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PREFACE

This booklet reproduces with slight changes a N\
course of lectures delivered in Princeton during that
Spring term 1946. Tt would be misleading to cal\l a
tnsory of transcendental numbers, our knowled.gb}con-
cerning transcendental numbersg being narrow;\iy&restrlcted
The text deals with a few speclal ftran c@d’ency problems
of scme Interest, but 1t 1s more thani%%tner'e collection
of acattered examples, since 1t iguo}fes a method which
might be useful In the sesarch of}'@)r:a general results.
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CHAPTER I

THE EXPONENTIAL FUNCTION
N
The most widely known result on transcendenta.l
numbers is the transcendency of # proved by Lindti{ma?nn
in 1882. His method 13 based on Hermite's pr*evm’us work
who disceovered the transcendency of e in 18?3\ ‘Both
results are contained in the gemeral Li; Gttmnn-
Welerstrass theorem which will be proved in §12. We
shall start with some simpler problem':s, namely the
irretionality of & and * and relg.t’i guestions.
$1. The irratmna“lity of &
The usual prool of bl},e 1rrationallty of e runs as
follows. From the seri\es -

> on ]
..:s",\ e = -_—
N k=0 ¥

L )
y 0\ N/

t.
we get tl:\\ex\“decomposition
,\;’_S , _il_ r=:oo 1
&”},z = n + In, Sn = k=0 k!) n k!

1 1 1
n {r+t )! (1 + nie b 2 ) (m+3) + ) < (Il+1 :
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we find that

e=s, +r, {2+ &L, e < 3;
therefore
—
o<y < @ -~
O\
Put ey
i\ e
« \/
n! s, =a, nlr =Db, N
. I
| Y
then the mumber a_ is integral and - <§$}
o
0 < o, < e \4\1"
forn=1,2,.... This DPUWNch&t nl g = a, + b, and,

& fortlori,n e i3 never=a§}irmeger In other worda, e
is irrational. 3

‘%

The proof is tgll glmpler, 1T we use the series
=1

for e inatead Qg:e Then
-1 Sl ! P
g =0 4 o P =
o 5{"’ k=0 k! G s S
I _ :
\i\' (r=1,2,...)
O
A\
S.I’ld\
Q‘sz
AT = 1 ] 1
0 < (-1 ’n (n+1)1 {(t+2yt F - < {n+1 )t -
Defining
Il!tfn=ﬂ'.n, nlpn=ﬂn

wo see that ay is Integral and



§l. THE IRRATIQNALITY CF e. 3
_q 41 1

Thorefore nle_1 =ea, +8 and,'a for-t:or-i_,n‘e_.' la never
an integer.

We can prove a little more, mamsly that e is rot
thz root of a quadratic equation axg + hx + ¢ = 0 with

integral a, b, ¢, not all 0. Consider ths expression

4

E, = n! (ae + ce ') :\’\
D
with Integral a and ¢, not both 0. Then x§‘
E11=_Sn+Rﬂ,' Sn=aan+¢an, Rn< ’n+cﬂn,

% w

whnere 8 1s intesgral and the absqlﬁt\é value

AN

| Ry 1<) amy 1w fepghie 2laldel

for all n > g'}éﬁfcl. Or. the other hand we have the

recursion :f@mula
T T Rn = a'[nbrl_1 - bn) + c{nd n-1 B I'l}

/ =a + {-1)".

It follows that at least one of the thres numbers

Ro-> R,» R, , 1s different from 0, gince otherwise
a+c=0, a-c=0 and a=0, ¢=0, This shows the existence of
& positive integer v such that E, is not integral, and

therefore the numbher
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-1
o+ %% = &8¢ + b + ce

ig different from 0, for all integral b. This means
that

ae® ¢ he + ¢ 4+ 0

: O
for arbitrary integers a, b, ¢, not 811 0. In ohsr
‘words, e 1s not a quadratic ilrrationality. \\\~

« N\

L 3
s
( N

§2. The operator f(D) 7.\
We denote by D the differentiatiemwith respect
to the variable x. If ' \\)
A
f(t)=ao+a1t+a:2t'f?;\+ ,

-

»J‘,’
ls a power series with reallor complex coefficisntg

ags 8ys and ¢ = ¢ (Jg}};é.“function of x, we define
o0 N el e
(1) f{D)e =’§;“¢a Do = é;o an_ggg.

\ﬁg?
In order to avgj.@; Questions of convergence and differ-
entiability,;mi,é’:shall apply the cperator (D) only in
two cages 1. { itherqp is @ polynomial, or f 4g a poly-
nomisl a@"’cp bossesses derivatives of all orders. In
both ‘:‘:‘fagea, the series (1} is finite.
\:\, It is clear that, for two power series f‘q(t} and
ot ), |

. \
(f1(D) + fe(D)}p = £,(D)p + (D),
(2) (f‘1(D)f2.(D))‘p - £ (Dj(fE(D)¢).

Moreover, if a, + 0, then

_‘] —
hig (t)=b0+b1t+.... (bo=8‘01)



§2. THE OPERATOR f£(D) 5
exists and, by {(2);

£ D206 )=

for polynomials ¢ .

If the power serles f and the polynomial ¢ have
integral coefficlents, then alao T(D) ¢ does, and the
_‘i _
same holds for £ "(D)e ., In case a, = + 1. '<\

We deflne

O
so that e\
N\
,)
Di¢ =@ (X)), o’&—Dga—q;(X) -pl0)
O
and ' N S
QY
\t:" -
(5) e [ B e (ot
”~ 0
&
t,(?}(nzo;.ls- )
b\

In pa,azi;chlar we are interssted in the case
= *¥p {:uy\h'ére)\ is a constant and P = P(x) a poly-
nomialgé%ince

O
N\ D(e** P) = (0 4D)P,

o

(L) _ DR (erEP) = Ao +D)TP (n=1,2,...)

(5) o +D)P

1
£
e
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again is a polynomial. Vice versa, if A £ 0 and a
polynomial Q are arbitrarily given, then {5)implies

P= (A4D) g

and this is the unique polynomial solution of the
differential equation “g
Dn(ekxp) _ e)"XQ. r’\:\'
o 2
In case A= + 1, the polynomial P has 1ntegm1 coeffi-
cients if Q has. ...\

§3. Approximation to e* by rat;@gﬁal functions
We are golng to determine ‘lwm polynomials
A= A(X), B = B(x) of degree 11,. such that the sum

X + % vanishes at X=0 'of.‘order 2n + 1. This
condition implies O8N

N\
SN g

(6) . ’{h‘&f‘R=CXEn+1 Foeen
\\

where R = R(};gg:}s & power serles starting with a term
of order 2nE 4. Writing A and B with indeterminate
coeff’ic%g\r?@*é"and squating the terms of order ¢, 1, ... ,
en in ,Qﬁg}" we obtain on+l homogeneous linear equations
for t&ﬁ 2n+2 unknown coefficients in A and B. This
p{?o&es that (6Jhas a non-trivial sdiution A, B. It will
Mrm out that o + 0.

In ordsr to obtain an expllelt formula for A and
B, we differentists (6) ni1 times; then

D+t (BGX) = DIl-l-'lR

! X (1:D) g = DR = ¢ x4 .



§3. APPROXIMATION TO e 7

where
Cy = {zn+1) ... (n+1)e
Therefore
(8) (1+D)*'B = e_X(cOXn+..-) = coxn+... = coxn,
because (I{D)n+1 is a polynomisl of dagree n at mdt
and ’,\’:'\;
fg\..
« \
B= co(1+D) n-1.n ey
'\\ ’
“&v
To find A, we get in the same manneq&bd
N\
A\
D™ (e ¥) = D7 (oKD
X )
e X(-14D) a4 = coxn': \
_ net, | X SSon _ n _ n
{(-1+D) A = ??£QOX ) C X+ C oX
Aé co( 14D) I“Hxn
C}
This proves tha£\A and B are unique, up to the arbitrary
constant fqgggr c Choose ¢4 =1, then
L2
x’\w .-Il--1 -n-i_n
(9) f\x — (-14D) %7,  B(x) = (1+D) T 'x

hage integral coefficients. Moreover, by (7) and (8},

3

X

Dn+TR = xMe™,

Since R and its iirst n derivatives are 0 at x + 0, we

obtain, by (3],

. R = Jn+1Dn+1R _ ;11_1_ '[O (x-t )n;tnetdt
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21’1?
(10) R(x) = & f £2(1 -t ) e B ¥gy

for n=0,1,.... Replacing t by 1-t we T'indg

2n+?
R(x) = / R )R (17 )2y
N
so that \i\
x N\
ansl % O
{11} R(x) = o e _/ ¢t (1—t}x303h!(t-§)xiclb
9] AR
&v
(n=o0, 1,
\\
§&. The irrationality of F.'\g}'ol’ rational a + o
By (10}, ANV
. N 2n+1
(12) IR(x)! g}jﬁ"ef I,
RIS
for all complex x,«@nd“
o)
(13) W R(x) > o,

L))
79N

for all po.ﬁ%ive X.

Jirs oW 1et X =m be a pogsitive integer; then the
numb@e (m) and P(m mj are integers. Suppose that &®
were rational and denote by g > 0 the denominator of

Q,, By (é), the mumbery

is integral. Because of (12} and {13},

2n+1 on
e = qme™ B— ¢ 4

n; n!

0{rql



§4. IRRATIONALITY CF ¢ FOR RATIONAL a + 0 ¢
for all sufficiently large n. This 18 a contradiction.
Therefore ell powers e (m=1,2,...) are irrational.
I a 1is any rational munber 4+ 6, we write a=1%1- with
integral m>o, r+o., Since &™=(e®)T, 1t followse that &°
iz irrationel, for all rational a#0.

§5. The irrationality of r
We know that the polynomials A(x) and B{x} of \
degres n are uniquely determined by the formula ‘,r\:\'
'S\
N/

(14 B(X]ex + A(x)} = R(x) = chIl—l—.T

\
LR €

AV
where c+0 iz given. Replace x by —x and mltiply by
%

g7y then )
o D
x x O 2n+1
A(x)e" % B{-—x) = e R{-x)Vv-cx”~ + ey
A.;:*
whence o
(15) {A(-x) = B(x).
£ s.}

This can also behproved by using the expressions (g9) for
A and B. |
Choosﬁ;‘&x”:.:ri and apply (11}, (14) and (15); then
.'\‘0 .
X \J
R \\ 1, 1 .
61, cosh {(t-T)x} = cos {{t- F)vi = sinat

o)
(@~ AT 1)+ A{-7i) = R(#1)

1

211+ 1
(17)  R(xri1) = (-1)2 I—-—/ 71 -t YWsinmt at. -

n! ©

The integrand 1s pesitive in the interval o { t {1,
80 that
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(18) R(*1) % o.

The function A{x) + A{-x) 1s a polynomial of
degree » = [%] in the varlable x° with integral coeffi-
cients. If # is a rational number and qa > 0 its
denominstor, then the number

@ Riri) = O
.\\

is integral, by (16}. However, it follows fzio}n } and
(18) that N

n x\ ’

\o
o < 1t ¢ o & \
nt \\

AP ¢

&/
for all sufficlently large 'valu‘éé of n
This contradiction prgueﬁ' that =% and, a fortiori,
7 itself are irrational, y N

§6. The 1rrationa]\1t3r of tg a for rational & + 0
Dafine ‘S
¢ &4\J
OO
~\ -
AG) - A x P(x%),  A(x) + Al—x) — Q(x?),

\,’

20 that Pe’}x Y, Q:Q(x 3 are pelynomials in x of degrees

n 1
[~ ,,\\[‘*] =*, Wwith integral coezflcmnts, and

R\

_I"\“l )

G 2A(x} = Q+xP, 2A(-x) = Q-xP.
x

Maltiply (14) by € ° and use (11), (15); then
X X Z
2 2



§6. IRRATIONWALITY OF tg & - RATIONAL a #+ © 1M

X
%P cosh %C -@ sinh }2—5 = R{x)e °
(19}
211+1 1
_ X f 1 -4 YPeosh | (b-1)x} at — 8(x)
ni o]
2By

Now let a2—+b be a rational number 40 ard assu‘mé

that also ’ggh_ is ra,tlonal Put x=2a and denote.bg&
g » 0 the denomlnatorf of x°=4af=4ib. Then O

oy
%

N,

x/

£ cosh = =vr, sinh—=~fs\»
whem T, 8 are 1ntegers andv+ 0. Tha mm]bers
q Y P(x" 0 Q(x ) are integral, and :(‘t‘;’) shows that also

e

s an integer, wheresas N
\.‘; n
x5 s
w 2 2n
51 < 1Xe 2 A°Ix[TT L, (11— 00} -
' \'\\T} !

We obtai@?ﬁ}‘le desired contradiction 1if we can
prove that 'sR{'X #0. This inequality is obvious in case
x® > - ,, Qince then the integrand 1n (19) is positive
Tor o <\I: { 1. In order to complete the proof in the
T*EL'lE},"‘ﬁIIlg case, we write more explicitly A= An B—B

R&S}l, C=C,3 then
Be 4+ A = Rn‘= cnxq + oeees BD_TGX+AH_1= [

i Il
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(20) Ay By AR, = Ry4B, - RyBr-

- 21n-~1
B (0)x°"7 4 L= B (0)x""7T,

n-i n-1

because Anr1 BIl An_Bn1 1s a polynomial in x of degree

en-1. If B(0) = 0, then also A (0) = B (0) ~ R (04 = o,
and the formula'

£

)
(Bn_1+x"Bn)eX + (An_1+x_1kn) - cn_1x21:f:;‘i~~\'. ..
~would contradict the unicity of Al Bm;:f The e Pore
B, {0)}40. This also follows from B(x\, 14D) DT
‘namely B ( )= ( )ﬁ'+0
Now we lnfer from (20) th&t Rn ' Ran__ +0 for

all xt0, sc that at least ong\ of the two numbers
Rn_ (x), Rn X} 1s dlfferen£ from 0. This suffices for
the completion of the prb@f

deparating the.xgal and imaginary case, we scc
that tghv'D /V D and‘}g\/—/\/—_are irrational, for
all rational pogiblve mumbers b. In particular, tg a
is 1rrational for all rational 840, This contains the

irratlonallsy'of‘w, gince tg ¥ L = 1 1s rational,
O \X b
w : Iy
<§}. The function P, e * 4.+ Poe m
R — o etlon .

B

e are going to solve the following problem: Iet
m(hlfferent complex constants 91,--=:Pm and m non-

negative integers Tiysen . be given and put

Jie)

(21) %;; (nkf1) =N+ ;

to determine m polynomials P1(X),..., Pm{x) of degrees

0,5 --«,0 such that the Punction
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§7. FUNCTTON P e + ... + P U@ 13

X
veel R= P e + ... + P e

=
T

vanishes at x=0 of order N. Fgr the gpeclal cage m=s,

=0, the solution of thls problem was

Writing P ...,P with indeterminate coefficients
and cc 151der1ng the termes of degree 0,1,..., H-1 injthe
powerr series expansion of R, we obtaln N homogenééﬁﬁ
linesr eguations for the (n1+1 nm+1J unknﬁwr
coeflicienta. These equations have a nomrtf1VLal

splution, becauze of (21). This praves, K@e existence

of m polynomials P (x) (k=1,...,m), nmt‘all identically
g, of degrees < nk, suzh that the pq@ar series of R
takes the form . \C
v O
(23] R = cZ- 2N/,
’ NiLH
with =some constant ¢. . ™
In case m=1 ths{éolutlon clearly 1s
{ l
$ i
“'Z':: P1 = cn T
NG !

50 that c#@“\ It will turn out that, for every m, the
con&taﬁ?\g'ln_(25) ig different from 0 and that, for any
g_aenc}o the solution is unique.

.\\ ,erte mere explicltly N=N_ and suppose m > 1. By
\x} and {22

1 3 3 T +1 (p p .)X
{24} Dnm+ (Re"pm ) = ;Dnm {e § " Py
m=1 (o -p, )X Bt
= g_e k m (Fk'P.m‘-'D) Pk’

by (23),
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N
1 +1 P_K +1 m _p X
(25) D™ (Re" M) =cp® Ere ™)
m
Ny
= o +
No-q!
Since the m-1 polynomials N\
. +1 '.'\\‘
Qk = Lp_k-pm+DJDm Pk (JQ&“;'. cesm=1)

‘

have exactly the same degrees as P _, they}dc not all
vanish identically. I* Follows from\é:é&\f and (25) that

the function \\
n+1 _p.X “p & (P..--'! _Pm)x
S=Dm(Rem)=1ep1 m;}% e+ Qe "
QX C
solves the problem for m*.% ! 04 Pys e eesb o P ivatead

of m andp ,pm, Wl‘Bh the same conatant c. Wb TOW
obtain »

¢ '\z — —1 .
P, = (ph\} +D) "o Qk _ (k=1,...,m-1)

&/
and, becautre of .
R0 (3)

i”\,{' p +1 p.X X Dy :
(26)(R= ¢ W g g m f o) oy gs.
m’;\ ¢! By
A
&\
\/ Applying 1nductlon with respect to m, we 5ee that
we can prescribe =1 and that then
_r_ur ~n1-1 L
i | : X
Pl = qop tpymepD) o on,’

more generally
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§7. FUNCTION Pie ' 4 ... + Bo s
i1}
2 I
(27) Py =, {74 +D) % (%=1, ... m).
14k !

