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PREFACE

oo\
Thera s a dearth of good text books on Trigonometry {g\\
Degree classes. This book has been written to mee

reuirements of students of Degree classes of most of the {imhan
Universities.  For such students the treatmeat 1; &Q\éﬁualely
rigorous.  Exercises for sindents have baen grddegénd selected
from guestion papers of diiferent Universities, \\

The author will be grateful for any S{thmﬂs for improve-
ment,
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- CHAPTER I
’ \:\'

Inverse Trigonometrical Functions ¢

J-1. The notation sin~1x, (read sine inverse ), repsdsents an
angle whose sine is x. Thus if sin #=x, them ¢-=sin—*x.
Similarly we may define cos™'x, tan~lx, sec™'x,&osec1x, and
cot™x. These functions are called inverse ttigdnometric (or
circular) functions, and, it should be noted, représent angles.

1:11. Evidently these functions ar%’ Ghultiple-valued ; for
infinite values of 4 satisfy the equation@ift ¢=x, and if « is the
smallest positive vajue of 4, then the geéneral value is given by
sin‘lngz-nwlﬁ%{&il}”a. ‘
However the COH\"%%UOIT['&[{S;’ at scf};gl?, tan~lx, cot~1x and

cosec™lx represent angles lying between —w)2 and 4-#/2 ; and
cos~'x and sec™'x are angles lying between 0 and =.

Thus, o)
. 1 7 &~ ™ 1 2n
-] = __a -1 ity — =1 — __ [—
sin~t— ‘5"‘\@1 {(~1)=—-—, cos ( 2) 3

2 Relatigns:bétween inverse functions.
If ;sijw ==X, cosec g=1/x
Hences @=sin~"y=cosec~! 1/x
Siptilarly tan—lx=cot™! 1/x and cos~'x=sec™! 1jx.
"\:)&lso sin {sin~3x)=sin g§=x, similarly cos (cosIx)=g
ird so on.

Again, if sin ¢=x, cos d=xf1—x2 tan §=

X
T=-x2

. _ x
g=sin" x=cos™l, /1 xt==tan™? — oo _
k o 1-x2

Q)



2 TRIGONOMEIRY

1-3. Some Formulae,
(a) Let sin g==x, then x=cos (v{2—4)

Hence g=sin~tx, and r/2—g=cos™ix

and sin"Ly-cos—lx==ar/2
Simitarly tan-ix 4 cot™lx=w/2 and sec-x-4-cosec™lx=m[2. R
(b} Let tan~lx=g,tan"* y=¢, _ \ V)
So that tan g=x, tané=y. W
We have, tan (§-+¢)= tan oitand _ 5ty 7

tan&tanqS 1-—xy \

Hence g4-$=tan~! x+tan-? y=tan‘1x+y *

)7 x4
Similarly tan-lx— tam"y——tm:t'iL ¥
] l _1_
Putting x=3y, ‘in t%rau ?Blsgtﬂu‘ll__xy
Zx
2 tan~ S .
we have tan~ix= tan 1=

ThlS formula car\%isuy be extended to

*Tt should be,‘dted that this formula is true when <1,
If xp>>1 it is aotAenable.  As an illustration, let x=+/3, y=1.

N x 7 TIm
-1 —
Her\::tan x4-tanTly= 3 + 7515
O + 14+4/3 _ —5
\ ¥ b -IL}"_ — =1 L
,.\1"\;3‘“ tan T=xy tan 1—y/3~ 13

N\ since tan‘lliigu represents,

angle in the range (—w/2, =/2).

conventionally, an

If, however, tan” f—ti represents an angle in the range

{0, =) the formula hoids true,




INVERSE TRIGONOMETRICAL FUNCTIONS 3

tan*!x-+tan"ly tan~z=tan"! XTyte—ayz

l—xy—yz—zx
whence, by putting x=y=z, we have _
3 N\
3tanlx= tan'1 ?x ng .
O N
(¢} Weknow sin 3¢=3 sin ¢—4 sin? 4. N e/
Patting sin §=yx, we have A7
3§=3 sin"lx=sin"(3x—4x3) o\ R
Similarly, 3 cos™tx=cos™(4 x3— 3x). AN
Examples N\ '

1. Show that sin“tg-}- sm‘lb—sm'i(a,\)(r_bﬂ +b. /149
Let sin~la=x, sin~’b=y ; hente\d=sin x, b=sin ¥
. sin {xfyp}=sinx cos y-+cos :;sm’ Y=04/1"p% +ba/T "2
Hence x+y= 51:1“’?!3{'5‘3&#“’!?“13&5“@&\)'&""‘52 +b 1= —a)

2, Prove that

2 taﬂ-l{ Qa-l_ t{ nd} cos™t b_+a_&sx.

2 a+bcos x
- acb X
fet 2tan 1{‘\]\;{_3} tan 5 } s
9.\ .
¢ 4 a—b
or ). tan —= tan -5
{\\" 2 ‘d b
:"\‘.’;' 1~ tan2 5 I- a_b tan x
¥ : 2 -i—b 2
<Now cos = 7= ~
1+tand 5 ]-}- 'S tan® 5

_ {a+b) cosﬂ x/2—{a—b) sin® x/2

{(a+b) cos? xf2-+-{a—Db) sin? x/2
b-l—a cos X
“atbceosx




4 TRIGONOMETRY
. _ X _yhdacosx
S 4=2tan 1{4___ tan 2} cos axbhcos x°
1 1
1~ . -1 -1 *
3. Solve 3tan” 3 \/3 tan p =tan™* . {Agra *43)
N
-1 _ — -l
3 tan 2_{_‘/3 3 tan=H2—4/3) ':\
' —tan-) 32—/ N—(2-¢3
T—3(2— i
. Ix—x OOy
by using the formula 3 tan 1x =tap™! T3 \
a1 - é /3) (3—-T+44/3)
i — 1 _ AN L ¥ T
Hence 3 tan 53 —tan 13T av3)
e (V3=1) 2=3) ‘.rwu__ -
—.tan T3~ 5 I35 tan I.
The equation be‘%%’&??‘d bl‘aq Hhrél'y,org.ln
tan™ I/x=tan"*1 ~f8h"! }=tan? 1= ~tanl }
. _ ~ ¥z
4. If CGS'lt,'aSK"&é’s"lyfb——-m, prove that
D2xy .,
:‘ﬂ uh Cos a+§-€r:sm9 a, (Cal, 43)
LEt{&ifxs ey cos™lyfb=d, so that cos 8 = x/a, cos $=y/b,
.§§”' and 3+g{>—~a
SHence & — 2 cos a+y
~\J @ ub

= cos? §—2 c0s § cos ¢ cos (§-+¢)+4cos® ¢
=C0s* §—2 cos § cos $(cos ¢ cos p—sin ¢ sin $)-Fcos? ¢ - -
=082 § (1 —cos® ¢)}-cos? ¢{1—cos? §)+2 cos 4 cos é
8in ¢ sin ¢
s=cos? 4 sin® ¢4-sin® ¢ cos® ¢+2 cos ¢ cos ¢ sin ¢ sin @
=$in*d+ ¢y =sin? q.
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INVERSE TRIGONOMETRICAL FUNCTIONS

Exercises I -
Show that
(i) 2sin™* x=sin"1 (2x./1—x2 )
(i) 2cos™x=cos™t (2x2—1)

1—x . x
=l -1 " =1
{il} 2tan~!x=cos TS ot

{iv) cot™lx--cot~!y=cot™1 xy—=1

Xty

Prove that K.
(l) tan_l 1‘+§tan 1 _1'#11'}'8 .' \
{ify tan—! l-l-ta]:l“l 14tan™? I—I—tan\J 1,::—}4

(i) sin~ vs—l—cot“?: /4 \*

(iv} 4tan™!i—tan—1} +ta&n"‘1' =74 -
(vi 4 tan™! } W&ﬂabwﬂ‘lﬁﬁﬁﬁ org.in -
Show that N\ ~.
{1) tan (2 tan'lax 2 tan (tan'1 a+tan"1a3)

Agra *48)

(Cal. *44)

iy 3 tan‘lx\ cos™? (1+\/1+x9) {Agra *34)

2\/1+xﬂ

-1 4

(m), 2 -tan( 3 +— cos™! —~

2 b
: 2q-— 2b—a_ =
(1V} tan —;57-31—1:&!:[ 1 a\/T _____,§_

(v) tan~t a=tan™!- b—|~ta

+ 1+

(vi} tan~'(} tan 2g)+tan™Ycot ¢} +tan~Y(cot? g) =

(vii) sin~! #-4sin"t Fo-fsin™! fp=w/2

N\ —Ftan (l;- -1 cos‘l-a—) | {Cal, *48)

b -1
e +tan c

0
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(viil) tan™lx=2 tan~! {cosec (cot™! 1/x}—tan {cot™! x}].
Solve the equations :

2

=3 -1 _= .
4. tan 3+ an” 3 _1_4 =tan %11
5. tan~!x+ttan™! (x+1j=cot™! {}{1—x}}. N
6. tan"ll--2tan™? ‘+tan‘1 i.ptan™? 1/x==x/4. (Agra ’42)

1 2

-1 -t .. K
7. tan Tl {-tap ix _i_lwtan & (Ag:a 47}
8. tan"lx—I)4-tan~lxttan™t (x+1)= tar1'1(3x):..(§3auhat1 *53)
9. sin{2 cos™! {cot(2 tan-1x)}|=0. LY (Agra °58)

S - N I
10. %cot‘(g)+3 cot™ (5~ x_ﬂ)'\\’

ﬂ+2tan>*{1-x—x2; (Cal. *44)

11. sin‘ll—i—a?—co - l—f?_“"f__t a1 12’;2./
W W, jjalauhbraly org.in

12. cot~1x+cot” 1{a2 xhl)=cot™! (a—1).
13. Ifcos ! x+cos™ y—l—ocrs ! z=u, prove that

x2+y2+z2+23(z) (J & k *53)
14. Show that , )
b b @)
alb—c} c— _, cla—
O e e T T et e =
n\bemg an ianfeger or zero. (Andhra *36)
Q} “tan {tan"1 x+tan™! yttan-1 z)="
O cot (cot™ x+cot™! yteot™! z), {Nagpur *35)

;\5‘ v If sin™! x--sin”! y4-sin~! z=n, prove that
\J XV T2+ yvV 1= 38 +24/T272 =2 xyz. (Delhi *46)
16. 1f sin (r ¢cos )=cos {= sin §), PIOVE §=t§sin™t 3,

_ - x\/3 _ 2x— )
17. If  g=tan™'y =, and g=—tan-1 z\/’;, show that one

value of ¢— ¢ is /6.

N
%
\ )




INVERSE TRIGONOMETRICAL FUNCTIONS %

18. If tan-! ax+4sec™! be=mn/4, then one solution is
xPe=(2ab - a%)71,

i1 % sint Y et &
19, Ifsin 2 +sin 3 =sin™ —, then prove that
: BB 4 2xy (% —ct) Ty Fatyr=ct \‘/\\
20. Show that KoY
o -1 GX—-¥ -1 €€ tan*2 & _{Ei’\_{_ )
tan -}—=tan m+t Gotl +tan c%?zs{fl
4D

Cp = Chu 1 A

tan-! 2__"2=1 bigp=!
n n 1+1 \@

where ¢;y Cs.......C, &r¢ any quantities gv.l.‘@wer. (Alld. *28)
&



CHAPTER 1I A
Complex Numbers KoY
'S\
" 2+1. Definitions. If x and y are real numbers, and: X » 1,
or i*= -1, then the number z=—x--iy is calleds o) complex
number. The student has already come across. &ueh numbers

while solving a quadraiic equation. If b2 4gep then the roots
of the equation ax®--bx-+c¢=0 are imaginar;qu tomplex, *

If z_x-l-:y, x is said to be the real p&ﬂ“ of z and expressed
as R{z}; y is the imaginary part of zapd’ expressed as [ (z). It
will be assumed that the number 7 follows the laws of Algebra,

If 2y =iy, Z=24 10y iﬁé two complex numbers, the
following arithmetical operatm};s on them will be assumed.

1. Equality ; If{lxz.,. or X, +iy=x,+iy,

then \(“'5‘:1=xas Y17 Jas
2. Addltlon
\Zi‘i‘za—(x‘l")ﬁ)"t“(xa‘!")”z) (xri‘xs)"l‘l(yl‘l'}’z
\ »

*Thc student should note that i =</ TTI is defined to bea

n’klmbe.r such that P*={{/ - 1)(\/_1)_.—1 and must guard
\' \against the following fallacy ;

B=(y —1)f=+/("(—1)=+/1, and hence j=4' TT= 41,
Since {%-=—1, different integral powers of i can be reduced
WG q‘bt 38}1 br_“grly .org.in
e, g =(PP. i=(—1p. i=—i, =i =, :4—(1“ 1
Bea=(i)8, i=1, iP®=(i")6, {t=—],
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3. Subtraction :
Zy—2p= (X F iy ) — (X Fipe)= (0, — %) +i{y,—,).
4. Multiplication ;
ZyZy={Xyt i) (Xptipe)=(Xp¥y—yiyp}+ f{-f1y2+xzy1)-"\
5. Division : Oy
Iy X iy (oaXet piye) HT (Xey— 1)’2]‘ )
R iyt L0

where x:, ¥, are not simuffaneously zero. ,'\‘

The Jast casc can be deduced from (1) and (3)

x]_""yl . :\ i
Let Yo7, Five -——f{:{:‘?@,
or Xy y’lc'(rf{-fﬁ)'(xg—kiyz' :

N Or (‘l +{ﬁ}‘&)\i\} Cﬁargt}l/f;ha(r;j;ig)s (ﬂ—i‘lﬁ)

Eguating the real dila" 1magmary parts from both mdes
« and § are obtained. \

Squares of all rﬂé]x numbers are positive, but i*=—1, hence
the complex nuhgser x4iy isa pew type of number other
than real. O\

2-2. Stanq;a\rﬁ form of a compiex number, -
L&t x=rcos g, y=rsin 4.
.{§"'Hence x+iy=r (cos §4i sin g}
“<I';:‘Equating the real and imaginary parts

"\i“' x="r €OS §, 1)

N and y=rsin 4. . {2)
Squaring and adding, ri==x*+)*,

and r=-/xf Lyt e(3)

By convention r is always taken positive.
From {1} and (2}, we have
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o8 5:~—-—_.x,__ , and sin g= .2 - (4)*

NS NEE

In the interval —w< ¢< v there is always one and only
one value of ¢ satisfying equations {4).
Thus r and # are determined, so that x3jy=2z can always

N

be expressed in the standard form O\
z=X+iy=r (cos §+{ sin @). O

The number r (= +’\/x5"+y4) is said to be the mudu!ué of z,

and the angle ¢ is called the' argument or amplltude\of z. They
are expressed in the following manner

r=m0d zorr=1{z|,tead aSY(IDd zZ
_ and g=arg. z, \

Evidently infinite values of ¢ satlsfy {4), but the value of 8
lying in the interval—=w <4 = is calléd the principal valoe of
the argument or simply the argument The general value of
the argument, cleaﬁlgv,wsibqaﬁhbt&ﬁiﬁ‘ﬁgﬂ'ls any mteger

- The standard form r (cos 9-+i sin §) of a complex number
13 sometimes called the m&dulus-amphtude form."

The numbers x+1\j>\and x—iy are 53id to be coniugate thh
respect to each other.” Evidently each has the same modulus,
and theijr product 15"the square of the modulus,

o Examples
: Ex’ﬁ%@s g%%i— in the form x4-iy.
<\; 243 _(2430)(3—4)) _ 6+12+i9-8)
3IVE GHaME=4) T nieE
. __.18_1‘__; ?_‘

*8 in sometimes written as fan"! yfx, provided it sat
equation (4). p satisfies
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2. Express 1 - /3 i in the form r (cos §+i sin )
" Let 1-4/3i=r(cos g4 sin §)
Hence Feos =1, r sin g=—1/3
P=113=4 or r=2

Also COS&=§.and sint 5--__&3 T\
Hence §=—n/3 \ V)
1—+/3 i=2 {cos{ —n[3} I sin{—=/3)} 9
2:3. Argand Biagram. AN 3

The complex number z—x--iy can be uniquely represented
by the point P, {x,)) with reference to axis df\eoordinates OX
and OY in aplane. All poicts on OX represent real numbers,
and OX is called the realaxis; all p fqi; imaginary points,
iy, lie on OY which 1s called the imagimary axis.

It is clear from the figure that :. )

OP=r=i2z1, \y
and / PON-=- 3“""{1‘f’gdbla”lrbmy°rg in

=angle OF makes wnh the positive direction

,\ of OX.

Y \\s l
x:\..'l'

}:\;‘. ] P

O (Z= x+iy)
;'\";' T y )
&\
\
“ 4 X
X
o) N

This manner of geometrical representation of a complex
number is called Argand Dlagram
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Evidently all real numbers have their arguments as' 0 or =,
and all purely imaginary pumbers have their arguments
as+mwf2,

2:4. Geometrical representation of z, 4 z,.

Let P, and P, represent the numbers z;=x,+iy, and z,=x,
+iy, respectively. Complete the paralielogram OP,R,P,. Thes
coordinates of R, are evidently x,+x, and y,+y, and hencz ‘it
represents the number x,+-x,+ (¥4 yo) =z, 2. O\

~ Hence OR\= | z,+z,|,and / R,OX=arp. {zi42) Y

7%

Y

(-2,)
Q 45~ —
A '
ProducgyP,0 to @, making 0Q=0P; and complete the

parallelogratn OQ R,P,. Evidently 0 is the point (~Xz—,)
or —gand hence R, represents z,— z,, s0 that

N OR,= [z—2, .
. (Since OR,<OP,+P,R,
\ wehave |24z} < |z [+ 12,

Thus the modulus of the sum of two compley quantities is -
less than or equal to the sum of their moduli. This result can
easily be extended to more than two com plex guantities.

25, Product of two complex quantitics.
Let Zy=X+iyy=r, (cos ¢;+i sin g,),
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Zp=Xy+iy,=1ry (COS 85+1 sin 4;).
Hence zlzg-}lq(cos gy-+1 8in 4;} {cos ¢#,+1 sin g,)
=11r3{COS (#;-+6;) +1 sin (4;+8,)}
It follows that f2iZe f =rin=lz,|.] 2 | Q
and arg. (5,2;)=0, + fy=21g. (z;) +arg. (z,). KoY

NS ©
Evidently this result is true for th2 product of any ‘ntimber
of complex quantities. N

<

We may, therefore, conclude that .'“.,\\'

{1} the modulus of the product any ndmber of complex
quantities is the product of their moduli, and

(2) the argument of the pieduct of any number of
complex quantities is {he sum of their arguments.

246, Quotient of ERG"COHPRILEIRRHIERE

Let zl=xl+iyl-‘—:}:1 {cos g, 17 sin 4y},
zguxggiifygs ry {€os gy-+i sin g,).
Then ~ ZL 8K _€0sgitising,
) ) ZEN, Ty COs a4 SN gy
A\ .
oy =L {cos (9, —4a)+i sin {#1—8:)}
:"\l. f2
ewe  lajorn_ Lzl
N : I2 l P 17 )

<\“ and  arg. (%)=91"5‘a=afg- Zy—Aarg- Zy.

It follows, therefore, that

(1) the modulus of the quotient of two complex
quantities is the quortient of their moduli, and

(2) the argument of the quotient of twe complex
quantities is the difference of their arguments, °.
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27. Geometrical representation of product and quotient of

two complex quantities,

Let P and Q represent two complex quantities z, and z,,
where

Zy=x+Hiy =ro{cos 4,1 sin gy), _ O\

Zy=XgFiye=ry (COS §y+i sin &), - O\
so that / POX=¢,, and / QOX =0, e \
Let K be a point on OX, so that PN

OK=1 or 140.i O
Construct the triangle OOR, so that \

' [_QOR=0, and /_OQR= LOKEs

f\’fti;"and P being on opposite sides of 0Q.
\\ “ Evidently triangles OKP, OQR are similar,
OR _OP
0¢g 0K
OP.0Q
OK

Also [ ROX=/ QOX+] ROQ=g,+3,

Hence

or = OR= =0P.0Q
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“Therefore, ORenre=|zz, 1,
Hence R represents the numbzr z,z,.

If, however, triangle OQR is constructed so that R and P
are on the same side of OQ, we have from the similar triangles

OKP and ORQ, O

oo (O
Also [ ROX=/ Q0X—/[ QOR RS
=0,— 6 _ \,w:\""
Y \ N’

Henqe\":sf\” OR="12 <!

r

W\ )
"\'I:{)'us the point R represents the number ?
o\ 4 1
N/ Examples

1. Ifz=x4iy bea variable number, 50 that | z—1] =2,
find its locus on the Argand Diagram.

Given  [z—1|=2 or |xtiy-1]=2
or [ (x—1D)+iy | 2=4
o {(x—1)2+y*=4, which is a circle,
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2. Show that the points representing the numbers
144, —24-3 i, 5i/3 are collinear,

The points on the Argand Diagram are (1, 1), (-2, 3) and
(0, 5/3). Equation to the line joining the first two points is

3 2 ..\ .
y—In__z__l (x— 1) =—2{x—1) O

ot 2xA4-3y—5 =0.
Evidently the third point (0, 5/3) lies on it.

3. A variable wmplcx number z== x+iy i3such that the

—1. ™
amplitude of the fraction 34_-_1 is al“ays c’qbzﬁ to —- Show

~x
A\ Y

that st yr—2y=1, Y

z—1 x zy-— {fx»-l 1% {ix+1y—ip}
Now zﬂTWg 1y fi’xﬁ Siyh i HD=ix

_XB e 1+2: y
sk, 4)®
) ‘}\\ -1 2y =
Henc: arg. Tl“tan xﬁ—y -1..,,_4_
. ¢ 2}' T
\i_:l"yg'_l-' 1 tanj =1
2_

2’8 An important theorem :

i ¢ tends to zero, then, in the limit, S“; b tang_ .

d
Let ¢ bz the circular measure of the angle POA,
PT is the tangent at P to the circle. If g<Zwf2,
triangle OPA< sector OAP< triangle OPT
or 3042 sin < § 042 ¢<3 OAZ tan g
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or sin g<p<tan ¢

or

Asgis indeﬁnite]y diminished »t’o ﬁ‘ sec =1, and in the
_ W dtm}atﬂlbr rgr org in
fimit s_in_e —Y 5 f

Also tan 4 _W_ e'\c\e_l in the limit when §—0.

2.9, Relations be\ﬁeen the roots of an equation and its
coefficients. O
It is known, tf)at‘ the general equation of the nt* degree
aﬂ\x +a1x" Ilaux24...... +a,_x+a,=0
a\
has n roefs) If the roots are oy, e, a;...a,, then {x—a,),
(x - o) {¥—a,) are the factors of the polynomial on the left
hand ﬁlde and we can write
% \glo'x”-i-a b N P +a,_x+a,
L= x—ay) (r—ay) . (X—,)
=da, [x"—x*"1Za,-L x* " 2Ea 0, = X" 5 5a 00t ... .
. (=100 .0},
by multiplying all the factors. ’
Zay, Fa,a,, Baaue,......represent the sum of the roots taken

T2
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once, twice, thrice...at a time respectively.

Equating the coefficients of different powers of x from both

sides we have

the succzeding chapters.

g1= = 4, Ty, Qy=0pL0,0p, 3= — Gy 20885 ...
and a,=(—1)'a, a,a,...q,
Hence Da,= -a,fa,, ’ :\:\.
Za 05+ 0:{a, . . O i
Zoyaymy = —ylag, i N
. M,\.'\.‘“
.. .., *(—1}”;:,,;% ’

\Y;
it is important to note these results aﬁ\tﬁcy will be used in

X
‘,'

L >

/

Examplé
1fa, 8, are the rodtyoflibesyianion x8 — a4 bx—c=0,

(i) find a2+§32—|-‘)’2 :émd as B3y,
{ii} find the co};B’tmn that 4y =0.

