is
unnecessary to record everything that we have written down
for the sake of clarity. The process which wc have performed
can be expressed equally well in a series of tableaux, as
follows:

A

N

x; Xg Xy xg)
~1 1 O
X3 2 ~2 1 X3 6 20-3
- S LR R S S e )
—— —~—————
(N
01— O — 1
\ 2 1
A X

www,dbrauljbljag'y.mg{.‘i)} i 1
-y @t 13 2
1y

I ox, <31 —153 3

xm’\ =3 =2/3 -3

It is convenje}r(\to imagine the equations re-written, so that
all variables @te on the left-hand side and only the constants
on the right*hand side. The rows (apart from the last) refer
to the Bv¥s and the columns to the n.b.v.’s, while the last
Tow, g;w the expression of €, The entries on the left of the
names of the variables are the values of their coefficients ¢;,
Sanin the eriginal expression for C, and immediately under-

Jeeath the names of the n.b.v.’s we have cntered their coefli-

\ 3

t_;:ients in that eXpression; zeros are omitied. The first entry
in cach row on the right of the name of the variabie is its valuc,
Le. the right-hand side of the equation to which the row
tefers. The other entries are the coefficients of the n.b.v.’s.
The recording of the original coefficients in ¢ allows a useful
check because, as will be seen in the next chapter, we obtain
the bottom value of each column by multiplying each entry
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of that coluwnn by the coefficient ¢; in the same row, adding,
and then subfracting from the sum the value ¢, at the top of
the column, {For instance, in the last tableau, last column,
~2/3++1/3=--1/3, or in the last column of the second
tableau (1) (—2)—1=1.)

At each step we decide to bring one of those n.b.v.’s into ¢
the basis, for which the entry at the bottom of the table has ;
positive sign (o1 negative sign, if we wished to maximize tle
1.F.), and to remove from the basgis that variable {or greiof
those, in the case of a tie) which shows the smallest/fatio ‘of
the constant and the coefficient in the column thais, chosen.
(Fer instance, in the first tableau, x; is to be made-basic and
stnce 2/1 is smaller than 5/1, x, is to be madewon-basic.) The
value in the column of the variable to bddntroduced inte,
and the row of the variable to be remove&sfrom the basis is
called the pivet and has been marked; by an astcrmk

The transformation of onc tableau gl Li;b% next can also
be done by a simple routine_ %Hlﬁ’h %&Hﬁu " el in
Chapter VI,

™\
) ®

6. If one deals with spcc;tc problems which can be solved
by L.P., then it is usefuhtd be aware of special features which
apply t0 that particular case. Thus it is easy to show that if
the tranSportatlorM oblem is solved by this method, the
coefficients of ti{en.b.v.’s will in all equations and at all stages
be 0, | or <1 Hence the pivot is always I and the numbers
of the shlgs, to be moved on specified routes will always be
integers, (Ref. 14, Chapter XXIIT by G. B. Dantzig.)

Cmirse, problems which could be solved by L.P. often
ha"e\Declal features which allow altogether different methods
Q Jfoibe used and we do certainly not wish to suggest that the
_general methods which we describe are the best in all circum-
stances. The transportation problem, for one, has such a
simple structure that special methods have been proposed for

its l:lsloluuon which may lead more quickly to the required
result,



CHAPTER V¥
GRAPHICAL REPRESENTATION OF L.e. 1y

In order to cbtain an overall view of the L.P. problem, and
also in order to appreciate the naturc of the camplications
that can arise, the reader will welcome a geometrical repies
sentation in two dimensions, which is applicable to inequalitiés
in two variables or, equivalently, to equations whose Aumber
is two less than that of the variables. AN

Consider the exampile of V.4, to which we,shalf, in this
chapter, refer as exampie 1. The most natirdltcometrical
picture is that in Cartesian coordinates Xy algdvx,. Since they
must not assume negative values, only theyfirst quadrant of
the plane is of interest. Having solved.the Constraints for the
b.v.’s, ie. in the example for X3, xgand x;, we consider the
equations x;=0 ete. as the equations of straight lines. All
variables oy HIRM'F_‘F%‘E@Iﬁﬁd thereforce only one side of
any of these lines will concerNas, In figure V.i the lincs are
drawn and shading indicates@reas which are forbidden. By an
casily understood anulogy, e shall speak of feasible, basic,
elC., points. 4

We observe that o’hb the polygon a b ¢ d ¢ (including edges
and vertices) is feasible and wo wish to find that point of the
pelygon whode Coordinates minimize x, — x=C.

All fines €%, — x, = constant are parallel and one of them
has beepMdrawn with an arrow indicating the direction of
decreasing’C.. Thus the feasible point which minimizes C is C".
It iscthe/intersection of x,=0, i.e. X —2x,=2 and x;=0, i.e.
Yrd¥3=3, s0 that its coordinates are X;==4, and x,==1, The
tesulting value of € is 1 —4o- -3 and no feasible point pro-
“duces 2 smaller value, We have already obtained this result
- In the last chapter and we obserye that the succession of
tableanx js Feﬂected in our graph by the succession of points
E{l "‘=f‘52’)=0 (le. a), *=%,=0 (ie. ‘b’) and, finally, BEES PR
ie. ¢,
_Our graph also shows that it happens only in exceptional
carcumstances that the point which leads to the optimum of

40
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1

the L.F. lies on more than two linecs, or that there is more

than one such point,

There is, of course, no reason why just x; and x, should be

{1
{3
' L
0N
¢O
\g&\ ’\:..\.\
N/
AN
AN 14)
e {
7 la s \Pl'aulj,lﬁgry_or _;11
LS ] fv . ""“ TITIT
Prs
_/«"‘/ N
(A% Figva (5)

the coordinates of thg}systcm and any other pair of variables
}vould do equaﬂy\y\ll. It is also cloar that this representation
In two dimensidys can be used whenever there are just two
more varighlés, than constraints,

If we ;agj\aély”this method to the game defined by
N\ 4 1 3
§ 2 3 4
Qv\?ﬁch we have already considered, then we find that the L.P.
§">‘§3r0blem of player A can be written as follows:
} Xy +X2 =1
dx) +2x5—x3 —v=0
Xy 3% —x, —v=0
3x) +duy—x; —v=0
Maximize v for non-negative x, ..., Xs.
(v may be positive, negative, or zero.)
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If we choose now % and v as the Cartesian variables and
express all other varizbles in terms of these, then we obtain
again figure I1.1. Note, however, that the linc y-=0 is not a
boundary of the area of feasible points. ' \

We now turn to examples intended to introduce the reager,
to some of the complications that can arise. These exaniples
will deviate only slightly from example 1, but the deviations
will be sufficient to alter essential aspects of the problem.

One of the speciai features of example 1 was thefact that the
originof thesystern, Viz. Xy =x,=0, was afeasiblgpdint. Wenow
turntoacasewhere this is not trueand wheretheré may besome
ditficulty in finding one simply by inspegt\iqg the constraints.

Example 2, x4 g g 220

Xy ~2x, +x4;=';§z

[+ X+a= S

Minimizewx,; ~x,.
www.dbraulib&'hf'y-olf.?:fjfﬁ

¢

Fig. v.2

(Figure V.2 containg twe dotted tines, marked (o) and ©?
which do not concern ns at this stage.)
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Example 3. —2x,+ Xyt -2
— X +2x,—x,==8
Xp Xy rxy=35

Minimize x, -x,.

(n (3) <\
7N\S ¢
« \J/
(4} <u:S
“\ \:"\,\\
/ ’3\\"

{:::' rlil‘-;mr'{%org,jn
SN

&N {5)

The constraints are Qgiﬁmdictory for non-negative variables.
This can be demonstfated by nwltiplying them, respectively,
by 1, —1 and l,fﬁs}d adding. We obtain Xatxy+x=—1,
which is clearly Tmpossible, Studying the shading in figure
V.2 we find, iideed that there is no feasible point anywhere
in the plang, )"

The nextrexample illustrates a case with a feasible point
thatdids on three lines. 1t is clear that if this point is taken as
ba,s@\ hen one of the b.yv.%s vanishes, because there are not
p‘f}éugh lines from which the point has a positive distance.

\/ Example 4.
2x;— xytx,=4
xl _2-7C2 ‘i‘x4=2
Xt Xgt+xg=5

Minimize x, —x;,
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Finally, consider the following example:
Example 5,

—2x) +xy fxy=2
X —Xp+x4=2
Xy +xp+xg=35
Minimize x, —x,, (

A\
(1) O
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In this case the line x,~0 is parallel to the line x, —Xyr=0
and hence all feasible points of x,—0 produce the same
minimal valuc of the L.F.

The algebraic consequences of such complications or
peculiarities will be considered in Chapter VII, while the
following chapter deals with such straightforward cases as 2N

{
exampie |. (.:\ :
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CHAPTER VI
ALGEBRA OF THE SIMPLEX METHOD

Chapter IV has served as an intreduction to the $.M. and,
in the present chapter we derive its fundamcntal features by
algebraic means, N\

Systems of linear inequalities, without any optimi;ini;‘ Te-
quirement, have been studicd and the reader will find rélevant
titles in the bibliography of Ref. 15. We shall net/gnter here
nto any detail, because these papers have ot ,R:Ej\to practical
numerical methods, ’

We consider the problem defined by ()¥and (2) of TV.1
and assume that 2 b.f.s. has been fouhdr Let the b.v.’s be
denoted by Ky o s Xy and the n.b.Y‘.’}(whjch have the value
zero} by x,,,,, . .. '3 Xope The m consthatifits raay then be written

T L e % - gat;;,q_kl,-xmﬂ—i-. o) (1
. - i VLOOTE . X .
for juryy, A BRALY tHiSiset for the b.v.’s we obtain

mn N n—m
N
Koty ='f _Zfda‘- E) [b t -_k— laiem+k txum+;:] . 2

fors=1, ..., m. im’\
The d,, are h%eicmcnts of the matrix which is inverse to

that given by, thevefi-hand sides of the constraints, as written

N

in (1). We cald the latter matrix the ‘matrix of cocfficicnts’

of thE' b¥?s. The d:; have the fundamental property
that Nu,}de v»=1for j=¢ and =g otherwise, and also that

a;;s\ﬁh-:l for r=s and =0 otherwise. In (2) there also

I3
:aﬁ:ear expressions

n
Z aum-..k édts
r=1

which we denote by Zupmyn FOT uniformity, we also write

:Z: ]dt s91=2,,0 and have then, by (2)

Fua™ Zyeg _kzlzusum+kxu-m-:—!c‘ . . (2&)

4
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It can be verified by using the fundamental properties of 4,
that z,.,,,,_. can be thought of as satisfying the cquations

Fpparei =y T e & AL :_aﬂmjzumum+k * (3)
forj=1, ..., m; k=1, ..., 8- m.
We also want {0 express the L.F, in tcrms of the n.b.v.%.

Therefore we substitute for the b.v.’s and obtain ¢ \“}
C: -\— (‘i-’b‘z‘.&eﬂ _{_ Z {Cu-m-{-k = 2. C'uszuaum | .‘.-] xﬂm-{.k- \:’. (4)
§=1 k-1 | ™
We can rewrite this as 0
n—m

. < )
C_‘:OO_.LZOum-I-?cxum+k * AN s (45)

wherc aw\/
" $

m 94
Zgg= E.l('bﬂszﬂa() and Loum " 2]‘{‘1{{2&;' it T Crimane
= A=W

Since the values of the x,,_, are, zer0, thosc of the x,, arc
Zygp, antd the value of C s z,, \W:c“fr%bfi?lgg%{?é RRE&HR of
these values, each multiplied bivits coefficient c,,.

We assume in this chapterythat the z,,, are posilive (not
ZeT0). -

It can be seen from ({h) that if the z;,,, . are all positive or
zeto, then C canuot(be further decreased by increusing any
of the n.b.v."s, Ofkthe other hand, if some z,,,., is negative,
then an increagdyof the corresponding n.b.v. will decrease C.
This situatiofsts“somctimes described by saying that we may
mierpret (3} {8 mean that an activity, to which x,,,,, refers,
Is equivdlent to the combination with weights .., of the
activifies To which the x,, refer, and that C can be teduced,
if theXcost', i.e. the coefficient, of the single activity Xgp 19
smdiler than the cost of the equivalent combined activity,

~\ruade up of the b.v.’s of the stage which we have reached.