In ordecr to determine R explicitly we consider
first the cage m=2. By (26],

PX X n, (p,-?_ )t n O
R=e¢ ° / x-t e | E——T—dt R
0 n_ 1 nf N
2 i N\
:»\ s
n, 1, \
t, 't g t,+p.t N
2 11 e AN
- n1! nt dat, K\}“ (x0)
1 \
t, 40, =X N
< \/
t,»0,5.0
T 2 R ¥4
,(.~3\
O
Suppoze that the formula N _
mo gk o,y
RN 1
(28) R(x) = /'“flgi*‘ifni: e “¥at,...at,,  (x)0)
' &
B+ D =K
1 &\ét It
t‘fz Seest 20
\\M') -
N\
is true fprwm-121, Instead of m. Then
:"\iz
AN\ m-i t @ -p_)t
,:ﬁéit)=/‘.-fTT (lgk!e k 'm k)dt1...dtm_2
A k=1 (£30).

Substituting in (26) and defining t =x-t, we obtain (28)
for m. '

X
We shall call R=P1e.m +
form.

. _+PmeF'-mx an_approximation
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' §&. Eatimation of R(1).
From (28) we can draw two important conclusions:
For arbitrary complex #_,... s#, We have the upper
eztimate

eiP'1i+...+I.°mf
(29) IR(C1) < ) 1
n, oot
O
and for peal fys++.,P, We have the lower estimate
A\
A
(20) R(1} > o. ' '~.V

O
$9. Estimation of P, (1) and itsidénominator
Estimation of &

We apply the expa.nsion

7 \d
— - - QY .
(51) (w+D) =1 - -n-1 L‘(,I,JI."I IDI‘ (r.a;=f=0,]
to find an estimate of Pk "n (27). Denote by M the
maximim of the m;m 1 1~x150~anberQ ] (1<k<{1{m). Then
Pr oy
\
(O nk
1‘??(}( (M -D}nk : (x>0,
oo Ilk
‘\/

aince tthlght—hand side, as & polynomial in x,
nua,,;oﬁ\ze‘s P (x). Furthermore,

\ nk prar . !

nk N-n +r n -p
§Z(£J-M e Xnk §(1+1)N(M+X}N= (eMyox)I {x>0),

(32) IR (1 < (emae)N (k=1,...,m).
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1 .

pr1 e .,pm are algebralc numbers, then also

l{“] is algebraic. To find an estimate of the denomin-
ator of PK( ] we chooss a positive rational integer q

such that the M_Tell_l_l algebralc numbers F.—*E‘— 1<k<1<m)
ke

all arc integral, It follows from (27) and’ (51 }, that
the number n, ! qNPkU) is integral.

P

N
§10. The transcendency of e for real algehralc a;#(l\ '
Let 240 be a real algebralc mimber and suppose
that also &® were algebraic. We introduce the s a‘.[gebram
tumber field K gensrated by a and ea‘, and W denote by
h itz degree over the rational number fiel‘&‘r\ If £ is

any mumber in K, the rorm % (£) = g {1 ).1. “t(h) means
the product of all h conjugates E( e ~\\.'f,£(h) of ¢, and
we defline \

Tel=max (3 ..., 16t®)

&«
N\
Ny *

Take m=h+1, Pk=(l{;"\1 )éf (k=1,..,m), n,=n,=...=n =
npt. The number n,w{'&il be arbitrarily large, and we

shall denote by S 2, . positive rational Integers

which are 1ndepe_f7ng’ ent

Now the\‘m‘lmber Pk( ) liez in K. Using (27) for
the h cong\%‘a‘lﬁe fields we obtain from (32) that

O
(33) AN P01 <e,f
"'\ml

since Nem(n+? J=1=mh (e n. Also

RUD =P (1) 6" 4 .. 4P (1) &0

lies in K. 1In virtus of our former estimate for the
dencminator of Pk(i ) we can determins a twumbher
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{=L) T =c n!

auch that
TR{1 }

#ee
It

ig an integer in K. By (30), thls integer is ot 0;

therefore 2\
Oy
(35) : fo (B > 1. o\
2 \"/
On the other hand, by (29} and {5#“} WG have
\
n -h \ o
< ch (Il!) '\.;

D
&/

for one conjugate, § —E(” sa,y ’but not neceszarily for

any other conjugate & (2) . },z{h), since the h-1 numbers
(x—pk(e),...,pk(h} Jares perhaps not conjugate to e

However, by (33) and (3‘11: we obtain for all conjugates

of £ the estimate

~\
I £ Cq
~\.)
Hence \
i"\ o
I.%‘Q‘ﬁ H <oy Mnt) h(c N L ué‘_ <1,

'<\f0r a1l sufflclently ls.rge n, contradictory to (35).
Thls proves that e 13 a transcendental number for
28ll real algebraic a%0. In particular, the rumber e
1tself ia transcendental. '

§11. The -determinant of m approximation forms
The sssential point In the preceding proof was the
fact thet the algebraic integer & is not 0, and this
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folicwed from {(30), If e 12+++sP, 2galn are arbitrary
different complex numbers, we ¢adn no longer assert that
R{1 0. To overcome this difficulty we proceed in the
following way.

For any fixed k=1,2,...,m we choose m=n)1
(l=i,...,k) and n,=n-1 (l=k41,...,m} and dencte the
correspondlng approximation form by A

p.x p K A
Rk = Pk1e : e Pkm e (l«i?:}..ﬁ.,m).
The degree of the polynomial P4 1s n, , a.nd‘ﬁhis munber
equals n or n-1, according to k>l ar k(ln\‘Now congider
the determinant & =4 (x) of the Pkl Tp¢ m! terms are
polymomlals in x, and all of them h&ﬁbua degree {mn,
except the term correasponding to ’tr?:be;’min diagonal which
has the degree mm. It Tollows t;hé.f: the polynomial A has
the exact degree mn. g ”3

Denoting the minors, of the elements of the first
gulum of & by A R “-‘Am’ we have

AN

48 ) ) ‘P,[X
(36} &@%R+ +4 R oJe
The function :RLE ~vamshes at x=0 of order
I
7\

.+nm) +m-1 = 1mm + k-1 D> mnj

ald
NS

ther€fore A vanishes at x=0 at least of order mn. This
p}&v;es that

A(x) =yx™, A1) = 74 0.
Now (36) implies that at least onme of the m

nurbery Rk 1) (k=1,.,..,m) 18 not 0, and this suffices,
In particular, for the extension of .the proof of §10 to
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the case of a complex algebraic ado0.

§i12. Algehraic lndependence
Suppese that p algebraic numhers a, .
related by a homogeneous linear equation.g1a1+..,+gpap=L
with rﬂtional'integralaﬁoefficients Bis-esg » niot all o,
Then the p numbersnk=e (k=1,...,p) satisfy the A
algebraic equation q1g1...n 821 with rational SO
efficients. We are going to prove the convgpgéﬁf Ir
aj,.-.,ap are algsbraic numbers such that_ghaﬁ+.‘,+gpap
40 for all rational integerg gTé""gp ?X?eﬁt for g =0,
T,gp.='o, then the p numbers e K are:pﬁﬁ’related by an
algebraic equation with algebraic coefficients. This
means in case p=1 that ¢ ig tranggendental for algooraic
ato. In.particular, T is tranqcéﬁﬁental, since e "= .
' Assume that the statemeﬁﬁ’is not srue; then there

éxists a polynomial G=G(y%mf§.,yp) in p variables

y1,...,yp and with integpﬁi algebraic coefficients, not
all 0, such thst g vqniéﬁes for'yk=e k(k=1,...,p). Iet
d be the total deg@g@ off G(yT,...,yp) and denote by h
the degree of tnsgaigebraic number £leld K gensrated by
31"“’ap and ;Qe coefficients of Gg. Ws choose a

rational Int€geT £33 such that

cosa,_ are

Dy, | P |
G1 DT > (- L) T (e
\’ -:-‘]

eN®
th;s 1s posaible because the difference or these two
lynomials in f hay g positive highest coefficient,
namely %. : .
- The number of a1l monomialg y?1 ...ygb of total
T
degrag £ forrg 1s.m=( ;p) or 1= (f_%+p), respect-

ively. Denoting them by Y&,..J,Ym and 7

A
B ik N B m*
we obtain i



§12. ALGEBRAIC INDEFENLENCE 21

Z?_,{G=ak1 Y, + .. +akam (k=m-r+t,...,m),
whers Xy 1s 0 or a coefficient of G. It is c¢lear that
the r-rowed coefficient matrix (ocli has the rank r,
gince the polynomials sz are not relsted by any homo-
geneous linear squation with constant coefficients, not
all ©.

iet 2\
g1 o"\\’
= g - N\
Y, =7, ...ypp, Py = g8, MR- \}\
(1—1,---,133)

Thenn v, ,... Py, Bre m different numbers 1n:\i<;}and

p Pm A\
k1® T e tey e =0 .\f(‘k—m r+l,...,m).

‘,0

Now congider the m approximat lon Porms

N\ p
R (x) = P, (x) eP1X AN+ P () g X

A C(k=1,...,m)
. \\V '
“of §11. We know that the m-rowed matrix (Pkl(i) has =

non-vanishing gebérminant A (1), so we can find m-r rows,
say for k=k "i’:\'"km e which together with the r rows of

the matrlx\( constitute a non-vanishing determinant.
Write "::;\ _

Ny .

A =my B () =8y (=t mn);
then
Py ] : k=1,...,m)

al:{"\e + oee. + “k & T _ ﬁk ( 3

where Bk=0 for k=m-r+t,...,m. Lst A be the determinant

of the u and A1 > ..,Am the minors corresponding to the

kl
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first colum. It follows that

(38) 0+ A = (A8 +rAp B 6T,

Now we shall a.pp'ly the results of §5. Since
= n or n-1 we can determine s mumber

T = c?nn! ' O

such that the (m-rlm numbers T“kl (le=1,... ,{n{:ég\l:‘l seee )
are integers in XK. This fmplies that als&(f{“_PA is
&

integral, whence &
(39)  (m (A wRlFm cs-n‘@ﬂrhm)‘
ox{'
,(.‘f}\
Moreover, by (335}, O
. N
N
ho) T T <ol OV ety 2=, m)
(k1) fal < G;..Q’S‘
&N/
On the o(mf& hand, by (29),
O .
» N\ Y%
O:‘s.) m I R n 1
{\x{:\ iﬁtj (cHn (n!) <c]2 {n!)
&“’ (t=1,...,m1r},
\.s‘

S
@9inat. by (38) and (ko)
(k2) LA CepyMmn™,
The estimates (41) ang (he) Imply

o (AD] e Bmy™,
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Ietting n— o0 and comparing with (39) we see that

m { him-r)
r { (1-Hm.

Begauae of the definitions of m and r, this contradicts
(37). N\

The result can be formulated in another way > Y
Supposa that b . .,br are different algebraic mﬂnbers
If p of these r numbers, and not more, are Llﬁgarly
lndependent in the field of ratiornal numbe]:gr, then we
can find p linearly independent algebraic)numbers

Bqsus ,ap, such that x\\;
bk = Zq8, + ..‘.::?gkpap (K=1,...,r}

with rational Integral coeff’iéients g,.1- Now consider

the rational fundtion ~&%

'\
ok k1 Skp

LGN yp <~ B

L)

of the vs,riablsa 31 s+ e es¥y With arbitrery algebraic
coef‘flclen’@\c coesCoy not all o. It carmot vanish
ldentlca@y in Vis- ..,yp, since the ssquences of ex-
ponerhg, PO ’gkp are different, for k=1,.. é?' Now
Oul’\”;t%sult shows that £ cannot vanish. for y1—e PR -,I)Fp

=§\ 3 hence
(u3) c.e +...+ce T4 oo,

Thig 1z the Lindemann-Welerstrass theorem: IF bT Y ”br

b b
are different algebraic nunbers, then e |,...,e T are not
related by a homogeneous linear equation with algebraic
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coefficlents, not all o.

Viee versa, this theorem contalna our previous
result, gince an algsbraic equation between eE“ PRI
with algebralc coefficlents would mean thg,tT: a certa:g:
polynomlial f(:)1 s ,yp] vanishes for 7= ... ,yp=e B,
Since &,4..058  are linsarly independent in the ratioral
number field, we would obtaln a contradiction to 443)

ap

s

¢\
'S\
v 4

Ns

§13. . Another expressicn
for. the remainder term R(x) ~..
We shall devote the rest of this chapter- to study
more closely the analytical propertles\of‘ approximation
forms. We start from the complex ir;tegral

(Wh), T = gy

o
AT
i)

S’
o
N

-

where the p K and n, have thelr former meaning and C 1= a
simply clozed curve in ~posit1ve direction which contalns
ppsneespy I0 1ES J,li%*erlor Inserting

st

. _ L
Q\\ Xz K 5§ xH(z-py )

O =5
b\ : 1
.\ J
we eii"bhat the .residue of the Lntegrand at z=p, takes
Pex K

the Form Qe © . where Q=9 (x) is 2 polynomial in x of

@eig%fee {my. Then, by the residue theorem,
"\.. ._
Pix oL
J=Q1e +-...+Qme

On the other hand,

© 1 ' . 1
=2 1 a, = —_ / Z dz.
_' c

1=
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If we taks for C a curve which contains the whole
circles ]z]{pk (k=1,...,m) in 1ts interior, we may use
the descending power serles expansion

QT%"J": 5 -1 IL_L (1 pk) T 2N
O
This proves that 0,\\.
®)
&y =0 (1=0,1,...,N-1), =1 o

l"\.

&
Now the uniqueness theorem of §7 shows bhat Q=P (x)

and J=R(x). \,
The eXpresslon \‘
‘[ .‘ ‘Qexz
J—,'—i'_ ) = —-—-_’x';’/w
of the remalnder term“asf::él.'simple complex integral is
more elegant than tl";s{\expression as an (m-1)-fold

real Intsgral in< Q\S”) ‘but it is Inconvenient 1f ons
wanrts to prove t?ge regulte of §8. Without using the
unlquensss th&orem we can transform {hb) into (28&) in
the follow,mg way. Suppose x>0, then C can be deformed
into a Z&Qcalght line L from c-ito to c+iew , where ¢ 1s
a resl humber greater than the rea,l parts of ther "
Subﬁ‘bitute

Q

' o0 Iy (Pr-z )i 3 ~
T é b, e gt (k=1,...,m1)

and interchange the order of integration; then
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/ e(x—t1— g 02 @%j " e Prty
dz; | i e dt
— : +1 ] =1 T K
271 /L (z-e, ) k=1 Tn T
But " ~
1] <
tz _ it g I {tHo}
= -1 £
1 j{ ! dz = nl 2 N
2v 1 (z-p 0 ~N (<o),
Y w4
and {(28) follows Immediately. ¢ Q

It is simple to get rid of thé\restrlctlon_f>o in
{28): Bubatitute th for tk’ thi},

iR S LEox
(46)  R(x) = x& f/Tr N P jyat. .. .dt
= ..lnk!

1 m-17
t]«$ -+t =
) t”> C, «.v, b, >0

O N
and this holds ﬂér}arbitrary complex x. Since R(x) = *—
!

+ ..., the 1Qbegrﬁl In (46) has for x=0 the valu %

hence .\) ‘

xZ\ o N |
Ix elx|
fR‘&,\{M _< Nt e s P*—'-IEIEI.X(!le, ;Inmf),

'M?h§&h is a refinement of (29).

\\; It remains to prove formila (27) for Pk from our

present point of view. We know that P (x) is the co-
efficlent of (z-pk)nk

in the power series expansion.of
the funetion
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- m -4 -1
P (z) = JX(zZ-P ) T (z-%)) 1
K 1=1
14k
at the polnt Z=8
A Ty
Pix) = o iD, ®f (2}, o ~
ne Y
Putting o’
m ~ “¢~:’§'
T (z-2) 7177 stz
1=1 \\:<
e N\
NV
. D
we obtain J‘J\

Dznkfk{ z) = eXEZ:"?k ) (x+D, )nkg( 7).