Since a, 8, ¥ ARE the roots of the given equation, we have

\
"‘\‘,/
\/

a KBy =a, aB+BY +Ya=b, and afy=c
(iq u‘“.'—ﬁ*+72=(a+ﬁ+7}2—2(aﬁ+3}’+)’a}
"' —2b
A%ém ad B34 )’3-—3&'.8}’ {a+p-+¥)(a®+ 824 Y2 af—By

—yﬂ-).
Hence Ell"”—?&(,‘ﬂl(ag 2b)—b}=a*—3gh

or Tas=qg?—3ab+3c.
(i) Iff+y=0, wehave c—a,
and since « is a root of the given equation
al - g8 ah—c=()

or ab = c,

which is the required condition.
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Exerciseé 11
1. Express the following in the form 4+iB,

. 344 .. cosgtising
0 =% () osa—isina’ A\
a+:b a—ib \2 A
i) (g ) (a—l—;b) . O
2. Express in the modujus-amplitude form : \ )
(i) —o6+8i {il) cos §--cos ¢-4+i (sin B—i-éin«@
(ii}) sin g4 (14-cos 9. '\\

3, Show that the points rcpre‘;entmg the complex numbers
—4431,2-3{, and —i are col\mcar

1 {
If z=a-tiy= Ttcos g B—H S0 g ! shbw that the iocus of

= is a straight line parallcl toy ax1s
8, Ifg—=cosatisina, b= cos ;3—5—1 sin B, c=cos ¥ +i sin ¥,
and a+b-}x~£w{)gibmﬂﬂ3ﬂanyark-&ﬁ; L :
6. Two lnes _10111 the points z=a, z=b;z =c, z=d.

Show that th@}?}uc at right angles if ;—3 is  purely

imaginagy, \When are the lines parallel ?
7. lf | &P 12,1, and arg. z,targ z9==0, show that
. 2hd)7, are conjugate complex numbers.

I?\zﬁr, z, and z, are the vertices of an equilateral triangle,
~show that  z2-bz2+z2.2=22, 122+ 2%



CHAPTER 111

De Moivre's Theorem.

3-1. De Moivre's Theorem. - O\

Ifnbsa rational number, then the value, or one éfithe .
values, of (cos g-+i sin §)" is cos n ¢-+i sin n 4. A\
Case I. Let n be a positive integer, ) .:f 3

By actual multiplication _ \‘

(cos 8,4 sin 4,)(cos g.-+i sin gy)=
COS §, COS By—Sin §; Sin dy+i (COs gy Si-F,-+sin 8, €Os d5)
= ¢0s {§;+ ) +1 sin (ﬂ\i-eg)

Similarly g
(cos 8,1 sin 4,} (cos 62+L Sm 32) (cos g;+i sin g,)
={cos (4,+4,)+i sin (81&)1?2)} (ces @57 sin 4,).
= 08§ (f1+03-05) 7 Sin (9,6, -+85) '

In this way we can maltiply » factors and obtain
(cos g, 41 sm\qL }{cos 8.+ sin &,)......{cos 8,+isin g,)
=CO05 (317"‘5,&) ' :s +1 Sl‘l‘.‘l (9 "’(‘32“!—..-...-1—3”)

Putting g,=8=...... _.(3,1=3, we have

/> §e0s g-+i sin )" =cos # §+i sin nd,

which i LK Mowre s Theorem for # t0 be a positive integer.
Case Ih\\Let n be a negative integer.

Suppose n =--m, when m is 2 positive inieger,
~LONow (cos g+ sin g)* =(cos §4i sin g}
\/ _ 1
" (cos 9+ sin g)”
YAl " org.i
ey Sy oty Case L
cos m §—i sin m é
(u)s m 9—1—1 sin mg)(cos m ¢ —{ sin m §)
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. C08 (-—m) §+i sin (—m} g
"~ costm gtsin®m g
=cos # ¢-1-i sin n 4.
This is De Moivre’s Theorem when # is a negative intepdk,
Case III. Let n be a fraction, positive or negative. L\

Hence we can suppose that n=plg where g I8 af posmve
integer, and 2 is any integer, positive or negative. ‘

S

rdg ., . pé
Now (cos —q——}-: sin _q) ."‘z\\'

=08 (gq_ﬂ q)—l-i sin (M qQ: by Case I
=C0s pa\%f sin p 4
—(cos B—‘l—; sie §)?, by Case I or II

Hence cos 28 +: sm uf nc of the values of
WWW at” y OI'g in

Fi
{cos g1 sin ¢) «

or cosn §-4i sm n\a is one of the values of {cos §-i sin g)"
Thus De Mow‘k}s Theorem is proved completely.

It should hé.poted that whenn isa positive or a negative
integer thén'd/ cosn g +isinng is the only  value of
(cos g-1-i simn6)" ; when » is fractional, cos # ¢--i sin n g is then

one o ths‘values of (cos g1 sin g)".
“'.j'\ Examples
N 1. Prove cos # 8—i sin n §=(cos §—i sin )"
C‘; "" cos n §—1isinn §=cos {—n) ¢+isin (~n) @

- 1 "
— a o e
=(cos §-i sin g} _(cos y T sin 6)
(cos g7 sin g)"
{cos® g sin® @)’

o (c0s g sin gy
2. Simplify {sin 6+ cos g)

==(cos §—1 sin ¢)*.
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{cos §+i sin gy __ (cos g+i sin 6F (5in 81 cos g)*
(sin d--icos gy (sin? g +cos? g
—={cos g-i 1 sin g, (—ijt {cos ¢+ sin g)*

..... = {008 g1 sin 9)11—~ cos 11 g+ sin 11 ¢

~~ ’

3, Prove that :\..\

L4 (54 ) o (B )
(l-l—smqb—l—: coqu) \ 1+-cos ('—m"b)_—lsmz_-#qs),
1--cos f—i Sln‘f’ ?1 .COS (___k)\s_;s;n( __*,)S

ret (5 —S)r2in(F-4) s (G- D"
oot (5 YRR cos (52 )
. ESM(_' i%&)}v\ sin ( 3 2)}n
5\00“(——”— ) i sin (4 —
kos‘( 3 - )—rl sin (—-— 95 )}“

\cosn (— —¢ )—,—; sin n (-2-—55 )

\”,
N/ 4. Prove that (10" +(1—i)*=2%/2+2 cos “_’:‘

A+ H0—iy= (/2" (\—}2+§2)”+w2)“ (;}—2-'—?2)'

n;’Z[( cos ---H sin - ) +( cos __._, sif . ) ]
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/2 BT isin 7 4cos BT isin BT
2 [cos4+:sm 4+ —isin -

21 o n
c0s
Exercises . \\
Simplify ; T O
cos 7 g—isimTad (
. 2. =3
cos 4 g—isin 44 sin i (io\s\,? )
3" (cos g-1-i sin ) (sin #1-i cos 4}
sin 3 g-+i cos 34 N
PR CT it O
s O

5" Express (24-3 iy in the forms A+ Bi and
www.dbr auLtbfral y-orgin r(cos §4i sin #).

6." Express (1--7 1) {2—; “2in the form r {(cos g 17 sin 4)
and dednce or prove otherwise that its fourth power is a real

negative number. 0

\(cos 3 g1 sin 3 g)* (cos 7 97 sin 7 6)° 1
{cOs 5 97 sin 5 9) (c0s g—i sin g7
8" Ifgfcos 2 o sin 2a, with similar expressions for b, -

cand d, pxeve that
("y +b =2 cos (a—B) {cos{e+B)+i sin (o)}
S i) ab-+ed=2 cos (a-B—¥ — B)cos (a4 B47+8)
47 sin (a—l—[:’.-I—yTg)}

‘{m} {a+ bYe+d)= 4 cos {a—pB) cos (¥ — §)fcos (a+B-+¥-+§)
i sin (a+B-+Y + B}

7. Show that

“Avi) v’&ﬁ&ﬁ 7/711‘57*3:2 cos (atprY o) (Agra’56)

— ) QE%AI_ szé_,:z cos (a+8—r—3§k



24

-~

TRIGOIWOMETRY

E
32

9:/ Prove that (g4I b}" +la—i B

" " ~1ip
b cos (_ tan 2 ) (Agra ’53)
L 4. A

0. If X, = €08 5 — 4] Sl g 2,, , Prove that Ke \

-\,.-11. If 22—

XXXy o r .00 Inf. = —1, (Agra *55)

q

2z cos §-+1=0 show that
24z 2=2cos 2§, and z3—z7F=21 sm"‘?;‘g

<12, Prove that (14cos 6+1 sin 6)”+(14k905 §—1i sin 6)"

0 ng \"

=2"1 gos T o 005 N - (Madras *36)

] DN\

13. H{i+x)= p0+p1x+pax '; ...’ show that

Po—PartPar- et (IR
and  py— Pyt Py . __2’”2 sif 1 B,
WUmng the expﬁnswn (1+z)"=1—1—” oz +rC 2.
A -f\’*C 2", prove that - S5 § oz b & { s
lli-'; (i) 14765 cos §+7C, 008 20+ nC ocos ug

X

=2%* cos” 6/2 cos nd/2.

b (11}{”(3 sin g-+-"C, sin 24+.... .. +*C,, sin ng

==2" cos™gj2 sin ng/2.

\ 32} To find the g roots of (cos g7 sin g)*/2 p and ¢
bemg integers prime to each other.

" Tt has been seen that cosn ¢--isinn g is one of the values

\ 0{ (cos ¢+-i sin ¢)* when z is a fraction. . If n=p/g, we are now

going to obtain all the values of (cos §-+7 sin 4 }2/7,
If r is any integer we know

€08 ¢-+i sin g=c08 (2 rr-|-g)+i'sin (2 r v 4-4)

Hence (cos §-+i sin §)74={cos (2 r w--g) - sin {2 r =+ )} ple

—=cos {(zjm +9)% i +i sin {(2 rn-[..g)_,%};
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for all integral values of r.
Putting r=0, 1, 2.....g—1, we get the following ¢ values

bis
or roots of {cos g1 sin g)¢

cos Eﬁ—f—i sin QE_, cos {(2 -:r—l—a)g}
q q )

I\
¢~ &
¢ \A
, O
- sin i(z ‘h‘~‘|—,‘))_jg\,}.}‘
7, 4

\+.O8 [gz rlg—1)+d }_p_ ]-H‘ sin Bz« (q21\)+g} » ]
O

if r=gq, g-+1......, these roots are rgpepted. Since no two
angles involved in thcse roots are euu\ah)r differ by a muitiple
of 2w, these are the distinct ¢ value& St (cos g+i sin gjp¥.

www.dbr autlbral ong.in
3 21. Any root of (cos. gt sin %) %“ cos %—""‘}je

>
‘.,"

+isin 2 g\j p, for integral.vaiue of r.

N

~ 2
Hence a IGQt::cos (p.{i 2 r “P)+ i sin (Pé' F _p)

\I

'—(G\ £ 1isio o )( LOS p+ sin 2—}‘—;_8)

\
P L Pe cos— p—}-;sm .
”\ ,\, ,—( cos P sin )( )
) 3
N —1, the ¢ roots may be expressed as

Patting r=0, 1,2......¢
' o, af, off ... afl?—d, where

' 2w 2
G.=C0’S +I sin I"}—:— andﬁ cOS -——q-"—‘+]' sin _-.;_p.

Hence these roots are in geomeiric progression.
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322, The above method cian be conveniently used in
finding the n roots of (a+i H™™ by expressing a--ip in the
form r (cos g-+i sin g).

AY .'
Exampies O ’
N
1. Solve x7=1, by the help of De Moivre’s Theorem. O
_ . @ql 43
A=l=cos2nut+isinZna “,\\'
. 2nw 2nn A,
S x=cos 7 7 —I—anw,?— A\
| 7
Putting x =0, 1, 2...6, the roots are }\‘

1, cos 2—,;7»{1 sin 2—-.?, cO8 4 ~;‘1 sin " 4

www.dbr aullbr@‘s y‘org in

.ﬁ" 8 . Sa

08— i 3inN= | sin — <-fsin -z
7+ R 7

1\\ 7"” 7

They can be expressed also as

N o g 4
T . T
1, cos“\,?\* i sin R cOs a t isn >
2& cos E'f + isin —
D S kIS -
NS
Q 2. Find all the values of (4/3 -L—z)‘ﬁ’

. . ‘\/3- I LY .. T
NIGi=2 (-—2- +—2—)-=2(c05 -—6~+; sin ?)

=2 {cos (2“ r “Lfg)-h‘ sin (27.- r —% }
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P 2w [l w e
iy 3 i =a2%c0s (,___ 6)-;-; sin ( 6 )
3 .

Putting r-==(, 1, 2, the roots are

A1 R : ].371'..131?’:\.'
2 (C()S-l—g-_.rl sin “!_8)’2-5(‘005 ig-*{wi Sin T&—?;

N
and 2‘5( COS 18 ! ; gin »iT
3. Prove that, if n is a positive mtcger. and N
(4-x)" GRS & 2 Cpx?- .4 KQC .
u-—g‘ on —1 L
then Cy+ Cy+ Cy—+...=3 24 005 4 .

Putting x=1,— Tyvand dﬁﬂgmlgﬂ:r&rgl&}mn we get
")!__.(_- (, -—(xj '“‘T'Cn’ ___(1)
0=C,— G4 GGt (2)

and “H}"EC 4*IS\M-C i JfC Pt (3}

or {C,—~ Cé\i&,— JHT{C—Cy7-Cy— )
ey (Qoﬁ i biI’i-—-—) zguiz('cosﬁg—+isin ’%T)

\
Equ{;mg the real parts from both sides.

#

»,C;G ST Y SPEI S L itgog 1T {4
AN 4
NVErom (2, Cot Cyt-Cobovnrs o Cyb Coge Cor o 22773,
\/

from (1) . (5)
Adding (4) and (5), :

, H
ACy+Cy-Cat . =282 272 cog % 1
whence the result,
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4. Prove that every root of the equation

(142 x50 {Baroda’ 53)
has--3 for its real part. A
(14+xP-x5=p

O\
(l 1x ) =—1=ccs (2n4- 1) 1-i sin (;!n—]—!)z: \\ .

z ‘S
l_:f =Cos ng_—lw_[_ sin 3_3_;:_1” nbemg() 1,2,...5
1 ity 2n—|—1 g
or ?nl-—cos 6 ssmxw—
=2 -sin —221-3'_1# 51202{?;w ~i cos 2’“—'2_1# )

The 5ix roots evidently, have each—} as the real
: gg\ Y part.-

™y
NS
u\‘v
a\Y/

3
) 4
4

Exercises I11
1. ‘Find the values of

{a) (—1)": () (-1,
2. Solve x'2=—1
satisfy

(©) (14i)¥.
» and determine which of the roots

also

X422 1), {Lucknow® 44)
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L V3—1+i{y34])

3. Express 3472
in the form r {cos §--i sin #) and derive all the values
of Pi+ (Cal. *42)

&N\
4. Find the cube roots of 1—cos$—isin ¢, where ¢ 15
real and state the argumunt ard modulus of each. ()
(London \46}
5, Use De Moivre’s theorem to solve the equatlong \T
“i) xTLat4ox3+1=0. qtc_.f_,hf/ £
LN o 1
/.[‘11) X84 x4_|_x8_1..x2 1=0. \wdclwre 4 é‘f?‘\_‘x'v
6. Show that e\

{cos g+cos g7 (sin g-}-sin gb)}" ‘{(:OS 84008 ¢
v —i (sin §-+sin $)}"

=2+t cwvﬁdgéaummy dogtiv).

'? Show that, ifn be a, pomtlve integer, .

— (W33 =2 cos T (Dacca *50}
\/é. Show that if ¢ <

X=cos 6+1 sin ¢, and 4/ 1— cg=ne—1,
H—c cos 9-——-— (1+n x)( 1———-) {Agra *54)
. 9 }&'cos n=a-+ja, 2 cos B=b-+1/b, etc,,
LS prove that
AN

Mo

) 1
(\ (i) 2 cos (at+B+y+...)=abe...+ o —

e ¥ 1
{ii) 2 cos {pa+qﬁ+r?+...}%aﬁbfc SIS S o
(Agra *47)

e,
10, If p=cos §+isin 8, g=cos ¢-+{ sin §,
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show that ﬁig:: tan — . (Agra '58) ,

11. Prove that the roots of the equation

2 5

{12, Find the seven seventh roots of unity and prove, that
the sum of their n'* powers always vanishes uniess n\b-’"
{ multiple of 7, # being an integar, and that then the sumi is+7.

#0411 55— =0 are £S5 g (21T +i sin 5 )

“’fDelm '46)
i ¢
13. If(l = )(1 rx)( X) ...... "‘\1, B
then prove that ’:’,\\“’
o~
{i) ( 1 '—- )( 11-—-)( j“["r(‘:g) ...... . L
X

i} tan—? '———rta nt BN t'm i

Y atanm D
wwiby dbr aulﬂ)ﬁilyorg in e v

{ 14. Find the value ofx s.uch that

3

} xtu)"— L‘&}" sin mg

a ﬁ_g ST g+ Where e, B are the roots of
\’"“’ 1* 2+ 3e=(). (Agra 52)

15, Pﬁzvc by the use of e Moivre’s theorem that the roots
of the quatlon (x —iwm==x* {n being a positive integer) are

—(\1—{—1 cot w> where r has the values 0,1, 2,.. {n 1.

{Cambridge *39)

16. If sin e+ sin B-lsin Y= cos a-! cos B-J-cos ¥ =0,
show that

,..\ e
Y

(i) sin 2 ¢-+5in 2 §-8in B Y=c0s £ a--Cos 2 B-t-cos 2y =0
(i) cos 3a-cos 3p4-cos 3y =3 cos (a -84y}
(iii) sin 3 a--sin 38-4-sin 3¥ =3 sin (a-+B--¥). (Lucknow *52)



NE MOIVRE'S THEOREM 31
7. If cos (B ¥}4+cos (¥ — a}+cos (e B)=—3%, prove that
cos i a-l-cos ppd-cos ny =3 cos ; {ef--¥; or 0, according

as n is or is not a multiple of 3.

18. From the identity (’}S\
L1 ach ng
Xx—a x—b {x—a){x- b) 3\

deduce that N

cos (g-+a) sin (9 —PB)—cos (¢+8) sin (6---0,, &gd sin {e—B)
and sin (g-4a} sin {g—3}—sin (&4 0) sin 74~ ﬂ}}iln 2¢ sin (a--B).

il ’



CHAPTER IV

Applications of De Moivre’s Theorem O

4-1. Expansions of cos ng and sin » 4,  being 3 positive
integer. O
When nis a positive integer we have, from D& Moivre’s
Theorem, s,
cos r g-+i sin r ¢={cos §+i sin ay "‘\
=C08"¢+-"C; cos *1 g, {i sin 8)+*C, L0872 g (i sin g)?
+"Cy cos ¥ (i sin ¢)3 -+
v "C, 4. c0s ¢ (i sin 9)“—1+3%Chf sin g, A1
by the application of Binomial_"{‘heérem to the right hand

side. Equating thewr\?al‘ Sﬁﬂa{.’f}%ﬁéﬁf rgalxhts, we have

€03 71 §=C08* §—"C, cos” 2P sin? §-L*C, cos~4 g sin 4g—...
and sin n §="C, sin g cos*¥9~“C, sin* g cog™~s g+"C; sins ¢
8 COs™ 8 g—, L,

. o~ i )
It is >vident thaf the last term in ecach will depend on
whether n is odd ever. Ifnis odd the last terms in the

. £ . . n—1I .
expansions of e8¢ and sin ng will bz (— 1) 2" n cos 4 sin*—1 ¢

n—1
and (-Uf“sin"a respectively. If n bs even the corresponding

terms\até"'
.’ :" L |

O (—1)2E sin® g and(—])ﬁ—;'E 1 CO8 4 sin éa.
\J 411 Expansion of tan ng,
Using the expansions of sinn ¢ and cos 1 g, we have
tan ne:BM:”Cl sin ¢ 05"~ §.-"C, sin® g cos*~3 g+ ...
COs n¢  cos™ 9—"C, cos" % g gin? a4+......
Dividing the numerator and denominator by cos” ¢, we get
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*Cy tan §—"C, tan3 4--..
tan n g= 1— ;C'_tane a_—f-—_ .
If n be odd the last terms in the numerator and denominator

. n-l n—1
are vespectively (—1)2 tan"s and (—1) * » tan*"! 4 A
if n be even the corresponding terms are (—1) ® n tg{pr}b P

=
and {1} ? tan® 4 N
42, Expansion of tan (9,4, ...1-8,). O
We have already seen that AN\

(C0S g;4-F sin §,}(C08 8y+7 5in G,).. IOS 4,1 5in 4,,)
=08 (0, Gyt oat-8,) i Sin (8,060 .. L6,)
Now, expressing '\;
COS §,-H1 sin §y==Ccos 4, (144 tan 41}
LOS fa-ki SIN fg==CO0S 62@"#1 tan 4,), and so on,
we have www dbtaulibrary.org.in
COS {8+ 01 0,0 T sin (8855 46,

==CO8 @, COS &p.,f005 4,{15-7 tan 4;) {1--itan 4,).. ...
{I'l"i tan 0?.&)

)
=C0% & co\ws’2 cos g, (14§ 8,—-8,—i 5,+-8,+.. .. h
where 8=+ t*dn ¢;+tan 2,-4-......-Htan 2,

Szztan #, tan t?g—l—t'm 02 tan gz+...... .
’SS_mtan g, tan dy tan g,-+-tan g, tan 6, tun 2, +..... ,
and. §o'on,

Hénce equating the real and the imaginary parts from both
ndes, we have '

cos {011+ 8;-+...+d,)=cos 8, cos ;.. oosa,l(l——Sa—\—Sg——..(.l),
<)

\
and sin (6,4 8,4 ... +-8,)=C08 §; cos 82 .COS 3,
St Sy—) A2

S‘l_ Ss'_l"Sa-'_ ' 1. ,;
1-8,+5,—... )

. By division,
Ny tan (g, 40,
T3
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The student can now find out the last terms in the numerator -
and denominator accordingly as » is odd or even,
By putting ¢,=d,=—.. =f,=0 in (1), {2}, (3} we get easily
the corresponding expressions obtained in the last two articles.
Examples Q
L. Express cos 7 ¢ in terms of powers of cos 4. Ko
005-7 g=cos7¢—7C, c0s%4 sin®f+7C, cos3g sint g N
—7C, cos @ sin® ¢
=c0s7J— 21 cos’ (1 —cos28)+35 cosdd LI\ dos2g)
—7 coiqgl —c08%§)3
=037 §—21 cosd §{1—cos? §)-1-35Cos? 4
{1—-2 cos?g4-cost §)— 7. 00s (1 —3 cos? ¢
&3 cost g—cos © &)
=064 cos? g-~112 coss 6—1—56 cost §—T cos 4.
2, Prove that
14cos 9 g=(14-cos &)(16 cos‘ 9—38 cost 9—12 cos?g

www dbr thral org in -4 cos 5‘{‘1)2
z ? ¢ 29 qn b
14 cos 99 2 cos 2 cos ‘;m S cos 5 siny
1+4cC0s
T ¢ 2 cos% 2 cos —— sin ;;

q.ln 5 a—qm 0 4 40\2

7 sing
Now sin(\%a-ﬁ cost ¢ sin g—10 cos? @ sin3 gLsins g
\\ =sin ¢ {5 cos* § —10 cos? 9 (1—cos? 4)
R\ . 412 cos? g4-cos? g).
PN =sin ¢(16 cos! 4—12 cos? 9+1).