3

I}“ there is more than one variable which could profitably
be increased, then we are free to select any of them. No simple
rule_ can be given which would tell us with certainty which
ChOlF:e leads to the final result in the smallest number of steps;
but it has been found to be a good plan to take that variable

with the smallest (most negaiive) coefficient.
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We repeat that, if all cocfiicicnts of the n.bv.s in the
expression for C are positive or zero, then U final solution
has been reached,

2. When we increase one of the nbov’s, say L, from

2870 10 Xy, the value of x,,, beconies (sec (2)) A\

x.r _ — - 2 &
u.~=_Z!uU Slstimon s . I S
<Y

Now if Zueumsy 1S DEZAtive, then ap | nerease ol v, 2% hereases
Xu. a3 well, and jts value certainly remuains pasitive. But if
the coefficient iz positive, then we must notiacrense the value
of x,... beyond S A Thcrefore,\siﬂce none of the
b.v.’s can be allowed to become negativefwe nake x”,,. ,, equal
to the smallest of the ratios Zuo Zyaga (5=1, ..., m) with a
positive denominator., If the smallestof thesc ratios occurs
for s=r, then it is the variable x,which will be made zero

and thereby dropped gr e *basis, by making x, .=
AT ST H] e
zu,ufé;fu‘.;jﬁﬂyé’fﬁgcfc?ﬁ%gf .é?gf\}&ll then have the values -

=ur

A0~ Zatgaum i

m\ Hridmt

and will thus s\t;e‘be’ Positive (or zero in special cases). The

new basig* ig the'same as before, except that X, has becn

replaced BY(Xhnin We express the new b.v.’s by the new
n.b.v.’s, dé/the same for the L.F., and start the next stage,

#

34 Every stage we are faced with g set of constraints
»Y%:h, collecting all variables on the left-hand side, can be

JWwritten as follows:

e
Xy +kg.lzusam+kxum+k==zuso (s=1, ., <y 1)
R—im

C +k_§_:lzﬂum+kxm+k=' Zop-

* It follows from the argument in Section 7 that it i3,

vs fr 3 in fact, iai
of the definition of this term, ™ 136t @ basis i the sense
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These cqualions can be written in tableau form, thus:

x'.t_m,+1_ Kentn Fun
i Cumtt, Cotman Ciin O\
! N
! "\
Cuy Vg Zue Zrgumes Zu vamth Tugun ¢ N
! i
(“ur ‘ :\'_'c_.lq_— ! z!f.',rﬂ zurum Y Zléru-'m+k zigﬂ;:ﬁ~
i i < “’~\ h
Crg | Xy ! Zymd Lientim-1 Ttmit: Lt mitn
I |~ = Y, N
E .i Iyp < D1 z wmi-g\'\ " Zgua

The underlined svmbols are label§ ef co‘mmm and rows,
while all other entrics are numerlcaI ax(]g the zﬂ il glartlcular
are positive, The ¢, , ..., Cun, ar&; 2hé ToE c1en%§1 B first
expression for . If the b.y, s do not appear in the original
expression of the L.F., themin the first tablean 24=0 and
gy ™ — Compeson This wads'so in example 1 of Chapters IV and

If we want to n{mlzc {maximize) the L.F., then a positive
(negative) Lou,,_‘%dlcates a variable x,..,. which could be
brought into.the basis. (Remember that the entries in the
tableau oth¢f/than zg, and z,,, are the negatives of the
coefﬁmen{gdn the equations (2) and {4). ) Having decided for
Xy Sy, we divide z,,o by Zyq,,, 0 those rows in which
thedatter value is positive and take that x,,, out of the basis
. »hich produces the smallest quotient, In this chapter we
a,ssume that there is no tie between those quotients which we

\ comparc

As we proceed, changing the set of variables at every stage,
we could, in principle, solve the set of the constraints again
and again for those variables which becomc basic, and con-
struct our new tableau, Foriunately, this clumsy procedure is
unneccssary, because we can give rules which tell us how to
transform one tableau into the next quite simply.
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4. We assume now that the variable to pe dropped from
the basis is denoted by x,,., and that to he introduced by
Fumiae Then z, ++7>0. From the equation

N
, N—ix o Z \"
K= 2 Tz R Sy i T a
. k=1 \/
we oblain, first, W\
N
H—wm 3
| - zﬂ]'” o ] ,‘:;?&"‘6‘
Fatvmpn T z T Rupert - = -, TR\
Toewmih EETE T NGH: rtl ki
k=1
S )
and then, by substituting for Xyppap N gfhe other cquations,
H—rm ,\
- - 7N N -
1 s _p \G . “uatmth
T [thsum_;_k T T T Zamgma | A kT _ 7 Kur
P Urtim+h ™ 3 IELEEIEN:Y
=1 I

[y v,’.
wwwﬁbl'aulibral'y_or«gyli
_ ol e i 4
s e
L z‘!&rnm-}-h
for s - l2 ceeym, bl{b}rr, while the equation for C can be trans-
formed into th%s;{me equation, replacing Xy, by Cand all i,
whenever it ADDCATS a3 3 suflix of z, by 0.
~ We write the new row for Kouwmes I0t0 the place which has
Just been ¥agatcd by x,_ang the new column for x,_into the
Pace \ghgrc Ky WS,

Let 68 introduce the T, ollowing abbreviations:

..' ,
'% for Twert ot pd Zrprgy wa When g24 F,

k| :Z, S""I fOI' - 1"IZ'1H'um—' na and
W% S forzy,

"4

bt Dy e
Also, write

;rk f:(JI' Zumm—_t-x:ffzumm o When b A
T, forliz
Fﬂ for zurﬂ-"zurum_;ﬁ'

The value Zurwminr Which appears
the pivot,

»
Urtlm+ky an

in all these expressions, 18
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With these symbols, we canwrite the new (ablean as follows:

| Xuwgs RFER - 2y,
_ _I.. | - ’
i Comi b Cur s \:\.
oy - v z - O
(S-r-r} us .X..l,-s_ i Zo =8 10 Znsum—'.‘c'_'SS“HrHM+k S". N/
|
it | Xt C 8z S Zirumi '“T?S"‘“ ‘
.. " ——_— . ¢ '\,
- — | ~
C i 200~ SoZun Ioimer S0%umngns —S0
or alse as follows x.\\':
Ry
. ! ! Y
(s£r) Cus X Zp— Tpiumen Tosm e 3 T eZusumen "~ Zusumen Th
_—— : Y, N "
¢ T X - R :
~ WRLLR ! u ‘g\}m;d b['aji_jﬂlb]“al'y.org.”?-k
— — —_ — L - o
‘ ¢ {700~ ToZ0ug S Town s Tiowmen —Zowmen Th

8

Both forms are usefulAnd the reader is advised to express
them in words, and pesshcck his knowledge by the tableaux
in Chapter Tv, \ﬂ-‘ﬁq"mustrate the rules of transformation.
These rules are greatly simplified if there is a zero either in the
column or in thardw of the pivot. Tn the former case the whole
Towremainguchanged, andin the latier case the wholecolamn.

Ha\'ing\peff ormed the transformation, we can check the
new tabldal by the formula which defined z,, x> Where the
H, New the subscripts of the new b.v.’s and the Hyy, o thosE
ofthe new n.b.v,s.

«/3.The variable which we have introduced into the basis, viz.
Fumins IOW has the value 2 n 10 =Zuer0! Zuratmarnr AN the L.F. has
been reduced by 27, wtb0  Zownpae 1 the second factor is nega-
hve, then this ‘reduction’ will also be negative, i.c. the L.F. wifl
beincreased, This happeny when we wish to maximize the L.F.

When the new value is not zero, then the L.F. changes from
Oue tableay to the next, and always in the same sense. But

N o,
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&\ S We shall refer to jis columns as the O-th, Ist, ..., a-th, last
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since only a finfte number of b.f.s.’s exists, these changes can
not go on indefinitely, because we can never come back to an
carlier value of the L.F, Hence the process must terminate,*
{The case when the value of the new variable in the basis, or,
of any b.v., becomes zero will be studied in Chapter CHRPS

7'\

6. We have now completed the description of they SoMLL,
apart from some complications which will be resolsédin the
next chapter. But the detailed computing routing hegd not be
preciscly the one we have used and it may b’c.'\)f vaiue to
describe a variant of it. Detailed analysis SRtb¥ 8.M. shows
that at every stage it is the set of zy,, which decides the
selection of the new b.v. and that, ouce’this has been chosen
a8 Xy, 58Y, Only the values z,,o9fd z,,,,. ., matter. It is
therefore reasonable to enquire wifesher these relevant values
could be produced by some gbher’ method. We shall now.
exhibit such an alternative, witieh we call the Inverse Matrix
Metho@ (IR MIPRBF%R8R which will presently emerge.

We repeat, for convenigite, the following definitions:

mo i
Zrea ™= rzlg‘(’!s:&r-’ Strumir— zldfsaumHé
2N/ (e

m

Zoumed lcu-xzi_f.sum+k ~Comir L0 2, CaZonty
o\ i=
Congder by ay Gy O
thethatrix .
N\ = (M), say.

\ 9 bm U1m o 0
-0 —¢, 1
respectively,

Let the b.v.’s be Xuys vo oy Xupy and extract from (M) the
matrix

Dyt 1 0
= {4}, say,
aulm aummo )3 ¥
Ty “Cum

* Some b.v.’s removed from a b.f.s. might reappear in a later b.f.5. thougl,
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Also compute the inverse of (4], l.e.

"'.‘-211 d‘m i 0

. -1
dlm . d-m-m 0 . (A) '
Z I:‘1-'-3"'1{15 Z C’usdm 31
s s (O
If we omit the lust row and the last column from (A), then v’(é\
have the matrix of the coeilicients of the b.v.'s. Tts inversg is
the matrix obiained from (A}~ by omitting the last pew and
colummn, '\'\ 7
The inner product® of the x-th row of (4)~*3od the §-th
column of (1) is, of course, zero when e+ 3 aqd unity when
z=p, But if we {orm the inner product ofth;QSt row of (A)y!
with the #, ,;-th column, which is not ind{(A4), then we obtain
? ; Cusdfsaum-l—kt_:_ L. (_C!f-m-i-k): Z '{?Lésjz"ﬂs'tAm+k_Cum-}-k:‘?ﬂum+k'
i . w‘fm&a,dbra ulibrary.org.in
If we compute all these inner products, then we ‘can choose
the variable x,,.,, to be introthaced into the basis. We must
then find x,,, the variable whith should be dropped from it.
To this end we have toffind the z,,,, and z,,,,., But these
are, respectively, the jnpet products of the successive rows of
(4)* multiplied tyéthe 0-th and the it,,.,-th column of (M).
Also note that the Imner product of the last row of (A)"! and
the O-th colump 97 (M) is
: ’\ E 2. Cusdtsbt Z CousZusn ™ Zope
) :\ s f 5
Tﬁﬁla’trice\s (M) and {4} can, to begin with, easily be
wiitteh down from the constants in the constraints and the
L (4) has a last column consisting of 0’s and a 1 at the
“\bottom. But we want also to know how the inverse matrix
“ of the next stage can be found by an easy routinc. We assert
that the transformation is the same as that for the tableaux
n the 8. M. Using the first form of this transformation, we
can write the next inverse as a product of two matrices, viz.

* The janer product of a se anc ;
@i, £ abe, & st (my,. ., ayd and 3 set (B, ., By) is defined as the sum
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I 0 -5, 0y
(0 1 -5, 0|

0 Q -5, 0] !
00 -5, 0 \\
0 0 —S, I {

Ny
The proof is quite straightforward and need not be giw:_i{ here,
1t is carried out by compytin g the product of 1hi§ ilew inverse
with the new (4), which latter differs from the Jarsvious one
merely in that the spfix Hy 18 everywhere toplaced by the

SUfiX i, .. If we temember the deﬁnitionsQﬁ.S‘5 etc., the result
follows at once, N

7. We have just seen that the im?i:}sa matrix is z;t every
stage pre-multiplied by another matkix and we notice now
that the value of the determinand.of the latter is =Sy l.e.t_th;»‘
reciprocal of the pivot. 1 W8 that at every transformatio
the Hét’éi‘ni'flii'ﬁ%‘iﬁ%‘% 'f%%{%ﬁplied by the pivot. The latter
is always positive and hejfice, if we start with a non-singular
matrix, none of theAater matrices of cocfficients will be
singular, We cannotiassert that the determinant will be posi-

live, because the digh depends on the order in which we put
the rows and c6llimns.