Now conslder more gene'\rally the expression tP(x+D Yeglz),
for any polynomial @ T}: Thzn, by Taylicr'ts formula,
1

N ‘e Dy qo(x}DZ gl(z)
(x+D, g(,z%} S = g(z+D, )T (x).
\ 1=0 1!
”\'\sl
Tt f‘oLl@\Q@/that
N\

)y Hy m Iy,
N\, X -nij-t x -,
2z = g(p +D)¥3—, = [] (P, —p,+D) 5

<> k(XJ g( K+ ) nk! 1o ( 74 P nkl
13k

§1%. The intérpolation formls
The integral J of §13 also appears in the solution
of the following interpelation problem: ILet an analytic
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funetion f{z) be regular in & Jdomain D of‘ the complex
z-plane, and let n points Zys-e-52, of D be given; to
determine a polynomial Hn_1 of degree < m-1 szuch that the

Ffraction

N

- N
AN
:»\’\ »
1z regular in D. ’~ &
It is clear that there cammot be mor% than ore

solution, since the difference of two\’\\lutj ons H__

would be g Dol},rnomj al of degree ¢ nqr*] divigible by
the polynomial TT B ey (2- zk} of degf”ee n.

Put

Fo(z) = (2-z, )\":;;’.ti}’(z-zk) (k=0,...,n),

8o that P N
m;\\.

Fk{z}\s—\\(\zﬁszFk ,(2) (k=1,..,n)

w\ TR ) SR = (z-0m, (1)
(179 \\‘ g (B &) R R ()

_?3;'\\ 2\ F__(z) )~ R (z)
A®

N\ ) . . .
‘{:‘@ppose that also { lies in D and consider g gimply
closed curve C in D whose interior lies in D and con-
taing the n points z1,...,zh,§'. Define

48 =1 f{z}) g3
(48) Ay Efrifc FTki(_Z_j)_ 2,

F (1) '
1 .
G () = Hé & f{z) dz;
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Lher
Go(8) = £(8)
and, by {(47),
G (80 = G 8y =8, F . (3)  (k=1,...,n);
whenca
Sy m e F )+ a8 ¢ e P (5) 4 thE\.
.f\ N
Thereijre the solution of the interpcolation pﬂobiem is
glven by ("}Q
Ky
A () =aF(3) + aF, (3) + 80+ a _F . (§)
G. .
- - £(z) gg_
TI'\[;) - F - -'ja-l Fl—} Z_{..

N\ W
>

New conslider an Lnllnite~sequence of points

ByaZogens in D arnd Quppose~that 11im Gn{ z =0 for all =z
in & domaln_DDC D. Then™ nm®
A\
%@k“‘a.F +aF (z) + ... (zinDy)

and It followﬂxthat a #o for Infinitely many n_excent
when F{z) i‘\a polvnomlal

Wé:apply this to the special case f(z)= %% and
take ?d} 1,...,ZN+1 the set congisting of oy +1 times
thet qunt P, (l/c—w se.w,m). By {(4) and (48), we see
€h& the coefflcjent Ay 1s exactly the Integral

J=R{x) of §13. In particulsr, choose m=n (k=1,...,7+1)
and ﬁk=n-1 (k=r+2,...,m) and take 1=0,1,...; =0,1,...,
m-1, so that N=mrsr=0,1,... . It is easy to ses from

the expression for Gy £ that |1m Gy(z) = 0 for all z.

Since e is not a Dolynomlal th ¢ implies that R(1)+0
for infinitely mary N. The finor algebralcal approach
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of §11 showed that for every n)¢ the interval m{i<{m{n+1)
containg at least one N with:R(1)+0; but this fact is
not needed for the proof of the transcendency Qf e? for
algebraic a+0, though it iz important for the more
general problem golved 1in §12.

§15. Concluding remarks

It should be mentioned that the preceding prebfc of
the transcendency of ¢ and * and of the algebx&;& in-
dependence of e ,...,eap, for linearly 1ndppéndenu
yseeesBy, 8T€ N0t the simples?:té be found in
literature. Qur proofs are related tqwghé original
work of Hermite; however, our procedupe in constructing
the approximation forms is someraQ\ﬁmre algebreic, and
this has been decisive for the geméralization which we
shall investigate In the nexfy éhépter

Two characterlstlc pr@pertles of the exponentilal
funetion y= e* were used’ 1n our proof's, namely the
differential eguatlon~y’=y and the addition theorsm
et our generalizations will go in two different
directlons: Elthey we cgnsider solutlons of linear
differential Bgquations without assuming an addition
theoremn, oy(@é’de&l with functions satisfying an alge-
braic add{pion theorem. In the first case we are led
to th ﬁroblems congidered In the second chapter. The
seconﬁ~case orings us to the study of elliptic functions
fnpm the arithmetic point of view, in the last chapter,

\\and of the function &* for algebraic &40, in the third
chapter,

algebralc a




CHAPTER 1T

SCLUTIONS OF LINEAR DIFFERENTIAL EQUATIONS

The irrationality of t—%—a‘fbr rational a2=!=0, whit:“l}
includes the irraticnality of * , was discovered by\",'
Lambert nearly two hundred years ago. Lambert! s‘;'ﬁz\oxzk
was generallized by Legendre who congidered thg power
series B . \\

4

n
y=f,(x) = g TTewT )K (am:‘k‘?' (w$0,-1,-2,...)
\\

‘,'

satisfying the linear dlffereqbisrl equation of second
order .s} N

™
N
N

n f
XN +ay = Y.
O

$

He obtained the cg;ﬁs\inued fraction expansion

)" =g+ —
e\ %
¥ a+1+a+2+.

and p}{oyéd the irrationality of y/y' for all rational
X ﬁ\g.nd a1l rationala<0,-1,-2,... . In the speclal case

o= éfwe have
¥ = cosh (2vVX), y' = sinh {2y X)/ JX,

8¢ that Legendre's theorem contains the lrrationality of
tg a/a for rational a2+0 In more recent times,

31
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Stridsberg proved the irratiomality of y and of ¥!,
separately, for rational x40 and rationale#0,-1,...,
and Maier showed thet nelther y nor y' ls a quadratic
irrationality. Maier's work suggested the idea of in-
troducing more general approximation forms which en-
abled me to prove that the nmumbers y and y' are not
connected by any algebraic equatlon with algebraic
coefficlents, for any algebraic x40 ang any ratious
a+0, i_%) -1, + g,... . The excludsd cass oftaﬁ}'
integer & + %—really iz an exception, since thﬁn,the
function f(x) satisfles an algebraic dlfferential
eguation of Tlrst order whose coefflcithq are poly-
nomials in x with rational numericai coefflclents, this
follows from the explicit formulagQ\f

L&
1 N\
fk+u_= o %—-°' (k"ﬁgj chosh (27X},
1 ‘,':..
_ k+'jﬁ.‘;
= BN o
2 e AR
AN {(k=0,1,2,...).

For 1nstance; n casea = %, the differential eguation is
.‘\: ' :
R ¥ - XY"2 =
AV
In tne excluded case, however, Lindemann's theorem Shows
,th\t ¥ and y' are both transcendental for any algebrale
\\w%o. '
We are now golng to develop a general method for
transcendency proofs Imwolving solutlons of linesr
differential equations and to apply it to the functiorn

y=Lp(x).
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A function y= f(x) 1a called of type E, or an
E-function, 1f

Fix) E:::crlx

1
=5 n!

iz a npower serles satisfying the following three condi-

tions: ’
1y All coefficients cn_belong to the same N

algebraic mumber fleld of finite degree over th@gt\

reticral number field. O

2) If ¢ is any positive number, th?&“ﬁ?;j=0(ﬂpe),
843 N— % . . m'\;.

3} Therc cxlsts a sequence Got qrg... of' positive
rational integers such that c ¢, _,\*ptegral for
k=0,1,...,11 and 1=0,1,2,..., and tpat Q= O{nﬂ‘).

We shall recall to memorghthat the sywbol r"T
degignates the maximum cof the abqoluto values of a“l
corjusatas of the algebra;c.rhmber n The second
condition means that 1c~ 5 as s funetion of n, lncresses
lesy repidly than.ang>p051tive power of o™, Thie implies,
in perticular, _Qg@ & iz an entire function of x. The
third conditiomhstates that the least commen raticnal
denominator'gfgéi,...,cn increases less rapldly than
ary po%itiﬁé wpower of nil.

OhfLohslj, any polynomial with algebraic co-
effigh é>ta arl the exponential function e are. pxamples
of ¢ ncfurc+1ors.

\<X" It is clear that the d spivative ' of an E-
Tunction agaln is an E-function. It iz also clear that
the sum of two E-functions 1s an E-function. The same

“1s true for the product: If also
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iz an E-function and rn_denotes the 1east_positive

rational integral common denominator of dO’dl""’dnJ
then
n
X
£x)g(x) = S o X
& =0 nn:?’?
. e = i (f{l)ckdn_k, A
=
L\
, A
80 that O
o Oy . 3n
lept < e mex [ a7 2T6enNe ) _ g pdne),

ki{n

w\,/
and the positive rationa) integ§ﬁ>
L, > 2ne

an(l"T. O(n™)

3
ad

ism cgmmon.denominatonjéf’eo,...,en. This shows that the
E~functions constittte a ring. Flnally, also f(ax) is
of type E, for gmﬁ?algehraic constant a.

Later wg\ﬁhéll study E~functions yT=E1,---,
i which“gatisfy & system of homogeneous linear
differenﬁigl'equations of the first order

.
(49N 3 300 7, (=1, 0o pm)

ay
e

P

a \Y

NJhose coefficients Q1 are ratiops] functions of x. Iet
the polynomial T(x) be the 1least common denominator of the
m? rational functions le(x) and consider the rumericel

coefflicients of T{x) and the T(x) le(xj &3 unknown
Quantities, TP we Insert the bower serieg E1,---,E
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finitely many unknown guantities, with algebraic co-
efficiencts. Therefore we may assume that the numeriecal
coefficlents of the le are integers in K, the alge-
braic number field generated by all coefficlents of
E1,..D,Em together.

It 1s not hard to show that for power series
golutions of (h4g) the firet condltion concerning
functicons of type E, namely, that the coefficients cﬁ\
belong to the same algebraic number fleld K of rinhte
degree, could be weakened to the cordition that(gll
coefficients of E1,.. Em are algebralc numbera 1t
could be proved, as a consequence of (hg) $hat the
field K generated by all coefficlents J& BFf finlte
degree. However, we do not need th12>property, and we
omit the proof. \\

It iz well krnown that the¢ system {49} posseases
4 bagiz of m solutions V= Ekl tk— ..,m}, for 1=1,...,m.
Of course, not all Ekl are. In general of type E; but all
Ekl are regular at all finite complex polnts x=a
which are diff'erent fngm the zeros of the polynomial
T{x}, and the det ﬁ@inant of the K, does not vanigh
at x=a. Any solbtion of (49) takes the form
yk=c1Em +cm3km (k— .++,m) with constant ¢, ,...,Cp.

§\ §2. Arithmetical lemmas

.Q@nsider p homogeneous linear equations with g
un&g@ﬁﬁ guantities x1,..,,xq-and integral rational
coefficlents. They have & non-trivial integral rational
solution, if pdg. It is useful, for different purposes,
to obtaln an upper estimate of the absolute values of
in terms of bounds for the coefflcients.

2 S

IEMMA 1. Let

{50) M R akq*q {k=1,...,D)
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be » linear forms with integral rational coefficients
‘and @ varlables, where opg, and guppode that the
abzclute values of all &1 &re not greater than a given
positive rational integer A; then there existas a ron-
trivial integral rational solution x
yp=o atisfying the conditions

13 .,Xq ofy1mo,.“
e
T S e ¢ B -
.\ N
PROQF: Iet H be = p031u1ve rat*onal nntegm“ and
insert in (50) for x q 1ndependent yxthe oH+1

N

preee

values 0, + 1, ..., + H. Ue cbtain { 8@+1)-‘p01nt0 with
integral coordinates yT,...,y s 814 IV1ng in the cubs
o\w

o (e ot LY e, p).

‘s’

Since there are exactly {ﬂqAH + 1P gifferent points
with integral coord: natgsvln this cube, it follows that
at least two different. vystens Xi""’xq have the sams
imege point y1,...~" , 1If

X%

s § .
(51) J}‘?qAHHJp < (2H+132,

: ¢ _
Under th;égtond*tlon we obtain by subtraction s non-

trlv;<}\rntegra1 rational SOlutLOD.X1,...,Xq of
=Q{\ .,y =0 satisfying the inequalities
"\‘ _ o
\\ 5? . kal < 2H (k=1,... q).

Now choose for 2H the even mumber in +he interval
b D
@)TP 1 ol < (gayap .

of length 2; then (51) ig fulfilled, because of
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(2gAH+1)P ¢ (qAP (2H41)P

{ (214 P01 )P = (2H41 )4,

ard the lerma follows from {(52).
Now we generallze lemms 1 to algebralec number
fields X.

Oy
LEMMA 2: Buppose that the coefficients.@f the p
Ilnear forms =21 %, +...+ak Xq (k=1, ..,p;(p{q are

integers in K, and let IaklI { A; then th@fe exists in
K a ncn~-trivial integral solutlon.xi,...,x of ¥,=0,

g
.,yp=0 such that OQQM
| AN
(53) 51 < ¢ +ic(can) i (k=1,...,q),

s’¢
AN

whare ¢ 1s a pogltive cog§ﬁént which only depends upon K.
PROQF : Chooqe,@(basis |SHPRRN
in ¥ relative to ¢ hg ratlonal number field. Then any
Integer a in_K haﬁ the form a—g1b +...+ghb with
raticnal 1ntegmal BysesesBp- Solving for 8rser a8y
from the h équatlonq for the conjugates of a, 1t
?olloWQ’Xbat I | <-y1 [a], where ~, only dependq upon
the cholce of the basis. Now write x =X ,b - X by
WlQﬁ)r&tlonal integral Hppys oo sy and express also
allzpqh products &b, iy terms of the basis; then the
P ecuations y1=o ...,y =0 for x1,...,xq become ph
homogeneous linear equatlons for the gh rational integers
Xiqsees¥ g with ratlonal integral coefficlents of
absolute value less than ¥, max [a,7b.] {1 ,A, where

v, i a positive ratiomal integer depending upon the
basis. Applying lemms 1 we obtain a non-trivial solutlon

by of the integers
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satisfying
B_
Il <1+ (v hga) @

(k=1,....q 1=1,...,h),
and thigs implies (53).

§3. Approximation Forms .\\\

Conglder m power series E Em and m poly~
nomials P1(x),... (x) of degree g_v with( indeterminate
coefficlents. Obviouely, we can.choose\phe m{v +1) co-
efficients, not 8l1 0, such that the approx1met10n
form P E 4+, +PmEm vanishes at x=0, of order m{v +1)-1
at least For our Further purposee we are interested
in the case that E . Em arg" of type E; then the
coefficlents of P .,P can be taken as integers in
the algebralc number flelﬁ K generated by the coefficients
of E . Em Temma 2 glves us an upper estimate of the
absolute values of t@e coefficlents of P .- P and
their conjugates;s deever the egtimate 1n.lemma 2 1=
useful only in.c\ée the ratio p/g 13 not too near to its
upper bound 14 Therefore we now weaken the condition
that the approximation form vanishes st x=0 of the
highest\oossible order.

O\

*x

LEMMA 3: let E .. Em be E- funetions with co-

\efficients in K, and let an integer n=1,2,... be given.
There exist m polynomlals P {x),. ,Pm(x) of degrese
{en-1 with the following three propertiss:

1) The coefficients of P ' P are integers

in X, net all o, and the neximum of the absolute values
of all their conjugates is n(2+‘ ), for every given

positive ¢ and n— e .

I ——————
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39
23 The approxlmation form
. on x?
{sk} R = P1E1 +oae. PmEm= v§_0 8y 57
vanishes at x=0 of order (2m-1)n at least, so that
(55} a, =0 (h=0,1,..., 2Ipm-1).
O\
3) 'The coefficlents a of R satisfy the C;QQQ*;'
dition K
E.i,=l"y O(nEIl) {? 2 21‘”11"@ 3
. # (/
o
uniformly inv . ' \\\
N
: D
PROQF: Put ;«':;.\
L)
Ek v=0 kv ':{:1; (=1, ,ITl)
O
W 2111 : v
£
(56) Pk;;:\benﬂ): % Sy T
\<
LD

with integgaa;l}gkv in K, so that P iz a polynomial of
degree {pu~1 with integral coefficients in K. Com-
DUtin,%?:ﬁhe coefficients a, in the expression (54) we

f 1@/

¥
| (57) BB, = (2n-1)! idkv 5

=0 ¥.