\”\ “Again, sin 4 g=4 coss ¢ sin 4—4 cos @ sind P
==4 sin ¢ cos ¢ {2 cos? §—1)
=sin ¢ (8 cos? 44 cos g) .
sin 5 g—sin 4 ¢
W=16 cos? 98 cost g— 12 cos? g

t4cos g1,

Hence
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and the result follows.
3. Prove that, if # be odd,

cot a--cot (a + ~:—) +cot(a + z—r?;r-)q-,_..,,tontcrms O

~ncotna (Cal(3])
, -
Let =a-+ 17, r=0,1,2,......(n~1)

Hence cot n g=coi {retn a)=cot n a .~<§’

0
or cotna= c_ s.;_._n,_.g_ \
sinng \\"

/
R . . { & Py o,
__cos” g—"C cos” g sin2g ... .., ~i;-'“}§f(— Lz cosgsm™ g

. i . \" wn—1 .,
*Cp cos™ Y g gin g—"C, cos":;f@sms g+ .t (—1)7 sin®g

~

&N n—J
cot” §—"C, cot” 2 6+:§;...+”C1{——I)nT_ cot @

www,d.lir‘aunbrary,org.m K=
2Cy cot? L g—"Cy cot™33 94 ...ee -1 72
or cot® g—n cot 1 « €Ot Pl gl ... =0,

which is an equationy ‘of the n® degree in cot ¢, having,
evidently, the follqw}ﬂ 1 100t

AN Z- n—1
ot «, cot,(r;J.- m),.........cot («14———— T )
'Y n R

Hencg,\i‘rbﬁi Theory of Equations, the sum of the roots
:,&”c;—]—cot (a+—7:—1~)+.........+cot(a—{- ”;1 Tr)

~CEncotna,

Y 4, Prove that the equation

“@cos? g-brsint g +2ggcos R fhsin g4 =0
has four roots and that the sum of the values of g which
satisfy it is an even multiple of = radians,
s 2t

g .
Let tan 5=t and hence cos.e 1o e 6“1?13 .
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Hence the equation beoomes - .
1—z2
b. ___.1_

1+t3) +o (l+zﬂ)2 g +2 3"'1-1—:2 F2 /b te=0
or a¥{1—1*P14 b4 2ga{l — %) 4 Bft (1+154-c(1 4122
+ o or fic—2 gata®) 4 B 21452 a?) -4 bftf-¢ QO
' +2 gataF= (l~ ;
This, being an equation of the fourth degree, has foug. noot»s,

2 g 2 \8
fy, 1oy Uay 2y, Q€. tan —E— . tan —2—2 tan —24 and t@f’ 592—‘

From Theoty of Equations we have S

6, —4b D
Zfl--p tan — 2 - Sl CW‘ ‘\*:\

Igl 2 C‘—r‘@’:&g
fy - S tan = S, = s
ot 8 X tan- 5 2 Se ’f 2 3 a—l—a’

£t 1y ty=Ztan —!mn;fgéri‘anbrzérsmﬁs e ;:,zﬂ 2’

and #; 1, £ ¢, —tang "fintan 2 tan % tan %o

2. 2
\
\ \ g _Ct2gate
: 4 » = 4

D _ Tc—2gata
+a F8:4+8, - S-S,
Now tafh 2 L =18 (0
NV 2 1=8:+5,

A\ - :
~§\ 6%@% =nT O Xgf=2nnm,

N
5«'

'\
“\*35. Form the equation whose roots are
N\ 5 T= 9z .

cos COs5 3" COs _Tl' CO
1T’ TR VIR T LA T

and hence find _
9x

+COS 11.

{1) cnsll+cos 1+cos 1+c05 i
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3r Sn Or
(ii} sec —[«scc H—[—sec 11 +sec = —{~scc11

(Andhra *40)

a9
The roots are cos an-+-1 w, n=0,1,2,3,4.

11 ? N o
¢(\A
Let 2”;}—-\1#:8, or  119=2n41)}» O
Hence cos 6 #=cos {Zn+1jm—S5 g=—cos 5 6“
or €03 & g} cos §=cos §—cos5 5 4 \\

w 2 cost3g-14cosg=25sin2¢sin3 g=4sn?4 cos g
\L‘S 4 sin? g},

w 2 (4 cos? §— 3 cos ¢)* -—~1+L.05t? 4@0&5‘0—«(,03- &)
N (¢4 costg—1),

2 (4x0—3 x)— I4x=4x(1— xsi(-# xP -1}, if x=cos 4.
or 32 5416 X548 %w\gqiﬁ-r-‘hl&:acﬁ%-S X1 =0
r (1) (32 65— 16 32385 12 4716 4 1)= 0
This equation has six raets of x or cos ¢, including x= ~1,

vhich is the wvalue of iyoszlfd ! = when n=35. Hence the

quation with the grvcn TO0ts is
32 x3 - 16x1 »\3215—1- 12x2 L 6x— [ =0 {1}

0N 4
The %‘m yof the IOOtb-—-Exl——Z co$ 2 rlil_ 7 ”%g = %
O

if we put xmé— , in the above equation, we gei

\

Vo -6 ytI12 v 132 12416 v—32-0.

Its roots are the jnverses of those of {1}, viz. sec 2’;':"1 -,

ﬂzos 1': 29'3; 4,

4
Henes ¥ sec 21 H =0,
a 11
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Hence the equation becomes

_ 8
1+r2)+ (1+r2}2+ g“1+t2 +27 1+:2+" =0

of a1 P14 BPr4-2ga{1 914 bt {1+ 1)+ o(1+22- 0
o or te—2gatat)+4 b 2044002 a1 4 Bftpe O

+2 ga+32=0
This, being an egquation of the fourth degree, has four\roets,
g 9 g
t, oty £, i€ tan ; tan 2" , fan —23 an'd',,'tfm%—z—‘
&/
From Theory of Equations we have \
b, = Y,
ZHh=% tan—i-* S FW{;‘.\
8 é 24 B2
ty * ZLotan 72— ._w,__._,_,
zt, z’tan2 > 92 -2z atd
) g — 4bf
Bt r3=2mx~;élﬁaam %t*ﬁg: mz%ﬁ. Sy = 2 gaia

NP ) 0,
and ¢, ¢, 1, t_,:t’q\.?}\-i? tan -;— tan .2‘*_ taa —Zi

\ \\ _s _c2gatat
W d"—c__zga+ag’
B +b‘3+61+5¢ S,— S,
Now an —-—-—_.__ g B paal!
\~ -
N QM—”J‘;LH b o or 2éH=2nx.

»\“\, 5. Form the equation whose roots are
d 5w Fr 97 |

3w
cos l—l-,cos T €08 I » <08 7% €08 173

NG

and hence find

i 9%
i) cose +cos +
o n 1] T 1+cos “+cos”.
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s w3 Sn T 9=
{i1) sec 1—1—rscu 1—1+scc 1-1+sec 1-1+sec i
{Andhra *40)
The roots are cos 2”31 7z, n=0,1,2,3,4.
Let 2'-'31}--1#=3, or lly=02n+1)= . O
Hence cos 6 ¢ =cos {2 n+ 1jw—5 g}=—c08 5 d,.'y: R
or cos 6 g4 cos §=Cos §—c08 54 \

or 2 cos®3d—1+cos¢=2sin2¢gsinl 6=4ain2.acosa
INB—4 sin? g),
or 2 (4 cos’ g—3 cos g)°— 1-+cos 0=4 ¢os\ {1 — cos? 6)
_ {4 cos® g-—1),
or 2 (4x3—3 xp—l4x=4x (l—’qc?,j},{4 x—-1), if x=cos 4.
or 323416 x%1ﬁ£5%b¥2ﬁ18 %45 x—~1=0

or  (x+1)(32x—16 Mo 30w+ 12 A6 x—1)- 0
This equation has s1x 1e0ts of x or ¢os 4, including x= -1,

/N

which is the value\dfcészn+l « when n=35. Hence the

11
equation with the,'g:ix!en roots 13
\¢;
32 x5 - 1:6.{4;:- 32054 12x2 - 6x—1=0 NEY

O ] { gagl o 161
Th@‘nﬁ of the rootb=2x1_f: 008 —p T3y = g

\)f we put xs-%- , in the above equation, we get

i -6 yt—12 3 432 yr+ 16 y—32=0.

. ) . 2
Its roots are the inverses of those of (1}, viz. sec nl']H m,

n=0,1,2,3,4.

£l
Hencz I sec i+l 6
0 11
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Exercises
Prove that
“1. sin 6 =6 coss 4 sin §— 20 cos3 ¢ sin® 946 cos ¢ sin® §
o8 5 g=cos® §— 10 coss g sin? ¢+ 5 cos ¢ sin? 4. "
H—cos 10 =2 {16 cosd 920 cos?® g5 cos §# \
an 7 g _17 tan §—35 tan® g--21 tan® g—tanig \:\
1—21 tan®p+35 tan® g—7 tan® ¢ g
If e, p and ¥ are the roots of the equation
x3- px+gx+- p=0, D>
prove that tan~! a+tan"1{3Ttan‘1 ¥ =nw rad:ﬁns, except in
one particular case, {Lucknow *44;
6. Prove that the equation, ah sec 33\% coser §=g*—b?,
has four roots and that the sum of the,values of g, which satlsfy
it, is equal to an odd muliiple of = rad1ans

7. 1f 4,, 62, 8, be the values ofy which satisfy the equation
wvﬁamBﬂﬂmﬁa@{ﬁ-gn),

and 1f no two of these valugs® differ by a multiple of =, show
that 4.+ 8,4 3+ is a multiple of . (Agra *54)

:ﬁ\»&.&&

} 4 81 N
8. Prove that\‘Q‘S S %5 €O8 —,; are the roots of the

Lquatzon
\/ B xif-d xted x—1 =0 {Agra ’57;

7

T 3= S
\Show that cos -, cos - and cos =7~ are the roots of

2 &

tle @qut ton

,\\ Bacs — 4xT — dx4- L =0},
\ 3 and deduce the equation whase roots are
tan® —;—, tant ?% and tanp? 5,.:,'_ - {Baroda *52)

g 16, Bhow that cos ZTW, cos %1, cos %"_, o8 %“_ are the

routs of
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16x3-+-8x3 — 120 —4x-+-4 =0. (Travaﬁcorc *40)

11 Solve the equation cot 39=1,

sﬁbject to the condition 0<(g<Cw. Henee using the
formula for cot 3 g in terms of cot ¢, prove that the threg
roots of the cubic

T S 3?? O\
3 xR - = _7-_ ¢\
b ?ax2 3x+1=0 are cot 77 Ot 17 —and cot— AN
(Cal "42)

12. Wnte down the five values of ¢ that lie im) the interval
(0, v) and conform to the equation sin § §=0, ,\‘

Deduce or prove directly that the four roota of the equation
16 xt— 20x=+5 0 7 \d

ire + sin — 5 T and + 5111\?
13. If o, 8, ¥ and § ard “the roots of the equation
WW W, dbrauhbl ary.org.in
tan (T 14 )-—3 tan 3 4,00 two of which have equal tangents,

N

show that i"‘\
€ )
ta“-man f-4tan ¥-+tan §=0. (Andhra 37)

4:3. Seriegfor sin a.
We kp{'\i\tﬁat, when # is a positive integer,
\ ln— 1){n 2)

\&
sin n.{\—vn cos*~1 g sin §- cos™"% ¢ sins g
R

T

cos *Té g sind g

Let n §=q,

_(__._ 1)(_--2 )
Henee sin a——g-cos %14 sin ¢— 1

cos "8 g sint g
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G X—_i%_—?_)(i-f...)

cos™ 3¢ sin® 4.

. COS "L g, sin 4 _ afa—6)2a—28) . on-gg (sm § )

] 3t
ct(a e—2 Hla—3 .‘3‘}{0-—40} oS50 (S )

\\
o

5

Let n increase and g diminish indéfinitely, so thaf ¢ 8 Temains
constant and equal 1o o, We know that, as, cw&ﬁds to zero,

nb’
= =1
(.,053 l, \nd 5
Hence, in the limit, ' ~..~\‘
" ad a8 (W7
sin a=a— = Sf ......

This 1s an infinite. dtﬂﬁﬁﬂltﬂi’ﬁﬁiy e g:anvcrgent and absolotely
convergent for all values ofa- ®

2 3

44, Series for cos "
If n b2 a positive g:nt%ger we know
CO8 A §=COost 9\— —ar— —h cos®"2 g sin? 9
\' ) cos "~13 sint §— ...
Putlij{ﬁ\«"&:u, and preceeding as in  Art. 4.3,
) A
\L§ a=cos* g—ﬂiz—_'—g) cos #72 § @éﬁ

¢

o) ) Gt 30 ot ) WO 3(si11€ )‘_

nin—1)(n—2){n—3)
7

.\ "/ -

{71 As ¢ tends to zero, we have, in the limit,

e
cos a=1— 2‘ -[-a—!-—g,——t-
This is also an infinite series which is convergent and abso-
lutely convergent for all values of o.
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4-41. Tn the previous two articles « is the- circular measure
of the angle, given in radians. If, however, th: angle is given
in degrees, it has to be converted to radians first.

y a0 v eewin o .
Thus sip x% =sin 180 A

= 15073 (180) +5i (130) A2

N/
4:42. The above expansions for sinm«and cos a,au‘g very
important, and useful in various ways.

If x b2 4 small quantity, then x% x3 . are,"s}ill smalier.
Henee first approximations for sin x and cos x tndyvbe written us

sin Xx=x, cos x=1. N
The second approximations will be ..\ w

% and cosx o T
sin X= x‘—'— dart bOS x — e
g 7

www.dbraulib ‘r
The foilowing examples wﬂ] iﬁaus}(rdlg the

prnciple.

dpp]ication of this
»{
\;\ Examples

Smj = %&f , prove that gis equal o 4924’ nearly.
sin g { N

Sine: % 1when ¢ teuds to zero, evidently ¢ is small in' the

1. Tf

above eq}\)atron
W\
Hihes 1013 _ 1( BNy O estecting ¢
~C 1014 5 )7 g - neglecing ¢ and
4 higher powers of 4.
6'2

I I ST
or 10147 and 9—ﬁrdd1dnb.

- l !80 0_, q3 At
or & == (ﬁ = )—4 24’ nearly.
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sin # @-—n sin ¢

2. Evaluate : Lin G0 § (cos o8 )

sin ng—n sin g
Jlcos 1 §—cos ¢)

& L8 79,
_ LH—HE") - (na_.." _%,,,.,.'n
% 130 WS

S @1 N
CwWwWw, dbgauhb\;z&‘y or -g_u‘?_r

‘Hence the required Wmit, ygthen ¢ tends to zero,
i uﬂ 2 A 1

1-“55\

3. Show that é}x*x—]— * 1‘5 X34
tan x\3/a2

and hence caicﬁlate the limit of (

w n.:c becomes. mdeﬁmtely small,
: '{\sin x x° 1
tane S X m( x— )( - +§...
Cos X 41
Q) - x3 -1
\. =( x—g‘:——rs' ){ (2! "“a'i'—'{'“ ...)}
. % ab x
(a5} G )

[ xﬁ N x‘ 1 %,
BRI j“:ﬁ'“‘) 7}

.-..)'1'

@, g 4 & N\
( no-" iy e ) ”( t?a“'rf—zo“ )

. __-}52—82 __-4___6_-!_ . _ -I_az 84 .’.f\'_.“
o[ ) (55 )

-
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_ XX X5
_(x ¢ 190 )( bt +)

neglecting +* and higher powers,
X . 2

m-’5‘}’"—‘:;'- _i"i's B
. tap x xt 02 _ o Oy
- c. R IR - o\,
Hence ; l+3 " i Xt O
and Lt. 1an x \3,x? 3ix2, . 0
w0 () g (1475 )
" .\\}
as Li. “. )m( iﬂ—w—)\\r}_c
A 1F tan =g 0 b0+ “;‘ +.-,»f:;g10w'thal
a}ﬂ_?_l_@.{ﬁ%!)z Tz, dhnauugfh ﬂ?; N4 (2” )@n—2)
“2’:“*'}"'"" ${ - })"'§1(2'?x+1}a1 — l}”. {Cal. *46)
ot SINX N @pxs aéxi ' '
We have m;—-{y&—}- T+ ~ 51 +oeens
x5 0¥ (-—Iyrxet
R N T
:0}5.l3 a.x5 1 it
= ‘_"\{’_&.x..._ - _:'iv— - a f?a“___x_
gg‘\*«' st Stk AT }
R\ | % I Goed i
»\5,,\; . 3T -1~.4! e e

\'Equating the coefficient of x¥*+% from both sides,
('_'])” o Rt Tz 1 + Qi _y B 1

@nEnr e} Ra—07 2 Tea—37 " 3
(=1

*

a;.
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By transposing and multiplying by (2 n--1)!, we have
(2n+132 n—l—lJZ no (2 n+-1)2 02 n—1)2 n=2),

arl= -1 3! o —3 T e

Jf_{_]}n—l(z n ‘E‘l)al__{_(__j])f:‘
Exercises 1Y

N

sing 2165 . . . o N
1.‘lf R show thdtf ¢ is nearly the u}}fﬁdf}
measure of 3°. : A
sin g _ 5765 \ )
i . 10 [}
2, If 5 T 5766 show that 9=1%51" dppr%.\ﬁ)auca 50)

3. Ifsin (w;6+d)="51, prove that 4 is neariy 49"
xsiny -ysinx

4. Show that
X C08 ¥y CO8 X

—[:Q (} —tan~! xj,

when y is equal to x. O \g
5. Evaluate : 3

. L1rﬁ"“’“’tﬂﬁ“§‘ihb%£*?§g in s 1
(i) s -—%T— (Cal, *33;
..o Li tap(2n-—- 2 sin x

(i) 121;0 j{\ Hxig 5’]-1}’—"‘—._ {Anram 47}
... Lim \sec x—tan x). Annam °52}
(i) H}; . e

{'w_}: LLm o (e0s X {Bombay 47}
o\l I—-)

NY Lim  3sinx—sin 3 3x .

% ) >0 T Tx in x (Cal. 736)

6 Assuming the expansions of sin x and cos x in powers
"Qf x, adjust the constants g and b in such u way that

Lim a ¢os x+b x sm x—— 5

x>0 xl
may exist. Also find the limit when a, b are so adjusted.

Cal *42
7. Prove that ( @ }

¥
__!_. Sin!! 3 ___,li_ ——

6 3 5t

(143 g5 , () £35430)
g AL+ _;r D Agra 38)
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8. Prove that

45

$in? g cos g =gt - e B 1 dt'; ‘ (;%‘!"‘ gl
(Cal *48)
9. Ifgcot §=a,+a, *+a, 0+ ..., ) \<\
show that az,,-n—-azgr" _—a-“%fi—!— ...... +£T;Tl_',';—:—;?~" %_yg_g\\%’
and hence find 4 cot # to four terms, '((t;\ z‘

10, Tfsec g=a,+a, *+a 04t a,0™ _{_XC\ .
G-y ey q{._,__'l_{."_l-” I{,\_\

Show that g, ~ =3

N
www.dbr{&@ibrary,org_in

- ’:\*



CHAPTER V
' N
Expansions of Trigonometric Functions—|
"o \
5:1.  Expansion of cos” ¢ . ':\,
The expansion will te obtainred in a series of Cosines of
multiples of ¢, n teing a positive integer. O
Let X- €0s ¢-+i sin ¢, then x~! =cos g<isin 4,
and x"=cos a §4isinn g, also x~ *=CO8 B ¢ sin g.
Hence Aa* L x™* =2 cos n ¢, and x*— ,( #2272 i sin u 4.
Inparticular xLtx'-=2cos g, x.x =2 sin 4.
Now (2 cos )" =(x-} 271 ™
_.cra H ﬂc x!( -a : n{ xﬂ ;_4__ _!__n'C
WO W, dbrauhl;lfr'ary org.in x —{z=2) _;_A .xl—ﬂ

‘v

"J—x*"} I_NC (x __:,_ xnza )

»~\

Y Gt Y

by rearrangmg\tet‘ms, combining the first term with the last
and so on. _(Hence

{2 cois.\{;(} =2 ¢os ng-Ln, 2 cos (rzm ;7 é

O \ B 5 cos - oo

\ \
\\ of 2771 cos™@==cos ng-tn cos (1—2) 6*1':(?: 1) €os (n—-4)e
Fernen

The last term of the series will assume different forms accor-
dingly as n is odd or even, viz. *"C,., cosg or 31.7C

—a

respectively,
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52. Expansion of sin"g.

In this case sin” ¢ will be expressed in a series of sines or
cosines of multiples of 4.

Foliowing the same procedure asin the previous article, \

(27 sin gy =(x—x"1)* &
L] n {n ) I N 1 {‘}
=X X — . Fn{—1) i
. \‘ LY
r 4 .:x\ # 1‘
‘t_.{,_.._ 1 ) o—i

Case T, » is odd. ,:'.\\“
w7
.‘J
Here =i =i - 1)

(=)=, -1y,
WOW W, dblaullbral'y,org,jn
Hence e

‘“

i n;’“\
2" {*I)j;’_{ss\i{Q;>=(x”—xl —n (x”“ﬁ.—.\x”]q_)

N
..ﬂ..: a1 (H—I) w—d _ 1
& Y (e e
\‘?\w =2isinng—n. 27sin(n--2)s
AV :
“’\\ -I-E-—(f-z—— 21isin(n— 4}3
oy

or 211 ¥ sin? g=sin né—n sin {n— —2) 6+ ” ("_“l)

sin(n—4 ¢,

- Iy

The last term in this series will be {(—1) © C w=1 §in @,
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Case 11, r is even,
Here  "=(—1)7,and (—1)'= 1, (— 1y =1,
Hence, (2isin 3)":(‘x"-i— —};)— H ( x.ﬂ-s_[__ _x“_l_..z_) N
"_1} T 1. A ¢
"J:_ (ﬁ” x 4+ ,;..4)_"---..-.’\\

£ \\
==2 cos i #—n. 2 cos (n-—Z} a-l—n ("2 - 2cos | nd,@ g_.
" ,,,' ‘\ 4 1
or 2" {—i}¥ sin® g=cOs B §—n Cos 2y H—{-F-—(it)%' !

AN\
\s\ cos (R—4y g~ ...

The Yast term will be 4 {—Ip.:‘”’C
5.21. Expansion. dbl&fiﬁl’ﬂ?)’%s’m?ﬁ An

The methods employed i Art. 51 and 52 can be con-
veniently used in expandm ' sin™yg cos®g.

Exam:ios, \\{ ’
i. Exprvsc Sin®9 n a series of cosines of multiples of 5.

25N {Banaras *52)
\
Le%“; x=¢0$ §-Li sin ¢4, '
&

Henc& isin@)B={x—1/xP=x"—8x0-28x}— 56x24T0
—536x72 281" - Bx "8 . x78

~<~~'-(x*+ )-8 (3 )28 (5 ) :
"‘\“l
Y ~56 (x4 1)+70
=2¢08 8 #—16 cos 6 §456 cos 4 §—112 cos 2 §--T0
SIS g T} (cos 8 §-~8 cos 6 81-28 cos 4 ¢
— 56 cos 2 §+35), since isjé"l.
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2. Express sin” g in a series of sines of multiples of 4.

Let x=0c08 ¢--i § in &
Hence {2 i sin 9}'-’-(:: —x1y
—7 %5421 x3—33 x-+35 x1=21x-3 2N\
. +7 x—5 x-—?

(w5 )- 7(x5——~—)+21 (xh«x,)
35, ( x. ——)

=2isin7g§g— 14:51n56+42£sm3€

\—70 i sin ¢
) .
sin? g= —:?'15_( sin 74—7sin 5 ajkgjwsm 3435 sin 9)
Since =it ], O |
3. Expand sin’ ¢ coss ¢ ina senes of sines of multiples of ¢,
{Agra *56)
Let chS'sdéﬂ?i“lé%’r’i Yy-orain

Hence (27 sin ¢y’ 1‘2 cos 6)5-(":_ —)( —)
To obtain the pro&u\ct on the right hard side we write down

the coeflicients Qf\dxﬁ'erent powers of v in (x— ——) in descend-

ing ordcr\a?ﬁ mulnply by x+-x— thrice in succession. The

produs{t;’t}bt'ained are shown in the following form :

AGT 2 - 3% -2 7 1

U6 "¢ 0 1414 6 —1

I -5 8 0 14 4 g -8 5 —1

} -4 3 & —14 0 14 -8 -3 4 -1
This gives '

{2 i sin gy (2 cos §P=x10—4 x*43 x°-|-8 x'—14 x4 142
—8x0-3 xS 4t —x710

T—4
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ﬁ(xw_h) (x“--—)+3 (x“———)-!—s( )
" 44( xsu—-)

'=-=c2ism103 815m85—{—6:sm66+16:sm43 N
£ . —-28:511123
_' Hence‘__. sin7 g cos® 5_——- (sm 10 g—4 sin 8 9+3 511166

+8 sin 4 414" sin 2 4)

Nore It may be observed that the series for sin? bcos” g will
“be in terms.of cosines or sines of multlples "of ¢ accord-
ingly as m is even or odd. A,

Exercises o\
Prove that : W

1, 32 cost g= 00569+6 cosA&—}-lS cos 210,
{Madras *46)
2, 'cos? g=2-6 {cos 7 9-{—7 cos 5 g4+21 cos 3 9435 cos 4).
3. cosﬁ f= 2 ? (cos 8\&+8 cos6g428cos 44
L 456 cos 2 435, {Agra "‘8) .
4, sm9 5-2 § (\h 9 g—9sin 7 91+36sin 54 ' S
C —84 51n3()+126 sing)
‘5, 32. sm4&cos‘*€ cos 6 g—2 cos 4 g— cosze+2 o
. \ (Agra ’57)
6{(005 $ g+sin® 9}—-00:3 § 428 cos 4 g-+35.
(Andhra ’35)
) ? Express cos’ a 31113 g in terms of series of multiples of 4.
~ D _ {Banaras *47} |
N\ 8. Express cos? g sinT g in a series of sines of multiples of 4. 3
www.dbraulibrary.org.in (Agra 41)
53. Two important expansions.