8. As anilustration, we again choosc example 1 of Chapter
1V. We have

P\ 2-2 1 1 0o o ¢
OGn--{2 1-2 o0 1 o 0
§ == {5 1 1 0 0o 1 o
2\ 0 1 -1 0 ¢ ¢ ;
E‘ Zyan Zyst S;
10 0 oy |75 T *f
—a1= [0 U 0 o0}, L2 1 -
W=t2={g o 7 O G 05 1
0 0 o 1 | 1 1

(The meaning of the ¢nlries on the right of the dotied line
will become clear presently }
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[nner product of the last row of (4)~! Zuwp  Zua 5,
and the columns of (M) not in (A) ] 1 -1

(o) () -
Hence the now b.v, is xy.

To continue, form the inner products of the rows of (4)~1
with the (-th and the 1st column of (M), lo obtain z, ., and A
2, The results are recorded in the appropriate c:olumns,,\r N’
above, to the right of the dotted line. The smallest ratia,)
Zuet' Zuny, With positive denominator is that for w,-- 4. Wg‘c}m
now find the §, and S,, which have also been recgndqd, in

&/

the last columin on the right. N\
The ncxt tableau looks as follows: \’
. zuel) Zua‘z\ ; Ss
(x) 1 2 0 0 6 =% ~1
@) 0 1 0 0 2 N —2
X3 0 -1 1 0 3 QY3 -1
6 -1 0 1 w:@:\gg,dbradljbrary.01‘g.ir1."'3
2 1 —1
N (xy) (xg)

chc; X, will be made &\b.v, We compute z,, (recorded
above), find that the pew h.b.v. is x;, and compute S, (also
recorded). Similarly ’\\?\'c' obtain

K

> P Zya
(b 1 o™ 0 9
x) 0 %Y 23 o 4
() 02513 13 0 !
=23 —13 1 . =3
;;.'\\ —3 —23 -1
AN (xy) {xs)

»;"T_his is the fina] tablcau, because both z,, and zy; arc negative,
Y1z, =23 and —1:3,

901t is worth noting that the inverse matrices (4)7" are
already implicit in the Simplex tableaux if, as is often the case,
We start off with variables whosc matrix of coefficients is the
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unit matrix, and which do not appear in the original L.F, To
show this explicitly, remember formula (3) of this Chapter,
We can also define values z,,,, for - 1, ..., m satisfying
similar equations. Tt is evident then that z,.,,—! when s
equals f and=0 otherwise. N
We now introduce the concept of an extended Sfmg!éx\
tablean (as distinct from the earlicr contracied tableau), w‘hkh

nas a column for each variable and looks as followsi_..'}ﬂ
_ __;1. _ —% .
O I I
Coim Ko Zumd ZhiN  Zugn D
_‘ﬁwmmmigﬁarv.glq%{.ili":&m Zon 1

Those columns which havethe same label as onc of the b.v.’s
will, of course, be very simple indeed: they contain zeros
everywhere except u{ ihc row of their own variable, where
thereisa I, Note 4lse that we have added a Jast column which
has also zeros eyerywhere, except at the bottom, where there
Is again a 1\

If the original b.v.’s were x,,, .. oy Xy say, and their
matrix Of, coefficients was the unit matrix, then g,,; 0 for

i#,{z\i:i}d =1fori=4 C onsequently {compare (3) 3,

,\"aﬁ'a’jz SZ ausjzn-sU§:I and Hy= Z ﬂuk;,-me:O if ITJ'.
2 X x

i This means that the matrix which has @y, in its f-th row
* and %-th column js the inverse of that which has Zyemp i1 1tS

#-th row and &-th column. The latter is ()%, apart from the
last row and the last column. The cntries Zpy; 1Nt the last row
equal ; Cufury— Cop DY cOMstruction of the Simplex tableau

and hence are equal to the corresponding entries in the last
row of (A)'l,_because ¢y =0 by assumption, The last column
of (4)-! consists of zeros and a final § at all stages.

»
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It {s a conspicucus f{eature of the LM.M. that at every
stage we refer back to the original coefficients in the con-
straints. 1t can therefore be assumed that the effect of rounding
errors will on the whole be less in the ILM. M. than it might
be in the 5, M.

10. In our routines we have only considered b.f.3’s. We (),
justify this by showing that ifan optimal £.s. cxists which is ngtd
basic, then at least onc optimal h.fis. also cxists. We shpiw,f
moreover, that if the sets of variables that form optinal
b.fs.’s are bounded, then any optimal f.s. is a lingabtom-
bination of optimal b.fs."s, \\

Suppose we have an optimal f.s, We mayN\@idmber the
variables so that the positive ones are xq, , {w‘x(. Consider

the matrix ‘0
tiy i ~x\
Tim iy .dbraulibrary.org.in

If this matrix has rank r { = ¢280% then we can assume, with-
out loss of generality, that &y
£ig4 [

o) 0,

\ ’dlr Apr
We keep Xpial Oy ., %, constant and solve the first r cone
straints for ¥ ., x,, obtaining

O
N Xe=voowx, g =1, 000k

wlﬁ'}r-*-lb"O, then also x, 4--...=x,=0 and {by simple
N\ g}g%]ii)ré_uc consid;rations) we can find a mxm matrix of
) Coellicients of which the non-sin gular r X ¢ matrix given above
fon;]s apart, Then x,, . ., x, are already 4 b.£s.
ﬂleni;glc::np;}?ltg}e’ a}?d also all x; (5-:1, cres ¥) are gositiqe,
d%rcasing i ‘g'ﬂy change x, .y, either by increasing it or by
negati i, without making any of the positive variables
gative. Therefore we must have wy={}, othcrwise one of

C=vy+wyx, .




38 THE THEORY OF (GAMES

these changes would decrease C, and yet € was assumed 1o
be already minimal. All solutions obtained by changing x,,
cither way are, therefore, also optimal.

Now decrease X COntinuously until cither 1tself, or at
least one of the x, becomes zero, We can alternatively in-
crease x,.; continuously and this will cventually cither makea
one at least of the x, vanish, or the oplimal set turns out to ge\
unbotnded. We have thus found two optimal 75.%s with &w)}
positive variables, of which the given optimal f's. is,a'j.linear
combination. Continuing in the same way, as fur a8 possible,
our statements are proved, '\'x."

It is now easy to sce that they remain lrﬁeﬁf everywhere
we omit the word optimal. The form of JHb L.F. is then
irrelevant to the proof and thus we mayyeheose € identically

equal to 0. Then every f.s. is optimq}Qﬁd the assertion has
thus been proved, Q)

\¥,

£ ®

Y N
. - R Y
www.dbraullbrary,org,ln“,::"

\

)

™

S 2



CHAPTER V11
DEGENERACY AND OTHFR COMPLICATIONS
We have already hinted al possible complications and the

time has come to face them, [ifficullies can arise in the
following ways:

{8) We cannot sce how to start off with a b.fis. Tn fact, it .3
may be that nonc exisis, \.

(b) The rules for carrying on fail, aithough we havc@d’;
reached the final sofution. AN
(c) Thecriterion for the choice of the variable to bg}@xc?ppcd
from the basis does not indicate a unique choicey 4
(d} Some of the h.v.'s are zere. N
9\

2. Tt is sometimes quite easy to find som@b‘.‘f.s. to start off
with. This is, for instance, the cuscowb€n the system of
equations originated from iney uaﬁﬁféﬁﬂﬂlﬁr ﬁ‘l‘éjh’é?ﬁlhﬁﬂa' Re
ha}s_the same sign as the additionalwariable. To give a less
trivial example, in the transportaiion problem we can choose
anycon}bination (I./yand make¥® cqual to thesmaller of a;and
b;. Having thus disposcd ofither g, or h; completely, we obtain
a reduced problem whigh can be attacked in the same way,
and so on, until a firgab. (s, is reached. {(For a first b.fs. in
the formulation af &amcs problem see 1X.1.)

3. Now agsidpt that no fs. can be found by inspection,
Let all bysbe/non-negative, it necessary after multiplying
equatl()pgby _—1. Let there he &< m variables such that cach
appearsrenty in onc equation and has a positive cocflicient,
‘f‘?i'.sal * (ke may, of course, be zcro.) Then put these x; equal

'.Ip.ﬁf:f}'«;;‘ and all other variables zero. Thus equations will
' ,nﬁf'fﬁgl:ied%?ut the remaining m—k equati_ons willl, in general,
o arr.‘ﬁ _e! :hereforc apply the following device: we add
on cach ificia non-negative variables X, i1y 0 ve Xy o ORE

ach of the left-hand sides of those cquations which remain

We reserve
the exprescion *addili . ‘g . ,
to H *pression ‘additional variables' for those wh
tarn inequaiity ngo mn ooional r those which are introduced

39

E

N

WA



™

\ 3

60 THE THEQRY OF GAMES

to be satisfied. Let us assume that (hese are the last sm—£ of
the set. They then become
apxito Fagr, tx, =5 (je=k+1, ..., m

Making x, .z ;= by v ey Xpam =Dy, We sutisfy these as well.

We do not want to have the actificial variables in the fing
solution. Thercfore we introduce them into the L.F. as ,w\'eIT,“
with large coefficients M (if the L.F. is to he minimjzed) or
~M (il it is to be maximized), Thus the L.F. bccogneg

oxy L +C‘nxn + Jw(xﬂ+k—1_ T +x71 -'m) ¢*¢
:[Cl:F M(ﬂ']_p;.|1+ . '*.'—ﬂ'lm}] Xy-lao.. ."’,'\
+ [C-n ol M‘ian.n’c ake '_Iaﬂm)] Xy & JM({)?.: St '_:bm)‘

M will be taken to be larger than any nbwiber with which it
is compared during the process. Hencg, &f there is  fs. to the
system with the artificial variablg’jcqua{ to zero, then we
shall reach it, because a L.F, containing M in the above form
will not have jts optimal valug.* If, then, we reach a final
solufion nd. i seatqing-gady of the ardficial variables with
non-zero valucs, we can wonclude that no f.s. exists to the
original system, On thewather hand, oncc we remove an arti-
ficial variable from/he basis, we nced not consider it any
further, because wehave then reached a b.fs. without the aid
of that varia Ic:\\vhich has become superfinous,

_ 4. As an illusiration, we take cxample 2 of Chapter V. We
Intreducesaw artificial variable X, into the first cquation
QO —2x; 0y + Xy —xy= —2,
3251\@?%86 the L.F. into x, —x, +Mx,. We start with x,=-2,
;gl? » Xp=2, and express the L.F. in terms of Xy, Xy and oy
I15:

f' s M — (14 2Mxy + (1 + M)y + Mo,

¥ *1 Xy X
—1 I

X, 2 I -2 G

X 5 1 1 0

M x, 2 2¢ .1

0 1 —1 0

M2 2 ~-1 -
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It is convenient to separate the coefficients of the L.F. intw a
portion which does not contain M and another which con-
tains it. The last row of the tableau contains, in fact, numbers
which we imagine multiplied by 3. As long as there are non-
zero values in this row, they are thercfore overriding. In the
present example it happens that we at once remove the artifi-

cial variable, and the M row ncod not be carried along any ™
farther, The following tableaux are i}
Xy Xy RTR
1 (¢
“tx 1 =12 —i2 1y 2%;\_ 1
X1 =32 ¢ ¥y NAN-3 2
w4 32 12 : N I L
-1 —12 12 N2 1 -1
X @

G . Ay ) .
2}\3‘»:»*““!_?Pj‘auhbl'm‘y_org_m
a3 |
[oxg 8T8 123
N3 -3 -3
The final solution d9§§}lot contain the artificial variable. In

figure V.2 the progrest of the method is represcnted by the
Succession of pgints'a, b, .

1]

L

I

-
Lh fa

3. We h:ay'q sten that the entries in the M-row are
x’\"' be ‘:,alz's LA E“uz

:qhggﬁ;ei ];S;Jm\:gla_.tllon E;xtc{nds over those t which denote
RN thorefore iy el artificial variables were introduced. We
AN With wo t nterpret the f'lzf-met_ho_d by saying that, to begin
O ) Iy tO;lnlmlzc (ot maximize) the artificial L.F.
. bi—x D ay—...—x, Y a,,

ifthef{pl_lmum Iszero, then we have 2
O Optimize the L.F, which reall
EgSIilve, then nofs.exists. The a

¢, because it equals the sum o

found a f.s.and can proceed
¥ concerns us, However, if' it Is
rtificial L.F. can never be nega-
fron-negativevariables = x,, . .
I3
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6. A slightly different version of the M-method can be used
when it is easy to solve the constraints for » variables. We
may obtain, say :

n—

s 2 ZugumerFumes = Suat (s=1, ..., =0, R

Now let z,4, ..., Zy,n bC negative and the remaining z;ﬂ;
{if there arc any) non-negalive. Let z,, ;0 be the (algebraically)
smallest, i.e. the most negative of the z,,. Thcn gnly one
artificial variable, say x,.;, nced be Introduced, Ahbiracting
it from the left-hand side of the 1-st to #-th equafipll. We also
add +Mx,., or —Mx,,; to the L.F, TheJglawing is then
abfas.:

Ky 0, ity = Zgd " Zuaqidy « - -2 Xuy --Zuta’{%),'ns Fe+1= T Eum

K= Zysg fOT $=F+1, ..., m as befdre.