2n-1
) v
d, = g {p) Bk, v-p
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The condition (55} yields (om- 1)n homogeneous linear
equations for the 2mn unknown quantities Zicp

(k=1,...,m; p=0, .. vs2n=1). Determine a positive
rational Integer ¢, such that g nCy 18 Integral for
k=1,...,m and » =0, .. +,20n-n-1; because of condition 3)
in the definition of a function of type E, we may choosé
O'=Ofn€n}. Multiply the equations a,=0 by q / {en-1)1;
then the coefficient 2n{p JIUr -8 of g, lies in_K ard

all its conjugates again are O{ ), because of\
N\
(59) (g1 2", Te,1 =o(u<”";)_
. \\

and v ¢ {2m-1)n. Applying lemms » w1th p={2m-1)n,

Q =2mn, A=O(nen), we find 1ntegra1\gkv {k=1,...,m;
¢¥=0,...,2n-1) in K, not al?l ¢, sych that (55) is ful-
Filled and

L 3 Nudl
TR

ng ¥ r = O.{:[;f;nJ 3

N 3

because of agﬁ-= 2m41-0(1). The remainlng statements of
the lemma readlly Follew from (56), (57), (58), (59),
together withythe estimate (on-; )1 = o(n2hy.
o
1 ), $4. Normal systems
mppose that the E-functions E, Em satisfy a

syqteﬁh of homogeneous linear differential equations of
flrst order {(49) whose coefficlents le are rationsal

clents of E, .,Em. It may happen that the matrix
Q=(le decomposes into a number r of" quadratic boxes
Q% (le ), where t=1, . -s¥, With m, »ree,M, TOWS, SO
that k, 1- oMy and M+, » ¥ =, This means that the
boxes are arranged 1n.the diasgonal of Q and that all

clements of @ outside of the boxes ars o. The decompo-
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gition is unique 1f we choose r as large as possible;
then we call Q ,.. ,QT the primitive parts of Q. Of
course, 1t can happen that r=1 and @ itself is primitive.

Corresponding to the decomposition of Q into
primitive parts the system (49) breaks into r separate

syatems

L
(60) e, = %;;:le,t(x)yi,t (=1, omp 3=t G5 7).
.\\\'
let Ve, £k, t(k=1,.. ,mt), for 1=1,. C ool be I basis
for the qOILud:].ons of (60); then the m-roweds matrlx Y -
consisting of the r boxes Yt=(§rk1 t) iz &}eblutioﬁ matrix
2 w

for (49). :
Now consider any solution Vi 2 .\\,y of (49) and
A\ N

introduce the sum N
(61) R = P1y1:ti Lo+ Py
whose coefficients Pl "P are arbltrary polynomials

in x. We are 1ntereﬂ‘t\ed in the cage that R vanlshes
ldentically in x, \T}sing the box decomposition of Q we
write P*LC t(k—1,“ e s 5 t=1,...,r) instead of P,,..-,F .
EXpPequng the\ygolution Vqse-es¥y in terms of the basis
we then ob:bg.}n :

Nl

(62) R=73 P*. ,c 7 ,
A 1% k,t¥1,t Ykl1,t

where k,1=1,...,m_and t=1,...,T, the P* k,t peing poly-
nomisals and the c1 & consta.nt The sum R trivially
equals o if all products P* X, +°1,1 are 0, or, in other
words, if for each t=1,...,r either all polynomials
P*k . are identically © or all constants Cp 4 &are O.

We shall say that the boxes Y, are independent, if R

doss not vanlgh identically in x, except in the trivial
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case. If the box Q’t 1s glven, then the solution box
Yt only 1s determined up to a factor Ct to the right,
where Ct is an arbltrary mt—rowed non-gingular constant
matrix; but the passage from Yt to tht does not affect
the independence Property. _

We shall study the algebraical meaning of inde-
pendence of the solution boxes, Define RT=R by (Q ) and

= : o o Ny
(63) Rey =T Ry (=), .. )
’ : . \v/
where T(x) 1s the least common denomina’f;gﬁiﬁ’”ﬁof the le(x}.
Because of (k9) we can write A4
X 3
(6h) R = Plq¥, "::Z‘K\'Pkmym (k=1,2,...1},
‘..:\"

where O

) s
65 P = T{&I3 =1,...,m
( k1,1 e * g?kgqgl) (1=1, )
and O

LA

{(66) V, p11 = Pl‘

Clearly, @11 P, are polynomials in x. ‘Denote by
B = MY the determinant with tne elements P,
(k“ij‘:ﬁﬂ,...,m) and.by a4 the.minor of PLys the_n (64)

~iplies
A
m .
(67) _ Ay =2 ARy (k=1,..0,m).

There are two cages when we can Imnediately assure that
a{x) vanishes Identically in x: If ip {(62) all P*k,t’
for k=1 soens My and at least ope t, are ldentically o,

then the box decomposition of Q shows, because of (65),
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that m, “olumns of A are 0; 1f R 1s identically o,
but not all yi,.. P then (63) and (64) imply
4 =0. Exclude the first case; then the assumption of
the second case, because of (62), means that the boxes
are not independent. Now we prove that, in all other
dases, the polynomial 4 (x) does not vanish identically.

N\
IEMMA 4: Suppose that the boxes Y£ are 1ndependent

and that, for each t=1,...,r, not all P* k,t (k=1, :..,mt}
vanish identically; thena (x) is not 1dentically“

Y

PROGF: If A& =0, then we could dete«rﬁﬁhe u <m

polynowmials A1,...,A such that
. \)
I

o AN,
%ﬂl+...+%&lho (}byumL %ﬁh

let Viseeo¥y he a completelj rbitra;y golution of (49}
and use the notation {61)waﬁﬁ {62)., It follows from

(63} and (65) that

A
'\\s,l _
AyRN™ + A, Ry=0
(s8) B R 4D B 4 e B R=0,

\\ N
where B A, TH and B,,...,By &re polynomisls in x.
Tak{%@ for ¥qs+es¥, The m basic gsolutions, we see that
a8l of the m functions '

ZP b Tt (D=1, e BT, oY)

Satisfies the homogeneous linear differential equation
(68) of orders -1 <m. Therefore we have & non-trivial
homogeneous linsar relationship
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{69) > ¢ 4+ R =0
n; 1,t "1,t

with constant cl,t‘ But the r boxes Yt are Independent,
and not all products P*K t ©1,t (k,1=1,.., ol t=1,0., 1)
are 0, bscause at least one P*k t+0 for each t. %o
(69) 1z impossible. A

We shall say the m functions E ...,Em of type B
form a pormal system 1f they all are not 1dent\it:a\11y
and satisfy the m differential equations { 1#9), with
rational Q1 (%) amd algebraic numerical co‘eff‘iclents,
whose zolutlens boxes Yt are 1ndependenm‘ This condi-
tion of normality will be decisive ik the proof of an
extension of the result of §11, Chapter I, which led
to the Lindemsmn-Weierstrass theo\rem

§5. The cogffibient matrix
of the apﬁfdklmatlon forms

From now on we shall sssume that the E—fUIlcth}Il.::
E - Em form a n?rmal aystem and that P .. P ars
the polynomials d\m\‘the spproximation f‘om (5&) Agaln
the polynomia}akal(k—i 25403 I=1,...,m) will be de-
fined as 1nn(6h) and (66), so that the approximation’
forms :f\'“:

‘§ : .
A\ R, = - E1+"'+PkmEm (k=1,2,...)

N

~O
“matisfy the equations

{70) R, = R, Res = TRL .
None of the functions E . Em ia identlcally 0.
SBuppose that the derivatives E (k (x), fork = 1,...,p"

and 1=1,...,m, vanish at X=0, but not all E {p )(0)
(1=1,...,m). oOf course, p may be 0. We denote by
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g the meximum of the degrees of the m+1 polynomials
T andg T le (k,].:'T’"'ﬂm)’ and we define
t=n+p+d ng:ll =T,

LEMMA 5: TIst ¢ be any complex number different
from 0 and the zeros of the polynomial T{x) and suppose
N
that

.\:\'
(71) nyp+q BELD O
then the matrix \\
(r2) '(Pkl("‘”k=1,.. it
1=1,. g -

has the rank m, ‘ v

PROCF: We use the bo Wecomposition of the system
(49) and write again more" explicltljr P* k, t(k—1 PR
t=1,...,r) instead oi\P1,...,Pm. Not all P*k,t are
identicaily o, beoe{use of lemma 3. We may choose the
notation such they P*k 470 for k=1,...,my and T=p+1,...,13
whereas for exserfy t{p at least one P* k, ¢+0.  Put

W+ —y.\, then 1{# { m. We shall first prove that

N -
Wa apply lemma h with # instead of m. The

&Sauqutions are satisfled, since -E‘[-""’E# form &
novmal system, a fortiori. Denoting by A& =4 (x) the
determinant of the P, (K,1=1,...,# ), we see that A
does not vanish ldentically in x. 3By (67),

. =4 . =1,._-’ y
(13) a Yie g’-\kl (P1131+"'+P1ﬂ Vs }. (k TR

ldentically in x and FyrersTy o and in particular
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{(7h) AEL{ ﬁkl R]_

Because of lemma 3 the power ssries R vanishes at x=0
of order {(2m-1 }n at least, so that Rl’ in view of (70},
vanishes there of order »(om-1)n-1+1. Choose k such
that E{E}(O#O; then (74) implies N
(x"};\\u”\.

s

(75} A(x) = x{em1)n-# +1-p ,

where A (X) again iq a polynomial and not 1denticall*,r 0.
On the other hand, P, has a degree « '3}1 1+{k-1}a, by .
(65) and lemme 3; therefore the p -rowed determinant A
has a degree {{(2n-1)u +q #—(f—u—~\ If b denotes the
degree of A s then \

LN\
L >

/
Y N

(76) 0§b§_(2n1)u+%—&—l— (em-in +4 -1 + p

.‘Q
N

= —En(m—.ﬂ'?;+ n+pa+gq _P%‘_‘Ll =
) .a
Because of the, \:ndltion {71), the right-hand side in
(76) would be" ﬁegatlve in case m-# > 1. This proves
that « -—rp\and
A&

(771‘\\ b §n+p+qmg—1—l-1 =
AN
”\“

The muber « in the statedent of the lemms satis-
fiesaT(aH:O If & (x) vanishes at z—a of order a;
then, by (75) and (77},

{(78) 0{a<{t,

Consider for a moment the indeterminates Tpseees¥y in
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(75} ag arbitrary solulions of (45) and apply a times

the opsrator TD. We then obtain the formula

2 (a) (1)
79) T(x) a ‘¥ (x)y
( K + 1; (X)Ll{
mn+a
t = 2 Mgy () (P GOgy e Py 07 )

(l=1,...,m)s N
.:\'
identically in x and the indeterminates Tyses ,ym> where
the ]"Lcl are llnear forma in Fyoo-sTpy whosae coefflcients
are polynomials in x, and the Mkl are polynomlals in x.
~
Now insert x=e ; then G

A\
Ta(cz)A (a)(a \\S—F 0

and the left-hand side of ('?9 Ieduces top y,. It
follows that Fqsenea¥y, can bie.expressed ag linear
combirations of the m+a llnear forms Py, () Yo+

+Py o) Vg (1=1,.. ,mf&*}, In view of (78), thisa
contains the stater&e@t}of the lemma.

$6,QBstimation of R, and Py
The qu}flclents of B, . By, T and TQ,
(k, 1= xftl lie in soms algebralc rumber field K of
flnlt@ ‘degrree By (65) and lermsa 3, the coefficients
o &ll'pO].YIlOmlals Pp (k=1,2,.03 1=1,...,m) &ll lie in
K.

LEMMA 6: TIet & be a mumber in K and k{m+t, then

o (n(3+e)n - (em-2 .‘n)

IR, (a)

P (a)l=0 (n”*‘m)_ C (1=1,...,m).
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PROCF: If the coeffieients of two power series
A=a o+ e X+... and B=f +8 ,x+... satisfy the condi-
tions e kpgsk for k=0,1,..., we shall write A YB.
Plainly,T *{c(nx)q and Tle-{c(HX}q with some positive
constant ¢. We are going to prove by induction that

" X, k-1 A
(8e) R ., ¢ (1+x)*2 T (vq+D) R (k=0,1,...)
=0 :..\
r e
AN
N/
(81) P -{ck(i X)kQ+2n— I_“T SR {2+e)n
L ¢ +x )54 v|o(pq+m+%q—\JO(n )
= N/
: o)
\ 4
N (=1,...,m),
where ,
A =] ".:.'y [3
(82) R= 3 la 57 = 5% e xl pemy
p=0 N Y1 ,=(Zm-1)n- ¥ ’

Q
and the estimate((81) remains valid if the coefficients
of Pk+1 1 a.lj&: \i%laced by their conjugates.,

Beca;is‘:e.)of lemma %, the statement is true for
k0. If:gc"is proved for k-1 > o instead of k, we
obtalns @y (63) and (65),

O

X

“\,:%;C_H = TR, < c(l+x ]q'cl‘:_1

fle=1)q(14x) K71 (g ) Cemt %%2 (va+D) R
v=0 '
k-
< K(14x )k (¢q+D) R,
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g, k-1
PL{+1 .1 < c{1+x)=c

=

-2

]

=
I —

(vgems+En-1) © (n(2+é}n}(m+D}(1+X}(k-T yg+en-
0

kq+2l’l-1 L'i]_-‘l (2+e )Il)

< c (1+x) (pqg +m+2n1-1) 0 (1

3
r=0

and this 1s the reguired result.
If k&  met=n+0(1), then, by (82), O
k-1 A A {
T wasD)R fom MM (6
‘o X 3%

ve=0 O )

0\‘..
i \’ _
The 1em@a now follows from (80), (81), and (83).
" :“\.'”
\\' §7. The rs;nk of E,{a),. 2By le)
' We shall

Let @, ,...,0, be any complex numbers
say that’ they have rank r relative to the algebralc
number field K if they satlsfy m-r, and not more than
m-r, linearly independent homogeneous linear equations

- (k=1,...,0°T)
’i” o}.i+...+?lkmwm o 2
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with coefficients )\kl in K. In'other- words, the zet
P EREEFE - contains r and not more than r numbers
which are linearly independent in K.

LEMMA 7: Suppose that « and all coefficlents of’
E1 yus .,Em lle in the algebraic numbsr field K of degree
h., If E, ;.. -;B form a normwal system and if ~
aT{a )0, then the rank of E (a),...,Em(a) Ielative to
K is at least gmg _ e\, N
| O %

PROCF: Since @ is a regular point @f‘ ‘the cosffi-
cients le in (49}, it follows that noQ\all Fk
{k=1,...,m). Suppose that
K7\

50 fle=1,...,m~7)

v

(&) A B (e} +"‘+-A1<mEm(“%“
are m-r linearly mdependen:t ’equations for E (), ...,
E (a) with integral coe.f:’f‘ic:.ents Akl :Ln K. Since 1ot
all Ek(a =0, we have r}ﬂ

Now apply le 5, and determine r rowa of the
matrix (?2), s%‘f@r =k, -k, such that the r linear
forms

(85) “Li!\(w E f“) s+ Pkm(f!) Em(a) = Rk(a)
‘\w
~.§\ (k=kys e k)
A,
m;:czgether with the m-r linear forms in (84) are independ -
€nt. Write (8s) bef‘ore (84), denote by A the
determinant of the m° coefficients Pkl and a K12 and
by A, the minor of the slement in the kth pow gna

1%0 columm ofA ; then

™

AE ZAgle (1=1,...,m).
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Bscausce of lemma 6,

R (a) = O (n(3+e)11-(2m_2)nj (?1: )I)J
B, 5Tadl =0 (nl>*9m (1=1,...,m);
therefora f'\
. )
N o1 =0 (n(5+e}n(r 1 ) | \':}
OY
Oy
& Afjl(a} -0 (n(5+e)m—(2m EJn) \:\ &
\\ 7

a1 =0 @B @

r

NS
El(a)ﬁi A) = ( {(3+¢) rhn (a’m 2)11)

'Y \,‘
‘s‘

Chooge a rational positw@‘inﬁ&ger v such that ve is
2n-1 2n-1+(k- I)qP 1),

Integral; then g Pl 2) and g°

for k=1,2,..,. and l=f,i..,m, are integral. Smce

A f0, it i’ol.lows ‘tha -

w)‘»/

x\.

PG TP RE
i"\”'

Flﬁ}lly; 1813 n-+e . The number El(a 4o for_
some Ay hence

<>~./

‘3rh > em-2

How the assertion follows, in case mpk, because of

Em s i for
52 2 o Ir m=3, we have T2 307 and this means 10
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integers r, h the same as r > gh‘ In the remaining case
m=1,2, the assertion is trivial, because of 1.