We will now establish two important expansmns whlch will

be found very useful in obtaining expansgions for cosn g and
sin n ¢,

b
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If |z} <1, we know that
-—-l-z—=1+z—|-zz—}-......ad inf.

1=
Putting z=r {cos §-4-i sin ¢), when | z | =r1, we have.
14r (cos g +i sin @)+ #2 (cos g+i cos g)°+ o O
CN v
1 1 \J.

T 1=r{cos g7 sin g =iz rcosa—:rsinﬂ

or 1-+r{cos g+ sin )+ (cos 2 9+4isin 2 0)\-
_1—recos g4irsing

T—2rcos g1t N

&

Equating the real-and imaginary parts from bhoth sides, we

establish the two expansnons, A
1—rcos g
— a——————e =1-4-r COS. 6+r’ cos 2 g4r3cos 3 g4,
1—2rcos g4 - wrw, dbraulibrary.org.in
L CO8 B G4 ur “a{l)
AN
r sin 4 ¢\ . .
and {97 oos H_rssk.sm grrEsin2g4rigin3 a+......
': +r SN B 4. {2

54. Expa{mon of cosn g in a series of descending powers
of cos 2. A&

Equa’%g the cocfficient of /* from both sides in (1) above,

we have
\ p::-s r g=coefficient of r* in (1—rcos g) (1—2 r cos g+r9~"
=coefficient of r” in (1—2 r cos §4-r2~1—{cos g}

{eoefficient of r*~1in (12 r cos 41371}
- Now {1—2 ¢ cos g---#2)t={1—r (2 cos §—r}}~1

==14r {2 cos §—r)+r* {2 cos §—riF+...4+""*2 cos ¢—
S -1 (2 cos g—rY 1" (S cos g—r) -l

Hence, coefficient of #* in {1—2 r cos 47771
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- =(2 cos a)"—-{ﬁ-1] {2 cos g)"-2

2
_{_(n_)%:?i (2cos gyt ’
the first term being coe{'ﬁment of ¢ in r"(2 cos g—n)*, the
second term is coefficient of 7" in r*~* (2 cos g— )", and 50 on. “\

Similarly coefficient of #*~1in (1—2 r cos g-4-r-t

N

=(2 cos g)"1~(n—2) (2 cos §)*~* y{ 2
o L3 3:) =4 (3 cos e N
Hence, cos 1 & “‘\ ¢
=(2 cos #) ~{n—1}{2 cos g)"~2" S
' QFI-——ZZ}--T(L?% EZ cos gyt —d—.....
—cos § {(2 cos g)F~1—(n—2) (2 co9d) =
- L:%lfﬁﬂﬂ (2 co8 gy 8—..vonnn}
- T’lz”[ (2 cos gy —n (g.c6;: g2
' \\\ R LS {;! 3) {2 Cos 8) ., ]
or 2cos n6-{4 cos g)"—n {2 cos §)* 2
__ ,'\:'\ ’ 7 (” 3} (2 cos gy -5

7"\
T\Wwers of 2 cos 4, on the nght, will bel positive 3 the

A

n
ﬂ—-I o

~ lait term will be (—1) ¥ . n(2cos g)or {~1) e accordingly n
ls odd or even. T

5413. Expansion obraiibasinohsill' a séries of descending
. powers of cos 4.

The relation (2} in Article 5-3 can be written

{1—-21‘0053-]-!‘2}*1;:1 sm23+2 sin 3 g +

sing ™ . Sil‘lﬁ Cerieanrreas




EXPANSIONS OF TRIGONOMETRIC PUNCTIONS —1 33

ae 1§_1nn é
T ing

+..

Hence 748 =coefﬁcient of r#-1 i_n {1—2 r cos g-+r1)2

=(2 cos #y* 1 —{n—2) (2 cos 4"~
+E= 08 (5 cos gy e

ey

as found in the previous article. Thc last term in this egxpafrsion
-

” -l \\
is {~1) % -1 {ncos gyor (—1} * according a8'W'is even or

odd.
w\J/

5-42. To expand cos ng and sim ng/(€06's) in a series in
ascemding powers of sin 4, # being a positiye even integer.

We have seen in art. 4-1,. AN

05 1 900" §—"C; o0y" "2 S FLnC 0oy 14 0 sint g~

Since n is cven, cos” § can. boireplaced by (1—sin? gy fol'
all n, and, on simplificationywe can assume that the above series

will assume the form ...\

08 1 g=A,+ A, s{\ﬁ+A4 sin? 6+As sin® 4-9:4 sm"o 1

Putting g=- 0 dt{ Both sides, the ﬁrst term Aﬁ-_ 18 seen tg be 1.
The coeﬁicgents A Agse........are determined in an indirect
way. &
Puttlné\aq-h for g, we have
cos ;;\.{' @\ hy=cosngcosn h—sinn gsinnh

’”\Z } a kz .
\ ) =COS # § ( l—}?——— -[-)
n ks
_.smnﬂ( h ...... e )
=COS B 9—:: hsinng — —2-— COS g4 uven-nn..

Again dgr sin? g, the term on the right, bzcomes
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Apfsin (§+1)]2"=A,, (sin g cos h1-cos g sin AP

o B 2
=A,, (f_sm g-4+h cos 3—“2— Sin g—...... )
2 h2 _
Hence cos H g—n hsinn 6—- 5 cos g, £\
e . o O
=£As,(sin g1k cos 3—7 sin am) O ‘

2 N
=Z A,.} sin¥ g4 2r sin?"-1 .9( k cos e—{t—'?;i.n a+.. )

_ 2\
2r(2r

+w—2;sx n? -2 6(.& cos ﬂ—i 81N g+ .. )—f—

X

=2 Azr[ sin¥ g4+2r h smz’ =4 ﬁ c\os ¢

J-ht {2_!'-{__2%*1_)_ sin¥"% g 00335 - 7 5in2” 3} +.. ] ...... {1
Equating the coeﬂici‘en{éfbf 2 from both sides,

. B .
—% Cos it =X Aga"‘&—(j——u-} s5in®"-? ¢ cos? g —r sin?” 5}
. \ ’

_A2 {m:;2 —sin? 6~‘}—i—A,fL {2'3 sin? g cos? g—2 sint g} -+

o _}.,\AijL;’__l sin?"-* g cos? g —r sin?” 5} Fon.

and':this from (1)-—— Z A,, sin? g
- \ Henoe equatmg coefﬁments of sin?” g from both sides
O e Sy f &b, }+A | £2_*i2>t2 )
" www.db uth%ry org.in

by replacing cos® ¢ by 1—sin® g and noting that sin®” g is invol.
ved in the coefficient of Ay, 1, ard 4,, only.
—(2?')2

It foliows that Ag,.].g— W}
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Since A,=1, the coefficients A,, A‘,......a_re' obtained from
_the above. : _ " ‘

nz ne
A= 12 Auz—'l':j .
R et PR Gl
A= a3 Ap=" 234’ and §0 on.
Hence, from {1} _ O\
Yy : 2l a2 '\ K
cos 71 5:1—%&! sin® 6+¥n—-(%—2~—}« sint g N/
n? (n2—28 (nt_ 42 ’ o _
— -~(——6—-)(—~—-) smﬁsgq- ...(A)
. In the preceding prdcess, equating the coeffidiénts of I from
both sides in (), we have . N

~—nsinng=x{2 rsmz’ 16(:053),42,, \‘
=cosd [ A; - 2 sin 3+A‘ S 3in8 8+Ay . 6sins g4...]
Substituting the values of 4,, A o, W have
sin # g=n cos g_[ sin 3Jﬂ 2 a"ﬂaorg 4n

(: __22) {ﬂz 42) —
3 e i ] -.{B)

These expansmn\‘(yj) and (B) are true when » is even. When
n is odd we may assume

sin 5 g= 4:113L Sin 9+ Ag sin? g1, F Ay sin? gy

------ +4; sin"g.
' ng\ ﬂmg as before we may establlsh ' '
nt - 12 )
_ ’smng -7 Sin 9_(—)— siné g
\\, o 2 12' 232 e
Q- +n(n )(n =3 s g—. Q)
and cosng= cosg[l 1smﬂa_

_t_(_“'l_z.}_M sin g—....... ]
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v

543, If we write 3 g for ¢ in the- expansions (4), (B),.

{€), (D) above we obtain the following formulae.

If n be even, .
N\
y nt n? (n?--2% N '
(=12 cos n .9=1-.-5-! cos? g+ SR cost g—.,.(% (1)
o AN
T +1 ) . e
{(—1) sinn g=nsin 3[ cos 3—«—3'1- cosd g *
- ”‘\\.
2_ 92y (p2.. A2 <)
+(u)5-(f ) CO3NNY. . ] ()
L RN ]
9,
Ifﬂ be Odd, ;..\ had
n N (r— 12
{(=1) *  cosng=n Qs ﬁ—e—n—(ﬂ?’—,—l‘l costg |
w.dbr ”’:‘2 3in 32
v 'd]a#-ai—ﬁ—ﬁ——w“%p P o g—... o (3)
SR
Lk A . . n—12
and ()T (sih i g=sin g [‘1— g1 080
™ . _
. 2_. 1% (52.30 .
SENED oy ] L
N

55, /Ihé methods employed in obtaining expansions of
cos 1 gobAin 7 ¢ in ascending or descending powers of cos g
or sin\p; as shown in the previous ariicles, are somewhat compli-
cated, at least for a beginner. The student who is acquainted

_with Differential Calculus can, however, profitably employ the

=\ Maclaurin’s series to get these expansions.
4 The following example will illustrate,
Let  y=f (x)=sin (m sin~1 x)
Maclaurin’s series for S (x) will be

S E=0htx Bt By ot
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where ‘v, (M), (¥o)g-..are the values of f {x}, f7 {x), f" {x)......
\»hen x= .

_m_
Ni—at
or nt (1—xf)=2m? (1-- %)
Differentiating, we have, after dividing out by 2y, L\
(1—=2*)yy—x y1+-m® y=0 R (1)
Differentiating this equation » times, we get ¢ ‘~7;,

(1__ 2} yu 2"'_(2 n"l" l) X yu+l {'n2 mz) sz “0
Pllttl'ﬂg X= 0 (y!ri-ﬂ)ﬂ'"'(ﬂv mg) (y;:)ﬂ

Now  {y),=0, {J’l)o—ms {¥e}o="0 from (Q
Hence putting n=2, 4,...... s

Now ¥==ces (m sia~? x).

..\"
2 _—_(J’d\)o ={yelo="-rr. =0 ,~tw’
Put‘im.g e, 3, 5, )
(yae=(1 ‘*mg) (yl)ﬂﬁwﬁb%aﬁﬁﬁalr .or
el (3-2m) elo=m (=19 (i (o3, and 50 on.
a__ 2
Hence sin (m sm 1 3)—m x——"ﬂ'%—i—l—)— X8
\ \\ 4+ {m*—13) (m* 3% 5
D 51 "H s
Puttingx,\‘::\ ’ x==sin g, we have
\Y
siﬁ%ﬂ’:m sin 0—34"—("3 —1% sint g
M\}\ +2 .(”‘.-FI;)I(’”? ) simvo—.. (3

This is expansion (C) of art. 542, Moreover thete is no
Testriction on the value of m. Hence {2)is true for all m,
integral or otherwise.

The student may note that by suitably changing f (x) the
other expansions can he obtained.
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e e e e et

3'6. Expanding sinn g or cos 5 ¢ in ascending powers of
sin ¢ ot cos j and eJuating coefficients of different powers of

n from both sides in the expansions obtained above we can
deduce various other ex pansions.

In the previous article, we have seen, that for all n, \ ’
. 27y 212y {nf__ 7y O\ f
sin n g=n sin a-—--ﬁ}}-?’ i 1 s a+r-z—(—”_—_—;%_—@—-—3_)§1r§3\m---... !

N/

Exparding sin » g, equating the coeflicients of ny w’e}glave

2 2 32 4
d=rsin 'a—l—l— sin3 a-l-l—i SINZ @ b s\
31 51 7 9, _
Putting _sin b:cx, or ,ﬁJ:si.n'_-_1 X, ,\\,;\\'_c obiain
. 3
sim—1 ;:x-{-—;‘_ . %..—g——_].*._?}k

2 §_ +

www.d El'aﬁﬂmmrg: in -

1. From the expansion“of sin®*+1 4 in term of the sines of
multiples of 4, show that

3V T

N\
1-(2n—1 &i&%?:jl 22nQnr—-1@2n~s)

\x Foonn. to (n+1j terms =0,
If J;fjgoé 6+i sin g, ) :

(2i sugii\,nz( x.__ch_)z r41

N

AN =wrtio @) ey ERED 20,
'\ W 21 .

1

x4l

e s

1 1 H - 1 .
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+(_:?_’.’_§5)_2__" ( x5 xalu—a) e fo{n41) terms,

=21i [ sin {2 n+-1)g—(2n4+)sin{(n—1) g

{2n+2n

-t 21
Hence {—~1)* 22% gin®*+1 g==sin {2 0+ 1} ¢ . ;”\,
—(2n+ 1) sin {2 n—1)9 +{2-”-§i)~2 ® sin . 2 u—-S} L]
to{?b—}- 1) terms.

Since the Iowest power of 4 in sin?*+2 g s \J.u-i-l equating
the coefficients of ¢ from both sides, we ha \ :

Rrt)—@nil@n-n+ --(—"—-‘-";r, ”f“ (2n=3)

?_’Eff_‘l}a.i“ (2 moady. E'z‘?m]i}’.':ﬁ??é’:?’.‘is-m-p 1) terms =0

Dividing by 2 #+1, the l'ealllt follows.
2. Prove that {\

sin (2 r—3) 4.... o (-1, Lerms} \
AN

7

& sec e:ﬁ::ﬂqi—;- sins a+§~:—§ sip? g+......

When #n is gvén, we have

w

smne\ . nt-22 9
con. =R { sin g— Fy— Sin 8
™ 2 0% fn? 2
:,,\"s; “i'(n —2 ) {ﬂ —4& ) SIl'l’ 3+ }
O

3
V' Equating the coeﬂ'icients of n, we get

# sec g=sin 5-}- s;n 3-}- —z t— sin® g4 ..

=sin e+~3— sins B+3—'g sind g-+......
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Exercises V

Prove that
vY.  cos 6 §=32 cos® §—48 cos? ¢+ 18 cos? g—1T.
“/}_. sin Tg= Tsin §—56 5ind §+112 sind §—o64 sin’ 5. A
"3, cos 6 g=1—18 sin? g 4-48 sint g—32 sin® 4. O\
4, sin' g coss g=2-% {cos 9 g+cos 7 §) "s..\'
T —2-%cos 5 g+cos 3 g)+2-7 (3 305 d)-
5. Show that PR N
1 1 K :
TFetes g = /1 o {(1—2ncos g42pcos 2 4—...),
where Zmwe (14-n2). \\\'
6. Prove tha't' _ .
" 3)
a ] 2 -3 {ﬂ
o \.n;r\gw blbe({):lﬁ))l;;:;lo;('g %T?S 0) AR ' .
N {2 cos 9)"-'! e
" from the 1dent1ty\
s ~{£$4}”—-n (p-+ay—2p g+ B (pygy-s
D Pg~...  (Travancore *40)
Prove\that .
P L gy 2 Sint9 | 24 sin®y
1.\\35 §=y sin? gh—o — 5 — T :
W
1 1 1243 12,324 .50 5212
. i..\::3'. 'y 83——3? sins 6-—{- “ET sind g1 .7!
\~./ . ]
\,' sin? g-+......

9 sec a=1+—; sin’&-i-;‘l,-::% sinf g+......

.—1x 17y 2
10. Prove thatv- — = +-§— 23 35 X34 ...
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and deduce that
B yi’ 2 i yz 2 ]
1 = - e LR
T y= l+v2 [ H" 3 i+y‘”L 3.5\ >+'
Erom the expansion of sin” ¢ in muitiple angles, show

that N\
A\
n?—n (n—2)24- ——(—u-)- (n-8)—...... tr;)—_{-;—1 terms= \\

where n and p are odd pocitive integers and p<n € ’\t\

. i id. *53
12. Prove that w—ls,,ﬁo @nr-5t g’&d )

\
o
<%
.\(”’}
O
wwwr.dbr au{‘lB‘ral Ty.org.in
Q\\\\Q)‘
N\
N
R
A\
g&.} .
27
S



CHAPTER VI
" Trigonometrical and Exponential Functions

61. The student has already come across tha serlea, ihe
expotiential function, ¢

O\
x4 " \S ¢
RS S TR +‘§I—!+ ......
when x isreal. This series is absolutely convcrgent for all values
of x, and is equal to ¢, where ' ‘ ~\
e~—l+ + + +”,.'.<W
Let us now corisider the series LV
N
1+z—1—2!+ + nTJ"""""

where the cormplex numnb2et z»—- ‘c—l—l y=r{cos g-+i sin g).
If this series is repre;enteﬁ by Exp. {2}, we have

Exp. (1)=1-1z4 2—§1} A

\) . r? . s
=1‘+hcos g-+i sin fitgy(cos29+isin26)+. ...

¥ cas 24

.\ = l+r CO8 §+ — — ...
0
{\ - _Lf(f' sin 9+2~— sin 2 g-4-...... )
N h}’ comparing each of the series
,'\" %
\ 147 cwmmwrg.m;! cosmgt... ..A1)
and rsin g4 ;T $in 2 gf-...... ~5—i sinmg+. ... A2

2
. with 1+r+—-4‘.—§-T+ J—-{‘r—{—t—
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which is absolutely convergent , we see that &)} and (2) are both
absolutely convergent, and hcnce the series -

“Exp. (z}:1+z+7|- . +f?_ S T D :-“\
is also absolutely convergent for all z. '\' \
. .Y
611, Product of exponeatial .fun(tions. o\ N
From the preceding, we have A
Exp.  (z.)%Exp. <zg}=( _I+z;+ + ;L,\vv) '

><(H 2t 2 2, ey @fﬁ¢)
{“H’zz (2!+zl Za 2])"_ 3e

..-1 ' ? ] z?.
J'_g ﬂ— I)WW% ]al@ao‘%‘g in: -+ n ;}"[“ *
by multiplying the two serles and grouping tog_elher terms of the

same degree. | L
o\
Hence Exp. (ZIR(\,EXD (zs‘=1+(zl+22 +(21+22)

NG

00 =Bt
6 1"\ Evidently the above process can bz extended, and we

have .
'“E}IJ Zd X Exp. (7,3 X .. ... w Exp. {z,J:Exps (23 Zgb e b 2,)
i Putting Zy= Ty ... =z,=z,. it follows

{Exp. (2)}*=Exp. (nz).

6'13. On account of the similarities of properties of the

exponential functions of real and complex numbers.. viz € and
Xp. {z) it is convenient and customary to nse the same notation

for them,
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Hence we represeat Bxp. (2} by ¢°, and write

9 "
e*:1+z+;_|+..,......+z—-+......
for all values of z, real or complex. It must, however, be TOMeMy A
bered that it z if real, .
2 AN
1 1 1 L™
€—1+1'+2—'+‘3-T+ ...... ‘\\

but it z if complex, e has no such meaning - ‘ R

62. Circolar fanctions of complex quantities.)

For all real values of x, we have seen tl@‘

\lﬂ 212 .
cos x_1—~-' —{-—«—.... + {?213}‘: s
and sin x=x —-xs x? ’)""' (=Iyxer

N
W W dblglhja-liltyOLg in’ ot (2ﬂ+ 1}

If z be complex let us now Adefine cos z and sin z as

4 ( 1y 22
CO5 Z== lhi—%\i-z (2) Y A
_ ..2u 1
and sin z_.z__ _+ ( 1y

— s N
] T oanpnr T
1) that\snmllamws of notation are maintained. Ifz be

compl&the other trigonometrical functions are also deﬁ?"‘»’d as
foll

~ ian z—si]1 £ <ot z_cosz
~\J " cog 2 Tsinz?
N\ : 1 1
seC z=- — and cosec z= . .

Cos 2 3% 1 4

© 63, Properties of exponentiat fanctions.

(). Eulers Theorem : For all values of g, real or
complex, . :
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¢t 9 —cos g4-i sin 2.
From definition of e’ 9, cos g and sin g, we have

: g and 5E.
A0y a)+(‘_2%)——+ %5%3—4- ......

o 6 (. ¢ & N
_ :(‘ 1—-2—‘1 J"ﬂ —ees )+1(9“‘ 3’1'{*5',. __"::’}"‘)
==cos g1 sin 4. N

ig, —id
) cos == +e

i9 _ 7
Since e =cos §-+isind, ~N\
'e'”i 9 —cos (——9)-}-;"3;@ (’:-g):cos g~isin g
1
On adding and subtrestinghshe tassty Sellaws.
(¢ Exp.(z)isa per:‘pdi}:'j‘unction.
If z==x+iy, with ggal}values for x and y,
Exp. (z)sExp,ﬁv\Hy)
—Exp- (X Exp. (0 9)
x-—{ei".’ &/¥=¢¥ (cos y-+i sin p). .
Buh{ﬁn\.cc sin y=sin (2n7+¥) and cos y=cos (2 n 7+ y)
whg:z}ﬁa\is a positive or negative integer,

\::\’EXP {z)=e* { cos 2 n 7+ y}+1 sin (2 n w4+ y)

v

—e* e 2nrwdpi

:ex+}'f+2ﬂ i

‘ez—l—Zn T i
T—5
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Thus the period of Exp. (z) is 2 = i.
(¢} cos® x+sin® y=1, x being real or complex.

. e!’x e_;':r . ejx__e_';'z
Since cos y=-- +2 - yand sin x=

_ 23
for all values of x, real or complex, on squaring andsf{
we get the resalt, . 0 \ N
{d) cos (3+4,=c0s g cos p—sin gsin ¢, ¢ and $being
ot complex.

< 5%

- L 0+d) i (g1d) D
c0s (§+¢)= 9 e ' P\

&

e i g ef # + eqw,:.'j}?’"‘l ¢
- ) \‘
__ {cos 9 +isin g)cos g+ sin qSiJQJ(ccs g1 sin g){cos ¢—
- DN

www.ﬁ%ﬁﬁbﬁ?ﬁ[ﬁrgﬁh g sin ¢.

631.  As a matterof fact, with the help of the expor
functions, we can pfove that trigonometrical formulae tr
real values are alsowtrue for complex values.

Thus, if thewariables are complex,

1]

N {0+ ¢)=sin g cos ¢+cos ¢ sin ¢,

AN/ sin 2 z=2 sin z cos z, L
:j\’“’ €08 2z=2 cos?z—~1=1 -2 sin? z—cos2z— sin’
\} sin 3z=3sin z2—4 «irs 7,
N\ cos 3 z==4 coséz - 3 cos z,
tan g--tan
tan (0-+4) = P s
and 3o on.

Examples
1. Show that exp.(i—;-h i ): ti.

wi n T
€xp. (_ﬁ") =cos? 4+ i sm--z—-——l
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and ex (-_—T”— =008 = —i $il e =—i
P. 7 = 3 =i,

2
2. Separate into real and imaginary parts : M :
iy 2N\
sinig _gjg — & _ el - e”f e N
xkiy  2i(Hy) T 20-ix) o
’ ) <n."“
e — )(y+: x} D
2 {x*+y’) o)
Exercises N
" 1. Use the exponential values of sin}z\{nd cosine to prove
that O
j— e 2
(@} cos 2z M%{brau} 5‘1: v 01s }lgnmz'
(b) cos p4-cos p=3 o5 %3& cos {}—_z—i ‘

‘.\
sin2g
J=¢ot
© oot
2 Separate ifto real and imapinary parts :
N \ /

{y x"e"‘ , When z=x Li y.

Né' in 0+ §).
N (:f:} tan (g i) e*

<

(?*’3.

s/’.

2s5in 2 ati {ezﬁ— e 2 .

Prove that tan (i P} =
( 9215+2 cos 2ude™ 28

-~ 4. Prove that

e i < 1 —ngi
(U {sin{atg— e %1 sin g} " =sin” ae ¢
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(i) {sin (e—g)+e” Lsin f}*==sin”" 1o {sin {(o&—n gi+e” sm nd}
A Ty o, p be the imaginary cube roots of unity, prove that

X — N
" eax—[—ﬁ eﬁ x:e 2 (\/3_Sin\£__3__ xJ-cos v_3_ )\\.