)\

7. Since itggﬂi object of the Mzifiethod to find, first, some
b.£ 3 iRedh %foeijlrx BFENBL.F. is irrclevant at the first
stages. It follows that we can, also use this method to find the
solution to a set of » lafear equations in » variables, where
intrinsically no questien of optimization is involved. In such
a case one would teke, as the L.F. to be minimized, simply
the sum of the artifigial variables, multiplied by M. When they
have been climﬁq\atcd, the selution has been found. However, it
must be remiegibered that in this elementary algebraic problem
only the(atftificial variables are sign-restricted. One must
therefare) either replace each of the others by the difference
of .F‘Yb sign-restricted variables, or proceed as in the M-

cthod, but remember that only the artificial variabics must

\at each stage retain their sign (or become zerg). The reader
4 will be able to find the correct procedure, it he wishes, but we
N

do not pursue this matter further, because we mentioned this
way of solving lincar equations as a curiosity rather than as
a methed to be recommended. We could also invert a non-
singular matrix, say (4), by a L.P. process. We make (4) the
matrix of coefficients of a set of constraints, equal in pumber
to that of the variables, and with such right-hand sides that
* Details of such a system were given independently by 8. I, Gass in Ref. 31,
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we know that the system has a solulion. For instance, wuo i
make each right-hand side cqual 1o the sum ol the coelliviens
of the same equation, so thal the solulion witl he v, - LoWe
add a very simple L.F., [or instance 0. Na opuinisLtiean s
involved, because the system has onlv oue single sulution.

If we now use the M-method wilh r artilicist varinbles, ad
use the LM.M., we finally obtain (A}7 foperhups widy som

permuiation of rows and colmmns, which can casily be triaced

8. Example 3 of Chapter ¥ tequires an sriilicial IR
in its second equation, When the reader carrivs wil JLCEANE
putation, he will find that x; will remaiu in the sl b:cn [
has reached the final solution. This need not SuNirise M.
because he knows already ihat the constraingyAl¥his exumtie
are contradictory, .

X
NN

. 9 Our next c_:xample deals with @ Wefae where there ure
5’5, but no finite minimum valugsiPritdbraulibrary org.in

b bt

\'\ Minimize v, —x,.

Egﬁ;ﬁ?&?ﬁlg gxcept that the sign of x5 has been Jhingad,
Straight lire _Frnl_?- {comipare figure V. 1) this means that the
%10, T{ms thzllt er-t—'Sfexcludes now th:t side which contains
e l:mbomfcslicl‘d O\Vthe planc which contuing the feasible
i Ghapter 1y oy . We can reach the same final tablean as

with example |, cxcept that the signs of the

Eiries in coly T
x5 are changed. This would sugeest that x,

ought to i :
a P‘}Siﬂ\ff?grﬁ;?ruiih:hmtm llhe basis; but none of the bov.)'s has
! at column and ules fai
o hus our t .
s which to remoye from the ban ules fanl w tell

We und
erstand what thi I
We considered o] Is medns when we remember why

Stage. Tt wa becaismuos with positive denominators at this
ATiables gt € we wanted to avold making any ol the
irough an excessive increase of the nbhoa s

2\,
'\
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while we did not mind increasing the h.v.’s further, In the
present case, all of them increase when we increase Xg, and
the L.F. would therchy be decreased. Consequen tly, the fatter
can be decreased without limit and no finite s, produces a
minimum value, N
We also notice that by giving x5 Jarger and larger positivé,,
values, we can construct a sequence of £.5.s with -1 1 positiys
variables such that € tends to co. It is clear that g Sinilar
property holds whenever no finite optimal fs. exisigé 3

& 4
10. There is another way of discovering tha”t?t‘hc value of
the L.F. is unbounded. We can introduce daN\%rtificial’ con-
straint with one artificial variable, x, 1 S@Qg Jhus:

Xyt Xtk @

where (1 is a large but finite numbgs 3f there is a combination
of finite xy, ..., x, which producéy’the optimum L.F., then
4

o N X
weehtaia bband thansyaque=n™- ' x;. On the other hand, if
LN 1

no such finite combination exists for the original problem,
then {unless the constraints are contradictory) wc obtain now
a solution to the 119\3(’ problem, because the artificial cquation
cannot contradict_any of the other constraints and ensures
that the x; are\\ nded, However, the expression for the final
values of theé\y, (=1, ..., n) will contain ©, and this will be

E

an indica{i’oﬁ that the original problen had no finite solution.

1V7Next, we take example 4 of Chapter V. From the first

(Qﬂééh

..\’\ X1 X3
" ~1 i
X, 4 2 —1

Xy 2 1 --2

P 1 1

0 1 -1

it would appear that we should introduce x, into the basis.
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But which variable should be replacedt hy i il e
and 472 arc equai and we could chonse el v 0. bt s
see what happens in cither case. Tl second tabdeins wilh T
one of the following two:

Ko Xg : 1
i 5
-1 x 2 -2 [ 2 woouo 2
xy, 0 -32 —12 P |
xx 3032 -1 X2 AN B
- —— : N »‘\\
-2 12 -12 RN\ |

In both cases one of the variables s'mnﬂ.in,im}*?u e iy
has tpe value 7ere. This is & nNECessary. t:o{a\_\'ﬁ’-\;m-r.-;c v the
equality of the two ratios in the earlier e, L the tableau
on the left this does not matter, baedese we L ;ul:s';.d\
reached the final stage. .HOWQ\’e,i".:ﬁﬁl\ﬁiﬁ?{@}:ﬁl&?I.[?H‘S{C(ﬂll.g\li‘:lﬁt
?ﬁiovt;lsulnot’?f;(lw \?'here the var};ﬂ;’&g hag zere sadue ind honee
i, v bez:ran'ablﬁ nowftq \be introduced ine the basis.
e 0 in the pext tableau as well, Also. thevalee

This ia{ter fazinau?,};Qchaugcd when we rc_plucc ay by v
bave argueq ths - u:sMcause US SOME anxicty, Sife W
of the L.F, chariges a‘é C\cr}l:n ;Zl";et:;:gm\m .bCC'fl.l-lHC e L“ .
nol aeeur, % can thercfore n;t ,be (:E:Ir‘;-?‘jk th;i Cl‘-i?ﬂ‘:'-t' e
repeat sapie Sequence of stas be dlrﬂ. .1' .1'1 we du not

I Ij{e'p o stages over and over again.

U case this would not happen. W we carry out

! ﬁ\%than a Lt h a
Il ac Ofx w Aac i 5
,'Iﬁ 3 nd Koy e reach at once the final _'U]ll'.il‘n.

nal val i =
ues will be x,—0, x; = 2 and x, = 3. We notice that

$hose vah ;
N 1h{= .
N s which are not zero are the same as in the fett-hand

tableay abow is i i
POiﬂtinﬁgur:i!Tgllfhl‘s as it must be, because there is only one
Swhichrepresents thesmallest value of the L4,

Thus we did not ge
id i
ot get into an ever-repeated loop, in spite of

our _l'ﬂjsgivin 1 :
is very unlikflsg; Ir;_[lls_. qftcn sald that the occurence of a cicle
- This Is cquivalent to saying that it is di!h'cuh

o const
et gn- .
example where a repelition of a scries of

tableaux does
X Goes in f
&) act oo NG i
ccur, One such examplic is due to
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E. M, L. Beale {Ref. 2). An carlier example. privately ¢ir-
culated, is due to A, J. Hoffman.

12. These examples make us cautious and we investigate
the position further. Tt is possible to avoid the recurrence of |
an earlier tableau by a device due to A. Charnes (Ref, L
ajse 9). e

In a diagram in two dimensions, cguality of the cwjitical
ratios means, as we have seent, that there are more thatitwo
zero variables and hence morce than two lines pasg through
the same point, An analogous interpretation cafi\be given in
more dimensions, byt the simplest case alfeddV suggests a
remedy, The difficulty would disappear if we dislocated the
lines slightly and then put them togeth r’ag\c\in when we have
found the schution., This idea can begiven analvtical pre-
cision, MY

Let a tableau be given and adjust it by adding certain
polym&&adb?g,glhbméyufg&‘asij&rlldws :

JR— —_— N

—_—

™\

\
.
| NV X,

&Aa :"‘?\ Ll +P,
R {

iy zusum:--k

— _E,\iv’_ o

'3

Ttmi

The polynotiials are defined by
NP, = Eus‘{'Zummﬂ g + 2

ln\if&ds, the indices of the & in P, are the suffices of the
mbW.s and u,, Their coefficients are the 7, ., and 7

2l

A%=1). These coefficients are given in the extonded tablean
y (see Chapter V1.7), The symbol ¢ stands for a small positive

number, i.¢. one that is smaller than any other with which it
18 compared in the course of the calculations, We can ensure
that z,, +P,, =0 for all s (even if z,, =0) by renumbering the

variables so that the b.v.’s are X1y o ey Xy il is then the term
* that determincs the sign of P

hat

We new show that this adjustment makes it impossible for
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apy two ratios such as. for imstance, {7400 FP ) Trgma and
{2yt PugdiFugnay 10 he cqual. I the tirst ratio is largcr than
the second withour £, and P, then the addition of the
polynomials does not alter the relation, since the £'s are 100
small to have any oifcet, If the ratios (without the poly-
nomials) are cqual, however, then the relative magnitude of ,{
the adjusted ratics depends on {he ratio associated with thesy K
lowest power of = the other powers will again be relatively
ineffective. All ratios associated with the various powers of\e
cannot be equal, because "1 OCCULS only in the Top' fOr Xy,
and % only in that of x,,. Thus the use of thE\adjusted
tableau makes the possible choice of a b.v. W be dropped
umique, and the value of the L.F. changes a£vety stage.

In our cxample the first two columins, Qﬁ {he first and the

second 1ahleau are now, respectively: Z )

15t tablean A * 2nd tableau
¥y A+2e—224 & i dgradibiafy e in
Xy 2-be-—2ef ot w=lox 2+s——{2+54
X Sceteiiet Xy 33—t
¥} .smx\ —(24e—2e24¢Y

In the first tableau the decisive comparison 18 that of —¢%2
and —2e%1, AfNeads to ihe replacement of x, by x1. In the
second tabledw the value of X3 is not zero anymore, but
positive/Ahé other columns are the same as before (for the
sccand™ableay take the alternative on the right-hand side).
Theuhird tableau will now be

S X3 X4
1 x, g2 493243 1/ —2i
-1 ox 74 233 -3 2/ —1!
X5 3¢t —1 1
—2—=e2- 16931243 -1:3 —1:3

This is the final tableau and we can now pui £==0, which gives
us the final b.f.5. as before.
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1t is not necessary to write down cvervihing that we have
exhibited for the sake of clarity. The coefiicients of Lhe powers
of = appear already in the extended tableau and our procedure
can be described as foliows:

Find first the column of that variable which we want to
make busic, say x,,_. ... Then find all positive 2,3 %y oem s an{f\
compate them. If there is a single minimum, then we/hdve
found the new n.b.v, But if there is more than one b.w, which
produces the minimum, then all these b.v.’s glalify for
further consideration. Take z,,/Z, .., Tor ali {hese b.v.’s
(these ratios are not necessarily positive) ami}k)ok for the
algebraically smallest among them. If therd\ase still tics, take
the variables concerned in them and tcsk\z;,.g-":‘m,,,_,,‘ and so

on, until a single b.v. remains. We'\%ww that this must
eventually happen.*® N

13, 1t mag be of intercst if we added a few remarks on_thc
algebra ofd @E&%E’Wﬁ%&@é@ﬂﬁl featurc is that we obtain &

b.fs. Xy, ..., Xy, with sonie*zero values among them, If for
instance x,, =0, then &9

S

¥y
Layy Uypn_abr
9 =0
A\ \ a’u ]_??1 aum—lﬂlbm

If a matyix constructed in such a way from the coefficients of
m—1 gaxiables and the right-hand sides of the constraints is
singlar, then we call the L.P, problem degenerate.
S me writers speak of a degencrate case if some submatrix
. (&‘ order st of

1 X
o N ay Gt by

By Unm bm

is singular, cven if that submatrix is composed of egy only.