§8. Algebraic Iindependence
Consider any solution_yT,...,ym of the syastem (4o},
If v 1z any given rational positive integer, then the

number of power products 2\
SO L B - ¥ m O\
- Y-l yg ym » ,'_.\ ot
with non-negative rational integral expoﬁ%ﬂ%s T EREPr
and ,'WS”

v + e +y x'§y
1 'S

equals S

Becansge of .m<>
o e B o
SHL0E ¥ = ¥ D log
"\..}.. = k & ¥y
the & fgé?tions ¥ satisfy a system of » homogensous
lineaTQQifferential equations of first order, whose
coefficients are homogeneous linear functions of the
wgﬁ}”with rational integral mmerical coefficients

THEQREM: Let the B-functions E1""’Em be
solutions of a system of m homogeneous 1linear differen-
tial equations of first order, whose coefficients le
are ratlonal functlons with algebraic numerical co-
efficients, and suppcse that the ay power products

PT b'm .
E1 "‘Em (u1+...+vm§_v) form a normal system, for
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all v =1,2,... . If ¢ i3 any algebralic number different
from 0 arnd the poles of the le, then the m nmumbers
E, fae),... ,Em(a} are not related by an algebralc equation
with algebraic ceoefficlenta.

PROCE': et S(y1 . ..,ym) be a polynomial in
LEERER I whose coefficients are algebralec numbers and
not all 0. Dencte the total degree of § by 3, take - M
¢ > 3 and consider the polynomlals y, . .ymi‘m S with

N
N

by ot e +v ., L7 8. N
"'\a.’
Their numbealr equals
AY;
- (m—s_+y}§
M — I

N\ 3}
N

and their total degree 1s < 7% "If & has the zero
¥1;E] (@), 0o, y,=E (a), thgg:ﬁe’obtain 4 ,_q independent
homogeneous linear relstions between the kK, nambera
E1 " {a).. -Emy My (3{; - '”:.:uﬁ » )}, with coefficilents In
the algebralc numbi’g\f“’ield K generated by the coeffi-
cients of ILT;1 ,...,Em, le, 8 and the number «.

Now applfilemm 7, with s, and the power products
E, 1., .Em" M ANgtead of m and E,,.-. B . DBecause of the

~G
nomalit%&s’sumption we infer that

tgs;:\;" by ok, D
Wwhere h is the degree of the fleld K. Bub ¥, and
Fy-g BI8 pglﬂ'ﬂomials of degree m in v starting with the
Same term ;. therefore (86) contains & contradiction
48 v - o,

The importance of the theorem. 1ies in the fact that
1t reduces the arithmetical problem of algebralc inde-

' ti-
perdence of the pumbers E {@),. . Ep(e) to the analy
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cal problem of nor'malify of the power products of the
functiona E1 (x),...,Em(x). X

The simplest example is E =e {k=1,...,m), where
a,,---,8, are algebralc numbers and linearly indepencent
in the rationzal nuwber field. The &4 power products then
talke the form epkx (k=1,...,u ) with s different algebraic
rumbers - The corresponding system (49} now simply is
y'k= P (k=1,...,# )}, 80 that all boxes are one-rowed
and normality means that any equation P, g P *\" D 4Pue®y, -X
=0 with polynomials P,,...,P, implies P ho,..;’,P =0,
which is easily proved. Thls shows that ﬁhe Lindemarm-
Welerstrasgs theorem iz contained in our}ﬁheorem.

§9. Hypergeometric, EQ‘unctlons

In order tc obtain more geﬁeral applications of
the theorem, we have to look tor E- functions satisfying
homogenecus linear dlfferehtlal equatliong whose co-
efficlents are rational ftznctions We have as yet no
method of finding ald such functions, and we only know
the following rather specislized way of construction.

Put LA\

L >

:{‘E?i’;v] =ea(a+1) .. (& +e-1) (p=0,1,...);

&
80 tha\\&’fﬂt 0] =1 and [ w41] = (a+v)[a,v]. Let
:a.L< ..,ag and bi""’bm be rational rumbers, bk=l=0,-1,-2,
N k=1, .., »m), and m-g=t > 0. Define

a,,n]le,,n]...[a_,n]
L A - M- Sl o {r=0,1,...),
[by,nllby,nl... (b ,n]
¥ =3 e <t
0 2
=0

and Iintroduce the operstors
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I )__D(th (X))’
A=A A . A - Ay,
a,78, " 8,78 2,178, 8
B= 4 . g -..1 : o A s
b, -0, b,by b__ by b1
{“' o
then ! :’\\
. N/
Axtn_1 = (a1 +n}(a,2+n) (E. +n)t8x t(aj+n{\}‘
= t{b 1)
Bx™™ ! o (b, +n1 )(b2+-1'1‘1) \L\t/mx 14
. t’;\
e\ W
so that N\
tn
A g = t8t Z [\a%m {a m) ... (ag-c-n)cnx
X l'l'_'\o:g‘
N
tn
B’ —:L—— tmxtb@)i {b,+n (b +n) ... (b +n)cn+1
$
od
\O
8ince
“\@8}1 +n)...la_+n) {b,+n) (bm+n)ﬂn+1
(n=0,1, e )
we obtain
. .
x! ‘g(x—th __ttx-taq A J% — tm(b1 -1 )(b, i.. (bm 1) .

The left-hand side takes the form
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(m) {m-1)

+ QY e+ QY+ QY

where Q,,..., Q, are polynomialsin x~ 1 with rational
coefficients. If ons of the m numbers b1 seens bm

equals 1, then y satlsfies the homogeneous linear
differsntlial eguation W= 0 of order m. If bﬁ%1 for all
k=1,...,m, we replace g,m by g+1, m+1 and define aé\

bm+1_1 s this yields a homogenscus linear dlff&f‘ﬁ{ntlu.l

equation W=0 of order m+i. :'\
Now we shall prove that y is an E- f@qtlon
Writi P
ng .\:"\\\.
\Y;
o0 Xu
vy=2_ d, ST
=0
we have : QY
(87} di =“(~tzr)' ch

fa, ,n] [a.\ﬁl][ 1, n)...[ 1,n] {(tn)!
[b, ,n]..\-\ﬁ)g,n] (bgy ,n] ceudfb,ml  (n! B

) (n=0,1,...)

and d{\*ti otherwise. It is clear that

{\f'r;x nl B
\> m,nl = I_T f(1+§—k—1) / (1+111;—1) I = o0(ef™)

{(bdo,-1,-2,...),

for any given ¢ » 0 and n—w, and

%t—niti { (.. a1y
nt
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hence
- 0(1’1 eI}

It remains to prove that the third condition in the
definition of an E-function 1g fulfilled, namely, that
the least common dencminator of the rational numbers
dgreers d, 1s o(n ™). Since the number {tn)!/{n! )t
1ntegra1 it suffices to prove, because of {87), that N\
the least common denomlnator of the n+1 numbers [a, 1{1\/

[b,k] (k=0,...,n) 13 o(n ™), for any rational ay 19 2hd

b40,-1,-2,... . Put a=a /B , b=Y /4 , where {,mQﬁ =1,
(v, 8)=1, >0, then ﬁ*’

3

ﬁgk[ak] B Ka(ae 8 )aspB )., (a+{l<—)13) M
K (0,k] Tlr+s) (T4 238). (wc\knm "R

::,o" (k=0,...,n),

%
WY
& .’.,

say. Consider any prime factor p of N ; then {p,8)=1.
If v runs over pl consecutlve rational integers, then
one ard only one of the\p corresponding integers
v d is divisible Hy:p1 for 1—1 ,2,... . Therefore at
least | ‘»1 and &b most 1+[kp Ly of the k factors
1, "f+6 s Y HLES )5 in N, are divisible by p In case
pt . |TI+ k»i\a none of these factors 15 dlvislble by
b SUUPEQ'G that N is divisible by p°, but not by
p**, thf;n
.\ D)

; kp L] (s € ; (1+[kp 112,

where 1=1,2 ig reastricted by the condition

1< log (17] + (k-1)8) / 108 P-

Herce
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k
k k - g§k+11
(88) 1 <s LI5T + 0(p2) vo(d Tog D

and
p £ It + (k-1)8

In case {(p,B )=1 the left-hand estimate in (8&8) shows
that also the numerator Mk is divisible by

A
[P] end this remalns true for the prime factors ‘of B,

because of the factor IS in M _. Denote by rp‘the

exponent of p in the reduced denominator of y&/N ; then

n log ni}"
Ty = 07} + ol—=m
4 leg

for k=0,1,...,n. Therefore the 1e@3§ commort denominator
a, of fa,k] /{b,k] (k=0,...,n) aa@’iafias
on) + S {»o(ilu + O(R02 1y

= O(n) 4 "('om))o(log n) = 0(n).
m\

Here we used thé\éﬁementary upper éstimate T(X) 0(10 <)
for the prwme nnmber function. This completes the p%oof.

log q,

Slndé~§%& c X for ¢, = %%iﬁ%%i%*%} 1s the

hyperggémetric serles, we shall speak of the functions

v d@fiﬂed in this sectlon asg hypergeometric E-functions.
\?Erforming the substitution x—ax for arbltrary alge-
bralc » and taking any polynomial in x and finitely
many hypergeometric E-functions, with algebraic coeffi-
cients, we get again an.E-function_satisfying a homo-
geneous linear differential equation whose ecoefficients
are ratlonal functlons of x, It would be interegting to
find out whether all such E-functions can be constructed
in the preceding marmer,
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We shall apply our theorem to the particular
© function

. . .
(89) X =K, (x)=23_ (-1)° x)2n
=0 TG0 T o)

NFE-1,-2,...).

This is & special case of the hypergeometric E-functions
introduced in §9: Choose g=0, m=2,b —1, b LA a.r;d slib-
gtitute %— for x. The differential- equation W=0,. than

\l

becomes A\

X"+ 23\ gl LK = N\
50 that the two E-functlons y,= K, q K' are golutions
of the system A

We have to inveatigate\\metner these functlons satisfy
the normality conditidn in the theorem. This requires
& lengthy discussmn which, however, is not without
interest in 1tself The answer will be given in §13,
ard it willf L\ﬁrn ocut that the normelity condition 1s
Satisflr—x%for all rationald + & ;, + g'.-

‘lt\ is practical to consider the differential
eq‘\at\ion for x MK instead of K. Thls glves the Bessel

dMferential equation

X
(90) " +l-y' + (1“"’5)F=0
£ X
with the particular solution
' ! x) (x)
{51} Iy (X}-=—‘—"."(2) A\ s

TO+T)
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the Bessel function of Index M [ For our next. purposes,
the parameter A in (90) may he any complex number, not
necessarily raticnal. Let any solution y.of {90) be
glven, not ldenticaliy 0. This function 1s everywhere
regular, with possible exceptlon of the polnts 0 and <.
It is ocur rirst alm to prove that the thrse functions
X, ¥, ¥' are not related by an algebralc equatlon with
conatant coefficlents, except when 2x iz odd. O
We start by proving the rather trivial a@%hement
that y is not an algebraiec function of x. Otherwise
there would exist an sxpanaion N

~ rk ."‘.'\\'
= gi% C X v
w};
wlith decreasing rational exponeﬁts ry o r 2 ... and
o +O, converging near X—%b.' Inserting 1nto {90) we
obtaln_the contradiction eo—o
Now consider mores generally an arbitrary homo-
geneous linear dlfferential equatlion of the second order
~\
(52) \\" + A(X)w' + B{x)w

N\
L >

i
o

whosge coeﬁf§éﬁénts A and B belong to 2 given field L
of ana}xﬁ}d'functions of Xx. We shall assume that L is
closed\with respect to differentiation, in other words,
thaih I,contalnq the derivatlveq of all its elements.
MEGE lnctance, L mayx be the fleld of rational functions
\\df X. HNow suppose that (92) has a particular soclution
W which is not algsbraic over L, but satisfies an
algebraic differential equation of the First order, with
coefficients in L. We shall prove that then there exists
also a solution of (92) whose logarithmic derivative is
algebralc over L. QOur assumption meaﬁs-that onE can
find a polymomial P{y,z) in two indeterminates y,z, with



§10. THE BESSEL DIFFERENTIAL EQUATION 61
coefficients 1n T and not all 0, such that P(w WOJ o
identically in x; moreover, P is not independent of 7
1tself. o o
If Q(y,2z) 1s any polynomial in ¥,z with coeffi-
cients in L, we define ‘

(93) Q'(3,2) = @ + 20y - (AsaBy)Q; N

* . . L 8 N o
then Q (¥,2) again is a poelynomial in ¥:2 with coz\N
efficlents in L and : e

(94) 1w L Fwny LY
dx = .
for every solution w of (92). We'maj\@.“eeume that
Ply,z) is irreducible. Consider EL{}Z) and P*(Y;ZJ as
 polynomials in z alone end introdUee thelr resultant
R(y); this 1s a polynomial inghwith coefficients in L.
Because of {9k}, the dlfferezrtlal equation P(wy,w ) =0
implies D*(“-fu’o,nrao) =0, heme R(w g }=0 ~ But w, is not
algebraic over L, 3o tQat R(y) va.nishee 1dentically in
¥. This proves thKf\P and P , as polynomials in z, are
not coprime. Simes P is irreducible, we obtaln
\&~ '
(95) x'.\."" P (y,z) = T{y,z) P(F,Z
\‘.

where T\ ie a polynomial In ¥,z with coefflcients in L.

‘flow take in P(yv,z) the sggregate H(¥;z z) of terms
Of\highest total degree in y,z, so thet H is a homo-
genecus polynomial in ¥,z of positive degree &, with
cosfficients in L and not all 0. The definition (93)
shows that H agaln is a homogeneous polynomiel in ¥,2
of degree t, and that Po-H'=(P-H)" is of total degree
<t. Comparing. degrees 1in (95) we 366, that T cannot
have positive total degree; therefore T 13 independert

of ¥,z and a function in L; moreover
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(96) H(y,2) = T H(y,z).

Consider the homogernecous linear differentilal

equation
(97) v! =Ty

of the first order. Its general solution is v=cx?"0\
where v =§=0 iz & pa.rticular golution and ¢ an «&rbltrarm
consta.nt Because of (94) and (96}, the f‘lmo‘tion
H(w,w') 1Is a solution of (97), for evey}g'wﬂaatlsfyins‘

{(92). Choose two m.dependent solution(gw'.r1 W, of (g2},
then w= i W AW, 15 the general solu’tion of {92}, with
arbitrarfy constants Al 2- Thg;*%fore
\\
H(M jw, 43,W,, ?\1_w' +Xg w') = c(A, .0, ),

.)
o

where c{A,,A,) is indﬁ:p;éjﬁi(%nt of x. But the left-hand
side i3 & homogenecus™polynomial of degree t in
?\1, J\2; hence ’\
.~C\A\ A A b + c1h1th1,- + .+ ct"‘g‘t
.‘\z
with cg{n}tant CoseersCye
\Finally determine two constant wvalues A ys h 5> not
botb 0, such that c(n Mish, )=0. Then the corresponding
.\pérticular solution w=Mw X w, of(92) satisfies the
‘differential equation

1
H(‘i;'w? = .

Thls meens that the logarithmic derivative of w is
algebralic over L.
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We apply the result of §10 to the Bessel
dgifferential equation (90) and take for L the field of
rational functions of x. Suppose _that y0=i=0 is & solution
of (90) which satisfles an algebraic differentisl
equation P_{yo,y'o)=0 whose coefficients are polynomials
inx and not all ¢. It follows from our result that
then {90) has another particular sclution y$0 whose
logarithmic derivative %T— = 1 Is an algebraic functlon{\
of x. The function y 1s regular for all x+0,0 ; t:la?ze_
fore the only possible branch points of u lie at @o\and
w. We shall prove that no branch of u is ranlj.f}.‘i‘e"c’i
ate®. Thig implies that also ¢ Is no branohiﬁaoi'nt,
and u has to be a ratlomal function of X}

Let - \
N
v W™
(98) u= S 'ckxk"t"x
k=0 W
be the power serles expans%gfif‘of‘ any branch of u near
®=00, with rational exponents r, > T > ... and ¢ H0.