4 2
{Bomha} 47)
64. Loganthm of a complex quantity : deﬁmtlon‘ "‘:

If e®=4, where z=x+iy, and Ad=a+i b\are complex

P ..._."_;h_w___m__ :

quantities, then z is said to be Napierian logaxithm of 4 to the

base ¢, and is expressed as AN
z=log, A. ,.'\ v

Butif  etmd, P20 LA

Hence log, A=z+2n v i, ) bcmg an integer or zero.
wyw.dbraulibravyleng.in
Thus logarithm is a rml.l%rple valued function. If n=0the
value of logarithm is called the principal value. 11 is customary

to express the gereral and principal values of the logarithm by
the notations Log, . and log, A respectively. Hence

¢ ggA_loggA+2nwr
6-41. To, ﬁ;lﬂwl..oge (a-+i b).
Let "a—i—z b=r(cos ¢+i sin 6),

WJ'Q? r=-++/a*+b, and 9:{311-1(-—2--)
S ) N i 8
i\z “ Now Log, (a -7 by=Log, r (cos g+ sin g}=Log fre )

=Log{r ei @+2n W}}
=log, r+i (§-+2 n =)

=log,v/ai-b2+i (tan'lgm{-z nw ) _
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The principal value is given by

log, {a-i b)=log,+/a®+b% i tan~?t %

Cor. If =0, then the number is reay, ~d

Log, a=log, a4-2n = i,

\
which shows that the logarithm of a rteal quantity As \atso
multiple valued ; the principal value is real, all the othar values
afe imaginary. N

w\"
O

s i

f, Leogi=2pn=itlog r'=2mri+10g<?;. 2

Examples

2 2
2, Find the general \‘Va‘m‘ém*égb?'ﬂ‘%) org.in
Let =-—3+1. o=r {cos g-i sin &)
Hence 7 cos 3—-g-}.-} Fosin g= {) r=3, cos g=-—-1
BX
Hence Log\{ﬁ—a) =2 nwidlog {3 M
2 —log 34i m+2 nwi=log 3+i = (2a+1)
Tq\prmmpai value is log (—3)=Ilog 847 .
a— b‘]’ i (a‘i'fl} —1 Z2ab
“\ D 3 Prove that Log, at b—]—z_'{(T_b] iy2 nwttan at— bt
\ {Dacea *51)
a—bi (@+b)_ a—bti(a+h)
Log atb+i{a—b) =2nwitlog a rb¥i{a—by

=2nwitlog {a—b)+ilatb)}—log {atb)+ila--b}



_,a+b
'y
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i
=27 i+[ logs/(a—b)*+(a+b)E-+Hi ta 1

—logy/fa+ bF+ia—b)'—i tan™? i b] |

a-+bh
a+?; a— t; _ '“\i
a e—b atd LN
=2n w i+itan Tl K ‘
=i {2 n w-+tan~1 ‘2;3%2}- A |

6'5. The general exponential funciion : deﬁﬁiﬁon

If @ and z are two quanfities, Ieal b tomplex, then the

zLog, a

symbol ¢* is defined to mean ¢ Thss is the general value

of &* ; the principal value is e 10%: A Since log, a is a multi-

ple valued function, ¢® is also miiltiple vajued.
www.dbraulibrary.0rg.in

The general value of o° i8 given by

zLloga_

e z~fLog a+(z Log a)*‘

H— gy e

and the principal \aille is

zlo 2 zloga (z log a)?
\ & =1+ A —

6 5\ “To express {a+i 3)::—1- Y

j'hLet a-+i fi=r (cos g-+i sin 9)—re

in the form A4-§ B,
L]

) where r=+/«2+$% and 6-=tan-1-%~

« Hence  (u-+i {B)x+i y =.'~\¢3("c-l_l y) Log (a1 ) by definition

A5ty @nritlog(re %)
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_etior i@y
_Flgreytann
i {ylog r+x (a+2 n rr)}
=A4i B, where
A& log r—y (¢1+2n =)

+x (6+2"ﬁ n))

and B=ec" fog r—y(g+2n =) & sm {y !og r

\j}*}l {8+2 n )}
Putting #=0, the principal value of Y,

(i B)x-i—:' Vg® log r— yg{cos (y Log}rJ;-x §)-+-i sin (y Iog)}r
) +Xx 8

Y s‘o

www’?brgnhhl raTy.org.in
=A +¢ B, principal values only being
A\

B and arrBi=e "B

L If l.,.i...ad inf,

considered,

T
prove that tan ‘ )gé‘d' e

From the gwe:n condition {
o\ . ;
& e(A-H Bylogi

-4

O

\ . _
\Q}. e(A-{—: B,‘-(log 1+I'_2“)=A+i B
& Br Awi
A or e T ¢ T =A}iB
Br ' _Bx
Hence e *  ¢oS A2_f-=A and € * siny- B, by

equating fhe real and imaginary parts ; whence the resuie,

ATE_yyvime

or =A+i B

O\
PAYS
- cos {y log -

N



72 TRIGONOMETRY

2. Ifu=log, tan (—: + %)=x+a3 xXa, X5 ..,

prove that  x=u—ga, wia, w—,. .. (Agra’3l)
Since u=log tan (} ) N\
)
Ittan - 0
i WV
e%=<1an (-——- ——)_n—- —— ™
4 1—tan 2 N
TON
. ”\'\\,
By Componendo and Dividendo, - RS
u u
tanime“—l=e-§neh—§-,xz\\"
2 e*+1 u _{1;
ei-f-e;” "\

Mwﬂbwu&ﬁ(’ﬁg o
;(I ; +e ‘( 2)

P .! 2\

~%.*

f sin %
Or tan ‘_;1‘,,,‘ tan z 2-
e 7 x
A~ cos -
Ag}am, by Componendo and Dividendo,
”\ . . . x iu
QY gt 3
x .. x iu
€os —-—i sin 5 1—tan 3

ix T
or . e ztan(—4.
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; T .':-{__!f
or i x=log tan (—4—1 2)

=i u) bag (P w0 ey (U
X=y—a& Wa; i —...

3. Show that Log; i=‘i’—ﬂ;i L where m and » are mtegers\

dn41
(Andfica '40)

. log, a A 3
Since we know that lﬂga_fI:b—gz?"’ ' w\g."

Loggi 2mr1+1 4”’*\1,

LOgi 1= .
LOg"i 2nwi i -?2—T— ‘.4‘):"_} 1

L D

Y udl

It may be noted that the general values are taken in the
numerator and denom1namﬁﬁﬂ”r’5ﬁff§r’asr°nl¥ 3 particular case.

{\Exemses Vi
“1. Prove that\liﬁ's;gj{»—l)—-f i2 nt+l) =
e B [ A+B;==%og (a+z by, show that

'\ tan B=-— b- and 24 =log (a?4-5H?).
N\ a

N\
EAN 1
B\ Show that Log (1++/ 3 f)=log 24 (z n+§) ;
Vs D
Y 4. Prove that loglog{e-tiB)= Iog { {log o213 18

tan—l o
28 an -
Jr(tan )}H an Iogva9+gs )
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b : _- r
5. Show that i'=e ~(*"+1)3

. 1+ ptur
6. If - ((1 13) S=5i=e-+i B, prove that one value of

a lap -2 -{3— is 1 T4 io 2 : &
o 2 p g gg : ’t\a\.
atx+iyFoutip _ . : O ’
If[ P ] . =X+iY, ~\
AR
prove that one of the values of tan ~L w;%\\s'
o 2a .gqx\m
—1 _,-‘_,-._._
zx.tan at—xt— 3+2 Og\{a 2‘

8. Prove .that lan [: log = ba_]w 2a b
www.dbr aullbpat y org.in

9. Show that (a-+7 5) % ® il be wholly real if
¢ Ly .
3 log (a?—}—@rfna tan"l—- 18 zero or an even multiple of—z-’

and who“by imaginary if this expression is an odd muitlple

. \) T
'\st Of 2 b
N > can 1
s’ X4iy N J" tan ‘a—
M1 —_ *
'"\i \, 0. Hotbi= q prove that ~los T @i bz)
\, {Mysore *39)

1%. Prove that (a-+-i a tan ?S)IOg (a sec qb}_' ¢ is a real
number and find its value.

{Bombay ‘30)
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12. Prove that the general value of (147 tap u) ¥ is

eEH e [cos (log € os €)1 sin {fog cos &) },
whose m is any integef. (Baroda *54)
13. I all the values of (14-i tan Ql-i—i_tan B are real,
R . sec? . <\
prove that one of them is (sec a) . (}g
-'\I_uckn?}\} 4}
\ >
N
RS
&(/
N
o
i\}s,
AN\
wwwd%@‘&library.org.in
Qp

&



CHAPTER VII
HYPERBOLIC FUNCTIONS

7-1. The expre:sioas —; (.ed +e _dj and —1 (e R _\’{{1,
where 4 is real or comnlex, are called the nype:bohc casme and
hyperbolic sine of g, and are indicated by the symbo‘l& cosh @

and sinh ¢ rcspcctwely

—g -~.~>l¢,
Thys  cosh g= ';‘3_ , sinh g_d\, ;f’ ‘
The other hyperbolic functions are déﬁi‘:::d 25 under :
tanh az_zi_;%_e@ IR OV wg,{:l g ef +?;;r,
wweﬁt;%uﬂﬁ'a;y orgin Smho ¢,
sech 6=c33h“9 ——«—2;_—.—:, cosech g= si;h = 7—'2":9’

+<\ e —e

Similarity of atfons with circular functions may be
n\

noted.
A~ —4 g —4d
Smce cosz 3-—_;1~— and sin{ g= e——ze i,
a e cos { g=cosh g, and sin 7 §=-f sinh 4.
anh ence tan i g=i tanh g.

N ’F rom the above definitions we can easily deduce the follow-
V “\irig formulae

cosh g+sinh 8=ea, cosh ¢—sinh g—e 7
cosh? p—sinh? g=1,
sech? g Ltanh? g-—
and coth? g—cosech? g=1,



HYPERBOLIC FUNCTIONS 71

Expressed in series, cosh g==1 —[—2 ‘ + IRICEE .

sinh = 31—31 +—T+ ......

711, Other formulae We can deducc cas:ly the followmg

cosh (g 4)==cos {{ -1 ) R \
=¢0s i §cos { p—sini gsinié e
=¢osh ¢ cosh $4-sinh ¢ sinti $ & "}g_

From the definitions, too, this can aiso be ga:iil‘y'esta blished,

Simifarly cosh (g~d)=cosh g cosh ¢—3inh 4 sinh ¢
sinh (4 & $)==sinh # cosh & Tosh ¢ sinh 3. -

' tanh §\¢ tanh ¢

1 & tand’y tanh r

Smhw\ﬁa—d%ﬁi}}b g cosh 2
cosh 2 9==2 coshit 9 —1 N7 sinhty 8ot g tsinh? 4.

6+¢ cosh? 9‘:

tanh {3 £ ¢}=

sinh 6—]—smh 95 2 sinh -

smh éésmh =2 cc-shﬁhz_"tS sinh’ﬁj—':2 .

LSSh 5+cosh $==2 co;hat?ﬁ coshaz—é
> +¢ -$
%1\ " cosh g—cosh ¢=2 smha sinh®: 5
W2, Permdlclty of hyperbotic functmns
\ \
~\J —§ gi-2nwi —(@+2Znni)
\/  cosh a:e +2‘f,_.m ;e_h____x__‘i:z .

=cosh {g-+-2n 7 i)

Similarly sinh g=sinh (§-+-2 n 7 i), where n is an integer.
Hence cosh ¢ and sinh g are periodic functions, with 2= § 2y
the pertod,
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Since .=3'H'Tr ! :—ea and e_w'{_Tr i) ..—..—eig

we have cosh (¢4 i)=--cosh g, and sinh (g4-7 i) = — sinh ¢,
so that tanh (4= {)=tanh g, '
ard coth {g+7 f)=coth 4. \

Hence tanh ¢ and coth ¢ are also periodic, but their petiods
are each = 7. S\

Ny

73 Toverse circular Fanctions. N

If x4i y=sin(u-ti p), whose « and B are rQaZl then sin—?
. {x+1 y) is defined to be equal to a7 . O

But x4i y= sin (x4-i B)=sin {n -rr+(.—\\1)” (=i B)}

Hence sin"? (x-1-f yi is a multiplgx’{élued function and its
general value indicated by Sin~1 {x &3y, is given by

SN x+1 py=nm - (— ™t B).
The principal,splapraflthisdyivessinsine is such that its real

part, n = L (—1)" ¢, Hes beti&féen—— g— and fz—’and is denoted by
sin =2 (x4 y). K

Henez Sin-1 ¢ '53;3¢nw+(-1)” sin 1 (x4-i p).
Similarly if X\ x4 ; ¥y=c0s (p4-7 ),
- CosA e+ y)=2nm +cos -1 (x+i y),

4 =2nw +(p--i q),

where  the™ principal Value, cos-t (x+i y). 1is the value of
the reg\t\p tt, 2 n % + p. lying between 0 and =. Tha principal
partitan=t (xtiy) of Tan™1 (xyi y; is the real part of the

m\lz’ft{'ér lying between — —;— and HZ—-’ and we have
3

Tan~? (x4i p)=n vt tan ~V(x4i y).
Similarly the other circular functions may be defined.
74" Inverse Hyperbolic Functions.

If x=sinh y," then y is said to be the inverse hyperbolic sine
of x and is denoted by sinh “! x, Similasly we may define
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cosh—1x, tanh~'x, and so'on. -

. —a—¥
if sinh~! x=y, x=sinh y= ..,“%_
of el gV x —1=0 : 2\
solving this quadratu, ine¥, eg¥==x + v’t+x3 A ¢
¢\
Hence y=2nn iflog, (x + ,\/ [ere} ~”\ ”

Both these values of y can be inchuded i in thc expr:emm
y=nx i+(~1y" log ity TF0,
which is the general value' of sich-'x. The prmcspa! value,
~usually denotzd by sinh~! x is log (x 1-\/":["5-, ?),

Similarly, the general valus of ‘cosh 1x is 2 mui4iog

e+ 4/27—1) and its WwBringipa a}' waluc is log {(x4-v/x*—1);
ik rary. 018“-]

tanh~'x hasn :+——~ log .ffff_ as its general valuz and its
1 4 M {-x
rmc; ! val —_
P pal value is 37 It&g T—s

T-5. The follow\ng fundamental theorem of Aigebra is taken
for granted and'is’of wide use.

i N feti y)=A+i B,

thEn. “\‘ x—f —"E Bu
\,, Slx—i y)=
Thus if sin-1 (xi y)=A+i B, sin"t (x—1 p)=A~i B.
s
<\;”' Examples
1 : anh™! xe=n w i o log At
. Show that Tanh™ x=n= T+ 108 173

We know Tanh™1x=nw i+ianh~! x,

and let tanh"t x=g ortanh g=x

l
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or Lo
etLe®
or e“’=;'!_"—z, by Compen:ndo Dividendo.
Hence a=tanh™? =L log 1£x A
2 t—x )
. {{\ “
and Tash™l'x=p 2 i-|—1— log X A7
1—36 \ 3
2. Express tan™! (x--i y)} as the sum of real\fmd 1magmaty
part, ) \? {Punjab *50)
Let tan”! {x+i V)=A-+i B,\\
s0 that X+ y:tan {%\-[At B,
and .

x—i yT,gan'( —i B).:
Now  tandvf Ll ay s1eiod —1 B)}
tan{A«-[»z B)-+-tan (4—i B)
lﬁ-tan (A-+iB)tan (A —i B)

C¥tiyta—iy
, \\ [—Af—37
t; _ 2x
¢ \.} __u:_xE_y:
x’\s»l
Gn\@}f .A:l— tan—? _sz_ .
A 2 I—x2—yp
,* lso tan2 i B=tan {{4-}-i By—(4 - i B}
rN®
\”/\,”' _. tan (A--i By—-tan (A—i B)

1-+tan (447 Bytan (4—i B)
; (xti P)—(x—i )
of {fanh 2 B= QS Wie eI
2iy
14xt4-p
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2y
or, tanh 2B#W.
1 a2y
and B 3 tanh Tyt
1 2x
H -1 7w ee o P S
ence, tan~!(x4iyv) 3 tan 1= A
i - 2P .
+ 3 tanh 1~—-——\+xf T
K x=cos a, y=sin ¢, we deduce ,‘,';.;"'
Tan™ (x4+i y)=n = +tan-1 {cos a-i sin ac), \\~ '
i 1208 & 2 sina
- x nh-2 227
n w4 3 tan — 0 :\tg t 3

2%

- i \ Ny
=4 T +__ tanhil sin a

—n r+“’7€"irdﬂlﬁu}ﬂg l-l—sm 3

=n vr+ a + log tan (G- +5-)-

3. Express sm“’\gc,os #4-f sin g} in the form x--{ y.
Let sm"l’(ms 8-+1 sin g)= x+: ¥

or 111 (x-i-z Py=cos §-+i sin 4

o\fslu x cosh y--i cos x sinh y=cos §+-fsin 4.

SQPﬁY\atmg the real and imaginary parts

“\' sin x cosh y=cos ¢  ..(1)

\ )and cos x sinh y=sin ¢ ...(2]
Eliminating y between (1) and (2), we have
costg sin®g
sin? x costxy

= cosh? y—sinh? jz==1
T-¢
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or  cos? g cos® x—sin? g sin? x= cos? x sin?x
or  cos® g cos? x—(1—cos? ) (1— cos? x)=cos?x {1—cos?x)

or’ cos! x=sin? g

or cos* x=sin ¢, and x=cos -1 +/sin ¢-

Hence from {2}, sinh y= cos x— ~sin g : O\
- =1 P ——

and ¥y=sinh NE T p ,\:\~

R o .. - —_— 4 s - NN

S sin®Y{cos g+i sin g)=cos 'A/sin g+i sinh "3 5in g

‘

=¢05 "1 '\/S-i;]_'ﬁ (“
+i log (&/sing. a[ev(\l +sin g~
4. Show that if cosh™ {x1i y)—;—COah \%~i y)==cosh~' 4,

then 2{a—1) x24-2 (aL-1) y =:?A‘~’—1. {Bombay’ 31)
Let cosh=? (x4-i y)-—ot—l—z ) M

and hence ccsh-! (x—
c\(-.:rfarw.d xl'aull'gz‘at\y ory. ?ﬁ

so that, from the given. ;.phd]tlon, 2u=cosh-1g

or Q cosh 2e.—n D)

Now x—{k}:cosh {ot+i B}

and Ng—i y=cosh {«—i g)

Hence '.\/ Zx .cosh (o: +4-1 B)-+cosh {o—1i B)=2 cosh o
,\; cosh £ 3,

agx(,,; 27 y=cosh («--i &} cosh {a—i B}=2

sinh a sinh i §
A wEl iminating § batween them '
\\ N x* b
g okt iR =
cosh smh o
2x2 242
or -L1+a——l

whence the resulf.

frorﬁ (1)
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Exercises VII

Prove the following

: _2tanh g .
1. sinh 2= ety
14-tanh? g
2. e e . <
cosh 2 1 —tanh? g )
3. cos? a cosh? B-f-sin? « sinh® p=cosh? p—sin? o, D
4. cosh 3 ¢g=1 cosh® 9—3 cosh ¢. :"}’{W
5. [cosh 3_4;s_inh §Y*=cosh n g +sinh n g. ,\’2‘; '
Show that \;
6. cos X cosh y+-i sm}t,Smh ¥
sec (x4-i p)=2. o8 2x+c0s\h~2y
1. cot (x-Li vy __gm 2 x+; sml‘tz y
cos 2 x—cosh 2 y
8 sip-? i=2n Tr——f"\i‘(‘géd(({%?‘ilﬂj?ary.org.in
9. tanh_‘l x—-S]_nh -1 ';__x; ]
\V] —x¥
10. log tan ' ; —}\—2—_ =7 tan~? (sinh x). (Baroda "534
B 9N s o AN
I1. log tan (\-_--{- _)ﬁz tanh*? (tan 3 )
12. Scu}: tan- (¢*)—tan- (e~*)=tan-1i,  (Delhi’51)
13-»}\1‘1’ cos™1 {u-tiv)=a-|-i B, prove that cos® « and cosh®f

% are the roots of the equation

A (124 v =0, {Cal. "38)

Break into real and imaginary parts
{i} cos—t {cos g--isin ¢).

(i) cosh log (x--# y)-+cosh log (x—i y). (Andhra °37)
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15. Ifu=log tan (%—f- -g—), prove that
(1) cos g cosh n=1,
(ii} sinh w=tan g,
{(iii) tanh y—sin g.

1 (XT8N i 10e N
16. Show that tan (i xTFa )_, i logx O
17. 1If tan (947 ¢)=sin (x47 y), prove that \ O

coth y sin 2 ¢=cot x sin 2 4. <"1‘Agra *50)
18. If tan (A4 B)=tan g-4-i sec: 9, show that‘

323_ +cot 7, and 2 A—n &»j- +5~
\~ (Delhi *46) .
19. 1If cos.{x4i p)=cos 4+ sin gy'show that
cos 2 x+-cosh 2u}=2. (AlId. °55)

20. If tan mqs»f-@pr_aytlib!jﬂ}‘jfﬁ'&z@"that
{7y a4+ 3242x cot N 1,
(i) x2432-2 yooth 2 B+ 1=0, (Agra *49)
21, If cosh (u{\}‘v}}_tan (x+iy),
show th‘a.t tanh  tan v=cosec 2 x sinh 2 y, (Agra 31}

2. If cos‘ -‘x +i p)=r (cOs a-Li sin o), show that
\\ y=4 log- sin (x—2) (Agra *32)
N\ P s (eta)
23 If tan (g-+i ¢)=oos o1 sin @, prove that
AN .
./ T oo R T ;

) Y . =l _— —_ E=I —_— ’38

QO b 1ogtan(4+2)6' T4 (Agra’ss)

24. 1ftan g=tanh x cot y, and tan $=tanh x tan ¥y prove
that
sin 2 ¢ cosh 2 x4 cos 2 v,

SinZ ¢ coh2x_cos2y (Agra 35}
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25. Ifabe greater than unity, show that
sin=! g=% (4 n4-1) 7—i log (+/ F_1+a

26. Ifa cos ¢+bhsing=c, wheie >4/ g2 b3, show that

e ’\
VR g b
= + i 1 ——————— t, -1
d=2n=+i log, Voawa 4-tan = <\
[Ra:;tgfmm ’37)

27 If [cos (a+i B)}P+"=A+1i B, show that ,,\K
(/
tan-1 8 zmgﬂ log {cosh? 8 —sin? «) \\Q\

A
+ptan-! (tan o ta;nh Bl (Mysore *32)

m\
(“‘} v
.
& .
W db;a‘ghbral ¥.org.in
\‘{‘“_ B
A
g\ A\
NS
N\
A~
&



CHAPTER VIII

- - - - Q"\
Expansions of Trigonometric Functions—II.
' O
R\
81. 1~ 3 <0< g, toprove that O

g=tan §— i tan? '6+ —;jln tan® 3——.",{\\'

3
S AL )
( 2') tan?-l gd-. . .ad ,mf\\”
L O
we know ¢ ¢ =C0% 6+1 sm Y

wiww . dbr aﬂdﬂmé‘}(bﬁﬁlm &

Of sec 4. e’ : —1+1 tan&
Hence log se(}g—{—: g=log _(l-{-i tan #)
{Dtdn n gy (f tan g)3 .
=i Lan\g\x ----- ——~3_ — ad inf.

if t&we is pumericaily less than 1 or— —E— <4 Q—}‘

§~\:s)£quating the imaginary parts from both sides

5
.&\ g=ian ¢— tar? 4 —}-tal; L

AN (— 1y

\W +y,oy an® g+ ad inf.

This is known as Gregory's Series.

iftan g=x, or g=tan—'x, and x numericaliy less than I,
another form of Gregory’s series is

tan~? x.—_x—%-?i +—§ — e (2RI)N1- -1 1 adinf.
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82. General form of Gregory's Series.

If ¢ does not lie between - —} and — s let g=n 44,

_\{r{herc,gg__ lies between—v—Z—-and :,_ , and # is an integer.