* G. B. Dantrig has pointed out that the addition of g, %, . . . gmtg the r.h.s. of the
constraints, as suggested in his ariginal paper, is computationally equivalent 10
Charnes' modification, provided the additional variables are placed ahead of the
original ones.
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Now if a matrix of the latler type, say

ey, 11 gl
oy
{‘TH]‘?' ﬂ'fﬂ!f.h
is singular, then we cannoet solve for the x,, and cannot sta{t\.
the §.M. with them, In such a case we can show that, if there
AN

is a solution (not necessarily feasible), With Xy, 7 v % Fun
=0, then a matrix of type LV

(ﬂwﬂ Gt 1 O
— ‘I‘)’A o’

2%
Qpym D -1 b'm , \ w
X 3

N
oA\

is also singular, so that the two definttiéns of degeneracy are,
for our purpose, equivalent. Thepreof is as follows:
adirvsw dbraulibrary . org.in

7i
Let IZ,}@{}'JQ;:{]J‘
holdforj 1, ..., m I{‘D1= 0, then we can splve the system
m, 2\J
EN\;J’”’@':Os j:_'la L '7”15
=1

so that one o\f’thé Wy, Say w,, Is not zero. Write x,, /w =5, say.
O =
Then' \ :'\ }_, Xy —swik=b
L 4 3 =
hQI?}for all j. But x,,—sw;=0, so there are not more than
=] non-zero terms on the lefi-hand side of the equations
"y dnd hence a matrix of type Dy is also singular.

14. Various other adjustments have becn proposcd whfich
may be preferable in special ¢ases. Thus for the transportation
problem it has been found possible to introduce an ¢ of fixed
magnitude which allows one to obtain the final values ¢xactly
by omitting the decimals which appear, c_iue to the chosen
. value of e. This method is very convenient in automatic
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computation, where it is inconvenicnt to keep frace of the
original order of the variahles. (Sce Chapter XX1I, footnote
on p. 366 of Ref. 15)

15. Wc come now to cxample 5 of Chapter V. The tableaux
are as follows:

: : ., &\

X1 Xy Xy ):,z\ ‘.
-1 1 ~\ T
X 2 -2 1 X, 6 N+
x, 2 * -1 =1 ox 24 1
X5 3 1 I EW 3 1 2
o 1 -1 A2 -1 0

7

The second tableau exhibits the ﬁr}a'l:}olution, but we have
here a feature which is pew: zgy is'Zerc. This does not induce
us towarsy. dhequbibrssfudbgndeg the L. F. wonld not change
if we introduced x, into the basis:

an
N

N X X

PR TR 1 I T
S A T Y

R N C O R

L D
/

\<&" -2 -1 0

Wt;'f;éhd now again exchange x; and x,, and so on, We see

ta zero among lhe z,,. . indicates that the final b.fs. is

_\not the unique answer to the problem. By lollowing up all
< “such possibilities, we obtain all b.f.s.%s.

When we have two b.f.s.’s, then any linear combination of
them is also a f.s., though not basic. Geometricaily, in our
exampie, all points on the line between x,=x,=0 and x4
— x,=0 give the same minimal value to x,- -x;. Algebraically,
they are given by the values x;=2f+34(1 —1), x,= 141 —1)
xy=6t 1 THL -1), x,=0, x;==3t, where ¢ is any value
between 0 and 1 (inclusive).
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16. H may be added that, from an algebraic point of view,
the appearance of & Zgy,,,=0 means that there is some «,,,,

"
such that Crmsr™ 2 Crafustims:

s=1

But by definition we have also

A
Jrl‘ ":}

~ - f—
Figeri ™ Fsifysum g forj=1,...,m (u’g’
s=1 2
)

(Chapter VI, formula (3} ) \\:\&V

and these relations, taken together, me @ the vectors
((I‘H 21y - -0y G, n} \{'
With =g, . . i1, AT DOt mdcpcndéni
This can easily be understoodwfrom cur graphical

representation  (Chapter V). Jﬁ‘z@msauﬁ‘ﬁ}aﬂ;&%r s
constant on one of the sg?sag it lines defined by the
constrainis, We see, also, *ﬂxat the condition is necessary,
but not sufficient, for an mf‘mty of solutions to exist.

§<\§}



CHAPTER Vili
DUALITY

Consider the following two schemes:

N m O
>; (tf'jvrx'zbi \L QP Nag v ¥i= Oy \\ -
i=1 i=1 %
(j=1,...,m) (;‘:I,..,,N}(NS
all x; non-ncgative Vi e s BN mmncgatwc

no sign-restefefigh on the v,

N\ D)z
Minimize 3 ex,=C M{xﬁhlze S biyn_;: B
1 v i

On the left, we have the ['Elmi»lf?i[‘}L P. problem, with m
constmmihfﬁﬂhhmbbewl@lmﬁ rieht, there are N equations
in N4m variables, of which¢M &re sign-restricted, while the
other m are not. We call sucz‘r a pair dual sets of equations.

Now choose m vana'odgsvxm for which the eqtnanns can be
solved. Also expresg*C in terms of the remaining variables
Xyman =1, .. "2 @;x—n say), This leads to

g\\‘ ) n
\ Xie=Zuw— 2, ZusimssXimik
£ ) k=1
PR
X \© i
'\’ / C= 7y— D Zoima s e
A\ K=t

\Turnmg to the system in ¥, we eliminate the yx,; by first
ol\»lng the m equations with ¢,, on the right-hand side for
¢ \ 3 thcm (which is possible by the choice of the x,). We cbtain

\; W
/

YN 4= 21 (€0, — Vi dedis
$=
Then we substitute into the remaining equations and have
Yiumer™ Cumsnr _zlaum-:-kiyf\"ﬁ
j:

i ' 72
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I3

v) - -

z
1

= =L
“Oumi kT Lstim k¥ aes

T

»
zl(ﬂ‘m _yus)znau'_'

Ally, (s=1, ..., m) and y,,., (=1, ..., B) are, of course

B

}.— Zuaoy'm'

s=1

sign-restricted, )
s W
2. With the following change of notation, viz. ;":},
ald TeW old m‘&@
k i RN\ Y/
Fitmei Xy yu; » Puors
Zuap - b_.,— CT\ZUD c
Lot Rig "B_ZO'D B
Zﬂ!’. ik — &y A\

and remembering x,, =0 and ek Qgﬁi’@m@lébﬁawy‘iw@dﬁand
(Y} as follows:

.'*
TN

L] ol | mo-

S N 3 -

2, Xy by A 2 GV 3G

i=1 £ i=1

Minimize C= D, Maximize B= Z bV s

Two sets of thls\‘orm will be called dual sets of mequal:t:es
They are equwalent to dual sets of equations, provided there
is a b.fsytalthe latter for which the system can be solved;
this is always possible by extending the system by the M-
methed Lif necessary.

Samparing the two sets of inequalities we find that the
nu ber of variables in one schemne is equal to the number of
i‘ﬂequahtles in the other, The two matrices are ‘transposes’
) of one another and the constants on the right-hand side of
" cach scheme are those in the L.F, of the other. Also note that
we minimize the L.F. of that scheme where the lefi-hand side
18 larger than the right-hand side, and maximize that where
the opposite is true.*

* In this book we denote a L.F. to be minimized by € (for ‘cost’) and a L.F. te
be maximized by & (for ‘benefit’),

N
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The pair above is a slightly generalized form of that arvived
at in the theoty of games (in 1T1.4), because there the constants
on the right-hand sidc as well as the coefficients of the L.F.
were 1. [n any case, the results which hold for the dual sets
will lead to results for the theory ol games and we shall use
this idea to derive yet another proof of the M.M.T. a
28

3. To compare the results for the two seis we write in‘em
down in our familiar tableau form, again LOHCL\LI{I%.-, all
variables on one side of the cgualions (X} and (Y)."

7

— (& __ . -
T | AN\
Vu,,@.e P ’ } g0
@ Zorel) Tnamtk | ye ark : ¢ “)‘hum k — Zusvmtk
. I‘ T
£ N \ Zgp Zysn

T
www 3%1 -auliBrEE “.ong.in

The similarity of these two sa’oledux is conspicucus. The sub-
scripts of the rows of r,me those of the columns of », and
vice versa, The entrics in® the first column of the x- tdblcau are
those in the lust tpw of the y-tablcau, while the remaining
columns of thc'fﬁ;&er contzin the entries of the remaining
rows of the latter, But with changed sign. The most important
fact, howeyer, is that, with the x- and y-variables chosen
correspondm tly, the values of B and C are equal.
As the™set of the x,, changes, that of the y,,,, changes
simulb&neously in such a way that the rclation between the
wWoSableaux remains unaltercd and, in particular, the new
lues of B and C are again equal. The rules for transforming
\ the y-tableau can be derived from those for its dual; alter-
nalively, we can argue ihat the rules express merely the process
of eliminating one variablc from the basis and introducing
another, and that therefore identical rules must apply to boih
tableaux. Both arguments produce the samc result. This is
due to the fact that each of them leads to one of the alternative
descriptions of the new tableau in V1.4 which describe, in fact,
the same relations.
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Let us assurne that we have found the optimal f.s. to the
maximizing problem, The -z, .., will then be positive or
zero, and so will the 5. Now turn to the minimizing prob-
lem. Because the z,,,, are non-negative, the x,,, have the correct
sign, and becanse the zg,,, . are non- posnwc we have again
reached the final tablecau. Consequently, the maximum of B, C

equals the minimum of C. "\
We have thus proved the Fundamental Duality Thcorem
(F.D.T.) of L.P., which 13 as follows: N

Given two duai sets, and provided that a finite mlmmum
(maximum) value of C (B} exists, a maximumm ﬁ}mumum)
valug of B (() exists as well, and the two optimaare cqual.

If now we have an optimal b.f.s., we can use the constraints
to express the values of the corresponding’b.v.’s as linear
combinations of the 5;. We can thensubstitute these expres-
sions for the x,,, in the expression for{Cyand regroup the result
as a Tincar function of the 4. 1 fro the T, D T. that
the cocfficients of the b, in tlnjvf%?r];gﬁﬁ{ é‘}ll'g}% 1¢ Valtes of the
basic variables in the corrcspmnd"ng optimal b.l.s, of the dual
problem. This is called thc regtouping principle in Refs, 8 and
104,

Since the gamcs p{ﬂNem is u special case of the L.P. prob-
lem, we have alst\s\\en a new proof of the M.M.T.

4, Bofore goide farther, we survey a few dlgcbraw facts.
From the bg@Adual sets of inequalities we have

»\";,\” S‘ b:.l)n v 4 z Z FiXi¥n 1 % Y_, Gy
; i

Th D.T. tells us even more, viz that

N\ \bjy,,, --:E‘cx2
i i

Hence the solutions of the two dual problems satisfy also
Z b;l'y-n +i o= z Xy
i i

which js a weaker form of the cquation above. It fo}lows,
that the solution of the following set of inequalities, without
F
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optimizing requirement, is equivalent to the optimal £5.'s of
both sets of a dual pair:

: [+ 785 & >b3~
T

(i 1, ...,n1}
Z“sjyn+5*==’-f‘i e
H (j=1 i} .{‘[k\
:_)_ h:'yn = Z CiXy . :s,,}
x50, Yoy ,»0 ( )

The last result throws some light on the qusqhm of the
conversion of @ L.P. problem into a games pmblem This is
a reasonable question to ask, because ws know that the
opposite conversion 1s always possible. £\

Consider the game defined by the fzol}QWilwg pay-off matrix:

¢ 0 al;” —dy By
www.dbraulibrary .org. lB.
0 ~‘0 - alm —@yn bm
1 \ a’lm 0 0 -q
Iy .‘\\ By 0 ¢ - Cn
— b\o\& > —by I ¢, O

This is a ske‘w-symmetrlc matrix and the value of the game
is thelefc»(e Yerc (sce end of Chapter 1), Converting it into
a L. P,\?rpblem, we have:

W& eyt Layx, —biz=y forall§

\\w

—AnY e e — Big Vi CZz =y lorall i

A\ jz b.fy(-n +1 2 C'a'x'a" &V

i
Zy,?a—.j"i‘ Exi"i_z =1
7 1]
Xy =0, ¥y 0

Maximize v,

Now the maximum of v is zero and we can thus replace ¥
by zerc on the right-hand side of the inequalities. We also
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know that a game has always a sojution. If this particular
game has a solution with z=£0, then we divide the inequalities
by z, and x;iz=x, and ¥, ;iz=», -; is a solution of (I) and
hence of the dual sets. (Cf. Ref. |5, Chapter XX, by G. B.
Dantzig.} Conversely, if x; and y,.; arc finite optimizing
values of the variables of a L.P. problem and of its dual, then