Because of (90), the fametion u satisfies the special
Riccati differentiallequation '

R 2
.V\fui +'L12 +l‘11=)-"-“-‘-— ts
) X 0T 2
:"\x.:’
hence ,\\w'
’ » -1 o0 rk+r1 B LE_ _
(99.)\: > (PI{H )ckx ko, € 01X =%z -1
N\ k=0 X, 1=0 X

A

For any peq s2,... the two terms corresponding to li:=0;i
l=n and k=n, 1=0 in the double sum give the contriputlon
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I
2¢.c X T to the left-hand side of (99). If ¢ #0, the

exgoﬁent L has to equal one of the exponents r 1

(k < nj, r+ry (k,1 < n) and -2. We infer by Induction
that we may restrict the exponents to the sequence of
rational integers r ="k (k=0,1,...). In particular,
ry=-1 and

2c e, + 0. =0, ¢ = -

Therefore A\
= - ]"~“
{100) u_-ii.‘"ﬁ\+

is regular and unramified at co N

Now we know that u ia a;ifa;‘:’ional function of x.
Apply (98) and (99) to the p@}v‘ér Series expansion of u
near x=0, so that the ex‘;‘pgfiients r, are consecutive
integers in ascending e¥der. It follows that this
power series takes “th&;fom '

{101) \\} u=i-§‘(—-+ e

Ir xs=l;-0, © 18 a zero of y, of order a > 1, then
1 hag a:t'\'xéxo & pole of first order with the resldue a.
Since ('is a rational function, y has only finitely
m%n;'\zeros + 0, @, say Xyseee, Xy, taken with their
aeltiplicity. The function u is regular at all other

\tiﬁéints +0. It follows from (100) and (101) that
h

weadop b, 5
N =

is the partial fraction expansion of u and that

h+ix =-1
* >



§11. DETERMINATION OF THE EXCEPTIONAL CASE 65
fherefore 2A = + (2h+1) is an odd number. '

We have reached the first alm announced in §10,
namely, we have proved that no solution y$0 of the Bessel
differentlal equation satisfies an algebraic differential
equation of first order whose coefficlents are poly-
nomials‘in x, provided 2 » is not an odd number. It is
known that the case 2X= +(2h+1) really is exceptional.

For any given h=0,1,..., the functlons ' N\
1 | | A
N Xh‘*e g e R\,
I 'z : )
di{x )h X g W
T
Yp = % 230 O
d(xtY X N\
' \d

are two Independent solutions of {99~)§~;W1th '7\=i(h+%)‘
Every solution then takes the fom;;"

'h“‘ : s
y=x A (’Ae Be %)
Wgere A(x) and B(x) areACertaln polynomials. Computing
7y, (3" and elm{.&mting 6‘21}: e 2% one obtalins the
quadratic differeptial equation of fil‘ﬂt order
<&
¢, N - 2
»\‘\ c1y2 + Cyy! + caiy') =
\‘.
where ( "02’ 03’ Cl}
«From now on we shall exc

) ¥
4

are polynomials in x and not all 0.
lude the exceptional case.

*

§12. Algebralc relations
involving different Besse 1 funct lons

Let two independent solutions ¥y ¥p OF the Bessel

differential equation be given. Then the function
hwo- Yo% = a satisfles Al = - ';}', whence
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=
(102) Vivh T V¥, =%

with constant ¢40. This shows that _f_c}ae flve functions
R AN Vas yé and x are algebraically dependent.

We shall prove that the four functions I ¥y,
¥»» X are algebralcally independent. Because of the
result of §11 we have to prove that Vo i8 not alge@raic
over the fleld M of the rational functlons of Fq 2 ¥ o
X. Suppose that _ther*e exists an irr*educibl?,igblyncjmial

N/
P(t) = tP w ... Y
\:"’:\\:
with coefficients in M, such that \\Y
Ko

P(¥,) =0

N\
L >

identically in x. We defite

™~
1 Y

* ;Y-l R
10 Pty = (34, € CgdP(t)
(103} (t) (}(1 t+Xy1JPt(t)+ P
PAN
AR
\e ny-i—-‘t ooy

this aga.’in::fié & polynomial of degree n in t, with
coeffiic{éilts in M. TFor arbitré,ry constant x ; the
funf:t»}o‘ﬁ Yo=¥o+ A ¥, is a solution of the linear
diffierential equatlon of first order

SN
a \Y . 1
\o) Yi = E..__ y + _c_,_
0 ¥, Y0 7 xy,

for Yo- The definitlon {103) implies

(104) P (y,) = P,
dx

ard, in particular,
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P*(Yg) =0

It follows that P™(t) is divisible by P(t), whence

* ¥
P(t)=n—P
(t) ™y, (t)
and, because of (10h4),
P(yy) = by Oy

N
where b 1 independent of x. The function Py N, 7, )
iz a polynomisl in A ! of degree n; therefog{b':b0+b1 A1

no. )
+...+bn)\ ] with constant bn,.. "bn’ and. \
-1 OX’,\\"
Pt(yg) = b.l.yl.;lQ;:}\

' This is an algebraic equation féP y, of degree n-1, with
coefficlents in M; hence r=]¢and y, itself lies in M,
80 that

:..,>
(105) A A

Y

Whers f and g ,Qre\ ‘polynomials in y,, yi end X« Talce
Infand g tfi{is"homogeneous aggregates of highest total
degree gy , yi, say £ of degree ¢ and g, of degree? ,

- end in.tqé‘duce the difference § = ¢~ v a3 total degree
_of t‘ﬁ‘@ '“I:’atio f/g.

Pat f /g~ v; then v 18
¥ys 71, and the difference f/g-v has total degree
(%, Because of ‘the differential equatlon (90}, the
same is true for viend (f/g)'-V. Tnserting (105) into
(102) we obtain an identity in ¥y ¥i % On the left-
hand side of (102) the terms of highest total degree
ilelg Y, v'-vy! of degree & +1, whereas the rignt-hand

homogeneous of degresd in

N\
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side has total degree 0. Therefors § 2 1.

Suppose first that 5 > - '1; then ¥,v'-vy]=0, whence
v=e,y, with constant Gy, and & =1, Subgtituting
Ja+¢4¥, for y,, we have to replace /g by ©fg+v, ard
the new /g will have total degree < 1. This lesves us
with the case § =-1 and:

_c .
| - - =
YT\T v‘y] =X O\
. i . SN QY
80 that v iz a rational function of x, Y. J4oehd
homogeneous of degree -1 in ¥3» ¥{ which sgti“éfies ths

Bessel differential equation. Write v=mr{.§r1’::yT' ). Using
Rty

once more the algebraic independence' th\x,y1; ¥y we gee
that also VNI N T, Ny s ?\Eyé)“, for arbitrary
constant A and ) 5, 1s a solutipfhef (90). Herce |

R

(1. 06 ) v()\.fy1+?\2y2, ’\Ty.l"tp}EX’é"') = ..\ 17+ A oV gs
where A _, 4 o are Indepsndent of x. Since

cA*‘" L':A2
VI I, vl = Nyt -yl =

\\
it follows thé}’g A and 4 o 8re rational funetions of
A 1 and ,ihomogeneous of dimension -1, pot both
identicgg%' O, and with constant coefficlonts. Let
Ay b§\\tﬁe least common denominstor of A.1 and A ,;
thi.s}';;is & homogeneoug polynomial of degree > 1. Now
,mglfﬁply (106) by & 08g and choose for My N, two numbers,

“nét both o, Such thatA =0. It follows that the
particular solution y= 7\13r1'+7\2_y2 of (90) satisfies the
algebraic differentigl equation Eo(¥,5y')=0, which is
impossible, o ) '

N\’

.§.13. The wormality condition for Bessel functions
Now we are golng to prove finally that the
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pormality cordlition of the theorem'is fulfilled in cage
of the two E-functions E, —K (%), E.=K)(x)}, wherp K, (x)}
1g defined in (89) and A denotes a rational ‘number .

1 3 _ 2x 4]
t+571,45, 78,0 - We have El=E , E)=-E - S E

therefore the g+1 functlon_a 7 —Ek £l ka(k~ @)
gatiafy for svery glven g=0,1 2 the sy_stem of
differential equations _ : ' A\

o 2 a4+ _ _
(g-k) X qu _(q klz

el

{k=0 50 -,q)
~\
where z and z mean o, Our problem is to prove
—h.4 qa+1,q x \,
that the Lz 4+1)(v+2) Functions z, ;c=\a" s G=0, ..., )
conqtitut; for every »=0,1,2, a normal qystem
If z iz any solution of <

{108} : pv o, 2A ¥ Ly o0

then the g4+ f’uncti‘ox zk(z’)q_k {k=0,...,q) form &
solutlon of (107) “Take z= PyZy+ P yhps where z,, %,
are two :Lndepen@ent solutions of (108) and 92 o

arbitrary c.{nstants, and define

O o
,“”' _ . l G,_l
:,‘\.‘; . ZK(Z1}Q k — li p1 pe— g’ kl,q’
w\ W :

then the q+t functions ¢ 4 q (k— .,q) constitute for

egch 1=0,...,¢ 2 solution of {107). Since!«’/ql!q-'-
( J21Z§hl, those q+1 solutions are linearly independent,
becanﬂe otherwise onme would obtaln a homogeneous alge-

brale equation of degree g for Z,, Z,s with constant
tefficients not all o0, in contradlctlon o the inde-

Pérdence of z, and z,.
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The system of ;—(v +1 J{v +2) homogeneous linear
dlfferential eguations of first order for the qu
(k=0,...,0; 9=0,...,r) trivially breaks up 1ntowr+1
boxes correspondlng to the » +1 values of 'gq. We obtain
the » +1 solution boxes Y, =(¢ ), where k,1=0,... s Qs
and we now have to prove that they are independent In
the sense of §4; thils means that the sum
N\
- 0&%@9 %k %10 Vg oy
.”\ "
with arbitrary polynomials B, (x) and arbitrary con-
stants clq vanishes 1dentically in x of@ly in the
trivial case that sll quclq are ident'ically 0.
Introduce y1bx}‘ Z,, Y= P %« so that y,, v, are
Independent solutions of the Be‘ssel differential
equation (90) and O

z1 = x_‘\. (yj—'}A{y.)

J 4 f}".

_ LA '
"?*' Z, + poE, =X (p.|y1+ P50
4

V
p Zs{\;g%zé =x M PyTt ”2?2'_%( P ¥ oY M
N L S TEA M O e,
R\ 52 SN AR )+Xy1
and
2 1 g4
(109) > Py R, ¢
1=0 kl,q
K
_ A Cr, ad
Mo e e G - DR Ty ey vy
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-1 .

This shows that "f‘kl,q 1s a polynomial in Yo ¥y WY,
whose coeflicients are algebraic functions of X, since
) 18 a rational mumber. _

Now suppose that R=0, identically in x. The
result of §12 Implies that then R vanishes identiecally
inx, ¥, yj', Yoo If all products quclq"=0 for
k,1=0,...yq andlg# +1,..,,» , we consider in R the

terms of total degree w iny,, yI, 7y, Because of {169,
el

we obtaln from ¥ 1’{1,# the contribution (*i X O\
Vi Aeek - O’
(ﬂ -3 ?ﬂl Y; L. Therefore N

f ’..:. -
2 Pep 1 (ﬁ}‘ﬁ"%)“#ie)p -
odic, I Iy I

K1)

W

%

ldentically in x, Vi Vs Yoo azj,d{"chis implies
PrpCp =0 (k,1=0,...,4 ). It follows that all qu
C1q 8T 0, and the proof 1gigomplete.

The only sirgularity 'of the coefficients In the
differential equation{408), for finite x, 18 x=0. Iet

@ be any algebralc Qﬁm“ber 40, and A a rational number
E ]Z: SR A It follows from the theorem
that the Va_lu‘?S\”K;:(a) and X{(«) are not related by any
algebraic egh@tion with algebraic coefflecients. In

P&I’ticulgx’;}k’}‘ (a) itself is transcendental. This im-
plies that all zeros of K, (x) are transcendental, and,
be’c”:\a;zé’e' of (91), the same holds for the zeros +0 of the

B&gs?el Tunction Jy (x).

s TR,

Putting
£y = S 0
. = —
! A =0 TI( N +1).-002 +n)

We hgyve



T2 II. LINEAR DIFFERENTIAL EQUATTICONS

2

and the differsntial equation

" o+ (A 1w = w,
which leads to the continued. fraction . N\
Oy
woo_ X 4,
wt At Y TR @

. : N
Since : G

=
1

=
2
v
L
|

Y

it follows that the value @fthis continued frection is
transcendental for all~§§é%braic x+0 and all rational : .

In this statement thg Values A - L, + 2,... are in-

cluded, because thglremark at the end of §11 shows that

in this case thaiﬁrénscendency follows from that of
X .

=] - £ » .
In particular, the number
N
'S M 14 1
) O S
. 2 + 1
m{\ 3.
AN
<?§~transcendenta1.
' 4

§14. Additiomal remarks
The preceding example of the Besael differential
equatton makes elear that the application of the thsorem
to a glven system of linear differential eguations of
Pirst order requires a detailed study of algebraical
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and analytical properties of the solutions, Of course,
it may happen that the normality condition 1s not
gatisfied. The simplest example 1s provided by the
special case A = - ;Tin (89); then K=cos x, K'= -sin x,

K" -K, and the solution héx

cog X sln x
1= (—:31:(1 X cos x} N\

is not Independent 1n the sense of §4, since cos.éc\ﬂ\
+ 8in x-1 + 1i(-3in x) =+ i cos x.1 = 0. The inrxp}' reason
iz that ths substitution z1=y1—'1y2, 5,7, +:|".§'“€t transforms
the system Vi{=¥o, yé:-y1 into z/=1z,, zz‘=.1‘;:\2, and the
transformed Y breaks up into the two hokes elx, e1x,
This makes it probable that the indepémndence of the
golution boxes Yt in §4 can be gxzﬁi’essed a3 & property
of the ring P of linear transfermations

T = A Tyt ..,;}’,;'Akmym (k=1,...,m),
whose coefficients Ay Jgve ratiomal functions of X, and
which map the lineap(gst of solutioms of the differential
equations (49) into\\itself. Tt is not difficult to find
this co:rmectioir:{“'if; one uses the regults of A. Loswy on
homogensous ';Kinear differential equations. However, we
did not ;elé:ﬁ"P for the application to Bessel functions,
50 we orfiy mention it here.

\Our result concerning K(e) can be gensralized in
tk@\‘ff”o'llowing way. We consgider the m=er functions
K(alx)? Ki{ayx) (1=1,.. .,7), wWhere @, ..., @y, 8T given
algsbraic numbers whose squares all are different from
each other and from 0. It is possible to prove that the
condition of the theorem is satisfied, if 23 1s not odd;
therefore the numbers Kla, ), Kt (g )seees K{e,), K' ()
8re not related by an algebralc squation with algebralc
cosfficlents. This again 1s & special case of the



T4 IT. LINEAR DIFFERENTIAL EQUATIONS

following statement: Iet A grrens A s be rational
numbers, different from -1, + %, -2, + g,..., and let
none of the numbers A .+ (1 {k <1< a)be integral;
then the 2rs numbers Xy (a), Ki () (A = )\1,..., X
12000 ar) are algsbraically independent. The
proocf has not heen carried through Iin detall and we

lzave it as an Interesting exercise.
Another exercise 1is provided by the hypergeoz{etric

E-function

g7
U=

. O
, ©
- £ 0x o f{x 41} x% QO
T=T 3 T X 41 2l A
A\ 3
1 R ,
- / t““1(1—t)"'“"etxdt/ 57T -
o] \ |}
A\
with rational « ,a 40, -1, ~2{',.~.’:E which is a solution of
xy" o+ (Rx)y =«

™
N

It seems mors"{iif}‘icult to carry over the in-
vestigatlons of 5@93:10113 10, 11, 12, 13 to linesr
differential eqﬁétions of order greater than two, but
it would be Omb‘ﬁth while to try.