L ’:\:\.
ians 3 e \,
ithen ¢=tan ¢— _an ¢ i@-%——gb-'_—....... s\l
“\
1 tan® 2\
or §—nw=tan §— a}; 2 + E%- A s LV
since tan d=tan g. v

Giving partlcu]ar values to m, we obtaid] ‘@ﬂ’ierent series.
If =23, g=g-- 3:r,dndwehdve\

tan# g tan*&
§—3mw=tan g~ ] -

N\ 2Rt 3
Y

www dhLéuIlbraly org.in

where—4— <4 3rr<—— ot 3 » _'} CoIm o

83, Several series, \pendent on Gregory’s series, have been
used to calculate &%égalue of = to desired places of decimals.
Some of them are)given bzlow : o

(i) Gregonys Serics. Putting ¢=—— in this series, we obtain
x'\"'

O I 1___i
SOtk

"\Smce this series does not converge rapidly a large number of
(terms have to be taken to evaluate # fairly correctly.

{if) Fulers Series. 1t is readily seen thgt

™ - 1 -F }_
—4—‘—-—t31’1 1 7 “+tan 3
1 . | B 11
._—.._2 ._.__3,._ e +_S_ ._—25
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1 1 1 1 1
Ty o m At e

LA N S P T SN U B
T (st (F )t s (G Ty N
(i) Machin’s Series, This series is obtained from the resuit
)
i 1 1 N
— = -1 -1 |
ol 4 tan 3 —tan 335 - O
N

i -1 v +%¢
To prove this, 4 tan 3 \:”\\\.

o =

2
. 5 M. 5 -1
-1 1,97 -1 I'
=2 tan —--1 | —ta.n‘“x\L_—-Z tan SV tan
25

5 ' ’.:’:,
wyrw A auhbrér\y org. in 120
= =ian-tl=tan-t == ~tan-!1
tan— ~——2——- dn-tl=tan t

1i9
@
2"

NI 1
=25 ;120——‘“ g
. }) 119
Hc{nQesBy applying Greogory’s series,
Tafl 11,1 1 1
;},\4‘_4(5 357 T ) (239 3 239
O 1 1
\ g ogmgs — oo )

This series is more rapidly convergent than the previous ones.
{iv) Rutherford’s Series. Here we use the identity

i

Fwgtanr d g 1,
2 4tan‘ 3 tan1'70+tan1§§
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. i 1
Since tan™* .- —tfan~! - =tan" — this i
4 5 la 239 his result is easily

deduced from the one in (iii).

1 11
Hernce 4(5 ‘g‘“"—a ...... )"(’-ﬁ*}""fﬁa%”’)\

This series converges more rapidly than Machfn’S‘ and can
be convenientiy used. 2 has been evaluated cqrrect to 707
places of decimals.

Example \\«

If x:>0, prove that

tan-1 ir Cx—1 § (x-—l)
an—t X=-g x+{~ 3 x4+1

Since x >0 - 1.§___.1 < 1, and hence

x-—\ 1t (J_c-—l) ~

------

i x41 x+1
\N ¢/ l ) 1 .
=1 W i f YT -
.ar; > p=tan i tan

\aﬂ“lx - ~—4~ which proves the proportion.

\'84 I — 1< x < 1, to expand log {122 cos g+x7) ina

Q “\$eties of cosines of multiples of 4. (Agra °43)

log (12 x cos a+x1}:]0g§1%x{eie +-‘3_ww}'!'-"sg }

=log (l —x eiﬁ)(l —x emlﬂ) , and

since | x | <1



o0 IR ‘rn‘md}qoﬁmny

*__( x* 319 l—ﬂ— e3 id+ ...... )
L —ie :x? iy 13 34 g s
(xe —I— 5 € + -7 ) ) ~

——x( P, —fd)_ At 2&}, —219‘) ( drd ’\—t )
)2
= ( cos-y‘—{—Jli €08 2 g cos 3 g {"": s
- AR Bt .50
: _ e

=—2 L‘xmcosn&
=—2z% : \

1T n '\\./

85, If §in x=# sin (¥t a), to ex‘p\d X in a series of as
cending powers of n, where nis lcss tﬁdn umty

Given T sina=n sifh (~x+ a),
or . ws{w:@‘bmkfw{a&?&%&%s X sin a
or cos «'1 nCUsS a

' rs{.‘t\x Insma_ I
Hence JM': sinx _ 1—n cos a-} i nsin

,,c0a X -isin x . 1—# cos a—Fnsin a
i i .
or ¢ \} x___ l—n e_ia__ 2ix
1 x:\s.l ———f x"—‘ - Te =€
\E € l—ne

Q%c“e | # | <1, we have, on tdkmg logarlthm,

o) F( )ity

2ia . _eSj_a;
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zn('“ ‘~-za)+ ( QJa*—ZJa)

n?( 3ia —~—3£a)+ ......
O\

. 1 i ¢

Hence x=—nsin a~-}«-~§~ n? sin 2 at 3 nosin 3 ed-. }
.”\.
N

Here x hias been assamed to le batween — 5 anq’:‘ 57 if it

does not, we will then write 82 PX 2 FERS r ’, and finally

the left hand sids will b2 x+ % =, where k {&Jsuch that x-+k =
lies between w2 and +=/2. \‘

86. 1If tan x=n tan y, to expneaSnc asa serles in terms of
sines of multipies of y. o -
. Wy ?{bl"ﬂll]]b] ary org.in
ie —ix o
¢ _—f By TE
e L gnd e’ e“"
K\

' ’ &w_ 20y
or _ §__1‘ —n. e____,.,_]
A e 41 e¥v i |

. iy
or ez H4n) ¥ Ll—n ey 1t+me ™0

v __p=iy
Here €

SO (l—my et 1 Lm et
& o m
\.;\ where m"’l-}-n

'“\ “If m is numerically less than unity, on takiog logarithm,
N we have  2xi=2i y+10g (14+-m e-t?)—log {1-+-m &5}

=20 y—m (¥~ —~2=V)+ {emf ey

2 m .
Hence x—y—m sin 2y—z—'%~ sin 4 Yy S 6 y+.
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87 To expand €°* cos bx in a series ' of ascending powers
of x.

) hix —pix
™ cos b xze“-",e.__i'e _=_é__ {e(g;+bi}x__!_e(ﬂ —bi}z}

O
m.l_[{ 1Ha+b i) x-Hatb i x__+ } O
2 QL
g 1 ( z‘)a \ 'ﬂ
+a—biy x4 U xz ..:§,.
:-%-—[ 2+.(ﬂ—i-b_f—[—a——b B x+-Ha+b iy {}f;’b fj? };;_i_
+{(a+b£)"+{ >4 GRLA '. ] |

If a=r cos &; b= r sin a, thed = Va2 be and

b
oa=tan-1 __ anddBraqug[@p&e&t%x" in the expansmn

R >
any

1

=351 " (cos aa+,;~sm ) (€08 x—i sin «)"]
"
XY {cos\e{\ala Sin 7.a4-cos n a—; sin # «)

I

t\;l

]

¢ — .
I E0sn a (a2 pny 3 \
——*‘v*—r——~= n-f ) cos(n tan'lg-)

= = ’
»l‘.H nee e cos hx= p —;-c-, (@542 cos (n tan-—l-i—)-
X = I

Examples
1. Prove that, if x<sy,
12
1_:2}m¥?§= T+2xcosg4+2 x2cos 2 4

+2x%cos 344, ad inf (Agra '49}
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' 1—x2 __2—2xcos
NOW T g xas gt T T T2 R cos gt
2 x(e -L-e “9)

—:6')

:_1+

2—x (e‘ 9+e
(1—xe 6} {l_xé“w) \.g\ "

]
:_—1+ 16 +_l_:'§-\_‘h\——

= -=1+(1+x ¢ '9+x“ —J,— )-r-(l—‘—xe

- ig g —2ig
=14 e’ e ﬁ'ﬂbéﬁﬁmla#}mgm e
=142 x cos 9 -2 x% cos 2L 2 x¥cos 3 ¢ f......ad inf.
2. If tan g—=x-tan gz show that
b 2
ET O cgs>v\—~ % cos? « sin 2 a—’;—ms" a cos®

£ )
\

"t“’;kﬁ-cos‘L o o5 4 ot ... {Agra "41)
x'\s./ 4 .
Here a@-}an us=tan g=tan (§—o+«)
_ tan(g—w)rtan
i\"i’ 1—tan « 1an (¢ — &)
Qﬁf ¥ [ 1—tan « tan (4 ~ «) ]=~sec® « tan (¢ - =)

. x cos? o
O e e s &
isin{g—ea)_ ixcos®un

or L A DO
058 (f—«) 14+xsinacose
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08 {§—a)—7 sin (0—a} 14xcosa (510 e —1i cos e)

_cos {4 - a)-!—: sm (9—-a) 14xcos a(sin a+7 cos a) 1

2:‘(5«-::) 148 x cos o8 we” ”_

or :
1—i x cos a.ef®

N\

Hence 2 i (9—n)=1log (1 +ixcos me | “) O\
O ia

—log (17 xCQS a.e )

. —ia J* '"’\ 2ia
=[{XCO% a.e — +— X2 Co§

. { .’:Z} 2 ja
J.—stOSa.e ».,L\_ xtcostae

N

' ,
o\ ;3 Jie

N i )
www_dbrau-libl;a‘r:‘y\m'g.‘fh -3_ x2cogtae 4.
N\ . ix
=21ix cos a. cog &"\\—;— cos? . 2§ sin 2 a— 3 cos®
\\\' 2eos3ad iy
. 2N :
whence the resule)
</

3. Ifj 1qa, triangle ABC, 5 is in radians and is less than 4
prove thza

~\- B:—ib— sin & +-l-’—2~ sin 2 C- E——--—-w sin 3 C+..

Q‘ix’. a 2 ot
sn\‘w
PNW sm B_ b
/  For the trianole —
Y 8 sind a

Herce sin B= —:':— sin A:—zm sin {(B4-C)

Applying Art. 85, where n=>b/a, we get the required result.
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Exercises VIII

1 n ] i 1
. I PI‘O 3 th —_—— T e I — e R P
ove atz 8 15 1’;'-9 ‘u-l.s4
2. Prove that
: ; i O\
(i) = =24/ .1( ]“"—+J R S ) O
Andlira\’ﬁ)}
{ii) ‘“? ’ 6<f, . i{)g eC g = l_ tﬂf]gd- 1 lan:l\g
4 2 .
.\:\,\
L. tapdgr..... (Cal *46)
3. Show that . D
14 A
T 17 713 LK £ }‘" ! 2
T v i A SU S G
4 21 81313 * Z‘n——l ga

W dhraul_}_lﬁat;gtyfo ., (Agra t44]

4, o H Q:’
sin 3 ¢ _)
5

I ¢ bz a positive {Q‘ate angle, show that
. re O
{i logtan (_'\fi}\“f')“z ( sin

) T ey 0839 w0854
4 ¥ 3 5

5. rci'éé'that
> that
».(‘!.\ CO_:!G X
A 1—-2xcogglx?
r'\ W
3 rre, OO — —
N/ iy Ped—acos (g i‘):cos g+a cos (44}

=73 cos g7 a7
__{__02 08 {3+2 é}—‘-, s

=cos g1-x cos 2 9-Lx? cos 3 ¢+

& ot qswq {g-+a sin 56 in an infinite series.

{Agra 51}

3 Expand P
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7. If x<<+/ 7 —1, prove that

Xt 2x 172x \3
o xF X = X 1/ 2x
(x 7+ ) i—» 3 lw-xﬂ)
5 (l—x* ) — s - (Agra 300
RN
8. -_I_f cot y:cot X-+Cosec a COseC X, show that ,.;\
y=sin x sin a—%- sin 2 x sin? a+—sm3§sm* = v
s\
9. _Prove that A
o __—as — \;'\ IR PR
& o g1 b snig [c\s"n §= 5 ¢ sin 24
"' é sin® 3 ¢—. .. ]’
Whel‘e‘ﬁ\(ﬂ.vlrcﬂ;)mﬂrbbmy org.in
19. If cot ¢=E~:4Scot 9, prove that
X ANNing— L X 1 =
#= ﬁ:a S g singg‘S‘n23+3 sin® 4
:C\. sin 34— ...

aNteesrAd 1 n(n-H} a®
AN B o { l+ - Cos B4 =

cos 2 B+.}:
. . o
and 5 e {—g— sin B+n+l ‘:2' sin 2B-4-...... }

{Lucknow °52)
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12, If tan -gz I+e on %, show that

_ A=l . (\(ﬁ.
where o LTV 1- €% | (@952)
e : N
O
¥
/\\“
e e ”\&(/
- —
\‘}2”" ' .
wwwﬁglg&ibrary.org,m
L&
& '
O
O
o°
\.
Q&
&

1—e

=2 £ Zsinpé

97

D)



CHAPTER IX

. N\
Summation of Series

RN
9-1. In this chapter we shall deal with several® Iiethods
used in the summation of trigonometric series of ﬁmba ot infinite
terms.

92 Sine and Cosine series with angles tn\anthmaectical
progression.

To prove \’
(@) sin a-tsin {(a4-B)+-sin {at2 @)-1:— coo-sin {a--(m—1} B}
_sin{ag yr—1)p}sin4n g,
N sin B
WWW . dbrauhbvary org.in
(B} cos e-t-cos (a+B)40s (a+2 B)+.. A4cos {e+(n—1) B}
6 cos {a+3 (n—1) 8 } sin tnp

sin } B :
Each series &msmts of n terms; let the sum of the two
series be § and C respectively.
Wekaf)w 2 sin %‘ sin a= 003( a-—-—) cos( ac+——)
z\’\\” 2 sin ~2— sin (“+B)=coz( a.—1—-—)—008( a+_§),
\\\' X | 2 sin g— sin {a+28)= cos( a+ cos( a }-

.........

2 sin 5 sin {ﬂ‘l-{;f:l) fl= cosi a—{—( n—_ﬂ}

of (31}
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' "Adding up, we have

2 sin % . S:cos .(a.—.—-- _ —-cos{ a+( u--_) }

%2sm(a+ 5= 5) sin —-nB

~~ ’

Hence  S=siu a-tsin (at-8)4sin {a42 fl e (0 -
: ..4-sin { a+(n_i} gy
_Sn{ari(r—D)Bsindnp o )
sin 3 8 R

- For the cosine series, we have

2 sin g— Ccos n__sm( - _.) g'{ﬂ?la_.m_)

2 sin % cos {a-+ f)=sin ( aq-w)__sm( a;+,,_-

Wy, d b ibT
2 sin % cos {ed-2 {ﬂ)_._ﬁm\m( oc—[?l-sﬂ i]s]ilﬂ( :c+3£'—

i i s
2 sin Jﬂ— cos { ﬂ+f&1\“\1} B}==sin [““!“( ”*—) ]
Add“\ks;\;i: | - | : —Sm['”( ""“) ]
AN ‘23111 "j" | Cmsm { °<+( "*”*)ﬁ }—-sm( “"%)
.\M\’“ ' ._Zcos {m+(ﬂ—~1) } sin, EE

. Hence C—-:cos ac-l-cos {o-£B)+-cos {a -2 B)i..0 0.
T e +cos {oc+(n—l) B}
__cos {a+§(n-l} Srsinfng - . D)

sin § :
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9-21. Particular Cases. From (1} and (2} of the preyious
articie we can easily dzduce the following results :

{@) If =0, we¢have
" sin B4sin 2 B+..... 4sin (n—1) B _
_sint(n-L)psininf \"{3‘.)
' sinip RO
1-4-c08 f4-cos 2 B4...... 4-cos (n—1) § O

cos%(n—-l)ﬂsm?-n@ s“,
s -

() If a=p, v
sin a45in 2 atsin 3 w4, ... -L-siun o

sin % (naki)a sin § n 2
=i« 0

and  cos a4-cos 2 a-cos 3.::-{- ...... 4cosm o
wwrw.dbraulibr ary(wg%n(n—[- l) e sin i » &

S A6
{cy If ﬁ“* :us{&e sm— n #=0, we have
sin, a.+sm ( Ot—’r-——)+sm( °t+—~)J— ......
<&
O L sin { ot 2T (n—1) }= )
\il"\:’ : 5 # i
e T ]
q;@ cos a+c05( on—t-?)%-co?( a+~-ﬂ—)+ ......
'"\::\;: ..... ,4-cos [ 0} 27 (n—1) |=0 ..(8
\/ ' n o

(d) Putting v+8 for B, we get
Cos ¢ —cos (a-+B)-+cos {af-2 fy—. ..
...... +( 1)"*1 cos {o=+(n—1} B}
=Co$ { 4.=+-2|— {ﬂ—l).(ar—{-«ﬂ)} sin _2_ n (xw+f) see % s -9
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and  sin e—sin (e +PY)4sin (a4-2 f).........
...... +(—-—1)"‘1 sin {&-+-{n—1) B}

=3in { a—!—}— (n—1) (-r+ﬁ)} sin — n(r+ﬁ) sec -£~ (10}
9-3. 1f m be a positive integer we have seen earhcr than\
$in™ « Or ¢os™ « can be expressed in terms of sines or cosings
of mutlxp]es of :. 'This transformation enables us to obtam‘the

- sum of series of the type O

S a--sin" (a+-B)+-sin™ (a-+2 B)+......+-sin” {‘H’m” he
or 08™ a+Cos™ {a+B)4...... +-cos™ {a—!—{fi\-{l) A}

Tn particlar, when f=2r fn, and m the sum will be
independent ¢f o, as in results (7)-and (8) 4l

o\
The condition m<n is necessary to, qnsure that the denomt-
mater j in the sum is not zero. U

W%T&I ¥. org. in

1. Sum to a terms the senes
sin « sin 2 a+sm\2 @ sin 3 a4sin 3« sin 4 at...... ,
and deduce the sum\QE

,2:+2.3+3.4+ ...... +n(n+1)
The sequited sum |

.{({m 5083w} - (cos %008 5 o}

’o

~ "\ ' +,2.{cos ae—cos 7 ajt...... to n terms

\‘;

cos os—'-,l— {cos 3 mf-cos 5 ateos T at...... to n terms)

i

wj = l\.‘.!:

COS omr cos _(n_+§)_a_sm na
_ 28N o
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__n_ cos o sin 2 (n-H) ot——sm 2 ¢
2 4 sin a
=i sin - {(n+ 1) sin 2 e.—sin (2 n+2)
) Henoe sm L (s.m e sin 2 oci~sm 2« sin 3 o-tsin 3 « sin 4 an
‘ ) : R ton tqrms}
{(n—}-l)sm?:tx —sin {2 n+2) o \3\“

In this result expanding sines both sides and~ Equatmg the
coefficients of «”, we have L

242343 4 J}n(nlrn .
-—[(+1)( 3,)+(2"+2)’.. \};‘n{nﬂ){nﬂ)

2. Sum to x terms: .\

squzéiﬁf%hrwfsw ......

Smoe sin® 6——:!— {3sin §—-sin'3 4),
\

the senes—-\g\ﬁ sin a—sin 3 )—i—-'--r(3 sin 2 a—sin 6 ¢)

../

\& ‘; i i
x\\ —1—-4— (3 sin 3a—sin 9w}t ...
O _s
{\ = {sin a-b-sin 2 a4-sip 3 a+.....1on terms)
;'t\;"' Y oins 6 .
\”}» . B (sm atsin 6 o-Hsin @« ..., 1o n terms)
3 nt1

=3 sin ( j ) 2005&(:%—‘15111 (ni-1) e

sin Ina 3o

g~ cosee 5
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Exercises

Fingd the sum io » terms of the serics

L sin® ad-sin? (@4-B)--sin? (a+2 B)+...... - {Agra ’23)
2. cos? a-cos? 2 w--cos? 3 at......
" X ogint a-bstnt 2 a-fsin® 3 wd-..
4

€os 3 Cos {g-- aj«—(.os (a-!— a) cos (9+2m)7cos {g4-2 m) \
cos (g-- 3a}+ A

5. sin3gsingfsinbg sin 2 g--sin 12 ¢ sin 4 3—1—
6. sin* otsint ( fx+ Lz +sln*'( at .__)

e ) {Agra’44)
Show that O

PN .
8in a—{-sm 3g4sin 5 6~{‘ {0 n terms
.CO8 e+{.osj 3-1-(:035 g+ .. t0 H terms

8. sin g—sin 2 g3-sind 4 —., ion terms
€0s §-+cos 2 ¢ J‘%?&,ﬂﬁ‘gﬁpﬁ nterms

\ rajy D]“g in
RN\ ==tan R+1 {1r+,9)

1. tan n g=

94 A general met];o«{ This method is very useful in many
cases. Suppose it is @ulred to find the sum of any one of the
series,

C_..a$ €os a-t-a €08 (ad-f)--a; €O (o2 By ceees

and 824, sin x-ay sin {a--B)-+a;sin (w+2 B)F..i.,
the numbef; Zof terms being finite or infiite.

MWylng the sewnd series by { and adding to the first,
o)y, 0 e +28)

C+i 5= a, € “1a, PARMR AT N

4 .\" 3
\ ““This series of uomplcx terms can be usually summed up if it
assumes any one of the follo wing or ailied forms :
(1} Series in geometric progression ; '
(i1} Binomial series ;
{ifi) Exponential series ;
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(iv} Series of the forms of sin 2, €os z, sinh z or cosh = ;
{v) Logarithmic expansion ;
{vi} Gregory’s series.

If the sum is obtanied in the form A-}-i B, then equdting
the real and imagindry parts C and S, the sums of the two\
companion series, are obtdingd.

L\
The following examples will 1liustrate the method. -

1, Sumthe series A\
N

Slfl oa-{--z,— sin 2 a4 2, sin 3 a—l—.\x. .ad inf.
: (Luck. *45)
" Let S=sin :x+— sin 2a+ sm‘S a+

and C—cos«-}--— €0s 2::4,-—5200%3&—}- ------

Hence Cmi,wtammm &%2 (ooswre sit 2 a)

Q 2 (08 3 at-i sin 3 @)t e
L)

_;. -\’%‘.a 2 i "
x9N 5+, S

W_l_lICh,{s“a- series in geometrical progression, and

NO7 e 2et”
BE
O _28% (aem™  apfrey

2—¢ %) 2—e7 i H 44 cos uk1
_2{2cos a+2 i sin a—1)
3—4cos &

4 sin &

Equating the imagi =
quatirg ginary parts, S=z—r
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2. Sum the series
1 1 3'5

[ g
5 cos 3+24 cos 2 §— 26 Cos 3 g+,
({Alld, ’55)
Let €==1— E cos 9¢I3cos 36—~Id5u)sda9+
N 24 246 A\
...admf’
b 13 . 135 KoY
and S==—-§— sin e+£:‘ sin 2a~2463m36+ \,\:‘ :
- . 1 is 13 2ig 1¥5-.31i¢
e B v——ne — — = e i
Then €1 S=1 3 e +2_4 e 2_'416“\. +
:( 1 O NO)
:\'.3
1 L

(I+COS 8-+ sin g)* '\]2 COS\5~ 2

W
: dh]'ﬂl]‘l]hl HT'J & £ 1“

)
(oos +i sin g)

S
N )
= e
2 » A
Q:‘.\‘} 2 _
6 | 'R
\jlence C=cos -2 / ‘\lp_ 008 5
O
f3 Sum ¢ sin nr.—}-— 2 sin 2 rx-{-u3w sitt 3 o+ ......ad i
) J {Agra '53)
4 :

2

a .
Iet C=c¢ cos m+~29-_ cos 2u+-§— cos 3 ad . ...

. . ¥ ..
and S=¢ sin ac+-§~ sin 2« sin 3 ad......
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i 2
Hence C+i S=ce ' “-,L_f“ +_£3 3ia,

._~log( l—c e 0L) if Jel| <t
=-—log (1—c cos a-—i ¢ sin «}

= [log'\/'i ~2¢Cos at o

N

o, € sm o ;\’j\

—i tan L W
f-ccos af a0

_ Equatmg the lmaglnary parts,

. / ¥ 4

i \\.
o : NN
S=tan-t —< sta x| A\

1—¢ cos « R
4. Sum the sefies

W

CoS @-F —— mgcos 2 3+Sm 9é éd-{» ...ad iaf.

Hg (Agra *41)
Lét w_}_cmna&hbgaxzxor_ﬁ yi; ?3 cos 3 vt

i’ ..,“\ ntg .
and S=sin 6+®g ~€+ 2,- sin 3 g4 ... .

Hence C--iS2e’ g sng 2i B+S—m—-£ "3_! 9,

i i p TV
'.\,) 1:

e.}\ {sm g e i __gsm 4 cos 3 1' (ai—i—sin2 4)
?:;\”}esm ¢ cos ¢ {cos {6—1 sin2 §}+1 sin (t’:?~E-s,1r12 #)}
p\:?}éﬁuaﬁng the real pasts,

/ sin § <os 4 .