N

2\

(st ok
E‘x?'"l' zyn,‘;r"'}"i’ z x\(—i_ zyn4;|'_|"l,zxi+ z.}'}it—'j:_ol~:"
i 7 3 ! i 7 AN 4
is an optimal strategy of the game defined abowe, Conse-
quently, if the L.P. problem (and hence its duaP has a finite
oplimal {5., then the game has at least one sal\ution such that
z#0. (As an example, where the game ha;s\a'soiution with
z -0 and others with z0, consider tha IT{\ problem —-x,=0
Xy +xg 1, minimize xq,) aN
\a\m’rw_dbr‘aulibl'ary.ot'g_in

5, In the statement of the F.D:I" the existence of a finite
optimal £.5, of one of the sets.ﬁzﬁs‘ assurned, the existence of a
finite optimal f.5. of the oglier then followed. But we musi
also investigate the cipeumstances under which these two
finite sets exist. N

We would co e'\io’the conclusion that B is unbounded
from above, if had a negative z,,, for some u, and
simultaneouslyall — z,,,,.,. .. for that a2, were negative or zero,
At the same ddine, in the x-tableau we would find the value of
X,, 1o begegative, but all other values in that row positive or
zero. Ther the informaticn contained in the x,, row can be
wriften

K\

L
e Koy b .RZ Izunzm;fcxumw':z Bl

" The left-hand side is positive or zero, and the right-hand side
is negative. Hence, if the y-set has an unbounded L.F., then
the dual x-set is contradictory: it can be shown in the same
way that the roles of x and y in this statement can be reversed.
{This does not imply that if one system is contradictory, its
dual has an unbounded L.F.; it may also be contradictory.
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Take, for Instance, x, - x5+ 2, - xy i xy% - b, Co=x, —2x, and
its dual pr- ypsil, - oy Fren 20 B 2y, )

6. We imagine now that one out of a dual pair of sets i
being tackled by the S.M. and that the other sct is dealt wib»
in parallel, as we have described for the proc of the FEAT.°
H, then, we note the process for the second set, we, ghtAn 2
new mcthod for the solution of the L. problem, due o C. E.
Lemke (Ref. 18). We call the new methad LH{:’DJJEII Simplex
Method (D.S.M.).

The rules for the N.S.M. may be d cqcrlbed as follows (we
speak, as heretofore, of an a-tableau whel the L.F. is to be
minimized, and of a y- tableauy, uhcn@qﬂs to be maximized):

¥ Fumik nON-POoSItive,
Start withan  tableau where a]t are

- T Zuan

\ non-negative.
1 Y .dbl‘@mllb)ary .OT, N

J.
are aﬁ poe itive or sero, then we have
Z ik,
finished. 1T not, we mu.st'hnd a b.ov. and a n.b.v. to be ex-

changed. The choicgsf these can be derived from that in the
dual tableay, wh{ic{xwe imagine being treated by the S.M.

O

IS‘IM

Dec e whlch variable io
rcmave by choosing any of

ose with
N with negative

( zua[l )

T Eoumyn

Let the row thus chosen be
Xy L

that of ( ¥ ) Consider
yum...k

negati
all ( gative zumm”) nd

positive z,,,

5.M.

Decide which variable to
introduce by cheosing any

( i ) with a
‘x‘!rtm+.\—. .
negatlve =0 )
POSILYC Zgumst
Let the column thus chosen

be ihat of ( v ) Con-
xu-mJ.-h

- R —Zyrrm ik
sider all posjtive
Ly gt
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D.SM.—-cont. S.M.-—cont.
. : Zaim and divide them into
divide ihem inio ' . .
Tua womes) - Take the
Take the smuallest ratio i
{whicl will be posilivi). thus smallest ratio (which will be )

positive}, thus determining

L. K
determining the - v s M
Var the {7 Y tg be remeved.
to be introduced. X  \ I

reir

R
In the course of these steps, the value of Qife L.F. (B)
~NY;

_ fincreasey |, . ¢*4 .
will , since it remains equal-toythe corresponding
decreasc PN

B .. .

(C) in the dual wbleau. This;fﬁgmﬁﬁ?an}ﬂlﬁfb%axr'géggg.l}ln the

wrong direction, but is expldined by the fact that 2 negative

sign of a b.v. indicates that Wwe have reached a value of the

%’F_ which has oversh@fhe mark and is not available for 2

5 PR\

When the varia$ se'to be exchanged bave heen determined,
then we constn?c% the next tableau by the familiar Tules of
trunsformaiigwn,
A%

7. ODgGurse, the D.S.M. bas also its complications, dual
te\t:"th’c’ resolved in Chapter VIL We can tackle all of them
bwlaking our cluc from the way in which we bave overcome

R \the ditficulties in the S.M.

% (2) How can we start off?

" In the S.M. we used a version of the M-
artificial variable (VIL6) and we here develop the
procedure.,

Suppose we solve for m variables and express the L.F.‘also
in terms of BB.Y.S Yo (k==1, ,ny 10 all cocflicients
in the L.F. have the correct sign, then we proceed bybt‘nc
DS M, without any difficulty. But if there arc wrong s1gns

method with one
duat of that
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in the L.F., associated with Xipr o es Xy sy, fhen we intro-
duce an artificial equation

Xipt oo 1Xg,  xg= M.

Of all coefficients with the wrong sigh, choaose that with the
largest absolute value. Let this be d;,, say, viz, the coclﬁciént:
of x;,. Then take x,, as a further b.v.. solve the aififictal
equation for it and substitute in the constraints, and i the
L.F. The variable x;, will thus disappear from theatter and
all coefficients will have the desired sign, ‘€%

As an illustration we take the case wiich' 5 dual 10
example 2 of Chapter V (see also VIL.4 and figure V.2,

D

Maximize —Zyﬁ__zy?_i_sys ..\\’
subject to —2ps Ly, +.Vs'|;)’3: |
o Yo Apr Lk, = |
www.dbrauhbl'ar%_gp' l{)’:, = 0
RSN = ()
Vel S

for non-negative y i, Y3 ¥y und y.. Fliminating y,, v; and
¥z we have ¢\J

LA
Maximigb:; 23 —2y,— 35y,

subjectydl/ 28 —Ys—ys+y =—1
.\“ ¥ P — s re= 1
a

'Qith'non-negative ¥
We add the equation Y31 Yo=M, eliminate y,, and obtain

Maximize 2M -2y, —2y:—5y,,
subject to —2p—yi—¥s Ty =—1-2M
Yot2¥y—ystpm= 14 M
Yo+ry = M

for non-negative V.
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This leads to the following succession of tableaux:

M Yo Y L
-2 -2 =3 X
v -t -2 -2 -1l O
¥a ! 1 2 -1 AN
y (L 06 0 QO
e /’\%’
2 2 2 5 Q}

We have here a M-column instead of the M- rcw\ e artlﬁczal

variable is being exchanged at once and we e not consider
it any longer, The sequence of tableaux 1{
1 \ }’d Y5
W‘w dbl alillb]“al P in
Ya 12 40 ‘;« 12 32 32
2 g —}{2‘\& 12 —12 —12
2N 4
g\ \5} 1 1
'\> b4 Yz Ys
o 2 -3
D7 »n 1 2 3 —3*
o9 a2
o
§:<\ ~2 2 2 3
»1 Y3 Ya
2
-5 ¥ 13 —23 - —-113
> 5 3 -1l 13
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Comparison of the two dual scts of tableaux will illustrate all
features which we have mentionced and the reader is advised
to work out the duals of the other cxamples of Chapter V as
well.

8. In the last section we have solved the dual to example 2\
of Chapter V by the D.8.M. We can, of course, also golve
the original example 2 by the D.S.M. We add x, %, ¥M.
The vertical line marked (0) in figure V.2 is a line oféduation
x;=M where M is so large that the line lies outside all the
intersections of the other lines. We have thcn"‘thc following
tableaux which lead, naturally, to the samefinaY result as the

S.M. did in VII.4, \\.
M x  x, i "\ M ox, x
gt QO 1
X \.\fwzw,dl‘%rau%lbl ar‘y‘l?.m‘%g.lg.»: Voot 32 12 3
X 2 -1 =2% =1 48V 1x —1 12 12 12
o5 -1 1 —1L%% x, 6 --32 12 -3
—1x 1 0 Al —1x 1 0 1
T T AN . ;
S I L0 Y -1 =12 12 —-172

From here ghywe need not consider x,; any more.

N\

{ Xy X
N
'S ¥, 5 i 1
N\ 1 x 1 =13 1,3
-1 x 4 1/3 2/3

-3 -23 —13

We have started with x,=x,--0, represented by Lhe point €
in figure V.2, 1t is on the wrong side of x,=0 and of x;,=0,
hence the negative value of thesc variables in the first tablean
(remember that M is overriding). On the other hand, the
cocfficients of the L.F. have already the right (negative) sign.

N\
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This means that if we increased any of the two n.b.v.’s, whose
Lines meet at the point e, i.e. if we moved on one of the two
intersecting lines in a direction not forbidden by the shading
of the other, then we move away from the direction in which
the L.F. could be improved. This direction is, in fact, that
in which we must move because, as we know, the value of ¢\
the variable to be introduced into the basis changes from. ™
zero 10 a positive value. Ji remains to decide on which of the.
two lines we must move., &

We want to move away from a shaded region7to ils
boundary, i.c. in this casc we want to eliminate eithcl‘ Xz Or
x; from the basis. We bave decided for x,, hehcesve move
towards the line x,~ 0. Now if b, on this line, is*an extreme
point, then f, also on this line, canmot be, bedatse the direction
from b to f is the opposite of that fromyfto b, Thus the line
and the direction in which we muStMnove are uniquely
defined. We move 1o {, and thew tgve.difene bborare/atilgshin a
feasible point, The problem is splvéd.

4

9. (b) Does a bounded solution exist?

There is nothing newdhere that has not already been said
‘in Chapter VIT. We lgno\w that the existence of an unbounded
solution is the dufidto"contradictory constraints and since the
M-method supplics®a criterion for the latter contingency, it
is natural thatythe dual to the M-method, which we have just
discussed, i#\A-device for determining whether the solution is
unboundéd™er not. This was discussed in VIL.10.

'.{0-\\(0) Which variable should be chosen for introduction
Jnto the basis? '
) The remedy, if there is a dilemma, is again the dual of that

in Chapter VII for the corresponding casc. We need not
consider polynomials in £, because we can derive the rule from
that given in VII.12. The rule which emerges s, literally,
the same as that for the S.M., but the values described by the
same symbol are, of course, in different positions jn the
corresponding dual tableaux.
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11. Finally we mention that we can, if we wish, use a
combination of the 8.M. and the D.S.M. to avoid the M-
method, We first solve the constraints for 21 variables in terms
of the others, and express the L.F. in terms of thesc others.
If the constant tcrms in the constrainis are then all nons®
negative, we can proceed by the S.M. If the coeificicnts iu‘lﬂé"j
L.F. are ail of the right sign, we can proceed by the DSM.
If neither of these things happens, then we can r'cg ‘ge the
L.F. by some other L.F. with cocthcients of the/pight’ sign,
and solve the modificd problem by the D.S.I\'I,Qih?ﬁ will lead
to a h.l.s, of the original problem which ce'l\stﬂﬂsn be solved
by the S.M. \\

’\'l

N\
N\
&
o)
¢.& &.'
o
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O
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s‘“}
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N\Y
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CUAPTER IX
THE SOLUTION OF GAMES

In this chapter we apply our knowledge of L.P. to the solution
of games. We know that any game can be written as a L.P. ,\:~
problem {sce 1114}, and the solution of the latter gives alsey
that of the former. But the special features of the games pro b=
lem allow some special treatment, as we shall see. £ ™

We have seen in Chapter VIII that each Simples gableau
refers simultaneowusly to twe dual problems and}since the
problems of the two players in a <ero-sum twhopstson game
are dual in this scuse, we can solve both preblems simul-
taneously, and find the value of the gam e,

B's problen can be given the followi\ﬁ:;d.P. form:

b EYm=1 \-{w.{’g.dbraulibrary,org,jn
¥l Y +y.m}a"57.v (i=1,...,1.