PN
)



CHAPTER TII

THE TRANSCENDENCY OF a® N
FOR IRRATIONAL ALGEBRAIC b AND ALGEBRAIC g + Oyl
RN
Let ¢ be any complex number 40 such thaty &f =a 1s
slgebralc, and let B be any lrraticnal number ‘such that
also ¢® =af —¢ 15 algebraic. Because ,of\the sddition
‘theorem £(x+y)=f(x)f(y) for the function 'f'(x)— P XX 1t
follows that f(x) tekes ths algebrai&values aPe? for
all x=p+8 Q (D,q=0,+1,+2,...). s¥ese x are different
from sach other, because of t,];ie “irrationality of 8
' In 1929 @elfond ma.de'rﬁ}ie“ important discovery that
B cannot be a non-real q,ué}_.ifatic irrationality; this
means that the number ab_eP 108 2 314 transcendental for
every lmaglnary qua&mtic irrationality b and every
algebraic a0, ex&pt for log a=0. In his proof Gelfond
applied the 1nterpolation formla of §1k4, Chapter I, to
the special,\Case f‘(z)—az—eZ log a and the asguence
215 2p, \ “¢onsisting of the points p+ha(p,a=0,+1,+2,.
ina cer}baln arrangement. The coefficlents a4, &,

in M8 sxpansion

NN\
%
\:

)

f{z) = a.F

o O(Z) + a1F1(Z) + oeres

n )
Fn(ZJ=T=1- (z-2zq

are given by

T3



76 IIT. THE TRANSCENDENCY OF aP

flz) ;. D f(zkl_
8n-1 = %t jé F (z) de = g;; Fi(z,)
. n
Fi(z,) = TI' (z,.-2,),
14k

and this shows that they are numbers in the field K>
generated by a, b, a®. on one hand it follbwg'ﬁﬁbm the
integral formuls for a,,_, that the coefficigﬁfé tend
rapidly to 0 a8 n—; on the other hand, 4T K wers an
algebrale number field, one can obtain &riestimate of
E;J and the denominstor of 8,. In Gade of an imaginary
quadratic b these estimates impl;zébdt a,=0 for all
sufficiently large n. This 1s coutradictory, since

f(z) iz not a polynomial. o\

Gelfond's proof was pgﬁried over to the case of a
real quadratic irrationa;iﬁy:b by Kuamin in 1939,
However, this method falls 1f b 1g an algebraic
lrrationality of dqg?ée h > 2; 1t only glves the weaker
result that at 7e§§ﬁ ene of the h-1 numbers ab, abg,---,
abl™1 44 transaggﬁental. :

In 1934 Ge1fond ana Schneider, independently of
each othery\dolved the general problem of ths trans-
cende fpf a® for arbitrary irrational algebraic b,
Both proors make use of the arithmetical lemmas in

-§2,<bﬁapter IT, 1n order to congtruct suitable
q%bbrbximation forms. Since Schnetder's proof is more
clogely related to the othep ldeas of Chapter 11, we
pregent it first. Qelfond's proof will be given in a
slmplified form which makes 1t somewhat shorter than
Schneider's proof,

§1. " Schneider's proof
Suppose that b is irrational and that the three
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numbers b, a0, c=a {log a+0) lie in an
algebralc number fleld K of degree h, If & 1s a root
of unity, then ¢ is not a root of unity; in this case,
we replace a, b, ¢ by ¢, b |, &, so that the new a

is not & roct of unity.

bgeb log a

Define

_ q2 N

m= Yh + %,. n=q= ’,\:\~

O
where q2 i3 a positive integral rational sq,ué;p:é"
diviszsiple by m. We now applj lemma 2, -§2’,Z;Ché.pter 1T,
to the determination of m.polynomials P"{b(),..., Pm(x)
of degres ¢ 2n-1 with integral coefQOients In K, net
81l 0, such that the embirs functdGn

R(x) = B, (x)al®71)% *;.Pzgix)a(m‘e x R NE3

vanishes at the q2=mn dif‘oférent points x=X + & (A ,x=1,2,
vo3g). This conditdldn ylelds mm homogeneous linear
equations for the,&mn indeterminate coefficlents in
P »P.. Ths, ht}meri'cai coefficients of these equa-
tlons 1lie in.K;Eind the absolute values of all thelr
conjugate:g'\ia:r\e' (C1q)2n-10{02q)=0(03nnn)’ where

Cys Qg .:;};’denote positive rational integers Independent
of ng~.§h})reover, there exists a common denominstor
ciwuze“r\l.'_’wg(m_1 Y_0(c ™). In virtue of the lemma, we -
@tﬁin a non-trivial solution such that all cogf‘fic;.ents
in P, e -»Pp, and thelr oanjugates, are O(GGDII ).

Putting

(110) Py () = &L, (k) (k=15 e e )

we have



b

T8 ITT. THE TRANSCENDENCY OF a
= {m-1 )x
(111). R{x+k) = Pk1a + ... + Pkm'
Suppose that Pv1(x),...,Pﬂ x) (0 ¢ vy Ky < unn <”g§m)

are not identically 0, whereas all other Pl(x)=0. Iir

P, = QlX + sy Q’fi‘o (1:'1:-'-:g}x.
. : A
so that r, > 0 denotes the exact degree of P, y\Pnen
the g- rowad determinant ~n§‘~
\

s ¢
4 X
é

1

! ka']_(X) Ik:l""13-- 8 &?x\

\i\

A{x)

wlth

I
o )
gﬁ
¥
=
i
o
]
-
[
_“_.
Q
by

does not vaniﬁh identically, since a is not a root of

unity. mghe degree of & (x) 1s Tt AT < mizn-1 }Kem.

Thereﬂaye we can find at least one of the 2¢®—pmn

X= x.+pb [.:\:1:---:2(:1; #=1,---;q}:

gay %= £, such that

Aty + 0,
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T+ follows from (110) and {111) that at least one
of the m mumbers R{f +k) {(k=1,...,m) ig different from ©

Suppose

R(E +k) = ¥ =|=0:

N
“then ¢, an-1+(m-1}(3q+m) ¥ is an Integer in K a,mﬂ"deo,
whenca . . C
} A
(112) (vl > e (O
| T 0
N

On the other hand, using our prev@ egtimate of the
coafficients of P1, P s We om;ain

(1133 (v = EHm(ng:{gﬁ_‘cq 0(c6nnn) = O(C?Ongn).

It rem&&r:s\ to find a suff‘lciently good uppser
estimate of \],T | 1tself. Apply Ceuchy's theorem Lo
the entirg function

=G,
O
O
N M . 3 - -
o~ ] E +k [
‘\:w’ g(x) = R(X)kﬂ;— x-h - PD

which takes the value ¥ at x=§f +k; then

_‘l._- / __5_(-}2)— dx,
2al -

v o= i

where C 1s & simple closed curve, in positive direction,
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containing £ +k in 1%ts interior. Taking for C the
cirecle

[x{ =n +m+ q(2+ibl) =1 + 0 (V1)

we have

R(x) = 2ma(e, ;m)*" 1o, Foie, ™) = ofe, "R,

RS
[x-& -k Zn>m; Iz-x -# bl >Il(,\ :P""%q:“--';Q)
Ciy D

q “'\"g
' 2 1,) _—
1T Es+k-A-pb -0 ‘*3}"~ n -
Asp=1 x-x-gp - 0((0159‘2*\":. = 0lo;gm 2
hence N )
~N
I'r}n m
= (3- .-}n)
{(11h) 7—013 16% —O(GW% 2 .,

In view of (113) a:hﬂ (11'+J,

(115) % (A 0( (3= B)nse (b1 )
\\
Here the exponent of n equals
‘.\,)
'\" (3- n—]) n+zh-1ms= - 12—1',

S0 tbét (112} and (115) contradict each other as n— .

ot
Q §2. Gelfond's proof
We use a, b, ¢, h, K in ths same meaning as in
§1: The three numbers &, b and c=aba=eb log = lie in an

algebraic number fleld of degres h; the number b is
irrational, a and log & are 0. However, we need not
assume that a 1s not a root of unity.

The approximstion form is constructed in &
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gifferent way. Put

m = 2h.+ 2, n= >—

where q2=t 13 a positive integral rational square
divigible by 2m, and

Pys P oorrees P t={)\ +2 b) log a (x,u=1,...",\q}.
Introduce the entire function \\\
N
P -lx th '.‘:} o
Rix) = 7,€ e N8 N 3
- \.m>}

with indeterminate coefficients # ,,..3n¥;, and con-
sider the nn homogenecus linear eqqaj}%ns
&

N}
N

(log &) ¥rU) (1) L0
. 5 {K=0,.--,Il”1§ 1=1,...,I'ﬁ)

3
E R
e

N
al®
3
N
"y

for the 2mm=t unknown{ﬁuantities T qree-2 1t Their
numerical coeff‘icj\iht)s 1ie in K, they have a number

Zws
7N n-i+2mg _ n
P4, C, = o(c,)
x:\“'
as comoré,aémminator, and all their conjugates &re

° ((059§\q'10hq)=o(c§ ,0/2y. 1t follows from lemms 2
) afrthe equations have a non-trivial solution il
Gagogers ., 7, of K such that
' n

Myl = 0(dg 0° ) (k=15 0058

Since the t numbers 2 all are g1fferent, the

function R{x) does not vanigh 1dentically. Choos® P

S L =1 ,..0,00
such that R(K?(x)=0 for k=p,1,-<+sP7! and X=1,.-+0m

pac
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but R(p){l)=|=o, for some 1=1,...,m. Clearly, p On.
Congider the number

(116) (log 8)P BP)(1) = v 4 o

it-1ies in K, and cip+2mq.7 1s integral, so that

- Vi
(117) 1% (v ) 1> e . O
&
Moreover, . @)
= . P q n 2 _ 4
(118) w1 = t(e;a)Pe, % ofe o n) = O(Qg’)p ).
To find again a suitabile uppe stlmate of v 1

1teelf', we introduce the entire fﬁ{fe ion

8(x} = p! *RL‘Q;\% l—k) s

(x- 1Jp~z k=1 ‘XK
“‘ S k+1
’\
N\
then ,:\"‘3\
L\
N 7Y = (log a)Pg(1)
Vo D
"¢
>
and t;\i\s.t
N\V .
/%..z : / a(x
O S =zm Jo xox,

 {
@Pe we take for ¢ the circle

Ix] = m{1+%).

We obtain
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R(x) = t ¢ Ptd o2, _ p I2l
(x) =t cg" = 0leg &7) = 0legq P7),

Ix-1] > Ixi 5]%5’ lx-kt Zm% (k=1,...,m)

s 1 ()2 - oo, ")

kel O
50x) = pt oy P olefyp) = olef, 2EDY;
whence ‘ N
v = O(c b2 ) )
13 O
- K7
ard, by (118), O

W1 oy
o (P, 1 )P 7%,

The exponent of p equalg

i

{119) n(v)

AN -

¢ 8J

@0p + 3 = - B

% that (117)(and (119) contradict each other for
Suf‘ficierQljfg“large n, because of p 2 .

e

™

AN §3. Additiomal remsrks -
“\“The main difference of the two proofs lies %n the
method by which the algebralc pumber ¥ +0 ii+§btil§5d-
Schueider applies the functional equation & =a"a’ in
order to construct g approximatlion forms with non-van~
ishing determinant, and the inequallty ¥ 40 follows
from an algebraical reason, in analogy Lo o?r pro-
edure in §4 and §5, Chapter II. Gelfond simply usii )
the Pact that the Taylor series of gn apalytic functiob

5 initel
which 13 not a polynomial, must Contalp.infll i
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many coefficlents #0. Since this method is indirect,

1t does not give lmmediately an explicit finite upper
bound for p in (116); though this can be found by a
more detalled investigation. Gelfond's version of the
proof is appropriate for the solution of the analogous
problems concerning elliptic functions which we shail
study in Chapter IV.

Our result on the transcendency of a
gtated this way: If a and ¢ are algebraic ngg?@rs,
ac+0, log a$0, then the ratioc log o/ log a leveither
rational or transcendental, In other w0rdgi§xThe
logarithm of any algebraic number relativ??td any
algebrale base 13 elther ratioral or tfﬁhscendental.
However, it 1s not known whether log\e'and log a are
algebralcally Iindependent in the Gﬁbé of an irrational
quotient log ¢/ log a; it 1is p@ﬁ:even known whether
there cannot exist an_inhomggénéous linear relation
@ log a + ¥ log ¢ =1 with,gpﬁdratic irretidnale and
¥ .  Another example shoﬁihg the narrow limits of our
knowledge on transceyﬁehfal rtumbers 1s the following
one: Slnce e ig pgdhscendental, ot both numbers
e+7 and er canide algebraic; but we do not even
know whether,e{r or ex are irrational.

Sinee™e™ =172 fpe transcendency of e’ 1is
contain@dgiﬁ Gelfond's result of 1929 on the trans-
cendepas"éf aP for algebraic ado, iog a0, and
imagihary quadratic b. - Before this discovery the
pfdbiem of proving, for instance, the Lrratiomality of

= had been considered ag extremely difficult, so
that Hilbert liked to mention it as a problem whose
golutlion lay still further in the future than the
proof of Riemann's hypothesis or Fermat's conjecture.
This shows that one cammot guess the real difficulties
of a problem before having solved it.

b can aléd be



CHAPTER IV

ELLIPTIC FUNCTIONS
N
The last chapter will be’ devoted to some of the,, \*
deep results concerning elliptic functions obtained\sby
gchneider in 1937. .

..< N

§i. Abelian differentlals\ ~\

let » (¢ , » )=0 be the equation of s.n irreduclble
algebraic curve C of gemms p. We copéifiér ¢ as the
independent variable and introduce.ghe Riemamn surface X
¢orresponcing to the algebraic f‘un‘ction p . The field
of all single-valued neromorph‘j.c pumetions on ® 1s
ldentical with the fleld &3 af 511 rational functions
Y {(E,n ) of ¢ and 7 oq C which gre not identically ce
The expression \\&} |
(120) : 4 (& ,n )%

,\~
13 called fl abelian differential on %®.

At ‘Sbery point v on & we have & local uni-~
fomiz“illg parameter t which maps a neighborhood of this
Do i@} onto s simple nelghborhood of 0 in the t—pla.ne
Inserting for & and ¥ thelr power geries in t, W
ohtain from {120} an expansion
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where only finitely many ¢, with negative subscript n
are $0; of course, the coefficients ¢, depend upon ¥
The sbelian differential dw is called of the first kind,
if ¢=0 for all n < 0 and all y 5 1t is of the second
kind, if ¢_,=0 everywhere on % ; in the remaining case,
when there 1s no condition, one gpeaks of the third
kind. Introducing the sbelisn integrals w one can
characterize the three cases in the following ways Eﬁe
abelian integral w is of the first kind, if it &%
everywhere finite; it 1s of the second kind;;if it has
no other singularities on ® than poles; XN of the
third kind, if it may have 1ogar1thm1cmglaémh polnts.
If dw, and dw, are abelian difféwentials on ®
of the same kind, then slso ) 1dwl£yy2dw2 iz, for any
constants x , A o+ We shall regfrict ourselves to
differentials of the first and\sécond kind. fThe
gtructure of the correspon@img'additive groups ig
described by the followingfélassical results: There
exist p, and not more thﬁn.p, linearly independent
differentials du, ,::f,dup of the first kind; there
exist p differentéals of the second kind dv1,...,dvp
guch that any differential of the second kind on % can
be uniquely’gipfessed in the form

U21)\£ﬁw=(lqdw+.”+lpmh)
H\\' + {p 1dv1+...+ppdvp) + dx ,
\:
where 31,.;., AF)alﬁ #1"‘°"‘p are constants, and
X=x(§& , 7n) lies InQ
In the preceding definitions and statements it 1s

‘not necessary to assume that the wderlying field of
constants in ¢ comprises all complex numbers, but 1s 13
important that this fisld is algebraically closed. From

now on we shall restrict the coefficients of ¢ and ¥
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to algebraic numbers and speak of O in this new
‘meaning; then also 127 )\p and ,‘;,1’_”, . in
{t21) are aigebraic numbers,

§2. Elliptic integrals
In the elliptic case p=1 the curve ¢ (¢ s =0
¢an be wapped by an appropriate birational trans-

formation O
Oy
X = 9”1(5)“)) Y=¥"2{E,’I) (W1ft(l}21n3)
I /4 \'“:&
onte the normal cuble curve ' ¢\’;"
2
Y= - X gy D

W

with algebraic constants B, g,3 a:;d g2-2?g3 =i #0. Then

xS} e
y,,@r 3

e

dz = -

are differentials of the Tirst and second kind, and any
elliptic integral w\bf the second kind satisfies, in
rirtue of‘ (121}, (the decomposition formula
s\l . ) )
{(122) ) ':‘\"'dw= Adz + pdg + dX,
\ 1
Where A% 'p are algebraic constants and x (x, y) 1s &

ratLQn&l function of x and y with algebralc coefficients.
The Weierstrassz_an functions @ (z) and { (z) are
defined by

se [ y_g), -6 (8)-"&

S ¥

et = ={(2).
frz) - B AL IX o p(a), $2) =T
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Introduce the odd function

glz) = rz + s { (2),
then the decompositlon {122) takes the form

{123) dw = dg + dx .