Ce=e . Cos (g-I-sin? g,

5. Sum the series ,
2 . 4 . ’ . ;
i3 sin 2 x-—g_—s sin 4 x4+ §§7 sin 6 x—......ad mf_‘.

)
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. 6

Let C= i3 cos z'xms—s _ccxs 4 x—i—m— coséx ......

and S;—z--. ' siﬁ 2 X 4 sin 4 x+ - siﬂ 6 x—
13 33 5 7 ’

il . )
Hencc C+E 8§ = ‘:_3 ezu___ ;; e&.l.t_}, ea:x

(Hs)‘?2 2(3 5)"’“"*’1(5 7)""”
4ix 5;: . 154 EeE) sé.t‘\ o
Al e PSP
"H_[ ur(erx Eit_ -+ {;ii_-f —— ) ] m\“

e gl eé"-”\” g )
=} {ei-’«' tan—! 6’”4,—-8_’-"‘ (e""v—tan*?\e\f")]
=}+isinw . tan~? ei®,

s "

Let “tai! ¢¥=gtiBal0r ¢ =tan (ati8)
o " Wff"é;%”"%‘ﬁmmfaw By
Now  tan 2 c=tan (auha Bu—ip)

NP -

Hence ( ~2a~1r[:? or a=w/d, fx>x0
- Here M \ {an 24 =tan {z+i B)— (o B}

“\x:\ O e. -'_e—zx

Y)Y . =fginXx

W IR o

zﬂ}il' tanh 2 & =sin x

Henge | G =3% tanh! sin x.

Now . C+iS=itisinx . {atif]
- Equating the imaginary patts,

. ki3 .
S=o 810 xz-a— $in x.
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9-3 Series of hyperbohc functions. A series of hyperbohc
sines or cosines can be summed up by expressing them in terms
of their exponential values or by other means as well.

Example
Sum the séries ~
xcosh y+- cosh 2y+-— cosh 3 y+... . ad inf \ N
2 ! 3 . 'g\"\'
¥ l.eg¥ 2 w 2y 3 ga¥ | aq;\\ -
L e¥fe ¥ x? et e x® eV e NS
The serws:-—_x. —3 57 7 — g o
x2 ot v 2 L8 ¥ ¢O
=4 [( x evf ;1 +%—_ —.l-..:\) ‘{:’}\
+ vy X e
o (e e )]
. ’ ¥
=§{ e’ —1 +e“ m} }
___% exe +e.te )___1 \:‘«s
QY
) {‘;\ Exercises
Sum the series X\ '
1. i+x cQs,s-{-x? cos 2 g+ .. +x"*1 cos (m=1) 4
N (Agra ’52)
WV '
~z'\\m a-+x sin (a.J-B)J{-i?—- sin (cc+2 B)+...ad inf.
'\.\av . W dblaullbrally org.in (I.LICRIJOW 46)
\.' 3 cos H—?coa, 23-}-3 ¢os 3 g—...ad inf,
' (Banaras *52)
2 .~
4. 1-T00 SRR ad
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5 cos H--E—' cos 3 9+—;— ¢os 5 ¢ - ...ad inf,

3
. . (Alld. ’5_0}
6. sin at szz?m +sm_3 ‘?‘ +.. ad inf. (Luck.. 45} O
.:\:\'

7. % sin a+24s1n 2a+——-smsa+ .ad inf. .:"‘

N\

{A{mafh *51)

8 cos 1 d+cos g cos (n—1) g+cos? g cos (n—-?) g+..
ads" 7. (Agra '31)

w

9. (C ¢os on—l——d- CO% 36-1— 5 cosﬁ\z—{- .ad inf.

A O (Travan, *30)
W x sin §- —z-fwé'fif't?aé‘#ma‘é‘iﬁ%an- ..ad inf,
~ (Alld. *54)

2 in3egces®d. ;
11. sing cos 6\_}\'3m’\2,—a-r—-—':—,-cﬂ+§l-_——§T-—-g+...ad inf.

' S (Alld. 40)
QS 2z, 1 I 1 5w
12. (:03% 4--*3— —3-*'!'-5- .Ci.i)ﬁ 3 +.? COs -3. )
\§' ' +...ad inf. (Agra "36)
s.:; ~ 3 :
3. cos a+-1§'!—3- cos 2 5+£%§r§ cos 3 g-4-...ad inf.

14. éosh 6"—-—%— cosh 2 8 -}-%—- cosh 3 §—...ad inf.

15. 2 cos 3+—g—- cos? a-}-% cos“ﬂ-[—%cos‘ g-+-...ad inf.
(Panjab '46)
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16. sinh x+§l-l- sinh 2 x+§|— sanh3x+...aﬂ:inf.

: 1 1 .
i — . & . 5j —,..ad inf,
1_7.\ sin # 3 sin 36-}-5' sin5 ¢ | ad inf A

18. 1+cosh x-+ 211 cosh 2 x+ — cosh Ix4... ad mf \. \ :
(Agra 5y

m . K9
19, Provethat £ cos*gcosn 3....90_i__-1_6 5*2_
S n=1 sm'ﬂ}
o | N (Luck. "54)
20. Show that %
cos 2 8.+ cos 641 cos 10 64« \ad inf, =} log {cot 8).
2L Pro_ve that D :
2 R % ]
x sin mﬁ%%mﬁa?gg 4 _ ,..ad iaf, .
& — cot™ ( COSEC & 4 con g )
.{m}
22. Sum the 'se]ﬁqs_,” o _‘.
O = 5 . |
€ &ll}ﬁ*.i— sin 3 a—}—;- sind o—......ad inf.

9. %Tﬁe difference method. -This method is applicable to

& cett type of series. Ccmmder the series
. " Sn‘-“l"'uz'l' .—{.—u,-{- ----- i,

NS

~\ ) where the rth term, ,, can be expressed as.
u,= fir+1)~f () o
Putting r=1, 2, 3,.....n,  we have the sum to z 1erms,
S,,={f(2}—fﬂ)}+{fl )= e+ D) i
B J—{ f(n—i—l)—f(ﬂ
~f ("-1—1) —f ), -
the other terms cancelling,
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If the series be infinite and converge.nt,'- then the sum S is
obiained as _
S=LtS, = Li __ {f(+U—f
s -+00 _ A

-1 Norule can, however, be I~id down as to how to break (hp'
u,in the difference form ; as a matter of fact it requifes a
certain amount of skifl and expericnce which a student will
acquire without much diffenlty.  The followingexamples
iflustrate the methoed. 2 .\

R
Examples v’
1. Sum to n terms the series --.\x;\
1 'x i x. N
o e — e 1N A Alid. ’5
tan X+ tan 5+ tan 5 RS .(- 4)

joreases indefinitely.

Deduee its value when » §
www.,d’. ‘r‘au]ihrargy.org.in

_ “eos® x —sin? x
We know cot x—tan{r—_- 205" X 8 =2cot 2x
KA cos xsimx ~ T
Hence taﬁ%c};:i:;ot x— 2 cot 2 x, and we can deduce
~~.:‘].f" - ; 1._ s
- e e — 0ot ¥,
A\ a_aﬂ 3 5 cot 3 x
7, \ v _— .
' M x ' x7
% - e ——z €0t =~ ,
; D lan gy =gy o0l o5 —5 Oty
RN\ x .1 I x
m\:’\, 23—' tan "'2'33'-‘-55‘ cot 3% 3 cot p T
\ ' '
I . X 1 X i
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Adding up we obtain 5, the sum to # term, a3
1 x |
S.= 7T OOt guy —th x.
1 e xr1 i o
Now .-2—,;? cot zmﬁ:m——%—-——;; _?Tz R , whea mst in=
tan 71 \3
definitely increased, :\‘
Sinee Lt 4 .\;'\?}\V
inCe 5,0 fon 5= 1 N
.. x\ o
Hence Lt | 4
S—‘" H=nz S,; :‘;‘c\&t
2. Fix the sum of the sern:s’~ >
cot'*\'m\%?ghwmh:hlgmlg.m—l (2.3%)4-...ad inf.
{Luck, *56}

,..\

\/

\
4,, the nth te@—*cot"* {2 . w¥)=tan"’ f—

N

.’ t\':‘/: N/ :tan
iﬁiﬁq (2 n+1)—tan-' (2 n-1)

\’ﬁence S,., the sum to n terms,

—(tatr1 3—tan~? 1)+:tan*1 5tan-1 3)4-(tan—*7 —tan~' 5}+

+{tan—? (2 n+1)4tan"* {2 n—1)}

L@+~ (281
ITEsFHEs—

=tan~1 (2 n4+1)~tan-? 1

Lt Sn

Hence .S* ._taxr1 oo—tan—?t 1.

T

21
Y

3
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Exercises
Sum the series
1 i 1
L siﬁ?sin—ﬁé-l-éi?z gsia 3 a+ Sn3gsindg ~
4-...to n terms. {Agra '26)
5. 1 1 1 ..\ 4

cos ?4365_373+cos g+cos 3 4 + cos g+cos 7 a
+..ton terms ~(Ag}a *39)

3. sin o sin (&-+B)—sin {a—B) sin (42 B)q—sm (a+2[3)
sin {&-4+3f)—...10 25 terms. O a '34)
“lx

{7
4. cosec x-cosec 2 x-+cosec 4x+ A\co .
(Alld. *51)

Tn

tan g--2 tan 2 g-+2° tan 24 a+ 93 tan 25 8-t o to n terms.
QAT dbkaullbral y.org.in (Agra *40)

6. tan-!

- a1 -2
\"A,?_ +tan 1 & +tan 21 +..to n terms

‘ \\"' (Agra '36)

1. tﬁl’l"l _\,. +tan

X ¥
> l+12x” 1423 %
\w

X .z
tan“‘L Tiag 4-...to n terms. {Luck. "34)
"\ ' 8 cot~1 {2 a-1+-a)tcot~t (2a° 113 a)+out™ 2 a-146a)
4cot-1{(2a72+10 @)+t ...to 1 terms. (Luck. *56}

a—1

. I9- tan_l _;,_..iutan—'l _9, | +... +tan-1 l+'2:s-—’;ﬁ_ |
+..adinf. - (Luck. 58}

T—8§
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P | . /2
10. sin *7-—+51n 1 —\/6 +sn 'T'Z
psina VA A BEL L aainf. (Jabal6h)
v n(n+1) ~
x N
—I—tzam23 seC e \'

ad inf. (Duck '58)

.11, tan -J-‘f sec x+tan;

12, tan‘ a‘tan 2 v+ % tan? 2o tan 4 fx-l- 7 K\hﬂ 4o tan B o
+...10 7 tcrms\ (Luck. "62)

13, tan 8 sec 2 §+4tan 2 g sec 22 ﬂﬁk‘ +tan 2"t gsec 2" 4
'w. v {Madras *38)

M, IfS, be the sum ton terms of the series

sin xf(-sm qul ra'uyfap BN, o

- prove that le\ 71'«— (Sy4- Sz ...+, ')#—12— cot %
\n»oc

N
. N (Luck. *58)
15. Shew-that
:"\:.:'\c;)t-l (2*+-—1- +cot—? (23 -+ —1—)+cot“‘ ( 24+ LS
:\\‘,: _ ) S o 28
\) nt1 :
O _ +...+cot‘1( 2 +T)+...ad inf,
L Y 2
V
=cot_1 20

9.7. Use of Calculus, When the sum of an infinite serles is
known, we can obtain the sum of other series by differentiat mg
or mtegratmg this series. We shall assume that such differentis
ation or integration of the scnes term by {erm is permissible.
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Examples
1. Prove that
¢ J —tog V06
log cos -2—+1og €08 -ég-l-!og cos —23-!-......-—103 7 .
and deduce that : \
58 tan 3 +—— tan. 9 +1 tan -3—-{--—1—-«001\:9\
2 2 éa 28 q \ N\
N
. . g g A 8
Now sin g=2 sm—g— c0s ,2__;22 . CO85- « co,s~§; Sin g5 -
Repeating this process we have ) =f\\;

é
sin g =2" cosg— €os ;gg cos ";s cos—z—.sm 2,'

[
—cos~— cos v%gwdm Eihlhrm'%%rgq 2% sin A

.0 (\ 14
B " V_ =4l (Y Y=
ut 2" sin 2,,\\6 ) sin .2,”, o
N, Lt sing
when » is gujleeased indefinitely, a8 3507 ¢

I‘(&ce €08 - cos-%.-3 cos 9

+1og cOos —2,+

’r'."!

sin 4

_. toinfinite factors== 3

~”\
a\"
\/ or logcos 5—4—103 C08 —3

Differentiating this, we have
_1 6 .1 ah
_2_ tan _2.~ ._2—’ tan 5t avaemst

whence the required reslt follows.
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3 sin$
2. Sum the series sin 3+ S“; 3¢ + T Tf-!r.
...... ad inf.
. ki3 T
‘where -5 <G < +5

Also find the sum when g is outside the above limit. O\
. (Bgttihay *30)
Let C=cos g+3 cos 39+3%.Fcos 3 d+..0 ’
and S=sing+dsin3g-+L .5 Sm59+~

\\'_E_ <g<‘_

'/

Whe

/Fi

Hence C+-i S:-ew-{-} e3 ,+§ A

i
&
wwv&:ﬁ:rae i ﬁl-aéy..ol i —t

_ el F) \"\
\/1—-(:0.5 2 s.i;\-‘\f\sin 79
RO PT
‘_\_/2 siri 0V sin §—1 cos §

el 8

\
“\xi VZsing { cos (———6’ )—r sin (*“3 )}

\ w

3
3
\’

_(‘-‘«05 g1 sin 4) { cos (g— —_2_)_+isin (—E— —_2—)}
2sing '

™ 8N, . T 8 '
=COS (z+—2~)+l 51N (I—-{——j—)

Af2sin g
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o (3+4)

C=cos §+3cos 3 644§ 008 50% =" 1y

Equating real parts.

- . _- w (D
ENETY R Oy
Integrating this result we obtam O
3 ¢ins N
sin 8+ i sm 3 5+ 5 smS 6_}_.___._';“'\ Y

| ( cos 5 z)de ( €os -—-—sm )d&
- j __2—'\/5111 g - f ( N IN

_ A 5{9 ) +cos )
=cosh~ ( €os _—+ sin ——)+A, whefe A is a constant,

Putting ¢=0 on bﬂtb@@s&m%?aqes; Shat 4=0, and hence

the sum of the series= cosh 1 (cos——~+sm ——)when 8< 5
\
Replacing ¢ by EWKRWE have, when <6<‘, 37,
from (1) above, L3
7 o
4 — = . COS§ 55 ......
:Qag‘a-{» 5 0836+ 5 g +

N4 Integrating either side,
. 1 sin 3 K 3 sinbd
sma—}-z sin + X 5 +...

_ = c0sh ™ ( sin -—-—-cos 2)
the constant of integration vambhmg by putting §="7.
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Exercises

g B Show' that the series

s x+%§ cos 3 x4 —;— 3 CESS—-_ 4or.....ad inf.\

4
has the sum sm‘1( oS -5 —sin ___) when w>x§’@,
% \ /
and  —sint ( oS —+sm #) whenfa‘ Fox >
_ “\ (Bombay "47)
2. Prove that N
2 cosec g cot §--4 cosec 23 cot ZQ+8 cosec 44 cot 46+ -

...... ad inf.

= cosec’-»~2” 00555‘3a (2”'1 o)
www.dbraulibr any‘ or g in

ExErcises X
1. Show that {\ _
5w ol w
6057—3}5 —1T+...GOS ‘-—1—3——-%.

Sum the seﬂbs)

P
2. 7cos o cos % -cos* @ cos 2 atcos® @ cos 3 a—.. .ad inf.

,&\\ | (Lkw. *62)

i'\‘if'S. sin a4-2 sin 2 «-+3 sin 3 e Fusin Ao

4. sina sinﬁ+_lzsin2 @ sin 2 {3—’.—-13-5111_3 @ sin._?’ B
4-..adinf.  (Madras 38)

5 1_~E‘ﬂ_9+°ﬁ.w4 5._""05 6 34— ad inf,  (Dacca *40)




6,

1,

12.
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sin 2 34_51:146; $+51n 6 9+ .ad iof. (Lkw. 6
61
tan « tan (2 f)-tan (oc-H%) tan (u+2 B)-Han (°€+2 p}
tan {«-+3 B}+...t0 n terms. (Lkw.’43) .
LIS SRS S .
SImgeos2g sin2dcos 34 sin3 @ cos 49 R D
~...t0 fi terms {&gfﬁ'f’“)
B .- ) o . ~~,\ ‘:
f*vﬁq:ﬁﬁ??F- , W&<&Cah’42}
sin 2 ¢ sin 4 8 ss)sii ]

sin ¢ sin3 ¢ 51113631115 4 smsa sm 78
..lo 2?: terms {Agra "33)

Sin g Cos g4 .lﬂws‘i"wadkf”é&&l?ol‘él—y%rm 5 gcoshé
' Y ..adinf

~ where ¢ and 96 ate poszttve acute angtes. (Travan. *51)

2 tan g %\Q +— tanﬂa-——ﬁ— tan? §+...ad inf,,
,
O\ = 9o (Cal '42)
N < 4
Q\)&i’ x———1- sin® 2 x4+ 5 cos? 3 .\C—T‘-sm2 4x+...ad inf.

{Bombay *25)

'ii'g tan 32-24-—%5 tan —T;Z-a-P 51 tan —z?-i-......ad inf.
{Bombay '26)
tans ¢ 1 tans 3 4 1 jpﬁ__g__
i—3tacr g 3 T—tfanfd g @ 3F1-3tan® 329
waero.tO 1 tErMs (Punjab *45)
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16,

17,

. 8.

19.

. TRIGONOMETRY
3 sin ¢ +5 sin 2 «4-T sin 3 a-t.. ton terms,  (Agra 27)
e g b e W .
If y—e=tan 3 sin 2 & 2 tam 2 sin 4 g+
1, . w . .
= tan® 3 sin 66—...... ad.jnf\
Show that  tan a=tan g cos w. (AJL&\’SQ)

Prove that : . \../

sin 6-{—— sin? 3+-—— sind g4-...... acL i

=2 sin 6-%— sin 3 3+—~sm5 3-§; ad mf)

where g2 n+ 1) ?\

Circles are inscribeds ‘m‘ triangles, whose bases are the
sides Ofv4vseparay ipoiygor v sides, and whose vertices
lie in one of the atfglular points : show that the sum of
the radii of the~gircles is 2 r {1 —# sin® =/2 n), where r 1
the radius of\}’re circle circumscribing the polygon.

————— i e
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Factorisation : Inﬁnite Products

16, Let f {x) represent the polynom:al 2o &8y XPEHE
8 2" *+.....4a, of degree n. Ifthe value of f {x) hegomes
zero when x x==a, then« is a root of the equation f (x)——ﬂ and
%~ is a factor of f (x). : )

It is known that o ,\‘
 fx)e=a, xiag x4 XA +aF0
an'equation of the nth. degree, has # roem and if these Foots
are a;, o,,......a,, we; therefore; have ~}}‘ R
@y X*-a, & g, x""3+ & S¥a,

=, (x—u,) (X—0,). - a,).
dhraullbl "ary.org.in -
This is true whether the.goeflicient, a, tf‘: . a,are real or
complex,  We are going to use this property of polynomials
to facwnse certain alg{bralc and trigonometric functions.

16- 1. Factors\o(x

Consider the equanon x—1=0
0‘[2&&:13:005 2rwtisin2ra

: Hencg';\,l'le roots of this equation are given by

., . 2r=
sin
+ i p”
¢N® o, . e
~\\/ Casel. niseven, or n=2m, m being a posttive mnleger.
2r7, ;s 217 oreos LT
Here the roots are cos T 5 -
P
isin —.
+ m

where re=0, 1, +2.... % {(m--1}, m.

O\
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Corresponding to r=0 and m, the roots are +1, and the
factors are x2—1 .
x

- e i ki3 .
For r = + 1, the foots are cos— 1 510~ ,
: . m m

_ s . . @ B
and the factors afe (x-— cos ——1I Sin :—) O
_ m m

(x cos——»i—le;h )

—2x cos _—-+1 ,~"~“ D
\

\:M‘. .

for the general roots cos ?"_- + i sm il the factors are

( x_oos —-I-—: sin -~~) (x-kos ——+z sm—~)

),.
&N 2x cos —+I
swww.dbr aullbrsau‘y org in

'ff__Heﬂoe puttmgr =0, 1, Ot ...m—1, m, wehave

R i\zc}—2x€os—+l)(ﬁ 2xcos-+1)

‘: ......... ( —2xcos m—1 " fr-{— l)
¥/ '

qutmg 2 m=n or m= n;2 we get -

‘;;\—lz(x—l) A2 x cosf-—+1 )(x’ 2xcos——+1 )

" i"\.' : _
\ " T e (x"—zx(:()s—- “_{_1)

=(xt— 1
( ) ,.T_r__l (x —2:\:@352—-"—E +1 )

n even vt 1)
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f The symbol =, read as pie indicates continued product of
actors. .

Case II. misodd orn=2p+1, pbiinga positive integer.