Minimize v for non—ncga{i’ve variables.
The quantity v is, of coufse, not a constant, but we can reduce
the constraints to a Q}o\e familiar form, which differs however
from that in U144

We may assu:% without loss of gencrality that the con-
straints are ordered so that a,, ey for all i Subtract the
second, . MW eié. cquation from the last and express the LF. v
by the lasbequation. This gives

O
,%" yl“"'---"‘ym:l

2 &

(e a)y+... +(a:'.m_a£m)ym + Ve m —¥Ym+=0

for i=1, ..., n—1.
Minimize gy + .« PVt Vmaae

We have here # constraints on 7 +m variables. No difficulty

arises in sclecting the first b.fs, We choose ¥1=1, Ymsn

=y — s -+ s Vo ped =1 —Grm11e 10E value of the L.F. s

then a,,,.
85 g
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Using the [LM. M., we have

1 . 0 ¢ O

(am.'_all wal 4] 0

= L 0 i o |
py — -1 - ,”“
- 0 o 1) L™

7NN\ *
1t is casily verified that the inverse matrix (A s ’id.elsl‘t‘fCi.il
with (A4), except that in the left-hand bottom cor;,zér‘there is
a,, instead of —a,;. We notice that the entrigs @i the first
column of (4)* are precisely the valucs of the/Busic variables,
and that of the L.F. Since the 0-th column O£&¥) contains a |
in the first row and only zeros in the Qther places, the first
column of (4)1 will retain this meaning/throughout.

We illustrate all this by the follo)vilsrtk% game, which has been
mentioned in 1.3, W

www_dbraulibl'ary_c(g_.ip {:}Q 1 {

S 2 2
X833 -3

The matrix (M) is &{follows:

PP A TR Y4 Y ¥s

L\\l 1 1 o 0 0

Lo 4 2 —4 -1 0

SN 1 s -5 0 -1 1

H 0 =3 -3 3 0 0 —I

\Vég?;é'tart with the basis y;, ¥, and 5 and obtain the following

{“shceession of tableanx (the column of z,,, is identical with
‘z;:; the first column and ne=ed not be repeated;:

_T o

\ N ZusB Sg
o 1 0 0 0 1 16
() 4 —1 0 0 8 4.;3
) 1 6 -1 ¢ 6 ~1/6
3 0 0 1 6 1

] £} -1
(x9  (xg)  {xy
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() 36 © 16 07 53 522
() 83 —1 43 01 2233 —3/22
(79 16 0 —1/6 0]~—23 — 111
20 1 1 4 6i1t

4 -1 0

() (xg) (xy)

(5 S22 522 - 3220 )
(o) 4il1-322 2111 0 K7,
(g 922—111 —1j22 0

611 611 3{11 1

61 —3iNL 211t
(xy) g‘xgl T xp)

The z, arc all negative, hence we\have reached the final
stage, wawidbraulibrary org.in

We know from VIIL1 {cquatiens (X) and (Y] ) that =z,
is the value of y,, s, in the dual'set and thus (6/11, 3/11, 2/11)
is A’s optimal strategy, while the value of the game is §/11.
1t will be appreciatedzthat, in the notation here used, only
the final values of x{{} and x, and of y,, », and y; refer to
strategics, while “of the additional variables, had they
remained in theMinal solution, would have to be ignored from
this point oif\vibw.

2. Wénow introduce a methed of solving a game whic_h is
quite Convenicnt when the pay-off matrix is small. Consider
th@’&ﬁl sets of inequalities as they appear in a games prqblfam
432 1114 and VIIT.2) and cheose the first bases as consisting

“\8f those additional variables which do not appear in thg L.F.

* Whenever at a later stage a non-additional variable is intro-
duced into the basis, this happens in both sets at the corre-
sponding stages, Conscquently, in the final solution the same
number of non-additional vatiables will appear in both final
tableaux,

This means, in other words, that the same number of
additional variables will have eventually the value zerc for
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both players. Let this number be ». Then there are in both
sets r equations in » non-additional variables, which define the
optimal strategics of both players. We may assume, withont
loss of generality, that the cquations are the first », and that

the variables are, in the notation of 114, A

W, ..o We have

anxy’ . gaxy o~ ve=0
s p N
X)) T L ax, —y=0 N\
X . xS =1 ~\"
and similarly, with transposed a;;, for y,, .Sy,
The solution is ) \\
$
an @ Qe ay --IX U fay ar),
X == P | N\ - )
) Grr ey 0 agyy, e \P1 dip thyr
W ldbraulibriry.org.ing ve 0 1 1
and similazly for y,. N

By exchanging the last and

+

and
N
AN

-1

—1
i)

the i-th column in the numerator

we find that it equals >°A,;, where A;y s the co-factor of

. . "\ J‘ .
a4y in the determingnt of a;; (i, j—1, ..., #). In view of the
Tast constrajntt\h’g‘denominator must be > 3 A;;. Wehavealso

L
v='2ila£,-x,:’ for any j, and ve= 3 ayp,’ for any i.
% S

Nowd i&% do not know which submatrix of order r of the
payzofDmatrix leads to the final solution. We must therefore
hgider all of them, of orders I, 2, ..., min (s, #) and solve
.’s{he corresponding equations, as above. If some of the rcsultiﬂﬂ
WX or y;” are negative, then the submatrix which lod to this
© set is irrelevant to the solution of the game. But even when
they are all non-negative, this is not yet sufficient. The
other variables must also be non-negative, which means that

inequalities of the types

Air X1’ oo Tl Bv=ay ) L e
and

rvwt Foes Frgyy <v=apy’+.. . +ayy,”
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aust hold for all £==1, ..., n—# and s=1, ..., m—r. If they
hold, then we have reached a solution. {The notation is here
again that which is appropriate when the x,” and y;" are the
first # of their set.)

A games problem cannot have an unbounded solution,
because the dual problem has always a solution. Hence, if. ¢\
we find afl optimal b.f.s.’s of the corresponding L.P. probledly" -
then it follows from the argument in VI.8 that we knowhall
solutions of the games problem, since they are all lingahcom-
binations of those solutions, which correspond }Q"obtima]
b.fs.’s of the games problem. \V

3. Wc apply this idea to the game x:\\:

7

(4 1 3).”,\
203 "4.:

For #=1 the search for a solutiefgtéailﬁtﬂ?al@m%i%@ g for a
saddic point. In this game‘ther'é’ is none. Now take all sub-
matrices of order 2, viz. ~§°

1 3

3 4

¢S )

The third is irfelevant, because the sccond row dominates the
first, and als®the first column dominates the second; therefore
the set &f\equations Yo 3y =3y A4y, Of also ihe set
xl”—-f}{g\—: 3x,’+4x,” cannot possibly have non-negative
valués Jof all variables in their sclutions. The first mairix
giVes 4y’ 12wy = x4 3x, X tx =1, ie. x"=1/4 and
%.'=3/4, Similarly we obtain y;'= v, ==1/2, The inequality

W

NM'%x 144 %2 =p=>52 holds and we have thus found a solution.

1f we treat the second matrix in the same way, we obtain posi-
tive values, but the necessary inequality does not hold. ¥f A
used nevertheless the values obtained from the second matrix,
then B could spoil his game by choosing his own second
strategy as a reply. :

There is thus only one solution to this game.



CHAPTER X
GRAPHICAL REPRESENTATION OF L.P. (2}

We now introduce 1 geometrical model which generalizes the
representation exhibited in 1.2 and the following sectiqn{s?\
We consider the set AN

it T 0 T Y10 " Py
a21y1+ LR +a‘3'rnym. +y'm —a- Oy “.z p
Maximize byyy. .. +b V=B, say, for non—ncg@{i&é variables.

We assume that nonc of the constantsscawor b, is zero.
Otherwise obvious modifications apply. '\

Dividing each equation by its rightfand side, introducing
byy; as a new variable and re-defining the coefficients suitably,
the scheme cun be brought inte tth’e following form: {the
varjables e, af] mﬁsgmcg_ffﬁrgnt from the earlicr oncs)

AT gV O ) =1
a21y]_ + L :" {Lf}ﬁ-naym +(]- ."IC2)ym a= l
Maxig;izé WMt +y,=B, say.

The new varialiles are not necessarily restricted to non-
negative val e( tHosc y, which stand for a variable whose
coctlicient bk the L.F. was negative, are now restricted to
non-positive yalucs. We assume without loss of gencrality that
31 - pJfare non-negative and (if there are any others)
Vs dets Y ale non-positive. The variables yu, 1 and Yz
are 4gain non-negative, because they are the same as before.

S To begin with, we assume that B=1. As in Chapter II, we

R\ onsider in a Cartesian plane the points Pi={a; gy for

N F=1, 00, mT2,

J We must now show how to determine the region of all
points whose abscissae and ordinates are found from thosc_{Jf
the P; by applying to them non-negative or non-positive
weights y,, as the case may be, while B=1.

If all the eriginal ; were positive (not zero) and B=1, thel

all points given by the left-hand sides of the constraints 7%

those in the convex hull of the P;. If only some b; are positive:

S0
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viz. by, ..., by, then we can certainly reach all points within
the convex hull of Py, ..., Py, This arca will be extended by
the effect of ¥¢ .4, .. ., ¥ 19 Which we shall now analyse. Con-
sider the variables y,, 4; and y,, » which have zero coefficients
in the L.F. Whatever their value, the value of the L.F. will

not be affecled, but they will make an addition to the left &

hand sides of the constraints, each of them affecting just ore
of the two lefi-hand sides. The two weights y,,.; and p, awill
therefore extend the area which we have already ’obfaincd
by moving it without limit in the directions parzllel™o the
two directions from 0 to P,.; and from 0040 P, .y, i.c.
in the direction of increasing ordinates, ar\d Of increasing
abscissae. AN

Turning now to a P, with negative wéight attached to it,
and choosing an arbitrary P in the areaso far obtained, we
may extend it in the direction paralielfo that from P, to P,

These constructions break d@WﬁWVﬂEYﬁ%]lbé}ﬂaYeoﬁggBIive
{which docs not happen in a fames problem). But then we
change the sign of all 4; andyequire B to be minimized. We
must remember, thoughythat the minimum obtained is then
the negative of the ma&imum originally asked for,

When we have fdudd the region of all points whose co-
ordinates are defmed by the two left-hand sides, while B=1,
any area corresponding to other values of B can be found by
similar coygtfacton or dilatation from the origin. We want 8
to be as {asge as possible, and to have the point ¢=(1, 1}
within {f)We shall therefore choose a region as dilated as
DOSQ),I,E‘: consistent with having ¢ not outside it (which may
of "edurse involve some contraction from the case B=1).

Gencrally we shall then have ¢ placed on an edge of the region

N\ Between two vertices, and then only two y; will have non-zero

values in the solution. In special cases ¢ could coincide with
one of the vertices of the area, or could lie on two lines, each
connecting two points which originated from the P;.

We take again the game

4 H 3)
2 3 4/.

N

£ )
N
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We have then the svstem
dpp+ py 1 3ty =t
20 433y =4y - vy= L

In figure X.l we have drawn the points f*, and the point €
¢\

) Fig. X.1

In games pré@efﬁs the points (1, 0) and (0, 1) will always be
amongst the P;.

The qrel&fvhich can be obtained by non-ncgative ¥, Whi!e
B=1g%putains certainly P; P, P,. Becausc of P, and Pj this
arefgan be extended by drawing a vertical through Py up
Wards and a horizontal through P; to the right. The area

Ao%so’nta_uns all points to the right and above the broken line
o consisting of the vertical, of P, P,, und of the horizontal. The
~ pomt ¢ can be reached by contracting the area towards the
¥ origin in the proportion 1:5;2, whence y, y,=1;5 and
B=25. The cquivalent L.P, problem has thus been solved.
To go back to the game, we divide by 2i5 and obtain the
mixed strategy (1.2, 1/2), while the value of the game s the
recipracal of 2;5, i.e. 5/2.

I_t is worth remarking that because of the presence of the

points {1, 0) und (0, 1) and their effect on the area, the games
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problem always has a solution, However, in a L.P. preblem
it 15 possible that the line Oc does not intersect the area and
that therefore no contraction or dilatation can bring ¢ Into it.
This will happen when the constraints are contradictory. It
can also happen that the area is unbounded in such a manner A
that no finite optimum of the L.F. cxists. L™
We continue to be guided by the demonstration in Chapt’eg\
It and turn now to A's problem. Its L.P. form can be writfgn:
4y +2xy 1 AN
N
X i3xy=1 ’\
3x, Hdx, =1 \
Minimize x, +.x, for non-negative y.:ihi}ibles.
This is a special case of inequalities in two?ariables, as follows:
Xy -ty X >bL )
@y Xy ToanaskBibraulibrary org.in
Minimize ¢ x, +c%;=C, safyfor non-negative variables.
We assume again for the sake of simplicity that none of the
¢; o by is zero. This system can be brought into the form

).