N\
We shall have to make use of the addition theorsm,tor
the elliptlic Integral w of the secomd kind; beice."k:se of
(123), it is an immediate consequence of the JBddition

theorem for g, namely , “~
\

- - - .u_ M
(124)  alz+zy) - alz) - q(z,) )
where z and z, are independent ’vériables in the complex
plane. The aeddition theorem ‘£dr glz) follows from (1zk)
by differentiation with Péspect to z, in visw of the
differential equatlon N\ N
1

2

7' (z ‘,, (h@ {z) - g, Flz) - 33)
\\

Beeide.e{:(ﬂeh) we need gome other well known
propertiesg Q\i"x the elliptiec f‘unctions: There exist two .
basic pe\ir:\ods @w,, w, of F(z) such that any period o
can \mhlquely expressed a8 w —g1 w,+8, @, Wlth
re.t’i:o:nal integral g,, g,; the ratio w 2/“‘ =7+ ig not

&eal the function ¢ (z) has poles of first order at all
perlod points z= « and is regular at all other finite
points in the z-plane; finselly,

(1235) g{e+w } - qglz) =1,

where ¥ depends upon the periocd « and not upon =z.
Our main cbject ia the proof of the following
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theorem by Schnelder: Iet , = (¢ 1', v,) and
p =2 (£ 5. 7,) be two points on the Riemamn surface #
of the curve ¢ (£ , 7 }=0 of gems 1, whose coordinates
£ qs %y 808 & 5,9, are algebraic mmbers, and let
wip) be an indefinite elliptic_ integral of the second
kind which 1= regular at 179 5 and does not reduce to
‘a rational function of ¢ and 7; then the value of the
definite elliiptic Integral N\
P . O\
(126) W(nel-w(n1)=/ aw - O
' r, PAY
is transcendentsl, except when p 10 P o coincgée a.nd the
path of integration on % is homologoua tcﬁl}

It should be mentloned, since w(p\Ms not single-
velued on % , that the theorem holds.fgg}z"any path of
integration I on % with the end potuts ; 801 » .. For
the proof of the theorem we ma.:);;e‘xc’lude the trivial cass
that L 1s closed on % and homdlogous to 0; then L is
the image of a path in theg,é’:-‘plane with different end
points z, and z,. The gifférence

)
2= -\&\1 = Zg ¥ 0 :
15 2 pericg « onlyvin case L 1s closed on # . In this
tase we may ay @Sse, for the proof of the theorem, that
L s not homologous to twice a closed curve on % ; then
cgiis_ ot g'veriod and, because of (123) and (125), -

™
&

(127':;\.' @y = dg = dw, r(£)=0.
\3‘} 29(3) = 9 fL q fL w od 2 ¢

L is not closed, then Zg iy not a period and we mey
ply (124), with z=z, or z tending to z,, a:nd_{TE})-
% the assumptions in the theorem concerning , 8nd
P55 1t follows that the difference of q(z4) &Krltfl-th'fi
*lliptic integral (126) is an algebraic number. This
TeSULL, together with (127), shows that it suffices to
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prove the following statement:

Iet X sk, 8y, g 8"(20) be algebraic mumbers and
A , # not both 0; then q(z0)= A Zgt ok f(zo) is trans-
cendental. '

§2. The approxlmation form
Suppose that A , » &8ss 85 5(z4), §'(z,) and
q'(zo) lie in an algebraic number fleld K of degres h ﬂnd

put .\“\
O .
{128) m= 16h + 1. - P\
7 '\"
Consider the multiples Zgs 224, §z .~. y of Z, gincs Zy

is not a period, we may choose m o&these mulblple

say z, seee By which are no periQdQ Tt follows From
the addltlol’l theorem of q(z af}d Fiz) that all 3m
numbers @'(zk), 'z ), g k) ke=1,...,m) lie in K.

' If & and b ars any‘, constants 40 in K, we may
perform the qubstitutiorls aex—;x, 3“—)3"’, ahgn—. E,:
a6§3_>g3, a 1z—»z, ib.\—» A, a b~ op, afo ¢,

bar g, ‘which sﬁmp,ly SXpress the group property of
abelian dlfferel}wals A sulteble cheice of a and b
then allows J.ls “to assume that the Zm+h numbers A, &,

%21 gB’ x&{z & (Z zk) (k— ' ,m) all are
integerw "ﬁn K It f‘ollowa from the formulas q'=A - &8,
&= =60g¥ - —?2 that also all derivatives of & and q are

1nt~egcrs IR K, for z= ZgseeesZy, and the same then holds
\am _ouQIv Tfor all derivatives of the power products

Tlz) = Tag (2) = ®% (2145 (2)  (a B=0,1,...%

To obtain an upper estimate of the abscolute
values of these derivatives we use Cauchy's formula
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01 21! f{=)
Tt )(zk} = ‘—_E'a'l‘i_[ T4 dz {1=0,1,...},
C (z—zk)

taking for ¢ a circls with center z, and gufficiently -
swall radiug, so that all perlod points stey ocutside.

On ¢ we have f{z)=0(c,® * B ) where ¢, is independent of

1 1

a.,B; hence N
7 \

(129) £330 = 1 ot BTy

for k=i,...,m and all @ , 8 ,1=0,1,.. :

A correspondling estimate for the }ongugates of
f‘(l}(? J can be obtalned by the fC\}OWng trick Let
K be am* of the h conjugatss of\m Since A —ge—ETg =|=0,
also A £0; therefore we may, introduce the @-function
with the Invariants gn, g o\ ahd we demote it by &lz).
For fixed ik we define a cbmplex number zk by the condi-
tion that &(z Zk) and @ = %! {z ¥: this
determines Zk 011131r A to an arbltra:rfy addltlve perlod ol
the frnetion z‘.)., and we choose & fixed Zk Finally
we define the %}Ctlon E(z) uniquely by the condition
that q'(z)T—u iz ) ‘and E(?—W Then
8 -(z)xz\ga a8 has all the propertlles of fa_s_(_#)__
.neeueskf"or the proof of (129), ahd féﬁ) (zk) ag (Zk).
Therfiore

O T 541
S ELY ne (zk)f =11 o(ef TP

Tor k=1,...,m and all a ,§ ,1=0,1,..
Let r° be a positive rational integral square

divisible by em and put

T [
o8
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Consider the polynomial R(§,q) In % and g, of
degree { r In each variable, with r® indeterminate
coefficients, Under the conditlen that R(g,q), as &
function of z, vanishes at all m points Z=Ziy e s By of
- order n at least, we obtain mn homogensous linear
ecuations with integral numerical coefficlents in X
whose conjugates, because of the eztimste (130} for
a{r, B8 {r, 1 {n, all are Oicf n'y. Applying . O\
lemma 2 we see that we can satlisfy our conditio;af{y a
polynomial R{ &,q) with Integral coefficientsAn K, not

all 0, whose conjugates are O(c;l ). ~\

§4., Conclusion of the proa%‘\'
We shall first prove that the fumction g(z) is
not an .lgebralec function of g:(z.).:\‘;,\)thexwise there
would exist an equation of sma)lestdegree o ) 1,

(131) o + Al 4 aa, =,

where A1 seresfhp are ﬁational functions of L (z) and
$'(z). Since q'(z;};\zx -# @z}, differentiation of
{131) wlth Pespgét\to z gives an equatlon of degres
{ # -1 in q andthercfore an identity in g. Let j be
an ind'etelzgkiiﬁfe, independent of z. It follows that the

expres Rcm
O\ .
1

LNg 5T s a@en" T s Ll v AL, a=alz),
’”\\ w4

3
}oes not depend upon z. Derivation with respect to j
glves an equation of degree p -1 for g(z}; hencep =1,
and q(z) 1s an eliiptic function. But q{z) has at
most one pole in the period parallelogram, namely the
pole of first order at z=0 in case # $0. Therefore.
g{z) is constant, and this 1s g contradiction,) and p
being not both 0.
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Now we know that the meromorphic functior

R{(§a ) = g(z)

xannot vanish identieslly 1n z. Determine the number
g such that all derivatives g(z), g'(z),...,g(%"! )(z)
vanish at the m pointa Z=Zy e v nsZps but
N\
Y= g{S)(Zk) "‘*" Q, ’,\s\

for some k=1,...,m. Plalnly, s > n. The numder v is
S

an integer in X, so that N

‘&
O

132 PR 1.
{(132) IR (v )| 2 \\}

. ~0’ (’
On the other hand, because of '”(«1\3;}),

\ -

(133) 71 = st o, 28 oo™ = 0(egs**).

It remsins to ,f‘\inci~ an appropriate upper estimate
of | v | itself. \v be a positive rational integer

7

‘which shall tend“to co with n, and define
AN\

»

Vo 2udii] :
W\ . Zn
D= TT (z7gq@ 7€, o)
:..\’{, 2

*

where o ., w , &re pasic periods of glz). The
function
f(z) = %(‘(—;J)' g{z)
defined by

is regular in the parallelogram ¥,
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T |-

1 1
(“V‘;—§X1§_V+§;‘I’—§'§X2§_V+
Chocse n already so large that Zise--s%, are inner polnts
of F, . On the frontier of F, we have the following
estimates, because of (125) and the periocdicity of;*&(z):

g{z)

2 r el
T (ch )\ O(c5nn.),

o (o). §F
Bi{z v ’
N7
&
hence _ \3\
5] :Q‘~;¢32wn 281 » “-ms
fiz) = 0le N )

Furthermore, we haves at “the polnt z=z I of ¥,

{\ (s}
x\; z H(Zk )g (ZK‘}
zk)k\A(zk) lim Biz) = = s
PAY, e st [ (Zk 1)8
‘,‘\.) 1=1
o | T4k
i"\\' '
AN n
a<§> Bzy = 00 T (5m20)° = 0fe,57)-
A\ k 1=1
O 14k

The maximum property of the absolute val_ue of an
analytic function now yields the cstimate

2 2
S, TV nnv‘28r=v ms)
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et » > 112 and chooas

= {@]2/% -'“*00 (n—o0);

then
28r 2 g_mg
2
and N
e 28 -5 \‘\
7 = 0(01“5 = 'I’ ) z\}

m3 5]
2 zhs- LI ( o 8)-;0
R(T)*O(cws 'g: =olefy s
:3‘:; (I’l—bOO),
AN

in contradiction to(1%2). It follows that our assump-
tion at ths begiﬁéi}fé of §3 was false, and q(zo) is
tr*anscandenta‘l"\qﬁgienever.p\ s B B gj, gn(zo) are
algebraic, AN not both O.
L0
%’ §5. BSome other results

s?.:ﬁet ug consider some examples for Schneider's
, 1) are two resl pointd

2:§5¥em- Ie (¢ . 0,0 and (3
ol the ellipse

! (o< b <a)

22

= 4 =1
2 .

a2 b

then the arc length
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is an elliptic Integral of the second kind, and not a
ratlonal function of ¢ and ». Therefore s i trans-
cendental if a, b, £ ., % are algebraic numbers, \
except in the trivial case that s=0. In partjcuolai\ the
perlmeter of the ellipse is transcerdental forxa}lge-
braic a and b. - The corresponding resultgd f‘or the
¢lrele, s=b, are contained in Lindemam; g\theorem.

The arc length of the lemmlscatel\\/

o
(¢ 2 +u2)2=2a2(£2;f§\a') (a > 0)
1a given by ’~ ¥
' ’{tv':; 2_ .8
s(s,qu='aJ'_]f“ 2t (8= S22,
t 1-% E+ "

.\ !
As &8 f‘unction of K{\ *his iz an ¢lliptic Integral of the
first kind. Ij;%‘“fjollow.s: for algebraic a that the arc
length on thezdémmlscate, between points with alpebratc
coordinates\é s 9, 18 transcendental, excspt in the
trivial \saSe §=0. In particular, the perimeter of the
1emmisr;§te 18 transcendental for algebraic a. Since

»\..
N " _at _ -t -1
\ L Vé‘ ﬁ‘r = 4u {(1-u)2 du
1 1
- Lo, Tpri e S
"B(M’EJ_WE(QWJE (),

the perimeter, for a=t, equalsg #2 I [ET). Therefore
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:
the number ' I‘{ ) is tra:ﬂscenﬂental We do not
know, howaver, whether r ( ) itself 1s irratiomal.

All our transcendency proofs made essentisl use of
the fact that the problem can be reduced to the proof
of & property of enkire functions. Thiz iz the reason
why the known methods do not work for elliptic integrals
of the third kind and not even for integrals of the
third kind in the still simpler case of curves of \
getus 9. For instance, it 1:3 not known whether- the

number : « \J

T ax &)

A e
- O
ig irrational. R _

Concerning elliptic funct}dﬁs Schneider discovered
another interesting theerem’whlch we shall mention
without proof: Let §(z )—vﬁ-(z Bss gj) and 89 {z)
= @lz, 3,;*, 2 "3 ve two algebraically indepenient
®- ~functions with tk@ invariants g,, g5 ard g, &35
then at least o e\of the 6 numbers gy, &z g5, 8% Flzy)
P (zy) is trghgcerdental, for any Zg which is not a
period fo* @ne “of the functions.

Tt *ﬁ “Ynown that §(z) and ® (z are related by
an al ~ralc equation with constant coefficients, if and

only ¥ their period lattices are comensurable; this
\”meaﬁ‘ls that
3
* w
(15*4-} wT:aw_l—{-ﬁwE, w2="'{w1+5 o

* *
weandm1,w2

with rational o« , 8 , Vs 9. where @, @
 the thecrem;

are baslc periods. Ag an application ©
suppose that both :
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’ 3

[
—£ -7 —— = )

are algebralic numbers. We have
. -4 ST -6
g2=60§ w E g3=1?4-0 i) H
wF0
.\,

whers « rins over all periods +0 of ga(z . ggz\\g,,
Replacing w by X « with suitably chosen cmlﬁﬂ‘int
x +0, we may prescribe 93 1 in case j( - )rsl} ard =1
otherwise, so that now g, and gs both\a\:ﬁs algebralc
numbers. Define \\\

’ {'
* =k W -6
g2 = a gg 4 “(éj& = T g5 ¥

(135) @, T ow &N =7

then

/}
cﬁ‘*
I

and, in pazzt;.t,’ular
7 £
> ’ %, Yo

% e (=)

L

T'E&(TJ-
* wg)

ﬁ&e now the 6 numbers g, g,, ge, gé’ g;( . (5
1 are algebraic, the theorem inplies (13&) and,
because of (135),

i

(T -a)(7-8)= 87,

go that 7 is a guadratic 1rrationslity.
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This shows that the elliptic wodular function j{+)
15 transcendental for every algebralc number 7 in the
upper hair-plane which is not an imaginary quadratic
sprationality. Omn the other hand, it is known from the
theory of “omplex multiplication that j{r) ls algebraic
for any lmaginaly quadratic 7.

In 1941 Schneider extended one of his results
concerning elliptic 1ntegrals to abellan integrals e N -
Rismarm surfaces % of gerus p ) 1+ Let w be an abelian
integral of the first or gecond kind and not anf alge—
praic function, and suppose that L,,. ..,Lp a,re‘p
retrogsections on Jﬁ which leave R connected\ “then at least
one of the p J.nte_grals :
- Y
"y =f aw . LY (k=1,...5D)

) ¢ 3
INY

W
. > 3
N

is transcendental; in pafti’éﬁlar, there exists on® a
closed curve L such thath

(136) & =f aw
SO T

N/
is tra.nscendental It shou

forfmulawn p.126 of Schneider's paper is wrong;
it 1ginot hard to complete the proef by using Cauchy's

forﬁlula only for one single variable.

s

) An interesting example is provided by

14 be mentioned that the last
however,

W= fx".“”ﬁ—x)‘g-’dx

gral. Then for

where «,8,a+8 are rational, bubt not inte
g n in (136)

any closed curvs L the corresponding perio
takes the form p B («,8), where? is a numlenirsin the

ol
cyclotomic field gemerated bY € “and ©
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Therefore Schneider's result implies that the number

a) I {3
B («,8) = fgy

is transcendental, whenbver «,8,a+ 3 are rational and
non-integral. It follows from the transcendency of
that the case a+fi= 1,2,... is no real exception.
Choosing «=3 we see that at least one of the two rhbers
Mle), T'{2a) is transceﬁdental for all rational naﬁx'
.integrala .+ But we do not know, for instance,{ Whether
r(%ﬂ is irrational. <~k
" As s geometric application of the'Fééhlt con-

cerning B(«,8), consider in the complexig-plane the
curve conslsting of all points z with\the property that
the product of the n distancegs izﬂQo | from z to the

vertices aek(k= ,...,n,e = e'ﬁ%‘ va > 0) of a regular
polygon equals a. For n=t and =2 we obtain circle
and lermiscate, A almple c&luulation shows that the
perimeter of the curve hag*the valué

&
,S\if}a‘ aB(g, 211)
therefore the ratio s/a is transcendental Another
sxample ig p{gV1ded by the domain
}‘ 1 1
.&%’ 1%L« 157 ) ¢

N
‘o

NS _ .
tHe (x,¥) plane, where a ;8 are positive ratlonal
moni-integral numbers; its area has the ‘transcendental

value

J =4 “;8‘3 B (a,8).
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