2rxm 2rm
The roots are cos m + i smz 7T !
where r=0, +1, 12,.. .Ep ) f"\t\'
Corresponding to r==0, the root is 1, and thé_f'factor,;ié@e— t)
: 2rw . 2.9':r~"wS
For the general root cos 1 isin y——57)
B 2p1% P 250

the factors are

. 2rw '2r=r
("‘“i.""-s 2pri ! Sy +1)(x\$as 2p+l

+isin Zp-{il)‘x -2x coszp+l+1

W dbl‘étlllbl ATy .0rg.in
Putting r=0, + 1, +2,.. «i p, we hive &

x”“_l:( x —.J)QXS-Z X cos f—ﬁ——.-i-l )

<
2
(xz g °°52\4+1 +1 ) (xs 2xcos21:ti+ )
Smoe’,)s._2p+1 hence

\l“(x 1)(35* 2x cos -—-H xt— 2xcos~—+l)

."\ .
\' _ gxz—-Z X cos 2( ) +1}

~(x-1) Tkl (w2 ';"”*'1)

r=1"

n being odd  ...{2)



124 _ . TRIGONOMETRY

'10.11. Factors of x"+1

Consider the equation x*+1=0 or x"=—1
' =cos (2 rd+1)mfisin Qr41)w

The roots are gwen by x=cos 2—+—l #--i sin g__r:—_l TN

when r={, l,'2,......n-i. 0.
Thus the roots are e

* ., . W 3 *,. . am
o8 —+is8in —,c08 — -Hisin -,
-,-n_ n H

Case 1. nis even. There are ,—:1’ .ﬁairs of conjugaie imagi-
nary roots )
W dbraulfﬂﬂaﬁfﬂm g_l_L . r41

represented\”ﬁy i sin —n n,

\

where r=0, 1, 2, $\ l_-l
(\J 2

The factors fo hese roots are
{© A\ \~/:2 + 2 + 1 )

w—isin —— =x
4
\\\ (e P i L)

‘(\;”' | =a?—2 x 0o Jril w1

Hence x”+l=(x2—2x cOoSs -i-{—l )
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nozog

E (xf-—Z X Qs 2r+1 :r+l> {3}
r==0 i

"Case 1. misodd

. __"\
In this case there is one real toot, —1, corresponding to re=

${r—1yand ¢ (n—1) pairs of conjugate imaginary roots r@pre-
sented by

. . i~n—3
X=CO8 -ﬁ‘_ = +i sin -2—"L—'1—whera r=0, 1,4} -5
i n ,,‘ 3
Proceeding as before, we have .'»‘:\"
L i 2 _ .J_r._-—l-l
# [—L(x—i—l)(x 2 xcos )\\J
( x3—2 x cos §—'—r+1 ) (’752’{-} x cos "2 fr—M)
tn— 3] Zr 1
=(x+1) (x,,ma m%.nbr; ) - ()

102 Factors of x*"~2x cos na+l
The roots of the eqya?ﬁon xR —2 X" cosnd+l=0 are
x“nco\u6+\/coszn3,_1
;-—eosnsﬂ sin n
‘, =COS (R g+2 rw)4isin(ma+2rm

li"be xﬁcOS( o+ 2 Ty )z sin ( 0+25J)

\’I‘he factors for any r are r=0, 1,2 . n-

~\

Vo { *008(64-2—3:- i sm(e‘?—t—z;”)}




126 _ TRIGONOMETRY

Mting r=0,12,..... n -1, we obtain
x¥—-2x" cos n 641

={x2—2 x cos 9+1}{x”42 x cos(9+ ?)-}.1 §
{x’~2 x 005( H— } -{x’——z x cos( AR g-?-":?;"21")4.1 }"\

A\

Cr==

. 10:3. We may deduce important corollaries fgot‘ff the prece-
ding results, O\

It IS easy to see that 5 may be put as 4

o "1 O 2ran, a

x"'—.\‘Za X" COs ng+r¥= g {x* 2219: cos ( & jta

r—j '—_I_ /
.. {6)
Snmlar results may be assoc;ated‘ with (1), (2}, {3} and (4,
Dividing both sides by x"* we have from {5},
x +—-2 cos n g= ,7- {x+-——~—2 cos ( 3+2 r ”} AT

)

.1

10-31. Factorisation of cos # ¢—cos n ¢

In M pot¢ Zizel 'd-, s0 that x"-+x~"=2 ¢os n ¢, and
I

._2005'*\:';1'5.\.«':20651'18: T {2cos¢ 2005(3-{—2”")}

\Hénca coansw@osdl:smmeOw,{mos:ﬁ c:os(f}+2Mr }

{8}
1032, In (8) put =0, and ¢9==2 «, hence

1—0032un=2”—’ . {l cos(2a+2m)}
) 0
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o ind 1 LI S i
or 2sintn a=2 T sIn ‘H"ﬁ
] : :

:z—.'l. o .
Hence sinmae=2""17w sin ( PERAY ) _ ...{92\
: [\} R T
I & \t\.'
10-33, In(8), put =0, and §=2a+—, hencc AN\

—cos Znafm)=2""1 =© "z {l-—cos {2a+2 H_l )}

n—~1 Yy \.g !’+1 . }
», I, L P int .x B
or. 2 cos? n q=2""? ror {2 sm";(:\é- .2"- " )
) 3 ]
Hence Cos =271 1" g;n u.-}— 2_%__:.;_ ) (10)

W dfn‘auflbral "y.org.in.
Exam les
\\ '
1. Prove that\\*' '

L n--1. '
2("“1“‘” sm—;— sin ? ...... .8in H s /R

.\;L.\' - s  {Cal."43)
{.\”,'
E{&ﬂ“(g’), sin g a=2"*"1gina sm( & -——)S n( =+~—")

NN
.
\
O
"4

N\
N

..........

n—1
a- ——;"'ﬂ')

&
g.
.

i o a
Since Lt sm na It ,sin# ) a=n,

a>0 Tsinw. w0 na st e
. . 2w . A=
We¢ have 2" 1lsin :— sin 'ﬁ_"""sm —;:L.wsn
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. . T . n—1
Bat since  sin 5 =sin —=, the Iast factor, and so on,

vin B . 2T e |
271 gind - sin? o cveersin? g =R

| Taking the square root the result follows. IR

2, I n beeven, prove that \’\t\

o . T . 3 T . ® 35
212 gip — sin D - sin ~—.....sin x =1, (Patoa '35)

’ 2" 2n 2 e . ( ‘\'
Pu'tt-ing a=0in {10, we have \'w'\g."
1=2"-18in - sin 3w si ST si zi"_.f‘_).l T
2 T Mg x.l\\} n
3 R

ey g T
=271 sin®— 511'12 B ecies
2n 2n

Taking the square root the refult follows.
) Sh(}w‘ﬁﬂﬁﬁ- dbraulib l'arzy.}fl' g.in
—1

z" “1cos — costv— ...... cos - =0, 1, or —1

aceording s 1 is B\Qen of of the form 4 p-+1or 4 p—1.{Cal. *40}
From {9) w?ﬁaue '

1,
*\ Sin 2 =201 sm(a+rj)
.

\“' . 0 -
y’}’uttmg el '
.1 ' )
. Slﬂl"?—zf Pichal B gln (___, - o COB —

2 a

D o
=2%"1 cog— 08 ... cos ¥ T

n n
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If # is odd and=4 p+1,

sin ?:sin ;— (4 p-H).:sin( 27 p+.72L)=1

if nis odd and=4 p—1,

sin %7 =sin - (4 p—D)==sin{ 2 pﬂ-—)-—-—l

4. Prove that

(1+x)" —(l—-x) _A xﬂ_l_tan,__)(tang __) \_\

129

)
\\ o
e

.\a.(x’—{-tan’ ——)

\
nl 1 1, and A is} {Uor n, according as is

\

W = —
here r 5 or5 n
even or odd. .a.:.‘*
Consider the equatlonww d‘BI‘ﬂullbl ary:org.in
(1_{...3:]”"._-(1 X.) =0

or (l+x)“*(1—{x;, cos @rati sin 2 r )

2rw
Hence l+x—~(1 -%) cos( 2P T isin =
X \4
7 cos = i sin
1+x~>:;\os +i sin ?—rrf== "
IQW " cos—ri—-‘l sin
N~ ‘ rT
<\ Hence  x=itan —,
(1) nodd. The equation has n roots, given by
r=0, 1, 2,..
—~l
o1 r=0, 1, £2,

T-9

rw

re

n

X (Bombay "47)

el A)
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”__, — n___ r s f _‘ 1
Hence (14x)"—{l-x)"=4Ax (JC—[—I Fan n)(x i tan n)

. 2% . 2 . n—1
(x-l—.: tan—n——Xx—z tan?) ...... (x +i tan- M Tr)
( —i tanL %)

AN

=4 x{ x*+tan® -_)(x2 +-tane®: __) ...... (x- Ltanl@;}r)
e {

where A4 is a constant

’x's

L
Fquating coefficients of X from both qidbé;;.\
A=1—(—1y"=2, since nis odd

_ AN,
Hence, in this case, ) \~ .
{14+2)"— (1—x)" ( . P ( \ 27
—_ = Atan*— )........
— _x+ta,p )‘x‘tan_”)_ .
wiww . dhbr auhbrapy cr;g in (xz I mn‘}?%——-—l'ﬂ )
QN ' n
(2} neven. In ghiscase the equation is of the (n—1)

degree, and the n{l\oots are obtained from {d4) where
}} 1,2, n—2

qr,\':mo, 1, £2,....., + —1
I

N\ T
’gence {(14x)* ~(l—x)"= 4 a(.\' +i tan-ﬂ——-) (x-—f _tan?)
A i :

A\ el 2 .2 ' Ll
”\:\' \ (xﬂ tan.;zf) (x—x tanf) ,,,,,, {x+i tan(%—-—l )7{}

\ / . Hl n
{x—i tan(-i--—l );’
=4 X( x®+tan? -1) (xg—[—tanaz—w)
2 P
n ul
§x2+tan2(2'-1 )l‘l
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Equating the coefficients of »#-1 from both sides,
A=pnp—{-n)=2n
Hence Ll_.-lﬁ)_":___(_l__ﬁuzn (xk_i_tans_f_) (xﬂ_lgtanﬁgf)

2x
...... {xﬂ+tanﬂ(—ﬁ1) }\
. \\ -

Exercises

1. Resolve x7-1-1 into real and quadratic Iactors .‘

Deduce that - L
] L 5w IERAS .
CO8 5 €08 — COl = = =& (Travan.’44)
7 7 7 8
2, Prove that ;~\x:\ '
' PRI
cosh n ¢g—cos 1 g=2""1 f.: gcosh g
X 3-—
W dbrau};bi ATy orR.i
. ;, 3 cos( 2sa )}.{Utka] *50)
3. Prove that ~\
{a) 8sin '\E\— in 27 =1
1“@ 13 Sy eh

2
(b) 32 Of)i 11 cos I3 cos flr cos 77 €08 7T = -
c}"\sinh— i i 3” i =
’S“; g sin ? sin 5= sin 5 =

‘:::, . n=1
~4. Show that sinn §=2""1sing = (cos g-—cos f;lf)
1

o i
\/
n—1

5, Provethatsin 27 9=2"""2 sin 24 11;

{2 eptt T
|‘.oos §—C0s 211).
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dence show that = sin %i:z—_—\/n‘@”."l. {Madras °38)
1

n=-1 .
6. rovethatncotng= % cot ( o+ ) N\
Q
7. " If n be even, show that \\\
P/
w 2w « \J
tan ¢ tan ( 3.;_?) tan( 8- n_) "

n—=1 N\ C )
tan ( 0+ —m ) _(‘-\-\fq . {Cal. 38)
8. If n be odd prove that

.
Q
1

AN _
7, 2 n—1 L .
tan?tan? ...... tan —2?"?%\\/14. {Bombay *31)
9. Show that \

*8
n—www.d raulié‘i;';l’i;y, rg.in

gn-1 g sin 9?:{:;7__ — o8 _”_2_’3
7 —cosn ( ¢+§-). (Delhi *33)

10 Show that"
(xrl"éﬁé”—(x-—a]g"=4 noya
N

\ &

n;‘;l (xg._[__ a2 cot? %‘;)

" Annamalai *39)
N I‘L§ Establish (

o~

- ”‘"1' -
SInnd=2""1 w sin{@-+r «), wheren =T,
0
and deduce that

tan=? (cot » tanh y)--tan-t {cot (x+«) tanh 3}
--tan—1 {cot {(x4-2 «) tanh y}--.. to # terms
=tan~ (cot n ¥ tanh # y).
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12, If A, A, A,...A, be a regular polygon of » sides inscribed
ina c;rc]e of radius a, and P beany point in the plane
of the cricie at a distance x from 0, the centre of the
circle, show that
PA2PARAPAZR...PA2=x—2x" a" cos n §+a*",

where < POA,=4. {Delhi *51)
Discuss the cases when g=0 or #fn, and x=a. oS
{De-Moivre’s and Cotes’ Properties of a circle). .\

13, Prove that the product of all straight lines that. can be
drawn from one of the angles of a regular polygon of n
sides inscribed in a circle wh()se radius is a'\to all the
other angular points is r a”*

106-4. Factors of sin ¢ \ \

The equation sin =0 is satisfied by 9 :tr m where r is any
teger, inciuding zero.

NN

Hence, factors of sin ¢ can be wruten as

9 ( 1+4) ( ’—w»)d@ad@ﬁ)/é Al ) ''''''
Therefore, ( 1+*) ( 1“‘— -----

sin §= Ae(l’m)( 22 ) (1 ,-2,,.2)""'

=A€ (

N

\

S{nce the infinite product 1r (1-—-——,) is convergent and

\ tends to the limit 1 when ,9 tends to zero,
Lt sing
g0 5 A7 (1 rﬂ?
or A=l
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Hence sin 8= 9(1——)( 22“2) ( rzxg
- Ti (1_}—2};2)-

10-5. TFactors of cos 4. '\:\.
2 +1 "

N
TF,\",
g

'The equatlon cos 4=0 is satisfied by d==F—

o
!

' where r=0 or any integer. Hence the factors of cos ‘g are

() (2 (29 (138
§ CE=n r-El) = }:‘{\*4(“_2]}4...;..

4 92 R Y 42 . 4 g2
or Ccosg= A( 1—— ( 2“2) { l_(—z_r:_i']ﬁii”‘
WO, dbrauh Lary 61

The infinite product lw_

)...is conver-

gent, and tends to 1 as &\tends to zero. Hence puttmg 4=0,
we have 1;3!, and we have

4 6 ( 4 69 4 ¢
€ fe \1_ 1._ vnd 1— . 2Y A
(s o= ( ) ) { 1 (3 r—l)*w’}
§_—_°; { 46 }
\\ 2r—1¥ w2y’
"NV 10:6.  Sum of powers of the reciprocals of natural numbeszs.

From the two infinite prodocts for sin § and cos 84 we can
make the following important deductlons

We have

sma (1— )( )(+ )admf
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Taking logarithm,
§° il 2 . 8
Ilog ( 1—-3-!— + S—-~,:-..):log( ! - ﬂ—;)Jrlog( ! ox] ,,—z)

+log (1~ 32&;‘)4“"‘\

N )
B o R\
_,21 log ( 1 s> )'\}
N
o <<3“
. ] g 1 ¢ 1 ¢ p
“}f (r‘T;rz‘Jrz_~ AR N3 At Qv )
o
IS L N ST St in
or .;g‘>‘l r2+ e }‘2 r +‘§¥5 f‘r“_l-"
g b
:.—_'—log{ df'w dgf‘a’x BRT Y Olg}n
_(E_ 8 ¢ g 2
‘"(' 130J‘§\)+2( T30 T )+ """

ng\{he coefficients of g% and #* from both sidss, we

Equati
have \;}\,
,\ o _ 1 o 1 1 1 [+ 1
A ET I gt 3w
”\:“\/ \
2
V or + -'J,-.,.ad inf.::%-,

22

Pl

1 1 1
aﬂd F‘}' _ZE +34—+ .an 1I'l.f —é{—}‘

Evidently we can continue this process.
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10-61, Similarly from the relation

oe .
(i 4% 1o g1 10 L
o {1 ————————}-—OOS g=1 21 +Z!“

1 (2r —1)m?
we can easily deduce .
- , O
+ + o= O
O
1,1 1 wt (O
and F'+§;1I"+ST~ +.. = 9?.\\":}\

1047 FEaciors of cosh ¢ and sinh g O\

N/

Putiing =i x in the infinite proqluﬁié for sin ¢ and cos 4,

.. . N 22
we have sinix—=ix 3».3;( 1-—%_)
& r’s

and cos L\x¥ n { l—ﬂ _ }
\\ @r—1)nt
or ~\J smh a=X 'rr ( 1+.% )
'\sl "2‘17 »

AN o
?3;\}nd cosh x= = { 1+T2_i%i }
"y ' . 2r— T

,.\) 7 . www.dbrauliblral'y org.in

168, Since sin g=¢ 'rr ( 1— ), taking loga -

rithms, we have log sin g=log ¢ + o; log remt—g%
. 1 Fir®
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iHerehtiating gt s 8
Differentiating, cot .:J——e— 2 T P Y

Similarly we can establisht

ol 8¢ C
tang= 3 @ripei—ag o
I”:“'
o ,’\\ ¢
2x »Y
COlh X= —l-' E rzﬁ_g_‘_x’z 3 '\i\,
1 \\
'X'{\ o
8 x {‘ »V

www,db‘ﬁaullbral y.org.in
10-9 Walhs’ Formula N
: Q
\ ) e
We knov&sgk =¢ rr( - "a) .

t""
..\/

?a!.tmg f o= ——’- . we have

oo

Ny o oo
{\.‘“ 2 1 . : 1 1
/‘\/\)../ = 'r;( 1—-23—"—2)= T;( lwz'—r)( 1+§_r)
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Loopt 303 55 7 2=l
- ““’“['2"' PRI S 2n
2 n-t
g
Ifnis lérge,— _ \.\
2 B5E T L @2n—1p O
B, 42 65‘ 6%, (j’ ny? (2nt1} '\\:“.
2.4.6 2n _ 1 év
o ‘1?.?'%‘:1*\]«(% Yo Vun
AN
_ Exa_mples 3}
1. Show that | o

sin X008 X= (1-{- )(1—— (1+ ) -:

- ‘.\

’I w0
AN _
and hence deduce \o\\ )
1 i. w3 |
Is'*'»gs +53 '_“'i"jr ...... =35 (Nagpur *40}
& \’ .
x'\"' o .. -
’\'\l L e c0s ( 4 ._)
@\ow cosx-sin x=14/2 cos (_4_ =—-'_"_Ei- "
Ny . -.
Qw ) www dbl aUlle‘ﬂ(yf]:gﬂ) ) ?r‘: 1 22 16 }
{ T r—1ya? } "1 g TRty

=T

1

. (2"r;1)2n=-4(___‘1_)

2

- {2r— 1)%x?
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_.f 2x 4 x® .
= 1 1_.:_ . F}... _'._.\;_;_;r? — ;_ ..,.lﬁe_;__ﬂ’_
(br-—i)n—-—q‘— (2 r—1)n 4

“ 2x
= 14 - ==
1 { (2 r+l]w—~-—— }

(. 2x +\) )
(2 r—1)7+:‘~<

() () (a2

Taking lorigathms of both sides, we. ha&:s

10g( 1+—~)~1 log( 1-_— )+log( 1+

WOWW dbrauhln éry 01% in
(i
O 7
=log (sin x+cos x}= é@g {H—sm 2 x}

_=-12— og {1+(ﬁ$~ )} .
[( ,;éf )= —Z(zx_’?ghm)ﬂ_

. "\ 1 ' Sx’i
:..E:Qﬁating the coefficients of x3 from both sides,
SRR

3 ( lxs - 313 “'“5‘3 _"7'3'“"')—‘2( —= F-—h)_ 5

whence the result.

2. Deduce the expression for sin x in factors from t- 1t
for cos x. (Cal. 5.3
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. o 3
Given cosx= 7 i 1— ( 4x }
’ i

2r— 1)
Putting 2 —xfor x, we have
Lr (=
; Hmi2-—-x} {2r—1)tat-(: - 2xy?
= !.—' =" —— £
81N x 7{ { (2’._1)2“ } T; (2,- _ [)??\%‘
— ? 4 (re—x) {(r—1) 7+x} \:\3
1 2r—1pn? e\
- N4
X 4(!‘11.‘—}) (rrr—x) .0\}/
1 T Rr—1P \’{,

the factor (r—Yw-+tx for r_libemg taken out.

or Si‘ﬂ“ﬂ"’ d braﬁi ibr atfﬁmg,m xﬂ}

FOWEAAX" D
x 1 ){TZr—l)%r’ ’ )

If x tends to ze %mcc Lt sinx =1, we have

¢ {Q'} x")'O .o - v
1= A )

P\’ {2r —1)a®
Frod/1) and (2), by division,
,=<§ sinx T oemexr % ( -
¢ \:::X ) x 1 _,-2112 - raxz_

Exercises X
Prove that

{ 1, 1 at
Loy Ty tag teesy¥
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2. ; L ‘ W _F#_?.&)‘

1 {n w1} 28 3 s
S N EErEEE o
4. ?.8.. ;"16 }! - \><\~>.
SN 453365 1905? .i199‘.'? 33)2;1 '\'x.:\\%

\"‘: ,
0. Prove that the sum of the products taken L5 at a time
of the squares of the reciprocals of |

\.

(i) all positive integers is w1f120,v

Gi) al positive odd ingppeipiey/8h,  (UkalSY)
7. Show that ““
Q
sin = gtcos m g& "(\14-4 3) n— ( 1—_%¢_
\\ 4r—1
\"' [ r—l—l] {Annam. *3%)

2 P\pvethat
2
:“\:3. cos ["5 sin g ]“—‘“—'rr cos? 4 [ cos ] [ 1_}_-::cvs
I“\

/9. Show that

cos e-tan x sin a= [ = 2 :I [ ]
T—2x
2a -9
g 24 [ 2a
[ 3“__2x] [ 31T+2x}“"“
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Hence, or otherwise, prove that

1 s

tan x=8x 21 TrTE i {Cal. *31)
QS

10. Find the value of infinite product

N

[ 1+1L2] [ 1+j‘?] [ 1+3_1~] (QJN\’N)

1i. Prove that & a,“\
2 2 2, 90
1 P A .
: B SR e Ty ﬁ\\}
-1 '\: ¥ .
t Y o S 52
{ it ts TR + fe (Delhivsy)
12. Prove fﬁ?@“"dbmuubl'a{:}f‘.m'g,m . ) I
sz (8 o]
m\ rx-{—r T
where » 15\3«@ positive integer, mcludmg Zero.
O {Bombay 47}
13. Ptqv&t’hat
T O\s‘l
P 1: 1 3 S
A = oA e
A\ - (Cal.j 36}
Oy 1
" 14. Prove that . b | 43
\ 9, rove tha P _CE i (Anpam. '43)
5. Show that the sum of the infinite series
S 1 1 _ T X
Rt oy taeh

{Banaras *47)




16. If2, 3, 5,...are all the prime nutmbers show thal
[ 1 [ 1 6 X .
[1_?_] [ 1 3_,..1 ] b ]_H T | (Mysore 145)
17. Prove that the sum of the squares of the reciprocals of
all numbers which are not divisible by the square of any
prime numbers is 15/w2. N\
18. Show that \
7 a2 2 4 :":»\ )
tan~! 2a “tan~t 2 a +tan! 2 AR ™
& 22 ot 32 ot A
N 3
T tan-t [ £ ot g SV
[ s ]
19. Show that >
. x X o x
- — -1 -1 N -1
tan™ x—tan=! —--+tan PN an~! -t
W w.db:tféil“&f%w .‘Qr% i n 4
20. Show that N )
LT UV S L S !
Bt © 20g 3 T Tx O T Xy
&
ne
O
N
p N ——— e
OO
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ANSWERS

Exercises I (pages 5-9)

4. 1, 5. 3, —3 6.-4619. 1. 0,3 —

8. 0, iuz. 9. tlor £(1++/2). 10. #+1
1. {oa—b)j{1+ab) 2. @, 0?—o-1. R
Exercises I, (page 19 KA.

. ... 8ab{a®—b% i)

1. (i) 7 (i) cos {9-+-o)-F7 sin {g-+o) (i) TEFREA
2. (i) 10 (cos a+i sin a), where cos a=—3/3, siha=4/5

(ii} 2 cos (i*z-“i) ( cos -%L_qﬁ' +i si;;’fé?\-tj )

a ™ ] ..‘t?\\" b g

{it)) 2 cos ——2-{ cos (.E. —_E.)_?,',:\gm 7.__3_)}
§ 31 (pages 23—24) “
1. cos3g—sin34""Y dbfaukb’\%l}ﬁ@%‘ill sin3g 4. —i
5 r'{cos 7 adisin7 :1), whafe r==1/}3, €08 a=2[4/T3,

sin oc_3/,\/ i3.

Exercises TI1 (pages 28&-31}
1. (&) -1, (1 \\\/3). by cos ~--~t~w+:sm 2—”--%—— T,
o’ n=0, 1, 2,...53.
1
(s z'\( S N ) 25 i,
2. ,:s\@ +1,%W3+1J,§H+r VI (=T 4iVE),
5' 1 (—+/340).

~ O " The common roots are 3 (1 +1 V3, 3 (~1 if '3),
5= - 5w rm . . FT
cos {3~ tisin o i(cos 5 +i sin _48_)'
where r=35, 29,
145
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X1 sio Gsin20) . &
12, 1 (2473 log 2+4/3)—7} -

13. emz 9 cos (9-+sin @ cos G} N\
14. log (2 cosh % } O
:,.\\ o
i
cos 4 ; "l_( LN
15. s 8—1.og (l—cos ¢) 16. 3 ‘f'?‘}'e
. . 1N }; %
17. cos (cos ¢). sinh (sin 4). 18. <X ¢ e ) .
1 142csinatd O

22 -4_ log 1—2 ¢ 8in a+ca ‘N,\v
§ 96. (pages 113—114) '

Y
)., A

{cot d— cot (n—}'— 1} )
2. }cosecé {tan\(n+ 1) §—tan 4}

3. —w—,—xﬁ\sm (2at-2nB)sin 2 n g

4. cot)—— —cot 2"-1x, 5 cot §—2" cot 274,
2
X:\”
\é:\"h—“—-—-tan-‘ —i 7. tan—! (p+1) x—tan-1x.
A8 4 . nt+1°
N L a W4ED! 7 T
"\*,,) g, cot 1-2-'—-COt. 1 (Ta ). 9, --Z' . 190, -5*

www.dbraulibrarv.org.in 1
11, tan X. Y f 271
- 13, tan {2* §)—tan 4.

Exercises IX (pages 118—120)
sin nw n 2 nd- lm

2. 0. 3 It Tsma S 2

tan 2* «—2 tan =.
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sin a_—i—_{é '
4. —-2!— 1bg _H"B' except whena tPisa multlple of 2 #
© s o
S cos (bos gy cosh (sin 8). 6. sin {s:n 9) sinh (qog‘o)
7. cotf {tan {a-+nP)—tan a}—n. \

tan {n-{-l) ( 6+m-)——tan ( 5+_}
sm( 6'+——) ’::\\J

T B 4/2 sin (-“—--I-u_l; x) 51n-4— coseq = .

r .3

10 a1 { ! E }
e 4x-1-1} 8
. .2 oS ¢ sin GW\EIMS;?JIIIJT‘;I- y}org in

11 —or 0, acoo@ng asg>or < ¢
£ \\' 1 -
il 3+sm 6}08 4. 13. —3- logcosesx - 14. | -

18, {— tan 3" ¢—3 tan @ )

\‘"\ .
O 2r41
3"‘\6- P) { cos _2”' {(2n+1)cos —5— J}
Yy 2 sin =3 |
sinn g
+_I-coso )

i gt i—
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