1% +-a2]_x2‘%¥‘]3\ [CTESES] +azf+1x2&l
X +‘{2J‘>§\>‘;" ] Gy TOXz =1

NS Minimize xy +x,=C, say.
This timg'sither x; or x, (or both) will be non-positive, if
either €61 ¢, (or both) were negalive.

lﬁ}hé'casc where we dealt with two equations in m+2
virid les the latter were interpreted as weights and the ay;
«and a,; as coordinates of points. Now, when we deal with two
“\“wariables in m inequalities, we consider the variables as g:oeﬂ"l—
' gients in equations of straight lines in a plane with coordinates

238 and g, ) ]
Given any straight line & through the crigin with €g uation
&%) +a,x,=0, draw a line parallel to S through £;, to nter-
sect the line 7. with equation a;—a,. (Remember that a; and
@ are coordinates!) Denotc the intersection by Q. Then Q
has the abscissa (x,ag; +%aty){(%;+xy) (compare [1.3). Tn
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other words, xia); Fxya,; is the abscissa of g point G onL
such that 0G:0Q=x;+x,, where 0 is the origin. We shall
refer to this statement as the Lemma,

If the value of the L.F. is 1, then J .Q. What restrictions
does then an inequality x,a;;+vyus; i | or =2 | impose on x,
and x,, o rather on theline x;a, | x,a, 0 through the origh(?}
By the Lemma any such line must satisfy the condition thata «
parallel to it through P; intersects L in a point whose absefssa
is at Icast (or at most) equal to 1. Moreover, if bott(¥and x,
must be non-negative, or both non-positive, thémonly lines
with negative slope are admitted: if they are Qﬁ?ﬁﬁerent type,
then the lines must have positive slope. ’

As an illustration, consider the samesgame as before (s¢e
figure X.2). We have drawn the point,62(1. 1) and, through
the origin, parallels to the lines from}) to Py (j—=1,2,3). We

www.dbraulibrary ¢rg.in o\ - “z

Fig, X.2

Y have also marked by shading those sectors into which (hﬁ
lines must not turn. 1t appears that in this case all lines with
Begative slope are admissible, as long as C—1. But we want
to have C as small as possible. Therefore, taking any othet
value for C, the part played heretofore by b will be taken over
by a point b(C} on L, such that the coordinates of b(C)
equal 1/C. As C increases, or decreases, b (') moves nearet



GRAPHICAT REPRESENTATION OF L.P. 2y 95

to (or away from) 0, and the lines through P; and b (C) turn
accordingly, while the admissible sectors change with them.
Take now the situation when b (C) has moved into (5/2, 5:2)
{see figure X.3}. This point is the interseciion of L and the

.

AN

W ’:.‘. braulibrary .org.in

FigaX.3

l_iﬂe P, P, and it is clcar ab'now the parallel io Pb{O), which
1s also the parallel to Beb (C), must pot turn any farther on
either side, 1t doeé&@aﬁ fie in any sector forbidden by thf: third
parallel, and henge it is one, and the only one, line still left.
Its equation €gy4-3a,=0.C equals 2/5 and we have x1I=1!10
and x,= 340, 1t follows that the value of the game is 5;2 and
the OD,!i@F ‘mixture of strategies for A is (L4, 3/4), as we




CHAPTER X1
THE METHOD OF LEADING VA.RIABLES_

A method which differs from those cxplained in the earfier
chapters has been developed by E. M. L. Beale (Ref, 1) ant |
we give here the gist of it, but must refcr the reader for sefme *
mote subtle detail 1o the original publication. L
Imagine that a systemn of m equations in # vafiahles is
given and that it is required to minimize a Liz»for non-
negative values of the variables. We solve thesysiem for m
of the variables, say x;, ..., x,, and obtaif\3ay’
Xi=Zjg _'Lz:i'm BT S R R +zj'n-xn ,:\\('} 1 LA }??)
C=2p+Zgn 11¥mer -+ . . 2ot ™
This transformation is possible) ;,_mxlcss the system is com-
tradictory and has no solntion at afl.
@’iwc‘b’ijjr%g? ‘I{}é%claé}{%iﬁ% 'ﬁj bc certain that the system has
a solution with non-negative®;, and the values of € couid be
unbounded from belowhBut the latter possibility can be

cxcluded by addingsa further constraint with a further
variable, viz. \

'\it]::__‘xi}—i_w(xm Tt _l"xﬂ)s
where o is ﬁ,“i}G amnd positive, and x, is also restricted to non-
negative yalugs.

If the ‘eriginal system has a finite solution then, provic_led
w is _SQFﬁ’cieme small, the introduction of this new equation
doesmot affect the final answer, beeause it docs not add any

Ixther restrictions on the values Xumads - -3 Xno On the other
\\and, if the original set has only an infinile solution, then
\* this will be shown: by some of the variables being, in the final

solution, of the order of magnitude 1w, and Xo will then be
zero. If the original system has no solution, the new one wil
not have any either.

We have now m equations with a variabic on their left-
ha[}d side, and one equation with 1 on the lefi-hand side.
This feature will be retained throughout the computations
and we shall call the latter equation the Teading equation and

96
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the variables appearing in it the feading variables. The method
is accordingly called Method of Leading Variables (M.L.V.).

Cur process can now be described as follows: we imagine,
1o begin with, that only the leading variables need be non-
negative, Then it is easy to find the solution that minimizes C.
For Ict the leading equation be

1=+ Z FoX g 'S
5 g ™
and let N
C= 2 Tox, K?s
K] ,,‘\\
where 5 is summed over the n—m+1 leading\yaniables, and
where 7, may or ingy not contain «. )

1f no 1, is positive, the leading equationpGdnnot be satisfied
with non-negalive %, and the whele sxstEm‘has no solution.
Otherwise we can take some x,, say xgysich that £, is positive,
and we can usc the leading equalioh L0 eliminate this variable
from the cxpression for C. It Pﬁé‘rfé‘fﬁé?‘iﬁ‘éﬁb"”ym'g-m

Lot M
C Tpity+ ol —Tptltp)x,
Ms=0

If all expressions inthe brackets on the right-hand side are
non-negative, th { the set x,=1lir, and all other x,=0 pro-
duces the minimum of C for non-negative leading variables.
Some of the ¢ \miay be ncgative or zero, of course, but first we
iry to detbeiine that x, which makes all those brackets non-~
negativeyin/which the £, are positive. For this purpose we
mysyelieose p such that the ratio 7,7, is the smallest of all
TANFOr positive 7. [t can be shown that, at the very first

.stuge, this choice of p ensures that all other brackets are also
nbr-negative, This is so, beeanse (i) at this stage C cannot be
} negatively infinite, by virtue of the introduction of the », and
(i1} if onc of the expressions in brackets were ncgative, then we
could make C negatively infinite, which would thus lead to a
contradiction. (For details see Rel. 1) We call x,, the principal
variable.

Until now we have ignored the existence of the non-leading

equations. They contain ¢onstants, but we now multiply these



08 THE THEQORY OF GAMES

by x, thereby changing our original probiem. However, this
need not disturb us, because it cun be shown that the solution
of the new problem can be translated into that of the original
one without undue difficulty. We shall therctfore show how to
treat the new problem.

Consider the leading equation and the expression for C, 1E%
the principal variable is x,, we make it 177, and all the otller“
leading variables zero. This minimizes € as long as onlwthe
leading variables are sign-restricted. £

Next, we consider whether this choice of thedyirircipal
variable leads to non-negative values for the‘non leading
variables. This depends on whether the \(uefficicnts 7,

{j--1, ..., m) are non-negative, If they are; hen our goal is
reached, with leading variables as abéyeand non-leading
variables x;,=z;,/r_. But if some are négafive, then a ncw Se;
of leading variables must be chabehy by dropping x, a
chootifig 1 s’éé%‘ one ot I{ﬁ‘é%e‘ X, S8y x},., which spoilt the
earlier result by being negative, We proceed by solving the
equation with x, for x, ahd substituting into the other
equations. In the leading équation, x, will have the coefficient
1, 1f it appears at all, becailse multiples of w can be neglected,
by comparison, §

If we have not yetireached our goal when we determine the
new principal variable, then the process of changing the lead-
ing equation™must be repeated. It is shown in Ref. 1 that
during the’procedure the value of € will not decrease and that
the profess can be made to terminate. This depends on a
criterign for the choice of the principal variable similar to the
ssmethod for breaking ties when exchanging variables in the
&L or in the D.S.M.

3 " Incidentally, since € is not unbounded from below at the
"\ " first stage, and afterwards does not decrease, we can be cel-
* tain, at every stage, that if we eliminated the principal variable

from the leading equation and the cxpression for €, the latter
would always appear with non-negative coefficicnts, other-
wise we could produce an infinitely small value of C with non-

negative leading variables, aud this would contradict the non-
decreasing tendency of C.
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We must now refer to the question of how to translate the
solution to our changed problem into that of the original one.
Apart from multiples of o the value of x, can, at the final
stage, only be 0 or 1. If it is 1, then the two problems are
identical. But if it is 0, then a further analysis is required,
which cannot be given here. It may be said, however, that {
this difficulty does not arise if the solution to the original.\,
problem cxists, and is finite. g >

Ithardlyneeds mentioningthat the M.L. V. can be adaptedyhy
trivial changes, to thecaseof a L.F. which should bemfci'\mizcd.

N

2. The M.L.V. is independent of the D.S.My,\but the two
methods have certain simjlarities. We illustrate this by solving
an example by the M.L.V. The geometpit:ga} Interpretation,
which will then foliow, suggests that it'i\iways possible to
carry out the two processes in such a@ay that the set of basic
variabies in the D.S. M. is, at cvery YEET e uineaotie et of
non-leading variables plus the priticipal variable in the M.L.V.,
and thiscan be proved formally.We take example 2 of Chapter
¥, which was again considered in VIL4 and in VIIL7.

The natural basic varidbles to begin with are Xz, X, and Xs.
In the D.5.M. we a{&o\inuoduced x;. In the present case, we
add the leading ¢duation containing xp and the variables x;
and x,, so that ,w%start with

Xg=—2xy+2x,— X2

Re Xy =2xg—x;+2%,
\,\ Xy =3xp—Xy Xy
.(§“ 1 = xg g +x2)
= C=—x; +Xg

\ The principal variable is x;, and must be exchanged with x.
Xy =2x—%g 2%y
Xy =2xp—2x3 T35z
x5 ==3xyHXxy— 3%z
1= xy— eslxy +3x2)
= —2xp+Xxg4— X2
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The principal variable is x,, and must be exchanged with x;.
Xg =Xy +x4/3 —x5/3

5!
-

xp=dxy—-x4/3—2x;03
Xy = 3xp—X; —Xg
1 =X Xy o ..\‘
C=3xy+2x,i3 +x;°3 £\
The principal variable is x, and we have reached the final §ét.
it contains the solution, viz, x,=1, x;=4, x,=5, Ux% 3

bt is interesting to look again at figure V.2 ane % inspect
it to see what we bave done. The line (0) whicliés3s drawn in
connection with the D.S.M. is now irrclevamvand the line
corresponding to the leading equation js warked (07). We
have here assumed that « is small enoludit for the new line
to b;e;F {J}{Esm% _tatillzii'u]t_clr_sectripnislof theathers. (It is easily seen
how ‘we could mo%fy Eithidt the MLV, or the D.5.M. s0 as
to make (0 and (0') coincide.) B9

Our first leading variablesswere x,, x; and x,. and we
minimized C subject to these\being non-negative. This brought
us to point e’ which, of alPpoints in the trigngle formed by
the lines (¥}, (1) and"(), produces the smallest value of C.
We arc here at a diStahce from (1), and hence x; is the pria-
cipal variable; Ké\a'r'e on the wrong side of (4}, and hence X,
must be mada]cading,

Qur nexppesition is f which, of all points in the ‘triangle’
(07, (2),£04) makes C smallest. This triangle is bordercd by
the thife ines mentioned, but lics on the unshaded sides of
ther,)and is therefore unbounded. In £ we are at a distance
frem (2), hence x; becomes principal variable; we must move
10wards the right side of (5), so that x; becomes leading. This
\ “brings us finally to ¢, This poist lies on the triangle (0°), (4)

{3) on the right side of all lines, and indicates x; as the pria-

cipal variable. '

s
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PAGE
Example 1. 36, 40, 54
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N *
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Example 2 \\Q 42, 60, 82,99
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N
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Various problenis are mentioned on pp. 3Iff. In particular,
Transportation problem, mentioned on pp. 31, 39, 59, 69.
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